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ABSTRACT 

DEVELOPMENT OF A USER FRIENDLY SOFTWARE FOR 

ASYMMETRIC SPUR GEARS INCLUDING MACRO AND MICRO 

GEOMETRY CONSTRUCTION 

YILDIRIM, Ömer 

Ms.C. in Mechanical Engineering 

Supervisor: Prof. Dr. Nihat YILDIRIM 

 

August 2019 

106 pages 

The aim of this thesis is to develop user friendly software for macro and micro generation 

of asymmetrical tooth profile spur gears. 

This thesis is a part of Indigenous Helicopter Program of Rotary Wing Technology Center 

(DKTM) [1] which was launched at METU Technopark Facility within the scope of 

contract signed between Undersecretariat for Defence Industries (SSM) and Turkish 

Aerospace Industries, Inc. (TAI) on June 26, 2013.  

A user friendly software has been developed to generate macro geometry of asymmetric 

gears for checking geometric limits. Analysis and design of asymmetric spur gears for 

tooth root bending stress with micro profile design for minimum peak to peak transmission 

error (PPTE) can be fulfilled by using this software. Tooth pair and mesh stiffness values 

can also be calculated and curves can be constructed. 

 

 

 

 

 

 

 

Key Words: Asymmetric spur gears, Gear design, Quasi static transmission error, Tooth 

pair stiffness, Mesh stiffness, Tooth root bending stress, Helicopter gears.  

  



  
 

ÖZET 

ASİMETRİK DÜZ DİŞLİLERİN MAKRO VE MİKRO GEOMETRİLERİN 

TÜRETİLMESİ İÇİN KULLANICI DOSTU BİR BİLGİSAYAR PROGRAMI 

GELİŞTİRİLMESİ 

YILDIRIM, Ömer 

Yüksek Lisans Tezi, Makina Mühendisliği Bölümü 

Danışman: Prof. Dr. Nihat YILDIRIM 

 

Ağustos 2019 

106 sayfa 

Bu çalışmanın temel amacı asimetrik düz dişlilerin makro ve mikro geometrilerinin 

türetilmesine olanak sağlayan kullanıcı dostu bir bilgisayar programı geliştirilmesidir. 

Bu tez, TAI (Türk Havacılık ve Uzay Sanayi A.Ş) ile Savunma Sanayi Müsteşarlığı (SSM) 

arasında 26.06.2013 tarihinde imzalanan anlaşma ile ODTÜ Teknoparkta kurulmuş olan 

DKTM (Döner Kanat Teknoloji Merkezi) tarafından desteklenen Özgün Helikopter 

Programı [1] kapsamında yürütülmüştür.  

Asimetrik düz dişlilerin diş çifti direngenliklerini, statik iletim hatalarını ve diş dibi 

gerilmelerini hesap edebilen ayrıca dişlilerin geometrik limitlerinin kontrolüne imkan 

tanıyan bir program geliştirilmiştir.  

 

 

 

 

 

 

 

Anahtar Kelimeler:  Asimetrik düz dişliler, Dişli tasarmı, Statik iletim hatası, Diş 

çifti direngenliği, Dişli temas direngenliği, Diş dibi gerilmesi, 

Helikopter dişlileri. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 General Introduction 

This thesis has been conducted as a part of Indigenous Helicopter Program of Rotary 

Wing Technology Center (DKTM)[1] which was launched in the scope of contract 

signed between SSM (Undersecretariat for Defense Industries) and TAI (Turkish 

Aerospace Industries). 

This study mainly is based on macro and micro design-analysis of asymmetrical tooth 

spur gears which can be applied to helicopter transmission units because of their high 

load carrying advantages.  

1.2 An Overview of Asymmetric Spur Gears 

Gears are very essential machine elements used for power transmission between 

parallel or non-parallel shafts. Several gear types are in use for transmitting power, 

torque and speed between power source and machine/systems.  Due to significance of 

gears and their important tasks for power transmission, gear design has been given 

great importance by gear designers and engineers. Gear design requires two main 

criteria; static and dynamic performances.  

Static performance is based on geometrical necessities and stress analysis of gear 

materials during operation whereas dynamic performance usually deals with vibration 

and noise. Gears experience contact stress at tooth flank and bending stress tooth root. 

Safety, reliability and service life for gears are influenced by gear geometry and 

loading conditions. Gear engineers need to have a strong background for designing of 

gears and gearboxes owing to plentiful of parameters and complex structure of 

gearboxes. There are several design procedures such as Lewis bending equation, 

AGMA equation and international gear standards. 
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A standard spur gear has same pressure angle at both left and right sides of a gear tooth 

flanks because of symmetry in tooth profile and same level of performance in terms of 

bending and contact stresses. This symmetry of both tooth sides stems from gear 

generation methods but it is not an obligation.  

In most practical cases, both the forward and backward rotations are not always used 

for power transmission. Both flanks of gear tooth have the same geometry/shape and 

hence similar bending and contact strengths. However, in most practical cases, both 

the forward and backward rotations are not always used for power transmission [2-3].  

In many gear transmissions, a tooth load on one flank is significantly higher and is 

applied for longer periods of time than for the opposite one; an asymmetric tooth shape 

reflects this functional difference. With asymmetric gears, the standard symmetric 

tooling gear rack is modified by altering the pressure angle of one of its flanks [4].  

Two sides of the gear tooth are different in terms of functions for most gears. Whereas 

one side (drive side) is highly loaded for longer durations, the opposite side (coast 

side) is unloaded or slightly loaded for short time. Thus asymmetric tooth (Figure 1.1) 

is well suited for cases where the torque is transmitted mainly, in one direction, [5] as 

in the case of most aerospace applications. 

Asymmetric gears can be a good alternative to symmetric ones because of loading 

situation differences of both flanks of almost all gears. Asymmetrical tooth gears are 

mainly suitable for unidirectional torque transmission. These kinds of gears provide 

less space for same transmitted torque value or more torque transmission at same level 

of space [6]. 

 

Figure 1.1 Asymmetric involute gear tooth profile 

Gear mass, noise and vibration level can be significantly reduced by designing and 

producing gear tooth in asymmetric form (in macro level and by applying proper 

profile modifications in micro level). Similarly by providing standard pressure angle 
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at coast side and higher pressure angle at drive side, both bending and contact strength 

can be significantly improved with less mass [5].  

While symmetric gears are being designed with standard methods, decision of suitable 

pressure angles at coast side and drive side for asymmetric gears are more important. 

Although pressure angle increase produces stronger gear in terms of bending, this 

increase is not limitless because of its effects on contact ratio and tooth tip thickness 

decrease. 

Decision on pressure angle cause to change of many factors namely tooth thickness at 

root form factor, stress concentration factor, load factor, and moment [6]. Therefore a 

software is required to predict the abovementioned significant factors and design 

asymmetric gear having bending (and contact) stresses for specific applications. 

Designing gears for a good dynamic performance, minimizing transmission error and 

obtaining smooth transmission error curves are important at least as much as static 

design regardless of symmetric or asymmetric tooth spur gears.  

All requirements expected to be satisfied by gears for static and dynamic performances 

necessitates more efforts on asymmetric gear designs and following tasks are planned 

to be studies: 

 Macro geometry construction of asymmetric spur gears, 

 Design and analysis of asymmetric spur gears based on tooth root bending 

stress theoretically, 

 Micro geometry design of asymmetric gears for minimized transmission error 

by applying profile relief to tooth tip. 

1.3 Purpose of the Thesis 

The purpose of this thesis is to: 

 Construct gear macro geometry of asymmetric spur gears,  

 Conduct a theoretical study on asymmetric spur gears to determine 

bending stress, 

 Calculate tooth pair and mesh stiffnesses, 
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 Conduct a theoretical study on asymmetric spur gears to minimize peak 

to peak transmission error (PPTE) values and obtain smooth 

transmission error curves. 

1.4 Structure of the Thesis 

Structure of thesis is explained in this section briefly. 

Chapter 2 includes literature survey on asymmetric spur gears for macro profile 

generation, micro profile design, and analytical efforts for root bending stress. 

Chapter 3 is based on macro geometry generation of asymmetric tooth profile spur 

gears. Cases studies are presented for symmetric and asymmetric gears by comparing 

gear profiles with KissSoft [7].  

Chapter 4 includes root bending stress calculations for symmetric and asymmetric 

tooth spur gears. Some modifications of root bending stress equations are also 

presented for asymmetric gears.  

Tooth pair and mesh stiffness calculations are carried out. Micro geometry design for 

symmetrical and asymmetrical spur gears to minimize transmission error and obtain 

transmission error curves are presented in Chapter 5. 

Chapter 6 includes discussion and conclusion of thesis. 
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CHAPTER 2 

 

LITERATURE SURVEY 

 

Gears are power transmission units used for many vehicles and machines. Gear pairs 

are expected to provide safe meshing for required service life under required level of 

torque. They need to be evaluated for bending stress at tooth root section and contact 

stress at tooth flank surface for accurate design. In addition, obtaining minimum 

transmission error value and constructing smooth transmission error curves under 

design and off-design loads by tip relieving of gears is an important task for gear 

engineers.  Several studies are available in literature for different design criteria; macro 

geometry generation, tooth root bending stress calculation and micro profile design for 

minimized transmission error. 

2.1 Macro Geometry Generation of Asymmetric Spur Gears 

Asymmetric tooth spur gears are different than symmetric ones in terms of pressure 

angle of drive (highly loaded for long time) and coast side (unloaded or lightly loaded 

for short duration) of tooth. Romax [8], Dontyne [9] and KissSoft [7] are well known 

gear software to evaluate gear performances for obtaining macro geometry of gears 

and evaluation of tooth stresses and transmission error values. During literature survey, 

no commercial software has been encountered for asymmetric profile gears. It is an 

important task to generate macro geometry of asymmetric spur gears for stress analysis 

based on finite element works. In some researches, macro geometry generation of 

asymmetric spur gears are presented. 

A mathematical model was presented to generate asymmetric spur gears in the study 

of Fetvaci and İmrak [10]. A computer program was developed for macro geometry 

generation of gear and geometry of gear cutting tools. Finite element analyses were 

carried out to evaluate the effect of coast side pressure angle on root stress for different 

case studies and stress reduction was obtained by this means. 
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Fetvaci [11] presented a study for macro geometry generation of asymmetric spur 

gears by modeling trajectory of cutting tool with different pressure angle and tip radius 

alternatives during gear generation for hobbing and shaping processes. 

Alipiev et al [12] presented realized potential method for determining lowest value of 

minimum teeth number of both symmetric and asymmetric spur gears by using 

standard and non-standard racks. Parameters of rack cutter namely addendum, tip 

radius, pressure angle and fillet radius restrictions were taken into consideration for 

asymmetric gears with four or five teeth. Areas of existence were determined for gears 

with undercut and undercut-free. 

Alipiev [13] intended the method of realized potential to design spur gears with 

profiles of symmetric and asymmetric shapes. The method aims to determine existence 

areas of gears with involute profile and realized potential for minimum number of teeth 

regardless of symmetric or asymmetric gears. 

Alipiev [14] proposed a theory for gear meshing conditions based on generating 

asymmetric gears by using two different generalized basic racks. 

Vojtkova [15] developed software to construct geometric profile of asymmetrical 

gears by checking thickness of top land and interference. Asymmetrical gears were 

presented by taking limits of pressure angle, top land thickness and contact ratio into 

account. Reduced radii of curvature and specific sliding curves were constructed.  

2.2 Bending Stress Calculations of Asymmetric Spur Gears 

There are two significant concerns in terms of gear design; bending stress at tooth root 

section and contact stress on tooth surface flank. Stress calculations and comparing 

them with regarding strengths are necessary for whether gears are safe or not. Some 

international gear standards such as ISO [16], DIN [17] and AGMA [18] are presented 

for performance evaluations of symmetrical tooth spur gears. In contrast, no 

international standard is encountered for calculations of geometrical parameters or 

stress values of asymmetric tooth profile spur gears. Some literature works for root 

bending stress calculations are discussed in this part of the thesis. 

Kapelevich [19] established a geometrical theory for asymmetric gears. Finite element 

analyses were conducted in addition to experiments for asymmetric gears used in a 
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planetary gear reduction unit of a turbo-prop engine. Author suggested that asymmetric 

gear with greater pressure angle at drive side of tooth yields stress reduction. 

Kapelevich and Shekhtman [20] proposed a method for evaluation of bending and 

contact stress calculations for asymmetric tooth gears based on stress calculations for 

equivalent symmetric gears. 2D and 3D finite element analyses were conducted to 

obtain conversion coefficients to calculate tooth and root stress of asymmetric gears 

based on symmetric ones. 

Kapelevich [21] presented a study on bending and contact stress calculations of 

symmetrical and asymmetrical gears for unidirectional and bidirectional loadings. 

Symmetric spur gear with 25 degree of pressure angle was accepted as reference for 

comparisons. When greater pressure angle for drive side was selected in analyses, 

stress reductions of 6-12% were obtained for contact stress whereas stress increase of 

7-8% occurs for bending stress. 

Kapelevich [22] proposed three different methods such as random search, 

trigonometric functions approximation and finite element to calculate root bending 

stress for asymmetric gears. A non-traditional method of direct gear design was 

developed for root stress evaluation for asymmetric external and internal gears of two 

stage planetary gear box of TV7 – 117S turboprop jet.  

Sekar and Muhtuveerappan [23] modified equations presented in ISO standards [16] 

to calculate root stress modifying factors, tooth thickness at gear root, bending moment 

arm and root bending stress for asymmetric spur gears. In addition to calculations, 

finite element analyses were carried out. Load sharing and root stress were evaluated 

by loading asymmetric gears at tooth tip and highest point of single tooth contact. 

Authors recommended using greater pressure angle for drive side flank to obtain stress 

reduction. 

Cavdar et al [24] carried out some finite element analyses for symmetrical and 

asymmetrical tooth spur gears to calculate tooth root bending stress. It was claimed 

that stress reduction of 35-39% was obtained by using asymmetric gear instead of 

symmetric one with 20 degree pressure angle.  

Francesco and Marini [3] adapted method presented in ISO [16] for root stress 

calculations of asymmetric tooth spur gears. It was aimed to present a procedure for 
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bending stress evaluation of asymmetric gears. Stress values calculated were compared 

finite element works result and 13% difference was obtained. 

Francesco and Marini [2] underlined that asymmetry in gear tooth profile produces 

higher load carrying capacity or higher bending strength based on greater value of 

pressure angle for drive or coast side respectively. Stress reduction of 18.5% in 

bending was obtained in the case of drive (17.5degree) and coast (30degree) side 

pressure angles. 

Karpat [25] performed analytical and numerical investigation concerning tooth 

bending stress analysis of symmetrical and asymmetrical tooth spur gear pairs. 

Asymmetric gears with greater pressure angle on drive side were evaluated in terms of 

bending stress. 

Karpat et al [26] investigated asymmetric spur gears in terms of root bending stress, 

deflection and mesh stiffness. Profile shifted symmetric and asymmetric (with no 

relief) tooth spur gears were compared for root bending stress based on DIN [17] 

standards and finite element analyses.  

Karpat et al [27] conducted a number of finite element analyses to determine bending 

stress for both flanks of gear tooth. Root thickness at a distance from two times module 

from gear tooth tip was calculated for asymmetric gear pairs. In addition, contact stress 

and stiffness were determined. 

