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ABSTRACT

ELASTO-PLASTIC ANALYSIS OF THICK BEAMS USING MESHFREE
METHODS

DOGAN, Nurettin Furkan
M.Sc. in Mechanical Engineering
Supervisor: Prof. Dr. Bahattin KANBER
July 2015, 57 pages

In this thesis, elasto-plastic analysis of thick beams is presented using Point
Interpolation Method (PIM) and Radial Point Interpolation Method (RPIM) using two
different integration schemes. In the first one, standard Gauss integration scheme is
used using background integration cells. In the second one, however, a nodal
integration scheme is used based on Taylor Series. A computer program is developed
for these algorithms in MATLAB. Different case studies are solved using developed
program and they are tested for various support domain sizes and RPIM shape

parameters. Their effects are investigated on the solution accuracy in details.

Keywords: Meshfree Methods, PIM, RPIM, Elasto-plastic, Thick beam



OZET

AGSIZ YONTEMLER KULLANILARAK ELASTO-PLASTIK KALIN
KIiRISLERIN ANALIZI

DOGAN, Nurettin Furkan
Yiiksek Lisans Tezi, Makine Miihendisligi Boliimii
Tez Yoneticisi: Prof.Dr. Bahattin KANBER
Temmuz 2015, 57 sayfa

Bu tezde, kalin kirislerin elasto-plastik analizi Noktasal interpolasyon Y éntemi
(NIY) ve Radyal Noktasal Interpolasyon Yéntemi (RNIY) ile iki farkli integrasyon
yontemi  kullanilarak  gerceklestirilmistir.  Birincisi  integrasyon hiicrelerinin
kullanildig1 Gauss integrasyon yontemi, ikincisi ise Taylor serisinin kullanildigi
noktasal integrasyon yontemidir. Gelistirilen program kullanilarak MATLAB
programi lizerinde kaynak kodlar1 hazirlanmistir. Farkli 6rnekler hazirlanan kaynak
kodlar ile ¢oziilmiis. Farkl1 destek alam biiyiikliikleri ve RNIY sekil parametrelerinin

¢Oziimler lizerine etkileri incelenmistir.

Anahtar Kelimeler: Agsiz yontemler, NIY, RNIY, elasto-plastik, kalin kirisler
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CHAPTER 1

INTRODUCTION
1.1. General Introduction

In engineering design, numerical methods have a crucial role and due to the
requirement in simulate and optimizing engineering systems brace this crucial role.
Meshfree methods are distinctive part of the numerical methods that show a great
improvement in the last decade. They are arisen from the lack of the other numerical
methods such as finite element method (FEM), finite difference method (FDM), finite
volume method (FVM) and boundary element method (BEM).

These numerical methods are mostly works very well. However, they have some

disadvantages [1]:

- In FEM, BEM and FDM, predefined meshes (elements, grids, volumes) are required.
And these meshes must be well-posed even problem is so complicated. This

requirement causes excessive computation time, hence excessive cost.

-In large deformation problems, solution accuracy can be decreased, even process can
break down due to element distortions.

-In FEM, elements are considered as indivisible. So, in some problems as breakage of
material case it is very difficult to success a good model simulation. Due to this

difficulty, problems can be mispresented and serious solution errors can be seen.

-In crack growth problems, the simulation can be very difficult especially with
complex growth path due to discontinuities.

-In FEM, model is usually over stiff. In this case, some problems like locking can be
occurred. And as a result, solution accuracy decreases, also extremely high stresses

can be seen on region such as crack tips or contact faces.



-To handle these problems, re-meshing is applied. But, this application needs complex

algorithms and an extra computation time.

All these problems above, lead to find a new numerical approach: Meshfree methods.
With these methods, predefined mesh requirement has been eliminated, thus the
problems above have been solved on a large scale. In meshfree methods, instead of
using predefined meshes, the problem domain is represented with more flexible way:
arbitrary distributed nodes. These methods introduce great conveniences. Nodes can

be added or deleted freely in order to get desired accuracy.
1.2. Layout of Thesis

A literature review of the some Meshfree methods is presented in Chapter two. The
basic properties of Point Interpolation Methods and their shape function construction
are presented in Chapter three. In next chapter, Chapter four, elasto-plastic beam
theories are presented and detailed formulation of thick beams are given. In Chapter
five, PIM and radial PIM (RP1M) implementation for thick beam are presented. Later,
in Chapter six, some benchmark problems’ solutions are presented. Finally, in Chapter

seven, the conclusions are introduced.



CHAPTER 2

LITERATURE SURVEY
2.1. Introduction

In FEM, FDM and FVM, the problem domain is discretized into meshes. And a mesh
is defined as any of the open spaces or interstices between the strands of a net that is
formed by connecting nodes in a predefined manner [1, 2]. Mesh is used as grids in
FDM, volume in FVM and element in FEM. In all methods, mesh must be predefined

to ensure a relationship between nodes.

Meshfree methods are used to create system algebraic equations for the whole problem
domain without using any predefined mesh for domain discretization. In the meshfree
methods, a set of nodes distributed within the problem domain and on the boundaries
are used to represent the problem domain and also its boundaries. Then, the field
functions are approximated locally using these nodes and there is no need an element
or connectivity of the nodes for approximation. There are number of meshfree methods
can be found in the literature. The EFG (Element Free Galerkin) Method, the SPH
(Smoothed Particle Hydrodynamics) Method, the MLPG (Meshless Local Petrov-
Galerkin) Method, the PIM (Point Interpolation Method) and the RPIM (Radial Point

Interpolation Method) are some of these methods.

