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ABSTRACT

Statistical Convergence of Difference Sequences in Connection with
Modulus Functions and some Generalizations

Sarkawt Asaad ABDULSAMAD
Master's Thesis

FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics

January 2020, Page: ix + 35

In this thesis by using difference sequences and modulus functions, we give some definitions and
theorems about A, — statistical convergence, A — statistical boundedness, A — strong Cesaro summability

and A, —statistical convergence of order & and strong A; — Cesaro summability of order a with respect

to modulus functions. In the beginning we give the relations between the sets of A — statistically convergent
sequences and A —statistically bounded sequences and we give some relations between them. Then we

provide the relations between the sets of A, —statistically convergent sequences and A, — statistically
bounded sequences. After that we discuss the relations between S, (A) and S (A), S;(A) and S(A),
BS; (A) and BS,(A), BS,(A) and BS(A), S, (A) and BS(A) for different modulus functions f

and g under certain conditions. Finally we give some relations between the sets of A, — statistically
convergent sequences of order « and A; —strongly Cesaro summable sequences of order c .

Kizmaz ~ defined  the  difference  sequence  spaces  1,(A)={q=(d,): Aqel,},

c(A)={q=(a,) : Agec} and c,(A)={q=(q,): Agec,} which are Banach spaces, where
AG = (A0, ) =(Un = Ao ) -

Keywords: Statistical convergence, statistical boundedness, strong Cesaro summability, A, — statistical
convergence, A, —statistical boundedness, A, —strong Cesaro summability, A, — statistical convergence

of order ¢, A, —strong Cesaro summability of order « .
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OzET

Modulus Fonksiyonlar1 yardimiyla tanimlanmus Fark Dizilerinin Istatistiksel
Yakinsaklig1 ve Bazi Genellestirmeleri

Sarkawt Asaad ABDULSAMAD

Yiksek Lisans Tezi

FIRAT UNIVERSITESI
Fen Bilimleri Enstitlsi

Matematik Anabilim Dali

Ocak 2020, Sayfa: ix +35

Bu tezde, ilk 6nce reel say dizileri icin f-istatistiksel yakinsakhk, f-istatistiksel simirlilik ve ardindan f-
kuvvetli Cesaro toplanabilirlik kavramlari verilmekte ve iliskili baz1 kavramlar incelenmektedir. Sonra fark

dizileri igin, A, —istatistiksel yakinsaklik olarak adlandirilacak olan f — istatistiksel yakinsaklik, A; —

istatistiksel sinirlilik olarak adlandirilacak olan f — istatistiksel sinirlilik ve ardindan A, —kuvvetli Cesaro

toplanabilirlik kavramlar1 verilmekte, kavramlar arasindaki iligkiler ortaya konulmaktadir. Bundan sonra,

bazi sartlara sahip farkli f ve g modiiliis fonksiyonlari i¢in S, (A) ve S, (A), BS, (A) ve BS, (A),
w' (A) ve WY (A), Sf (A) ve W' (A) kiimeleri arasindaki kapsama bagntilari elde edilmektedir. Ayrica
bazi 6zel modiiliis fonksiyonlart igin W' (A) ve W(A), S (A) ve S (A) siiflar1 arasindaki iligkiler elde
edilmektedir. Daha sonar 0<a <1 sartina sahip herhangi bir « igin « . dereceden A, -istatistiksel
yakinsaklik ve o . dereceden A, -kuvvetli Cesaro toplanabilirlik tizerinde ¢alisilip, bu iki kavram arasindaki

iligkiler de verilmektedir.

Anahtar Kelimeler: istatistiksel yakinsaklik, istatistiksel simrlilik, Kuvvetli Cesaro toplanabilirlik, A, -
istatistiksel yakinsaklik, A, —istatistiksel simirlilik, . dereceden A, —istatistiksel yakinsaklik, a.

dereceden A, —kuvvetli Cesaro toplanabilirlik.
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1. INTRODUCTION

The concept of statistical convergence reverts to the monograph of Zygmund [1]. The
conception of statistical convergence was explicitly presented by Steinhaus in [2] and Fast in [3]
and reintroduced later by Schoenberg [4]. Statistical convergence also appears as an example of
density convergence introduced by Buck in [5].

To solve series summation problems, statistical convergence was introduced. Many
researchers provided many statistical convergence results and theories in many spaces and
statistical convergence has been considered in different setups, and its different speculations,
expansions, and variations have been concentrated by different creators up until now. For example,
statistical convergence of order « [6], 4 -statistical convergence with order « [7], statistical A -
summability [8], lacunary statistical convergence [9], generalized weighted statistical convergence
[10] have been given.

Kizmaz introduced the notion of spaces of difference sequences [11], who examined the

difference sequence spaces I, (A), c(A) and c,(A), and then by introducing the spaces | _(A"),

c(A") and c,(A"), Etand Colak further generalized this concept [12].

In 1953, Nakano [13] was introduced the concept of a modulus function and subsequently
Ruckle [14] and Maddox [15] studied on the concept. Later, using a modulus function, many
mathematicians constructed a lot of sequence spaces.

Aizpuru et al. in [16] introduced a different but in the same time much more general and new
concept of density in 2014 by including an unbounded modulus function which is called f-density.
After then using this concept, they got another non-matrix convergence concept, in other words,

f — statistical convergence, that is close to ordinary convergence and statistical convergence and it

coincide with statistical convergence when the modulus function taken as identity mapping.



2. FUNDAMENTAL DEFINITIONS AND RESULTS

We will provide this chapter with the basic definitions and results related to the subject.

Throughout s, I_,c and c, symbolize the spaces of all, bounded, convergent and null sequences

of real numbers.

2.1. Basic Concepts on Sequences
Definition 2.1.1 A sequence (q,, ) is called convergent to | e R if for each >0, there exists an
integer N such that |q,, —I| <& whenever n> N .

