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ABSTRACT

RADIATIVE TRANSITIONS OF CHARMED BARYONS IN LATTICE
QUANTUM CHROMODYNAMICS (QCD)

HUSEYIN BAHTIYAR

Department of Physics

Ph.D. Thesis

Adviser: Assoc. Prof. Dr. Taylan YETKIN

Co-Adviser: Prof. Dr. Giiray ERKOL

Lattice QCD (LQCD) is a discretized version of Quantum Chromo Dynamics and it is
the only approach that uses the QCD Lagrangian directly. With this approach we have
an excellent opportunity to solve QCD in the energy region starting from very low ener-
gies where chiral perturbation theory can be used to high energies that only perturbative
theories are applicable. This region is commonly referred to as non-perturbative QCD.

The idea of calculating QCD numerically on a lattice was introduced nearly forty years
ago and it turned into very powerful approach to understand the strongly interacting par-
ticles. The main idea of LQCD is the path-integral representation of quantum mechanics
and quantum field theory. This approach allows a calculation, based on simulation of di-
rect the original theory. In this process, however, there are systematical problems called
lattice artifacts. These artifacts need to be investigated before LQCD results can be com-
pared to observables [5].

The first calculations of electromagnetic form factors were made about thirty years ago [6].
The study of electromagnetic properties of baryons gives excellent opportunity to under-
stand more about the non-perturbative Quantum Chromo Dynamics (QCD). The baryon
electromagnetic form factors are fundamental quantities which describe the internal struc-
ture of the nucleon, like the spatial distributions of electric charge and current inside
the nucleon; these form factors are among the most basic observables of the nucleon.
Baryons’ charge radii, distribution of baryons’ charge, the origin of magnetizations, mag-
netic moments, and shapes can be studied by calculating baryon form factors.

Xiil



The observables can be determined by using baryon matrix elements. Furthermore these
matrix elements can be written in the form of QCD path integrals, which enables the
methods of lattice gauge theory to be used. The path integrals are numerically and fully
nonperturbatively calculated by using a discretized finite Euclidean space-time lattice.

We concentrate on heavy flavor baryons, since baryons that contain heavy quarks provide
an exciting field to study QCD. They are combinations of the slow heavy quarks with a
relativistic light quark. The energies, detectors and luminosities at the modern experi-
ments made possible the observation of heavy baryons with one heavy quark [7]. In this
thesis we present our results for the two observed Q.y — Q and E.y — E.. transitions.

We have run our the simulations on 323 x 64, unquenched 2 + 1-flavor lattices generated
by PACS-CS collaboration [4] with the nonperturbatively O(a)-improved Wilson quark
action and the Iwasaki gauge action. For the Q.y — Q7 transition, we calculate magnetic
dipole and electric quadrupole form factors. The magnetic dipole form factor is found to
be mainly determined by the strange quark and the electric quadrupole form factor to be
negligibly small, in consistency with the quark model. We also evaluate the decay rate
and lifetime.

We also study the electromagnetic .y — &/, transition on 2+1 flavor lattices. We calcu-
late the magnetic Sachs and Pauli form factors which give the E.-Z/. transition magnetic
moment and the decay widths of E baryons. We did not find a signal for the magnetic
form factor of the neutral transition Z0y — Z’0, neutral transition is suppressed by the U-
spin flavor symmetry. We calculate the magnetic form factors and the magnetic moments
of . and E/, baryons as a byproduct. This study gives an insight to the dynamics of u/d,

s and ¢ quarks having masses at different scales.

Many theoretical approaches have been used to examine the existing spectra of heavy
quark containing baryons and predict new states such as quark models [8], QCD sum
rules [9], heavy quark effective theory based models [10], and lattice QCD [11]. We
compare our results with those of other approaches.

The results have been published in Q.y — Q in Lattice QCD [12], E.y — E.. in Lattice
QCD [13].

Keywords: Charmed baryons; Electric and magnetic form factor; Lattice QCD; Decay
width.

YILDIZ TECHNICAL UNIVERSITY
GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
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OZET

TILSIMLI BARYONLARIN RADYATIF GECISLERININ ORGU KUANTUM
RENK DINAMIGINDE INCELENMESI

HUSEYIN BAHTIYAR

Fizik Anabilim Dali

Doktora Tezi

Tez damsmant: Dog. Dr. Taylan YETKIN

Es-danigmani: Prof. Dr. Giiray ERKOL

Orgii KRD (OKRD) kuantum renk dinamiginin (KRD) kesikli hale getirilmis seklidir ve
KRD Lagrangian’in direk olarak kullanan tek yaklagimdir. Bu yaklagim sayesinde kiral
pertiirbasyon teorisinin kullanildig1 diisiik enerjilerden baglayan ve pertiirbasyon teorisi
kullanilan yiiksek enerji araligina kadar olan pertiirbatif olmayan KRD enerji bolgesini
anlamamiz i¢in mitkemmel bir firsattir.

KRD hesaplarimi 6rgii iizerinde niimerik olarak ¢6zme fikri yaklasik kirk yil 6nce onerildi
ve bu yaklagik kuvvetli etkilesim ile etkilesep parcaciklarin anlagilmasi i¢in ¢cok giiclii bir
yonteme doniistii. OKRD nin ana fikri, kuantum mekaniginin ve kuantum alan teorisinin
yol-integral gosterimidir. Bu yaklagim orijinal teorinin dogrudan simiilasyonuna dayanan
bir hesaplamaya izin verir. Bununla birlikte, bu siirecte, 6rgii kalintilari olarak adlandirilan
sistematik problemler vardir. OKRD sonuglar1 gozlenebilirlerle karsilastirilmadan 6nce
bu kalintilar arastirilmalidir [5].

Elektromanyetik form faktorlerinin ilk hesaplamalar: yaklasik otuz y1l 6nce yapilmistir [6].
Baryonlarin elektromanyetik 6zelliklerinin incelenmesi, pertiirbatif olmayan KRD hakkinda
daha fazla bilgi edinmek icin miitkemmel bir firsattir. Niikleon elektromanyetik form fak-
torleri, niikleon i¢indeki elektrik yiikiiniin ve akiminin uzaysal dagilimlar1 gibi, niikleo-
nun i¢ yapisim1 tanimlayan temel degiskenlerdir. Bu form faktorleri niikleonun en temel
gozlemlenebilirleri arasindadir. Baryon’un yiik yaricaplari, baryon yiikiiniin dagilimi,
manyetizasyonlari, manyetik momentler ve sekilleri form faktorlerinin hesaplanmasiyla
incelenebilir.
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Gozlenebilirler baryon matris elemanlar: kullanilarak saptanabilir. Ayrica, bu matris el-
emanlar;, OKRD yo6ntemlerinin kullanilmasimi saglayan KRD yol integralleri formunda
yazilabilir. Yol integralleri, kesikli bir sonlu 6klid uzay-zaman orgiisiinii kullanarak sayisal
olarak ve tamamen pertiirbatif olmayan sekilde hesaplanir.

Agir quark iceren baryonlar, KRD’yi incelemek icin heyecan verici bir alan sagladigindan
agir ¢esnili baryonlar ¢calisilmigtir. Bunlar yavas agir kuarklarin rélativistik hafif kuarklar
ile kombinasyonlaridir. Giiniimiiz deneylerinde ulasilan enerjiler, dedektorler ve parlak-
liklar, bir agir kuarkli agir baryonlarin gézlemlenmesini miimkiin kilmistir [7].

Bu calismadaki simiilasyonlar PACS-CS kolaborasyonu tarafindan iiretilen pertiirbatif
olmayan O(a)-gelistirilmis Wilson kuark eylemi ve Iwasaki ayar eylemi olusturulmus,

323 x 64 bityiikliigiinde 2 + 1-cesnili orgiilerde yapilmistir [4]. Q.Y — Q¥ calismasinda,
magnetic dipol ve elektrik quadrupole yap1 faktorleri hesaplanmigtir. Manyetik dipole
yapi1 faktorii acayip kuark katkisi tarafindan belirlendigi gozlemlenmistir ve elektrik quadrupole
yapr faktorii thmal edilebilecek diizeyde kiiciik olarak bulunmustur. Bulunan sonuglar
kuark model ile uyumludur. Ayni zamanda bozunum genisligi ve yasam siiresi hesaplan-
migtir.

Ayrica aym orgii konfigiirasyonlari ile E.y — E. elektromanyetik gegisleri ¢aligilmgtir.
E.-E| gecis manyetik momentleri ile E. baryonunun bozunum genisligini verecek olan
Sachs ve Pauli yap1 faktorleri hesaplanmustir. 20y — E/0 nétral gegisi icin sinyal buluna-
mamustir, ayrica bu notral gecis U-spin ¢esni simetrisi tarafindan baskilanmisg bir gegistir.
Hesaplarin yan iiriinii olarak Z. ve E. baryonlarinin manyetik yapi faktorleri ve manyetik
momentleri hesaplanmigtir. Bu ¢aligma, farkli 6lgeklerde kiitlelere sahip olan u/d, s ve ¢

kuarklarinin dinamikleri hakkinda bir fikir vermektedir.

Agir kuark iceren baryonlarin mevcut spektrumlarini incelemek ve yeni durumlari tahmin
etmek icin quark model [8], KRD toplam kurali [9], agir quark efektif teori modelleri [10]
ve OKRD [11] gibi birgok teorik yaklagim kullanilmistir. Bu ¢alismada bulunan sonuglar
diger teorik yaklagimlar ile kargilagtirilmisgtir.

Yapilan calismalar Q.y — € in Lattice QCD [12] ve E.y — E. in Lattice QCD [13],
isimleri ile yaymlanmislardir.

Anahtar Kelimeler: Tilsiml baryonlar; Elektrik ve manyetik yapi faktorleri; Orgii Kuan-
tum Renk Dinamigi
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CHAPTER 1

INTRODUCTION

1.1 Literature Review

The strong, electromagnetic and weak interactions of elementary particles are described
by their respective quantum field theories. Quantum Electrodynamics (QED) is the quan-
tum field theory of electrodynamics. It describes the interactions of charged particles with
the electromagnetic field. Weak interaction describes the decays of unstable particles.
Electromagnetic interactions and weak interactions are unified into a single theory called
electroweak interaction. Quantum chromodynamics (QCD) is the fundamental quantum
field theory of strong interactions of quarks, anti-quarks and gluons. QCD describes quark
and gluon dynamics successfully in large momentum transfer interactions, because in the
high energy regime the coupling constant of strong interaction is small and perturbation
theory is applicable. On the other hand, in the low energy regime, the strong coupling
constant is dominant and perturbative methods cannot be applied. Furthermore, elemen-
tary particles of the electromagnetic and weak interactions have been observed directly by
high energy experiments, however quarks and gluons, which are the elementary particles
of strong interaction, have not been observed as isolated particles. It is believed that the
color potential between the quarks and gluons is responsible for such a mechanism that

they are confined into the colorless objects called hadrons.

To understand the hadron structure, non-perturbative methods such as QCD Sum Rules [14],
Chiral Perturbation theory (¥PT) [15] and Lattice Quantum Chromodynamics (LQCD) [16]
have been developed. Each method has its own advantages and disadvantages. Of these

non-perturbative methods only LQCD starts directly from the QCD Lagrangian, thus

1



making it an ab initio method. LQCD method has proven itself over years giving pre-
cise results for hadron spectroscopy measurements consistent with the experiments [4].
These methods have been applied to light (u, d, s) and heavy (c, b) sectors to understand
the non-perturbative structure of QCD. Charm quark sector requires careful treatment in
LQCD. The effect of heavy charm quark guides the understanding of heavy QCD dynam-
ics. Furthermore charm physics plays an important role in understanding the quark-gluon

plasma.

1.2 Objective of the Thesis

This thesis is focused on radiative decays of Q7 and E/CO’+ using LQCD. We perform our
simulations using the state of the art 323 x 64 size unquenched (with sea-quark effects),
241 flavor lattices generated by PACS-CS collaboration [4]. Using these configurations,
we inspect radiative transitions of singly-charmed baryons. For these baryons the mass
differences with respect to the ground states are too small for any strong decay to occur,
therefore the radiative channels are the dominant decay modes. In this case, apart from the
electromagnetic form factors, the total decay width and the lifetime of the baryon can be
calculated directly. Although precise determination of these channels have not been made
yet by experiments, the results obtained with LQCD can shed light on the experiments.

The QU baryon are composed of (css) quarks and the quantum numbers are J* = {r.

Furthermore, it is the heaviest known single-charmed hadron that decays weakly. QU is
on the second layer of mixed 20’-plet of SU(4) multiplet. The average mass value of €.

reported by Particle Data Group (PDG) is 2695.2(1.7) MeV [17].

Q is the excited state of QU. The quantum numbers of Q* have not been measured yet.
However, it is considered that Q completes the ground state which has J* = %+ located
on the second layer of the 20-plet of SU(4). The average mass value of Q7 reported by
PDG is 2765.9(2.0) MeV [17].

The mass difference between QF and . was studied by BaBar and BELLE collabora-

tions [18, 19]. The radiative transition .y — Q7 was first observed in the BaBar exper-

iment giving the difference of AM = 70.8(1.0)(1.1) MeV [19]. After that, BELLE mea-
2



sured the relative mass difference mq: —mq, = 70.7(0.9)1“8:5 MeV in agreement with the

BaBar observation [18]. Since the mass differences forbid the strong decay channel, the

only decay mode between Q and Q. is the electromagnetic channel.

The electromagnetic transitions from J = % toJ = % baryons can be explained by three
transition form factors, namely magnetic dipole (M1), electric quadrupole (E2) and elec-
tric charge quadrupole (C2). These form factors provide useful information about the
structure and the shape of these baryons. Earlier studies have focused on the transition
moments between spin-% (N) to spin-% (A). Experimentally, pure single spin-flip M1
transition has been found to dominate. Small but non zero values of electric quadrupole
and electric charge quadrupole moments imply the shapes of N and A differing from
spherical symmetry [20]. The values of £2 and C2 are non-zero as observed from experi-
ments [21, 22], and as previously predicted by the quark model [23]. However, this issue
is unresolved, because the results from numerous theoretical approaches are not in full

agreement with experiment.

Amongst the heavy baryons, Z. and ZE.. are particularly interesting since the quarks they
are composed of (u, s and ¢) have different flavors and masses at quite different scales.
Therefore, these two baryons provide a good laboratory to study the heavy-quark dynam-

iCS.

The neutral Z(c[sd]) and the positive state Z (c[su]) have the quantum numbers J*' =
%+ and an anti-symmetric flavor wave function under interchange of light quarks. In
group theoretical formalism, they are members of the anti 4-plet (4) of the SU4). Z.
baryon was first observed in hyperon-beam experiment at CERN [24] and later confirmed
by Fermilab [25] and CLEO Collaboration [26]. The average mass reported by PDG is
2470.9970-30 MeV [17].

ED (c{sd}) and Z.* (c{su}) have the same quark content and quantum numbers J* = %+

as E(c[sd]) and EF (c[su]). They are located on the second layer of the sextet SU(4)

multiplet. These two baryons have symmetric flavor wave functions under interchange

of light quarks. They were first observed by CLEO Collaboration [27] and confirmed



recently by BaBar [28] and BELLE experiments [29]. The average mass value reported
by PDG is 2577.9(2.9) MeV [17].

The mass difference between . and E, was first reported by CLEO as AM ™ = 107.8(1.7)(2.5)
MeV and AM® = 107.0(1.4)(2.5) MeV [27] and this difference is too small for any strong
decay to occur. Therefore, the electromagnetic E/. — .7 transition is the dominant de-
cay mode. Studying this electromagnetic transition between different multiplets of SU(4)

may shed light on the QCD mechanism governing the charmed baryons.

1.3 Hypothesis

In the limit of heavy quark, singly-charmed baryons are especially interesting to study as
there appear the effects of heavy quark spin and flavor symmetry. The dynamics within
the charmed baryon is governed by two light quarks while the heavy quark acts as a
spectator. The electromagnetic transitions of charmed baryons is a good laboratory for
understanding the heavy quark effect. Electromagnetic form factors reveal valuable in-
formation about the size and the shape of baryons. Determining these form factors is
an important achievement to understand the hadron properties in terms of quark-gluon
degrees of freedom [30]. In the past years many charmed-baryon states have been discov-

ered by BaBar [31], Belle [32], CLEO [33] and LHCb [34, 35] experiments.

The experimental facilities such as LHCb, PANDA, Belle II, BESIII and J-PARC are
expected to give more detailed information about spectroscopy, decays and structure of
the charmed baryons. Recent LQCD studies provide a precise determination of their

spectroscopy. The ground state charmed baryons have been studied both in quenched [36,

37] and full QCD [38, 39, 5, 40].

There has been intensive effort made from LQCD collaborations to make precise cal-
culations of the light baryon sector. Electromagnetic form factors of light (« and d)
baryons [41], moments of parton distributions [42], axial charges [43] have been stud-
ied. The results obtained from LQCD have been compared with the experimental results

in order to understand the unresolved parts of the strong interaction.



In order to expand our understanding of strong interaction and make a comparison of
the LQCD results with chiral perturbation theory, similar studies have been carried out
on light mesons by LQCD collaborations. Such as 7w and p-meson form-factors [44],
pseudoscalar-meson to octet-baryon coupling constants [45], light meson electromagnetic
form factors [46]. Using the information obtained from light hadron calculations, LQCD
collaborations have been expanded the research to strange baryons (hyperon). Thus, the

effect of strange quark contribution has been examined [47].

As a continuation of previous studies, LQCD collaborations are working to understand
hadrons containing heavy quarks. Determination of form factors and mass spectra of the
heavy hadrons would reveal valuable information. Comparing the results obtained from
LQCD with the experiments will provide an understanding of the heavy quark effect. In
the past years comparison was made between strange and charm baryon masses [39].
Precise determination of doubly charmed baryons was made using LQCD [48], electro-
magnetic form factors [30], and pseudoscalar transitions [49] were studied using LQCD.
In the thesis three charmed baryons Qﬁo, E/C, and E. radiative decays will be examined

using the LQCD method.

In this thesis we examine the spin-flip effect by studying Q% — QUy radiative channel.
EIC — Z.7 transition is useful to study the effects of the spin-flavor difference moreover
this channel gives an insight to the dynamics of light, strange and charm quarks having
masses at different scales. Since the transition form factors are calculated separately for
each quark contribution we expect to determine the dominant quark while studying the
transition form factors. We expect to see the quark contribution decreases as the quark

mass increases because of the badly broken SU(4) symmetry. We also expect small decay

widths due to small mass splittings.

The thesis i1s organized as follows. In Chapter 2 Standard model and LQCD are discussed.

Chapter 3 is about simulation techniques of LQCD. In Chapter 4 and 5 Q% — Q0 and

—_

E. — Z.y numerical analyses are given. Discussion of the results is made in Chapter 6.



CHAPTER 2

STANDARD MODEL AND LATTICE QCD

This chapter will provide an overview of Standard Model. Furthermore, LQCD method,
which is the key method of this work, will be explained in detail. Moreover discrete

symmetries and their connection to lattice action will be explained.

2.1 Introduction

There are four fundamental forces in nature. They are called strong, electromagnetic,
weak and gravitational forces. Each force has its own specific physical theory and is
mediated by particles called gauge bosons. The gauge theories of the four forces and cor-

responding gauge bosons are listed in Table 2.1. Historically the first formulated force is

Table 2.1 The four fundamental forces [50]

Name Relative Strength | Boson Theory

Strong force 1 gluon g Chromodynamics
Electromagnetic force | 1073 photon y Electrodynamics
Weak force 1016 vector bosons W and Z y | Flavordynamics
Gravitational 10~41 graviton G Geometrodynamics

the gravitational force. Classical theory of gravity was formulated by Newton in 1687 that
is called Newton’s law of gravitation. Its relativistic generalization was made by Einstein
in 1915 which is called general theory of relativity. Graviton is the force-carrier particle
in theory of gravitation. The quantum theory of gravitation has not been developed so far.

The quantum effect of gravitation is very small, negligible up to the Planck scale.



The electromagnetic force exists between all particles that are electrically charged. For
example, electrons having negative charge are bound with nucleus of an atom, due to the
presence of protons having positive charge. The theory of electromagnetic force is called
electrodynamics. Classical formulation of electrodynamics was culminated in the work
of James Clerk Maxwell in the 19th century. He unified the previously developed electric
and magnetic theory into a single theory and discovered the electromagnetic nature of
light. In classical electromagnetism, the behavior of the electromagnetic field is described
by Maxwell’s equations. Furthermore the electromagnetic force is calculated by Lorentz’s
force law. Quantum theory of electrodynamics — known as Quantum Electrodynamics
(QED) — was developed by Feynman, Tomonaga and Schwinger, in 1940s. This theory is
one of the most accurate theories where perturbation theory can be applied. Like classical
electromagnetism, QED is constructed on U(1) gauge group. Photon is the force-carrier

particle of QED.

The strong interaction is the strongest of the four fundamental forces. It has been known
for a long time that the nucleus is composed of protons and neutrons and that protons
have positive electric charge, while neutrons are neutral. Normally positive charges would
repel one another and the positively charged protons should cause the nucleus to fly apart.
Until the 1970s, there was no exact explanation as to how the atomic nuclei are bound

together.

In 1934, Yukawa made the first attempt to explain the nuclear force. His theory con-
sisted of massive bosons (mesons) that mediate the interaction between two nucleons.
Different theories were introduced until 1960s, but an exact theory could not be found. In
1964 quarks were theorized by Gell-Mann and Zweig. The quark model predicted quark-
antiquark (i.e. mesons) and three-quark bound states (i.e. baryons). There are six different
quark types (flavors) specifically u (up), d (down), s (strange), ¢ (charm), b (beauty) and
t (top). Physicists have been trying to understand the behavior of quarks which cannot
be observed in isolation (color confinement). In these attempts, the Quantum Chromo-
dynamics was developed describing the strong interactions. Gluon is the force-carrier

particle of QCD.



The weak forces were first proposed by Enrico Fermi in 1933. He suggested that beta
decay could be explained by a four-fermion interaction, involving a contact force with no
range. The theory was corrected by Lee and Yang, Feynman and Gell-mann in 1950s.
In 1968, Glashow, Salam and Weinberg unified the electromagnetic force and the weak
interaction, called as the electro-weak force. There are two gauge bosons mediating weak
interaction. They are called W and Z, both of which were experimentally discovered in
1983. Electromagnetic and weak interactions are unified in a theory called Electroweak

theory.

Electroweak interaction involves leptons and quarks. There are six different types of lep-
tons: e (electron), 1 (muon), T (tau) and their opposite charged states; neutrinos with the

corresponding flavor, namely electron neutrino (V,), muon neutrino (V) and tau neutrino

(Vo).