The EFG, SPH and MLPG methods will be represented shortly in this section. Also,
detailed review of PIM and RPIM methods are given in Section 2.2 which are used in

this study.
2.2. Overview of Meshfree Methods
2.2.1. Point Interpolation Method

The Point Interpolation Method (P1M) is a meshfree method, proposed by Liu and Gu
[3, 4]. This method came out as a solution of some problems in Moving Least Square

(MLS) based meshfree methods. One of these problems is the complex structure of

3



algorithms in computation of shape functions and the other one is difficulties in
implementation of the essential boundary conditions. These problems cause increases
in computation time with the result that increase in computational cost. Some different

solution paths are proposed for these problems [5- 8].

In PIM, the field variable at a point is interpolated by the variables in the influence
domain of this point. In this method, interpolation shape functions are constructed
using polynomials which are selected from Pascal’s triangle. These functions are
suitable for Kronecker delta function property very well. Not like other meshfree
methods, it is easy to construct interpolation shape functions due to polynomial base
and easy to apply the essential boundary conditions due to Kronecker delta function

property.

However, PIM has some problems. The main problem is the possibility of a singular
moment matrix. A couple of reasons may cause this problem: improper distributed
nodes in local domain and improper monomial selection in basis function [1, 4, and
5].

To eliminate singularity in moment matrix, several strategies have been proposed [1,
4,5, and 10]. One of these strategies is to move the nodes in support domain with a
small amount randomly [1, 4]. Also, rotational coordinate transformation is proposed
[1, 13]. These solutions work on disappearing improper distributed node effect.
However, in these two strategies there is still a chance to obtain singular moment

matrix.

The matrix triangularization algorithm (MTA) is also proposed by Liu and Gu [9] to
overcome singular moment matrix problem of polynomial PIM. Also, this algorithm
works well to avoid singularity in moment matrix. However, the MTA may be

numerically unstable in some cases [9].

A diagonal offset algorithm is another strategy which is proposed by Kanber and
Bozkurt [11]. This algorithm works very well to avoid singularity issue and gives

accurate results.



Another strategy to eliminate singular moment matrix is the use of radial basis
functions (RBFs) to construct PIM shape functions which is proposed by Wang and
Liu [10, 14].

PIMs can be formulated by the combination of Galerkin weak form [3], the local

Petrov-Galerkin weak form [12], the boundary integration equation (BIE) [15, 16].

The PIMs have a large application area due to its high accuracy, easiness to shape

function construction and implementation of boundary conditions.
2.2.2. Radial Point Interpolation Method

The radial point interpolation method (RPIM) is proposed by Wang and Liu [10]. In
RPIM, radial basis functions are used instead of polynomial basis function. Using
radial basis functions with proper shape parameters works perfectly. Radial basis PIM
(RPIM) has also Kronecker delta function property. However, this method requires

more nodes to obtain accurate results as PIM [2].

It is very important issue to use proper shape parameter in radial basis functions to
construct PIM shape function. Because, shape parameters affect the accuracy and
performance of RPIM. The effect of shape parameters were studied deeply in [10, 14,
17, and 18] and optimum shape parameters were proposed in these studies. For RPIM
shape parameter g, values between 1.0 and 3.0 is recommended for 3D problems. 1.03
is the best choice of q for both 3D and 2D problems. For RPIM shape parameter «.,

better results can be obtained when itis used as 3.0 and 4.0 [14].
2.2.3. Smoothed Particle Hydrodynamics

Smoothed particle hydrodynamics (SPH) method is initially used to understand some
astrophysical problems in three-dimension [19]. A set of moving particles which does
not have any predefined background cells are used to represent physical problem
domain. The mathematical model of physical problem is constructed using partial
differential equations which are transformed into selected finite integral form to
compute over the integral form. Most applications of SPH are related with
astrophysical problems and fluid dynamics such as star formation, stellar collisions,
meteor impacts [20] and elastic flow [21], incompressible flows [22]. Also, SPH is

adapted to impact problems [23- 27], fracture simulation [28, 29], elasto-plastic case

5



such as metal forming [30, 31], simulation of explosive welding [32] and brittle solids
[33]. Additionally, SPH has been applied to explosion and penetration simulations [34-
37]. Smoothed particle hydrodynamics (SPH) method still has some problems such as

stability and consistency, especially in solid mechanic applications.
2.2.4. Element Free Galerkin Method

Element-free Galerkin (EFG) method is proposed by Belytschko et al. [38] based on
the diffuse elements method (DEM). In EFG method, the problem domain and
boundaries are represented by arbitrary distributed nodes and shape function
construction is utilized by using moving least squares (MLS) approximation on these
nodes. So, EFG does not need any mesh generation. On the other hand, a set of

background cells are required to perform Galerkin weak form integration.

In literature, there are very large application areas of EFG method like solid
mechanics, fluid mechanics, electromagnetic field and heat transfer problems. In solid
mechanics, many different elastic and plastic applications can be found such as beam
[39], shell [40], plate [41], plane stress [42] and plane strain [43] problems.

2.2.5. Meshless Local Petrov-Galerkin Method

Meshless Local Petrov Galerkin (MLPG) method is proposed by Atluri and Zhu [44],
later is developed by Atluri and Shen [50]. This method is accepted as a truly meshfree
method due to any requirement of background cell for interpolation or integration
process despite of the other methods. The MLPG method is based on a weak form
which is constructed on a local subdomain. The method only needs nodal information
and element connectivity does not required. Thus, this leads a really simple pre-

processing.

Because of the simplicity of the method, wide range of applications can be found in
the literature such as large deformation problems [45], fracture mechanics [46], beam
problems [47], plate problems [48], shell problems [2] and fluid mechanics problems
[49].



2.3. Conclusion on Literature Survey

Literature survey shows that both PIM and RPIM have some points that directly affect

the solution accuracy. As a summary, they can be given as:

a) Support domain size,

b) Radial basis function shape parameters and

c) Integration scheme.
And also literature review shows that elasto-plastic analysis of thick beams has not
been carried out using PIM and RPIM. Investigating of solution performances of PIM
and RPIM on the elasto-plastic analysis of thick beams is the main concern of this

thesis.



