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ABSTRACT

Output Regulation for All-Pole and Minimum Phase LTT /
LTV Systems

Naci Saldi
M.S. in Electrical and Electronics Engineering
Supervisor: Prof. Dr. Omer Morgiil
June 2010

In this thesis, the problem of enabling the output of a system to track the refer-
ence signals and reject the disturbances created by the same exogenous system is
considered. This problem is widely known as Qutput Regulation Problem. Firstly,
we propose a method for all-pole LTI systems by using relative degree property
and then we apply the same method for minimum phase LTI systems along with
some modifications. In order to obtain controllers for a minimum phase LTI
case, the system is converted into an all-pole system by employing the inverse
system as the first part of the controller. Then using the method that we used
in all-pole cases, we obtain the second part of the controller. Combining these
two controllers gives us an overall controller which solves the output regulation
problem. This method for LTT systems is then extended to all-pole and mini-
mum phase LTV systems. However, in order to apply the same methodology we
have to make some assumptions on LTV systems. For minimum phase cases, the
normal form is obtained by applying certain Lyapunov transformations and then
minimum phaseness is defined in accordance with the normal form. Furthermore
we show that, similar to minimum phase LTT cases, pole / zero cancelations oc-

cur between the inverse system and the original system in minimum phase LTV
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cases. The method that we develop depends on analytical calculation of the
controller and gives a certain degree of freedom to change the transient behavior

of the system by only changing some controller parameters.

Keywords: Output Regulation, Tracking, Disturbance Rejection, All-Pole, Mini-
mum Phase, Relative Degree, LTI System, LTV System, Pole / Zero Cancelation,

Inverse System, Lyapunov Transformation
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OZET

TUM-KUTUPLU VE ENKUCUK EVRELI DOGRUSAL
ZAMANDA BAGIMSIZ VE DOGRUSAL ZAMANLA DEGISEN
SISTEMLERIN CIKIS REGULASYONU

Naci Saldi
Elektrik ve Elektronik Miihendisligi Boliimii Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Omer Morgiil
Temmuz 2010

Bu tezde Tiim Kutuplu ve Enkiiciik Evreli Dogrusal Zamanda Degismez
Sistemlerin digsal bir sistem tarafindan iiretilen referans sinyalini takibi ve
ayni digsal sistem tarafindan tretilen bozucularin engellenmesi konusunu ince-
lenmistir. Bu problem literatiirde Cikus Regiilasyonu olarak adlandirilir. Tlk
olarak, Tiim Kutuplu(All-Pole) Sistemlerin goreli derece ozelligini kullanarak
Cikrs Regulasyonu problemini ¢ozmek igin bir yontem geligtirilmistir ve ayni
yontem bazi degisiklikler yapilarak Enkiiciik Evreli Dogrusal Zamanda Bagimsiz
sistemlere uygulanmigtir. Bu ¢6ziimii, Enkii¢iik Evreli(Minimum Phase) sistem-
lere uygulamak icin, sistemin tersi, denetleyicinin ilk parcasi olarak kullanilmigtir
ve sistem Ttum Kutuplu hale getirilmistir. Sonra, bu yontemle denetleyicinin
ikinci kismi olusturulmustur. Bu parcalar1 birlestirerek, regiilasyon kogullarini
saglayan toplam denetleyici elde edilmistir. Bu yontem daha sonra Tim Ku-
tuplu ve Enkiiciik Evreli Dogrusal Zamanla Degisen sistemlere genisletilmigtir.
Ancak, aym yontemi Dogrusal Zamanla Degisen sistemlere uygulamak icin bazi
varsayimlarda bulunmak gerekmektedir. Enkii¢iik Evreli durum igin belirli Lya-

punov doniigtimleri uygulanarak sistem bir normal forma getirilmistir ve bu



normal form iizerinden Enkiigiik Evreli olmak tanimlanmigtir. Bunun yanisira,
Enkiiciik Evreli Dogrusal Zamanda Degismez sistemlere benzer olarak Enkiiciik
Evreli Dogrusal Zamanla Degigsen durumda ters sistem ve orjinal sistem arasinda
kutup / sifir sadelesmesinin oldugu gosterilmigtir. Geligtirilen bu yontem denet-
leyicinin analitik olarak hesaplanmasina dayanmaktadir ve bu yontem bazi denet-
leyici degigkenlerini degistirerek sistemin gegici davranigini degistirilebilmesine de

olanak vermektedir.

Anahtar Kelimeler: Cikig Regiilasyonu, Takip, Bozulmalarin Engellenmesi Ttim
Kutuplu, Enkii¢iik Evreli, Goreli Derece, Dogrusal Zamanda Bagimsiz Sistemler,
Dogrusal Zamanla Degigen Sistemler, Kutup / Sifir Sadelesmesi, Ters Sistem,

Lyapunov Doniigtimi
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Chapter 1

INTRODUCTION

In control theory, designing controllers that force the system to track a given
reference signal r(t) and reduce (if possible, reject) the effect of unwanted signal
v(t) (disturbance) at the output is among the most important problems [1-18].
This problem, which is generally referred to as the output regulation problem, was
studied by many researchers and is still under investigation by considering all
possible aspects of the problem. For this problem, some of the researchers take
into account either disturbance rejection or reference signal tracking only [3-6].
Alternatively, some of the researchers worked on both the disturbance rejection
and the reference signal tracking problem simultaneously [7], [8]. Furthermore,
in this formulation some of the researchers assumed that the reference signals
and the disturbances are considered the signals which are generated by different
dynamical systems. In the latter case, these dynamical systems are assumed to

be separate as shown below :

V(t) = Sly(t)a
P(t) = Sor(t). (1.1)

where r(t) and v(t) are the reference and disturbance signals, respectively, and

S1 and Sy are matrices which have appropriate dimensions. In this thesis for



the formulation of the output regulation problem, we will try to find a controller
structure to track the reference signal and to reject the disturbances simultane-
ously. Instead of the model given by (1.1), we will assume that the reference
signal r(¢) and the disturbance signal v(t) are generated by the same dynamical
system, which is called as the exogenous system [9-11,19-23]. The dynamics of

the exogenous system is assumed to be as given below :

w(t) = Sw(t),
r(t) = Qu(t),
v(t) = Pw(t). (1.2)

where w(t) is called the exogenous signal, S, ) and P are matrices which have
appropriate dimensions. Note that, even if the reference signal and disturbances
have distinct dynamic behaviors as given in (1.1), one can still transform (1.1)

into the form given by (1.2) as shown below :

’(jjl Sl 0 w1
ng 0 SQ w9
wq
r(t) = (1 0) :
Wa
w1
v(t) = (0 1) . (1.3)
Wa
S1 0
As can be seen, (1.3) has the same form as given by (1.2) where S = :
0 S

Q= ([ ())7 P = (0 [) [24]. One disadvantage of using (1.3) instead of (1.1)
might be the following: the pairs (Q), S) and (P, S) in (1.3) are not observable. In
the remaining of the thesis, we assume that the reference signal and disturbances

are generated by the same dynamical system as given by (1.2). Note that the



state space form of plant for which we will design controllers is given below :

#(t) = A(t)z + Bt)u+ v, (1.4)

y(t) = C(b). (1.5)

where zeR", ueR, yeR, veR"™ represent the system state, input, output and dis-
turbances .respectively and A(#)eR™ ", B(t)eR"*!, C(t)eR*" represent system
matrices. If any of the system matrices is time-varying, then our system become
linear time-varying. Conversely, if all of the system matrices are time-invariant,
then our system becomes linear time-invariant.

In the output regulation problem, the objective is to find such a control law
that the closed-loop system tracks the reference signal and rejects the distur-
bances simultaneously. Actually, if the error is to be defined as the difference
between the reference signal r(t) and the system output y(t), then output regu-
lation problem can be converted into obtaining such a controller that the overall

system satisfies the conditions given below [24]:

(i) For all the initial conditions of the original system and the exogenous sys-

tem,

lim e(t) = lim (y(t) —r(t)) = 0. (1.6)

t—o0 t—ro0

(ii) The closed-loop system is exponentially stable with w = 0.

Throughout the thesis, we will refer to the conditions (i) and (ii) given above
as regulation conditions. Note that if the output regulation problem is de-
fined as the tracking of the reference signal and the rejecting of the disturbances
simultaneously, then any controller which solves the output regulation problem
also satisfies the regulation conditions given above. Conversely, any controller
which satisfies the regulation conditions given above also solves the output reg-
ulation problem. This could be easily seen if the exogenous system given by

(1.2) is combined with the closed-loop system dynamics. In this case, the state



transition matrix will have a block triangular form. By using this structure, the
equivalence stated above can be shown easily [24].

The LTI part of this problem was studied by many authors. The first attempt
to solve the problem of linear output regulation was made in [1] and [2] where
the case of the constant reference signal and the disturbances was considered.
In [9], a set of equations, called the regulator equations, were introduced and the
controller which solved the output regulation problem was related to the solution
of the regulator equations. In [10], a new concept the internal model principle
was introduced which roughly stated that the controller which solved the output
regulation problem included a model of exogenous system. In [11], polynomial
matrices were used in the output regulation problem, and a primary condition,
which was a single polynomial matrix formulation and that the controller should
satisfy was given. In addition, the internal model principle ;which was first in-
troduced in [10], was clarified by using polynomial matrices. The robust case
of the linear output regulation problem was considered in [12-16]. In [12], the
controller which solved the output regulation problem was shown to be robust
to the perturbations in plant parameters and unmeasurable disturbances if and
only if it regulated a system called the expanded system. Furthermore, in [15]
the case which the disturbances were unmeasurable, arbitrary signals were con-
sidered and two conditions for the solvability of the output regulation problem
were given. The application of the frequency domain techniques for the output
regulation problem can be found in [17,18].

LTV case of the output regulation problem did not receive as much attention
as its LTI counterpart did, possibly due to the mathematical difficulties which
may be encountered in the analysis. In [19], the linear periodic time-varying
exogenous system and the LTI plant case were studied. Differential regulator
matrix equations which were the counterparts of the regulator equations in LTI

cases were found. In [20], the case of minimum phase time-varying systems with



a time-varying exogenous system were considered and a differential type of reg-
ulator equations were found for the solvability of the output regulation problem.
Then, in [21] a general time-varying system with a time-varying exogenous sys-
tem was considered and differential regulator equations were derived as in the
previous cases.

For the solution of the output regulation problem for nonlinear systems, the
researchers mainly tried to extend the existing approaches for linear systems to
nonlinear cases. In [25], the internal model principle was extended to the non-
linear systems defined on differentiable manifolds. In [26], a PI controller was
employed for the constant disturbances and the reference signal case. In [27], the
work in [9] for linear multivariable systems was extended to the nonlinear setting
with slowly varying or constant exosystem and nonlinear equations ,which were
the nonlinear counterparts of the linear regulator equations in a special case,
were obtained. Then, in [22] the results of [9] was extended to a general setting
in which the exosystem was a time-varying nonlinear system. In the latter, the
nonlinear regulator equations were obtained and their solution guaranteed the
solution of the output regulation problem. After the work in [22], solvability con-
ditions for these nonlinear regulator equations were studied by many researchers,
see e.g. [22,23,28,29]. In [30,31] the case of nonlinear system with nonhyperbolic
zero dynamics was studied. In [32], the results in [22] were extended to the feed-
back linearizable system. In [33], the global robust output regulation with error
feedback was considered. In [34], internal models were used to design output
regulators for nonlinear systems. In [35], global output regulation of uncertain
nonlinear systems was studied and a novel high gain internal model was devel-
oped.

In most of the existing approaches for the output regulation problem, one
tries to obtain a control law which satisfies (i) assuming that (ii) is satisfied.
Thus, in the classical approach, one assumes that the closed-loop system is al-

ready exponentially stable and consequently one tries to find a controller which



satisfies the regulation condition (i). Additionally, the existing solutions for the
reduced problem do not give the controller explicitly. Instead, in the classical
approach one obtains a set of equations, called the requlator equations [24], and
the solvability of the output regulation problem depends on the solvability of the

regulator equations. The regulator equations for LTT cases are shown below :

XCS = AcXc + Pca

0=CX.+ Q. (1.7)

where A., P., C. and (). are the closed-loop system state transition matrix,
disturbance matrix, output matrix and reference signal matrix, respectively [24].
Here, X, is the unknown matrix to be found, and once X. is found, one can design
a controller by using X,.. Note that (1.7) is called as the Sylvester equations. For
details, see [24]. If one uses the same approach in LTV cases, the regulator

equations become as follows :

Xe(t) + Xe(£)S(t) = Ac(t) Xo(t) + Pe(t),

0= Cc<t>Xc(t) + Qc<t> (18)

where A., P., C. and Q. are the closed-loop system state transition matrix, dis-
turbance matrix, output matrix and reference signal matrix, respectively [20]. As
in LTT cases, here X, (¢) is the unknown matrix, and if one finds a solution, then
by using X,.(¢) one can construct a controller. Note that (1.8) is also called the
differential Sylvester equations. For more details, refer to [20]. The fulfillment of
these equations corresponds to the fulfillment of the condition (i).

In this thesis, we restrict ourselves only to all-pole and minimum phase sys-
tems. Since we deal with only some portion of the general systems, our proposed
method has advantages over the existing approaches. The advantages of our

solution to the output regulation problem are as follows;

e Different from existing approaches our solution depends on the analytical

calculation of the controller that satisfies regulation conditions (i), (ii).



This analytical calculation particularly is very important for LTV systems
because finding controller by using regulator equations, which include a

differential matrix equation, is a very difficult task.

e Our approach does not assume the fulfillment of the condition (ii) like
most of the existing approaches do. Instead, we propose a controller which
satisfies the conditions (i) and (ii). Moreover, in our approach rather than
a single controller, a class of controllers which solve the output regulation

problem is constructed.

e In LTI case, the controller that solves the output regulation problem may
be found easily by using regulator equations. However, in this methodology
we do not have enough degree of freedom to alter the transient behavior
of the system. On the other hand, our approach allows one to alter the
transient behavior of the closed-loop system upto a certain degree only by
changing some controller parameters. By this way, the designer can achieve

some desired specifications other than the regulation conditions.

The outline of this thesis is as follows;

In chapter 2, we study the output regulation problem for all-pole and min-
imum phase LTI systems. First of all, the problem formulation will be given.
Then, by defining and using the relative degree property of the LTI systems, a
static controller for all-pole systems will be obtained. In addition, observers for
the original system and the exogenous system will be designed and combined
with the overall system. Afterwards, we consider the minimum phase systems
and define minimum phaseness. By introducing an inverse system, a dynamic
controller for minimum phase case will be achieved. Then, similar with all-pole
cases, observers will be designed for both the original system and the exogenous
system. Finally, we will show some numerical results.

In chapter 3, we will extend the technique in chapter 2 to the output regu-

lation problem for the all-pole and the minimum phase LTV systems. First the



problem formulation will be given. Then, by defining and employing relative de-
gree property, controller for all-pole systems will be constructed. After that, the
inverse systems of the minimum phase LTV systems will be found by applying
certain transformations on the original systems. Then, a dynamic controller for
the minimum phase systems will be obtained by using the inverse systems as a
first part of the controller. Then we will show pole/zero cancelations between
the inverse system and the original system. Lastly, some numerical results are
shown.