The Standard Model is a theory explaining the electroweak and strong interactions, as
well as classifying all subatomic particles. It was developed throughout the latter half of
the 20th century. The current formulation was finalized in the 1970s upon experimental
confirmation of the existence of quarks. Since then, discoveries of the top quark [51]
(1995), the tau neutrino [52] (2000), and the Higgs boson [53] (2012) have given further

credence to the Standard Model.

In the following subsections, these fundamental interactions will be explained in detail.

2.1.1 Quantum Electrodynamics

QED is a quantum field theory of the electromagnetic force. In other words, it is the
quantum field theory of the interactions of electrically charged particles through the elec-
tromagnetic field. Mathematically, QED describes the interactions of light with matter,
and the interactions of charged particles among each other. The interaction is represented

by Feynman diagrams. In this section Tong Lectures notation in Ref. [55] is followed.

We start with the Maxwell’s equations which formulate the dynamics of light. Lagrangian
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for the Maxwell’s equations for the free (absence of source) theory can be written as

1

where, (1 is the Lorentz index, Fyy is the field strength tensor defined as
Fuv - a‘uAv - avA'u, (22)

which leads to the equations of motion

0.2
_—— = — uyv =
%3y 5 OuFHY =0. (2.3)

Results of Eq. (2.3) will be associated with Maxwell’s equations. The gauge field A* has



four components: A* = (¢,A). The field strength tensor can be written as

Fyy = . (2.4)

|~E. —B, B, 0

Using the Bianchi identity 0y Fyq + daFyuv + dvFau = 0, two of the Maxwell’s equations
can be found. Next step is to write a Lagrangian that couples to a field Ay, and a matter

field j*,

1 ,

using the equation of motion

0.2
9 g FMY — v
%5 oA OuFH = jv. (2.6)

In gauge theories, gauge fields couple to conserved currents. Thus, j# must be a conserved
current:

ouj* = 0. 2.7)

Substituting the j*A, with a Dirac Lagrangian, the QED Lagrangian becomes

L= FuFE i - m)y, 2.8)

where D is the covariant derivative
D= A 7+ ieA“y“. 2.9)

This Lagrangian represents the interaction of an electron or, more generally, interaction
of an electrically charged fermion with a photon. The field strength tensor part of the
equation gives information about electromagnetism and the remaining part is the Dirac
Lagrangian of a massive field, defining fermions. The illustration of a tree-level interac-

tion is given in Fig (3.3).
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2.1.2 Weak Interaction

The weak force plays a greater role in decays. There are six different quark flavors and
six flavors of leptons. Weak interaction is responsible for the decay of massive quarks
and leptons into lighter quarks and leptons. Since the weak interaction changes the flavor
of a quark into another, it is also called as flavordynamics. Leptons have no color charge
so they do not participate in strong interactions. Neutrinos have no electric charge, so
they do not experience electromagnetic force. However, they all take part in the weak

interactions [50].
The weak interaction is characteristically different from other interactions because

o The weak interaction can change the flavor of quarks.
o It violates P (parity) symmetry also CP (charge-parity) symmetry.

o Its force-carrier particles are massive as explained in the Standard Model by the

Higgs mechanism.

Glashow, Salam and Weinberg unified the theory of weak and electromagnetic interaction
between elementary particles and they were awarded the Nobel Prize in Physics in 1979.
Mathematically, the unification is accomplished under an SU(2); xU(1)y gauge group.
The gauge bosons are the three W bosons of weak isospin from SU(2), and the B boson

of weak hypercharge from U(1).

2.1.3 Quantum Chromodynamics

Quantum Chromodynamics (QCD), is the theory of the strong force. QCD can be con-
structed in analogy to QED. The fundamental difference between QED and QCD is the
gauge group, where QCD is constructed on SU(3) instead of U(1). Thus, QCD has

N? — 1 =3%—1 = 8 gauge bosons, which are gluons.

Due to strong interactions, quarks, anti-quarks and gluons are bound into mesons and
baryons. The problem is that, if two quarks are of the same flavor and spatial state, they
must have the different spin state. By looking at the Q™ (sss), J = %, it can easily be
seen that all quarks are in the same spin states, so the overall wave function is symmetric.

11



However, this violates the Pauli principle: identical fermions cannot be in the same quan-
tum state. Wave function of fermions must be anti-symmetric. In order to circumvent this

problem, a new degree of freedom is defined for quarks and gluons, called color.

There are three color states, represented by red (r), green (g) and blue (b). There is direct
experimental evidence of color from electron-positron annihilation to hadrons. Quarks
carry one color, anti-quarks carry one anti-color and gluons carry one color and one anti-
color. Therefore, quarks have three color states and gluons have eight different combina-

tion of color states.

Peculiarly, a single quark with a color charge could not be observed. Color confinement is
the phenomenon proposing that color charged particles cannot be isolated, thus cannot be
directly observed. Therefore only colorless (color singlet) particles are observable. The
color wave function is the anti-symmetric part of the total wave function. So, the wave

function of a baryon can be written as

Y= I//space(r) WspinWeolors (2.10)

where the color part is anti-symmetric, therefore, the space and spin combination have to

be symmetric under quark interchange.

Since gluons couple to color, the strong interaction is independent of flavor. The flavor
independence leads to different symmetries like Isospin, which assumes u and d quarks

to be degenerate. They are different states of one particle and can be written as a doublet

. The other important result is that gluons are colored bosons. However, theoret-
d

ically, three or four gluons can be bound into colorless glue-balls and this combination,
in principle, can be observed in experiments. However there is no clear experimental

evidence for glueballs yet.

The resemblance between QED and QCD leads to the Lagrangian [17],

— . 1
L= Y V(i7" O — oV 1AL — mg8u) Vg = S Fy FHY, (2.11)
q

where Y, is the wave function of the quark, a and b are the colors of quarks and y* are

12



gamma matrices. Here quarks are in the fundamental representation of SU(3) color group
and gluons transform under adjoint representation of SU(3), tacb are 3 x 3 matrices and
generators of the SU(3) group, o is strong coupling constant and Fﬁ‘v is the field strength
tensor,

Fil, = 0uAy — 0vAl — 0 fapcARAY,

(2.12)

[Z‘A, IB] = ifABCtC-

Here, fapc are the structure constants and the non-zero commutation relation shows the

non-abelian nature of the SU(3) color group.

Another interesting feature of QCD is the asymptotic freedom. It can be explained by the
behavior of strong coupling constant in Fig (2.2). The strong coupling constant decreases
at high energies, so the energetic quarks are nearly free particles. Thus perturbation the-
ory can be applied in the high energy regime. However, as o gets larger at low energies,
different methods become necessary. Since this energy regime is very complicated, nu-
merical simulations of theory called as Lattice Quantum Chromodynamics can be used to

calculate observables in this energy regime.

2.1.4 Non-Perturbative Methods

The strong coupling constant ¢ behaves differently than the electromagnetic or weak
coupling constants. As shown in Fig (2.2), in the low energy region o, keeps growing
and gets closer to 1, thus perturbation theory breaks down. In order to probe the hadron
structure and to calculate the observables theoretically, non-perturbative theories, such as

QCD Sum Rule [14] or Chiral Perturbation theory (¥PT) have been developed.

QCD sum rules describe the QCD dynamics in terms of gluon and quark condensates.
The method is based on Wilson’s operator product expansion (OPE). In the QCD sum
rules approach, QCD vacuum is characterized by a sum of condensates: gluon conden-
sate <Gﬁv>, the quark condensate (gg), the mixed condensate (goGg), the four-quark
condensate and so on ... These condensate series are asymptotic. QCD sum rules give

valuable information about hadronic observables; however, results may have uncontrolled
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Figure 2.2 Strong Coupling Constant as a function of the energy [17]

uncertainties. The condensates have errors that can introduce some uncertainty.

Chiral perturbation theory [15] is an effective field theory constructed with a Lagrangian
consistent with the chiral symmetry of quantum chromodynamics. It is a low-energy ef-
fective theory with hadrons as the fundamental degrees of freedom. The theory describes
interactions between pions and nucleons schematically. When yPT is expanded to SU(3),
it can also describe interactions of strange mesons and baryons. Since chiral perturbation
theory assumes chiral symmetry, quarks have no mass at tree level. The chiral symmetry

breaking scale is order of 1 GeV [56].

Another non-perturbative method is LQCD. It is an ab initio method which starts directly
from the QCD Lagrangian. LQCD simulates the strong interactions numerically on a dis-
cretized Euclidean space-time. In LQCD, quark fields are defined at lattice sites, while
the gluon fields are defined on the links connecting these sites. Numerical LQCD cal-
culations using Monte Carlo methods can be computationally intensive, which requires
the use of the supercomputers. LQCD method has already proven itself, for instance, the
mass of the proton has been determined precisely using LQCD [57] and the prediction for

the behavior of the running coupling constant consistent with the experiments [58]. The

14



following section will present detailed information of LQCD.

2.2 Lattice Quantum Chromodynamics

Lattice Gauge Theory was developed in 1974 by Wilson [16]. Initially, it was studied as
an analytic method. In 1979, Creutz, Jacobs, and Rebbi [59] calculated the first numerical
solutions using Monte Carlo simulations. Thereafter LQCD was developed both as an
analytical and a numerical method to study non-perturbative phenomena. In 1990s, with
the development of computer technology, LQCD studies have started to be conducted on

supercomputers.

In the LQCD method, Euclidean space-time is discretized. Quark fields are placed on
the lattice sites and the gauge fields are defined in terms of links, connecting the lattice
sites. Lattice spacing, a, acts as a cut-off that regularizes the ultraviolet divergences of the

quantum field theory. Continuum results are recovered in the limit a — 0.
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Figure 2.3 Tllustration of Lattice, red dots y/(n) denotes fermions, lines that connecting
the fermions are link variables and the simplest closed loop plaquette is illustrated as
blue arrows.

In the continuum formulation of a quantum field theory, dimensional regularization is
used to regulate the ultraviolet divergences. LQCD is a numerical method, so the results
have statistical errors as well as systematical errors stemming from lattice spacing, lattice

size, discretization and action [60].

Several theoretical approaches have been used to examine the non-perturbative region,

such as quark models [8], QCD sum rules [9], heavy quark effective theory based mod-
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els [10] and LQCD [11]. However the LQCD is the only ab initio method which starts

directly from the QCD action.

2.2.1 Path Integral in Lattice QCD

LQCD is constructed on the Feynman’s path integral approach [61]. To understand the
path integration on the lattice, it is better to begin with path integral in quantum mechan-

ics.

In 1948, Feynman developed a new formulation of quantum mechanics, based on dis-
cretizing space and time, summing all possible paths between the initial and final points
contributing to the propagator. Using the path integral method, propagator can be calcu-

lated directly from the Lagrangian. The action is defined as
S= / Zd*x, (2.13)

where the .Z denotes the Lagrangian density. The propagator between initial and final

quantum states is
(ar|e ™ |gqi) = / o gy, (2.14)

where Zx is the measure over all paths. In order to derive Eq. (2.14), it is assumed that

. ~ 2
there is a single particle in the x direction. The Hamiltonian is written as H = £, and the

Lagrangian is L = %qu. When time 7T in the left-hand side of the Eq. (2.14) is divided

into N equal parts, the equation becomes

<qf|e—iHT lg:) = <Qf‘ o iHt ,—iHt  —iH1 i) - (2.15)

Then, complete set of states are inserted between the exponentials as follows:
HT o= iH iH
(arle™™ gy = T] /qu (qrle™™ |gn-1) (gn-1]e"™" |gn_2)
k=1
Aaile™™ i) (2.16)
For a single matrix element, inserting the Hamiltonian and a complete set of states equa-
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tion becomes as follows:

2 dp i
(el g = [ 52 anile B 1p) (plas). @17)

where the momentum operator acts as the eigenstate. This can be written as the momen-

tum eigenvalue, in which the other exponential comes from gy, | to gx:

<Qk+1!€ % /_e lzmlelp Gi+1 ‘Ik) (2.18)

This is a Gaussian integral which can be easily evaluated to

—im ym (‘lk+l_qk)2
e 2 t

2.19
27t ( )

2
_ P~
(Gier1] e " |qi) =

Inserting Eq. (2.19) in to Eq. (2.16) and solving the N gaussian integrals, Eq. (2.16) re-

duces to

N - L 170 I

In the continuum limit, summations are replaced by integrals and the q"“l—_q" term be-

comes the time derivative of the momentum. Finally by defining the measure

e () (1 o)

path-integral representation is written in a simple form
—iHT _ i [l dtimg?
(arle”™ |ai) = | 2ge'lo @27, (2.22)

This equation shows that all possible paths contribute to the calculation of the energy

operator with their weights. Details of the derivation can be found in Ref. [62].

2.2.2 Discretization of the Gauge Fields

The gauge fields in LQCD are constructed from the link variables. It is crucial to under-
stand the link variable, continuum gauge fields and the relation between them. The link

variable connects the n to n+ fi lattice points, here [l defines direction on the lattice. In

17



continuum, such an object is called the gauge transporter,

G(x,y) = pelifec, Ads) (2.23)
Analogously, link variables are defined as

Uy (n) = &4 (2.24)

The gauge field (A, (n)) obeys Lie Algebra which is su(3). The exponential mapping in
Eq. (2.24) maps Lie algebra to its Lie group. Thus the link variables are elements of an
SU(3) group. Uy(n) are traceless and anti-hermitian 3 x 3 matrices. For small a, link

variables can be expanded as

Uy(n) =1 +iaAy(n) + 0(a?),
(2.25)
U_y(n) =1 —iaA,(n— )+ 0(a?),
where —[l is the negative direction of fi.

It is essential to construct the discrete gluon action using gauge invariant objects to respect

the gauge invariance of the action. Consider a path of links that connects ng to ny,

P[U] = Uy, (no)Uy, (no+ o) ... Uy, (n1 4 fim—1) = [ Un(n), (2.26)
(n.u)eP

which is the lattice version of the gauge transporter given in Eq. (2.23). P[U] transforms

as

PIU] — P[U"] = Q(n0) Uy, (n0)Q(no + flo) " Q(no + fl0)Uy, (o + flo) - .
Uy, (1 + 1)), (2.27)
PIU'| = Q(ng)P[UIQ(ny)", (2.28)

and by considering the trace

LU =tr [ IT v (n)} : (2.29)

(nu)eZ

a gauge invariant object is constructed from link variables. The object is gauge invariant
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after the trace only if Us in the products start and end at the same point. It can be shown

that Eq. (2.29) is a gauge invariant object by inserting the Eq. (2.28). It is useful to build

the simplest possible closed loop for the lattice gluon action. Such a variable is called a

plaquette (see Fig (2.4)). In its simplest form plaquette is defined as a product of four link

variables

A

Upv(n) = Up(n)Uy(n+Q)U_p(n+ o+ V)U_y(n+ V),

Uy () = U (m)Uy (1 + @)Uy (n + 9) Uy ()

Inserting Eq. (2.25), the plaquette can be written in terms of the gauge fields,

qu(”) _ eiaAu(n)eiaAv(n—O—ﬁ)e—iaA“ (n—o—fl)e—iaAv(n)'

Using the the Baker-Campbell-Hausdorff [63] formula,

AGB _ A+BHS [A.B] +...

bl

the plaquette in Eq. (2.31) becomes

a2

Uy (n) = exp (iaAu (n) +iaAy(n+p) = 5

[Au(n),Ay(n+ )]
2
—iaAy(n+ fi) —iaAy(n) — £ [Au(n+7),Av(n))]
a? a?
+ 5 [Av(”+.a)7AM (n+ \A/)] + D) [A“ (n),Av(I’l)}

a? a?

+ 5 A Au(n 4 9)] + 5 [Av(n ). Av ()] + 0(a)).

Replacing the shifted gauge fields by

the plaquette reduces to

Uyv(n) =exp (iaz(auAv(n) — dyAy(n) +i[Au(n),Ay(n)])+ ﬁ’(aS)),

Uuv(n) =exp (iazFuv + ﬁ(a3)),
a*FyyFHY

+0(d).
Real part of the expansion gives
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Figure 2.4 1 x 1 Plaquette Uy

a*Fy FH*

Re[Ujy (n)] =1 - 2

+0(a). (2.36)
The gauge action in the continuum is defined as

— Z Y Fu FHY, (2.37)

1 4
neA W,v

discretization 2g

discrete version of which, in terms of the plaquette, is the Wilson’s formulation of the

gauge action,

e Z Y Retr[1—Uyy(n)]. (2.38)

neA U<v
2.2.3 Naive Discretization of Fermions

In order to make calculations on the lattice, it is necessary to discretize the wave functions

of fermions. Free Dirac action in continuum is written as

SH V) = [ a5 P00 0+ m) W (). (2.39)
Space-time is discretized on a 4 dimensional lattice

A= {n: (n1,ny,n3,nq) |ny,np,n3=0,....N—1;n4=0,...,Np — 1}, (2.40)
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and the spinors are allowed to live only on the lattice sites. Partial derivative is replaced
by its symmetric definition

A

LYt f)—yn—p)

8,1 y(x) 7 (2.41)
Therefore the discretized free Dirac action becomes
. _ 4 n+{)—win—{
stiv v —at Lt ( Xy YRy ). 24
neA u=1

Next step is to focus on the gauge invariance of the discretized fermion action. The link

variables are used to ensure the gauge invariance. Fermion fields transform as

y(n) = ¥'(n) = Q) y(n), ¥(n) = ¥ (n) = ¥(n)Q(n)". (2.43)

Under such transformations, mass term of Eq. (2.42) remains gauge invariant, however,

the kinetic part transforms as

V(Y (n+ ) = §(m)Q (n)Q(n+ ) y(n+ ),
(2.44)

A

V(' (n—f) =§(n)Q" (n)Qn— f1)y(n— fr),
which is not gauge invariant. To achieve the gauge invariance, two fermion fields are

connected with a link variable, Uy,

YV (mUy (' (n+ ) = §(n)Q" (n)Uy () Qn+ f)w(n+ ), (2.45)
where the link variable transforms as

U}, (n) = Q(n)Uu(n)Q(n+ ). (2.46)
In Eq. (2.42) y(n— f1) transforms as

V(U ()Y (n— 1) = §(n)Q" (n)Uy (n)Q(n — ) w(n— f1). (247)
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Link variable in Eq. (2.47) points in negative u direction. Therefore using new notation

Uu(n—f1)" = U_(n) leads to the transformation of link in negative direction;
U’ y(n) =Q(n)U_p(n)Q(n—p)". (2.48)

With these considerations the discretized fermion action becomes

Ualn) o Yulm
n n n+u

@
n—u

Figure 2.5 Forward and backward link variables.

. nyn+ia)—U_y(n)y(n—[
i) =at X w1 SR L)
neA u=1
N m"'(")) ' (2.49)

2.2.4 Fermion Doubling Problem

In this section the fermion doubling problem will be explained which occurs when the

action is discretized. The fermion action is bilinear, so it can be written in the form used

in Wick’s theorem,

Selw, W, U] =a* } W(n aD(n\m)a;s y(m)g, (2.50)
neA b

where the Dirac operator is given as

i )ab6n+/ft7m —U_y (n)abénf/ft,m
2a

n|m af
a

—1—m5aﬁ 5ab5n,m~ (2.51)
u=1

In Eq. (2.50) fermion action is rewritten in the form of Wick’s theorem in Eq. (A.25) with
setting M = —a*D. The notational difference between Eq. (2.50) and Eq. (A.25) is, in
Eq. (A.25) only a single index is used to label the different Grassmann numbers while in
Eq. (2.50) is summed over several indices. Before explaining the doubling problem, it is
instructive to consider the Fourier transform on the lattice. Fourier transformation in the

continuum formalism is basically a mapping of an object between two orthogonal spaces.
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For a 1-D variable, it is defined as

flk) = x)e” *xdx, (2.52)

1 %}
V4 27 /—oof(
where the object from the x space is mapped to k space. Using the periodic boundary

condition

f(n+ANy) = 2% f(n), (2.53)

momentum space is described as

~ 21 N N,
A:{p p17P2»P3>P4)|pu aN (kﬂ+eﬂ) k - /4_1_17.”’ 2.U }7 (254)
u

for a discrete space-time with periodic boundary conditions. The Fourier transformation

on the lattice is defined as

f(p) \/]T Y f(n)e P, (2.55)
neA

while the inverse transformation is

Y Ff(p)e rme. (2.56)
\/K peA

The Dirac operator in Eq. (2.51), has two space-time arguments (n and m) thus Dirac

operator in momentum space is written as

Y. e P"D(n|m)e ™. (2.57)

n,meA

D(plq) = |A|

Expanding the exponentials in Eq. (2.57) and setting the gauge field as U, = 1 for sim-
plicity, the Eq. (2.57) becomes

fip.naeiq(n+/ft)a _ efip.naeiq(nfﬂ)a
+ml

D(plq) = Z(Z Yu >

neA
4 iqua __ ,—iqua
—i € € (2.58)
D(plq) = P4 ( 1/ —+m]l),
IA] nZA “21 H 2a

=68(p—q)D(p).
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Using the trigonometric identity for the exponentials, the Fourier transformed Dirac op-

erator becomes

D(p) =ml +~ Z Yusin(pua). (2.59)
,u 1

It is easy to compute the inverse of Dirac operator in momentum space, which is a 4 x 4

matrix. Eq. (2.59) can be inverted using

4
4 al —i ;lyﬂbu
(al+i Y yubu) ' = — (2.60)
u=1 a2_|_ Z bﬁ
n=1

4
which can be easily verified by multiplying both sides by al +i ), yub,. Applying
u=1

Eq. (2.60) inverse of the Dirac matrix is

4
ml —ia=!' ¥ Yu sin(p“a)
=1
D(p)~' = = , 2.61)

4
m2+a?y sin(p”a)2
u=1

and its inverse Fourier transformation is,

D(n|m)™! = ZD )~ Leip-(nma (2.62)
peA

which is the quark propagator in Eq. (A.29). Quark propagator, includes all the n point

functions. For massless fermions, the lattice propagator becomes

4
: L Yusin(pua)
D(p)™'| = = : (2.63)

a2 Y. sin(pya)?
u=1

which, in the continuum limit, reduces to

—1Y. YuPu

~ —1 a—0
D(p) ' “p2 . (2.64)

In the continuum limit, there is only one pole. On the other hand, Eq. (2.63) has 16

poles. The p,(0,0,0,0) corresponds to the continuum but the remaining 15 are called
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as doublers (py(%,0,0,0),pu(0,2,0,0),...,pu(%,Z, 2, 7). Doublers are not physical,

Y ar
they should be removed. This problem is known as the fermion doubling. There are at
least two different solutions for this problem, one is Wilson Fermions [16] and the other

one is staggered fermions [64].

