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ABSTRACT
EXPLICIT RECIPROCITY LAWS

Ali ADALI
M.S. in Mathematics
Supervisors: Prof. Dr. Alexander Klyachko July, 2010

Quadratic reciprocity law was conjectured by Euler and Legendre, and proved
by Gauss. Gauss made first generalizations of this relation to higher fields and
derived cubic and biquadratic reciprocity laws. Eisenstein and Kummer proved
similar relations for extension Q((,, +/a) partially. Hilbert identified the power
residue symbol by norm residue symbol, the symbol of which he noticed the
analogy to residue of a differential of an algebraic function field. He derived
the properties of the norm residue symbol and proved the most explicit form
of reciprocity relation in Q((,, </a). He asked the most general form of explicit
reciprocity laws as 9th question at his lecture in Paris 1900. Witt and Schmid
solved this question for algebraic function fields. Hasse and Artin proved that the
reciprocity law for algebraic number fields is equal to the product of the Hilbert
symbol at certain primes. However, these symbols were not easy to calculate,
and before Shafarevich, who gave explicit way to calculate the symbols, only
some partial cases are treated. Shafarevich’s method later improved by Vostokov
and Briikner, solving the 9th problem of Hilbert. In this thesis, we prove the
reciprocity relation for algebraic function fields as wel as for algebraic function

fields, and provide the explicit formulas to calculate the norm residue symbols.

Keywords: Explicit Reciprocity, Norm Residue Symbol, Power Residue Symbol.
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OZET
GENEL KARSILIKLILIK YASASI

Ali ADALI
Matematik, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Alexander Klyachko Temmuz, 2010

Karesel kargiliklilik yasasi ilk olarak L. Euler ve A. Legendre tarafindan iddia
edildi ve Gauss tarafindan ispatlandi. Gauss daha yiiksek alanlara bu iligkinin ilk
genellemelerini yapmis ve iigiincii ve dordiincii dereceden karsiliklilik yasalarii
bulmustur. Eisenstein ve Kummer bu yasalar1 Q((,, {/a) arastirmig ve ben-
zer kismi sonuclar elde etmislerdir. Hilbert, bu yasay1 tanimlamaya yarayan
sembolii cebirsel fonksiyon alanlarinda diferansiyel kalana esdeger olan bagka
bir sembolle tammlamig ve bu yeni semboliin 6zelliklerini kullanarak Q(¢,, </a)
alanindaki kargiliklilik yasasini en genel haliyle elde etmistir. Say1 alanlarinda
en genel karsiliklihik yasasi Hilbert’in 1900 yilinda Paris’teki meshur konfer-
ansinda sordugu 24 sorundan 9.’sudur. Witt ve Schmid cebirsel fonksiyon alan-
lar1 i¢in bu soruyu tiim yonleriyle ¢ozdii. Hasse ve Artin bu cebirsel sayi alan-
lari i¢in kargiliklilik yasasinin belli asallardaki Hilbert sembollerinin ¢arpimina
esit oldugunu kanitladi. Ancak bu sembollerin degerlerini hesaplamak kolay
degildi ve agik bir sekilde sembolleri hesaplamak i¢in ilk metodu geligtiren Sha-
farevich’ten once sadece bazi kismi durumlar i¢in hesaplamalar yapildi. Sha-
farevich’in yontemi daha sonra Vostokov ve Briickner tarafindan gelistirildi. Bu
gelismelerle birlikte Hilbert’in 9. soru tamamen cevaplanmig oldu. Bu tezde,
kargiliklilik iligkisini hem cebirsel fonksiyon alanlari i¢in hem de cebirsel say1
alanlar1 icin ispatlayacagiz. Hilbert sembollerinin hesaplamas: icin geligtirilen

yontemleri ele alacagiz.

Anahtar sozciikler: Genel Karsiliklik Yasasi, Norm Kalan Sembolu, Kuvvet Kalan
Sembolu.
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Chapter 1
Introduction

Leonard Euler and Adrien-Marie Legendre conjectured that for primes p and g,
the solvability of the equation 2> = p(mod ¢) is dependent on the solvability
of ¢ = x*(mod p) up to an arithmetical relation. This relation, also known as
quadratic reciprocity law, was known by these two mathematicians, however, it
was not proved until the work of Carl Friedrich Gauss. The quadratic residue sym-
bol (§> is defined as 1 or -1 depending on whether the equaiton p = 22 (mod q) is
solvable or not, respectively, and it equals zero in case ¢ | p. The precise relation
between (%’) and (%) is the following:

Theorem 1.0.1 (Quadratic Reciprocity Law) For odd primes p, q,

(0) ()=

(2) _ (-t (__1> = (1) (supplementary laws)

p p

and

Definition of the symbol can be extended multiplicatively to all rationals by
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for a,b € Q with a = (=1)*p®p32---p2r b = (— B Bz_

are different primes and «;, 8; € Z. The symbol (

1)’q, ~qn, where p;, g
%) is known as the Legendre
symbol.

Gauss derived similar relations for cubic reciprocity and for biquadratic reci-
procity for fields Q((3) and Q({y) = Q(i), respectively. Here, (, denotes the
primitive n-th root of unit. Eisenstein took the process one step further proving
p-th power reciprocity relation for the cyclotomic extension Q((,), where p is
an odd prime. In this case, the formula looks considerably simpler; namely, it

states that for non-zero integers a and b, both coprime to p, and « € Z[(,] with

=) (mod (1-— Cp)Q), . .
(5),= @),

In general, one defines n-th power residue symbol ()n (see Chapter @, for
which one has a reciprocity law relating (%)n to (g);l through a simple formula

involving n-th roots of unity together with similar supplementary laws.

The reciprocity law of Eisenstein holds only for certain cases. E. Kummer
achieved to prove the result of Eisenstein for a larger set of numbers by working
on the fields Q((p, ¢/a), which inspired Hilbert to derive more explicit results
by using these fields. One of Hilbert’s most profound achievements was to define
norm residue symbols in terms of which he was able to express n-th power residue
symbols and thereby establish the p-th power reciprocity law for Q(¢,, ¥/a) in full
generality. He noticed that this process can be generalized to larger algebraic
number fields, which appeared as his 9th problem among the 24 problems he

proposed in his famuos lecture in 1900, Paris.

Hilbert noticed that the norm residue symbol (%)n plays the same role in al-
gebraic number fields as does the residue Res( f %) in theory of algebraic function
fields. The reciprocity laws in algebraic number fields has analogy to algebraic ex-
tensions of function fields, the relations which come out to be the natural results
of the geometric structure of algebraic function fields. The explicit reciprocity
laws for algebraic function fields were discovered in full generality before than
that of algebraic number fields by the work of H. L. Schmid and E. Witt, both
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of whom are Ph.D students of Hasse.

E. Artin and H. Hasse achieved to derive certain properties of norm residue
symbol by setting geometric-analytic structure on algebraic number fields which
is analogous to that of algebraic function fields. Using these properties they
not only proved the existance of the reciprocity relation in general but also that
the quantity (%)n (S);l is the product of Hilbert symbols at certain primes.
Shafarevich proposed the most general formula for explicit calculations of the
Hilbert symbols using the decomposition of numbers in certain basis. Bruckner
and Vostokov built a comprehensive theory for explicit calculations of the Hilbert

symbols without use of basis in Shafarevich’s method, finishing the proof of the
9th Hilbert problem.

In this thesis, we explain the explicit reciprocity laws in algebraic function

fields and algebraic number fields in full generality.

At Chapter 2 we start with the proof of quadratic reciprocity. We define
the machinery (i.e. norm residue symbols, product formula, reciprocity laws) in
order to show how how the general theory can be interpreted by this simplest case.
Next, we switch to function fields, and prove the reciprocity law for polynomials

over finite fields. This will suggest insight for reciprocity laws in function fields.

At Chapter 3 we define the machinery for algebraic function fields over a
finite constant field and derive the explicit reciprocity laws. We derive two kinds
of reciprocity laws, first is the multiplicative reciprocity law which corresponds
to the case when characteristic is prime to exponent and second is additive law

which corresponds to the character is equal to the exponent.

At Chapter 4 all the machinery that will be needed to settle reciprocity re-
lation in general form will be introduced throughout the quadratic reciprocity.

This chapter is illustration of the following chapter for quadratic case.

At Chapter 5 we define the machinery in general form. We introduce global
fields. We define local and global analytic structures on global fields in order

to define the symbols in explicit form and to derive the reciprocity relation in
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general. All the machinery except the definitions of symbols will be given, leaving

the latter to next chapter.

At Chapter 6 we define of the power residue and norm residue symbols and
derive some of their certain properties which are needed to obtain the reciprocity
relation. We derive the reciprocity relation together with the supplementary
laws. For illustration we prove the quadratic reciprocity formula from the main
theorem. We continue with calculating the ‘simple formula’ for certain extensions,
providing insight for generalization. As application we prove the cubic reciprocity

and Eisenstein reciprocity laws.

At Chapter 7 we give the explicit formulas for algebraic number fields. We
start with explaining the revolutionary work of Shafarevich, in which he explicitly
calculated the values of the ‘simple formula’ up to choice of a certain basis. We
then explain the work of Vostokov where he explicitly calculates the values of
‘simple formula’ without using a basis. We finish the theory by giving the most

general explicit formulas due to Vostokov and Briickner.



Chapter 2

Quadratic Reciprocity and

Reciprocity in Polynomials

In this chapter we start with proving the quadratic reciprocity law. We next
prove the reciprocity law on polynomials over finite fields. We aim this section
to provide examples in order to indicate how the reciprocity relations are treated

for general cases.

2.1 Quadratic Reciprocity

Definition 2.1.1 Let a,p € Z with p prime. Define (%) =0 if pla, (%) =1if
a = x*(mod p) solvable and <%> = —1 if a = 2*(mod p) is not solvable. We call

this symbol quadratic symbol (or Gauss symbol)

Lemma 2.1.2 Let a,p € Z and p be an odd prime with coprime to a. Then
quadratic symbol can be identified by (%) = a%(mod D).

Proof: 1If () =1 then 3z € Z with a = z?(mod p), hence o'z = (172)%1 =
27! = 1(mod p) by Euler’s (or Fermat’s) theorem. Now assume that T =

5
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1(mod p), let ¢ be a primitive root in mod p and a = ¢* (mod p).

p-1 a1 (p=1) (p—1)

l=a2 =c¢ 2 (modp)<:>p—1\a1 5 & 2la; & a1 = 2ay

for some a, € Z, then a = (¢*2)*(mod p) ie. ()= 1.

Theorem 2.1.3 (Quadratic Reciprocity Law) Let p,q be odd primes.

()

Theorem 2.1.4 (Supplementary Laws) Let p be an odd prime, then

<_?1) =0 (%) — (-

We follow a proof due to Gauss.

Lemma 2.1.5 (Gauss Lemma) Let a,p € Z with prime p coprime to a. Let
S=1,2,--- ,@ be set of half residues in mod p. Let v denote the number of
(p—1)

elements in a,2a,--- , F5=a which are not in S, then (%) = (—1)".
p

Proof: {Gauss Lemma} ai = (—1)%i;(mod p) for unique 7; € S and for

unique v; = 0 or 1. On one hand,;

a(2a)((pg 1)a) = (—1)21‘1%11 vil.2- - (p%l)(mod D)

on the other hand

-1 p—1 —1 —1
a(2a) - - - (MG) Y ik (H1.2-. (p )(mod p)
2 2 2
, hence (%) = (=1)Zi5r v = (—1)” as desired.
Proof: {Supplementary Laws} Take a = —1 in the Gauss lemma, then
we have no elements of {—1,-2,--- ,—(7’2;1)} are in S, v = @ and (_71) =

(—1)"=.
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Take a = 2 in the Gauss lemma, we count the elements of the set
{2.1,2.2,--- ,2(p§1)} = {2,4,--- ,p — 1} which are not in S. Clearly v is the

number of integers between § and L. The first of these integers are either ’i?’ or

2L (according to p = 1, 3(mod 4) respectively) and the last is 2+

If p = 1(mod 8) then v = 21 — 7%3—1-1—1’41—0_(” (mod2)
If p = 3(mod 8) then v = 21 — ’%1%—1—7"“—1—(’J ) (mod 2).
)

2 4
If p = 5(mod 8) then v = 21 4’%3—1—1——_15(”_1 (mod 2).

2 4

If p=7(mod 8) then v = 21 — 2l 41 =2
2_1

relation (3) = (—1)*=2.

,_.

8
l=0= (pQ;) (mod 2). Hence the

+

'J;|

Proof: {Quadratic Reciprocity} From Gauss lemma we have (£) = (—1)"
where v is the numbers qx with x =1,2,-- -, (p21 whose residue mod p is nega-

tive, i.e.

—§<qx—py<0

has an integer solution y. On one hand y > ( since gz > 0, on the other hand
py<qr+it<Z+t= pqgl thus y < &=, In addition y is uniquely determined
by = since =% < gr — py’ < 0 then subtractmg from the first equation we get
—p < p(y—y') < p thus y = y'. We can identify v by number of pairs of z, y such
_ (=1 . _ (g=1)

that v =1,2,--- , 5=, y=1,2,--- , %5~ and —§ < gv — py < 0. Analogously,
we have () = (—=1)”" where v’ is the numbers in the same sets satisfying —% <
py — qz < 0 hence 0 < gz — py < §. Therefore (£)(1) = (=1)**+"" where v + '
is the number of z,y in the sets defined above and satisfy —% < qz — py < 1
because the equation gr — py = 0 has its smallest solution at z = p, y = q¢. We
now prove that if a,b are in the same intervals with x and y respectively and
. . +1 +1

is not the solution of —f < gz — py < £, then 5= — a and %5~ — b are another
integers in respective intervals which —% < gz —py <  does not hold. To see this;

q(’%l—a)—p(%l—b)—q £ qa—l—pb If ga — py>qthen —f—qa+pb< -5
and If ga —py < —% then £ — % —qa +pb > 1. Thus, if we pair (a,b) with
(pTH —a, % - )a (CL b) 7& (pTl - a7% - b) except perhaps (CL, b) = (1%17 %)7

. . 41 g+1 . .
but (if both integers) (%=, £~) is solution to —% < gz — py < Z. We can pair

4 0 4
(-1
2

non-solutions and hence the number of solutions =,y with x =1,2,--- | and

y=12--- @ is equivalent to v + v" in mod 2. Since this number is equal to
(P—1)4(q—1) thus (p—1)4(q—1) = v+/(mod 2) hence (5)(%) _ (_1)v+v’ _ (_1)(17*1)4@71)
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as desired.

This quadratic symbol can be extended multiplicatively to all a, b in Z as

) 1) TG

for a,b € Q with a = —1%p{"p5?---pn, b = (—1)5qflq§2 - b with p;, g; are

following;;

different primes and «;, 8; € Z. This symbol has is called Legendre symbol. One
may now derive the quadratic reciprocity law over all integers, which is the most

general form;

Theorem 2.1.6 (General Quadratic Reciprocity Law) Leta, b are odd rel-

atiely prime integers; then

a b (a=1)(b=1) , (sqn(a)=1)(sqn(b)—1)
(4) (1) = (et emmgemnzn,
b a

with supplementary laws;

(5) = o= () = o

Proof: These formulas hold when a and b are odd primes. We need only to

check that formulas have multiplicative property. For reciprocity law this is equiv-
(aa’—1)(b—1) (sgn(aa’)—1)(sgn(b)—1) _ (a—1)(b—1) (sgn(a)—1)(sqn(b)—1)
alent to check 1 + T = 1 + Vi +

(alfli(bfl) + (Sq"(a/)fli(sqn(b)fl) (mod 2) and this is evident by checking the cases

for a,b in mod 4. For supplementary law it is equivalent to check WT_I =

b2T—1b’28—1 (mod 2) and bb’2—1 + Sgn(be')—l = l)—Tl+ 89”(217)—111—71+ S9”(25)—1 (mod 2), which

are evident in similar way.

2.2 Reciprocity Law in Polynomials

In this section we prove the reciprocity law for polynomials over a fixed finite
field. We denote the finite field with ¢ elements by F,, assuming that field has
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characteristic p and ¢ = p* for some integer k. F,(t) be rational field of poly-
nomial ring F,[t]. We can analogously define quadratic symbol for quadratic
symbol (%) for polynomials f,g € F,[t] with g being prime (we assume primes
are monic). Indeed, we can extend this definition to n-th power residue symbol in
the following. Fy is cyclic hence has a generator c. We want to observe the roots
of unity in Fy. Let n € N, 2" =1 & " =1 < ¢ — 1jnx; where x = ¢®'. Thus
non-trivial roots of unity are n-th roots of unity with n|g — 1. It is convenient to
assume n|q — 1 (note that we seek for a multiplicative form of reciprocity). Now
let f,g € F,[t] and g prime. Residue field of mod g is a finite field with gde&(®)
elements (for simplicity we denote ¢4°¢9) by |g|), and mod g* is cyclic with |g| —1
elements.

f =0b"(mod g) & g2 = b"(mod g) & nlay < gc%l(‘g‘_l) = 1(mod g) & " =
1(mod g) where g, is the generator of mod ¢* and f = g% (mod g). It is conve-

nient to define (£) by;
9

n

Definition 2.2.1 Let a,g,n be as above, n-th power residue symbol (%) (or
Legendre symbol) is defined to be the 0 if g|f and the unique n-th root of unity

(g) = £ (mod g)

satisfying

if g coprime to f.