In the section which we will deal with controller design for minimum phase
LTV systems, we will use pole/zero definitions of LTV systems and we will try
to show pole/zero cancelations between the inverse systems and the original sys-
tems. However, in literature there are no unique definition of poles and zeros
for LTV systems. Thus, to show pole/zero cancelations we will use definitions of
poles and zeros in [36] and these definitions are the generalizations of pole/zero
definitions for LTV systems in [37]. In [37], definition of poles and zeros for
special class of time-varying systems were given. In these definitions, zeros cor-
responds to the modes that make output zero when we apply this as an input
to the system and poles correspond to the modes which determine the stability
of the system. However, in [36] definition of poles and zeros for a general class
of time-varying systems were given. Additionally, there are two different zero
definition in [36] which are transmission zeros and ordinary zeros. The transmis-
sion zeros correspond to the transmission zeros of the MIMO systems and the
ordinary zeros correspond to the zeros of the SISO systems in LTT cases.

In the last chapter, we conclude our remarks by going over some important
points of the output regulation problem, and we propose some further research

areas, as well as some possible extensions of our results.



Chapter 2

OUTPUT REGULATION for
ALL-POLE and MINIMUM
PHASE LTI SYSTEMS

Throughout this section, we consider single-input-single-output (SISO) linear-

time-invariant (LTI) systems which have the following form :

z(t) = Az + Bu+v, (2.1)

y(t) = Cu, (2.2)

where zeR", yeR, ueR represent the system state, output and input respectively
and AeR™", BeR™* !, CeR*™ represent constant system matrices. We assume

the exogenous system that we deal with is in the form which is given below :

w(t) = Sw(t), (2.3)
T(t) = _Qw(t)v (24)
v(t) = Pw(t), (2.5)

where weR™, delR™ and reR represent exogenous system states, disturbance sig-

nals and reference signal respectively and SeR™*™, PelR™*™, QeR1*™ represent



% "

constant matrices of exogenous system. The sign in the equation that gives
reference signal (2.4) is chosen to ensure compliance with the use in the literature.

Then, the tracking error e(t) can be defined as shown below :
e(t) =y(t) —r(t) = Cz + Qu. (2.6)

In order to use the system states z(t) and the exogenous system states w(t) in
the controller, we should make the assumption of the observability for both of

the systems.
Assumption 1. The pairs (C, A) and (Q,S) are both observable.

Assumption 2. S has distinct eigenvalues with zero real parts

Assumption 2 guarantees that the solutions of the exogenous system are
bounded and do not decay to zero as time goes infinity. If the exogenous system
has eigenvalues with negative real parts, then the reference signal or/and the
disturbances may decay to zero. But, decaying reference signal or disturbances
are not considered in the output regulation problem which is investigated here.
Conversely, if the exogenous system has eigenvalues with positive real parts, then
the reference signal and the disturbances become unbounded, but it is not con-
sidered here for simplicity.

Our objective is to design a feedback control law by using both the original
and the exogenous system states such that the closed-loop system satisfies the
regulation conditions (i) and (ii). In the simplest form (All-Pole case), we will use
the relative degree property of the system in order to find the controller which

provides regulation conditions. Therefore we need to define this property first.
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2.1 Relative Degree Property

If the system satisfies the following conditions :

CA=CAB=...=CA 2B =0, (2.7)

CA™'B=a#0,r<n, (2.8)

then the system has a "relative degree r”. If we take the derivative of the output
of the system y(t), input u(t) appears at the r** derivative because of the relative

degree property : i.e.

y = C(Az + Bu) = CAz + CB,u,

y" ) = CA*(Ax + Bu) = CA" 'z + CA" 2B,

y" = CA" Y (Az + Bu) = CA"z + CA"'Bu = CA"x + au. (2.9)

The parts, indicated by underbrace are equal to zero. Therefore, this property

of the system can be used to design controllers for All-Pole systems.

2.2 Controller for All-Pole LTI Systems

Exogenous System AL

- e(t)
u(t) 1 y(t)
d(s)
x(t), w(t)
Controller

Figure 2.1: Overall System Block Diagram

11



If we have a system that is full-relative degree (i.e. r = n and system di-
mension is n), then this system is called as an ”All-Pole System”. Transfer
function of this kind of systems are expressed as follows : G(s) = ﬁ where
d(s) = 8"+, 18" +... +a15+ ap. A state space model of the system of this

type can be given as shown below:

0 1 0 0 0 0
0 0 1 0 0 0
T = T+ Uu,
—Qy —Q&1 ... —Qp_o2 —0Qp_1 1
Yy = (1 0 ... 0) Z. (2.10)

Remark 1. Using the system model given by (2.10), the proof of full-relative

degree property of the system can be done easily.

If we take the derivative of the error given by (2.6) repeatedly, and if we use
the system equations given by (2.1)-(2.5) and the equations given by (2.7)-(2.8)

with » = n, then we obtain the following equations :

e=Cr+ Qu,

¢ = Ci + Qu,
= C(Az 4+ Bu + Pw) + QSw,
= CAx+ (CP + QS)w,

& = CAi + (CP + QS)i,

= CA*r + CAPw + (CP + QS)Sw,

e™ = CA"x + au+ CA" ' Pw + S, _1Sw, (2.11)

where in the derivatives we used the relative degree property given by (2.7)-(2.8).

Here we have a = CA" ' B # 0 (see (2.8)), and the matrices S; are given as below

12



S;i =8 1S+CA'P,Sy=Q, 1<i<n, (2.12)
In this case, we can choose the following control law for u(t) :
1
u = —{—CATLJJ — Snw — Ln,lenfl e L1€ — Loe}. (213)
a

By using (2.6) in (2.11) and by separating the multipliers of z and w, we can

rewrite (2.13) as follows :
u= K,z + K,w, (2.14)
where K, and K, are given as below :

1
—E(CA” 4+ L, CA" '+ 4+ L,CA+ LyO), (2.15)

K, =
1
K, = _E(Sn + Lp—1Sn—1+ ...+ L1S1 + LoQ). (2.16)

Thus, when equation (2.13) is substituted into equation (2.11), we get the fol-

lowing error dynamics :
e™ 4+ L, 1" V4. 4 Lié+Lee=0 (2.17)

If we use Laplace transformation, the characteristic polynomial of equation (2.17)

will be as follows :
ch(s) = s" + L, 15" '+ ...+ Lis + L. (2.18)

Hence, the polynomial given by (2.18) can always be made stable by choosing ap-
propriate controller coefficients L;. In this case, the solution of the error dynamics
given by (2.17) is exponentially stable. Thus, if L, parameters are selected to
make the characteristic equation (2.18) exponentially stable in controller given
by equation (2.13), then the regulation condition (i) is satisfied. In order to
show regulator problem has been resolved with the controller given by (2.13),
the second regulator condition (ii) should be satisfied as well. If the system in

the equations (2.1)-(2.2) and the controller in the equations (2.13)-(2.14) are put

13



together, we will obtain the closed-loop system state space form as shown below

t=(A+ BK,)x+ (P+ BK,)w = Aqz + (P + BK,)w, (2.19)

e=y—r=Cr+ Qu. (2.20)
Lemma 1. The static controller
u=K,x, (2.21)

where K, = —é(C’A" + L, 1CA" Y + ..+ LiCA + LyC) makes the closed-loop
system (2.19)-(2.20) with w = 0 exponentially stable and characteristic equation
of Ay matriz in (2.19) is given by (2.18).

In order to prove Lemma 1, we use the following fact.

Fact 2. For A, B, C given by system (2.10), the following holds :

, T
BOA'=(0 .. 0 e) - (2.22)
0
where 0 <i<n—1,0= || eR" and e, eR™ is unit vector with (i+1)™" entry
0

15 one.

Proof. In order to show this fact, we use mathematical induction.

When ¢ =0

BC = E (1 0 ... o>=(g .0 €1>T~ (2.23)
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T
When i=m, BCA™ = (Q ... 0 §m+1> is true. Then,

0 1 0 0 0
) T 0 0 1 0 .0
BCA™T — <Q 0 §m+1> ,
—Qyg —O1 ... —Op—2 —0np_
T
= (Q .0 §m+2> ) (2.24)
Thus, the above statement is true by mathematical induction. O

Then, the proof of Lemma 1 is given by using the above fact shown below.

Proof. 1f we combine the controller (2.14) with the system (2.1), the closed-loop

system is obtained with w = 0. Then, the closed-loop system is given by :
&t =Ax+ BK,x = (A+ BK,)x = Ay, (2.25)
where
Acl=A—-BCA"—- L, \BCA, 1—...— 14LBCA— LyBC. (2.26)

By using Fact 1, we can find A, as follows :

First we construct BC A™ with the help of the Fact 1 :

0 1 0 0 0
T 0 0 1 0 0
—Qp —Qg —Qp_2 —Qp_

:<Q .0 a>T. (2.27)

T
where a = <_a0 —Oén—1> . Now we know BCA® for 0 < i < n —1 from

the Fact 1. Hence if we substitute this result and (2.27) into (2.26), the following
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form is obtained for A, :

0 1 0 0 0
o 0 1 0 .0

Ad=| . | R (2.28)
Lo =Ly ... =Ly —Ly 4

If we constitute the characteristic equation of A, it turns out that it is the
same as (2.18) . In addition, in order to make error e(t) exponentially stable L;
coefficients were chosen such that (2.18) became a Hurwitz polynomial. Hence,
this shows that Acl matrix is a Hurwitz matrix and the closed-loop system with

w = 0 is exponentially stable. O]
If the results of the equation (2.17) and Lemma 1 is used, the following
theorem can be obtained.

Theorem 3. The static controller given by equations (2.13)-(2.14) satisfies the
requlation conditions (i.e. (i) and (ii)) for the system in the form (2.1)-(2.5)
with the system matrices (2.10).

Proof. (i) From the equations (2.17) and (2.18), it turns out that the error e(t)
is exponentially stable (i.e. |e(t)] < kexp~'). Hence,

lim |e(t)| = 0. (2.29)

t—o00

(il) With w = 0 Lemma 1 showed that the closed-loop system is exponentially

stable. i.e.
Re{eig(Ag)} <0
where eig(A.) denotes the eigenvalues of A, in (2.26) and (2.28).

These two results point out that regulation conditions are satisfied with static

controller given by equations (2.13). O
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Remark 2. As we mentioned in Chapter 1, linear output regulation problem
has been studied extensively in the past. Most of the existing approaches rely on
obtaining set of requlator equations which should be satisfied by the controllers
in order to solve the requlator problem. In these approaches, the second part of
the regulator conditions (i1) is assumed to be true and the problem is reduced
to finding the controller part associated with the exogenous system states, if the
controller is a static one. In all-pole case that we deal with above, this corresponds
to finding K, assuming that K, is known. In this case, regulator equations

become as given below :

X.S = (A+ BK,)X. + (P + BK,), (2.30)

0=CX.+Q. (2.31)

If there exists a unique matrix X. and K,, that satisfies above requlator equations,
then the first part of the requlator conditions (1) is satisfied by the controller which

is given by below form :
u= K,z + Kyw (2.32)

In our approach, the static controller u = K,x makes the closed-loop system
exponentially stable when the exogenous signal is not present, i.e. when w(t) =
0. Actually, we can assign poles of the closed-loop system with this controller
anything that we desire because the coefficients of the characteristic polynomial
of the closed-loop system given by (2.18) depend only on the controller parameters
L;. Thus, this shows that the static controller class given by the equation (2.13)
covers all the static controllers that can be designed to make the closed-loop system
(2.19)-(2.20) stable without the exogenous system. In addition to this, K, part
of the controller in equation (2.13) can be achieved from the regulator equations

(2.30)-(2.31) as will be shown below.

Lemma 4. If we take the controller part K, associated with the system states x(t)

as in (2.21), the controller part K,, associated with the exogenous system states
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w(t) in (2.13)-(2.14) which is given by (2.16) can be obtained from regulator
equations (2.30)-(2.31).

Proof. We know that K is in the following form : K, = —é(CA"—l—Ln_lCA"*l—l—
oo+ LiCA+ LyC). Let us try to find K, from the equations (2.30)-(2.31) by
using the relative-degree property. For simplicity, we take a in (2.8) as 1.

The first thing that we observe from (2.30)-(2.31) is the following :
el = CA'z — CA X, w, (2.33)

where 0 < i <n — 1. We can prove (2.33) by mathematical induction. We first
show that (2.33) is true for i = 0. From (2.20) we have

e=Cr+ Quw. (2.34)

On the other hand, from (2.31) we obtain Q = —C'X,.. By using this in (2.34)

we obtain the following :
e=Czr—CX.w, (2.35)

which shows that (2.33) holds for i = 0. Now, assume that (2.33) holds for i = m,

i.e. assume that the following holds :
™ = CA™g — CA™ X w. (2.36)
Then by differentiating (2.36) once more, we obtain :

M) = CA™; — CA™ X b = CA™ e + CA™Bu + CA™Pw — CA™ X, Sw,

= CA" Mz + CA™Pw — CA" X, .Sw, (2.37)

from the relative degree property. If we multiply (2.30) with C'A™, then the

following equation is obtained :

CA™X,.S = CA™(A + BK,)X. + CA™P + BK,) = CA™ X, + CA™P
(2.38)
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where to obtain the last equality we used the relative degree property, see (2.7)

and (2.8). Hence, we have the following :
CA™X.S = CA™ X.+CA™P. (2.39)
If we substitute (2.39) into (2.37), then we obtain :

emt) — CA™ g 4 CA™Pw — (CA™M X, 4+ CA™P)w,

= CA™ My — CA™M X w. (2.40)

Hence, by mathematical induction the statement (2.33) is true.

Secondly, we observe that :
S; = —-CA'X,, (2.41)

where S; are given by (2.12) and 0 < i < n. We can again prove this observation
by mathematical induction. We first show that (2.41) holds for » = 0. Indeed,
from (2.12) we see that Sy = Q). On the other hand, from (2.31) we obtain :

So=0Q=-CX., (2.42)

which shows that (2.41) holds for i = 0. Assume that (2.41) holds for i = m, i.e.

we have :
S™=-CA™X.. (2.43)
Then, by using (2.43) in (2.12) we obtain :

Smi1 =—CA"X. S+ CA™P = (~CA™' X, — CA"P) + CA™P,

= -CA™ X, (2.44)

where we used (2.39) to obtain the final equality. Hence, by mathematical in-
duction we show that (2.41) holds.