Definition 2.1.2 A sequence (q,,) is called bounded if there is an M >0 such that |q,|<M for
all m,

Definition 2.1.3 A sequence (q,) is called Cauchy if for each & >0, there exists an integer N

such that |q,, —q,| <& whenever nm=N.
Theorem 214 ccl .
Proof Suppose (q,,)ecand g, — | as m— . We choose ¢=1. Then there exists N e N such

that |q, —1|<1 for every m> N . Then
|0 = [0 =11 < [0t = 1]+ ]I <L+ 1].

for every n> N . If we choose M =max{|qy,|d,].....|ay|.1+]l]} then we have |q,|<M for every

m So (q,)el, .

Remark 2.1.5 The reverse of the above theorem does not hold in general, that is, a bounded
sequence may not be convergent. Indeed the sequence {(1+(—1)n)} is not convergent but it is

bounded.

2.2. Basic Concepts on Difference Sequences

Kizmaz defined the difference sequence spaces I (A), c¢(A) and c,(A) as
L.(A)={a=(a,) : Agel,},

c(d)={a=(a,) : Agec},



c,(8)={da=(a,) : Agec,|
and showed that these are Banach spaces with norm
el = lou +[Agll,

where Ag =(Aq,,)=(0, —0,.,) and |q|_=sup|a,| (see [11]).

Definition 2.2.1 A sequence (q,, ) iscalled A —convergentto | if for each & >0, there is an integer
N such that |Aq, —1| <& whenever m>N .

Definition 2.2.2 A sequence (q,, ) is called A —bounded if there isan M >0 such that |Aq, | <M
forall m.

Definition 2.2.3 A sequence (qm) is called A —Cauchy if for each &>0, there is an integer N
such that |Aq,, —Aq,|< & whenever nm>N .

Theorem 2.2.4 c(A) 1 (A).

We omit the proof, since it is similar to the proof of Theorem 2.1.5.
Remark 2.2.5 The reverse of the above theorem does not hold in general, that is, a A—bounded

sequence may not be A —convergent. Indeed the sequence (q,,) =(1,0,1,0,...) is A —bounded but

it is not A —convergent.

It is clear that we have the following inclusions:

cec, (A)cc(a)cl, (A).



3. A-STATISTICAL CONVERGENCE AND A-STATISTICAL
BOUNDEDNESS

In this chapter we study on the concepts of A —statistical convergence and A —statistical
boundedness and we give some relations between these concepts and give the inclusions relations
between the sets S(A) and BS(A).

3.1. A -Statistical Convergence and A —Statistical Boundedness

Definition 3.1.1 [17] Consider a set H = N. Then we define d (H ) by

n—o0

d(H):Iim%|{msn :meH},

as a natural density of set H, where |{m <n:meH }| stands for the number of elements of H

which is less than or equal to n, so it is clear that [{m<n : meH}| <n.
Statistical convergence of sequences relies on the density of subsets of N. The natural
density of any finite subset of N obviously is zero and d(H®)=1-d(H). If d(H)=1 then the

set H is said to be statistically dense.

Definition 3.1.2 [18] A sequence (q,,) is called A —statistically convergent if there is a complex

number |, such that

Iim£|{msn - |Ag, —1|= £} =0,

n—wo N

for every £>0. We write g, — | (S(A)) in this case. S(A) denotes the class of A —statistically

convergent sequences.

Definition 3.1.3 [18] A sequence (q,,) is called A —statistically bounded if there is a number

M >0, such that
1
lim=fm<n : |Aq,|>M}=0.
nawn

BS(A) denotes the class of A —statistically bounded sequences.



Theorem 3.1.4 c(A) = S(A) .

Proof Let (q,) ec(A) and (Aq,) —1 as m—oo. Then the set {meN : |Aq, —1|> &} is finite for

each &> 0. Suppose ‘{meN  |Aq,, —I|2g}‘=M . Then

Iim|{msn L |ag, -1z e }|

n—o n

<iimM o,

n—ow n

This means that (q,,) € S(A) .
Remark 3.1.5 The reverse of the above theorem does not hold in general. Indeed, define q =(q,,)

as

that is, the sequence (q,) is A —statistically convergent, since

L, m=r?
AQ, =4-1, m-1=r* r=123,..
0, otherwise

is statistically convergent, but it is not A —convergent, that is (q,) € S(A)—c(A).
Theorem 3.1.6 | _(A) = BS(A).
Proof Let (q,,) €l _(A). Then for some M >0, we have |Aqm|£ M, forall meN and this means

that
{meN :|Ag,|>M}=2.

Thus, we get

n—o

Iim%|{m£n L |Ag,|> M}|:0.

Hence, (q,) € BS(A).
Remark 3.1.7 The reverse of the above theorem does not hold in general. Let us define the

sequence (q,,) by



a, =vr_l—(r—1)2, if (r—l)2 <m<r? reN, (3.1

where the sequence (v, ) defined via

and v, =0. Now we have

And so that (q,)=(0,-1,-1-1,-5-5-5-5-5-14,~14,-14,~14,—14,-14,-14,...), and
(Ag,)=(1,0,0,4,0,0,0,0,9,...). Clearly (q,) is A—statistically bounded but it is not a A-

bounded sequence.
Theorem 3.1.8 [19] BS < BS(A).

The proof is easy that is why we omit it.

Remark 3.1.9 The reverse of the above theorem does not hold in general. Indeed the sequence

(9,)=(12,3,...)e BS(A), since (Aq,)=(0y, =0y, )=(-1-1-1...) is bounded, but (q,)¢BS,
that is (q,,) € BS(A)—BS.

Theorem 3.1.10 [20] S(A) = BS(A).

Proof Assume that (q,,) € S(A) and g, —1(S(A)). Then d({meN : |Aq,, —I|25})=0 for every

>0. If we choose M >0 such that M>¢g. Then we have

{meN :|Ag, —I|>M}={meN : |Ag, —I|> &}, so that
1 1
=KkmeN : |Aq, —1|>M}<={meN : |Aq, —I|>&}].
n n

Since the sequence (q,,) € S(A) , then in the above inequality the right side, and so that the left

side tend to 0 as n — oo and hence we have that (q,,) € BS(A) . (Note that for some M, > M
Tllirgjl{m EN : |4gy — 1| > M}| = 0 implies that limifmeN : |Aq,|>M,}=0.