. .- . lgl—1
This definition makes sense because if we set © = f 7=

then 2" = fld-1 =
1(mod g), hence 2" — 1 =[] ._, (* —w) = 0(mod g), as g is prime, then it will

divide unique factor (x — w) with unique n-th root of unity w.
Proposition 2.2.2 Let f, f', g € F,[t], g prime and coprime to f and f'
().~ ().(5)
9/ 9/, \9/,

lgl—1 lgl—1 lgl—1

(f") = (mod g) hence the proposition.
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Theorem 2.2.3 (n-th Power Reciprocity Law) Let k be finite field and
f, g € k[t] prime polynomials. Then

<i> (%) ; = (_].)deg(f)deg(g)%
9/, .

We prove this theorem by identifying the power residue symbol with the re-
sultant of of f with ¢g. It is defined to be Res(f,g) = Hg(ﬁ):() f(B). Certain
properties of this geometric object will give not only the proof of this theorem
but also give the multiplicative formula, which is assumed to be the heart of the

reciprocity relation for general forms.

Proof: Let 3 be root to g, we adjoint 3 to F, and get a finite field Fqﬁ with

9] = q
theory of finite fields we have that F,” /I, is cyclic of degree deg(g) and the Galois

deg(9) elements. g(t) is decomposed into linear factors in Fqﬁ . Due to the

group is generated by automorphism f — fP(ref. Hasse Number theory, pg 41)
Hence roots of g are permuted by this automorphism and thus all roots are g are
B,Br, -, B and g(t) = H?z%(g)fl (t — Y. Aslsume f € F,[t] coprime to g
and consider the n-th power residue symbol (ﬁ) where the symbol is to be
understood in F,’[t] instead of F[t]. This symbol isncharacterized by

f ! qdes(9) _y
qdeg(g)_l

since |t — 3| = ¢4°89). On the other hand we have, <§> =f = (modyg). As
(t — B)|g in F,°[t] then we have

(5).- ().

Since t = f(mod t — f) then f(t) = f(5)(mod t — f).

! gdea(9) 4 4%€9(9) 1 41 deg(g)—1y g1
(ﬁ) L e () M e 1) e

n

= (£(8)F(8%) - F(8 ") 7
The last equation is true due to f(5)? = f(B?) since F, has characteristic p. This

gives us the following expression for n-th power residue symbol

(§>n - (f(ﬂ)f(ﬂQ) . ..f(ﬁqdeg(g)_1)>f1;1
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This expression can be rewritten as

(g) - 11 r®

9(8)=0

q—1

We consider 5 is in the algebraic closure anlg of k. Now let f € F,[t] be another

prime polynomial. Then

S}
-

)
-

1

f n n n
(5 [ 11 7 w-0) =11 II ~ve-o| =
n 9(8)=0 9(8)=0 f(@)=0 9(8)=0 f(a)=0
q=1 q=1
_ (_Ddeg(f)cleg(g)q%1 H (B8 — a) _ (_1)deg(f)deg(g)q71 9(Q) —
9(8)=0 f(a)=0 f(a)=0
— (_1)des(f) deg(9) Lt (2)
(—1) i)

(a’s and (’s are in anlg ). Hence we proved the theorem.

We have a single supplementary law as follows;

Theorem 2.2.4 (Supplementary Law) Let g € F.[t] prime polynomial and

let e € Ty, then
€ gdes(9) 1
) =
9/ n

qdeg(g)71 qdeg(g)71
€ n» (modg),setx=e€ n

Proof: (5) is characterized by <§>

n
qdes(9) 1

then 2" = ™" ~1 =1 as (¢ — 1)| (¢%#® — 1) and thus z = €~ =  is itself an

n-th root of unity and hence the theorem.

We can multiplicatively extend this symbol to all polynomials in F,[t] by;

setting its value to 0 if a, b are not coprime, and to

0.7 () GG

if a, b coprime and b = e,/ gy - - g% with ¢, € F, and g; € F,[t]. One can
immediately get the most general form of the reciprocity formula for relatively

prime polynomials a, b.
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Theorem 2.2.5 Let a,b € Ft]. Write a = e fi"f3?---f" and b =

ebgflggz - g% where fi, g; are prime polynomials and €,, e, € F,. Then;

(a) b _1_( 1)deg<a>dcg(b><q—1)(ea)deg(b)<eb>—deg(a)
b n \a n a b n a’/n

We observe now a local symbol (which will call the ‘norm residue symbol’)
enters to the picture in the following. Let P be a point on P; and fp denote the
minimal monic polynolial for P. One may define the symbol for a,b € F,[t] at P

(%)= (7).(7).

Where a = f3A and b= fpB with A, B € F,[t] coprime to fp.

as;

One can identify the n-th power residue symbol by this symbol as;

n

a,b iy 1)deg(’1)deg(b)(ql)<€a>deg(b)<€b>deg(a)
o0 o b n aln

Combining these results with the reciprocity law, we get the formula

a,b)
— | = 1.
PI;L ( P

the product is taken over all primes. This symbol is called norm residue symbol,
and the formula called the product formula for norm residue symbol. We shall

see in the context that these are very crucial notions.



Chapter 3

Reciprocity Laws in Algebraic
Function Fields

3.1 Introduction

In this chapter we keep the notations of F, and n from the previous chapter. We
assume n|g — 1. In the previous chapter it is showed that for prime f, g € F,(¢)
where ¢ € [Py the projective line, the solubility of g = w™(mod f) for u € F,(¢)
is equivalent to the solubility of such equation locally at a where « is a root
to f. By this, we mean that ¢ = u"(mod f) solvable if and only if g(«) is
an n-th power in IF,(a) and this is if and only if Ng (), (9(c)) = Res(g, f)
is an n-th power in F,. If we now define local ring O, at a as Taylor series
in x — o with non-negative powers and with coefficients in F,, the solubility
of the last is equivalent to the solubility of ¢ = u" 4+ fh where u,h € O;
this is as follows, one part is evident that putting « in equation we get g(a) =
u(a)” + f(a)h(a) = u(a)™ with g(a),u(e) € F,. The inverse part is, we have
ft) = t—a)(t—a?)---(t —a? ") for some | € N with a? = 1. t —af
is in O, and is invertible for i # 0, hence u = (t — a9)---(t — a? ") can be
written of the form u(t) = ug + ui(t — @) + ua(t — @)* + -+ where u; € F,
hence u € O,. Our aim is to find u;, h; € F,[t] such that ¢ = u} + fh; where

13



CHAPTER 3. RECIPROCITY LAWS IN ALGEBRAIC FUNCTION FIELDS14

u; = ujp1(mod (t — a)’) and h; = h;p1(mod (t — «)?) for all i = 0,1,2,---. We
follow by induction. Write f = (z — a)u, now g(f) = ¢" for some ¢ € F,, set
up = ¢ and the induction step holds for ¢ = 0. Now assume it holds for 0,1, --- | k.
Hence we have g = u} + fhi(mod (x — )¥) for some ug, hy, € F,[t], we choose

ups1 = up + U — )* and hyyy = by + H(z — )" for U, H € F, as follows;
g—tp =g~ (u+U(x—a))" = fhyp =
=g —ujf —nup Uz — ) = fhy — fH(z — a)*(mod (z — a)**?),

On the other hand by induction step g = u? + fhiy(mod (z — a)*), hence g =

uf + fhy = (x — a)*g; with g, € O, writing this above the equation becomes;
9= Upsr — fhepa = (& — @)*(g1 = fH = nup ' U)(mod (z — a)**)
we want RHS to be 0, or equivalently;
g1 — fH —nu}'U = 0(mod (x — «))
or g1(a)— f(a)H—nu}*(a)U = 0 solvable in F,. Taking U = g, () (nu’,j_l(a)y1

which is legal since characteristic is prime to n and ug(«) # 0, gives a solution.

Hence we prove the assertion.

We now ask for generalizations. One can directly notice that the elements of
the algebraic extension of field of IF,(¢) should have symbols which have similar
characterizations and properties that of IF, () since the residue field of a prime ra-
tional function is finite. However, contrary to F,(t) case, the global treatment of
such symbols is complicated. In case, we follow with local treatment, i.e. the pro-
cess what we just postulated for IF,(¢), which is advantageous since we know how
to treat algebraic function fields locally. In the polynomial case the symbol (which
is free of arithmetic treatment) was defined as (f, g)p = (—1)”P(f)”P(9)§Z;;((;§(P).
There is no reason to apply this local treatment of polynomials to that of al-
gebraic extensions. We define the symbol to be the just the same; if K/F,(t) is
finite algebraic extension, f, g are elements of K i.e. f, g are rational functions on
some curve X associated to K, and P be a point on X. Let t local uniformizer

at P and vp be the valuation at P, i.e. if f = t%u with u is free of ¢, then

vp(f) = a. Then the symbol (f,g)p = (—1)"»)»() e (P) is well defined in

gor ()

this case. In the context we shall see that this symbol is just the analogue to that

of polynomials and has similar characterization properties.
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3.2 Definitions

3.2.1 Algebraic Curves

Algebraic extensions of the field F,(¢) will be called algebraic function fields. One
may identify these fields by curves in the following. Let X be an algebraic curve
over an algebraically closed field F,, i.e. X is an algebraic variety of dimension
1. We also suppose X is irreducible, non singular and complete. Let F,(X) be
the field of the rational functions on X. It is an extension of finite type of F,
of transcendence degree 1. Conversely, there always exists a curve X associated
any finite type extension K/IF, with transcendence degree 1, which is unique up
to isomorphism (refer to [21]). The study of X is thus equivalent to the study of
the extension of K /F, when the dimension of the variety is 1, hence there is no
reason to insist on the difference between the ‘geometric’ methods and ‘algebraic’

methods.

3.2.2 Local Rings

Let P be point on X. The local ring Op of X at P is defined as follows: suppose
X is embedded in a projective space P, (IF,), it is the set of functions induced by
rational functions of the type R/S where R and S are homogeneous polynomials
of the same degree and where S(P) # 0. It is a subring of F (X); by virtue of
the general properties of algebraic varieties, it is a Noetherian local ring whose
maximal ideal mp is formed by the functions f vanishing at P and we have
Op/mp =TF,. Since X is a curve, Op is a local ring of dimension 1, in the same
sense of the dimension theory for the local rings: its only prime ideals are (0)
and mp. Since P is a simple point of X, its maximal ideal can be generated by
a single element; such element ¢ will be called the local uniformizer at P. These
properties imply that Op is a discrete valuation ring, the corresponding valuation
will be denoted by vp (for complete treatment of such rings refer to next chapter).
If f € F,(X) is anon zero element, vp(f) = n, n € N means that f is of the form

f = t"u where t is local uniformizer at P and u is an invertible element of Op.
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Furthermore, the rings Op are the only valuation rings of IF,(X) containing F;
indeed, if U is such a ring, U dominates one of the Op since X is assumed to be

complete, thus coincides with Op since Op is a valuation ring.

3.3 The Symbols

Let K/F,(t) be an algebraic function field and X be the irreducible, non singular
complete curve associated to K. Let f,g € K, hence one may see f as homo-
morphism from X to Py, or removing a finite set S including zeros and poles of
f, one may assume that f is a homomorphism from X — .S to the multiplicative
group G,, = F,*. Instead of G,,, we begin with any commutative group G and
any homomorphism f: X — S — G. f extends linearly to group of divisors of
X which are prime to S, i.e. D = Zle n;P; where n; € Z and P, € X — S
then f(D) = Hle f(P)™. Let g € K and P € X, we want to define the symbol
(f,9)p which takes values in G. In order to do that we define the notion of ”mod-
ulus”. A divisor m of X is said to be modulus for f if 1 — g = 0(mod m) implies
that (f,g9)p = 1g. The notion of modulus comes naturally since we expect that
if g = 1(mod f) or g =1+ fh then g = u"(mod f) is soluble, hence it is solu-
ble locally at P, hence taking m as the divisor of (f) it is convenient to expect
(f,g9) = 1g for g = 1(mod f). We call (f, g)p a ”symbol assignment” if it satisfies
the properties: i) linearity on the second coordinate (that of the first coordinate
is followed by linearity of f) (f,q192)p = (f,91)(f, 92), ii) values at P € X — §
equal to (f,g)p = f(P)"*¥ iii) (f,g)p = 1g for all 1 — g = 0(mod m), and iv)
[Ipcx (fs9)p = g the product formula. The proof will be followed by showing

that there exists a symbol assignment if and only if there exist a modulus for f.

In the special case when G = G, = F," we will derive the reciprocity law
in multiplicative form which corresponds to the case n is prime to characteristic,
indeed we suppose n|g — 1 in order to have (, € F,. In the special case when
G = G, the additive group of IF, we will derive the reciprocity law in additive form
which corresponds to the case n = p, where p is the characteristic of F,. In the

additive case it comes out to be that the symbol (f, g)p is equal to ResP(f%), and
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the product formula is the exact analogue of the sum of residues of a differential
on a Riemann surface is 0. This geometric structure is the source of inspiration in
order to introduce ”geometric” methods for algebraic number fields and to derive

similar explicit reciprocity laws.

3.4 Reciprocity Laws

Let k = anlg be algebraic closure of F,, X be an algebraic curve which is irre-
ducible, non-singular and complete. k(X) be the field of rational functions on X.
If S is a finite subset of X, m denote an effective divisor with support in S i.e.
m=>Y npP withnp > 0for P € S and np = 0 for remaining P. If g € k(X) we
write g = 1(mod m) if vp(1 — g) > np for every P € S.

Note that if g = 1(mod m) the divisor (g) is prime to S. Let G be a group
and f: X — S5 — G be amap. f extends linearly to a homomorphism from the
group of divisors prime to S to the group G. In particular, if ¢ = 1(mod m) then

the element f((9)) = [Ipex_g f(P)""9

Definition 3.4.1 m said to be modulus for f if f((g)) = 1g for every g € k(X)
with g = 1(mod m).

Definition 3.4.2 Let m modulus supported on S, f : X — S — G be a map.
The map X X k(X)* — G which is indicated as (f,g)p is called a local symbol

associated to f and to wm if it satisfies following conditions:

i) (f,99) = (£,9)(f. )
ii) (f,9)p =0 for P € S and g = 1(mod m)
iii) (f,9)p = f(P)" if Pe X -8

iv) [pex (f,9)p=1.



CHAPTER 3. RECIPROCITY LAWS IN ALGEBRAIC FUNCTION FIELDS18

Proposition 3.4.3 m is a modulus for f if and only if there exist a local symbol

associated to f and to m, and this symbol is unique.

Proof: if part: Suppose that a local symbol exists, and ¢ = 1(mod m),
f((9) = Ipex_g f(P)"" (by iii this is equivalent to) = [[pcx_g (f,9)p (by iv
this is equivalent to) = ([[pex_s (f;9)p) ™! (and by ii) this product is equivalent
to 1.

only if part: Let m modulus for f, we shall define a local symbol. For P &
X — S define (f,g9)p = f(P)"*9 to have iii. For P € S, by approximation
theorem for valuations, we can find gp € k(X)* such that gp = 1(mod m) at the
points S — P and g/gp = 1(mod m) at P. Define;

H (@)% gP)
Qex—S

We claim that this is a local symbol assignment. First of all we show that this is
well defined since if ¢ is another such function then clearly gp/g% = 1(mod m);

and (f, gp/gp) = 1 as m is modulus for f.

(f.9r/9p) =1 = (Tlgex—s f(Q)9/%) ™ = (T[pex_g [(Q)WP)/ f(Q)*2r))~t =
Moex_s /(Q)'R“P)
Mocx_s f(@)'@“r)

Verification of i) Let g,¢" € k(X)*, choose gp, gj respectively as above;
(f,99")p = (HQeX s f(Q)w ngP)) ! (HQeX s F(Q)% gp)) (HQeX s f(Q)vQ 9p) )~ ' =
(f,9)(f,¢") Verification of ii) if g = 1(mod m) then gp = 1(mod m) and as m mod-
ulus for f we have (f,g)p = 1. Verification of iii) is by definition. Verification of

iv) HPeS (f,9)p = (Hpes HQGX—S f(@Q )UQ(gP )~ (HQeX s [(Q) h)) with
h=11pgpr, g/h = 1(mod m) and m is modulus for f thus;

H f vQ (g/h)

QeX-S

[pes (£:9)r = (Mgex-s FQ)9) ™ Tlgex s Q20" = (Mgex_s F(Q)) ! =
[loex_s (f,9)q by iii), and we finally get [[pex (f,9)p = 1.