Let us use (2.33) fori =n — 1, i.e.

e = CA"y — CAM X w. (2.45)
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If we differentiate (2.45) with respect to time, and use (2.3) and (2.19), we obtain

e = CA" (A - BK,)z + (P — BK,)w] — CA" ' X Sw. (2.46)
Assuming o = CA" !B =1 (without loss of generality), we obtain :
e = CA"s — Kz + CA" 'Pw — K,yw — CA" ' X, Sw. (2.47)
By using (2.41) for i =n — 1 in (2.47), we obtain :
e™ = CA: — Ko+ CA ' Pw — Kyw + S,_1Sw. (2.48)
Finally, by using (2.12) for ¢ = n in (2.48), we obtain :
e™ = CA — Ko — Kyw + Syw. (2.49)

Hence, when K, is given by (2.15), then K, can be obtained from the regulator

equations (2.30)-(2.31) as given below :
—Kyw=e™ — CA™x + K,z — S,w. (2.50)

Now let us consider the control law obtained by our approach, which is given by

(2.13)-(2.14). If we use the latter in (2.11), we obtain :
e™ = CAr — Kyo — Kyw + CA "Pw + S,,_1 Sw. (2.51)
By using (2.12) for i = n in (2.51), we obtain :
—Kyw=e™ —CA": + K,z — S,w. (2.52)

By comparing (2.52) and (2.50), we see that the term K, w obtained both by our
approach and by the regulator equations are the same. Hence, we conclude that
if K, is as given by (2.15), then K, , which is obtained by our approach, is the

same as the one ,which is obtained from the regulator equations (2.30)-(2.31). O
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2.3 Observer Based Controller for All-Pole LTI

Systems

In order to implement the controller given by equations (2.13)-(2.14), in addition
to error term e(?) and various derivatives of it, the signals w(t), z(t) should also
be measurable. If only the system output y(¢) and the reference signal r(t) are
known, we can design observers for z(t) and w(t) through Assumption 1 and the
outputs of these observers can be used in the controller equations (2.13)-(2.14).
In the following, we will use the standard full order observer, also known as
Luenberger observer [38], for our observer based controller design.

The observer structure for z(t) is in this below form :
T =A%+ Bu+ L,(y — Cz + Pw), (2.53)
and the observer structure for w(t) is given by the below equations :
w = Sw+ Ly, (r + Qw), (2.54)
Let us define new state variables e, and e,, as shown below :
€r =T —T , €, =w—10. (2.55)

Then, the dynamic equations of the above states can be found as follows :

€ =T —2
=Arx+ Bu+ Pw— At — Bu— Pw— L,Cx + L,Cz

€, = (A —L,C)e, + Pey, (2.56)
and

€y =1 — W = Sw — S+ LyQu — LyQib

= (S + LwQ)ew (2.57)

Since both (A,C) and (Q,S) pairs are observable, we can find L, and L,

such that matrices in (2.56)-(2.57) become Hurwitz . Thus, estimated states
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Z, w converge true states x, w exponentially. If we combine the system in the
equations (2.1)-(2.5) and the controller (2.13)-(2.14) with the observer equations
(2.56)-(2.57), overall system can be obtained. The overall system (i.e. observer-

controller-plant) state space model with states e,, e, become in the following

form :
x (A+ BK,) —BK, —BK, x P+ BK,
e | = 0 (A—L,C) P e: | + 0 w,
€w 0 0 S+ L,Q) \ew 0
(2.58)
x
e= <C 0 0) er | T Qu. (2.59)
€w

Lemma 5. The system in equations (2.58)-(2.59) satisfies regulation conditions

(i) and (ii).

Proof. (i) Since the error e(t) is exponentially stable with controller (2.13),
the controller-plant system (2.19)-(2.20) satisfies the regulator equations
(2.30)-(2.31) and its inverse is also true. Thus, if the system in (2.58)-
(2.59) satisfies regulator equation formed by its system matrices, then the
error term e(%) is exponentially stable. The regulator equations formed by

the matrices in (2.58)-(2.59) as follows :

X1 (A+ BK,) —BK, —BK, \ [Xu P+ BK,
X, | 5= 0 (A-L,C) P X | + 0
X 0 0 S+L.0) \ X 0
(2.60)
X
0=(c 0 0)|xa|+@ (2.61)
Xes
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If X, and X3 are chosen as zero vectors, then the regulator equations are

reduced to this below form :

XaS=(A+BK,)Xa+ (P+ BK,), (2.62)

0=CX4+0Q. (2.63)

The equations (2.62)-(2.63) are the same with regulator equations given by
(2.30)-(2.31). Also in Lemma4, we proved that the regulator equations given
by (2.30)-(2.31) are satisfied with the controller given by (2.13)-(2.14). This
implies that the equations (2.62)-(2.63) have a solution. Thus, the regulator
equations given by (2.60)-(2.61) are satisfied. This indicates that the error
e(t) exponentially decays to zero for the system given by the state space

representation (2.58)-(2.59).

The closed-loop state transition matrix with w = 0 is in block triangular
form as can be seen in equation (2.58). In addition, the matrices (A+BK,),
(A—L,C) and (S + L,Q) are known to be Hurwitz. We know that the
state transition matrix eigenvalues are composed of these three matrices

eigenvalues because of the block triangular structure as shown below: i.e

eig(Ag) = eig(A + BK,) U eig(A— L,C) U eig(S+ L,Q),  (2.64)

It easily follows that the closed-loop matrix in (2.58) is Hurwitz, which

means that the closed-loop system with w = 0 is exponentially stable.

2.4 Controller for Minimum Phase LTI Systems

In general, the transfer function of LTI systems are as follows : G(s) =

n(s)
)

the zeros of the system, i.e. the roots of n(s), are on the left-half-plane (LHP),

this system is called as a ”Minimum Phase System”. Besides, these systems have
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r(t)

Exogenous System

:f_D e(t)
v(t) L u(t) n(s) v(t) T
n(s) d(s)
Second Part of x(t), wit)
Controller

Figure 2.2: Overall System Block Diagram

relative degree r and r is given by r = (number of poles) — (number of zeros) .
In order to obtain a state space model for such systems, suppose that n(s) and

d(s) are given as follows :

n(s) = ™ 4+ by_18™ " + ... 4 bis + by, (2.65)

d(s) = s" + Q18" L+ ags + ay. (2.66)

In this case, the system to be controlled can be given as shown below :

0 1 0 0 0 0
0 0 1 0 0 0
T = x + u,
-y —Q1 ... —Qp_9g —Op_1 1
y=( b ... 1 0... 0)= (2.67)

We know that the zeros of the minimum phase system are stable. Then to make

the system in (2.67) equivalent to an all-pole system, we can employ C(s) =

1
n(s)
as the first part of the controller. Since there is no unstable pole/zero cancelations

between C(s) and the system in (2.67), the first part of the controller does not
cause any instability problem. The overall system will become equivalent to all-

pole with this first part of the controller and a state space model for C}(s) can

24



be given as follows :

0 1 0 0 0 0

. 0 0 1 0 ...0 0
E=| - Coler ]| |v=GerHo, o (2.68)

—by —=b; ... —by_2 —by_1 1
u=(10 ... 0)¢=K¢ (2.69)

where £eR™, veR and ueR denote the controller states, input and output re-
spectively. Then GeR™ ™ HeR™ 1 KeR'™*™, given by (2.68)-(2.69), represent
constant system matrices . If we form the overall system by combining the orig-
inal system in the equations (2.1)-(2.5) and the first part of the controller given
by (2.68)-(2.69), a state space model of augmented system becomes in the form

given below :

i A BK\ [« 0 P
| = + v+ w, (2.70)
é 0 ¢ ) \¢ H 0
X
e=(c o) + Sw. (2.71)
3

This overall system has dimension n = n + m where m is the dimension of the
inverse system C(s). Since the poles of C(s) and the zeros of the system in
(2.67) are canceled each other, the number of m unobservable states arise in the

overall system given by (2.70)-(2.71).

Fact 6. The system given by (2.70)-(2.71) has relative degree n.

Proof. The first part of controller has transfer function C(s) = ﬁ and we know
from section (1.2) that this kind of transfer functions represent all-pole systems.

Since the first part has dimension m, the system in (2.68)-(2.69) has relative

degree m : i.e.

KH=KGH=...=KG™?H =0, (2.72)

KG™'H =p34#0. (2.73)
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In addition, the original system in (2.67) has relative degree r, thus the following

equations must hold :

CB=CAB=...=CA*B =0, (2.74)
CA™'B=+~4#0. (2.75)
x A BK 0
Let us denote z = , A. = , C. = (C ()) and B, = )
& 0 G H
Then,
C1(: = (C O) 3
A BK
0 G

C.A? = (cA CBK) (A BK) ~ (04> CABK +CBKG),

0 G

C.A, = ((JA’” CA'BK +CA" 2BKG+ ...+ OBKGT*)

(car ca1BK).

C.AY? = (CA"*2 CA"3BK + ...+ CA" ™ 2BKG™ ' + ...+ CBK G"*:”)
(OA”‘2 CA"3BK + ...+ CAT‘lBKG’”‘2> )
CAY = (CA"—1 CA" 2?BK + ...+ CA"™ 1BKG™ ' + .. + CBKG”—Q)
(cat ca2BK +...+cA-BKG).

(2.76)
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where we used (2.74) and the fact that » = n—m. If we multiply these equations

from right with B., we obtain the following result :

CcAch = Oa
C,A’B, =0,
CLA"?B, = 0,

CcAz_ch =py= P 7é 0,
where we used (2.72), (2.73) and (2.75). This proves that the overall system in

(2.70)-(2.71) has relative degree n. O

Thus, as in all-pole systems the input appears at the n'* derivative of the

error e(t) which is shown below :

¢ = C.1 + Qu,

=CAx+C.B.v+ C.P.+ QSw,
~——

e™ = C.A"E + fv + C.AY ' Paw + S, _qw, (2.77)

where S; = S;_1S + CLA'P, 1 < i < n, Sy = Q, and the part, indicated by
underbrace is equal to zero. In order to find the second part of the controller
that guarantees the regulation conditions, we will use the same methodology,
that we applied in all-pole systems. Therefore, we will choose control input ()

as follows :
1 nz, O T n—1 F . F
v=—{=CAE — Syw — Ly 1e"™" — ... = L1é — Loe}. (2.78)
~

If the equation in (2.78) is substituted into equation in (2.77), we obtain the

error dynamics e(t) as shown below :

e™ 4+ L, 1™V 4+ .+ Lié+ Loe = 0. (2.79)
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The latter is the same with (2.17) that was obtained for all-pole systems. If we
again use Laplace transformation, the characteristic polynomial of the equation

(2.79) will be as given below :
Ch(S) =s" + f/n_lSn_l +...+ les + f/() = 0. (280)

If the controller parameters {L,_1, ..., Ly, Ly} are chosen properly, we can make
the error e(t) exponentially stable as we discussed in Section 1.2. Actually, the
second part of the controller is like a static controller and its state space model

can be shown as follows :
v =K + Ko+ Kyw. (2.81)

In this case, if we combine the first and the second part of the controller given by

(2.68)-(2.69), (2.81) respectively, the overall controller becomes as shown below

¢ =(G+ HEK)¢ + HK, v + HK yw,

u=KE¢ (2.82)

Thus, the closed-loop system state space model is in the following form :

T A BK z P
N + w,
¢ HK, G+ HK; 19 HK,
T
e= (o 0) + Qu. (2.83)
§
We denote
A BK
Ay = ) (2.84)

HK, G+ HK;

In order to satisfy the second regulation condition (ii), Ay should be a Hurwitz
matrix. In the system given by (2.70)-(2.71), there are number of m unobservable
states as a result of the pole/zero cancelations between the original system and

the first part of the controller. This point is proven in the following fact.
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Fact 7. System in (2.70)-(2.71) has m unobservable states.

Proof. First, let us compute the controllability matrix of the system;

0 0 . 0 1
*
R.= (B, AB, ... Arm-1B,) =
0 1 =% *
1 x ... % %

Clearly rank(R.) = n + m. Hence the system is completely controllable. On
the other hand, the minimal realization of this system has transfer function

Gm(s) =

ﬁ which has dimension n. Thus, there should be n states which is
both controllable and observable. Since, we proved that all states are control-
lable, there has to be m unobservable states in system (2.70)-(2.71) by Kalman

decomposition. O

Since the system in (2.70)-(2.71) has m unobservable states as we showed in
Fact 7, there has to be a similarity transformation 7" which transforms the state
transition matrix of the system in (2.70)-(2.71) into the canonical form shown

below :

A BK A 0
T 77! = : (2.85)

0 G & Gt

where the eigenvalues of A are same with the eigenvalues of A, and the eigenvalues

of GG is same with the eigenvalues of G.

Lemma 8. The closed-loop state transition matriz Ay in (2.83) is a Hurwitz
matriz and its eigenvalues are the combination of the roots of (2.80) and the

eigenvalues of the state transition matriz G of the inverse system given by (2.68).

Proof. From (2.78) we can obtain (Km K£> as follows :

@;KQ:QM—LHQMA—W—Lqm—%Q. (2.86)
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Let us denote
E—1
Ty=0, T, =>» CA'BKG*'' 1<k<n. (2.87)

i=0
Then it easily follows that CCA’C“ = (C AF Tk> for 1 < k < n. From this relation,

we can obtain A, as follows :

A BK
Ay = : (2.88)
X G+Y
where
Y =—H[T), + Ly Ty 1+ ...+ LiTh), (2.89)
and
X = —H[CA" + L, ,CA" ' + .. .+ L,CA+ LyC]. (2.90)

Let us write the transformation matrix 7" in (2.85) as :

T, T
A e (2.91)
T12 T22

Then, from (2.85) we obtain the following :

T Ty A BK _ A 0 T Ty . (2.92)
Ty Ty 0 G A Gy Ty Ty

If we carry out the above matrix multiplications, we obtain the following :

TnA = AT, (2.93)
TuBK + TG = ATy, (2.94)
TioA = ATy + G, Tho, (2.95)
TwBK + TG = ATy + Gy T, (2.96)

Let us apply the same transformation 7" to A :

T Tx A BK T\WA+TynX T BK +T0G+TnY

T Tw) \X G+Y TioA + TooX T1oBK + TG + TooY
(2.97)
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and let us substitute (2.93), (2.94), (2.95) and (2.96) into (2.97) :

ATy + T X ATy +T5Y
TAy, = . (2.98)

AT + GiTho + T X AiTo + GiTsy + 1Y

In addition, we know from Kalman decomposition of (2.70)-(2.71) that the fol-

lowing holds :

Ty T 0 By
= , (2.99)
T12 T22 H Buo
Ty T
(¢ 0)=(c: o) . (2.100)
Tio T
By using (2.99) and (2.100), we obtain the following :
Tng - Bt; (2101)
TQQH - Buoa (2102)
CiTn =C, (2.103)
Cy Ty = 0. (2.104)
First we find T5; X as follows :
Ty X = Ty H[CA™ + L, CA™ ' + ...+ LiCA + LyCY,
= —B,CT1[A" + L, 1 A"+ .. 4+ L1 A+ L],
= —B,Cy[A" + Ly 1 AP 4+ Ly Ay + Lol T, (2.105)

where we used (2.101), (2.103) and (2.93). Then, we obtain the following :

AT + T X ={A — BtCt[Af + f/n—lA;l_l + ...+ I~/1At + IN/O]}TH = AT
(2.106)

where
A=Ay — BCA? + Ly 1AV 4+ LAy + Ly).

