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ON THE SPECTRAL PROPERTIES OF SCHRODINGER OPERATORS

ABSTRACT

The time independent Schrodinger operator is one of the fundamental operator in

quantum physics.

In this thesis, firstly, we obtain asymptotic formulas of arbitrary order for the
eigenvalues of the multidimensional Schrédinger operator with a matrix potential and
the Neumann boundary condition, when the corresponding eigenvalue of the

unperturbed operator is near the diffraction plane.

Secondly, we introduce a detailed analysis of the spectral properties of Schrédinger
operators with non-regular potentials on infinite metric graphs such as a
characterization of the bottom of essential spectrum, the discreteness of the negative
part of the spectrum and of the whole spectrum, exponential decay of eigenfuctions.
Here we suppose that the potential is locally integrable and its negative part is

bounded in certain integral sense.

Keywords: Schrodinger operator, matrix potential, Neumann condition, perturbation,
asymptotic formulas, metric graph, spectrum, eigenspace of Schrodinger operators,

exponential decay.
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SCHRODINGER OPERATORLERININ SPEKTRAL OZELLIKLERI
UZERINE

0z

Zamandan bagimsiz  Schrodinger operatdrii  kuantum  fiziginin  temel

operatdrlerinden biridir.

Bu tezde ilk olarak, Neumann sinir kosullar1 ile tanimlanan matris potansiyelli ¢ok
boyutlu Schrodinger operatoriiniin 6zdegerleri i¢in keyfi dereceden asimptotik
formiiller elde edilmistir. Bu kisimda, 6zdegerlerin kirinim diizlemine yakin oldugu

varsayilmistir.

Ikinci olarak ise, sonsuz metrik grafikleri iizerinde tanimli diizenli olmayan
potansiyele sahip Schrodinger operatoriiniin, esaslt spektrumunun alt sinirinin
karakterizasyonu, spektrumunun negatif kisminin ve tiim spektrumunun diskritligi,
Ozvektorlerin iistel azalmasi gibi spektral 6zelliklerinin detayl bir analizi yapilmistir.
Bu kisimda, potansiyelin lokal olarak integrallenebilir oldugu ve potansiyelin negatif

kisminin integral anlaminda sinirl oldugu varsayilmistir.

Anahtar kelimeler: Schrodinger operatorii, matris potensiyeli, Neumann kosulu,
pertiirbasyon, asimptotik formiiller, metrik grafigi, spektrum, Schrodinger

operatOriinlin 6zuzay, iistel azalma.
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CHAPTER ONE
INTRODUCTION

The spectral theory of operators in a finite dimensional space first appeared in the
study of frequencies of small vibrations of mechanical systems. If the vibrations of a
string is in consideration, then an eigenvalue problem for a differential operator
arises. For instance, for an inhomogeneous string, it is necessary to consider the
general Sturm-Liouville problem with variable coefficients.  Finally, study of
vibrations of a membrane or a three dimensional elastic body leads to the eigenvalue

problems for multidimensional differential operators.

One of the richest source of the spectral theory is the quantum physics and most
of the theory is dedicated to the Schrodinger operator L(V') defined by the differential
expression

L(V)u(z) = (A + V(z))u(z)

which is a fundamental operator of quantum physics. The Schrodinger operator can be
considered as the energy operator of one or several particles depending on the form of
the potential V' (z). According to the fundamental principles of quantum physics, the
possible values of the energy of a particle belong to the spectrum of the Schrodinger

operator and eigenfunctions describe the state of the particle.

This thesis includes two independent studies on the spectral theory of Schrodinger

operators.

The first study, which is the subject of Chapter Two, is on the Schrodinger operator
whose potential is a real-valued, symmetric matrix V. In the sequel, we denote this

operator by L(V'). More precisely, L(V) is defined by

L(u(z)) = (—A + V(x))u(zx) (1.1)



and the Neumann boundary condition

ou

= = 1.2

in LY (F) where F' is the d-dimensional rectangle ' = [0, a1| X [0, azs] X -+ X [0, aql,
ai, as, . .., aq are arbitrary real numbers, OF is the boundary of F', m > 2,d > 2, %
denotes differentiation along the outward normal of the boundary of F', A is a diagonal
m X m matrix whose diagonal elements are the scalar Laplace operators A = % +

2 2 . . .
%22 + - F %(12, v = (x1,72,...,24) € R% V is a real-valued symmetric matrix

V(z) = (vi(2)),i,5 = 1,2,...,m,v;(x) € Ly(F), thatis, VT (z) = V(x).

We denote the eigenvalue and eigenfunction pairs of L(V') by Ax and oy,

respectively.

In Chapter Two, we obtain asymptotic formulas for the eigenvalue Ay of L(V)
when the corresponding eigenvalue of the unperturbed operator L(0), which is defined
by (1.1) when V' (z) = 0 and the boundary condition (1.2), is roughly speaking, near

diffraction plane.

In the second study, which covers Chapters Three, we consider Schrodinger
operators with non-regular potentials on infinite metric graphs. The potentials are
supposed to be locally integrable with negative part bounded in certain integral sense.
Defining a self-adjoint Schrodinger operator, we start with a second-order symmetric

differential operator

d*u

Lou = —g2 V(z)u

on the domain that consists of sufficiently smooth compactly supported functions

satisfying the Kirchhoff conditions at the vertices of a metric graph I'.

In Chapter Three, first we show that the Friedrichs extension, L, of L is the only
self-adjoint extention of Ly. Our next result is a characterization of the bottom of
essential spectrum. In the rest of Chapter Three, we begin with a sufficient condition

for the discreteness of the negative part of spectrum. Then we obtain a necessary and



sufficient condition for the discreteness of whole spectrum. Finally, we show that,
under natural assumptions, eigenfunctions corresponding to isolated eigenvalues of

finite multiplicity decay at infinity exponentially fast.

Now, in Section 1.1 and Section 1.2, we give the literature surveys, fundamental

definitions and facts related with our first and second studies, respectively.

1.1 Introduction to the Perturbation Theory of the Schrodinger Operator with a
Matrix Potential

In this section, we give a brief discussion of what is known from the literature and
what is presented in this thesis about the perturbation theory of the multidimensional

Schrodinger operator with a matrix potential.

As the eigenvalue problem of the operator L(V') defined by (1.1) and (1.2), most
of the problems related with spectral theory fail to be explicitly soluble, they need a

qualitative and asymptotic study.

In this direction, perturbation theory which was created by Rayleigh and
Schrodinger is an important tool in the spectral theory of linear differential operators.
The main problem is to seek an approximate solution of the eigenvalue problem for a
linear operator slightly different from a simplier one for which the problem is
completely solved. More precisely, for the Schrodinger operator L(V'), it is essential
to know how the eigenvalues of the unperturbed operator L(0) is affected under

perturbation.

The most significant progress has been achieved in one dimensional case. The
crucial property in analysis of the problem in one dimensional case is that the distance
between the consecutive eigenvalues (which occurs in the denominator of the
perturbation series) becomes larger and larger so that the perturbation theory can be

applied to obtain the asymptotic formulas for sufficiently large eigenvalues.



For physical applications, it is important to have a perturbation theory of the
Schrodinger operator in many dimensional cases because of the fact that the Hilbert
space for N particles in R? is L,(RY?). However, in many dimensional case, (even
in two or three dimensions), the problem is considerably difficult. In this case, to
construct a perturbation theory turns out to be rather difficult, because of the
denseness of the eigenvalues of the free operator which are situated very close to each
other in a high energy region. Therefore, when perturbation disturbs them, they
strongly influence each other. This presents considerable difficulties as the arbitrarily
small differences become small divisors in an asymptotic expansion, in particular,
“the small denominators problem”. Thus, to describe the perturbation of one of the

eigenvalues, we must also study all the other surrounding eigenvalues.

In order to overcome this difficulty, for the first time in papers (Veliev, 1987, 2006,
2007, 2015), the eigenvalues of the unperturbed operator L(0) is divided into two
groups: Non-resonance and resonance ones. In these papers, various asymptotic

formulas were obtained for the perturbations of each group.

Now to give the precise definitions of these groups, we first introduce the following

notations:
The eigenvalues and the eigenfunctions of the unperturbed operator L(0):

The eigenvalues of the operator L(0) which is defined by (1.1) when V' (z) = 0 and

the boundary condition (1.2) are |y|? and the corresponding eigenspaces are

E, =span{®, 1(z), P, 2(x),..., Py m(2)},

wherefyer—mz mr omem o MT) g, e 2T U{0}, k=1,2,...,d},
2

Tar 7 az ’ ag
®77j(x) = (07"‘707u’y(~r)707"-70),j: 1,2,...,m’

uy(x) = cos %”xl cos %xg---cos %xd, uo(x) = 1 when v = (0,0,...,0). The

non-zero component u. () is in the j-th component.



It can be easily calculated that the norm of u.(z), v = (v},74%,...,79) € F%O in
Ly(F) is /\L.Ex_lj\)’ where pi(F) is the measure of the d-dimensional rectangle F', |A, | is

the number of vectors in

r
A, = {a:(al,ag,...,ad) € 5 low| = [7¥, k:zl,?,...,d},

r
EZ{(nl_ﬂ-vnz_ﬂ-y,M) :nkGZ,k:LQ,---ad}-

ap a2 aq
Equivalently,

ala/Q"'ad

[[uq ()] = T ods

where s, (0 < s < d), is the number of components v* of (v,72,...,~%) such that
v* = 0.

Since {u,(z) }’yeﬂ is a complete system in Ly(F'), for any ¢(z) in Ly(F') we have

(o) = Y () (o), (13)

r+o
€3

where (-, -) is the inner product in Ly (F).

In this thesis, it is convenient to use the equivalent decomposition (see Karakilig,

Atilgan et al. (2005))
q(x) = ZQ’YU’Y(‘T)J (1.4)

V€Y
where ¢, = ﬁ(q(m), u~(z)) for the sake of simplicity. That is, the decomposition

(1.3) and (1.4) are equivalent for any d > 1.

Since v;;(x) € Lo(F') by (1.4), it has the following decomposition

vig(2) = D_ vigytis () (1.5)
V€Y
fori,j =1,2 h o (viyuy)
) =1,2,...,m where v;;, = W)



Throughout Chapter Two, which is devoted to our first study, we have the following

assumption:
Assumption on the potential V (x) :

We assume that the Fourier coefficients v;;, of v;;(z) satisfy

Z |vigy (1 + y*) < o0 (1.6)

r
V€3

foreachi,j =1,2,...,m, > 2D 4 g4 3which implies

vij(z) = Z Vijy iy () + O(p™"), (1.7)

YET O (px)
where T0(p*) = {7y € 5 : 0 < |7 < p°},p = | —d, a < 3155, p is a large parameter

and O(p~P?) is a function in Ly(F") with norm of order p~7°.

Indeed, we have

2 2

Z Uiy Uy Z VigyUy|| = Z [0 ||y ||

YEF\IH0(p*) [y|>p~ y]>p
172

a1a9 - Q Vs

= Z ’Um|2 %_Sd < ajay---aq Z ]va = a1ay - aq Z [%]
[v[>p [v[>p [v]>p
2
|Uij7||7|l 21121 1

Samaaa| Y T | S @02 > v lhl e

Iv[>p> [v[>p> [v[>p>

The first sum in the last expression is convergent by (1.6). The second sum is big-oh

of p~P“ by using the integral test. Thus, (1.7) holds .

Moreover, by (1.6), we have

Mi; = " |vijy| < o0, forall i,j=1,2,....m. (1.8)

r
V€S



D=
N[

sl (5 S
Z ‘viﬂ‘ _ § :L < |Uij7‘2’7’21 BIE < 0.
r
-

r
V€3 V€3

As noted in Hald & McLaughlin (1996), ¢(z) satisfies (1.6) if ¢(z) € W(F), for
sufficiently large [ and support of the gradient of ¢ is in the interior of F'. Also if
q(x) € WI(F) is a periodic function with respect to a lattice
Q = {(mia1,maaq,...,mgag) : my € Z,k =1,2,...,d} then it also satisfies

condition (1.6).

Resonance and Non-Resonance Domains: (For more detailed analysis of these

domains, see Veliev (2015))

Definition 1.1.1. Let p be a large parameter, o < ﬁ, ar =3, k=1,2,...,d—1

and
Vi(p™) = {z € R : [[aP—[z + 07| < p™},

E(p*,p)= U V(™)

beT' (pp™)

U(p™,p) =R\ Ey(p™,p),

B = U (Anem)

Y1725k EL(pp*) \i=1

where T'(pp®) = {be L :0< |b] <pp*} and the intersection (k] V., (p™*) in Ej is
taken over 7y, Vo, . . ., vi which are linearly independent vectors c;;cll the length of ; is
not greater than the length of the other vector in T’ N~y;R. The set U (p**, p) is said to be
a non-resonance domain, and the eigenvalue |y|* is called a non-resonance eigenvalue

if v € U(p™,p). The domains V,(p**), for b € I'(pp®) are called resonance domains

and the eigenvalue |7y|? is a resonance eigenvalue if v € V;,(p®!).