2.2.5 Wilson’s Fermions

Wilson’s solution to fermion doubling is to add an extra momentum dependent mass term
to fermion action that cancels the unphysical poles. Adding the ]lé il(l — COs ( pua))
term to the action, doubler-free Dirac operator becomes .

. i & o -

D(p) = m1 + EHZ] Yusin(pya) +1— Z (1 —cos(pua)). (2.65)
The extra term is known as the Wilson term. There is no contribution from this term at
the point p, = 0, but Wilson’s term brings an extra % contribution to the unphysical poles.
This contribution acts as an additional mass term so that the total mass of the doublers
becomes, m + % If the lattice spacing (a) is small enough, doublers become heavy and

decouple. Considering the free case, Wilson term in the position space is

4 U (1) Ss o m — 28aSam +U—u,

u ab%n+fi,m abn,m un— /,Lm

—a ZI 5 (2.66)
u=

where the link variables ensure gauge invariance. Eq. (2.66) is nothing but the discrete
version of the continuum Laplace operator, V2. Its proportionality to lattice spacing a

ensures that in continuum limit, a — 0, this part vanishes. The full Dirac operator becomes

. . 4 1 &
DY) (n|m)gp = (m) + ~)8apBupBum — 5 - Z (1~ ) apUp (0)ab Bt - (2.67)
b u=1

The final form of the fermion action is

AUAAY Z Yy ) ) (n|m)y') (m). (2.68)

n,meA
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2.2.6 Other Lattice Fermion Actions

Eliminating doublers and incorporating the chiral symmetry are issues for which many
efforts have been taken to address for years. Therefore, different formulations have been
developed. Novel methods and computer technology have made heavy quark calculations

possible. This section will give general information about other lattice fermion actions.

2.2.6.1 Staggered Fermions

Staggered Fermions, also called as Kogut-Susskind fermions, are formulated in 1974 by
Kogut and Susskind [64]. There are four degenerate states (4 X ny quarks) in staggered

fermions. Local transformation is

Vo= QW W, 2 W00 Q=101 B, (2.69)

transformation mixes spinor and space-time indices, generating the chiral symmetry, where
ny = (n1,ny,n3,n4) is site index and y’s are well-known Euclidean gamma matrices.

There are sixteen different transformation matrices,
Q;Tﬂ/ugnﬂl = (_1)n°+n|+...+nu—l =0y (n). (2.70)

In terms of the staggered fermion fields, the Wilson fermion action becomes,

4 / —v'(n—
selv', vl =a* L vt ( ¥ mb O ) e
n eA u=1
where
Mm(n) =1,m(n) = (=1)",m3(n) = (=1)"7"2,na(n) = (—1)" 27", (2.72)

are the staggered sign functions. The final action becomes

n eA

4
Selx, X1=a* Y, 71 Y nu(x)x(n+u)
1
IJ:

U (n) —Uj(n—p)x(n—p)
2a

+mx(n)) . (2.73)

26



Here x(n)s are the Grassmann-valued fields, these fields carry only color indices without
Dirac structure. Discarding the three of the four identical copies of () only four survives

from sixteen d.o.f. With this procedure doublers are eliminated.

2.2.6.2 Twisted Mass Fermions

The formulation of the Twisted Mass fermions dates back to 1999 [65, 66, 67], in which,

a so-called chirally twisted mass term
Duwise = Dlgyy +mlon + il Y513, (2.74)

is added to the Wilson fermion action. Here, 73 = diag(1,—1) is the isospin generator
and p is the twisted mass. This term removes doublers from the Dirac operator. This is

evident from the following simple arguments:

det[Dyyige] =det[D 1oy +mlgn +inys13),
= det[D +m+ i‘LL'}/5]d€l[D +m— iuj/s],
= det[D+m+ipys|det[ys(D+m—ipys) 5],
(2.75)
= det[D+m+iuys|det[D" +m—iuys),
= det [(D+m+ iwys) (D" +m— iuyS)] )
—det|(D+m)(D+m)" +12)] >0, u#0,
Since the eigenvalues, (D+m)(D+m)", are real and must be greater than zero and u? > 0,

the Dirac operator must be positive. Hence, Dirac operator can eliminate the doublers.

2.2.6.3 Domain Wall Fermions

Domain wall fermions were introduced by Kaplan in 1992 [68] and then developed by
others [69, 70]. This method uses 5-dimensional lattice to create 4-dimensional chiral
Dirac’s fermions. A 4-dimensional lattice is extended to a 5-dimensional one by adding a

fifth dimension, Ay = A x Zy,. Wilson action is modified accordingly as

Ny—1
S v w U= Y, Y W(n,s)D"Y (n,s\m,r)y(m,r), (2.76)
n,m €A r=0
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where the Dirac operator given as
DPY (n,s|m,r) = 8 ,D(n|m) 4 &, D2V (s|r). (2.77)

The spinors are naturally 4-dimensional Dirac spinors (y(n,s)). The color and Dirac in-
dices in the spinors are in four dimension, however there is an extra term s which behaves
like additional fifth dimension. Link variables are the usual 4-dimensional ones. The
copies are used for different 4 dimensions; this allows to create 5D lattice with 4D lattice

chiral fermions.

2.2.7 Hopping Expansion

In this section notations of Refs. [71] and [72] are used. In LQCD, calculations involving
fermions are cumbersome, since fermions obey the Grassmann algebra. Because they
have extra variables, it is hard to calculate fermionic path integrals numerically. For
example, in pure gauge theory, it is relatively easy to calculate the correlation functions
using Monte Carlo methods. To circumvent this issue, fermions must be integrated out
first so that the remaining path integral depends only on pure gauge fields, which can be

calculated easily.

A direct approach to this calculation does not provide a good perspective to the detailed
dynamics. Hopping parameter expansion [73] on the other hand allows to draw the physi-
cal picture of hadron propagation on the lattice and reveals the effect of pair production to
the observables. Unfortunately, the hopping parameter expansion has its drawbacks. This
expansion is applicable to large lattices and large quark masses; so it is not very useful
in continuum limit. Despite the limitations of the method, it gives valuable insight about

fermions on the lattice.

2.27.1 Hopping Expansion of the Quark Propagator

The fermions two point function has an expectation value of fermion and anti-fermion

fields. Using the Wick’s theorem in Eq. (A.26), the fermion two-point correlation function
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can be written as
(W(n)W(m)) = a*D~" (n|m), (2.78)

where the y(n) (W(m)) is the fermion (anti-fermion) field and D! is the quark propa-
gator. The propagator is inverse of the Wilson’s Dirac operator in Eq. (2.67). For large

quark masses, D can be expanded as

1 4
D=C(1—xH - C= — 2.79
(L—kH), K= rmsa) m+ -, (2.79)

where K is a real number called Hopping parameter and the C is used to redefine the quark
fields like ¥ — v/Cy. The Hopping matrix is
+4
H(nlm)= Y (1 —%)Uu(n)8yspm (2.80)
u==1
The matrix is a collection of all the nearest-neighbor terms of the Dirac operator. For
small x, the inverse of the Dirac operator can be expanded in a power series as

Y &'H' (nm)qp, (2.81)
— ap

D_l(n‘m)ocﬁ =
ap i=0

where H' means ith power of the Hopping matrix. More information can be found in
Refs. [71, 72]. Higher orders of the Hopping matrix can be calculated by inserting

Eq. (2.80) iteratively,

HO(”‘m)aﬁ = 606/3 b Onm
ap

+4
H1<n|m)aﬁ = Z (]l - Yu)aﬁUu (n>ab6n+/fl7m7
ab  p=+1
H*(nm)qp = Y H(nlk) oy H(klm), s, (2.82)
ap kAc dc ch

= (T —y)(1 - VV))ocB(Uu (n)Uy(n +na>)ab5n+ﬂ+\7,m7

+4 i
Hl(”|m)aﬁ = Z (H(]l _'}’ui))Pul...ui(”)ab5n+ﬁ1+-~+ﬂj,m»
ap [.Lj::tl j:l

where Py, . ;(n)qp is a pure gauge object composed of the product of all link variables.

The (1 — 7,,) term, is important and it is related to the link variables. The relation (1 —
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1) (1 4+ %) = 0, ensures that the paths containing back tracks are excluded from the
products. The hopping expansion of propagator is written as a sum of forward paths
only. It is also clear that the highest contribution comes from the first term, since the

contributions of longer paths diminish.

2.2.7.2 Hopping Expansion of the Fermion Determinant

Hopping expansion of the fermion determinant and those of quark propagator are similar.

Using Eq. (2.79), fermion determinant can be written as

det[D] = det[1 — xH]. (2.83)
Replacing the determinant by an exponential of trace of the logarithm,

det[1 — kH] = "1 XA (2.84)

and expanding the logarithm, it becomes

(fj)g1 %Kjtr[Hj])

ourln[i—xH]] _ , ’ (2.85)

where the trace acts on the Dirac and the color space. This refers to setting n = m, thus,
creating closed loops which are fermion loops. 1t is important to stress that they do not

correspond to the quark-antiquark loops of the perturbative description.

The insight is obtained from the hopping expansion that the quark propagators are sums
over the lines of fermions and the fermion determinant is defined as a sum over the closed
fermion loops, which are crucial for incorporating the sea-quark effects into the Monte-

Carlo simulations.

2.2.8 Symanzik Improvement of Quark Propagator

Wilson action has & (a) discretization errors while the plaquette gauge action has (a?).
For the charm quark this error corresponds to a relatively high as aMp ~ 1. There are

various ways to reduce this error. The simplest method is changing the derivative operator
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as follows:

fxta)—fx—a) _df

=L 10, (2.86)
2a dx
4 f(x+a)—f(x—a) f(x+2a)— f(x—2a) _ﬁ 4
§ 2a 164 =~ I + ﬁ(a ) (2.87)

However, in quantum field theory, complications like operator mixing under renormaliza-
tion arise and a different solution is needed. Symanzik developed an improvement to the
lattice action [74, 75]. The idea is adding a term that cancels the ¢'(a) and higher order
errors. Simply, the derivative can be expanded as,

f(x+a)—flx—a)
2a

= (%) +a*cP (x) +a*c® (x) + 0(a®), (2.88)
where the Taylor expansion has been used,

/ a? 1 a? " 4
flrka) = f@) £ af () + 5 £ () + L f"(x) + 0(a) (2.89)

The first higher order term that survives is, ¢(?) (x) = % f"(x), which is cancelled by adding
an extra term to the left hand side of Eq. (2.88):

fx+a)—fx—a)

2 +ea® DO (f(x) = f'(x) + O (a*), (2.90)

where,

DY) (f(x)) = " (x) + O(a),

DO (f(x)) = f(x+2a)-2f(x+a)+2f(x—a)— f(x—2a) 1

243 S

(2.91)

Using the Symanzik improvement, fermion action has an extra term called Clover term,

. .1 A
S}::lover — S;Vllson_}_CSWaS Z Z IV(”)EG,UVF/JV(”)W(”)’ (292)
n eEAU<V

where cgy is the Sheikholeslami-Wohlert coefficient and

Fuv = 25 (Quv(n) = Quu(n)). (2.93)

ﬁ“v is the discretized version of lattice field strength tensor, where Qv (n) is defined as

the sum of all plaquettes associated with the lattice site n as shown in Fig (2.6). csy can
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Figure 2.6 Sum of plaquettes in the  — v plane (Qpy).

be calculated both numerically and perturbatively.

32



2.3 Discrete Symmetries

Symmetries are essential for particle physics. According to Noether’s theorem, symme-
tries can be associated with conservation laws or the other way around. Symmetries and

the corresponding conservation laws are listed in Table (2.2). In the following sections

Table 2.2 Symmetries and conservation laws [50]

Symmetries Conservation laws
Transition in time Energy
Transition in space Momentum

Rotation Angular Momentum

11111

Gauge Transformation Charge

parity, charge and time-reversal symmetries will be discussed which are using in LQCD

calculations.

2.3.1 Parity

Physical processes were assumed to be mirror symmetric until 1957. Wu [76] presented

60-g P decay showing that the parity is violated in

an experiment using the polarized Co
weak interactions. But it is a good symmetry in strong and electromagnetic interactions.

Parity in continuum is defined as

P:x— —x;t —>t. (2.94)

It is a space inversion such that it only changes the sign of the spatial coordinates. While
momentum changes angular momentum and spins remain unchanged under parity trans-
formation. (For details see [77, 50].) Discrete parity operation is defined similarly to

the continuum case. Parity operator changes the spatial coordinates, leaving the temporal
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coordinate intact,

I//(n,n4) ?’4‘/’(_”7”4);

(2.95)

7i<_nan4>1‘a

&
_>
— P __
V’(”;’M) — II/(—I’I,I’Z4)Y4,
Ui(n,n4) ﬁ) U
&
_>

Us(n,ng) — Us(—n,ny).

The hopping part of the Wilson action remains invariant under parity transformation. De-

tails of the calculation can be found at Appendix D.1.

2.3.2 Charge Conjugation

The operator that changes the sign of the charge is called charge conjugation. This oper-

ator converts the particle into its anti-particle and it is defined as,
Clp) = Ip). (2.96)

Basically, it changes the sign of all internal quantum numbers, such as charge, baryon
number, quark contents of the particle while its mass, energy, momentum and spin remain

the same. Discrete charge conjugation operator is defined as

(2.97)

where the charge conjugation matrix acts on the Dirac space only and is defined as a

combination of gamma matrices C = }»%;. Charge conjugation of link variable is

T
)

eiaA”(n) £> eiaA“(n)C N eiaA“(n)* N efiaA”(n) (2.98)

where the transformation, A, (n) — —Ay (n)T shows that the corresponding antiparticle

has the opposite charge of the particle.

The Wilson action given in Eq. (2.67) remains invariant under charge conjugation. The

mass term is

V()Y (n) = —y" (n)CC™'Y (n) = W(n) y(n), (2.99)



and the hopping part of the Wilson action shown to be invariant in Appendix D.2.

2.3.3 Time-Reversal and y5-hermicity

Time-reversal symmetry replaces a forward propagating particle with its anti-particle,
propagating backwards in time direction. Time-reversal operator, .7, is anti-linear and
it cannot be matched to any observable. It does not correspond to a quantum number.

Furthermore, it is not an exact symmetry.

In lattice formulation, it is associated with 5 hermicity. Most of the Dirac operators are

¥s hermitian, so they obey the relation,
D = (ysDys). (2.100)

Mass term of the Wilson action is invariant and the hopping part can be found in Ap-

pendix D.3.

The 75 hermicity is extensively used in quark propagator and correlator calculations.
Eq. (D.17) also shows that the fermion determinant is real. All of the discrete symmetry

operators of the lattice formulation are listed in Table 2.3.

Table 2.3 Table of discrete symmetry operators on Lattice [78].

Variables | & 4 T

Us(n,ng) | Us(—n,ng) | Uj(n,ng) U_4(n,—ns)
Uix,ns) || U_i(=n,nma)™ | U (x, 7) Ui(x,— )
v(x,7) | my(—x7) | mpv'(x,7) | nsvx—7)
V(7)) | V(xTn | -V & T)pn | ¥x-T)rn

Discrete symmetries are crucial in defining the interpolating fields that will be described

in the next chapter.
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CHAPTER 3

TECHNICALITIES

In this chapter we will describe how to perform numerical calculations in LQCD. In sec-
tion 3.1, correlators in LQCD will be explained and two-point correlators will be defined.
In section 3.2 the information will be given about baryon spectroscopy in LQCD. Effec-
tive mass and matrix elements will be defined and the analysis steps will be explained

through sample analyses. Finally baryons in LQCD will be discussed.

3.1 Correlators in Lattice QCD

In this section, interpolating fields will be defined by using the discrete symmetry op-
erators that have been introduced in section 2.3. Later the two-point correlators will be
explained and a convention for performing Wick contractions will be introduced. Finally
explicit spectral forms of two-point correlators for spin—% and spin-% fields will be calcu-

lated.

3.1.1 Interpolating Fields

Discrete symmetries help to build interpolators and to classify the hadrons. In simplest
interpretation, baryons are composed of three valence quarks. Baryon interpolator can be
written by taking into account the quantum numbers describing that particular baryon. As
an example, quantum numbers of the proton are [ = %, Q=1,P=+1. It consists of two

u and one d quarks. Commonly used interpolating operator for the proton is

ON =€ape [u(n)gC}gd(n)c] u(n)gq, (3.1)
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where u(n) and d(n) are Dirac 4-spinors, T is the transpose and a, b, c are the color indices.
Anti-symmetric tensor, €,;., makes the interpolator color singlet. The term in parentheses
is defined as a diquark which has two quark spinors. The diquark partis / =0 and J =0

due to Cs term.

The parity of proton is P = +1. In order to project the desired parity, parity projection

operator, Py, is defined. The proton interpolator is
On+ =€ape Pi(u(n)! Cysd(n))u(n)g, (3.2)

where P. = %(]l + 7). Interpolators for other octet baryons are given in Table 3.1.

Table 3.1 Interpolating fields of spin—% baryons.

ONi = SabCPj:FALta [uZFBdC]

OZi = SabCP:tFAua [MZFBSC]

OEi = EabCPiFASa [SbTFBuc]

On, = €apcPiT* ((25a[uf TPd.)) + (dalup Tsc]) — (uald[T5s.]))

For the spin J = % baryons, the corresponding gamma matrices are I'4,I'g = (1,C;). The
spatial gamma matrix, which makes the diquark J = 1 and together with the quark spinor
outside the diquark structure, the interpolator defines a J = % baryon. There is also an

admixture of J = % components.

The hadron interpolator has to be projected to a definite momentum via the Fourier trans-

formation

~ 1

O(p,n) = Y o(m,n)e ", (3.3)

where Ay is the spatial part of the lattice and p is the spatial momenta. In continuum, QCD
observables are defined using angular momentum and parity J” which lead to rotation
group O'(3). However, the continuous rotational symmetry is broken on the lattice since
we are using discrete space and time. Fortunately there is a relevant symmetry group
which is cubic point group &}, hence the lattice states are classified by these irreducible

representations A’ rather than J* [79].
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Source(m) Sink(n)

Figure 3.1 Illustration of a two-point function: Arrows are the quark propagators. Node
(m) is the source point and node (n) is the sink point

3.1.2 Two-Point Correlators

A two-point correlator is defined as the product of two interpolating fields as, (Op(n)qOp(m)q)-
It has the physical meaning that one interpolator creates a baryon at one point and the other

annihilates the baryon at another point.

To illustrate, consider the calculation of proton’s two-point correlator. Replacing Op(n)q,
by the proton interpolator given in Eq. (3.1), since the interpolators are Grassmann valued

fields, there must be a minus sign when the fields are interchanged:

(OB(n)aOp(m)q) = —(0p(m)qOp(n)a),
- <63 (m) OCOB(”) OC> = <£abcga’b’c’ (ﬁ(n)aCYSa(n)l];)ﬁ(n)cPi (3.4)

Piu(m)c/ (u(m)Z/C%d(m)b/)) .

The identity P7 = Py is useful in this case. Keeping in mind that the contraction of two

—1(g)

quark fields reduces to the propagator D = gaqy - Correlation function in terms of

oo/
propagators is written as
— —1(d) y—1(u
(08(1)a05(m) ) = Eacartre (CY5 )t (CY5)ap (P )y {(Dﬁ/g ‘D"
b'b da
—1(u) —1(d) = 1(u) 5 —=1(u)
D, ") = (Dgg”Dy, "Dy )}, (3.5)
de b'b dc ca

= eaceqpen[Dy " (Po)]ir[(C15) Dy, () Dy

da

+u (D, (P2)D,, " (C5)D L, (Cs)]. (3.6)

The two-point correlators can be used to calculate the masses of hadrons. The contraction
of two- and three-point functions can be calculated much more easily with a different
convention. In CHROMA's [1] convention, the correlation functions for interpolating
fields are generically labelled as B. For baryon contraction, in general, there appear two
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types of traces:

e[y Jer Dy, U0y, ], (3.7)
w[p,Vp, 1@p 160 (3.8)

In CHROMA'’s convention, the fields are defined as

(B WB(0)) = —e e (qft(Chlapds ) 50

= 2 (C15)ap (1) gD~V (. 0)

D' (x,005%D7 ) (x,0)55. (3.9)
(BB ) = ~e™e { (gt (Chlapdls) 500

(T78(CRaps5) 35,0

= —"e"Y (CY) 03 (C5) g5 D' (x, 0055,

D' (x, 00550~V (x,0)2, (3.10)

The traces are written as

_ _ — 123
tr [Dﬂ}“)} tr[(Dafx(,”Dﬁ ;52))} (BIPB), 3.11)
tr [(Dﬁ 57D ;;(I)D;;,@))} (BIPB). (3.12)

As an example the proton’s interpolating field is defined as

Oy = €upe(u(n)L Cysd (n))u(n), — B, (3.13)
The contraction for two-point function can easily be stated with

(B gy, (3.14)

It is important to note that the first quark flavors are the same for traces in Eqgs. (3.11) and
(3.12). An interchange can be made to make the first quark flavors the same. However,

interchange for octet baryons a brings minus sign, 3123 3213 The two-point correlator
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reduces to

<B?fldu2gb;/ldu2> + <Bb;ldung;,2dul>,
<Bl;/1duggz;}du2> + <B§1/u1uzg;i/u2u1>
BEEP) a2 aat BB a2 @15

(3.16)

Quarks are labeled because there are two quarks with the same flavor in proton’s interpo-

lating field.