Actually, the triple (A, By, Cy) describes minimal realization of the system in the
form (2.70)-(2.71) with w = 0. Additionally, this state space model is all-pole
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and has transfer function G,, = ﬁ. Since the form of A; is the same with A,

in (2.26), A; has the characteristic equation as given by (2.80).
By using (2.87), (2.103) and (2.93), we obtain :

T, = CA* 'BK + CA*¥2BKG + ...+ CBKG* ™,

= (CLA*'T\BK 4+ C A" *T\,BKG + ... + C; Ty BKG*™").  (2.107)
By using (2.107) and (2.101), we obtain:

T21Y = —Tng[Tn -+ EnflTnil + ..+ Zle + Z:JOTO]

= —BT" + Ly T 4.+ LT + LoTy). (2.108)
We know from (2.94) that the following holds :
TBK = ~TnG + ATy (2.100)
If we substitute the latter into (2.107), we obtain :

Ty = (CtAme + C’tAffleG +...+ CtAtTQIGkil)
— (CL AT G A+ 4 CATH G 4 CTo GF) = C ARy, — CTy G,

= C,AFTy, (2.110)

where we used (2.104). By substituting (2.110) into (2.108) we can obtain the

following :
TyY = —By(CLA? + Ly 1Co AT 4 L Cy Ay + LoCy). (2.111)
Thus, if we put (2.111) into A;T5; + T21Y, then below we obtain :
ATy + T5Y = ATy (2.112)
Finally, we form T5, X and T5Y shown below :

TysX = —BuoCy(A? + Ly 1 AT+ 4+ Ly Ay + Lo)Thy, (2.113)

T5Y = —BuoCy(A? + Ly 1 AT + .+ Ly Ay + Lo) T, (2.114)
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where we used (2.102), (2.103), (2.93) and (2.110). If we substitute (2.106),
(2.112), (2.113) and (2.114) into (2.97), we obtain the following form :

Al 0 Tll T21

TACZ = ,
Ay A Ty T

, (2.115)

where Al = Al — BMC't(A? + [N/n_lA:L_l +...+ [NzlAt + f/o) and Ag = Gt. Thus,

transformed closed-loop matrix is in this following form :

- . A 0
Aq=TAT— = | . (2.116)
Ay A
The eigenvalues of A, are the same as the eigenvalues of A,. Hence, from (2.116)

we obtain the following :

eig(Aq) = eig(Ay) = eig(A) Ueig(Ag) (2.117)

Since we know that the eigenvalues of A; are given by the (2.80) and the eigen-
values of A, are the same with G, which are stable by minimum phase property,
the closed-loop system state transition matrix A, in (2.83) is a Hurwitz ma-
trix. In addition, its eigenvalues are combination of the roots of (2.80) and the

eigenvalues of the state transition matrix G of the inverse system in (2.68) [

The Lemma 8 proves that the closed-loop system with w = 0 in (2.83) is

exponentially stable.

Theorem 9. The dynamic controller given by (2.82) satisfies requlation condi-
tions (1), (ii) for the system in the form (2.1)-(2.5) with system matrices as given
by (2.67).

Proof. (i) Equations (2.79)-(2.80) indicates that the error term e(t) is expo-
nentially stable (i.e. |e(t)| < kexp™** for some k& > 0, A > 0). Hence, we

have

lim |e(t)| = 0. (2.118)

t—o00
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(ii) Lemma 8 proves that the closed-loop system with w = 0 is exponentially

stable. i.e.
Re{eig(Ay)} <0
where eig(A.) denotes the eigenvalues of A, in (2.88).

These two results prove that the dynamic controller in the form (2.82) satisfies
the regulation conditions for the system in the form (2.1)-(2.5) with system

matrices as given by (2.67). O

2.5 Observer Based Controller for Minimum

Phase LTI Systems

In order to implement the controller in (2.82), we need to know the system states
x(t) and the exogenous system states w(t). If only the system output y(¢) and
the reference signal r(¢) are known, observers for z(¢) and w(t) can be designed
through Assumption 1, see section 2.3. The observer structure for z(t) and
w(t) is the same with (2.53),(2.54) respectively. Then the observers error terms
e, = — 2 and e, = w — w are defined as a new state variables for the overall
system. The observers error dynamics are the same as the ones found in section

2.8 which are given by (2.56)-(2.57) and are again given below :

é: = (A—L,C)e, + Pey, (2.119)

w = (S + L,Q)ew. (2.120)

Since both (A, C) and (@, S) pair are observable, we can find L,, L, such that
the matrices in (2.119) and (2.120) become Hurwitz. Thus estimated states z,
w converge true states x, w asymptotically.

If we combine the system in (2.1)-(2.5) and the controller in (2.82) with the

observer error dynamics given by (2.119)-(2.120), the overall controller-observer
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system can be obtained. The overall system state space model with new states

€z, €y, turns into the following form :

e=yr=(c 0 0 0)

i A BK

£ HK, G+ HK;
ol | o 0

Cw 0 0

0
—HK,
A-L,C
0

€x

Cw

0 T P
—-HK, £ HK,
+ w,
P e 0
S+ L,Q Cow 0
(2.121)
+ Qu. (2.122)

Lemma 10. The system in equations (2.121)-(2.122) satisfies requlation condi-

tions (i) and (ii).

Proof. (i) Since the error e(t) is exponentially stable with the controller in

(2.82), the regulator equations given below are satisfied by the controller-

plant system :

P
XS = AyX, + . (2.123)

HK,

0=C.X,+Q, (2.124)

If the controller-observer-plant system given by (2.121)-(2.122) satisfies reg-

ulator equations formed by its system matrices, the error term e(t) also

becomes exponentially stable for the observer-controller-plant system. The
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(i)

regulator equations formed by the matrices in (2.121)-(2.122) as follows :

X Aa B, By Xa P.
Xo|S=]0 (A-L,0) P Xo|+]| 0], (2125
Xes 0 0 S+ L,Q X3 0
Xe1
0=(c. 0 0) [ x| +@Q (2.126)
Xe3
where By = ! , By = ’ and P, = r . If Xz and
~HK, ~HK, HK,

X3 are chosen as zero, then the regulator equations (2.125)-(2.126) are

reduced to the form given below :

XaS =AgXa + P, (2.127)

0=C.Xo + Q. (2.128)

The equations (2.127)-(2.128) are the same with the regulator equations
(2.123)-(2.124). Hence, there exists an X, such that (2.127)-(2.128) are
satisfied. This implies that the regulator equations given by (2.125)-(2.126)
are satisfied. This proves that the error e(t) is exponentially stable in the

system given by equations (2.121)-(2.122).

The closed-loop state transition matrix of the system in (2.121)-(2.122)

with w = 0 is in block triangular form. Additionally, the matrices A, =

A BK
, (A=L,C) and (S+ L, Q) are Hurwitz matrices. Since

HK, G+ HK;
the eigenvalues of the overall state transition matrix are composed of the

eigenvalues of these three matrices, we have :

¢ig(Aoa) = eig(Aa) | Jeig(A — L.C) Jeig(S + L,Q)  (2.129)

This proves that the closed-loop system in (2.121)-(2.122) with w = 0 is

exponentially stable.
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2.6 Numerical Results

In this section, some simulation results for both All-pole and Minimum Phase
LTT Systems are given. Initially, in the figures we will give graph that shows the
error signal e(t) between system output y(¢) and reference signal r(¢). Then, we
will put the graph that shows the stability of closed-loop system without exoge-

nous system. Finally, we will give graph of the errors e,, e,,.

2.6.1 Example 1

In the first simulation, we consider the following system (see (2.1)-(2.5)) :

0 10 0 0
0 01 0 0
T = T + U+ v,
0 00 1 0
-5 -1 3 =2 1
y= (1 0 0 0) x. (2.130)
The exogenous system is given as follows :
0 0 0 —m
) 0 0 1 0
w = w,
0 (22 0 0
1 0 0 0
r(t) = — (1 —0.5 2 0) w,
10 -1 0
20 1 05
v(t) = w. (2.131)
10 0 2
-2 1 0 0
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Hence according to (2.6), the error e(t) becomes :

e=<1 00 0):c+(1 0.5 2 0) w. (2.132)

Note that, when w(t) = 0, the transfer function of this system is given as :

1

-1
Gls) =Clsl = A B = s a7 s

(2.133)

Hence, when w(t) = 0, the uncontrolled system is all-pole and unstable. By using
(2.13)-(2.14), we find the controller which satisfies the regulation conditions as

follows :

u=(3 —4 -7 —1)o+(-1.0953 —10.1245 —15728 4.3579)w.
(2.134)

With K, as given above, the characteristic polynomial of the closed-loop system
becomes as follows :

ch(s) = s* + 35® 4+ 45® + 55 + 2 (2.135)

and roots of (2.135) can be given as follows: {—2, —.2151 4 1.30712, —.2151 —
1.30712, —.5698}. If we assign the eigenvalues of the state observer matrix (A —
L,C) as {—1,—2 +1,—2 —1,—3} and the exogenous system observer matrix
(S + L,Q) as {—0.064 + 1.672, —0.064 — 1.672, —0.26 + 1.342, —0.26 — 1.342}, we

obtain L, and L, as follows :
T
L, = (6 15 19 11) (2.136)
T
L, = (—0.5 -0.1 —0.1 —0.1) (2.137)

Simulation results are obtained for these initial conditions :
T

x(o):(1 1 1 1>Tandw(0):<1 1 1 1).
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Figure 2.5: Error between x, w and &, w

In figure 2.3, figure 2.4 and figure 2.5, we can see the simulation results for

converge to the true states z, w.

40

system given by (2.130)-(2.131). In figure 2.3, we can observe that the output of
the system tracks the reference signal exponentially when the disturbances are
effective on the system. In figure 2.4, we observe that the closed-loop system

is stable with w = 0. In figure 2.5, we see that the estimated states &, w are



2.6.2 Example 2

The system that we will deal with as a second example is given below :

0 1 O 0
-2 -1 -3 1
?J:(l 0 o) z. (2.138)

The exogenous system is given as follows :

_ 0 2
w = w,
—92 0
r(t):—(l 2) w,
1 -1
vi) =10 1 |w (2.139)
1 0

Hence according to (2.6), the error e(t) becomes :

e= (1 0 0> T+ <1 2) w. (2.140)

Note that, when w(t) = 0, the transfer function of this system is given as :

1

G(s)=C(sI — A)'B = P Y B

(2.141)

Hence, when w(t) = 0, the uncontrolled system is all-pole and stable. By using
(2.13)-(2.14), we find the controller which satisfies the regulation conditions as

follows :

u= (0.284 ~3.31 —0.63) z+ (7.414 14.258) w. (2.142)

With K, as given above, the characteristic polynomial of the closed-loop system

becomes as follows :

ch(s) = s* + 3.6s% + 4.31s + 1.716, (2.143)
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and roots of this polynomial can be given as follows: {—1.1,—1.2, —1.3}. If we
assign the eigenvalues of the state observer matrix (A — L,C) as {—1, -2, -3}

and the exogenous system observer matrix (S + L,,Q) as {—2,—1}, we obtain

L, and L, as given below :

Lz=<3 1 —2)T (2.144)

Ly, = (—1 —1>T (2.145)

Simulation results are obtained for the below initial conditions :
T

z(0) = (1 0 —1>T and w(0) = (0.2 0.5) :

05| |

r(t), y(t)

_1 5 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
time / sec

Figure 2.6: Tracking of Reference Signal
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In figure 2.6, figure 2.7 and figure 2.8, we can see the simulation results for

the system in (2.138)-(2.139). The graphs are ordered same with Ezample 1.

2.6.3 Example 3

In Ezample 3, we will examine a minimum phase system. State space model of

the system is shown below :

010 O 0
001 0 0
T = T+ U+ v,
000 1 0
-4 1 3 =5 1
y= (2 2 1 0) z. (2.146)
The exogenous system is given as follows
0 0 0 —7
' 0 0 1 0
w = w,
0 -3 0 0
1 0 0 0
r(t)=— (1 —0.5 2 o) w,
10 -1 0
2 0 1 05
v(t) = w. (2.147)
10 0 2
-2 1 0 0
Hence according to (2.6), the error e(t) becomes :
e= (2 2 1 0) T+ (1 —0.5 2 0) w. (2.148)

When w(t) = 0, the transfer function of this system is given as :

2+ 2542

1
Gls) = ClsI = A" B = st 4583 —3s2 —s+4

(2.149)
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Hence, when w(t) = 0, the uncontrolled system is minimum phase and unstable.
By using (2.68), (2.69), (2.78), (2.81) and (2.82), we find the controller which

satisfies the regulation conditions as follows :

. 0 1 00 0 0 0 0 0 0
£ = £+ -+ w,
-9 -3 41 10 =39 —9 28.16 5.39 —10.7 21.37

" — (1 0) 13 (2.150)

With the dynamic controller as given above, the characteristic polynomial of the

closed-loop system becomes as given below :
ch(s) = s° + 55° + 12s* + 195® 4 20s* + 14s + 4, (2.151)

and the roots of (2.159) can be given as follows: {—0.215 4 1.307:, —0.215 —
1.3072, =2, —1 + 1, —1 — 2,—0.569}. If we assign the eigenvalues of the state
observer matrix (A — L,C) as {—4.22,—-1.02 + 0.48, —1.02 — 0.48:, —1.13 and
the exogenous system observer matrix (S + L,,Q) as {—0.064 + 1.672, —0.064 —
1.671,—0.26 + 1.342, —0.26 — 1.342}, we obtain L, and L,, as follows :

T
Lx=<0.1 1.1 3 1) : (2.152)

T
Lw=(0.5 0.1 0.1 0.1) : (2.153)

The initial conditions for this simulation are taken as follows :
T

x(O):(0.2 0 —0.4 o)T, 5(0):<0.9 O)T and w(O):(l 11 1) .
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Figure 2.9: Tracking of Reference Signal

The simulation results for the system in (2.146)-(2.147) can be seen in figure

2.9, figure 2.10 and figure 2.11 respectively.

2.6.4 Example 4

Finally, we consider below minimum phase system as an Ezample 4 :

0 1 0 0
=1 0 o0 1 |z+|o|uty,
—2 -5 -3 1
y=<2 3 1):c. (2.154)
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Figure 2.10: Stability of Closed-Loop System
The exogenous system is given as follows :
0 —1
w = w,
2 0
) =—(1 -3)w,
1 -1
vit)=| o0 1 |w (2.155)
2 0
Hence according to (2.6), the error e(t) becomes :
e = (2 3 1> T+ (1 _3) w. (2.156)
Note that, when w(t) = 0, the transfer function of this system is given as :
243542
Gls) = C(sT — A) ' B= = 257 (2.157)

Hence, when w(t) = 0, the uncontrolled system is minimum phase and stable.

