SAKARYA UNIVERSITY
INSTITUTE OF SCIENCE AND TECHNOLOGY

FIXED POINT THEOREMS WITH DIFFERENT
TYPES OF CONTRACTIONS IN METRIC SPACES
INVOLVING A GRAPH

M.Sc. THESIS
Ekber GiRGIN
Department X MATHEMATICS
Field of Science : TOPOLOGY
Supervisor : Assist. Prof. Dr. Mahpeyker OZTURK

January 2014






ACKNOWLEDGEMENT

Foremost, | would like to express my sincere gratitude of my supervisor Asisst. Prof.
Dr. Mahpeyker OZTURK for the continuous support of my master of science
research, for her patience, motivation, enthusiasm, encouragement and immense
knowledge. Her guidance from the initial to final level of my research enable me to
develop an understanding of the subject. It is honor for me to do research under her

supervision.

A special thank goes to Prof. Dr. Metin BASARIR, Asisst. Prof. Dr. Betiil USTA
and Asisst. Prof. Dr. Selma ALTUNDAG for their useful suggestions to improve the
presentation of this thesis.

My special thank goes to Ibrahim INCE and Neslihan KAPLAN for writing research

papers and this thesis.

Lastly, I would like to thank my family for all their love and encouragement. For my

parents who raised me with a love of science and supported me in all my pursuits.



TABLE OF CONTENTS

ACKNOWLEDGMENT ....cooviiiieieieeeteetese et sss s ssses s s seses s,
TABLE OF CONTENTS. ..ottt et eees et sn st enes s s
LIST OF SYMBOLS AND ABBREVIATIONS.........cooomieeseesireesiennines
LIST OF FIGURES. ... ..ottt e,
SUMMAOARY ....ooviireiieietesess s ses st s st es s s st s s ensas s senes s ssas et eneesneas
(074 21 OO

CHAPTER 1.
1.1. Basic Facts and Definitions. ..........ccccceeeiiiiiieeiiiiieec e
1.2. The Banach Contraction Principle and Some Basic Notations of
FixXed POINE TREOIY.....coiiiiieieee e
1.3. Graph Theory.......couiuiiiiii
1.4. CONe MEtriC SPaCe. ... ..oviriiit et

CHAPTER 2.
SOME FIXED POINT THEOREMS ON METRIC SPACE ENDOWED
WITH A GRAPH ..o
2.1. The Contraction Principle for Mappings on a Metric Space
Endowed With @ Graph..........cccoveiiieiiiiiineeee e

2.2. Fixed Point of ¢— Contraction in Metric Spaces Endowed with a

2.3. Fixed Points of Kannan Mappings in Metric Spaces Endowed
Witha Graph..........oooii
2.4. Fixed Point Theorems for Reich Type Contractions on Metric

Spaces With a Graph .........cooiiiiii e

iii
Vi
vii

viii

16

19

19

20

21

21



2.5. Generalized Contractions in Metric Spaces Endowed with a Graph

CHAPTER 3.
SOME FIXED POINT THEOREMS FOR  GENERALIZED
CONTRACTIONS IN METRIC SPACEWITHA GRAPH.............cooea

3.1. (G, (0)— Graphic Contraction and Fixed Point Theorems.............
3.2. Hardy-Rogers G —Graphic Contraction and Fixed Point

T EIMS . . e ettt e e

CHAPTER 4.
FIXED POINT THEOREMS FOR w —-CONTRACTIONS IN METRIC

SPACE INVOLVING A GRAPH ...,

4.1. (G, l//)—Contraction and Fixed Point Theorems.........c...............

4.2. (G, l//)— Graphic Contraction and Fixed Point Theorems.............

CHAPTER 5.
SOME FIXED POINT RESULTS FOR w —TYPE CONTRACTIONS IN

METRIC SPACE INVOLVING AGRAPH ...,
5.1. (G,w)-Ciric-Reich-Rus Contraction and Fixed Point Theorems ..
5.2. (G,y)—Ciric-Reich-Rus Graphic Contraction and Fixed Point

T OIS, . ..ottt e e

CHAPTER 6.
FIXED POINT THEOREMS FOR GENERALIZED ¢—-CONTRACTIONS

IN METRIC SPACEWITH A GRAPH.. ..o
6.1. Fixed Point Theorems for (G,l//,qp)—Contraction .....................

CHAPTER 7.
FIXED POINT THEOREMS WITH ¢—-CONTRACTIONS IN CONE

METRIC SPACE INVOLVING A GRAPH........ccocooiiiiiiiiiniicneeeee

7.1. Fixed Point Theorems for (G, ¢)— Contraction.....................

iv

24

27
27

33

39
39
46

52
52

61

66
66

79
79



CHAPTER 8.

RESULTS AND SUGGESTIONS. ... e

REFERENCES. ...

BIOGRAPHY



LIST OF SYMBOLS AND ABBREVIATIONS

X<y

IA

: Real Banach Space

: The set of all edges of G

: The set of all fixed points of T
: Graph

: Component of G containing X

. Interior of K
: Cone

: The set of natural numbers
: N-— {O}
: Picard operator

: The set of real numbers

: The set of positive real numbers
. n" iterate of x under T

: Set of all vertices of G

: Weakly picard operator

: Equivalent class relation which consist of vertices of G,
D X; ={xeX: (x,Tx)eE(G)}

 XT={xeX: (xTx)eE(G) or(Tx,x)eE(G) }
©y—xeintK

: partially ordered relation

. Set of all loops.

Vi



LIST OF FIGURES

Figure 1.3.1. A directed graph..........coooiiiiiiiiii e L2
Figure 1.3.2. A graph with parallel edges and 100psS.............ccooeiiiiiiiiiiiiiiiiiiiiieeieenn 13

Figure 1.3.3. Aconnected graph............ooiiiiiiiii e 14
Figure 1.3.4. A graph that is not connected..............ooiiiiiiiiiiiii e 14
Figure 1.3.5. Konigsberg Bridge........c.ooriiiiii e 16
Figure 1.3.6. Graph of Konigsberg Bridge...........coviiiiiiiiiiiiii e 16

vii



SUMMARY

Key Words: Graph Theory, Fixed Points, Contraction Mappings, Metric Space.

This thesis consists of eight chapters. In the first chapter, literature notices, some
fundamental definitions and theorems which will be used in the later chapters were
given.

In the second chapter, some properties were examined by using the structure of a
graph with different contractions.

In the third chapter, (G,go)—graphic contractions were defined by using a

comparison function and studied the existence of fixed points. Also, the Hardy-
Rogers G —graphic contractions were introduced and some fixed point theorems
were proved.

In the fourth chapter, (G,W)—contraction and (G,z//)—graphic contraction were

introduced in a metric space by using a graph. Furthermore, existence and
uniqueness of fixed point was examined by applying the connectivity of the graph in
both cases.

In the fifth chapter, w —type contractions were defined on complete metric space
involving with a graph. Also, fixed point results were given for such contractions.

In the sixth chapter, (G,w,¢q)—contractions were defined and some fixed point

theorems were obtained in metric space with a graph. Also, some results were
obtained which were extensions of some recent results.

In the seventh chapter, (G,,q)—contractions were defined on cone metric space

endowed with a graph without assuming the normality condition of cone and fixed
point results were investigated.

In the last chapter, the main results which were obtained summarised.

viii



GRAF IGCEREN METRIK UZAYLARDA FARKLI TIPLERDE
DARALMA DONUSUMLERI iLE SABIT NOKTA TEOREMLERI

OZET

Anahtar kelimeler: Graf Teori, Sabit Nokta, Daralma Doniisiimii, Metrik Uzay.

Sekiz bolim olarak hazirlanan bu ¢alismanin birinci boliimiinde daha sonraki
boliimlerde kullanilacak olan bazi temel tanim ve teoremler verildi.

Ikinci béliimde, graf yapisi kullanilarak daha &nceden yapilan bazi cgalismalar
incelendi.

Uciincii boliimde, karsilastirmali fonksiyon kullanilarak (G,(p)—grafik daralma

doniisimii tanimland1 ve sabit noktanin varligi calisildi. Ayrica, Hardy Rogers
G —grafik daralma doniisiimii tanimlanarak sabit nokta teoremleri ispatlandi.

Dérdiincii boliimde, metrik uzayda graf yapisi kullanilarak (G,y)—daralma ve
(G,l//)—gl’afik daralma doniisiimlerini tanimlandi. Ayriyetten, grafin baglantililig

kullanilarak sabit noktanin varlig1 ve tekligi incelendi.

Besinci boliimde, grafla donatilmis tam metrik uzayda w —daralma dontistimleri
tanimlandi. Ayn1 zamanda, bu doniistimler i¢in sabit nokta sonuglar1 verildi.

Altinct boliimde, (G,go,l,y)—daralma donlistimii tanimlanarak grafla donatilmig

metrik uzayda bazi sabit nokta teoremleri ispalandi ve bazi sonuclarin
genellestirilmesi oldugu elde edildi.

Yedinci boliimde, koninin normallik sart1 kaldirilarak grafla donatilmis konik metrik
metrik uzayda (GC,(D)—daralma doniislimii tanimlanarak sabit noktanin varligi ve

tekligi incelendi.

Son béliimde ise baz1 genel sonuglar ve Oneriler verildi.



CHAPTER 1. INTRODUCTION

1.1. Basic Facts and Definitions

Definition 1.1.1. [1] Let X be a non-empty set. A function

d:XxX >R"
(X, y)—d(xy)

is said to be a metric on X if it satisfies the following conditions:

dl. d(x y)=0, Vvx,yeX
d2. d(x, y)=0=x=y, Vvx,yeX
d3. d(x, y)=d(y,x), VX, yeX (symmetry)

d4. d(x, y)<d(x,z)+d(z,y), VxyeX (triangle inequality).

The ordered pair (X,d) is called a metric space. If there is no confusion likely to

occur we, sometimes, denote the metric space (X,d) by X.

Example 1.1.2. [1] Let X =R, the set of all real numbers. For x,ye X, define
d(x,y)=|x-y|. Then (X,d) is a metric space. This is called the metric space R

with the usual metric.

Example 1.1.3. [2] Let X be an arbitrary non-empty set. For x,y € X , define d by



0, x=y

()~ g

X#Y

Then (X,d) is a metric space. The metric d is called the discrete metric and the

space (X, d) is called discrete metric space.

Example 1.1.4. [3] The metric space R?, called the Euclidean plane, is obtained if

we take the set of ordered pairs of real numbers, written x=(x,,X,), y=(¥..Y,), and

the Euclidean metric defined by d(x,y)= \f(xl — yl)2 +(%— Y, )2 :

Example 1.1.5. [3] As a set X we take the set of all real-valued functions x,y...
which are functions of an independent real variable t and are defined and continuous

on a given closed interval J=[ab]. Choosing the metric defined by

d(x,y)=max|x(t)—y(t)|, we obtain a metric space which is denoted by C[a,b].

ted

This is a function space because every point of C [a,b] is a function.

Definition 1.1.6. [2] Let (X,d) be a metric space. x=(x,) is called convergent
(with limit x,) if and only if, for every £>0 there exists N=N(&,&) such that

d(x,,%)<e¢, forall n>N.We write X, > X, (n—o), or limx, =Xx,, and denote

the set of all convergent sequences by c.

Definition 1.1.7. [2] Let (X,d) be a metric space. x=(x,) is called a Cauchy
sequence if and only if d(x,,x,)—>0, (n,m—x), ie. forall £>0, there exists

N =N (&)such that d(x,,x,)<e, forall n,m>N.

n?!“'m

A convergent sequence has a unique limit. Every convergent sequence is also a
Cauchy sequence, but not conversely, in general. If a Cauchy sequence has a

convergent subsequence then the whole sequence is convergent.



Definition 1.1.8. [2] A metric space (X,d) is called complete if and only if every

Cauchy sequence converges (to a point of X ). Explicitly, we require that if

d(x,,x,)—0, as n,m— o,

then there exists x e X such that d(x,,x) -0, as n— .

Example 1.1.9. [2] The real numbers R with the usual metric form a complete

metric space.

Definition 1.1.10. [27] Let (X,d) and (Y, p) be metric spaces. Then T: X —Y s

called continuous function on X if and only if for every &£>0 there exists
5=5(&%)>0 such that d(x,x)<d5 implies p(T(x),T(x))<e, where

X, X, € X.

Definition 1.1.11. [4] Let T be a mapping from a metric space (X,d) into another
metric space (Y,p). Then T is said to be uniformly continuous on X if for given
£>0, there exists 5=0(g)>0 such that p(T(x),T(x)))<& whenever

d(x,y)<o forall x,yeX.

Definition 1.1.12. [5] A mapping T : X — X is called orbitally continuous if for all

X,y € X and any sequence (k). Of positive integers,
Tk"x—>y implies T(Tk"x)—>Ty as n—oo,

Definition 1.1.13. [5] Let (X,d) be a metric space. We say that sequences (X, )

neN

and (yn)neN, elements of X, are Cauchy equivalent if each of them is a Cauchy

sequences and d(x,,y,)—0.



1.2. The Banach Contraction Principle and Some Basic Notations of Fixed Point
Theory

The Fixed Point Theory is one of the most powerful and productive tools from the
nonlinear analysis and it can be considered the kernel of nonlinear analysis. The best
known result from the Fixed Point Theory is Banach’s Contraction Principle (1922),
which can be considered the beginning of this theory. In a metric space setting it can

be briefly stated as follows:

Definition 1.2.1. [6] Let X be a nonempty set and T: X — X a selfmap. We say
that x e X is a fixed point of T if T(x)=x and denoted by F(T) or Fix(T) the

set of all fixed points of T .

Example 1.2.2. [6]

i. If X=R and T(x)=x*+5x+4, then F(T)={-2};

x* —x, then F(T)={0,2};

(

ii. If X=Rand T(x
(X)=x+2,then F(T)=6;
(

)=
)
iii. If X=Rand T(x)
)=

iv. If X=R and T(x)=x,then F(T)=R.

Let X be any nonempty setand T : X — X be a selfmap. For any given xe X , we
define T"(x) inductively by T°(x)=x and T™*(x)=T (T"(x)); we call T"(x) the

n" iterate of x under T . In order to simplify the notions we will often use Tx

instead of T (x).