The uniqueness: the symbol is uniquely defined on X — S, if P € S by
above we must have (by i) (f,9)p' = (f,9r)p' = (Ilgex_p(fr9p)p) =

HQEX S(f’gP)P HQES*P (f’gP>P - (by ii) - HQest (fagP)P :(by iii)
[Toex_s f(Q)° v(97) | This finishes the proof.
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3.4.1 Multiplicative Reciprocity Law

Theorem 3.4.4 If G is the multiplicative group Gp,, f hasm = Y, o P as a
modulus with the corresponding local symbol;
vp(g)

_ 1y
(f,9)p = (=1) PG

P)

(This formula is well defined since this quantity is different than 0 and cc.)

Proof: We must verify i, ii, iii, iv. Verification of 1i);
v v N fop(gg’) v v e (a')) FoP(9) Fv €]
(f,99)p = (=1)r) p(gg)fg‘ 5 (P) = (—1)vrNlr@)+er(s ))%(p) =

(—1)er (@) L (P) (—1) e @) LI (P) = (f,9)p(f.g')p. Verification of
i); if vp(1 —g) > 0 then vp(g) = 0, (f,9)p = ﬁ(P) = 1. Verification f iii);
if P € X — S then vp(f) = 0 and (f,9)p = f(P)"*\9. Verification of iv) Let
P! projective line. If g is constant, [[pcy (f,9)p = g zrl) =0 =1. If g
is not constant, then it is surjective which makes X a ramified covering of P!
Putting F' = k(X) and E = k(P') we have extension F//E with F' = k(g) and
the norm Np/p : F* — E* is well defined. Denote the identity map on P! by
t. First we prove the formula for X = P'. We may write f = ag[] (t — a)™
and g = Bo[[(t—pB)". For a # B; (t — a,t — B)p, = 1 for Py # «, 3,00
(t—avt—Bla=a—B, (t—at—B)s=1/(B—a), (t - at — Bl = -1,

for « = B; (t — a,t — a)p, = 1 for Py # a,00, (t — a,t — @)y = —1,
(t —a,t — a)oe = —1, thus we get [[p cp1 (t —a,t—B)p, = 1, moreover by
above, [[pcp1 (@0, 9)p, =1 =[]pem (f, B0)r, and as symbol is multiplicative in

both coordinates by definition, we get []p .p1 (f,9)p, = 1. To prove the general
case, we are going to reduce it to a local result. Let Py € P! and P € X with
g(P) = Py. The symbol (f’, ¢')p, make sense when f’ and ¢ are in the field Ep,
(the field of completion of F with respect to valuation vp,). For convenience we
denote this symbol by (f’, ¢') o Similarly, define F» to be the completion of F
with respect to vp and denote the corresponding symbol by (.,.)z,. Fp/Ep, is
finite extension and we have the formula Ng/pf = Hg(P):PO Npf with Np is the

norm Ny, Epy By linearity of symbols we have

(Npsep,t) =[] (Neft).

g(P)=Fo
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Assume now we proved (f,g)z, = (Npf, t)EPO, consequently; [[pcx (f,9)p =
HPoe]P’l(Hg(P):PO (f,9)p) = HPOEIP’l(Hg(P):PO (f, g)ﬁp) = HPoelP’l (Neyef,t)p =
1. (Since Ng/gf € k(P') and the product formula holds for X = P'.) Thus we
are reduced to prove (f,g)z, = (Npf, t)EPO. Since (f,g)p, and (Npf, t)EPO are
multiplicative in f and in g by definition, it sufficies to do the proof when f and
g are uniformizer of Fpand E p, Tespectively, (since every unit is quotient of two
uniformizers and fields are multiplicatively generated by units and uniformizers).
We thus have Fp = k((f)) and Ep, = k((g)). UEPO(pr) = vp,(f) = 1 hence
((Npf, t)EPO) = —N%”C(PO). On the other hand if the ramification index of f over
Ep, is e, then we have that [Fp : Ep| = e, and v (g) = e, whence (f,g)z, =
(—1)‘3%(P). Comparing formula above we want this to be equal to —NTPf(PO) ie

A;if = (=17t at P (or P, it is the same).

As totally ramified with degree e, f has minimal polynomial for over Epo
an Eisenstein polynomial of degree e i.e. minimal polynomial is of the form
fe+afet+ -+ a = 0 with a; € Epo, UEPO(aO) = 1 and UEpo(ai) > 1.
Clearly a. = (=1)*Npf(P). wvp, (aif") = evg, (a;) + e —i > 2e — i, hence
Vg, a”}i ">e—i>0. Ve, (f€ 4 ae) = vp (—ar f" 4 -+ - 4 ae_1 f), dividing both

sides by f vz, (1 + %) = UFP(—% — = %) > 0 since all the monomials
satisfy ’Uﬁp% > 0. Therefore, we have vz (1 + ;—) takes value 0 at P, hence
1 == —(_1)8;]\[})]( as desired.

Remark 3.4.5 As with the quadratic norm residue symbol (%f), the sym-

bol (f,qg)p has the following properties (f,q)p(g,f)p = 1, (=f,f)p = 1 and
(1 —f,f)p = 1. These properties, indeed, hold for norm residue symbol (Hilbert

symbol) in general.

We get the following result which is due to A. Weil [26];

Proposition 3.4.6 (Weil Reciprocity Law) If f and g are two functions on

X with disjoint divisors then
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Proof: By theorem above we have [[P € X(f,9)p = 1. (f,9)p is

cither f(P)"@ or g(P)=") thus f((9))g(—(f)) = 1 and f((9)) = g((f)) as
desired.

3.4.2 Arithmetic

(f,g)p is the element of the field F,(P)/F, which is non zero. We now want
to define a multiplicative surjective map which sends (f,g)p to (, satisfying
(f,g)p — 1if and only if (f, g)p is an n-th power in F,(P). One may prove that
a number a € F,(P) is an n-th power in F,(P) is and only if Ng (p)r,(a) is an
n-th power in F, (just by the same method used for polynomials). We follow a

slightly different way;

Proposition 3.4.7 a € F,(P) is an n-th power in F, (P) is and only if

N, (p)/r,(a) is an n-th power in F,

Proof: Let cp be a generator of the multiplicative group F,(P)", since
Nr,(p)/F, 1 surjective homomorphism of F,(P)" onto F,*, then N, pyr,(ca) = c

is a generator of F,*. If a € F,(P)" with a = ¢}, a; € {0,1,--- ,q — 1}, then

NIFq(P)/]Fq (CL) = NFQ(P)/IE‘q (CCCL;I) = NFq(P)/IE‘q (CG)al =

a is an n-th power in F,(P)" if and only if n|a; and this is if and only if Ng,p)/r, (a)

is an n-th power in F,*.

A number in IF,* is determined to n-th power in ;" is determined up to taking
the %—th power of the number. Combining all these results, we get the explicit

form of multiplicative reciprocity;

Theorem 3.4.8

f.9 op(Fom(g) S ED B
(—P = (Neyoym, (10 L Py )
f.9

where (?) denotes the norm residue symbol for the field of rational functions on
F,(X).
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As consequence, we have the reciprocity law as corollary;

Corollary 3.4.9 (Reciprocity Relation) Let f,g € F, (X) with
supp(f)Nsupp(g) = S, where supp denotes the set of poles of the function. Then;

(6).6).-I07),

3.4.3 Additive Reciprocity Law

We are going to verify the theorem in the case where the group G = G,
additive group of F,. We assume that f : X — S — G, being a regular map. We
can consider f as a rational map from X to G regular away from S. We also

suppose that S is the smallest subset of X having this property.

Theorem 3.4.10 f has a modulus supported on S, the corresponding local sym-
bol being (f,g)p = Resp(f4).

g

Remark 3.4.11 Resp(f) is defined as follows; let t be a uniformizing element
at P, write f = > 2 fit" where f; are in the residue field. Then Resp(f)

1>>—00

defined to be Resp(f) = f_1. The formula Resp(f%) make sense since f is

g
a scalar function on X with S as its set of poles. This definition, indeed, is

independent of the choice of the uniformizing element t and is well defined. For
proof we refer to [20], [6].

Proof: If P belongs to S, we put np = 1 — vp(f); from the fact that P is

a pole of f, we have np > 1. We are going to check that ResP(f%g) is a local

symbol associated to f and m =Y npP.

Property i) is clear, from the fact that

d(gg') dg dg
(99) _dg _dg

99’ g g
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For ii), we remark that, if vp(1 — ¢g) > np then
vp(dg) =2 np — 12 —vp(f);

as vp(g) = 0 we deduce that ’Up(f%> > 0, whence ResP(f%g) = 0. For iii), we
remark that d?g has a simple pole at P, thus so does f % (since P ¢ S) and we
have

Resi(f°2) = (P)Rese("2) = F(P)o(o).

Finally, the formula iv):

Z Resp(f @) =0

Pex 9

is just the residue formula ) -, ResP(f%g) = 0 for any differential f% onF,(X).
We leave the proof of the residue formula to [20], [6].

Corollary 3.4.12
» a9 g,
Resp(f P ) = [Resp(f J )]P.

Where p is the characteristic of the field F,.

Proof: Indeed, the map x — x? is a homomorphism G, — G, and we have

that the local symbols are functorial.

3.4.4 Arithmetic

We have that (f,g)p = ResP(fdng(P)) is an element of IF,(P). The trace operator
Trg,py/r, is well defined and take values in [F,. It comes out to be ( [20], [21],
[27]) that trace operator plays the same role for additive symbol as the norm

operator for multiplicative symbol.

Theorem 3.4.13

(%) =Tre,p)/F, (RBSP(f %))
f.g

where (?) denotes the norm residue symbol for the field of rational functions on
F,(X).
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Remark 3.4.14 One can define this symbol multiplicatively which assume values
in p-th roots of unity in such way that setting
<f79> _Treypys, (Resp(F92))
P) -

dg
g

where Ty, (py/F, (ResP(f )) is assumed to have a value in {0,1,2,--- ;p—1}.

Remark 3.4.15 These formulas are due to H. L. Schmidt. [19]



Chapter 4

Motivations Through the
Quadratic Reciprocity

In the quadratic case, the quadratic residue symbol (%) was identified with the
solubility of a = z%(mod p*) for all & € N. The case where p /2 or p Ja, the
solubility of a = z%(mod p*) for all k is equivalent to solubility of @ = 22(mod p).
This follows by induction; assume a = x?(mod p*) soluble for x = zp, set now
T = xg + cp¥, hence a — (g + cp*)? = a — 2% — 2wocp®(mod p*T), setting ¢ =
a—c? 1

o m(mod p) we have solution for p**!, inductively we get the assertion.

The idea of solubility of a = x? equation in modulo powers of p is indeed
equivalent to the solubility of 22 — ay? — bz? = 0 in p-adic integers z,y, z with
at least one is non-zero. We recall the p-adic numbers; Q, = {d> 2. a;p’
a; € Zy} is called the p-adic field and elements of its ring of integers O, =
{Z;’;O a;p' : a; € Z,} are called the p-adic integers. Representing the rational
numbers in power series of p with coefficients in Z, has analogy with representing
the rational functions of an algebraic function field by Taylor series in powers of
uniformizer at some point P with coefficients from finite field IF,. Consequently,
the p-adic field impose a local analytic structure analogue to that of algebraic
function fields over F,, and this structure provides certain tools for solubility of

the equation above.

25
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4.1 Norm Residue Symbol

On the other hand, the solubility of the equation z? — ay? — bz? = 0 itself
suggest the solubility of 2* — ay® = bz?, equivalently; (%) — a(%)> = b =
(£ — a?) (£ + /a¥) (assuming z # 0 without lost of generality) which is equiv-

alent to the assertion ‘b is a norm in the extension Q,(y/a)/Q,’.

We now define the notion of quadratic norm residue symbol; Let p is a prime

and a and b are integers coprime to p. (%’) = 1if 22 — ay® — bz% = 0 is solvable

in p-adic integers x,y, z with at least one is non-zero and (%7) = —1 otherwise.
First we note that this symbol can be extended multiplicatively to integers A, B
which are not coprime to p in following; let A = p?ra, and B = pPrb, with a,,b,

are coprime to p. Set
(A,B> B (pApap,pobp) B (p,p>A”B” (ap,p)B" (p, bp>A” (apabp>
p p p p p p )

Assume now p # 2. One may calculate that 2% — py? — pz? = 0 soluble then

p|lr, writing z = pz; and dividing by p the equation becomes 23 = p(y* + 22),
then p|y?+ 22, assuming at least one v, z is not divisible by p (if so divide through
powers p), hence this is equivalent to y* = —z*(mod p) or —1 = (¥)*(mod p) and
this is if and only if (%) = 1, hence we have (’%) = (—1)1%1. In addition,

-1
b b b . . .
(p—’pp > = (—‘;p ) = (—’;’p ) , combining these results we rewrite the norm residue

symbol as:

<A7B) _ (pApapaPprp) = (—1)%B"s (ap’p>Bp (bp_’p) o (_ap’bp) —
p p p p p
B, —Ap
s ()
p p

since for p # 2 (M) =1 and (a”—p> = (a—p> For p = 2, the solubility

p p p
of 22 — py?* — pz? = 0 in 2-adic integers is not equivalent to solubility of this

equation in mod 2, but rather is equivalent to solution of this equation in mod 8.
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Writing a = 2% (—1)% (1 +22)%2 (mod 8) and b = 2% (—1)" (1 + 22)% (mod 8), and

setting
G0N (et +ae
2 9

one may easily check that this symbol is multiplicative, and for 16 values of
(a,b) = (1,1),(1,3),(1,5),(1,7),--- ,(7,7)(mod 8) this symbol coincide with the

solubility of 2% — ay? — bz? = 0 in 2-adic integer, with at least one is non zero.

The p-adic field has the following absolute value; |al, = p~* if a = p*a, with
as has no p divisor. | |, impose a topology on Q, and hence a local analytic struc-
ture on Q. In addition to local analytic structures, QQ imposes a global analytic
structure. The coordinates the global analytic structure consist of coordinates
which are generated by p-adic absolute values plus the ordinary absolute value | |
of R. For completeness, we shall also treat the latter field as p-adic identification
of Q by a ‘prime’ which is called as ‘infinite prime’ and denoted by co. The norm

2

residue symbol (%’) is determined by the solubility of 22 — ay? — bz? = 0 in real

numbers. Hence (%’) = 1 if at least one of a, b is non negative, and (%f’) =—-1

otherwise.

We have the following evident properties for the norm residue symbol,;

depends only on residue classes a,b mod p and mod 8

# 1 for finitely many p,

(

(

(%52) = (5) (=)
( :

(

We have less evident property of the norm residue symbol known as the ‘prod-

uct formula’;



CHAPTER 4. MOTIVATIONS THROUGH THE QUADRATIC RECIPROCITY?28

Proposition 4.1.1 For arbitrary non-zero integers a, b,

T, ()

pePU{co}

where P denotes the set of primes.

Proof: By virtue of properties of multiplication and symmetry, it is sufficient
to check the formula for (_17 _1)7 <_17 2)7 (_17 Q)a (2? 2)7 (27 Q)a (Q7 Q>7 ((L q,) where
q and ¢ are distinct odd primes. Since 2% + y? — 222 and 2? — 2y? — 222 has

2,2

integer solution 1,1,1 and 2,1, 1 respectively, <%> =1= <7> and for all p

hence the product formula.

() = 2. (4) = (9. () = (5) i (3) -1 2

(—1’_1) = —1= (—15—1) and <_1;’)_1> =1 for all odd prime p.

() = (-7, (4) = 1for p £ 2,g and (=24) = (-1)'7".

() = (1) (2) = ()% and (20) = T for p £ 2,4
(4) = (-)FF = (-)F, () = (-1)'F and (%) =1 forp#2,q

hence the product formula holds.

We may now recover the quadratic reciprocity law from the properties of the
norm residue symbol in following. Let a and b odd coprime integers, then (‘%’)

B —«
is either (%) " or (%) " where a, and (3, is the exact powers of p in a and b

. . ab\
respectively. If we take the product over all odd primes we have HpeﬂL 2 (7) =
(%) (g) ~" where P denotes the set of primes. Combining this fact with the product

formula we get

I, ()

pePU{oo}

I
VR
‘p
<o
~__
N
M\P
o>
~__
7N
‘u@
o>
~__

I
~
o
—
N
Q| o
~_
L
N
M\F
<>
~_
7N
8|2
<>
"
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or equivalently

a b\ ! b, a b, a (a=1)(b=1) (sqn(a)—1)(sqn(b)—1)
= e — (2= 22 = (=1 7 (-1 4
HE) =% (5) -

hence we get the reciprocity from properties of the norm residue symbol. In

addition, we obtain the supplementary laws by putting a = 2 and a = —1 in the

product formula.

This is a transparent illustration of how reciprocity relation is treated for
general case. Definitions and the notations get more complicated, however the
backbone of the theory remains the same. Norm residue symbol is generalized
and its properties are proved by using the local techiques. Power residue symbol
is identified by the norm residue symbol. This identification together with the

product formula give the reciprocity relation in general.

