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ABSTRACT 

 

ANALYSIS, APPLICATIONS, AND A NOVEL DESIGN OF DOUBL E 

NEGATIVE METAMATERIALS 

 

Cumali SABAH 

Ph. D. in Electrical and Electronics Engineering 

Supervisor: Prof. Dr. Savaş Uçkun 

June 2008, 179 pages 

 

Double negative metamaterials are composite materials in which both the 

permittivity and the permeability are simultaneously negative over a certain 

frequency band and constructed artificially. They are designed to show specific and 

unfamiliar electromagnetic features not commonly found in nature. Also, their 

physical features are different from the conventional materials. Due to these unique 

physical features, double negative metamaterials attracted a great amount of attention 

in recent years. In this thesis, the properties and potential applications of double 

negative metamaterials are explored. In addition, some tools are presented to realize 

new types of metamaterials in the microwave frequency range. 

 

First, the fundamental electromagnetic properties of double negative 

metamaterials are investigated. The plane wave in double negative medium, left-

handed systems, the extraordinary features of double negative metamaterials, and 

negative refraction are given in detail. Second, the characterization and realization of 



 v 

double negative metamaterials are studied to form a base about how they can be 

created and generated. In this manner, the analytical (hypothetical, Lorentz, Drude, 

and cold plasma media) and physical models are analyzed. Then, electromagnetic 

wave propagation in the presence of double negative metamaterial is studied. Normal 

and oblique incidence cases for the planar boundaries of two semi infinite media 

containing conventional dielectric medium and double negative metamaterial are 

examined. Both the theoretical and numerical results are given. Next, the slab of 

double negative metamaterial sandwiched between two different semi-infinite 

dielectric media is studied. Additionally, some simulations are illustrated for the 

application purpose of perfect lens and parabolic wave refractor. After that, double 

negative metamaterials are used to design and analyze several types of stratified 

structures. Mirrors, high reflection coatings, distributed Bragg reflector, stratified 

cold plasma stacks, and the combination of multilayer cold plasma, Lorentz, and 

Drude layers with conventional dielectric slabs are created in order and their 

scattering characteristics are shown. The advantageous of the stratified structures 

containing double negative metamaterials versus the conventional multilayer 

structures are also discussed. High reflection and transmission coatings; band pass, 

stop band, reflection, transmission, multi band-pass, multi saw-comb, oscillating, and 

multi notch filters characteristics at some frequency regions are obtained in the 

numerical investigation. These results can be used to generate new devices and 

equipments such as reflectors, coatings, and filters with high efficiency. At last, new 

types of metamaterials that exhibit negative refraction properties at the microwave 

frequency range are designed. This novel metamaterials are constructed using 

triangular split ring resonator and wire strip. Three new metamaterials comprised of 

triangular split ring resonator and wire strip are created and simulated. After 

designing and creating processes, novel metamaterial slabs are manufactured using 

hot-press technique. Then, some transmission experiments are provided to observe 

the characteristics of these novel metamaterials experimentally. These new materials 

can be used for several potential applications of double negative metamaterials in the 

microwave, millimeter wave and optical regimes. 

 

Key Words: Double Negative Medium, Metamaterial, Lorentz, Drude, Cold Plasma, 

Multilayer Structures, Triangular Split Ring Resonator. 
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ÖZET 

 

ÇĐFT NEGAT ĐF METAMALZEMELER ĐN ANAL ĐZ, UYGULAMA VE YEN Đ 

TASARIMI 

 

Cumali SABAH 

Doktora Tezi, Elektrik ve Elektronik Mühendisliği Bölümü 

Tez Yöneticisi: Prof. Dr. Savaş Uçkun 

Haziran 2008, 179 sayfa 

 

Çift negatif metamalzemeler, elektrik ve manyetik geçirgenlikleri belirli bir frekans 

aralığında negatif olan ve yapay olarak elde edilen bileşik malzemelerdir. Bu 

malzemeler, genel olarak doğada bulunmayan, kendine özgü ve farklı 

elektromanyetik özellikler gösterebilmeleri için tasarlanırlar. Bunların fiziksel 

özellikleride bilinen malzemelerden farklıdır. Bu benzersiz fiziksel özelliklerinden 

dolayı, çift negatif metamalzemeler son yıllarda büyük ölçüde ilgi odağı olmuşlardır. 

Bu tezde, çift negatif metamalzemelerin özellikleri ve potansiyel uygulama alanları 

araştırılmıştır. Buna ilaveten, mikrodalga frekansı aralığında yeni tür 

metamalzemelerin gerçekleştirilmesi için bazı uygulamalar sunulmuştur. 

 

Đlk olarak, çift negatif metamalzemelerin temel elektromanyetik özellikleri 

incelendi. Çift negatif ortam içerisindeki düzlemsel dalga, solak sistemler, çift 

negatif metamalzemelerin olağandışı özellikleri ve negatif kırılma kavramları 

detaylıca verildi. Đkinci olarak, çift negatif metamalzemelerin nasıl yaratıldığı ve 
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oluşturulduğuna temel oluşturmak için, bu malzemelerin tanımı ve niteliği çalışıldı. 

Bu bağlamda, analitik (hypothetical, Lorentz, Drude ve soğuk plazma ortamları) ve 

fiziksel modeller analiz edildi. Daha sonra, çift negatif metamalzemelerin varlığında 

bulunan elektromanyetik dalga yayılımı çalışıldı. Bilinen yalıtkan ortam ve çift 

negatif metamalzemeden oluşan yarı sonsuz iki düzlemsel ortama dik ve açılı gelen 

dalga durumları incelendi. Teorik ve nümerik sonuçların ikiside verildi. Bundan 

sonra, iki farklı yalıtkan ortam arasına yerleştirilmi ş çift negatif metamalzeme dilimi 

çalışıldı. Buna ilaveten, mükemmel mercek ve parabolik dalga kırıcı amaçlı 

uygulamalar için bazı simülasyonlar gösterildi. Sonra, çok katmanlı yapıların tasarım 

ve analizi için çift negatif metamalzemeler kullanılarak çeşitli yapılar oluşturuldu. 

Sırasıyla, aynalar, yüksek yansımaya sahip katman ve kaplamalar, dağıtıcı Bragg 

yansıtıcılar, çok katmanlı soğuk plazma dilimleri; ve bilinen yalıtkan ortamlar ile 

birleştirilmi ş çok katmanlı soğuk plazma, Lorentz ve Drude tabakları oluşturulup 

bunların karakteristik özellikleri gösterildi. Çift negatif metamalzemeler içeren çok 

katmanlı yapıların, bilinen çok katmanlı yapılara karşı avantajları tartışıldı. Nümerik 

sonuçlarda, bazı frekans aralıkları için yüksek yansıma ve iletime sahip katmanlar; 

bant geçiren, söndürme kuşağı bandı, yansıma, iletim, çoklu bant geçiren, çoklu 

testere-tarak, salınım ve çoklu çentik filtre karakteristikleri elde edildi. Bu sonuçlar, 

yansıtıcılar, kaplamalar ve süzgeçler gibi yeni aygıt ve aletlerin üretilmesi için 

kullanılabilir. Sonunda, mikrodalga frekansı aralığında negatif kırılma özellikleri 

gösteren yeni tip metamalzemler tasarlandı. Bu yeni metamalzemler, üçgensel halka 

şeklindeki ucu açık (yarıklı) rezonatörler ve tel şeritler kullanılarak oluşturludu. 

Üçgensel halka şeklindeki ucu açık rezonatörler ve tel şeritlerden oluşan üç adet yeni 

metamalzeme meydana getirildi ve simülasyonu yapıldı. Tasarım ve oluşturma 

işlemlerinden sonra, sıcak pres (ütüleme) yöntemi ile yeni metamalzeme katmanları 

imal edildi. Daha sonra, yeni metamalzemelerin özelliklerini deneysel olarak 

gözlemlemek için bazı iletim deneylerinin yapımı sağlandı. Bu yeni malzemeler, 

mikrodalga, milimetre dalga ve optik sistemlerde çift negatif metamalzemelerin 

çeşitli potansiyel uygulamalarında kullanılabilirler. 

 

Anahtar Kelimeler:  Çift Negatif Ortam, Metamalzeme, Lorentz, Drude, Soğuk 

Plazma, Çok Katmanlı Yapılar, Üçgensel Halka Şeklindeki 

Ucu Açık Rezonatör. 
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CHAPTER 1 

 

INTRODUCTION 

 

Electromagnetic wave theory is well-established scientific discipline which has wide 

variety of applications in science and technology include, but are not limited to, 

electromagnetic materials, remote sensing, power systems, wireless communications, 

radar systems, and optics. Unconventional materials such as composite and/or 

complex media are the part of electromagnetic materials research and one of the most 

challenging areas in the electromagnetics’ community. Metamaterials are well-

known composite/complex media and there has been a growing interest on the 

studies of them due to their numerous potential applications. Today, metamaterials 

are classified with different names due to their various composition elements such as 

plasmas, photonic crystals, double negative metamaterials, single negative materials, 

and chiral media. It is very difficult to find a suitable definition for the term 

metamaterial. There are many definitions existing in the literature and some of them 

are given as follows: 

• Electromagnetic metamaterials are artificially structured composites that can 

be engineered to have desired electromagnetic properties, while having other 

advantageous material properties [1]. 

• Structures composed of macroscopic scattering elements [2]. 

• Meta-materials, materials whose permeability and permittivity derive from 

their structure [3]. 

• Metamaterials are a new class of ordered nanocomposites that exhibit 

exceptional properties not readily observed in nature. These properties arise 
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from qualitatively new response functions that are not observed in the 

constituent materials and result from the inclusion of artificially fabricated, 

extrinsic, low dimensional inhomogeneities [4]. 

• Metamaterials are defined as macroscopic composites having a man-made, 

three dimensional, periodic cellular architecture designed to produce an 

optimized combination, not available in nature, of two or more responses to a 

specific excitation. Each cell contains metaparticles, macroscopic constituents 

designed with low dimensionality that allow each component of the 

excitation to be isolated and separately maximized. The metamaterial 

architecture is selected to strategically recombine local quasi-static responses, 

or to combine or isolate specific non-local responses [5]. 

• Metamaterials, which are broadly defined as effectively homogenous 

artificial structures with unusual properties, represent a new paradigm in 

physics and engineering [6]. 

 

The prefix meta comes from Greek (it is also used in Latin) and it means after. 

Often the prefix is used also for along with, beyond, among, in the midst of, 

according to, and behind. There are numerous words in English and other languages 

starting with meta like, for example, metabolism, metalinguistics, metamerism, 

metaphysics, metamorphosis, metastasis, etc. However, the common word in 

engineering, metal is of different origin. With this background in mind, it seems that 

in the choice and use of metamaterial, this meta-prefix emphasizes the transcendental 

aspect of the meaning. A metamaterial needs to be qualitatively different from its 

components. New phenomena and novel properties should emerge when ordinary 

pieces are brought together. The whole should be more than the sum of its parts. 

Quantitative differences become qualitative ones. There is a word such a behavior of 

systems. It is emergence [7]. 

 

The idea of double negative (DNG) metamaterials has recently achieved a 

significant importance in electromagnetics’ community due to the exhibition of their 
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unusual properties different from any known media in some microwave, millimeter-

wave and optical frequency bands. The progress of the fabrication technologies 

enables the construction of them at these frequency bands, and so their potential 

applications are growing day by day. Basically, DNG metamaterial is, by definition, 

a composite material in which both the permittivity and the permeability are 

simultaneously negative over a certain frequency band whose electromagnetic 

features are different from the conventional materials and constructed artificially. 

These are the hand made structures that can be designed to show specific and 

unexplored electromagnetic properties not commonly found in nature. Several 

terminologies are recommended for DNG metamaterials such as left-handed media 

(LHM), double negative (DNG) materials, backward-wave media (BW media), 

negative index media (NIM), negative refractive index metamaterials (NRM), 

negative index of refraction media (NIR), and etc. The phenomena of DNG 

metamaterial and stratified DNG metamaterials are discussed in detail throughout 

this thesis, and the results of this discussion may enable to design and 

characterization of them for specific applications on new devices, components, and 

apparatus such as filters, absorbers, lenses, microwave components, antennas, and 

etc. 

 

Basically, electromagnetic wave interactions through the semi-infinite, single 

slab, stratified DNG metamaterial layers, and the design of novel DNG 

metamaterials will be analyzed and studied in this thesis. In addition, the 

combination of stratified double negative metamaterial and dielectric layers will be 

investigated. Perfect lens, parabolic refractor, and some filter applications of DNG 

metamaterials will be shown. Then, the design and realization of novel DNG 

metamaterials based on triangular split ring resonators and wire strips will be studied. 

Simulation results will be presented for the realization purpose. After that, some 

transmission experiments will be performed using new metamaterial slabs to 

examine their characteristics in the microwave frequency band. 
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1.1 Background 

 

The concept of artificial materials appears to begin in the late nineteenth century, in 

1898, with the study of Indian scientist Jagadis Chunder (or Chandra) Bose on 

optical activity [8]. He conducted the first microwave experiment on twisted 

structures which were essentially artificial chiral materials by today’s definition. 

Later in 1914, Karl F. Lindman, who is the first scientist showing the effect of a 

chiral medium on electromagnetic waves, worked on artificial chiral media by 

embedding many randomly oriented small wire helices in a host medium [9]. In 

1948, W. E. Kock made lightweight microwave lenses by arranging conducting 

spheres, disks, and strips periodically and effectively tailoring the effective refractive 

index of the artificial media [10]. Then, Tinoco and Freeman were interested in chiral 

phenomena and the rotation of the polarization plane of linearly polarized waves in 

1957 [11]. After that, Harvey showed that some devices and components can be 

constructed by length scaling using artificial materials for application in the lower 

frequencies [12]. Since then, artificial complex materials have been subject of 

research for many scientist and DNG metamaterials are the last version of artificial 

materials that extensively cover the recent studies in the electromagnetics’ 

community at the present time. 

 

DNG metamaterials were first envisioned by Russian physicist Victor G. 

Veselago in 1967 [13]. He investigated various electromagnetic properties of such 

material and presented that the electric field vector E, the magnetic vector H, and the 

wave vector k form a left-handed triplet of vectors, and the Poynting vector S and the 

wave number k are in opposite directions. In addition, he showed the Doppler effect 

and Vavilov-Cerenkov radiation is reversed in DNG metamaterial. He also showed 

the negative refraction and backward waves in this metamaterial. However, some 

ideas on negative refraction and backward waves were suggested by many scientists 

long before Veselago’s work. In 1904, H. Lamb suggested the existence of backward 

waves in which the phase of waves moves in the direction opposite from that of the 

energy flow [14]. In his study, he proposed a certain artificial mechanical model of a 
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one-dimensional medium in which the group velocity can be negative. Apparently, 

he himself did not think his example could have any physical application. But as it 

turns out, there exist entirely real media in which for certain frequency ranges the 

phase and group velocities are in fact directed towards each other. Note that, his 

examples involved the mechanical systems rather than electromagnetic waves. 

Around the same time, A. Schuster, who discussed the backward waves in 

electromagnetism, briefly notes Lamb’s work in his book and gives a speculative 

discussion of its implications for optical refraction, should a material with such a 

properties ever be found [15]. He cited the fact that within the absorption band of, for 

example, sodium vapour a backward wave will propagate. But, because of the high 

absorption region in which the dispersion is reversed, he was pessimistic about the 

applications of negative refraction. In 1905, H. C. Pocklington showed that in a 

specific backward-wave medium, a suddenly activated source produces a wave 

whose group velocity is directed away from the source, while its velocity moves 

toward the source [16]. Then, Mandel’shtam himself referred to Lamb’s study; and 

the problems of energy velocity and its relation to group velocity were presented 

[17], [18]. The effect of negative group velocity on the familiar problems of 

reflection and refraction and the negative group velocity in crystal lattices were also 

considered in his studies. Next, the radiation property as in the previous works was 

rediscovered by G. D. Malyuzhinets in 1951 [19]. He noted that the phase velocity of 

waves at infinity should point from infinity to the source in DNG metamaterials. 

What was perhaps even more interesting, he considered as an example a one-

dimensional artificial transmission line. After that, general properties of wave 

propagation in a medium with negative refractive index have been discussed by D. 

V. Sivukhin [20]. He noticed that media with negative parameters are backward 

wave media, but had to state that media with negative permittivity and permeability 

are not known. The question on the possibility of their existence has not been 

clarified. Some unusual aspects of the transition radiation and Cherenkov radiation in 

the frequency region characterized by negative group velocities have been revealed 

by V. E. Pafomov in his studies between 1956 and 1959 [21–23]. The negative 

refraction phenomenon in periodical media was discussed by R. A. Silin in 1959 

[24]. Note that, the studies mentioned in [14–24] were not systematic studies and it is 

assumed that they were related with the backward wave and its negative velocity 

works. But the study of Veselago was a systematic study of electromagnetic 
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properties of materials with negative parameters. Due to this reason the study of 

Veselago has been usually considered as the first study which was published in 

Russian in 1967 and translated into English in 1968. In addition, there were many 

studies in the literature after Veselago’s study [25–34]. 

 

At last, the concept of negative permittivity and negative permeability came to 

true by Pendry’s studies. Pendry et al. presented their studies in 1996 [35] on the 

artificial metallic construction which shows the negative permittivity and in 1999 

[36] on the split rings which show the negative permeability. In 2000, Smith et al. 

realized the construction of the DNG material using the combination of the split 

rings and wires [37]. They carried out many experiments at microwave frequencies to 

show the characteristics of DNG material. In 2001, Shelby et al. performed the first 

experimental investigation of the negative refraction on the DNG materials at 

microwave frequencies [38]. The results of this experiment done for the negative 

refraction are criticized by Valanju et al. in 2002 [39]. They stated that negative 

refraction is impossible for any real physical signal with the finite bandwidth. This 

statement was found incorrect by Pendry and Smith in 2003 [40]. Ziolkowski and 

Heyman studied the electromagnetic wave propagation in DNG analytically and 

numerically to observe the characteristic features of propagation and scattering in 

DNG and to apply the results to perfect lens notion [41]. Kong examined the 

electromagnetic wave interaction with stratified DNG isotropic media [42]. He 

investigated in detail the reflection and transmission analysis, field solution of guided 

waves, linear and dipole antennas in stratified DNG media. Conceptual and 

speculative ideas for potential applications of the DNG materials were suggested, 

and physical remarks and intuitive comments were provided by Engheta in 2002 

[43]. Mathematical analysis and physical explanations for some structures are also 

given in his study. Chew studied some reflection on the DNG material in 2005 [44]. 

The energy conservation property of a DNG material and the realistic Sommerfeld 

problem of a point source over a DNG material half space and a DNG slab are 

analyzed in [44]. 
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The studies on DNG metamaterials continue to be of great interest and practical 

importance for the researcher due to the progress of the fabrication technologies and 

the variety potential applications [45–61]. 

 

1.2 Thesis Motivation 

 

The main purpose of this thesis is to understand the basic properties of DNG 

metamaterials, to present their potential applications formed by stratified DNG 

metamaterials, and to show wave interactions with DNG metamaterials. In addition 

to these, the design of new DNG metamaterials is in the main goals of this thesis. In 

the following, the organization of this thesis is briefly outlined. 

 

The aim of Chapter 2 is understand the fundamental electromagnetic properties 

of DNG metamaterials in detail. The most important contribution of this chapter is to 

provide the solid understanding of the plane wave in DNG medium, left-handed 

systems, the unusual and extraordinary features of DNG metamaterials, and negative 

refraction. This chapter will provide to easily recognize the concept of DNG 

metamaterials especially in the following chapters. 

 

The major point of Chapter 3 is to study characterization and realization of DNG 

metamaterials. The contribution of this chapter is to provide a perceptive that how 

DNG metamaterials can be generated both analytically and physically. In the 

analytical models, hypothetical, Lorentz, Drude, and cold plasma medium models are 

used to create DNG metamaterials. Additionally, physical models are mentioned 

throughout this chapter. The relationships between the analytical and physical 

models are also given. The results of this chapter will be used in the design and 

development process to generate novel DNG metamaterials and new structures 

containing DNG metamaterials for the potential applications. 
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In the fourth chapter, we will have the concept of the electromagnetic wave 

propagation in the presence of DNG metamaterial. We will begin from normal 

incidence and continue with oblique incidence for the planar boundaries of two semi 

infinite media containing conventional dielectric medium and DNG metamaterial. 

Both the theoretical and numerical results will be given. Then, the slab of DNG 

metamaterial sandwiched between two different semi infinite dielectric media will be 

studied. Hypothetical, Lorentz, Drude, and cold plasma medium models mentioned 

in Chapter 3 are used to realize DNG metamaterial. Additionally, for the purpose of 

the potential application of the DNG metamaterial, some simulation will also be 

provided. Especially, the applications of flat lens and parabolic wave refractor will 

be presented in these simulations. Most of the work presented in Chapter 4 appeared 

as articles in Journal of Optoelectronics and Advanced Materials [62] and Opto-

Electronics Review [63]. 

 

The final two chapters are concerned with addressing the potential applications of 

DNG metamaterials. In Chapter 5, DNG metamaterials will be used to design and 

analyze stratified structures. The motivation of this work was to investigate the 

potential benefits of being able to design some stratified structures with DNG 

metamaterials. So that, mirrors with DNG slabs, high reflection coatings consisted of 

DNG and DPS layers, distributed Bragg reflector (DBR) based on DNG and DPS 

slabs, stratified DNG stacks of cold plasma medium, multilayer media comprised of 

DNG stacks of cold plasma and conventional DPS layers, and multilayer structure of 

DNG Lorentz/Drude Medium with DPS slabs will be created and their scattering 

characteristics will be shown in this chapter. The advantageous of the mentioned 

structures containing DNG metamaterials versus the conventional structures are also 

discussed. Some important results are obtained in this investigation and they can be 

used to generate new devices and equipments such as reflectors, coatings, and filters 

with high efficiency. Some of the achievements represented in Chapter 5 are 

published as scientific articles in Chinese Physics Letters [64], Journal of 

Optoelectronics and Advanced Materials [65], and Zeitschrift für Naturforschung A 

(A Journal of Physical Sciences) [66]. Some of the contents of this chapter have also 

been submitted to the international SCI journal for the consideration of publication. 
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In Chapter 6, new types of metamaterials that have negative permittivity and 

permeability at the microwave frequency range will be presented. This novel 

metamaterials are constructed using triangular split ring resonator and wire strip. 