The mapping T"(n>1) is called the n" iterate of T . For any X, € X , the sequence
{X.}., =X given by x =Tx, ,=T"%,, n=L2,.. is called the sequence of
successive approximations with the initial value Xx,. It is also known as the Picard

iteration starting at x,.



For a given selfmap the following properties obviously hold:

i. F(T)cF(T”),foreach neN";

. F(T")={x}, forsome neN" = F(T)={x};
The inverse of (ii) is not true, in general, as shown by the next example.

Example 1.2.3. [6] Let T:{1,2,3} >{1,2,3}, T(1)=3, T(2)=2 and T(3)=1.

Then F(T?)={12,3} but F(T)={2}.

Definition 1.2.4. [7] Let (X,d) be a metric space. A mapping T : X — X is said to

be Lipschitzian if there exists a constant k >0 such that for all x,y e X
d(Tx, Ty)<kd (x,y).

The smallest number k is called the Lipschitz constant of T .

Definition 1.2.5. [7] A Lipschitzian mapping T : X — X with Lipschitz constant

k <1 is said to be a contraction mapping.

Definition 1.2.6. [7] A Lipschitzian mapping T : X — X with Lipschitz constant

k =1 is said to be a nonexpansive mapping.

Definition 1.2.7. [7] Let (X,d) be a metric space. A mapping T: X — X is said to

be contractive mapping if
d(Tx,Ty)<d(x,y), forallx,yeX.

Remark 1.2.8. [3] T contraction = T contractive = T nonexpansive = T

Lipschitzian.



Remark 1.2.9. [6] If T is a Lipschitzian mapping, then T is a uniformly continuous.

Theorem 1.2.10. [7] (Banach’s Contraction Mapping Principle) Let (X,d) be a

complete metric space and let T: X — X be a contraction. Then T has a unique

fixed point x, in X . Moreover, for each xe X ,

lim (T"x) =,

n—o0

and in fact for each xe X,

n

d(T”x,xO)slk

” d(x,Tx), n=12,....

Example 1.2.11 [1] Take X :(O,ﬂ equipped with the usual metric. This is clearly

an incomplete metric space. Note that the mapping T : X — X given by Tx=x* is a

contraction but T has no fixed point.

Example 1.2.12. [1] Consider the complete metric space X :[O,oo) with the usual

metricand T : X — X given by Tx = Then;

1+x2
i. The mapping T satisfies d(Tx,Ty)<d(x,y) and hence T is a

contractive mapping, while T is a not a contraction.

ii. T has no fixed point.

Let define the class @ ={p: @:R* ->R"} as follows.

Definition 1.2.12. [6] A function @ ® is said to be a comparison function if
following conditions hold,;

i. ¢ is monotone increasing, i.e., t, <t, implies ¢(t,)<¢(t,);



ii. ((p” (t))neN converges to O forall t>0;

Definition 1.2.13. [6] A function ¢ € ® is said to be a (c)-comparison function if

following conditions hold,;

i. ¢ is monotone increasing, i.e., t, <t, implies ¢(t,)<¢(t,);

0

ii. > 9" (t) converges forall t>0;

n=0
Remark 1.2.14. [6] Any (c)-comparison function is a comparison function.

Definition 1.2.14. [8] Let ¢ € @ be a function.

i. ¢ is monotone increasing, i.e., t, <t, implies ¢(t,)<¢(t,);

i. (¢"(t))_, convergesto O forall t>0;
iii. ng” (t) converges forall t>0;
n=0
If the conditions (i-iii) hold then ¢ is called a strong comparison function.
Remark 1.2.15. [8] Any strong comparison function is a comparison function.

Remark 1.2.16. [8] If ¢ € ® is a comparison function, then go(t)ét, for all t>0,

¢(0)=0 and ¢ is right continuous at 0.

Example 1.2.17. [6] ¢ D, go(t) = 1t_t Is a comparison function but it is not a (c)-
+

comparison function.



Definition 1.2.18. [6] Let (X,d) be a metric space. The mapping T:X — X is

said to be a ¢ — contraction if there exists a comparison function ¢ € @ such that

d(TxTy)<g(d(xy)) forallx,yeX.

Remark 1.2.19. [8] Let define the class ‘P:{W:R* —> R y is nondecreasing}

which the following conditions hold;

v, v (w)=0 iff »=0;
y,  for every (@,)eR", y(w,)—>0 iff o, —>0;

y,.  for every o, 0, eR", y(o+0,)<y(o)+yv(w,).
Definition 1.2.20. [9] Let (X,d) be a metric space. The mapping T : X — X is said
to be a Kannan operator if there exists « e {0%) such that:
d(Tx,Ty)<a[d(xTx)+d(y,Ty)],
forall x,yeX.

Definition 1.2.21. [10] Let (X,d) be a metric space. The operator T:X — X is

said to be a Ciric-Reich-Rus operator if there exists nonnegative number «, S,y with

a+ fB+y<1suchthat;

d(Tx,Ty)<ad(x,y)+Ad (x,Tx)+yd (y,Ty),

forall x,ye X.



Definition 1.2.22. [11] Let (X,d) be a metric space. The operator T: X — X is
called Hardy-Rogers contraction if there exist nonnegative numbers «, 3,7,8,n with

a+ fB+y+06+n<1,such that
d(Tx, Ty) <ad(x,TX) + £d(y, Ty) + yd (X, Ty) + od (y, TX) + nd (X, y),
forall x,ye X.

Definition 1.2.23. [8] Let (X,d) be a metric space. The mapping T: X — X isa

graphic contraction if there exists & €[0,1) such that:
d(Tx,T°x)<ad(x,Tx) forall xe X .

Definition 1.2.24. [8] Let T be a selfmap of a metric space (X,d). We say that T

is a Picard operator (abbr., PO) if T has a unique fixed point x" and limT"x=x" for

nN—o0

all X" e X and T is a weakly Picard operator (abbr., WPO) if the sequence (T”x)

neN

converges, for all x e X and the limit (which depends on x) is a fixed point of T .
1.3. Graph Theory

Although the first paper in graph theory goes back to 1736 (Example 1.3.9.) and
several important results in graph theory were obtained in the nineteenth century, it is
only since the 1920s that there has been a sustained, widespread, intense interest in
graph theory. Indeed, the first text on graph theory ([Konig]) appeared in 1936.
Undoubtedly, one of the reasons for recent interest in graph theory is its applicability
in many diverse fields, including computer science, chemistry, operations research,

electrical engineering, linguistics and economics.

We begin with some basic graph terminology and examples. Then we discuss some

important concepts in graph theory, including connectivity.
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Definition 1.3.1. [12] A graph (or undirected graph) G consist of a set V of vertices
(or nodes) and a set E of edges (or arcs) such that each edge e e E is associated

with an unordered pair of vertices. If there is a unique edge e associated with the

vertices v and w, we write e=(v,w) or e=(w,v). In this context, (v,w) denotes

an edge between v and w in an undirected graph and not an ordered pair.

A directed graph (or digraph) G consist of a set V of vertices (or nodes) and a set

E of edges (or arcs) such that each edge e € E is associated with an ordered pair of

vertices. If there is a unique edge e associated with the ordered pair (V,W) of

vertices, we write e =(v,w), which denotes an edge from v to w.

An edge e in a graph (undirected or directed) that is associated with the pair of
vertices v and w is said to be incident on v and w, and v and w are said to be

incident on e and to be a adjacent vertices

If G is a graph (undirected or directed) with vertices V and edges E, we write

G =(V, E). Unless specified otherwise, the sets Eand V are assumed to be finite

and V is assumed to be nonempty.

Example 1.3.2. [12] A directed graph is shown in Figure 1.3.1. The directed edges

are indicated by arrows. Edge e, is associated with the ordered pair (vz,vl) of
vertices, and edge e, is associated with the ordered pair (Vs,Vy) of vertices. Edge e,

is denoted (Vv,,v; ), and edge e, is denoted (v, V).
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<
<€

Figure 1.3.1. A directed graph.

Definition 1.3.1. allows distinct edges to be associated with the same pair of vertices.

For example, in Figure 1.3.2, edges e, and e, are both associated with the vertex pair
{vl,vz}. Such edges are called parallel edges. An edge incident on a single vertex is
called a loop. For example, in Figure 1.3.2, edge &, :(vz,vz) is a loop. A vertex,

such as vertex v, in Figure 1.3.1, that is not incident on any edge is called an isolated

vertex. A graph with neither loops nor paralel edges is called a simple graph.

Figure 1.3.2. A graph with parallel edges and loops.



12

If we think of the vertices in a graph as cities and the edges as roads, a path
corresponds to a trip beginning at some city, passing through several cities, and

terminating at some city. We begin by giving a formal definition of path.

Definition 1.3.3. [12] Let v, and v, be vertices in a graph. A path from v, to v, of
length n is an alternating sequence of n+1 vertices and n edges beginning with
vertex vyand ending with vertex v,, (Vy,€,V;,€,,...,V,4,€,,V, ), in which edge e, is

n?'’'n

incident on vertices v, , and v, for i=1,...,n.

Example 1.3.4. [12] In the graph of Figure 1.3.3, (Le,,2,e,,3e,,4,¢,,2) is a path of

length 4 from vertex 1 to vertex 2.

Figure 1.3.3. A connected graph

Definition 1.3.5. [12] A graph G is connected if given any vertices v and w in G,

there is path from v to w.

Example 1.3.6. [12] The graph G of Figure 1.3.3 is connected since, given any

vertices v and w in G, there is a path from v to w.

Example 1.3.7. [12] The graph G of Figure 1.3.4 is not connected since, for

example, there is no path from vertex v, to vertex v;.
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Figure 1.3.4. A graph that is not connected.

Definition 1.3.8. [12] Let v and w be vertices in a graph G . A simple path from v
to w is a path from v to w with no repeated vertices. A cycle (or circuit) is a path of
nonzero length from v to v with no repeated edges. A simple cycle is a cycle from
v to v in which, except for the begining and ending vertices that are both equal to v,

there are no repeated vertices.

Example 1.3.9. [12] (Konigsberg Bridge Problem ) The first paper in graph theory
was Leonhard Euler’s in 1736. The paper presented a general theory that included a

solution to what is now called the Konigsberg bridge problem.

Two islands lying in the Pregel River in Konigsberg (now Kaliningrad in Russia)
were connected to each other and the river banks by bridges, as shown in Figure
1.3.5. The problem is to start at any location A, B, C or D; walk over each bridge

exactly once; then return to the starting location.

The bridge configuration can be modelled as a graph, as shown in Figure 1.3.6. The
vertices represent the locations and the edges represent the bridges. The Konigsberg
bridge problem is now reduced of finding a cycle in the graph of Figure 1.3.6 that
includes all of the edges and all of the vertices. In honor of Euler, a cycle in a grap

G that includes all of the edges and all of the vertices of G is called an Euler cycle.
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Figure 1.3.5.

Figure 1.3.6.

Throughout this thesis we suppose following notations:

Let (X,d) be a metric space and A denote the diagonal of the Cartesian product

XxX. Let G be a directed graph such that the set V (G) of its vertices coincides with
X and the set E(G) of its edges contains all loops; that is, E(G) o A. Assume that
G has no parallel edges, so one can identify G with the pair (V(G), E(G)).

The conversion of a graph G is denoted by G and which is a graph obtained from
G by reversing the direction of edges. Hence

EG™)={(x,y) e Xx X :(y,x) e E(G)}. Also, V (G™)=V(G).

By G , We denote the undirected graph obtained from G by omitting the direction of

edges. Indeed; it is more convenient to treat G as a directed graph for which the set
of its edges is symmetric. Under this convention, we have

E(G)=E(G)UE(G™).

For any x,yeV’, (x,y)eE" such that V'cV(G), E'cE(G), then (V',E") is
called a subgraph of G.
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If x and y are vertices in a graph G, then a path from x to y of length N(N e N)
is a sequence (x; ), of N +1 vertices such that x, =x, x, =y and (X ,,%) < E(G)

fori=1,2,...,N.

A graph G is connected if there is a path between any two vertices. G is weakly
connected if G is connected. If G is such that E(G) is symmetric and x is a vertex
in G, then the subgraph G, consisting of all edges and vertices which are contained

in some path beginning at x is called the component of G containing x . In this case

V(G) =[x]; where [x]; denotes the equivalence class of relation R defined on

V (G) by the rule: yRz if thereis a path in G from y to z. Clearly, G, is connected.

Definition 1.3.10. [13] Let (X,d) be a metric space endowed with a graph G and
T:X — X be a mapping. We say that the graph G is T —connected if for all
vertices X,y of G with (x,y)eE(G), there exists a path in G, (x)", from x to
y such that x, =x, Xy =Yy and (x,Tx)eE(G) forall i=12,...,N—-1. Agraph G

is weakly T —connected if G is T —connected.
Now, we give some definition related to types of continuity of mappings.

Definition 1.3.11. [5] A mapping T:X — X is called G-—continuous if given

xe X and a sequence (X,) x, >x and (x,,x,,)€E(G) for neN imply

neN’

X, = TX.

Definition 1.3.12. [5] A mapping T : X — X is called orbitally G —continuous if

forall x,y e X and any sequence (k). Of positive integers,

T% >y, (Tk"x,Tk"+1x)e E(G) imply T(Tk"x)—>Ty as Nn—o.
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Remark 1.3.13. [5] Clearly, we have the following relations:

continuity = G —continuity = orbital G —continuity;

continuity = orbital continuity = orbital G —continuity.

1.4. Cone Metric Space

Definition 1.4.1. [14] Let B be a real Banach space and K be a subset of B. K is

called a cone if and only if:

. K is closed, nonempty and K = {0},
ii. a,beR; a,b>0; x,yeK = ax+byeK,

iii. xeK and -xeK = x=0.

Given a cone K < B, we define a partial ordering < with respect to K by x<vy if
and only if y—xeK.Wewrite X<y if x<y but xzy; x<KVy if y—xeintK,
where intK is the interior of K. The cone K is a normal cone if

inf {|x+y|:x,yeK and |x|=|y[=1}>0 (1.1)
or equivalently, if there is a number M >0 such that for all x,y € B,

0<x<y = [x|<M]y]|. (1.2)
The least positive number satisfying (1.2) is called normal constant of K. From (1.1)

one can conclude that K is a non normal if and only if there exist sequences

X, Y, € K such that

0<x, <X+, lim(x,+y,)=0, but limx, =0

n—oo



17

Rezapour and Hamlbarini [15] proved that there are no normal cones with constants
M <1 and for each k >1 there are cones with normal constants M > k.