In order to extract form factors properly the coefficients in front of the two-point correla-
tors must be carefully treated. Consider the two-point correlation function projected to a

definite momentum:

(F™ (1 psT)) = ¥ €7 TP (QIT (1 (1)Z (0)) 2)- (3.17)
X

Inserting complete set of states between x’s, we obtain

(FM(1;p;T)) = ZNZ ¢ XTB e (QIT (x® () IN(7,)) (N (5.5) P (0))|€). (3.18)
X N,p,s

where |N(p,s))(N(p,s)| = 1. Baryon to vacuum transition matrix element is defined as

S M
(QUX*)IN(P.5)) = Zpy | Z—u(P,s)- (3.19)
p
Here Zp is coupling strength and E,, = +/p? + M?2. The free spinor sum is
ip+M
p,s)u(p,s) = : 3.20
; u(p,s)u(p,s) I (3.20)

The x“*(x) in Eq. 3.18 can be written as evaluation operator

(F™(e:pD) =Y, ¥ P TP (QIT (x%(0) e P IN(5.5)) (N(F.9)[ZP (0)|Q).  (3.21)
x N,p,s
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Exponential in bracket is four vector, it can be split in energy and spatial parts

FW(ep D) =Y Y PP QT (1% (0)N(5,5))
X N.ps
“ENN(B,s) %P (0)) |2 3.22
e "IN (P;9)[X7(0))]). (3.22)
The exponential of ( ;;’ — P) gives the dirac delta in three dimensions

(Y1 piT)) = X85 TP QIT (r OIN G s))e B NGB P O)IR). (3:23)
N,s ’

Using Eq. (3.19), the two-point function becomes

(FNN(t;p:T0)) = Z e TPz, %ua(p,s)ZB Eﬁﬁ (p,s). (3.24)
N,s EP EP

Using Eq. (3.20), we get

M M +M
(FNN(t; p;T Ze EptpBo gz, ZB lp . (3.25)
p

Collecting all variables, I and p becomes trace. Hence, the two-point function is

(FN (t; p;T Ze_E S [np +M|. (3.26)

We can follow a similar procedure for spin—— particles. Spm—— particles are represented
by the Rarita-Schwinger Lagrangian [80]. Accordingly, interpolating fields acquire an

extra index and the two-point function can be written as
(For (1:piD)) = ) e TP H{QIT (1 (1)77 (0) ). (3.27)
X

Following steps similar to the spin-1/2 case, y*(x) is written as evaluation operator by

separating the energy (temporal) and spatial parts. Thus the two-point function becomes

. M M_
(Fo2 (e D)) = Y e B TP 7z [ Zul(p,s) Zg, [ = e (p,s), (3.28)
N,s EP EP

Using the Rarita-Schwinger spin sum in Euclidean space we get,

—ip+M 1
Zug(p,s)ﬁg(p,s) = IZ—M |:gGT_ g}%}‘r‘f’

2pspe B ipo% _pTYO':| (3.29)

3M? 3M
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where ¢ and 7 are Lorentz indices and when taken as, 6 = 7T with the choice of I'4 for

the projection operator. Finally the two-point correlator for spin—% particles becomes

2 P2\ (E,+M\ _
AAc.. . = o p E,t
(Foo (1:p3T4)) 3(1+M2)( oE, >e : (3.30)

3.2 Lattice Simulations

In this section baryon spectroscopy of LQCD will be discussed. Before calculating the
observables, gauge configurations and individual quark propagators on each gauge con-
figuration have to be generated. Generating the gauge configurations is a very costly pro-
cedure, since huge computational resources are needed. In our work we are using 323 x 64
size lattices generated by PACS-CS collaboration [4], the configuration generation does
not to be discussed in detail but we briefly outline the method. Detailed information about

lattice generation can be found in the Refs. [11, 72].
A typical measurement on the Lattice is generally summarized in three steps,

1. Generating Configurations (Monte Carlo, Metropolis algorithms etc...).
2. Computing quark propagators and the correlation functions.

3. Data analysis (extracting the physics).

First step is calculating the path integral using Monte Carlo methods, in which the Boltz-

mann factor, e~

, must be taken into account. Different paths of the action S have different
weights, so they give different field configurations. The integral can be approximated by
using the Importance Sampling Monte Carlo method. Expectation value of a function
f(x), is given in the form
Ji dxp(x) £(x)
[ldxp(x)

where p(x) is the probability distribution density. The function, f(x), can be calculated

(f(x))p = (3.31)

using the Importance Sampling Monte Carlo integration,

(f(x))p = lim — Z f(xn), (3.32)

N—soo N
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where the x;, is randomly sampled value with the probability density

dP(x) = PH)dx
= e

The QCD action is not a simple function and it contains gauge fields (link variables). The

(3.33)

expectation value of an hadronic observable is written as,

1 N
(0)p = lim ¥ ; O[U,], (3.34)
with the probability density,

e SliZ[U]

dPW) = 1 s

(3.35)

where the measure Z[U] is defined over link variables. SU(3) adaptation is required for
the Markov Chains and Metropolis algorithms [81]. After the adaptation, Metropolis
algorithm for Wilson’s gauge action can be written, so that the gauge configurations can

be created.

Next step is to compute the quark propagators on individual gauge configurations for each
flavor. Propagators should be specifically calculated for each configuration because ev-
ery gauge configuration has different sea-quark weights. The propagator matrix consists
of €(10'?) complex numbers. Each entry connects the source point to the sink point.
These entries are highly correlated, which means that the entries contain very little infor-
mation. Therefore, calculating the whole propagator is unnecessary. In order to ease the
computation, a common practice is to choose a source point and calculate the propagator
originating from that point only. In this work point source, shell source and wall source

are used. Therefore; detailed information will be given about these type of sources.

3.2.1 Quark Sources

Propagator is obtained by inverting the Dirac matrix , D! (n|m)g f , which connects source

point, n, to the sink point, m, for all Dirac (3, &) and color (a,b) components.

If the source of the propagator is fixed to a site my, the propagator with a specific Dirac,
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0, and color, ag, component is written as

D' (njm)? % = Y. D~ (nm) > (m — mo) Sty Sac (3.36)
maa

where

S = 8 (m—mo) 8oy Gaay (3.37)

is defined as the point source. Eq. (3.36) has to be calculated for each Dirac and color
index in order to compute the full propagator. Point-source technique, however, does not
reflect the relevant physics. In order to achieve the ground-state dominance, interpolat-
ing fields must be optimized and wave functions must be improved. In order to achieve
this, smeared sources are used for improvement. The basic idea is writing the new wave

functions with smeared fermion fields,

v (no,ny) opay = ngnn%g(r) O (1) o0 V(11,710 0y - (3.38)
Similar to Eq. (3.36), the propagator, with a smeared source is written as

[1]p~! ymo =Y D! n|m % §mo:00,40) () (3.39)

m,o,a

here S(m) is the smeared source defined by a Gaussian smearing procedure [82],

Someared = Spont Z o'H (3.40)
3 0 2~ ~
H(n,m) =Y (Uj(n,n;)8(n+ j,m) +Uj(n— j,n) 8(n— j,m)). (3.41)

j=1

Here H is spatial part of the hopping matrix in Eq. (2.82) (fixed time at n;), N is the
number of smearing steps and o is the dimensionless parameter tuned to reproduce a
hadron’s average root mean square radius. It is obvious that the g o'H' part in smeared

i=0
source definition is expansion of an exponential.
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3.2.1.1 Wall Smearing

Wall smearing corresponds to setting, ¢ = 0, in Eq. (3.40), which means assigning a Dirac

delta function to all spatial lattice sites,

SMOJ0:A0 — §(m —my). (3.42)

wall

This method comes with large statistical errors. An advantage of wall smearing method
can be seen from a three-point function perspective. Fast-forwarding, in Eq. (3.81), before
doing the propagator inversion, summation over the spatial sites at the sink point, x, is
made. Instead of the hadron state, the propagator gets projected on to a definite momen-
tum. The advantage of the wall smearing is computing the shell (Gaussian smeared) and
wall propagators and then contracting these in order to obtain the three-point correlator,

avoiding any sequential inversions [83].

‘]lJ(xlutl;CI)

(0,0;p) (x2,02;p" = 0)

Figure 3.2 Illustration of wall smeared three-point function. J;; is the inserted current, x|
and ¢, is spatial and temporal points respectively.

The Fig. (3.2) illustrates the wall smearing method. The propagators without the current
insertion are shell source-wall sink smeared propagators. Propagator that the external
current is inserted is the combination of shell source Sgueqr(0,0), point sink S oin (x1,11)
propagator, and point source Sy (x1,#1), wall sink S, (x2,%2) propagator. The momen-

tum is carried by the D~!(x1,#,]0,0) shell-wall propagator.

3.2.2 CHROMA Software

In order to tackle the immense LQCD calculations introduced in the previous chapter,

several LQCD software packages developed such as fermiQCD [84], Colombia Physics

System (CPS) [85], MILC [86] and CHROMA [1]. We performed our computations
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using a modified version of CHROMA software system [1] on CPU clusters and with

QUDA [2, 3] for propagator inversion on GPUs.

The CHROMA software is a collection of LQCD applications that supports parallel pro-
gramming constructs for LQCD. Program uses SciDAC, QDP++, QMP programs which
are written in C++. It contains rich library for gauge actions, fermion actions, gauge

observables, and quark sources.

With the recent advances in technology, using the GPUs in graphics card have become
very efficient method in numerical calculations. The USQCD Collaboration also have
worked on this area and developed a subroutine for CHROMA called QUDA [3], which
uses NVIDIA’s CUDA platform. In this work, the propagators are calculated using QUDA

and the correlation functions are calculated by conventional CPUs.

3.3 Baryon Spectroscopy and Form Factors

In LQCD, calculating baryon masses from two-point correlation functions is a straightfor-
ward procedure. First, quark propagators are numerically calculated. Then, the two-point
correlator is calculated as in Eq.(3.6). Following these steps, the two-point function is nu-
merically estimated and the mass is extracted in a way that is explained below. Derivation

of form factors follows that discussion.

3.3.1 Effective Mass

Operator in quantum mechanics in the Heisenberg picture is defined as
O(t) = /M He~itA/N, (3.43)

in Minkowski metric. To work in Euclidean metric, Wick rotation, ¢+ — it, is applied.

With this transformation operator in Euclidean metric becomes

O(t)=e MO (3.44)
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A two-point correlator in the Euclidean metric is defined as

tr [ef(Tfl)I:I 02 eitﬁ OAI}
(02(1)[01(0)) = " : (3.45)
tr[ TH]

The denominator is the partition function of the system, ¢ is the actual time, T is the
maximal distance of time taken to infinity, A is the Hamiltonian of the system and the
exponential terms in the numerator are time evolution operators. When the trace operator

is written in basis form, the partition function becomes
trfeTH) = (n|e” TH\n Ze En (3.46)

and via the same procedure, the numerator becomes

tr[e_(T_t)ﬁOQe_tﬁOl] . Z (m|e_(T_’)H Ore ' 0, |m),

Y (mle T 0y |n) (n] e O |m), (3.47)
Z En (m| O3 |n) e "B (n) Oy |m) .

On the second step the unit operator is inserted as a complete set of states Y |n) (n| =1
n

and on the last step the eigenvalues of the time evolution operators are used. Combin-

ing Eq. (3.46) and Eq. (3.47), factoring out the energy of the ground state, the spectral

decomposition of the two-point correlation function is written as

)y (<m’ 02 |n) (n| 01 |m) e_(T_f)AEme—tAEn) o—TE7
OO == (1 + e TAEl | o~TAE, | ) o= FFr ,

(3.48)

where, 0E,, , = E;n, — Eo is the energy difference between the ground state and the m'h
(n'") excited state. In the limit 7 — oo, excited states do not contribute so that only the

—(T—1)

ground state remains. There is no contribution from e AEm Z%5 () term also so that

Eq. (3.47) reduces to,

lim (0,(t)|01(0))7 = Y. (0] Oz |n) (n] 01]0) e~"4F. (3.49)
T —o0 P
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The effective masses are computed using two-point correlation function in Eq. (3.49). It is
obvious that the two-point correlation functions are the sum of eigenstates of the baryon.

The correlation function at zero momentum is written as
{0(0,n,)[0(0,0)) =Y (0] O |n) (n| 0|0) e (3.50)

If the operator couples to more than one mass eigenstates (i.e. excited states of particle).

The two-point correlator can be written as sum of exponentials
C(n;) = Age "Eo + Aje™El 4 Aje™ME2 (3.51)

In the limit of n, — oo, the excited states decay and only the ground state remains. The
effective mass of the ground state can be written as

C(n)

(e +1/2) =In———
meps(m+1/2) = Ge 2

(3.52)

The leading term of the Eq. (3.51) gives Ey = meyy.
The propagation of n; and N; — n; differ with a minus sign. Correlator function of ground
state can be written as hyperbolic trigonometric functions as well;

2A0eNEo/2 cosh((Nt /2 — ny) Ey)
Aoefn;EQ iAOe*(Nt*nt)EO — (353)

2AgeNEo/2 sinh((Nt/2 — n,) Ey).
However this is a assumption of a special case. Specifically after the parity projection, the
interpolator projects to definite parity. The baryon propagates in n;, and in N; — n; negative
parity partner of baryon projected. If there is mass difference between the hadrons of
opposite parities, propagator is not symmetric. Hence besides trigonometric functions,

the exponential form of propagator must be used for fitting the function.

3.3.2 Form Factors

High energetic electron beams have been used to understand the structure inside the
baryon. The high energetic electrons scatter with the baryon nucleus, while creating the

interaction inside the baryon with (virtual) photon exchange. The wavelength of photon
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becomes smaller than the size of the nucleus (See Fig 3.3). The dynamics inside the nu-
cleus can be probed at this energy scale. [87]. This interaction is called as Deep Inelastic
Scattering [88]. Using the information obtained from experiments the observables such as

the spatial charge distribution, spins, magnetic moments, decay constants can be obtained.

Tu

p r

Figure 3.3 Illustration of vertex function at tree level.

The hadron structure is examined theoretically by using the matrix elements, basically
written as, (B|Jy |B) where Jy, is the current. The vector current leads to electromagnetic
form factors; and the axial vector current leads to weak form factors. To begin with
consider an electron elastically interacting with photon. The electron vertex function at

tree level is defined as
iMy = —ieu(p')y*u(p), (3.54)

where u it is spinor of electron. The photon momentum is g" = p’* — p#. The vertex

function can be written using sigma tensor and Gordon identity as

—iea(pl )Y u(p) = —icw(p) [%} u(p)~ 25 [0 (¢ up). (3:55)

where the first term in right hand side of the equation is like scalar QED interaction. The
second term is spin-dependent part and gives the anomalous magnetic moment. Loops
at all order contribute the vertex function like in Fig. (3.4). The calculation of vertex

function can be found in Appendix E.1.

The vertex function in Fig. (3.4) is formulated as
—ieu(p \T*u(p) = —ieu(p)[—iey" + ieri +...Ju(p). (3.56)
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Figure 3.4 Illustration of vertex function as sum of all contributions.
The Eq. (3.56) can be parametrized for general and any-loop order [89],
—ieu(p"\T"u(p) =u(p") (iv" + fag" + fr0™ + fap* Ju(p), (3.57)

where f; are constants. From the conservation of momentum ¢g* = p'* — p*, £, is found

as 0. Using the Ward identity,

0 = qui(p))(AY"* + 0™ + fap* u(p),

0= fiu(p')gqu(p) + (q- p") f3u(p")u(p) + (q- p) fau(p")u(p),

(3.58)

f1 part can be re-written from Gordon identity in Eq. (E.3). Using the relation ¢ - p’ =

p -p—m?>= —q-p,itisseen that f3 = f; . Therefore the vertex function can be written
as,

: N otV

iMH = (=ie)a(p') | Fi(q*)7" +i5 —avFa(q") | u(p)- (3.59)

This parametrization contains all orders and F(¢?) and F>(q?) are called as form factors.
At the tree level | = 1 and F, = 0; while one must take into account higher loop con-
tributions. Fi(g?) part gives the renormalized electric charge, the F>(g?) part gives the

magnetic moment.

In deep inelastic scattering baryon breaks up into its constituent quarks at high momen-
tum transfer. The hadronic part describes the inelastic interaction of baryon in terms of
structure functions W; and W,. The simplest inelastic cross section to measure is the in-
clusive cross section, for which only the final electron is observed. Summing all of the
hadronic final states gives the cross section [77]. The process is visualized in Fig. (3.5).

The leptonic part of the interaction can be written in terms of incoming and outgoing
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e,k e,k

Tu

} Sum of all possible states, p’
p;p

Figure 3.5 Electron proton scattering, a virtual photon exchange approximation, k is
momentum of incoming electron, X’ is momentum of outgoing electron.

momenta and metric tensor,
Lyy = 2[kyky +kyky + (4% /2)guv]. (3.60)

Hadronic part of the interaction can be written as a sum over all spin states and all possible

hadronic states,

_LMég;@;p,s\, )1X:p') (X304 (0)|p < p.s) x (27)*

8*(p+a-7), (3.61)
WHY = (—gH +qqq Wi (Q%,v)+ [p" — (p . )q“][pv—(p-q%)qv]

M72W5 (0%, V). (3.62)

The cross section is obtained by contracting the leptonic and hadronic vertices given in

Eq. (3.60) and Eq. (3.61) respectively,
do ~LyyWH*Y(q,p). (3.63)

This interaction can be parametrized as Fj(x) and F,(x) for spin 1/2 particles. Note that

these are not the same as Fi(¢?) and F;(g?) in elastic scattering!

Fi(x) = myW; (v, 0%), (3.64)

F(x) — viWa(v,0%), (3.65)

where Q? is four momentum transfer v is inelasticity and x is fraction of the baryon energy
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R

TR In this work, we calculate elastic interactions.

Considering the elastic case, both electric and magnetic part contribute to cross section.
There is a different convention, Fi(g?) and F»(¢?) can be written in terms of Sachs [90]
form factors Gg(g?) and Gy(g?). Gg and Gy give directly the Rosenbulth formula for

the cross section;

2,2 2 (.2
dQ lab point

a0 1+ & 2
where & is defined as

2
_ (4L
E= (2m) : 3.67)

The Sachs form factors can be written in terms of Dirac (Fj (¢?)) and Pauli (F>(g?)) form

(3.66)

factors as

Ge(q*) = Fi(q*) — ER(qP),

(3.68)
Gu(q®) = Fi(q*) + Fa(q).
The Sachs form factors give following observables at zero momentum,
G (0) = Charge,

(3.69)

Gy (0) = Magnetic Dipole Moment.

The primary difference between these form factors is that Fi(¢?) and F>(g?) are cate-
gorized according to the helicity. Fi(g?) represents helicity-preserving part and F>(g?)
represents helicity-flipping part of the scattering [87]. It is also essential to examine the
asymptotic form of form factors. Experiments reveal that in the limit of large momentum
transfer, proton form factors and the magnetic form factor of a neutron are identical to

each other except for a scale factor, which is defined as magnetic moment (up),

Gy _ Gy
G -G 3.70
L(g*) = o (¢%). (3.70)
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The function can be generalized as dipole form

Gem(0) ’
(1+(:5))

where the parameter A is an empirical value that comes from the fit results. Using the

G(g*) = (3.71)

dipole form, charge radius of the baryon can be found [87],

o4 —Ar
() = Jorpoe Tdr_ 12 (3.72)
Jo poe=*r2dr A

where p is spatial charge distribution. We note that the high momentum cross section is

dominated by Gys(g?), which can be easily seen by inspecting Eq. (3.66).

For spin %y — % transitions, there are three transition form factors, namely, the magnetic
dipole (M1), the electric quadrupole (E£2) and the electric charge quadrupole (C2). Spin 5
particles are represented by Rarita-Schwinger Lagrangian [80] and for this representation

every spinor gains an extra index. The matrix element is written as

My m

(05| 2(p:s)) = iv/2/3 (W

)ﬁf(p’,s')ﬁ”‘ u(p,s), (3.73)

where the vertex tensor & is written in terms of Sachs form factors [91],

O™ = Gy (K + G (@P)KEh + G (K. (3.74)
where
3 (my+m) |
Ky =-— g™oPp 3.75
Ml (m*+m)2+q2 m l adp; ( )
_ me+m) .
Kih = —Kyy +6Q71(q°) % its € Poqpet 1 (2P, + gy)gs, (3.76)
— my+m) .
K& =-6Q7'(q") % ivs 4z (°Pu—q- Pay) - 3.77)
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3.3.2.1 Form Factors in Lattice QCD

In LQCD the three-point correlators are written as

(FMeN (0150, piT)) = Y e i1 I Pnphe

X1,X2

(QIT (™ (x2)Ju (x1) 7P (0))]€). (3.78)

Here 1, is the sink time, #; is the current insertion time, x; is the sink point, x; is the current
insertion point, p’ is the final momentum of the baryon, p is the initial momentum of the

baryon,o and 3 are Dirac indices. The matrix element is defined like continuum,

0 1p,)) =70 | Fy (@) + 1 g Fo(0P) | (). (379)

The three point correlator is visualized in Fig. (3.6).

J/.L(xlatl)

0,0) (x2,12)

Figure 3.6 Illustration of three-point function. J, is the inserted current, x; and #; is
spatial and temporal points respectively.

x denotes the interpolating fields, similarly to two-point function. However the inserted
current J;, changes the propagators as D) = q fﬁ_l(f ), where gy 1s the charge of the
quark propagator [92]. To illustrate the current insertion, consider the proton interpolating

field,

<x(p’,s') ! Julx(p,s)) = Z e*"’;/”eabcsa/b/c/ (tr [quﬁgcl(”)}tr [D;;(d)D;,;(M)]

X2

+tr [D;g(”)}tr [qdﬁl;;(d)D—l(u)} Lt [D;g(u)}tr [D;;(d)quﬁfl(")}

da da

s, Dy D)) + (D a0 )

a ca

+u[D,! D, VgD 1)) (3.80)
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The quark propagator coupled with electromagnetic current is written as [92]

D™ (x2,0511,9,0) = kY P D™ (x2,x1 +ay) (14 1)U (x1)D ™" (x1,0)

X1

(3.81)
— D (x2,2x1) (1 = 1) UuD ™ (x1 +ay,0) |

The current insertion procedure is illustrated in Fig. (3.7).

l‘])
0, 2,12)

J.U(xhtl)

Figure 3.7 Illustration of current insertion to the propagators one by one.

The coefficients in matrix elements are crucial for calculating the ratio and finding the

form factors of the transition. The two-point correlator can be written as

(FMN (1,1 p', piT)) = Y €772l W Pmphe

X1,X2

(QIT (2% (x2)J (x) 7 (0)) 1) (3.82)
Inserting complete set of states both sides of J,, (x1) the three-point function becomes

<FNJ“N(t2,t1;p/,p;F)> — Z Z e—i[;/xz ei(];/—ﬁ)xlr‘ﬁa<Q|%a(x2)|n(]€/7sl)>

X1,%2 mn,s,s’ k.k'

(n(k',s") T (1) Im(k, 5)) {m(K, ) 2P (0)|€2). (3.83)

The calculation is similar to two-point function, the only difference is all operators must

be written in terms of x;

(FNN (1 10,0, pi D)) = Z Z o—ir'x ei(l;/_ﬁ)xlrﬁa<§2|xa(xl)e“‘/ (XZ_XI)|n(E’,s/)>

X1,%2 mn,s,s’ k.k'

(n(k",s") T (r1) Im(k, ) {m(K, 5) [ 0 2P (x1)|2).. (3.84)
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After separating the temporal and spatial parts, the three point function reduces to

(F¥W (o n:p pD)) = Y, L e el e g pe

X1,%2 m,n,s,s' kk'
(@ (o) (R ) ) () Ty (o) (R, 5) e 54 )

(m(k, )P (1)), (3.85)

=) Y o1 (=R x2 i (P K)oy =i (F—R) B o (Q)x%(x1)|n(K,5))

X1,%2 myn,s,s’ k.k'

(n(k",") [T (1) [ m(k, 5)) (m(K, ) [P (1) ) e (270 e =00, (3.86)

Using the definition of Dirac delta, ¥, e~/ (7 %)% — 5&/3)

o the equation becomes
P

(FVN (@ :p piD)) = Y 85 8 TP Q3% (1) (R, s)
(k5" ) W (1) (R, ) m () [P ()| ) €~ O 10) o =), (3.87)

We finally obtain the following three-point function

. . . My My —E ) (h—t1) ,—E, (1) 1B a
(PN (110500 piD)) = Y, By () g~ ()
mn,s,s' Em(p/)En(p)

QU )n(p ) (P8 T (1) [m(B,5)) (m(B,) [P (x1)] Q). (3.88)

Spin % — % (N — A) transition is similar to the spin % — % three-point correlators, apart
from some notational differences

(FNuA (e, 113 p/, piT)) = Y e P02 PPN TBQIT (1 (x2)01 (1) T4 (0))]2).