CHAPTER 3

POINT INTERPOLATION METHODS
3.1. Introduction

Point interpolation method (PIM) is a simple and useful meshfree method that is
originally proposed by [3, 4]. In point interpolation method, field variables are
approximated by letting the interpolation function on each distributed node. In PIM,
the shape functions have Kronecker delta function property. Due to this property, the
application of essential and natural boundary conditions is very simple and there is no
need to an extra algorithm for this purpose [1]. Polynomial and radial basis functions
are used to obtain PIM shape functions in literature. In Section 3.4, shape function

construction procedure will be explained in detail.
3.2. A Brief Review on Solution Procedure for Meshfree Methods

Solution procedure can be summarized as domain discretization, field variable
interpolation, formation of system equations and solution the meshfree equations. In
domain discretization, the set of scattered nodes are used to represent the problem
domain. Then, boundary conditions and loading conditions are defined. Here, the
number of the nodes depends on the requirement in the accuracy of modelling and
solution. After problem domain representation, the shape functions are constructed for
each node in the local domain. As a third step, the system equations are formatted. The
equations of a meshfree method can be formulated by a strong form system equation
or weak form system equation. All these functions constructed as nodal form, so there
is an assembling procedure needed to obtain a global system equations and different
assembling procedures are used for different meshfree method. At the last step, global
system equations are solved by using different solving method. In static problems,
field variables (displacement) at all nodes are obtained firstly. Then, stress and strain

can be calculated using constitutive equations and strain- displacement relations.



3.3. Basic Definitions on Meshfree Methods

In meshfree methods, the most encountered terms can be listed as local domain and

background cells. These two terms are briefly explained in the following sections.
3.3.1. Local Domains

In FEM, predefined elements are used to approximate the field variables. And the
shape function construction is done before using elements which the number of node
in the element is predefined. Also, elements are used for integration purpose. As
mentioned before, in meshfree methods, the shape functions are constructed on the
nodes in the local domain. Also, local domain construction in meshfree methods does

not contain any predefined node information.

Local domain is categorized in two different terms; support and influence domain.
Support domain term is used to define the area where the interpolation of a point of
interest is done. Also, it is used to define the number of nodes which include in the
shape function construction. Influence domain is used to define the area that a node
exerts an influence upon. Influence domains can be different from node to node and

represents the influence of the node [1].
3.3.2. Background Cells

In meshfree methods based on Galerkin weak form, the problem domain is discretized
to non-overlapping background cells to perform the integration of global system

equations.



Background cells
for quadrature
| : :
_———— 4 |

Problem
domain Q

etttk bttt skt it

' ! 1 .. 1
x: quadratiire or sampling point
o: field node

Figure 3. 1. Local domains and background Cells in Problem Domain Q [1]

3.4. Point Interpolation Method Shape Functions

Shape function construction is the most important issue in meshfree methods. As
mentioned before, shape function construction in meshfree methods is performed on a
node by using small number of local support node vicinity of the point of interest and
it is special for the node. Consider a field function u(x) defined in the problem domain
Q that represented by a regularly distributed nodes. The field function u(x) can be

approximated on the point of interest x, as:

u(x,x0) = Xy Bi(¥a (3.1)

where B;(x) is the basis function defined in the Cartesian coordinate, a; is the
unknown coefficient for the basis function, n is the number of nodes in a local support

domain.

Point interpolation method (PIM) is divided into two parts upon basis function type.
First polynomial PIM is developed by Liu and Gu [3, 4] and second type is the Radial
Point Interpolation Method (RP1M) which is developed by Wang and Liu [10].

10



3.4.1. Polynomial Point Interpolation Method Shape Functions

In polynomial PIM, as the name suggests the polynomial basis function is used. Hence,

the Equation 3.1 becomes:

u(x,xg) = I pi()a; = pT(x) a(xy) (3.2)

where p; is the basis function of monomials, a is the unknown coefficient vector of

monomial.

The polynomial pi(x) is constructed using Pascal triangles. And pi(x) in one dimension

is:
pT(x) = [1,x,x2,x3,x%, ..., x"1] (3.3)

The unknown coefficient vector a; in Equation 3.2 can be obtained by solving Equation
3.2 at the n support nodes. At point of interest node i, we have nodal value of u(x;):

u(x) =p’(x)a (3.4)
The generalized displacement vector u$¢ can be written in matrix form as:
us? = Pya (3.5)

where u$? = {[wy, 0;,w,, 0,, ..., wy, 6,,]7} and moment matrix Pq of local domain

for 1D case is:

[1 X, x?‘l]
n-1

P, [1 & x2 (3.6)
1 x, xn-1

where n is the number of node in the support domain. If the inverse of moment matrix

exists, unknown coefficient vector a:
a=Py'us? (3.7)
Finally, substituting Equation 3.7 into the Equation 3.2 gives:
u(x,xq) = Tiky pi(¥)ai(xg) = Ppx)us (3.8)

11



where the matrix of the PIM shape function ¢(x) is:

¢ =p (PG = [$1(x) ¢P2(x) .. Pn(x)] (3.9)
3.4.2. Radial Point Interpolation Method Shape Functions

In Radial Point Interpolation Method (RPIM), radial functions are used as a basis

function. Thus, Equation 3.1 becomes:
u(x, xQ) =Y Ri(X)a; (x) = RT(x)a (3.10)

where a is the unknown coefficient vector for the radial basis function (RBF), n is the
number of nodes in support domain and Ri(x) is the basis function with the distance r

between point of interest x,, and x; which for 1D problem is r = x4 — x;.