4.2 Decomposition of Primes

We now return to identification of solubility x? — ay? — bz? = 0 is equivalent to ‘b
is a norm in the extension Q,(y/a)/Q,’. The extension Q,(1/a) is indeed a P-adic
field of Q(y/a) for some prime ideal B dividing (p). We hence need to know how
primes of Q are decomposed into the primes of the extension Q(y/a). Let B be
a prime ideal of Q,(y/a) with Q(y/a)(p) C B, we say P divides (or above) (p).
Up to taking conjugates, we have that (p) either remains prime, or is product of
two different prime ideals or is a square of a prime ideal of the field Q(y/a). We
denote these situations by (p) = By, (p) = L1 P and (p) = P2 respectively. The
residue field of 31,Bs, B3 has p elements whereas that of P, has p? elements.
This is the case in general; suppose K is number field and L/K is finite abelian
extension of K. Let p be a prime ideal of K, then p = PyP5--- P where F;
are distinct prime ideals of L and each residue field has (Np)’ elements where
Ny is cardinality of the residue field of p. One has the relation efg = n where
n = [L : K]. We call p is unramified in L if e = 1, and ramified if e > 1.
The primes of Q which are ramified at Q(y/a) are, as we shall the proof in the

‘Kummer Fields’ section of the following chapter, those which divide 2 or a.
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4.3 Localization

The field Q,(v/a)/Q, is extension of local Q,, and is itself a local field. It’s
maximal ideal is constructed by a prime ideal B of Q(y/a) which is above (p). B
is generated by an element 7, and the field Q,(v/a) = {d >, a7’ : a; € R}

where R is the set representatives of residue field ‘B.

When (p) is unramified at Q(y/a) and b is integer coprime to a, the identifica-
tion of b being norm in the extension Q,(y/a)/Q, has a transparent determination
as follows. Rewrite the unramified cases (p) = By and (p) = PB:1P2 by above. Let
be Q cC Q,, we are interested in if b is a norm in the extension Q,(y/a)/Q, of
some element v = ag + a17g + (lgﬂ'g +--- € Qp(v/a). In the first case the residue
field has p? elements. The elements of the residue field can be chosen of the form
{u + vy/a} where u,v € {0,1,--- ,p — 1}, and the uniformizer can be chosen
7 = p. Hence b = N+ implies b = (bg + by7 + agm? + - -+ ) (@ + @17 + dgm? + -+ - ).
Checking the equation mod $3*, this amounts to the solution of a = 2?(mod p*)
for all £ € N. In the second case, extension with respect to prime 3 is isomorphic
to the extension with respect to prime 3, which is evident up to conjugation.
Without loss of generality we may assume 3 = B3;. The residue field has p el-
ements, and uniformizer is of the form 7 = u 4+ vy/a where N(w) = p. b = Nv
implies b = (ag + a1 + asm® + - -+ )(ap + a1 T + a7 + - - - ) which amounts to the
solution of @ = x?(mod PB*) for all k € N. The induction procedure introduced at
the beginning of the chapter can be applied to this case without any difficulties,

consequently b being norm is equivalent to the solution b = z?(mod ‘B).

We can determine the solubility of b = x*(mod B) as follows. The residue
field of B is finite, hence its multiplicative group is cyclic and generated by some
element c. Write b = ¢?(mod 3) then

b= 2*(mod P) & b= z*(mod p) & 2|B & b = 1(mod p)
In both unramified cases since B b
b =V = 1(mod PB) < Vb = Vh(mod P).

On the other hand, the Galois group G(Qg(y/a)/Q,) comes out to be cyclic with
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a generator ¢ which is characterized by;

o(v) = 9" (mod B)

for all v in the ring of integers of Q,(y/a). This automorphism is called the
Frobenius automorphism. The quadratic norm residue symbol take the value

of 2nd root of unity U(—\/‘/Ea)

4.4 Globalization

The norm residue symbol is characterized by Frobenious automorphism in un-
ramified primes, however, in ramified primes we don’t have such explicit char-
acterization. This is because in unramified cases the norm residue symbol acts
on the multiplicative group of the residue field. This group is cyclic with a gen-
erator which allows the explicit determination of the symbol. In ramified cases,
the norm residue symbol acts on additive group or on both multiplicative and
additive groups, and since the additive group of the residue field is not acting so
‘regularly’ the explicit identification is not as direct as in the previous case. This
is, indeed the reason why quadratic norm residue symbol is in a more complicated
form at 2 than that of at odd primes. In general, as we shall see, such primes
are the ones which divide the power n if we are to find n-th power reciprocity

relation.

In the quadratic case, the only ‘irregular’ prime is 2 we treated this case
by explicit definition of the symbol by using certain form of decomposition. In
general case, we can not always have give such an explicit definition. To treat
this problem we introduce the global analytic structure on field coordinates of
which are generated by local p-adic fields. We next continuously extend the
definition of the norm residue symbol to all primes which is equivalent to that
of identified by the Frobenious automorphism at unramified primes. We briefly
explain this process for quadratic case. Denoting the Frobenious automorphism

for unramified prime p by (p, Q(v/a)/Q) we have p — (p,Q(v/a)/Q) is a map
from unramified prime ideals into G(Qg(v/a)/Q,) C G(Q(v/a)/Q) (this is evident
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since any automorphism of Qg(y/a) fixing Q, gives an automorphism of Q(y/a)
fixing Q). This map can be extended multiplicatively in obvious way to all ideals
which contains no ramified primes. The extended map has a special name as
the global Artin map. If principal ideal (b) has no ramified prime divisor and
(b) = pi'ps? - - plr then set;

((6), QVa)/Q) = (p1,Q(va)/Q)" (p2,Q(Va) /Q)" - - - (p,, Q(Va) /Q)*

and ((b),Q(v/a)/Q)(v/a) = (—1)y/a(mod R) for some i € N. The ratio
((b)@(\/\af)/Q)(\/a)

(=1)"

comes out to be the quadratic residue symbol which is equal to

We now indicate the global analytic structure. Let S denote the set of ramified
primes of the abelian extension L/K plus the set of infinite primes. Denote the
set of ideals of K which are coprime to primes of S by I, then the Artin symbol
is a multiplicative map from I° to G(L/K). Define the coordinate system whose
coordinates are identified by primes including infinite primes. We define an idele
to be a vector of this coordinate system whose coordinates are in the multiplicative
sets of corresponding fields. The set of ideles whose almost all coordinates are
units impose a topology, which is called restricted product topology. The Artin
symbol is considered to be a multiplicative map from the set of ideles J° whose
S components are 1 to G(L/K) in canonical way. A theorem of Artin states that
this multiplicative map extends continuously to all ideles in unique way. This
map is called the global Artin map and denoted by vr,x. The image of the
ideles whose pth coordinate is « and other coordinates are 1 defines a map v, (z)
what is called the local Artin map. We determine the most general form of

norm residue symbol (%) as the image of ¢,(b) in L/K. In the quadratic case,

K =Q, L = Q(y/a); and the norm residue symbol (%) coincide with 1), (b) in
the extension L = Q({/a).



Chapter 5

Global Fields

In this chapter we define the global fields, the general form of algebraic function
fields and algebraic number fields. We show that the global fields admit local
analytic structure which is similar to that of algebraic function fields, indeed,
former is the generalization of the letter. Next, we generalize the global analytic

structure of algebraic function fields to global fields.

5.1 Global Fields

We start with defining the general form of fields where we treat the algebraic
function fields case and algebraic number fields case together. These fields are
the rational fields of ‘Dedekind domains’. In this section we define Dedekind
domains and define the required machinery which is used in following chapter for

the proof of the reciprocity relation.

33
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5.1.1 Dedekind Domains

Definition 5.1.1 K* be the multiplicative group of the field K, Z denote the

integers under addition, a map
v: K —ZUoo

1s a discrete valuation of K if

i) v defines a surjective homomorphism K* — Z
ii) v(0) = o0
iii) v(z +y) > info(z),v(y).
The set R, = {z € K|v(z) > 0} is an integral domain with quotient field K,

the valuation ring of v, and the set p, = {z € K|v(z) > 0} is a maximal ideal

of R,, is called the valuation ideal.

Remark 5.1.2 Let F be a field let K be the field of formal series

with a; € F. Then we have a discrete valuation v of K given by

$

[eS)
1>>—00 a;

)
(3 )= ind s
1>>—00

The elements u with v(u) = 0 form a subgroup U, of K, the group of units
(invertible elements) of R,. We now choose an element 7 with v(7) = 1. Then
every a € K* has a unique representation a = 7%wu, a; € Z, u € U,, namely with

a; = v(a).

Let I be the fractional ideal of R,, we define v(I) = inf,c;v(z), so v(l) €
ZUooU —oo. But I = aJ, where J is a non-zero ideal of R, and a € K*. Hence
v(I) = v(J) 4+ v(a) € Z. Choose b € I with v(b) = v([), then 7°® R, = bR, C I.
On the other hand I C {x € K|v(z) > v(I)} and if v(z) > v(I) then z = 7vUy
with y € R, thus I € 7V R, = 7°® R, hence I = (7R,)*?. In particular p, =
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mR,. This equation shows that R, has one and only one non-zero prime ideal,
Py, and R, is a principal ideal domain. We now make the following definition: A
discrete valuation ring R is a principal ideal domain with one and only one

non-zero prime ideal.

Proposition 5.1.3 The valuation ring R, of a discrete v is a discrete valuation
ring. Conversely, a discrete valuation ring R is the valuation ring R, for a unique

discrete valuation v of its quotient field K.

Proof: We prove one side, the other is as follows; let p = 7R be the non-zero
prime ideal of R. R is a unique factorization domain and hence each non-zero
x € R has a unique representation x = 7w, w is unit, z; > 0. Allow z; to
vary over Z we get the corresponding statement for x € K*. But then v(x) = 2

defines a discrete valuation of K with R = R,. Uniqueness is obvious.

The field R, = {ay™' € Kl|z,y € R,y ¢ p} is called localization or local
field of R at p. We now are ready to define the Dedekind domains;

Definition 5.1.4 A Noetherian integral domain R said to be Dedekind do-

main if for every prime ideal p of R, R, is a discrete valuation ring.
Remark 5.1.5 F, being a finite field F,[t| and Z are Dedekind domains.

Definition 5.1.6 A finite Galois extension of Fy(t) or Q is said to be global
field.

We will list a couple of properties of Dedekind domains without proving them.
We refer (Serre Local fields Chl, Cassels Frochlich Algebraic Number Theory chl)

for details.

Proposition 5.1.7 Let v, denote the valuation of K defined by Ay, then for
every x € K* then vy(z) are zero for almost all p. (‘almost’ means ’for all but
finitely many’). In addition, every fractional ideal a of A can be written uniquely

in the form a = [[p*@ where the vy,(a) are almost all zero.
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This property enables to define the symbols on prime ideals, and is one of
the reasons why we observe the theory on Dedekind domains. The next lemma,
known as approximation lemma, is a common tool for approximating arbitrary
ideals by using integral elements, and is frequently used in proofs. An analytic

analogue will be given in the context.

Lemma 5.1.8 (Approximation lemma) Let py,ps---,pp are k distinct
prime ideals of A, x1,--- ,x, € K and ny,ns,--- ,n, are integers. Then there
evists x € K such that vy, (x — z;) > n; for alli =1,2,--- , k and vy(x) > 0 for

all q different than p;.

The next proposition points that the finite extension of the field of Dedekind
domains is also a rational field of a Dedekind domain. Let L be a finite extension
of K and n = [L : K|. Let A be a Dedekind domain with field of fractions are
K, and B be its integral closure in L. Then

Proposition 5.1.9 B is also a Dedekind domain.

Remark 5.1.10 Z is Dedekind domain with rational field Q, so if L is a finite
extension of Q, then ring of algebraic integers of L is Dedekind domain. More-
over, F,[t] proved to be a Dedekind domain with field of fractions F,(t). Assuming
F,(t)(z) any finite algebraic extension of Fy(t), then the algebraic closure of Ft]
in Fy(t)(z) is also Dedekind domain. Hence, finite extensions of Q and F,(t)

enjoys the properties of Dedekind domains as well.

We continue with definition of ramifications of L/K at primes of K;

Definition 5.1.11 Let B be a non-zero prime ideal of B, if p = AP we say P
divides (or above) p and denote by Plp. Set ey = vyp(pB) and pB = [, P,
eq 1s called ramification index of P in L/K. As B is finitely generated over A,
B/ is finite extension of A/p. fg = [B/P : A/p] is called the residue degree
of B. If ey =1 and B/P is separable over A/p we say L/K is unramified at
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p. If ex > 1 we say L/K is ramified at p. When there is only one prime ¥ of
L above p and fy = 1 we say L/K is totally ramified at p. We say L/K is
tamely ramified at p if it is ramified and p does not divide the degree of the
extension [L : K].

Now, we assume that L/K is Galois extension and denote the Galois group
by G(L/K).

Proposition 5.1.12 G(L/K) acts transitively on the set of prime ideals P of B
which are above the prime ideal p of A.

Definition 5.1.13 Dy (L/K) = {0 € G(L/K) : o(B) = P} is called the de-
composition group of P in L/K. Ty(L/K) = {¢ € G(L/K) : o(a) =
a(mod PB)Va € B} is called the inertia group of P in L/ K.

Assume now is (L/K) unramified at 3 and A/p has Np elements. Then Tiy = {1}

and there exists unique generator of sy € Dy characterized by:
Definition 5.1.14 sy € (G/K) satisfying
sq(b) = bNP(mod B)
for all b € B is called Frobenius automorphism of P and is denoted by
(B, L/K).

By definition Frobenius automorphism generates Dy and has order fy.

Definition 5.1.15 Assume L/K is abelian, (B, L/K) depends only on p =P N
A. It is denoted by (p, L/K) and called the Artin symbol of p in G(L/K). If a

1s a fractional ideal of A which contains no ramified primes, set

(0, L/K) = ][ (p. L/ )"

where a = [[p»®. It is called the Artin symbol of a in G(L/K).
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We note that only the extensions L = K({/a), namely the Kummer fields,
are our fields of interest throughout the reciprocity theory, hence we specialize to

Kummer extensions and treat the ramification by Kummer theory.

5.2 Decomposition of Primes

In this section we define Kummer fields L = K({/a) and determine the ramifica-
tion the extension K({/a)/K at primes of K.

Through this section, K is a field of characteristic p not dividing n (charac-
teristic may be 0), in which 2™ — 1 splits; and (,, will be a primitive root of unity.
Let a € K*, if L is extension of K such that 2™ = a has root a in L, then all the
roots a, (@, (v, -+, ("' of 2" = a are in L and any automorphism of L over

K permutes them. We denote the minimal splitting field for 2 = a by K({/a).

Definition 5.2.1 K({/a)/K is called Kummer extension (or Kummer
field).

If o is an element of Galois group G(K(/a)/K), then, once we have chosen a
root a of 2" = a, o is determined completely by the image o(a) = (ta. In
particular, if a is of order n in the multiplicative group K*/(K*)", then a" is an
n-th power in K* if and only if n|r, so ™ — a is irreducible; in this case, the map
o — (b gives an isomorphism of G(K({/a)/K) on to u, the multiplicative group

of n-th roots of unity. We state all this as lemma,;

Lemma 5.2.2 If a € K*, there is a well defined normal extension K({/a), the
splitting field of ™ — a. If a is root of ™ — a, there is an injective map of
G(K({/a)/K) — K* given by 0 — %; in particular, if a is of order n in
the multiplicative group K*/(K*)", the Galois group G(K(/a)/K) is cyclic and
generated by o with o(a) = (,a.

We want to look at the factorization of primes p of K in the extension K (:/a)
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in order to determine the ramified and unramified primes. The following theorem

gives the answer for the general case:

Theorem 5.2.3 Let S and R denote the Dedekind domains whose rational fields
are L and K respectively. Assume L/K is finite Galois extension. A prime p of
K is unramified in L if and only if p does not divide the discriminant 6 of S/R.

For proof we refer to [5].

As a consequence of this theorem we have the following identification for

primes over Kummer fields;

Lemma 5.2.4 The discriminant of K(y/a) over K divides n"a™'; p is unram-

ified if p na. If pla, p In and p™ fa then p is tamely ramified in K(\/a); if pla
and p* fa then p is totally ramified.

Proof: Suppose o = a; then, if O is the ring of integers of K, Ola] is a

submodule of the ring of integers of K (), and its discriminant is [ [,._, d(‘”;;“) =

[1,n_,na™ ! =na™'. By theorem above p is unramified if and only if p fna. If
pla and p? Ja quite explicitly p = (p,a)™. If p fn, so that p does not divide the
degree of the extension then any ramification must certainly be tame. On the

other hand if p|a but p” fa then p is certainly ramified since (p, «)|p|(p, @)™.