The domain V;,(p™) \ Es, i.e., the part of resonance domain V3 (p®! ), which does not

contain the intersections of two resonance domains is called a single resonance domain.

As noted in Veliev (2006), Veliev (2007) and Veliev (2015), the single resonance
domain V;(p™) \ E» has asymptotically full measure on V;(p®), that is, if

200 —ag + (d+ 3)a < 1 and ay > 20 (1.9)
hold, then
Vo(p®) \ E2) N B
W\ E) NBG) |
e (Ve(per) N B(p))
where B(p) = {zeR?:|z|<p}, for a large parameter p > 1 and
E, = U (V3 (p™2) N V2, (p2)). Since o < 455, the conditions in (1.9) hold.
71,72€L (pp®)

How the eigenvalues |y|?> of the unperturbed operator L(0) is affected under
perturbation is an important problem. We study this problem by using energy as a
large parameter, in other words when || ~ p, that is, there exist positive constants ¢y,

¢y such that ¢;p < |y|< eap, ¢4, ¢2 do not depend on p and p is a big parameter.

For the scalar case, m = 1, non-resonance and resonance domains were first
introduced in Veliev (1987) and more recently in Veliev (2015). Corresponding to
each group he obtained various asymptotic formulas for the eigenvalues of the
periodic Schrodinger operator with quasiperiodic boundary conditions in an arbitrary
dimension d > 2. In Feldman et al. (1991), Friedlander (1990), Karpeshina (1996)
and Karpeshina (2002), the authors obtained asymptotic formulas for quasiperiodic
boundary conditions in two and three dimensions. Hald & McLaughlin (1996)
obtained asymptotic formulas for Dirichlet boundary condition in two dimensions. In
Atilgan et al. (2002), Karakili¢, Atilgan et al. (2005) and Karakilig, Veliev et al.
(2005), the authors obtained asymptotic formulas for the eigenvalues of the
Schrodinger operator with Dirichlet and Neumann boundary conditions in an arbitrary

dimension.



For the matrix case, asymptotic formulas for the eigenvalues of the Schrodinger
operator with quasiperiodic boundary conditions are obtained in Karpeshina (2002).
In Coskan & Karakili¢ (2011), in an arbitrary dimension, the asymptotic formulas of
arbitrary order for the eigenvalue of the operator L(1") which corresponds to the non-

resonance eigenvalue |y|? of L(0) are obtained.

In Chapter Two, we obtain the high energy asymptotics of arbitrary order in an
arbitrary dimension (d > 2) for the eigenvalue of L(V') corresponding to resonance
eigenvalue |y|> when ~ belongs to the single resonance domain, that is,

v € Vs(p*t) \ FEa, where 0 is from {ej,es,...,e4} and e; = (a—’rl,O,...,O),

62:(0,%,...,0),...,60,:(o,o,...,aﬂd).

1.2 Introduction to Schrodinger Operators on Infinite Metric Graphs

This section has a survey nature about quantum graphs and is devoted to the essential

ingredients of the proofs which are presented in Chapter Three.

The name “quantum graph” refers to a graph considered as a one-dimensional
simplicial complex and equipped with a differential operator (“Hamiltonian). Such
objects naturally arise as simplified models in mathematics, physics, chemistry and
engineering, when one considers wave propagation through a quasi-one-dimensional
system that looks like a thin neighborhood of a graph. The works on quantum graph
theory and their applications have brought together tools and intuition coming from

graph theory, combinatorics, mathematical physics, PDEs, and spectral theory.

In paper Kuchment (2004), one can find some basic notions and results concerning
quantum graphs and their spectra. In Kuchment (2005), a continuation of Kuchment
(2004), some combinatorial spectral results are considered too. While combinatorial
spectral graph theory has been initiated quite long time ago, the theory of quantum
graphs is not developed well enough. A contemporary presentation of the subject in a

monograph form is given in Berkolaiko & Kuchment (2013).



Now, we introduce the main players of the quantum graph theory: metric graphs and

differential operators on them.
Metric Graphs:

LetI" = (E, V) be an undirected graph with the set of edges F and the set of vertices
V. Multiple edges and loops are allowed. At the same time we assume that the graph
is connected in the sense that any two vertices are terminal vertices of at least one path
of edges. Recall that the degree d,, of a vertex v € V' is the number of edges emanating
from v. We assume that all the vertices of the graph I" have finite and positive degrees.

For any vertex v € V' we denote by F, the set of edges adjacent to v.

The graph I is said to be a metric graph if each edge e is identified with an [0, [.] of
the real line. The endpoints of the interval correspond to the vertices of the edge. The
induced coordinate on the edge e is denoted by z. though we often skip the index e in
this notation. The distance d(x,y) between two points z and y in I is defined as the
length of a shortest path that connects these points. Since the graph is connected, the

distance is well defined. Fixing an arbitrary vertex o € V', we set

d(x) = d(o, ).

In addition, there is a natural measure, dx, on I' which coincides with the Lebesgue

measure on each edge. In particular, integration over I" makes sense.

In Chapter Three, we accept the following assumptions:

(i) The sets of edges and vertices are countably infinite;

(ii) There exist two positive constants | and | such that
1<l.<1

foralle € L.

10



Assumption (i) means that the graph I is a non-compact metric space. Considering
metric graphs, many authors allow infinite edges with the vertex of degree 1 at infinity.
However, such an edge can be replaced by an infinite chain of edges each of which
has a fixed length. Therefore, this case reduces to the case when Assumption (ii) is

satisfied. This assumption is imposed for a convenience only.

Schrodinger Operators on Infinite Metric Graphs:

Differential equations on metric graphs (networks) is a relatively new area of
mathematical research though the first publication in which equations of such type
appear is paper Kirchhoff (1847). Last decades demonstrate a great progress in this
area as well as in its applications. Various aspects of differential equations and
operators on metric graphs are reflected in monographs Berkolaiko & Kuchment
(2013), Blank et al. (2008), Mehmeti et al. (2001), Pokornyi et al. (2005) and survey
articles Von Below & Mugnolo (2013), Kuchment (2002, 2004, 2005), Pokornyi &
Pryadiev (2004) (see also references therein). A substantial part of this activity,
known under the name “Quantum Graphs”, is dealing with the spectral theory of
Schrodinger and other quantum mechanical operators on metric graphs (see
Berkolaiko & Kuchment (2013), Blank et al. (2008), Kuchment (2004, 2005) and

references therein).

In Chapter Three, to define a self-adjoint Schrodinger operator, we start with a

second-order symmetric differential operator

d*u
Lou = —g2 V(z)u

on the domain that consists of sufficiently smooth compactly supported functions

satisfying the Kirchhoff conditions at the vertices of a metric graph I'.

Assumptions on the potentials:

In Chapter Three, the potentials are supposed to be locally integrable with negative

part bounded in certain integral sense (see, assumptions (V1) and (V2)). In the case of

11



operators on real line, these assumptions turn into the assumption that the potential is of
local Kato class, while its negative part is of Kato class (see, e.g., Cycon et al. (2009),
Simon (1982)). Under our assumptions, L is a symmetric, bounded below operator in

the space L*(T).

The Friedrichs extension, L, of Ly is the object of Chapter Three, where first we
show that L is the only self-adjoint extension of Lj. In other words, the operator L is
essentially self-adjoint. Actually, we introduce the maximal extension, L, of Ly and
prove that it coincides with the operator L. To achieve this aim, we are using an
appropriate variation of the method of Agmon (1985) based on an estimate of
L?-norm of a function w in terms of L?norm of Lu. Then we obtain a
characterization of the bottom of essential spectrum in terms of the Rayleigh quotient
similar to the well-known Persson's theorem for Schrédinger operators on R? (see,
e.g., Cycon et al. (2009)). Being of interest in its own, this is a key tool in our next
result devoted to the discreteness of spectrum. We begin with a sufficient condition
for the discreteness of the negative part of spectrum which is similar to an old result
Birman (1959) (see also Glazman (1965)) for Schrédinger operators on real line.
Then we obtain a necessary and sufficient condition for the discreteness of whole
spectrum. This is a generalization of a classical result by Molchanov (1953) (see also
Glazman (1965)) on one-dimensional Schrodinger operators. The condition we
provide is similar to that in the Molchanov's result and means that the potential
growths to infinity at infinity in an integral sense. Recently, another result of
Molchanov's type is published in Kovaleva & Popov (2015). In that paper it is
assumed that the potential is continuous and bounded below. Under this assumption
those authors prove the following sufficient condition: if the potential tends to infinity
at infinity, then the spectrum is discrete. In this sense that result is weaker than one
obtained in Chapter Three. On the other hand, Kovaleva & Popov (2015) deals with
slightly more general vertex conditions allowing d-interaction at vertices. However,
we would like to point out that our approach extends to this case without any

difficulty.

12



While the theory of Schrodinger operators on the Euclidean space is currently well-
developed, the theory of quantum graphs, i.e., Schrodinger type operators on metric
graphs, is relatively new, and many important problems in this area are still open. Most
of results obtained so far concern the case when the potential is sufficiently regular.
However, as it is well-known the potential represents external force field which often
has singularities. Due to this fact, in Chapter Three, we study Schrodinger operators
with locally integrable potentials on infinite metric graphs. Such potentials form a

sufficiently wide class and allow many important singularities.

A well-known fact in the theory of Schrédinger operators on the Euclidean space is
that, under natural assumptions, eigenfunctions corresponding to isolated eigenvalues
of finite multiplicity decay at infinity exponentially fast (see, e.g., Simon (1982)). From
the point of view of quantum mechanics this means that bound states of a quantum
system are well-localized in space. A natural conjecture is that a similar statement

holds true on metric graphs.

In the theory of Schrodinger operators on R? there are several ways to study
exponential decay of eigenfunctions. Commonly known of them are discussed in
Agmon (2014), Agmon (1985), Bardos & Merigot (1977), Hislop & Sigal (1996),
Reed & Simon (1975), Simon (1982). All these methods are not appropriate in the
case of quantum graphs because they heavily relay on either smooth structure, or
linear one, of the underlying Euclidean space. Also we mention a geometric method
suggested in Agmon (2014), Agmon (1985). However, this method applies only in
the case of eigenvalues below the essential spectrum. We intend to employ another
approach which is typically used to obtain estimates of Green's functions. In case of

eigenfunctions it is used in Kurbatov (2012).

In the rest of Chapter Three, we prove that, under natural assumptions,
eigenfunctions corresponding to isolated eigenvalues of finite multiplicity decay at
infinity exponentially fast. Our approach to obtain exponential decay of
eigenfunctions on metric graphs is an adaptation of that in Kurbatov (2012). The key

point is to study the resolvent of “twisted” operators defined in terms of certain
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function 7 on the graph. This will be done by means of analytic functional calculus.
The function 7 has to be chosen so that the twisted operator is well-defined and
twisting preserves the Kirchhoff vertex conditions. Therefore, 17 must be sufficiently
regular. In particular, n has to be smooth at interior points of the edges and satisfy the
Kirchhoff conditions at the vertices. On the other hand, the function 7 has to allow us
to control the distance function on the graph. The best choice would be to use a
function n which coincides with the distance function. However, this is not possible
because the distance function is only continuous and does not satisfy the vertex
condition (3.3). Actually, we use as 7 an appropriate regularization of the distance

function.
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CHAPTER TWO
ASYMPTOTIC FORMULAS FOR THE SINGLE RESONANCE
EIGENVALUES OF THE SCHRODINGER OPERATOR WITH A MATRIX
POTENTIAL

Schrodinger operators are inexhaustible as mathematics itself. Indeed, the method of
approach to the spectral theory of these operators may differ according to the properties

of its potential as well as its domain which is described by the boundary conditions.

By this reason, as in papers Veliev (1987), Veliev (2006), Veliev (2007), Veliev
(2015), Karakilig, Atilgan et al. (2005) and Karakili¢, Veliev et al. (2005), Atilgan
et al. (2002), Coskan & Karakili¢ (2011), in this chapter, we study the operator L(V').
The crucial difference between this chapter and the study Coskan & Karakili¢ (2011)
is that here we obtained the asymptotic formulas for the resonance eigenvalues, |y|?
when 7 belongs to the single resonance domain, that is, v € Vs(p®') \ E2, where 0 is
from {e1,es,...,64} and e; = (i,O,...,O),eQ = (O,%,...,O) ,eq = (O,...,%),
d > 2, while in Coskan & Karakilig¢ (2011) the authors obtained asymptotic formulas

for the non-resonance eigenvalues.

To obtain asymptotic formulas for eigenvalues of L(V') when v € V5(p™) \ E,, we
use a similar approach as in Veliev (2015) and Karakilig, Veliev et al. (2005). In this

chapter, there are some additional technicalities.

