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ABSTRACT

HOMOGENEOUS,ANISOTROPIC SOLUTIONS Ol
TOPOLOGICALLY MASSIVE GRAVITY INCLUDING A
COSMOLOGICAL CONSTANT

Kamuran Saygih
M.S. in Mathematics
Supervisor: Prof. Dr. Yavuz Nutku
July 22, 1993

Exact solutions to the ficld equations of Topologically massive gravity with
a cosmological constant are presented. These are homogencous,anisotropic
Bianchi Type VIIT and Type IX manifolds and generalize the finite action vac-
uum solutions of topologically massive gravity. We find that only those solutions
in which two of the constant scale factors are the same admit a cosmological
constant.We also find that,depending on the signature and the sign of the cos-
mological constant,these solutions point to the existence of a critical value for

the topological mass which is determined by the cosmological constant.
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OZET

KOSMOLOJIK SABIT ICEREN TOPOLOJIK KUTLELI
GRAVITASYONDA HOMOJEN,ANISOTROPIK
COZUMLER

Kamuran Saygil
Matematik Boliunt Yuksek Lisans
Tez Yoneticisi: Prof. Dr. Yavuz Nutku
22 Temnmuz 1993

2+ 1 boyutlu nzay-zamanda gecerli Topolojik kittleli gravitasyon tcorisinin
homojen,anisotropik ¢oztimleri kozmolojik sabit igerecek sekilde genellestirildi.
Problemde kozmolojik genigleme faktorleri sabit alindi.Bu ¢oziimler Bianchi-
VIII ve Bianchi-IX tipi olup aym zamanda sonlu eylemlidirler.Sonuc olarak
sadece,iki,sabit kosmolojik genigleme fakioriiniin esit oldugu durumlarda ¢oziim
lerin kozmolojik sabit, kabul cttigi gosterildi.Ayrica bu ¢oziimler topolojik kiitle
igin kozmolojik sabitle belirlenen kritik bir degerin varhgimada isaret ctmekle-
dir.
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Chapter 1

Introduction

In this thesis,exact solntions to the field equations of Topologically Massive

Gravity including a cosmological constant will be presented.

Lower dimensional gravity theories are attractive for their interesting prop-
erties [1].In low dimensions, although the fundamental propertics of the higher
dimensional ficld theories still remain,their mathemathical complexity disap-
pears. Therefore lower dimensional gravity theories are studicd as toy mod-
els,to gain insight in to higher dimensional theories. They are also studied in
their own right,for understanding lower dimensional systems. Besides that these

theories are interesting mathematically.

In three spacetime dimensions gravity theories have different structure. Their
structure relies on properties unique to three dimensional Riemannian mani-
folds. Therefore they exhibit attractive mathematical properties. Also parity,spin
and statistical behaviour of those theories are different than the real .four di-
mensional theory,General Relativity. For a general discussion of the three di-

mensional field theories see references [2],[3].

In 241 spacetime dimensions Einstein gravity is somewhat different than
the 3+1 one.It exhibits some unusual features,which can be deduced {rom the
properties of the Einstein field equations and the curvature tensor [6].1n 2+1
dimensions the curvature and the Einstein tensor are equivalent. Therclore the

curvature is determined locally by the matter distribution and the cosmological



constant. Spacetime is flat,de Sitter,or anti-de Sitter depending on the value of
the cosmological constant.As a result there are no gravitational waves oniside
the matter.However point particles may have non-trivial global eflects on the
spacetime surrounding them.Correspondence with the Newtonian gravity also

breaks down [4] [5].

In 241 dimensions,as an alternative to Einstein gravity S.Deser,R.Jackiw
and S.Templeton [2] [3] proposed Topologically massive gravity in 1982.The
field equations of Topologically Massive gravity consist of the usual Einstein
tensor coupled to conformal tensor.In three dimensions the Weyl tensor van-
ishes due to equivalence of the curvature and the Ricci tensor. [13].Therefore
one uses the conformal tensor unique to three dimension [15].1t is refered to
as Bach tensor,York tensor,or the Cotton tensor.As Weyl tensor,it is invariant
under local conformal traunsformations of the metric and vanishes if and only if
the metric is conformally {lat.It is also traceless,symmetric and covariantly con-
stant. The action for Topologically Massive Gravity consists of the Finstein-
Hilbert term coupled to a term which is proportional to Chern-Simons sec-
ondary characteristic classes {1].Einstein gravity coupled to the Chern-Simons
gravity becomes a dynamical theory. [furthermore in this theory gravitational

waves become massive [2].