There remains the case where p”la, p"* Ja, p fn with 2 < r < n-—1. If
(r,n) = 1 then we have k,m so that rk + nm = 1 and choose ¢ € K with p|gq
and p? fg. Then K[{/akq—m] = K({/a) and we got back to the case r = 1. If
(r,n) = s > 1, the ramification is no longer total, and there may or may not be
splitting as well. The ramification index is n/s: p is unramified in the extension
K(y/a) of K, and the factors of p are totally ramified in the extension K({/a) of

K(/a).
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5.3 The Local Analytic Structure

Let R be Dedekind domain, p its prime ideal, and R, is its localization at p. Let
v be discrete valuation of R,, m denote uniformizer. One may define an absolute
value | |, on K by setting |0], = 0, |z|, = ¢™*@® for non-zero z and for a fixed
0 < ¢ < 1. This absolute value satisfies |z + y|, < |z|, + |ylp, [2y], = |z[p|y], and
|z|, = 0 < 2 =0, hence it is a metric. This metric imposes a topology on K. In
this section, we show that different primes have different topologies and discuss
certain properties of the analytic structure of K. We reverse the direction and
investigate all absolute values satisfying the three conditions, in order to describe
a global analytic structure. It comes out to be that all absolute values are of form
| |, plus that are isomorphic to ordinary absolute value of C or R which will be
called the infinite primes. We finish the section defining of the topology on the

global analytic structure and deducing the local Artin maps.

We start with defining the absolute value;
Definition 5.3.1 Let K be a field. A function | |K — RU{0} is called absolute
value if it satisfies

1. 10| =0 and |a|] >0 fora #0

2. |abl = la| |b]

3. Ja+0b| <la| + |b]
Remark 5.3.2 |1|=1,|—1|=1, |a|=|—a| and |a —b| > | |a| — |b] |.
The valuation satisfying |0| = 0 and |a| = 1 for all a € K is called the trivial

valuation and will be excluded from consideration.

The absolute values differ by the triangle inequality property |z+y| < |z|+|y|
such that either |z 4+ y| < sup|z|, |y| for all z,y € K which resembles the case

where absolute value is of form | |, or there always exits a y € K with |z +y| > |z|
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for given = which resembles the case | | is ordinary absolute value of R or C. We

explain it by;

Definition 5.3.3 The absolute value | | said to be non-archimedean if it satisfies
|z 4+ y| < |x| + |y| for all x,y € K and said to be archimedean if it is not non-

archimedean.

Remark 5.3.4 An equivalent but simpler version of the definition is if |n| > 1
for at least one n € N then | | is archimedean, if |n| <1 for alln € N, | | said to

be non-archimedean valuation.

Definition 5.3.5 Absolute value | | of field K said to be discrete if 35 > 0 such
that
l-d<]a]<14+0=la|=1

Lemma 5.3.6 Let non trivial absolute value | | of field K be non-archimedean.

| | is discrete if and only if the ideal p| | = {x € K : || < 1} is a principal ideal.

Proof: If p is principal, then p = (7) for some generating element = € K.
|m| = P < 1. Take 6 = 1—P. Assume P < |a| < 2— P, and a = 7« with u unit.
Then |a| = P* > P thus a; = 0 and |a] = 1. Assume now | | is discrete. Non-
triviality guaranties 3y € K with |y| < 1 and discrete property implies that there
exists A < 1 such that |y[ < 1 implies |y[ < A. Assume now A = sup,,;{|7/}-

We first prove that 37 € K with |[r| = A. Assume not, there exist a sequence

v in K with || — A, hence |Z2=] — 1 [224] — 1, hence there exists an
with either A < [ZH] < 1 or A < |2
7| = A, and a € K with |a] < 1. |[%] — oo thus Ing with |5 < 1 < |5

Tl < 1 which yields a contradiction. Let

=] < 1 = || < A = |7| and hence |=5+| < 1 which gives |Ziw| = 1

therefore a = 701y for some unit, hence the lemma.

Let R be Dedekind domain with its quotient field K, and p be prime ideal of

R. Since p = p| |, is principal ideal, by previous lemma | |, is a non-archimedean
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discrete absolute values of K. Conversely, given a non-archimedean discrete ab-
solute value | | of K, p| | is a prime ideal of K and | | is equivalent to | |,. In the

achimedean case, the absolute value is as follows;

Theorem 5.3.7 (Gelfand-Tornheim) Any field K with achimedean valuation
18 isomorphic to a subfield of C, the valuation equivalent to that induced by abso-

lute value on C.

Proof: Refer to [3]

Consequently, all types of valuations of K comes out to be either archimedean,

or non-arhchimedean and discrete.

Different absolute values on K may give the same topological structure. Since
we are interested in the kind of topology rather than that of valuation, we consider

such valuations as equivalent.

Definition 5.3.8 Two valuations of K; | |1 and | |2 said to be equivalent if

laly < |bly < |a|a < |bla. Equivalence is denoted by | |1 ~ | |-

Remark 5.3.9 Two valuations | |1 and | |o are equivalent if and only if s > 0
such that | |1 = | |5. In addition, | |1 and | |3 are equivalent if and only if both

induce the same topology. For proofs we refer to [9].

We call place to an equivalence class of absolute values. A place which of a
non-archimedean discrete absolute value is determined by fixing the value || at
a uniformizer of p| |. For measure theoretical reasons we set |r| = P~ where P
is the cardinality of the residue field K/p| | (in order to have Haar measure 1 of
the residue field).

Definition 5.3.10 Let K be a field with absolute value | | and residue field with

P < oo elements. We say that | | is normalized absolute value if

1
7l ==

P
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where p| | = () is the mazimal ideal of K with respect to | |.

We make some remarks on the analytic properties of absolute values and

completion of fields with referring the proofs to [5].

Remark 5.3.11 An absolute value | | of field K induces a topology with metric
d(xz,y) = |z — y|. The topology induced by | | makes K a topological field, i.e.

sum, product, reciprocal are continuous.

We continue with completion. We say that K is complete with respect to
valuation | | if every Cauchy sequence has a convergent point, or more precisely,
for any given sequence a,, with |a, — a,,] — 0 as m,n — oo there is a* € K with

a, — a* with respect to | |.

Theorem 5.3.12 FEvery field K with valuation | | can be embedded in a unique
(up to isomorphism) complete field K with a valuation | |z satisfying | |g = | |

on K. Moreover, | | is non-archimedean if and only if | |z is.

The next theorem is the analytic analogue of the approximation lemma that
we mentioned for fractional ideals. This is, too, a very useful tool to extend the
properties inherited by principal ideals to properties of fractional ideals, and thus

will frequently be used in proofs.

Theorem 5.3.13 (Artin-Whaples) Let | |,| |2, ,]| |- be inequivalent non-
trivial valuations of K, then for arbitrary elements ai,as,--- ,a, € K and
01,09, ,0, > 0 there exists an element a € K with |a — a;| < 6&; for all
i=1,2,--,r.

Proof: Refer to [9]

Note that if p is a prime ideal of R and | |, absolute value associated to p, then

the completion K, of the field K consist of elements of the form >

[e.e]

i
i>>—c0 BT

where a; are elements in residue field K/p and = is uniformizer.
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5.4 The Global Analytic Structure

We now fix the notation. We start with definitions motivated by analytical struc-
ture. R is a Dedekind domain, K its quotient field. We say prime to an equiv-
alence class of absolute value of K. We say finite prime to a non-archimedean
discrete place and infinite prime to archimedean place. We denote finite and
infinite primes by p and oo respectively. We also use p for prime ideal of R, and
| |, for non-archimedean absolute value associated to p. Let v = v, denote the
valuation, O, = {|al, < 1,a € K} = {vy(a) > 0,a € K} ring of integers, K/p
residue field U, = {Jul, = 1,u € K} = {v,(u) = 0,u € K} units, 7 uniformizer
of p={lal, < 1,a € K} = {v,(a) > 0,a € K}, and K, be completion of K with

respect to | |,. For convenience we set Uy, = K*.

We next fix the definitions motivated by ideal theoretic structure. Let Su
denote set of infinite primes and 99t denote the set of all primes of K, i.e. set of
all prime ideals of R plus S.. Ik denote the group of the fraction ideals of R,
then there is a canonical isomorphism from Ik to free group generated by 99— S
given by

YRS b = PR
We also fix L/K to be a finite abelian extension of K. Denote by S the set of
primes of K which are ramified plus infinite primes and by I° the set of fractional

ideals of R which are coprime to S.

We now define the global analytical structure by introducing the restricted

product topology:

Definition 5.4.1 Let Q) (A € A) be a family of topological spaces and let ©, C
Qy be open subset for all A € A. Consider the space = {{ar}rer,an € O,
for almost all \}. We give Q a topology by taking as basis for open sets [], ., I's
where T'y C Qy s open for all X and 'y = O, for almost all \. We call this
topology as restricted product topology of 1\ with respect to ©.

As we shall see, Q2 will be identified by primes, and the next corollary shows
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that the topology does not change if we remove a finite set S from A (this S will

be consistent with the one defined above).

Corollary 5.4.2 Let S be finite subset of A, and let Qg = J],cq st O,.
Then Qg is open in €2 and the topology induced in 2s as a subset of €2 is the same

as the product topology.

Definition 5.4.3 The restricted product topology of the multiplicative groups K
with respect to the units U, of p is called the idele group of K and denoted by
Ji. An element(or vector) of Jk is called an idele. The set of elements of Jx

which have value 1 at the p-th component is denoted by J%-.

K* can be embedded into the groups of ideles such that if a € K,
(o a,a,--+) = (a)pem is in Jg since o is unit for almost all primes. We
set « — (.., a, a, -+ - ). We call such ideles as principal ideles, and denote the

set of principal ideles also by K*.

Proposition 5.4.4 The multiplicative group K* is embedded as a discrete sub-

group of Ji.

Proof: Refer to [5] or [15].

If x € Ji it has a non-unit component at only a finite number of p component

xy, of x in n, € Z, we write

(2)% = [ rop € I°.

pEs
5.5 Global and Local Artin Maps

Theorem 5.5.1 Let a € I°, recall the Artin symbol of a with respect to L/ K ;

(a.L/K) =[] (0. L/K)*™ € G(L/K).
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Then there ezists € > 0 such that a € K* and |a — 1|, < € for all p € S implies

()%, L/K) =[] (0, L/ K)* =1

pgs

In other words, if a € K* is sufficiently near to 1 at all primes in a large enough
set S, then ((a)°,L/K) = 1.

We refer to [1], [5], [I5], [25] for the proof.

We briefly indicate how this theorem is interpreted in the quadratic case. Let
Q(v/a)/Q be the quadratic extension. Then S = {p;p|2a} U co. I® is fractional
ideals prime to 2 and to a. Let p denote a prime dividing 2 or a. Let b € I, since
Z is principal ideal domain, we may assume b = (b) with b € Q. |b—1|, < € means
that b = 1(mod p*) for some large k € N. The theorem states that there exists
an integer k, such that a = 1(mod p*) implies that the quadratic norm residue
symbol (‘%’) = lie. bisanorm for the quadratic extension Qy(y/a)/Q, for any
p|2a. This is evident since p = 2 and b = 1(mod 8) implies that b is norm, and p|a,
p # 2 and b = 1(mod p;) implies b is norm. Hence taking ¢ = min,, {272, p~'},

la — 1|2 < € implies (%’) =1 for all p|2a.

Theorem 5.5.2 Assume G(L/K) is a topological group endowed with the Krull
topology. Then there exists unique homomorphism ¥k : Jx — G(L/K) such
that

i) Y K is continuous;
ii) wL/K(I) =1 foralze K*;
iii) ¢rk(2) = ((2)%, L/K) for all z € J3.

Proof: By approximation theorem we can find a sequence a,, € K* such

that |a, — 27|, = 0 as n — oo at all p € S. We define ¢,k (z) to be

Yk (x) = lim ((anz)®, L/K)

n—oo
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The limit RHS is exists since G(L/K) is complete. This is well defined as follows;
if b, € K* is another sequence with |b,, — 27|, — 0, by triangle inequality of
| |p;

a 1 1

- — = 77 7 |Un _bm < — n -t bm_ -t

|bm o |bm|p|a x zly < |bm|p(’@ x|y + | )
taking the limits as m,n — oo,
bmlpy — |27, > 0 and (Ja, — 27", + |byn — 27y) — 0, hence [{= — 1|, — 0.
Writing this in the equation;

((an2)%, L/K) Gn

(Gon)s 1K) — (G ) H/K) 2 1€ GIL/K)

by the previous theorem. For continuity, let the p-th component of x are units
for p ¢ S, then we have ¢ k() = lim, o ((a,)®, L/K) and if in addition p-th
component of z are sufficiently close to 1 for p € .S, then so will be those of a,
for large n, and by previous theorem ((a,)%, L/K) = 1 for sufficiently large n,
proving i). Take € K* principle idele whose all components are a, set a,, = a~*
we get ¢k (z) = lim, o ((1)%, L/K) = 1 proving ii). Let z € J, take now
a, = 1 for all n, thus we get ¢ /r(z) = lim, ((z)%, L/K) = (()°, L/K),

proving iii).

Definition 5.5.3 1 x is called the global Artin map.

We follow with the local artin maps.

Definition 5.5.4 Denote the idele whose p-th component is x and other compo-
nents are 1 by (--- ,1,x,1,--+),. The homomorphism ¢, : K; — G(L/K) defined
as follows; x — Yp/x((---,1,2,1,--+),) is on one hand in G(L/K) since ¥k
has image G(L/K). On the other hand, by the choice of the idele this can be
identified by an element of G(Ly/K,). We set ¢, : Ky = G(Ly/K,) as v — o,
with 03 = Y/ ((---,1,2,1,---),). We call 1, the local Artin map.

In the following remark we give the relation of local Artin maps to Global

Artin map;
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Remark 5.5.5 If v = (z,) € Jk, then;

:L‘—hm{H Lz, 1))

pesS

and by continuity

Y k(v H Yp(p)

We end this chapter here, leaving the definition of the norm residue and power

residue symbols to the next chapter.



Chapter 6

Symbols and The Reciprocity

Relation

In this chapter we give the definition of power and norm residue symbols and
prove the main theorem. At first section we define the power residue symbol
and deduce a number of properties. We continue with definition and properties
of the norm residue symbol at the second section. At the last the section we
observe how both symbols are related, and finish by proving the main theorem

of reciprocity theory.

6.1 Power Residue Symbol

We keep the notation of the previous chapter. Let R be Dedekind domain K be
its field of fractions, n be a fixed natural number and let the group u,, of n-th root
of unity is contained in K. S denote the set of primes of K consisting of infinite
primes and those dividing n. If aj,as, -+ ,a, € K*, we let S(ay, a9, -+ ,a,)
denote the set of prime primes in S together with the primes such that |a;|, # 1
for some i. For a € K, let K({/a) denote the splitting field of 2" = a, and M
denote the integral closure of R in K({/a). Let b € I°® its prime decomposition

b= p?lp? x -pZ’“ where b; > 0 and p; for ¢ = 1,2, .., k. Denote by P; to a prime

49
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in K ({/a) above p;. Since p; are unramified at K ({/a), and hence the Frobenius
automorphism (p, K (/a)/K) is characterized by

(i, K(/a)/K)(7) = 7" (mod )

for all v € M (where Ny, is the number of elements of the residue field R/p;). This
definition is independent of choice of root {/a of ™ — a since the automorphism is
determined by its action on all elements of M and since it is unique. Extending

this definition;
k

(b, K(/a)/K) = ] (s, K(+/a)/ K)"

i=1
is uniquely determined up to a.(i.e. independent of choice of /a), and is an
element of the Galois group G(K({/a)/K).

[(b, K ({/a)/K)({/a)]" = (b, K(/a)/K)((Va)") = a = (a)"

[(b, K (/a)/K)(/a)]" — (Va)" = H [(b, K(/a)/K)({/a) — ¢, {/a] = 0

Thus we have (b, K({/a)/K)({/a) = (' {/a for some iy € {0,1,--- ,n —1}. We
define n-th power residue symbol (%)n by

Definition 6.1.1

or more transparently

a

(b, K(Va)/K)(¥/a) = (§) Va

15 called the n-th power residue symbol associated to a and b.
We list the certain properties of this symbol, and leave the proofs to the end.

Theorem 6.1.2 i) Assume a,a’ € K*, and b € I19(>%) then;

(4 = ().(5)
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i) Assume a € K*, and b,b’ € I°( then;
(7).~ ). ),
(5),- T ()

p¢S(a)

and hence

iii) { Generalized Euler Criterion} Ifp ¢ S(a) then n|Np—1, where Np = [R/p],
and (%) 15 the unique n-th root of unity such that

a Np—1

iv) Leta € K, and p [n, then (%) 1s the unique n-th root of unity satisfying

a Np—1
— | =a dp).
(p)n a  (mod p)

v) For p € S(a), equivalently p /n and a € K, the following statements are

equivalent

1) (g)n _1

2) x™ = a(mod p) solvable with v € O,.