Three new metamaterials comprised of triangular split ring resonator and wire strip 

are created and simulated. Then, it will be shown that the mentioned novel 

metamaterials have simultaneously negative permittivity and permeability over a 

certain frequency band. Thus, they can be used for several potential applications in 

the microwave, millimeter wave and optical regimes. At last, some new metamaterial 

slabs will be manufactured to make transmission experiments to explore the 

characteristics of new metamaterial slabs. Some parts of this chapter have been 

submitted to the international SCI journal for the consideration of publication. 

 

In the conclusion part, a brief summary of the results obtained during this thesis 

work will be included. Future works and further studies for potential applications of 

the DNG materials will be suggested, and physical remarks and intuitive comments 

will also be provided in this part. 
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CHAPTER 2 

 

FUNDAMENTALS OF DOUBLE NEGATIVE METAMATERIALS 

 

2.1 Introduction 

 

In this chapter, common electromagnetic features of DNG metamaterials will be 

introduced and discussed in detail. We will start from the dispersion characteristics 

of DNG metamaterial and then continue with electrical and magnetic properties of 

such material. After that, general properties of this kind of media and the concept of 

negative refection will be given. In this manner, the fundamentals of DNG 

metamaterials will be overviewed and examined. 

 

2.2 Dispersion Characteristic and Plane Waves in DNG Medium 

 

The dispersion characteristic or dispersion relation of a medium is the basic quantity 

which determines the propagation of electromagnetic waves in matter. This relation 

contains the information of the permittivity and permeability of the medium. This is 

due to the fact that they are the only parameters of the substances that appear in the 

dispersion equation [13] 

 

02
2

2

=+− jiijijij kkk
c

δµεω
       (2.1) 
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which gives the connection between the angular frequency ω of a monochromatic 

wave and its wave number k. In the case of an isotropic substance, Equation (2.1) 

takes simpler form as 

 

2
2

2
2 n

c
k

ω=          (2.2) 

 

where n2 is the square of the refraction index of the substance and it is given by 

 

εµ=2n          (2.3) 

 

where ε and µ are the permittivity and permeability of the substance. From Equation 

(2.2) and Equation (2.3), it can be said that a simultaneous change of the signs of 

permittivity ε and permeability µ has no effect on these relations [13]. However, 

DNG metamaterials with simultaneously negative permittivity and permeability have 

specific and unique electromagnetic properties that different from conventional 

materials. At this point, as it will be seen in the upcoming paragraph, it should be 

better to call the Maxwell equations and the constitutive relations to see what 

happens to the electromagnetic laws because of these negative parameters. 

 

In a monochromatic plane wave, the electromagnetic field vectors E and H can 

be described as follows 

 

)exp()( ,)( tjj ω−≈ krrHrE .      (2.4) 
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Let us write the Maxwell equations and see what they tell us 

 

tc ∂
∂−=×∇ )(1

)(
rB

rE         (2.5a) 

 

tc ∂
∂=×∇ )(1

)(
rD

rH         (2.5b) 

 

and the constitutive relations 

 

)()(  rHrB µ=         (2.6a) 

 

)()(  rErD ε=          (2.6b) 

 

where orεεε =  and or µµµ = . Substituting (2.4) into (2.5) and (2.6) gives 

 

)()(  rHrEk µω
c

=×         (2.7a) 

 

)()(  rErHk εω
c

−=× .       (2.7b) 

These are the main equations that carry all information about right-handed 

(conventional or standard) and left-handed (DNG metamaterials) materials. In 

conventional materials with both positive permittivity ε and positive permeability µ, 
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Equation (2.7) implies that the triad E, H, and k forms a right-handed system. But, if 

the permittivity ε and permeability µ are simultaneously negative, the triad E, H, and 

k forms a left-handed system. However, the time-average Poynting vector (average 

power density) is still 

 

{ } )()(
2

1
)( rHrErS ∗×ℜ=        (2.8) 

 

and it is independent of the signs and values of the permittivity ε and permeability µ. 

According to Equation (2.8), Poynting vector always forms a right-handed system 

with the vectors E and H. Also, Poynting vector S and the wave vector k are in the 

same direction for right-handed materials, and they are in opposite direction for DNG 

metamaterials. The left- and right-handed systems are shown in Figure 2.1. 

 

 

Figure 2.1: Configuration of the triad E, H, and k in (a) left-handed system, (b) right-

handed system. 

 

In addition, the wave vector k is in the direction of phase velocity; while the 

phase velocity and energy flux are in opposite direction in DNG metamaterials. Note 

 E 

  S   k 

 H 

 E 

S   k 

 H 

(a) (b) 
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that, the group velocity is negative in DNG metamaterials. Because DNG 

metamaterials have negative group velocity, sometimes it is called as materials with 

negative group velocity. Furthermore, Poynting vector is always directed away from 

the source of the radiation. The wave vector k is directed away from the source for 

the right-handed materials, but it is towards the source for DNG metamaterials. This 

is the principal difference between the right-handed materials and DNG 

metamaterials. 

 

2.3 Properties of DNG Media 

 

In the pervious section, it is indicated that the direction of the phase velocity is 

opposite to the direction of power flow and to the group velocity in the DNG media. 

It can be said that there is anti-parallelism between the phase and group velocities 

and several phenomena connected to the phase of the wave are reversed in such 

media. Now, let us look at other changes that are not given in the previous section 

happened in DNG media. 

 

• Reversed Doppler Effect: A detector of radiation moving in DNG medium will 

pursue fewer wave fronts if it is moving towards the source due to the reversal of the 

phase velocity. When ∆ω>0, an observer will see a receding source. The red shift 

will occur under approaching conditions, and blue shift when the source and receiver 

more away. The experimental observation of the inverse Doppler shift in which the 

frequency of a wave is increased on reflecting from a receding boundary is reported 

in 2003 [6], [13], [67], [68]. 

• Reversed Vavilov-Cerenkov Radiation: The particle motion in a DNG medium 

generates backward power. The angle of the emission will change to concave. The 

emitted radiation propagates backwardly [13], [67], [68]. 

• Goss-Hanchen Effect: The lateral shift phenomenon can be negative in total 

internal reflection situation [6]. 
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• Lensing Effect: Perfect and/or super lenses can be creatable with the use of DNG 

metamaterials. Convex (concave) DNG lenses are diverging (converging). [6], [45], 

[69–72]. 

• Subwavelength Focusing: Subwavelength focusing of an image can be achievable 

by flat DNG slab. Low spatial frequency features are focused by reversed Snell’s 

law, while high spatial frequency features are enhanced due to the reversed transfer 

function associated with surface wave or plasmon excitation [6], [45], [69–72]. 

• Reversed Snell’s Law: The reversed Snell’s law which relates the incidence angles 

and refraction in materials is possible in DNG medium. 

• Negative Refractive Index: The refractive index of a medium must be negative if 

the permittivity and permeability of the medium are simultaneously negative. 

• Backward Waves: As mentioned before, the power vector is in the opposite 

direction to the wave vector k and the phase velocity in DNG media. Also, the vector 

E, H, and k form a left-handed system in these media. In this system, the power 

propagates in the opposite direction of k. Thus, the plane wave with the wave vector 

of k in DNG media is a backward wave [13], [73], [74]. 

• Energy: The simultaneously negative parameters (permittivity and permeability) 

can only be realized in frequency dispersive media. If the parameters are 

simultaneously negative, it should be better to review the equation of the energy. The 

common energy equation is given by 

 

22
  HEW µε += .        (2.9) 

 

If there is neither frequency dispersion nor absorption, we can not have 

simultaneously negative parameters. When there is frequency dispersion, Equation 

(2.9) must be replaced by 
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22
  

)()(
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ω
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ω
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∂
∂+

∂
∂= .       (2.10) 

 

For the energy to be positive, it is required that 

 

0
)( >

∂
∂

ω
εω

         (2.10a) 

 

0
)( >

∂
∂

ω
µω

.         (2.10b) 

These inequalities do not mean that the parameters can not be simultaneously 

negative, but for them to hold it is necessary that the permittivity and permeability 

depend on the frequency [13]. 

 

2.4 Negative Refraction 

 

DNG metamaterials have simultaneously negative permittivity and permeability as 

stated before. These stand in the third quadrant of the permittivity and permeability 

(ε – µ) diagram which is shown in Figure 2.2. As it is seen from the figure, there are 

four possibilities for sign of the pair (ε, µ) which are (+, +), (–, +), (–,–), and (+,–). 

Basically, the first combination is well known in conventional or right-handed 

materials and the third one corresponds to the new class of DNG metamaterials. For 

the other two combinations, there are only evanescent waves since one of the 

permittivity or permeability values is negative and the other is positive. 
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Figure 2.2: Permittivity and permeability (ε – µ) diagram. 

 

The refraction index is very significant parameter which is mentioned in Figure 

2.2. The refraction index of a medium is defined as the ratio of the phase velocity of 

a wave in a reference medium to the velocity of the medium itself. In general, it can 

be written as  

 

)()()( ωµωεω rrn =         (2.11) 

where εr(ω) and µr(ω) are the frequency dependent relative permittivity and 

permeability, respectively. For DNG metamaterials, the frequency dependent relative 

permittivity and permeability are negative {εr(ω) < 0 and µr(ω) < 0} in a certain 

frequency band. Thus, we may write 
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µ 
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)exp()()( πωεωε jrr ⋅=        (2.12a) 

 

)exp()()( πωµωµ jrr ⋅= .       (2.12b) 

 

Then Equation (2.11) becomes 

 

)()(        

)exp()()(        

)2exp()()()(

ωµωε

πωµωε

πωµωεω

rr

rr

rr

j

jn

−=

⋅=

⋅=

      (2.13) 

 

The refraction index n and its sign are important in the wave propagation. The sign 

of refraction index is positive in the conventional materials in which the relative 

permittivity and permeability are simultaneously positive. Eventually, we deal with 

the forward-wave propagation. But, in DNG metamaterials in which the relative 

permittivity and permeability are simultaneously negative, the sign of n is negative 

and thus there is backward-wave propagation. In the cases when one of the relative 

permittivity or the relative permeability is negative and the other is positive, the 

value of n is imaginary, so there is no wave propagation. The general sign rules are 

given in Table 2.1. The sign of the refraction index also plays an important role in 

the ray diagram. The ray diagram between two different media is given in Figure 2.3. 

Negative refraction can easily be observed from this figure. In addition, as it is 

mentioned before, the reversed Snell’s law is possible in DNG metamaterials and it 

can be determined using Figure 2.3. 
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Table 2.1: The sign rules for the refraction index. 

 εr > 0 εr < 0 

µr > 0 + j 

µr < 0 j – 

 

 

Figure 2.3: Passage of a ray through the boundary between two media, 1 – incident 

ray, 2 – reflected ray, 3 – refracted ray if the second medium is DNG metamaterial 

(n2 < 0), 4 – refracted ray if the second medium is conventional medium (n2 > 0). 

 

The usual Snell’s law can be written using Figure 2.3 
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where ε1 and µ1 are the permittivity and permeability of the first medium and ε2 and 

µ2 are the permittivity and permeability of the second medium, respectively. 

Equation (2.14) has to be given a more precise form if the rightnesses of both media 

are different. Thus, it can rewritten as follows 

 

11

22

1

2
2 ,1sin

sin

µε
µε

β
θ

p

p
n ==        (2.15) 

 

where p1 and p2 are the rightnesses of the first and second media. Note that, the 

medium is right-handed or conventional medium if p1 = +1, and left-handed or DNG 

medium if p2 = –1. It is obvious from Equation (2.15) that the refraction index of two 

media can be negative if the rightnesses of the media are different. In particular, the 

refraction index of DNG metamaterial relative to vacuum is negative. Furthermore, 

the negative refraction at the interface between two different media and the reversed 

Snell’s law can be observed, and the comparison of refraction in a DNG 

metamaterial to that in a conventional material can be seen in Figure 2.4. It is clear 

that, Figure 2.4 is the basic verification of the reversed Snell’s law. 

 

 

Figure 2.4: Negative refraction at the interface between two different media. 

n > 0 

θr 

–θr 

n < 0 

θi 

DNG metamaterial 

Conventional material 
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Moreover, it is a well-known and established rendering technique that calculates 

an image of a scene by simulating the way rays of light travel. It is called the ray 

tracing technique. An example, regarding reflection, is shown in Figure 2.5 [75]. The 

rod appears broken towards the left-hand side –the “wrong” side – for a negative 

index when looking at the side of the glass. Note that the rod appears broken towards 

the rear if one directly looks at the air-”water” interface in (c) because rays traveling 

from the under-“water” part of the rod towards the rear are negatively refracted at 

this interface towards the observer [76]. 

 

 

Figure 2.5: (a) Calculated ray tracing image of a metal rod in an empty drinking 

glass. (b) Same scenery, but the glass is filled with normal water, leading to leading 

to ordinary refraction. (c) The water is replaced by “water” with a fictitious refractive 

index. 
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2.5 Summary and Discussion 

 

In this chapter, the fundamentals of DNG metamaterials are reviewed and examined. 

The dispersion characteristic of this medium is firstly given and dispersion equation 

is determined. Secondly, plane waves in these media are examined. Left-handed 

system and the relation between the wave numbers and powers in such media are 

illustrated. Then, the unusual and extraordinary features of DNG metamaterials are 

discussed. Reversed Doppler Effect, reversed Vavilov-Cerenkov radiation, Goss-

Hanchen effect, lensing effect, subwavelength focusing, reversed Snell’s law, 

negative refractive index, backward waves, and the situation of the energy in DNG 

metamaterials are mentioned. Then, the phenomenon of negative refraction is studied 

in detail. In this way, the basics of DNG metamaterials are review and the DNG 

phenomenon are described. All of these works will be useful and they can provide to 

easily understand the concept of DNG metamaterials especially in the following 

chapters. 
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CHAPTER 3 

 

CHARACTERIZATION AND REALIZATION OF DOUBLE NEGATIVE  

METAMATERIALS 

 

3.1 Introduction 

 

The characterization and realization of DNG metamaterials are very important 

because the physical models of DNG metamaterials are designed and created in the 

base of these descriptions. For this reason, it will be tried to investigate how the 

DNG metamaterials are formed. In this research, DNG metamaterials are described 

using analytical/theoretical and physical/practical models. Hypothetical, Lorentz, 

Drude, and cold plasma medium models are explained to produce DNG 

metamaterials in the analytical models. Basic properties of these medium models are 

given in detail and some numerical examples are also provided to illustrate the 

features of them. After that, physical models and their properties are explained. 

Furthermore, the relation between the analytical and physical models is also studied 

throughout this chapter. 

 

3.2 Analytical Models 

 

From the past to the present, DNG metamaterials were characterized by many 

models consisting of non-dispersive and dispersive media. Here, some DNG 

metamaterial models and their basic properties will be discussed. 
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3.2.1 Hypothetical DNG Medium Model 

 

Hypothetical DNG medium is the theoretical medium with both negative isotropic 

dielectric permittivity and permeability, firstly suggested and investigated by 

Veselago in 1967. Basically, this medium is a non-dispersive medium and the 

material parameters (permittivity and permeability) can be selected directly from 

negative values such as ε = −4εo and µ = −2µo. For this selection, the refraction index 

n can be calculated from Equation (2.13) as n = −2.8284. In addition, the wave 

number k becomes k = kon = −2.8284ko where ko is the free space wave number. 

 

3.2.2 Lorentz Medium Model 

 

Lorentz medium is a frequency dispersive medium in which the permittivity and 

permeability of the material are the function of the frequency. These materials have 

resonance phenomena caused by the oscillation of the electron and nuclei subject to 

an applied field. Lorentz was the first to study such phenomena when developing the 

theory of the electron. The model conceptually replaces the atoms and molecules of a 

real material by a set of harmonically bound electron oscillators, resonant at some 

frequency ωo. At frequencies far below ωo, an applied electric field displaces the 

electrons from the positive core, inducing a polarization in the same direction as the 

applied electric field. At frequencies near the resonance, the induced polarization 

becomes very large, as is typically the case in resonance phenomena; the large 

response represents accumulation of energy over many cycles, such that a 

considerable amount of energy is stored in the medium relative to the driving field. 

So large is this stored energy that even changing the sign of the applied electric field 

has little effect on the polarization near resonance! That is, as the frequency of the 

driving electric field is swept through the resonance, the polarization flips from in-

phase to out-of-phase with the driving field and the material exhibits a negative 

response. If instead of electrons the material response were due to harmonically 

bound magnetic moments, then a negative magnetic response would exist. Though 
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somewhat less common than positive materials, negative materials are nevertheless 

easy to find. Materials with ε negative include metals (e.g., silver, gold, aluminum) at 

optical frequencies, while materials with µ negative include resonant ferromagnetic 

or antiferromagnetic systems [77, 78]. As a result, the shape of the dispersive 

components of the material parameters for DNG metamaterial can be described by 

using Lorentz medium model. 

 

The generalized permittivity and permeability of this medium can be expressed 

as [77] (see also [2, 36–38, 78–82]) 
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where fep, fmp are the electric and magnetic plasma frequencies, feo, fmo are the electric 

and magnetic resonance frequencies, and δe, δm are the electric and magnetic 

damping frequencies, respectively. As it can be predicted from Equation (3.1) and 

Equation (3.2), the permittivity and permeability of Lorentz medium can be 

simultaneously negative over a certain frequency band. In light of Equation (3.1) and 

Equation (3.2), some numerical examples are prepared to see and understand how the 

material parameters (ε and µ) of Lorentz medium work. For simplicity, fep = fmp = fp,  

feo = fmo = fo, and δe = δm = δ are selected to obtain the same response for the 

permittivity and permeability. The following values are considered: fp = 20 GHz, fo = 

5 GHz, and δ = 0, 0.1, 1, 10, 100 GHz. Figure 3.1 shows the relative permittivity and 

permeability of Lorentz medium when the damping frequencies change. According 

to the theory of electrodynamics, the real parts of the permittivity and permeability 
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are negative while the imaginary parts of them are positive for DNG medium. This 

condition is satisfied for all numerical results obtained here. There is no imaginary 

part for the permittivity and permeability when the damping frequency is zero. This 

means that the medium is the lossless Lorentz medium. Also, the negative band for 

the permittivity and permeability is narrow in Lorentz medium model. In addition, 

from the results obtained, the width of negative band is directly proportional with 

increasing the damping frequency. In addition, we also see that if damping frequency 

δ is very large, the plasma effect will completely disappear. Furthermore, the 

negative region occurs between the plasma and resonance frequencies. 
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Figure 3.1: Relative permittivity and permeability of Lorentz medium for different 

damping frequencies. 
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Figure 3.1: (continue) Relative permittivity and permeability of Lorentz medium for 

different damping frequencies. 
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Figure 3.1: (continue) Relative permittivity and permeability of Lorentz medium 

versus frequency for different damping frequencies. 

 

3.2.3 Drude Medium Model 

 

Drude medium model is simply a special case of the Lorentz medium model in 

which the electric and magnetic resonance frequencies are zero, feo = fmo = 0. This 

model is used in many studies such as those reported in [35], [41], [78], [80], [83], 

and [84]. Generally, this model can be used to describe the collective oscillation of 

free electrons in metallic materials. The frequency dependent permittivity and 

permeability of the medium can be easily determined from Equation (3.1) and 

Equation (3.2) as 
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Note that, the simultaneously negative frequency band for the permittivity and 

permeability is not narrow as in the previous model. Here, this band is wider than the 

band of the Lorentz medium model as it can be observed from the material 

parameters ε and µ. Some examples are presented numerically to observe this band. 

Plasma and damping frequencies are selected to be equal each other for simplicity 

(fep = fmp = fp, and δe = δm = δ). The frequencies are selected as: fp = 20 GHz and δ = 

0, 1, 100 GHz. Figure 3.2 presents the relative permittivity and permeability of 

Drude medium against the frequency when the damping frequencies change. The 

requirements of DNG medium, Re(ε) < 0, Re(µ) < 0, Im(ε) > 0, and Im(µ) > 0, are 

again fulfilled in all numerical results. Lossless Drude medium, Im(ε)= 0, and Im(µ) 

= 0, is obtained when δ = 0. Negative band for the permittivity and permeability is 

wide in Drude medium model. The width of negative band is not more affected from 

the damping frequency except its high values such as 100 GHz. In addition, the 

imaginary parts of the permittivity and permeability can be negligible at high 

frequencies. Comparing Lorentz and Drude models it can be seen that Drude model 

has wider negative band than Lorentz model. This negative band is more easily 

arranged in Drude model. Also, the damping frequency in Lorentz model has a 

significant effect while managing the negative permittivity and permeability. In turn, 

it has not such a significant effect in Drude model. 
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Figure 3.2: Relative permittivity and permeability of Drude medium against the 

frequency for different damping frequencies. 
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Figure 3.2: (continue) Relative permittivity and permeability of Drude medium 

against the frequency for different damping frequencies. 

 

3.2.4 Cold Plasma Medium Model 

 

Another frequency dispersive medium is the cold plasma medium which has Lorentz 

type dispersion (k-ω relation) relation. This model has also frequency dependent 

material properties ε( f ) and µ( f ). The cold plasma medium model can be obtained 

from the Drude medium model when the electric and magnetic damping frequencies 

are set to be zero, δe = δm = 0. Thus, the Drude medium will reduce to cold plasma 

medium as [45, 80, 85–87]: 
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Note that, the cold plasma medium model parameters have pure lossless material 

parameters ε and µ which means the frequency dispersive and lossless DNG 

metamaterials can be characterized using these parameters. This is the main 

difference among the other models. Numerical examples for cold plasma model are 

provided when fep = fmp = fp. The following values are considered: fp = 1, 10, 30, and 

50 GHz. Figure 3.3 displays the relative permittivity and permeability of the cold 

plasma medium for various fp. The negative band for the permittivity and 

permeability in the cold plasma model is widest among the other models. Also, this 

band is more easily managed in this model than the others. 
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Figure 3.3: Relative permittivity and permeability of the cold plasma medium as a 

function of the frequency for various plasma frequencies. 
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Figure 3.3: (continue) Relative permittivity and permeability of the cold plasma 

medium as a function of the frequency for various plasma frequencies. 

 

3.3 Physical Models 

 

Nowadays, the realization of DNG metamaterial in the macroscopic view is 

achievable and feasible by replacing the succession of metallic rings and rods (wire 

strips) in a homogeneous host medium. This approach is possible since the rings and 

the separations between the rods are very small compared to the operation 

wavelength. In this approach, metallic rods are used to provide negative permittivity 

and metallic rings for negative permeability. The studies of the negative permittivity 

due to the metallic rods and the negative permeability due to the metallic split rings 

respectively can be found in Pendry’s works [35, 36]. Then, the combination of rods 

and rings was firstly presented by Smith et al. [37]. The first metamaterial realized 

by Smith and his group is shown in Figure 3.4. The first metamaterial consist of 

periodic metallic rods and circular split rings in a host medium. 
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Figure 3.4: First metamaterial comprised of metallic rods and circular split rings. 