While the radial basis function vector R is used itself without powers in the original

RPIM [1, 2], it can be used in the following form to increase its accuracy:
R" = [R;(1)° Ry ()", R3(13)%, ..., Ry ()™ 1] (3.11)

The different types of radial basis functions exist in literature, the typical radial basis

functions are listed below:

Table 3. 1. Typical RBFs in Literature

Name Expression Shape Parameters
1 Multi-quadrics  R;(x,y) = (1;2 + a.d.)? ac, q
2 Logaritmic RBF Ri(ry) = rl.77 logr; n
3 Gaussian (exp) Ri(x,y) = exp(—cr?) c
Thin Plate o
4 Spline(TPS) Ri(x,y) =, n

In this thesis, multi-quadrics radial function is used as a basis function and the shape
parameters which are proposed in [10] are used to examine the effect on the solution

convergency.

The unknown coefficient vector a; can be obtained by enforcement of Equation 3.10

for all the n support nodes. At point of interest node i, we have nodal value of u(x;):

u(x) = R (x)a (3.12)
12



And again, the generalized displacement vector, us® can be written in the form:
u? = Rya (3.13)

R, is the moment matrix of RBFs and can be written as follows:

Ri(r)° Ry(r)' .. Ry(r)" "
R, = Rl(:rz)o Rz(?’z)1 Rn(r?)n_l (3.14)
Ri(1)° Ry(n)' .. Ry(r)™*

If the R matrix is invertible vector of coefficients a is:
a = R;'u*? (3.15)
As a result, substituting Equation 3.15 into Equation 3.10 gives:
u(x,xg) = Tity Ri()ai(xg) = plx)us (3.16)
where the matrix of the RPIM shape function ¢(x) is:

¢(x) = RT(ORG" = [¢1(x) ¢2(x) ... Ppn(x)] 3.17)

13



CHAPTER 4

ELASTO-PLASTIC BEAM THEORIES
4.1. Introduction

In engineering, the prediction of failure holds a very important place due to the safety
of design. Beams are mechanical components that are widely used in engineering
design. Several beam theories have been proposed so far based on different
assumptions. In this chapter, the basic essentials of elasto-plastic analysis and the most
widely used beam theories: Euler-Bernoulli and Timoshenko Beam Theories will be

introduced.

4.2. The Fundamentals of Elasto-Plastic Analysis

The theory of plasticity undertakes the complementary role of the theory of elasticity
and deals with the stress-strain relation of structure in plastic region as well as in elastic

region.

After yielding point (i.e. in plastic region), strain increments can be separated into
elastic and plastic components as [51, 52, 53]:

de = de® + deP (4.1)

where e denotes elastic and p denotes plastic components. Since, in plastic region,
Hooke’s law is no longer enough to provide a relationship between the incremental
stress and elastic strain, this relation for plastic material is covered for the current state
and the incremental changes of stress and strain for different plasticity assumptions
like elastic-perfectly plastic materials, elastic-work hardening materials, etc. Stress-

strain relation in elasto-plastic case can be written in general form as:
do = Ede® or do = E(de — deP) (4.2)

where E is the material property matrix.
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Elasto-plastic analysis have three essential components which are a yield criterion, a
flow rule and a hardening rule. Yield criterion deals with the states of stress is beyond
the yielding. In the literature, there are different criterions available. In all criterions,
transition from elastic to plastic region is defined by using different aspects. In von
Misses criteria, yielding occurs when the elastic distortion energy reaches a critical
value which is the maximum value of elastic distortion energy. In this study, von
Misses yield criteria is used. On the other hand, in Tresca yield criteria, yielding occurs

when the maximum shear stress reaches a certain value.

(oF]
von Misses
Oyielg,
Tresca
—Oyielg 02
Oyield
~—— —Oyield

Figure 4. 1. Yield Criterions Representation

Another essential of the plasticity is the flow rule. The flow rule defines a relationship
between stress increment and strain increment after yielding. The last component of
plasticity is hardening rule, and it describes how the yield criterion is modified by
straining beyond the initial yield. The hardening rule can be presented as isotropic
hardening or kinematic hardening [53, 54]. In isotropic hardening, the yield surface
can expand without any transition under loading. i.e. when the stress state reaches
beyond the initial yield point, it has a new yield point in loading and after unloading
in compressive loading situation the yield point will have a greater value. However, in
kinematic hardening, the yield surface moves as a rigid body in loading. i.e. when the
stress state reaches beyond the initial yield point, it has a new yield point in loading
and in compressive loading situation the yield point will have a smaller value from the

initial yield point. Following figures will be easier way to explain these two rules.
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Figure 4. 2. Isotropic Hardening Model Representation

Current T
yield surface \ y
Initial  yield
surface

Figure 4. 3. Kinematic Hardening Model Representation
4.3. Beam Theories

In this section, beam theories will be summarized shortly. The two important beam
theories are:

e Euler- Bernoulli beam theory
e Timoshenko beam theory

4.3.1. Euler- Bernoulli Beam Theory

The Euler- Bernoulli beam theory is proposed in 18th century by Leonard Euler and
Daniel Bernoulli. In Euler- Bernoulli beam theory, the shear effect on deformation is
neglected, so this theory is mostly useful for thin beams. There are some assumptions
in this theory [52]:

a. Cross-sectional area remains plane after deformation.

b. The normal line to the cross-sectional area remain straight after deformation.

16



c. The normal to the cross-sectional plane must be remain normal after

deformation.

4.3.2. Timoshenko Beam Theory

The Timoshenko beam theory is proposed by Stephen Timoshenko in 1921 [55]. As
mentioned before, in Euler- Bernoulli beam theory the shear effect on the deformation
does not considered. However, the shear deformation takes a place in real problems.
In Timoshenko beam theory, the shear effect is considered in solutions. This causes
more effective solutions and makes Timoshenko beam theory perfect for thick beam
problems. In this study, Timoshenko beam theory is used to elasto- plastic analysis. In

this theory, there are three assumptions existed as Euler- Bernoulli beam theory:

a. Cross-sectional area remains plane after deformation.

b. The normal line to the cross-sectional area remain straight after deformation.

c. The normal to the cross-sectional plane cannot be remain normal after
deformation.