3) ™ = a is solvable with x € K,.

vi) If b is an integral ideal prime to n, and ¢, be an n-th root of unity, then,

AR
(%),-¢
vii) If a integral and b € 159 integral ideal, and if a’ = a(mod b) then
6).= (5
b/n  \b/,

viii) If b, b’ € 159 with 6’6~ = (c) is the principal ideal with ¢ € K* such that
c € (K;)" for all p € S(a), then

(5).= ),
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We now prove these properties:

Proof: {Property i} If we show this for only prime ideals b = p, then by
linearity we are done. Fix p, denote primes above p of the fields K (/a), K(v/a),
K(¥/ad') and K(/a, ¥/a’) by Ba, B, BPaw and P respectively. Let M,, M,
M, and M denote the integral closure of R in the respective fields. Denote the

Frobenius automorphisms (p, K (/a)/K), (p, K(3/a')/K), (p, K(Vaa')/K) and
(p, K(/a,V/a')/K) by 04, 0, 0w and o respectively. Since p is unramified at

all these fields; o is characterized by
a(y) = ™" (mod ), ¥y € M.
Putting v = Vaa’ on one hand;
o(Vaad') =V aa (mod ‘B)
On the other hand vaa’ € M,, and P is above P,qu;
Oaar(Vaa') = Vaa' ~ (mod P)

Doing the similar process for Vo’ and Va' we get o(/a) = o4(a) =
/a’"* (mod P) and o(Va') = ou(Ya) = /a P (mod P), combinin these, we
get Ooq (Vaa') = 0q(Va)oy (Va')(mod PB). As 0ae(Vaa'), oq(Va) and oy (Va')

are n-th root of 1, thus we have the lemma.

Proof: {Property ii} This is immediate from multiplicative property of the
symbol.

Proof: {Property iii} First we prove that p ¢ S(a) then n|Np — 1. p ¢ S(a)

implies p is unramified and thus the inertia group
T, = {0 € G(K(Vd)/K);VYa € M,0(a) = a(mod )} = (1).

Let o, denote the Frobenius automorphism (p, K (¥/a’)/K). Due to its charac-

terization, we have
o3p(Cn) = ¢P(mod )

. The field [M /B : R/p] has Np elements, thus ¢M~! = 1(mod B). Let d be
smallest positive integer with (¢ = 1(mod ). We show that d|n and d|Np — 1.
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Assume d; = (d,n), then 3k,I € Z such that kd + In = d;. (B = (rkdtin =
¢r¢in = 1(mod B), thus d; > d, and by the choice of dy, d; < d so d; = d.
Similar process works if we take Np — 1 instead of d, proving the assertion. We

now prove d = n. ¢¢ = 1(mod ), G(K(/a')/K) is cyclic and generated by

d

Ogen : @@ — Cua. Take T gen-

o (a) = (Yo = a(mod P),Va € M

gen n

hence of,,, € T, = (1) hence d = n and n|Np — 1. For the second part;

(&) (v = va =™ Yatmod )

hence the property.

Proof: {Property iv} The characterization of the symbol in the previous
proof is independent of . This allows us to define the symbol analogously for
the field K. The residue field O/p is a finite field with Np elements (O be ring
of integers). Let a € K, then o™ make sense, and if also n|Np — 1, is an n-th
root of unity in O/p which is exactly the n-th root of unity determined by power
residue symbol. We can derive the lemma above just in a similar manner up to
slight modifications. The crucial point is p is unramified in K(/a)/K, which

equivalently, thanks to Kummer Theory, is p /na or equivalently a € K, and
p fn.

Proof: {Property v} 1) < 2); Let ¢ be generator of the field O/p, and
Np—1 a1 (Np—1

a = ¢ (mod p). <§)n =1 a " =l1(modp) < c = = l(mod p) &

nla; & a1 = nay & a = " = (¢?)"(mod p) & a = x™(mod p) solvable in

O, since ay is arbitrary integer and ¢*? spans all the residue field when ay spans

integers.

2) < 3); the 7<=" part is obvious. Assume 2" = a(mod p) solvable. we claim
that we can find a; i = 1,2, - -+ such that (ap+aip+asp*+--- )" = a(mod p*) for
all k£ € N. We use induction. Set ay = x, this makes the assertion true for k = 1.
Set uy = ag+arp+agp?+- - +ap_ 19" (up+aph®)" = ul+nup " agpt " (mod pk)
thus a — (ug + agp®)" = a — uf — nu} ' ag(mod p*). By induction step a — uf is

divisible by p*~!, thus equation becomes ‘;;—f{? — nuZ’lak(mod p). We are allowed
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to set ay = Zf—fL(mod p) since characteristic of the residue field is prime to
nu, p

n, hence n are uz_l invertible. This choice of a,, proves the induction step hence
the lemma.

Proof: {Property vi} Assume b = p a prime ideal, then since p € S(a),

1

Np—
<C_”> =(, " , hence the property. Now write b = Hle P?ia on one hand
n

p
<%> - ﬁ (g)bi = (5 LI
" Pi

i=1 n
On the other hand, setting Np; = 1 + nr; then;

k k k
Nb = H (1+nr)" = H 1+nrb =1+ anibi(mod n?)
i=1

i=1 i=1

hence

k
No—1 Zbi—(Npi ) (mod n)
i=1

n n

and the property.

Proof: {Property vii} If ' = a(mod b) then p € 1%, By ii)

(%), (5).6).

and by property iv), this is equivalent to 1 since a’a™! = 1(mod b).

Proof: {Property viii} Artin theorem for the extension K(:/a/K) implies
that for all p; € S(a) there exit k; € N such that z € K* and z = 1(mod p;)
implies (v, K({/a/K)) = 1. Now fix these k;. The assumption of ¢ € (K;)"
implies that ¢ = z7(mod p%) is solvable with z; € O; integer rinf of p;,. By
approximation lemma we can find a ¢y such that ¢y = z;(mod pfz) By Artin’s
theorem we clearly have (¢/(co)™, K({/a/K)) = 1. On the other hand

1= (c/(co)", K(Va/K)) = (¢, K(Va/K))(co, K(Va/K))™ = (¢, K(Va/K)) =

= (6’0", K({/a/K)) = (b, K(Va/K))(b, K(/a/K))™

Hence (b', K({/a/K)) and (b, K({/a/K) are the same element of G(K({/a/K))

and both send {/a to the same number, thus (ﬁ)n = (‘—;)n
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Now we specialize to the case K = Q, n = 2. Let a, b denote arbitrary integers,
and p, ¢ denote positive odd primes. For (a,p) = 1 the quadratic residue symbol

(%) = (%) = 1 is defined, is multiplicative in each argument separately, and

satisfies; <%> = (%) by vii and (%) = (%) if p = q(mod 8ag) by viii where ag
is the odd part of a. The second follows from the fact that integers = 1(mod 8)

are 2-adic squares. We now get the classical form of quadratic reciprocity;

Theorem 6.1.3
() () () () -

Proof: Taking a = —1 by property <%> = <§> if p = q(mod 8) we are
reduced to check this for p = 3,5,7,17, which evidently satisfy (%) = (—l)p%l.
Taking a = 2, by similar property we are reduced to cases p = 3,5, 7,17 and these

evidently satisfy (%) = (—1)%. For the last one, define

oo () 2)

If p = g(mod 8), writing ¢ = p + 8a then

()= G)-C) -0 - () G)
p p q q a/)\a)
hence we get < p,q >= <_71> for p = g(mod 8). Now assume p, ¢ arbitrary, then
there is a prime r different than ¢ with rp = ¢(mod 8), and another prime s
different than ¢ such that s = pr(mod 8) then

-1

<p,q><r,q>=<pr,q>=<8,q >= (—)
q

We see that < p, ¢ > depends only on ¢ modulo 8. by symmetry since < p,q ><
q,p >= 1, we are reduced to check the cases for p =3,5,7,17 and ¢ = 3,5,7, 17,

which, up to a long calculation, evidently satisfy <§> <%) =(-1) et
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6.2 Norm Residue Symbol

Let a,b € K*, let p be an arbitrary prime. Let 8 be a prime of the Kummer
extension K ({/a)/K above p. Denote by K ({/a)y the completion of K ({/a) with
respect to P. ¢, : Ky, = G(Ky(/a)/K,) denote the local Artin map associated
with K ({/a)/K. The image of G(Ky(/a)/K,) is identified by the decomposition
group Dg(K({/a)/K) C G(K({/a)/K), and is independent of the choice of the
root {/a. Let b € K* and (b) denote the its principal. If we consider a as element
of K then v,((b))(/a) makes sense, in fact;

[ (D) (V)" = (1)) (Va)") = a = (Va)"

since G(Ky(/a)/K,) acts trivially on K, therefore

|
N

n

[p((0)(Va)]" = (Va)" = | [ [e((0)(Va) — ¢, /al

@
Il
=)

for some ig € N, 1,((b))({/a) = ¢ /a. 1o is independent of {/a, and depends

only on a, b and p;

Definition 6.2.1

or more transparently

(Wpl(B)(¥a) = (Tb) Va

15 called the norm residue symbol associated to a and b at p.

Norm residue symbol also possesses certain properties similar to that of power

reside symbol.

Theorem 6.2.2 Let a,d’,b,t/ € K, S denote the set of infinite primes,
S(aiy,--- ,a,) denote the set of primes S U {p : i such that v,(a;) # 0}. Then
the following properties hold;
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(). 05~ (%),
(). )= (57,

ii) If one of a, b € (K;)", then,

and

iii) If b is a norm for the extension Ky(/a)/K, then;

(“;b) 1
P/
()
=) =1
P/

In particular; (a,—a) =1 and (a,1 —a) = 1.

(). G).

p
vi) If p is infinite prime, then (“Tb) = —1if both a <0 and b < 0 in K,, and
2

for all other cases;
(5)
— ] =1
P /n

vii) {Relation between norm-residue and power residue symbols} Ifp ¢ S(a) then

() - ()
p ), \»/,

in particular, (%’) =1 for forp ¢ S(a,b).

viii) Ifp ¢ S then;
(a7 b> <(_1)”p(a)vp(b)avp(b)bvp(a))
P/ p .

iv) Ifa+0be (K*)" then

v) Ifa,b e K* then
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ix) {The Product formula} For a,b € K*, we have

a=_b) _,
1 (57),

where M is the set of all primes of K (including the infinite primes).

We prove the properties;

Proof: {Property i} First one is immediate from norm residue symbol defini-
tion and the multiplicative property of local artin maps. The second part; let B3,
PBar Paa, B denote the primes of K (Va), K(V/a'), K(Vaa'), K(/a, V/a') above p
respectively, Ky, (/a), Ky, (Vd'), Ky, ,(Vad'), Ku(/a, 3/d’) denote respective
closures, 0, € G(Kyp, ({/a)/K), 00 € G(Ky ,(Vd)/K) 0w € G(Ky,,,(/a)/K)
o € G(Ky(3/a, V/d')/K) be respective elements of the respective Galois groups
which correspond to local artin maps associated to a, b and respective primes.
On one hand o(/a) = 0,({/a) = ¢ {/a for some i € N since /a € Ky, ({/a).
Similarly o(/a') = 0w (/d’) = (4 V/a’ for some j € Nsince i/’ € Ky ,(Va'). On
the other hand o(¥ad') = o(/a)o(Va') = (i /ad, but o(Vad') = 040 (Vad)
since Vad' € Ky, (/aa’) hence i).

Proof: {Property ii} Assume b € (K;)", write b = 2" with z € K. The
local Artin map associated with x, a and p is identified by a decomposition group,
and hence is a subgroup of a cyclic group of order n. This map’s action on Va
is uniquely determined by an element 0 € G(K(/a)/K) by /a — o({/a). Due

to linearity we have;

(%7) va=o(va) - va

Hence the property. Assume now a € (K;)”; and let © = {/a with z € K,. Local
Artin map is identified by Galois group G(Ky(</a)/kK,) and acts trivially on K.

Let o as before; then

(%2) vaotvm - va

hence the property.

We need a couple of lemma in order to prove iii.
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Lemma 6.2.3 Let L/K and L'/K' be abelian extensions with Galois groups G
and G’ respectively, such that L' D L and K' D K, let 6 be the natural map
G' — G (every automorphism of L'/ K' induces one of L/K ). S denote finite set
of primes of K including infinite primes and those ramified in L', let S" be the
set of primes of K' above those in S. Then the diagram

GL'/K")

ISI - 5 G/
Nyt 0

L/K
AN 7 N

18 commutative, where N denotes norm.

Proof: By linearity, it is clear that it is enough to check that
0((n', L'/ K")) = (Nigryicp', L) K)

for an arbitrary prime p’ of K’ such that p’ ¢ S’. Let Ny xp’ = p/, where p is teh
prime of K below p’; thus f = [Ky : K,|. Let o’ = (p', L'/K') and ¢ = (p, L/ K).
We must show 6(0’) = o/. Now o and o’ are determined by their effect on the
residue fields. Let B’ be a prime of L’ above p’ and let I3 be the prime of L below
P'. For z € Ky C K we have

Npf of

o'(z) =2V = 2N =g

as required.

Lemma 6.2.4 Keeping the notations of previous lemma, and assuming that

global Artin maps V¥ and ) i exists for L/K and L'/ K" respectively, then;

QZJL' K/
JK’ —/>- G’

NK’/K 0

P
(]K__L_/K__>G

15 a commutative diagram.
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Proof: Let S be finite set of primes of K including infinite primes and those

ramified in L', and S’ be set of primes of K’ above S. We have the diagram;

!
Iy,

/ w{/)
’L/)L/LK/

J [S(l/ l G,
S
K

Nyt 0

I
/ w;
YLK

73 G

The non-rectangular parallelograms are commutative by the compatibility of ideal
and idele norms, and by previous lemma. The triangles are commutative by iii)
property of the global Artin map (i.e. ¥, x(z) = ((z)%, L/K) for all z € JY).
Thus the rectangle is commutative, i.e. the restrictions of 9r/x o Ng:/x and
0 oYk to Jf;/, coincide. But those two homomorphisms take 1 on principal
ideles by ii) property of global Artin maps, so the coincide on (K’)*Jy,, which
is a dense subset of Jg by the weak approximation theorem. Since the two

homomorphism are continuous, the coincide on all of Jg/, proving the lemma.

Lemma 6.2.5 Suppose the abelian extension L/K has a global Artin map v,k
and K C M C L intermediate field. Then 1 x(Ny/xJu) € G(L/M) where
G(L/M) is the Galois groups of L/M .

Proof: If we replace L' = L, K’ = M with the diagram in the previous
proof we get G' = G(L/M) and;

I3

/ [ L
YL/ e

Nuyre

/K)
/ﬁw \

S/
JM

G(L/K)
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It shows that 1rx(NaykJy) C G(L/M). Consequently the same is true with

J3; replaced by M*J3;, and since this set is dense in Jy; we are done.

Lemma 6.2.6 Let L/K abelian extension, p be prime of K, and P be prime
of L above p. Denote K, and Ly the completion of K and L with respect to p
and P respectively. Assume that the global Artin map 11,k exists for L/ K, and
let 1, denote the local Artin map associated to extension Ly/K,. If A is an
intermediate field K, C .M C Ly, then 1y(N gk, #*) C G(Ly/ M ).

Proof: Let M = LN.# be the fixed field of G(Ly/ .4 ) in L, so that G(L/M)
is identified with G(Lg/.#) under the identification of the decomposition group
with the local Galois group. Then .# = Mgy, where P’ is a prime above p and
the diagram

T/
My ha Ju
Noawx, Nyyx
ip
Ky ————— Jy

is commutative where 7, and igp denote the natural injection. By the previous

lemma we get
(N iy ) C by Ny © G(L/M) ~ G (L /A )
hence the lemma.

Proof:  {Property iii} In the previous lemma taking .# = Ly we get
Vp(NLy K, (Ly)*) = {1}, hence the property.

Proof: {Property iv} Let a + b = 2™ and {/a be an n-th root of a. The

map G(K(a)/K) — u, given by o — U(n%) is an isomorphism of the Galois
p fin 8 y e D

group of K({/a)/K onto a subgroup pg of u,, which is independent of choice

of Wa ( pg and p, are groups of d-th and n-th root of unity respectively). If

(Cﬁi)?:/‘f is a system of representatives of the co sets of pg4 in p,, we have then;
n n n/d a; n -
b=2a"—a= Hgneum (JZ - Cn \/a) = NK( %)/K(sz/l*r - gnl \/5)7 hence if Yy =
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H:L:/(f (x — (¥ 3/a) then b = Np(vay/x(y) and by iii) we have (%) =1, as
desired.

Proof: {Property v}
= (55 - (). LG G0).050), - (). 6)
p n pJa\P /NP SN P o P P/ P/,

Proof: {Property vi} All primes of function fields are discrete, so are non-

archimedean. The infinite primes can occur only in number field case, hence we

consider K to be number field. For n = 2, there is

Proof: {Property vii} Since p is unramified in K (:/a) both symbols, by defi-
nition, are determined by the action of corresponding Frobenious automorphisms

on a up to power v,(b), hence the proposition is immediate.

Proof: {Property viii} Write a = 7%@qay with 7 is uniformizer for p and

vp (b

b= m»®p, with ay and by are units.

a,b 7@ gy, o)y, moe(@) e(b) ag, 7 ®) 7o (@) by ao, by
(T)f( p )n:( p L(TL( p )n< p )f
T vp(a)vp(b) 7 vp(b) p—vp(a)
(%), (),

By linearity of symbol and by vii. We are reduced to show <7FTW> = —1.
(M) _ (—M) <—“> _ (‘LW) @ =
p /. A N P
as desired.

Proof: {Property ix} This is the direct consequence of the Artin’s theorem
0.0.2)

Hence we finish the proofs of the properties.