 

After the first metamaterial, several methods and very advanced technological 

facilities to generate new types of metamaterials have been developed by many 

research groups. Especially, design of split rings based on the shape and geometry 

has been gained importance day by day in recent years. Numerous types of different 

ring and ring-like structures such as circular, square, Ω-shaped, U-shaped, S-shaped 

and etc. are used to produce new metamaterials. In the light of the known structures, 

triangular split rings are proposed in this thesis which is not studied yet. These will 

be discussed in the subsequent chapters. Note that, from the simulations and 

measurements, the permittivity and permeability of the physical metamaterials were 

shown to obey a Drude model and a Lorentz model, respectively. As in explained in 

the previous sections, the permittivity of Drude medium has wide negative band and 

its imaginary part can be negligible at high frequencies. But, the negative region 

occurs between the plasma and resonance frequencies for the permeability of Lorentz 

medium. This region is not wide as in Drude medium. In practice, the mentioned 

frequencies and the negative band are depend on the shape, geometry, size, class of 

the metallization and host medium, and many other factors. Detail explanation for 

the behavior of the permittivity of Drude medium and the permeability Lorentz 

medium can be found in Sections 3.2.2 and 3.2.3. Now, it will be better to give some 

examples numerically for the refractive index of physical metamaterials. These 

examples are not exact response for the refractive index of physical metamaterials. 

These are approximate examples to understand the estimated behavior of the 
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refractive index of them. Note that, the refractive index is calculated from the 

equation of rrn µε=  using the theory explained in Chapter 2. 

 

In the first example, the effect of the damping frequency on the refractive index 

is investigated. It provides to conclude the loss effect of metamaterial structure due 

to the metallization and host medium. The theoretical curves for the refractive index 

are calculated using the following parameters: fep = 18 GHz, fmp = 15 GHz, fmo = 12 

GHz [88], and δe = δm = δ = 0.5, 5, and 10 GHz. Figure 3.5 shows the refractive 

index, n, as a function of the frequency when the damping frequency changes. As it 

is seen from the figure, negative band occurs between the magnetic resonance 

frequency and magnetic plasma frequency (12 GHz and 15 GHz). This means that 

the permeability is more effective than the permittivity in the computation of 

negative region. In practice, the metallic split rings play the main roles when the 

negative frequency band formed. In addition, the real part of the refractive index, 

Re(n), is zero before 12 GHz (f < fmo) and between 15 GHz and 18 GHz (fmp < f < 

fep). Also, it is positive after 18 GHz (fep < f ). The imaginary part of the refractive 

index, Im(n), is positive before 18 GHz (f < fep) and it is zero after 18 GHz (fep < f ). 

Furthermore, from Figure 3.5(a), Im(n) is zero in the negative band when the 

damping frequency is small enough. In practice, the refractive index of the feasible 

metamaterials generally has the following form: 
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Moreover, when the damping frequency is high, the negative band deforms and 

metamaterial structure does not work well in the negative region. Thus, the damping 

frequency must be chosen carefully in the numerical calculations. Physically, the 

damping frequency represents the electric and magnetic losses which are included in 

the metallization and host medium. So, the metallization and host medium must be 

selected carefully to make the metamaterials. This is very important in the design, 

realization, and fabrication of them. Thus, it can be said that the results obtained here 

is very useful in the manufacturing process when choosing the metallization and host 

medium. 

 

In the second example, the refractive index is computed for the various plasma, 

resonant, and damping frequencies different than the previous example. The 

computed results are presented in Figure 3.6. The following parameters are used: 

fep = 12.8 GHz, fmp = 10.95 GHz, fmo = 10.05 GHz, and δe = δm = δ = 10 MHz [38] for 

Figure 3.6(a); 

fep = 12 GHz, fmp = 12 GHz, fmo = 10 GHz, and δe = δm = δ = 100 MHz [80] for 

Figure 3.6(b); and 

fep = 20 GHz, fmp = 7 GHz, fmo = 25 GHz, and δe = δm = δ = 1 GHz for Figure 3.6(c). 

As it seen from Figure 3.6(a) and Figure 3.6(c), frequency response of the refractive 

index satisfies the conditions given in the equations (3.7) and (3.8). In Figure 3.6(b), 

the imaginary part of refractive index is zero after fmo (10 GHz) and it is greater than 

zero before this frequency. The real part of it is zero before fmo (10 GHz), it is 

negative between fmo (10 GHz) and fmp (12 GHz), and it is positive after fmp since the 

electric and magnetic plasma frequencies are equal each other. The bandwidth of the 

negative region in Figure 3.6(c) is wider than the others. The results show that for 

well designed metamaterials, it is necessary to know the effect of the shape, 

geometry, size, class of the metallization and host medium of the structure. 
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Figure 3.5: Real and imaginary parts of the refractive index, n, as a function of the 

frequency for different damping frequencies. fep = 18 GHz, fmp = 15 GHz, fmo = 12 

GHz, and δe = δm = δ. 
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Figure 3.6: Real and imaginary parts of the refractive index, n, against the frequency. 

(a) fep = 12.8 GHz, fmp = 10.95 GHz, fmo = 10.05 GHz, and δe = δm = δ = 10 MHz; (b) 

fep = 12 GHz, fmp = 12 GHz, fmo = 10 GHz, and δe = δm = δ = 100 MHz; (c) fep = 20 

GHz, fmp = 7 GHz, fmo = 25 GHz, and δe = δm = δ = 1 GHz. 
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3.4 Summary and Discussion 

 

The work in this chapter involved the modeling DNG metamaterials associated with 

the analytical and physical models. First of all, DNG metamaterials are defined using 

the theoretical formulations given in the analytical models. In these models, 

hypothetical, Lorentz, Drude, and cold plasma media are used to define DNG 

metamaterials. Basic properties of the mentioned medium models are given and then 

DNG metamaterials are constructed using them. The permittivity and permeability of 

each medium model and their characteristics are explained. Then, physical models of 

DNG metamaterials are clarified and the main features of them are presented. The 

behavior of the permittivity and permeability of the physical DNG metamaterials are 

illustrated. The relationship between the analytical and physical models is also 

mentioned. In addition, numerical results are provided to show the characteristics of 

the models. After detail investigation, the characterization and realization of the 

analytical and physical DNG metamaterials are deduced. This is very important 

because the design and manufacturing processes are based on these aspects. So that, 

these work will provide some views to understand how DNG metamaterials can be 

created analytically and physically. Consequently, all results obtained here can be 

used in the design and fabrication processes to create new DNG metamaterials. 
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CHAPTER 4 

 

WAVE PROPAGATION IN DOUBLE NEGATIVE METAMATERIALS 

 

4.1 Introduction 

 

In this chapter, electromagnetic wave propagation through the DNG metamaterial 

will be discussed. Reflection and transmission coefficients will be derived to account 

for the reflected and transmitted fields by the boundary. Normal and oblique 

incidence cases will be considered and detail investigation for the monochromatic 

incident plane wave will be given. The effect of the structure parameters on the 

reflection and transmission will be pointed out. Then, the slab of DNG metamaterial 

embedded between two different semi infinite dielectric media will be constructed 

and examined. The reflection and transmission coefficients; and the reflected, 

transmitted, and loss powers will be derived for the DNG metamaterial slab. After 

that, DNG slab will be characterized by the four medium models explained in the 

previous chapter to find the scattering characteristics of it. Some numerical examples 

will also be provided to show these characteristics. All numerical examples are 

verified and validated using transmission line modeling method (TLM) which will be 

explained in Appendix. In addition, some simulation will also be given to show the 

application of the DNG metamaterial. Especially, the applications of flat lens and 

parabolic wave refractor will be presented in these simulations. 
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4.2 The Case of Normal Incidence 

 

In this section, the reflection and transmission for the monochromatic plane wave 

with normal incidence on a semi infinite DNG metamaterial will be discussed. In the 

analysis, the standard procedure will be followed to obtain the reflection and 

transmission coefficients. First of all, two planar boundaries of double positive (DPS) 

and DNG media are considered by assuming the incident wave is traveling from the 

DPS medium to the DNG metamaterial. Here, DPS medium represents the 

conventional dielectric material. The incident wave is assumed to be perpendicular 

(normal incidence) to the planar interface formed by two semi infinite media. The 

geometry of the problem is illustrated in Figure 4.1. In the figure, E, H, and k stand 

for the electric field, the magnetic field, and the wave number of the related media. 

Also, εi and µi (εt and µt) represent the permittivity and permeability of DPS medium 

(DNG metamaterial). 

 

 

Figure 4.1: Reflection and transmission at normal incidence by two planar semi 

infinite DPS and DNG media. 
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Therefore, the incident electric and magnetic fields with the wave number ki 

(= iiεµω ) can be written as follows: 

 

)exp(   zjkE iix −⋅= aEi        (4.1a) 

 

)exp(   zjkE
k

ii
i

i
y −⋅=

ωµ
aH i        (4.1b) 

 

where Ei is the amplitude of the incident electric field. Note that, exp(jωt) is assumed 

time dependence and it is suppressed throughout this work. The reflected electric and 

magnetic fields can be expressed as: 
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where Er is the amplitude of the reflected electric field. In the transmitted medium 

(DNG metamaterial), the transmitted electric and magnetic fields are: 
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where Et is the amplitude of the transmitted electric field and kt is the wave number 

of DNG metamaterial. 

 

The reflection and transmission coefficients will now be determined by enforcing 

continuity of the tangential components of the electric and magnetic fields across the 

interface. This continuity at the interface of z = 0 leads to 

 

tri EEE =+          (4.4a) 
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In electromagnetics, the reflection (transmission) coefficient is defined as the ratio of 

the amplitude of the reflected (transmitted) field to the amplitude of the incident 

field. Solving Equation (4.4a) and Equation (4.4b) together using the definition of the 

reflection and transmission coefficients, we can write that 
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Therefore, the plane wave reflection (R ) and transmission (T ) coefficients are 

functions of the constitutive properties, and they are given by Equation (4.5a) and 

Equation (4.5b). 

 

Plots of the magnitude of reflection and transmission coefficients versus relative 

permittivity of hypothetical DNG medium are presented in Figure 4.2. Here, DPS 

and DNG media shown in Figure 4.1 are assumed to be free space and hypothetical 

DNG metamaterial, respectively. Note that, the hypothetical DNG medium model is 

explained in the previous chapter. The following values are used in the computations: 

εi = εo and µi = µo for free space, µt = −µo for the hypothetical DNG metamaterial for 

Figure 4.2(a), and µt = −5µo for the hypothetical DNG metamaterial for Figure 4.2(b). 

It is observed in Figure 4.2 that there is a relative permittivity where the reflection 

coefficient vanishes and the transmission coefficient reduces to unity. The magnitude 

of reflection coefficient decreases whereas that of the magnitude of transmission 

coefficient increases up to this relative permittivity of the hypothetical DNG 

metamaterial. After this value, the magnitude of reflection coefficient increases while 

the magnitude of transmission coefficient decreases. As it is well known that 

reflection coefficient becomes zero and transmission coefficient becomes one when 

the matching condition of εi = −εt = εo and µi = −µt = µo is satisfied. This can be seen 

in Figure 4.2(a). The same situation occurs when the relative permittivity and the 

relative permeability become equal to each other as it can be seen from Figure 4.2(b). 

Mathematically, this is obvious from Equation (4.5a) and Equation (4.5b). Note that, 

the magnitude of reflection and transmission coefficients versus relative permeability 

of hypothetical DNG medium shows the same behavior as in Figure 4.2(a) when εtr = 

−1 and as in Figure 4.2(b) when εtr = −5. It means that the reflection coefficient 

vanishes and the transmission coefficient becomes unity when the relative 

permittivity and permeability are equal to each other. 
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Figure 4.2: Magnitude of reflection and transmission coefficients versus relative 

permittivity of hypothetical DNG medium. 

 

4.3 The Case of TE Wave Incidence 

 

In this part, the case of TE wave incidence from free space upon a DNG 

metamaterial is studied. The incident electric field is assumed to have amplitude of Ei 

and points in the y-direction as shown in Figure 4.3. In this figure, εi and µi (εt and µt) 

stand for the permittivity and permeability of DPS medium (DNG metamaterial). So 

that, the incident electric and magnetic fields with the incident angle of θi and the 

wave number ki (= iiεµω ) can be expressed as: 
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Figure 4.3: Reflection and transmission of TE waves by two planar semi infinite DPS 

and DNG media. 

 

Similarly the reflected electric and magnetic fields can be written as follows: 
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where Er is the amplitude of the reflected electric field. Also, the transmitted electric 

and magnetic fields can be written as: 
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)]cossin(exp[   tttty zxjkE θθ −−⋅= aEt      (4.8a) 
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where Et and kt are the amplitude and wave number of the transmitted electric field, 

and θt is the transmission (refracted) angle. 

 

The reflection and transmission coefficients, and the relation between the 

incident, reflected, and transmission angles can be obtained by applying the 

boundary conditions on the continuity of the tangential components of the electric 

and magnetic fields. That gives the following relation known as Snell’s law. 

 

|sin| sin   ttii kk θθ =         (4.9) 

 

Using Equation (4.9), the continuity of the tangential components of the electric and 

magnetic fields yields: 

 

tri EEE =+          (4.10a) 

 

tt
t

t
rii

i

i E
k

EE
k θ

ωµ
θ

ωµ
cos)(cos −=+− .     (4.10b) 

 



 47 

Solving the above two equations simultaneously for the reflection and transmission 

coefficients by means of their definitions given in the previous section leads to: 

 

tititi

tititi

kk

kk
R

θµθµ
θµθµ

coscos

coscos

+
−=        (4.11a) 

 

tititi

iti

kk

k
T

θµθµ
θµ

coscos

cos2

+
= .       (4.11b) 

 

R and T of Equation (4.11a) and Equation (4.11b) are usually referred to as the plane 

wave Fresnel reflection and coefficients for the case of TE wave incidence 

(perpendicular polarization). 

 

Now, same numerical example is provided to show the effect of the incident 

angle on the reflection and transmission coefficients. The classifications of DPS and 

DNG media shown in Figure 4.3 are assumed free space and hypothetical DNG 

metamaterial, respectively. The permittivities and permeabilities are: εi = εo and µi = 

µo for free space, εt = −5εo and µt = −µo for the hypothetical DNG metamaterial for 

Figure 4.4(a), and εt = −5εo and µt = −5µo for the hypothetical DNG metamaterial for 

Figure 4.4(b). From Figure 4.4, the reflection and transmission coefficients show 

ordinary increasing and decreasing behaviors, respectively. Note that, |R| becomes 

zero and |T | becomes one when εi = −εo and µt = −µo. 

 



 48 

0 30 60 90
0

0.2

0.4

0.6

0.8

1

incident angle θi (degrees)

|R
|  

 a
nd

  
|T

|

0 30 60 90
0

0.2

0.4

0.6

0.8

1

incident angle θi (degrees)

|R
|  

 a
nd

  
|T

|

TE wave

|R|
|T|

(a) (b)  

Figure 4.4: Magnitude of reflection and transmission coefficients as a function of 

incident angle for hypothetical DNG metamaterial. {εi = εo, µi = µo; (a) εt = −5εo, µt = 

−µo; (b) εt = −5εo, µt = −5µo}. 

 

4.4 The Case of TM Wave Incidence 

 

 

Figure 4.5: Reflection and transmission of TM waves by two planar semi infinite 

DPS and DNG media. 
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In the previous two sections, we examined wave reflection and transmission under 

normal and TE wave incidence. Let us now examine the reflection and transmission 

of waves under TM incidence. The geometry of the problem is shown in Figure 4.5. 

Using the same method outlined in the previous two sections, we can write the 

incident, reflected, and transmitted electric and magnetic fields as: 
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)]cossin(exp[)sincos(    iiii
i

i
izix zxjkH

k θθ
ωε

θθ +−⋅−= aaEi   (4.12b) 

 

)]cossin(exp[   iiiry zxjkH θθ −−⋅−= aH r      (4.12c) 

 

)]cossin(exp[)sincos(    iiir
i

i
izix zxjkH

k θθ
ωε

θθ −−⋅+= aaEr   (4.12d) 

 

)]cossin(exp[   tttty zxjkH θθ −−⋅= aH t      (4.12e) 

 

)]cossin(exp[)sincos(    tttt
t

t
tztx zxjkH

k θθ
ωε

θθ −−⋅+= aaEt   (4.12f) 

 

where Hi, Hr, and Ht are the amplitudes of the incident, reflected, and transmitted 

magnetic fields, ki, and kt are the wave numbers of the incident and transmitted 

fields, θi and θt are the incident and transmission angles. Then, the plane wave 

reflection and transmission coefficients of a planar interface for TM wave incidence 
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can be formulated by imposing boundary conditions at the interface. Thus, at z = 0, 

we have 

 

|sin| sin   ttii kk θθ =         (4.13a) 
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At last, solving Equation (4.13b) and Equation (4.13c) together, the plane wave 

Fresnel reflection and coefficients for the case of TM wave incidence (parallel 

polarization) can be found as: 
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The effect of the incident angle on the reflection and transmission coefficients is 

presented numerically in Figure 4.6. DPS and DNG media shown in Figure 4.5 are 

assumed free space and hypothetical DNG metamaterial with εi = εo, µi = µo for free 

space, εt = −5εo, µt = −µo for the hypothetical DNG metamaterial for Figure 4.6(a), 

and εt = −5εo, µt = −5µo for the hypothetical DNG metamaterial for Figure 4.6(b). It is 
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apparent that there is a Brewster angle where the reflection coefficient vanishes at 

66°. After the Brewster angle, |R| increases. The transmission coefficient shows 

decreasing response for both selections. From Figure 4.6(b), the same response 

occurs as in Figure 4.4(b) when εt = −5εo, µt = −5µo. Note that, |R| = 0 and |T | = 1 

when εt = −εo and µt = −µo. 
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Figure 4.6: Magnitude of reflection and transmission coefficients versus incident 

angle for hypothetical DNG metamaterial. {εi = εo, µi = µo; (a) εt = −5εo, µt = −µo; (b) 

εt = −5εo, µt = −5µo}. 

 

4.5 Reflection and Transmission by Double Negative Slab 

 

A DNG metamaterial has interesting properties when it is placed as a slab between 

two dielectric media. In the light of previous three sections, it will be demonstrated 

that the theoretical and analytical investigations of electromagnetic wave propagation 

through double negative slab (DNS) embedded between two semi infinite media. It is 

constructed that a DNS between two different dielectric media with an incident 

electric field of the perpendicular polarization which reflects, propagates within the 

structure and transmits from the boundary. After examining the electric and magnetic 

fields using Maxwell’s equations both inside and outside the DNS, the reflection and 
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transmission characteristics can be determined. The configuration of the problem for 

DNS comprised of two dielectric media is illustrated in Figure 4.7. 
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Figure 4.7: Geometry of DNS between two dielectric media for perpendicular (TE) 

polarized wave incident with an oblique angle. 

 

Region I (z ≤ 0) and Region III (z ≥ d) are filled with two different dielectric 

media which have simultaneously positive permittivity and permeability. In turn, 

Region II (0 ≤ z ≤ d) is filled with DNG metamaterial which has simultaneously 

negative permittivity and permeability. A perpendicularly polarized electric field 

with the wave number ki is incident on a DNS of the thickness d at the incident angle 

θi. Note again,   exp( )j tω  time dependence is assumed and suppressed throughout 

this work. Referring to Figure 4.7, the incident electric field with perpendicular (TE) 

polarization can be written as follows: 

 

)](exp[      zkxkjE zixiiy +−⋅= aE       (4.15) 
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where Ei is the amplitude of the incident electric field, kix (kix = kisinθi) and kiz (kiz = 

kicosθi) are the x- and z-components of the wave number ki ( iiik εµω= ), and ay is 

the unit Cartesian vector. According to the incident electric field given in Equation 

4.15, the total electric fields in all regions can be expressed as: 

 

0   , )]exp()[exp()](exp[     I    ≤+−⋅−⋅= zzjkRzjkxkjE zizixiiyaE   (4.16a) 

 

dzzjkBzjkAxkj zszsxsy ≤≤+−⋅−= 0   , )]exp()exp([)](exp[     II    aE  (4.16b) 

 

dzdzkxkjET ztxtiy ≥−+−⋅=    , ))]((exp[      III  aE     (4.16c) 

 

where ks and kt are the wave numbers, R is the reflection coefficient, A and B are the 

amplitudes of the electric fields in the DNS, and T is the transmission coefficient. 

Note that, the subscripts i, s, and t refer to the incident, slab and transmitted medium, 

respectively. Also, the subscripts x and z represent the x- and z-components of the 

related wave numbers, respectively. These components for Region II (DNS) and 

Region III (transmitted region) are given by 

 

)sin( iiixtxsx kkkk θ===        (4.17a) 

 

22
ixsssz kk −−= εµω         (4.17b) 

 

22
ixtttz kk −= εµω         (4.17c) 
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where µs(µt) and εs(εt) are the permeability and permittivity of the DNS (transmitted 

medium). Note that, Equation (4.17a) is known as Snell’s law which gives the 

relation among the x-components of the wave numbers. Using the right- and left-

hand procedure with Maxwell’s equations, the magnetic fields for each region can be 

written as: 

 

{
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))]((exp[)(         III   dzkxkjkk
TE

ztxtxtzztx
t

i −+−⋅+−= aaH
ωµ

.   (4.18c) 

 

Note that, the wave number |||| −== +
ss kksk , +

sk  being the propagation vector of 

forward wave and −
sk  the propagation vector of the backward wave as shown in 

Figure 4.7. In addition, the wave number of the DNS is defined as 

 

kjkjjk sssssss ′′+′−=′′+′−′′+′−−=−= ))(( εεµµωεµω    (4.19) 

 

where sµ′ , sµ ′′ , sε ′ , sε ′′ , k′  and k ′′ are all positive real numbers. In Equation (4.19), 

the real part of the complex wave number has to be negative. Because, for the 

lossless DNS where 0=′′=′′ ss εµ , the complex wave number must turn to 
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kk sss ′−=′′−= εµω  which is the common knowledge assumed in many studies [35–

66]. 

 

To find the reflection and transmission coefficients, the continuity of tangential 

components of the electric and magnetic fields, both in phase and magnitude, is used. 