Huang and Zhang [14] redefined cone metric spaces as follows:

Definition 1.4.2. Let X be nonempty set, B be a real Banach space and K — B be a

cone. Suppose the mapping d: X x X — B satisfies:

i. 0<d(xy) forall x,ye X and d(x,y)=0 ifand only if x=y;
. d(x,y)=d(y,x) forall x,yeX;
iii.  d(x,y)<d(x,z)+d(z,y) forall x,y,ze X.

Then d is called a cone metric on X and (X,d) is called a cone metric space. It is

obvious that the concept of a cone metric space is more general than a metric space.

Example 1.4.3. [14] Let B=R*, K={(x,y)eB: x,y >0} =R? and d:XxX —»B
such that d(x,y)=(]x—Yy|,a|x—y|), where a>0 is a constant. Then (X,d) is a

cone metric Space.

Let {x,} be a sequence in a cone metric space X and x e X . If for every ¢ € B with
@ <c there is n,eN such that for all n>n,, d(x,x)<c then x, is called
convergent sequence. If for every c e B with & <« c thereis n, € N such that for all
n,m>n,, d(x,,x,)<c then x, is called a Cauchy sequence in X . A cone metric

space X is said to be complete if every Cauchy sequence in X is convergent in X.

It is known that {x. } convergesto x e X if and only if d(x,,x)—>0 as n —oco.

The following lemma has been given in [16] that we utilize them to prove our

theorems.

Lemma 1.4.4. Let (X,d) be a cone metric space, u,v,we X. Then

1. Ifu<kvand vgw, then u<w.
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2. Ifu<vand v<w, then u<w.
3. If 8<u<c foreach ceintK, thenu=46.
4. If ceintk, 0<a, and a, — 0, then there exists n, such that for all n>n,,

it follows that a, < c.

Definition 1.4.5. [15] Let K be a cone defined as above. A nondecreasing function

@:intK —intK , which satisfies the following conditions;

0. o0)=0and O<¢p(z)<z for ze K-{0};
@,. zeintK implies z—¢(z)eintK;
Py lime"(2)=0 forevery ze K—{0};

0

9,.  >.¢"(z) converges forall ze K —{0}.

n=0



CHAPTER 2. SOME FIXED POINT THEOREMS ON METRIC
SPACE ENDOWED WITH A GRAPH

Metric fixed point theory has been researched extensively in the past two decades.
Particularly, works have been proved in a metric space endowed with a partial
ordering and many results have appeared, giving sufficient conditions of a mapping
to be a Picard operator came into prominence. The Banach Contraction Principle and
the Knaster-Tarski Theorem [5] are celebrated theorems for these concepts.
Jachymski [5] used the platform of graph theory instead of partially ordering in
metric space. Also, a mapping on a complete metric space still has a fixed point as
long as the mapping satisfies the contraction condition for pairs of points which from
edges in the graph. Subsequently Beg [17] established set valued mappings version
of the main results of Jachymski [5]. Later, Bojor [13, 18, 19] obtained some results
in such settings by weakening the condition of Banach G —contraction and
introducing some new type of connectivity of a graph, and also Petrusel and Chifu
[20] found generalized contractions of Banach G —contraction defining some new

contractions in metric space endowed with a graph.

2.1. The Contraction Principle for Mappings on a Metric Space Endowed with a
Graph

Definition 2.1.1. [5] We say that a mapping T : X — X is a Banach G —contraction

or simply G —contraction if

I T preserves edges of G, i.e.,

Vyex (% ¥)€E(G) = (Tx,Ty)eE(G)),
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ii. T decreases weights of edges of G in the following way:
Foc(01) Vroyex (xy)eE(G) = d(TxTy)<ad(xy)).

Example 2.1.2. [5] Any constant function T : X — X is a Banach G —contraction

since E(G) contains all loops.

Example 2.1.3. [5] Any Banach contraction is a G, —contraction, where G, is

defined by E(G,):= XxX .

Proposition 2.1.4. [5] If amapping T : X — X isa G —contraction, then T is both a

G — contraction and a G — contraction.

Lemma 2.1.5. [5] Let T: X — X be a G-—contraction with a constant « . Then,

given xe X and ye[x]., thereis r(x,y)>0 such that
d(T”x,T”y)Sa“ r(x,y), forallneN.
2.2. Fixed Point of ¢ — Contraction in Metric Spaces Endowed with a Graph

Definition 2.2.1. [19] Let (X,d) be a metric space and G be a graph. The mapping

T:X — X issaid to be a (G, ¢)—contraction if:

i. Vyex ((x y)eE(G) = (Tx,Ty)eE(G)),

ii. there exists a comparison function ¢ € ® such that

d(Tx,Ty)<g(d(x,y)) forall(x,y)eE(G).
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Remark 2.2.2. [19] If a mapping T : X — X is a (G, ¢)—contraction, then T is both

a (G™,¢p)-contraction and a (G, ¢)—contraction.

Example 2.2.3. [19] Any ¢ — contraction is a (Go,go)—contraction, where the graph

G, is defined by E(G,):= XxX.

Example 2.2.4. [19] Any G —contraction is a (G,go)—contraction, where the

comparison function is p e @, ¢(t)=at.
2.3. Fixed Points of Kannan Mappings in Metric Spaces Endowed with a Graph

Definition 2.3.1. [13] Let (X,d) be a metric space. The mapping T : X — X is said

to be a G —Kannan mapping if:
i. T preserves edgesof G, i.e., (x,y)eE(G) = (Tx,Ty)€E(G),
ii. There exists a € [O%) such that:
d(Tx,Ty)<a[d(xTx)+d(y,Ty)], forall (x,y)eE(G).

Remark 2.3.2. [13] If a mapping T: X — X is a G—Kannan mapping, then T is

both a G™* — Kannan mapping and a G —Kannan mapping.

Example 2.3.3. [13] Any Kannan mapping is a G, —Kannan contraction, where the

graph G, is defined by E(G;):= XxX .

Example 2.3.4. [13] Let X ={0,1,3} and the Euclidean metric
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d(xy)=|x-y|,vx,yeX.
The mapping T: X —> X,

Tx=0, ifxe{0,1}
TX =
Tx =1 if x=3.

is a G —Kannan mapping with constant
o :%, where E(G)={(0,1);(13);(0,0);(11);(3,3) },
but is not a Kannan mapping because d (T0,T3)=1 and d(0,T70)+d(3T3)=2.

Lemma 2.3.5. [13] Let (X,d) be a metric space endowed with a graph G and

T:X — X be a G-Kannan mapping with constant « . If the graph G is weakly

T —connected, then given x,y e X , there is r(x,y)>0 such that

n n n-1 n o " n-1 n
d(T X, T y)Sad (T x,T x)+[_—aj r(xy)+ead (T y, T y)

forall neN".

2.4. Fixed Point Theorems for Reich Type Contractions on Metric Spaces with a
Graph

Definition 2.4.1. [18] Let (X,d) be a metric space. The operator T : X — X is said

to be a G — Ciric-Reich-Rus operator if:

i. T preserves edges of G, i.e., (x,y)eE(G) = (Tx,Ty)eE(G),



23

ii. There exists nonnegative number «, B,y with a+ f+y <1 such that for

each (x,y)e E(G), we have;

d(Tx,Ty)<ad(x,y)+Ad (x,Tx)+yd (y,Ty).

Example 2.4.2. [18] Any Ciric-Reich-Rus operator is a G,— Ciric-Reich-Rus

operator, where the graph G, is defined by E (G, ):= XxX .
Example 2.4.3. [18] Let X ={0,1,2,3} and the Euclidean metric
d(xy)=|x-y|,Vx,yeX.

The mapping T: X —> X,

Tx=0, if xe{0,1}
Tx =
Tx=1 if x=3.

is a G —Ciric-Reich-Rus operator with constants a:%, B =0, y==, where the

1
3
edges of G defined by E(G)={(0,1);(0,2);(2,3):(0.0);(11);(2.2);(3,3)}, but is

not a Ciric-Reich-Rus operator because

d(TLT2)=1d(12)=1d(1T1)=1 and d(2,T2)=1.
Lemma 2.4.4. [7] Let (X,d) be a metric space endowed with a graph G and
T:X —> X be a G-Ciric-Reich-Rus operator. If xe X satisfies the property

(x,Tx) € E(G), then we have

d (T”X,T””x) <c"d(x,Tx),
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forall ne N, where c:&.
1-y

Lemma 2.4.5. [18] Let (X,d) be a metric space endowed with a graph G and
T:X —> X be a G-_Ciric-Reich-Rus operator such that the graph G is T —

connected. For all xe X the subsequence (T“x) . is a Cauchy sequence.

ne

2.5. Generalized Contractions in Metric Spaces Endowed with a Graph

Definition 2.5.1. [20] We say that a mapping T:X —> X is a G-—graphic
contraction if

i. T preserves edgesof G,i.e., (x,y)eE(G) = (Tx,Ty)eE(G),

ii. there exists  €[0,1) such that
d(Tx,sz)Sad(x,Tx)
forall xe X", where X' Z{XG X :(x,Tx)e E(G)or(Tx,x)e E(G)}.

Lemma 2.5.2. [20] Let (X,d) be a metric space endowed with a graph G. If a

mapping T:X — X is a G—graphic contraction, then T is both a G™ — graphic

contraction and a G —graphic contraction.

Lemma 2.5.3. [20] Let T : X — X be a G —graphic contraction with a constant « .

Then, given xe X', there is r(x) >0 such that

d (T”x,T"”x) <a'r(x,), forallneN.
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Lemma 2.5.4. [20] Let (X , d) be a complete metric space endowed with a graph G .

Suppose that: T : X — X is a G —graphic contraction. Then for each xe X', there

exists X e X such that the sequence (T”x)n ., converges to X asn— .

Lemma 2.5.5. [20] Let (X,d) be metric space endowed with a graph G . Assume

that T: X — X is a G —graphic contraction such that for some X, € X, Tx, €[X, ] .

Let G, beacomponent of G containing x,. Then [x, ], is T —invariant and T‘[Xo]é

G

isa GXO —graphic contraction.

Example 2.5.6. [20] Let X =[0,1] be endowed with the usual metric. Consider

E(G)={(0,0) JU{ (0.x):x=1/2 }U{ (x.¥):x, ye(0.1] },

and T: X > X
X .
—, if xe(0,17;
5 €(0,1]
Tx = § if x=0;
4
1 if x=1.

Then G is weakly connected, X' is nonempty and T is a G —graphic contraction

but is not G —contraction. Moreover, F(T)={1}.

Definition 2.5.7. [20] Let (X,d) be a metric space. The operator T : X — X is said

to be a Ciric-Reich-Rus G —contraction if:

i. T preserves edges of G, i.e., (x,y)eE(G) = (Tx,Ty)e E(G),
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ii. There exists nonnegative number «, B,y with a+ f+y <1 such that for

each x,y e X, we have
((x,y)eE(G)implies d (Tx,Ty) < ad (x,y)+ 8d (x,Tx)+yd (y,Ty)).

Lemma 2.5.8. [20] Let (X,d) be a metric space endowed with a graph G. If a
mapping T : X — X is a Ciric-Reich-Rus G —contraction, then T is both a Ciric-

Reich-Rus G — contraction and a Ciric-Reich-Rus G — contraction.

Lemma 2.5.9. [20] Let (X,d) be a metric space endowed with a graph G and
T:X — X be a Ciric-Reich-Rus G —contraction with constants «, 3,. Then,

given x e X', there exists a r(x) >0 such that, then we have

d(T”x,T””x)sc”r(x),

forall ne N, where c:&.
1-y

Lemma 2.5.10. [20] Let (X,d) be a complete metric space endowed with a graph
G . Suppose that T: X — X is a Ciric-Reich-Rus G —contraction. Then for each

xe X", there exists X eX such that the sequence (T"x) ~ converges to

ne

X asn—oo.



CHAPTER 3. SOME FIXED POINT THEOREMS FOR
GENERALIZED CONTRACTIONS IN METRIC
SPACE WITH A GRAPH

In the present section (G,go)—graphic contractions have been defined by using a

comparison function and studied the existence of fixed points. Also, the Hardy-
Rogers G —graphic contractions have been introduced and some fixed point
theorems have been proved. Some results in the literature are also generalized and

extended. Moreover, we give some examples to support the usability of our results.
3.1. (G,p)- Graphic Contraction and Fixed Point Theorems

We study the existence of fixed points in metric spaces with a graph by defining
(G,(o)— graphic contraction. Also, we will consider that the function ¢ is a strong

comparison function.

Definition 3.1.1. Let (X,d) be a metric space and G a graph. The mapping

T:X — X is called a (G, @)—graphic contraction if the following conditions hold;

i. T preserves edges of G; (x,y)eE(G)=(Tx,Ty)e E(G) for all
X, ye X,

ii. there exist a comparison function ¢ € ® such that

d(TX T°x)<g@(d(xTx)) forall xe X".
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Remark 3.1.2. If T is a (G,¢)-graphic contraction, then T is both a (G ¢)-

graphic contraction and a (é : (p)— graphic contraction.

Example 3.1.3. Any G —graphic contraction is a (G,go)—graphic contraction, if the

comparison function is givenas ¢ e ®.

The following example shows that (G,go)—graphic contraction is an extension of

(G, p)—contraction given in [19].
Example 3.1.4. Let X =[0,1] be endowed with the usual metric. Take
E(G) :{ (0,0) }U{ (0,1) }U{ (x,y)e(0,1]x(0,1]: x>y }

and T : X = X as follows:

X
—, if xe(0,1
% if xe(0);
1 .
==, if x=0;
TX 2’
1, if x=1.

Then G is weakly connected and X' is nonempty and T is a (G,(p)—graphic

: : 3t L :
contraction with go(t):z which is not a (G,¢)-contraction. Moreover;

Proof. It is obvious that G is weakly connected and X' = . It can be easily seen

that T is a (G,p)—graphic contraction. Take d(Tl,T%)s(p(d (1 ;D:;<§

which is a contradiction. Thereby, T is not (G, ¢)—contraction.
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Lemma 3.1.5. Let (X,d) be a metric space endowed with a graph G. Let
T:X — X be a (G,¢)—graphic contraction. If xe X" then, there exists r(x)>0

such that
d(T”x,T"”x)Sgo”(r(x))
forall ne N, where r(x)=d(x,Tx).