2.1 The Operator L(P(s))

Now let Hs = {z € R? : - § = 0} be the hyperplane which is orthogonal to d.

Then we define the following sets:
ng{weﬁ:w'(S:O}:QﬂHg,

r r
F(;:{’YEgl’y'(SIO}:gﬂHg.

15



Here “-” denotes the inner product in R?. Clearly, for all y € g, we have the following

decomposition

v=Jj0+B,8=(8....0%) €Ts,j €L 2.1)

Note that; if v = jo + 5 € V5(p**)\ E2, then
1
jl <71, ro=pM08 241, |BF > 3P ke 0. (2.2)
We write the decomposition (1.3) of v;;(x) as

vii(x) = Y Vit () = pig(s) + D vigytiy (), (2.3)

'y’eg 'yeg\(m

where

pij(s) = Zpijn COSTMS, Pijn = Vijns), S=x -0, 4,5 =1,2,...,m. (2.4)
neZ

In order to obtain the asymptotic formulas for the single resonance eigenvalues |7|?
(v € Vs(p*) \ E), we consider the operator L(V') as the perturbation of L(P(s))
where L(P(s)) is defined by the differential expression

Lu=—Au+ P(s)u (2.5)

and the Neumann boundary condition

oul
on|yp
P(s) = (pi(s)), 4,7 =1,2,...,m. (2.6)

It can be easily verified by the method of separation of variables that the eigenvalues
and the corresponding eigenfunctions of L(P(s)), indexed by the pairs
(4,8) € Z x T's, are \j 3 = \j+|3|* and

xasl@) = us(@) - 95() = (us(@)sn,us(@)opa,- ., us(@)sm), respectively, where
B € I's, A;is the eigenvalue and p;(s) = (¢;j1(5),©;2(5),...,¢jm(s)) is the
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corresponding eigenfunction of the operator 7'(P(s)) defined by the differential

expression )
T(P(s))Y = — | 2| Y"+ P(s)Y 2.7)
a;
and the boundary condition
Y'(0) =Y'(r) = 0. (2.8)

The eigenvalues of the operator 7'(0), defined by (2.7) when P(s) = 0 and the
boundary condition (2.8), are |nd|* = |27 |* with the corresponding eigenspace
E, = span{Cp1(s),Cn2(s),...,Chm(s)}, where C,, ;(s) = (0,...,cosns,...,0),
the non-zero component cos ns stands in the ith place and n € Z* U {0}. It is well
known that (for example, see Naimark et al. (1967)) the eigenvalue \; of T'(P(s))

satisfying |\; — |76|?| < sup P(s), satisfies the following relation

1
= '52+0<,—). 2.9

By the above equation, the eigenvalue |y|? = |3]? + |jd|* of L(0) corresponds to
the eigenvalue |5]? + \; of L(P(s)).

Note that L3'(F) is the space of all vector valued functions
flz) = (fi(z),..., fm(z)) whose components f;(x),i = 1,...,m, m > 2, are in
Lo(F'). We denote the inner product in Ly*(F') by (-, -) which is defined by using the

inner product (-, ) in Ly(F') as follows:

f(@) = (fi(®),..., fm(2)), 9(x) = (91(2), ..., gm(2)) € L' (F)
= (f,9) = (fr,91) + -+ (fom, gm), (2.10)

forz € R? d > 2. Also for any f € L3'[0, 7], since {Ch;}nez+u(oy, i=1,2,..m i a

complete system, by (2.10) we have the decomposition
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Fe)= 3 3 2 U6), Cusls)) Cuils)

nez+u{0} i=1

= Z %(fl(s),cosns)cosns,..., Z %(fm(s)@osns)cosns

nezZ+u{0} neZ+u{0}

(2.11)

On the other hand, by equivalence of the decompositions (1.3) and (1.4) (¢(x) = q(s) €

L3]0, 7], when d = 1), it is convenient to use the decomposition

1
f(S) = Z Z ; <f(8)7 Cn,z(5)> Cn,i(s)‘
neZ i=1
In the sequel, for the sake of simplicity, we use the brief notation (f(s), C,,;(s)) instead
of £ (f(s), Ch,i(s)), since the constants which do not depend on p are inessential in our

calculations.

The system of eigenfunctions {X; s}, ; is complete in Ly'(F"). Indeed; suppose that
there exists a non-zero function f(x) € L5*(F) which s orthogonal to each x; 3, j € Z,
B € I's. Since C,;, © = 1,2,...,m can be decomposed by ¢;, by (2.1), and the
definition of x 3, the function ¢;, = ug(x)-C, ;7 =1,2,...,m canbe decomposed
by the system {x;},;c; scr,- Thus, the assumption (x;s(2), f(z)) = 0 for j € Z,
B € T's implies that (f(z) , ¢;,) =0,Vy € L andi = 1,2,...,m, which contradicts
to the fact that {¢; ,(x)} ., is a basis for L' (F).

el i=1,.,

To prove the asymptotic formulas, we use the binding formula

(A = Xjg) (Un 5 X58) = W, (V = P)Xj8) (2.12)

for the eigenvalue, eigenfunction pairs Ay, 1n(x) and \; g, x; 3 of the operators L(V)
and L(P(s)), respectively. The formula (2.12) can be obtained by multiplying the
equation L(V)Yn(z) = Anyn(x) by x; 5 and using the facts that L(P(s)) is self-
adjoint and L(P(s))xj 5 = N3 Xj,8-
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Now our aim is to decompose (V — P)x;s with respect to the basis

{xj.p }j’eZ,,B’ng' By (2.3) and (1.7), we have

v(r) —piy(s) = Y dig(Bima)cosmys ug, (x) + O(p), (2.13)
(B1,n1)€l” (p*)
where
(p®*) ={(B1,m1) : f1 € Ts\{0},n1 € Z,n10 + By € T(p™)}
and
dij(B1,n1) = ﬁ/vw(‘r) cosnys ug, (x)dw.

F

For (f1,n1) € I'(pp®), we have |n1d + 31| < pp® and since 3 is orthogonal to 0,

1
1G] < pp®, |ma| <pp® || < 57"1 (2.14)

(see (2.2)).

Clearly (see equation (22) in Karakilig et al. (2005)), we have, for all

ij=1,2...,m,

dij (B1,n1) (cosnys) ug, (x)ug(x)
(B1,n1)€l (p>)

= ). di(B1,m) (cosnys) ug,p() (2.15)

(B1,m1)€l (p)

forall 8 € I's satisfying | 3% > 1p™, Vk : e, # 0.

By using the definition of ; 3, P(s), the decompositions (2.13) and (2.15), we have

(V—=P)xjp=

m

S (du (Brma) (cosns) @k(s)usep, .

(Brm1)€l” (p~) k=1

oy i (B1,m1) (cOs 1) pjk(S)ugss ) + O (p77%) . (2.16)
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Now we consider the following decompositions:

wie(s) = Z (), COSTLS) COSNS, (2.17)
ne”L
cosnys wk(s) = Z(goj,k,cosns). COS 11 5. COS NS
neEL

1
— Z (¢j.k, COSTS) .§[cos(n1 +n)s + cos(ny —n)s]
nez

= Z (pjk, cosns).cos(ng +n)s (2.18)

neL

foreachj € Z, k=1,2,...,m.

On the other hand; the decomposition of ;(s) = (¢;1(5), . .., ¥;m(s)) withrespect

to the basis {C,,;(s) = (0,0,...,cosns,0,...,0)} ., 1s given by

n€Zi=12,...,

pi(8) = (Pi1,052 - Pjm)
- Z Z( ©i(5), Cri(s) YCri(s)
= (Z( ©i(s),Crna(s) )cosns,... ,Z( ©;(8), Cpm(s) ) cos ns) .(2.19)

Thus, (2.17), (2.18) and (2.19), gives

pjn(s) = %( ©;(s), Cur(s) ) cosns (2.20)
cosnys w;k(s) = ZEIZ( ©i(s),Cri(s) ) cos(n+mny)s.

Lemma 2.1.1. Let r be a number no less than r1 (r > r1) and j, n be integers satisfying

|7l + 1 < r, |n| > 2r. Then
(9i(s5), Cnils)) =0 (p™"" V) Vi=1,2,....m (2.21)
and
0i() = D ) {9i(s), Cuils)) Cils)+ 0 (p~7). (2.22)
[n|<2r i=1
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Proof. We use the following binding formula for 7(0) and 7'(P(s))

(A = [n8]%) (), Cui(s)) = {ps(s), P(s)Cup(s)) (2.23)

and the obvious decomposition, which can be obtained by definition of P(s) and (1.7),

P(s)Chi(s) = E Plkn, COSTN1SCOSNS, . . ., E Prmkn, COS 1S COSNS

8 5
Inad| <5l In1d] <12l

+ 0 (jné|~4=1)

= Z Dikn, €OS(N —nq)S, .. ., Z Drmkny €08(1 — nq)s

[né| [nd|

[n1d|< 5 In16]< 52
+ 0 (|n5]_(l_1))
=3 > P Comi(s) + O (Ind| =) . (2.24)

Putting above equation (2.24) into (2.23), we get

(A7 = [nd]%) {p;(s), Ca(s))

= (251D D Pk G + O (o] 1)

=3 D Pk (9i(9), Cacna(s)) + O (Ins|" V) . (2.25)
t1=1 \n15|<%
|nd]

By assumption [n| > 2rand |j|+1 < r, thusif |n,0] < %2 then ||(n—ny)d|>—j|| >

||
5
which together with (2.9) imply |\; — |(n — n1)d|?| > ¢|nd|. So that in (2.23) if we

substitute (n — ny)d instead of nd, we get

(24(5), P(5)Crny )
X — [(n— n)oP

(0j(8); Crmnii(5)) = (2.26)

21



Now using (2.26) in (2.25), we get

2 ptlkm P(‘S) Ch nl k(5>>

t1= 1‘ 6|<|n6\

+ O (|nd|~ 1_1)) .
Again putting (2.24) into the last equation, we obtain

(A = 78]) (5(s), Cr(s))
pt1kn1<90j(s) i Z Ptykns Cn—nl—n2,k<8)>

m to= 1|n 5‘<\n6| —(l—l)
=2 2 O [(n —n)oP) + 0 (Ind ")

b=1 |n, )< 20l

= n n j >On—n —n O ) —(=1
_ Z Z Pt1kn, Ptok 2<SOJ(S) 1 2,k(3)>2+ (|7’l | ) (227)
t1ta=1 | 6‘<|n6\ ()‘j - |(n F n1)5| )
\n26\<'§f‘

In this way, iterating p; = [%] times and dividing both sides of the obtained equation

by \; — [nd|?, we have

. o Dtatns - - Pt k. (D72 Cony—on
<(P]( )Onk(8>> = Z Z Pt1knq Ptakno Pty knp, <30] N p17k>

p1—1
t1,t2,..., tpl—l In1 5‘<\n6\ H (A]~—|(TL—TL1—"'—TLS)5|2)
|n25‘<\"5\ s=0
|np16\<‘"‘”
O([né|~=1), (2.28)

where the integers n, nq, ..., n,, satisfy the conditions

]

Ins| < —, s=1,...,p1, |j|+1< 5

These conditions and the assumptions |n| > 2r, |j| + 1 < r imply that
i

Hn_nl_"'_ns|_|jH>?7 s=0,1,2,...,p1.
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This together with (2.9), give

1 1
A= 1(n—ny — - =n )2 ‘|j5|2+0<i>—|(n—n1—---—ns)5|2

761

=0 (|nd|7?) (2.29)
fors =0,...,p; — 1. Hence by (2.28), (2.29) and (1.8), we have

(©(), Crie(5)) = O (Ind| =) .

Since [nd| > 2r > r; > 2p%, O (|nd|~=D) = O(p~(=Y*) from which we get the
proof of (2.21).

To prove (2.22), we write the Fourier series of ¢;(s) with respect to the basis

{Cr1(5), ..., Chm(s)}nez as follows:

©i(8) = Y _(4(5), Coe(5)) Cu(8)

neL

= D {9i(8), Cun()Cui(8) + D {95(8), Cuue($)) Ci(5)-

n|<2r |n|=2r

From which together with (2.21), we get (2.22). [

Using the first relation (2.21) in Lemma 2.1.1 and (2.20), we also have

cosnis 9jk(s) = Y _ (9i(s), Cukls)) cos(n+ny)s+0 (p~ ). (2.30)

|n|<2r

Putting this last relation (2.30) into (2.16), we get

(V= P)x;zs

= Z Z Z (dlk (61’ nl) < QOJ'(S) ) On,k(5> > cos(n + n1)8 UB+Bys - -+

(B1,m1) €T (p) |n|<2r k=1

i, (B1,m1) { 95() . Cu(s) ) cos(n+m1)s ugep,) + O (p7") (2.31)
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(note that p = (I —d),d > 2 = m < . Hence O (p77) + O (p==22) =
O (p77%)).