The continuity of these fields in phase requires 

 

ttssssrrii kkkkk θθθθθ sin|sin||sin|sinsin ==== −+     (4.20) 

 

where +
sθ  and −

sθ  are the reflection angle at z = 0 and the transmission angle at z = d, 

respectively. Equation (4.20) gives the relation between the incidence, reflection and 

transmission angles. From this equation, we obtain ri kk = , ri θθ = , and 

−== +
sss θθθ . Now, imposing boundary conditions at the interfaces of z = 0 and z = 

d, the reflection and transmission coefficients can be found as: 
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where cos( ),  ( ,  ,  )pz p pk k p i s tθ= ⋅ = , and dksz 

=ϕ . Note that, iµ , sµ , and tµ  are 

the permeabilities of the incident, DNS, and transmitted media. By using the same 

procedure, the reflection and transmission coefficients for parallel (TM) polarized 

wave can be formulated as follows: 
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where iε , sε , and tε  are the permittivities of the incident, DNS, and transmitted 

media. Implicit form of these coefficients for both polarizations can be written as: 
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in which R01 and R12 are the Fresnel’s reflection coefficients 
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where for perpendicular polarizations (TE waves) 
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and for parallel polarizations (TM waves) 
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Then, the z-component of the incident, reflected, and transmitted powers can be 

represented as follows: 
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If the incident electric field is normalized to unity and DNS is the lossy medium, the 

conservation of the power yields 

 

loss
TMTE

tiz

itzTMTE PT
k

k
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2 ,2 ,

µ
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.     (4.31) 

 

Note that, the power vector is in the opposite direction to the wave vector k and the 

phase velocity. The vectors E, H, and k form a left-handed system. In this system, 

the power propagates in the opposite direction of k. Thus, the plane wave with the 

wave vector k in the DNG medium is a backward wave. 
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4.5.1 Numerical Results for Hypothetical DNG medium as a DNS 

 

Since the reflected and the transmitted powers are functions of the structure 

parameters (the permittivities and the permeabilities of the media), the incidence 

angle, the slab thickness and the frequency, the reflected and transmitted powers 

have been calculated as functions of the frequency and the incident angle for 

different structure parameters. Operation frequency is assumed to be 10 GHzof =  

and the slab thickness is / 2od λ=  where oλ  is the wavelength in free space at the 

operation frequency of . The thickness of the slab is assumed to be constant in all 

calculations. Magnitudes of the permeabilities of three media are select to be equal 

( i s t oµ µ µ µ= − = = ), and six different cases are considered by changing the 

permittivities of the media. Note that, some parts of this study is presented in [62]. 

 

Case (a): t s iε ε ε< <  ( 9 ,  4 ,  i o s o t oε ε ε ε ε ε= = − = ); the first dielectric medium 

is denser than the other media and the last dielectric medium is less dense than the 

DNS. The critical angle at interface I is 1 41.8o
cθ = and at interface II it is 2 30o

cθ = . 

Figure 4.8(a) shows the reflected and transmitted powers, rP  and tP , versus 

incidence angle. It is seen that total internal reflection occurs for TE and TM waves 

at the incidence angle greater than or equal to o19.5 , because sθ  becomes greater 

than 2cθ  for 19.5o
iθ ≥ . 

 

Case (b): s t iε ε ε< <  ( 9 ,  ,  4i o s o t oε ε ε ε ε ε= = − = ); the double-negative 

medium is less dense than the other media. The reflected and transmitted powers 

versus incidence angle are presented in Figure 4.8(b) for this case. Here total internal 

reflection occurs at the critical angle of o19.5 . But in this case, rP  ( tP ) for the TE 

wave does not go sharply to the value of one (zero) after the critical angle. 
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Case (c): t i sε ε ε< <  ( 4 ,  9 ,  i o s o t oε ε ε ε ε ε= = − = ); The results obtained for 

this case are shown in Figure 4.8(c). The critical angle is o19.5  at interface II and 

there is no critical angle at interface I. However, as it can be observed form Figure 

4.8(c) that the total reflection occurs o30≥iθ  since sθ  becomes greater than o19.5 . 

 

Case (d): i t sε ε ε< <  ( ,  9 ,  4i o s o t oε ε ε ε ε ε= = − = ); Figure 4.8(d) presents rP  

and tP  versus incidence angle for this case. Total reflection occurs at o90  for TE and 

TM waves. tP  becomes nearly unity around o67  for TM wave. It means that Quasi-

Brewster angle occurs at this angle of incidence. 

 

Case (e): s i tε ε ε< <  ( 4 ,  ,  9i o s o t oε ε ε ε ε ε= = − = ); The reflected and 

transmitted powers as a function of incidence angle are shown in Figure 4.8(e) for 

the case where the DNS is less dense than the others. Characteristics of the reflected 

and transmitted powers of TE and TM waves are similar to the case (b) except for the 

total reflection angle. Here the total reflection occurs at incidence angle o30 . 

 

Case (f): i s tε ε ε< <  ( ,  4 ,  9i o s o t oε ε ε ε ε ε= = − = ); Figure 4.8(f) illustrates the 

reflected and transmitted powers versus incidence angle when the first dielectric 

medium is less dense than the other media. At o90 , total reflection occurs for both 

TE and TM waves. Quasi-Brewster angle for TM wave occurs around o65=iθ . 
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Figure 4.8: Reflected and transmitted powers of TE and TM waves versus incidence 

angle. Figures on the left hand side denote the reflected powers and on the right hand 

side denote the transmitted powers. The solid lines correspond to the TE wave and 

the dotted lines correspond to the TM wave. 
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Figure 4.8: (Continue) Reflected and transmitted powers of TE and TM waves versus 

incidence angle. Figures on the left hand side denote the reflected powers and on the 

right hand side denote the transmitted powers. The solid lines correspond to the TE 

wave and the dotted lines correspond to the TM wave. 

 

Another important parameter that influences the reflected and transmitted powers 

is the frequency of operation. In this paper, the reflected and the transmitted powers 

of the TE and the TM waves are calculated at various frequencies for different values 

of tsi εεε  , , . Note that the permeabilities of the media and the thickness of the slab 

are the same as in the previous examples. It is also worth mentioning that although 

the permittivity and the permeability of the DNS are functions of the frequency, it is 

assumed that both parameters are constant over a frequency band in this study. 

However, this approximation also allows commenting on the effect of the frequency. 

rP  and tP  versus frequency are presented in Figure 4.9(a) for the case s t iε ε ε< <  

( 9 ,  ,  4i o s o t oε ε ε ε ε ε= = − = ) at an incidence angle of o19=iθ  that is very close to 

the angle where total reflection occurs. It is seen that, at low frequency values, both 

the TE and the TM waves are totally transmitted. However, as the frequency 
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increases, the incident power is almost totally reflected in the TE polarization case. 

The reflected and the transmitted powers remain almost constant over the frequency 

range studied for the TM polarization case. This result suggests the possibility of 

separating the TE and TM components of a general wave in a frequency band for a 

given incidence angle, at which the transmitted wave is almost the TM polarized 

wave and the reflected wave is almost the TE polarized wave. Figure 4.9(b) shows 

the reflected and transmitted powers as a function of frequency for the case 

i s tε ε ε< <  ( ,  4 ,  9i o s o t oε ε ε ε ε ε= = − = ). For this case, the incident angle is 

chosen to be o80 , and it can be deduced that rP  and tP  make oscillations at all 

frequencies considered. rP  and tP  oscillate as the fraction of the thickness of the 

DNS is varied; this caused by interference. The oscillation has a period and the 

response of rP  and tP  is symmetric with respect to this period. For given structure 

parameters, Figure 4.9 suggests the possibility of constructing the reflection and 

transmission coatings by tuning the fraction of DNS. 

 

Note that, as a first method for the verification, the conservation of the power is 

satisfied for both polarizations. As a second method, a transmission line equivalent 

circuit model is obtained for the structure given in Figure 4.7 [89]. Details of this 

method are given in Appendix. Both methods give the same numerical values for all 

computations. Thus, the results are verified and validated by means of two methods. 

 

As a conclusion, at a specific frequency of operation, it is deduced that there 

occurs total internal reflection or total transmission for a given permittivity and 

permeability set of the structure under investigation. The frequency also changes the 

behavior of the reflected and the transmitted powers. A special case, where the 

incidence angle is close to the total reflection angle, is also studied and it is seen that 

the TE wave is almost totally reflected as the frequency increases as opposed to the 

TM wave which is almost totally transmitted throughout the frequency range studied. 

This observation suggests the possibility of separating the TE and TM components of 

a general wave for a given incidence angle in a frequency band. Furthermore, DNS 
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can be used in layered structures for constructing the reflection and/or transmission 

coatings by tuning the thickness of DNS. 
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Figure 4.9: Reflected and transmitted powers of TE and TM waves as a function of 

frequency. Figures on the left hand side denote the reflected powers and on the right 

hand side denote the transmitted powers. The solid lines correspond to the TE wave 

and the dotted lines correspond to the TM wave. 

 

4.5.2 Numerical Results for Lorentz Medium as a DNS 

 

In the previous section, the loss power is not considered in the computations due to 

the lossless DNS. As it is explained in Chapter 3, Lorentz medium has frequency 

dispersive parameters and it is in the form of lossy medium. The reflected Pr, 

transmitted Pt, and loss Ploss powers for the Lorentz medium model are calculated as 

a function of the incidence angle, the frequency and the slab thickness for changing 

values of the damping frequency. In the calculation, the DNS is described by using 
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the Lorentz medium model in which the permittivity and permeability of the medium 

are given in Equation (3.1) and Equation (3.2). In the calculations, the following 

parameters are used as in References [38] and [80], fmp = 13.0 GHz, fmo = 8.0 GHz, 

fep = 12.80 GHz, and feo = 10.30 GHz. The electronic damping frequency and the 

magnetic damping frequency are selected to be equal each other, δe = δm = Γ. The 

design frequency is assumed to become fo = 11.5 GHz. The design frequency was 

chosen by an arbitrary decision, but it must be in the frequency band where the 

permittivity and the permeability of the DNS are both simultaneously negative. 

Region I and Region III given in Figure 4.7 are assumed to be lossless and the 

permeabilities of them are equal to the permeability of the free space, µi = µt = µo. 

The relative permittivities of them are 1.0 (free-space) and 16.0 (Germanium), 

respectively. The slab thickness is assumed to be one half-wavelength long at the 

design frequency fo when the incidence angle and the frequency changed. Most of the 

work presented here appeared as a journal article in Opto-Electronics Review [63]. 

 

Figure 4.10 shows the reflected Pr, transmitted Pt, and loss Ploss powers for TE 

and TM waves, respectively, as a function of the incidence angle. We can see that the 

reflected power slowly decreases up to 34o for TE wave and up to 39o for TM wave. 

After this angle, it increases consistently with the incidence angle for both waves. 

The transmitted power remains almost constant up to the mentioned angles and after 

that it decreases for both waves. The loss power increases between 0o and 40o, 

reaches its maximum values between 40o and 45o and after that it decreases 

consistently for TE wave. The loss power for TM wave shows similar characteristic 

as in TE wave. Note that, as the damping frequency Γ increases, the initial values of 

the reflected and transmitted powers decrease. But, for the loss power, the initial 

value increases with the increasing values of the damping frequency. In addition, the 

low loss condition is happened when Γ = 100 MHz, due to the loss power has small 

values. This means that the real part of the permittivity and the permeability of the 

DNS are much greater than the imaginary part of them. This implies the real part of 

the complex wave number given in Equation (4.19) is also much greater than the 

imaginary part of it. 
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Figure 4.11 depicts the frequency variation of the reflected, transmitted, and loss 

powers at the incidence angle of 30o when the damping frequency changes. The 

frequency is changed between 10.31 GHz and 12.79 GHz, because the 

simultaneously negative permittivity and permeability can be realized in this range, 

according to Equation (3.1) and Equation (3.2). This range can be expanded and/or 

narrowed by using different resonance, plasma, and damping frequencies that is used 

in this computation. It can be seen that, from Figure 4.11, Pr, Pt, and Ploss for TE and 

TM waves have a nonlinear characteristic and variable properties when the frequency 

changes. They show increasing, decreasing and oscillatory behaviours in different 

frequency ranges. The oscillatory decreasing and increasing features of them can be 

seen easily. One interesting property is that Pr shows the oscillation characteristic 

like one-dimensional Fabry-Perot slab oscillation below ~11.5 GHz and it increases 

rapidly and approaches to unity after ~11.5 GHz when the damping frequency 

decreases. Thus, it is said that the frequency response of the powers has a non-fixed 

characteristic in the Lorentz medium model as a frequency-dispersive and lossy 

DNS. 

 

Figure 4.12 presents the reflected, transmitted, and loss powers for the Lorentz 

medium model versus the slab thickness at the incidence angle of 30o. The slab 

thickness is changed from λ/5 (0.522 cm) to λ (2.609 cm). From Figure 4.12(a), the 

reflected power changes like an oscillation function for all values of the damping 

frequency. From Figure 4.12(b), the characteristic of the transmitted power like an 

oscillatory decreasing function. But this characteristic turns to the ordinary 

decreasing function when the damping frequency increases. From Figure 4.12(c), the 

loss power varies as the increasing function with the increasing damping frequency. 

Also, there is some oscillation in the response of the powers. This allows 

constructing the reflection and transmission coatings by tuning the fraction of the 

thickness of DNS. 
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Figure 4.10: The reflected, transmitted, and loss powers of TE and TM waves for the 

Lorentz medium model as a function of the incidence angle. 
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Figure 4.11: The reflected, transmitted, and loss powers of TE and TM waves for the 

Lorentz medium model against the frequency. 
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Figure 4.12: The reflected, transmitted, and loss powers of TE and TM waves for the 

Lorentz medium model versus the slab thickness. 
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4.5.3 Numerical Results for Drude Medium as a DNS 

 

In this section, the Drude medium model as a DNS is used to compute the reflected 

Pr, transmitted Pt, and loss Ploss powers versus the incidence angle, the frequency and 

the slab thickness when the damping frequency changes. Note that, most of this work 

is presented in the journal of Opto-Electronics Review [63]. The permittivity and 

permeability of the Drude medium model are calculated using Equation (3.3) and 

Equation (3.4). In our calculations, fmp = 10.95 GHz and fep = 14.50 GHz are used as 

in References [36] and [38]. The electronic and magnetic damping frequencies are 

selected to be equal each other. The design frequency is assumed to become fo = 6.0 

GHz. The slab thickness is again assumed to be one half-wavelength long at the 

design frequency fo in which the permittivity and the permeability of the DNS are 

both simultaneously negative when the frequency and the incidence angle changed. 

The permeabilities and the relative permittivities of Region I and Region III are the 

same with the Lorentz medium model. 

 

Figure 4.13 points out the reflected, transmitted, and loss powers versus the 

incidence angle for TE and TM waves, respectively. The reflected power is 

monotonically increasing with the angle of incidence for TE and TM waves. 

However, the transmitted and loss powers for both waves are monotonically 

decreasing with the angle of incidence. The variation in the damping frequency 

affects the initial values of the reflected, transmitted and loss powers. The initial 

value of the loss power increases with the increasing values of the damping 

frequency. For the reflected and transmitted powers, it decreases when the damping 

frequency increases. In addition, the low loss condition is again happened as in the 

Lorentz medium model when Γ = 100 MHz, due to the loss power has small values 

which refers to ss µµ ′′>>′ , ss εε ′′>>′ , and kk ′′>>′ . 

 

Figure 4.14 illustrates the frequency response the reflected, transmitted, and loss 

powers at the incidence angle of 30o for the changing values of the damping 



 70 

frequency. Here, the frequency range is between 2.0 GHz and 10.94 GHz. This range 

is wider than the range of the Lorentz medium model. At this point, we can say that, 

the simultaneously negative permittivity and permeability can be realized in the wide 

frequency band for the Drude medium model more easily than for the Lorentz 

medium model. From Figure 4.14(a), Pr for TE and TM waves displays a slightly 

oscillatory rising property up to ~10 GHz and then it increases. From Figure 4.14(b), 

Pt for both waves behaves as an oscillatory increasing function up to ~10 GHz and 

after that it decreases. From Figure 4.14(c), Ploss for TE and TM waves shows an 

oscillatory decreasing behavior. Thus, it can be said that, the powers generally have 

oscillatory characteristics in the Drude medium model which is used as a frequency-

dispersive and lossy DNS for the given configuration. 

 

Figure 4.15 shows the reflected, transmitted, and loss powers for the Drude 

medium model as a function of the slab thickness at the incidence angle of 30o. The 

slab thickness is changed from λ/5 (1.0 cm) to λ (5.0 cm). It is observed that, the 

characteristic of Pr of TE and TM waves for this arrangement like an oscillatory 

function for all damping frequency values. Pt for both waves has an almost 

periodically decline characteristic when Γ = 100 MHz. It shows an oscillatory 

decreasing behavior when Γ = 500 MHz and Γ = 1 GHz. On the other hand, Ploss for 

both waves shows an oscillatory increasing behavior with the increasing values of 

the damping frequency. Also, the reflection and transmission coatings can be 

constructed by tuning the thickness of DNS. 
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Figure 4.13: The reflected, transmitted, and loss powers of TE and TM waves for the 

Drude medium model versus the incidence angle. 
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Figure 4.14: The reflected, transmitted, and loss powers of TE and TM waves for the 

Drude medium model against the frequency. 
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Figure 4.15: The reflected, transmitted, and loss powers of TE and TM waves for the 

Drude medium model as a function of the slab thickness. 
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4.5.4 Numerical Results for Cold Plasma Medium as a DNS 

 

Here, the cold plasma medium model as a DNS is used to compute the reflected Pr, 

transmitted Pt, and loss Ploss powers versus the incidence angle, the frequency and the 

slab thickness. The main difference of this medium among the others is that it has 

frequency dispersive and lossless parameters. The permittivity and permeability of 

this medium are calculated using Equation (3.5) and Equation (3.6). In the 

calculations, 8.50 GHz and 14.50 GHz are used for the plasma frequencies. The 

design frequency is assumed to become fo = 6.0 GHz. The slab thickness is again 

assumed to be one half-wavelength long at the design frequency fo when the 

incidence angle and the frequency varied. The permeabilities and the relative 

permittivities of Region I and Region III are the same with the Lorentz medium 

model. In all calculations, dotted line corresponds to fep = fmp = 8.50 GHz, solid line 

to fep = 14.50 GHz, fmp = 8.5 GHz, and dashed line to fep = fmp = 14.50 GHz. 

 

Figure 4.16 shows the reflected and transmitted powers of TE and TM waves 

versus incidence angle for the cold plasma medium model for different values of the 

plasma frequencies. It is apparent that as the incidence angle increases, the reflected 

and transmitted powers for TE wave show ordinary increasing and decreasing 

behavior, respectively. In the case of TM waves, this behavior appears only when the 

electric and magnetic plasma frequencies are 14.50 GHz. In the other two situations, 

there is Brewster angles around 76o and 77o (solid and dotted lines) for TM wave in 

which the reflection and transmission coefficients become zero and one, respectively. 

 

The reflected and transmitted powers of TE and TM waves against the frequency 

for the cold plasma medium model are presented in Figure 4.17 when the incidence 

angle is 30o. The reflected power for TM wave has more oscillation than the reflected 

power of TE wave between the frequency ranges of 0−3 GHz. Also, the behavior of 

the reflected wave for both waves show similar frequency response as in the Drude 

medium (Figure 4.14a). Note that, the reflected power shows also similar behavior 
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when the plasma frequencies are 14.50 GHz, but the range is not given in this figure. 

The transmitted power for both waves shows the complementary behavior of the 

reflected power. 

 

The reflected and transmitted powers of TE and TM waves for the cold plasma 

medium model as a function of the slab thickness at the incidence angle of 30o are 

illustrated in Figure 4.18. The slab thickness is changed from λ/5 (1.0 cm) to λ (5.0 

cm). The reflected and transmitted powers for both waves periodically oscillate when 

the slab thickness changes. This oscillation is not visible in the figure when the 

plasma frequencies are fep = fmp = 8.50 GHz. The reflected power oscillates between 

the values of 0.41−0.412 for TE wave and 0.3075−0.3095 for TM wave; and the 

transmitted power oscillate between the values of 0.588−0.59 for TE wave and 

0.6905−0.6925 for TM wave. The reflected power becomes zero for TM wave and it 

becomes nearly zero for TE wave periodically. On the other hand, the transmitted 

power becomes unity for TM wave and it becomes almost unity for TE wave 

periodically. For the given parameters, Figure 4.18 strongly recommends that 

possibility of manufacturing anti-reflection and/or total-transmission coatings and/or 

filters by tuning the fraction of the thickness of DNS. Thus, DNS can be used in 

layered structures for manufacturing the mentioned coatings and/or filters. In many 

studies, these coating and filters are obtained using more than one slab. Here, we 

obtained these coatings and filters using one DNG slab. Thus, size reduction for the 

layer numbers has been realized in this study. 
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Figure 4.16: The reflected and transmitted powers of TE and TM waves for the cold 

plasma medium model versus the incidence angle. Dotted line corresponds to fep = 

fmp = 8.50 GHz; solid line to fep = 14.50 GHz, fmp = 8.5 GHz; and dashed line to fep = 

fmp = 14.50 GHz. 
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Figure 4.17: The reflected and transmitted powers of TE and TM waves for the cold 

plasma medium model against the frequency. Dotted line stands for fep = fmp = 8.50 

GHz; solid line for fep = 14.50 GHz, fmp = 8.5 GHz; and dashed line for fep = fmp = 

14.50 GHz. 
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Figure 4.18: The reflected and transmitted powers of TE and TM waves for the cold 

plasma medium model as a function of the slab thickness. Dotted line corresponds to 

fep = fmp = 8.50 GHz; solid line to fep = 14.50 GHz, fmp = 8.5 GHz; and dashed line to 

fep = fmp = 14.50 GHz. 
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4.6 Numerical Simulations 

 

In this section, DNG metamaterial is used to demonstrate some simulations of two 

semi infinite media (DPS and DNG media) and single slab of DNG material. These 

are used especially to create perfect/flat lenses, refractors, surface plasmon, novel 

microwave antennas, resonators, waveguides, and etc [6], [13], [42−88]. Here, we 

deal with the application of flat lens. Such a flat lens is not possible with 

conventional microwave substrates or materials. The concept of flat lens is based on 

Snell’s Law of Refraction and is depicted in Figure 2.3 and Figure 2.4. If a point 

source is placed in DPS medium, an image of the point source will be reproduced in 

DNG medium. DNG medium for the flat lens is realized using the commercial 

software package, ANSOFT’s High Frequency Structure Simulator (HFSS), based on 

finite-element method (FEM) with an effective medium approach. In this approach, 

the substrate of DNG medium is assigned a constant negative value of permittivity 

and permeability in the simulations. 