Marimuthu and Muhtuveerappan [28] made effort to determine optimum profile shift 

for asymmetric gears with normal contact ratio and high contact ratio based on direct 

gear design. Multi pair contact analysis was carried out to estimate load sharing and 

finite element analyses were conducted for gears with full rim. 

Marimuthu and Muhtuveerappan [29] investigated the effects of addendum, teeth 

number and module on load sharing for asymmetric spur gears with greater drive side 

pressure angle by conducting finite element analyses for 3-teeth gear models. Stress 

reduction in bending and contact stresses were obtained by increase of teeth number 

while addendum and normal module increase yields to bending stress increase. 

Sekar and Muhtuveerappan [30] estimated load sharing, bending stiffness and bending 

stress of asymmetrical profile helical gears designed conventionally and by direct 
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method. Area of existence diagram was used to determine gear pair requirements and 

finite element analyses were carried out to evaluate the influence of gear ratio, 

transverse contact ratio, top land thickness and number of teeth on load sharing, 

stiffness and stress.  

Spitas et al [31] made a parametric investigation to obtain a stronger gear tooth by 

evaluating combined effect of gear cutting tool tip radius and dedendum on gear root 

clearance. Analytical calculations and finite element works were carried out to 

determine root stress by taking those all abovementioned into consideration. 

2.3 Stiffness Evaluations, Micro Profile Design and Transmission Error 

Prediction of Asymmetric Spur Gears 

Transmission error (TE) has long been established as main source of vibration and 

unpleasant noise of gear pairs. It is highly unwelcome due to its negative effect on gear 

performance. TE has to be minimized in amplitude and optimized in shape to get a 

smooth TE curves. It is strongly related to gear dynamic performance and influence 

noise, vibration and harshness (NVH) characteristics adversely. There are some 

studies to minimize peak to peak transmission error values for gear pairs and are 

summarized here. 

Munro et al [32] presented a study of transmission error calculation at outside of path 

of contact for spur gears. Theoretical and experimental works results were presented 

in paper. Theoretical calculations differs from actual measurements of TE values; with 

an amount of changing from 9.5 to 12.0 micron.  

Yildirim and Munro [33] proposed a systematic approach for designing micro profile 

relief for low and high contact ratio spur gears. Calculations were verified by 

comparing results of experiments for TE values under several loads. Minimum peak 

to peak transmission error was obtained for design load and off design loads by 

applying intermediate relief to optimize TE value. 

Yildirim and Munro [34] presented double relief by applying short and long relief 

together. It was mentioned that this new type of relief is superior to other relief types 

for many parameters such as PPTE, tooth load sharing and smooth TE curves. In 

reference study, theoretical calculations were supported by experiments. 
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Yildirim et al [35] designed spur gears with high contact ratio applied double relief for 

helicopter transmissions. In this paper, double relived spur gear pairs were tested; low 

PPTE and noise reduction of 7-11 dB were obtained. 

Palmer and Fish [36] designed micro geometry of spur gears with and without adjacent 

pitch error values. Gears with different relief parameters were evaluated in terms of no 

relief, very short, short, intermediate, long and very long tip relief. It was underlined 

that a correctly designed micro profile, gear produces low transmission error. 

Houser et al [37] compared theoretical and experimental results of transmission error 

for parallel axes gears. Experimental works for spur and helical gears were carried out 

by using a gear test rig whereas load distribution program (LDP) was used for 

theoretical calculations.  

A limited number of literature works have been found on the design of micro geometry 

of asymmetric gears. An optimum design for micro geometry of asymmetric spur gears 

combined with the advantage of gear in terms of bending stress can compete with 

helical gears for load carrying capacity. Minimization of transmission error is very 

important to improve dynamic performance of asymmetric gear pairs and to keep 

vibration level as low as possible. 

Karpat et al [38] performed 2D finite element analyses to determine stiffness by 

varying and holding constant (20degree) pressure angle values for drive and coast side 

respectively. Teeth numbers were also changed with applying different degree of 

asymmetry to tooth profile to see its effect on tooth stiffness.  

Kapelevich and Shekhtman [39] made effort to find an optimum solution for 

asymmetric gear pairs with low and high contact ratios to obtain low transmission 

error, high load carrying capacity and high efficiency. It was stated that manufacturing 

tolerances with deflection of tooth under load affects TE and contact ratio. But 

deflections under the effects of bending and contact were taken into account. 

Karpat and Ekwaro-Osire [40] presented a study for asymmetric spur gears by 

relieving gear tooth tip to investigate the effect of relief on wear. Reduction of wear 

depth and dynamic load was obtained with increased tip relief. By taking all these 

studies and requirements into account, it is aimed to develop a user friendly software 

which can fulfill following tasks in this thesis:  
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 Macro geometry generation of symmetric and asymmetric spur pairs,  

 Tooth root bending stress calculations of symmetric and asymmetric spur 

gears, 

 Tooth pair and mesh stiffness calculations of symmetric and asymmetric spur 

pairs, 

 Micro profile design for minimization of quasi static transmission error for 

symmetric and asymmetric spur gears. 
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CHAPTER 3 

 

MACRO GEOMETRY CONSTRUCTION OF ASYMMETRIC GEARS 

 

There are some formulae and principles for macro geometry generation of symmetric 

involute tooth profile gears. Procedures for modifying these formulae to generate 

macro geometry of asymmetric spur gear are explained in this chapter. To prove 

correctness of these formulae modifications, some case studies have been carried out 

for symmetric and asymmetric tooth spur gears. Software which fulfils tasks of macro 

geometry generation for both symmetric and asymmetric tooth profile spur gears has 

been developed in the scope of this thesis. This software and some case studies are 

presented in this chapter. Same case studies have been also carried out by using 

KissSoft [7] for symmetric gears directly and asymmetric based on comparable 

symmetric tooth profile for drive and coast sides. 

3.1 Symmetric Tooth Profile Spur Gears 

Power cannot be used directly where it is produced for many applications. Therefore 

power transmission between power source and machines is very significant. Gears are 

important power transmission elements and their design requires safeness and 

accuracy for transmitting power and motion between parallel or non-parallel shafts 

through teeth. 

Gear tooth profile is expected to provide a uniform motion / power transmission 

between shafts with a nonslip and smooth drive. Because of reasons abovementioned, 

gear tooth size and profile is very important. There are many different gear profiles 

namely cycloidal, circular and involute which perform required tasks such as uniform 

motion transfer with constant angular velocity. Involute profile is in universal use for 

gear profiles because it produces constant angular velocity and allows center distance 

variation without transmission ratio change.  

 θ =  tan∅ − ∅ = inv (∅) (3.1) 



13 

Where θ and ∅ are vectorial and pressure angles respectively in radians, and inv is 

involute function. The involute curve can be expressed in mathematical form of 

vectorial angle. 

R, RB and  RC  are any radius on involute curve, base radius and radius of curvature 

related to Radius of R respectively as presented in Figure 3.1. RC  and R depend on 

base circle radius of RB.  Relations are given in (Eq. 3.2-3.3). 

 cos ∅ =  
RB

R
  (3.2) 

 RC = √R2 − RB
2   (3.3) 

RB is the radius of the base circle which involute curve generates from (Figure 3.1 and 

3.3). Pressure angle is the angle between line of contact and the common tangent to 

the gears pitch circles in mesh. Pressure angle is not a constant value for each point on 

involute curve and differs from one radius to another. Three gear teeth models which 

having same module and teeth number and differ from each other in terms of pressure 

angle are presented in Figure 3.4. Increase in pressure angle produces stronger gear 

root section and thinner tooth tip (Figure 3.4).  

 

Figure 3.1 Involute tooth profile 
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Figure 3.2 Pressure angle, base circles, dedendum circles and pitch circles [41] 

 

Figure 3.3 Base circle and pressure angle [41] 

 

Figure 3.4 Symmetric gear teeth with pressure angle values of 20, 25 and 30 degree  
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3.2 Asymmetric Tooth Profile Spur Gears 

Pressure angle is main gear parameter for symmetry or asymmetry of gear tooth 

profiles. Both flanks of gear tooth for spur gears with symmetrical profile are identical 

in terms of geometry, and strengths against bending and surface contact loading. In 

almost all applications, gears rotate in same direction without reversing. Therefore, 

generating gears in identical symmetric profile for both flanks is not an obligation; it 

is outcome of manufacturing methods. Because of all these statements given above, 

gears with asymmetric tooth profile can be used instead of those with symmetric tooth.  

Asymmetric gears are different than symmetric ones because of pressure angle 

difference for drive and coast sides (Figure 3.5). This yields two different base circle 

radii as shown in Figure 3.6. Asymmetry in gear tooth profiles in terms of bending 

stress calculations are going to be evaluated in Chapter 4. 

 

Figure 3.5 Symmetric and asymmetric tooth profile 

 

Figure 3.6 Asymmetric teeth with two different base circles 
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There are gear standards and well accepted formulae for evaluation of bending and 

contact stresses for symmetric tooth profile spur gears whereas no tool for asymmetric 

gears is encountered. Therefore gear designers who aim to investigate root stress of 

asymmetric gears can modify formulae already presented for symmetric gears or 

conduct finite element analyses. So macro geometry generation of asymmetric gears 

to analyze root stress or check geometrical limitations is very significant. Macro 

geometry generation software has been developed in this thesis for these aims. 

3.3 Gear Geometry Generation 

Gears are generated by different generation and manufacturing methods such as Maag, 

hobbing and Fellows shaping as shown in Figure 3.7. Hobbing is one of the gear 

generating processes and based on usage of gear cutter called as hob (or rack) which 

is straight sided cutting tool. During hobbing process, hob moves longitudinally 

whereas gear blank rotates in Figure 3.8. Gear tooth is generated with two different 

profiles of involute and trochoidal root when gear generation is completed as given in 

Figure 3.9.  

 

a.Maag                                  b.Hobbing                          c.Shaping 

Figure 3.7 Gear generating methods [42] 

 

Figure 3.8 Gear generation process 
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A gear cutting tool, hob is a used to generate gears with identical pressure angle for 

drive and coast sides and module (Figure 3.10). Gear pairs generated by same hob can 

mesh together because of having identical same module and pressure angle. 

 Sum of the length of β and R equals to dedendum of gear where R is tip radius of 

cutting tool. TP and TH are hob tooth space and hob tooth thickness respectively. 

Tooth thickness of gear (on pitch circle) is equal to tooth space of hob. During 

generation of gears, hob moves a distance of (TP+TH) while gear rotates via an angle 

of (TP+TH)/𝑅𝐺 , where 𝑅𝐺  is pitch radius.  

 

Figure 3.9 Involute and trochoid 

 

Figure 3.10 Hob geometry for symmetrical tooth profile 
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Gear tooth profile including involute and trochoid sections can be drawn on Cartesian 

coordinates. From reference book [41], equations of 3.4 – 3.27 were obtained to 

generate symmetric gear tooth profile and explained below.  

Based on these equations and relations can be read from Figure 3.9-3.12, tooth involute 

profile with respect to tooth center is generated by starting at a point where tooth 

thickness and pressure angle are known. This point is generally selected pitch point 

with a pressure angle of  ∅1, pitch radius of R1 and tooth thickness of CTT1.  

 θ1 = tan∅1 − ∅1  (3.4) 

 A =  θ1 + 
0.5∗CTT1

R1
   (3.5) 

 B =  A −  θ2 (3.6) 

 ∅2 = cos
−1 RB

R2
  (3.7) 

 θ2 = tan∅2 − ∅2  (3.8) 

 CTT2 = 2 ∗ R2 ∗ (
0.5∗CTT1

R1
+ θ1 − θ2) (3.9) 

X and Y coordinates are determined for any point on involute curve: 

 X =  R2 sin B  (3.10) 

 Y = R2 cos B (3.11) 

 

Where   

∅2 : Pressure angle at any radius, 

θ2 : Involute angle at any radius, 

R2 : Any radius on involute curve, 

CTT2 : Circular tooth thickness at any radius. 
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These relationships were used to prepare software for obtaining involute curve. 

Software routine principle is initiated based on base circle to obtain the closest point 

to tip with a difference of 0.125mm.  

 

Figure 3.11 Calculating tooth thickness at any point on involute curve 

Following equations are used to determine trochoid coordinates, 

 W+ V =  
0.5∗(TH+TP)

RG
  (3.12) 

 V =  
L

RG
 (3.13) 

Where L is distance between the center of the hob tooth and point Z. 

 L =  
TH

2
 − β tan∅ −

R

cos∅
         (3.14) 

 V =  
0.5∗(TH+TP)−L

RG
  (3.15) 

It can be seen that trochoid curve is generated by Point Z, when hob moves a distance 

of RG ∗ E and gear blank rotates via an angle of E. 

 XZ = RZ  sin(T − E)            (3.16) 

 YZ = RZ  cos(T − E)            (3.17) 

 cos T =  
𝑅𝐺−𝛽

𝑅𝑍
             (3.18) 
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 sin T =  
RG∗E

RZ
            (3.19) 

 XZ = (RG ∗ E) ∗ cos E − (RG − β) ∗ sin E            (3.20) 

 YZ = (RG − β) ∗ cos E + (RG ∗ E) ∗ sin E            (3.21) 

Trochoid actual value of coordinates is evaluated by adding hob tip radius to generated 

coordinates (Figure 3.9):  

 XT = XZ  +  R ∗ cos A            (3.22) 

 YT = YZ   −  R ∗ sin E            (3.23) 

Trochoid coordinates with respect to tooth center is determined at last: 

 sinW =  
XT  + XcosW

Y
             (3.24) 

 cosW = 
YT  − XsinW

Y
            (3.25) 

 X = YT  sinW − XT  cosW            (3.26) 

 Y = YT  cosW + XT  sinW             (3.27) 

Thus far, macro geometry generation including involute and trochoid profiles has been 

explained based on Figures of 3.8 - 3.12 and Equations of 3.4 - 3.27. Hob geometry 

and equations for generation of asymmetric tooth profile involute gear are modified as 

shown in Figure 3.13.   

In this thesis, an asymmetric tooth spur gear is modeled as two comparable symmetric 

tooth spur gears to generate gear tooth and whole gear models (Figure 3.14). These 

two comparable symmetric gears refer to drive and coast side of asymmetric gear in 

terms of pressure angle and base circle radius.  
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Figure 3.12 Trochoid generated by Point Z 

 

Figure 3.13 Hob geometry for asymmetrical tooth 

 

Figure 3.14 Modelling asymmetric gear as two symmetric gears 
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Symmetric 

Tooth Profile 

of coast side 

coast 

side 

drive 
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All equations given for macro geometry generation of symmetric spur gears have been 

modified to obtain asymmetric tooth involute profile. These equations are presented 

below (Eq. 3.28-3.37).  