Now, in order to decompose (V — P)x; s with respect to { x;j s } we consider the
inner product ((V — P)x;s, Xj+j,,8,)» that is, by the definition of X/ 5 and (2.31),
the inner products (cos(n + n1)s ugys, ; @jpj(s) ug), t =1,2,...,m. Using the

decomposition (2.20), instead of j, we substitute j + 7] to get

(Cos(n +1n1)s ugyp, gojﬂ-i,t(s) uﬁi)

- <<n s g o (9 (8) s Curels) ) cosn's uﬁg)

n'€Z

- Z( ©irji(8) . Cura(s) ) (cos(n—+ni1)s ugys,, cosn's ug) .
n'€z

Note that if 3] # 3 + (1 or n’ # n + ny then (cos(n +n1)s ugyg, , cosn's ug ) = 0.
Thus,

(cos(n +mn1)s ugrs,  Pjstals) us,)
0 if Bl AB+B or wEn+n

(0j151(8) » Cryni(s)) , otherwise.

Using the last equality and (2.31), we get

(V= P)xjp
= > SN di (Brma) (05, Cote) (@ast Crgmn ) | Xt o1
jlez |n|<2r k=1 i=1

(B1,m1)€ET (p)

+O(pP). (2.32)
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Lemma 2.1.2. Let r be a number no less than ry (r > 1), j,n and nibe integers

satisfying |n| < 2r, |ni| < 371 and |j| +1 < r, then

Z <90j+j17 CTM) =0 (pi(l72)a) 7VZ = 17 27 RN

J1€Z
|[711=67

Proof. By the binding formula (2.23) for 7(0) and 7'( P(s)) we have

(N = [ +10)81) (5505 Crvn ) = (Pirjns P(8)Crtna ) (2.33)
If 1| > 6r then the assumptions of this lemma imply ||j + ji| — [ + n4|| > §. Thus,

using (2.33) and the fact that \;;, = |(j + j1)0]* + O (M) , we get

QOJ-I—]N Cn+n1 k)
j '7Cn n
| Z <()0J+Jl +n1, k | ]+]1 _ | n+n1)5|2 |

Jj1=6r J1261

[l16]<|rd)

Using the decomposition of py(s) = ( Y U6 COS lls) + O(|ré|~¢=V) and
iterating the obtained formula p; = [%] times as in the proof of Lemma 2.1.1, we get

’ Z <30j+j17 Cn+n1,k>|

71|=6r
@ Vt1kl16 - - - Utplk,lm&(%’, Cn+n1—l1—-~~—lp1,k>
SPOID D ol - am
J126r |118]<|rd| t1,te,.tp; =1 A — = =102
|l;5\<\r5| " 51:10 Ao = (= <9
llp, 61<Ird]
Since |n| < 2rand |ni| < iry < 7, [n+n| < F. Also, [n+ny — 1 —- - —1,| < 3r
1 _ ) . . . . .
and BV gy O (|r|~*). Substituting this result into (2.34) and using

(1.8), we get the proof. ]
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By Lemma 2.1.2, the equation (2.32) becomes;
(V= P)xjp = O(p")+

Z Z szzk Bi,11) (@55 Cr) (st Crny i) | Xits).848

|57 1<6r |nj<2r k=1 i=1
(B1,m1)ET (p%)
= 0™+
m m
Z Z Z Zd’k ﬁhnl (1017 Cn7k><§0j+j17 Cn+n1,i> Xij+ij1,B+B11
l71l<6r In|<2r k=1 i=1

(B1,m1)€ET’ (p2)

that is,

(V=Pxjp= Y. SUBI+71,B8+B) Xiriprs + O, (2.35)
(B1,91)€Q(p™,67)

for every j satisfying |j| + 1 < r, where

Q(p*,6r) ={(8,7) : [76] < 6r, 0 <|B] < p"},

and

S(]vﬁu? +]17B+61)

= Z Z szzk ﬁhnl SOjaCn,k><90j+qun+n17i>

ni:(n1,B1)€r (p®) \|n|<2r k=1 i=1

We need to prove that

S 1SG.BG B+ B < e (2.36)

(B1,71)€Q(p™,67)
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By the definition of S (j, 8, j + j1, 8 + 1), dir (51, n1) and (1.8), we have

Z ‘S(jaﬂlaj/aﬁ_‘_ﬁl)'

(ﬁl,jl)EQ(pa,GT)
< > D di(Brna)l D s Cam)l D (@i Conna) |
ni:(B1,n1)€l (p) i,k=1 In|<2r |71]<6r
<G Z ‘<<:0j7Cn,k>| Z |<¢j+j17cn+n1,i>|' (237)
In|<2r |71]<67

Now we prove that

> e Cop)l <o and Y [y, Cognni)| < co. (2.38)

nez J1EZ

For this, let

A= {TL eZ | \n5|2 S [)\jfl,)\]url] }

and

B={ji€Z | Ny € [|(n+n)s* =1, [(n+n)s [P +1] },

then it follows from (2.9) that the number of elements in the sets A and B are less than
c7. So if we isolate the terms withn € A and j; € B in the first and second summations

of inequalities in (2.38), respectively, applying (2.23) to the other terms then using the

facts

1 1
—— < ¢y and < ¢y,
2 Ty = D% v R

we get (2.38), hence by (2.37), (2.36) is proved.
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2.2 The Iterability Condition

The expressions (2.35) and (2.12) together imply that

(An = Ajrg) (On 5 Xgr,80)

- oSBT G B B Wy Xgees) + O (2.39)
(B1,71)€Q(p*,67)

If the condition (iterability condition for the triple (V, j/, 5') )
|AN — /\j’,ﬂ’| > C1o (240)

holds then the formula (2.39) can be written in the following form

S(jlaﬁlvj/+jlaﬁ/+/81) <wN7 Xj'+51,8' >
(U, Xj’,,8’> = E - J'+iB +H
. o N 78
(B1,51)€Q(p™,67)

+O0(p). (2.41)

Using (2.39) and (2.41), we are going to find A which is close to \; 5, where |j]| +1 <
r1. For this, first in (2.39) instead of j’, ', taking j, (3, hence instead of r taking 7, we

get

(Av = Xip) (Un 5 Xi8)
= Z S(]aﬁ?] +j176 + Bl) <2/)N ) Xj+j1ﬂ+51> + O(p*pa). (242)

(B1,41)€Q(p*,671)
To iterate it by using (2.41) for j' = j + j; and B’ = 5 + [, we will prove that there

is a number N such that

1

AN = A pee| > 507 (2.43)

where |j + j1| < Tr; = 1y, since A, 3 and |j1| < 6r1. Then (j + j1, 5 + (1) satisfies
(2.40). This means that, in formula (2.39), the pair (j’, 5’) can be replaced by the pair
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(j + j1, 8+ B1). Then, (2.39) instead of r taking 5, we get

(UN Xjtjr,pem) = O(p 7))+
Z S+ 71,08+ 51,5+ 1+ J2, B+ B+ B2) (UN » Xjtjitjo,B+B1+5)
AN = Ajtjr B+

(B2,j2)€Q(p™,6r2)
Putting the above formula into (2.42), we obtain

(An = Ajg) c(N, 4, B) = O(p™"%)+

Z S(j757j17ﬁl)S(j17ﬁl7j2752)c(N7j2a62)
AN_)\jl,ﬂl ’

(81,71)€Q(p™,677)
(B2,32)€Q(p™,672)

(2.44)

where ¢(N, j, 8) = (Yn, X;8), ¥ = j+i1+jat: - -+jxand 85 = B+B14Bo+- - -+ B
Thus, we are going to find a number N such that ¢(XV, j, 5) is not too small and the

condition (2.43) is satisfied.

Lemma 2.2.1. (a) Suppose gi(x), g2(x), . .., gp,(x) € LY (F') where p, = [%] +1.
Then for every eigenvalue \; 5 of the operator L(P(s), there exists an eigenvalue

Ay of L(V) satisfying
(i) |An — \jp| < 2M, where M =||V|],
(ii) |c(N, j, B)| > p~°, where qo = [37 + 2]a,

(i) (N, 5. 8) > gt 3 |- ) (e, )

2 2

Vi=1,2,... pa.

1
> 2p2

(b) Lety = [+ j6 € Vi(p™) and (51, j1) € Q(p,671), (Br, jr) € Q(p,6r1),
where r, = Tri_1 fork =2,3,...,p. Thenfork =1,2,3,...,p1, we have

3
Nig = Agegrl > 20, va* £ 8. (2.45)

Proof.  (a) Let A, B, C be the set of indexes N satisfying (1), (ii), (iii), respectively.
Using the binding formula (2.12) for L(V) and L(P(s)) and the Bessel's

inequality, we get
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(wNa (V — P)XJ':B) ?
AN —Ajs

I(V = P)x;sl® <

S eV, B =3

N¢A N¢A

A

<
— 4M?

Hence by Parseval's relation, we obtain

S eV, B >

NeA

Using the fact that the number of indexes IV in A is less than p? and by the
relation N ¢ B = |c¢(N, j, B)| < p~%*, we have

> Je(N4,B)P < p™pmi < pe,

NeA\B

since a < On the other hand by the relation A = (A\ B) U (AN B) and

d+20

the above inequalities, we get

-<Z| (NGB = D NGB+ DY [e(N,j,B)P,

NeA NeA\B NeANB

W

which implies

Z (N, j,8)] > 2 —p > % (2.46)

NeANB

Now, suppose that AN BN C = (), i.e., forall N € AN B, the condition (iii)
does not hold. Then by (2.46) and Bessel's inequality, we have

2

1
EPLILIED oS ol (N
NeANB NGAOB =1
1 p2 g; 2
=5 wN7_Z>

2 2, (O T
1 p2 g; 2 1
2p2 193]l 2’
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which is a contradiction.

(b) The definition of \; 5 gives

s = Agegrel = B+ X5 = [B+ B+ + Bl = Aje
Z|||5|2_|5+51+"'+5k‘2|—|)\j—>\jk||. (2.47)

The condition of the lemma (51, j1) € Q(p*,6r1), (Bk, Jx) € Q(p~,6r) and
the relation 3 + jo € Vs(p®*) \ Es together with [jo| < c11p™ (see (2.2)) and
|7:0] < c12p™* (see (2.14)) imply that

P <18 + ljol* — |B** — |5%oP]

< ||/8|2_|5k|2|+612pa1a 61++ﬁk’7§07

since (3, 31, ..., Ok are orthogonal to ¢. That is, we have

1B = 1Be]?] > c13p®.

This last inequality together with (2.47) and the asymptotic formula (2.9) give

|>\j,,3 — Ajk,ﬁk| > Cl4pa2. ]

2.3 Asymptotic Formulas

Now we consider the following function

gl(x) _ Z S(j?ﬁhjlaﬁl)S(j17617j27ﬁz) Xj2,527 1 S i S . (248)

5
(B1.31)€Q(p 671) (Mg — Ajrg)

(B2,72)EQ(p™,6r3)

Since {2 s2()} is a total system and 3; # 0 by (2.36) and (2.45), we have
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> Kgi(@), xjr801? = > $(.030 8N L gian
’ ’ 3 =~ , 0.€C.,
("B (B19€Q(00 0r1) [(Np=Aj 1) 2
2,72)EQ(p™,679

gi(z) € L3(F) and |gi(z)| = O(p™™™), Vi=1.2,....ps. (2.49)

Theorem 2.3.1. For every eigenvalue \;p of the operator L(P(s)) with f + jé €

Vi (p™), there exists an eigenvalue Ay of the operator L(V) satisfying

Ay =X +0(p*2). (2.50)

Proof. By Lemma 2.2.1, for the chosen g;(x),i = 1,2, ..., ps in (2.48), there exists a
number N, satisfying (i), (ii), (iii). Since (51,71) € Q(p*,6r1), by part (b) of

Lemma 2.2.1, we have

[Ajs = Ajrgr| > cagp™
The above inequality together with (i) imply

AN = Ajigi| > cirp™

Using the following well known decomposition

p2 i—1
1 _ [AN - )\],,3] 10 (p—(p2+1)a2) ,
[AN - )\jl,ﬁl] =1 [)\j’g — )\jlwgl]z

and (2.48), we see that the formula (2.44) can be written as

(An = Ajp) e(N, 4, B)

3 S (5,8,34, 84S (5, B, 5% B%) (N, Xj2.52)
AN — )\j17ﬁl

= 0(p ") +

(B1,41)€Q(p™,671)
(B2,72)€Q(p™,6r3)

‘Z[ 2 (v i) a0 ).
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Now dividing both sides of the last equation by ¢(NN, j, ) and using (ii), (iii) we have

l/JNv ||gl‘>‘
Av =g <O —(p2+1)az+qa ‘<—g1

o—1 9po
Ao = Al (v iy )| T (G 7)) 152
c(N, 4, 8)] c(N, 4, 8)] -
1 — — [ o
< (2p2)2 ([|gil|+2M || go||+ - - - + (2M)P> 7| gp, ||) + O (p~P2De2taer

+ lgoll++-- +

Hence by (2.49), we obtain
Av=Xjs+0(p7*),

since (p2 + 1)ag — qov > . Theorem is proved. O

It follows from (2.45) and (2.50) that the triples (N, j*, %) for k = 1,2,...,pi,
satisfy the iterability condition (2.40). By (2.41) instead of j', ' and r taking j2, 5*

and r3, we have

S 2 2 .3 3 )
C(N,jZ, 52) _ 2 : (] 75 yJ aﬁ )(¢N7X]3753) n O(p*pa). (251)
. AN - )\j2 /32
(B3,43)€Q(p™,673) ,

To obtain the other terms of the asymptotic formula of A y, we iterate the formula (2.44).