 

4.6.1 Simulation of DPS and DNG Media 

 

To realize the simulation, two DPS and DNG media are created in HFSS. Figure 4.19 

shows the model setup used for the simulation. A voltage point source is placed in 

the middle of the DPS medium and it is expected that its image will occur in the 

DNG. The refractive index of DNG will be the negative of the DPS according to the 

effective medium approach. In the first example, the refractive index of DPS medium 

is n =  1.0, while the DNG medium has a negative refractive index of n =  −0.995, 

where rrn µε±= . DPS medium is created with a relative permittivity of 1.0 and a 

relative permeability of 1.0, while DNG medium with a relative permittivity of −1.1 

and relative permeability of −0.9. The difference in the numerical values between the 

DPS and DNG is to create an impedance mismatch to prevent the formation of 

constructive interference at the interface. After performing the excitation and 

analysis setup, the simulation can be done to see plots of the electric field and 



 80 

Poynting vector. They can be seen in Figure 4.20 and Figure 4.21. Both figures 

confirm that the flat lens works. Since the DNG medium supports a backward wave, 

the field in this region appears to be moving backwards as it is seen from Figure 

4.20. In addition, Poynting vector is in the opposite direction of the propagation in 

DNG medium as it seen from Figure 4.21. 

 

 

 

Figure 4.19: Simulation model of semi infinite DPS and DNG media. 
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Figure 4.20: Magnitude of the electric field for the first example. (nDPS =  1.0 and 

nDNG =  −0.995) 

 

 

Figure 4.21: Poynting vector for the first example. (nDPS =  1.0 and nDNG =  −0.995) 
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In the second example, another flat lens application is provided using Drude 

medium parameters given in Chapter 3. The following parameters are used to obtain 

the permittivity and permeability [57]: εr = −3.5032, µr = −1.0014 for DNG medium 

and εr = 9.0, µr = 1.0 (mica-glass) for DPS medium. Using the same procedure as in 

the previous example the electric field and Poynting vector can be plotted as in 

Figure 4.22 and Figure 4.23, respectively. Both figures validate that the flat lens 

works for the given parameters. From Figure 4.22, it can be seen that DNG medium 

produces a backward wave and the field is moving backwards. From Figure 4.23, 

Poynting vector is in the opposite direction of the propagation in DNG medium. 

 

In the third example, the application of DPS and DNG media to the parabolic 

wave refractor is presented. The parameters of DNG medium is selected to be the 

same with the previous example. DPS medium is assigned as the vacuum with εr = 

1.0, µr = 1.0. By using the same procedure as in the first example the electric field 

and Poynting vector can be plotted and they are in Figure 4.24 and Figure 4.25, 

respectively. As it is seen from Figure 4.24, the electric field in DPS medium is in 

the circular shape. It transmits to the DNG medium and propagates in the form of 

parabolic shape. Thus, this structure can be designed and used as a parabolic wave 

refractor. Note that, Poynting vector is again in the opposite direction of the 

propagation as in the previous examples. 
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Figure 4.22: Magnitude of the electric field for the second example. (εr = 9.0, µr = 

1.0 for DPS medium and εr = −3.5032, µr = −1.0014 for DNG medium) 

 

 

Figure 4.23: Poynting vector for the second example. (εr = 9.0, µr = 1.0 for DPS 

medium and εr = −3.5032, µr = −1.0014 for DNG medium) 
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Figure 4.24: Magnitude of the electric field for the third example. (εr = 1.0, µr = 1.0 

for DPS medium and εr = −3.5032, µr = −1.0014 for DNG medium) 

 

 

Figure 4.25: Poynting vector for the third example. (εr = 1.0, µr = 1.0 for DPS 

medium and εr = −3.5032, µr = −1.0014 for DNG medium) 
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4.6.2 Simulation of Single DNS 

 

To simulate the single DNS, the process outlined in the previous section is used. 

Figure 4.26 shows the geometry of the simulation. DNG medium is assigned using 

the same parameters as in [57], εr = −3.5032, µr = −1.0014. DPS-I is the mica-glass 

with εr = 9.0, µr = 1.0, and DPS-II is the vacuum with εr = 1.0, µr = 1.0. The electric 

field is given in Figure 4.27. As it is seen from this figure, there is backward wave 

propagation in DNS. In addition, the second image of the voltage source is at the 

middle of the third medium (DPS-II). But, the first image of the voltage source is not 

at the middle of the DNS. It shifts toward the DPS-I and DNS interface. This is 

caused by interference and impedance mismatch at the interface. If the effective 

medium approach is used to simulate single DNS, the first and the second images 

will be at the middle of the DNS and DPS-II, respectively, as it is seen from Figure 

4.28. Note that, DPS-I and DPS-II are selected to be the vacuum, and DNS is created 

with εr = −1.1 and µr = −0.9, in the second simulation. 

 

 

Figure 4.26: Geometry of DNS used in this simulation. 
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Figure 4.27: Magnitude of the electric field for DNS simulation without using 

effective medium approach. (εr = 9.0, µr = 1.0 for DPS-I, εr = −3.5032, µr = −1.0014. 

for DNG medium, and εr = 1.0, µr = 1.0 for DPS-II.) 

 

 

Figure 4.28: Magnitude of the electric field for DNS simulation with using effective 

medium approach. (εr = 9.0, µr = 1.0 for DPS-I, εr = −3.5032, µr = −1.0014. for DNG 

medium, and εr = 1.0, µr = 1.0 for DPS-II.) 
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4.7 Summary and Discussion 

 

In summary, this chapter has discussed the fundamental properties of 

electromagnetic wave propagation in the presence of DNG metamaterial. It was seen 

by plane wave analysis, the reflection and transmission coefficients can be derived 

by means of the recursive method and by using right- and left-hand rules with 

Maxwell’s equations. These coefficients are formulated for both normal and oblique 

incidences. The effects of the structure parameters (such as permittivity and 

permeability), the incidence angle and the frequency on the reflection and 

transmission coefficients are also investigated numerically. Analysis of the double 

negative slab is also given in this chapter. DNS is characterized by the hypothetical 

and frequency dispersive media, in order. Then, the powers of carried by the wave 

are computed and examined. In the numerical results, the effect of the damping 

frequency on the powers for both TE and TM waves is presented when the incidence 

angle, the frequency and the slab thickness change. It is observed that, the behaviors 

of the powers are very sensitive to the varying frequency when the medium have 

frequency-dependent permittivity and permeability. In practice, an infinite number of 

surface wave modes can exist on the DNG slab medium and they do not carry the 

power away in both transverse and longitudinal directions. Simply, the wave cannot 

propagate very far into a metal, but metals are not inert to the wave. It is possible for 

the wave to be existed at the surface of a metal. DNG materials support a host of 

surface modes commonly observed at metal surfaces. In the physical system, the 

surface modes are easily excited on the interface. The surface modes, however, are 

negligible on the surface in some cases due to the absorption inside the slab. They 

are highly dependent on and very sensitive to the material parameters. The surface 

mode, on the other hand, is sometimes unaffected and they can be removed if the top 

and bottom interfaces are coated with a thin PEC layer since the PEC-vacuum 

interface does not support a surface mode. In this work, the material parameters are 

arranged to allow the surface modes are negligible to not impress the scattering 

characteristics (reflection, transmission, and etc.) of the frequency dispersive and 

lossy DNG slab. In addition to the surface wave modes, we can talk about the 

relation between the scattering characteristics of DNG slab and Fabry-Perot 

condition/resonance. If the Fabry-Perot condition is fulfilled, the unwanted 
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reflections can be reduced and/or eliminated. Actually, the reflections can be nearly 

cancelled out and it can be achieved to the total transmission. The maximum and 

minimum transmissions occur if the transmitted waves are in phase and out-of-phase, 

respectively. Whether the multiply-reflected waves are in-phase or not, depends on 

the wavelength of the wave, the angle of the wave, the thickness of the slab and the 

refractive index of the material. The Fabry-Perot resonances can be observed from 

where the transmission power has maximum and minimum values. In addition to 

these, the results show that the manufacturing of anti-reflection and/or total-

transmission coatings and/or filters is achievable by using the suitable design 

process. Furthermore, the combination of DPS and DNG media are simulated to 

show the perfect/flat lens and the parabolic wave refractor applications. It can be said 

that these combinations can be used to manufacture the new lenses and refractors. At 

last, these results can be used to analyze, fabricate, and integrate the metamaterials in 

various structures. 
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CHAPTER 5 

 

DESIGN AND ANALYSIS OF STRATIFIED STRUCTURES 

 

5.1 Introduction 

 

This chapter will present the analysis of electromagnetic wave interaction with the 

multilayer media comprised of pure DNG metamaterials and mixed DNG-DPS slabs. 

Theoretically, the multilayer structure is formed from N pieces slabs with different 

material properties and thicknesses. The incident electric field is assumed a 

monochromatic plane wave with any arbitrary polarization. Transfer matrix method 

will be used in the analysis. After obtaining the electric and magnetic fields both 

inside and outside the multilayer structure and imposing the boundary conditions, the 

transfer matrix can be obtained. Note that, the elements of the transfer matrix are 

expressed as a function of the incidence angle, the structure parameters, the thickness 

of each stack, and the frequency. Then, the incident, reflected, and transmitted 

powers can easily be determined to observe their features. Thus, the scattering 

characteristics of the multilayer structure for the electromagnetic wave with any 

arbitrary polarization will be computed and presented in numerical results. Several 

applications of DNG metamaterials and mixed DNG-DPS slabs will also be 

performed and the results of them will be discussed. 
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5.2 Theoretical Modeling and Analysis 

 

A DNG medium has interesting properties when it is composed as the stratified DNG 

stacks embedded between two DPS media. The paired DNG-DPS layers are also 

interesting and they will be explained later. In this study, we consider any arbitrary 

polarization plane electromagnetic incident electric field from free-space that is 

encountering the dielectric-DNG stack interface. The stratified DNG stacks 

considered in this paper is composed of N DNG layers with different material 

properties and thicknesses as shown in Figure 5.1. In the analysis, exp(jωt) time 

dependence is assumed and suppressed throughout this work. 

 

 

Figure 5.1: The configuration of the stratified DNG stacks. 

 

Referring to Figure 5.1, the incident electric field with any arbitrary polarization can 

be written (by using the theory outlined in the previous chapter): 

 

)](exp[])sin(cos[     // zkxkjEE izixyizixii +−−⋅++= ⊥aaaE i θθ   (5.1) 
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where θi is the angle of the incidence, kix (= ki sin θi) and kiz (= ki cos θi) are the x- 

and z- components of the wave number ki ( iiεµω= ). Note that, the subscripts // 

and ⊥  refer to the parallel and perpendicular components of the electric field vector, 

respectively. According to the incident electric field given in Equation (5.1), the 

reflected (Er) and the transmitted (Et) electric fields can be expressed as: 

 

)](exp[])sin(cos[     // zkxkjEE izixyrzixir −−−⋅+−= ⊥aaaEr θθ   (5.2) 

 

)](exp[])sin(cos[     // zkxkjEE tztxytztxtt +−−⋅++= ⊥aaaEt θθ   (5.3) 

 

where θt is the transmission angle, kt ( ttεµω= ) is the wave number of the 

transmitted medium, ktx = kt sin θt and ktz = kt cos θt are the x- and z- components of 

the wave number kt. 

 

The electric field in any stack reflects back and transmits to another stack upon 

reaching the transmitted medium. Therefore, in the mth DNG stack there are two 

waves, one propagating toward the right interface and the other one propagating 

toward the left interface. Thus, in the mth DNG stack, the total electric field can be 

stated as: 

 

)](exp[])sin(cos[        

)](exp[])sin(cos[

    //

    //

zkxkjBB

zkxkjAA

mzmxyzmxm

mzmxyzmxm

−−−⋅+++

+−−⋅++=

⊥

⊥

aaa

aaaEm

θθ
θθ

  (5.4) 

 

where //A , ⊥A , //B , and ⊥B  are the amplitudes of the electric fields inside the mth 

DNG stack, θm is the refracted angle, km is the wave number of the mth DNG stack, 
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kmx = km sin θm and kmz = km cos θm are the x- and z-components of the wave number 

km. In all representations, the subscripts i, m, and t stand for the incident medium, the 

mth DNG stack, and the transmitted medium, respectively. Note that, the magnetic 

fields inside and outside the DNG stacks can be found easily using the right- and left-

hand procedure with Maxwell’s equations and they are skipped here. In addition, the 

wave number of the mth DNG stack must be negative and it can be given as: 

 

mmmk εµω−=         (5.5) 

 

To solve the general problem for the incident, reflected, and transmitted power 

for the stratified DNG stacks shown in Figure 5.1, it is necessary to investigate the 

interfaces between DPS-DNG media and two DNG media. Thus, imposing the 

boundary conditions at the interfaces z = 0, z = zm (m = 1, 2, 3, ……, N-1) and z = zN, 

the relationships among the fields in all regions can be obtained by the transfer 

matrix [U ] which is expressed as: 
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      (5.6) 

 

where [U ] = [A] [B1] [B2] [B3]···[Bm]···[BN-1] [C]. Note that, [A] and [Bm] are both 

square matrices of order 4, [C] is a 24×  matrix and [U ] is in the form of 24×  

matrix. The elements of [A], [Bm], and [C] are expressed as a function of the 

incidence angle, the structure parameters, the thickness of each DNG stack, and the 

frequency. Then, according to Equation (5.6), we can write the reflected and the 

transmitted electric fields in terms of the incident electric field as: 
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where uab (a = 1, 2, 3, 4; b = 1, 2) are the elements of the 24×  transfer matrix [U ]. 

 

Now, the z-component of the incident, reflected, and transmitted powers can be 

represented as follows: 
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The conservation of the power without loss for any arbitrary polarization is 

expressed as: 
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If one of the stacks is the lossy stack, Equation (5.12) has to be modified as: 
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  (5.13) 

 

All formulations found above have to be modified when the stratified structure is 

the paired DNG-DPS layers embedded between two dielectric media. The multilayer 

structure is composed by alternating DNG and DPS layers with different material 

properties and thicknesses forming an N-tier structure as shown in Figure 5.2. 

 

 

Figure 5.2: The geometry of the stratified DNG and DPS layers. 
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If the mth layer is DPS medium, the wave number km must be positive. On the other 

hand, the mth layer is DNG medium, the wave number km must be negative. Thus, the 

wave number km can be given as: 

 

mmm ak εµω=         (5.14) 

 

where a = +1 for DPS layer, a = −1 for DNG layer. In addition, if the mth layer is 

DPS medium, the fields must be re-shaped using right-hand rule with Maxwell’s 

equations. Thus, the equations from (5.6) to (5.10) must be revised using suitable 

sign for the phase of the fields with the help of Equation (5.14) and the theory 

clarified in Chapter 4. After that, some applications of stratified DNG layers and the 

combination of DNG-DPS layers will be provided in the subsequent sections. 

 

5.3 Mirrors with DNG Slabs 

 

Mirrors with DNG slabs are the special case of the DNG multilayer media. It is 

formed from DNG layers similar to dielectric or chiral mirrors. Here, we intend to 

construct the left-handed mirrors to observe their physical characteristics in the 

millimeter wave band. The DNG mirrors, shown in Figure 5.3, are comprised of an 

array of alternating DNG layers with two different refraction indices (nA and nB) and 

thicknesses (dA and dB) sandwiched between free spaces. The computations for the 

reflectance and transmittance have been presented to observe their characteristics in 

the millimeter wave band using the results obtained in Section 5.2, when the incident 

electric field is normalized to unity. Two mirrors are considered in the numerical 

results as: (ABA) and (AB)7A. The mirror I has three DNG layers and the mirror II 

has fifteen DNG layers. In all figures, the solid lines correspond to mirror I and the 

dotted lines to mirror II. Furthermore, to verify the computations, the conservation of 

power, as a first method, is satisfied for all examples. As a second method, a 

transmission line equivalent is obtained for the structure given in Figure 5.3 [89]. 
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Details of this method are given in Appendix. Both methods give the same numerical 

values for all computations. Thus, the results are verified by means of two methods. 

 

 

Figure 5.3: The geometry of the DNG mirrors. 

 

In the first example, the reflectance and transmittance are calculated as a function 

of the frequency and the incidence angle when the incident electric field is a plane 

electromagnetic wave with the s-polarization (E// = 0). The operation frequency is 

selected to be fo = 60 GHz. The thicknesses dA and dB are arranged from |nAdA|=λo/2 

and |nBdB|=λo/4 where λo is the wavelength in free-space at the operation frequency. 

The permittivity and permeability of the left-handed medium A and left-handed 

medium B are given as in [53]: εA = −2εo, µA = −3µo, εB = −5εo, and µB = −2µo. 

 

Figure 5.4 points out the reflectance and transmittance as a function of the 

frequency at normal incidence. As it is seen, the frequency response of the 

reflectance and transmittance is periodic and symmetric according to the operation 

frequency. From Figure 5.4 (a), the mirror I transmits the most of the incident wave, 

because the transmittance is greater than the reflectance when the frequency changes. 

For the mirror II, reflectance and transmittance reach to unity at different frequency 

bands. Also, the mirror II acts as a full-reflection (band-pass) filter and a full-

transmission (anti-reflection) filter at these frequency bands. At this point, it can be 
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said that, the mirror shows both filter characteristics at some frequency bands for 

increasing the layer numbers. 
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Figure 5.4: Reflectance and transmittance for the mirror I and mirror II as a function 

of the frequency at normal incidence. Solid lines correspond to mirror I and dotted 

lines to mirror II. 

 

Figure 5.5 presents the reflectance and transmittance versus the incidence angle 

at the operation frequency. The transmittance is dominant between 0o and ~50o for 

the mirror I and between 0o and ~60o for the mirror II. The reflectance and 

transmittance for the mirror I show the monotonically increasing and decreasing 

behaviors with the incidence angle, respectively. Brewster angle occurs at the 

incidence angle of 47o for the mirror II which means there is no reflection at this 

angle. In addition, full reflection occurs at the incidence angle of 90o. 

 

In the second example, mirror I and mirror II are again considered to calculate 

the reflectance and transmittance as a function of the frequency and the incidence 

angle for the s-polarization. The structure parameters and the operation frequency are 

the same with the first example except for the thicknesses of the left-handed layers. 

Here, the thicknesses dA and dB are assumed as dA = λo/2 and dB = λo/4, respectively. 
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Figure 5.5: Reflectance and transmittance for the mirror I and mirror II versus the 

incidence angle at the operation frequency. Solid lines correspond to mirror I and 

dotted lines to mirror II. 

 

Figure 5.6 displays the reflectance and transmittance against the frequency at 

normal incidence. As it is seen, the frequency response of |R| and |T| is not periodic 

and not symmetric according to the operation frequency. The mirror I again transmits 

the most of the incident wave as in the previous example. For the mirror II, |R| and 

|T| reach to unity at some frequency bands. Comparing Figure 5.4 and Figure 5.6, the 

frequency bands where |R| becomes unity are not wide as in the first example, but 

they are more than two here. Also, the frequency bands where |T| reaches to unity are 

more than one in this configuration. Thus, it can be said that, the mirror has more 

frequency bands where it shows a band-pass reflection filter and an anti-reflection 

filter behavior at the narrow ranges. 

 

Figure 5.7 illustrates |R| and |T| against the incidence angle at the operation 

frequency. |T| for the mirror I is dominant over a wide range of the incidence angle. 

But in the mirror II, |R| is more dominant. In addition, |R| is the unity and |T| is zero 

up to 60o. After this angle, |T| has a sharp peak and it reaches to unity at 77o. In turn, 

|R| has a reverse sharp peak and it becomes zero at 77o. This means that Brewster 

angle occurs at the incidence angle of 77o. 
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Figure 5.6: Reflectance and transmittance for the mirror I and mirror II against the 

frequency at normal incidence. Solid lines represent for mirror I and dotted lines for 

mirror II. 

 

0 30 60 90
0

0.2

0.4

0.6

0.8

1

incidence angle (degrees)
                      (a)                      

R
ef

le
ct

an
ce

0 30 60 90
0

0.2

0.4

0.6

0.8

1

incidence angle (degrees)
                       (b)                      

T
ra

ns
m

itt
an

ce

 

Figure 5.7: Reflectance and transmittance for the mirror I and mirror II against the 

incidence angle at the operation frequency. Solid lines represent for mirror I and 

dotted lines for mirror II. 

 

It is confirmed that, similar numerical results given in Figure 5.4 − Figure 5.7 can 

easily be obtained for the incident wave with the p-polarization. Also, from the 

numerical results, we can say that high magnitude reflectance and transmittance in 

wide ranges can be obtained by arranging the layer numbers and thicknesses of the 

DNG mirrors. The DNG mirrors show the band-pass filter and the anti-reflection 

filter characteristics at some frequency regions within the millimeter wave band. The 
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results obtained here can be applied to design of the both filters at the millimeter 

wave, optical, and microwave regimes. Moreover, this study will make a foundation 

for future works and provide some insight into the filter application of LH materials. 

 

5.4 High Reflection Coatings 

 

In the previous section, the scattering characteristic of stratified structure formed by 

DNG metamaterials in the base of the low and high reflection coatings is 

investigated. Reflection and transmission filters applications are also shown in the 

millimeter wave frequency range. In this section, we intend to create a stratified 

structure comprised of DNG and DPS layer to obtain high reflection. High reflection 

coatings and all computations are based upon the theory explained in section 5.2. 

Generally quarter wave length thicknesses of alternately high and low refractive 

index materials are applied to the substrate to form a DNG-DPS multilayer stacks, as 

shown in Figure 5.2. By choosing materials of appropriate refractive indexes, the 

various reflected wave fronts can be made to interfere constructively to produce a 

highly efficient reflector. The peak reflectance value is dependent upon the ratio of 

the refractive indexes of the two materials, as well as the number of layer pairs. 

Increasing either increases the reflectance. The larger the ratio is, the wider the high 

reflectance region will be. Furthermore, the coatings are effective for both parallel 

and perpendicular polarization components, and can be designed for a wide angle of 

incidence range. 

 

Propagation properties in multilayered structures consisting of metamaterial and 

dielectric layers are studied in [90]. A structure containing several identical pairs of 

alternating dielectric and metamaterial slabs is demonstrated to maximize the 

reflection for the high frequency range. It is found that for these metamaterial 

dielectric high reflection structures the pass band is larger and the effects of angle of 

incidence and polarization is less dominant as compared to the all dielectric 

structures. Moreover, these structures show no ripples and a monotonous quasi 
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symmetric rise in their transmittance to the left and to the right of central frequency 

is observed. 

 

These structures are further studied to decrease the frequency range and to reduce 

the number of layers. In the computations, the incident electric field is assumed as 

the plane electromagnetic wave with the perpendicular polarization (E// = 0). The 

operation frequency is selected to be fo = 10 GHz. The thicknesses are arranged to 

become quarter wave length long at the operation frequency. In our configuration, 

seven DNG and DPS layers embedded in air are considered. 