 θ1d,c = tan∅1d,c − ∅1d,c             (3.28) 

 Ad,c = θ1d,c + 
0.5∗CTT1

R1
              (3.29) 

 Bd,c = Ad,c −  θ2d,c            (3.30) 

 ∅2d,c = cos
−1 RBd,c

R2
             (3.31) 

 θ2d,c = tan ∅2d,c − ∅2d,c             (3.32) 

 CTT2d = 2 ∗ R2 ∗ (
0.5∗CTT1

R1
+ θ1d − θ2d)            (3.33) 

 CTT2c = 2 ∗ R2 ∗ (
0.5∗CTT1

R1
+ θ1c − θ2c)                       (3.34) 

 CTT2 = 0.5 ∗ (CTT2d + CTT2c)            (3.35) 

 Xd,c = R2 sin Bd,c                        (3.36) 

 Yd,c = R2 cos Bd,c            (3.37) 

Where   

∅2d,c : Pressure angle at any radius for drive and coast side flank, 

θ2d,c : Involute angle at any radius for drive and coast side flank, 

R2 : Any radius on involute curve (it is same for both flanks on involute curve), 

CTT2 : Circular tooth thickness at any radius (it is sum of half thickness of drive and 

coast side tooth flanks) 

3.4 Software 

Based on gear geometry generation principles explained above, a software has been 

developed for generation of symmetric and asymmetric tooth spur gears. Software has 

module of geometrical construction including Main Window, Input Parameters 

Window, Output and Tooth Profile Drawing Window, Results Window and Error 
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Warnings Window as shown in Figure 3.15-3.18. Symbols for gear parameters used 

in software and their descriptions are given in Table 3.1. When main window is 

obtained, sections of inputs, outputs, calculations and drawings can be seen as shown 

in Figure 3.15.  

 

Figure 3.15 Main windows of software 

 

Figure 3.16 Input parameters window of software 
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Figure 3.17 Output parameters and drawing section window of software 

As shown in Figure 3.16, gear parameters such as teeth numbers, pressure angles of 

drive and coast side of tooth profiles, coefficients of addendum, dedendum, hob tip 

radius and profile shift and backlash can be selected for pinion and gear separately 

whereas module is common parameter for both gears. By using software, different root 

fillet radii coefficients can be applied for drive and coast side of trochoidal region. This 

enables asymmetric fillet whose advantages were deeply discussed in reference studies 

[43-46] for application to spur gears. Scale for gear macro geometry drawing on screen 

and number of points to generate involute and trochoid profiles can be changed by 

user. Sections of tooth profiles and root profiles for drive and coast sides of gear tooth 

can be selected for generation or can be omitted by designer.   

Gear parameters of tooth thickness on pitch circle, tooth tip thickness, profile shift 

amount are calculated for pinion and gear and presented in Figure 3.17. Transverse 

contact ratio and nominal center distance are given for gear pair. Nominal center 

distance is calculated based on given gear pair parameters and can be changed by 

designer. It also allows checking its effect on contact ratio of gear pair. Pinion and gear 

macro geometries are generated and presented in drawing section of output module of 

software. If there is any error or warning should be taken into consideration such as 

low contact ratio and excessive decrease in tooth tip thickness, these are given in error-

warning section of this module. For design or analysis, a new gear pair with different 

parameters of gears except module (module is common for all gear pairs) can be added 
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and then can be removed from analysis list. Designed gear tooth or whole gear profiles 

can be imported as points in a text files (Figure 3.19). 

 

Figure 3.18 Other capability of software for stress calculation, geometry generation-

drawing, saving gear profiles, viewing outputs, 

 

Figure 3.19 Adding new gear pair, removing and importing 

Table 3.1 Gear parameters descriptions for software 

Symbol Description Unit 

#T Teeth Number - 

PA_d Pressure Angle (Drive Side) deg 

PA_c Pressure Angle (Coast Side) deg 

a* Addendum Coef. - 

b* Dedendum Coef. - 

x Profile Shift Coef. - 

rth_d Hob Tip Radius (Drive Side) - 

rth_c Hob Tip Radius (Coast Side) - 

B* Backlash Coef. - 

ar Amount Of Relief µm 

ar_param 
Relief 

Value 

Input Roll Angle deg 

Input Radius mm 

Input Extend Of Relief mm 
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Gear geometry generation and simulation of gear pair is selective for software. Single 

tooth, whole gear and simulation of gears (rotating in mesh) can be select by user. 

These gear drawings and meshing simulation can be scaled (Figure 3.20). In addition, 

number of points for generation of tooth and root profiles may be determined 

according to needs. Different selections to draw different sections of involute and 

trochoid for drive and coast sides of gear tooth as shown in Figure 3.20. There are 

some buttons of “Calculate and Draw” and “Only Draw” as presented in Figure 3.21. 

These buttons provides calculations and then drawing gear profiles or only drawing of 

gears after changing any of gear pair parameters. After clicking button of “Calculate 

and Draw”, gears are generated as shown in Figure 3.22. To check only geometrical 

change of gear pairs, button of “Only Draw” is used. Additionally, gear pairs more 

than one can be drawn on another pair as shown in Figure 3.23. 

 

Figure 3.20 Orientation of gear geometry generation and selection of profile section 

generation 

 

Figure 3.21 Calculation and running buttons 
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Figure 3.22 Generation of gears 

 

Figure 3.23 Drawing of gear pairs one over another by using button of “Only Draw” 

Software allows checking hob geometry and its tip radius as given in Figure 3.24. By 

this means, any disorder of hob geometry generation before gear macro generation can 

be determined. 

When radio button of “Combined Gear And Pinion” is selected (Figure 3.20), 

simulation can be started as presented in Figure 3.25. Then simulation of gear pair can 

be observes as in Figure 3.26. Buttons of Start, Pause/Play and Take SS (Figure 3.25) 

allows starting simulation, pausing-playing again and taking screen shot respectively.  
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Figure 3.24 Generation of hob geometry 

 

Figure 3.25 Simulation buttons 

 

Figure 3.26 Simulation Window 

Software enables to save gear macro profile, save single tooth or whole gear 

coordinates and view all calculated gear parameters by clicking on related button 

(Figure 3.27). Gears can be saves as JPEG as shown in Figure 3.28. Coordinates of 

points needed to gears by using Solidworks [47] can be saved in txt format (Figure 

3.29-3.32).  
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Figure 3.27 Saving outputs 

 

Figure 3.28 Gear figure saving as JPEG 

 

Figure 3.29 Saving gear pair profiles coordinates in file 

 

Figure 3.30 Saving pinion and gear profiles coordinates in file 

 

Figure 3.31 Saving gear profiles coordinates for left-right flanks 

By clicking button of “View Outputs” as shown in Figure 3.27, calculated gear 

parameters in HTML format are presented in Figure 3.33 
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Figure 3.32 Saving gear profile coordinates for left side flank 

 

Figure 3.33 Viewing outputs in HTML format 

Macro geometries of single tooth, loading positions of gear tooth, whole gear body 

and gear pair in mesh can be seen in Figure 3.34-3.37 respectively. Generations of 

single tooth profile or whole gear body for more than one pair of gear are possible by 

this software. 

With center distance change, contact ratio change and interference can occur between 

gear teeth as presented in Figure 3.38. Gear parameters such as pressure angle and 

teeth number have significant effect on undercutting. Occurrence of undercutting for 

gear pairs is also determined by software and warning is presented in Figure 3.39. 
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Figure 3.34 Single tooth macro geometry for pinion and gear 

 

Figure 3.35 Loading gear teeth at highest point of single tooth contact (HPSTC) 
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Figure 3.36 Whole gear macro geometries 

 
Figure 3.37 Combined pinion and gear (meshing) 
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Figure 3.38 Interference because of center distance change 

 

Figure 3.39 Undercutting occurrence and warning 

3.5 Case Studies Of Symmetric Tooth Spur Gears 

The main aim of this chapter is to generate asymmetric tooth profile spur gears for 

graphical check of its correctness and accuracy. Generated macro geometry of 

symmetric or asymmetric spur gears can also be used for any finite element analyses 

to determine stress or deflection values. Before generating of asymmetric spur gear 
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profiles, macro geometry of symmetric tooth profile spur gears are generated and 

compared to obtained geometry by KissSoft [7] in this section.  

DXXCYY is an abbreviation used for case studies of symmetric and asymmetric tooth 

spur gears. D refers to drive side of tooth profile whereas C represents coast side flank. 

XX and YY are used to define pressure angle values of both tooth flanks. For instance, 

D20C20 symbolize a symmetric tooth spur gear with pressure angle of 20degree for 

both side of tooth profile. In contrast, D30C20 refers to an asymmetric tooth spur gear 

with the pressure angle values of 30degree and 20degree for drive and coast sides 

respectively. 

3.5.1 Case S1 

Gear parameters for macro geometry generation of symmetric spur gear pair are given 

in Table 3.2. Symmetric spur gear tooth profile was generated by using developed in-

house software and KissSoft [7]. Gear tooth profiles are compared for both tools in 

Figure 3.40. Blue curve refers to geometry generated by in-house software whereas 

red curve belongs to KissSoft. Solid black and red lines obtained by in-house software 

are given for drive side and coast side profiles respectively. Blue and yellow points 

refer to drive and coast side flanks constructed by KissSoft as can be seen in Figure 

3.40. These curves and corresponding points overlap without any difference or 

deviation from each other. 

Table 3.2 Symmetric tooth spur gear pair parameters (Case S1) 

Parameter Value Unit 

Module 3 mm 

Teeth number 40 - 

Pressure angle 20 degree 

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 0.25 - 
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Figure 3.40 Tooth profile for Case S1  

(obtained from KissSoft and in-house software) 

3.5.2 Case S2 

Macro geometry of a symmetric tooth profile spur gear pair with 20degree of pressure 

angle similar to Case S1 but different module and teeth number values was constructed 

by using in-house software and KissSoft. Gear parameters are given in Table 3.3. Drive 

and coast side profiles are presented for different line types and colors. Whereas black 

and red lines refer to profiles constructed by using in-house software, blue and yellow 

circles are belong to curves obtained from KissSoft  for drive and coast flanks.  

Table 3.3 Symmetric tooth spur gear pair parameters (Case S2) 

Parameter Value Unit 

Module 1 mm 

Teeth number 20 - 

Pressure angle 20 degree 

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 0.47 - 

3.5.3 Case S3 

Gear pair with same gear parameters except pressure angle was constructed. Pressure 

angle of 30degree for drive and coast sides of gear tooth was preferred to 20degree. 

This gear pair macro geometry construction was carried out by both tools; in-house 

software and KissSoft. Curves are presented in Figure 3.42. Types and colors of curves 
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and points for Case S3 are identical to those presented for Case S2. Curves and points 

coincide; there is no deviation for profiles generated by both tools (Figure 3.42). 

 

Figure 3.41 Tooth profile for Case S2  

(obtained from KissSoft and in-house software) 

 

Figure 3.42 Tooth profile for Case S3  

(obtained from KissSoft and in-house software) 

3.6 Case Studies Of Asymmetric Tooth Spur Gears 

Cases studies for macro geometry generation of asymmetric tooth spur gears are 

conducted in the scope of this thesis. During investigation, no commercial tool is 

encountered for generation of macro geometry for asymmetric spur gears. Therefore, 
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constructed asymmetric tooth profile is compared to the symmetric tooth profiles 

obtained by KissSoft for drive side (modeled as one symmetric profile) and coast side 

(modeled as another symmetric profile). In case of need to explain this comparison 

method in detail, two symmetric tooth spur gears with pressure angles of 20degree 

(D20C20) and 30degree (D30C30) are generated by using KissSoft to compare an 

asymmetric tooth spur gear (D30C20) constructed by in-house software. 

3.6.1 Case A1 

Asymmetric tooth profile with pressure angle of 30degree and 20degree for drive and 

coast sides respectively is generated by using in-house software. Gear parameters used 

for macro geometry generation are given in Table 3.4. 

This profile is required to compare but no commercial software which constructs 

macro geometry of asymmetric spur gears has been encountered during survey. So an 

asymmetric tooth is considered as two representative symmetric tooth profiles. For 

instance, an asymmetric tooth with pressure angles of 30degree and 20degree for drive 

and coast sides respectively are generated. These two representative symmetric teeth 

profiles are constructed by KissSoft for comparison. In-house software generates 

asymmetric gear macro geometry at one time without any need for comparable 

symmetric profiles. 

Comparison of drive and coast side tooth profile of asymmetric gear is carried out by 

superimposing profiles obtained by in-house software and KissSoft as shown in Figure 

3.43.  

Table 3.4 Asymmetric tooth spur gear pair parameters (Case A1) 

Parameter 
Asymmetric 

gear 

Representative 

symmetric gears Unit 

Gear 1 Gear 2 

Module 3 3 mm 

Teeth number 40 40 - 

Pressure angle (drive/coast) 30/20 30/30 20/20 degree 

Addendum coefficient 1.00 1.00 - 

Dedendum coefficient 1.25 1.25 - 

Cutter tip radius coefficient 0.1 0.1 - 
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Figure 3.43 Tooth profile for Case A1  

(obtained from KissSoft and in-house software) 

3.6.2 Case A2  

An asymmetric tooth profile with pressure angle of 30degree and 20degree for drive 

and coast sides (Table 3.5) respectively is constructed by using in-house software. 

Same gear pair is modeled as two comparable symmetric tooth profiles by using 

KissSoft. Drive and coast side profiles of asymmetric tooth are generated. Obtained 

curves from both tools are presented in Figure 3.44; it is clear that there is no difference 

or deviation between curves.  

Table 3.5 Asymmetric tooth spur gear pair parameters (Case A2) 

Parameter 
Asymmetric 

gear 

Representative 

symmetric gears Unit 

Gear 1 Gear 2 

Module 1 1 mm 

Teeth number 20 20 - 

Pressure angle (drive/coast) 30/20 30/30 20/20 degree 

Addendum coefficient 1.00 1.00 - 

Dedendum coefficient 1.25 1.25 - 

Cutter tip radius coefficient 0.11 0.11 - 
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Figure 3.44 Tooth profile for Case A2  

(obtained from KissSoft and in-house software) 

3.6.3 Case A3 

An asymmetric gear pair whose parameters are identical with gear pair given in Case 

A2 (Table 3.5) except pressure angle is presented here. Asymmetric tooth spur gear 

with pressure angle values of 25degree and 20degree for drive and coast sides 

respectively were constructed by in-house software and KissSoft. These tooth profiles 

are identical, they do not differ from each other (Figure 3.45). 

 

Figure 3.45 Tooth profile for Case A3  

(obtained from KissSoft and in-house software) 
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Involute and trochoid profiles of gear tooth were constructed by using developed 

software and a commercial gear software, KissSoft. Generated macro geometries by 

these both tools do not differ from each other and there is no deviation between curves. 

In case of symmetric tooth profile spur gears, KissSoft is an efficient tool for macro 

geometry generation and stress calculation whereas no tool is encountered for 

asymmetric spur gears during literature surveys.  

To compare macro geometry of asymmetric tooth spur gear obtained by in-house 

software, a different solution is discovered. Idea behind this solution is that assuming 

two different comparable symmetric tooth profiles for both drive and coast sides of 

asymmetric spur gear. Then generated comparable symmetric profiles refer to drive 

and coast sides of tooth respectively by KissSoft were compared to asymmetric profile 

constructed by in-house software. 

All tooth profiles including involute tooth and trochoidal root sections coincides for 

both tools regardless of symmetric and asymmetric gears. These all give weight to idea 

of using in-house tool’ module for macro geometry generation of symmetric and 

asymmetric spur gears.
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CHAPTER 4 

 

TOOTH ROOT BENDING STRESS CALCULATIONS FOR SPUR GEARS 

 

Gears are significant power transmission elements and they are used to transmit power, 

torque and speed between parallel and non-parallel shafts. Gear pairs are required to 

be designed for a safe meshing and required service life under intended design torque. 

Gears need to be evaluated for stresses at tooth root and surface flanks of gears. There 

are well accepted formulae such as Lewis and AGMA equations, gear standards 

namely ISO [16], AGMA [18] and DIN [17]. 

ISO 6336:2006 [16] is one of the international gear standards and includes different 

parts given in Table 4.1. Each part consists of different aspects of gears such as 

calculations of introduction and general influence factors, basic principles, tooth root 

bending stress, surface pitting, strength and quality of gear materials and service life 

under variable load. 