Now we isolate the terms with multiplicand ¢(N, j, #) in the right hand side of (2.44).

(Ax = Ajp)e(N, 4, 8) = O(p™")

S(5,6.56Y)8 ("6 4.8 .
S ( - Je(,5.5)
. AN - )\jl ,81
(B1,51)€Q(p™,671) ’
(ﬁQ:jQ)eQ(pazfer)
(J+41+72,8+B81+B2)=(5,8)
S(j.8,5"6")S (5", B, 5%, B?) 2 52
L LA ¢(N,j . 2.52
+ > Ay = (N,5°%,68%).  (2:52)

(B1,J1)€Q(p™,671)
(P2,72)€Q(p" Or2)
(§+71+72,8+B81+B2)#(5,8)
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Substituting the equation (2.51) into the second sum of the equation (2.52), we get

(An = Ajp)e(N, 4, B)

_ S(j7ﬁ7j17ﬁl)s(jl7ﬁlvj7ﬂ)
B > An — Mg

c(N, j,B)

(B1,31)€Q(p™,671)

(B2,32)€Q(p™ ,672)
(7%,8%)=(5,8)

c N7j37ﬁ3
(AN - Ajlﬁl)(AN - Aj2,ﬂ2) ( )

+

(B1,91)€Q(p™,671)
(B2,j2)€Q(p™,612)
(72,8%)#3.8)
(B3,43)€Q(p™ ,673)

+O(p). (2.53)

Again isolating terms ¢(V, j, 3) in the last sum of the equation (2.53), we obtain

(AN - )‘j,,B)C(Naja 6)

. S(j?ﬁ?jlaﬂl)s(jlaﬂlajaﬂ)
=l 2 Ay — A g

(B1,71)€Q(p™,671)
(627j2)€Q(pa76T2)
(72.8%)=(5.8)

+ (A — M1 s0)(Ax — Aga )

Je(N, 5, B)

(B1,31)€Q(p™,6m1)
(B2,42)Q(p™,612)
(B3,J3)€EQ(p™,673)
(72,8%)#(3.8)
(4%,8%)=(3,8)

3 S, 8,4% 8 S (G, B 4% 8%) S (5%, 8% 5°, B°)

c N7j37ﬁ3
(AN - Ajlﬁl)(AN - Aj2,ﬂ2) ( )

+

(B1,31)€Q(p™,6m1)

(B2,j2)€Q(p™,612)

(B3,33)€Q(p™,673)
(72,827 (i,8)
(5%,8%)#(5,8)

+O(p~P). (2.54)

In this way, iterating 2p times, we get

2p
(An = Njg)e(N, . B) = [Z sk] c(N,j, B) + Rop + O(p7"), (2.55)
k=1
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where

k z 1 i—1 %
S (Av. \ig) = 57]76)S~kk-
k( N> ]75)_ AN_ Z) (j 75 7]75)
(B1,71)€Q(p" br1) 38
(Br4+1,dk+1)EQ(P* 67Tk 41)
(G H1,BE 1) =(4,8)
(js7ﬁs)#(j75)7 8:2 7777 k

(2.56)
and
~ u S B 5 BY) k ok ik k k k
Ry = > 11 T S (5%, 85, 35 B e(N, R B,
(B1,41)€Q(p™,671) i=1 N J%pt
(Br+1:dk+1)€EQ(p™,67k41)
(js7ﬁs)7é(j7ﬁ)7 5=2,..., k+1
(2.57)

Now we estimate S’k and ]:Zk For this, we consider the terms which appear in the
denominators of (2.56) and (2.57). By the conditions under the summations in (2.56)
and (2.57), we have j1+jo+...4+7; #Oor S1+Po+.. . +...5; #0,fori = 2,3, ... k.

If 81+ B2+ ...+ ...0; # 0, then by (2.45) and (2.50), we have

|AN — )\jiﬁi >

~p. (2.58)

Ifg1+06+...4+...8;, =0,1.e., j1 +Jo+ ...+ j; # 0, then by a well-known theorem

Nis = Al = 1A = A
hence by (2.50), we obtain
1
|AN — A]"L76i > 5019. (259)

Since [ # 0 for all £ < 2p, the relation 31 + B2 + - - - + ; = 0 implies 51 + f2 +
-+ + Bix1 # 0. Therefore the number of multiplicands Ay — ;i g in (2.57) satisfying
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(2.58) is no less then p. Thus, by (2.36), (2.58) and (2.59), we get
S1=0(p"2), Ry =0(pP). (2.60)

Theorem 2.3.2. (a) For every eigenvalue X3 of L(P(s)) such that
B+ jo € Vi(p™), there exists an eigenvalue Ay of the operator L(V)

satisfying

An = XNjg + Ej1 + O(p7Fo2), (2.61)

2p
where By =0, Es = > Sp(Es—1 + Ajg, Njg), s=1,2,....
k=1

() 1If
[An — Ajsl < 20 (2.62)
and
[c(N, 4, B)| > p~** (2.63)

hold then Ay satisfies (2.61).

Proof. By Lemma 2.2.1 (a) - (b), there exists N satisfying the conditions (2.62) and
(2.63) in part (b). Hence it suffices to prove part (b). By (2.45) and (2.62), the triples
(N, j*, B%) satisfy the iterability condition in (2.40). Hence we can use (2.55) and

(2.60). Now we prove the theorem by induction:

For k = 1, to prove (2.61), we divide both sides of the equation (2.55) by ¢(N, j, 3)

and use the estimations (2.60).

Suppose that (2.61) holds for k£ = s, i.e.,

Ay = Xjg+ Eoy + O(p>2). (2.64)
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To prove that (2.61) is true for £ = s + 1, in (2.55) we substitute the expression (2.64)
2p

for Ay into > Si(An, Aj ), then we get
k=1

(An = Ajp)e(N, j, )
2p ~ ~
= Z Sk ()\j,ﬁ + Esfl + O(pisom)v )‘jﬂ) C(N,j, 5) + R2p + O(pipa% (265)

k=1

dividing both sides of the last equality by ¢(N, j, ) and using Lemma 2.2.1(ii), we

obtain

2p
Ay =Xjp+ Z Sk (Mg + Es1 +0(p7%2), Ay ) + O(p~ =0, (2.66)
k=1

2
Now we add and subtract the term ) Sk (Es_1 + Aj g, Aj5) in (2.66), then we have
k=1

Ay =Xjg+ E,+ O(p~#~99)
2p 2p

+ 1) S (s + Bec + 007), Xj5) = Y Sk (Bact + Mg Nip) | - (2.67)
k=1 k=1

Now, we first prove that E; = O(p~®?) by induction. £, = 0. Suppose that F;_; =
O(p~*?),then a = X\, 3 + E;_; satisfies (2.58) and (2.59). Hence we get

Si(a,Ajp) = O(p™*) = E; = O(p™™). (2.68)

To prove the theorem, we need to show that the expression in the square brackets in
(2.67) is equal to O(p~(*+1)22)_ This can be easily checked by (2.68) and the obvious

relation

1 1

- =O0(p~¢2), (2.69
)\jﬁ +E, 1+ O(p*saz) — )\jk’ﬁk )\j,g + F, 1+ )\jkﬁk (p ) ( )

for 8% £ 3. The theorem is proved. O
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CHAPTER THREE
THE SPECTRAL THEORY OF SCHRODINGER OPERATORS ON
INFINITE METRIC GRAPHS

This chapter is organized as follows. In Section 3.1, we give description of main
functional spaces on metric graphs. Section 3.2 contains the definition and main
properties of Schrodinger operators with locally integrable potentials on metric
graphs. In Section 3.3, first, we prove essential self-adjointness of the Hamiltonian.
Then we obtain a description of the bottom of essential spectrum. In Section 3.4, we
prove theorems on the discreteness of the negative part of the spectrum and of the
whole spectrum that extend some classical results for one dimensional Schrédinger
operators.  Finally, in Section 3.5, we show under natural assumptions that
eigenfunctions corresponding to isolated eigenvalues of finite multiplicity decay at

infinity exponentially fast.

3.1 Main Functional Spaces on Metric Graphs

Let us introduce basic functional spaces on metric graphs (we employ the standard
notations of functional spaces on intervals of real line). We denote by L*(T") the space
of all complex valued functions which are square integrable on I' with respect to the
measure dx. More explicitly, this space consists of all measurable functions f such that

fle € L*(e) forall e € E and

IFIP = 11£11Z2 = D 1F 72 < oo

eceE

The Sobolev space H'(T') consists of all continuous complex valued functions f on T’

such that f|. € H'(e) for all edges e € F and

£ = Z Hf”%]l(e) < 00.

eelE
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1
loc

We also need the standard space L; .(I") with respect to the measure dz. It consists

of all functions which are absolutely integrable on every edge. Finally, we introduce
the space BS(T") of Stepanov bounded functions (known also as uniform L' space see

Simon (1982)). It consists of all functions f € L} (T') such that

loc

”f“BS = Sup ||f||L1(e) < 0.
eceE

We need the following simple lemma.

Lemma 3.1.1. For every ¢ > 0, there exists a constant C. > 0 such that

/F @) llu(@)Pdz < | fllss (eI + Cellul?).

whenever f € BS(T') andu € H*(T).

Proof. Without loss of generality we may suppose that « is a real valued function.

Since u € H'(T'), then it is continuous and, hence, there exists 3. € e such that

On the other hand, for any ¢ > 0

d

L)) = |2 (ayule)] < elul (@) + =0 (),
X
which yields
d _
[ 5@ < el + Ml

Then we have

<cellu/ 1220y + & HullZee,
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and, by the definition of .,

u(y) < ellulZo + (67 + 10 ullZzq -

Hence,
S (1wl < (sup [ 1widy) 3 llmcs
ecE V€ e€lb Je e€E
<||fllss (5 D e +C D HUH%Z(@)
eck ecE
= Ifllss (ellv/[I* + Ccflul?) |
where C. = e~ 1 71, N

Let us introduce more functional spaces on metric graphs. The space L>°(I") consists

of essentially bounded functions with the standard ess sup-norm.

Also we need some spaces of compactly supported functions and local Sobolev
spaces. The space Hclomp(l“) consists of all compactly supported functions from
H'(T). This is a locally convex linear topological space. The space H}. (') consists
of all continuous functions u such that u € H'(e) for all edge e. This is also a locally
convex space. The negative Sobolev space H!(T') is the space of all continuous
anti-linear functionals on H} (T, i.e., the anti-dual space to A} (T). The duality

comp comp

pairing, as well as the inner product in L?, is denoted by (., .).

Certainly,

H. (I')c H(I)C L*T)c H (') c H_ ()

comp loc

(continuous and dense embeddings). In what follows we also need the continuous
embedding
HYT) c L™(T).

Indeed, by (Brezis, 2010, Theorem 8.8), there exists a constant A > ( independent of
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e € E and such that |v(z)| < K|[v||g1(e) for all v € H'(e). This implies immediately
that
v(x)| < Klvllmay, €Tl (3.1)

forallv € HY(T).

Throughout this chapter we shall use the following sequence of cut-off functions
defined on I' (see, Kuchment (2004)). Fix a vertex o € I'. For any integer n > 0, let
I',, C T be the union of all edges e such that both endpoints of e are at a distance at
most n from o. This is an exhausting sequence of compact sets. Let us fix a C? function
¢(z) on [0, /4] such that it is equal to 1 in a small neighborhood of 0, equal to 0 in a
small neighborhood of /4 and 0 < ¢ < 1. We define the cut-off function ¢,, on T’
as follows. It is equal to 1 on I';, and to 0 on all edges which do not have vertices in
I',,. Now let e be an edge with only one vertex v in I',,. Identifying e with the interval
[0, ], without loss of generality we may suppose that the vertex v corresponds to the
endpoint 0. Then we define ¢,, to be equal to ¢ on [0, [ /4] and 0 on the remaining part of
[0, l]. Tt is easily seen that 0 < ¢,, < 1, and there exists a constant C' > 0 independent
of n such that |¢/,| < C and |¢!!| < C on all edges. Notice that in Section 3.3 we
shall use cut-off functions with a specific choice of the function ¢. Namely, suppose
that 0 < g9 < &1 < [/4. Making use of a partition of unity, we can choose the
function ¢ that satisfies the following additional properties: ¢(z) = 1 for x € [0, &¢|
and ¢(z) = 1 — (z — &9)® for = € (g9, £1]. Then a straightforward verification shows

that the function (1 — ¢?(z))"/? is of class C2.