In this thesis exact solutions to the ficld equations of Topologically massive
gravity including a cosmological constant will be presented.These are Bianchi
Type-VIII and Type-IX homogeneous, anisotropic manifolds and generalize the

finite action solutions of topologically massive gravity.

The plan of this thesis will be as [ollows. In section 2, we shall introduce
topologically massive gravity. In sections 3 and 4 solutions of the ficld equa-
tions of topologically massive gravity including a cosmological constant will
be presented.Finally at the last section,b, we shall summarize and discuss the

solutions obtained.



Chapter 2

Topologically Massive Gravity

In 2 4+ 1 dimensional space-time Einstein‘s equation can be written as,[1]

G+ Ag', = kTS (2.1)

where G*;; is the Einstein tensor

Qi _ i 1 ¢
('k—Rk~fz5kR (2.2)

R, is the Ricci tensor, R is the curvature scalar. A is the cosmological constant
and & is the gravitational constant with the dimension of inverse mass (¢ = 1).
[ is the energy momentum tensor of the matter field.

In three dimension Riemann tensor Ricci tensor and the Einstein tensor
have both six components.That can be seen from the symmetries of those
tensors [13] Riemann tensor can be completely written in terms of the Einstein
tensor or the Ricci tensor [4] [5].Equivalently Riemann tensor can be written

as the double dual of the Einstein tensor [6].

Rk = ke G (2.3)

Im



As a result the curvaturc tensor is determined locally by the matter distribu-
tion and the cosmological constant. Therefore source free regions of spacetime
are regions of constant curvature.As a result there are no gravitational waves
in three dimensional Einstein gravity.Space is locally flat,de Sitter or anti-de
Sitter depending on the value of the cosmological constant [1].In vacuum the

curvature tensor is given by

Rikim = A(gitGkm — Gimgri) (2.4)

with the trace

R = 6A (2.5)

For a general discussion of the three dimensional Einstein gravity see the ref-

erences [4] and [5]

As an alternative to Einstein gravity in three dimensions S.Deser,R.Jackiw
and S.Templeton [2],[3] proposed topologically massive gravity,in 1982. It is
mathematically attractive as it posseses properties unique to three dimensional

manifolds.

In Topologically massive gravity the Einstein tensor is coupled to conformal
tensor for three dimensional manifolds. It is the analog of the conformal tensor
of Weyl which is not defined in three dimensions.DJT field equations for the

vacuum are

i o 1y
Cet uCh=0 (2.6)
where G, is the Einstein tensor as defined above. C? is the conformal tensor
in three dimensions and f is the DJT coupling constant with the dimension of

inverse lengih.

The conformal tensor (7% is called the Cotton tensor,York tensor or the

Bach tensor in the literature and it is the three dimensional analog of the Weyl



tensor which is defined in higher dimensional spaces. It is defined as

g __ 1 tmn . 1
Sl = \/’_—gf ' (ka ngmR) m (27)
It is of third order derivative with respect to the metric.It is traceless,symmetric

and covariantly constant by virtue of the Bianchi identities satisfied by G¥,

Chmn/—gC™" = Gy =0 (2.8)

Also it is invariant under local conformal transformations of the metric and
vanishes if and only if the metric is conformally flat.For details of this subject
see references [15], [7],[2].

The DJT field equations with a cosmological constant can be derived from
an action which contains the Einstein-Hilbert lagrangian coupled to a Chern-
Simons term with the coupling constant p.This term corresponds to the Chern-

Simons secondary characteristic class. [2]

1 ., 1
F/(R—QA)\/-gd ’U—{—;—z—l—t—]cs (29)

where [ is the Chern-Simons lagrangian

, 2 .
pre . ik [4 H ky 13
€ (R/wzkwa + Tw;;kwul Wei )d T (210)

4 3

Here we have used the Ricci connection definition of the curvature R, and

w, is the torsion-free spin connection [16].