Proof. Take xe X', that is, (x,Tx)eE(G) or (Tx,x)eE(G). If (x,Tx)€E(G),

then by induction we have (T”X,T"”x) € E(G) foreach neN. Thus

d (T”X,T“”x) < (p(d (T n‘1x,T”x)) < @? (d (T n‘Zx,T”‘lx))
<07 (4 (4T0)= 0" (1 ().

If (Tx,x)€E(G), again by induction, we have that (T”“x,T”x)e E(G) for each

neN. Hence
d (T”X,T“”x) < (p(d (T n‘1x,T”x)) < @? (d (T n‘Zx,T”‘lx))
<07 (4 (4T0)= 0" (1 ().

Lemma 3.1.6. Let (X,d) be a complete metric space endowed with a graph G.
Assume that T:X — X is a (G,p)—graphic contraction. Then, for each xe X7,

there exists x” e X such that the sequence (T”x) ., converges X as n— oo,

ne

Proof. Let xe X" . By Lemma 1.3.5., we obtain

d(T"%T™x) <" (r(x)),
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for all neN. Hence i d (T”x,T"”x) < oo and the sequence (T”x) . is a Cauchy

ne
n=0

sequence. Because (X,d) is a complete metric space, (T"x) s convergence

ne

sequence and say limitis x e X ..

In the following example shows that above the lemma does not satisfy unless the

function ¢ is not strong comparison.

t . . .
Example 3.1.7. Recall that (p(t):n, t>0 is a comparison function but not a
+

. . t . .
strong comparison function. If we use (p(t): 1 t>0 in the previous lemma, we
+

have
g(p” (d (X’TX)) - Z n dd((>:(,,'l-'l;<x))+1

diverges if d(x,Tx)>0. Thus, this shows that it is necessary to use a strong

comparison function.

Lemma 3.1.8. Let (X,d) be a complete metric space endowed with a graph G,

T:X — X isa (G,¢)—graphic contraction for which there exists x, € X such that

~

TX, €[%]s- Let éxO be the component of G containing x,. Then [x,]5 is

T —invariant and T

op isa (GXO : (p)— graphic contraction.

Proof. Choose X e[x, ]z . Then there exists a path (x,)\, in G from x, to x, i.e.,

i=0
Xy =x and (%,x)eE(G) for i=12..,N. But T is a (G,¢)-graphic
contraction which yields (Tx,,,Tx )€ E(G) for i=1,2,...,N , this means that (Tx),

is a path in G from Tx, to Tx. Hence Txe[Tx,]; . Since, by the hypothesis,
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TX, €[%,]s . that is, [Tx,]5 €[%]s. we conclude Tx &[x,] and consequently [x,];
is T —invariant. Let (x,y)e E(GXO),then there exists a path (x; )\, in G from x, to

y such that x,, =x and (y,), be a path in G from x, to Tx,. With the same

argument as the first part of the proof, we deduce that (g, Y;,.., Y, T, T, ., TXy )
is a path in G from x, to Ty; especially (T TXy ) € E(GXO), ie.,
(Tx,Ty) e E(GXO). Also, T is a (éx0,¢)— graphic ~ contraction. ~ Since

E(GXO)e E(G) and T isa (é,gp)—graphic contraction.

Theorem 3.1.9. Let (X,d) be a complete metric space and G be a directed graph.
Let the triple (X,d,G) has the following condition;

for any (x,) . in X, if x, > x and (x,,x,,,)€E(G)

neN

(or respectively (x,,,,x,) € E(G)) for all neN,then thereis a subsequence
(xk ) with (xk ,X)e E(G) (or respectively (x,xk )e E(G)) for all neN. (3.1)
N /neN n n

Let T:X — X be a (G,p)—graphic contraction which is orbitally G —continuous.

Then the following statements hold:

i. F(T)=@ iff X' z@.

ii. If X"=2@ and G is weakly connected, then T is a weakly Picard
operator.

iii. Forany xe X', we have that T Mg is a weakly Picard operator.

Proof. We begin with the statement (iii). Let x e X' . Hence, there exists r(x)>0

such that
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d(T”x,T””x)Sa”r(x),

for all neN. So, there exists x e X such that Iim(T"x)zx*. Since xe X' in

Definition 3.1.1. implies that T"xe X" for every neN. Now assume that

(x,Tx) e E(G). (This can be done if (Tx, x) e E(G)). By using (3.1), a subsequence
(Tk"x)neN of (T”x)neN such that (Tk"x, x*)e E(G) foreach neN. Apathin G can

be formed by using the points x,Tx,...,Tklx, X~ and hence x*e[x]é. Since T is

orbitally G —continuous, we obtain that x™ is a fixed point for T

Xlg -

To prove (i), using (iii) we have F(T)=@ if XT = . Suppose that F (T )= . By

using the assumption that A — E(G), we immediately obtain that X" = <. Hence (i)
holds.

For proving (ii), let xe X'. If we use weak connectivity of G, we have that

X =[x]5 and by applying (iii), we obtain the desired result.

The next example shows that for any (G,go)—graphic contraction T : X — X , being

orbitally G —continuous, is a necessary condition to be a weakly Picard operator.

Example 3.1.10. Let X =[0,1] be endowed with the usual metric. Consider

E(G)={(0,0) }U{ (0,x):x=1/2 }U{ (x,y):x, ye(0,1] },

and T: X > X

, if xe(0,1];
TX =

Nk N X

, 1fx=0.
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Then G is weakly connected, X' is nonempty and T is a (G,go)—graphic

, but is not orbitally G —continuous. Thus T has not a

contraction with ¢(t)=%

fixed point.

The example which is given below satisfies all conditions and statements (i-iii) of
Theorem 3.1.9.

Example 3.1.11. Let X =[0,1] be endowed with the usual metric. Consider
E(G)={(0,0) }U{ (0,x):x=1/2 }U{ (x,y):x, ye(0,1] },

and T: X — X,

Then G is weakly connected, X' is nonempty and T is a (G,go)—graphic

and also, T is orbitally G-continuous. Moreover;

contraction with (o(t):%

F (T) ={0,1}.
3.2. Hardy-Rogers G —Graphic Contraction and Fixed Point Theorems

Definition 3.2.1. The mapping T:X — X is a Hardy-Rogers G —graphic

contraction if the following conditions hold:

I T preserves edges of G ; (x,y) € E(G) = (Tx, Ty) € E(G),
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ii. there  exist  «,f,y,6,7  nonnegative  real numbers  and

a+ pB+y+06+n <1 such that
d(Tx,sz)Sad(x,Tx)+ﬂd (Tx,sz)+7/d (x,sz)+5d (T, Tx)+nd (X, TX)
forall xe X".

Remark 3.2.2. If T is a Hardy-Rogers G —graphic contraction, then T is both a

Hardy-Rogers G —graphic contraction and a Hardy-Rogers G —graphic

contraction.

Remark 3.2.3. Any G-—graphic contraction is a Hardy-Rogers G —graphic

contraction where ¢ = =y =06 =0.

Example 3.2.4. Let X ={0,1,2,3} and d(x,y) =|x—y]| for all x,y e X . Define the

operator T: X —» X as;

. :{0, if xe{0,1};
1,if Xe{2,3}.

. . . . 1
T is a Hardy-Rogers G —graphic contraction with constants « = f=y=n= 5 and

§=0, where E(G)={(0,1);(0,2);(2,3);(0,0);(1.1);(2,2);(3,3) }, but it is not a

Hardy-Rogers contraction

d(TL,T2)<ad(1,T1)+4d(2,T2)+yd (1,T2)+6d (2, TL)+7d (1,2),

. . ) 3
it is a contradiction since 1< E )
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Lemma 3.2.5. Let (X,d) be a metric space endowed with a graph G. Let
T:X —>X be a Hardy-Rogers G—graphic contraction with «,f,7,6,n

nonnegative real numbers and a+pB+y+5+n<1. If xe X' then there exists

r(x) >0 such that
d (T”x,T"”x) <A"r(x)

a+7+n
1-pg-y

forall neN, where 1 = <1.

Proof. Take xe X", then (x,Tx) e E(G) or (Tx,x) e E(G). If (x,Tx)e E(G) then

by induction we get (T"x,T""'x) e E(G) for each neN. Therefore,
d(T"%,T™X) < ad (T"%,T"%)+ Bd (T"%,T"X) +yd (T"x,T"x)
+6d (T"X,T"x)+7d (T"*x,T"X)
<ad (T"%,T"X)+ Bd (T"%,T"x) + yd (T"x,T"X)
+d (T"%,T"%)+7d (T"X,T"x).
d(T"%,T™x) < Ad (T"x,T"x)

a+y+n

<1. Hence, we obtain that
1-p-r

where A=

d (T”x,T”+1x) <ad (T”‘lx,T"x)s w<a"d (X, Tx) = A"r ().
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If (Tx,x)eE(G) then we can also prove (T””x,T”x)e E(G) for each neN by

induction. Consequently, we obtain the proof.

Lemma 3.2.6. Let (X,d) be a complete metric space endowed with a graph G.
Suppose that T: X — X is a Hardy-Rogers G —graphic contraction with constant

a,B,7,0,n With a+B+y+5+n<1. Then for each xe X", there exists x" e X
such that the sequence (T"x) , convergesto X" as n—> .

Proof. Choose an element x in X' then by Lemma 3.2.5. we have

d (T”X,T“”x) <A"r(x)

forall ne N, where r(x)=d(x,Tx).

Hence " d(T"x,T""x) <o and by using same arguments we obtain that (T"x)
n=0

neN

is a Cauchy sequence. By the completeness of X , there exists x e X such that

(T"x) _ converges to X" as N —oo.
nNe

Lemma 3.2.7. Let (X,d) be a complete metric space endowed with a graph G. The
self mapping T is a Hardy-Rogers G —graphic contraction for which there exists

X, € X such that Tx, €[X,]s. Then the set [x,]; invariant with respect to T and

is a Hardy-Rogers CEXO — graphic contraction, where CEXO is the component of

(% ]G

G containing X -

Proof. Let x be an element in x e[x, ;. Then there exist (x, )\, in G from x, to x,

i=0

ie, x, =x and (x_,x)e E(é) for i=1,2,..,N. Since T is a Hardy-Rogers G —

graphic contraction we get that (Tx,,,Tx )€ E(G) for i=12,..,N. So we have a
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path from Tx, to Tx. Therefore Txe[Tx, |, =[X, |5 since Tx, €[] . Consequently

[, ]5 is invariant with respect to T . Take (x,y)e E(G ) then there is a path (x; )%,

in G from x, to y such that x,_, = x. Also, let (y,), be a path in G from x, to

TX, . By using the argument from the first part of the proof, we realize
(yO’ yl’ SRR yM !TX11TX21---;TXN71 = TX,TXN = Ty)

is a path in G from X, to Ty such that (Tx,Ty)e ( ) Furthermore, T is a
Hardy-Rogers é —graphlc contraction because E(GX ) E(G) and T is a Hardy-

Rogers G —graphic contraction.

Theorem 3.2.8. Let (X,d) be a complete metric space and G be a directed graph
such that the triple (X,d,G) has the following condition;

for any (x,) . in X, if x, >x and (x,,x,,)€E(G)

n+1

(or respectively (x,,,,x,) € E(G)) for all neN, then thereis a subsequence
(xk ) with (xk ,X)e E(G) (or respectively (x, X, )e E(G)) for all neN. (3.2)
N /neN n n

Let T:X — X be Hardy-Rogers G-—graphic contraction with nonnegative

constants «, ,y,0,n with a+fB+y+5+n<1 such that T is orbitally G-

continuous. Then we have the following statements:

i. F(T)=@ iff X' =g,
ii. if XT2@ and G is weakly connected, then T is weakly Picard

operator.

iii. forany xe X", we have that T s is weakly Picard operator.
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Proof. We first prove the statement (iii). Let x be an arbitrary element in X', then

there exists r(x) >0 such that
d(T"%T"x)< A" (x), forall neN.

This gives that there exists x e X such that Iim(T”x)=x* Since xe X', in

Definition 3.2.1. implies that T"xe X" for every neN. Now let us suppose that

(x,Tx)e E(G). (If we use (Tx,x)e E(G), a similar deduction can be done.) If we

use (3.2), then there exists a subsequence (Tk“x) of (T“x)nN such that

neN

(Tk“x,x*)e E(G) for each neN. Then there is a path in G formed by the points

X, Tx,..., T, X", and hence x" e[x]5. Since T is orbitally G —continuous, we obtain

that x™ is a fixed point for T ‘[X]é :

To prove (i) and (ii) we can use the similar method which we use in last part of
Theorem 3.1.9. By this way we complete the proof.

Remark 3.2.9. In Definition 3.2.1., if we take y =& =0, we get that T is Ciric-

Reich-Rus G —contraction and our results are extensions of results which given in
[20].



CHAPTER 4. FIXED POINT THEOREMS FOR ¢ —
CONTRACTIONS IN METRIC SPACE
INVOLVING A GRAPH

We introduce (G, )-contraction and (G, )—graphic contraction in a metric space
by using a graph. We explain some conditions for a mapping which is a (G,y)-
contraction to have a unique fixed point and also we give conditions about the
existence of a fixed point for (G,z//)—graphic contraction by applying the

connectivity of the graph in both cases.

4.1. (G, )~ Contraction and Fixed Point Theorems

Definition 4.1.1. We say that a mapping T: X — X is a (G,w)— contraction if the

followings hold;

I T preserves edges of G, i.e.
((x,y)€E(G)=(Tx,Ty)eE(G)), ¥x,ye X,

ii. T decreases weight of edges of G that is there exists ¢ € (0,1) such that
(x,y)€E(G)=w/(d(Tx,Ty))<cy(d(xy)), forall x,yeX.

Lemma 4.12. If T:X > X is a (G,n//)—contraction, then T is both (G’l,z//)—

contraction and ((3,1//)— contraction.
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Proof. The proof can be obtained by the symmetry of d and the definition of
(é,y/)—contraction.