3.2 Schrodinger Operators

Let V() be a real function on I". We consider the Schrodinger operator associated

to the differential expression
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together with certain conditions at the vertices of I'. Throughout this chapter we accept

the following assumptions

(V1) The function V is locally integrable on T : V (z) € L} (T);

loc

(V2) Ve BS(T) :sup [V_(z) < 00

eckE ¢

Here and thereafter we use the following notation a; = max{a,0} and

a_ = —min{a, 0}.

Let Dy(I") be the space of all compactly supported function ¢ on I' such that
¢l € C?%(e) forall edges e € E,

 1s continuous at all vertices of I’ (3.2)
and
de
> . (v) =0 (3.3)
ecE,

d
dne

for all vertices v € V, where stands for the outward derivatives at the endpoints
of the edge e. Condition (3.3) is the so-called Kirchhoff vertex condition. In the case
when the degree d,, = 1 this is the standard Neumann boundary condition (equally well
it can be replaced by the Dirichlet condition). Making use of the cut-off functions ¢,
and standard approximation techniques on finite intervals it is not difficult to see that

the space Dy(I") is dense in the space H'(I") and, hence, in L?(T").

First we introduce the operator Lg in L?(T") with the domain D(Lg) = Dy(T") defined
by
(Lop)(x) = (Lep)(x)

on every edge e € E. It can be easily shown that L, is a symmetric operator. Actually,
the standard integration by parts over all edges shows that (Lou, v) = (u, Lov) for each

u,v € Do(I).

42



Lemma 3.1.1 implies that for every § > 0 there exists a constant Cp > 0, depending

on ||V_||gs, such that
/V(SU)W(SC)\Qdﬂ? < Olfu'||* + Colfull* (3.4)
r
forallu € H(T).

Let go(u) = (Lou,u), u € Dy(I"), be the quadratic form associated to the operator
Ly. Making use of inequality (3.4) with 6 small enough, we obtain that there exist
constants g > 0 and A\g > 0 such that
[/ ()" + V(@) |u(2)[?) dz
W(@)F + (V@) - 2V (@) lu(z) ) d

[/ (2)* + [V (@) Ju(@)]* — 2V_ () u(z)*) dz

IV
’—J\

@) + V(@) [u(x) 2) dz — 28]je |2 — 2y [l
—(1- 20) / () P + / V(@) () Pz — 2C, u]
(1 26) / (W (@) + [V (@)lu(x)P) dz — 2Cyu]]?

Zao/F (I @)* + [V (@)l [u(2)*) dz = Aoflul|Zzr) (3.5)
for all u € Dy(I"). Here we choose oy = 1 — 260 and Ay = 2Cy with 0 small enough.

In particular, ¢y is bounded below as well as the operator L,. Hence, ¢y is a
closable quadratic form, by the Friedrichs extension theorem. Its closure is denoted

by ¢. Obviously,
Go(u) < /F (I (@)* + [V (@)l |u(2)[*) dz (3.6)

for all u € Dy(I"). Together with (3.5), this implies that the domain D(q) of ¢ consists
ofall u € H'(T) such that

[ (@ W@luta)P) do < oo
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Furthermore, inequalities (3.5) and (3.6) hold for the form ¢ and all u € D(q). Being
equipped with the norm

(a(w) + (o + Dlfuf )2,

the space D(q) is a Hilbert space continuously embedded into H!(T").

Since the form ¢ is closed and bounded below, it generates the self-adjoint operator

L, the so-called Friedrichs extension of L(, which is bounded below (see, e.g., Blank

et al. (2008) and Reed & Simon (1975)). The operator L is defined as follows. A

function u € D(q) belongs to the domain D(L) of L and Lu = f > L*(T") if and only
if

/F(u/a—i- Vup)de = /Fdex (3.7)

for all ¢ € D(q). Testing (3.7) on smooth functions with compact support in any
open edge, we see that on each edge the function u satisfies the equation Lu = f in
the weak sense. Hence, the derivative v’ is an absolutely continuous function on each
edge. Choosing a test function ¢ such that its support belongs to a sufficiently small
neighborhood of some vertex v, while on a smaller neighborhood ¢ = 1, we obtain,

after integration by parts, that u satisfies vertex condition (3.3).

3.3 Essential Self-Adjointness and the Bottom of Essential Spectrum

In this section, first, we show that the Friedrichs extension, L, of L is the only

self-adjoint extension of L. In other words, the operator L is essentially self-adjoint.

For this aim, let us consider the maximal operator L = L§ associated to the

differential expression £ and vertex conditions (3.2) and (3.3). The domain D(L)

consists of all functions u € L*(T) such that

(1) w and W are absolutely continuous functions on each edge, and, hence,

u// c Ll (1’\>’

loc

(11) w satisfies vertex conditions (3.2) and (3.3);
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(iit) Lu € L*(T).
The operator L is defined by Lu = Lu for all u € D(L).

Obviously, L C L. Actually, we have the following

Theorem 3.3.1. Under assumptions (V1) and (V2), L = L.

Proof. Replacing V(z) by V(z) + A with sufficiently large A, we may suppose that

Lo > I in the sense that

(Lo, ) = / (o' + V(@)oP)dz > [ (3.8)

forall ¢ € D(Ly).

The key point of the proof is the following inequality. Suppose that u € D(L) and
f = Lu. Then
lull < WA (3.9)

Notice that it is enough to prove inequality (3.9) for real valued functions only.

By the definition of L, Vu € L} (I') and

loc

/(u'cp’ + Vup)dr = /f(pdac (3.10)
r r

forall p € Dy(T). Lett) € Dy(T'). Elementary differentiation shows that ¢)?u € D(L)
and has a compact support. A standard approximation argument in one dimension
shows that there exists a sequence u, € Dy such that v, — v and u;, — u’ locally
uniformly on I'. Then ¢?u;, € Dy(T'). Taking ¢ = 1)?u; in (3.10) and passing to the

limit, we obtain that

/F<u’(uw2)/+Vu2w2> dx = /Ffude:U. (3.11)

By the identity
u(w?) = ((w))? — ()?,
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equation (3.11) becomes
/ (((wp)')? + VuPp?* —u?(¢')?) do = / fu?dz . (3.12)
r r
Inequality (3.8) and a density argument imply that
/ (((up)')? + V(up)?) dx > /(uw)de. (3.13)
r r
Combining (3.12) and (3.13), we obtain that
/ ((u)? = [¢'|Pu?) do < /fuzﬁdx. (3.14)
r r

Taking as 1 the cut-off function ¢,, constructed in Section 3.1, we obtain

[wics [ rues [l
T T T

< ([tusnra) - ([(ronra) 4 [t as.

Since 0 < ¢,, < 1and ¢,, = 1 onT,, the last inequality and the inequality 2ab < a®+b?

/ u?dr < /(uson)gdx < /fzdx+2/u2\90%!2dx-
Iy r r I

Since ¢/, is bounded uniformly with respect to n, ¢/, = 0 on ', and v € L*(T), we

imply that

have that

/u2|g0;1|2dx§0 u*dr — 0asn — oo,
r M\Iy

and inequality (3.9) follows.

To complete the proof it is enough to show that D(L) C D(L). Since L > I, then
it possesses the bounded inverse operator L. Letu € D(L) and v = v — L' Lu.
Thenv € D(L) and Lv = 0 because L C L. However, inequality (3.9) implies that the
operator L has zero kernel and, hence, v = 0. As consequence, v = 0 and u € D(L).

This completes the proof. O
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Theorem 3.3.1 shows that the operator L is the only self-adjoint extension of L.
Hence, the operator L is essentially self-adjoint, and L is the closure of Ly. In

particular, Dy(T") is dense in D(L) with respect to the graph norm.
Our next aim is to obtain a characterization of the bottom of essential spectrum.

For any compact subset K of I' we denote by Dy(I" \ K) the set of all functions
¢ € Dy(I") such that suppyp C I' \ K. We denote by o(L) and o.s(L) the spectrum

and the essential spectrum of L.

It is well known that the bottom of the spectrum of a self-adjoint bounded below
operator coincides with the infimum of its Raylaigh quotient. Due to the density of
Do(I") in D(L) with respect to the graph norm, this implies immediately that
info(L) = A(L), where

i (Lo, )
A(L) = f{ o .QOEDO(F),QO#O}.

Theorem 3.3.2. Under assumptions (V'1) and (V2)

infoe(L) = sup inf{ (L. 0) . ¢ Do(T\T,), ¢ # o} , (3.15)

Pner el

where the supremum is taken over the sequence of compact sets 1", defined in

Section 3.1.

To prove Theorem 3.3.2 we need the following lemma.

Lemma 3.3.3. Suppose that, for some \ € R,

(Lo, ) > Alo|? (3.16)

for all p € Do(I'\ T',)). Then there exists a non-negative function W € Dy(I") such

that
(Lwe, @) > Aol (3.17)

Jorall ¢ € Dy(T"), where Lyy = L+ W.
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Proof. Let ,, be the sequence of cut-off functions with special choice of the function

¢ (see the end of Section 3.1). Then ¢,, € Dy, and the function ¥, (z) = (1 —?(x))"/?

is C?-smooth on each edge and satisfies conditions (3.2) and (3.3). Furthermore, it is

not difficult to verify the following identity.

¢ = 0n(0n@)" + Un ()" + [(©,)> + (¥))?] 0 .

Let ¢ € Dy(T"). Using (3.18), we obtain that

(Lo, @) = (L(eng), onp) + (L(¥n®), Ynp)

. / (L) + (W)l Pde

Since suppt), C I'\ T',,, it follows from (3.16) that

(L(tng), np) > /F 2| pf2da

By the definition of A(L),

(L(en®), onp) 2 A(L)/F<pi|go|2da;.

Combining (3.19), (3.20) and (3.21), we obtain that

(L) 2 [0+ MO~ ()~ (@ lplds

- [ at@lefds

for all ¢ € Dy(I"), where

a(z) = vy + ML)y — (9,)" = (1)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

is continuous function such that «(z) = 1 outside a compact set. Then «(z) — 1 has

48



compact support. Let x := sup(1 — «(x)) and set
W(z) = a(z) + k- ow(z),

where n’ > n is large enough. With this choice of W, (3.22) yields (3.17), and the

proof is complete. [

Proof of Theorem 3.3.2. Fix a number A such that

L
A< sup inf{(g’;’f):cpel)o(l“\l“n),go#o}.
Inel o]l

Hence, there exists n € N such that

(L, ) > Mlg|?

for all ¢ € Dy(I' \ I',). By Lemma 3.3.3, there exists a non-negative function
W € Dy(I") such that

(Lw)e, ) = Allel?

for all ¢ € Dy(I"), which implies that

Since W is a compactly supported function, the multiplication operator by W is

compact. Hence, by Weyl's theorem, o.ss(L) = 0.ss(Lw ). As consequence,
info.ss(L) > info(Ly) > A,
and we conclude that

infoue(L) > sup inf{ (Lo %) e pyr\T,). 0 2 o} . (3.24)

Ipel [l
To prove the reverse inequality let p be any positive number such that
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p < infoess(L). Let E, be the spectral projector of L that corresponds to the part of

the spectrum below pi. Then E), is a finite rank projection so that

N
Z L 6i)01

where ¢; € D(L) are orthonormal eigenfunctions of L with eigenvalues below .

Hence, for any function ¢ € Dy(I'\ I',)

N
[Eupll < Z e, )| - llill®

i ([ 1o 1ol

Therefore, for any € € (0, 1), there exists an n = n(e) € N such that

IE(m)ell < e-llell (3.25)
forall o € Dy(I' \ I',,).

Now we have

(Lo, o) = | L]
= I3 (I = Bl + | L2 Eupl?
> ||L2 (I = Bl = (L — B¢, ¢)
> pl|(I — Ey)el®
> plle — Eupl?
> ullell = | Eupl)?. (3.26)

Combining (3.25) and (3.26), we obtain that

(Loyp) = - (1 =€) ol
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for any ¢ € Dy(I"\ I',,), which implies that

sup inf{M. € Dy(T \F)@#O}Zu-(1—€)2.

Inel HQOHQ

Letting ¢ — 0, we conclude that

sup inf{<LW 9) e DY\ T, 0 o} > inf s (L) .

I'nel H H2

Together with (3.24), this proves (3.15).

The proof is complete. ([l

3.4 Discreteness of Spectrum

We begin with a sufficient condition for the discreteness of the negative part of

spectrum.