There are two approaches to the elasto-plastic analysis of Timoshenko beams [51]:

a. Non-layered approach: In this study, non-layered approach is used to figure out
plasticity in the cross-section. This approach states that when the bending
moment reaches the yield moment, the whole cross-section becomes plastic
instantaneously. However, in reality there is always a gradual plastification in
the beam and plastic are spreads inwards from the outer fibres.

b. Layered approach: In this approach, the cross-section is divided into layers.
And, spread of plasticity is observed by using these layers. Of course, that is
reasonable the increasing in number of layers causes more realistic solutions.

In a Timoshenko beam (Figure 4.4), as we said before, it is assumed that normal to the
neutral axis before deformation remain straight but cannot be remained normal to the
neutral axis after deformation. This means that axial displacement # at any point (X, z)
can be expressed in terms of 8(x) rotation of the normal. So, displacement field is [51,
52, 56]:

u(x,z) = —z0(x) (4.3)

w(x,z) = w(x)

17



where 6(x) rotation of the normal is equal to:
8(x)= 4.4
(x)=2-8 (4.4)

‘2—: denotes the slope of the neutral axis and £ denotes a rotation due to transverse shear

deformation.

0(x) M

— > x = u(x,2)

Figure 4. 4. Timoshenko beam

In Timoshenko beam, the constitutive relations are given by:

oy = E¢, (4.5)
Tyz = kGYy,
where axial strain &, is:
ou de
Ex = a = _ZE (46)

and shear strain y,, is:

_om , 0w dw 4.7)
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Figure 4. 5. Stress- strain diagram

For linear, elastic and isotropic material, area under the stress-strain curve in Figure

4.5 is the internal energy. Thus:
u= -—oagE — U=-0¢& .
du= [ >od - (4.8)
where u is the internal energy density.

In Timoshenko beam theory, the internal energy considers both bending and shear

contributions:
1 1
U= fudV = Efv o&,dV + Efv Tz VazAV (4.9)

Using Equation 4.5 and dV = dAdx, we obtain the total internal energy in terms of

generalized displacements:

U_l

T2

f, E&?dV += [, kGyy,2dV

=21 B1 (2%) dx+ 1% kG (22— 6,) ax (4.10)
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CHAPTER 5

PIM AND RPIM FORMULATION FOR THICK BEAMS
5.1. Basic Equations for Thick Beams

In a local support domain, the nodal lateral displacement w; and slope 6; in a local

node can be defined in terms of shape functions as follows:

Wi = 1wy + Powy + -+ Ppwy, (5.1)
0; = 101 + P60, + -+ P 0,

In Timoshenko beam theory, shear effect on the displacement is considered as
mentioned before. Thus we have a couple of relationship as; the curvature-
displacement and shear strain-displacement relationship in local support domain. The

curvature- displacement relationship is:
€ =——= Bso (5.2)
And shear strain- displacement relationship in local support domain is:
dw
€5 =——— 0 = Bsg (5.3)

where ¢ is the basic unknowns, nodal vector of displacements in our case , By is the
curvature-displacement matrix:
_ dés aé2 dén
B = [0 10 .0 ] (5.4)

dx " dx

and By is the shear strain-displacement matrix:

d d don,
B, =" —¢, 2 g, .. U 4] (55)
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Using strain-displacement relationships and the total energy expression in Equation
4.10 which are proposed by [51, 57], the governing equation can be expressed as:

[K;+ K Jo—f=0 (5.6)

where K and K are local stiffness matrices , f is the applied load vector which are

expressed as:
_rx2 T
Ky = [, |Bf] (EBydx
Ks = [, [Bs]" (GA)Bsdx (5.7)

f=0 e 0 ¢, 0]"qdx

where El is the flexural rigidity and GA is the shear rigidity, ¢ is the nodal shape

function which can be constructed either using PIM or RPIM methods.

Bending moments and shear forces on each support domain can be expressed as [51]:
EI
M= (EDByg = (7) (6.~ 6) (538)

where 8, and 6, are slopes on the local nodes, | is integration domain length.

Shear force varies linearly over support domain, if we evaluate it on the mid-point of

domain and assume that it is constant over the domain:

Q = (6A)B,p = (6A) {(*=2) - (222)} (5.9)

The value of the ultimate moment, in plastic condition can be expressed in terms of

yield stress g, as:

b(t/2) t/2

M, = fb(_t/z) _y/2Z00dz dy (5.10)

where My, = o,(bt?/4) for a rectangular beam.

After yielding flexural rigidity EI becomes elasto-plastic flexural rigidity:

(ED.ep = E1 (1 - =) (5.11)

EI+H/
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where strain hardening H' parameter is defined as:

_aMm
(dEf)p

(5.12)

5.2. Integration Schemes

As mentioned above, using virtual work approach the governing equation for the
Timoshenko beam is given in Equation 5.6 as [Kf + KS]<p — f = 0 where Ky and K
were flexural and shear local stiffness matrices respectively, f was the applied force

vector. To evaluate Equation 5.7, two different integration schemes are used:
5.2.1. Gauss Integration Method

First one is standard Gauss integration. In this method, quadrature cells (background
cells) are used to integration. And, the shape functions are calculated for each node in
the support domain. Two point Gauss integration is used to calculate flexural nodal
stiffness matrix and one point Gauss integration is used for shear nodal stiffness matrix
calculation due to shear locking phenomenon. In two-point Gauss integration, the

integral is approximated as [58]:

I= [ fe)dx ~ wif(qr) + waf (q,) (5.13)

Thus, local stiffness matrices are:

Ky = 1+ (Jac) « [(w) (BT, * [Bla1) + wo)(IBA , * [Bfle2)| | (5.14)

K, = GA* (Jac) * [(W)([Bs]T * [Bs]q)]

q

where Jac is the Jacobian, w,wi,w> are weights, ¢,q1,q2 are quadrature points which

can be seen in Table 5.1 and By and Bj are presented in Equation 5.4 and 5.5

respectively.
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Table 5. 1.Weights and quadrature points used in Gauss Integration Formulas

Points Weighting Function
Factors Arguments

1 w=2 q=0

2 w, = 1.000000000 q,= -0.577350269
w, = 1.000000000 q,= 0.577350269

3 W, = 0.555555556 q,= -0.774596669
w, = 0.888888889 q,= 0.000000000
w, = 0.555555556 q,= 0.774596669

5.2.2. Nodal Integration Method

The second integration scheme is the nodal integration proposed by Liu et al [59]. In
this method, integration function (nodal stiffness matrices) is introduced by Taylor’s
extension and due to this simplicity it is easy to use in any meshfree method. The
whole solution domain is divided into non-overlapping cells around each field node as

seen in Figure 5.1.