X15X2

(3.89)
Two identity operators can be put between ¢ (x) and 7’3 (0),

(FMeM i1 i) = Y, Y, e P WmPnTP e (n)|a(p,s)

X1.%2 AN s’ s

A D, s X B,s5))

(N(B,s)[Tn(0))]Q).  (3.90)
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Following similar procedure as in % calculation, the three-point function becomes

; : " MAMN  EA(p)(02—1)
<FNJ”A(I27t1’p/7p’F)> - = € AP
s,s' EA(p/)EN(p)
e NP TP @y (1 ') (AP, ) (00) [N (B, )T (B, ). (3.91)

We construct proper ratios using two- and three-point functions so as to eliminate time

dependent exponential terms. This will be explained in detail in following chapters.

3.3.3 Baryons in Lattice QCD

The mass spectrum of light baryons has been the focus of LQCD Collaborations. The
detailed research has been made over the last several years [93]. The baryon spectrum ob-
tained by numerical calculations has been compared to experimental results. Theoretical
results obtained for the light baryon spectroscopy will shed light on our understanding of

strong interaction.

2.0 , ,
Z - mass [GeV] | o
L5 | . _:-'T @]
T
Lof LT
— - ! -
- 4+ K N |
P |
0.5 N
| vector meson octet baryon decuplet baryon
0.0 ' |

Figure 3.8 Light hadron spectrum extrapolated to the physical point (red circles)
calculated by PACS-CS Collaboration [93] in comparison with the experimental values
(black bars).

A comparison has been made of LQCD results with the experimental values in Fig. (3.8).
For light baryons there is remarkable agreement. Furthermore several LQCD collabora-

tions are running simulations such as magnetic moment, form factors, lifetimes.
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Baryons can be grouped according to their flavors and spins SU(3) ; group generated with
u, d and s quarks. Spin % states form an octet 8 & 1 which is shown in Fig. (3.9). While

spin % states form a decuplet (see Fig (3.10)).

p(und)

@
ASuds) / Zt(uus) I

E7(dss) | ZO(uss)

Figure 3.9 Octet baryons.

Q*(sss)

Figure 3.10 Decuplet baryons.

3.3.3.1 Charmed Baryons

The charmed baryon spectroscopy is an excellent laboratory to understand the dynamics

of heavy quarks, heavy quark symmetry and chiral symmetry. In the past years many

charmed baryon states were discovered by BaBar [94], BELLE [94], CLEO [95] and
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LHCb [96] Collaborations. This will have interesting implications for the low-energy
dynamics of heavy baryons interacting with the Goldstone bosons [97]. Eighteen of the
charmed baryons have been observed so far and four of them have not been confirmed

yet.

The first observed baryon that consists of charm quark was the A (udc) in 1975 [98].
Mass of A was measured as 2286.46(14) MeV by BABAR experiment [99]. The A has
been produced and studied in different experiments, like fixed-target experiments such as
FOCUS [100] and SELEX [101] and e~ et — B experiments such as ARGUS [102],
CLEO [103], BABAR [104], and BELLE [105].

Y. particles have the same quark content as A., but its flavor wave function is differ-
ent. Moreover, X, particles have isospin 1 which means that there are three X, charged
states. The first observed X. is the doubly charged one [106]. In 1987 to 1989, vari-
ous experiments such as E-400 [107], ARGUS [102] and CLEO [103] tried to confirm
Y. with much larger statistics and found clear evidence for both the doubly charged and
neutral states. The singly-charged state was difficult to detect because the resolution of
the detector needed to be very good. The singly charged X. was observed by CLEO in
1993 [108].

E} has c[su] quark combination and the =0 has c[sd] quark combination. The first ob-
served E. was charged particle in 1983 by WAG62 [24]. E! was later confirmed by
six other experiments including CLEO [109], ARGUS [110], BELLE and CDF [95] .
The average mass of Z reported by PDG is 2467.9(4) MeV. The neutral state of =,
baryon was first observed by CLEO [95] in 1988. The average mass reported by PDG is
Mg = 2470.99f8:§8 MeV [17]. The two other baryons with the same quark content and

", are B9 (¢{sd}) and Z* (c{su}), which are located on the

quantum numbers, JP = %
second layer of the sextet SU(4) multiplet. They were first observed by CLEO Collabo-
ration [27] and confirmed recently by BABAR [28] and BELLE experiments [29]. The

average mass reported by PDG is Mz = 2577.9(2.9) MeV [17].

The Q(c) baryon observed in 1984 by CERN SPS hyperon beam experiment [111], is
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composed of two strange and one charm quark (ssc) . Later CLEO, ARGUS [112], E-
687 [113] and BELLE [114] experiments measured the Q(C) mass the average value re-
ported by PDG is mgo = 2695.2J_r}:2 MeV. The excited Q (css) baryon was first observed
by BABAR [19]. It was later confirmed by BELLE experiment [18]. The average mass
value is mg: = 2765.9(2.0) MeV [17]. All eighteen of charmed baryons with their decay

channels are listed in Fig. (3.11).

3.1

Charmed baryon mass (GeV)
Mass above baseline (GeV)

Figure 3.11 Experimentally observed charmed baryons and their decay channels [17].

There is intensive effort from LQCD collaborations to determine the spectrum of charmed

baryons. To this end a comparison was made with LQCD results in Fig. (3.12) .

Similar to the light baryons the charmed baryons can be grouped according to their flavors
and spins. The charmed baryon multiplets are called as SU(4) multiplets The 20’-plet
bottom layer is an SU(3) octet having spin-% baryons an the multiplet Fig. (3.13a), the
4 is an inverted tetrahedron, also having spin—% baryons (A(c) at the bottom) Fig. (3.13b)
but different spin/flavor wave functions. The 20-plet bottom layer is an SU(3) decuplet,

having spin-% baryons in Fig. (3.14).

In the charmed baryon sector only three electromagnetic transitions of singly charmed
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Figure 3.12 Charmed baryon spectrum comparison with LQCD results [40].

. p—ql L) l—!/ ~
baryons have been observed, which are £0 — 20y, 2+ — EFy, and Q10 — Q0.

For E,CO — &y, E/j — EFy, and Q0 — Q0 precise measurements have not done ex-
perimentally yet due to their small decay widths [97]. In the next two chapters, radiative

transitions of =, Qﬁo, EIC will be studied in LQCD.
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Figure 3.13 SU(4) multiplets of spin-%

*++
QCCC

Figure 3.14 20-plet of SU(4) for spin—%
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CHAPTER 4

Q.y — Q TRANSITION IN LATTICE QCD

In the previous chapters the method of LQCD was discussed. Moreover baryon spec-
troscopy in LQCD was explained and form factors were introduced. In this chapter, using
the information given in Chapters 2 and 3, radiative transition of Q. to Q) baryon will
be explained. The Q.y — Q7 is spin—% — % transition which gives rise to three transi-
tion form factors, namely, the magnetic dipole (M 1), the electric quadrupole (E2) and the
electric charge quadrupole (C2). In this work M1 and E2 transition form factors as well
as the helicity amplitudes, the decay width and the lifetime will be calculated in LQCD.
Calculations are made using near physical 2+1-flavor lattices which correspond to a pion
mass of approximately m; ~ 156 MeV. The results of this chapter have been previously

published in [12].

4.1 Lattice Formulation

Electromagnetic transition form factors of Q.Y — Q} can be calculated by considering

the baryon matrix element. The electromagnetic vector current is defined as

Ju =Y Caq(x) Yugq (%), (4.1)
q

where C,; is the charge of the quark and 7, are the gamma matrices. Both . and " have

the same quark content (css). Therefore the vector current reduces to

J'u:

W N

() ue(e) — 330, @2
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The matrix element can be written in the following form

mym

()| Julx(p,s)) =i 2/3(W

)wp',s')ﬁf“u(p,s). (43)

The star denotes Q; and others denote Q.. The Q.y — Q7 electromagnetic transition
gives rise to three form factors since the spin—% particles have an extra index. Using the
current conservation, ¢;0"* = 0 for ¢> # 0, vertex is restricted to combination of three

covariants

K =" —q-ve™)r,
K = (¢"PF —q-Pg™)Y,
KH = (" -4’8y (4.4)
Here p and p’ denote the incoming and the outgoing momenta, respectively, g = p’ — p is
the transferred four-momentum and P* = (p'* + p*) /2. The three covariants correspond

to three form factors. The vertex tensor &' can be written in terms of Sachs [90] form

factors [91] in the following form:
O™ = G (¢ Ky + G2 (@) Kb + GealqP K (4.5)

K Af,ﬁ K gg and Kég are called as magnetic dipole, electric quadrupole and Coulomb quadrupole

respectively and they are defined as

3 (mye+m) |

Ky = — b p 4.6

Ml (m* +m)2+q2 m 1€ adp; (4.6)
Kb = —Ky +6Q27' (%) W ivs €4 Pouqget ™1 (2P, + q)gs, (4.7)

_ my+m) .

Kb =-6Q7'(¢%) % i¥s q: (PPu—q- Pqyu) , (4.8)
where
Q(g?) = [(me+m)* +¢*] [(m. —m)* +¢*]. 4.9)

The spins are denoted by s and s, whereas u(p,s) is the Dirac spinor u¢(p,s) is the

Rarita-Schwinger spin vector. For real photons G¢»(0) does not play any role as it is
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proportional to the longitudinal helicity amplitude. The Rarita-Schwinger spin sum is

given in Eq. (3.29) as

— —iP +M 1 2pspr .PoYe— PtYo
us(p,s)iz(p,s) = — 8ot — 5 Yo Yzt —1 ) (4.10)
; 2M 3 3M? 3M

and the Dirac spin spin sum is given in Eq. (3.20) as

ip+M

Y u(ps)a(p,s) = 5 (4.11)

The detailed calculations of form factors can be found in Appendix E.3. To extract the
form factors, a ratio which consists of two-point and three-point functions should be de-

fined. The two- and three-point functions are

(Fot™ (t:piLa)) = L P vael T o (077 (0) ), (4.12)
(FO (1 pTa)) = Y e P8 (vac| T [P (x)7%(0)]|vac), (4.13)
(FON (1,013, piT)) = =i Y, 7P/ TnTy
o’
(vae|T[xP (x2)J (x1)Z%(0)] [vac). (4.14)

Here, «, 3 are the Dirac indices, ¢ and 7 are the Lorentz indices of the spin—% interpolat-

ing field. The spin projection matrices are defined as

1

Q

0 0
r— = , (4.15)
0 0

| =
| =

0 0

and o; are the Pauli spin matrices.

An initial Q. state is created at time zero and interacts with the external electromagnetic
field at time #;. At time 1,, the final Q. state is annihilated. The baryon interpolating fields

are chosen as

X (x) = % ek 20T (x) (Cy)e! (x)]s* () + [s7 (x) (C )7 ()] ()], (4.16)
x () =7 [sTH(x) (Cys) e (x))s* (), (4.17)
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where i, j, k denote the color indices and C is the charge conjugation matrix defined as
C = 7. It has been shown in Ref. [5] that the interpolating field of Q) has minimal
overlap with spin-1/2 states, hence, it does not need any spin-3/2 projection. Using the
convention explained in Section 3.1.2, the interpolating fields of . and Q are picked as

__ pCSs 123 _ 213 * CSS SSC 213 _ pl23
Xy =By" , where B,” = —B3"~ and Xy = 2Bk,y+Bk,y’ where B, =B

The two-point function for Q) and Q. can be written as

iy (0 X 5(0)) = 4B (0B (0) 1 +2(Bi3 (x)BLS(0)) 1,

’ 27315 3=c
4By (BT (0)) 1o +4(B (0B 7 (0)) 1~

+4(Biy (0B (0o, (4.18)

() 20)) = (B (B (0)) e + (B (B (0)) (4.19)

The three-point function of Q.y — Q can be written as

iy ()7 (0)) = 2By ()83 (0)) + 2By ()85 (0))

k7’y k’y
+(Byy (x)B52(0) + (B, (x)B; > (0)),

=2(Bi% (0B (0)) 1=c2=s; 35 +2(Bi5 (1)BF7(0)) 1=c.2-51 352

— (Bi5 (0)B2(0)) 125, 21 3=c — (Biy (0)BF(0)) 125y 225, 3= (4.20)

To extract the form factors, a ratio of two- and three-point functions is defined:

c QrQ¢ . :

<F0£_20JNQC(l2’t1;p/7p;l—-)> <611F;j (Ztl,p/,r4)> 2 491

Q: Q¢ NG - 4.21)
(8iF;; < (123 s Ta)) (FRQ (2113 p;Ty)

RO'(t27t17plap7Fnu“) =

In the large time limit, t, —#; > a and #; > a, the time dependence of the correlators is

eliminated and the ratio reduces to the desired form:

—1 >
R(ta, 110, p; T ) % (p', p;Ts ). (4.22)

The plateau region must be carefully determined to extract the form factors. The ratio
in Eq. (4.21) has been selected among several other alternatives [6, 115], owing to the

quality of the signal and the good plateau regions. Sachs form factors are singled out by
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choosing appropriate combinations of Lorentz direction y and projection matrices. When

Q. is produced at rest and momentum is inserted in one spatial direction, the form factors

are
2,

Gea(q%) = C(q?) 2 i(g,0,iT};4), (4.23)
1 My .

Gun(4') = C(4") 1 {Hk(q,-,o,rj;lo - E—Hk<qk,0,rj;1>] , (424)
1 My .

Gr2(q?) = C(qz)m |:Hk(qj707rj;k) + E—Hk(Qk>0,Fj;J)] , (4.25)

E.m, My q2
C(g?) = 2fm+m*,/1+E—*,/1+@, (4.26)

Jj and k are two distinct indices running from 1 to 3. When Q; is produced at rest, m,. = E,

in Eqgs. (4.23 - 4.25) and C(g?) becomes

Em
C(g*) =26 m+m*,/ 3m2. 4.27)

The gauge configurations we are employing have been generated by PACS-CS [4] col-

laboration with the ¢&'(a)-improved Wilson quark action and the Iwasaki gauge action.
The simulations are carried out with near physical u,d sea quarks of hopping parameter
Ky = 0.13781, which corresponds to a pion mass of approximately 156 MeV [4]. The
hopping parameter for the sea s quark was fixed to k}°“ = 0.13640 and for the consis-
tency of the simulations the hopping parameter of the valence s quark is taken to be the

same.

As we carry out the simulations at only near-physical quark mass, a chiral extrapolation
cannot be applied. However, an estimation of an uncertainty can be made from such an
extrapolation, using our previous results of elastic form factors [30]. We have performed
the chiral extrapolations for electric/magnetic charge radii and the magnetic moment of
Q. baryon in Ref. [30] again, including the data at m; ~ 156 MeV. We tested constant,
linear and quadratic fit functions. For all cases, the chiral-extrapolated values and those

at my ~ 156 MeV are in very good agreement within their error bars. Different fit forms
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Table 4.1 The details of the gauge configurations used in the analysis [4]. N; and N; are
the spatial and temporal sizes of the lattice, respectively, Ny is the number of flavors, a is
the lattice spacing, L is the volume of the lattice, B is the inverse gauge coupling, c,, is
the Clover coefficient, stea is the hopping parameter of the quark with flavor f and m is
the pion mass.

Ny x N; | Ny a (fm) L (fm) B

323 x 64 | 2+1 0.0907(13) | 2.90 1.90

Csw i, Kyou # of conf | mz[MeV]
1.715 0.13781 | 0.13640 194 156(7)(2)

we use refer a systematic error of less than 1%. Hence, we assume to have a similarly

negligible error from such an extrapolation of M1 and E2 form factors.

The hopping parameters of light and strange quarks were fixed by PACS-CS [4] collabo-
ration. However, for the charm quarks, hopping parameter has to be tuned. In order to be
consistent with the dynamical quarks, Clover action is employed. Although, the Clover
action has 0'(a) discretization errors, those effects must be accounted for since the charm
quark’s larger mass would enhance the discretization error for heavy quarks frequently

used Fermilab action [116]:

S = Z ll_’an_K;[‘/_frl(l ~ 1) UnaVyq+ W, 21— U ]
—Ké& ;[%(rs — W)UniWsi+ Wirs — WU i) (4.28)
—cgKE Y Wik - By, — cpké Z Vo0 E Wy,

where U denotes the gluon field and y denotes the fermion fields. The Clover definitions
of the chromomagnetic and chromoelectric fields B and E can be found at Ref. [116]. The
action reduces to the Wilson action when & = ry =1 and cg = cg = 0 [117]. Sheikholeslami-
Wohlert action is obtained when & = ry = 1 and cg = cg = csw [118]. In this simplest form
of the Fermilab method, the Clover coefficients are set to the tadpole-improved value %

where g is the average link. Following the approach in Ref. [119], uy was estimated as

the fourth root of the average plaquette. The charm-quark hopping parameter k. is deter-
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mined nonperturbatively. We determine . by measuring spin-averaged static masses of
charmonium and heavy-light mesons and tuning accordingly to the experimental results,

which yields k. = 0.1246 [30].

2

The simulations are made with the lowest allowed lattice momentum transfer g = Na-

Here N; is the spatial dimension of the lattice and a is the lattice spacing. This corresponds
to three-momentum squared value of ¢*> = 0.183 GeV2. In order to make contact the
values of the form factors at Q> = 0, the procedure in Ref. [6] is applied and assumed
that the momentum-transfer dependence of the transition form factors is the same with
that of the momentum dependence of the Q baryon charge form factor. Such a scaling
was also suggested by the experimentally measured proton form factors and it was used in
Ref. [6]. The scaling technique provides a precise determination of the form-factor values
at zero momentum transfer. On the other hand, extrapolations in finite momentum have
to rely on a functional form, that suffer from large statistical errors. In the analysis, s and
¢ quark sectors are calculated separately as their contributions to the charge form factors
scale differently. For example, the scaling of Gy is

G (0)

Gy[ (0) =Gyf (qz)Gs,c—(qz). (4.29)
E

The form factors are extracted in two kinematically different cases. In the first case, the
Q7 is produced at rest and the €, has momentum —q. In the second case, the Q. is at rest

and Q] carries momentum gq.

Positive and negative momenta are inserted in spatial directions to increase the statistics
and a simultaneous fit is made over all available data. The source-sink time separation
is fixed to 1.09 fm (#, = 12a), that is shown to be sufficient to avoid excited state con-
taminations for electromagnetic form factors [30]. Using translational symmetry multiple
source-sink pairs are employed by shifting them 12 lattice units in the temporal direction.
All statistical errors are estimated by the single-elimination Jackknife analysis. Point-split

lattice vector current is considered

ju = 5@+ m U1+ 1)q(x) —g(x)Uu (1= g+ ), (4.30)

| =
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which is a conserved current by Wilson fermions.

Here we used wall-source/sink method [83]. This method provides a simultaneous extrac-
tion of all spin, momentum and projection components of the correlators. On the other
hand, the wall-source/sink is a gauge-dependent object which requires fixing the gauge.
The gauge is fixed to Coulomb, which gives a better coupling to the ground state as com-
pared to Landau. The Q] operator is smeared over the three spatial dimensions using a
Gaussian form. In the case of s quark, the smearing parameters are chosen, in order to
give a root-mean-square radius of (r;) ~ 0.5 fm. As for the charm quark, the smearing

parameters are adjusted to obtain (r.) = <r3—‘>

4.2 Numerical Results

Q7 and Q. masses are extracted by using the two-point correlators in Eqs. (4.13) and
(4.14). In the analysis, shell smeared source and point sink (shpt) two-point correlation
functions are used for clean signal. In the limit of 7, — oo, the excited states are eliminated
and only the ground state remains so that the effective mass can be written as Eq. (3.52).
In order to avoid correlation there must be a large spacing between the source (¢1) and sink
(t2) time points. Since the data may still have been correlated, a resampling method (Jack-
knife, bootstrap etc...) have to be used. In this analysis Jackknife resampling method is
used. Details of Jackknife method is given in Appendix A.3. The obtained results are

in lattice units and must be multiplied with inverse lattice spacing a~! for the physical

results.

The results for the Q; and Q. masses are given in Table 4.2, together with the experi-
mental values and those obtained by other lattice collaborations. While there are a few
percent discrepancy between the results obtained at a pion mass of m; = 156 MeV and
those from PACS-CS obtained at the physical point, the mass splitting Am = m, —m is

produced in agreement with experiment.

We define the sum of all correlation-function ratios as

C(q?)
g
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1
EZHk(qk,O;Fz;l). (4.31)
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Figure 4.1 Two-point functions of Q. and Q, red horizontal line indicates the fit region.

Table 4.2 The Q. and Q masses at my; = 156 MeV.

This work [12] | PACS-CS [38] | ETMC [5] | Briceno et al. [40] | Experiment [17]

m GeV || 2.750(15) 2.673(17) 2.629(22) | 2.681(48) 2.695(2)
m, GeV || 2.828(15) 2.738(17) 2.709(26) | 2.764(49) 2.766(2)

The Eq. (4.24) and Eq. (4.25) becomes

Gy =11, — ’;ﬁnz, (4.32)
My
G2 =10 + 1. (4.33)

N
T

0.4 ———

4 o =
3 o 2 - 3
T

T
1

corr. func. ratio (s quark)
corr. func. ratio (c quark)

N
o

Figure 4.2 The correlation function ratios I1; and I, as functions of the current insertion
time. Gy;; were obtained. The squares denote the kinematical case when € at rest and
triangles denote the kinematical case when Q.. at rest

The two ratios (II; and IT;) have opposite sign and they add constructively when they
are subtracted. The form factors are extracted by fitting the correlation-function ratios by
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a constant parameter where a plateau develops. Both kinematical cases give consistent
results within their error bars. There is a clear pletau region in both kinematical cases.
However when €. is produced at rest, plateau region is more flat. The correlation function
ratios are fit in the range 7; = [3,6]. The statistical errors are smaller when Q; is at rest.
The values of the form factors from the two kinematical cases are consistent with each

other.