 

First of all, the frequency response of all dielectric structure with the high and 

low refractive indexes is shown. The permittivity and permeability of are selected 

12.2500 and 1.0 (silicon-Si) for high index layers and 1.8225 and 1.0 (cryolite-

Na3AlF6) for low index layers [91]. Figure 5.8 presents the reflectance and 

transmittance for all dielectric layers as a function of the frequency for the incidence 

angles of 0o, 20o, and 40o. Solid lines correspond to 0o, dotted lines to 20o, and 

dashed lines to 40o. As it is seen from the figure, the reflectance becomes unity and 

the transmittance becomes zero at and around the central frequency. The symmetry 

shifts in frequency to the right side when the incident angle increased. The 

reflectance region is wider than the coating investigated in [90]. In addition, there are 

more ripples in the frequency behavior of the reflectance and transmittance. 
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Figure 5.8: Reflectance and transmittance for all dielectric layers as a function of the 

frequency for the incidence angles of 0o, 20o, and 40o. Solid lines correspond to 0o, 

dotted lines to 20o, and dashed lines to 40o. 

 

Secondly, the frequency response of seven DNG and DPS layers is presented. 

The permittivity and permeability are −12.2500 and −1.0 for DNG layers and 1.8225 

and 1.0 for DPS layers, respectively. Figure 5.9 shows the reflectance and 

transmittance for the combination of DNG and DPS layers versus frequency for the 

incidence angles of 0o, 20o, and 40o. Solid lines correspond to 0o, dotted lines to 20o, 

and dashed lines to 40o. It is found that, for these DNG-DPS high reflection 

structures the pass band is larger and the effect of the incident angle is less dominant 

as compared to the all dielectric structures. In addition, these structures have no 

ripples and no sharp shifts and therefore they can be used as high reflection coatings. 

Furthermore, the reflectance band achieved here is wider than the region obtained for 

the coating investigated in [90]. 
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Figure 5.9: Reflectance and transmittance for DNG and DPS layers versus frequency 

for the incidence angles of 0o, 20o, and 40o. Solid lines correspond to 0o, dotted lines 

to 20o, and dashed lines to 40o. 

 

The reflectance and transmittance for stratified structures consisting of half 

wavelength long DNG and DPS layers are also computed to show the effect of the 

layer thickness. The same parameters are used as in the previous example except the 

thicknesses. The computed results are presented in Figure 5.10. From the figure, the 

frequency band for high reflectance is narrow and split into two parts in this 

example. Also, there is high transmission at the operation frequency. Figure 5.10 

recommends creating high transmission coatings using DNG and DPS layers. 

 

Using the results of the previous example, we tried to create high transmission 

coatings using DNG and DPS layers. After proper combination of seven DNG and 

DPS layers, a high transmission coating created. To do this, DNG layers is selected 

to be a quarter wavelengths long while DPS layers are a half wavelengths long. The 

permittivity and permeability of are selected −5.0625 and −1.0 for high index layers 

and 2.1025 and 1.0 for low index layers. The results are shown in Figure 5.11. 

According to the figure, high transmission occurs in many frequency bands. At this 

band, transmittance sometimes becomes unity while the reflectance vanishes. At 

some bands shown in the figure, the reflectance becomes greater than the 
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transmittance. Thus, the structure can be utilized as high and partially transmission 

coatings. Note that, the numerical computations obtained here can easily be extended 

for the incident wave with the parallel polarization. 
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Figure 5.10: Reflectance and transmittance for half wavelength long seven DNG and 

DPS layers against the frequency. 
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Figure 5.11: Reflectance and transmittance for half wavelength long DNG and 

quarter wavelength long DPS layers versus the frequency. 
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5.5 Distributed Bragg Reflectors 

 

A stratified Distributed Bragg reflector (DBR) is a slab of layers of two alternating 

materials with different permittivities and permeabilities exhibiting very high 

reflectance in the Bragg regime. In a plot of reflectance versus wavelength of the 

normally incident plane wave on the DBR, the Bragg regime can be clearly observed 

due to the rectangular feature with an almost flat top and two vertical sides. The 

Bragg regime gets shifted when conventional materials in a DBR are replaced by 

DNG metamaterial. This property of DNG metamaterials can be used for their 

characterization [92]. The geometry of the stratified DBR consisting of DNG and 

DPS layers is the same with the geometry given in Figure 5.2. For the analysis, 

normally incident plane wave with the operation frequency of 10 GHz on a stratified 

DBR with 16 DNG and DPS layers is considered. We used 16 layers (instead of 20 

layers as in [92]) for the purpose of the size reduction in the number of layers. The 

total thickness of two adjacent DNG and DPS layers is denoted by P. The thickness 

of DNG layer is equal to qP. The loss tangent of DNG layer is tan δ = 0.001 and then 

the permittivity and permeability of it is selected to become 4(−1+j0.001) and 

1.02(−1+j0.001), respectively [92]. DPS layers are selected to be air. Plots of 

reflectance versus wavelength for three values of q are shown in Figure 5.12. The left 

side of the figure shows the reflectance when DNG layers is DPS layers with the 

permittivity and permeability of 4(1+j0.001) and 1.02(1+j0.001) for the comparison 

purpose. It can be seen that the width of Bragg regime is nearly same for each values 

of q for DBR with all DPS layers. Also, in this type of DBR, Bragg regime shifts to 

the longer wavelength. On the other hand, DBR with the combination of DNG and 

DPS layers has wider regime when q = 0.6 and q = 0.7. In this type, Bragg regime 

becomes wider when q increases. In addition, this regime gets shifted to the longer 

wavelength when q increases as in the previous one. But this shift is large enough 

when the conventional DPS layers are replaced by DNG metamaterial. Thus it can be 

said that the results obtained here can be utilized to construct high efficient 

reflectors. 
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Figure 5.12: Reflectance versus wavelength for stratified DBR. The right side of the 

figure corresponds to all DPS layers and the left side to combination of DNG and 

DPS layers. 
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5.6 Stratified Double Negative Stacks of Cold Plasma Medium 

 

The stratified DNG stacks considered in this section is composed of N frequency 

dispersive cold plasma layers with different material properties and thicknesses as 

shown in Figure 5.1. We have carried out the computations for the powers to observe 

the characteristics of them using the theoretical formulations obtained in Section 5.2, 

when the incident power is normalized to unity. The computations are verified using 

the transmission line equivalent method as explained in Appendix. 

 

Example I: Here, we intend to find the characteristic of the non-dispersive DNG 

stacks. It is also worth mentioning that although the cold plasma medium has the 

frequency dependent parameters given in Equation (3.5) and Equation (3.6), both 

parameters are assumed to be constant over a frequency band in this example. To do 

this, fmp and fep must be expressed as a function of the frequency f like fmp = c1 f and 

fep = c2 f. Note that, c1 and c2 must be real constant and greater than one to get 

negative permittivity and permeability for the DNG stacks. This is the hypothetical 

approximation which allows making a comment on the effect of the frequency for the 

non-dispersive DNG stacks characteristic. Note that, the non-dispersive and negative 

permittivity and permeability were used in many studies as in [42−45], [49], [53], 

[57], [62], [65], [88], [90], and [92]. 

 

The reflected (Pr) and transmitted (Pt) powers for the seven non-dispersive DNG 

stacks are calculated as a function of the frequency and the incidence angle when the 

incident electric field is a plane electromagnetic wave with the perpendicular 

polarization (E// = 0). The incident and the transmitted media are assumed to become 

free-space and Germanium with µi = µt = µo, εi = εo and εt = 16 εo. The operation 

frequency is selected to be fo = 1.0 GHz. The seven non-dispersive DNG stacks are 

composed of two media H and L as (HL)3H where µH = µL = −µo, εH = −9εo and εL = 

−εo in which ffmp 2=  and ffep 10=  for the H medium, and fff epmp 2==  

for the L medium. The thicknesses dH and dL are arranged from |nHdH|=|nLdL|=λo/2 
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where nH and nL are the refractive indices, and λo is the wavelength in free-space at 

the operation frequency. 

 

Figure 5.13 points out the reflected and transmitted powers as a function of the 

frequency at normal incidence. Pr shows a band-pass filter characteristic between the 

frequency regions 0.28−0.72 GHz and 1.28−1.72 GHz. On the other hand, Pt reaches 

to unity between the ranges of 0−0.28 GHz, 0.72−1.28 GHz, and 1.72−2 GHz and 

shows a saw-comb filter characteristic. It is said that, the frequency response of the 

non-dispersive DNG stacks acts as the band-pass and anti-reflection filters at some 

frequency regions for the given configuration. 

 

Figure 5.14 displays the reflected and transmitted powers versus the incidence 

angle at the operation frequency. The reflected power is nearly constant between 0o 

and 30o, and then it increases up to unity. The transmitted power is dominant 

between 0o and 50o, after that it decreases and becomes nearly zero after 70o. We can 

say that, after 70o there is no transmission, there is only reflection for the given 

example. 
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Figure 5.13: Reflected and transmitted powers for the seven non-dispersive DNG 

stacks as a function of the frequency at normal incidence. 
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Figure 5.14: Reflected and transmitted powers for the seven non-dispersive DNG 

stacks versus the incidence angle at the operation frequency. 

 

Example II:  In this example, we desire to find out the characteristics of the 

frequency dispersive double-negative stacks. The seven frequency dispersive DNG 

stacks are again considered as in the previous example to compute the reflected and 

transmitted powers as a function of the frequency and the incidence angle for the 

perpendicular polarization. The structure parameters for the incident, the DNG 

stacks, and the transmitted media are the same with the former one except for the 

permeability and permittivity of the DNG stacks. Here, they are calculated using 

Equation (3.5) and Equation (3.6) with the appropriate plasma frequencies. In 

addition, the effect of the plasma frequencies is emphasized in this computation. In 

our calculation, there are four plasma frequencies, two for the H medium and other 

two for the L medium. For emphasizing the effect of the plasma frequencies, three 

frequencies are fixed and the fourth one is varied. 

 

Figure 5.15 corresponds to Pr and Pt against the frequency at normal incidence 

with fepH=5 GHz, fepL=4 GHz, and fmpH=fmpL=3 GHz. It is seen that from this figure, 

Pr and Pt show an oscillatory behavior at some frequency band. Furthermore, the 

given structure transmits the most of the incident wave, because Pt is greater than Pr 

in a wide range of the frequency. 
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Figure 5.16 depicts the reflected and transmitted powers against the frequency at 

normal incidence with fepH=10 GHz, fepL=4 GHz, and fmpH=fmpL=3 GHz. Here, fepH is 

increased from 5 GHz to 10 GHz, to observe the effect of the plasma frequency. As it 

is observed from Figure 5.16, the frequency response of Pr and Pt is similar with 

Figure 5.13. Pr acts as a band-pass filter between the frequency bands 0.3−0.7 GHz 

and 1.3−1.7 GHz. In turn, Pt closes to unity between the ranges of 0−0.3 GHz, 

0.7−1.3 GHz, and 1.7−2 GHz and it acts as a saw-comb filter. Comparing Figure 

5.13 and Figure 5.16, one can see that, there is a small difference between the 

frequency bands and it can be neglected. Thus, the frequency dispersive DNG stacks 

have not fixed scattering characteristics due to the variable plasma frequencies. In 

addition, the same scattering characteristics as in the hypothetical non-dispersive 

DNG stacks can be obtained by arranging the plasma frequencies of the frequency 

dispersive DNG stacks. 
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Figure 5.15: Reflected and transmitted powers for the seven frequency dispersive 

DNG stacks against the frequency at normal incidence with fepH=5GHz, fepL=4 GHz, 

and fmpH=fmpL=3 GHz. 

 

Figure 5.17 illustrates the reflected and transmitted powers versus the incidence 

angle at the operation frequency. The solid line refers to Pr and Pt with fepH=10 GHz, 

fepL=4 GHz, and fmpH=fmpL=3 GHz and the dotted line with 

GHz 2HLL === mpmpep fff  and GHz 10H =epf . As it is seen from solid lines, Pr 
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is monotonically increases and Pt is monotonically decreases with the angle of 

incidence. The transmitted power is dominant up to 45o and full reflection occurs at 

90o. Note that, the same response as in Figure 5.14 is obtained when the plasma 

frequencies are arranged as GHz 2HLL === mpmpep fff  and GHz 10H =epf , as 

seen from the dotted lines. 
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Figure 5.16: Reflected and transmitted powers for the seven frequency dispersive 

DNG stacks against the frequency at normal incidence with fepH=10 GHz, fepL=4 

GHz, and fmpH=fmpL=3 GHz. 
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Figure 5.17: Reflected and transmitted powers for the seven frequency dispersive 

DNG stacks versus the incidence angle at the operation frequency. 
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Example III:  In the last example, the effects of the plasma frequencies on the 

reflected and transmitted powers are presented. The seven DNG stacks are again 

considered with the same parameters as in the previous example except for the 

plasma frequencies. Here, the plasma frequencies are arranged as fepH=19 GHz, 

fepL=8 GHz, and fmpH=fmpL=7 GHz. 

 

Figure 5.18 shows the reflected and transmitted powers as a function of the 

frequency at normal incidence with fepH=19 GHz, fepL=8 GHz, and fmpH=fmpL=7 GHz. 

There are multiple bandwidths in which the reflected power acts as a band-pass filter. 

There are also multiple frequency bands for the transmitted power which shows a 

saw-comb filter characteristic. It can be said that, the structure can be utilized as a 

multi band-pass and multi saw-comb filters. Furthermore, stop band regions in 

Figure 5.13(b) can be narrowed by arranging the structure parameters and plasma 

frequencies. Thus, the structure can be used as a multi notch filter. 
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Figure 5.18: Reflected and transmitted powers for the seven frequency dispersive 

DNG stacks against the frequency at normal incidence with fepH=19 GHz, fepL=8 

GHz, and fmpH=fmpL=7 GHz. 

 

It is confirmed that, similar numerical results given in this study can easily be 

obtained for the incident wave with the parallel polarization. Also, as a conclusion, 
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electromagnetic filter applications of DNG materials using cold plasma medium are 

examined in this study. It can be said that from the numerical results, the 

hypothetical non-dispersive DNG stacks acts as the band-pass and saw-comb filters 

at some frequency regions for the given example. In turn, the frequency dispersive 

DNG stacks have not stable scattering characteristics due to the variable plasma 

frequencies and frequency dependent parameters. But, the same scattering 

characteristics as in the hypothetical non-dispersive DNG stacks can be provided by 

re-arranging the plasma frequencies. Furthermore, the frequency dispersive DNG 

stacks can be arranged to show the multi band-pass, multi saw-comb, and multi notch 

filters characteristics. Thus, the structure can be used as electromagnetic filters at 

some frequency bands. Design of these filters can be performed using the numerical 

results obtained here. 

 

5.7 Multilayer Media Comprised of Double Negative Cold Plasma and Double 

Positive Slabs 

 

In the previous section, scattering characteristics of the DNG stacks of cold plasma 

medium is studied. Here, the combination of DNG cold plasma and conventional 

DPS layers are analyzed in base of the geometry given in Figure 5.2. The magnitude 

of the reflectance (|R|) and transmittance (|T|) for the nine slabs are calculated as a 

function of the frequency. The first and the last DPS media are assumed to become 

free space and glass. The DPS slabs are selected to be mica. The operation frequency 

is fo=1.0 GHz. The thicknesses for DNG slabs are arranged from |nd|=λo/2 and for 

DPS slabs from |nd|=λo/4 where n is the refractive index of the related medium, and 

λo is the wavelength in free-space at the operation frequency. The permittivity and 

permeability of the DNG slabs are calculated using Equation (3.5) and Equation 

(3.6). 

 

Figure 5.19 points out the magnitude of reflectance and transmittance against the 

frequency at normal incidence with fep=10 GHz and fmp=4 GHz. It is seen that from 
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this figure, |R| and |T| show an oscillatory behavior with the frequency. Furthermore, 

the given structure transmits the most of the incident wave, because |T| is greater than 

|R| in a wide range of the frequency. 

 

Figure 5.20 depicts |R| and |T| versus the frequency at normal incidence with 

fep=22 GHz and fmp=4 GHz. Here, fep is increased from 10 GHz to 22 GHz, to see the 

effect of the plasma frequency. Note that, when the plasma frequencies increase or 

decrease, the refractive index n changes. In turn, to keep |nd|=λo/2, the thickness d 

must be also changed. As it is observed from Figure 3, the frequency response of |R| 

acts as a band-pass filter between the frequency bands 0.25−0.7 GHz and 1.25−1.7 

GHz. In turn, |T| closes to unity and acts as an anti-reflection filter between 0.7−1.25 

GHz. At this point, it is said that, the given structure have not fixed frequency 

response due to the variable plasma frequencies and frequency dependent 

parameters. In addition, this structure can be used as band-pass filter and an anti-

reflection filter in some frequency band by arranging the plasma frequencies. 
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Figure 5.19: Reflectance and transmittance against the frequency with fep=10 GHz 

and fmp=4 GHz. 
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Figure 5.20: Reflectance and transmittance versus the frequency with fep=22 GHz 

and fmp=4 GHz. 

 

In conclusion, frequency response of the multilayer media comprised of DNG 

and DPS slabs are investigated with the emphasis on the plasma frequencies. It can 

be said that from the numerical results, the given structure have not stable frequency 

response due to the variable plasma frequencies and it acts as the band-pass and anti-

reflection filters at some frequency bands. The results can be applied to design of the 

both filters at the optical, millimeter-wave, and microwave regimes. 

 

5.8 Multilayer Structure of Lorentz type Double Negative Metamaterial with 

Double Positive Slabs 

 

Numerical analysis of paired DNG-DPS layers as a multilayer structure embedded 

between two dielectric media is presented with the use of the transfer matrix method 

given in Section 5.2. The multilayer structure considered in this analysis is composed 

of N pieces DNG and DPS slabs with different material properties and thicknesses as 

shown in Figure 5.2. Once again, to verify the computations, firstly the conservation 

of power given in (5.13) is satisfied for all examples. Secondly, a transmission line 

equivalent is obtained for the structure as explained in Appendix. Both approaches 

give the same numerical values for all computations. 
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Two structures are considered in numerical results, Structure I (with three layers, 

N=3) and Structure II (with fifteen layers, N=15). Structure I is in the form of DNG-

DPS-DNG and Structure II is (DNG-DPS)7DNG. Furthermore, the incident electric 

field is assumed a monochromatic plane wave with the perpendicular polarization 

(E// = 0) when the incident angle is zero in all examples. 

 

Example I: The reflected (Pr), and transmitted (Pt) powers are calculated as a 

function of the frequency. The incident and transmitted media are assumed to be free 

space and glass respectively with µi = µt = µo, εi = εo, and εt = 6 εo. The DPS layers are 

selected to become silicon dioxide (SiO2) with µDPS = µo and εi = 2.1316 εo. The DNG 

layers are realized using Lorentz medium parameters given in (3.1) and (3.2). In the 

calculations, the following parameters are used as in [36] and [38]: fmp= 8.50 GHz, 

fmo= 12.05 GHz, fep= 12.80 GHz, and feo= 10.30 GHz. The electronic and magnetic 

damping frequencies are selected to be equal each other and zero (δe= δm= Γ= 0) as in 

[93]. This means that the structure is lossless. Note that, lossy and lossless Lorentz 

types of DNG metamaterials are characterized theoretically, used in several 

experiments, and fabricated for new devices in these studies. For example, wave 

propagation through the double negative Lorentz slab embedded between two 

different dielectric media is studied in [41], [49], [63], and [93−96]. Lorentz types of 

DNG metamaterials have frequency dispersive parameters and they can be fabricated 

using a mixture of conductive spirals or omega particles on a printed circuit boards. 

In addition, they can be manufactured using split ring resonators and wire strips on a 

circuit board materials. Numerous forms of DNG Lorentz metamaterials can also be 

found in the literature. The operation frequency is selected to be fo=11 GHz within 

the frequency band (10.31−12.04 GHz) whereas the permittivity and permeability of 

DNG medium are simultaneously negative. The thicknesses are arranged from |nDNG 

dDNG|=c1λo and |nDPS dDPS|=c2λo where nDNG and nDPS are the refractive indices of the 

related medium, c1 and c2 are positive real constant, and λo is the wavelength in free-

space at the operation frequency. 
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Figure 5.21 points out the reflected and transmitted powers as a function of the 

frequency for Structure I. From this plot, when c1=c2=1/4, the bandwidth extends 

from 10.31 to 11.5 GHz and the transmitted power has a sharp peak at 10.86 GHz. At 

this specific frequency, the structure can be utilized as a transmission (anti-

reflection) filter in which the transmitted power becomes unity and the reflected 

power becomes zero. Also, from 11.5 to 12.04 GHz, it can be used as a reflection 

(anti-transmission) filter in which the reflected power becomes unity and the 

transmitted power becomes zero. When c1=1/2 and c2=1/4, it is seen from the dashed 

lines, the structure behaves like an all pass filter in a wide range of frequency since 

the transmitted power is almost constant around one and the reflected power is zero. 

When c1=1/4 and c2=1/2, it appears that the reflected and transmitted powers show 

similar behavior as in dashed lines. But in this case, the frequency range is narrower 

than the previous one, and the transmitted power is around 0.8 and the reflected 

power is around 0.2 at that range. 
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Figure 5.21: Reflected and transmitted powers as a function of the frequency for 

Structure I. Solid lines stand for c1=c2=1/4, dashed lines for c1=1/2 and c2=1/4, and 

dotted lines for c1=1/4 and c2=1/2. 
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Figure 5.22 shows the reflected and transmitted powers as a function of the 

frequency for Structure II. From this figure, the structure can be used a reflection 

filter between 10.31−12.04 GHz except for the range 10.7−11.1 GHz when 

c1=c2=1/4. Comparing Figure 5.21 and Figure 5.22, one can see that the bandwidth 

where transmitted power has a sharp peak is narrower than as in the Structure I. The 

transmitted power is dominant over a wide range of frequency for c1=1/2 and c2=1/4. 

But it is only dominant between the 10.6−11.2 GHz for c1=1/4 and c2=1/2. 
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Figure 5.22: Reflected and transmitted powers as a function of the frequency for 

Structure II. Solid lines stand for c1=c2=1/4, dashed lines for c1=1/2 and c2=1/4, and 

dotted lines for c1=1/4 and c2=1/2. 

 

Example II:  In this example, we intend to investigate the effect of layer 

thicknesses on the characteristics of the reflected and transmitted powers. All 

parameters are the same with example I except for the thicknesses. Here, the 

thicknesses are dDNG=c3λo and dDPS=c4λo where c3 and c4 are positive real constant. 