Integration Cell 2 for ith node
dy2

O O

Cell 1 Cell 3

Figure 5. 1. Nodal integration scheme representation

In this thesis, nodal integration scheme is used without high ordered terms of Taylor’s
expansion for local shear stiffness matrix. This is called as reduced nodal integration
scheme. When higher order terms are used in the integration, overly stiff solutions are
obtained. This phenomenon is known as “shear locking”. Thus, the nodal stiffness

matrices can be expressed as:

23



. {([Bf]z;o # [Bflxy) (a2 — dx1) + 5. = ([By1%, * [Bflx, ) (d, —d?ﬂ)}
f = *

1 92
+5ﬁ([3f]£0 * [Bf]x())(diz - d93c1)

(5.15)

K, = GA « {([B,]%, * [Bylx,) (dyz — day) + 5. o= ([Bs%, * [Blx,) (d2; — d2))
J

5.3. Incremental Solution

In elasto-plastic nonlayered Timoshenko beam analysis, the total load is applied
incrementally. As mentioned before, when the beam bending moment reaches the yield
moment M,, the whole cross-section and therefore integration domain becomes

plastic.

In solution, tangential stiffness algorithm [51] is used. According to load increment,
the beam is initially deformed elastically with flexural rigidity El. After yielding, beam
shows linear strain hardening and is deformed with (EI),, Equation 5.11 while the
shear rigidity GA is assumed unchanged. At later load increments, Equation 5.4 and
Equation 5.5 are recalculated and hence stiffness matrices are also recalculated using

strain hardening parameter.
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CHAPTER 6

RESULTS AND DISCUSSION
6.1. Cantilever Beam

In the first case study which was used in [60], a thick cantilever beam in Figure 6.1 is
used to test the developed code in MATLAB with an elasto-plastic material of E=200
GPa, 0,,= 250 MPa, v=0.3 and H'= 200 MPa. A concentrated load with 60 kN is
applied on the free end of the beam with ten different increments. Also, results of
MATLAB code and ANSYS are compared using 11 regular distributed nodes.

PIM and RPIM Models
(11 regular distributed nodes)

[ O O O O O % O ]

Figure 6. 1. Cantilever beam and its PIM and RPIM models.

In Figure 6.2, the comparison of the elastic displacement distribution for all methods
with both high and reduced nodal integration is done. However, for PIM method,
higher terms in nodal integration does not affect the solution, for RPIM method
solution convergency decreases when higher term of nodal integration is used. The
elastic displacement distributions are all good agreement for all methods as shown in
Figure 6.3. Normal stress distributions of the beam can be seen in Figure 6.4, they are
also all good agreement for all methods. The support domain size has no significant
effect on the results for PIM and RPIM with Gauss integration scheme as shown in
Figure 6.5 and Figure 6.7. However, it has significant effect for both methods with
nodal integration scheme as shown in Figure 6.6 and Figure 6.8. The effect of shape
parameters oc and g are shown in Figures 6.9- 6.12. Shape parameter ac has no

significant effect on the displacement distribution. On the otherhand, shape parameter

25



q gives only acceptable result when its value approaches 1 as seen in Figures 6.11 and
6.12.
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Figure 6. 2. Comparison of solution accuracy for PIM and RPIM with nodal
integration with high terms (hNodal) and reduced nodal integration method.
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Figure 6. 3. Displacement distribution of cantilever beam along the neutral axis at
load increment P=27.0 kN (sd=L/10, 0c=3, q=1)
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Figure 6. 4. Normal stress distribution of cantilever beam at load increment P=27.0
kN (sd=L/10, ac=3, q=1)
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Figure 6. 5. Convergency of the PIM solutions of cantilever beam after yield point
for various support domain sizes with Gauss integration scheme.
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Figure 6. 6. Convergency of the PIM solutions of cantilever beam after yield point
for various support domain sizes with nodal integration scheme.
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Figure 6. 7. Convergency of the RPIM solutions of cantilever beam after yield point
for various support domain sizes with ac=3, g=1 and Gauss integration scheme
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Figure 6. 8. Convergency of the RPIM solutions of cantilever beam after yield point
for various support domain sizes with ac=3, g=1 and nodal integration scheme.
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Figure 6. 9. Convergency of the RPIM solutions of cantilever beam after yield point
for various oc shape parameter with sd=3L/10, g=1 and Gauss integration scheme.
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Figure 6. 10. Convergency of the RPIM solutions of cantilever beam after yield
point for various oc shape parameter with sd=3L/10, q=1 and nodal integration

scheme.
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Figure 6. 11. Convergency of the RPIM solutions of cantilever beam after yield
point for various g shape parameter with sd=3L/10, a.=3 and Gauss integration
scheme.
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Figure 6. 12. Convergency of the RPIM solutions of cantilever beam after yield
point for various g shape parameter with sd=3L/10, ac=3 and nodal integration
scheme.

6.2. Simply Supported Beam

W= 548 kN/m
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(11 regular distributed nodes)
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Figure 6. 13. Simply supported beam and its PIM and RPIM models.