After the construction of Gy, construction of Gg, is straightforward. The correlation
functions have opposite signs and are of similar magnitudes, which result in a vanishing
value for Gg> when they are added. This procedure gives consistent results with fitting

the sum of the correlation ratios.

The numerical results are reported in Table 4.3. The values of Gjy;; and Gg, form factors
are given at both the lowest allowed momentum transfer and at zero momentum transfer
for the two kinematical cases as explained above. The quark sector contributions to each

form factor are given separately. The form factors of individual quark contributions are

2 1

G (Q%) = 3G (Q) = 3Gin (©7), (434)
2 . |
Gra(Q%) = 3G (Q%) — 3G (Q7). (4.35)

Their values at Q> = 0 are extracted using the scaling assumption.

M1 is dominantly determined by the contribution of the s quark, which is approximately
one order of magnitude larger than that of the ¢ quark. The results are consistent with hy-
peron transition form factors [6]. The heavier quark contribution is systematically smaller
than the light quarks. From the quark-model perspective, the coupling of the photon to
the light quarks dominate in the heavy-quark limit and the heavy quark acts as a specta-
tor. In this limit, only M1 transition is allowed, because the transition occurs dominantly
through the spin flip of the light d.o.f. Only mass effects of the heavy quark might lead to
a nonzero value of E2 form factor. The results show that the two quark sectors contribute
with opposite signs and produce a value with a statistical error of approximately 5% when

combined. However, the values of G, at finite and zero momentum transfer are small
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Table 4.3 The results for form factors at the lowest allowed four momentum transfer and

zero momentum transfer for the two kinematical cases [12].

Q*GeV? G (01 Gy (0% Gw(Q)
QF at rest 0.180 || 1.257(67) -0.167(33) -0.530(28)
0 1.622(87) -0.175(34) -0.657(33)
Q, at rest 0.168 || 1.269(177) -0.174(37) -0.539(78)
0 1.637(229) -0.183(39) -0.667(96)

Q*GeV? G}, (0% G5, (01 Gra(0%)
QF at rest 0.180 || 0.041(132) 0.008(26) -0.008(50)
0 0.052(171) 0.009(27) -0.012(62)

Q, at rest 0.168 || -0.035(124) 0.061(25) 0.052(48)
0 -0.045(160) 0.064(27) 0.058(60)

and consistent with zero.

A comparison between Gy and Ggp show that the transition is fully determined by M1
transition. Quark model prediction of the quadrupole transition moments arises from the
tensor-induced D-state admixtures of the single-quark wave functions [120] and the two-
quark exchange currents [121, 122]. In the first, the spins of the quarks remain the same
but an S-state quark is changed into a D-state. This change can be interpreted as the
spin flip of a diquark inside the baryon. Given the dependence of the tensor force on the
inverse quark mass, one would expect to obtain a smaller G, value for heavy baryons as
compared to that in the light-baryon sector, which is consistent with the results. The E2
form factor smallness can also be explained as a chiral suppression. The E2 amplitude is
dominated by pion loops and the leading contribution is coming from chiral logs that can

be computed in heavy-baryon chiral perturbation theory [123, 124].

The Sachs form factors can be related to phenomenological observables. The relation

between the Sachs form factors to transition amplitudes in standard definitions fj;1 and
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fE2 in the rest frame of Q; is given by [125, 126]

finla 2 _\/471706 /|q]m* Guil(g

m+m*

Feala 2 _\/471706 /|q]m* Gra(q
\/ m+m*

where fine structure constant o = %

(4.36)

The helicity amplitudes can be found from the

transition amplitudes,

Ava(@) = 5[ () + 3], @37)

Ayp(q) = —\/Tg[fMl(Clz) — fe2(q?)]. (4.38)

The decay width is

r= (17 a0 + s O @39)
T m?

2

where the constraint ¢ = (m2 —m?) /2m, is used at g> = 0. The decay width can be found

using the Sachs form factors:

2 _ 23
r— 231G (0)+ (Gun (O] (440

Table 4.4 The results for helicity amplitudes in the rest frame of Q7 [12].

02 GeV2 | fi11072GeV /2 | 521072 GeV—1/2
0.180 —0.795(42) —0.012(75)

0 —0.988(50) —0.018(93)

02 GeV? | fi11072GeV12 | f521072 GeV~1/2
0.180 0.416(116) 0.678(71)

0 0.521(145) 0.840(88)

Since the formulas in Eqgs. (4.37-4.40) are continuum relations, experimental values of

the Q. and Q) masses are used in calculating the helicity amplitudes and the decay width.
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The numerical results for the helicity amplitudes in the rest frame of Q; and the decay
width are given at finite and zero momentum transfer, in Table (4.4). A comparison to
the N — A transition [17] shows that, the helicity amplitudes are suppressed roughly by
five orders of magnitude due to decreasing contribution of the heavy quark, the overall

reduction in the transition form factors and the larger baryon masses.

The mass splitting between QY and Q. forbids the strong decay channel, so the total
decay width of Q7 can be calculated from electromagnetic channel. The Q7 decay is
suppressed, this suppression of decay width can be ascribed to small mass splitting. Sup-
pressed value of the Q] baryon decay width makes Q one of the longest living spin-3/2
charmed hadrons. The decay width is found as I" = 0.074(8) KeV which is translated into

lifetime 7 = { = 8.901(913) x 10718 sec.

Non-relativistic quark model prediction for Q) decay width [127] is one order of mag-
nitude larger than this work’s result. Considering the mass splitting, such a large width
would require a Gy value as large as N — A transition. This cannot be justified as the
heavy-quark contribution diminishes and there was no indication that the light quark con-
tribution is enhanced. Q.y — Q] transition is in the interest of LHCb, PANDA, Belle II,
BESIII and J-PARC experiments. These experimental facilities are expected to measure

electromagnetic decay widths of charmed baryons with higher precision.
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CHAPTER 5

E.Y — E.L TRANSITION IN LATTICE QCD

In this chapter, the E.,y — E. transition will be evaluated in 2+1-flavor LQCD. As a
by-product the electromagnetic form factors of E, and E| baryons will be computed.
Simulations will be made with near physical light-quark masses which gives a pion mass
of ~ 156 MeV. Using an appropriate ratio of two- and three-point correlation functions,
the electric and magnetic form factors will be extracted which gave the decay rate of Z..
and the magnetic moments of . and E. The results of this chapter have been previously

published in [13].

5.1 Lattice Formulation

The calculation of E.y — E., transition begins with defining the matrix element. After-
wards, electromagnetic current is used to study the electromagnetic and transition form

factors of Z. and E/. baryons:

Ty = Ze(x) puclx) - %E(x)'y”s(x) e l(), 5.1)

SHI

where ¢ denotes the flavor of the light quark (« and d) and ¢/ is its charge (% or — %). Using
the definition of the vector current, the current is coupled to each quark one by one and
the electromagnetic transition form factors are computed. The form factors are described
by the matrix element

Ouvqv

2
() u(p.9). (52)

(B (p' ') (x1) B(p.s)) = T(p' ') | 1uFi ()

Here F|(¢?),F»(¢?) are the Dirac and Pauli form factors respectively. u(p’,s’) and u(p, s)
are the Dirac spinor of the outgoing and incoming baryons with masses mp and mp.
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qu = p;l — py 1s the transferred four momentum with the momentum of the incoming
(outgoing) baryon p (p).
The electric and magnetic Sachs form factors are defined in terms of Dirac and Pauli form

factors as follows:

2

Ge(@') = Fi(d) = (s, (53)
Gu(q") = Fi(q") + Fa("). (5.4)

The form factors are extracted considering the following two-point correlation functions

(FP(1:p:Ta)) = 1 €7 T3 (QIT (5 (075 (0))|2). (5.5)
X

and the following three-point correlation functions

(FEWB (63,010, piT)) = —i Y e 12 TP (QIT (B (02) 0, (x1)Z8(0))]Q),  (5.6)

X1,X2

with B denotes Z. and B’ denotes E/C Here ¢#; is the time when the electromagnetic current

1 0
is inserted, f, is the time when the final baryon is annihilated and I'y = % with
00
o; 0
r=11" .
0 0
The baryon interpolating fields are chosen as
1
A=), = ﬁeabc [(EZ(CYS)CIJ)SC+ (SZ(CYS)Cb)Ec}, (5.7)
1
Az, = %gabc [2(sE(Cys)y)ce + (sE(Cys)ep) e — (CF(C¥5)cp)sel, (5.8)

where ¢ = u for the charged states =, E/C+, and ¢ = d for the neutral states Z, E/CO.
The indices a, b, ¢ denote color and the charge conjugation matrix is defined as C = Y4 %.
Using the convention explained in Section 3.1.2, the interpolating fields of . and . are

picked as E. = 2B§,€C —I—B‘)‘f(g + B;‘;“ and 2, = (Bg,cs + Bi,cz ), where B},B = —B%,B.

. . — — .
The two-point function for =, and &, can be written as
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2wz = (B + 85 W ) (B 0)+570))

= (B (087" () + (B (1B (0) + (B (B (0))

=lcs

+(By" (x)By"(0))

= (BY*(x)By"(0)) + (By' (x) By (0)) + (B5"(x) B (0))

cs —cls
+(BS (x)BY'(0))
= (B (X)B)" (0))1=t2=c.3ms + (B2 (x)B(0)) 125 2 50

BTy %
+ (B (x)By (0))1=c2—3=s + (B (X)By (0))1—c.2—s 3~

—slc —=scl

(Ee(x)Zc(0)) = (2By“(x) + By (x) + BS (x)) (2B, (0) + By, (0)
+B5°(0))
= 4(B(x)By"(0)) + (B, (x)B}"(0) + (By" (x)BY (0))
+ 2B (x0)BY (0)) +2(BY(x)By" (0)) +2(BS () B} (0))
+2(B" (x)By(0)) + (By" (x)By " (0)) + (BS” (x)By' (0))
= 4(B(x)By (0)) + (B (x)B}"(0) + (By(x)By(0))
+2(B(x0)BY (0)) +2(BS*(x)By"(0)) +2(BL () By (0))
+2(B* (x)By(0) + (B (x)By " (0)) + (B} (x) By (0),)
= 4(BIP(0)B" (0)) 15 2—t3—c + (BYP (1)By” (0))1—cmr3s

—123 132
+ (B (x)By " (0))1 =g 2—c3-0 + 2(By (x)By (0)) 15 2—¢3~c

-132

—132
+2(B) (x)By (0))1=2=53—c + 2(By (x)By " (0)) 11 2—c 3=

+ 2<B’)1/23 (‘x)E;/?z (O>> 1=52=c,3=0 — <B»}/23 (X)E;fz (0>> 1=c2=53=(

—132
— (B> (X)By (0))1=c2=¢3—s-

The three-point function of Z,y — E. can be written as
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(5.10)

(5.11)

(5.12)



(e (NZ,(0)) = (2B (x) + By (x) + B3 (x)) (B, (0) + By (0)) (5.13)
= 2(B}(x)By"(0)) +2(B}“ (x)By " (0)) + (BS" (x)B," (0))
+(B5 (x)By(0)) + (By (x)By"(0)) + (B} (x)By (0))
= —2(B}*(x)By"(0)) +2(B}*(x)By' (0)) — (BS"(x)B}’(0))
— (B (x)By" (0)) + (B ()By(0) + (By" (x) By (0))

132 —132
= —2(B}>(X)By " (0))1=2=53—c +2(By> (X)By (0))1=y2—03=c

- <B7]/23 (X)Ejl/23 (O)> 1=c,2=03=5 — <B)1/23 (X>§71/32 (0)> l=c2=(3=s
=132 —123
+ (B> (x)By " (0)) 1=c.2=s3—¢ + (By> (x)By (0)) 1=52—c.3~¢- (5.14)

The following ratio is used to eliminate the normalization factors and to extract the baryon

electromagnetic form factors:

(FBWB(ty 1130/, piT")) | (FB(n—11:p3T4))
(FEB (ta;p':T4)) (FR (1 —11:p/:Ty))

1
(FEB (11, p/sTu) ) (FEE (tz;P';T4)>] :

R(tz,tl,p',p,F',F,u) =

(5.15)
(F3B (11:p:T4)) (FEB (12: p3Ty))

where the subscripts of the correlators indicate smearing at the source and sink points.
The correlator which is shell smeared both in the source and sink points, is labelled as
shsh. Besides the correlator which is shell smeared at source point and wall smeared at
sink point, is labelled as shwl. Using the definition of two- and three-point functions the

ratio becomes

/ _ DA EnB,—EnD ()
NI N v e e
Fomt (12,1150, 030))_ abtp)” En(p)
(Foo(12:7":T4)) W%j SETT (5.16)
Z,

— o EN(B)~En(p)
2EN(P)
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The square root part is

'ﬁ_e—ENI;'H %e—ENI;ItZ ;%eENﬁ(lzll)lé
Y

VA = 2EntP) ZEn(p))
;'LEingﬁ),e*ENﬁtl —W e*ENﬁIZ %e_ENE/(U_H)

—

- ZEn(P) P (5.17)

. 1
En(p) e Enp (t1+12)e—ENﬁ(f2—’1)] :

En(p') e Enplntn)e=Enp (o-n)

1
2

EN(IE) eztl(EN(ﬁ)—EN(ﬁ’))
En(p’)

Collecting the two parts, final definition of ratio becomes

1

. — 72
R(ts,10, 9, p T ) = — 20— En@—Ex()) | EN(P) (EN@)EN(pf))]

 2En(P) En(p)
(QIT [ (x2)J (x1)75% (0)]1€2) (5.18)
R(12,11,p', p, T, ) :#;W(Q|T[x1‘€,‘(x2)Ju(x1)71‘i‘,’(O)]|Q). (5.19)

In the large time limit, , —#; > a and #; > a, the time dependence of the correlators are

eliminated and the ratio in Eq. (5.19) reduces to

h—t1>a
—_—

! T,
S I( pT Tip). (5.20)

R(t2,t1;p", p; T, T 1)

The Sachs form factors can be extracted from the ratio by choosing particular combina-

tions of the projection matrices I', I and the Lorentz index u,

! \/ (Ey ) (Egtmg) o

H(p,p;Ta,Tasu=4) = 3 Eay (5.21)
) Ep+mp
(', p;Tj,Tysu =1i) = \/EBE(B/(EB/ +;)nB,)GM(qz)- (5.22)

It should be noted that, when the incoming and the outgoing baryon states are identical,
i.e. B' = B, the electric form factor Gg(g> = 0) gives the electric charge of the baryon.
As for the magnetic form factor, Gy;(g*> = 0) gives the magnetic moment of the baryon
when B’ = B and it gives the transition magnetic moment when B’ # B. The details of

calculations are explained in Appendix E.2.

In the broken flavor SU(3) symmetry, there is a mixing between E, and &/, baryons. Such
mixing have been discussed to be negligibly small [128, 129], which was also confirmed

by LQCD simulations [130]. The approximate SU(3) flavor symmetry and the heavy-
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quark spin symmetry are the reasons for small E. - E/. mixing. Therefore, in the calcula-

tions the small mixing effects are neglected.

5.1.1 Lattice Setup

We used the same Lattice setup in Chapter 4. Since the E. and E. baryons have both
light and strange quarks we have to generate both light and strange valance quarks. The

hopping parameters are selected as k', = k., = 0.13781 and K, = k%, = 0.13640 in or-

der to be consistent with PACS-CS. Clover action is used for the calculating both valence
quarks. Computations are performed using a modified version of CHROMA software

system [1] on CPU clusters and with QUDA [2, 3] for propagator inversion on GPUs.

Table 5.1 The details of the gauge configurations used in the analysis [4]. N; and N; are
the spatial and temporal sizes of the lattice, respectively, Ny is the number of flavors, a is
the lattice spacing, L is the volume of the lattice, 3 is the inverse gauge coupling, cy, is
the Clover coefficient, K‘Sfea is the hopping parameter of the quark with flavor f and my is
the pion mass.

Ny < N; | Ny a (fm) L (fm) B

323 x 64 | 2+1 0.0907(13) | 2.90 1.90

Csw Ky Kyou # of conf | mz[MeV]
1.715 0.13781 | 0.13640 163 156(7)(2)

Positive and negative momenta in all spatial directions are inserted in order to increase
statistics and to make a simultaneous fit over all data. Current is inserted along all spatial
directions. The source-sink time separation is fixed to 12 lattice units (1.09 fm), which
is enough to avoid excited state contaminations for electromagnetic form factors [30].
Multiple source-sink pairs are employed by shifting them 12 lattice units in the temporal
direction. All statistical errors are estimated by the single-elimination jackknife analysis.
Momentum is inserted up to nine units: (|py/, |pyl, |pz|) =(0,0,0), (1,0,0), (1,1,0), (1,1,1),
(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1) and averaged over equivalent momenta. Point-split

lattice vector current is considered

i = 5@+ U1+ R)a(x) ~ G0 (1 Y)a(e+1). (5.23)
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Since point-split lattice vector current is conserved by Wilson fermions, renormalization
is not needed. Wall-source/sink method [83], providing a simultaneous extraction of all
spin, momentum and projection components of the correlators is applied. On the other
hand, the wall source/sink is a gauge-dependent object which requires fixing the gauge.
Gauge is fixed to Coulomb, which gives better coupling to the ground state than Landau.
By using the wall method, first, the shell and wall propagators are computed regardless
of the current and momenta inserted. Then, the propagators are contracted to obtain the

three-point correlators.

5.2 Numerical Results

We follow similar procedure in Section 4.2 for ground-state masses of =, and Z... We
extracted using the two-point correlation functions in Eq. (5.5). We used shell smeared
source and point sink (shpt) two-point correlation functions for clean signal. Since the
data may have been correlated, Jackknife resampling method is used. Details of Jackknife
method is given in Appendix A.3. The obtained results are in lattice units, they must be

multiplied with inverse lattice spacing a~! for the physical results.

The results are given in Figs. (5.1a, 5.1b). In Table 5.2 the results are given along with
their experimental values and those of other lattice collaborations. Since results are ob-
tained with near physical values of light-quark masses, chiral extrapolations are not made.
The results for the baryon masses are different from the experimental values by only 2%,

while there is a good agreement for the mass splitting mz; — mgz,. This small difference

=c Mgy =c Mgy

c(n+1)
<)
T
cn+1)

Average of

-
IS

-
w

"
o

&

(a) Average effective mass fit of &, (b) Average effective mass fit of /.

Figure 5.1 Effective mass plots of Z, and E., red horizontal line indicates the fit region.
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Table 5.2 The E. and E|. masses together with experimental values and those of other
lattice collaborations.

This work | PACS-CS [38] | ETMC [5] | Briceno et al. [40] | Experiment [17]
mz, [GeV] | 2.519(15) 2.455(16) 2.469(28) | 2.439(29)(25)(7) 2.470 (1)
mz [GeV] | 2.646(17) 2.583(20) 2.542(27) | 2.568(25)(12)(6) 2.577 (3)

can be attributed to Clover action, which is employed for the charm quarks. However, it
has been confirmed in Ref. [131] that the mass of the triply charmed €. baryon were cal-
culated in very good agreement with other lattice determinations using relativistic heavy-
quark actions. Such small discrepancy may be due to the choice of k7, = Kg,, = 0.13640
which is chosen to be consistent with PACS-CS. This choice of « values leads to an over-
estimation of the Q (sss) mass around 100 MeV as compared to its experimental value [4].
On the other hand, the form factor determinations are rather insensitive to mild changes
in baryon masses, so at the current precision level and a discrepancy of 2% can be safely

neglected.

The numerical calculation of Gg m (qz) begins with constructing the ratio in Eq. (5.15).
Next step is to extract the electric Sachs form factor (Gg) in Eq. (5.21). The selections
are t =4, =4 and ' = 4. At zero momentum transfer q2 = 0, the electric Sachs form
factor Gg (q2 = 0) gives the charge of the baryon. From experimental point of view there
is a variation between source sink points for each configuration. Therefore, for each ¢,
the data must be plotted and fit the most probable ground state interval (see Figs. (5.2a)

and (5.2b)).

Then Gg vs Q plot can be drawn and it can be checked whether the plot fits the dipole
form in Eq. (5.24). The form factors are calculated from individual quark contributions

and the contributions combined using Eq. (5.25).

Gew(0
Gem(Q?) = £ (0) . (5.24)

(1 +Q2/A125,M>
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The form factors can be calculated from individual quark contributions using

2 1

Gem(Q?) = 3Giw(Q%) — 3Gr.u(Q%) + (G (Q), (5.25)

where ¢, = —1/3 for the d quark and ¢y = 2/3 for the u quark.

In order to get Gy in Eq. (5.22) the selections are 4 =i, I" =j and I" = 4. Since there is
Levi-Civita in Eq. (5.22) both i, j and k must be chosen differently. Similar to the Gg(q?)
procedure weighted fit have to be applied between the most probable ground state interval

Figs. (5.4a and 5.4b).

While the electric charge Gg(0) can be computed directly with the formulation on the
lattice magnetic form factor at zero momentum Gj,(0) cannot be directly measured. To
this end, the dipole form in Eq. (5.24) is used to describe the Q? dependence of the form
factors. The individual quark contributions are combined using Eq. (5.25) for each mo-

mentum transfer Q%, and extrapolated to 0% =0.

In the SU(4) limit, each valence quark gives equal contributions to Ei form factors, sim-
ilar to proton. However, SU(4) symmetry is badly broken and the quark contribution
decreases as the quark mass increases. This is consistent with the observations in previ-
ous works on charmed baryons [83, 30, 131, 12]. This is also evident in Table 5.3, where
individual contributions of u/d, s and c are listed separately for the transitions at all Q.

The heavy c-quark contribution is one order smaller than those of light u/d and s quarks.
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Table 5.3 Individual quark contributions of Z.y — E/. transition to the magnetic form
factor at different Q? values of all transitions.

0? [GeV?] 0 0.174 0.362 0.547

¢ contr. || 2.057(359) | 1.696(304) | 1.392(209) | 1.040(176)
Ecy = B¢ | s contr. -1.943(223) | -1.669(179) | -1.378(148) | -1.169(127)
ccontr. || 0.023(30) 0.022(29) 0.021(29) 0.018(29)

0* [GeV?] 0.730 0911 1.089 1.439

¢ contr. | 1.062(171) | 0.921(133) | 0.783(105) | 0.528(103)
s contr. || -0.998(109) | -0.883(99) | -0.783(93) | -0.670(85)
ccontr. || 0.031(30) 0.026(30) 0.019(31) 0.027(32)

[x]
[x]

a

1 s

Table 5.4 Individual quark contributions of =,y — E, transition to the magnetic form
factor at different Q2 values of all transitions.