Many of gears usually rotate in unidirectional for many applications without reverse 

motion. One of the gear flanks (drive) is highly loaded for long service life while the 

other side (coast) is lightly loaded for short time or unloaded. An asymmetric gear 

(Figure 4.1) is alternative to symmetric tooth gears for power transmission especially 

for unidirectional movement.  

Asymmetric spur gear is presented by the two different involute profiles of different 

base circles in the Figure 4.2.  Pressure angle of drive side of tooth differs from other 

side (coast) to provide stronger tooth of asymmetric spur gears. 

Gears are needed to check for tooth root bending stress regardless of gear tooth profile 

of symmetric or asymmetric. For this aim, there is a need for tools to estimate if 

asymmetric gear pairs are going to be in safe or not during meshing.
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Table 4.1 ISO 6336:2006 parts 

Standard Part Scope 

ISO 6336:2006 1 Basic principles, introduction and general influence factors 

ISO 6336:2006 2 Calculation of surface durability (pitting) 

ISO 6336:2006 3 Calculation of tooth bending strength 

ISO 6336:2006 5 Strength and quality of materials 

ISO 6336:2006 6 Calculation of service life under variable load 

ISO 53:1998 - Cylindrical gear for general and heavy engineering -Standard 

basic rack tooth profile 

ISO 54:1996 - Cylindrical gear for general and heavy engineering - Module 

 

 

Figure 4.1 Asymmetric spur gear 

 

Figure 4.2 Asymmetric tooth gear with two different base circles  

No standard for asymmetric spur gears is encountered during literature survey. 

Therefore any gear designer who wants to investigate asymmetric gear performance 

in terms of root stress can modify formulae given for symmetric ones, conduct finite 

element analyses or carry out measurements. The first one, modifying formulae given 

for symmetric spur gears is investigated to improve a tool for root stress calculation of 

asymmetric gears in this chapter. 

Using gear standards or equations presented for symmetric gears directly for 

asymmetric gears is not possible. Because asymmetric gears differ from symmetric 

gears in terms of pressure angle and so tooth profiles, tooth thickness and root stress. 
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Design and analysis of asymmetric spur gears calls for some modifications of formulae 

presented in ISO 6336 Part 3 [16]. 

4.1 Modification Of Formulae Presented In Gear Standards 

ISO 6336 Part 3 [16] presents fundamental formulae for root stress calculations of 

involute external or internal parallel axes gears. It recommends following formulae to 

determine form factor (YF), stress concentration factor ( YS) and root stress of 

symmetric tooth spur gears given in ISO [16]: 

 

 𝜎𝐹0 = 
𝐹𝑡

𝑏 𝑚𝑛
 𝑌𝐹 𝑌𝑆 𝑌𝛽 𝑌𝐵 𝑌𝐷𝑇  (4.1) 

 𝑌𝐹 =

6ℎ𝐹𝑒
𝑚𝑛

𝑐𝑜𝑠 𝛼𝐹𝑒𝑛

(
𝑆𝐹𝑛
𝑚𝑛

)
2
𝑐𝑜𝑠 𝛼𝑛

      (4.2) 

 Ys= (1.2 + 0.13𝐿)𝑞𝑠

[
1

1.21+
2.3
𝐿

]

       (4.3) 

 L=
𝑠𝐹𝑛

ℎ𝐹𝑒
      (4.4) 

 qs= 
𝑠𝐹𝑛

2𝜌𝐹
             (4.5) 

Abbreviations for these equations are given in Table 4.2. 

Some modifications on formulae of stress modifying factors namely form and stress 

concentration factors are needed for asymmetric spur gears. Tooth root thickness and 

bending moment arm are very significant parameters for calculation of form factor and 

stress concentration factor so tooth root bending stress.  

In this chapter, tooth root critical section thickness for asymmetric gear are determined 

by modelling asymmetric spur gear as two different symmetric spur gears (one for 

drive side and other one for coast side) as shown in Figure 4.4. 
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Table 4.2 Parameters required for equations of 4.1-4.5 

Symbol Unit Explanation 

𝐹𝑡 Newton Nominal tangential load 

b mm Face width 

𝑚𝑛 mm Normal module 

𝑌𝐹 - Form factor 

𝑌𝑆 - Stress concentration factor 

𝑌𝛽 - Helix angle factor 

𝑌𝐵 - Rim thickness factor 

𝑌𝐷𝑇 - Deep tooth factor 

𝛼𝐹𝑒𝑛 Radian Load direction angle, relevant to direction of application of load 

at the outer point of single pair tooth contact of virtual spur gears 

𝛼𝑛 Degree Normal pressure angle 

ℎ𝐹𝑒  mm Bending moment arm for tooth root stress relevant to load 

application at the outer point of single pair tooth contact 

𝑠𝐹𝑛 mm Tooth root chord at the critical section 

𝜌𝐹 mm Radius of root fillet 

𝑞𝑠 - Notch parameter; qs = sFn /2ρF 

Two non-identical root thicknesses for gear tooth models of drive and coast flanks 

(Figure 4.4) are summed up and then divided into two. This calculated thickness is 

accepted as tooth thickness at root of asymmetric spur gear. Length of bending moment 

arm is determined by taking this new thickness into account. Two significant stress 

modifying factors; form factor (𝑌𝐹) and stress concentration factor ( 𝑌𝑆) are evaluated 

by depending on tooth root thickness and bending moment arm of asymmetric gear 

calculated by this method. Tooth root stress is calculated based on all these parameters 

and factors. 

 
Figure 4.3 Determinations of normal chord dimensions of tooth root critical section 

[16] 
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Figure 4.4 Modelling asymmetric gear as two symmetric gears  

4.2 Root Stress Calculation Software For Asymmetric Spur Gears 

Owing to their high load carrying capacity, asymmetric spur gears are in general use 

as an alternative to spur gears with symmetric tooth profile. With their increasing use, 

it is required to carry out more and more studies to evaluate asymmetric gears 

performance under load. A software which can achieve evaluation of root stress in 

addition to macro geometry generation process (presented in Chapter 3) has been 

developed and presented in this chapter. 

A module of software to determine root bending stress of asymmetric spur gear is 

presented in Figure 4.5. Module, teeth numbers, pressure angles of both flanks, 

coefficients of addendum, dedendum, profile shift and root fillet radii can entered as 

inputs as shown in Figure 4.6-4.9. Tooth root thickness, length of bending moment 

arm, form factor (YF), stress concentration factor ( YS) and other related parameters and 

tooth root bending stress are calculated and presented in Figure 4.10.  

 
Figure 4.5 Tooth root bending stress calculation of asymmetric spur gear  

(in-house software) 
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Figure 4.6 Selections of module and teeth numbers (in-house software) 

 
Figure 4.7 Selections of pressure angles of drive and coast sides (in-house software) 

 
Figure 4.8 Selections of coefficients of addendum, dedendum and profile shift  

(in-house software) 

 
Figure 4.9 Selection of coefficients of root fillet radii (in-house software) 
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Figure 4.10 Tooth root bending stress parameters’ results (in-house software) 

4.3 Case Studies Of Tooth Root Bending Stress 

Some case studies for root bending stress evaluation of spur gears with symmetrical 

and asymmetrical tooth shapes are presented in this section. While root stress results 

of in-house software and KissSoft are compared for symmetric spur gears, there is no 

commercial tool for asymmetric gears. Therefore, stress values evaluated by in-house 

software for asymmetric gears are compared to papers in literature. 

4.3.1 Case Studies Of Symmetric Spur Gears  

Case studies for tooth root bending stress of symmetric spur gears are presented here. 

Results of some papers in literature are initially compared to in-house software’s 

results by analyzing same symmetric gear pairs for root stress. 

4.3.1.1 Case S1  

Spitas et al [48] investigated root bending stress of a gear pair whose parameters are 

given in Table 4.3. Initially same gear pair was analyzed by using developed software 
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for different alternatives of dedendum and clearance. Root stress values obtained from 

in-house software, KissSoft and reference study are presented in Table 4.4 and 4.5. 

Whereas the difference between stress values between in-house software and Ref [48] 

is 12.8% (Table 4.4) there is no difference of in-house software and KissSoft values 

(Table 4.5). 

Table 4.3 Gear pair parameters [48] 

Parameter Value Unit 

Module 1 mm 

Pressure angle 20 Degree 

Teeth number 20 - 

Addendum coefficient 1.0 - 

Table 4.4 Tooth root stress of in-house software and reference study [48] 

Standard Profile 

Cutter tip 

radius 

coefficient 

Dedendum 

coefficient 

Root stress (MPa) 

Ref 

[48] 

in-house 

software 

ISO 53 A 0.38 1.25 2.51 2.86 

ISO 53 B 0.30 1.25 2.65 3.02 

ISO 53 C 0.25 1.25 2.73 3.13 

Optimum - 0.47 1.12 2.24 2.55 

Table 4.5 Tooth root stress of in-house software and KissSoft [7] 

Standard Profile 

Cutter tip 

radius 

coefficient 

Dedendum 

coefficient 

Root stress (MPa) 

in-house 

software 
KissSoft 

ISO 53 A 0.38 1.25 2.86 2.86 

ISO 53 B 0.30 1.25 3.02 3.02 

ISO 53 C 0.25 1.25 3.13 3.14 

Optimum - 0.47 1.12 2.55 2.55 

4.3.1.2 Case S2 

Root bending stress was studied here for a gear pair whose parameters are presented 

in Table 4.6. KissSoft and in-house software results are presented in Table 4.7 

Table 4.6 Gear pair parameters - Case S2 

Parameter Value Unit 

Module 3 mm 

Pressure angle 20 Degree 

Teeth number 40/40 - 

Torque 160.43 Nm 
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Table 4.7 Tooth root stress of in-house software and KissSoft for symmetric spur gears 

Gear 

Pair 

Coefficients of 

cutter tip 

radius 

Tooth Root Stress (MPa) 

in-house software KissSoft [13] 

1 0.10 147.50 147.18 

2 0.15 140.55 140.50 

3 0.20 134.39 134.35 

4 0.25 128.68 128.65 

5 0.30 123.13 123.33 

6 0.35 118.19 118.35 

7 0.38 115.50 115.50 

8 0.40 113.53 113.65 

9 0.45 109.12 109.21 

10 0.47 107.40 107.50 

 

Under this section (Case study of S2), many case studies were performed and presented 

actually for different values of hob tip radius coefficients of symmetric tooth profile 

spur gears. Stress calculations were done by using in-house software and KissSoft. It 

is possible to say that these two tools give same results with a highest difference of 

0.2% regardless of cutter tip radius coefficients. These all show that developed 

software calculates bending stress at tooth root correctly. 

4.3.1.3 Case Study - S3  

Sekar et al [23] studied on symmetric and asymmetric spur gears for tooth root bending 

stress. In this section, symmetric case studies are compared to software results. Gear 

pair parameters are presented in Table 4.8 and results are given in Table 4.9. Root 

stress versus contact point along length of contact is presented in Figure 4.11 in 

reference paper. Maximum bending stress is 26.3 MPa in this curve. Some screen shots 

from in-house software which shows input and outputs are presented in Figure 4.12-

4.15. Results of both studies are very close to each other. 
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Table 4.8 General gear parameters [23] 

Parameter Gear Pair 1 Gear Pair 2 Unit 

Module 1.0 mm 

Teeth number (driver gear) 20 - 

Teeth number (driven gear) 20 - 

Pressure angle 20 30 degree 

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 

(fully rounded) 

0.47 0.11 - 

Table 4.9 Tooth root thickness, bending moment arm and root bending stress [23] 

Gear 

Pair 

Ref [23] In-house software 

Root 

thickness 

(mm) 

Moment 

arm 

(mm) 

Root 

stress 

(MPa) 

Root 

thickness 

(mm) 

Moment 

arm 

(mm) 

Root 

stress 

(MPa) 

1 1.96 1.05 26.30 1.96 1.05 26.83 

2 2.36 1.39 26.70 2.36 1.39 27.56 

 

Figure 4.11 Tooth root stress for Gear Pair 1 - Case S3 [23] 

 

Figure 4.12 Gear parameters of Case S3 - Gear Pair 1 (in-house software) 
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Figure 4.13 Tooth root stress parameters of Case S3 - Gear Pair 1 

(in-house software)  

 

Figure 4.14 Gear parameters of Case S3 - Gear Pair 2  

(in-house software) 

 

Figure 4.15 Tooth root stress parameters of Case S3 - Gear Pair 2 (Software)  
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4.3.2 Case Studies Of Asymmetric Spur Gears  

Several case studies for root stress calculations of asymmetric tooth spur gears are 

presented based on only literature works in this section because lack of a tool as 

software or any other means.  

4.3.2.1 Case A1 and A2 

Sekar et al [23] studied on symmetric and asymmetric tooth spur gears for bending 

tooth root bending stress. This reference study consists of numerical works of finite 

element analyses and analytical calculations based on ISO [16]. Common and different 

parameters of gear pairs of Case A1 and A2 are given in Table 4.10 and 4.11.  

These parameters are entered to developed software and some figures are shown for 

Case A1 and A2 (Figure 4.16-4.19). Stress versus contact position along contact path 

constructed in reference paper for Case A1 is presented in Figure 4.20 whereas stress 

and related parameters taken from in-house software are given for Case A1 and A2 in 

Figure 4.21 and 4.22 respectively. Tooth root thickness, bending moment arm and root 

bending stress values are presented in Table 4.12. 

Table 4.10 General gear parameters of Case Studies of A1 and A2 [23] 

Parameter Value Unit 

Module 1 mm 

Teeth number 20/20 - 

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient Fully rounded - 

Center distance 20 mm 

Table 4.11 Pressure angle values of Case Studies of A1 and A2 [23] 

Gear Pair Pressure Angle Unit 

Drive Side Coast Side 

A1 30 20 Degree 

A2 25 20 Degree 

 

Figure 4.16 Input parameters - Case A1 (in-house software) 
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Figure 4.17 Loading parameters - Case A1 (in-house software) 

 

Figure 4.18 Input parameters - Case A2 (in-house software) 

 

Figure 4.19 Loading parameters - Case A2 (in-house software) 

 

Figure 4.20 Tooth root stress – Case A1 [23] 

 

Figure 4.21 Output parameters - Case A1 (in-house software) 
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Figure 4.22 Output parameters - Case A2 (in-house software) 

Table 4.12 Tooth root thickness, bending moment arm and root bending stress [23] 

 

 

Case 

 

Ref [23] In-house software 

Root 

thickness 

(mm) 

Moment 

arm 

(mm) 

Root stress 

(MPa) 

Root 

thickness 

(mm) 

Moment 

arm 

(mm) 

Root 

stress 

(MPa) 

ISO  FEA ISO  FEA ISO  FEA ISO ISO ISO 

A1 2.19 2.31 1.29 1.36 23.7 24.6 2.15 1.30 25.1 

A2 2.07 2.15 1.17 1.23 24.5 25.3 2.05 1.17 26.1 

4.3.2.2 Case A3 

Kapelevich and Shekhtman [20] used a method for modeling an asymmetric spur gear 

as comparable symmetric gear teeth. Pressure angle values of drive and coast flanks 

of asymmetric tooth are summed up and divided in two. This is used as pressure angle 

of comparable symmetric tooth profile spur gears. Tooth root stress was determined 

based on comparable symmetric tooth spur gear by conducting finite element analyses. 