Remark 3.1.11 The reverse of the above theorem does not hold in general. Indeed the sequence

(9,)=(0,1,0,1...) isin BS(A), since (Aq,)=(0y —0On.:)=(-11-11...)eBS, but (q,) € S(A).



Definition 3.1.12 If limi({m<n : g, does not satisfy P})=0, then it is said that Om satisfy

property P for almost all m.

3.2. A -Statistically Cauchy Sequences

Definition 3.2.1 [21] A sequence (q,,) is named A —statistically Cauchy if for any ¢ >0, there is

N=N (5) e N such that

Iim1|{m£n  |Ag, —Agy |2 €}{=0.

n—-o N

Theorem 3.2.2 [22] A sequence is A —statistically convergent if and only if it is A —statistically
Cauchy.

Proof Assume that g, — 1(S(A)). Then for every &>0, |Aqm —I|<§ for almost all m. If we

choose N such that |Aq, —I| <%, we may write
|Aq,, —Agy | <|Ag, —1|+|Agy 1] <&

for almost all m. Hence g isa A —statistically Cauchy sequence.
Now let (qg,) be A —statistically Cauchy sequence. Then for any & >0, thereis N e N such

that

d({m<n : |Aq, —Aqy|<})=1.
Hence, we obtain

d({m<n : Aqg, <Aq, +¢})=1
and

d({m<n: Ag, —¢<Aq,})=1.
We define the following sets:

A={aeR : d({m<n : Aq, <a})=1},

and

B={beR : d{m<n : Aq, >b})=1}.



Now (Aqy+&)eA, (Agy-¢)eB and we have d({m<n:Aq,<a})=1 and
d({m<n: Aq,>b})=1foracAand beB.

Therefore, we get
d(fm<n : b<Aq, <a})=1.

This implies b <a . Clearly we have
Agy —e<supB <inf A<Aq, +e.

Since & was an arbitrary positive number, we get supB =inf A. Now given & >0 there exists
ae Aand beB suchthat | —g<b<a<l+g, if we choose supB =inf A=1.From the definition

of A and B we may write

d({m<n:l-g<Aq, <l+&})=1,
and hence we obtain

d({ms<n : |Ag, -l|<&})=1ord({m<n : |Aq, —I|>&})=0.

Therefore (q,, ) is A—statistically convergent.

Theorem 3.2.3 [20] Every A —statistically Cauchy sequence is A —statistically bounded.

Proof Assuming that (q,) is a A—statistically Cauchy sequence. Then for any £>0, there is
N=N(e)eN such that |Aqg, —Aq, |<e aa.m. This means that |Aqg,|<L aa.m, where
L=c+]|Aq, |.

Remark 3.2.4 The reverse of the above theorem does not hold in general. Indeed the sequence
(9,)=(1,0,1,0,...) is A-—statistically bounded, since (Aq,)=(0p —0On:)= (L-L1L-1..) is

statistically bounded. However, it is not A —statistically Cauchy.

Theorem 3.2.5 [23] Let (q,)es. Then (q,) e S(A) if and only if the following condition is

satisfied

Iim1|{m,r <n :|Aq, —Av,|> £} =0

n—-o N

where (v, ) is a subsequence of (q,,) such that

limAv, =1

r—o

for some 1.



Proof Assuming that (q,,) € S(A) . We will prove that

Iim1|{m,rsn A, —Av, |2 £} =0.
n

n—w

If the sequence (q,,) € S(A) , then by the definition we have,

Iiml|{m§n  |Ag, -1]= &} =0.

n—w n
Hence, we obtain

Iim1|{m, r<n:|Aq, -Av,|> &}

n—-wo N

n—oo n—oo

1 1
<lim={m<n : |Aq, -I|> lim={r<n:|Av —1|>
< |mn|{m<n |Ag,, —1] = £} + |mn|{r<n |Av, —1|> £}
1
<O+lim=fr<n : |Av, 1|2 £}.
n~>00n
Since (v,) ec(A), then (v,) € S(A). So, we may write
Iim1|{r£n LAy, -1]= £} =0.
n%oon r

Hence, we obtain

Iim1|{m,rsn A, —Av,[2 £} =0.
n

n—w

Conversely, let limi{fm,r<n : |Ag, —Av,| 2 £}{=0. In order to prove that (q,) € S(A) , we

begin with the inequality that comes following

Iim£|{m£n : |Aqm—l|2g}|:!im%|{m,rsn A, — AV, + AV, -1|2 £}

n—wo N

slim%|{m,r£n : |Aqm—Avr|25}|+Iim%|{r§n A, -1]z &)

n—w

< Iim1|{m,rsn |Ag, —Av, |2 £}]+0
n

n—ow



since it is given that limAv, =1 then lim2[r<n : |Av, —1|> £} =0. Consequently, we get

limt{m<n : |Aq, ~I[> &} =0

This means that (q,,) € S(A) .

10



4. A, —STATISTICAL CONVERGENCE AND A, —STATISTICAL
BOUNDEDNESS

In this chapter we study on the concepts of A, — statistical convergence and A, — statistical

boundedness and we give some relations between these concepts and give the inclusions relations
among the sets S, (A), S(A), BS,(A) and BS(A).

4.1. A, —Statistical Convergence and A, —Statistical Boundedness

Definition 4.1.1 A function f from [0,00) to [0,0) is called a modulus if

i) f(uy=0 ifandonlyif u=0,

i) f(u +u,)<f(u)+ f(u,) forevery u,u, >0,

iii) f isincreasing,

iv) From the right, f is continuous at 0.

An f modulus is continuous everywhere on [0,00) . The modulus functions f(t)=t?
(0<p<1) and g(t)=+5 are unbounded and bounded functions, respectively. That is why for a
modulus it is possible to be bounded or unbounded.

Furthermore given any modulus f, the inequality f (nx) <nf (x) , so that f(n) <nf (1) is satisfied
for every positive integer n and real number x by (ii).