By using (2.68), (2.69), (2.78), (2.81) and (2.82), we find the controller which
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Figure 2.11: Error between z, w and z, w

satisfies the regulation conditions as follows :

. 0 1 000 0 0
£= &+ T+ w
-2 —4 02 3 20 2

w= (1 o)g (2.158)

With dynamic controller as given above, the characteristic polynomial of the

closed-loop system becomes as given below :
ch(s) = s° + 7s* 4+ 195 + 25s* + 165 + 4, (2.159)

and roots of (2.159) can be given as follows: {—2,—2, —1,—1,—1}. If we assign
the eigenvalues of the state observer matrix (4 — L,C) as {—6.61, —1.06, —1.8
and the exogenous system observer matrix (S + L,,Q) as {—1,—2}, we obtain

L, and L, as follows :

T
Lx=<0.1 1.1 3) (2.160)

L, = (1; ﬁ)T (2.161)
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Simulations are done for the below initial conditions :

z(0) = (o 1 _2>T, £(0) = <1 ())T and w(0) = (1 1>T.

r(t), y(t)

_8 1 1 1 1
0 5 10 15 20 25
time / sec

30 35 40
Figure 2.12: Tracking of Reference Signal

The simulation results for the system in (2.154)-(2.155) with the controller

(2.158) and observers gain matrices (2.161) can be seen in figure 2.12, figure 2.13
and figure 2.14 respectively.
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Chapter 3

OUTPUT REGULATION for
ALL-POLE and MINIMUM
PHASE LTV SYSTEMS

In this chapter, we will consider single-input-single-output (SISO) all-pole and
minimum phase Linear-Time Varying systems. Since the definitions of all-pole
and minimum phase are not standard for time varying systems, they will be
defined in the sequel. The general state space representation of these systems

are given below :

#(t) = A(t)z + Bt)u+ v, (3.1)

y(t) = C(t). (3.2)

where zeR", uelR, yeR represent the system state, input and output respectively
and A(t)eR™", B(t)eR™*!, C(t)eR*™ represent the time-varying system matri-

ces. The exogenous system model is to be used in this chapter is in the below
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form :

w(t) = S(t)w(t), (3.3)
r(t) = —Qt)w(t), (3.4)
v(t) = P(t)w(t), (3.5)

where weR™, veR" reR represent exogenous system state, disturbance signals
and reference signal respectively and S(¢)eR™ ™, P(t)eR™™, Q(t)eR*™ repre-
sent time-varying matrices of the exogenous system. The matrices A(t), B(t),
C(t), S(t), Q(t) and P(t) are continuous and bounded functions of time. The
negative sign in the equation that gives reference signal (3.4) is again used to
ensure compliance with the use in the literature. Thus, with this reference signal

definition the tracking error e(t) = y(t) — r(t) becomes as given below :

e(t) =y(t) —r(t) = C(t)r + Q(t)w. (3.6)

In the time-varying linear systems, designing an observer for the system states
is not an easy task, even if we will assume that the system states are observable.
Thus, we make an assumption of the observability of the system states and the
exogenous system states but we actually will not design observers for these states

in this chapter.

Assumption 3. The pairs (C(t), A(t)) and (Q(t), S(t)) are both observable.

The cases in which the reference signal r(f) and/or the disturbance signals
v(t) converge to infinity, although may be meaningful for some applications,
are not considered in this thesis for simplicity. Conversely, the cases ,in which
the reference signal r(¢) and/or the disturbances v(t) converge to zero, are not
considered in the output regulation problem which is investigated here. Thus,
this implies that r(¢) and v(t) should be bounded below and above (i.e. ¢; <
r(t) < g and a; < r(t) < ag for any t > t5). Therefore, in order to prevent

above cases we should make below assumption on the exogenous system :
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Assumption 4. d;||w(ty)|| < || Ps(, to)w(to)|| < dof|w(to)|| for any t > to, where
O (t,t0) is the transition matriz of the exogenous system, where dy and ds are

real constants.

Our objective is to find a control law such that with this control law our
closed-loop system satisfies regulation conditions (i), (ii). Similar to LTT systems,
in the simplest case (All-pole case), we will use the relative degree property of
the time-varying systems. Additionally, we will define all-pole systems by using
the relative degree property, because in linear time-varying systems there is no
transfer function representation in the Laplace domain that will help us to define
the all-pole systems unlike LTI case. Thus, we should first define the relative

degree property of LTV systems.

3.1 Relative Degree Property

If the system in (3.1)-(3.2) satisfies the conditions given below :

Ti(t) = T (H)A(W) + T (t) , 2<i<n (3.7)
T,()B(t) =0 ,1<i<r—1

T.(t)B(t) = b(t) #0 , Yt > tg (3.8)

then, the system has a "relative degree r system” [20]. If the derivative of the

system output y(t) is taken with w = 0, input appears at the r'* derivative
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because of the relative degree property as shown below :

y=Ct)x+ Ct)(Alt)x + B(t)u) = (C(t) + C(t)A(t))x + C(t)B(t) u
N——

g =T (t)a + T ()(A()z + B(tyu) = (T () + Tro1 () A®)z + Tr1 () B(t) u
——
—T.(1)

y") = Tp.()x + T,() (A()x + B(t)u) = (T,(t) + T.(H) A(t))x + b(t)u (3.9)

The parts, indicated by underbrace, are equal to zero as a result of the relative
degree property. Therefore, above property will be used to design the controller

for the all-pole systems in the following section.

Remark 3. If the system in question is actually LTI, by using constant matri-
ces A, B, C instead of A(t), B(t), C(t), it is straightforward to show that the
conditions given by (3.7)-(3.8) reduces to (2.7)-(2.8).

3.2 Controller for All-Pole LTV Systems

If the system has full-relative degree (i.e. r = n and n is system dimension), then
this system is called an ” All-Pole LTV System”. Actually, this all-pole definition
is the same with the LTT case. In order to obtain controller for all-pole LTV
systems, we need to make an assumption on the observability matrices of these
systems. To be able to make this assumption, we first need to define a new kind
of transformation, which is called Lyapunov transformation, and it is defined

below.

Definition 11. A matriz T(t) is called a Lyapunov transformation if T(t) is
nonsingular, T(t) and T(t) are continuous, and T(t) and T(t)~" are bounded for
allt  [39].

o4



The similarity transformation in LTI systems is special case of the Lyapunov
transformation. Additionally, Lyapunov transformation is a stability preserving
transformation, which is obvious from Definition 11. Note that the observability

matrix of the system (3.1)-(3.2) can be given as follows :

T(t) = : , (3.10)

see e.g. [36]. Note that if the system is LTI, then by using (3.7), it is easy to see

that T'(t) becomes the well known observability matrix for LTT systems.

Assumption 5. The observability matriz given by (3.10) is a Lyapunov trans-

formation.

Remark 4. In the LTI SISO case, assumption 5 is automatically satisfied if the
system s observable, since in this case the observability matriz is nonsingular.
However, in LTV SISO case, one can easily construct examples in which the
system is observable but the observability grammian given by (3.10) is not a

Lyapunov transformation.

If T'(t) is a Lyapunov transformation, then we can apply this transformation
to the system in (3.1)-(3.2) to get a canonical form similar with (2.10). Let us
define the new state variables  as & = T'(t)x. To guarantee that the stability
properties of x and Z are the same, we need to assume that 7'(t) is a Lyapunov

transformation. In the new state variables Z, the state equations become:

=Ttz +Tt)i =Ttz +Tt)(Alt)r + B(t)u),
= (T(t) + T(t)A(t))z 4+ T(t)B(t)u,
= (T(t) + T()A{)T(t)"'& + T(t)B(t)u, (3.11)

y=C(t)x=CHt)T(t) 7. (3.12)
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Let us define the new system matrices A(t), B(t), C(t) as :

A(t) = (T(t) + T A)T(t)™! (3.13)
B(t) = T(t)B(t) (3.14)
C(t)=C)T(t)™* (3.15)

Next we will obtain the structure of A(t), B(t), C(t) by using the relative degree
property. By using (3.14), (3.10) and (3.8), it can be easily shown that B(t) has

the following form :

—(0 ... 0 b(t))T- (3.16)
Similarly, from (3.15) we obtain :
e (nw ) .. Tn(t)>T=C(t). (3.17)
Since by (3.7) T () = C(t), from (3.17) we obtain :
@(t)z(l 0 ... 0>. (3.18)

Finally, to find the form of A(t), let us define :

ay ()
At) = | : (3.19)
n—1(t)
n(t)
Note that (3.13) can be written as :
Ty(t) Ti(t) Ti(t)
A+ =4  |. (3.20)
T,,(t) Tn(t) T, (t)

Note that i row of (3.20) can be written as :

T()A®) +Ty(t) = a;()T(t) , 1 <i<n. (3.21)
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From (3.7), it easily follows that :
a(t)=¢l, , 1<i<n-—1, (3.22)

where e; denotes i unit vector, i.e. a vector whose only i** entry is 1 and the

rest are zero. For n, we have
an() = (T(OA®) + T)TO ™ = (\(®) ... (). (3.23)

Thus, if we put together the equations (3.18),(3.20),(3.22) and (3.23), we obtain

the following state-space representation for the transformed system :

0 1 0 0 0 0
0 0 1 0 0 0
i = x + u,
A(t) Aa(t) oo Aoa(t) Aa(t) b(t)
Y= (1 0 ... O) Z. (3.24)

This form is similar with (2.10) in all-pole LTI case except for time-varying
functions. Let us define the observability matrix 7(t) of the transformed system

as follows :

0= (Rt B . 7)) - (3.25)

Ti(t) = Ti(TH) ™ 1 <i<n. (3.26)

Proof. We use mathematical induction to prove this argument.

When i=1, we have :



Hence, (3.26) holds for i = 1. Now, assume that (3.26) holds for i = k£ > 1,
i.e.T}(t) = Ti(t)T(t)~". Then, we try to find Ty, (t) as follows :
T (1) = T()A(1) + Ti(1)
= T(&)T () (T ABT O+ THT(#) )
+ T ()T )~ + T T (1) (3.27)
Since T'(t)T(t)~' = I, by differentiating this equation we obtain T'(t)T(¢)~! +
T)T(t)~" = 0. Hence T(t)~' = T(t)~"'T(t)T(t)~". By using the latter in (3.27),
we obtain :
T (t) = TuA@T ()~ + T T () T)T(1)
~ LT ' TOTE) ™ + T(HTX) ™,
= (Ti()A() + To()T (1),
= Ten ()T ()™, (3.28)
where in the last equation we used (3.7). Hence, by mathematical induction the

Fact 12 is true. O

By using (3.14) and the Fact 12, one can easily show that the transformed
system given by (3.24) has relative degree n. Furthermore, from the Fact 12, it

easily follows that :

ﬂﬂ:(ﬂm Ty(t) ”.ﬁﬁﬁTzcn@ Ty(t) ”.ﬂﬁDTﬂﬂ*:hm,

hence we have :
Ti(t)=¢l 1<i<n, (3-30)

where e;eR" is i'" unit vector as defined before. After we apply the transformation
T(t), the state space representation of the transformed system with exogenous

signal is obtained as shown below :

At)Z + B(t)u + P(t)w

z

C(t)z + Q(t)w (3.31)

e
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where P(t) = T(t)P(t) and the exogenous system is same with (3.3). If the
derivatives of the error e(t) = y(t) — r(t) are taken successively, and if we use
the system equations in (3.31) and the relative degree property, then the input

appears at the n'* derivative. This fact is shown below :

N—_——
= Th(t)z + Sy ()w
e = (T, (t) + T()A(t)) () + T (t) B(t)u + T, (1) P(t)w + Sp_1(t)w
= Tpi1(t) () + b(t)u + Sy (H)w (3.32)

The parts, indicated by underbraces are zero. In (3.32), we denote Tj4(t) =
Tn(t) + T,,(t)A(t) and S;(t) terms are given as below :

Si(t) = Ty(t)P(t) + Q(t) + Q(1)S(t) , So(t) =Q(t) , 1<i<mn.  (3.33)

Similar to the LTI all-pole case, see (2.13), the control input u(t) is chosen as

given below :

1 ~
w= =g T3+ SOt Loe™™ b Lié st Lo} (3:31)

As in the LTT case, see (2.14), we can express u(t) given by (3.34) :

w= K7 + Ko(t)w, (3.35)
where
Ka(t) = —${Tn+l<t> LT 4+ LT + L)), (3.36)
and
Ko (t) = —%{Sn(t) b Lo aSe () b LS () + LoSo}.  (3.37)
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Since b(t) # 0 for all ¢ > t,, division of b(t) in the controller does not cause any
instability problem. Then, if we substitute the control input u(t) given by (3.34)

into (3.32), the error dynamics becomes as follows :
e" + Ln,lenfl + ...+ L1€ + L0€ =0 (338)

If we use Laplace transform for this differential equation, the characteristic poly-

nomial of (3.38) can be given as follows :
Ch(S) =s" —+ Ln,lsnfl + ...+ L18 + L(). (339)

If we will chose coefficients L; in (3.39) properly, the characteristic polynomial
given by (3.39) can always be made exponentially stable. This implies that error
e(t) is exponentially stable with the controller in (3.34). Thus, the regulation
condition (i) is achieved with the controller in (3.34), if controller coefficients
are chosen such that the roots of the polynomial in (3.39) are in the LHP. In
order to claim that the output regulation problem is solved with the controller
structure given by (3.34), we need to prove that the regulation condition (ii)
is also satisfied with this structure. If the system equations in (3.31) and the

controller in (3.35) are put together, the following closed-loop system is obtained

= Ay()Z + (B(t)Ky(t) + P(t))w (3.40)

e=y—r=C{t)r+ Q(t)w (3.41)
Lemma 13. Consider the time varying controller given by :
u= K;(t)x (3.42)

where Kz(t) is as given by (3.36). Then the closed-loop system given by (3.40)-
(8.41) with w = 0 is exponentially stable. Additionally, the closed-loop state

transition matriz Aq(t) turns out to be constant and the characteristic equation

of Aq(t) is given by the equation (3.39).
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Proof. We know from the equations in (3.30) that Tj(t) = eI for 1 < i < n.

Thus, from there we can find B(t)T;(t) as follows :

b(t)

In addition to this, we can find T}, (t) by using T, (t) as shown below :

e

Tona(t) = Tu(t) + Tu(t) A(2)

T = (M) X)) o Aeah) Aald))- (3.44)

B(t)T,11(t) = b(t) (Q .0 A(t))T (3.45)

T
where M(t) = (A() Aa(t) .. Awa(t) Aaf)) - If we substitute (3.44)-(3.45)
into closed-loop state transition matrix Ay (t) = (A(t) + B(t)K5(t)) with K,(t)

61



in (3.36), we obtain the following form :

0 1 0 0 0
- g 0 0o 1 0 0
A(t) + B(t)Kz(t) =
A (t) Aa(t) A1(t) An(t)
0 0 0 0
0 0 0 0
_|_
—M(t) — Lo —Xo(t) — Ly “An1(t) = Lo =X (t) — Ly
0 0 0 0 0
~ 0 0 0 0 0
—~Ly =Ly ... =L, o —L,

Thus, the closed-loop state transition matrix A(t) is constant and the charac-
teristic equation of Ay(t) is given by the polynomial in (3.39) as we can easily
compute. Additionally, L; coefficients were chosen such that the polynomial in
(3.39) becomes a Hurwitz polynomial. This implies that all the eigenvalues of
Ay (t) are in the LHP and the closed-loop system is exponentially stable with
w = 0. O

By using Lemma 13 and (3.38), we obtain the following result.
Theorem 14. The time-varying controller given by (3.34)-(3.35) satisfies the
regulation conditions (i) and (ii) for the system in the form (3.1)-(3.5).
Proof. (i) From (3.38) and (3.39) it turns out that e(¢) is exponentially stable
(i.e. we have ||e(t)|| < kexp™ for some k > 0, 3 > 0). Hence,

lim [le(t)]| = 0 (3.47)

t—00
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(ii) In Lemma 13, we proved that the transformed closed-loop system in (3.40)-
(3.41) is exponentially stable with w = 0. By Assumption 5, T(t) is a
Lyapunov transformation, hence it preserves the stability properties. Thus,
if the transformed system in (3.24) is exponentially stable with controller
(3.34)-(3.35) and w = 0, then the original system given by (3.1)-(3.5) is
also exponentially stable with controller (3.34)-(3.35) and w = 0. Hence,

we have :
1Z(t)|| < cvexp™* (3.48)
for some a > 0 and 1 > 0. Hence we have
lz@®)] = IT@) 2@l < [T 2] < yerexp™ (3.49)
where ||T(t)7Y] <.