Theorem 3.4.1. In addition to Assumptions (V1) and (V' 2), suppose that

/V_(x)dx —0

e

in the sense that for every € > 0 there exists n € N such that

/€V_(:v)d:v <e

foralle € E suchthate C I'\T',,. Then the negative part of spectrum, o(L)N(—0o0,0),

is discrete.

Proof. We need to prove that there is no negative part of the essential spectrum. By
Theorem 3.3.2, it is enough to show that for every ¢ € (0, 1) there exists n € N such
that

/F(|u'(x)|2 — V_(2)|u(z)|*)dz > —5/ lu(z)[Pdx (3.27)

51



forallu € Dy(I' \ I',).

Let n > 0. Then there exists n(n) € Z such that

/V_(xe)dxe <n

e

forall e € ' such thate C I'\ I')y. Forany u € Dy(I' \ T',(;)) there exists 2o, € e

such that

Then, for x € e,

[u(2) — w2 (o)| =2

T
/ w'udz
Z0,e

< /(u’2 + u?)dx .

From this, we have

/ V_u?(z)dz
eC\I'

n(n)

/CF\F V_(u?(z) — u2(x0,e))dx

n(n)

/ V_u?(xo,)dx
eCT\I'

n(n)

<7 / (W*(z) + u2(z))dx + / w? () dw
eCT\D' le Jecr\r

n(n)

_|_

IN

7 / . (W*(2) + u?(z))da + ? / w?(a)da

n(n)

< (1 + %) / . (W () +12(x))dx

n(n)

Summing up over e C I' \ I',,,)), we obtain that

> [ Vodl(a)de < <1 + %)

eCl"\l"n(n) ¢

S / (W () + w2(z))dz .

eCF\Fn(n)

Taking 7 sufficiently small so that e = (1 +[~') < 1, we obtain that

@) = Veaiade =~ [ a(ayas.

r

forall u € Dy(I" \ I',) with n = n(n). The proof is complete. O
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Now we prove a criterion for the discreteness of the whole spectrum. We employ

the following terminology. An interval in I' is a subinterval of any edge.

Theorem 3.4.2. Under Assumptions (V1) and (V2), o(L) is discrete if and only if for
every a € (0,1)
/V(x)dx — 00 (3.28)
S

as the interval S of length «v escapes to infinity (this means that for every M > 0, there

exists n € N such that
/V(x)da: > M
s

for all intervals S of length « with the property that S C T\ T, ).

Proof. (a) Sufficiency. Suppose that (3.28) holds. Without loss of generality, we
assume that L > I. To prove that the spectrum of L is discrete it is sufficient to show
that the negative part of o(L — uI) is discrete for all ;> 0. By Theorem 3.3.2, to do

this we have to prove the existence of n € N such that

/(|u’\2 + Vul|?)dz > ,u/ |u|*dx (3.29)
r r
forall u € Dy(I'\ T'y).

Now, given o € (0,1), we choose n(c) such that for every interval S C I'\ [';;(o

of length
/V(x)da: >1. (3.30)
s

For an edge e, we introduce the number

le L
= if L is an integer
N(e)={

{l—e] + 1 otherwise .
«

Then we cover the edge e by intervals S¢, k = 1,..., N(e), of length « in such a way

that at most two of the intervals overlap.
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Due to the continuity of v, in each interval S}, we can choose a point x{, such that

Jo: V se x)dx

fs,g

u?(2*) =

(3.31)

Estimating |u?(z) — u?(x)| as in the proof of Theorem 3.4.1, we obtain the inequality

/2 u?(x)de = / u?(25)dx + /e(u2(x) _2(20))da

< fse
fsg

x)dx )
+ a/ (v~ +u?)dx .
Hence, by (3.30)

/ w(r)de < o | V(z)u?(z)dr + oc/ (u? + u?)dz . (3.32)
o Sk K

Summing up inequalities (3.32) over all e € I' \ I,,,)) and all k, we obtain that

/u2(a:)dx < a/V(m)uQ(az)da: + oz/(u’2 +u?) dzx
T r r
for all u € Do(I" \ ')

1/2;

Since we suppose that L > I, then ¢(-)'/ is an equivalent norm on the form domain

D(q). Since the embedding D(q) C H'(I") is continuous, ||ul|3,, < Cg(u). Therefore,

i

Taking o = ((1 + C')u) ™!, we obtain (3.29).

u?(r)dr < (1+ C)a/ (u? + V(z)u?)dx .

n(n) F\Fn("l)

(b) Necessity. Assume that the spectrum o (L) is discrete, but for some o € (0,1)
there exist p > 0 and a sequence of intervals S; of length a escaping to infinity and

such that
/ V(z)dz < p. (3.33)
Sk

Obviously, we may assume that each edge contains at most one such interval and
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Sr € I'\ I'y. Now, we choose a sequence of 1, € Dy(I") such that supp ¢y, C Sk,
0 < <1, ¢y| < C forsome C' > 0, and ¢, = 1 on some subinterval of length ¢ in
Sk. Then ¢y, € Dy(T" \ T'x) and

/<ﬁm+wmmmws aﬁ@m+/vwﬁmm
Sk, Sk Sk
< aC”+ /Sk V(z)dz

<aC?+p. (3.34)

On the other hand,

Hence,

[ @@ + Vi) < 5

By Theorem 3.3.2, it follows that for
o(L —pl)N(—o00,0)

contains points of essential spectrum whenever

aC? +p
—5

This contradiction proves the required. [

3.5 Exponential Decay of the Eigenfunctions

Now before giving our result on exponential decay of eigenfunctions, we begin with
some properties of Schrodinger operators with locally integrable potentials on metric

graphs obtained in Section 3.2.
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Under Assumption (V'1), the differential expression

[,: —@—FV(Z’)

generates an operator £ : H. (I') — H,}(T') defined as follows

loc

(Lu,v) = /1“ (' (2)0'(z) + V(z)u(z)v(x)) dz, VYo e H,,, (T).

In Section 3.2, we have started with a second order symmetric differential operator

d*u

on the domain Dy (I") that consists of all compactly supported function v on I' such that
ul, € C?%(e) for all edges e € E, satisfies vertex conditions (3.2) and (3.3). Under our

assumptions, L is a symmetric, bounded below operator in the space L*(T).

Let go(u) = (Lou,u), u € Dy(I"), be the quadratic form associated to the symmetric
operator Lg. Under Assumptions (V1) and (V'2), the form ¢y is bounded below and,
hence, closable. Furthermore, the closure q of ¢y generates a self-adjoint, semi-bounded
below extension L of L. The operator L is the only self-adjoint extension of L. In
other words, the operator L is essentially self-adjoint. The form domain D(q) is given
by

D(q) = H, = {u € H'(T): /F |V (z)||u(x)|?dx < oo} .

This is a Hilbert space continuously and densely embedded into L*(T). Its dual space
is denoted by H_. Obviously, L>(I') C H_ C H;,! (continuously and densely). The
operator L extends to a bounded linear operator L: H, — H_ (see (Reed & Simon,
1980, Section VIIIL.6)). Actually, L is the restriction of £ to H., while L is the
restriction of £ to the domain D(L) of L. The domain D(L) consists of all functions
u € L*(T) such that v and v’ are absolutely continuous on each edge of T', satisfy
vertex conditions (3.2) and (3.3), and Lu € L?*(T'). Equipping D(L) with the graph

norm, we often regard L as a bounded linear operator from D(L) into L?(T).
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To obtain exponential decay of the eigenfunctions, we begin with the following lemma.

Lemma 3.5.1. There exists a function n such that it is continuous on T, |, € C*(e) on
each edge e, with /' and 1" bounded on T, 1 satisfies the Kirchhoff vertex conditions,
and

d(x) = co <p(x) < d(x) +co, z€T, (3.36)

with ¢y > 0 independent of x.

Proof. We construct the function 7 so that at any vertex n = d. Consider any edge e
that connects two vertices v and w, and identify it with the interval [—m, m], where
2m = l,, so that the endpoint —m corresponds to the vertex v. Let a = d(v) and

b = d(w). Then on this edge
d(x) =minfa +z +m,b+m —z].

We define 7 to be the cubic polynomial such that

Then an elementary calculation shows that 7 is of the form
n(r) = az® + Br + v,

where «, [ and 7 are given by

and
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Now let
b—a +a—|—b
2m 2

The maximum value of d(z) is d(x¢) = (a + b)/2 + m, where zy = (b — a)/2. It is
easily seen that §(z) < d(x), while the maximum value of d(z) — 6(z) on [—m, m] is
d(xg) — 0(x). A straightforward calculation shows that

(b—a)’

4dm

l
d(zg) — 0(xg) =m — < 3

Making use of the elementary calculus, we see that the function §(z) — n(x) attains

extreme values

(b—a)
s

at the points +m/+/3. Thus, on [—m, m]

b —al
0(z) —n(z)| < m

Since obviously |b — a| < [, we obtain (3.36) with

DO | =~
(@)
QI ~
w

Co —

The proof is complete. ]

The relation (3.36) shows that exponential estimates in terms of the distance function
are equivalent to exponential estimates in terms of the function 7. This is a serious
reduction to obtain exponential decay. Because now “twisted”operator L, right below

is well-defined.

Lete € R. Foru € L} (T), we set

(Deu)(z) = e @u(z).

2

2 (), and . is a linear continuous operator in L7 (T').

loc

It is easily seen that ®.u € L
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Moreover,

o .H,}

loc

(I') C Hip,(T)

and

(I)ﬁHclomp(F) C Hl (F) )

comp

and . is a continuous linear operator in these spaces. This operator extends to a linear
continuous operator

. : H NT) — H (I

loc loc
by the formula
(®u,v) = (u,®v), Yoe H- (')

comp

for any u € H;,}('). This is indeed an extension of ®, previously defined on L2 (T').

Now we define twisted operator

L.:H. () — HXT)

loc

Lu=®LDP u, uecH.. ().

An explicit expression for this operator is the following
L= L+ eB,

where

/ d ! /
Be =21 (w)—— +n"(x) — en*().

The operator B, maps continuously H*(T") into L(T").

Lemma 3.5.2. The restriction of L. to D(L) defines a closed linear operator L. in
L3(T"), with the domain D(L.) = D(L) and non-empty resolvent set, provided |e| < €,

for some €y > 0.
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Proof. Without loss of generality, we may assume that the operator L is positive
definite. Hence, as a bounded operator from D(L) into L*(T), L is invertible. In
addition, we suppose that |¢| < 1. Since n/,n" € L*°(I"), the restriction of B, to the
space H'(T') is a (uniformly with respect to ¢) bounded linear operator
B, : HY(T') — L*(T). Since the embedding D(L) c H*(T) is continuous and D(L)

is equipped with the graph norm, then

leBeul| < Clefl[Lull,  Vu € D(L).

Hence, the operator L. : D(L) — L*(T) has a bounded inverse if |¢| is sufficiently
small. As consequence, the operator L. , with the domain D(L.) = D(L) is a closed

operator in L?(T). O

Remark 3.5.3. Notice that L. as a bounded operator from D(L) into L?(T") depends
continuously on €. Then so is the resolvent. This implies that L. as a closed operator in
L*(T) is continuous with respect to € in a neighborhood of ¢ = 0 in the sense of Kato's

generalized convergence Kato (1966).

Let L?(T") be the image of L?(T") under the transformation @, i.e.,
LAT) = &.L*(I).
This is a Hilbert space with the norm induced from L*(T")
[Pculle = llull, we LY(T).
Assuming that |e| is small enough, we introduce the operator
L =0_LD,.
This is a closed operator in L? _(T") with the domain

D(L) = ®_.D(L).
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By the definition of L), this operator is unitary equivalent to L.. Notice that, due to
the properties of the function 7, functions in D(L.)) satisfy vertex conditions (3.2)
and (3.3). Actually, L, is the restriction of £ to the domain D(L)).

Theorem 3.5.4. Under Assumptions (V1) and (V2), let Ny be an isolated eigenvalue
of finite multiplicity for the operator L. Then there exist ¢ > 0 and C' > 0 such that for

any normalized eigenfunction u € L*(T) with the eigenvalue )\

lu(z)| < Ce @ (3.37)

Proof. First we note that, by Lemma 3.5.1, it is enough to prove the estimates
lu(z)| < Ce ™) (3.38)

instead of (3.37).

Since )\ is an isolated eigenvalue, there is a sufficiently small closed disc centered
at \¢ and such that it contains the only point \q of the spectrum of L. Denote by  the
boundary of this disc, with counterclockwise orientation. Then the image of the Riesz
projector

Py = = (M — L)~ tdA

21
5

is the eigenspace F of the operator L, with the eigenvalue )\, and the multiplicity of

Ao Is dimFEy = k < .