Lemma4.13. Let T: X —> X bea (G,x//)—contraction with constant c € (0,1), for a

given xe X and y e[x]s, there exists r(x,y)>0 such that
w(d(T”x,T”y))SC” r(xy).

Proof. Let xe X and ye[x]s. Then there is a path (x,)\, in G from x to y, this
means; X, = X, X, =y and (x_;, X )e E(é) for i=1,2,..,N.By Lemma4.1.2, T is

a (G, ) contraction. With an easy induction we have, (T"%..,T"% )€ E(G) and
w(d (T”XH,T "X, )) < Cl//(d (T "x T ))
SC(Cl/I(d (T2, T"?x )))s...SC”w(d (X2 %))

forall neN and i=1,2,...,N . Hence using triangle inequality, we get

N N

y/(d (T”x,T"y)) < Zl//(d (T"xi_l,T”xi)) <c" >y (d(%..%)).

i=1 i=1
N

So it qualifies to set r(x,y):= > w(d(%_.x)).
i=1

Lemma 4.1.4. Let (X,d) be a complete metric space endowed with a graph G,

T:X > X is a (G,y)-contraction for which there exists x,e X such that

~ ~

T% €[%];. Let G, be the component of G containing X,. Then [x ] is
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T —invariant and T‘[X]é is a (éXo’V/)_ contraction. Furthermore, if x,ye[xo]é, and

the sequences (T"x) and (T"y)

ne ne

, are Cauchy equivalent.

Proof. The proof of this lemma can obtained by using similar arguments given in

[19]. So we omitted the proof.

The following result shows us that there is a close relation between convergence of
iteration sequence which obtained by using a (G,://)—contraction mapping and

connectivity of the graph.

Theorem 4.1.5. Let (X,d) be a metric space endowed with a graph G and

T:X — X bea (G,y)-contraction, then the following statements are equivalent:

i G is weakly connected:;

ii.  for given x,yeX, the sequences (T"x) and (T"y) ., are Cauchy

neN ne

equivalent;

iii.  card(F(T))<1.

Proof. (i)=>(ii) Let T be a (G,w)-contraction and x,ye X . By hypothesis,

[x]s = X, so Txe[x];. By Lemma4.1.3., we get
w(d(T"x,T"”x))SC" r(x,Tx),

forall neN. Hence
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and if a standard argument is used then (T”x) is obtained as a Cauchy sequence.

neN

Since also, y €[x]s, Lemma 4.1.3. provides z//(d (T”X,T"y)) <c"r(x,y). Therefore,

(T”x)neN and (T“y)neN are equivalent. Clearly, because (T"x) , is a Cauchy

ne

sequence, so (T"y)

neN )

(i) = (i) Let T be a (G,y)-contraction and x,y e F(T). By (ii), (T"x)  and

neN

(T”y)neN are equivalent which yields that x =y .

(iii) = (ii) Suppose, on the contrary, G is not weakly connected, that is, G is
disconnected. Let x, e X . Then both the sets [x,]s and X —[x, ] are nonempty. Let

Yo € X —[%,]s and define

X, if Xxel[x, |-,
Tx = 0 E[ O]G
Yo if xe X —[%]

.
Obviously, F(T)={x,Y,}. We show T is (G,y)-contraction. Let (x,y)e E(G).
Then [x]s =[yls, so either x,ye[x ]z or x,ye X —[x]s. Hence in both cases
Tx=Ty, so (Tx,Ty)eE(G) as E(G)2A, and w/(d(Tx,Ty))=0. Thereby, T is

(G, )~ contraction having two fixed points which violates.
The result which given in the following is an easy consequence of Theorem 4.1.5.

Corollary 4.1.6. Let (X,d) be a complete metric space endowed with a graph G

and T:X —>X be a (G,p)-contraction, then the following statements are

equivalent:

I G is weakly connected;

ii. there is x” e X such that Iim(T"x)z x forall xe X.

n—o
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Now, we give an example which T is (G,w)—contraction and this example shows

that we could not add that x” is a fixed point of T in Corollary 4.1.6.

Example 4.1.7. Let X =[0,1] be endowed with the usual metric. Take

£(6)={(0.0) JU{ (02) }U{ (x y)c 01)<(01):x= v }.

and T : X —» X as follows:

i Xe(O,l],
Tx =
, 1If x=0.

NI, w|Xx

Then T is (G, ) contraction where /()= —2— .
w+1

Proof. It can be easily seen that G is a weakly connected graph and T is a (G,l//)—

contraction where /()= il . Itis the fact that T"x —0, for all xe X but T has
o+

no fixed point.

For any mapping which satisfy the condition of Corollary 4.1.6. to have a fixed point

we need to add condition (4.1), given in the following Theorem.

Theorem 4.1.8. Let (X,d) be a complete metric space and the triple (X,d,G) have
the following condition:

for any (x,) . in X, if x,—>x and (x,,X,,)€E(G) for neN, then there is a

neN

subsequence (an) , with (xkn,x)e E(G) for neN. 4.1)

nNe

Let T: X — X bea (G,y)-contraction, then the following statements hold.
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i. card(F (T)) = card{ [x], :xe X, }.
i, F(T)2@ iff X, 2.

iii. T hasaunique fixed point iff there exists x, € X; such that X; <[],

iv. Forany xe X;, T op is a Picard operator.

V. If X; =< and G is weakly connected, then T is a Picard operator.
vi.  If X’:=U{[x]é Xe XT} ,then T, is a weakly Picard operator.
vii. If T<E(G),then T isaweakly Picard operator.

Proof. Initially, we prove the items (iv) and (v). Take x e X, and then Tx e [x]G

so by Lemma 4.1.4., if y €[x]s, then (T"x) . and (T"y) are Cauchy equivalent.

ne ne

Since X is complete, (T”x) ., converges to some x e X. It is obvious that

ne

lim(T"y) = x". Then by using induction we get

n—o

(T"xT"x)eE(G) (4.2)

for all ne N, since (x,Tx) € E(G). By (4.1), there is a subsequence (Tk“x) such
neN
that (Tk”x, x*)e E(G) for all neN. If we use (4.2), we conclude that

(x,Tx,sz,...,Tkl,x*) is a path in G and also in G from x to x*, this means that

X" e|x]s. Since T is (G, )—contraction we have,
y/(d (Tk"“x,Tx*))Sc z//(d (Tk”x,x*)),

for all neN. By taking limit as n— oo, we deduce Tx =x". Thereby, T

g S a

Picard operator. Also, we conclude that T is a Picard operator, when [x]s = X , since

weakly connectedness of G .
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(vi) is obvious from (iv). For proof of (vii), if T<E(G) then X; =X and so

X"=X holds. Thus T is a weakly Picard operator because of (vi).

Let define a mapping to prove (i) as; p(x)= [x]@ for all xe F(T). It is sufficient to

show that p:F(T)—>C={[x],:xeX, }, is a bijection. Because E(G)2A, we

deduce F(T)c X, and then p(F(T))<C. Beside, if xe X, then by (iv),

lim (T"x) &[], NF (T) which implies p Iim(T"X))= [x] and so p is a surjective

nN—oo (naw

mapping. We show that T is injective. Take x,X, € F(T) which are such that

p(x)= p(x)=[x ] =[x]s. then x, e[x ]; and so by (i),

lim(T"x,) e[x]s NF(T)={x},

N—o0

which gives x; = X,. Thus, T is injective and this is the desired result.

Finally, one can see that (ii) and (iii) are easy consequences of (i).

Corollary 4.1.9. Let (X,d) be complete metric space and (X,d,G) have property

(4.1). The followings are equivalent:

I G is weakly connected;

. for every (G,y)—contraction T:X — X such that (%,,Tx,) e E(G) for
some x, € X, is a Picard operator;

iii.  forany (G,y)-contraction, card(F(T))<1.
Proof. (i) = (ii) : This can be obtained directly from Theorem 4.1.8., (v).

(ii)=(iii): Let T:X > X bea (G,y/)—contraction. If X, is empty, sois F(T)
because F(T) is subset of X, . If X, is nonempty, then by (ii), F(T) is singleton.

In these two cases, card(F(T))<1.
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(iii) = (i) : This implication follows from Theorem 4.1.5.

Remark 4.1.10. In the above results by taking w(w)= @, one can we obtain the

results, given in [5].
4.2. (G,w)—Graphic Contraction and Fixed Point Theorems

In this section, we define (G,y)—graphic contraction and give some results and

examples.

Definition 4.2.1. Let (X,d) be a metric space and G be a graph. The mapping

T:X — X iscalled a (G,y)—graphic contraction if the following conditions hold:

i (x,y)e E(G) implies (Tx,Ty) e E(G), (T is edge preserving);

ii. there exists a  :R" — R™ function with constants ¢ [0,1) such that
l//(d (Tx,sz)) <cy/(d(x,Tx)), forall xe X"

Lemma 4.2.2. If T:X — X is a (G,y)—graphic contraction, then T is both

(G’l,w)— graphic contraction and (é : y/)— graphic contraction.

Lemma 4.23. Let T:X > X be a (G,://)—graphic contraction with constant

c[0,1). Then, given x e X", there exists r(x)>0 such that
z//(d (T"x,T"*lx))SC” r(x),

forall ne N, where r(x):=w(d(x,Tx)).
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Lemma 4.2.4. Suppose that T: X — X is a (G,w)—graphic contraction. Then for

each xe X', there exists x" e X such that the sequence (T”x)n , converges to X

as N —oo.

Proof. Take an arbitrary element x in X' . By Lemma 4.2.3., we obtain that
gu(d (T"X,T"”x)) <c'r(x),

for all neN. Therefore,

3 p (d(T"%,T")) <0,

n=0

and so w(d(T“x,T””x))—w, consequently using property of y we have

d(T”x,T””x)—>0. Then we say that (T”x) . is a Cauchy sequence. By the

ne

completeness of X , there exists x” e X such that (T“x) , converges as n — oo.

ne

Lemma 4.2.5. The self mapping T is a (G,y)—graphic contraction for which there

exists X, € X such that Tx, €[X, ], . Then the set [x,]s

s invariant with respect to T

and T

lv0] IS a (Gxo,z//)—graphic contraction, where GXO is the component of G
Xo G~

containing X, .

Proof. Let x be an element in [x,];. Then there exist (x;)-, in G from X, 1o X,

i=0
ie, Xy =x and (x_,%)e E(@) for i=1,2,..,N. Since T is a (G,y)—graphic
contraction we get that (Tx, ,,Tx )€ E(G) for i=1,2,..., N.. So we have a path from

TX, to Tx. Therefore, Tx€[Tx, ] =[%,]s since Tx, €[X,]s. Consequently [x,]s is

G

invariant with respect to T. Take (X,y)e E(éXO), then there is a path (x, ), in G
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from X, to y such that x, , = x. Also let (y,), be a path in G from x, to Tx,.

Then, we realize

(Yor Yo ooor Yoo T T, ooy TX Ly = TX, T = TY)

is a path in G from x, to Ty such that (Tx,Ty) e E(GXO). Furthermore, T is a

(GXO,V/)—graphic contraction because E(éxo)g E(é) and T is a (G,l//)—graphic

contraction.

Theorem 4.2.6. Let (X,d) be a complete metric space and let the triple (X,d,G)

have the following condition:

for any (x,) . in X, if x, > x and (x,,X,.,)€E(G)

neN

(or respectively (x,,,,%,) € E(G)) for all neN,then thereis a subsequence
(xk ) with (xk ,x)e E(G) (or respectively (x,xk )e E(G)) for all neN. (4.3)
N /neN n n

Let T: X — X be a (G,w)—graphic contraction and T is orbitally G —continuous.

Then the following statements hold:

i. F(T)=d ifand only if XT = J;

ii. if XT2@ and G is weakly connected, then T is a weakly Picard

operator;

iii. forany xe X, we have that T op is a weakly Picard operator.

Proof. We begin with the statement (iii) Let xe X' . By Lemma 4.2.3., there exists
r(x) >0 such that
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y/(d(T”x,T“*lx))SC” r(x)

for all neN. This gives, as in the proof of Lemma 4.2.4., there exists X" e X such

that Iim(T"x):x*. Since xe X' in Definition 4.2.1. implies that T"xe X' for

n—oo

every neN. Now assume that (x,Tx) e E(G). A similar deduction can be made if

(Tx,x) € E(G). By condition (4.3), a subsequence (Tk"x) of (T”x)n . such that

neN

(Tk"x, x*)e E(G) for each neN. A path in G can be formed by using the points

X,Tx,..., T, X" and hence X e [x]5 . Since T is orbitally G— continuous, we obtain

that x” is a fixed point for T ‘[X]é :

To prove (i), using (iii) we have F(T) =@ if X" =& . Suppose that F(T) # & . By

using the assumption that A — E(G), we immediately obtain that X" = <. Hence (i)

holds.

For proving (ii) let xe X". If we use weak connectivity of G, we have that

X =[x]5 and by applying (iii) we obtain the desired result.

The next example illustrates that T must be orbitally G —continuous in order to

obtain statements which are given above theorem.

Example 4.2.7. Let X =[0,1] be endowed with the usual metric. Consider
E(G)={(0,0) JU{ (0.x):x>1/2 }U{ (x.y):xy<(0.1]},

and T: X = X,
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, if xe(0,1];
Tx =
, If x=0.

N N X

Then G is weakly connected, X' is nonempty and T is a (G,z//)—graphic

contraction where y (@)=— but is not orbitally G —continuous. Thus, T does not

wle

have a fixed point.

Remark 4.2.8. In the Theorem 4.2.6., by replacing the condition that the triple
(X,d,G) satisfies (4.3) and T is orbitally G —continuous with the mapping T is

orbitally continuous, we have the above result, too.

Example 4.2.9. Let X =[0,1] be endowed with the usual metric. Take

£(6)=1{ (0.0 JU{ (0.0)JU{ (xy) =(0.0x(0.1): x>y }.

and T : X —» X as follows:

i Xe(O,l],
Tx =
, if x=0.

Blw N x

Then G is weakly connected and X' is nonempty and T is a (G,t//)—graphic

contraction with (@) :% which is not a (G, y)— contraction.

Proof. It is clear that G is weakly connected, X' =& and with simple calculations

it can be easily seen that T is a (G, )—graphic contraction. Take
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which is a contradiction since ¢ [0,1). Thus, T is not (G,z//)—contraction.