A thick simply supported beam in Figure 6.13 is used to test the developed code in
MATLAB with an elasto-plastic material of E=200 GPa, ;,= 250 MPa, v=0.3 and H'=
200 MPa. A distributed load with 548 kN/m is applied on the beam with ten different
increments. And 11 regular distributed nodes are used to model PIM and RPIM
solutions. Also, results of MATLAB code and ANSY'S are compared.

In Figure 6.14, the elastic displacement distribution for all methods with both high
ordered and reduced nodal integration is investigated. Solution is not acceptable when
higher terms are used in integration, but when reduced integration is used, solution
becomes acceptable. In Figure 6.15, displacement distribution of the beam is examined
for PIM and RPIM methods with Gauss and nodal integration scheme respectively in

elastic range. The displacement distribution of the beam is in good agreement for PIM,
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RPIM with Gauss integration and ANSYS solutions; however displacement
distribution for PIM and RPIM with nodal integration scheme has not got accurate
solutions. In Figure 6.16, maximum normal stress magnitudes for given load have been
shown, and they are in good agreement for all methods. In Figures 6.17-6.18,
convergency of the PIM solution with both integration schemes for various support
domain sizes is examined. In Figures 6.19-6.20, convergency of the RPIM solution
with both integration schemes for various support domain sizes is examined also. In
Figures 6.21- 6.22, convergency of the RPIM solution is examined for different o
shape parameter with both Gauss and nodal integration schemes with 3L/10 support
domain size and shape parameter g=1.0. In elastic range, oc Shape parameter shows no
effect on the convergency of deformation in Gauss integration scheme. In nodal
integration, shape parameter oc gives acceptable results when ac is 3 and 9. Also in
Figures 6.23- 6.24, the effect of shape parameter g on the convergency of RPIM

solution is examined and when the g value is near and equal to 1, solution becomes

acceptable.
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Figure 6. 14. Comparison of solution accuracy for PIM and RPIM with nodal
integration with high terms (hNodal) and reduced nodal integration method.
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Figure 6. 15. Displacement distribution of simply supported beam along the neutral
axis at load increment P=360 kN/m. (sd=L/10, a.=3, g=1)
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Figure 6. 16. Normal stress distribution of simply supported beam at load increment
P=360 kN/m. (sd=L/10, 0c=3, q=1)
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Figure 6. 17. Convergency of the PIM solutions of simply supported beam after
yield point for various support domain sizes with Gauss integration scheme.
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Figure 6. 18. Convergency of the PIM solutions of simply supported beam after
yield point for various support domain sizes with nodal integration scheme.
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Figure 6. 19. Convergency of the RPIM solutions of simply supported beam after
yield point for various support domain sizes with Gauss integration scheme.
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Figure 6. 20. Convergency of the RPIM solutions of simply supported beam after
yield point for various support domain sizes with nodal integration scheme.
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Figure 6. 21. Convergency of the RPIM solutions of simply supported beam after
yield point for various oc shape parameter with sd=3L/10, q=1 and Gauss integration

scheme.
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Figure 6. 22. Convergency of the RPIM solutions of simply supported beam after
yield point for various oc shape parameter with sd=3L/10, g=1 and nodal integration
scheme.
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Figure 6. 23. Convergency of the RPIM solutions of simply supported beam after
yield point for various g shape parameter with sd=3L/10, 0c=3 and Gauss integration

scheme.
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Figure 6. 24. Convergency of the RPIM solutions of simply supported beam after
yield point for various g shape parameter with sd=3L/10, ac=3 and nodal integration
scheme.
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6.3. Tapered Cantilever Beam
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Figure 6. 25. Tapered cantilever beam with parabolic distributed load and its PIM
and RPIM models.

A thick, tapered cantilever beam with own weight and parabolic distributed load
(y=280x% kN/m) is used as a third case. The beam in Figure 6.25 is a structural steel
which has a density of 7850 kg/m?, young’s modulus E of 200 GPa ,yield strength oy
of 50 MPa, v=0.3 and H'=200 MPa. A distributed load (y=280x2 kN/m) is applied on
the beam with ten different increments. And 11 regular distributed nodes are used to
model PIM and RPIM solutions. Also, the results of generated source code and
ANSYS are compared.

In Figure 6.26, the elastic displacement distribution for all methods with both high
ordered and reduced nodal integration is investigated. For PIM with both high ordered
and reduced nodal integration schemes, the solution accuracy is not affected. But for
RPIM, when high ordered nodal integration scheme is used, the solution includes some
errors. Displacement distribution of the beam is examined for PIM and RPIM methods
with Gauss and nodal integration scheme respectively in elastic range in Figure 6.27.
The displacement distribution of the beam is in good agreement for all methods. In
Figure 6.28, maximum normal stress magnitudes for given load have been shown, and
they are in good agreement for all methods. In Figures 6.29-6.30, convergency of the
PIM with both integration schemes solution for various support domain sizes is
examined. And in Figures 6.31- 6.32, convergency of the RPIM solution with both
integration schemes for various support domain sizes is examined. For different

support domains, PIM with both integration schemes shows good agreement; however
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RPIM with both integration methods gives accurate results after support domain size
0.2. Additionally, convergency of the RPIM solution is examined for different o shape
parameter with both Gauss and nodal integration schemes in Figure 6.33 and Figure
6.34. In elastic range, oc shape parameter has no effect on the convergency of
displacement. Also in Figure 6.35 and Figure 6.36, the effect of shape parameter g on
the convergency of RPIM solution is examined and when the g value is near to 1,