Therefore, the results given above prove that the controller in (3.34)-(3.35)
with K, (t) = Kz(t)T(t) satisfies the regulation conditions (i)-(ii) for the system
given by (3.1)-(3.5). O

3.3 Controller for Minimum Phase LTV Sys-

tems

In LTV systems, we can not find Laplace representations of the systems as we
do in LTT cases. For this reason, the inverse systems of the minimum phase LTV
systems can not be specified easily as we did in the minimum phase LTT cases in
Section 2.4. In LTI systems, we can find a similarity transformation such that this
transformation puts minimum phase LTI systems in a normal form. The state
transition matrix of this normal form contains a submatrix whose eigenvalues
correspond to the zeros of the original system [40]. Hence, instead of using

Laplace representations in order to find the inverse systems in minimum phase
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LTT cases, we can use state space representations. Then similar to this method
we can find Lyapunov transformations such that these transformations put the
LTV systems in a normal form which includes the inverse systems dynamics in
the state transition matrices of the original systems.

Firstly, we will show that the minimum phase LTI systems can be put in
a normal form by applying certain transformations. Actually, obtaining of the
normal form and the transformation matrix were carried out in [40] and here
we perform the same methodology to obtain the normal form. To illustrate the
methodology mentioned above, let us first consider an LTI, SISO, and minimum

phase plant model as given below :

G(S)_n(s)_sm+bm_1sm_l+...—|—b13+b0 (3.50)
Cd(s)  s"tap_stl 4L Fas ’

where n(s) is a stable polynomial and m < n. This minimum phase system has
relative degree r where » = n—m. A state space representation of G(s) in (3.50)

can be obtained as shown below :

0 1 0 0 0 0
0 0 1 0 0 0
Tr = T+ U

—Qyp —Q1 ... —0p_9 —0Op_1 1

Let us define the new state variables = ( 21 ... Zp E1 ... gm> eR™, which
are given below :

zi=ux; for 1< <r (3.52)
gg=CA 'z for 1<i<m (3.53)

where A is the state transition matrix and C'is the output vector given in (3.51).

If we define the transformation matrix 7" as & = Tz, TeR™™" can be easily
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obtained as follows :

(3.54)

CAr—l

where e, is unit vector. If we perform this transformation, we obtain the repre-

sentation given below, see e.g. [40]:

2 =Gz+ Pey
€1 = &9
Er_1 = &
¢, =Kz+4Se+u (3.55)
y=H = (3.56)
£

where P, H, K are matrices with appropriate dimensions [40]. The form of G is

given below :

0 1 0 0 0
0 0 1 0 .0
o (357)
—by —by ... —=b,_2 —bn_1

The characteristic equation of the G matrix is the same as the n(s) polynomial,
so the eigenvalues of the G matrix correspond to the zeros of the original system

in (3.50)-(3.51). Therefore, we can view the first equation in (3.55) as the inverse

system dynamics, if it is without €;. Because (sI—G)~! contains ﬁ In addition,

we can choose the input vector H and the output vector K used in (2.68)-(2.69),
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which makes the inverse system complete.
As shown above, the inverse of the minimum phase LTI system can be achieved
only by using the state space forms and transformations. Therefore, since we do
not use Laplace representation above, we can apply similar methodology to the
LTV systems to obtain the inverse dynamics . Then, this inverse dynamics can be
used as the first part of the controller. Additionally, after we obtain the inverse
dynamics of the system, we will give the definition of the minimum phaseness in
LTV systems. Her, we only assume that our LTV system has relative degree r.
In order to apply the similar methodology that we used in the LTI case,
the LTV system should be converted into a form similar to (3.51). If we make
appropriate assumptions on the observability and the controllability matrices of
our LTV system, this state space form can be obtained. Let us first define the

controllability matrix of the LTV system.

Definition 15. The controllability matriz of the system in the form (3.1)-(3.2)
is W(t) = (Wl(t) Wn(t)> where

Wi(t) = B(t)
Wit) = AWy (t) — Wi (t) , 2<i<n (3.58)
see [36].
T1(1)
: . _ () |
Assumption 6. The observability matriz T'(t) = ' 15 a Lyapunov trans-
Tn(t)

formation ( see (3.7), (3.10)).

Assumption 7. The controllability matriz W (t) given by (3.58) of the system

in (3.1)-(3.2) is a Lyapunov transformation.

Remark 5. The above assumptions indicate that the minimum and maximum

singular values for the controllability and the observability matrices are bounded
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below and above for all t, respectively. Actually, the boundedness of the minimum
singular values of the controllability and the observability matrices correspond to

the instantaneous controllability and observability, see [36].

Lemma 16. If LTV system in (3.1)-(3.2) has relative degree r and satisfy (3.8),
then the following holds :

T,(OW;(t) =0, i+j—1<r—1 (3.59)

Proof. e First, for j = 1, from (3.59) we obtain i < r — 1. For this case, by

using (3.7) we obtain :
T,(t)Wi(t) = 0. (3.60)
e For j=2, from (3.59) we obtain ¢ < r — 2. For this case, by using (3.58) we

obtain :

T,(t)Wa(t) = Ti(t) (A( W () — Wi (t))

= T,(t) A()Wi(t) + T, (t) Wi (t) (3.61)

Since in this case we have T;(t)Wi(t) = 0, hence T;(t)W; (£)+T; (1)W1 (t) = 0
, by using the latter and (3.58) in (3.61), we obtain :

Ti(t)Wa(t) = Ty Wi(t) =0 (3.62)

Note that since i < r — 2, we have i + 1 < r — 1, hence the (3.62) follows

from (3.60).

e For j = 3, from (3.59) we obtain i < r — 3. For this case, by using (3.58)

we obtain :

= T,(1) A()Wa(t) + T;(t)Wa(t) (3.63)



Since in this case we have T} (£)Wa(t) = 0, hence T} (t)Wa () +T; (i) Wa(t) = 0,
by using the latter and (3.58) in (3.63), we obtain :

T()Wa(t) = Tpwr () Wal(t) = 0. (3.64)

Note that since i < r — 3, we have i + 1 < r — 2, hence (3.64) follows
from (3.62). Following recursively, by increasing j, and following exactly
the same analysis, one can show that (3.59) holds. For example, assume
that for j = r — 2, (3.59) holds. Then for j = r — 1, from (3.59) we have

i < 1. For this case, by using (3.58) we obtain :

— T AW, (1) + THOW, (1)  (3.65)

Since in this case we have Tj(t)W,_5(t) = 0, hence T;(t)W,_o(t) +

T;(i)W,_2(t) = 0, by using the latter and (3.58) in (3.65) we obtain :
Ti(OW,—1(t) = Tipa () We—2(t) = 0 (3.66)

Note that the latter equality holds since we assume that (3.59) holds for
j =1 — 2. The equations (3.60)-(3.66) show that (3.59) holds (Note that
alternatively, we could prove this lemma by using the mathematical induc-

tion, which would utilize essentially the same calculations given above).

]

Remark 6. If the system is an LTI, SISO system with relative degree r, then by

using constant system matrices A, B, C, we obtain CA™'B fori=1,...,r —1.

In this case, we have T; = CA™ Y and W; = A7"'B fori=1,...,n,j=1,...,n.

Hence we have T,W; = C A" B. Obviously, for relative degree r case, we have

TW; =0 fori+j—1<1r—1. This argument shows that Lemma 16 holds

for LTI systems, hence it could be considered as a generalization of this result to

LTV case.
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Remark 7. If we take i = 1 in Lemma 16, then j < r — 1. Since T1(t) = C(t),

this implies the following :

Ct)W;(t) =0 for 1 <i<r-—1 (3.67)

C(H)W:(t) = B(t) (3.68)

Fact 17. 5(t) in equation (3.68) and b(t) in equation (3.8) are the same.

Proof.

where we used the facts C(t)W,_1(t) = 0 and hence —C(t)W,_(t) =
C(t)W,_1(t). Then, if we apply similar steps, we obtain Th(t)W,_i(t) =
T5(t)W,_a(t). Thus, if we repeat this procedure recursively, we obtain the fol-

lowing :

Remark 8. Again, in LTI SISO case, by using constant system matrices A, B,
C, assuming that the system has relative degree r, and by using the fact that

T, = CA™ and W; = AT71 B, we obtain
B=CW,=CA"'B=T,B=5b (3.71)

Hence fact 17 holds for LTI case as well.
In order to obtain an appropriate normal form for the LTV system and the
inverse dynamics, we will apply some Lyapunov transformations to the system.
Thus, we should first show that the relative degree property, Lyapunov transfor-

mation property of the controllability and the observability matrices should be

preserved under Lyapunov transformations.
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Fact 18. If we apply Lyapunov transformation P(t) to the LTV system in the
form (8.1)-(3.2), the new observability matriz T(t) and the new controllability

matriz W(t) are still Lyapunov transformations.

Proof. After transformation P(t) is applied to (3.1)-(3.2), the following system
matrices are obtained : A(t) = (P(t)A(t) + P(t))P(t)"', B(t) = P(t)B(t) and
C(t) = C(t)P(t)~'. We first prove the observability part and then we prove the

controllability part.

(a)

We use mathematical induction to prove the following equation :
Ti(t) = Ty(t)P(t)™' 1 <i<n. (3.72)

where T}(t) are the rows of the observability matrix of the transformed system.
For i=1, we have Ty(t) = C(t)P(t)"' = TyP(t)~". But since Ty(t) = C(t), it
follows that (3.72) holds for i = 1. Now assume that (3.72) holds for i = m > 1.

Then, we have :

= T, P(t) "L ((P()A(t) + P))P(t) L + T, Pt)  + T,,P(t)"" (3.73)

Since P(t)P(t)~* = I, by differentiating we obtain P(t)P(t)"' = —P(t)P(t)"!,

by using latter in (3.73) we obtain :

Toni1(t) = T AYP() ™ = T, P() P P()P ()t + T P(8) ™ 4 T P(8)
= (T, A(t) + Tp,) P(t)
= m+1(t)p<t>71
By mathematical induction Tj(t) = T;(t)P(t)~" for 1 < i < n. Thus, the new
observability matrix is given as follows : T(t) = T(t)P(t)"'. Since T(t) and
P(t) are Lyapunov transformations, the new observability matrix 7(¢) is also a

Lyapunov transformation.
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(b)

We use mathematical induction to prove the following equation :
Wi(t)=Pt)W;(t) 1<i<n (3.74)

where W;(t) are the columns of the controllability matrices of the transformed
system. For i = 1, we have W, (t) = B(t) = P(t)B(t). But since W;(t) = B(t), it
follows that (3.74) holds for i = 1. Now assume that (3.74) holds for i = m > 1.

Then we have :

= P(t)Won1 (1)

By mathematical induction W;(t) = P(t)W;(t) for 1 < i < n. Thus, the new
controllability matrix is given as follows : W(t) = P(t)W(t). Since both W(t)
and P(t) are Lyapunov transformation, the new controllability matrix W (#) is

also Lyapunov transformation.

[]

Fact 19. If we apply Lyapunov transformation P(t) to the LTV system in the

form (3.1)-(3.2), the transformed system has also relative degree 1.
Proof. We know from Fact (18) that Ti(t) = T;(t)P(t)~! and also B(t) =
P(t)B(t). Then,

T,(t)B(t) = T,(t)P(t) "' P(t)B(t) = Ty(t)B(t) =0, 1 <i<r—1

and

T,(1)B(t) = T,(t)P(t) " P(H)B(t) = T, () B(t) = b{t) # 0

Thus, transformed system has also relative degree r. O]

71



In order to obtain the inverse dynamics, the system given by (3.1)-(3.2) should
be firstly transformed to the similar form given in (3.51), but instead of constant
coefficients in the system matrices, we will have time-varying coefficients. Let us

1

apply first the inverse controllability matrix W (¢)~" as the first transformation

in order to get a certain form that will help us to transform the system into a
form similar to the one in (3.51). In that case, the transformed system matrices

become as shown below :

O () = CHOW () (3.75)

Now, let us try to find out the form of A,(t), B,(t) and C,(t). First, note that

from (3.75) we obtain :
B(t) = W(HB.() = (Bt) Walt) ... Wa(t))Balt (3.76)

Since we assume that the system is controllable, W (t) has a full rank, therefore

B(t) has the following form :
T
B,(t) = (1 0 .. .o) (3.77)
The form of C,,(t) can be obtained as follows :

Col®) = CO (Walt) Walt) .. Wald) = (0 - 0 b(t) cr(t) ... cor(t))
(3.78)

where we used the relative degree property and Lemma 16. Finally, we can find

the A, (t) as shown below :

AW (t) =W (t) = W(t)An(t) (3.79)
Let us denote A, (t) = (am (t)  ana(t) a/nn(t)>' Then :
AWi(t) = Wi(t) = Wi () = W(t)an(t) 1 <i<n (3.80)



Since we assume that the system is controllable, W (¢) has a full rank. Therefore,

from (3.80) we obtain :
ani(t) =€;41 , 1 <i<n—1 (3.81)
am(t) = (AOWLO) = Wa)WO ™ = (810) ... B.0)  (382)

where ¢; is the i unit vector. If we combine (3.77),(3.78) and (3.82), we obtain

the following form for the transformed system :

00 ... Bi(t) 1
10 ... B
0
0
00 ... Bot)
y=(0 .. 0 bt alt) o calt)) o (3.83)

In order to obtain a form similar to (3.51), we will apply another transformation
to the system in (3.83). However, to guarantee that the transformation we apply

is a Lyapunov transformation, we need to make the assumption given below.

Assumption 8. The terms [;(t) and their derivatives are continuous and

bounded.