Remark 4.2.10. In Theorem 4.2.6., if we take w(w) =@ then we get the Theorem
2.1 which given in [20].



CHAPTER 5. FIXED POINT RESULTS FOR ¢ —TYPE
CONTRACTIONS IN METRIC SPACE
INVOLVING A GRAPH

We consider y —type contractions defined on a complete metric space endowed with

a graph. We establish fixed point results for such contractions. Also, our results
improve and extend several known results in the existing literature. Furthermore, we

give some examples to support our results.

5.1. (G,w)-Ciric-Reich-Rus Contraction and Fixed Point Theorems

Definition 5.1.1. Let (X,d) be a metric space and G a graph. The mapping

T:X — X iscalled (G,y)-Ciric-Reich-Rus contraction if the following conditions
hold,

. T preserves the edges of G, (x,y)e E(G)= (Tx,Ty)c E(G),
forall x,ye X,

ii. there exists nonnegative numbers «, 3,y with a+ #+y <1, such that

v (d(TxTy))<aw(d(xy))+ By (d(xTx))+rw(d(y.Ty)),
forall (x,y) e E(G).

Remark 5.1.2. Let (X,d) be a metric space endowed with a graph G. If
T:X =X is a (G,y)-Ciric-Reich-Rus contraction, then T is both a (G’l,z//)—

Ciric-Reich-Rus contraction and a (é,w)— Ciric-Reich-Rus contraction.
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Remark 5.1.3. Any (G,y)-Ciric-Reich-Rus contraction is G -Ciric-Reich-Rus

operator with y(w) = .
The following lemma is useful tool to obtain our results.

Lemma 5.1.4. Let (X,d) be a metric space with a graph G and T: X — X be a
(G,w) —Ciric-Reich-Rus contraction. If x e X satisfies the condition (x,Tx)e E(G),

then we have
z//(d (T”X,T”*lx)) <c"y(d(x,Tx)),

atp

forall neN, where ¢ =
1-y

Proof. Let xe X with (x,Tx)e E(G). So, (T"x,T"'x)e E(G), forall neN.

Then for neN’,

p(d(T™XT™X)) < ey (d (T T "))+ By (d (T%,T7X))+ 7y (d (T T™)),
which implies

w(d(T"% T %)) <cy (d(TM%,T"x)),

a+[f

where ¢ =

, SO we get

z//(d (T”x,T””x))SC" v (d(x.Tx)),

forall neN.
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Lemma 5.1.5. Let (X,d) be a metric space endowed with a graph G and

T:X — X bea (G,y)-Ciric-Reich-Rus contraction such that the graph G is T —

connected. For all xe X the subsequence (T”x) . is a Cauchy sequence.

Proof. Let x e X fixed. Then:

1. If (x,Tx)e E(G), then we have
1//(d (T”X,T”*lx)) <c"y(d(x,Tx)),

+p

for all neN"where czoll—. Because ¢ <1, we get
-7

i‘/’(d (T”x,T”*lx)) < ﬁ y/(d (x,Tx)) < o0,

n=0

and a standard argument shows (T”x)n . is a Cauchy sequence.

2. If (x,Tx)¢ E(G). Then there is a path in G, (x )., from x to Tx such that
X, = X, Xy =Tx with (x_,x)eE(G) forall i=1,2,..,N and (x,Tx)eE(G) for
all i=1,2,..., N=1. Then by the triangle inequality and Lemma 5.1.5., we obtain

that
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<a .z:: w(d (T“‘lxifl,T”xi))+,6’ Z:: ://(d (Tn_lxiijanXi—l))-i_}/ Z:: w(d (T n—1Xi1TnXi))

gaZNl:y/(d(T"‘lxi_l T"X, ))—i—ﬁl//( (T”‘lx,T"x))Jrﬁ ¢t ii“l//(d(xi_l,'rxi_l))

+y 1//(d (T"X,T””X))+}/ ¢t ZN: l//(d (Xi’TXi ))’

i=1

let us denote

=§:1//(d (T"%0,T™%)),

i=1
neN and set

N

)=(B+7) 2 w(d (%1 Tx,));

i=2

Then we get
X, <(a+B) X, +(B+7)C T (X)+7 X,

hence

where, ¢ = M. Using relation (5.1) and elementary computations, we have

(5.1)
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X Sn'BJr}/c”‘lr(x), (5.2)

rZ:;W(d (Tnx,TnﬂX))ngn <X, < fj;/ r(x)gn et :(l—f)ﬁr(x)«)o’

and a standart argument shows that (T”x) . is a Cauchy sequence.

The main result of this section is given by the following theorem.

Theorem 5.1.6. Let (X,d) be a complete metric space endowed with a graph G and
T:X — X bea (G,y)—Ciric-Reich-Rus contraction. We suppose that G is weakly
T —connected and the triple (X,d,G) satisfies the condition:

for any (x,) . in X, if x,—>x and (x,,X,,)€E(G) for neN, then there is a

neN

subsequence (an )n , with (xkn,x)e E(G) for neN. (5.3)

Then T isaPO.

Proof. From Lemma 5.1.5,, (T“x)nZO is a Cauchy sequence for all xe X, and by

is convergent. Let x,y e X then (T”x) —X

n>0

hypothesis, we obtain that (T"x)

n>0

—vy,as n—oo.

n>0

and (T“y)
1. 1f (x,y)e E(G), we get (T"x,T"y)e E(G), for all ne N, then

y/(d (T”X,T"y)) < al//(d (T ”’lx,T"’ly))+ﬁyI(d (T ”’lx,T"X))+7/ w(d (T “y,T“y)),
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for all neN". Letting n—>o we obtain that ://(d (x*, y*))s az//(d (x*, y*)) and
because « €[0,1) we obtain z//(d (x*, y*)): 0= d(x*, y*): 0eX =y .

2. If (x,y)2 E(G), then there is a path in G, (x, )., from x to y such that x, = x,
Xy =y with (x_,x)eE(G) for all i=1,2,..,N and (x,Tx)<E(G) for all
i=1,2,..,N—1. Then (T"x_,,T"x )€ E(G) forall neN and i=1,2,..,N and by

the triangle inequality, we have

N

p(d(T™%T7y)) <D w(d(T7%T™%)

i=1

<a g l//(d (Tn—lxi_l,T”xi))+ﬂ Z 1//(d (T”‘lxi_l,T”Xi_l))+}/ Z y/(d (T”‘lxi,T”xi))

From previous lemma and hypothesis, we get that the sequence (T”x)nZO §

convergent and using the continuity of distance we obtain, the sequence

Iim(w(d(T“Xifl,T”xi))):Ii for all

N—o0

(z//(d(T”xifl,T“xi))) _is convergent and

i=1,2,..,N. Letting n—>o we obtain I.=0 for all i=1,2,..,N that is
w(d(x",y"))<0 and so x"=y". Therefore, for all xeX there exists a unique

X" e X suchthat imT"x=x".

nN—oo

Now we will prove that X" e F(T). Since the graph G is weakly T —connected,

there exists at least x, € X such that (x,,Tx,)e E(é) S0 (T"xO,T”*lxo)e E(é) for all

neN. But limT"x, = X, then by condition (5.3), there is a subsequence (T n xo)

n—o neN

with (Tk“xo,x*)e E(é) forall neN. Then, forall ne N, we have

) o T o )
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< x//(d (x*,Tk”+1x0))+a l//(d (Tk“xo, x*))+,B w(d (Tk"xo,Tk”+1x0))+;/ W(d (x*,Tx*)),

Now letting n —> o, we obtain w(d(x*,Tx*))Syl//(d(x*,Tx*)) = X" =Tx", that is

X eF(T). If we have Ty=y for some ye X, then from above, we must have

T"y —>x",s0 y=x.Thus T isaPO.

The next example shows that the graph G must be weakly T —connected in order
that the (G,y)—Ciric-Reich-Rus contraction T is a PO.

Example 5.1.7. Let X =[0,0) be endowed with the Euclidean metric

d(x,y):‘x—y|, and T:X —> X, Tx=x+a, aeE,ooj. Define the graph G by

V(G)=X, E(G)={(x,x+h), (x+b,x): xeX, be[0,1]}. Then (X.,d) is a
complete metric space but not weakly T —connected since (x,Tx)e¢ E(G) for all
xe X . The self mapping T is a (G,y)-Ciric-Reich-Rus contraction with

v (o) = % and o = % B=y= % Straightforwardly, (T"x) does not converge for

all xe X and T has no fixed point.

The next example illustrates that condition (5.3) is a necessary condition inasmuch as

the (G,w)—Ciric-Reich-Rus contraction T is a PO.

Example 5.1.7. Let X =[0,1] be endowed with the usual metric. Take
E(G)={(0,0) JU{(0.) JU{ (x,¥)€(0,1]x(0,1]: x>y },

and T : X — X as follows:
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X .
N f Oal y

Tx=13 if xe(0,1]
1, if x=0.

Then (X,d) is a complete metric space, G is weakly T —connected and T is

(G,w)—Ciric-Reich-Rus contraction where (o) :g and a=p= % y :%.

Obviously T"x — 0, forall xe X but T has no fixed point.

Definition 5.1.8. Let (X,d) be a metric space and G be a graph. The self mapping

T is called (G, )—Kannan contraction if the following conditions hold;

i T preserves the edges of G, (x,y)e E(G)=(Tx,Ty) e E(G),

forall x,ye X,

il. there exists ¢ € [O%) such that

w(d(TxTy))<8[w(d(xT%))+y(d(y.Ty))], forall (x,y)<E(G).

Remark 5.1.9. If T is a (G,)—Kannan contraction, then T is both a (G™,y)-

Kannan contraction and a (é ,y/)— Kannan contraction.

Remark 5.1.10. Any (G,!//)—Kannan contraction is G—Kannan mapping with

y(w)=o.

Remark 5.1.11. If T is a (G,w)—Kannan contraction with constant &, then T is a

(G, )-Ciric-Reich-Rus contraction with ¢ =0, f=y = 6.
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Lemma 5.1.12. Let (X,d) be a metric space endowed with a graph G and
T:X > X be a (G,y)-Kannan contraction. If the graph G is weakly T -

connected, then given x,y e X , there is r(x, y)> 0 such that

y/(d (T“X,T”y)) <S5 z//(d (T”‘lx,T“x))+[%jn r(x, y)+5t//(d (T“‘ly,T”y))

forall neN".
Proof. The proof can be obtained by using a method similar to that used in [13].

Theorem 5.1.13. Let (X,d) be a complete metric space endowed with a graph G
and T: X —> X be a (G,y)—Kannan contraction. We suppose that G is weakly
T —connected and the triple (X,d,G) satisfies the condition (5.3), then T isa PO.

Proof. The proof is acquired by using analogue method which is given in Theorem
5.1.6.

Corollary 5.1.14. Let (X,d) be a complete metric space endowed with a graph G.
T is a self mapping and the triple (X,d,G) satisfies the condition (5.3). We suppose
that:

I G isweakly T connected,

ii. there is nonnegative numbers « and g satisfying « +2/ <1 such that

v (d(TTy)) <@ (d(xy))+B[w(d (xTx)+w(d(v.Ty))],

forall (x,y) e E(G).
Then T is a PO.
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Proof. It is obvious that the self mapping T isa (G,l//)—Ciric-Reich-Rus contraction

with S =y, so the conclusion arrives Theorem 5.1.6.

Remark 5.1.15. In corollary 5.1.14., if we take w(w) = w, then we get Corollary 1
in [18].

Corollary 5.1.16. Let (X,d) be a complete metric space endowed with a graph G
and T:X —> X be a (G,w)—contraction. We suppose that G is weakly T —
connected and the triple (X,d,G) satisfies the condition (5.3), then T is a PO.

Proof. If T is a (G,y)—contraction with constant c < (0,1), then T is a (G,w)-

Ciric-Reich-Rus contraction with « =c¢ and g =y from Theorem 5.1.6., T is a PO.

Remark 5.1.17. In corollary 5.1.16., if we take y(w) = @, then we get Corollary 2
in [18].

5.2. (G,yw)—Ciric-Reich-Rus Graphic Contraction and Fixed Point Theorems

Definition 5.2.1. Let (X,d) be a metric space and G a graph. The mapping
T:X —> X s called (G,z//,)—Ciric-Reich-Rus graphic contraction if the following

conditions hold;

i, T preserves the edges of G, (x,y)eE(G)=(Tx,Ty)eE(G), for all
X, ye X,

ii. there exists nonnegative numbers «, 3,y with a+ +y <1, such that
z,//(d (Tx,sz)) <ay(d(xTx))+Bw(d(xTx))+y z//(d (Tx,sz))

forall xe X'.
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Remark 5.2.2. Let (X,d) be a metric space endowed with a graph G. If
T:X — X is a (G,y)-Ciric-Reich-Rus graphic contraction, then T is both a
(G‘l,:,y)—Ciric-Reich-Rus graphic contraction and a (é,y/)—Ciric-Reich-Rus

graphic contraction.

Remark 5.2.3. Any (G,y)-Ciric-Reich-Rus graphic contraction is a (G,y)-

graphic contraction with g=»=0.

Remark 5.2.4. If T is a (G,y)-Ciric-Reich-Rus graphic contraction, then T is a
G —graphic contraction with (@) =w and =y =0.

Example 5.2.5. Let X ={0,1,2,3} and d(x,y) =|x—y| for all x,y e X . Define the
mapping T : X — X as;

TX:{O, if xe{0,1},
1,if Xe{2,3}.

T is a (G,w)-Ciric-Reich-Rus graphic contraction with z//(a))=§ and

a=,6’=g/=%,where

£(6)={ (0.0):(0.2):(2.3):(0.0) (L1):(2.2): (3:3) (1.2) ).
But it is not a (G, )— Ciric-Reich-Rus contraction

w(d(TLT2))<aw(d(12))+Bw(d(LTL))+rw(d(2T2)),

it is a contradiction since % s% and what is worse F(T)={1}.