A conversion coefficient was determined to calculate root stress of an asymmetric gear 

by modelling it as comparable symmetric gears [20]. 

While gear pair parameters for asymmetric and comparable symmetric spur gears are 

presented in Table 4.13 and 4.14, root fillet radius coefficient value is missing (not 

given in reference paper). It is stated that root optimisation is performed to minimize 

root stress by authors. In this thesis, highest usable cutting tool tip radius is used for 

stronger tooth root less root stress. Some screen shots are presented for inputs and 
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outputs (in-house software) in Figure 4.23-4.25. Tooth root stress values of Ref [20], 

current study and KissSoft are given for comparable symmetric gears in Table 4.15. 

Owing to lack of commercial tool to calculate root stress of asymmetric gears, stress 

values are presented for only reference paper and current study in same table.  

Table 4.13 General gear parameters - Case A3 

Parameter Value Unit 

Module 5 mm 

Teeth number (pinion/gear) 20/49 - 

Torque (pinion) 900 Nm 

Rotational speed (pinion) 1000 rpm 

Center distance 172.5 mm 

Table 4.14 Gear pair parameters - Case A3 

Parameters  Asymmetric gear Comparable 

symmetric gear 

Unit  

Pressure Angle (drive/coast) 35/20 27.5 Degree 

Addendum coefficient 0.921 1.080 0.951 - 

Dedendum coefficient 1.151 1.081 1.127 - 

Profile shift coefficient 0.06 -0.06 0.06 -0.06 - 

Root radius coefficient - 0.327 - 

Table 4.15 Comparison of tooth root stress with Ref [20] 

Case A3 – Gear pairs Tooth Root Stress (MPa) 

Ref [20] in-house software KissSoft 

Asymmetric 295 353 - 

Comparable symmetric 309 336 336 

 

Figure 4.23 Gear pair parameters – Case A3 (in-house software) 

 

Figure 4.24 Loading parameters for Case A3 (in-house software) 
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Figure 4.25 Output parameters - Case A3 (in-house software) 

4.3.2.3 Case A4-A5-A6-A7 

Cases of A4-A5-A6-A7 were based on finite element analyses and calculations of ISO 

[16] based calculations of asymmetric tooth spur gears. Gear pair parameters for all 

these cases are given in Table 4.16. Based on given gear parameters, non-identical 

pressure angle values for drive and coast sides of tooth profile were used. 

Combinations of 20, 25 and 30degree such as D20C25, D20C30, D25C20 and D30C20 

were analyzed. Results of both studies are given in Table 4.17. Some screen shots for 

root stress and related parameters from software can be seen in Figure 4.26-4.29.  

Table 4.16 Gear pair parameters for Cases of A4-A5-A6-A7 

 

  

Gear pair parameter Value Unit 

Module 3 mm 

Teeth number 40 - 

Gear ratio 1 - 

Addendum factor 1.00 - 

Dedendum factor 1.25 - 

Face width 20 mm 

Rack cutter tip radius coefficient 0.1 - 

Torque 160.428 Nm 
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Table 4.17 Tooth root stress values for Cases of A4-A5-A6-A7  

(in-house software and FEA) 

 

 

 

 

 

Figure 4.26 Tooth root stress calculated by software for Case A4 

 

Figure 4.27 Tooth root stress calculated by software for Case A5 

Case No 
Gear 

Pair 

Tooth root stress (MPa) 

in-house software FEA 

A4 D20C25 138.61 128.5 

A5 D20C30 130.43 121.6 

A6 D25C20 147.38 129.7 

A7 D30C20 146.94 121.3 
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Figure 4.28 Tooth root stress calculated by software for Case A6 

 

Figure 4.29 Tooth root stress calculated by software for Case A7 

4.4 Conclusion 

In this chapter, a software has been developed for root stress evaluation of spur gears 

with symmetrical and asymmetrical tooth profile. Tooth root stress for spur gears with 

both profiles can be determined via same software based on ISO standard [16] for 

symmetric spur gears and some modified formulae of Ref [16] for asymmetric spur 

gears.  
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Several case studies have been conducted to verify results of in-house software by 

comparing with those of paper presented in literature for symmetric and asymmetric 

spur gears and KissSoft for symmetric spur gears 

By keeping practical applications in mind, calculations and comparison have been 

done for constant torque transmission unless otherwise stated in reference studies. 

Variation of loading position (Highest Point of Single Tooth Contact - HPSTC) is 

taken into account with the increase or decrease of drive side pressure angle of tooth 

profile for all calculations.  

In this study, all calculations are based on an already manufactured gearbox whose 

operating conditions and geometrical limitations predetermined and not prone to be 

changed. Therefore, any gear pair, symmetric or asymmetric, for a constant center 

distance and input-output values of power and speed can be used in these analyses. 

Increase in pressure angle of drive side flank yields reduction in base circle radius. 

Therefore tooth load and bending moment arm starts to increase with increase of root 

thickness. Tooth root thickness produces lower stress whereas increase of load and 

moment arm results in higher bending stress. To evaluate effect of pressure angle on 

different gear parameters such as base radius, loading point position (HPSTC), root 

thickness, bending moment arm, tooth load and so on root bending stress, several case 

studies are carried out.   

When looking at all case studies, in-house software guesses stress values higher than 

literature works regardless of symmetric or asymmetric spur gear pairs. Tooth root 

bending stress values obtained from in-house software and KissSoft are almost same.  
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CHAPTER 5 

 

TRANSMISSION ERROR THEORY AND MICRO GEOMETRY DESIGN 

 

Gears are critical power transmission elements and their design requires to be given 

importance to obtain a safe operation during meshing. Gear design necessitates taking 

static and dynamic conditions into account at same time. Because dynamic 

performance is as important as performance under static loading conditions. It is 

directly related to gear vibration level. Vibration is an outcome of non-uniform 

distribution of load and yields noise during operation of gear pairs.  

Transmission error (TE) has been accepted as main source of vibration and noise of 

gear pairs during meshing. It is unwanted owing to its severe effect on gear 

performance. One of the main aims of this thesis is to minimize quasi static 

transmission error and obtain smooth transmission error curves under loading. Tip 

relieving is applied to fulfill the requirements given above.  

Transmission error (TE) is defined as the difference between the effective and the ideal 

position of the output shaft with reference to the input shaft. The ideal position 

represents a condition of perfect gear box, without geometrical errors and deflections. 

TE can be expressed either by an angular displacement or, more conveniently, as a 

linear displacement measured along a line of action at base circle [33]. 

In other words, (TE) is defined as the difference between the actual position of the 

output gear and the position it would occupy if the gears were perfectly conjugate. It 

can be defined in angular units, or can be expressed in linear units along the line of 

action. The TE is generally converted to linear motion along the line of action which 

is tangential to the base circles of the mating gears. The mathematical formulation of 

TE in linear units is given in Eq. 5.1: 

 TE =  rb2 ∗ (θ2 −
T1

T2
∗ θ1)  (5.1) 
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θ1: Angular rotation of the input gear 

θ2: Angular rotation of the output gear 

T1:  Tooth number of the driving gear 

T2:  Tooth number of the driven gear 

rb2: Base radius of the output gear 

 
Figure 5.1 Corner contact [33] 

 

The quasi static transmission error is directly related to the kinematic accuracy of 

gears, dynamic tooth load and noise. It can be defined as the difference between the 

theoretical position of the output gear with perfect accuracy and the actual output 

position [33]. 

Generating gear pair with minimum geometrical error is very significant to decrease 

transmission error. However, transmission error occurs under loading owing to tooth 

flexibility regardless of gear profile with and without error. There are two impactful 

parameters which yield corner contact and transmission error (Figure 5.1); tooth 

deflection under load and adjacent pitch error. 

Corner contact has a significant effect on instantaneous variation in transmission error 

curve with damage on tooth surface during heavily loaded operation. To avoid corner 

contact and obtain smooth transmission error curves under loads, intentional profile 

relief is applied (Figure 5.2). 

Linear tip relieving is defined by two relief parameters of amount of relief and extent 

of relief (Figure 5.3).  Amount of relief is the material thickness removed from tooth 

tip whereas extent of relief refers distance of how far the relief extends down the tip 

(Figure 5.3). 

Extent of relief can be defined in linear or angular units (Eq. 5.2): 
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 Extent of relief = rb*(roll angle end − roll angle start) (5.2) 

 

(a)  Driving gear                                  (b) Driven gear 

Figure 5.2 Application of tip relief for driving and driven teeth to avoid corner 

contact 

Construction of loaded and unloaded transmission error curves for gear pairs with 

profile relief is shown in Figure 5.3.  Gear pair conjugates with no adjacent pitch error, 

constant stiffness and load. The vertical axis is transmission error axis whereas 

horizontal axis refers to contact position along line of contact. When double tooth pair 

is in contact, it is called as double contact (DC) and total load on tooth is shared by 

these pairs. But if it is in single contact (this means only one gear pair meshes), tooth 

load is carried by single gear tooth pair. Relieving can be applied to both of tooth tips 

of driving and driven gear pair or tip of one tooth and root of other tooth. The first one 

is preferred in this thesis. Properly designed and applied tip relief is important because 

of its effects on construction of transmission error curves under design or off-design 

load by depending on application.  

Static transmission error curves are constructed for a constant load and constant 

stiffness with a linear profile relief regardless of no load and loaded situations (Figure 

5.4). 

 

Figure 5.3 Geometry of the tooth contact and profile relief  
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Figure 5.4 Constructions of transmission error curves for spur gear pairs 

The procedure for constructing loaded or no load transmission error curves are 

presented as follows (Figure 5.4): 

1) Construct the boundary profiles of the mating tooth pairs such as curves f-g-

h-k-l-m. 

2) Displace them by the base pitch of the gears along the horizontal axis. 

3) Construct the no load TE curve by following the top boundary borders of the 

each tooth boundary profile, curve d-e-h-k-n-r. 

4) To construct the loaded TE curve under any load, such as design load 𝐹𝑏, 

calculate the tooth pair deflection, 
𝐹𝑏

𝑘𝑡
. 

5) Take a slice, for example S-S, downwards representing the deflection of 

teeth) by the amount of teeth deflection, 
𝐹𝑏

𝑘𝑡
. 

6) Check if this new point is in the double pair region. 

7) If answer is NO as in the case of slice S-S, mark the position of the new point 

𝑏1 which is the actual position of the output gear. 

8) If answer is YES then use the load constraint 𝐹𝑏 = ∑ 𝐹𝑖
2
𝑖=1  to find the actual 

position in the double pair region. For instance, in case of slice D-D the 

actual position (point 𝑏2) is founded by equations: 

𝐹𝑏 = 𝑘𝑡(𝑜2−𝑏2) + 𝑘𝑡(𝑐2 − 𝑏2)  

9) Repeat the procedure 5-8 for the required number of contact positions 

(slices). 

10) Connect the new marked points (𝑏1, 𝑏2, 𝑒𝑡𝑐. ) to construct the loaded TE 

curve. 
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Long, short and intermediate relief types are illustrated in Figure 5.5. Their useful and 

applicable limits are defined in terms of corner contact, loading and TE. The amount 

of relief is identical for short and long relief whereas extent of relief differs for both. 

 

 

Figure 5.5 Profile relief geometry 

5.1 Thin Slice Theory For Gear Tooth Pair Stiffness  

When designing micro profile of spur gear pair, design load and tooth pair stiffness 

are needed in addition to macro geometry parameters. Amount of relief is determined 

based on design load and tooth pair stiffness. Therefore, evaluation of tooth pair 

stiffness has a significant influence on micro design of gear pair. Although approaches 

based on finite element analyses for evaluation of tooth pair stiffness are available in 

literature, there are no presented results for different tooth profile gears such as 

symmetric and asymmetric involute tooth profile spur gears. 

 

There are some theoretical and experimental method to evaluate tooth stiffness [49- 

63]. Theoretical methods bases on analytical calculations [55-62], numerical methods 

of finite element analyses [51, 57-60, 62] and thin slice theory [50, 53, 54, 61]. 

Experimental methods and finite element analyses require long time periods and prone 

to big difference in result owing to any small mistake. Even in the case of fault 

detection, time consuming occurs for correction.  

Analytical calculations are not commonly preferred but still in use. Analytical methods 

have been developed for definite and constant cross section geometries being not 
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complex [63]. In this method, elastic material or part under load is modeled 

mathematically by using macro geometry. Then strain generated on material/part is 

determined based on mechanics and elastic deformation is determined according to 

Hooke’s Law by assuming loading in elastic region. But generated analytical equations 

cannot be used for gears because of variation in their geometries from root to tip. 

Numerical calculation methods based on finite element analyses are more suitable to 

analyze these kinds of complex and varying cross section geometries which cannot be 

analyzed by analytical methods.  

Finite element methods which have increasing usage in academic and other researches 

is one of the mostly used method for tooth root bending stress and tooth pair stiffness 

[51, 57-60, 62]. But these methods require commercial software and long analysis time 

duration by depending on element type, mesh size, number of element, load and 

boundary conditions. Different results can be obtained from these analyses owing to 

variation of input parameters. 

There is another method, thin slice theory which can be used for stiffness evaluations. 

This theory is based on theoretical and analytical calculations. Anyone who intends to 

determine gear tooth pair stiffness can generate his own codes based on numerical 

method of this slice theory.  

In applying thin slice method, part to be analyzed is divided into thin slices with 

constant cross sections instead of dividing the part into too many, very small pieces 

(as in the case of finite element analyses). Approximate total deformations are 

calculated for each slice easily by using analytical equations. There some studies [50, 

53-54, 61] which uses thin slice method for gears. Elastic deflection of each slice is 

firstly calculated and then total deflection is determined by assuming gear as 

combination of thin slices.  

In this study, thin slice method is preferred because of its mathematical ease of use 

with simple applicability to software of micro geometry design and static transmission 

error analysis in addition to obtaining results quickly compared to experimental and 

finite element studies.   

A tool of tooth pair stiffness calculation has been developed by using positive 

contributions of studies based on thin slice theory and integrating these all to 

transmission error analysis software. Tooth pair stiffness calculations are developed 
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and stiffness curves are constructed under different loads for gear pairs with different 

values of module, teeth number, root fillet radius, tip and root diameters, pressure 

angle, etc. by using this tool. Accurate calculations can be carried out to minimize 

transmission error by using these stiffness values and curves obtained by using this 

tool for micro geometry design. 

In literature, gear tooth under load is considered as a cantilever beam with one end 

fixed and elastic deformation and stiffness calculations are carried out based on this 

fixed end. Tooth load is normal to the tooth flank so vertical component yields bending 

down and shear whereas horizontal component causes bending up and compression of 

tooth. In addition, there are two another elastic deformations; tooth root rotation under 

the effect of bending and elastic contact deformation on tooth flank. Loading point, 

bending, shear and tooth root rotations deformations are shown in Figure 5.6. 

 
Figure 5.6 Loading point (a), bending (b), shear (c) and tooth root rotation (d) 

deformations [55] 

Cantilever beams have uniform cross sections and constant height and analytical 

equations are developed for cantilever beams based on these geometrical features. 

Involute or any other gear tooth profile has variable cross sections and height. There 

is no analytical equation for tooth stiffness calculations and some finite element 

analyses are conducted for this aim. Thin slice method is also a numerical method 

(similar to finite element), based on analytical calculations and do not require a specific 

commercial software. Because of all these reasons abovementioned, thin slice method 

has a widespread use area in mechanics.  