Lemma 4.1.2 [24] The limit !imﬁz in @ exists for any modulus f .

te(O,oo)

Definition 4.1.3 [16] Let H c N. The f —density of aset H is defined by

d, (H)=lim f(|{msn : meH}|)

I OR

whenever the limit exists, where modulus f be unbounded.
When f(t)=t, the f —density and natural density are same. For the natural density, we

have d(H)+d(N—-H) =1 forevery H < N. But this is not true in case of f — density in general,

thatis d; (H)+d, (N—H)=1 generally, does not hold. For example, if we take f (t)=log(t +1)
and H ={2n : neN}, then d, (H)=d, (N—H)=1. However, we can say that in the case of f -
density, if d; (H)=0 then d, (N—H)=1. Finite sets have zero f —density, as in the case of

natural density and so that d; (H)+d, (N—H)=1 for any finite set H .



For any unbounded modulus f and H <N, d;(H)=0 implies that d(H)=0. But the
reverse does not have to be true, in general. For example, taking f(t)=Ilog(t+1) and
H={1,4,9,.}, then d(H)=0 but d, (H)=4%. However, for any finite set HcN, d(H)=0

implies d, (H):O is always true, irrespective of selection of unbounded modulus f .

Lemma 4.1.4 [16] If H =N is infinite then at least for an unbounded modulus f we have
d,(H)=1.

Definition 4.1.5 [25] Let f be an unbounded modulus function. A sequence (q,,) iscalled A, —

statistically convergent to I, if for each £>0

d;({meN : |Aq, -1|>¢})=0,

m%f(Hmsn : |ag, -1z 2 }])=0.

We write this notation ally as S, (A)—limg, =1 or g, —1(S,(A)). S;(A) denotes the class of
A, —statistically convergent sequences.

Theorem 4.1.6 S; (A)=S(A) for any unbounded modulus f .

Proof Assume that (q,)eS;(A) and S,(A)-limg,=I. Then d,(H)=0 if we choose
H ={meN : |Aqm —I|Zg } Now the proof follows from the fact "for any H <N and any
modulus f, d, (H)=0 implies that d(H)=0".

Theorem 4.1.7 Let f be an unbounded modulus. If !'ﬂlﬁ >0, then S(A) =S, (A).

Proof Assume that q =(q,,) € S(A) and S(A)—-limg, =1. Then we have

- (|{m <n:|Ag, -]z g}|)

n—o n

=0

for every € > 0. Now we may write

f(|{msn ; |Aqm—l|25}|)<(|{msn ; |Aqm—l|25}|)f(1). n
f(n) - n f(n)

12



Since !im@ >0 and S(A)-limg, =1, the right hand side of the above inequality tends to 0 and
this implies that the left hand side tends to 0 as n— oo . Therefore (q,) €S, (A).

Theorem 4.1.8 Let f be an unbounded modulus. If !im@ >0, then c(A) =S, (A).

The proof is derived from Theorem 3.1.4 and Theorem 4.1.7.

Theorem 4.1.9 [25] Let f be an unbounded modulus and q=(q,), v=(v,,) be any two

sequences. Then

() 1f s, (A)-limg, =1 and ceC, then S (A)-limcg, =cl,

(i) 1f S, (A)-limg, =1, and S, (A)-limy, =1, then S, (A)-lim(q, +v, ) =1, +1,.
Remark 4.1.10 It is clear that if (q,,) €c, then every subsequence of (q,,) belongs to c, but this

situation is no longer true in case of A, —statistical convergence, that is a A, —statistically

convergent sequence may have a subsequence which is not A, —statistically convergent. If we
consider the modulus function f(t)=t?, 0<p<1 and the sequence (q,) defined by (3.1) in

Remark 3.1.7, that is

(9,) =(0,-1,-1,—1,-5,-5,—5,—5,-5,—14,—14,—14,-14,-14,-14,-14, ..)),

then we have that q,, € S; (A), since (Aq,)=(10,0,4,0,0,0,0,9,..) € S,. But whereas (1,4,9,...)

is a subsequence of (Aqg,,) whichisnot f — statistically convergent.

4.2. A, - Statistically Cauchy Sequences

Definition 4.2.1. Let f be an unbounded modulus. A sequence (q,,) is called A, —statistically

Cauchy or Cauchy sequence if there exists a positive integer N = N (&) such that

d, ({meN ; |Aqm—AqN|25}):0,

!m% f (|{m <n : |Aq, —AqN|25}|)=O.

forevery € > 0,

13



Theorem 4.2.2 Given any sequence is A, —statistically convergent if and only if it is A, —
statistically Cauchy for any unbounded modulus f .
Proof It is clear to demonstrate that any A, — statistically convergent sequence is A, — statistically

Cauchy.

To prove that a A, —statistically Cauchy sequence is A, — statistically convergent sequence we

may use the technique given in the proof of Theorem 3.3 in [16].

Definition 4.2.3 Let f be an unbounded modulus. A sequence (q,,) of numbers is named A, —

statistically bounded if there exists M >0 such that

d,({meN : |Aq,|>M})=0,

; 1
!mﬁfd{msn : |Ag,|> M) =o0.

BS, (A) denotes the class of A, —statistically bounded sequences.

Theorem 4.2.4 BS, (A) < BS(A) for any unbounded modulus f .

Proof Let (q,)eBS(A). Then d, (H)=0 if we choose H ={meN : |Aq,|>M]} foran M
large enough. Now the proof is based on the fact " forany H = N and any modulus f , d, (H ) =0
implies that d(H) =0".

Remark 4.2.5 The reverse of the above theorem does not hold in general. If we consider the
modulus function f (t)=log(t +1) and the sequence (q,,) defined by (3.1) in Remark 3.1.7, that
is (g,)=(0,-1,-1,-1,-5-5,-5,-5,-5-14,-14,-14,-14,-14,-14,-14,...), then we have that
(g,) €BS(A), since (Aq,,)=(1,0,0,4,0,0,0,0,9,...) is statistically bounded, but (q,,)  BS, (A) .
Theorem 4.2.6 [19] For every unbounded modulus f we have S, (A) < BS; (A).

Proof Using the inclusion {meN :|Aq,|>[l|+&}={meN :|Aq, —I|>&} the proof is

straightforward.