 

Figure 5.23 displays the frequency response of the reflected and transmitted 

powers for Structure I. From solid, dashed, and dotted lines, it is said that, the 
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characteristics of the powers are not smooth here. For all values of c3 and c4, the 

transmitted power has sharp peaks. Also, it closes to unity at 10.46 GHz when c3=1/4 

and c4=1/2. On the other hand, the reflected power reaches to unity at many 

frequencies for all cases. In addition, the transmitted power has the wide pass band 

and narrow stop band regions throughout the frequency spectrum for all cases of c3 

and c4. In contrast, the reflected power has the narrow pass band and wide stop band 

regions. 

 

Figure 5.24 presents the reflected and transmitted powers versus the frequency 

for Structure II. As it is seen from this plot, the reflected and transmitted powers are 

again not smooth as in Figure 5.23. Pass band region for the transmitted power is not 

wide as in the previous figure for all cases of c3 and c4. Also, it has more stop band 

regions. In return, the reflected power has more pass band and stop band regions for 

all cases. 
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Figure 5.23: Reflected and transmitted powers versus the frequency for Structure I. 

Solid lines correspond to c3=c4=1/4, dashed lines to c3=1/2 and c4=1/4, and dotted 

lines to c3=1/4 and c4=1/2. 
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Figure 5.24: Reflected and transmitted powers versus the frequency for Structure II. 

Solid lines correspond to c3=c4=1/4, dashed lines to c3=1/2 and c4=1/4, and dotted 

lines to c3=1/4 and c4=1/2. 

 

According to Figure 5.23 and Figure 5.24, two structures act as the band pass and 

stop band filters at some frequency regions. Design of efficient filters can be 

considered using numerical results obtained here by arranging the structure 

parameters, layer numbers and thicknesses. 

 

5.9 Multilayer Structure of Double Negative Drude Medium with Double 

Positive Slabs 

 

In this section, the same analysis is provided for the paired DNG-DPS layers. Here, 

the DNG layers are realized using the Drude medium parameters given in Equation 

(3.3) and Equation (3.4). In our calculations, the following parameters are used as in 

[36] and [38]: fmp= 10.95 GHz and fep= 14.50 GHz. The electronic and magnetic 

damping frequencies are zero as in [93]. The operation frequency is fo=6 GHz within 

the frequency band (2−10 GHz) where the permittivity and permeability of DNG 

medium are simultaneously negative. The frequency range is wider than the range of 
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the Lorentz medium. At this point, we can say that, the simultaneously negative 

permittivity and permeability can be realized in the wide frequency band for the 

Drude medium more easily than for the Lorentz medium. Once more, two structures 

are considered in numerical results as in the previous section with the thicknesses of 

|nDNG dDNG|=c1λo and |nDPS dDPS|=c2λo. The other parameters are assumed to be same 

as in the previous section. 

 

Figure 5.25 depicts Pr and Pt against the frequency for Structure I. As it is 

observed from this plot, Pr (Pt) power shows monotonically decreasing (increasing) 

up to 6.5 GHz and then it increases (decreases) with the frequency when c1=c2=1/4. 

Full transmission occurs around 6.5 GHz for this case. When c1=1/2 and c2=1/4, the 

powers behaves like an oscillatory function up to ~8 GHz. Also, they are constant up 

to this frequency when c1=1/4 and c2=1/2. 
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Figure 5.25: Reflected and transmitted powers against the frequency for Structure I. 

Solid lines represent c1=c2=1/4, dashed lines c1=1/2 and c2=1/4, and dotted lines 

c1=1/4 and c2=1/2. 
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Figure 5.26 demonstrates Pr and Pt against the frequency for Structure II. The 

powers do not show monotonically characteristics as in Figure 6 when c1=c2=1/4. Pt 

is dominant up to 8.5 GHz in this case. Pr and Pt changes periodically between 2−8 

GHz when c1=1/2 and c2=1/4. The powers show slightly periodic behavior when 

c1=1/4 and c2=1/2. In the last two cases, Pt is dominant in all frequencies studied 

here. 
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Figure 5.26: Reflected and transmitted powers against the frequency for Structure II. 

Solid lines represent c1=c2=1/4, dashed lines c1=1/2 and c2=1/4, and dotted lines 

c1=1/4 and c2=1/2. 

 

From Figure 5.25 and Figure 5.26, it can be concluded that, the structure 

parameters, layer numbers and thicknesses can be arranged to design high efficiency 

transmission filter. 

 

In the second example, we present the effect of layer thicknesses on the 

characteristics of Pr and Pt. All parameters are the same with example III except for 

the thicknesses. Here, the thicknesses are dDNG=c3λo and dDPS=c4λo where c3 and c4 

are positive real constant. 
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Figure 5.27 corresponds to Pr and Pt against the frequency for Structure I. It is 

seen that, Pr oscillates between zero and 0.2 in all cases of c3 and c4. In turn, Pt 

oscillates between 0.8 and one. Pt is dominant over a wide frequency band in all 

cases of c3 and c4. 

 

Figure 5.28 indicate Pr and Pt against the frequency for Structure II. Only 

c3=c4=1/4 case is illustrated in this figure. The other cases skipped here since Pr and 

Pt have high oscillating behavior. When c3=c4=1/4 Pr and Pt show frequent oscillating 

behavior up to 9.6 GHz. After this frequency Pr increases and it become unity at 10 

GHz. On the other hand, Pt decreases and it become zero at 10 GHz. 

 

From Figure 5.27 and Figure 5.28, it can be said that, high efficiency oscillating 

filters for the transmitted wave can be designed by arranging the structure 

parameters, layer numbers and thicknesses. 

 

2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

frequency (GHz)
             (a)            

P
r

2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

frequency (GHz)
             (b)            

P
t

 

Figure 5.27: Reflected and transmitted powers against the frequency for Structure I. 

Solid lines represent c3=c4=1/4, dashed lines c3=1/2 and c4=1/4, and dotted lines 

c3=1/4 and c4=1/2. 



 124 

2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

            frequency (GHz)            
            (a)            

P
r

2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

            frequency (GHz)            
            (b)            

P
t

 

Figure 5.28: Reflected and transmitted powers against the frequency for Structure II 

when c3=c4=1/4. 

 

In the last two sections, the DNG layers are realized using the Lorentz and Drude 

media parameters in which their properties are examined in Chapter 3. It can be said 

that from the numerical results, the structures given in this study can be utilized as 

reflection and transmission filters at some frequency band. Specifically, pass band, 

stop band, all pass and oscillating filters can be designed by arranging the structure 

parameters, layer numbers and thicknesses. Furthermore, the structure transmits the 

most of the incident wave because the transmitted power is dominant over a wide 

frequency range in some cases. Thus, the transmission filters with high efficiency 

can be designed in a wide range. 
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5.10 Summary and Discussion 

 

In conclusion, we have successfully demonstrated the stratified structures comprised 

of pure DNG metamaterials and mixed DNG metamaterials and DPS layers. First, 

the stratified DNG stacks and the paired DNG-DPS layers are constructed and then 

they are analyzed theoretically. In the analysis, transfer matrix method is used. After 

that, several numerical examples and applications of DNG multilayer metamaterials 

are presented. Mirrors with DNG slabs, high reflection coatings consisted of DNG 

and DPS layers, distributed Bragg reflector (DBR) based on DNG and DPS slabs, 

stratified DNG stacks of cold plasma medium, multilayer media comprised of DNG 

stacks of cold plasma and conventional DPS layers, and multilayer structure of DNG 

Lorentz/Drude Medium with DPS slabs are studied and their scattering 

characteristics are shown in this chapter. According to the results obtained here, the 

studied stratified structures show distributed Bragg reflector behavior, high reflection 

and transmission coatings characteristics, band pass, stop band, anti-reflection, multi 

band-pass, multi saw-comb, oscillating, and multi notch filters characteristics at 

some frequency regions. High efficiency reflectors, coatings, and filters for 

electromagnetic wave with any polarization can be designed by arranging the 

structure parameters, layer numbers and thicknesses. This work will cover the 

absence in the literature and make a foundation for the future application of the DNG 

medium. Moreover, it will provide to realize and manufacture high efficiency 

reflectors, coatings, and filters at the millimeter wave, optical, and microwave 

regimes. 
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CHAPTER 6 

 

NOVEL METAMATERIALS: TRIANGULAR SPLIT RING RESONATO R 

AND WIRE STRIP 

 

6.1 Introduction 

 

The purpose of this chapter is to realize novel metamaterials based on the shape and 

geometry. Several theoretical and experimental works have been studied by 

researchers to create new metamaterials [13], [35−76], [78−88], [90], [92−105]. The 

design of metamaterial based on shape and geometry is the most interesting work 

among the others [97−105]. Especially, the design of split rings which provide the 

negative permeability is very important to construct new types of metamaterials. 

Numerous types of different ring and ring-like structures such as circular, square, Ω-

shaped, U-shaped, S-shaped and others are used to create new metamaterials (see 

[49] and [88] for a brief history). In the light of the known structures, we will 

construct new metamaterials using triangular shaped ring which has not been studied 

yet. Thus, we will build and analyze a new metamaterials that contains triangular 

split ring resonator (TSRR) and wire strip (WS). In the analysis, S parameters and 

retrieved effective material parameters (wave impedance, refractive index, 

permittivity, and permeability) will be computed and presented. We will also show 

that the novel metamaterials are well designed and they can be manufactured for 

several potential applications in the microwave, millimeter wave and optical 

frequency bands. Furthermore, novel metamaterial slabs will be manufactured to 

construct multilayer structures and to make some transmission experiments. 
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6.2 Analysis and Simulations 

 

As it is well known, the combination of split ring resonator (SRR) and WS structures 

are commonly used to engineer artificial metamaterials showing unconventional 

properties not found in nature. In literature, several types of SRR are proposed for 

construction purposes. TSRR is one of them and firstly studied in this work. Figure 

6.1 illustrates the geometry of the unit cells comprised of TSRR and WS for three 

different structures. In this figure, MTM represents the metamaterial. 

 

 

Figure 6.1: Three different types of metamaterial unit cells (a) MTM1 (b) MTM2 (c) 

MTM3. 

 

An FR4 of 0.25 mm thickness (with relative permittivity ε r = 4.4 and loss tangent 

δ = 0.02) is used as a substrate for each configuration. TSRR and WS are made of 

copper with conductivity of 5.8x107 S/m and thickness of 0.017 mm. The width of all 

TSRR is 0.4 mm. TSRR is located on one face of FR4 and WS is etched on its 

opposite face. WS is continuous along the whole of FR4 substrate in all structures, as 

shown in Figure 6.1. Metamaterial unit cells are designed and simulated using the 

commercial software package, ANSOFT’s High Frequency Structure Simulator 

(HFSS), based on finite-element method (FEM). Open, electric, magnetic and 

periodic boundary conditions are used in the simulation. Each configuration is placed 
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in a two-port waveguide formed by a pair of both perfect electric conductor (PEC) 

and perfect magnetic conductor (PMC) walls. All FR4 substrates with TSRR and WS 

are centered in the waveguide. 

 

To show the physical properties of the designed structures, S parameters for a 

single unit cell is calculated with the mentioned boundaries along the wave 

propagation. Next, the effective material parameters can be extracted from the S 

parameters as [97], [98], [100] 
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where z and n indicate the wave impedance and refractive index, respectively. Then, 

the electric permittivity and magnetic permeability can be computed from the 

equations of zn /=ε  and zn =µ . 

 

6.2.1. Simulation of MTM1 

 

In the first simulation, we simulated the MTM1 which is shown in Figure 6.1(a). The 

simulated structure in a waveguide configuration with open (OB), electric (EB) and 

magnetic (MB) boundaries is presented in Figure 6.2. The width of WS is 0.5 mm. 

The base and the height of TSRR are 7.794 mm and 6.75 mm, respectively. The gap 

in each TSRR is 0.3 mm and the separation between TSRR is 0.4 mm. 
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Figure 6.2: The simulated unit cell in a waveguide configuration with open (OB), 

electric (EB) and magnetic (MB) boundaries for MTM1. 

 

The S parameters for the MTM1 are computed and the effective material 

parameters are extracted by means of S parameters using HFSS which are given in 

Figure 6.3. In this figure, the magnitude and the phase of S parameters, real and 

imaginary parts of wave impedance, refractive index, permittivity and permeability 

are illustrated. S parameters and wave impedance are plotted in the range of 0−8 

GHz. But, the refractive index, permittivity and permeability are plotted between 2.5 

GHz and 5.5 GHz to see the negative region easily (for the zooming purpose). As it 

is seen, all parameters are frequency dependent complex functions which satisfy 

certain requirements of causality. The dip in the phase of S21 indicates the presence 

of negative region which is observed at 4.33 GHz. For passive materials, real part of 

the wave impedance and imaginary part of the refractive index must be greater than 

zero. The wave impedance and refractive index satisfy this condition for our 

configuration. According to the refractive index, the negative band approximately 

lies between 3.5 GHz and 5 GHz. In the theory of metamaterials, the real parts of the 

permittivity and permeability must be negative. Negative real parts of the 

permittivity and permeability lies in the negative band (3.5−5 GHz). Also, the 
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permittivity and permeability show Drude and Lorentz response behavior in the 

studied frequency region, respectively. While negative permittivity occurs between 

the region of 2.5 GHz and 5.5 GHz, negative permeability occurs over the range of ~ 

4.4 GHz to ~ 5 GHz. Thus, it can be said that negative permittivity has wider 

frequency band than the permeability. 

 

 

 

 

Figure 6.3: Magnitude and phase of S parameters, real and imaginary parts of the 

wave impedance, refractive index, permittivity and permeability for MTM1. 
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In Figure 6.4, we present the electric field and surface current density for MTM1. 

The color map shows the electric field amplitude, and the arrows indicate the 

direction and size of the surface current density. The electric field is strong at the 

apex and at the gaps as it is desired. The induced surface current density is in the 

circular form and it is weak at the gaps. Thus, around the apex and the gaps of TSRR 

and around the center and ends of WS, the electric field is resonantly enhanced. In 

addition, the contribution of WS to the induced surface current density is very weak 

in this type of metamaterial. 

 

Note that, some parts of this study are accepted for publication in the Proceedings 

of XXIX General Assembly of the International Union of Radio Science [106]. 

 

   

Figure 6.4: Electric field and surface current density for MTM1. 
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6.2.2. Simulation of MTM2 

 

As the second simulation, MTM2, shown in Figure 6.1(b), is simulated. The width of 

WS, the base and the height of TSRR, the gap in each TSRR, and the separation 

between TSRR are the same with the previous example. The only difference between 

MTM1 and MTM2 is the position of TSRR. In the first one, TSRR is located apex to 

apex while in the second one base to base. S parameters and the effective material 

parameters (real and imaginary parts of wave impedance, refractive index, 

permittivity and permeability) for the MTM2 are presented in Figure 6.5. The same 

frequency range as in the first simulation is used. The dip which shows the negative 

region in the phase of S21 is at 3.63 GHz. The negative region approximately lies 

between 3 GHz and 4.5 GHz. Comparing Figure 6.5 and Figure 6.3, the data clearly 

shows that negative region shifts toward the left side of 4 GHz. Also, all computed 

parameters shift to the left side in this simulation. Here, the wave impedance changes 

from -2.75 to 2.75. But in the previous one, it changes from -2.5 to 2.5. Similar 

variations can be observed for the other computed parameters. As it is seen from the 

figures, negative permittivity occurs between 2.5 GHz and 5.5 GHz which is the 

same with MTM1. The only difference is magnitude. Negative permeability occurs 

over the range of ~ 3.75 GHz to ~ 4.25 GHz. 

 

Figure 6.6 shows the electric field amplitude and surface current density for 

MTM2. The electric field for MTM2 is stronger than the electric field for MTM1. 

But, the surface current density is weaker here. Also, the electric field is strong at the 

apex, the base and the gaps. The surface current density is again in the circular form 

and it is weak according to the first structure. Thus, the electric field is generally 

around the apex, the base and the gaps of TSRR and around the center and ends of 

WS. Again, the contribution of WS to the induced surface current density is very 

weak. 
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Figure 6.5: Magnitude and phase of S parameters, real and imaginary parts of the 

wave impedance, refractive index, permittivity and permeability for MTM2. 
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Figure 6.6: Electric field and surface current density for MTM2. 

 

6.2.3. Simulation of MTM3 

 

In the last simulation, we present the simulation of MTM3 which is shown in Figure 

6.1(c). The dimensions of WS are 0.3 mm x 7.3 mm x 0.017 mm, respectively. The 

base and the height of TSRRs are given as: 7.98 mm and 6.91 mm for outer TSRR; 

2.942 mm and 2.548 mm for inner TSRR. The gap in each TSRR is 0.5 mm and the 

separation between TSRR is 3.603 mm from the apex of outer TSRR to the base of 

inner TSRR. Figure 6.7 indicate the S parameters and the effective material 

parameters for the MTM3. Here, the dip in the phase of S21 is observed at 3.80 GHz. 

The negative band approximately lies between 3.2 GHz and 4.6 GHz. Negative real 

parts of the permittivity occurs in the region of 2.5−5.5 GHz, but negative real parts 

of the permeability lies between 3.85 GHz and 4.35 GHz. 

 

For MTM3, the electric field and surface current density which are shown with 

the color map and the arrows are presented in Figure 6.8. In this configuration, the 

electric field is not strong at the apex and at the gaps as in the previous structures. 

Here, it is strong at the legs of TSRR and at the WS except the ends. The induced 
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surface current density is again in the circular form and it is too weak at the TSRRs 

on the contrary of the other two structures. In this geometry, the surface current 

density is very strong at WS especially across the apex of TSRRs. The electric field 

is again enhanced in almost all of WS and some parts of the legs of TSRR in this 

configuration. Here, the surface charge density is induced by the strong contribution 

of WS on the contrary of the previous structures. 

 

 

 

 

Figure 6.7: Magnitude and phase of S parameters, real and imaginary parts of the 

wave impedance, refractive index, permittivity and permeability for MTM3. 
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Figure 6.8: Electric field and surface current density for MTM3. 

 

6.3 Construction of Physical Metamaterial Unit Cell 

 

In the previous section, three types of new DNG metamaterials using TSRR and WS 

are created by means of the known DNG metamaterials studied in the literature. 

Here, it will be used the actual size to create the new DNG metamaterial using TSRR 

and WS. MTM1 shown in Figure 6.1(a) is used in the construction. The shape, 

geometry, and all dimensions are the same as in MTM1 given in Section 6.2.1 except 

the thicknesses. The thicknesses of FR4, TSRR, and WS are 1.0 mm, 0.125 mm, and 

0.125 mm, respectively. This kind of FR4 substrate is used because it is found only 

such class of substrate in the market. The simulation result of the refractive index for 

this DNG metamaterial (MTM4) is shown in Figure 6.9. It can be observed that the 

refractive index of this physical metamaterials (MTM4) shows the mixed Lorentz-

Drude response as explained in Chapter 3. According to the simulation, the negative 

region for the real part of the refractive index stands between the 3.23 GHz and 4.43 

GHz. In addition, from the simulation, it can be found that the magnetic plasma 

frequency fmp = 4 GHz, the electric plasma frequency fep = 5.1 GHz, the magnetic 

resonance frequency fmo = 3.7 GHz, and the electric and magnetic damping 

frequencies δe = δm = δ = 0.23 GHz according to the theory given in the same 

chapter. These frequencies are used to calculate the refractive index analytically for 

MTM4 using the formulation of Chapter 3. Calculated refractive index for MTM4 is 

given in Figure 6.10. As it can be seen from Figure 6.9 and Figure 6.10, although the 
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simulated and calculated frequency responses of the refractive index are similar, 

there are some differences between them. In the calculations, the refractive index is 

computed based on the assumption explained in Chapter 3 (mixed Lorentz-Drude 

combination). These differences are caused by this assumption. However, this 

calculated example gives some aspect that the behavior of the refractive index is 

analogous in the calculations, simulations, and measurements. 

 

 

Figure 6.9: Real and imaginary parts of the refractive index for simulated MTM4. 
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Figure 6.10: Calculated refractive index for MTM4 with fmp = 4 GHz, fep = 5.1 GHz, 

fmo = 3.7 GHz, and δe = δm = δ = 0.23 GHz. 
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6.4 Manufacturing of New Metamaterial consist of TSRR and WS 

 

In this part, the production of new metamaterial are given with the use of the results 

obtained in the previous section. FR4 substrate can be processed to create single and 

double faced metamaterials. Here, it is struggled with the double faced metamaterial. 

In this form, the TSRRs are located on one face of FR4 substrate and WSs are 

situated on the opposite face. In the industry, there are lots of techniques to produce 

metamaterials such as positive-20, serigraphy, drawing with the printed circuit pen, 

hot-press, and etc. The most preferred method is the hot-press technique among 

them. The hot-press technique is used to produce the novel metamaterial slabs in this 

thesis. The stages of the production are given in the following form: 

 

• Drawing of the printed circuit scheme in the computer 

• Print out the drawing to the transfer film papers using laser printer 

• Transferring the printed drawing to FR4 

• Melting the copper using the chemical operation 

 

Drawing in the computer, the first step, forms the most important stage of the 

production. Recently, several types of programs are used for the drawing purpose. 

The printed circuit scheme can be obtained automatically by using one of them. 

Besides these programs, this scheme can also be achieved by hand drawing if the 

scheme is easy to draw and the drawer is professional. At the end of drawing, the 

pattern of the conductor ways which provide the connection between the components 

and the location plan of the components on FR4 are appeared. The sample figure for 

the printed circuit scheme of designed metamaterial can be seen in Figure 6.11. Note 

that, the TSRRs are placed on the front face and WSs are placed on the back face. 
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After completing the printed circuit scheme, the print out which include only 

conductor ways has to be taken. The aim of the hot-press technique is to transfer the 

toner to the selected paper. Due to this reason, the type of the paper is very important 

in this technique. There are special transfer papers in the market for such works. The 

PnP transfer films are used as a special transfer papers in this work. In addition, 

photograph, glossy, and acetate papers can be used to take the print out the scheme. 

However, to obtain well metamaterials, the used transfer papers have to be in a good 

quality. The PnP transfer films are the best quality papers in the market. 

Furthermore, the resolution of the laser printer has to be 1200 dpi to get good print 

out. Figure 6.12 shows the front and back views of printed scheme using 1200 dpi 

laser printer. In the print out, the ways of the components are covered with toner and 

other parts are completely empty. The scheme in the printed papers has to be the 

mirror image of the real scheme. Note that, multi-pieces of metamaterial shown in 

Figure 6.12 can be printed on a transfer paper in one print out process. 