In this theory, a gear tooth is assumed as too many thin slices bonded to each other 

like cantilever beams with a width of  dx  (∫ y ∗ dx) and height of y. Each slice is 

accepted it is bonded to next and previous slices as shown in Figure 5.7.  
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By using analytical equations, elastic and bending deflections are calculated for each 

slice with uniform cross section and height. Then, total deflection is calculated by 

evaluating these elastic and bending deflections of each slice. A tooth which is divided 

into thin slices and loaded by Fij is given in Figure 5.8. Loading and geometry of slice 

at point of i is also presented in same figure. Deflections of each thin slice having 

constant height under different loads can be calculated by using analytical equations. 

Deflection owing to contact pressure at meshing point for one tooth regardless of slices 

is determined by using Eq. 5.3 and 5.4 [54]. 

 

Part of tooth inside of gear body has fractional effect on total tooth deflection in 

addition to the effect of teeth integral part to gear body (at outside of gear body). This 

deflection is called tooth foundation effect and rotation of root section at inside of gear 

body is modeled [54]. There are some similar equation are presented in different 

literature works [50, 54]. Tooth foundation effects are included in models developed 

in this study similar to Ref [50, 53]. 

Equation for elastic deflection (qfe)j of wide tooth including tooth root deflection is 

presented in Eq. 5.5 and tooth geometry is shown in Figure 5.9. 

 𝛿𝐻𝑗 =
1,37

2∗𝐸12𝑒
0,9 ∗𝑏𝑒∗𝐹𝑖𝑗

0,1   (5.3) 

 𝐸12𝑒 = 2 ∗
𝐸1𝑒∗𝐸2𝑒

(𝐸1𝑒+𝐸2𝑒)
 (5.4) 

 (𝑞𝑓𝑒)𝑗 =
𝑊𝑗 𝑐𝑜𝑠

2𝐵𝑗

𝐸𝑒𝐹
(1 − 𝑣2)

{
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]
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]

+1.534 (1 +
tan2 𝛽𝑗
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 (5.5) 

 
Figure 5.7 Thin sliced teeth and tooth under load 
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Figure 5.8 Loading at a slice of tooth [54] 

 
Figure 5.9 Tooth geometry used for deflection (qfe)j owing to tooth foundation effect 

[50] 

Total deflection (δj) is calculated based on Eq.5 by adding contact deflection regardless 

of slices and elastic deflection of tooth root to deflections of all slices at point j and 

converting it to component along load [54]. 

 𝛿𝑗 = 𝛿𝑡𝑗 + 𝛿𝐻𝑗 + 𝑞𝑓𝑒𝑗  (5.6) 

By using equations given above, a software is developed for calculations of tooth 

deflection and tooth pair stiffness. 

5.2 Software For Transmission Error Calculation 

A user friendly software has been developed for micro profile design/analysis of 

symmetric and asymmetric tooth profile spur gears. Enterance screen of software is 

illustrated in Figure 5.10. This software includes four main sections as shown in Figure 
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5.11. These are four main sections; input, micro profile design and design loads, output 

values, and graphical screens.  

All inputs such as module, teeth number, pressure angle for drive and coast side flanks, 

coefficients of addendum, dedendum, profile shift and hob tip radius, face width, load, 

modulus of elasticity, Poisson’s ratio and angular velocity can be entered by input 

section of software (Figure 5.11). 

The section of software for entering parameters of micro geometry design and loads 

to software is presented in Figure 5.12. Optimum relief can be applied by user in this 

section for short, long and intermediate relief types or relief parameters (amount of 

relief and extent of relief) can be entered by user.  

Peak to peak transmission error value under the selected load is calculated and 

presented as in Figure 5.13. 

Constructed curves are transmission error (TE), tooth pair stiffness, mesh stiffness, 

contact stress, sliding velocity, PxV (contact stress x sliding velocity) and load sharing. 

These curves are constructed under design load and off-design loads (as different 

percentage of design load) as shown in Figure 5.14. Different colors can be selected 

for each curve under a specific load to prevent confusion. 

Tooth pair stiffness calculation procedure is adapted to software. This software enables 

tooth stiffness calculations for symmetric and asymmetric tooth spur gears. Stiffness 

curves are obtained by two different ways; minimum and maximum stiffness values 

can be entered by user (Figure 5.15) or stiffness values are determined based on thin 

slice theory (Figure 5.16). 

Tooth pair stiffness and mesh stiffness curves are presented in enlarged scale in Figure 

5.17 and 5.18 respectively.  

Selection of different load values, curves of transmission error, load diagrams, contact 

stress, sliding velocity and PxV are presented in Figure 5.19, 5.20, 5.21, 5.22, 5.23 and 

5.24 respectively.
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Figure 5.10 Main page of in-house software  
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  Figure 5.11 Input parameters 

 
Figure 5.12 Software interface for micro profile design parameters 

 

Figure 5.13 Output Values of PPTE 
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Figure 5.14 Curves of TE, stiffness, contact stress, sliding velocity and load 

  

Figure 5.15 Entering maximum and minimum stiffness values by user 

 

Figure 5.16 Determination of maximum and minimum stiffness values based on thin 

slice theory   
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Figure 5.17 Tooth pair stiffness curve  

 

Figure 5.18 Mesh stiffness curve  
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Figure 5.19 Software interface for design load percentage and PPTE values for these 

loads 

 

Figure 5.20 Transmission error curves for different load values (in-house software) 
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Figure 5.21 Load diagrams (in-house software) 

 

Figure 5.22 Contact stress (in-house software) 
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Figure 5.23 Sliding velocity curves (in-house software) 

 

Figure 5.24 PxV curves (in-house software) 

 

5.3 Case Studies 

Some case studies for stiffness calculations and micro profile design of symmetric and 

asymmetric spur gears are conducted and presented in this section. Case studies were 
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conducted based on gear pair macro and micro parameters given by literature works. 

Values of tooth pair stiffness and mesh stiffness were determined with constructing 

curves belong these values by using software for some cases. In other case studies, 

peak to peak transmission error values were evaluated and transmission error curves 

for different loads were constructed. 

5.3.1 Case Studies Of Stiffness 

Tooth pair stiffness, mesh stiffness and transmission error values for symmetric and 

asymmetric tooth profile external spur gears were calculated by developed software. 

Stiffness and transmission error calculations are based on thin slice theory and Harris 

map respectively. After calculations, curves for each parameter was constructed and 

presented for design load and off-design loads. 

5.3.1.1 Case S1 (Stiffness calculation) 

Symmetric tooth spur gear pair with module of 6mm, teeth number of 23 and gear ratio 

of unity is studied for tooth deflection under load. Tooth deflection with different 

components such as force, moment, shear, axial and tooth root foundation was 

determined by loaded at different loading points on tooth flank surface along length of 

contact (Figure 5.25).  

Deflections of force, moment, shear, compression and tooth foundation were 

calculated by using software. Constructed curves are presented for reference study [49] 

and software in Figure 5.26. Their behaviors under load and relative magnitudes are 

compared and it is seen that they are in compliance. 

 

Figure 5.25 Tooth loading at different locations along path of contact 

a) b) 
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Figure 5.26 Tooth deflection components 

5.3.1.2 Case S2 (Stiffness calculation) 

Gear pair analyzed in reference study [57] was studied here for stiffness calculations. 

Finite element analyses were conducted in reference paper whereas calculations were 

performed by using software based on thin slice theory. A symmetric spur gear pair 

with 2mm of module, 20degree of pressure angle, 20 of teeth number, gear ratio of 

unity was studied for 3325N. Curve of 1/keq= (E*δ) / (F/L) was presented without unit 

in reference paper where keq, E, δ, F and L are equivalent tooth stiffness, elastic 

modulus, tooth deflection, force and width respectively. This value (1/keq) is 

converted into tooth pair stiffness (N/mm/micron=GPa) by taking reciprocal of it and 

multiplying with modulus of elasticity (E=207GPa).  

Results from different sources are presented in same curve. Midpoint on horizontal 

axes refers to pitch point of gear and edge points refer to start and end of contact. These 

values of 17 and 23 are evaluated for pitch point edge points respectively. In this case, 

stiffness for pitch point and edge points (start and end of contact) can be calculated as 

follows ((1/17.0)*207=) 12.17N/mm/micron and ((1/23.0)*207=) 9.00N/mm/micron 

respectively. Tooth pair stiffness curve constructed by software is presented in Figure 

5.27. Values for pitch point and edge points can be read from this figure as 

11.70N/mm/micron and 8.25N/mm/micron respectively. These values satisfy with 

results of reference study [57] with 4-8% difference.  

 

Figure 5.27 Tooth pair stiffness (software) and 1/𝑘𝑒𝑞 curves along length of contact 

1/keq= (E*δ)/(F/L) 

 

software 

[57] 



79 
 

5.3.1.3 Case S3 (Stiffness calculation) 

A gear pair with normal module of 4mm, pressure angle of 20degree, face width of 

20mm and teeth number of 21 and 49 for pinion and gear respectively was analyzed 

in this section and compared with results of Ref [60]. Tooth pair stiffness curves for 

both studies are presented in Figure 5.28. The stiffness curve obtained by reference 

study is given in N/mm whereas N/mm/micron is preferred in this thesis. So it is 

converted through dividing by face width for comparison. Peak and lowest value of 

tooth pair stiffness of curve [60] are evaluated by 13.25 N/mm/micron and 9.8 

N/mm/micron respectively via dividing original values by 20mm of face width. 

Corresponding values can be read as 12.75 N/mm/micron and 8.5 N/mm/micron from 

curve constructed by software (Figure 5.28). Values are in accordance with each other 

(with 4-13% difference).  

 

 Figure 5.28 Tooth pair stiffness curves along length of contact for Ref [60] 

and software  

5.3.1.4 Case S4 (Stiffness calculation) 

Spur gear pair with normal module of 3mm, 20degree of pressure angle, 60mm of face 

width, teeth numbers of 65, addendum coefficient of unity and dedendum coefficient 

of 1.25 was studied for stiffness evaluations. Tooth pair stiffness curve including single 

contact and double contact regions for reference paper [62] is presented in Figure 5.29. 

Stiffness for single tooth contact region is 14.0 N/mm/micron for Ref [62] whereas 

corresponding value is 15.6 N/mm/micron for software (Figure 5.29). Value obtained 

by software is relatively higher than that of reference paper. Peak value of tooth pair 

stiffness referring to double contact region can be read as 24.5 N/mm/micron from 

paper [62]. When this value is divided by 2, 12.25 N/mm/micron is obtained for single 

tooth. Corresponding value is 13.5 N/mm/micron and higher than reference value with 

a difference of 10-12%.  

Ref [60] 
Software 
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Figure 5.29 Tooth pair stiffness curves along length of contact for Ref [62] and 

software  

5.3.1.5 Case S5 (Stiffness calculation) 

A symmetric spur gear pair whose parameters are given in Table 5.1 [1] is analyzed 

for stiffness calculations. Parameters are entered into software as shown in Figure 5.30. 

Results are presented in Table 5.2. Mesh stiffness curves are presented in Figure 5.31 

for both studies. 

Software calculated values of maximum and minimum stiffness higher than reference 

study [1] for this symmetric spur gear pair case. 

Table 5.1 General gear parameters of Case S5 

Parameter Value Unit 

Module 4 mm 

Teeth number 30/30 - 

Pressure angle 20 Degree  

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 0.3 - 

Face width  15 mm 

Design load  7500  N 

Table 5.2 Mesh stiffness values obtained by Ref [1] and software (Case S5) 

Mesh stiffness values FEA [1] Software  Unit 

Minimum 13.58 16.20 N/mm/micron 

Maximum 27.43 28.90 N/mm/micron 

 

 

Software 
[62] 
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Figure 5.30 Gear parameters input screen to software (Case S5) 

 

                            (a)                                                               (b)  

Figure 5.31 Mesh stiffness curves for Ref [1] and software (Case S5) 

5.3.1.6 Case A1 (Stiffness calculation) 

An asymmetric spur gear pair whose general gear parameters are same with Case S5 

(Table 5.1) was studied in terms of mesh stiffness. Pressure angle of drive side is 

30degree whereas 20degree is used for coast side flank. General gear parameters were 

entered in software and stiffness calculation method was selected (Figure 5.32). Mesh 

stiffness values are given in Table 5.3 and curves are illustrated for Ref [1] and 

software in Figure 5. 33. 
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Figure 5.32 Gear parameters input screen to software (Case A1) 

 

(a)                                                                 (b) 

Figure 5.33 Mesh stiffness curves for Ref [1] and software (Case A1) 

Table 5.3 Stiffness values obtained by Ref [1] and software (Case A1) 

Stiffness Values FEA [1] Software  Unit 

Minimum 16.25 21.00 N/mm/micron 

Maximum 33.26 35.50 N/mm/micron 

5.3.1.7 Case A2 (Stiffness calculation) 

Asymmetric tooth spur gear pair whose parameters are given in Table 5.4 was analyzed 

for stiffness. General gear parameters were entered in software as in Figure 5.34. Tooth 

pair stiffness and mesh stiffness curves are given in blue and red colors respectively in 
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Figure 5.35 for software. Only tooth pair stiffness [1] is presented in same figure for 

reference study. Tooth pair stiffness values are presented in Table 5.5. 

Table 5.4 General gear parameters of Case A2 

Parameter Value Unit 

Module 1 mm 

Teeth number 20/20 - 

Pressure angle (drive/coast) 20/25 Degree  

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 0.398 - 

Face width  1 mm 

Design load  10 N 

 

Figure 5.34 Gear parameters input screen to software (Case A2) 

Table 5.5 Stiffness values obtained by Ref [1] and software (Case A2) 

Stiffness Values FEA [1] Software  Unit 

Minimum 9.58 10.62 N/mm/micron 

Maximum 15.15 13.74 N/mm/micron 

 

Figure 5.35 Tooth pair stiffness curves for Ref [1] and software (Case A2) 
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5.3.1.8 Case A3 (Stiffness calculation) 

An asymmetric spur gear pair with greater pressure angle of drive side was studied in 

this case for stiffness evaluation. General gear parameters are presented in Table 5.6. 

Tooth pair stiffness (blue color) and mesh stiffness (red color) are presented for 

software whereas tooth pair stiffness curve is illustrated for Ref [1] in Figure 5.36. 

Tooth pair stiffness values for both studies are given in Table 5.7. 

Table 5.6 General gear parameters of Case A3 

Parameter Value Unit 

Module 1 mm 

Teeth number 20/20 - 

Pressure angle (drive/coast) 20/30 Degree  

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 0.308 - 

Face width  1 mm 

Design load  10 N 

 

Figure 5.36 Tooth pair stiffness curves for Ref [1] and software (Case A3) 

Table 5.7 Stiffness values obtained by Ref [1] and software (Case A3) 

Stiffness Values FEA [1] Software  Unit 

Minimum 10.56 10.47 N/mm/micron 

Maximum 16.13 13.65 N/mm/micron 

5.3.1.9 Case A4 (Stiffness calculation) 

Asymmetric tooth spur gear pair with same general parameters presented in Case A3 

except pressure angle was analyzed for tooth pair stiffness values. Pressure angles of 

30degree and 20degree were preferred for drive and coast side flanks of gear tooth 

profile. Stiffness values and curves are presented in Table 5.8 and Figure 5.37 

respectively. 
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Figure 5.37 Tooth pair stiffness curves for Ref [1] and software (Case A4) 

Table 5.8 Stiffness values obtained by Ref [1] and software (Case A4) 

Stiffness Values FEA [1] Software  Unit 

Minimum 11.44 12.19 N/mm/micron 

Maximum 16.84 18.62 N/mm/micron 
 

5.3.1.10 Case A5 (Stiffness calculation) 

An asymmetric spur gear pair with gear parameters given in Table 5.9 was studied in 

this case. Stiffness curves and values were obtained and presented in Figure 5.38 and 

Table 5.10 respectively. 