0% [GeV?] 0 0.181 0.360 0.536

¢ contr. || 0.209(272) | 0.189(143) | 0.038(67) | 0.143(69)
EcY = Ec | scontr. | 0.195(91) | 0.156(65) | 0.110(50) | 0.096(45)
ccontr. || 0.912(39) | 0.885(37) | 0.853(37) | 0.824(39)

0% [GeV?] 0.710 0.882 1.052 1.385

¢ contr. || -0.053(66) | -0.028(45) | 0.023(32) | 0.032(34)
EcY = Ec | scontr. || 0.120(41) | 0.055(33) | 0.052(31) | 0.053(27)
ccontr. || 0.796(44) | 0.774(45) | 0.752(49) | 0.723(59)

This dominance of light quarks yields a soft core and the form factor decreases rapidly
as Q7 increases. Due to flavor asymmetry of Z. baryon wave functions, the u/d- and
s-quark contributions cancel each other to a great extent leading to a form factor domi-
nantly determined by the ¢ quark. This cancellation can be exact in the SU(3) symmetric
limit. Since the O dependence of the Z.. form factors is controlled by the heavy c quark,

it yields a hard core; and the form factor decreases less rapidly as Q? increases.

In the left two panels of Fig. (5.6a) and Fig. (5.6b), the magnetic form factors Gy;(Q?) of

the charged Z}, ZF and neutral Z0, /0 states are plotted as functions of Q2.

The light u/d- and s-quark contributions to the transition magnetic form factors of =,y —
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Table 5.5 Individual contributions of Z/.y — E. transition to the magnetic form factor at
different Q? values of all transitions.

0? [GeV?] 0 0.181 0.360 0.537

£ contr. || 2.514(500) | 1.703(421) | 2.11(341) | 1.515(245)
EY = E¢ | scontr. || 2.214(253) | 1.913(200) | 1.559(162) | 1.348(148)
ccontr. || -0.249(47) | -0.241(468) | -0.241(46) | -0.242(47)

0? [GeV?] 0.712 0.885 1.056 1.391

¢ contr. || 1.081(229) | 1.098(162) | 0.921(144) | 0.772(153)
EcY = E¢ | s contr. 1.233(146) | 1.054(127) | 0.923(116) | 0.804(108)
ccontr. || -0.213(50) | -0.224(48) | -0.232(49) | -0.209(52)

E/c are equal in magnitude and opposite in sign. On the other hand, the ¢ quark has almost
no effect. When the quark contributions are combined using the formula in Eq. (5.25),
the u and s contributions to 'y — E/j have opposite signs, and they are multiplied
with electric charges of opposite sign and add constructively. In contrast, the neutral
transition Z0y — E’CO is highly suppressed as a result of equal electric charges of the d
and s quarks. According to U-spin flavor symmetry, assuming a degeneracy between two
equally charged d and s quarks, a transition from Z to E/CO is forbidden. The results are
in agreement with the prediction of U-spin flavor symmetry. As shown in Fig. (5.6b), the

- ~'0

magnetic form factor of Z0y — E ” neutral transition is consistent with zero.

The finite-size effects should be negligible when m;L > 4. On the other hand, in the
k! =0.13781 configurations used in the analysis, mzL = 2.3 which is below the em-
pirical bound. However, previous studies confirmed that the finite-size effects on this
particular setup is under control for physical quantities related to strange and charmed
baryons [131]. As discussed above, the magnetic form factor of Z0y — E/CO should vanish
due to U-spin flavor symmetry that assumes a degeneracy between d- and s-quarks. This
is revealed in numerical calculations when the d- and s-quark contributions cancel each
other so that the magnetic form factor is consistent with zero as shown in Fig. (5.6b). This
indicates that the finite-size effects on the light quarks are either similar as compared to

those of strange and charmed quarks. Any unaccounted effect is already hidden in the
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statistical error of extracted quantities .

Table 5.6 The combined form factor as obtained using Eq. (5.25) and extrapolated to
0? =0, together with the magnetic moments in units of nuclear magneton.

Transition Gy (0) Magnetic moment[ iy ]
Ery— = || 0.631(68) 0.235(25)
By - =0 0.516(46) 0.192(17)
Efy—EF | 0.889(397) 0.315(141)
20y - =0 || —1.689(201) —0.599(71)
Zry—E5 || 2.027(286) 0.729(103)
2y =0 || 0.025(36) 0.009(13)

Using the values of the magnetic form factors at Q> = 0 in Table 5.6, the magnetic mo-

ments are calculated in nuclear magnetons by using

Up = GM(O) (6/21’1’13) = GM<0> (mN/mB);,LN, (5.26)

where my is the physical nucleon mass and mp is the baryon mass obtained on the lat-
tice. In Table 5.6, the magnetic moments are calculated using Gys(0) in units of nuclear

magneton.

/
c*

(x]

The decay width of Z/. baryon is related to the Pauli form factor F>(0) of E.y —

2 2
SR O)P with g = e =), (5.27)

I’ )=
By—B ( 2my

mg +mp)

In order to extract F>(0) from the Sachs form factors G (Q?) and Gy(Q?), the two equa-
tions in Egs. (5.3) and (5.4) are solved simultaneously for all lattice data and extrapolated
to Q% = 0. At zero momentum transfer, Gg(0) = Fi (0) and obviously, if F;(0) is not zero,
it is a very small value. Since E.y — E/c cannot occur through electric transition, this

implies Gy;(0) ~ F>(0). Consistently the Pauli form factors are

F>(0) =2.036(280) for ZEfy— ., (5.28)

F(0)=0.039(46) for Zly— =D, (5.29)
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Using the formula in Eq. (5.27), the decay widths of Z. baryons are obtained as follows:
[z =5.468(1.500) keV, I'zo = 0.002(4) keV. (5.30)
The decay width can be translated into a lifetime using 7 = %;

Tge = 1.148(322) x 107" s. (5.31)

Both neutral and charged transitions of E.y — E. were previously studied using QCD
sum rules [132], heavy hadron chiral perturbation theory [133, 134, 135, 136, 137], quark
model [138, 127] and bag model [139]. For the charged transition, lattice results for
the transition form factor and decay width are in agreement with those from QCD sum
rules [132], while other methods were predicted higher values. In the case of neutral
transition, their predictions for the transition form factors were small but finite, while no

signal is found on the lattice.
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CHAPTER 6

RESULTS AND DISCUSSION

Recent experimental observations of all the ground-state heavy baryons as predicted by
the quark model makes it timely to study the structure and decays of these hadrons with
theoretical methods. Baryons containing heavy quarks are interesting both from the the-
oretical and experimental points of view. Because the charm quark masses are greater
than the intrinsic energy scale of QCD, approximate heavy-quark flavor and spin symme-
tries constrain the dynamics of heavy baryons [130]. The electromagnetic transitions of
charmed baryons have been studied within QCD sum rules [132], heavy hadron chiral per-
turbation theory [133, 134, 135, 136, 137], quark model [138, 127] and bag model [139].
However the only method we know that provides a first-principles calculation of hadronic
phenomena is LQCD, which is a valuable tool to determine the hadron form factors in a
model-independent way [140]. State-of-the-art LQCD calculations can provide direct
comparison with experiment [115]. In this thesis, we studied radiative transitions of
Q.7 — QF and E.y — E. in Lattice QCD. We have calculated form factors and extracted

the decay width.

The existence of €, has been predicted by the quark model, however experimental infor-
mation about the €, spectrum has been limited during the past decades. The literature
on E.y — E., transition is also limited. Being motivated by the limited literature of these
charmed baryons in the radiative decay mode, we focused on electromagnetic transition
of single charmed baryons in LQCD. The results can shed light on the BEPCII, BES-III,
the LHC and PANDA experiments which will help further investigate the heavy-baryon

spectrum.
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We first studied Q.y — QF transition. Since both Q. and Q7 have s and ¢ valance quarks it
is relatively easy to make calculation on the lattice. The analysis was employed with near
physical 2+1-flavor lattices that correspond to a pion mass of approximately 156 MeV.
The Q.y — QF transition gives rise to three transition form factors, namely, the magnetic
dipole (M1), the electric quadrupole (E2) and the electric charge quadrupole (C2). The
data for electromagnetic transition form factors are noisier than those for elastic form
factors, particularly for C2 form factor. Considering the analysis is done with limited
number of gauge configurations at the smallest quark mass, M1 and E2 form factors
are calculated for the lowest allowed lattice momentum transfer. The transition form
factors at zero-momentum transfer are computed by assuming a simple scaling at low
momentum transfer. The dominant contribution comes from the magnetic dipole form
factor. The electric quadrupole transition is found in consistency with the quark model
which is insignificantly small. Since strong decay channel is kinematically forbidden, the
total decay width of Q7 is almost entirely in terms of the photon decay mode. Eventually
a significantly suppressed value of the Q; baryon decay width makes the Q one of the
longest living spin-3/2 charmed hadrons. The suppression in the decay width mainly
attributed to the small mass splitting. The decay width is translated into a lifetime of
7=1/T'=8.901(913) x 10~ !8 sec. This transition is of particular interest because of its
relevance to current and proposed experimental facilities such as LHCb, PANDA, Belle
II, BESIII and J-PARC, which are expected to measure the electromagnetic decay widths

of charmed baryons with a higher precision.

The E.y — E., ELy — E., and E.y — E, transitions are studied in 2+1-flavor LQCD.
The magnetic Sachs and Pauli form factors have been extracted which gives the Z.-Z..
transition magnetic moment and the decay widths of Z/, baryons. Individual quark contri-
butions to the magnetic moments have been determined, which give an invaluable insight
to the dynamics of u/d, s and ¢ quarks having masses at different scales. In the case of
E! baryons the heavy quark contribution is much smaller than light quarks. On the other

hand, due to antisymmetric flavor wave functions of the . baryons, the u/d- and s-quark

contributions cancel each other to a great extent leading to a form factor that is mostly
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determined by heavy ¢ quark. Using the Pauli form factor F>(Q? = 0), the decay widths
of E/ baryons are extracted. The decay width of the charged Z! baryon on the lattice
is determined as 'z = 5.468(1.500) keV and no signal found for the neutral transition

20y — B9, which is suppressed by the U-spin flavor symmetry.

For future work we are planning to make chiral extrapolation with different light quark
hopping parameters, Ky, = (0.13700,0.13727,0.13754,0.13770) including the near phys-
ical Ky, = 0.13781. This may be a good start to determine the systematic error concealed
in statistical errors in the calculations. Moreover performing the simulations on lattices
with different size will help us determine the systematic error which comes from finite lat-
tice size effects. Examining the radiative charmed transitions that have not been observed
by experiments may help to better understand the heavy quark effect. Finally, a breaking
of the U-spin symmetry and a detailed examination of U-spin symmetry breaking might

be an interesting study on lattice.
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APPENDIX-A

DEFINITIONS AND ALGEBRAS

A.1 Gamma Matrices

This appendix explains the properties of y-matrices. The Euclidean gamma matrices
Yu, 1 =1,2,3,4 can be constructed from the Minkowski gamma matrices yﬁ/’ yu=0,1,2,3.

n=—i,p=—i.n=—is,m="x'" (A.1)
The Euclidean anti-commutation relations are
{ve, W} =28guv1, (A.2)

where g,;y is metric tensor given by g,y = diag(1,1,1,1) and 1 is the 4 x 4 unit matrix.
Besides product of the matrices is defined as 75;

Y5 =Ny (A.3)

The Euclidean gamma matrices can be written as

00 0 —i 0 0 0 -1 0 0 —i O
100 - O 10 01 O 10 0 0 i
"=loi o o' o 10 0'"T|i 0o o0 of
i 0 0 O -1 00 O 0 —i 0 O
0010 10 0 O
0001 01 0 O
P=1r o000’ oo -1 0 A4
0100 00 0 -1
The gamma matrices also obey the relation
Y ——
YWw=Y=Y - (A.5)

A.2 Grassmann Algebra and Grassmann Integrals

This appendix briefly explains the Grassmann algebra and Grassmann integrals. The
gaussian form of Grassmann integral arises in the fermionic calculations. The appendix
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is written by using lecture notes in Reference [141]. Detailed information are available at
[142] and [143]. Amplitudes as path integrals of fermionic fields are expressed as classical
analogs of X and . These are Grassmann numbers that obey Grassmann algebra,

{2 W} = 0= {Xm> Xn} = {Wm> Xn} (A.6)

Grassmann field is the function of spacetime whose values are Grassmann numbers,
y(x) =) vigi(x), (A7)
i

where ¢;(x) are complete set of orthogonal functions and y; are Grassmann numbers.
Associative algebra U over R or C are constructed from unit 1 and set of generators 6;
with anti-commuting products,

61,6} =0 V. (A8)

Examining Grassmann algebra under the parity operator helps to understand the behavior
of the fermions,

PO, = —6; :>P2:]1,

(A9)
P(Qil 91‘2 ce in) = (—1)p9i19i2 . o Gip.

P divides U into two parts,

P(x) =x=xeU™ : x contains even number of 0’s

P(x) =x= —x e U™ : x contains odd number of 6°s.

U™ is the sub-algebra of commuting elements in which two fermions act like boson.
To perform calculations, it is necessary to define derivative and integral operations in
Grassmann algebra. Starting from a Grassmann function as a function of single 6;,

F=F+06F (A.10)

Fy and F> may contain other 0; (j#i), the side of derivation is important. There are two
derivative operators:
Left Derivative,

o _p (A.11)
891'_ 29 .

and Right Derivative, F = F| + F>6;

oF .
76 =5, (A.12)

In fermionic calculations, usually left derivative is used. In 1966 Berezin showed that, in
Grassmannian algebra the left derivative operator equals to integration [144]

oF
/inF: 76 (A.13)
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the integral is written,

[= /def(e), (A.14)
f(8)=fi+0f2s0

1= [ao(ri+0p) = f. (A15)
change of variables, 8 = a@’ +b, d0 = JdO'

I= /Jde’f(e) = /Jde’(fl +(a®’ +Db)f)
:an2 =J= 1/a.

(A.16)

Jacobian is inverted compared to commuting numbers. More generally, the Jacobian is

d0,d6,...d6, =J6.do,...ds),,

:H

1

= J! :det<ﬁ) (A.17)

if % is invertible. Fermions obey the Grassmann algebra. Generally, Gaussian integrals

are encountered in calculations, so the Gaussian integral in the Grassmann algebra must
be solved. Beginning with a Grassmann algebra consists two sets of generators:

y 4 i ¥ [d0:M;;a6;]
Z(M) = / 46,d6,d6,d6, ...dB,d6e 7 (A.18)

change of variables

26,
26,

ZM,;_,-@_,- =0/ = J =det[M] = J =det(=—), (A.19)
i

then the integration becomes

- B B ¥ [d8,a6/]
Z(M) = det[M] / d6,d6|d0,d6,...d0,d6e
= det[M) / d6,d0{d0>d0}...d0,do, e [8iae/] (A.20)
Taylor

expansion

det[M] / [[d8:d6/(1-8:6))
the [T]1d6:d6!1=0.
i

Z(M) = det|M d6:d6/6/6;,
(M) e[]/H (A21)
= det[M].
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The integral, is called as generating functional

. _ *i [dEiMijdejJFi(ﬁieiﬂLgini)]
Zoln. 1) = [ [1d0d6ie ' (A22)
i
change of variables
6;=6 -y (M )yn; . Gi=0-Y ;M ") (A-23)
J J
after changing variables and using the Eq. (A.21), the integral becomes
|:Zni(M1)ijnj]
Za[n. 7] = det[M] / els , (A24)

before calculating the integral, there is one more key formula to understand and complete
the Gaussian integral part, which is called as Wick’s theorem,

- B _ _ __ —XL6iM;6;
det[M]<9i19j1---9in6jn> = /Hd@,-d@,-(@ileﬂ ...Qinejn)e b

(A.25)

| & o o O
67”1 5ﬁ,~1 anjn Sﬁm n=n=0

=(=1)" ) sign[PI(M™ )i jp (M7 )igjp, - (M),

]ZG[TLﬁ]

P(1,2,...,n) is the permutation of numbers from 1 to n, and sign[P] is the sign of permu-
tation. Using the Wick’s theorem, the 2n function becomes

onj1 6M; 6Ny 07,
=det[M; )] =det(6,0,,)

ik ji

6 0 o Y. n;M;n;
<9i19j1 ---einejn> = 6 [ by J Jj|
(A.26)

Using Wick’s theorem in Eq. (A.26), 2n functions can be written as 2 point functions.
This is useful for calculating observables. For Dirac field

- | D% 2w y(x))y(xy) et/ WEd-my
| =
<0| [W(XI)W(XZ)] |0> f E ll/ ll/eij'd4xW(ia_m)W

{ 5 5 (A.27)
= det—i(id —m)] (- lﬁ) (- %)Z[n,ﬁ] N = SF(x1 —x2),
where
Z[n, 1] = det[—i(id — m)]e~ 4 xdyNSEe=)n0), (A.28)
the Feynman propagator is
Sp(x—y) =det[—i(id —m)] L. (A.29)
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The Eq. (A.29) shows that the propagator is inversion of Dirac operator. In LQCD this is
a matrix, calculating the propagator means inverting the Dirac operator matrix, that is a
time consuming process.

A.3 Jackknife Resampling Method

Jackknife is a nonparametric methods for computing standard errors and confidence in-
tervals [145]. It is especially useful for variance and bias estimation. The Jackknife
technique was invented by Maurice Quenouille in 1949 [146] as a tool for bias reduction.
John Tukey in 1958 [147] showed the Jackknife technique is useful in reducing the bias
as well as in estimating the variance. Moreover Tukey proposed the name "Jackknife" to
imply that the method is an all-purpose statistical tool.

The Jackknife samples are created by deleting a data from the original data set, i th vari-
able of Jackknife sample is defined as

1
n—1

n
Y xj, (A.30)
i#]

%=

where X; 1s Jackknife estimation of i th variable, x; is variable in original dataset. Variance
of Jackknife is defined as

n—1¢
o’ = . Y (% — Fave)- (A.31)
=1

Xavg 1s the estimator based on all of the subsamples, defined as

1 n
Kavg = ZZ)E,-. (A.32)
i
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APPENDIX-B

PATH INTEGRAL ON THE LATTICE

To understand the path integral on lattice, it is useful to begin with scalar field theory. By
considering a scalar field ®(¢,x) and employing the Euler-Lagrange equation, the Klein
Gordon equation is derived as

Iy (O ®) +m*P = 0. (B.1)

By adding a potential, V(®), the system is quantized via canonical quantization. Hamil-
tonian of the system is written as

2
P4 (1) 4V (1)), (B.2)

1 1
H= /d3x<51—[(t,x)2 +5(V(.x)
where in the quantum language, the classical fields are replaced by corresponding opera-
tors, viz.,

75 3 (las 1 o202 m? ) =
= [@x(5IP 45 (v8) + 781V (3)). (B.3)
In order to eliminate infinities in continuum quantum field theory calculations, an ultravi-
olet regulator must be used. Usual methods are Pauli-Villars or dimensional regularization
or using a momentum cutoff. In LQCD, space is replaced by a 3D lattice A so that it acts
as a momentum cutoff. The space vector x is replaced by an, where n is the lattice site
coordinate and a is the lattice spacing. In turn, operators are defined only on lattice sites
®(x) = ®(n) and I1(x) = II(n). In the a — O limit, derivatives in Eq. (B.2) can be
replaced by the finite difference

d(x) = 2 +) - =D | pa). (B.4)

With the replacement of the integral over the spatial volume by a sum over all lattice
points, the discrete Hamiltonian becomes

neA 2 i=0 2a

~ ~ 3 (dn+i)—dPn—i)\> m?~
Hn)=d’y <%H(n)2+12 (q)( i) — )) + —®(n)?
+V (cf:(n))> , (B.5)
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where ¢(a?) terms have been omitted and the the momentum operator is

~ —i d

fi(n) = 30 (B.6)

The discrete Klein-Gordon hamiltonian may be split into a free, Hy, and interaction, Hj,
part

q_"ly 2
07 243 Z acp(n)Z’

O(n+i)—d(n—i)\*> m*~ ~

(B.7)

l 0

Such a separation is particularly useful when calculating the correlators. Assuming time
steps,&, are infinitesimal interaction part Hy is split symmetrically,

o~ — p—eHi/2 —eto,—¢Hi/2 | (1 4 G(g)). (B.8)

This equation can be derived by, Taylor expanding the both sides of equation so that the
left hand side is

e‘eﬁTay—m>(l—£ﬁ+...):>(1—8?[0—8?[1)%—@’(8), (B.9)

expansion

and the right hand side is given by

o€t/ —sﬂoe—eﬂfﬂMa—sH,/H Y1 —eHy+...)(1—eH;/2+...),

expanston
L H H;
1—8H0—8——|—8 0——£—+8 0—+£ —
2 2
—s3A (B.10)
2 2

Using the Trotter formula [148], one obtains [72]

<q>’|e*fH @) = lim (/| W |®), (B.11)

=300

where new operator is defined
We = e~ €120t —¢H1/2 | (1 1 g(g)). (B.12)

Similar to the procedure in Eq. (2.16), complete set of states is inserted, n; — 1 times and
focus on one term only

(i1 |We | @) = (D] e cH1/2e Moo —€H1/2 | ) (B.13)
We acts on states, returning eigenvalues

Hy(®y1) Hy (@)

(D1 | We |@) =e € 2 (Dyyq|e 0| e €72, (B.14)
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which reduces to a Gaussian integral

- a3 \N' e (=) —e L
(D1 |[We D)) = [/ — ] e - 2 (B.15)
2rme
It is now straightforward to compute the correlator
(0:()010))r = - [ 7(®le 5 ¥0s[(.n )01 [(.0)] (B.16)

where Zr = [ 2[®],eSt® is the partition function and ®(.,0) and ®(.,n,) are function-
als whose time arguments are fixed; but spatial arguments are varied . The Euclidean
action, Sg, 1S

4 i) —dn—p)\> m
Sel®]=a" )’ <% Y <¢(n+u)2acp( “>) —I—;d)(n)z—H/(CD(n))). (B.17)

However, the LQCD is not a scalar theory, it begins from the QCD action. For this reason,
defining the QCD action will be descriptive for the reader. The procedures set above are
followed to define the discrete, Euclidean QCD action. The QCD action is written as the
combination of a fermionic and a gauge part. These actions can be examined separately.
In the continuum notation, quark fields are written as, W) (x)a, W) (x)a, where x is the

space-time coordinate, @ = 1,...,4 is the Dirac index, ¢ = 1,2,3 is the color index and f
is the flavor index that denotes 6 different flavors. Y is an anti-fermion field described as,
¥ = y'y. Gauge (gluon) fields are written as; A (x).4, where i is Lorentz index.