Upon variation with respect to the metric, the usual Einstein-Hilbert term
gives the Einstein tensor and the Chern-Simons term gives the conformal tensor
in three dimensions. [2].Therefore the vacuum DJT field equations express a
balance between the Einstein tensor and the conformal tensor. We shall not

rederive the DJT field equations here since this is not related to our problem



directly.One can find the details of this derivation in reference [2]. The DJT

field equations for the vacuum are

] i 1

with the trace

= 6A (2.12)

where A is the cosmological constant.

In topologically massive gravity, due to Chern-Simons coupling,gravitational
waves become massive with the mass parameter g [2].Also the gauge invariance
may lead to quantisation of the mass parameter p,depending on the topological

properties of the gauge group.
(Vi Vz +/12)Rkl = —gklRmn Rmn + 3Rmk le (213)

Various exact solutions of the vacuum DJT field equations are known.Hall
,Morgan and Perjes [9] have constructed Newman-Penrose formalism and dis-
cussed the algebraic structure of DJT fields. They have presented new alge-
braically special exact solutions.One of these solutions,reminiscent of the Brink
man metric ,describes the propagation of a gravitational wave. In particu-
lar,there are finite-action solutions [10] [11] [8] [12]. Special cases of Bianchi
Type VIII and Type IX solutions have been studied by Vuorio [10] Percacci
et.al. [11] and Nutku and Baekler [8],in the case of vanishing cosmological
constant.Therefore It will be of interest to see if they can be generalized to
include a cosmological constant. A supersymmeyric generalization of topologi-
cally massive gravity including a cosmological constant has been considered by
S.Deser [17].We shall consider the field equations for the bosonic sector here.

We shall present exact solutions to the field equations of Topologically
massive gravity including a cosmological constant.These are Bianchi Type VIII



and Type IX homogeneous anisotropic manifolds.

Three dimensional lie algebras were classified by L.Bianchi [14] around the
turn of the century.The solutions,that we present,are Bianchi Type-VIII and
Type-IX. A Lie algebra can be given by its basis left-invariant 1-forms. We
shall denote them with

7 (2.14)

We shall consider an orthonormal frame with the metric

ds? = mkwi ® w (215)

where the co-frame,

w' = N0 (2.16)

is proportional to the left-invariant I-forms o of either Bianchi Type-VIII or
Type-1X, depending on the choice of Lorentz or Euclidean signature for n;
respectively. In equation (2.16) we set the scale factors A; as constant and

there is no summation convention over the label ;.

Maurer-Cartan’s equations of structure are

1

do’ = =
773

Chot Aot (2.17)

where Cj’}c are the structure constants of Bianchi Type-VIII or Type-IX.

Connection 1-forms w? curvature 2-forms ©%; and the Riemann curvature
tensor Rf, are calculated from the Cartan’s equations of structure



dw' 4+ wh AwF =0
(2.18)

i b1 i E __1pt k 1



Chapter 3

Bianchi Type-IX Solution

The coframe,which is proportional to the left-invariant 1-forms of the rotation

group parametrized in terms of the euler angles,is

w! = A (—sindf + cos ¢ sin 0d¢)
w? = Ay(cos 1pdf + sin 1 sin 0dQ) (3.1)
w? = A3(dy) + cos 0dg)

where the structure constants in equation (2.17) are totally antisymmetric

Cijk = €ijk (3.2)
i.e. Bianchi Type IX.
The metric,(2.15),with euclidean signature,is
ds? = (A\Zsin? ¥ + A2 cos? ¢)dl ?
+2(=A2 + A}) sin 9 cos ¢ sin 0d0d ¢

+[(AZ cos? i + A} sin? ) sin® 6 + A\ cos? O]d¢ ?
+2X.2 cos dpdip + A\2dyp 2

(3.3)
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With the co-frame,(3.1),the field equations (2.11) become

m (D@02 = A2 —A2) =202 +22) (A2 — A2
A deda [ 202 (202 = A2 = 22) — (AF = 22)* - A (3.4)
FAAIAZAZA ]} =0

Py MM =02 -0~ 202 43 04 - A
+/,LA1 /\2A3 [ 2)22 (ZA; - /\12 - A32) - (A“l2 - A32)2 - A24 (3’5)
FAAZAZAZA]} = 0

T (24 0 =M 00 —202 2D (0 - 22
Huddods [ 2202 (202 = A2 = A8) = (A2 = A2)" = Af (3.6)
FAAIAZAZA]} =0

which are the diagonal components of the field equations (2.11) The Ricci scalar
(2.12) is given by $

R = INIAINZ /{ 3 (A + 22+ A3)0 + A2 = A3)( A1 = Az + A3) (=21 + A2 + 3)
142 A3
= 6A.