Table 5.9 General gear parameters of Case A5 

Parameter Value Unit 

Module 1 mm 

Teeth number 20/20 - 

Pressure angle (drive/coast) 25/20 Degree  

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Cutter tip radius coefficient 0.398 - 

Face width  1 mm 

Design load  10 N 

 

Figure 5.38 Tooth pair stiffness curves for Ref [1] and software (Case A5) 
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Table 5.10 Stiffness values obtained by Ref [1] and software (Case A5) 

Stiffness Values FEA [1] Software  Unit 

Minimum 10.35 11.65 N/mm/micron 

Maximum 15.87 16.12 N/mm/micron 
 

In-house software developed in this thesis gives generally higher or lightly lower 

values when results were compared to reference studies. Especially when software 

results were compared with those of finite element analyses, it is obvious to say that 

software yields higher stiffness values. 

5.3.2 Case Studies Of Transmission Error 

5.3.2.1 Case S6 (Transmission error calculation) 

Results of reference study [33] and analytical prediction based on Harris map 

(Software) were compared. Gear parameters of reference study are presented in Table 

5.11. Peak to peak transmission error (PPTE) value was presented as 1.00 µm in 

reference paper whereas 1.05 µm has been calculated by software. Transmission error 

(TE) curves for different loads and PPTE values are given in Figure 5.39 and 5.40 for 

current and reference study respectively.  PPTE values in Ref [33] (measured and 

predicted values) and predicted by software (based on Harris map) are close to each 

other(with a difference of 0.05 µm). 

Table 5.11 General gear parameters of Case S6 

Parameter Value Unit 

Pressure Angle (drive/coast) 20/20 Degree 

Normal module 6.35 mm 

Pinion tooth number 32 - 

Gear tooth number 32 - 

Design load 300 N/mm 

Face width 20.0 mm 

Relief type Long - 

 

Figure 5.39 TE curves and PPTE values for Case S6 (software) 
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Figure 5.40 Measured and predicted TE Curves of Case S6 [33] 

5.3.2.2 Case S7 and S8 (Transmission Error Calculation) 

Gear pairs with long relief were studied for quasi static transmission error analysis. 

Gear pair parameters are presented in Table 5.12 and 5.13. Peak to peak transmission 

error values are given in Table 5.14-5.15 while static transmission error curves under 

different loads are illustrated in Figures of 5.41-5.44. It can be concluded that the 

difference of PPTE values evaluated by software and Ref [1] are very small for Case 

S7 and S8. 

Table 5.12 General gear parameters of Case S7 and S8 

Parameter Value Unit 

Normal module 3 mm 

Teeth number of pinion 40 - 

Gear ratio 1 - 

Design torque 160.43 Nm 

Face width 20 mm 

Table 5.13 Pressure angle and relief parameters of Case S7 and S8 

Parameter 
Value 

Unit 
S7 S8 

Pressure angle (drive/coast) 20/20 25/25 degree 

Amount of relief 9.128 7.917 µm 

Table 5.14 PPTE values of Case S7 (D20C20) 

PPTE (µm) 

Load (%) In-house software FEA 

25 3.588 3.200 

50 2.586 2.000 

100 0.584 0.700 
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Table 5.15 PPTE values of Case S8 (D25C25) 

PPTE (µm) 

Load (%) In-house software FEA 

25 3.197 3.500 

50 2.419 2.500 

100 0.864 0.900 

 

Figure 5.41 TE curves of Case S7 (D20C20) [1] 

 

Figure 5.42 TE curves of Case S7 (D20C20) (software) 
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Figure 5.43 TE curves of Case S8 (D25C25) [1] 

  

Figure 5.44 TE curves of Case S8 (D25C25) (software) 

5.3.2.3 Case S9 and S10 (Transmission Error Calculation) 

Gear pairs with long relief (S9) and short relief (S10) were analyzed for transmission 

error. General gear parameters are given in Table 5.16 and 5.17. TE curves for several 

loads are illustrated in Figures of 5.45-5.48. PPTE values are given in Table 5.18 and 

5.19. 

Table 5.16 General gear parameters of Case S9-S10 

Parameter Value Unit 

Normal module 4 mm 

Teeth number of pinion 30 - 

Pressure angle 20 Degree 

Gear ratio 1 - 

Face width 15 mm 
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Table 5.17 Relief parameters of Case S9-S10 

Parameter 
Value 

Unit 
S9 S10 

Relief type Long Short - 

Amount of relief 31.46 31.46 µm 

Extent of relief 7.17 3.89 mm 

 

 

Figure 5.45 TE curves of Case S9 (D20C20 - Long relief) Ref [1] 

 

Figure 5.46 TE curves of Case S9 (D20C20 - Long relief) (software) 
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Figure 5.47 TE curves of Case S10 (D20C20 - Short relief) Ref [1] 

 

Figure 5.48 TE curves of Case S10 (D20C20 - Short relief) (software) 

Table 5.18 PPTE values of Case S9 (D20C20 - Long relief) 

PPTE (µm) 

Load (%) In-house software FEA [1] 

0 15.760 12.950 

50 8.956 7.730 

100 2.114 2.390 

Table 5.19 PPTE values of Case S10 (D20C20 - Short relief) 

PPTE (µm) 

Load (%) In-house software FEA [1] 

0 0 0.6 

50 7.500 6.190 

100 13.980 10.900 
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5.3.2.4 Case A6, A7 and A8  

Asymmetric tooth spur gears with different pressure angle and relief parameters were 

studied to minimize transmission error here. General gear parameters and relief 

parameters for this gear pairs are given in Table 5.20 and 5.21. Transmission error 

curves of these gears by software and finite element analyses of Ref [1] are presented 

in Figure 5.49-5.50, 5.51-5.52, 5.53-5.54. These figures’ regimes are similar and do 

not differ from each other drastically. PPTE values are given in Table 5.22, 5.23 and 

5.24 for Cases of A6, A7 and A8 respectively. 

Table 5.20 General gear parameters of Case A6-A7-A8 

Parameter Value Unit 

Normal module 3 mm 

Teeth number of pinion 40 - 

Gear ratio 1 - 

Design torque 160.43 Nm 

Face width 20 mm 

Table 5.21 Gear parameters of Case A6-A7-A8 

Parameter Cases Unit 

A6 A7 A8 

Pressure angle (drive/coast) 20/25 20/30 25/20 Degree 

Relief type Long Long Long - 

Design load 2845.26 2845.26 2950.06 N 

Length of contact 15.18 15.18 12.91 mm 

Amount of relief 8.833 8.533 8.149 µm 

 
Figure 5.49 TE curves of Case A6 (D20C25-Long relief) Ref [1] 
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Figure 5.50 TE curves of Case A6 (D20C25-Long relief) (in-house software) 

 

Figure 5.51 TE curves of Case A7 (D20C30-Long relief) Ref [1] 

  
Figure 5.52 TE curves of Case A7 (D20C30-Long relief) (in-house software) 
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Figure 5.53 TE curves of Case A8 (D25C20-Long relief) Ref [1] 

 

Figure 5.54 TE curves of Case A8 (D25C20-Long relief) (in-house software) 

Table 5.22 PPTE values of Case A6 (D20C25) 

PPTE (µm) 

Load (%) In-house software FEA 

25 3.460 3.500 

50 2.490 2.500 

100 0.547 0.600 

Table 5.23 PPTE values of Case A7 (D20C30) 

PPTE (µm) 

Load (%) In-house software FEA 

25 3.390 3.900 

50 2.397 2.500 

100 0.514 0.500 
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Table 5.24 PPTE values of Case A8 (D25C20) 

PPTE (µm) 

Load (%) In-house software FEA 

25 3.298 3.800 

50 2.505 2.800 

100 0.918 1.000 

5.3.2.5 Case A9 (No Relief), A10 (Long Relief) and A11 (Short Relief) 

Asymmetric profile spur gears with long and short relief were studied for minimization 

of transmission error. Gear and relief parameters for cases A9, A10 and A11 are given 

in Table 5.25 and 5.26. Transmission error curves of asymmetric spur gears with no 

relief (Case A9), long relief (Case A10) and short relief (Case A11) constructed by 

software and finite element analyses of Ref [1] are illustrated in Figure 5.55, 5.56 and 

5.57. PPTE values are given in Table 5.27, 5.28 and 5.29 for Cases of A9, A10 and 

A11 respectively. 

PPTE (Table 5.27-5.29) values differ from each other for both works but TE curves 

constructed by software and FEA [1] are very similar in terms of regime. Difference 

is higher for design load of Case A9 and A11 while higher difference is obtained for 

no load condition of Case A10.  

Table 5.25 General gear parameters of Case A9-A10-A11 

Parameter Value Unit 

Normal module 4 mm 

Teeth number of pinion 30 - 

Pressure Angle (drive/coast) 30/20 Degree 

Gear ratio 1 - 

Addendum coefficient 1.00 - 

Dedendum coefficient 1.25 - 

Hob tip radius coefficient 0.3 - 

Design torque 422 Nm 

Face width 15 mm 

Table 5.26 Relief parameters of Case A9-A10-A11 

Parameter 
Cases 

Unit 
A9 A10 A11 

Pressure angle (drive/coast) 30/20 30/20 30/20 Degree 

Relief type No Long Short - 

Amount of relief 0 25.514 25.514 µm 

Extent of relief 0 3.843 1.922 mm 
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Figure 5.55 TE curves of Case A9 (D30C20-No relief) - software and Ref [1] 

 

Figure 5.56 TE curves of Case A10 (D30C20-Long relief) - software and Ref [1] 

 

Figure 5.57 TE curves of Case A11 (D30C20-Short relief) - software and Ref [1] 

 

Table 5.27 PPTE values of Case A9 

PPTE (µm) 

Load (%) In-house software FEA 

0 0 0.57 

50 5.07 4.97 

100 10.14 8.90 
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Table 5.28 PPTE values of Case A10 

PPTE (µm) 

Load (%) In-house software FEA 

0 13.15 9.77 

50 8.94 6.51 

100 4.73 2.25 

Table 5.29 PPTE values of Case A11 

PPTE (µm) 

Load (%) In-house software FEA 

0 0.12 0.67 

50 6.2 5.47 

100 10.87 8.90 
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CHAPTER 6 

 

DISCUSSION AND CONCLUSION 

 

6.1 Introduction 

This thesis has been conducted as a part of Indigenous Helicopter Program of Rotary 

Wing Technology Center (DKTM) [1] which was launched in the scope of contract 

signed between SSM (Undersecretariat for Defence Industries) and TAI (Turkish 

Aerospace Industries). 

This study mainly is based on macro and micro design-analysis of  asymmetrical tooth 

spur gears which can be applied to helicopter transmission units because of their high 

load carrying advantages.  

User friendly software which have capabilities such as macro geometry generation, 

root bending stress calculations based on ISO [16], stiffness calculations based on thin 

slice theory, and micro profile design for minimum transmission error based on Harris 

map has been developed for symmetric and asymmetrical profile spur gears. 

Results of root stress, stiffness and transmission error calculations have been compared 

to those of published papers.  

6.2 About Macro Geometry Generation 

By using developed software, macro geometries of symmetrical and asymmetrical spur 

gears have been generated. Commercial software, KissSoft [7] was used for checking 

accuracy and correctness of generated macro profiles of symmetric spur gears. Two 

comparable symmetric tooth profiles (for drive and coast side flanks) were generated 

by using KissSoft for each asymmetric tooth profile for comparison with outcome of 

developed software.  
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Macro geometries for symmetric and asymmetric tooth spur gears generated by both 

tools coincide with each other. Points of both profiles of involute and root satisfy for 

in-house software and KissSoft. 

It can be concluded that, developed software yields accurate macro geometries for 

symmetrical and asymmetrical external spur gears. 

6.3 About Tooth Root Bending Stress Evaluation 

Gear root bending stresses have been evaluated based on ISO [16] by using developed 

in-house software for asymmetric spur gears. Root stresses were determined by using 

software and compared to results of published papers and KissSoft [7].   

Software estimates root stresses in almost same levels with KissSoft whereas root 

stresses evaluated by using software are higher than reference papers presented in 

literature. This give chance to design stronger gears for desired torque amount. But 

heavier gears than intended are obtained.  

6.4 About Tooth Pair Stiffness, Micro Profile Design, Static Transmission Error 

Thin slice theory and Harris map method has been explained for evaluations of tooth 

stiffness and transmission error respectively in this thesis. Micro profile design has 

been conducted to optimize quasi static transmission error based on calculated 

stiffness. Smooth transmission error curves have been constructed for design and off-

design loads.  

A module of user friendly software has been developed to calculate stiffness, 

transmission error, load sharing, surface contact stress (P), sliding velocity (V),  (PxV) 

and construct corresponding curves. 

6.5 Further Studies 

The studies conducted for asymmetric spur gears can be applied for helical gears and 

internal spur gears. Asymmetry for helical gears can be searched for further reductions 

in root stress. 

Micro profile design can also be investigated to obtain minimum transmission error 

and smooth transmission error curves. 



100 
 

REFERENCES 

 

[1] Development of specific design methods of high performance asymmetric spur 

gears. Indigenous Helicopter Program of Rotary Wing Technology Center 

(DKTM.  DKTM Project No DKTM/2014/01. 

[2] Francesco, G. D., Marini, S. (1997). Structural analysis of asymmetric teeth: 

reductions of size and weight, Gear Technology, 1997(September/October), 

47-51.  

[3] Deng, G., Tsutomu, N. (2001). Enhancement of bending load carrying capacity 

of gears using an asymmetric involute tooth. The International Conference on 

Motion and Transmissions, Fukuoka, Japan. November 2001, 513-517.  

[4] Kapelevich A. L. (2012). Asymmetric gears: parameter selection approach. 

Gear Technology, 2012(June/July), 48-51.  

[5] Singh, V., Senthilvelan, S. (2007). Computer aided design of asymmetric gear. 

13th National Conference on Mechanisms and Machines. December 12-13 

2007. 

[6] Francesco, G. D., Marini, S. (2007). Asymmetric teeth – bending stress 

calculation. Gear Technology. 2007(March/April), 52–55.  

[7] KissSoft. Available at: http://www.kisssoft.ch/english/home/index.php. 

Accessed by 11.07.2017. 

[8] Romax. Available at: https://www.romaxtech.com/. Accessed 11.07.2017. 

[9] Dontyne. Available at: http://www.dontynesystems.com/. Accessed 

11.07.2017. 

[10] Fetvaci, C., Imrak, E. (2008). Mathematical model of a spur gear with 

asymmetric involute teeth and its cutting simulation. Mechanics Based Design 

of Structures and Machines. 36, 34-46. 

http://www.kisssoft.ch/english/home/index.php
https://www.romaxtech.com/
http://www.dontynesystems.com/


101 
 

[11] Fetvaci, C. (2011). Yuvarlanma metodu ile imal edilen asimetrik evolvent düz 

dişlilerin bilgisayar simülasyonu (in Turkish). Mühendis ve Makina. 52(616), 

60-69. 

[12] Alipiev, O., Antonov, S., Grozeva, T., Zafirov, D. (2009). Minimum number 

of teeth in symmetric and asymmetric involute spur gearings of a teeth ratio 

equal to one. Proceedings of the 3rd International Conference of Power 

Transmissions. October 2009, 51-58. 