Remark 4.2.7 The reverse of the above theorem does not hold in general. Indeed if we consider

the modulus function f (t)=t, and define (m) as

14



1L, m=2r
Oy = reN,
0, m=2r
then we have that (q,)eBS,(A), since (Aq,)=(0, — Oy, )=(-11-11..) is f —statistically
bounded, but (q,,) ¢S, (A), thatis (q,) €BS, (A)—S, (A).
Theorem 4.2.8 [19] Every A, —statistically Cauchy sequence is A, — statistically bounded for any
modulus f .
Aizpuru et al. in [16] proved that f —stlimq, =1 if and only if there exists H — N with
d,(H)=0and lim,_, , q, =1.
Now we provide an analogous theorem in the same structure for A, — statistically bounded

sequences which includes the f-density of related sets.

Theorem 4.2.9 A sequence (q,,) is A, —statistically bounded if and only if there exists H = N
such that d, (H)=0and (q,) ., €l (A).
Proof Assume that (q,,) is A —statistically bounded. Then we have an integer M >0 which has
d,({meN : |Aq,|>M})=0. Take H={meN :[Aq,|>M }. Then d (H)=0 and for
meN-H, we have |Aq,|<M, thatis, (q,) ., €L.(A).

Conversely, since (0 ), ., €l.(A) there exists M >0 such that for any meN—-H we
have  |Ag,[<M.  This implies that  {meN :|Aq,|>M}cH and  so

d, ({meN L |Ag,|>M })=0. Hence (q,,),. iS A, — statistically bounded.

men
Theorem 4.2.10 Let f be an unbounded modulus and (q,)es. If (qm)eBSf(A), then
(a,)€S; (A) incase (Aqg,) is monotone.

Proof Let the sequence (Aqg,,) be monotone and (q,, ) € BS, (A). Now the sequence (q,,) € BS; (A)
if and only if there exists H = N such that d, (H)=0 and (q,), ., €l..(A) by Theorem 30 in

[26]. So there exists 1 e C such that lim Aq, =I. By using Theorem 3.1 of [16], we have
(9,) €S (4).

Theorem 4.2.11 If (q,,)  BS, (A)for every unbounded modulus f, then (q,) <l (A).

Proof Suppose (q,)eBS,(A) and if possible (q,)el.(A). Then the set

H= {m eN: |Aqm| >M } is infinite for every M >0 and hence by Lemma 4.1.4 there exists an

15



unbounded modulus f suchthat d, (H) =1, which contradicts the assumption that (qm)e BS; (A)
for every modulus f .

Remark 4.2.12 We have | (A)< BS, (A) for every unbounded modulus f . By using this fact

with the above theorem, we can say that the sequences in I, (A) are those sequences which are

A, —statistically bounded for every unbounded modulus f .
Theorem 4.2.13 [26] Let f be an unbounded modulus and (q,,)es. Then (g, )< BS, (A) if and

only if there exists Av=(Av, )el, suchthat Aq, =Av, foraa.m,w.rt f.

16



5. A, —STRONG CESARO SUMMABILITY

In this chapter, we study on some concepts related A, — strong Cesaro summability and give

some relations between the sets which were created by using a modulus function.

5.1. A -Strong Cesaro Summability

Definition 5.1.1 [27] A sequence (q,, ) is called A —Cesaro summableto | if

Iimlzn:Aqm =1.

n—wo N o1

Theorem 5.1.2 Every A —convergent sequence is also A —Cesaro summable.
Remark 5.1.3 The reverse of the above theorem does not hold in general. Indeed the sequence

(9,)=(88,7,7,6,6,55..,-1,-1,-2,-2,...) is A —Cesaro summable, since (Aq,)=(0,1,0,10,1,...)
is Cesaro summable to % However, (q,) isnot A —convergent.

Definition 5.1.4 A number sequence (q,, ) is called A —strongly Cesaro summable to | if

Iimlzn]Aqm -1|=0.

n—o N o)

Strongly summable sequence spaces were mentioned and studied by Kuttner [28], Maddox

([24], [29]) and some others. The renowned spaces w,, W and w, of strongly Cesaro summable

sequences are identified by

WO:{(qm)es ; Iim%i|qm|:0},
n—w pry

n-o N

W={(qm)es : limlzn:|qm—l|=0, for some numberl},

m=1

W, ={(qm)es : sgp%mzn;f(|qm|)<oo}.

Maddox [30] using a modulus function f, he has expanded this definition to introduce much
more general spaces such as WOf , w" and W' . These spaces of sequences are defined, respectively

as



n—o n

w,! :{(qm)es : lim= Zf(|qm|) }

I‘I~>oon =]

w' ={(qm)65 : lim= Zf(|qm—l|) 0, for some numberl},

1 n
w! :{(qm)e S : supﬁz f (|qm|)<°°}'
n m=1

Definition 5.1.5 Let (q,,) be any number sequence and p >0. Then the sequence (q,,) is called
A —strongly p—Cesaro summable to | if
lim= Z|Aqm ~1]"=0.

n—w n

Theorem 5.1.6 Let peR". Then if a sequence is A —strongly p —Cesaro summable to I, then it
is A —statistically convergentto I.

Proof Assume that the sequence (qm) is A —strongly p—Cesaro summable to |. Then for each

&>0, we have

Zn:|Aqm—I|p2 Zn: |Aqm—l|p2‘{m$n:|Aqm—l|p2¢9}‘.gp
m=1

m:l,\Aqm—I\zg

and so that
23 Yag, -1 = fm<n « |ag, 1 2 3"
n&= n

By taking limit at both sides as n — o we get

lim= Z|Aq —1|° > lim= ‘{m<n - |Ag, 1|7 >g}{

n—oo n

Since the sequence (q,, ) is A—strongly p—Cesaro summable to I, then from above inequality

we get that
1 p
I|m—‘{m<n - |Ag, -~ 25}{=0.
nﬁwn

Hence, (q,,) is A —statistically convergentto I .

18



5.2. A, —Strong Cesaro Summability

Definition 5.2.1 [31] Let (q,, ) be any number sequence and let f be any modulus function. Then

we say that (q,,) is A, —strongly Cesaro summable to | if

|im1§n:f(|Aqm—||)=o.

n—o N =1

We use the following notations

A (A):{(qm)es : Iimlzn:f(|Aqm|):0},

n—-o N =1

w'(A)= {(qm)e cp: Iimlzn: f (|Ag,, —1]) =0, for some number I},

n—oo n m=1

w! (A):{(qm)e s : sunp%mzn:; f (|Aqm|)<oo}.