solution becomes acceptable.
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Figure 6. 26. Comparison of solution accuracy for PIM and RPIM with nodal
integration with high terms (hNodal) and reduced nodal integration method.
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Figure 6. 27. Displacement distribution of tapered cantilever beam along the neutral
axis for the distributed load y=100x? kN/m (sd=L/10, ac=3, g=1).
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Figure 6. 28. Normal stress distribution of tapered cantilever beam for the
distributed load y=100x2 kN/m (sd=L/10, 0c=3, q=1).
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Figure 6. 29. Convergency of the PIM solution of tapered cantilever beam after yield
point for various support domain sizes with Gauss integration scheme.
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Figure 6. 30. Convergency of the PIM solution of tapered cantilever beam after yield
point for various support domain sizes with nodal integration scheme.
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Figure 6. 31. Convergency of the RPIM solution of tapered cantilever beam after
yield point for various support domain sizes with g=1, ac=3 and Gauss integration
scheme.
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Figure 6. 32. Convergency of the RPIM solution of tapered cantilever beam after
yield point for various support domain sizes with g=1, ac=3 and nodal integration

scheme.
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Figure 6. 33. Convergency of the RPIM solution of tapered cantilever beam after
yield point for various oc with sd=3L/10, g=1 and Gauss integration scheme.
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Figure 6. 34. Convergency of the RPIM solution of tapered cantilever beam after
yield point for various o with sd=3L/10, g=1 and nodal integration scheme.
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Figure 6. 35. Convergency of the RPIM solution of tapered cantilever beam after
yield point for various g with sd=3L/10, ac=3 and Gauss integration scheme.
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Figure 6. 36. Convergency of the RPIM solution of tapered cantilever beam after
yield point for various g with sd=3L/10, ac=3 and nodal integration scheme.

6.4. Constant Strength Simply Supported Beam
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Figure 6. 37. Constant strength simply supported beam and its PIM and RPIM
models.

A constant strength simply supported beam in Figure 6.37 with elasto-plastic material
of young’s modulus E is 200 GPa, yield strength g, is 50 MPa, v=0.3 and H'=200
MPa is used as another case problem in this thesis which is published in [61]. A

uniformly distributed load of 110 kN/m is applied with ten different increments.

In Figure 6.38, the elastic displacement distribution for all methods with both high
ordered and reduced nodal integration is investigated. For PIM with both high ordered
and reduced nodal integration schemes, the solution distribution is not affected. For
RPIM solutions, when reduced nodal integration scheme is used, solution accuracy is

increased. The elastic displacement distributions are all good agreements for all
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methods as shown in Figure 6.39. Normal stress distribution of the beam is shown in
Figure 6.40, and they are in good agreement for all methods. Convergency of the PIM
with both integration schemes for various support domain sizes are shown in Figures
6.41- 6.42. Also, convergency of the RPIM with both integration schemes for various
support domain sizes can be seen in Figures 6.43- 6.44. Asseen in figures, all methods
give accurate results for various support domain sizes. In Figure 6.45 and Figure 6.46,
effect of the ac shape parameter on the solution convergency is examined, and shows
no an important effect in RPIM solutions. However, shape parameter g gives

acceptable results when it is equal to 1, as seen in Figure 6.47 and Figure 6.48.
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Figure 6. 38. Comparison of solution accuracy for PIM and RPIM with nodal
integration with high terms (hNodal) and reduced nodal integration method.
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Figure 6. 39. Displacement distribution of constant strenght simply supported beam
along the neutral axis at the last load increment (w=100 kN/m, sd=L/10, g=1,0c=3).
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Figure 6. 40. Normal stress distribution of constant strenght simply supported beam
at the last load increment (w=100 kN/m, sd=L/10, g=1,0c=3).
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Figure 6. 41. Convergency of the PIM solution of constant strength simply
supported beam after yield point for various support domain sizes with Gauss
integration scheme.
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Figure 6. 42. Convergency of the PIM solution of constant strength simply
supported beam after yield point for various support domain sizes with nodal
integration scheme.
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Figure 6. 43. Convergency of the RPIM solution of constant strength simply
supported beam after yield point for various support domain sizes with g=1, ac=3 and
Gauss integration scheme.
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Figure 6. 44. Convergency of the RPIM solution of constant strength simply
supported beam after yield point for various support domain sizes with g=1, ac=3 and
nodal integration scheme.
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Figure 6. 45. Convergency of the RPIM solution of constant strength simply
supported beam after yield point for various ac parameters with sd=3L/10, g=1 and
Gauss integration scheme.
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Figure 6. 46. Convergency of the RPIM solution of constant strength simply
supported beam after yield point for various oc parameterswith sd=3L/10, q=1 and
nodal integration scheme.
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Figure 6. 47. Convergency of the RPIM solution of constant strength simply
supported beam after yield point for various q parameters with sd=3L/10, ac =3 and
Gauss integration scheme.
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Figure 6. 48. Convergency of the RPIM solution of constant strength simply
supported beam after yield point for various g parameters with sd=3L/10, ac =3 and
nodal integration scheme.
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CHAPTER 7

CONCLUSION

In this thesis, elasto-plastic analysis of thick beam is presented using PIM and RPIM
methods. For this aim, a MATLAB program is written using an algorithm that is
improved considering elasto-plastic solution of thick beams using PIM and RPIM

methods.

In the original PIM and RPIM solutions, standard Gauss integration scheme is used
considering background integration cells. In this approach, to avoid “shear locking”
problem, reduced integration scheme is applied. In contrast to standard Gauss
integration scheme, in this study, in addition to this, a nodal integration scheme is used
based on Taylor series expansion. It removes the necessity of using background
integration cells.

When these two integration scheme are compared, it is found that similar “shear
locking” problem is observed in the nodal integration solutions. Therefore, in order to
avoid this problem, lower order terms are used in the shear stress part of stiffness
matrix as in the standard Gauss integration method. Their results are seriously

improved and “shear locking” problem is solved.

The results also show that the support domain size does not affect the accuracy for
both PIM and RPIM methods when the number of nodes are used between 2 and 11 in

a support domain.

Shape parameters of RPIM are also examined, and solutions show that a. parameter
has no a significant effect on the solution accuracy, but when «a,. is equal to 3, best
results are obtained. For the shape parameter of q, it is obvious that the results are
seriously affected by changing its value. The best results are obtained when its value

is used around 1.
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