63

Lemma 5.2.6. Let (X,d) be a metric space endowed with a graph G and

T:X — X be a (G,y)-Ciric-Reich-Rus graphic contraction. Then, given xe X',

there exists r(x) >0 such that

yx(d(T”x,T"”x))Sc” r(x)

forall ne N, where ¢ = Oijf r(x):w(d(x,Tx))

Proof. Let xe X" i.e,, (x,Tx)eE(G) or (Tx,x)e E(G). If (x,Tx)eE(G), then by

easy induction, we have that (T“x,T"*lx)e E(G) for each neN. Therefore,

z//(d (T”x,T””x)) < C;jf x//(d (T ”’1x,T”x))

<c a,y(d (T”’lx,T”x)) <..<c"y(d(xTx))=c"r(x).

If (Tx,x)e E(G), again by induction, we obtain that (T"x,T"x)e E(G). So, we get

the same relation as before.

Lemma 5.2.7. Let (X,d) be a complete metric space endowed with a graph G
suppose that T: X — X be a (G,z//,)—Ciric-Reich-Rus graphic contraction. Then,

forall xe X", there exists X" e X such that the sequence (T”x) , converges to X

ne

aS N —oo.

Proof. Let xe X' . From lemma 5.2.6., we get that

w(d(T“x,T”*lx))gc” r(x),



64

forall ne N, where r(x)=w(d(x,Tx)) and ¢ = Olli. Thus,
v

iw(d (T”x,T”*lx)) < oo,

n=0

that is, d(T"x,T”*lx)—> 0. So, the sequence (T”x) . is a Cauchy Sequence. Due to

ne

completeness of X, we obtain that there exists x” e X such that the sequence

(T"x) , converges to x” as n— .
ne

Theorem 5.2.8. Let (X,d) be a complete metric space and the triple (X,d,G)

satisfies the condition:

for any (x,) . in X, if x, > x and (x,,X,,,)€E(G)

neN

(or respectively (x,,,,x,) € E(G)) for all neN,then thereis a subsequence
(xk ) with (xk ,X)e E(G) (or respectively (x,xk )e E(G)) for all neN. (5.4)
N /neN n n

Let T: X > X be a (G,y/)—Ciric-Reich-Rus graphic contraction and be orbitally

G —continuous. Then the following statements hold:

i F(T)2Q iff X" =@,

ii. if X"=2@ and G is weakly connected, then T is a weakly Picard
operator;

iii. forany xe X; ,we havethat T

g is a weakly Picard operator.

Proof. We start by proving statement (iii). Let xe X' . From lemma 5.1.12., we

obtain that there exists r(x) >0 such that
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w(d(T“x,T”“x))sc" r(x),

forall neN, and also by lemma 5.2.6., there exists X" e X such that |im(T"x)=x".

nN—o0

Owing to xe X', T"xe X" for all neN. Now assume that (x,Tx) e E(G). (A

similar deduction can be done if (Tx, x) € E(G)). From condition (5.4), there exists a

subsequence (Tk"x) of (T"x) . such that (Tk“x, x*)e E(G) forall neN. Then

neN
the points X, Tx, T2X,...T'“x,x" from a path in G, and so X" e[x]s. Because T is

orbitally G —continuous, we get that x” is a fixed point of T

xlg*

To prove (i), notice that from (iii), it follows that F(T)=& if X' = . Suppose

that F(T)=@ because of E(G)2 A, directly obtain that X =& Thus, also (i)
holds.

To prove (ii), let xe X" . Since G is weakly connected, we obtain that X = [X]é,

and just need to apply (iii) .
Remark 5.2.9. In Theorem 5.2.8.,

i. if we take y(w) = w, then we obtain Theorem 2.2 in [20].
ii. if we take =y =0, then we get Theorem 3 in [21].
iii. if we take w(w) = w and g =y =0, then we have Theorem 2.1in [20].



CHAPTER 6. FIXED POINT THEOREMS FOR GENERALIZED
@ —CONTRACTIONS IN METRIC SPACE WITH
A GRAPH

(G,w, @) —contractions have been defined and some fixed point theorems have been

obtained in a metric space with a graph. Also some results have been given which are
extensions of some recent results. Moreover, we give some examples to support our

results.

6.1. Fixed Point Theorems for (G,y,)— Contraction

Definition 6.1.1. Let (X,d) be a metric space and G a graph. The mapping

T:X — X iscalled (G,,¢)— contraction if the following conditions hold;
i, T preserves the edges of G, (x,y)eE(G)=(Tx,Ty)eE(G), for all

X, ye X,
ii. there exists a ¢ € ® and y € ¥ such that

v (d(TxTy))<o(w(d(x,y))), forall (x,y)eE(G).

Lemma 6.12. If T:X >X is a (G,y,p)-contraction, then T is both a

(G’l,l//,(p)—contraction and a (5,:;1,40)— contraction.

Theorem 6.1.3. Let (X,d) be a complete metric space and G be weakly connected.

T is a self mapping on X . We suppose that:
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i. for any sequence (x,) € X with d(x,,x,,)—>0 there exists k,n, e N

n’ “n+l
such that (x, , %, )€ E(G) for mneN, mn>0;

ii. T is orbitally continuous
or

iiy,. T is orbitally G —continuous and there exists a subsequence
Ky n
(T xo)keN of (T xo)
iii. Thereexista pc® anda y e suchthat T isa (G,y,p)- contraction.
Then T isaPO.

_ suchthat (T*x,x") €E(G) foreach keN;

ne

Proof. Take an arbitrary element x, € X such that (x,,Tx,) € E(G). By using the
definition of a (G,z//,(p)—contraction and a standard induction argument we get

(T”XO,T””XO)G E(G) and forall neN,
v (d(T%:T7%)) 0" (w(d (%, 7)),

Then Iimw(d (T”xo,T”“xO)) =0 and, using property of i, we have

N—o0

limd (T"x,,T""x,) =0.

N—o0

Hence from (i), there exist k,n,eN such that (Tk“xo,Tkmxo)e E(G) for all
mneN; m,n>n,. Since d(Tk"xO,Tk(””)xo)—m, for £>0, there exists NeN,

N > n, such that

1//(d (T i, T ))< &—os), (6.1)

for each n>N. As (T* xO,Tk‘”*”xo) € E(G) and by using the triangle inequality,

property -, and (6.1), we get that, forany n= N
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k k k k
z//(d (Tk” X, T (M)xo)js://(d (T %y, T (””)xo)jﬂ//(d (T "y, T 2 x, ))

k k
< S—Q(S)'F(D(W(d (T (n+1)XO,T (n+2)X0)jj,
and, since ¢ is monotone increasing,
wlafrox, T )< 2 (6.2)

By (6.2), we have (Tk" xO,Tk(”+2)xo)e E(G) and, forany n>N,

z//(d (T %, T 43 XO)) < z//(d (T %, T o+ xo)j + w(d (T o+ xO,Tk(”+3) X, ))
<e&-p(s) +¢>(l//(d (T i xO,Tk(”+2)x0)D <e.

Using an easy induction, we obtain forany me N and n> N,

l//(d(Tk” XO,Tk("+m)XO»< £.

Then property , yields that d(‘l’kn xO,Tk("*m)x0)< £ . Hence, (Tk” xo) is a Cauchy

neN

sequence in X . By the completeness of X, there exists a X € X such that

T%%, —>X a n-—>o. Because w(dh'k”xo,Tk(””)xo»—w, so also

d(Tkn xO,Tk(”+1)xo)—>0, and we get T"x, — X" as n—»oo. Take an arbitrary element

Xe X . Then:

1. If (x,% )€ E(G), then (T"x,T"x,)e E(G), for all neN. Hence

l//(d (T”X,T"XO)) <" (l//(d (x, XO))), vneN.
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Letting n — oo, we obtain /(d(T"x,T"x,))—0 So, by v, we get d(T"x,x")—>0.

2. If (x,%,)2 E(G), then, since G is weakly connected, we have a path (x; )", in G

from x, to x; that is, x, =x and (X_,X)e E(@) for i=1,2,...,M . With an easy

induction we obtain (T"x, ,,T"x, ) E(G) for i=1,2,.,M and

yx(d (T”XO,T”X))

A
Q:
—_

<
—_

o
—_
x

|

x
N—
N—
\./

Letting n-—>o, we conclude that w(d(T”xo,T”x))—>0 and, from y,,

d(T "%, T"x)— 0, which yields T"x — x".

Now we are in the position to prove that X" e F(T). It is obvious that X e F(T), if

(ii), holds. If (ii), occurs, then, since (Tk“xo) —x and (Tk”xo,x*)eE(G) for

keN

n+1)

k *
all k e N, we attain, using the orbitally G —continuity of T, that T ( X, > TX as

k —o0. Thus X =Tx . Let Ty =y, for some ye X, then we have T"y — x". But it

must be the case that y = X’.
Remark 6.1.4. In Theorem 6.1.3., if we take y(w) = w, we get Theorem 2.2 in [19].

The next example shows that T must be either orbitally continuous or orbitally G —

continuous to be a PO.

Example 6.1.5. Let X =[0,1] be endowed with the usual metric. Consider
E(G)={(0,0) }U{ (0,x):x=1/2 }U{ (x,y):x, ye(0,1] },

and T: X — X,
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, if xe(0,1];
Tx =
, ifx=0.

N N X

Then G is weakly connected, X; is nonempty and T is a (G,z//,go)—contraction

where (p(t)=%, v () :g but is neither orbitally continuous nor orbitally G-

continuous. Thus T does not have a fixed point.

The next example shows that, in Theorem 6.1.3., all conditions are necessary for the

mapping T to be a PO.

Example 6.1.6. Let X =[0,1] be endowed with the usual metric. Consider
E(G)={(0.0) JU{(0.x):x>1/2 }U{ (x.y):xy (0]},

and T: X — X,
szg, if xe[0,1].

Then G is weakly connected, X; is nonempty and T is a (G,z,//,(p)—contraction

where o(t) :%, v () :%. Also T is both orbitally continuous and orbitally G —

continuous. Thus the conditions of theorem 6.1.3. holds; i.e., T is a PO.

There is a close relation between the convergence of iteration sequences, obtained by

using the (G, v, go)— contraction and the connectivity of graph G .

Theorem 6.1.7. Let (X,d) be a metric space endowed with a graph G and

T:X — X bea (G,y,p)- contraction, then the following statements are equivalent:
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i G is weakly connected:;
. for given x,ye X, the sequences (T”x)n , and (T”y)n , are Cauchy

equivalent;

iii.  card(F(T))<1.

Proof. (i)= (i) Let T be a (G,y,p)—contraction and x,ye X . By hypothesis,
[x]s = X, s0 ye[x]s. Then there is a path (x, )\, in G from x to y, which means,
X, =X, X, =Yy and (xi_l,xi)eE(G) for i=1,2,..,N. If we apply an easy

induction, we have (T"xi_l,T”xi)e E(G) for i=1,2,...,N and

://(d (T“x,T”y)) < i ¢ (w(d(%1%))),

i=1
S0, as N — oo, We have y/(d(T”x,T”y))—>O and hence, from property v,
d(T"xT"y)—>0.

Likewise, there is a path (w, )", in G from x to Tx; that is, w, = x, w, =Tx and

(vvifl,vvi)eE(G) for i=12,..,M. Then by y,, the triangle inequality and the

definition of (G, ¢)— contraction, we have

y/(d (T”x,T””x)) < g @ (z//(d (W, W )))

Hence
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and this implies that (T”x)n , is a Cauchy sequence. So, (T"y) ., is a Cauchy

ne

sequence.

(i) = (iii) Let T bea (G,y,¢)-contraction and x,y e F(T). By (ii), (T"x)  and

(T”y)neN are Cauchy equivalent, from which one concludes that x =y .

(iii) = (i) Conversely, let G is not weakly connected; that is, G is disconnected.

Let x, € X . Then both the sets [x,]s and X —[x, ] are nonempty. Let y, € X —[%, ]

G

and define

X, if xel[x, |-,
Tx = 0 E[ O]G
Yo if xe X —[%]

G-

Obviously, F(T)={x,,y,}. We prove that T is a (G,w,¢)—contraction. Let
(x,y)€ E(G). Then [x]s =[y]s, so either x,ye[x, ]z or x,ye X —[x,]s. Hence in

both cases Tx=Ty, so (Tx,Ty)e E(G), because E(G)2A, and d(Tx,Ty)=0. Then,

from y, we get

v (d (Tx,Ty)):Os(p(n//(d(x, y)))

Therefore, T is a (G,y,@)— contraction having two fixed points, which conflicts
with (iii).

The following result can be obtained from Theorem 6.1.7., directly.

Corollary 6.1.8. Let (X,d) be a complete metric space and G is a weakly

connected graph. If T: X > X isa (G,://,(p)—contraction, then there is X" e X such

that Iim(T”x): X" forall xe X .

N—o0
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Proposition 6.1.9. Let us suppose that T: X — X is a (G,z//,go)—contraction with

pe® and y ¥, for which there exists an x, € X such that Tx, €[x, ]5. Let CEXO

be the component of G containing X,- Then [x, ]z is T —invariant and T

g 1S @

(éxo,z//,go)— contraction. Moreover, if X,y e[x, ], then (T"x) and (T“y)neN are

neN

Cauchy equivalent.

Proof. The proof can be obtained by using a method similar to that used in [5].

In Theorem 6.1.3. the second statement follows from the first one because CEXO IS

connected.

Theorem 6.1.10. Let (X,d) be a complete metric space and the triple (X,d,G)

have the following condition:

for any (x,) . in X, if x, >x and (X, x,,,)€E(G) for neN, then there is a

neN

subsequence (an )n , with (xkn,x)e E(G) for neN. (6.3)
Let T: X — X bea (G,w,¢)—contraction. Then the following statements hold:

i. card(F (T)) = card{ [x], :xe X, }.
i. F(T)=@ iff X; 2Q.
iii. T has a unique fixed point iff there exists x, € X; such that X; < [x, ]

iv. Forany xe X;, T

g 1saPO.
V. If X; =< and G is weakly connected, then T is a PO.
vi.  1f X7=U{ [x]s:xe X, }, then T|,. isa WPO.

vil. If T<E(G),then T isa WPO.
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Proof. Initially we prove the items (iv) and (v). Take xe X;. Then TXG[x]é, o)

by Proposition 6.1.9., if ye[x)s, then (T"x) ~and (T"y) ~ are Cauchy

neN

equivalent. Since X is complete, (T”x) ., converges to some X e X . It is obvious

ne

that |im(T”y) = x". Using induction we get

nN—oo

(T"x, T"x)e E(G) (6.4)

for all ne N, since (x,Tx) € E(G). By (6.3), there is a subsequence (Tk"x) such

neN

that (Tk”x,x*)eE(G) for all neN. If we use (6.4), we conclude that

(x,Tx,sz,...,Tkl,x*) is a path in G and also in G from x to X". This means that

X" €[x]s. Since T isa (G,y,p)— contraction we have,

p(a(rem)) <ofu (a(r)

forall neN. If n tends to o we deduce that Tx = x". Thereby, T}, is a PO.