 

 

Figure 6.11: Printed circuit scheme of the designed metamaterial. 

 

 
(a) 

 

 
(b) 

Figure 6.12: Print out of the metamaterial scheme, a) front view, b) back view. 

 

In the third step, transferring process is happened by the interaction of heat with 

toner. To provide the required heat, it is necessary to use the old model flatiron with 

no heat. Before the hot-press, FR4 substrate must be cleaned with water and then 



 140 

copper faces must be rubbed with thin sandpaper (emery paper). A cleaned and 

rubbed FR4 substrate is illustrated in Figure 6.13. To start to the transferring process, 

PnP transfer films are positioned on the copper faces of FR4 substrate and they are 

glued with the sticker at the edged. The flatiron is arranged to provide required heat. 

The best arrangement is turning the screw to the high level. Then, the transfer papers 

are ironed with the circular movements. Thus, the heat is distributed uniformly on 

FR4. Transfer papers can be removed after enough ironing. It takes at least 3 or 5 

minutes. Removing process can be done slowly during the ironing or it can be done 

after FR4 and transfer papers cooled. Figure 6.14 shows the pictures of the front and 

back views of new metamaterial after completing the transferring process. If toner is 

not transferred so good to the FR4 substrate and there are broken ways, the necessary 

corrections can be made by using the printed circuit pens. 

 

 

Figure 6.13: A cleaned and rubbed FR4 substrate. 

 

   

Front      Back 

Figure 6.14: Front and back views of new metamaterial after transferring process. 
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In the last step, the copper without toner (empty part) is melted using chemical 

process. To do this, the mixture of hydrochloric acid and diluted hydrogen peroxide 

(perhydrol) is used. The ratio of the hydrochloric acid to the perhydrol must be 4/1. 

The mixture is prepared in the plastic container and FR4 substrate is left into the 

container. The container can be swung slowly from left to right to speed up the 

solubility. The melting process can be seen from Figure 6.15. The gas appeared 

during the chemical reaction must not be breathed. In addition, it is necessary to not 

touch to the mixture by hand or metal things. The chemical process has to be done 

with wearing gloves in open air or out door. After a few minutes, the substrate is 

removed from the container and cleaned with water using a sponge. Figure 6.16 

presents new metamaterial after the chemical and cleaning processes. As it is seen 

from this figure, the conductor ways with toner is not affected from the chemical 

mixture. So that, the printed circuit scheme of new metamaterial which is drawn in 

the computer is transferred to FR4 substrate by using the chemical process. Finally, 

the produced substrate can be sliced according to the desired size. 

 

  

Figure 6.15: Melting process with the use of chemical mixture. 

 

 

Figure 6.16: New metamaterial after the chemical and cleaning processes. 
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6.5 Transmission Experiments 

 

In this section, some transmission experiments of new metamaterial are provided. All 

experiments were done in Nanotechnology Research Center (NANOTAM) at Bilkent 

University. The transmission spectra of manufactured novel metamaterial are 

performed in free space by using an Agilent Technology N5230A network analyzer. 

Two monopole antennas were used in the experiments to transmit and detect the 

electromagnetic waves through the metamaterial sample. The monopole antennas 

had been constructed by removing the shield around one end of a microwave coaxial 

cable. The exposed centre conductor, which is also acted as the transmitter and 

receiver, was 2 mm long. This length is on the order of λ/2, arranged to work at a 

frequency range covering resonance frequencies. Monopole antennas were then 

connected to the network analyzer to measure the transmission characteristic of the 

novel metamaterial. The schematic representation of experimental setup is shown in 

Figure 6.17. For all measurements, electromagnetic wave propagates along the x 

direction. The electric field polarization is kept along the y axis, and magnetic field 

polarization is kept along z axis. Shortly, the incident field has wave-vector k, 

electric field E, and magnetic field H, along x, y, and z directions, respectively. 

 

Figure 6.17: Schematic drawing of the experimental setup. 
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The absorber units were used during the experiments to get rid of unwanted 

reflections. All measurements were performed in free space (air) rather than a 

waveguide environment. In our experiments, we first measured the transmission 

spectra in free space without metamaterial sample. These data was used as the 

calibration data for the network analyzer. Then, novel metamaterial samples were 

inserted between monopole antennas, and we performed the transmission 

measurements by maintaining the distance between the transmitter and receiver 

monopole antennas fixed as shown in the figure given below. Note that, all 

transmission measurements are normalized to unity. 

 

In the first experiment, we measured the transmission spectrum of one 

metamaterial slab comprised of 8 unit cells as shown in Figure 6.11. There are 16 

TSRRs and one WS in this slab. The measured transmission characteristic of one 

metamaterial slab is displayed in Figure 6.18. The frequency response of the 

transmission for one metamaterial slab shows similar behavior as in Figure 4.11(b). 

The frequency response of the transmission has a non-fixed characteristic as in the 

numerical results of Lorentz medium slab. Thus, it can be said that the experimental 

result for one metamaterial slab comprised of TSRRs and WS agrees with the 

numerical results obtained for Lorentz medium slab in Chapter 4. Here, the main 

important point is that the high transmission band is in the negative region or not. 

According to the simulation results given in Figure 6.9, the negative band stands 

between 3.23 GHz and 4.43 GHz. The negative band for one metamaterial slab 

consists of 8 unit cells lies approximately in the same region of the simulation result 

given in Figure 6.9. Consequently, it can be said that the high transmission occurs in 

the negative region where our novel periodic structure works as a DNG 

metamaterial. Note that, the measured high transmission peak is not in the calculated 

negative region (3.7 GHz − 4 GHz) shown in Figure 6.10. In the calculation, the 

permittivity and permeability are computed using mathematical formulations given 

in Chapter 3. Thus, the negative region is calculated using these mathematical 

approximations. In the real case, the permittivity and permeability are not exactly 

equal to the approximated parameters. Also, there are not accurate mathematical 

functions to express the permittivity and permeability of real metamaterials in the 

literature. As a result, the measured transmission spectrum can not be involved in the 
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calculated negative region. But, it must be in negative region obtained from the 

simulation results. 
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Figure 6.18: Measured transmission spectrum of one metamaterial slab comprised of 

8 unit cells. 

 

In the second experiment, the transmission spectrum of one metamaterial slab 

with two columns is measured. This metamaterial slab with two columns consists of 

16 unit cells is shown in Figure 6.19. For this metamaterial slab, the measured 

transmission characteristic versus the frequency is illustrated in Figure 6.20. In this 

measurement, a transmission band is observed between 3.23 GHz and 4.43 GHz 

which is agree with the negative region obtained from simulation. The transmission 

peak is measured to be nearly unity at 3.796 GHz. This peak stands in the negative 

region obtained from calculated and simulated results. Therefore, it can be said that 

the calculated and simulated results agree with each other for the one metamaterial 

slab with two columns consists of 16 unit cells. 
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Figure 6.19: Schematic representation of one metamaterial slab with two columns 

consists of 16 unit cells. 
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Figure 6.20: Measured transmission characteristic versus the frequency for one 

metamaterial slab with two columns consists of 16 unit cells. 

 

Figure 6.21 shows the measured transmission spectra for one metamaterial slab 

with 8 unit cells (one column) and 16 unit cells (two columns), respectively. Gray 

line corresponds to 8 unit cells and black line corresponds to 16 unit cells. As it is 

clearly observed from the figure, the measured transmission peak shifts to the right 

from 3.614 GHz to 3.796 GHz when metamaterial slab has 16 unit cells. In addition, 

the high transmission band is wider in the 16 unit cell metamaterial slab. 
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Figure 6.21: Measured transmission spectra for one metamaterial slab with 8 unit 

cells (one column) and 16 unit cells (two columns). Gray line corresponds to 8 unit 

cells and black line corresponds to 16 unit cells. 

 

As the third experiment, the transmission measurement for multilayer 

metamaterial slabs is considered. To do this, two new metamaterial slabs is arranged 

consecutively with 2 mm spacing between them. It means that there are 3 layers in 

the environment consisted of two metamaterial slabs and one dielectric (air) slab. 

The dielectric slab is embedded between two metamaterial slabs. The measured 

transmission spectrum for this three layered structure is presented in Figure 6.22. The 

high transmission band stands in the negative region as it is expected. The measured 

spectrum is in agreement with the numerical results obtained in Chapter 5. The 

measured result offers to design a high transmission filters as in the numerical results 

obtained in Chapter 5. All pass filters for the negative region and/or band pass filter 

for the desired frequency region can be designed and manufactured using the 

measured results obtained here. 
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Figure 6.22: Measured transmission spectrum for two consecutive metamaterial slabs 

with 2 mm spacing. 

 

Our forth experiment was arranged to study the effect of the spacing between the 

layered structure used in the previous experiment. All arrangements are the same 

with the previous experiment except the spacing. Here, it is increased from 2mm to 4 

mm. The measured transmission spectrum for this structure is displayed in Figure 

6.23. The high transmission band again stands in the negative region and the 

measurement agrees with results obtained in Chapter 5. This result suggests to 

construct the high transmission filters using the new metamaterial as recommended 

in the numerical results obtained in Chapter 5. The results of this and previous 

experiments are plotted together and they are illustrated in Figure 6.24 for 

comparison purpose. Gray line corresponds to the structure arranged with 2 mm 

spacing and black line corresponds to the structure arranged with 4 mm spacing. As 

it is observed from this figure, the high transmission interval is wider in the 4 mm 

spacing experiment. Thus, it can be concluded that if suitable dielectric slab 

thickness between the two metamaterials is arranged the widest transmission band 

can be obtained. Then, more efficient transmission filters can be designed and 

fabricated. 
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Figure 6.23: Measured transmission spectrum for two consecutive metamaterial slabs 

with 4 mm spacing. 

 

3 3.5 4 4.5 5
0.0

0.2

0.4

0.6

0.8

1.0

frequency (GHz)

T
ra

ns
m

is
si

on

spacing: 2 mm

spacing: 4 mm

 

Figure 6.24: Measured transmission spectra for two consecutive metamaterial slabs 

with 2 mm and 4 mm spacing. Gray line corresponds to 2 mm spacing and black line 

corresponds to 4 mm spacing. 

 

In the fifth experiment, we tried to construct five layered configuration to 

observe the transmission characteristic. For this reason, we combined three 

metamaterial slabs with 2 mm spacing. The measured transmission spectrum for this 
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structure is demonstrated in Figure 6.25. Once again, the high transmission peak is 

observed in the negative region at 3.717 GHz. The transmission bandwidth of the 

negative region is narrower than the transmission bandwidth achieved in the previous 

experiment. 
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Figure 6.25: Measured transmission spectrum for five layered configuration 

comprised of three metamaterial slabs and two dielectric (air) layers. 

 

In the last experiment, seven layered structure was constructed for measuring the 

transmission spectrum. To do this, four metamaterial slabs with 2 mm spacing are 

combined together. Figure 6.26 presents the transmission spectrum for this seven 

layered structure. The transmission peak is achieved in the negative region at 3.717 

GHz. This is the same frequency observed in the previous experiment. In addition, 

the transmission bandwidth obtained here is narrower than the previous experiment. 

Therefore, according to the measurements, the transmission bandwidth in the 

negative region is narrower when the number of layers is increased. It means that the 

transmission bandwidth is inversely proportional with the number of layers. 
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Figure 6.26: Measured transmission spectrum for seven layered configuration 

comprised of four metamaterial slabs and three dielectric (air) layers. 

 

 

6.6 Summary and Discussion 

 

In summary, this chapter has discussed the design, realization and manufacturing 

processes of the novel metamaterials consist of triangular split ring resonator (TSRR) 

and wire strip (WS). Three different types of new metamaterials were designed and 

simulated. According to the results obtained in this chapter, the designed 

metamaterials exhibited double negative properties in the frequency band of interest. 

It means that the modeled structures were well designed and successfully worked 

around the operation frequency. The metamaterial structures were designed to 

display double negative characteristics around 4 GHz. Note that, the negative 

frequency band can be retailored by rearranging the size and dimensions of the 

structures. Therefore, our novel metamaterials can provide new ways to design, 

characterize, and manufacture new metamaterials in the microwave, millimeter 

wave, and optical frequency regions. Then, the fabrication processes to manufacture 

new metamaterial slabs were explained in detail. Finally, some transmission 

experiments were provided using the manufactured slabs to observe the transmission 
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characteristics of the multilayer structure comprised of new metamaterial slabs and 

dielectric (air) layers. In the transmission spectra, high transmission peak was 

achieved in the negative region as it was expected. The incident waves were nearly 

transmitted through the constructed structures without being reflected at the 

metamaterial − air interface at the negative region. The low reflection from the 

surface can be attributed to either matched impedance at the interface or the 

thickness of the slabs. In addition, the transmission bandwidth in the negative region 

narrowed when the number of layers along the propagation direction is increased. 

This was expected due to the losses. As it is known that the losses increases if the 

number of layers is increased. The measured transmission spectra were also 

compared with the numerical results obtained in the previous chapters. It is observed 

that the experimental results agree with the numerical results. It means that the 

characteristics of the experimental and numerical results are approximately the same 

with each other. Furthermore, the results of this chapter propose to design, realize, 

and manufacture transmission coatings and filters with high efficiency at the 

millimeter wave, optical, and microwave regimes as it is recommended in the 

numerical results acquired in previous chapters. 
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CHAPTER 7 

 

CONCLUSION 

 

In this thesis, analysis, some applications, and a novel design of double negative 

metamaterials have been investigated. In this chapter, a brief summary of the 

investigation and the results of thesis work are presented. In addition, some future 

directions are mentioned in the base of the results found. 

 

The first two chapters concerned with the basic information of the double 

negative metamaterials. In Chapter 1, some definitions of double negative 

metamaterials, historical background, and thesis motivation were given. The detail 

literature search was presented and some terminologies about double negative 

metamaterials are explained. In the second chapter, main electromagnetic properties 

of double negative metamaterials were explicated and discussed. Dispersion 

characteristics and plane waves in such medium were described. In addition, the 

concept of negative refraction was clarified and some examples from the literature 

were shown. 

 

In the third chapter, classification and realization of double negative 

metamaterials were given to understand the characteristic features of them. Both the 

analytical and physical models were presented to identify how double negative 

metamaterials can be constructed. These were very important because the design and 

manufacturing processes were based on these aspects. Also, the theoretical and 

numerical analyses which were explained in the following chapters constructed in the 

base of the subject constructed in the third chapter. 
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Chapter 4 presented the wave propagation in the presence of double negative 

metamaterials. First of all, two adjacent semi infinite conventional and double 

negative media are examined. The case of normal, TE wave, and TM wave 

incidences are investigated. Then, double negative metamaterial slab embedded 

between two dielectric media was studied. This slab was characterized by using the 

concept explained in Chapter 3. The results obtained in this chapter showed that the 

manufacturing of anti-reflection and/or total-transmission coatings and/or filters was 

achievable by using the suitable design process. Furthermore, the combination of 

conventional dielectric and double negative media are simulated to illustrate the 

perfect lens and the parabolic wave refractor applications. It can be said that these 

combinations can be used to manufacture the new lenses and refractors. Finally, 

these results can be used to analyze, fabricate, and integrate the metamaterials in 

various structures. 

 

Chapter 5 demonstrated the design and analysis of stratified structures containing 

double negative metamaterials. First, the theory of stratified structure consists of pure 

double negative metamaterials and the combinations of such materials with 

conventional dielectric materials are constructed. Then, several applications of 

stratified structure were presented. According to the results obtained here, distributed 

Bragg reflectors, high reflection and transmission coatings, band pass, stop band, 

anti-reflection, multi band-pass, multi saw-comb, oscillating, and multi notch filters 

can be constructed with high efficiency at the frequency regions where double 

negative metamaterial works.  

 

In the last chapter, novel metamaterials are designed and manufactured using 

triangular split ring resonators and wire strips. Three new metamaterials are designed 

and simulated. The designed new metamaterials were successfully worked at the 

operation frequency. Then, the manufacturing processes were explained to construct 

new metamaterial slabs to make some experiments. After that, some transmission 

experiments were provided and the transmission characteristics of the new 

metamaterial slabs were illustrated. It is observed that the experimental agreed with 
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the numerical results. Moreover, the design and fabrication of high transmission 

coatings and filters using these novel metamaterials remain new topics for further 

study and it can be suggested as a future work. 

 

The studies on the double negative metamaterials have been continuing to 

become a hot topic in the scientific and engineering communities due to the various 

potential applications of them. In the near future, the studies on the double negative 

metamaterials will be more commonplace by means of the modern engineering 

applications and technologies. However, several studies on the double negative 

metamaterials can be suggested for the present time. One of them can be the design 

and production of the highly efficient electromagnetic filters with the use of our 

novel double negative metamaterials as it is mentioned throughout the thesis work. 

Also, some multilayer structures consist of double negative metamaterials can be 

determined and arranged to obtain well-organized devices and apparatus. For 

example, tunable cold plasma layers can be constructed physically to obtain high 

transmission. In addition, new metamaterials can be created by playing with the 

shape and geometry of triangular split ring resonator. At present, our novel 

metamaterials can open a way to design, characterize, and manufacture new double 

negative metamaterials. Complementary triangular split ring resonators can be 

proposed as an example to create new types of metamaterials and the examples can 

be increased. Additionally, our novel metamaterials can be retailored to work at 

optical and millimeter frequency bands. Furthermore, perfect lenses and parabolic 

wave refractors can be realized and constructed since the verification of them were 

successfully provided in the simulation results. Moreover, there are no exact 

formulations for the permittivity and permeability of the physical metamaterials in 

the literature. There are only some approximations to define of them. The research to 

describe the new formulations or approximations for the permittivity and 

permeability of the physical metamaterials can also be suggested for the future work. 
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APPENDIX 

 

TRANSMISSION LINE MODELING METHOD FOR STRUCTURES 

CONTAINING DOUBLE NEGATIVE METAMATAERIALS 

 

In this appendix, the transmission line modeling method (TLM) for DNG structures 

is examined. In Chapter 2, the reflection and transmission coefficients were 

determined by enforcing continuity of the tangential components of the electric and 

magnetic fields across the boundaries. Here the transmission line circuit components 

are derived to obtain the reflection and transmission coefficients. Note that, the 

transmission line circuit components are functions of the thickness of the dielectric 

layers, its electric and magnetic parameters and wave propagation factor inside the 

layers. 

 

The boundary conditions at the junctions of the transmission lines specify that 

both the voltage and current be continuous across each junction. The boundary 

conditions for the plane wave interfaces force the tangential components of E and H 

to be continuous, and since VN ↔⋅ aE  and IN ↔⋅aH , these two sets of boundary 

conditions are also equivalent. Note that, z)y,x,(N N =a  are the unit vectors 

tangential to the reflecting interface. 

 

The transmission line equivalent circuit for two semi-infinite media formed from 

DPS and DNG materials shown in figures 4.1, 4.3, and 4.5 is very simple and it is 

shown in Figure A.1. 
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Figure A.1: Transmission line equivalent model of two semi-infinite media formed 

from DPS and DNG materials. 

 

The reflection and transmission coefficients can easily be found as follows: 
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where Zoi and Zot are the characteristics impedances of the incident and transmitted 

media. The main important point is to write the characteristic impedances for normal 

and oblique (TE and TM) incidences. These are given in the following equations. 
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where iiiZ εµ=  and tttZ εµ=  are the wave impedances of DPS and DNG 

media. At present, some numerical examples are illustrated in figures A.2, A.3, and 

A.4 to validate the results obtained in sections 4.2, 4.3, and 4.4. The results in these 

sections were obtained recursively as explained in the in Chapter 4. Here, the figures 

4.2, 4.4, and 4.6 are reproduced using TLM and recursive method (RM). As it is seen 

from these figures, TLM and RM give the same numerical results. Thus, the results 

are verified and validated using two methods. 
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Figure A.2: Reproduction of Figure 4.2 using TLM and RM. 
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Figure A.3: Reproduction of Figure 4.4 using TLM and RM. 
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Figure A.4: Reproduction of Figure 4.6 using TLM and RM. 

 

Now, the electromagnetic wave propagation through the DNS which was studied 

in section 4.5 is considered. Figure 4.7 shows the geometry of the problem. The 

theoretical formulations are achieved recursively and numerical results are specified 

using this recursive method in section 4.5. Now, these formulations and numerical 

results will be obtained using TLM. The transmission line equivalent of Figure 4.7 is 

shown in Figure A.5. 
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Figure A.5: Transmission line equivalent model of DNS between two different 

dielectric media. 

 

If the input potential difference (Vi  ) indicated in the figure above is normalized to 

the value of one and Figure A.5 is rearranged, the simple form can be obtained. This 

form is illustrated in Figure A.6. 

 

 

Figure A.6: Reorganized form of Figure A.5. 
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reflection coefficient, and R1 is the reflection coefficient at point B. If the 

transmission line given in Figure A.6 is analyzed and solved, the following equations 

can easily be obtained. First of all, the input impedance at point A can be given as: 
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Thus, the total reflection coefficient for the whole structure can be specified as 

follows: 
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Then, the reflection coefficient at point B can be given as: 
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The potential difference and current between the points A and B can be written as 

follows: 
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where V+ shows the amplitude of the forward wave. Afterward, the potential 

difference at the point A can be given as in Equation (A.7). 
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Using above equation, the amplitude V+ can be found as: 
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Therefore, the potential difference and the current at the point B can be formulated as 

in Equation (A.9a) and Equation (A.9b). 
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At this point, we can define the output impedance at point B as follows: 
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At last the reflection coefficient at the output and the transmission coefficient for 

whole structure can be formulated as in Equation (A.11). 
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Therefore, the total reflection and transmission coefficients for DNS embedded 

between two different DPS media were found and formulated as in Equation (A.4) 

and Equation (A.11b). Note that, the characteristic impedances for normal and 

oblique incidences are given in Equation (A.2) for Zoi and Zot. The characteristic 

impedance Zos for normal and oblique (TE and TM) incidences can be written as: 
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where sssZ εµ=  is the wave impedance of DNS. Now, reproduction of Figure 

4.8(f), Figure 4.11(a), and Figure 4.11(b) are illustrated in figures A.7 and A.8. Here, 

the mentioned figures in Chapter 4 are reproduced using TLM and RM. As it is seen 

from reproduced figures, the same numerical results are achieved using TLM and 

RM. Thus, the results are verified and validated using two methods. 
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Figure A.7: Reproduction of Figure 4.8(f) using TLM and RM. 
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Figure A.8: Reproduction of Figure 4.11(a) and Figure 4.11(b) for TE wave when 

Γ=100 MHz using TLM and RM. 
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