[13] Alipiev, O. (2011). Geometric design of involute spur gear drives with 

symmetric and asymmetric teeth using the realized potential method. 

Mechanism and Machine Theory. 46(1), 10-32. 

[14] Alipiev, O. (2009). Main thesis in the geometrical theory of the involute 

meshing shaped by a generalized basic rack. Proceedings of the 3rd 

International Conference of Power Transmissions. October 2009, 43-50. 

[15] Vojtkova, J. (2016). Benefits of use of spur gears with asymmetric profile, 

Pomiary Automatyka Robotyka. 2(2016), 21-24. 

[16] ISO. International Organization for Standardization. (2007). Calculation of 

load capacity of spur and helical gears- Part 3: Calculation of tooth bending 

strength. ISO 6336-3. 

[17] DIN. Deutsches Institut für Normung. (1987). Calculation of load capacity of 

cylindrical gears; introduction and general influence factors. DIN 3990-3. 

[18] AGMA. American Gear Manufacturers Association. (2010). Fundamental 

rating factors and calculation methods for involute spur and helical gear teeth. 

ANSI/AGMA 2101-D04. 

[19] Kapelevich A. (2000). Geometry and design of involute spur gears with 

asymmetric teeth, Mechanism and Machine Theory, 35 (2000), 117-130. 

[20] Kapelevich, A. L., Shekhtman, Y. V. Rating of asymmetric tooth gears. AGMA 

Fall Meeting Technical Paper, 15FTM18. 

[21] Kapelevich A. L. (2012). Asymmetric gears: parameter selection approach. 

Gear Technology, 2012(June/July), 48-51.  

https://www.researchgate.net/profile/Ognyan_Alipiev
https://www.researchgate.net/profile/Ognyan_Alipiev
https://www.researchgate.net/journal/0094-114X_Mechanism_and_Machine_Theory
https://www.researchgate.net/profile/Ognyan_Alipiev


102 
 

[22] Kapelevich, A. (2009). Direct design of asymmetric gears: approach and 

application. Proceedings of MPT2009 Sendai JSME International Conference 

on Motion and Power Transmission. May 2009. 

[23] Sekar, R. P., Muhtuveerappan, G. (2015). Estimation of tooth form factor for 

normal ratio asymmetric spur gear tooth. Mechanism and Machine Theory. 90 

(2015), 187-218. 

[24] Cavdar, K., Karpat, F., Babalik, F. C. (2005). Computer aided analysis of 

bending strength of involute spur gears with asymmetric profile. Journal of 

Mechanical Design. 127, 477-484. 

[25] Karpat, F. (2005). The analysis of asymmetric involute spur gears (In Turkish). 

Ph.D. Thesis, Uludag University, Bursa, Turkey. 

[26] Karpat, F., Cavdar, K., Babalik, F. C. (2005). Asimetrik evolvent dişe sahip 

düz dişli çarkların bilgisayar destekli parametrik analizi (in Turkish). Tasarim 

Imalat Analiz Kongresi. 26-28 Nisan 2006, 65-76. 

[27] Karpat, F., Cavdar, K., Babalik, F. C. (2004). Asimetrik evolvent düz dişlilerin 

bilgisayar destekli analizi (in Turkish). Uludağ Üniversitesi Mühendislik 

Mimarlık Fakültesi Dergisi. 9 (1), 123-131. 

[28] Marimuthu, P., Muhtuveerappan, G. (2014). Optimum profile shift estimation 

on direct design asymmetric normal and high contact ratio spur gears based on 

load sharing. Procedia Engineering. 86 (2014), 709-717. 

[29] Marimuthu, P., Muhtuveerappan, G. (2014). Effect of addendum height and 

teeth number on asymmetric normal contact ratio spur gear based on load 

sharing. Universal Journal of Mechanical Engineering. 2(4), 132-136. 

[30] Sekar, R. P., Muhtuveerappan, G. (2014). Load sharing based maximum fillet 

stress analysis of asymmetrical helical gears designed through direct design – 

A parametric study. Mechanism and Machine Theory. 80 (2014), 84-102. 

[31] Spitas, C., Spitas, V., Amani, A., Rajabalinejad, M. (2014). Parametric 

investigation of the combined effect of whole depth and cutter tip radius on the 

bending strength of 20◦ involute gear teeth. Acta Mech. 225, 361-371. 



103 
 

[32] Munro, R. G., Morrish, L., Palmer, D. (1999). Gear transmission error outside 

the normal path of contact due to corner and top contact. Proc Instn Mech 

Engnrs. 213, 389-399. 

[33] Yildirim, N., Munro, R. G. (1999). A systematic approach to profile relief 

design of low and high contact ratio spur gears. Proc Instn Mech Engnrs. 213, 

551-562. 

[34] Yildirim, N., Munro, R. G. (1999). A new type of profile relief for high contact 

ratio spur gears. Proc Instn Mech Engnrs. 213, 563-568. 

[35] Yildirim, N., Gasparini, G., Sartori, S. (2008). An improvement on helicopter 

transmission performance through use of high contact ratio spur gears with 

suitable profile modification design. Proc ImechE Part G: J. Aerospace 

Engineering. 222, 1193-1201. 

[36] Palmer, D., Fish, M. (2012). Evaluation of methods for calculating effects of 

tip relief on transmission error, noise and stress in loaded spur gears. Gear 

Technology. 2012(January/February), 56-67. 

[37] Houser, D. R., Bolze, V. M., Graber, J. M. (1996). Comparison of Predicted 

and Measured Dynamic and Static Transmission Error for Spur and Helical 

Gear Sets. Proceedings of the 14th International Modal Analysis Conference. 

February 12-15, 1996, 1057-1062.  

[38] Karpat, F., Ekwaro-Osire, S., Dogan, O., Yuce, C.(2014). A novel method for 

calculation gear tooth stiffness for dynamic analysis of spur gears with 

asymmetric teeth. Proceedings of ASME International Mechanical 

Engineering Congress and Exposition. 2014, 1-8. 

[39] Kapelevich, A. L., Shekhtman, Y. V. (2017). Analysis and optimization of 

contact ratio of asymmetric teeth. Gear Technology. 2017(March/April), 66-

71. 

[40] Karpat, F., Ekwaro-Osire, S. (2008). Influence of tip relief modification on the 

wear of spur gears with asymmetric teeth. Tribology Transactions. 51(5), 581-

588. 



104 
 

[41] Lynwander, P. (1983). Gear Drive Systems. Marcel Dekker, Inc. USA. 

[42] Davis J. R. (2005). Gear materials, properties and manufacture. USA, ASM 

International. 

[43] Akpolat, A. (2018). Reduction of tooth root bending stresses in gears generated 

by symmetric cutter with asymmetric tip radii. Journal of the Faculty of 

Engineering and Architecture of Gazi University, 33(2), 685-698. 

[44] Akpolat, A., Yıldırım, N., Sahin, B., Yıldırım, Ö., Karatas, B., Erdoğan, F. 

(2017). The effect of asymmetric cutter tip radii on gear tooth root bending 

stress, AGMA Fall Meeting Technical Paper 17FTM06. 1-19. 

[45] Sahin, B., Yıldırım, N., Akpolat, A., Yıldırım, Ö., Karataş, B., Erdoğan, F. 

(2018). Reduction of tooth root bending stress by employing asymmetry both 

in tooth profile shape and tooth fillet form – dual asymmetry, International 

Gear Conference 27-29 August.  

[46] Sahin, B., Yıldırım, N., Akpolat, A. (2018). Gear root bending stress reduction 

by employing dual asymmetry - asymmetry in tooth profile shape and root fillet 

form. Journal of the Chinese Society of Mechanical Engineers. 39(6), 637-645.  

[47] Solidworks. Dassault Systemes, Solidworks: www.solidworks.com, 

11.07.2017. 

[48] Spitas, C., Spitas, V., Amani, A., Rajabalinejad, M. (2014). Parametric 

investigation of the combined effect of whole depth and cutter tip radius on the 

bending strength of 20◦ involute gear teeth. Acta Mech. 225, 361-371. 

[49] Shing, T.K., Tsai, L.W., Krishnprasad, P. (1993). An improved model for the 

dynamics of spur gears systems with backlash consideration, TR93-28 Institute 

for systems research. University of Maryland 

[50] Hsiang, H.L., Chuen-Huei, L. (1998). A parametric study of spur gear 

dynamics, The University of Memphis, Memphis, Tennesse, NASA / CR-1998-

206598  

http://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=3&SID=F6P2KrlzCqXF99TPoz6&page=1&doc=1
http://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=3&SID=F6P2KrlzCqXF99TPoz6&page=1&doc=1
http://apps.webofknowledge.com/full_record.do?product=WOS&search_mode=GeneralSearch&qid=3&SID=F6P2KrlzCqXF99TPoz6&page=1&doc=1
http://www.solidworks.com/


105 
 

[51] Arafa, M.H., Megahed, M.M. (1999). Evaluation of spur gear mesh 

compliance using the finite element method, Proceedings of the Institution of 

Mechanical Engineers, Part C. 213, 569-579.  

[52] Munro, R.G., Palmer, D., Morrish, L. (2001). An experimental method to 

measure gear tooth stiffness throughout and beyond the path of contact, 

Proceedings of the Institution of Mechanical Engineers, Part C. 215, 793-803. 

[53] Falah, A.H., Elkholy, A.H. (2006). Load and stress analysis of cylinderical 

worm gearing using tooth slicing method, Transactions of the Canadian 

Society for Mechanical Engineering. 30(1), 97-110. 

[54] Chira, F., (2006), On the elasticity of involute spur gears with asymmetric 

teeth, Proceedings of the 15th International Conference on Manufacturing 

Systems, ICMaS, Bucharest, Romania. 113-116.  

[55] Barrot, A., Sartor, M., Paredes, M. (2008). Investigation of torsional teeth 

stiffness and second moment of area calculations for an analytical model of 

spline coupling behaviour. Proceedings of the Institution of Mechanical 

Engineers, Part C: Journal of Mechanical Engineering Science. 222, 891-902. 

[56] Chaari, F., Fakhfakh, T. Haddar, M. (2009). Analytical modelling of spur gear 

tooth crack and influence on gear mesh stiffness, Europan Journal of 

Mechanics A/Solids. 28, 461-468. 

[57] Bettaieb, M.N.,  Maatara, M., Karra, C. (2009). Bidimensional finite element 

analysis of spur gear: study of the mesh stiffness and stress at the level of the 

tooth root, Transactions of the Canadian Society for Mechanical Engineering. 

33(2).  

[58] Kiekbusch, T.,  Sappok, D., Sauer, B., Howard, I.,  (2011). Calculation of the 

combined torsional mesh stiffness of spur gears with two- and three-

dimensional parametrical fe models,  Strojniški vestnik - Journal of Mechanical 

Engineering. 57(11), 810-818. 

[59] Fernandez del Rincon, A., Viadero, F., Iglesias, M., García, P., de-Juan, A., 

Sancibrian, R. (2013). A model for the study of meshing stiffness in spur gear 

transmissions, Mechanism and Machine Theory. 61, 30–58.   



106 
 

[60] Pedersen, N.L., Jorgensen, M.F.  (2014). On gear tooth stiffness evaluation, 

Computers and Structures. 135, 109-117. 

[61] Wang, Q., Zhang, Y. (2015). A model for analyzing stiffness and stress in a 

helical gear pair with tooth profile errors, Journal of Vibration and Control. 1-

18.  

[62] Chang, L., Liu, G., Wu, L. (2015). A robust model for determining the mesh 

stiffness of cylindrical gears, Mechanism and Machine Theory, 87, 93–114.  

[63] Esendemir, Ü. (2015). The effects of shear on the deflection of linearly loaded 

composite cantilever beam, Journal of Reinforced Plastics and Composites. 

24(11/2015), 1159-1168. 


	ABSTRACT
	ÖZET
	ACKNOWLEDGEMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	CHAPTER 1   INTRODUCTION
	1.1 General Introduction
	1.2 An Overview of Asymmetric Spur Gears
	1.3 Purpose of the Thesis
	1.4 Structure of the Thesis

	CHAPTER 2   LITERATURE SURVEY
	2.1 Macro Geometry Generation of Asymmetric Spur Gears
	2.2 Bending Stress Calculations of Asymmetric Spur Gears
	2.3 Stiffness Evaluations, Micro Profile Design and Transmission Error Prediction of Asymmetric Spur Gears

	CHAPTER 3   MACRO GEOMETRY CONSTRUCTION OF ASYMMETRIC GEARS
	3.1 Symmetric Tooth Profile Spur Gears
	3.2 Asymmetric Tooth Profile Spur Gears
	3.3 Gear Geometry Generation
	3.4 Software
	3.5 Case Studies Of Symmetric Tooth Spur Gears
	3.5.1 Case S1
	3.5.2 Case S2
	3.5.3 Case S3

	3.6 Case Studies Of Asymmetric Tooth Spur Gears
	3.6.1 Case A1
	3.6.2 Case A2
	3.6.3 Case A3


	CHAPTER 4   TOOTH ROOT BENDING STRESS CALCULATIONS FOR SPUR GEARS
	4.1 Modification Of Formulae Presented In Gear Standards
	4.2 Root Stress Calculation Software For Asymmetric Spur Gears
	4.3 Case Studies Of Tooth Root Bending Stress
	4.3.1 Case Studies Of Symmetric Spur Gears
	4.3.1.1 Case S1
	4.3.1.2 Case S2
	4.3.1.3 Case Study - S3

	4.3.2 Case Studies Of Asymmetric Spur Gears
	4.3.2.1 Case A1 and A2
	4.3.2.2 Case A3
	4.3.2.3 Case A4-A5-A6-A7


	4.4 Conclusion

	CHAPTER 5   TRANSMISSION ERROR THEORY AND MICRO GEOMETRY DESIGN
	5.1 Thin Slice Theory For Gear Tooth Pair Stiffness
	5.2 Software For Transmission Error Calculation
	5.3 Case Studies
	5.3.1 Case Studies Of Stiffness
	5.3.1.1 Case S1 (Stiffness calculation)
	5.3.1.2 Case S2 (Stiffness calculation)
	5.3.1.3 Case S3 (Stiffness calculation)
	5.3.1.4 Case S4 (Stiffness calculation)
	5.3.1.5 Case S5 (Stiffness calculation)
	5.3.1.6 Case A1 (Stiffness calculation)
	5.3.1.7 Case A2 (Stiffness calculation)
	5.3.1.8 Case A3 (Stiffness calculation)
	5.3.1.9 Case A4 (Stiffness calculation)
	5.3.1.10 Case A5 (Stiffness calculation)

	5.3.2 Case Studies Of Transmission Error
	5.3.2.1 Case S6 (Transmission error calculation)
	5.3.2.2 Case S7 and S8 (Transmission Error Calculation)
	5.3.2.3 Case S9 and S10 (Transmission Error Calculation)
	5.3.2.4 Case A6, A7 and A8
	5.3.2.5 Case A9 (No Relief), A10 (Long Relief) and A11 (Short Relief)



	CHAPTER 6   DISCUSSION AND CONCLUSION
	6.1 Introduction
	6.2 About Macro Geometry Generation
	6.3 About Tooth Root Bending Stress Evaluation
	6.4 About Tooth Pair Stiffness, Micro Profile Design, Static Transmission Error
	6.5 Further Studies

	REFERENCES