Also, we conclude that T is a PO when [x]s = X , since G is weakly connected.

(vi) is obvious from (iv). For the proof of (vii), if T < E(G) then X; =X and so
X"= X holds. Thus T isa WPO because of (vi).

To prove (i) define the mapping; p(x)= [x]é~ for all xe F(T). It is sufficient to
show that p:F(T)—>C :{ [x] i xe XT}, is a bijection. Because E(G)2A, we

deduce that F(T)< X, , and then p(F(T))< C. Beside if xe X, , then by (iv),

|im(T"x)e[x]GﬂF(T), which implies that p |im(T”x))e[x]é, and so p is a

n—w (n%oo

surjective mapping. We now show that T is injective. Take x,,x, € F(T) such that



75

Then x,e[x]s and so, by (i), Iim(T"%,)e[x]sNF(T)={x}, which gives

X, = X,. Thus T is injective, and this is the desired result.
Finally, one can see that (ii) and (iii) are easy consequences of (i).

Corollary 6.1.11. Let (X,d) be a complete metric space and that the triple

(X,d,G) satisfies condition (6.3). Then the following statements are equivalent:

I G is weakly connected.
ii.  Every (G,w,¢)—contraction T:X — X is such that (x,,Tx,)e E(G) for

some X, € X, isa PO.

iii.  Forany (G,w,¢)—contraction T: X — X , with card(F(T))<1.
Proof. (i) = (ii) This implication follows directly from Theorem 6.1.10 (V).

(ii) = (i) Let T:X — X be a (G,w,¢)—contraction. If X, is empty, so, F(T)
since F(T)c X;. If X; =0, then, by (ii), F(T) is a singleton. In both cases

card(F(T))<1.
(iii) = (i) This can be obtained from Theorem 6.1.3.

Corollary 6.1.12. Let (X,d) be a complete metric space and the triple (X,d,G)

satisfies condition (6.3). Then the following statements are equivalent:

I G is weakly connected.
ii.  Every (G,p)—contraction T:X — X is such that (x,,Tx,)eE(G) for

some X, € X, isa PO.
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iii. For any (G, ¢)— contraction T: X — X , with card(F(T))<1.

Proof. If we take (@)= e in Corollary 6.1.11., we obtain Theorem 2.2 in [19].

Corollary 6.1.13. Let (X,d) be a complete metric space and the triple (X,d,G)

satisfies condition (6.3). Then the following statements are equivalent:

I G is weakly connected.
Every (G,w)-contraction T:X — X is such that (x,,Tx,)e E(G) for

some X, € X, isa PO.

iii. For any (G, )—contraction T : X — X , with card(F(T))<1.

Proof. If we regard ¢(t)=ct for ce(0,1) in Corollary 6.1.11., then we obtain

Corollary 2 in [21].

Corollary 6.1.14. Let (X,d) be a complete metric space and the triple (X,d,G)

satisfies condition (6.3). Then the following statements are equivalent:

I G is weakly connected.
Every Banach G -contraction T : X — X is such that (x,,Tx,)< E(G) for

some X, € X, isa PO.

iii. For any Banach G -contraction T : X — X, with card(F(T))<1.

Proof. If y(w)=w, ¢(t)=ct for ce(0,1) is applied to Corollary 6.1.11., then

Theorem 3.1 in [5] is obtained.

Example 6.1.15. Let X =[0,1] be endowed with the usual metric. Take

E(G)={(0,0) }U{(0.1) }U{ (xy)€(0.1]x(0,1]: x>y },
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and T : X — X as follows:

i Xe(O,l],
TX =
, 1If x=0.

WIN W x

and ¢(t) =L Where te[0,1).

Then T is (G,y,¢)- contraction where ()= =

SIS

But it is not a (G, )— contraction.

Proof. It is easy to confirm that G is weakly connected, X, is nonempty, and that
T is a (G,w,¢)—contraction. The following easy calculations show that T is not a

(G,y/)—contraction realize the following easy calculations;

which implies ¢ >1, a contradiction of the definition of a (G, )—contraction.

Example 6.1.16. Take X and E(G) as above and define T : X — X as follows:

i Xe(O,l],
Tx =
, 1If x=0.

NI, w|Xx

2
Then T is a (G,y,¢)— contraction, where v (o) =% and (o(t)=%, but it is not

(G, p)—contraction.



Proof. To see that T is nota (G, ¢)— contraction with o(t) :%, notice that

Also, T"x — 0 forall xe X, but T has no fixed point.
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CHAPTER 7. ON SOME FIXED POINT THEOREMS WITH
@ —CONTRACTIONS IN CONE METRIC SPACE
INVOLVINGA GRAPH

We introduce ¢ — contractions defined on a cone metric space endowed with a graph

without assuming the normality condition of cone. We establish fixed point results
for such contractions which are extension of several known results. Also, an example

have been given which satisfies our main result.
Throughout the section, we assume that X is a nonempty set, G is a directed graph

and B is a real Banach space and K is acone in B with intK = . By this way, we

uniquely determine the limit of a sequence.

7.1. Fixed Point Theorems for (G, ¢)— Contraction

Definition 7.1.1. Let (X : d) be a cone metric space and G be a graph. The mapping

T:X — X is called as (G, ¢)— contraction if the following conditions hold;

i, T preserves the edges of G ; (x,y)e E(G)= (Tx,Ty)e E(G) for all
X, ye X,

ii. there exists a function ¢: K — K such that

d(Tx, Ty)< o(d(x, y)), for all (x,y) € E(G).
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Remark 7.1.2. Let (X,d) be a cone metric space endowed with a graph G . If
T:X — X isa (G,,)— contraction, then T is both a (Gc’l,go)— contraction and a

(éc , (o)— contraction.

Theorem 7.1.3. Let (X,d) be a complete cone metric space and G be weakly

connected. T is a self mapping on X . We suppose that:

i. For any sequence (x,) € X with d(x,,x,,,)<c forevery § < c there

n? *n+l

exist k,n, € N such that (xkn,ka)e E(G) forall m;neN and m,n>0;

i, T is orbitally continuous

i, T is orbitally G —continuous and there exists a subsequence (T n xo)
keN

of (T"x, ) _ such that (Tk”xo,x*)k e E(G) foreach ke N

eN
iii. T isa (G,,q)-contraction.

Then T isaPO.

Proof. Take an arbitrary element x, € X such that (x,,Tx,) € E(G). By using the
definition of a (G, ¢)—contraction and an easy induction we get

(T"%,, T, ) E(G) and

d (T”XO,T”*lxo) <¢"(d (xO,Txo))

for all neN. Given d<c and we choose a positive real number o6 such that

c—p(c)+N(6+5)cintkK where N(6+5)={yeB:|y|<s}. Also choose a

natural number N such that

¢ (d (%)) < c=o(c)
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for all m>N. Consequently, since (T"x,,T™x,)eE(G) for all meN then we

have

d(T ™%, T™x, )< c—g(c)

forall m>N.Fix m>N and we prove

d(T ™%, T, )< ¢ (7.1)

and from (i) there exists m,n+1eN such that (T'“xo,T'”le)e E(G) forall n>m.

If we take n=m, then (7.1) holds. Now, we assume that (7.1) holds for some n>m.

Since (T™x,,T™, ) E(G) for any m> N, we have that

d (meo,T”+2xo) <d (meo,Tm+1xO)+d (T m+1x0,T“+2x0)
<d (TmXO,Tm+lXO)+(D(d (T”‘xo,T””xo))
<c-gp(c)+p(c)=c.

Therefore, (7.1) holds when m=n+1. By induction, we deduce (7.1) holds for all

m,n>N Thus, (meo) . is a Cauchy sequence in X and by the completeness of

me

X, there exists a X eX such that T"x,—>x e€X as n-—>o. Since
d(T”xO,T"+1xO)<<c, we get T"x, — X~ as n—oo. Take an arbitrary element x e X .

Then, if (x,%,)e E(G), then (T"x,T"x, )e E(G), for all ne N. Hence, from ¢,
d (T, X7 ) <d (T"%,T"% )+d (T"%,,X)

<" (d(x%))+d (T %, X" ) <c.
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Letting n— oo, we obtain that d (T"x,X") < c. Thatis T"x — x". If (x,%,)& E(G),

then, since G is weakly connected, we have a path (x,), in G from x, to x; that

i=0
is, X, =x and (x_,,x)e E(é) for i =1,2,...,M . With an easy induction we obtain

(TnXH,T"Xi)e E(é) fori=1,...,M and

M

d(T %, T"™X) <" 0" (d (X1 %)).

i=1

So, letting n — oo from ¢, we conclude that d (T“x, x*)<<c . That is (T”x)—> X

Now we are in the position to proved that X" € F(T). It is obvious that X" € F(T), if

(ii), holds. If (i), occurs since d(T"x,x')<c, that is, T"x, —x" and
(Tk“xo,x*) € E(G) for all ne N, we attain, using the orbitally G —continuity of T,

that d(Tk”+1x0,Tx*)<<c for all neN.That is, T"*x, »Tx" Thus x" =Tx". Let

Ty =y, for some y e X, then we have T"y — x". But it must be the case that

y =X.

The next example illustrates that, in Theorem 7.1.3., all conditions are necessary for

the mapping T to be a PO.

Example 7.1.4. Let X =[0,1], K ={xeB:x>0} and B =R* with the metric

d: XxX > E
(x,y)—=>d(xy)=(|x=yalx-y]), a=0.

Consider

E(G)={(0,0)}U{(0,x):x=1/2}U{ (x,y):x ye(0,1] },
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and T: X — X,
X .
Tx=5, if xe[0,1].

Then G is weakly connected, X; is nonempty and T is a (Gc,go)—contraction

t . . . . .
where o(t) =§' Also, T is both orbitally continuous and orbitally G —continuous.

Thus the conditions of Theorem 7.1.7. holds; that is, T is a PO.

There is a close relation between the convergence of iteration sequences, obtained by

using the (GC,(p)— contraction and the connectivity of graph G .

Theorem 7.1.5. Let (X,d) be a cone metric space endowed with a graph G and

T:X — X bea (G,,¢)—contraction, then the following statements are equivalent:

I G is weakly connected;

. for given x,ye X, the sequences (T"x) and (T"y) , are Cauchy

neN ne

equivalent;

iii.  card(F(T))<L.

Proof. (i)=(ii) Let T be a (G_,¢)—contraction and x,ye X . By hypothesis,

[x] = X, so ye[x]s. Then there is a path (), in G from x to y, which means,

i=0
Xo =X, Xy =Y and (xi_l,xi)e E(é) for i=1,...,N. If we apply an easy induction,

we have (T"xi_l,T”xi)e E(@) fori=1,.,N and

d (T”x,T“y) < i 9" (d (X, %)),

i=1
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as n— oo, from property ¢,, we obtain d(T“x,T”y)—>0. Likewise, there is a path

(w), in G from x to Tx; that is, w,=x, w, =Tx and (W, w)e E(é) for
i=1,..,M. Then by ¢,, the triangle inequality and the definition of (G_,¢)-

contraction, we have

d(T"x,T"x) < i " (d (W, w)).

i=1

Hence,

and this implies that (T”x)n , is a Cauchy sequence. So, (T"y) ., is a Cauchy

ne

sequence.

(ii) = (iii) Let T be a (G,,¢)—contraction and x,y e F(T). By (ii), (T"x)n , and

(T”y)neN are Cauchy equivalent, from which one concludes that x =y .

(iii) = (i) Conversely, let G is not weakly connected; that is, G is disconnected.

Let x, € X . Then both the sets [x,]s and X —[x, ]z are nonempty. Let y, € X —[%, ]

G

and define
X, If X€[%]s

Tx = )
Yo if xe X =[]

G-

Obviously, F(T)={x,y,}. We prove that T is a (G,,¢)-contraction. Let

(x,y)e E(G). Then [x]s =[y]s, so either x,ye[x]s or x,ye X —[x,]s. Hence in
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both cases Tx =Ty, so (Tx,Ty)e E(G), because E(G)2 A, and d(Tx,Ty)=6. Then,

we get

d(Tx, Ty)=0<p(d(x,y)).

Therefore, T is a (G_, @)— contraction having two fixed points, which conflicts with
(iii).

The following result can be obtained from Theorem 7.1.5., directly.

Corollary 7.1.6. Let (X,d) be a complete cone metric space and G be a weakly

connected graph. If T: X — X is a (G,,¢)— contraction, then there is x" e X such

that Iim(T”x): X" forall xe X .

n—w



CHAPTER 8. RESULTS AND SUGGESTIONS

In this section we summarize some results which are obtained in previous sections.

In the chapter 3., (G,go)—graphic contractions have been defined by using a

comparison function and studied the existence of fixed points. Also, the Hardy-
Rogers G —graphic contractions have been introduced and some fixed point
theorems have been proved. Some results in the literature are also generalized and

extended.

In the chapter 4., we define (G,l//)—contractions and (G,z//)—graphic contractions

which are extensions of some contractions given in the literature. Also we prove

some fixed point theorems in a metric space by using connectivity of graph.

In the chapter 5., we motivated by the work of Jachymski [5], Bojor [18] and
Petrusel [20], we introduced new contractions the mappings on complete metric
space and obtained some fixed point theorems. Our results generalize and unify some
results which is given [5, 18, 20, 21].

In the chapter 6., (G,w,@)—contractions have been defined and some fixed point

theorems have been obtained in a metric space with a graph. Also some results have
been given which are extensions of some recent results which is given [19] and [21].

Moreover, we give some examples to support our reults.

In the chapter 7., we introduce ¢ —contraction defined on a cone metric space

endowed with a graph without assuming the normality condition of cone. We
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establish fixed point results for such contractions which are extension of several
known results. Also, an example have been given which satisfies our main result.

In addition these studies, it can be extended by using some various contractive
conditions in different types of metric spaces endowed with a graph.
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