By Lemma 3.5.2 and Remark 3.5.3, in a small neighborhood of ¢ = 0 the operator
L. depends continuously in € with respect to Kato's generalized convergence. Hence,
by (Kato, 1966, Theorem 3.16 of Ch. 4), for all € in a neighborhood of € = 0, the circle

~ does not intersect the spectrum of L., the Riesz projector

1
P.=— [ (M — L) 'd\
211
;
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as a bounded operator in L*(T") depends continuously on e in this neighborhood, and

dimFE, = k < oo is independent of ¢, where F is the image of P..

Now we turn to the operator L) which is unitary equivalent to L. and, as
consequence, has the same spectrum. The Riesz projector associated to the part of

spectrum surrounded by + is unitary equivalent to P. because

1
Poy=®_ PO = —— [ ®_ (A — L) '®d)
2
.
1
= — [(®_ (M — L)®) dA
21
;
S SV R
27 © .

~

Hence, the image L. of P is isomorphic to E. and, therefore, dimE(.) = k.

Let e > 0. Then
L? () c LX(T),

D(L«) € D(L)

and the operator L is the restriction of the operator L. Hence, the resolvent
(M — L))" of Ly is the restriction of the resolvent (\] — L)™' of L to the space
L? (T"). This implies immediately that the projector P is the restriction of the
projector Py = Fy. Therefore, E(.) is a subspace of Ej. Since the dimensions of
these two spaces are equal to k, we have that Fy = FE). This means that the

eigenspace Ej is, in fact, a subspace of L2 (T").

Now let u € Ej be an eigenfunction with ||u|| = 1. Then u = ®_.v for some
v € L*(T). Since @, induces an isomorphism between £ and E, and ||u|| = 1, then
||v]| is bounded by a constant independent of u. By the definition of L., the function
v € D(L) satisfies
Lov= \yv.

Recall that the resolvent of L. acts as a bounded operator from L?(T') into D(L) and,
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hence, into H'(T"). Now the last equation implies that ||v||;1 and, hence, ||v]|z~ are
bounded by a constant independent of u, that is, there exists a constant A > 0 such

that
lv(z)| < Kljv||gay, z €T
As a consequence,
[u()] = e (z)| < Ce @)

where the constant C' > 0 depends only on )y and e. The proof is complete. [
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CHAPTER FOUR
CONCLUSION

One of the richest source of the spectral theory is the quantum physics and most
of the theory is dedicated to the Schrodinger operator L (V') defined by the differential
expression

L(V)u(z) = (A + V(z))u(z)

which is a fundamental operator of quantum physics. The Schrodinger operator can be
considered as the energy operator of one or several particles depending on the form of
the potential V' (z). According to the fundamental principles of quantum physics, the
possible values of the energy of a particle belong to the spectrum of the Schrodinger

operator and eigenfunctions describe the state of the particle.

This thesis includes two independent studies on the spectral theory of Schrodinger

operators.

The first study is on the Schrodinger operator defined by (1.1)-(1.2), whose potential
is a real-valued, symmetric matrix V' = (v;;(2)), 7,7 = 1,2,...,m. We denote this

operator by L(V').

We denote the eigenvalue and eigenfunction pairs of L(V') by Ax and ¢y,

respectively.

The eigenvalues of the unperturbed operator L(0) which is defined by (1.1) when
V(x) = 0 and the boundary condition (1.2) are |y|? and the corresponding eigenspaces

are

E., =span{®, 1(z), P, 2(x),..., Py ()},

+0 nimT nam ngmy . o
where v € FT:{(G—l,;—Q,...,aLd) cnp € ZTU{0k=1,2,...,d},
®., () = (0,...,0,u,(2),0,...,0),j =1,2,...,m,

nim nom

Uy(z) = €O "LE w1 cOS 2wy -+ - €08 " xg, ug(x) = 1 when y = (0,0,...,0). The

non-zero component u. () is in the j-th component.

64



We assume that the Fourier coefficients v;;, of v;;(z) satisfy

D i P+ ) < o0

Vey
foreachi,j =1,2,...,m, [ > %ﬂ—l—d%—&

In Chapter Two, we obtain asymptotic formulas for the eigenvalue A i of L(V') when
the corresponding eigenvalue of the unperturbed operator L(0), is roughly speaking,

near diffraction plane.

As the eigenvalue problem of the operator L(V') defined by (1.1) and (1.2), most
of the problems related with spectral theory fail to be explicitly soluble, they need a

qualitative and asymptotic study.

The most significant progress has been achieved in one dimensional case. The
crucial property in analysis of the problem in one dimensional case is that the distance
between the consecutive eigenvalues (which occurs in the denominator of the
perturbation series) becomes larger and larger so that the perturbation theory can be

applied to obtain the asymptotic formulas for sufficiently large eigenvalues.

However, in many dimensional case, (even in two or three dimensions), the
problem is considerably difficult. In this case, to construct a perturbation theory turns
out to be rather difficult, because of the denseness of the eigenvalues of the free
operator which are situated very close to each other in a high energy region.
Therefore, when perturbation disturbs them, they strongly influence each other. This
presents considerable difficulties as the arbitrarily small differences become small
divisors in an asymptotic expansion, in particular, “the small denominators problem”.
Thus, to describe the perturbation of one of the eigenvalues, we must also study all

the other surrounding eigenvalues.

In order to overcome this difficulty, for the first time in papers (Veliev, 1987, 2006,

2007, 2015), the eigenvalues of the unperturbed operator L(0) is divided into two
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groups: Non-resonance and resonance ones (see Definition 1.1.1).

In Chapter Two, we obtain the high energy asymptotics of arbitrary order in an
arbitrary dimension (d > 2) for the eigenvalue of L(V') corresponding to resonance
eigenvalue |y|> when ~ belongs to the single resonance domain, that is,

v € Vs(p*) \ FEa, where 0 is from {ej,eq,...,e4} and e; = <a11,0,...,0>,

@zz(Ou%w.WO),.wed::OLQ.“,£>.

In order to obtain the asymptotic formulas for the single resonance eigenvalues
7> (v € Vs(p*) \ Es), we consider the operator L(V') as the perturbation of
L(P(s)) where L(P(s)) is defined by the differential expression

Lu=—Au+ P(s)u

and the Neumann boundary condition

0
ol
on|yp

P(s) = (pij(s)), 4,5 =1,2,...,m,

pij(s) = Zpijn COSNS, Pijn = Vijns), S=2-0, 1,7 =1,2,...,m.
nez

It can be easily verified by the method of separation of variables that the eigenvalues
and the corresponding eigenfunctions of L(P(s)), indexed by the pairs
(4,8) € Z x T's, are \j 3 = \j+|3]* and

Xa () = us(@) - 0,(5) = (us(@)s1,us(2) Py, - a(2)pym), respectively, where
B € I's, A;is the eigenvalue and p;(s) = (p;j1(5),©;2(5),...,¢jm(s)) is the
corresponding eigenfunction of the operator 7'(P(s)) defined by the differential

expression )
T(P(s))Y = — aﬁ Y 4 P(s)Y (4.1)
and the boundary condition
Y'(0) =Y'(r) = 0. (4.2)
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The eigenvalues of the operator 7°(0), defined by (4.1) when P(s) = 0 and the
boundary condition (4.2), are |[nd|? = |2 | with the corresponding eigenspace
E, = span{Cp1(5),Crn2(s),...,Cnm(s)}, where C,,;(s) = (0,...,cosns,...,0),
the non-zero component cosns stands in the ith place and n € Z* U {0}. It is well
known that (for example, see Naimark et al. (1967)) the eigenvalue \; of T'(P(s))

satisfying |\; — |j0]?| < sup P(s), satisfies the following relation

1
xz'w+o<fﬂ.

By the above equation, the eigenvalue |y|? = |3]? + [j6]? of L(0) corresponds to the
eigenvalue |5]? + \; of L(P(s)).

As aresult, we proved the following theorems

* Theorem 2.3.1 For every eigenvalue \;  of the operator L(P(s)) with f+76 €

Vi(p™), there exists an eigenvalue Ay of the operator L(V') satisfying
An =X+ 0 (p_a2) .

e Theorem 2.3.2

(a) For every eigenvalue \jp of L(P(s)) such that § + jo € Vi(p*'), there

exists an eigenvalue Ay of the operator L(V') satisfying
Ay = Xjg + Er1 + O(p72), (4.3)

2p
where EO = O, Es = Z Sk(Es—l + )\ng, )\ng), S = 1, 2, e

k=1
() If

|AN — )\j75| < C9o
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and

(N, j, B)] > p~**

hold then Ay satisfies (4.3).

For the operator L(V') defined by (1.1), (1.2) we may suggest the following open

problem:

For m > 1 (both scalar and matrix cases) one may study the asymptotic behaviour

of the eigenfunctions of L(V") for both non-resonance and resonance domains.

In the second study, we consider Schrodinger operators with non-regular potentials

on infinite metric graphs.

LetI" = (E, V) be an undirected graph with the set of edges F and the set of vertices
V. The graph T is said to be a metric graph if each edge e is identified with an [0, /.|

of the real line.

The distance d(z, y) between two points  and y in I' is defined as the length of a
shortest path that connects these points. Since the graph is connected, the distance is

well defined.

For the second study, in Chapter Three, we assumed that

(i) The sets of edges and vertices are countably infinite;

(ii) There exist two positive constants | and | such that

1<i.<l

foralle € L.
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Differential equations on metric graphs (networks) is a relatively new area of
mathematical research though the first publication in which equations of such type

appear is paper Kirchhoff (1847).

In Chapter Three, to define a self-adjoint Schrodinger operator, we start with a
second-order symmetric differential operator
d*u

Lou = —g2 V(z)u

on the domain that consists of sufficiently smooth compactly supported functions
satisfying the Kirchhoff conditions at the vertices of a metric graph I'. The potentials
are supposed to be locally integrable with negative part bounded in certain integral
sense (see, assumptions (V1) and (V2)). In the case of operators on real line, these
assumptions turn into the assumption that the potential is of local Kato class, while its
negative part is of Kato class (see, e.g., Cycon et al. (2009), Simon (1982)). Under

our assumptions, L is a symmetric, bounded below operator in the space L?(T").

While the theory of Schrodinger operators on the Euclidean space is currently well-
developed, the theory of quantum graphs, i.e., Schrodinger type operators on metric
graphs, is relatively new, and many important problems in this area are still open. Most
of results obtained so far concern the case when the potential is sufficiently regular.
However, as it is well-known the potential represents external force field which often
has singularities. Due to this fact, in Chapter Three, we study Schrédinger operators
with locally integrable potentials on infinite metric graphs. Such potentials form a

sufficiently wide class and allow many important singularities.

First, we show that the Friedrichs extension, L, of Ly is the only self-adjoint
extension of Ly. In other words, the operator L is essentially self-adjoint. For this
aim, let us consider the maximal operator L = L associated to the differential

expression £ and vertex conditions (3.2) and (3.3). The domain D(L) consists of all

functions u € L*(T") such that
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(1) w and ' are absolutely continuous functions on each edge, and, hence,

u// c Ll (F),

loc

(71) w satisfies vertex conditions (3.2) and (3.3);

(i3i) Lu € LA(T).

The operator L is defined by Lu = Lu for all u € D(L).

Obviously, L C L. Actually, we have the following theorem

« Theorem 3.3.1 Under assumptions (V1) and (V2), L = L.

Next we obtained a characterization of the bottom of essential spectrum:

* Theorem 3.3.2 Under assumptions (V1) and (V2)

L
infoe(L) = sup inf{( ‘p’f) :gpeDO(F\Fn),so%O},
r'nel ]l

where the supremum is taken over the sequence of compact sets 1", defined in

Section 3.1.

For the discreteness of spectrum, we begin with a sufficient condition for the

discreteness of the negative part of spectrum.

» Theorem 3.4.1 In addition to Assumptions (V' 1) and (V' 2), suppose that

/V_($)d$ — 0

e

in the sense that for every € > ( there exists n € N such that

/V_(as)dx <e

e
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forall e € E such that e C I' \ I',,. Then the negative part of spectrum, o(L) N

(—00,0), is discrete.
Then we proved a criterion for the discreteness of the whole spectrum.

» Theorem 3.4.2 Under Assumptions (V1) and (V2), o(L) is discrete if and only
if for every a € (0,1)
/ V(x)dx — o0
s

as the interval S of length o escapes to infinity (this means that for every M > 0,

there exists n € N such that

/SV(as)dx > M

for all intervals S of length o with the property that S C T\ T, ) .
The last result of our second study is on the exponential decay of eigenfunctions:

» Theorem 3.5.4 Under Assumptions (V1) and (V2), let Ny be an isolated
eigenvalue of finite multiplicity for the operator L. Then there exist ¢ > 0 and
C > 0 such that for any normalized eigenfunction v € L*(T) with the

eigenvalue \

lu(x)] < Ce @

In the second study, we consider Schrodinger operators with non-regular potentials on
infinite metric graphs. Our above results can be extended to the case when Kirchhoff
vertex conditions are replaced by general self-adjoint vertex conditions. This is a

relatively new problem for us.
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