CHAPTER 6. SYMBOLS AND THE RECIPROCITY RELATION 63

6.3 The General Power Reciprocity Law

Theorem 6.3.1 (The General Power Reciprocity Law) Let a,b € K*, de-

fine the n-th power residue symbol of a with respect to b to be

6.~ (G) (o),

pES(a)

(5.2, - 1 (%),

in particular, if S(a) N S(b) = S then

(5).(2), -4,
(). -1y,

pes

Then we have

and if S(\) = S, then;

Remark 6.3.2 The second particular case is analogue of the supplementary laws.

Proof:
a p\ ! a) e b\ ~Vr® a\ P® /p\ T
0.0, -1 G), IG), - 10 () ), -
" pES(a) o pES(b) " pES(a)nS(b) n "
-] (a_b) _ (b_a)
pES(a)nS(d) P/ peS(a)NS(b) P/

hence the theorem. Particular cases are obvious.

We now apply this result to Q and obtain the classical quadratic reciprocity;

6.3.1 Quadratic Reciprocity Revisited

Let K = Q and n = 2. The infinite prime is the ordinary absolute value of Q,
which we denote by oo, and the completion is R* U{0}. The only ramified prime
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is p = 2 since this is the unique prime divisor n = 2. Then S = {2,00}. Let a,b

are odd primes which are coprime, then by definition (%)2 becomes the ordinary

quadratic symbol. By the law we have;

(5).(2), - (%), (%),

(a—’b)2 = —1 if both a,b < 0 and 1 otherwise, thus (%)2 = (—1)

o0

(sgn(a)—=1)(sgn(b)—1)
4

By previous section, hence we get the reciprocity law;

a b (a=1)(b—1) | (sgn(a)=1)(sgn(b)—1)
(-) — — (—1) 4 +24 P .
b n a n

and supplementary laws;

(), ) -

where p is positive odd prime.

On the other hand, these formulas easily established working locally in Qs in

the following way;

Lemma 6.3.3 b, ¢ be non negative integers;
(1+4c,b)y = (—1)=®e

where v9(b) is the order of 2 dividing b.

Proof: Let p odd prime, then z*> = 1 + 4c(mod p) solvable iff 22 — 1 =
(z—1)(z+1) = 4¢(mod p) solvable. Taking = E¢(mod p) which is legal, hence
(1+4¢,p)2 = 1. Now, 144cis a 2-adic square iff ¢ is even, thus (1+4¢,2)y = (—1)¢
and by multiplicativity, (1 4 4c, b), = (—1)"2(®)e,

Now (3,3)2 = 1 hence we can get the reciprocity law by just applying the

multiplication formula. We see generalization in following section.

6.4 Generalizations

The localization idea and the properties of norm residue symbol suggest that it

is enough to calculate the symbol only at certain numbers and get explicit form
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of the reciprocity law for all numbers. According to the reciprocity theorem only
the primes divisors n is in our field of interest. We now begin to calculate the
symbol starting with the simplest case. Assume p is an odd prime, n = p and
K = Q(¢,). First we observe that p is totally ramified at K;

Lemma 6.4.1 p is totally ramified at K. Let p be the prime ideal above p, then

7 =1—(, is uniformizer of p and (p) = 7P~1.

Proof: (, is root to X? —1 =0 = Hf:_ol (X —¢}), dividing by X — 1 and
putting X = 1 we get p = [[—, (1 — ¢;). We now show that for relatively prime
1-¢o
=

_ra __ bk _ .
k € Z such that a = bk(mod p) hence igz = 117%'2 =14+¢+ -+ G* Y which

integers a and b with p fab the number is a unit in K. To prove it choose

_rb
is in the ring of integers of K. Similar process works for Lgﬁ and this is also in
P .
the ring of integers, hence both must be units. In particular tg” is a unit, hence
P

p = P~ 1y for some unit u, proving (p) = (7)?~'. On the other hand the degree
of the extension Q((,)/Q = p — 1, by ramification theory we must have () is a

prime ideal with p elements in in its residue field, hence p = (7) and the lemma.

Set K, to be the completion of K with respect to p. Let U denote the units
of Kyand U; ={u € U :u=1(mod p*)} for i =1,2,---. We denote n; =1 — 7"
In the following we are going to prove that any nonzero number x of K, is of
the form = = 2lxy where x; € K and x5 is generated by m,m1,m2, -+ ,7m,. The
advantage of this representation is that explicit calculation of the norm residue
symbol amounts to calculation of this symbol only at certain numbers, i.e. at the
numbers generated by 7 and 7;’s. We will come to this point after proving the

assertion.
Lemma 6.4.2 n; generates U;/U;,1, which is a cyclic group of order p.

Proof: Let U = 147U, € U;,1, we show Ju € U; such that u = 1 + wiu,
and U = ngu for some j € {0,1,2,--- ,p— 1}. This is equivalent to

mu=1—-7)(1+7u)=U=1+7"0 = 1(mod p*?)
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but this is if and only if (1—7?)7 (1+7iu;) = 1+7(u;+75) = 1(mod p**!). Choosing
Jj = uy(mod p) gives the assertion. U;/U;,; is isomorphic to the multiplicative

group of {1,n;, -+ ,n¢ _1} where the powers are in mod p, hence it’s cyclic of order

P.
Lemma 6.4.3 The image of m generates K /(K;)PU,.
For proof we need another lemma;

Lemma 6.4.4
Upr1 C (K.

Proof: Let v = 1+ 7P™ta; + 7P+ 2%ay + --- € U4, with a;’s are in the
representative set of mod p. We want to show existence of x € K, such that
2P = u, which is equivalent to say that 2P = u(mod pP**) solvable for all k € N.
We show this by induction; for £ = 1 this is evident. Let assume assertion holds

k+1

for k, i.e. 28 = u(mod pP**) for some z; € K, set w41 = x + 77 ¢ where ¢ will

be suitably chosen.

p _ k \p — ,.p k..p—1 __ _p k+p ...p—1 p+k
T = (@47 =af +prical” = 2P + g™ PeaP” (mod pPr)

where p = 7P~ lyy for fixed unit ug. Choosing ¢ = u”(”:;;l‘l (mod p), which is

evidently legal, proves the assertion for k£ + 1. By induction, hence the lemma.

Proof: {of the previous lemma} We now show that any v € K is of the
form v = 7*yP(1 +im) with k € Z and [ € O (the ring of integers of K,). We are
reduced to show that every unit in K, is of the form ~{(1 + im) = (o + 17w +
Fomr? + + - )P(1 + I7), and this is equivalent to

u= (Yo + 7 + For? + -+ )P(1 + Ir)(mod p)

is solvable for fixed u € U and every k € N. Choose 79 = u(mod p), and thus
o = Y(mod p). On the other hand (7o + 77 + Yo + -+ )P = %P + 117P +

u—vo0P

ApmPTt 4 ... hence choosing | = works for k < p, for k > p, it is just the

similar induction step that we used at the proof before.
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Corollary 6.4.5 Any element x € K is of the form x = moontt .oyl

where the representation is unique, hence, if y € K, and of the form y =

ety then
-0
p ), AL p
i,5€{0,1,2,--- ,p} p

For convenience we set ng = .

Proof: By above lemmas and bi linearity property of the norm residue
symbol gives the corollary. The only thing to show is uniqueness. But this follows

from checking z in mod p* for k = 1,2,3,--- inductively, hence the corollary.

We now calculate the symbol explicitly at the basis, i.e. at 7;’s and 7.

. R s o\
Proposition 6.4.6 a) (u> = ("“’““) (’““”“) ("Zﬂ”’) .
P p P p P p P p

b) Ifi+j>p+1, then (%)p:uor all a € U; and b € U;.

c) (%)p:lfarlgigp—l and (’”;T’”)ngp.

Proof: {a), b) and first part of ¢)} We have by definition that 7;4; = n;+7/n;,

hence 1 = % + 7 nﬁi-' By vi), i) and ii) properties of norm residue symbol
i+j i+ j

respectively;

R " o N Y i T
1 — (’r/j/nz-‘,—jyﬂ- nz/nz—l-j) — (77]77T 771> <n]7772+j) (nz—l—]anzﬂ- ) (nz—i—]anz—l—])
p p S A S p p p p

And by v), vi) properties equation becomes;

(771',77]') _ (Uj/niﬂ'ﬂrj)_l (77i>77i+j) (771'+j777j> ‘
p p p p p p p p

-1
Nitj /M5, >
P P

<77i+j/77j=77j)1 _ <77i+j77Tj>j (UjﬂTj> _ (771'+j77T>_j
p P P/ P/ P/

Thus we are reduced to calculate < ;
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since 7; + 7 = 1 and by v), proving a).

For b) we are reduced to show this for (%) =1liti+j>p+1. n+n €
P
Ups1 C (K;)P hence by v) we have the equality.

The first part of ¢) is also evident, since

(5, (57),
o), U ),

by v), hence ("%) should be i-th root of unity, we also know that it is a p-th
P
root of unity and 7 < p so it should be 1.

The second part of ¢) is rather non trivial, and is not a direct consequence of

the properties of the norm residue symbol. We introduce p-primary numbers.

Definition 6.4.7 An element a € K is called p -primary forn if p is unramified

at K(3/a)/K.
Note that in our case n = p.

Lemma 6.4.8

Proof:
p—1 p—1

p—1
p=Jl0-¢)=T[0-)0+G+-+G ) =m" [0+ G+ +¢
=1

i=1 i=1
hence
1

_ p
Pl

-1

I+G+ -+ ) =(p—1)" =—1(mod p)

P

—

p

~— =

(]

since (, = 1(mod p) and by Wilson theorem.

Proposition 6.4.9 Let a € K satisfy that a = 1 + cnP, then a is p-primary and

( a,b ) _ T @ ®
p p

where T'r denotes the trace from p to the prime field F,
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Let o = a = 1 + cn? for some ¢ € 0,. One one hand;

—1
of = (1 —|—7rx)p =14 prx+ I%Tzﬁ 4o PP = ﬂ.P(xp . x)(mod Wpﬂ)’

on the other hand

o =a =1+ crf(mod 7PH)

hence we get 2 — z — ¢ = 0(mod p). If f(X) € 0,[X] is the minimal polynomial
for x, then f(X) = X?—X —1(mod p). Since f'(X) =1 # 0(mod p), so K,(z) =
K, () is indeed unramified, proving « is p-primary. Now ¥ = x + ¢(mod p), so
if Np = p/ and ¢ is the Frobenius automorphism associated to the unramified

extension K (/«a)/K, then

—1

o(z) =2 = 2" = (a4 =2 4 = (et T = T T =

= =stcetd 4+ = a4 Tryp,(c)(mod p),
on the other hand, (,a = (,(1 +7z) = (, + Gme = 1+ ((, — 1) + G =
l—n+4+§me =1=1+mx, since 1 = (o — 1 = 2 — 1(mod p) then we have
inductively that if Cga = 1 + mxy then z; = z — k(mod p). On the other hand

Frobenius automorphism ¢ determines the value of the symbol;

ola) = Cll)a(mod ),

where ¢} = <%> since o(x) = & + Tryr,(c), then k = —Tryp, (c). We have
<%> = —Tryr,(c),set b= 7o (®)yy, with w, is unit, hence we get by multiplicative

property in the second coordinate that

(CL b) CfTrp/]Fp (c)vp(b)
p

Proof: {remaining part of c¢)} The proof of the remaining part of ¢) follows

and hence the proposition.

from the lemma when one takes b = 7.
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6.5 Applications

6.5.1 Cubic Reciprocity Law

We now specialize to p = 3. Let (3 be 3rd roof of unity, first we determine the

ring of integers R of Q((3).
Lemma 6.5.1 R = Z((;) = Z + GZ.

Proof: Let a+ b(;3 € R with a,b € Q, then we have N(a + b(3) = (a +
bG3)(a+0b(3) = a*+b*—abisin Z and Tr(a+b(3) = (a+bG)+ (a—b(3) =2a—0b
inZ. a>+b*—abeZ = 4a*>+ 40> —4ab € Z & (2a —b)* + 3V € Z & 3b* € Z,
since b € Q, this evidently implies b € Z and hence a € Z proving the lemma.

We next investigate how the integers are decomposed into product of powers

of t=1-(3, 1 =1—7"s and certain units.

Proposition 6.5.2 Any element a € R = Z[(3] is of the form (§'m*as where
az = (—1)%(1 + 3(m + n(3)) with i,m,n are integers.

Proof: Let A+B(3 € R, A, B € 7. Write A+ (3B = 3%(A, +(3B;) where 3*
is the maximal power of 3 dividing both A and B. 3 = —(2(1—(3)?. Hence we are
reduced to show this for A;+(3B; with at least one non divisible to 3, now if A; #
0(mod 3) and B; = 0(mod 3) then Ay + (3B, of the form above. If, conversely
By # 0(mod 3) and A; = 0(mod 3), writing A; + (3B1 = (3(GA; + (3B) =
(3(—B1+(3(A; — By)) and by previous result this is also in the desired form. Now
assume both A; and Bj are not divisible by 3, if A; = B;(mod 3), by previous
assertion we have A; + 3By = (3(—B; + (3(A; — By)) reducing to the previous
case. If now A; # Bi(mod 3) we have that A; + 3By = (1 — (3)(%® + 252¢),
applying this step for finitely many will reduce to the previous cases, hence the

proposition.
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Theorem 6.5.3 (Cubic Reciprocity Law) Let a,b € R with a and b are rel-
atively prime and both are of the form £(1+ 3(M + (3N)) i.e. = £1(mod 3R).

0 (%)
(&) - (7)o

where a = £(1 + 3(m + 3m)).

with supplementary laws,

Proof: By main theorem of explicit reciprocity we have (%) (S) s equal to

<“Tb> where p is generated by 1—(3. a,b = +1(mod 3R) hence both are 3-primary

. b Try /74 vp (D)
integers. Then by lemma above we have <a7> =¢ e

and hence the rule. For supplementary laws, first one is followed by iv) property of
N(a)—1 (3m+1)2+(3n)27(3m+1)3n
the power residue symbol hence (%“’) =( * =( 3 =M,

= 1 since v,(b) = 0,

and the second one is followed by the formula for 3-primary numbers taking
b=m=1—-(350 vy(m) =1, and T'ryr,(a) = —2m = m(mod 3), thus (”T“) =

an\ "t _ T @u(m)
<T> =G " =G5
6.5.2 Eisenstein Reciprocity Law

We now prove the Eisenstein reciprocity law;

Theorem 6.5.4 (Eisenstein Reciprocity Law) Let p be an odd prime, ¢, is
primitive p-th root of unity, K = Q((,) and R be the ring of integers of K. Let
p = (1 — () the prime ideal of Q((,). Let o,a € R relatively prime elements
which are not divisible by p such that a is integer and o = b(mod (1—¢,)?). Then

()=

K has the reciprocity equation;
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Proof: a is integer, and relatively prime to p hence a?~! = 1(mod p) hence
a?~! =1+ pay, hence one may write it of the form a?~! = n,u, where 7, ; =
1 — pi*~! and u, € U,. On the other hand, since @ = b(mod 7?) then o?~! =
1(mod 7?), hence we may write ov = no15* - - - 1,7 ul, where 7; = 1 — " and ¢; are

non negative integers. By the main theorem we have that

D6 =(5)

by [6.4.6
(ap—17ap—1) _ Nplps 275 - "77;1’__11% _ (T]p77]2> (Upﬂ]:&)ca o (Umu;) —1
Ty p p p p

On the other hand
a/p_l, ap_l a’ o (p_1)2
()= (%)

, (%) is (p — 1)2-th root of unity and also p-th root of unity hence (%) =1.




Chapter 7

Explicit Reciprocity Laws

We begin with the explanation of the explicit reciprocity law of Shafarevich.

7.1 Explicit Reciprocity Law of Shafarevich

7.1.1 Introduction

Prime ideals in theory of algebraic numbers play the same part as points on the
Riemann surface, etc. The problem arose of a systematic carrying over of results
from the theory of algebraic functions which have been proved analytically, into

the theory of algebraic numbers.

Hilbert pointed out that the formula Hp (“)T’b) = 1 plays the same role in the
theory of algebraic numbers as does Cauchy’s integral formula in the theory of
abelian integrals. Further developments in theory abelian integrals as well as the
theory of algebraic numbers show that the relation is more precisely the corollary
of the integral formula namely that integral of the abelian differential adf in all
points of the Riemann surface is 0. From this point of view (“Tb) is analogous

n

to adf3 at point p.

73
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In spite of the fact that the norm residue symbol plays the part of a residue, its

definition has nothing in common with the definition of the abelian differential.

Shafarevich gave a construction of the symbol (‘%’) , which is exactly the

analogous to the definition of the residue of an abelian differential.

In doing this he shows that the expansion of an algebraic function in a series
in a neighborhood correspond to the decomposition of an algebraic number into
a certain product (i.e. similar to that of the last chapter). One may apply to the
product into which a and § decompose the same the same operations which are
applied to to the series expansions of functions in calculating the residue, we get
the value of the symbol. All the fundamental properties of abelian differentials

are carried to the field of algebraic numbers.

By main theorem proved in previous chapter, explicit reciprocity law reduces
the problem of calculating <“Tb> at primes p|n. Shafarevich achieved to calculate
this symbol explicitly by using the analogy between algebraic function fields to

algebraic number fields.