(3.7)

Solving equation (3.4) for A and using this in equation (3.5) one finds A
and g interms of Ay , Ay and A3.Using these A and p,equation (3.6) reduces to

(A = A2)A7 = A (A7 = Ad)
(M + A2 + A3) (A1 + A = A3) (M — Az + As)(= A1+ Ao + A3) = 0 (3:8)

If A = 0,equation (3.7),the Ricci scalar gives



Mt A+A3=0 AMtA—A3=0
AM—A+A=0 —A+A+Az=0

11

(3.9)

This case was studied by Y.Nutku,P.Baekler [8],I.Vuorio [10] and R.Percacci,

et.al [11]

For A # 0 case,consistency of the field equations,(3.8) and the Ricci scalar

equation (3.7) require that any two of the directions should be equivalent.For

A2 = A3 the metric (3.3) becomes

ds?* = (A\?2sin? ¢ + A} cos® ¢)d6 ?
+2(=A2 + A}) sin ) cos ¢ sin dfd¢
+[(AZ cos? ¥ + A\ sin 9) sin? @ + A2 cos? 0]d¢ 2
+2X2 cos Odddip + A\Zdyp ?

The field equations (3.4),(3.5),(3.6) reduce to

D CAMOE = 02) + A = A1) — A7 +4)A] } =0
2

Z)l\_f { =20 (A7 = A2) + ud[-A2 +421A] } =0
and the Ricci scalar (3.7) reduces to

RS

R-—— 2A24 =6A-

Solving the above equations (3.11),(3.12) and (3.13) one finds

VP AN W Y. S
T 221N 2T R 2IA

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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or equivalently

‘—‘3)\1 A _ 4A22 - Alz

h=52 BETYE (3.15)

Clearly any permutation of the labels 1,2,3 above will also yield a solution.



Chapter 4

Bianchi Type-VIII Solution

For the lorentz signature,the coframe,which is proportional to the left-invariant

1-forms of Bianchi Type-VIII ,is

w?® = Ag(dtp + sinh 0d¢)
w' = Ay (— sin df + cos 1) cosh Od¢) (4.1)
w? = Ay(cos pdl + sin 1 cosh 8d¢)

where the structure constants of equation (2.17) are
Cla=-1 Cyr=1 C4{=1 (4.2)
The metric, (2.15),with lorentz signature,is

ds? = (A\?sin® ¢ + A cos? )d6 2
+2(=A2 + A}) sin ) cos ¥ cosh 6dfd¢
+[(A2 cos? 4 + A2 sin®h) cosh? § — A2 sinh? 0]d¢ (4.3)
—2)2 sinh Odgdip — A2dip 2

With this co-frame,(4.1), the field equations (2.11) become

13



14

Zi?i_ﬁ? { =20 (207 = A2 =2 +2(02 + A0 (A2 = AP’
oAz [ 228 (20§ — A2 = A7) — (A2 = AP)” — )¢ (4.4)
—'4A02/\]2A22A ] } = 0

s {20 (202 = A2 = A2) —2(2 4 A1) (A = A)°
0 1 72
—}—ﬂ)\oAl Az [ -— 2A12 (2A12 - /\02 - )\22) + (Aoz _ A22)2 + A]4 (4‘.5)
FAAZAZAZA ]} =0

P (24 0M ~ 02 -0~ 205 40 O — A2’
HprodiAg [ =222 (227 — A% = AF) + (A — ’\12)2 + A (4.6)
FAAZAZAZA]} =0

which are the diagonal components of the equation (2.11).The Ricci scalar
(2.12) is given by

R = _2_—17—7(/\0 + A1 4 A2)(Ao + At — A2) (Ao — At + X2) (= Ao + A1+ A2)
226 AL
= 6A.

(4.7)

Solving equation (4.4) for A and using this in equation (4.5) one finds A
and g in terms of Ag , Ay and A;.Using these A and g equation (4.6) reduces to

(Ad = AD) g = AL = AP)
(PMo+A+2) Qo+ =)Mo= M+ A)(=do+M+A)=0 (4.8)

If A = 0,the Ricci scalar (4.7),gives
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Ao+AM+A=0 Ado+A&—A=0
do—A+A=0 —Idg+M+A=0 (4.9)

This case was also studied before,see the references [8],[10] and [11].