Theorem 5.2.2 For any modulus f

OR™ (A)cw. (A).

(i) w' (A)cw! (A).

Proof The first being obvious, we establish the second inclusion. Let qew' (A). By using (ii)

and (iii) in the definition of modulus function, we have

18 1 s
=3 f(|age]) < D (JAg, 1)+ £ (1) 3 1.
m=1 m=1 m-=1

Since gew' (A), we have (g, )ew, (A).

Theorem 5.2.3 For any modulus f

(i) w(a)cw' ().

(if) wy (A) i (A).

(iii) w, (A)cw! ().

Proof Now we prove the last inclusion, the first two inclusions are omitted. Let (q,,)ew, (A),

then at least for a number M >0

19



1 n
= E |Ag,|< M,
[ e

forallneN. Let £>0 and choose & with 0<& <1 such that f(h)<e for 0<h<s. Now the

equality

—Zf (Aq,| Z f(IAqm|)+ Z f(aq,)

\Aqm\ 5 \Aqm‘ "’

can be written. Then, since f (|Aq,[)<e for |Aq,|<&

—z JECHEES RIS

\\Qm\ S
And also for |Ag,,|>& we have
|Ag,, | < 5t 2] <l+[‘Aq”‘],

where [h] denotes the integral part of real number h. Now since f is a modulus, by (ii) and (iii) in

the definition of modulus function, we can write

f(IAqu){l{' qm'Df(l)Qf(l){| gq

and so that

2f(1) 1

> 1(q,) < Z(I )

Mu \ 5 \\um\ a

:Ir—\

Now the inequality

2f(1)1

—Zf(IAqml) et 21|

can be written. Since (q,,) ew, (A) we have (qm)e w) (A).
Theorem 5.2.4 Let f be a modulus such that I|m }>0. Then w "(A)cw(A).
Proof For any modulus f, v = I|m mf{ ot> 0} exists by Proposition 1 of Maddox [15].

By definition of v, we have f(t)>ut forall t>0.Since v>0,we have t<ov™f(t) forall

t>0 and so

20



13Aq, ~l| <023 (1 |Ag, 1))
m=1

m=1

from where it follows that (q,,) e w(A) whenever (g, )ew’ (A).
From Theorem 5.2.3 and Theorem 5.2.4 we have the next result.

Corollary 5.2.5 Given a modulus function f if !im@ >0, then w' (A)=w(A).
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6. RELATIONS BETWEEN THE SETS OF A, —STATISTICALLY
CONVERGENT SEQUENCES

In this chapter we discuss the relations between S;(A) and S, (A), S;(A) and S(A),

BS, (A) and BS,(A), BS; (A) and BS(A), S;(A) and BS, (A) for different modulus functions

f and g under certain conditions.

6.1. Relations between the sets S, (A) and BS; (A)

The relations between f —densities of a set of positive integers for different modulus

functions is given in the following Theorem given by Colak [32]. This helps us to establish the
relations between A —statistically convergent and A —statistically bounded sequence sets defined
by modulus functions.

Theorem 6.1.1 [32] Let f and g be two unbounded modulus functions. Then for aset H = N

@) if

- f(1)

then dg(H):O implies d; (H)=0 whenever the limit exists,
(i) if
f(t)

O<lim—==a<wx (6.2)

"9(0)

then d, (H)=0<d, (H)=0 whenever the limit exists.

Corollary 6.1.2 [33] For any H = N and any unbounded modulus f providing

lim

toow

@ >0 (6.3)

we have d; (H)=0<d(H)=0.

Theorem 6.1.3 Let f and g be two unbounded modulus functions. Then
(i) 1f (6.1) holds, then S (A)<=S, (A).

(i) 1f (6.2) holds, then S, (A)=S, (A).



Proof (i) Suppose (g, ) is A, —statistically convergent to I, that is S, (A)—limg, =1. Define

H={meN : |Aq, —I|>}. Then

g(|{ms n:|Ag, —1|= g}|)

d,(H)=li =0
o (H)=lim o)
and this implies
o f({{m<n:|Aq, -l|ze
|

if (6.1) holds by Theorem 6.1.1 (i).

The Proof of (ii) is based on the Theorem 6.1.1 (ii).

Remark 6.1.4 The inclusion in (i) of the above Theorem may be strict. It can easily be seen that

for the modulus functions g(t) =log(t+1), f(t)=t* and the sequence (g, ) defined by (3.1) in

Remark 3.1.7 we get (q,,) €S, (A)—S,(A) and so that the inclusion S (A)< S, (A) is strict,
Corollary 6.1.5 S; (A)=S(A) if (6.3) holds.
Proof Let (q,) be A, —statistically convergent to 1. Then d, (H)=0 if we choose
H= {m eN : |Aqm —I| >¢ } Now the proof is based on the fact for any H < N and any modulus
f, d; (H)=0 impliesthat d(H)=0. Thus S, (A)=S(A).

To show that S(A)c=S,(A), assume that Iitm$>0 and let (g,)eS(A) and

S(A)-limg, =I. Then for every &>0, we have

- (|{ms n:lAg, -lze }|> o

n—oo n

Now, since ‘{m <n: |Aqm —I| >¢ }‘ is a positive integer and f is a modulus we may write

f(|{msn ; |Aqm—l|25}|)g(|{m£n ; |Aqm—l|25}|)f(1) n

f(n) n f(n)

Since !im@>0 and S(A)-limq, =1, the right side and so the left side tend to 0 as n— o in

above-mentioned inequality. This means that (q,,) is A, —statistically convergent.
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Theorem 6.1.6 Let f and g be two unbounded modulus functions. Then

(1) If the limit exists and (6.1) holds thena A — statistically Cauchy sequence is A, — statistically
Cauchy sequence,

(i) If the limit exists and (6.2) holds then a sequence (q,,) is A, — statistically Cauchy sequence
if itis A, —statistically Cauchy sequence.

Theorem 6.1.1 (i) and 6.1.1(ii) give the proof if we take H={meN : |Aqg, —Aqy|>z}.