We now describe the work of Shafarevich. We first fix some notations. Let K
be a number field, i.e. finite Galois extension of Q. We are interested in the value
of the symbol at prime p C K such that p|n. Let p be a prime integer below p
and degree of p at n be n, i.e. p™| |n, we always assume that ¢, is in K, hence
in particular we have (m is in K. K, be the p-adic completion of K, m be a
uniformizer of p, v, denote the valuation, O, denote the ring of integers of K, p

be the characteristic of the residue field K/p, ¥ denote set of representatives of

[e's)
1>>—00

for a; € ¥. U denote the units and U; denote the units with u = 1(mod p) which

the residue field, then any o € K, is uniquely represented as a = ) | a;m

is also called the principal units.

p = un®

if e = 1 then we call K, is unramified. K,/Q, is finite Galois extension, hence
there exist a maximal field 7" with 7°/Q, is maximal unramified subfield of K, /Q,.
T is called the inertia field of K. The degree of K,,/T = e and every number in
T is of the form > °C a;p' with a; € ¥. Let T be discrete unramified field with

1>>—00



CHAPTER 7. EXPLICIT RECIPROCITY LAWS 75

a valuation which is obtained from 7" by the algebraic closure of the residue class
field. 2R, ;& denote the systems of representatives of T'//(p) and T/(p) and Or, Of
denote the ring of integers of T and T respectively. Let F denote the Frobenious
automorphism of 7'/Q,, define the map o : Or — Or given by p(«a) = F(a) — a,
is an endomorphism of OF onto OF where OF denotes the ring of integers which
are not units of Of. A number w in K} is called p"r-primary if K(*{/w)/K is

unramified at p. Denote the set of p™»-primary numbers in K* by 2.

7.1.2 Shafarevich and Artin-Hasse Maps

In the ring of formal power series in z with coefficients in 7" we consider the series
L(a,z) = ax +plaPz? + p 2 a? + -

where a € Op. Obviously the series satisfy L(a; + ag, ) = L(oy, x) + L(ag, )
and L(aay,z) = aL(ay,x) for p-adic integer a. From this it follows that the

series, which is also known as Shafarevich function,
E(a,z) = el

has the properties E(a; + oo, z) = E(ay, ) E(asz, ) and E(ac,z) = E(a, ) In
case a € 2 we have the following identity:

p(m)

E(a,z) = H (1—ama™)” m

where ju(n) is the Mobius u function ie. u(1) = 1, u(pipe---m) = (=1)! for
prime p;’s and p(n) = 0 if n is not square free integer. This identity shows that
for € X, E(a, x) has integral p-adic coefficients. In the view of above relations
for E(a, x) this is true for any o € T'. From this it follows that E(«a, x) converges
if we substitute for  any number of K, which is divisible by 7. Moreover we
have that

E(a,z) =1+ az(mod 2?).

The function E(1,¢) has p-adic integral coefficients and the equation

1+n=E(LY)
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is solvable in the power series of 1 with p-adic coefficients. Moreover,

¢ = n(mod 772).

Applying this to the case n = (,m — 1 we see that for & = Q((,m — 1) where Q(n)

is the p-adic representation, we will have
E(lv f) = gpnpa
¢ = G — 1(mod (G — 1)?).
For every integer a of T, there exist an integer A in T such that

p(A) = «a,

We introduce the notation, also known as Artin - Hasse function,
E(p™A,¢) = E(a).

This notation meaningful because it can be easily seen that different A’s satisfying
©(A) = « give the same E(p™ A, &). It can be proved that E(«) is p"»-primary.
It is clear that E(«) satisfies E(a + ) = E(a)E(B) and E(ax) = E(a)® where
a is p-adic integer. It can also be proved that every p"»-primary number w is

representable in the form
w=E()\",

where « is an integer of K, and A is any number in K,.

7.1.3 Canonical Decomposition

Hensel found a very broad conditions for a system of units to be the system of
generators the principal units group. We will give the formulation of the theorem
and leaving the proof to Hensel’s paper. Before that we note that T'((ym)/T =
(p—1)p™~1, hence p — 1|e and we set e; = ¢/(p — 1).

Theorem 7.1.1 Let us select for every i such that i # 0(mod p) for 1 < i <

per as well as for i = pey, and for every a € ¥ a principal unit €;(a) € Uy,
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satisfying the condition €;(a) = 1 + ar'(mod p*™'). Then every principal unit €
can be represented in the form e = Hi,r €i(i )P, where the product extends over

all © mentioned above and over all non negative integer r.
Proof: Refer to [11]

Theorem 7.1.2 (Theorem on canonical decomposition) FEvery principal unit
€ € Uy can be represented in the form ¢ = E(a) [[ E(a;, "), where o and o; are
integer in K, and i goes over all the values between 1 to pey, which are not divisible
by p. Moreover, this decomposition is unique in the sense if E(a) ][] E(q;, ") =
EB) [T E(Bi, ) then a = B + p(n)(mod p™) and a; = B;(mod p™) for some

n e .

Proof: Refer to [22]

In what follows we shall be interested only in equalities up to a multiplier
which is p"» power. We express by A ~ p if A = ,u,uzfnp for py € K,,. To every € in
its canonical decomposition corresponds the first factor E(«) determined up to a

pP"" power. We introduce
d(e) = E(a).

It is clear that d(ejea) ~ §(€1)d(ez) and §(e?™”) ~ 1. Therefore the mapping
€ — 6(¢€) is a homomorphism of the group on the group U, /(U;)?"” on the group
Q/QnN (U)P™. Note that E(a) does not only depend on ¢ but also on the choice
of m. K,/Q, is a finite Galois extension. Let T'r denote the trace in K,/Q,,
then the mapping yF(a) = ;7;)(04) is an isomorphism of the group Q/Q N (U;)P™
and the cyclic group generated by (,n. This map is multiplicative since trace is

additive, and FE(«) is multiplicative. Since
Tr(a? —a)=Tr(a?) —Tr(a) =0.

x maps Q/Q N (U;)?P" into units. The group Q/Q N (U;)P™ is the center of the
homomorphism since Tr(a) = 0(mod p™) and a = p(F)(mod p™) (Refer to
[277]). Since finite fields are seperable, y gives a mapping over the whole group.
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The expression of a p™primary number w in the form E(a) depends on the
choice of (,”, but Hasse [10] has shown that

xw = G
does not depend on the choice of ¢,”.
7.1.4 The Symbol (A, u)
Every number A € K, is of the form
A = mhwe

where a is an integer, w € ¥ and € is a principal unit. We are interested in
equalities up to a multiple of a p™»-th power and we may disregard w since it is

a p"r-th power, and will consider a in mod p™. Then we have
A= 1E(a) H E(ay, 7).
Let ;1 be another number of K, represented in the same form
p~mEB) ] BB, ).
We introduce the function
(A, p) = E(aB —ba +7),
where E(v) ~ (], ; E(ici3;, 7).
The main work of Shafarevich was to prove that the norm residue symbol

<A—p“> coincide with the symbol x (A, p);

Theorem 7.1.3 A\ u € K, then

(%) = X(A, 1)
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The proof of the theorem is based on the fact that the values of x(\, ) concide
with (%) for the three cases (A, u) = (7, E(«)), (7, €), (€1, €2) on the following

four properties of the symbol (A, p)(which are similar to that of (AT“) );

Theorem 7.1.4 1. Bilinearity: (Ao, 1) ~ (A, 1) Ao, ) and (A, pape) =~
()‘nul)<>\a,u2)'

II. Anti-symmetry: (A, u) & (u, \)~ .

I11. Separability: If in the residue field not every element is of the form x? —x,
then
(A p) =1, Vu=A~1.

ANp)=1, VA= pu~1

Invariability (A, u) is independent of the choice of .

that uniquely determines the value of the symbol.

We comment that proofs are based on carefully following of certain calcula-
tions, and leave the proofs to the paper of Shafarevich [22]. We continue with the

formulation of explicit reciprocity of Shafarevich. We keep the notation above;

Theorem 7.1.5 1. x(m, E(a, 7)) =1 forp fi, a € Or.
2. x(m, E(a)) = (' if a € Or.
3. x(m,m) = x(m, —1).
4. X(E(a),e) =1 fora € Op and e € U.

5. If p # 2, then x(E(a,7), E(8,7)) = x(7?, E(aB, 7)), If p = 2 then
X(E(a, '), E(B,77)) = x(=7, E(af, 7)) [IZZ, x(—1, E(aF*(8), %))
102, x(—=1, E(aF"(B), %" *)) for a, 8 € O and p fi, p .

6. If p = 2, then x(—1, E(a, 7)) =[]0, x(m, E(i25F5+1(a),7ri25+1)) for a €
Or and p fi.
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7.2 Explicit Reciprocity Laws of Briickner and
Vostokov

The reciprocity law of Shafarevich is not as explicit as one would like since if
one wants to compute the symbol (A, ) one has to write A and p of the form
A~ 1E(a) [ E(as, 7)) and p~ 7°E(B) [] E(Bj, ), and then one has to write
E(a;B;, 77 in such form if p|(i + j). A more explicit general reciprocity law
was found by Briickner (1967) and Vostokov (1978).

We follow from Vostokov. We start by the simpler case, we assume that p > 2
is odd prime. p = 2 case will be treated afterwards. Let Or denote the ring
of integers of T', R system of representatives of the residue field of K, in Or.
Suppose that (,» expanded into power series in 7 with coefficients in O, that
is (w = 1+ 17 + com® + - -+ we then denote by z(X) and z(X) the following
series; 20(X) = ;X + 6 X?+ - and 2(X) =1+ X + 2 X? +---. By a formal

series ¢(X) we shall understand a series of the form

p(X)= > diX', di€Op
where d; — 0 if i — —o0. Such series, which we denote by Or{{X}} forms a
ring containing the formal power series Op[[X]] = {>°2.  d; X', d; € Or} as
a sub ring. It is easy to verify that any ¢ € Op{{X}} is invertible if and only
if at least one of its coefficients. We denote the inverse ¢ by ¢~ 1, if d,, the least
coefficient of ¢ which is invertible, if ¢ = d,, X™(1 + ¥ (X)) then

= (dn X)L =+t = ),

We define the action of the Frobenius automorphism F' on the formal series
o(X) =>4, X" as follows:

F(p) = ZF(ai)X”i-
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7.2.1 The Functions [ and F

We now introduce a kind of logarithm [ and a kind of exponent E on formal
power series both of which are analogous to that of on elements of K,. Let
OY%[[X]] denote the formal series of the form ¢ = a; X + ax X? + -+, a; € Op.
Let €(X) € 1+ O%[[X]], we define the function [(¢) as follows;

1) = (1= %) tog(e(x).

where log(p) = Y22, Vet

Lemma 7.2.1 () € O%[X]], and l(ev) = l(e) + I(v).

Proof: Refer to [24].

Let us now define the inverse mapping from O%[[X]] + 1 to O%[[X]]. To do so
we consider the Shafarevich function:

e}

E(X) =-exp (Z );)Z> .

=0

By Mobius inversion formula we have

ExX)= [ a-xm

(m,p)=1

We connect E with the Frobenius automorphism F and define it for any series
€ 04| X]] as follows;

E(p) := exp (f: “‘;j) :exp<(1+%+§—;+---) (@).

1=0

Lemma 7.2.2 E(p) € 1+ 0% X]], E(p+1v) = E(p)E(¢)). Moreover E(p) and
l(€) are inverse mappings i.e. E(l(¢)) = e(X) and [(E(y)) = ¢(X).

Proof: Refer to [24]
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7.2.2 The Pairing [A, B]

In this section we define a symbol on formal power series. We consider the

multiplicative group G of the formal power series
G={X"0e(X);m € Z,0 € R, e(X) € 1+ OY[[X]]}

Let A(X),B(X) € G with A = X%e(X) and B = X%0'v(X), we introduce the

pairing in G with values in Or as follows;
[A, B] = resx (P(X)W (X)),

where

O(X) = l(e)% — l(e)B_l;i—)B;, + l(u)A‘l%,

and W (X) is formal series with coefficients in O having, in general, terms of

negative powers such that

d n

We are going to choose the function in most explicit and simple form in a while
W, but before that we highlight some properties of the pairing [A, B] which are

similar to that of Shafarevich.

Theorem 7.2.3 The pairing [A, B] satisfies;

Bilinearity: [AlAg, B] = [A17 B] + [AQ, B] and [A, BlBQ] = [A, Bl] + [A, Bg]
Skew-Symmetry: [A, B] + [B, A] = 0(mod p™).

Invariance: The value of [A, B] in mod p"™ is independent of the choice of the
function X.

Proof: Refer to [24]
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7.2.3 The Pairing < o, >,

With the help of pairing [A, B] we shall construct a pairing in K with values in
the group of p™-th roots of unity. Let a = 7%@e and 8 = 7°0'n elements of K,
where 0,60’ € R, and ¢, are principal units. Let € = 1 4 a;7 + asm? + - -+ be an
expansion of € into a series in m with a; € Or. We denote by A(X) the series
X%e(X) where €(X) = 1+ a1 X + asx® + ---. The series B(X) and n(X) are
defined similarly for 8. Let z(X) be the series obtained from the expansion of

(pne into a power series m. Consider the following pairing;

Tr[A,B
< Oé, B >71': Cp’fp[ }7

where 1/2 + (2P — 1)_1 is taken for W(X). By (22" — 1)_1 we mean the

following Laurent series;

p"P—1
(anp — 1)71 = zapnp <1 + Z C';nzoi> )
i=0

This pairing, too, satisfies similar properties that of [A, B] and that of Shafare-

vich;

Theorem 7.2.4 < «, 8 >, is bilinear, skew symmetric and invariant under the

choice of .

The first two properties are evident from that of [A, B], but the last one is not
direct and is a consequence of carefully followed calculations. We refer to Vos for
the proofs. One of the most profound achievement of Vostokov’s paper was to
show that the value of the norm residue symbol <%>n is equal to the value of

the symbol < «, 5 >,;

Theorem 7.2.5 Let € = 1+ a1m + apn® + -+ - be a principal unit of K,, then

e\ _ Tr(v)
(T) - Cp"iﬂ 9

where vy = resx (Xfll(e) (2F" — 1)71>.
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Proof: Refer to [24].

This theorem states that

T, €
< T, € >qp= T .

Let n also be a principal unit; then

-1
< 6N Sa=< TEN Sa< TN SI=LS TEN S < T, > = (%ﬂ?) (%77) = <ﬂ> .

And similarly, in general case for & = 7%fe and 3 = 7°0'n we have

a —b
<a,f =<y >l e > "< e, >= (M) <E) (ﬂ) — (O"_ﬁ) ,
’ ! ! p ) \p p p

Hence, we have that < «, 8 >,= (M> everywhere, hence we have the theorem

p
for explicit reciprocity law as follows;

Theorem 7.2.6 Let o, € K,, a = 1%0e, 8 = 7°0'n with 0,0 € R, €,n are
principal units, write € = 1 + a1m + asm? + - -+ as expansion of € into series in
prime element w and coefficients in Or. Denote by A(X) the series X*Oe(X)
where €(X) =1+ a1 X +ax X?+ -+ and by l(€) the function (1 - %) log(e(X)).
The series B(X) and l(n) are defined in similar way for B. Let z(X) be the series

obtained from the expansion of (yrp into m. Then;

a, L Tr(y)
( p )_Cp’”’v’
where

= resx (1(6)%?) - l(e)Blj—i + l(W“%) (% + ;)

|

7.2.4 The Case p =2

In this section we give the formula for special case p = 2. Although the calcula-
tions are highly technical, the same way of proof just works here. For a suitable

function one may prove that the values of the function at principal units and
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prime elements coincide with that of Hilbert symbol, and finish the proof by
bilinearity. We leave all the technical detail to [§] or to [4], and give the formula.

The first essential difference with the case p > 2 is that the pairing for formal
series is not defined for all invertibe series in O%((X)) but series which belong to
Q = {X"ce(X) : e(X) € 1+ OY[X]], c € O, F(a) = a*(mod 4), m € Z}.
For a, B in K,, set a = 1%, 8 = 70'n, A(X) = Xe(X), B(X) = X0'n(X),

define o diX < g (AZ; &()A) 322}(1;()B>>),

@ = X Loy (Ax(B)(2(X)2),

where vy is the discrete valuation of O7((X)) correspond to X. We now introduce
a series h(X) and a polynomial (X)) for p = 2. Define
F(2(X)™ —1) = (2(X)™ —

h(x) = o 2

Let 79(X) be a polynomial in XOr[X] of degree e — 1 satisfying the condition:

F2(ro) + (142771 (2(X)*" 7 = 1) F(ro) + () = D)o = D~ a X"

m>0

with as,;, = 0(mod 2). We have the following formula for p = 2

Theorem 7.2.7 (‘%3) = (Jn, where

di(n) dB dA 1

1
Y =resx (l(ﬁ)d—X - Z(G)B_ld—X + l(n)A_ld—X + oW + ‘1)(2)) r(X) (‘ + 22"2——1> :

2

Proof: Refer to [§]
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