We want to transform system given by (3.83) into the form given below;

0 1 0 0 .0 0
0 0 1 0 .0 0
Tr = T+ U
ar(t) ao(t) ... ap_1(t) au(t) 1
y=(mut) ma(t) ... mas(®) k@) 0... 0)a (3.84)

The required transformation matrix is the controllability matrix of the system
(3.84), but we know neither the transformation matrix nor the transformed sys-

tem yet. First we will try to identify the transformation matrix which is the
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controllability matrix of the system (3.84) by using the equations obtained from
the transformation. Then, with this information we will form the system matri-
ces in (3.84). Let us denote system matrices in (3.84) as A(t), B(t) and C(t).

The controllability matrix of this transformed system is given below :

Wi(t) = B(t)
Wi(t) = Ay()Wii () — Wit (t) for 1 <i<n
Wity = (W) ... W) (3.85)

and the form of controllability matrix is lower triangular matrix as shown below

0 0 1
. 0 ... 1 ant)
W)=\ . . (3.86)

1 au(t) o o

If we apply the above controllability matrix to the system (3.83), we get the

following system matrices :

Since B,(t) is in the form (3.77), the above equation is satisfied. This implies
that if we can find the transformation matrix W (t), the transformed system input
vector B(t) is in the form (3.84). Secondly, we will show output vector C(t) is

in the form (3.84) as shown below :

Gt =(0 .. 0 b®) alt) .. curld)

= COW ) = (my my oo () k() 0.

1 a(t)

Since W (t) is lower triangular matrix , above equation is also satisfied. Ad-

ditionally, because of the diagonal elements of W (t) is one, b(t) = k(t) # 0.
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Finally, we will form A(t) matrix. Actually, when the transformation equations

are written for A(t), we will obtain the time varying coefficients of A(t) and the

transformation matrix.

Remark 9. The columns of the transformation matriz W (t) have the structure

given below :

where 1, (t) = (Ap_m(t) + ..

o o O

0

1
an(t)
ri(t)

Ti(i—2)(t)

Tn(n72) (t)

(3.87)

.) and the term which is shown by dots only con-

tains (p—ms1(t), ..., an(t)), their derivatives and multiplications, and it does

not contain (ap—m-1(t), ¥p_m—a(t),...) terms.

Next, we will show that the transformation between A, (t) and A(t) is consis-

tent. By consistency, we mean the following transformation equation holds for

some «a;(t), where W(t), A,(t) and A(t) are given by (3.87), (3.83) and (3.84)

respectively. Let us write the transformation equations between A, (t) and A(t)



as given below :

By using (3.88), we obtain:

W (t)ani(t) = W(t)ei
= ABWilt) — Wit) = AO)Win(t) , 1<i<n—1
This implies that the transformation between A, (t) and A(t) is consistent up to

the first n — 1 column of A, (t). If we do the procedure given above for the last

column of A, (t), the time-varying coefficients of A(t) can be found as indicated

below:
1
0 1 Bi(t) o 1 0 0 0
an(t)
0 .. a®) || s 0o 0 1 0  ..0
== T'nl(t)
1 oan(t) ... Bn(t) ar(t) as(t) ... an_1(t) an(t)
Tn(n—2)
0
den (1)
= | 7m(t) (3.89)
Tn(n—2)

From the property of W(t) matrix which is mentioned in Remark 9, we can find
the time varying coefficients {a,(t),...,a1(t)} by using the substitution of the
coefficients found in each step. If we specify these time-varying coefficients, then
we can easily form the transformation matrix W (t) and from that transforma-
tion matrix, the output vector C(t) and the state transition matrix A(t) can be
constructed. Therefore, we can always transform the system given by (3.83) into

(3.84) with the transformation matrix given by (3.85)-(3.86). The procedure that
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we applied to transform the system given by (3.83) into (3.84) is applied to the
following example for further clarification

Let us consider the system given below :

00 Bit) 1
i=110 B |z+]o]u
0 1 ps(t) 0
y=(0 b(t) el)e (3.90)

Note that (3.90) is in the form given by (3.83). We want to transform (3.90) into

the form given below :

0 1 0 0
T = 0 0 1 I+ 10w
ar(t) ax(t) as(t) 1
y=(mu) bt) 0) (3.91)

Note that (3.91) is in the form given by (3.84). The transformation matrix that
converts (3.90) into (3.91) is the controllability matrix of the system given by
(3.91). By using (3.87), we find the columns of W (t) as follows

Wl(t)=<0 0 1)T

0o 1 0 0 0\
W)= o o 1 [|o|l=] 1

ar(t) as(t) as(t)) \1 as(t)

0o 1 0 0 0 1
Wst)=| o o0 1 1 |- o |= as(t)

ar(t) ao(t) as(t)) \as(t) s (1) s (t) + as(t)? — ds(t)
Hence we have :

0 0 1

W(t)z(Wl(t) Wo(t) Wg(t)>= 0 1 as(t) (3.92)

1 az(t) ao(t) + asz(t)? — as(t)
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If we perform the multiplication similar to (3.89) so as to find the coefficients of

W(t), the following matrix equation is obtained :

0 0 1 Bu(t)
0 1 as(t) Ba(t) | =
1oas(t) aoft) +as(t)? —das(t)) \Bs(t)
0 1 0 1 0
0 0 1 as(t) - a(t)
ar(t) as(t) as(t)) \as(t) + as(t)? — as(t) o (t) + 203(1) s (t) — éis(t)

Then, from above matrix multiplications we obtain the following :

Ba(t) = as(t),
Ba(t) + a3 () B5(t) = a(t) + as(t)® — cs(t) — aus(t),
But) + as(t)Ba(t) + (a(t) 4 as(t)? — dis(t))Bs(t) = ar(t) + aa(t)as(t),

+ as(t) (o (t) + as(t)? — cs(t)) — (ca(t) + 2as(t)ds(t) — as(t)). (3.93)

Thus, we can see that since the coefficients {51 (t), Ba2(t), 51(t) } are already known,
the coefficients {ay (t), aa(t), aq(t)} is calculated by using the equations in (3.93)
recursively. Indeed, from the first equation in (3.93) we obtain as(t), by using
a3(t) in the second equation in (3.93), we obtain as(t) and finally by using as(t)
and as(t) in the last equation of (3.93), we obtain «; (t) recursively. Consequently,
the transformation matrix W (¢) that converts the system given by (3.83) into
the system in (3.84) can be calculated by using the procedure outlined above
and shown in the preceding example for illustrative purposes. However, in order
to preserve stability, the transformation matrix W (t) should be a Lyapunov

transformation.

Fact 20. The transformation matriz W (t) in (3.85) is a Lyapunov transforma-

tion.

Proof. If we look at the form of W(t) in (3.86), it is a lower triangu-

lar matrix with diagonals 1. In the lower part of diagonals, there are
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time-varying functions and these functions are composed of the coefficients
{B1(t), Ba(t), ..., Bu(t)}, their derivatives and multiplications. From Assump-
tion 8, coefficients {51(t), B2(t), ..., Bu(t)}, their derivatives and multiplications
are bounded and continuous. This implies that W (¢) matrix is bounded and
continuous. Additionally, if we write the inverse of W (t), we obtain the form
given below:

W(t)_l _ adj(Wn(t))

det(W, (1)) (3.94)

Since det(W,,(t)) = (—1)™ and the elements of the adj(W,(t)) contain the coeffi-
cients {S1(t), fa(t), ..., Bu(t)}, their derivatives and their multiplications which
are bounded and continuous, it follows that W (#)~! is bounded and continuous.

Thus, the transformation matrix W (t) is a Lyapunov transformation. ]

Therefore, the system given by (3.83) can be transformed the system given by
(3.84) by employing the Lyapunov transformation W(t) in (3.85). After obtain-
ing the transformed system given by (3.84) which is similar with system given
by (3.51) in LTT case, another transformation should be applied to this system
in order to get inverse dynamics. The transformation, that will be applied, is

time-varying counterpart of the transformation in (3.54) and is shown below :

€1

Tt)=| ¢ (3.95)
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where Ty(t), ..., T.(t) are first r rows of the observability matrix of the system

in (3.84) and is formed as follows :

14

1(t) = C(1)

(t) = T (®A@) + Tralt) , 1<i<r (3.96)

.

We know that Ty(t),...,T.(t) are bounded by the Assumption 6 and the Fact
18. Additionally, by using the Fact 19 we can say that the transformed system

given by (3.84) has relative degree r as shown below :

~

(Bt =0,1<i<r-1

T.(t)B(t) = b(t) # 0 Vt > to. (3.97)

If the transformation given by (3.95) is applied to the system given by (3.84),

the following system matrices are obtained :

C(t) = C(HT(#) (3.98)

€ 0
A Cnr | = 0
Bty=| """ | B = (3.99)
Ti(t) 0
: 0
T.(1) b(t)

where we used the relative degree property and the form of B(t) is given by

(3.84).
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Secondly, we will construct the output vector C/(t) as follows :

Since T} (t) = C(t), the following form will be obtained for C(t) :

é(t):@ .0 10 ... o)zgf_m. (3.100)

Finally, we will form the new state transition matrix A(t). The states of the

transformed system is as follows :

=>
Il
~:
—~
=
S
Il

(3.101)

where = are the states of the transformed system and Z are the states of the
system given by (3.84). Since the first n — r states do not change, the first
n—r—1rows of A(t) are same as the first n —r — 1 rows of A(t), which is shown

below :
ai(t) =€ , 1<i<n—-r—1 (3.102)

where {a1(t), . .., dn_r_1(t)} denotes first n—r—1 rows of A(t). Besides, from the
system given by (3.84) we see that Ty = Zn_r+1 and also the state z,,_, does not
change with this transformation as can be seen in (3.101). If the dynamics of the

state T,,_, = T, _, is obtained by using the transformed system state transition
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matrix, we obtain the following :

T
i)nfr
Gy = py ()3 = (1) | = ey = Fnrit (3.103)
Ty(t)7
T.(t)%
Since Tl(t) = é(t) = (ml(t) coe M (t) b(t) 0... ()), we obtain :
Ty(t)E = my()F1 4 ...+ Mo ()T + b Ty (3.104)

If we combine (3.103) and (3.104), we obtain a,_,(t) as follows :

dn_r(t):%t)<—ml(t) et 10 L 0) (3.105)

If we use (3.105) in (3.103), we obtain the following :

. 1 -
Gy = nr = ——(—m1 ()F1 — .. — M Fnr(t) + Ti()F) = Fnrrr (3.106)

Thus, (3.106) proves that d,_.(t) in (3.105) is the (n — )™ row of A(t). The

remaining rows of the matrix A(¢) can be found by using (3.98) as shown below

(3.107)
which implies:
Gnrti = € it (3.108)
and the last row of the matrix A(t) is as follows :
an = (T, () A(t) + T.(t))T(t) (3.109)
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Therefore, if we put together (3.99), (3.100), (3.102), (3.105), (3.109) and if we

z
divide the states of the transformed system into two parts = = where
€
zeR™" and ceR”, we obtain the following system :
€1 = €9
é?"fl =&y
€r = R(t)z + F(t)e + b(t)u
y=2a (3.110)
where
0 1 0 0
0 0 1 0
G(t) = o |- (3.111)
0 0 1
_oma(t)  ma(t) _ Mnr(t)
b(t) b(t) b(?)
0
Piy=1 | (3.112)
0
b(t)
and
(R(t) F (t)) = (T.()A(t) + T(£))T(t)" (3.113)

Note that G(¢) in (3.110)-(3.111) is similar with G given by (3.57) except for the
time-varying coefficients. Thus, the inverse system state transition matrix for
LTV system, which is given by (3.110), is characterized by G(t). Additionally,

let us denote the input vector as H(t) and the output vector as K (t) for the
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inverse system which is shown below :

u= K(t)n. (3.114)

Note that at this point H(t) and K (t) are not defined yet. In fact, there are many
possible selections for H(t) and K (t), and one particular choice will be given in

the sequel, see Remark 10. The observability matrix of the inverse system given

by (3.114) can be obtained as follows :

M (t) = K(t)

M;(t) = My (£)G(t) + M;_1(t) for 2<i<n—7r

M(t) = : (3.115)
Mn—r<t>

In order to determine the inverse system completely, the vectors H(t), K(t)

should be chosen such that :

(1) The inverse system becomes all-pole (i.e. full relative degree)

(2) the observability matrix M () should be a Lyapunov transformation.

Hence, from the full relative degree condition (1), the inverse system should

satisfy the equations given below :

M;t)Hit)=0,1<i<n—r-—1

M;(t)H(t) =d(t) #0 Vt (3.116)
If we simply choose :

K(t)=<1 0 ... o), (3.117)
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and

H(t) = 5 : (3.118)
0

1

then the inverse system satisfies equations in (3.116) and the inverse system
observability matrix ,which is M (t) = I(;,—r)x(n—r), is @ Lyapunov transformation.
These facts can be shown easily. Hence, the inverse system satisfies conditions

(1) and (2), which is given above, with K (¢) in (3.117) and H(¢) in (3.118).

Remark 10. The H(t) and K(t) that satisfy conditions (1) and (2) on the
inverse system are not unique. We can find other (H(t), K(t)) pairs. Thus the
wverse system can be given as a class which consist of LTV systems with the
triple {G(t), H(t), K(t)}, where G(t) has the form given by (3.111), and where
H(t) and K(t) satisfy the conditions (1) and (2) given above.

As a result, we can choose the following system as an inverse system :

0 1 0 0
0
0 0 1 0
7 = o |+ |
0
0 0 1
_omy (t) _ma (t) . My —r(t) 1
b(t) b(t) b(t)
u=(1 0 ... 0>n (3.119)

where neR"™", velR and ueR represent system state, input and output, respec-
tively. However, to preserve the stability results from transformed system to the
original system, the transformation matrix 7(¢) in (3.95) should be a Lyapunov

transformation. The following result resolves this question.

Fact 21. The transformation matriz T(t) in (3.95) is a Lyapunov transforma-

tion.
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Proof. Let us write the transformation matrix 7°(t) in the form given below :

~ In—ryxn—r) Om—r)xr
T(t) = e T (3.120)

Ki(t) Ks(t)

where
— (Kl(t) K2(t)) , (3.121)

and K (t)eR™™=") Ky (t)eR™" where r is the relative degree of the original
system. Also, the elements of K;(t) and K;(t) are continuous and bounded as
a result of the Assumption 6 and the Fact 18. Thus, the transformation matrix
T(t) is also continuous and bounded. Additionally, K5(t) has the form which is

shown below :

bt) 0 0 0
o bt) 0 ... 0
Ko(t)=| N (3.122)
o o o b(t)

where the terms below the diagonal, indicated by diamond, are bounded and
b(t) # 0 Vt, (see (3.8)). Since the transformation matrix is in the block triangular

form, its inverse is also in the block triangular form which is shown below :

~ ](nfr)x(nfr) O(nfr)xr

Tt) ' = , (3.123)
Ly (%) Lo(t)

where Lyi(t)eR™"7) Ly(t)eR™". If the transformation matrix in (3.120) is

multiplied with its inverse in (3.123) , we will obtain the following :

[(nfr)x(nfr) O(nfr)xr I(nfr)x(nfr) O(nfr)xr _ [(nfr)x(nfr) O(nfr)xr
Ky (1) Ky(1) Ly(t) Lo(t) Orx (n—r) Ly
(3.124)
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The above multiplication gives us set of equations which is given below :

Ki(t) + Ks(t) Ly (t) = 0, (3.125)

K (t)La(t) = Ixr (3.126)

In order to find L;(t) and Lo(t) from (3.125) and (3.126), K(t) should be in-
vertible. The invertibility of K(t) easily follows from the lower triangular form
of Ky(t) given by (3.122), where b(t) # 0. Obviously, K5(¢)~! can be calculated

as follows :

L adj(Ks(t))
Ky(t) " = det(Fa(t))’

(3.127)
We know that the elements of adj(K»(t)) are the multiplication of theelements
of K5(t) which are continuous and bounded. This implies that the elements of
adj(K»(t)) are also continuous and bounded. Since det(Ky(t)) = b(t)" # 0 Vi,
K5(t) has an inverse and its inverse matrix is continuous and bounded for all t.