For A # 0 case,consistency of the field equations (4.8) and the Ricci scalar
equation (4.7) requires that any two of the directions should be equivalent. For
A1 = Ay the metric (4.3) reduces to

ds? = A\2d0? + (A} cosh? § — \Zsinh® )d¢ 2
—2)2 sinh 8dgdyp — A Z2dip 2 (4.10)

The field equations (4.4),(4.5),(4.6) reduce to

I/{’F { - 4)\0()\02 - )\12) + N)‘12[4(’\02 - )‘12) - ’\02 - 4)‘14/\] } =0 (4.11)
Z{:@ {- 2)‘0()‘02 - )‘12) + /“)‘12{’\02 + 4)‘141\] } =0 (4‘12)

and the Ricci scalar (4.7) reduces to

2y 2
Ro BDE-)E

I 6A (4.13)

Solving the above equations (4.11),(4.12) and (4.13) one finds

6 3

o=rmam MTMEga—e

= (4.14)

or equivalently
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A — )\02 - 4)\12

. % (4.15)

Similarly, any permutation of the labels 0,1, 2 above will also yield a solu-
tion.



Chapter 5

Conclusion

As a result we find that only those solutions in which two of the scale factors

are the same admit a cosmological constant.

For euclidean signature case,we had chosen A; = 3. Therefore the coframe

w! = Xy (— sin 1pdf + cos 1) sin Bdg)
w? = Xz(cos 1df + sin v sin Od ) (5.1)
w® = A3(dyp + cos 8d)

which is giving the metric

ds? = (A2sin? ¢ + A7 cos® )d6 ?
+2(—A2 + A}) sin 9 cos v sin 8d0d¢
+[(AZ cos? 3 + A7 sin 9) sin® 6 + A2 cos? O]d¢ ? (5.2)
+2X;) cos 0dpdip + A j2dyp

is a Bianchi Type-IX solution of the eucledianized DJT field equations. In this

case the parameters are

—6p 3
M=—=t | A== e :
YT W 21A 1T T 21A (5:3)

17
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or equivalently

-3\ LY

F="57 BENTIE. (54)

The spacetime is de Sitter if —2b < a < 2b,anti-de Sitter if a < —2b and 2b < a
and flat if a = £2b.

Any permutation of the scale factors A;,Ay, Az will also yield a solution.
In the limit A — 0, equation (5.3) reduce to results which were obtained by
1.Vuorio [10].

3
/\2 = /\3 = :F-/\l = ; . (55)

Similarly,in the lorentz signature case for A\; = A;, the coframe

w? = Ao(dv) + sinh 8d¢)
w! = A (— sin df + cos 1 cosh 0d¢) (5.6)
w? = A\ (cospdf + sin v cosh Gd¢)

which is giving the metric

ds? = \2d0? + (A2 cosh® 6 — AZsinh? 0)d¢ 2
—2AZ sinh Oddp — A\2dyp ? (5.7)

is a Bianchi Type-VIII solution.Here the parameters are

6u 3

do=——t—e, A=A e
07 W 27A s i

(5.8)

or equivalently

(5.9)
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In this case,the spacetime is de Sitter if a < —2b and a > 2b, anti-de Sitter if
—2b < a < 2b and flat if a = +2b.

Similarly any permutation of the labels 0, 1,2 above will also yield another
solution.The limit A — 0 in equation (5.8) was also obtained by I.Vuorio [10].

)\1 = /\2 = :f:—/\() = %. (510)

One can get the lorentz signature field equations and the parameters g and
A from the euclidean ones by formal replacements

Al - "‘AO A — "‘A
/\2 — /\1 /\3 - Ag (511)

In both cases,for vacuum spheroidal solutions the DJT coupling constant
enters as a conformal factor into the metric and could be removed by scaling
the range of the Euler angles that enter into the representation of the left-
invariant 1-forms o®. With the introduction of the cosmological constant this

is no longer the case.

From equations (5.3) and (5.8),there exists a critical value for the mass
parameter p which is determined by the cosmological constant.

g = +3V3A (5.12)

However in this case all the scale factors diverge to infinity.
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