We may give the following result by using Theorem 40 in [26].
Theorem 6.1.7 If for every unbounded modulus f, (q,,)eBS, (A), then (q,)<l, (A).

Proof Let (qm)e BS; (A). Suppose, if possible, (q,) ¢, (A). Then forany M >0, we have that

the set H={meN : |Aq,|>M } is infinite. Now we have an unbounded modulus f with
d,(H)=1 by Lemma 4.1.4, which contradicts the assumption that (q,)< BS,(A) for every

modulus f .

Theorem 6.1.8 Let f and g be two unbounded modulus functions.

(i) If (6.1) holds, then BS,(A)cBS, (A),

(i) 1f (6.2) holds, then BS,(A)=BS, (A).

Proof Assuming (q,) is A, —statistically bounded. Then we have M >0 with
dy({meN :|Aq,|>M})=0.Theorem 6.1.1 (i) and 6.L1(ii) give the proof if we take
H={meN : |Aq,|>M}.

Remark 6.1.9 The inclusion in (i) of the above Theorem may be strict. It can easily be seen that

for the modulus functions g(t) =log(t+1), f(t)=t* and the sequence (g, ) defined by (3.1) in

Remark 3.1.7 we get (q,)e€BS, (A)—BS,(A) and so that the inclusion BS,(A)<BS,(A) is
strict.
Corollary 6.1.10 For any unbounded modulus f we have BS; (A)=BS(A) if (6.3) holds.

Proof The proof is immediate by Corollary 6.1.2.
Theorem 6.1.11 If (6.1) holds then S, (A) = BS, (A).

Proof Assume that (q,)eS,(A) and S;(A)-limg,=1. Let £>0 be given and define

H(n)={m<n :|Ag, —I|2¢} and Q(n)={m<n: |Aq, —1|>M]} for a number M >& large
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enough. Now since clearly |H (n)|=|Q(n)| for every ne N we have that d,(H)>d, (Q) and so
that d, (H)=0 implies d_(Q)=0. If (1) holds then d,(Q)=0 implies d, (Q)=0 by Theorem

6.1.1 (i). This means that (q,,) is A, —statistically bounded.
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7. A; —STATISTICAL CONVERGENCE OF ORDER @ AND A; —
STRONG CESARO SUMMABILITY OF ORDER &

In this last chapter of the thesis, we study on the relationships between the sets S (A) and

w; (A) for various a,ﬂe(O,l] and modulus functions f and g.

7.1. Relationship between the Sets S (A)

Colak was introduced the class S, for 0 <a <1 in [6].

Definition 7.1.1 [6] Let 0 <« <1. Define the « —density of aset H — N via
. b
d,(H)=lim—|{m<n : meH}.
n%oon

Definition 7.1.2 [33] Let f be an unbounded modulus and 0 <« <1. Define the f_—density of

aset H <N by

in case this limit exists.

Definition 7.1.3 Let f be an unbounded modulus and 0 <« <1. A sequence (q,,) iscalled A, —

statistically convergent of order « to | if for every £>0,

. 1
lim
n—w f (n”‘)

f(|{m§n ; |Aqm—l|25}|)=0.

We write in this case S, (A)-limq, =1 or g, —>1(S;(A)). S, (A) denotes the class of A, —

statistically convergent sequences of order « .

Remark 7.1.4 The A, —statistical convergence of order « is not well defined in case « >1.

Indeed assume that f is an unbounded modulus function such that !im@ >0. Define (q,) by

g,=9-r, if2r-1<m<2r,r=123,...

so that
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Then we have

oy (M= s faa, 0z )< e f6)
and
1 1
iy {imsn: 1ha,gze )< 251G
Since !Lrg@>0, we have
yﬂféa)ﬂHmsn:|N%—QZg}D:0
and
!mlﬂiqf(HmSn:|m%—ﬂ23}D=0

for each >0 if o >1. Because, under the condition !im@ >0,

f(nj f(n)
2 1. n.,. 2 n®
——< =—lim—Ilim

lim ——lim——=0
n—w f (n"‘) 2 noo N% now n n-w f (n“)

2
if o >1. Hence (q,) is S, (A)—convergent to both 1 and 0, which is impossible.
It is clear that c(A)c S, (A) for any an unbounded modulus f and «e(0,1]. But the

reverse is not generally true. It is easy to check that (g, )eS, (A) for ae(4,1] and modulus

f(t)= Jt, where

Indeed
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1 m = n?
Aq,=4-1 m-1=n* n=123,..
0, otherwise

and, then
. i f(24/n) V24/n o
!mf(na)f<|{msn ' |Aqm—0|23}|)<rl1l_m f(n%) =lim F rI1—>oo /

thatis (Aq,) €S, for ae(%,1] but the sequence is not A —convergent.
Theorem 7.1.5 Let (q,) and (v,) be any two sequences, f be an unbounded modulus and

O<a<1.Then

(1) if s/ (A)~limg, =1 and ceC, then S/ (A)—limcq, =cl,
(i) if S/ (A)—-limg, =1, and S (A)—limv, =1,, then S| (A)—lim(q, +V,) =1, +1,.

Theorem 7.1.6 Let f be an unbounded modulus and 0<a < B <1. Then S (A)<=S;(A) and

there may be strict inclusion.

Proof Since f isamodulusand 0 <« < £ <1, the inclusion follows easily. For the strict inclusion,

define the sequence q=(q,,) by

Gn =10, if (r-1)" <m<r? r=123,...

so that
(9,)=09.8,8,8,7,7,7,7,7,6,6,6,6,6,6,6,...) .
Now
1L m=r’
Aq, = r=1,23,...
0, m=r?

If we consider the modulus function f(t)=t", 0<p<1 then qeS;(A) for Se(3.1], but
qeS, (A) for @e(0,3]. Thus S (A)= S, (A) is strict.
Corollary 7.1.7 Let 0<a <1. Then S, (A)=S'(A) for any unbounded modulus f , and there

may be strict inclusion.
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Theorem 7.1.8 Let O<a <1. Then
(D) s!(a)cs,(a),
(i) sf(a)cs(a)

for any unbounded modulus f. The inclusions may be strict.