Fermionic part of the QCD action is written as

/a’4xW(x) (Vu (O +iAy(x) +m)> y(x). (B.18)
In order to ensure the gauge invariance of the action, a covariant derivative is introduced,

It is easier to prove gauge invariance of QCD action when splitting the fermionic and
gauge part of the action.

Se . WAul = [ 00 (3004 i) 1)) v (B.20)
New fields are defined as

W)%WU— mwm

B.21
)= V) = R () B20
action is written in terms of new fields
Skl WAl = / d*xy(x)Q7 (x) <}/u (O + A} (x) + m)) Q(x)y(x). (B.22)
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Mass part of the action is mQ' (x)Q(x)¥(x)y(x) gauge invariant. Examining the gauge
invariance of kinetic part

QF (x) (u + Ay (x))Q(x),

B.23
= 9y + Q' (x)(9uQ(x)) +iQT (x)A}, (x)Q(x). 29

In order to provide gauge invariance A;L (x) must be transformed as the following form,
Ap(x) = A} (x) = Q)AL (1) QT (x) +i(duQ(x)) QT (x). (B.24)
There is also new definition of derivative operator
Dy (x) = 9y +iAy(x), (B.25)
it is called as covariant derivative. The gauge invariance of covariant derivative is
Dy (x) — Diy(x) = dy + iA}, (x) = Q(x) Dy (x)Q (x). (B.26)
The gauge part of the action is written as
1
SelA'] = 52 / d*x tr[Fuy (x) F*Y (x)], (B.27)
8
the field strength tensor is defined as
Fuv(x) = =i[Dy(x), Dy (x)]; (B.28)
examining the gauge invariance of field strength tensor

Fay(x) = Fy (x) = =ilD}, (x), Dy, ()] = ~i[Q(x) Dy (x) Q7 (x), Q(x) Dy () Q" (x)]
= —i(Q(x)Dy (x)Dy (x)Q" (x) — Q(x)Dy (x) Dy (x) Q1 (x)) (B.29)
= Q()C)FquJr (x).

The gauge part of the action is also gauge invariant.
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APPENDIX-C

U-SPIN SYMMETRY

In general, in the hadrons classification for SU(3)s, SU(2) isospin subgroup is used.
Isospin (I) subgroup commutes with hypercharge (Y), through this classification, SU(3)
can be written in terms of SU(2); x U(1)y. In fact there are alternative ways to label
SU@3)y.

When the generators of SU(3) group are examined, it is seen that they are formed with
8 Gell-Mann matrices. These Gell-Mann matrices can be written as three subsets. Thus
SU(3) group can be expressed in three different SU(2)s. It should be noted that the three
different SU(2)s do not commute with each other. Thus, there cannot be three SU(2)s
in SU(3), but SU(3) can be expressed as three different SU(2). One of them the is well-
known isopin and hypercharge.

I,-:%li(izl,Z,?a), (C.1)
here A; are Gell-Mann matrices, the commutation relations of isospin are

i, 1] = i€;jil, (C.2)
the commutation relation of isospin and hypercharge is

[1;,Y] =0. (C.3)

As described earlier, SU(3) can be written as three different SU(2). First set is the set of
isospin and hypercharge. The remaining two sets can be written as follows [149],

Ul - 52'67

Uy = %17, (C.4)
1

Us = Z(ﬁxg—/m,
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called as U-spin (SU(2)y) and
1

Vl = E)L47
1
Vo= s (C.5)

1
Vi = 1(13 -+ \/glg),
called as V-Spin (SU(2)y). The commutation relations are

[Ui7 U]] = isiijkv

. (C.6)
[V,',Vj] = lS,'jka.
The ladder operators of U-spin and V-spin defined as
Ui =U; iU,
I .7
V:t = V1 + lV2,

The U-spin generators commute with electric charge Q (Q =15 + %(B +S)=hL+ %Y )
Ui, 0] =0, (C.8)

By analogy to the definition of isospin, SU(3) s can be written in terms of SU(2)y xU(1).
Furthermore Q and Uj axis can be set up like Y and I3 axis. U3 values can be written in
terms of isospin and hypercharge,

13

Us = E(EY_I3>' (C.9)
In U-spin symmetry, doublets can be written same as in the isospin symmetry. In the
isospin symmetry, the quarks in this doublet are u and d quarks. Since the mass difference
between u and d quarks is very small, chiral symmetry is assumed as not broken. On the
other hand, in the isospin symmetry, charge symmetry is not preserved; since the charges
of the quarks are not the same. In U-spin symmetry, the charge symmetry is preserved,
because the doublets have s and d quarks that are in same charge, but the mass difference
between these quarks is much larger than the isospin symmetry,

SU(2); m — SU(2)y Lsi] . (C.10)

Since in electromagnetic transitions the charge is conserved, U-spin symmetry is a handy
symmetry for these type of transitions. Some decay channels are also forbidden by U-spin
symmetry. The electromagnetic transitions of octet - octet and decuplet - octet baryon,
gives a prediction of the degree of U-spin symmetry breaking [150].

Fig. (C.1), illustrates that there are two U-spin doublets,X ", p and &, ¥~. There is one
triplet (n, X° and Z°) and finally one singlet with A”. Some care is needed when switching
between isospin multiplets and U-spin multiplets. The connection between XV, AY and X9,
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I

Figure C.1 U-spin and I-spin for octet baryons.

AV can be obtained as

1
20 = —tr(BA3),
V2 (C.11)

A0 = %u(mg).

The states X and Ay are obtained by applying the rotation described in Fig. (C.1) and
new axes are defined as

M=kt “;xg,

C.12
A’—ﬁl +l/l o
8 — 2 3 ) 8-

The new states in terms of new-axes are

= itr(Bkg),

' \{z (C.13)
A= 5 e(BA).

Comparing the Eq. (C.12) and Eq. (C.13), the states X0 and Ay describe the mixing
between the neutral ground states:

1 V3

YO — 30 YA

! \/% i 12 ’ (C.14)
AV = Y30 — A0

u= Ry

Here 22 and Ag are mixed states, they are combinations of U=1 (%), and U=0 (A?) states.
The SU(3) decuplet can be examined similarly, When the charm quark is considered,
the U-spin doublet remains the same. However octet baryons become 20-plet and one
anti four plet. While the decuplet baryons also form a 20-plet. The exact SU(3) U-spin
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U-spin Charge Baryons

U=0 Q=0 (A?
U= Q=1 (p,Th
U=7 Q=-1 (E,2)
U=1 Q=0 #7Z2°3x9

Table C.1 U-spin numbers for octet baryons.

U-spin Charge Baryons

U=0 Q=2 (A"

U=1 Q=1 (@a"xrh

U=1 Q=0 (A%x*" %)

U=3 Q=-1 (A2 ,B",Q")
Table C.2 U-spin numbers for decuplet baryons.

symmetry forbids the two neutral electromagnetic decays Z0y — £ 9 and 0y — = 0,

U-spin Charge Baryons
U=0 Q=2 (&)
U=; Q=1 EHLED
U=1 Q=0 (£E.0)
U=0 Q=0 (&9
U=l Q=1 (ALED
U=0 Q=2 (N
U=} Q=1 (©@LE)
Table C.3 U-spin numbers for triply charmed, doubly charmed and single charmed spin
% baryons
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U-spin Charge Baryons
U=0 Q=2 (@)

U=0 Q=2 EiH

U=} Q=1 @& o
U=0 Q=2 (')

U=3; Q=1 (&%)
U=1 Q=0 (&5

Table C.4 U-spin numbers for triply charmed, doubly charmed and single charmed spin
3 baryons
) y
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APPENDIX-D

HOPPING PART

D.1 Hopping Part Invariance Under Parity Transformation

The parity transformation of hopping part can be examined more easily when splitting the
temporal and spatial parts, spatial part, transforms as

—Z Z y(n, ”4 ]1 Y:)Ui(n, n4)@W(n+f,n4)gz, (D.1)

nn4 i==1

Using the transformation rules from the Eq. (2.95), the spatial hopping part is

at +3
2 X V(= w)uli(—n—ina) y(-n—in), (D.2)
ap Mg i==+1
using the relation U;(n DT ) and setting the m = —n, the spatial hopping part is
o +3 )
— Z Y, Wm,na) (L — %) BU-_i(m,na)y(m—1i,ng), (D.3)
m,ng i==41
from gamma matrices relations Y1 %Ys = —% = Y—i,
o +3 .
o Y Y Vimn)u(L—y-i)uU-i(mng)w(m—ing), (D.4)
m,ng j==1
after setting the i = —i, the spatial hopping part becomes invariant
ot +3 A
37 L L Vimn)u(l—y)nuUimna)y(m-+ina). (D.5)
m,ng i==41

For the temporal hopping part, the calculation is straightforward,

614

o Z l[_/(n,n4)‘@(]l—yu)Uu(n,m)‘@I//(n,mil)‘@, (D.6)

n,ny ‘u:i4
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using the transformation rules from the Eq. (2.95),

— Z Z —n,n4)(1 —y)Up(—n,na)y(—n,ns = 1), (D.7)
nn4y +4

setting the m = —n,

5 Z Y. W(m,na)(L—yu)Uy(m,na) y(m,ng £1). (D.8)
nn4u +4

Thus it is shown that the hopping part is invariant under parity transformations.

D.2 Hopping Part Invariance Under Charge Conjugation Transformation

The hopping part transforms as

Z Z W(n) (1 — 1)Uy (n) w(n+p)C, (D.9)
n ou==1

the transformation of link variable under charge conjugation is given in Eq. (2.98), trans-
formation of the fermion fields are given in Eq. (2.97). Using these two transformations
the hopping part becomes

Z Z V() C(L =) C (Uu(n)) y(n+ )", (D.10)
n u==+l1

from the charge conjugation relation Cy,,uC~! = —7y,u’
Z Z V() (L+9) U () ) y(n+ )" (D.11)
n u==+l1

The equation can be written as the transpose of the product of the matrices and spinors
in reverse order. It should be noted that the fermionic fields obey the Grassmann algebra,
therefore when they replace, a negative sign appears.

o

2aZ Z Y(n+ Q) (L + 1) Un(n) w(n), (D.12)

n u==+1

define a new node m = n+ U, the equation is

Z Z Y(m)(1+y)Uu(m— ) w(m—p), (D.13)
A u=+1

using the relation Uy (m— )" = U_,(m),

Z Z Y(m) (1 = y-p)U-p(m) y(m— ), (D.14)
m pu==+1
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setting the 4 = —pu, finally the equation becomes

Z Z W(m)(L — 1)Uy (m) y(m+ ), (D.15)
A u=+1

the equation shows that the hopping part is invariant under charge conjugation.

D.3 Hopping Part Invariance Under Time-Reversal

The hopping part transforms as

4 +4
2a (T =) apUu () abbntpm — 2 Z (s (L = Yu) %) apUn (M) abOns pm>
@ =% 4 =1
1 +4
- % Z (]l + yﬂ)aﬁ UN <n>ab6n+ﬁ,m7
o (D.16)
=2 Y (=) apU—p(n)abSu—ppm;
u==l
1 +4 :
- Z Z (]l _Y.U)OéﬁUli(n_“)ab(sn—,a,ma
u==1

eventually d,_p ,, makes n — [l = m. Additionally U, (m)zb which is a hermitian of link
variable interchanges the n <+ m. The hopping part becomes

1 4
=3 Zl (L~ %) apUu(m)}, 8mnia- (D.17)
u:
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APPENDIX-E

VERTEX FUNCTION AND FORM FACTORS

E.1 Calculation of Vertex Function

The vertex function is defined as
iMy = —ieu(p')y*u(p), (E.1)

where u it is spinor of electron. The photon momentum is g* = p’* — p*. The gamma
matrix is stressed using the sigma tensor relations,

:E[Yﬂa’yv]?

iotY = yVytt — gV,

(E.2)

Then putting this result between spinors the equation becomes

a(p")ic"" (py — pv)u(p) =u(p")[(r"v* — g"")(py — pv)lu(p),
=a(p")[(v' ) =" )P\ (r' ) = g" ) pvlu(p), (E.3)
=u(p)[F v — (' + )" + ¥ plu(p).

From the Dirac equation #(p") ' = mu(p') and pu(p) = mu(p), the equation becomes

u(p"ic"" (p\, — pv)u(p) = u(p")2my* — (p' + p)*Ju(p).
u(p))ic*” (p, — pv)u(p) _u(p) [(p'+p)*]ulp) (E.4)
2m 2m )

Finally, the vertex function can be written by using the g* = p’* — p*

“iea(p )1 u(p) = —ien(p)| L ) -

JIRVRY
- oMY (")Ju(p). (E5)

E.2 Form Factors of spin % particles in Lattice QCD

In this section, CHROMA'’s [1] documentation will be followed. Electromagnetic form
factors can be calculated by the baryon matrix elements of the electromagnetic vector
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current J;, = eg(x)yuq(x). Sachs electric and magnetic form factors are defined as

2
Ge(q) = Fi(q") — Fa(d”),
My
Gu(q*) = Fi(¢%) + F(q?). (E.6)

Sachs form factors can be found by selecting proper variables of the matrix elements
T (o)) = TP (i +M)“yulip+ M)P | Fi(47)
. Ouvqv ,. 2
TP (i + M) = (ip - M)P | Fag?), (E7)

The summation over the indices give traces. For ease of writing, the formulas can be
abbreviated,

A = [ + M) qalip+ M)

a (E.8)
By = [(zp”JrM)“ gﬂj (p+M)ﬁ]
The equation becomes,
W) Il (p.s)) = [ TPAL | Fy (67) — e [TP 2 B | Fa(?). (E9)
tr[Fﬁo‘A }ztr [rﬁ“(ilf’+M)“ (ip+M)ﬁ}, (E.10)
w[0P B, | =[P4 (i + 1) g;jv(p+M)ﬁ] (E.11)

For u is selected as 4, I is selected as 4 and I is selected as 4 the ratio gives Sachs

electric form factor, where I's is defined as {(1) 8] ,

tr [rﬁ“m} _ [rﬁ“ (i + M) y(ip +M)ﬁ] , (E.12)
tr [rﬁ“m} — 1 [rﬁ“ (i;/’+M)“%(ip+M)ﬁ} . (E.13)

Splitting the energy and three momentum parts

-

P = PT’ iE, s, (E.14)
p =BTV —iEpns, (E.15)

putting in E.10 and E.11

S
‘<1

Ay = [Y4( o+ VM) (Ep +1aM) — i(Ep — YaM)p' 5 — i(E,y — 3M) P.Y — 214i 01 pep

+upp |, (E.16)
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By =500 | — (Ey +1M)iY.G(Ep +1uM) — P W(Ep+1sM) — B.Gva(Ey — Ey)+
i((ﬁ +p)§.7.5+ P*7.g +2Y40%piq; (Ep +Ep/+2Y4M)) (E.17)
Setting I” = 4 and taking the trace
e
tr[T4As] =2 [2E,,Ep, +M(E,+E,)— ﬂ , (E.18)
2
q 1 2
tr[[4Ba] =2 [4M2M(Ep +Ey+2M) — 5(Ey —Ep) } . (E.19)
The two point function is
72
(FN (1; p;Ty)) Z et B tr [Tyip+ M. (E.20)
Ep
Taking the trace
(1 i) = X et ZEEM) (E21)
9 9 B 2Ep . .
K
With help of these the ratio becomes
E+M
11(0,—q,T4, T, u =4) = ( E )GE(qz). (E.22)
For u =i,I" = jand I" = 4 the ratio gives Sachs Magnetic Form Factor,
Ai = (i + M)y (ip+M)P, (E.23)
B; = (iff +M)® quV(p+M)ﬁ (E.24)

Splitting the energy and three momentum parts, adding I” = j and taking the trace
T4, =2e;0 [p;( (Ep+M)— pi(E, +M)] , (E.25)

w[[jBi] = - | &ijuph (Ep+ M) — &jxpic 2ME, + M?)

|:
M
pp pjfl'lﬂlplpm pigjlnlplpm (E'26)

Putting together in to ratio

I1(0, —q,T4, T,y = i) = €k qkGu(q)- (E.27)

1
2E(E+ M)
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E.3 Ny — A Electromagnetic Form Factors

The matrix element of Ny — A transition is written as

(2050 T2 (p.5)) = 12355 5) 07 (B 5), (E28)

where y2(p’,s’) denotes A wave function, u;(p,s) is spin vector in Rarita-Schwinger
formalism. The vertex tensor &** is written in terms of Sachs form factors [91],

O = Gyi (P)K i+ Gea (6Kl + Gea (P K. (E.29)

In this equation the Gys1,Gg2, Gy form factors are called as the magnetic dipole, the
electric quadrupole and the electric charge quadrupole respectively. At low momentum
transfers, M1 transition has been found to dominate. The M1 transition can be explained
as the spin and isospin flip of a single quark [151]. The small but non-vanishing values
of E2 and C2 multipoles give information about deformation of the geometric shape of
nucleon. E2 and C2 can be explained as double spin flip involving two interacting quarks
[121]. The kinematical factors of vertex tensor in Eq. (E.29) are

3 (ma+my) .
K™ — _ THop p
M1 (ma+my)2+q*>  2my y a4p
ma-+my) .
Kk = kil 60 ()Tt . Lits B Pogy 500 (2P, + g5)gs, (E.30)
(mA—i—mN)

Kcz —6Q~ ( )WiYSqT(quﬂ_q'Pq#)ﬂ

Q(q?) = [(ma + my)? + @[(ma — my)2 +¢?] and PH = L3P

been put into Eq. (3.91)

when Eq. (E.28) has

NJuA SV _ . [2 mamy ~EA(P)) (a—11) ,—En(P) (1 o, (T
(Fo "ty 110, piT)) = gjl\/;me ) (a=h) g =EnB) ) pBey, ()

ae(p,s ) O u(p,s)u(p,s). (E31)
When Egs. (3.20) and (3.29) are used

—(t2—11)EA(p') ,— (1 En(P)
(FY" %y, 1139, piT)) = i\ﬁe ¢ ) (E.32)
3 4EA( "YEN(D)

MY Gunt (@) + ME; Gea4?) + ME Gea ()
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where,

. 20607 | PoYe—DPrYs 1
M1 U T (o}
My, = Tr(F (ip +ma) {8M+ 35&%1 = 3mA’ —3¥h
K3 (ip ) )
. 20607 | PoYe—DPrYs 1
E2 U T (o}
ML, = Tr(F (it +ma) [6M+ 3;%%1 & 3mAT — 7Yl
KE (ip - my) ) ,
. 20607 | PoYe—DPrYs 1
Mgi = Tr(F (llz/’+mA) [5&-4— 3::%1- +i%C ;mA t’o —§Ycr%
K (ip+my) ) . (E.33)

To extract the form factors and to eliminate the exponential terms, a ratio should be de-
fined as

AJy N
<FG H shwl(t27t1;p/7p;r)>

(8iF5 % shwt (123 P/ Ta))

(8ijF % snsn (2013 '3 Ta

(Fvan (213 p3Ta)

RG(t2at17plapaF7lJ“) = )>>] . (E34)

The ratio has been chosen among several alternatives used in the literature, because of the
signal quality. The three Sachs form factors Gy (q?), Gr2(g?)and G (g?)can be singled
out by choosing the appropriate combinations of Lorentz direction t, gamma matrices I'
and initial momenta. When momentum is inserted in one spatial direction (I' =I';) the
kinematical factors becomes

—(my + mA)Pan

MM
oK my((my +ma)? +¢?)

{(EA T ma) (Ex -+ m)enpapejor(l - Sic)
/

+ ((EN +my)py — (Ea+ mA)Pk) Z—Z(l — O41)ErpapEjkt

+i ((EN +my)py — (Ea+ mA)pk) €cpap (0ac(1 — 84)€jke — Sac (1 — Baz) €jkr)
p/

+P§<Pl€jkl <380uaﬁ + im_ig4“aﬁ —&uoap 540)

—PiPiEpap (1 — 8as) (1 — 842) (SjkEcri + Sor€jii + Sui€jks — Oi€jkr) | (E-35)
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Mgfl = —Mé‘ﬁ + [— 2iKsy ((EN —l—mN)p;~ — (Ea —l—mA)pJ)

-~
iPo

Ka ( — S (En+ ) (Ea+ma) — 2P By + my)

ma
_pjp’c(

a Ex+mp) +P9PG —0jop- 7 ‘i‘Pjpér)

ip .
#5812 ) (B ) (Bt )+ (B ) (1 B
Fipo(Extma)(1-8i0) +7 75 + 64Gp-p’)} , (E36)
i(my+mp)
Mgy (m—N)Q ] (qz(erp’)u —q- (p+p/)qu)

/ 2p . / !
{(mN+EN)p’j (—3pg+p(y (mN— PP ) — 046 (mN+p L ))

ma ma ma
/
P

/ 2 . /
—(ma+Ex)p;j (—3Pc+p—6 (mN— L ) +id46 (mN+p ))
m ma

A ma

e/
+0jo (mn + En) (ma + En) <mN + pmf )
/

+(1 = b45) <mN gpr >
ma

> (pap} —p-Pdjs +pjp3>} , (E.37)
when u is selected as 4 and initial particle are at rest p =0
My, =0,

My = 0,

my+m 2E i
M = TR {qjqo <1+—A) —qzéoj}. (E.38)

ma ma

From &5, 0 must be equal to j. Hence the Coulomb electric quadrupole form factor
becomes

Eam m 2 2m ,
Gcz(qz):2\/8mNAT’iA 1+E—2,/1+;]Wq—f1e,-(q,o,zrj;4). (E.39)
A

For I" = j the momentum polarization ¢ # 4 and photon polarization u # 4, kinematical
factors are

M1 (MmN A+ ma qoqm
Mgy =—i (mA +EA> qk€iuk <(EA +map)€jor + —mA Sjml) ,
. doq EA
M(Eyi - (/3 + l(mN +mA) |:4C]j <5Gy - 22#> + 3m—Aqo (E.40)

qjqu
o 2)]
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Putting kinematical factors into the Eq. (E.34), the magnetic dipole Gy (¢?) and electric
quadrupole Gg»(g?) form factors can be extracted

EAmA
G (¢?) = 2v/6—2 1+ 1/ R 0,0
Ml(q ) mN"’mA 3mA| ’ o q] J )

Ro(qo,O,Fj;j)] (E41)
Eamp ma ma
Gp(qd?) = 2v6—=22 [1+22, 1+ [R ,0,T;0)+—
E2(q ) mN"’mA EA 3mA| ’ G(q] J ) EA
RG(QO'aovrj;j)] (E.42)
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APPENDIX-F

TABLES FOR ALL PROBABLE 4°> VALUES

Table F.1 Table for probabilities g up to 6
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Table F.2 Table for probabilities g> 7-8

|| px py p:
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NN OO OO
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