Proof To demonstrate that the inclusions are strict, consider the modulus function f (t) =log(t +1)

and the sequence q=(q,,) defined by (3.1) in Remark 3.1.7, that is

(q,) =(0,—1,—1,—1,-5,-5,-5,-5,—5,—14,~14,-14,-14,-14,-14,-14,...),

then qeS,(A) and qeS(A) for 0<a<1.But q¢ S, (A), since as
d} ({keN : |Aqm—0|25})2d'({meN : |Aqm—0|25}):%¢0,

Now we provide the generalizations of the spaces of A, —strong Cesaro summability of order a.

7.2. Relationship between the Sets w! (A)

Definition 7.2.1 Let f be a modulus and 0 <« <1. We define

w!,(A)= {(qm)e s Iimimzn:; f(|Ad,|) :0},

n—wo N%

w! (A)= {(qm) €s: Iimiazn: f (|Aq,, —1]) =0, for some number I},

n—o N m=1

w! (A)= {(qm)e S SL:pniamZn:; f(|Ag,[) < oo}.

By specializing f and «, some well-known spaces are obtained. These spaces become
wy (A), w' (A), w! (A), respectively if a=1. If we take f(t)=t and « =1, we obtain the
familiar spaces w, (A), w(A), w, (A), respectively.

Now by using the spaces W ,(A), w, (A), . (A), we establish some inclusion relations.

a a,0

Theorem 7.2.2 Let f beamodulusand 0<a <1. Then W (A)cw, _ (A).

Theorem 7.2.3 Let f be a modulusand 0 < <1. If !im@ >0, then W, (A)cw, (A).
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Proof By Proposition 1 of Maddox [25] we have v = !im@ =inf {@ t>0}. By definition of

v, we have f(t)>ut forall t>0.Since v>0, we have t<o™f(t) forall t>0 and so

13 13
n_aZ|Aqm _I| < Ufln_aZ( f |Aqm _I|)
m=1 m=1

from where it follows that g e w, (A) whenever gew, (A).

Theorem 7.2.4 Let f be any modulus and O<a < <1. Then w, (A)=w, (A) and there may

be strict inclusion.

Proof To prove w, (A)cw(A) is straightforward since o< /. In order to show that the

inclusion is strict, let us take account of sequence q=(q,,) defined by

G =10, if (r-1)" <m<r? r=123,...

so that
1, m=r?
Aq, = r=123...
0, m=r?
Since f(0)=0,
1 Jn
= f(|Ag, —0|)sn7 f (1)

m=1

Jn

foreveryneN . n_/’f(l) —0 as n—o for f>1, so gew,(A). Also

1

l n
n_amZ:;f (|Aqm _Ol) 2 n“

for everyne N . Since £ f (1) >0 as n—>oo for 0<a <3, we get g w, (A).

7.3. Relationship between the Sets S} (A) and w; (A)

Colak in [6] was shown that the strong Cesaro summability of order o implies statistical

convergence of order o with preserving limit, that is S, —limq,, =w, —limq, for a number
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sequence (qg,,) in [6]. In this section some relationship between S'(A) and w' (A), are obtained

and established.

Theorem 7.3.1 Let f be an unbounded modulus such that !im@ >0 and O<a<p<1.Thenif

a sequence is A, —strongly Cesaro summable of order o to I, then it is A, —statistically
convergent of order 5 to .

Proof Suppose that !im$>0. Then by Corollary 3.1.1, we have u=ti(r(}f)$>0 and so that
vt < f(t) for every te(0,%). Now if q=(q,)ew, (A), then since [{m<n : |Aq, -1|>£}| isa

positive integer we may write

n

1 1 s
n“ zf(lAqm_ll)ZUna Z|Aqm—||21)na Z |Aqm_l|
m=1 m=1

m=1,|Aq, —I|>&

ZUnia{mgn  |Ag, -1z el|e

> Unia f (|{m <n :|Aq, - ZE}Dﬁ

>v— f (|{m <n :|Aq, -1|= g}|)i

f©)

f(|fm<n: jag, -1z &) (&) t(nry &
F(n) o f(1)

Since gqew, (A) and !Lngﬁ >0, then taking limit on both sides it follows that g e Sﬂf A).

If we take S =« inabove Theorem, then we get the next outcome.
Corollary 7.3.2 Let f be an unbounded modulus such that !Lngﬁ >0.Thenifasequenceis A, —
strongly Cesaro summable of order o to I, thenitis A, — statistically convergent of order « to
| forany a (0,1].

Taking « =1, we get the next outcome from above Corollary .

Corollary 7.3.3 Let f be an unbounded modulus such that !im@ >0. Thenifasequenceis A, —

strongly Cesaro summable to I, thenitis A, —statistically convergentto I.
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Theorem 7.3.4 Let f be a modulus function such that !im@ >0 and « €(0,1]. If a sequence is

A —strongly Cesaro summable of order « with respect f to I, then it is A —statistically
convergent of order « to I.

Taking « =1 in above Theorem we get the next outcome.
Corollary 7.3.5 Let f be an unbounded modulus function such that !im@ >0. If a sequence is
A —strongly Cesaro summable with respect f to I, then itis A —statistically convergentto I.

If we take f(t)=t and « =1 in Theorem 7.3.4, then we get the next outcome.

Corollary 7.3.6 If a sequence is A —strongly Cesaro summable to I, then it is A —statistically
convergent to |
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8. CONCLUSIONS

We observed the notion A —Statistical convergence, A —Statistical boundedness, A, —
Statistical convergence, A, — Statistical boundedness, A, —strong Cesaro summability and A, —

statistical convergence of order « and strong A —Cesaro summability of order « with respect to

modulus functions. Also we provided the relationships between these conceptions.

Moreover, we also established some inclusion relation between S, (A) and S (A), S, (A) and

S(A), BS,(A) and BS (A), BS,(A) and BS(A), S, (A) and BS,(A) for different modulus
functions f and g under certain conditions, that is an original part in this thesis. Also we have

given some relations between the sets of A, —statistically convergent sequences of order « and

A, —strongly Cesaro summable sequences of order « .
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