By using the inverse of K»(t), we can find L;(t) and Ly(t) from (3.125)-(3.126)

which is shown below :

Li(t) = —Ky(t) 'K (1),
Ly(t) = Ky(t) . (3.128)

—1is also a

Since the elements of K(t) are continuous and bounded, and Ks(t)
continuous and bounded matrix. Then both L;(¢) and Ls(t) become continu-
ous and bounded matrices for all ¢ as a result of (3.128). Thus, we prove that
the transformation matrix 7'(t) in (3.95) is continuous, invertible and bounded.
Additionally, its inverse matrix is also continuous and bounded for all . Con-

sequently, our transformation matrix which is given by (3.95) is a Lyapunov

transformation. O

Until now, the definition of the minimum phaseness for the LTV systems is
not given, because we could not identify the inverse of the LTV systems yet.
Since the inverse of the LTV system is identified by above calculations, we can

make the definition of minimum phaseness in LTV systems.
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Definition 22. The system which is given by (3.110) is a minimum phase, if

the inverse of this system is exponentially stable : i.e.
[ (t, to) || < ke (3.129)
where || ®q(t, to)|| is transition matriz of G(t).

Remark 11. The systems, which are Lyapunov equivalent to a minimum phase
systems, are also called as a minimum phase systems, because there always exist
Lyapunov transformations which can be used to convert minimum phase systems
into other systems. Thus, the systems which are given by (3.83), (3.84) and
original system in (3.1)-(3.2) are also called as a minimum phase, because we
proved that the transformation matrices between these systems and minimum

phase system in (3.110) are Lyapunov.

Similar with LTI minimum phase case, we will employ the inverse system
given by triple (G(t), H(t),K(t)) as a first part of the controller. Then, the
combination of the inverse system given by (3.119) and the original system given

by (3.110) which is called as an overall system is given as follows :

2\ (A1) BHK®)\ (2 . 0
i o cw ) \n) \HO®D)
yz(é(t) 0) ’ : (3.130)
n

Fact 23. where A(t), B(t) and C(t) are the system matrices of the system in

(3.110). The overall system which is given by (3.130) has relative degree n.
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Proof. Let us compute observability matrix of the system in (3.110) as shown

below :

=1 : |. (3.131)

In addition, the system given by (3.110) has relative degree r and satisfies the

following :

T,(t)B(t) =0, 1<i<r—1,

T.(t)B(t) = b(t) # 0 VYt > t, (3.132)
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Then let us compute the first n rows of the observability matrix of the overall

system given by (3.130) as shown below :

At) BUOK
e ONA

To(r+2) (t) = Tra (t) b(t)Ml (t)a )

+b(t) My (t)

90
Ton(t) = (Tn(t) oMy(t) + ...+ oM, 1(t) + b(t)Mn_r(t)> : (3.133)



where we used (3.132) and where ¢ refers to arbitrary functions which result in
from the development given above and are not important for the development

given in the sequel . By using (3.116), we will obtain the following :

0
T,(t) =0, 1<i<n-—1,

To(t) = d(D)b(t) £ 0 Yt > to. (3.134)

Thus, we proved that the overall system given by (3.130) has relative degree
n. [

Since we applied transformations to the system given by (3.1)-(3.2) in order
to obtain an inverse system, the matrix P(t) associated with disturbance v in
the equation (3.5) is also affected by these transformations. Thus, let us denote
transformed disturbance matrix as 15(15) and let us add the exogenous system
given by (3.3)-(3.5) to the overall system given by (3.130). Then the state space
representation of the overall system and the exogenous system takes the form

given below :

i Alt) BOK®)\ [z 0 P(t)
= + v+ w,
U] 0 G(t) U] H(t) 0
) z
e= (¢ o) || +Qu, (3.135)
n
w = S(t)w. (3.136)
i A(t) B)K(t) 0
Let us denote z, = , Ao(t) = , Bo(t) = and
1 0 G@) H(t)
P(t)
P,(t) = . Since the overall system given by (3.130) has relative degree
0

n, if we take derivative of the error in (3.135), the input v appears at the n'*
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derivative of the error which is shown below :

e="Tu(t)x, + Q(t)w,
é = To(t) e + T (Ao(t) o + Bo(t)v + Po(t)w) + Q(t) + Q(t)w,
= (Ton(t) + Tor (t) Ao(1))20 + Tor (1) Bo(t) v + (Tor (1) Po(t) + Q(1)S(t) + Q1) w,
—

= Too(t)xo + So1(t)w,
& = Ton(t)o + T (t)(Ault)y + Bolthy + Po(t)) + S (i + Sy (£,

= (TOQ(t) + To?(t)Ao(t))xo + To?(t)Bo(t) v+ (TOQ(t)Po(t) + Sol (t)S(t) + Sol (t)>w7
——

= o3(t)-ro + So2(t)w7

e™ =T, (), + b(t)d(t)v + (Tom_1)(t) Po(t) + Sotn-1)S + So(n_1))w,

= Ton(t)z0 + b(E)d()0 + Son(t)w, (3.137)

where S,;(t) = Syi-1)(t)S + Soi-1)(t) + Toi(t)Po(t), Seo(t) = Q(1)4, 1 < i < m
and the parts, indicated by underbrace are equal to zero. In order to find the
second part of the controller, we will use the same methodology that we applied
for the all-pole LTV systems. Therefore, we will choose the control input v as

follows :

1 .
v = W{_Ton(t)xo — Son(t)w — Lo(n,l)e("_l) — ... — L016 — LOQG}.
(3.138)

If (3.138) is substituted into (3.137), we obtain the error dynamics of e(t) as

given below :
e™ + Logm-1e™ ™ + ... 4+ Ly1é + Lyge = 0. (3.139)

The latter is the same with (3.39) that has obtained for all-pole LTV systerms.
If we again use Laplace transformation, the characteristic polynomial of the

equation (3.139) will be as follows :

ch(s) = 8" + Lom-1)s""" + ...+ Lo1s + Loy = 0. (3.140)
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If the controller parameters {Ly(,—1), - -, Lo1, Loo} are chosen properly, we can
make the error e(t) exponentially stable as we did for all-pole LTV systems.
Actually, the second part of the controller given by (3.138) has the form which

is shown below :
v=K,(t)n+ K;(t)T + K,(t)w. (3.141)

If the first and the second part of the controller given by (3.119), (3.141)-(3.138)
are combined, then the overall controller becomes as follows :

1= (G(t) + H(t) K, (t)n + H(t) Kz (t)L + H(t) Ko (Hw,

u= K(t)n. (3.142)

Therefore, the closed-loop system state space model with controller in (3.142)

becomes as shown below :

AN A(t) B(t)K (1) i . P(t)

n) \BOK.0) 6wy +HOK,®) \n) \HOK.@)

ez(é(t) 0) V4 ow (3.143)
n

In order to complete the solution of the output regulation problem for minimum
phase LTV systems, the system given by (3.143) should satisfy the second reg-
ulation condition (ii). Thus, this implies that the system in (3.143) should be

exponentially stable with w = 0. This is indicated by the following lemma.

Lemma 24. The system given by (3.143) is exponentially stable with w = 0. i.e.

A

T
I | <ae™ (3.144)

Proof. Tf we take w = 0, then the error e(t) becomes equal to the system output
y(t). By applying the second part of the controller in (3.138) to the overall

system in (3.135), the dynamics of the error e(t) becomes the equation given by
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(3.139). This indicates that the dynamics of the output y takes the form which

is given below with w =0 :
Y™ + Lotn1yy™ ™ + ...+ Lot + Loy = 0. (3.145)

Since we chose the controller parameters {Lom-1),--., Lo, Lo} properly, the
system output y(t) is exponentially stable. If the y(t) is exponentially stable,
then its derivatives are also exponentially stable. This fact will be used to prove

the exponential stability of the closed-loop system states. Let us denote K, (t) =

K,(t) Ki(t)), then :
(0 500)

y = Toi(t)z,,

§ = Tor(t)zo + Tor (Ao(t) + Bo(t) Ko, (1))
= Toa(t)xo,

i = Toa ()0 + Ton(Ao(t) + Bo(t) Ko, (£))20

= 02(t)x‘07

y(n—l) — To(n71)(t)xo -+ To(nfl) (Ao(t) + Bo(t)KJ?o (t>)xo

= T (t) 7o, (3.146)

where we used (3.134). Thus we obtain the following from (3.146) :

Y
. Tol
Y _
I =1 Tol| < ke
TO’I’L
y(n_l)

(3.147)

Actually, the matrix in (3.147) is the first n rows of the observability matrix of

the closed-loop system given by (3.130). This matrix was already computed in
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the proof of the Fuact 23 and is given below in a more detailed form :

To(t)z(o. 0 e O 0>,
Toz(t):(o .0 e O 0),
Tor(t) = (0 0 e O 0),

Ton = (Qn_r(t) P (t) oM(t)+ ...+ oM,_,_1(t) + b(t) Mn_,,(t)> :
(3.148)
where e;eR" is unit vector, Q;(t)eR"™" and P;(t)eR". If we take the first r row

vectors in (3.148) and use (3.147), we will obtain the form given below :

4
1 (0rctary T Oonon) | & [ 1= Nl < e,
n

(3.149)

This implies that the states € are exponentially stable.
The dynamics of the states z in the closed-loop system is given below (see

(3.110) and (3.143)) :
2=G(t)z+ P(t)er. (3.150)

We know that the state transition matrix of the G(t) is exponentially stable
because of the minimum phase property and P(t) matrix is bounded and the
states € are also exponentially stable. This implies that the states z are also
exponentially stable which can be shown easily. In other words, we have :

2] < re™e,

(3.151)

95



Finally, if we take the last n — r row vectors in (3.148), we will obtain :

Qi(t) P~ b(t) M, (1) y()

o f s =l i |l
Quor(t) Po_p(t) oMy(t)+ ...+ oM, o1 (t) + b(t)M,_.(t) Y1)
(3.152)

We know that the rows <Qz(t) Pi(t)> are bounded and the states z, € are expo-

nentially stable, then from (3.152) we get the below equation :

bit) 0 ... 0 M;(t)
o b(t) 0
‘ n=T)M(t)n
o o . M, _—1(%)

o o o b(t) M, _(t)
Q1(1) Py(t) y)
T | | (3.153)
Qnr(t) Por(t) Y1)
We know that the lower triangular elements of the matrix I'(¢#) are multiplications

of the bounded functions and also b(t) # 0 ¥t > to. Thus, I'(t) is a bounded

matrix. Then, if we write the inverse of I'(¢), we get the following :

o1 adj(I'(?))

PO = Jeemo)

(3.154)

Since det(T'(t)) = b(¢)"" # 0Vt > ty, ['(¢) ! exists and is bounded. Additionally,
the matrix M(¢) is the observability matrix of the inverse system in (3.115)
which is a Lyapunov transformation. Thus, both T'(¢) and M(t) are bounded

and invertible matrices, and their inverses are also bounded. By using (3.153),
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we can conclude as follows :

Q) P e
Ir@M @l =1-1 : ( ) +
Qn—r(t) Por(t) y=b)
Qi(t)  Pi(t) y™
Il =lc@me - s ( ) T
€
Qn—r(t) Pn—r(t) y(nil)
<icoMoa] s | ( ) il
Quirlt) Palt) o=
< d(sme™® + ce ") = ce ™
(3.155)
where
(T M) < d
| : | <s
Qn—r(t) Pn—r(t)
[ ( | < me
y(T)
I : | < ke "
1)
(3.156)

Therefore, the results in (3.149), (3.151) and (3.155) proves that the closed-loop

system given by (3.143) is exponentially stable with w = 0. O]
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Theorem 25. The dynamic controller given by (3.142) satisfies the regulation
conditions (i), (ii) for the minimum phase system given by (3.110) with the

exogenous system in (3.3)-(3.5).

Proof. (i) Equations (3.139)-(3.140) indicates that the error term e(t) is expo-

nentially stable. i.e.
le(t)] < kexp™
for some k£ > 0, A > 0. Hence, we have :

lim |e(t)| = 0. (3.157)

t—o00

(ii) Lemma 24 proves that the closed-loop system given by (3.143) with w = 0

is exponentially stable. i.e.

=

I | < he ", (3.158)

These two results prove that the dynamic controller in the form (3.142) sat-
isfies the regulation conditions for the minimum phase system given by (3.110)

with the exogenous system in (3.3)-(3.5). O

In Theorem 25, we showed that the controller in (3.142) satisfies the regulation
conditions (i) and (ii) for the transformed system in (3.110). We know that there
is a Lyapunov transformation between the transformed system in (3.110) and the

original system in (3.1)-(3.2) as shown below :
= T,(t)z, (3.159)

where T,(t) = T ()W ()W (t)~" (see (3.58), (3.85) and (3.95)). And also we have

- , (3.160)
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Since Ty(t) and I are Lyapunov transformations and Lyapunov transformation
preserve the stability between the original system and the transformed system,
the states of the original system in (3.1)-(3.2) are also exponentially stable. Ad-
ditionally, the error e(t) dynamics is not affected by the transformations, hence
it remains exponentially stable for the original system in (3.1)-(3.2). Therefore,
the minimum phase system in (3.1)-(3.5) with transformed system matrices in
(3.110) satisfies regulation conditions (i), (ii) with the following dynamic con-

troller :

u= K. (3.161)

3.4 Pole/Zero Cancelation in LTV Systems

In the minimum phase LTI case, the original system zeros which are the roots of
the polynomial given by (2.65) are canceled by the poles of the inverse system
given by (2.68)-(2.69). It is the way we obtained a system which is equivalent to
an all-pole system and we designed the second part of the controller accordingly.
Additionally, these cancelations result in m unobservable states and m denotes
the number of pole/zero cancelations.

In this section, we will try to show pole/zero cancelations in the design of the
controller for the minimum phase LTV system given in the Section 3.3. That’s
how we can obtain an analogy between the minimum phase LTI and LTV cases
and justify the reasoning behind defining the system given by (3.119) as an
inverse system.

In order to show pole/zero cancelations in LTV systems, we will use the LTV
system pole/zero definition of O’Brien in [36]. Before making definitions we

should show some facts which are used later in this section.
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Fact 26. (G(t),R(t)) pair (see (3.110)) is observable.

Proof. We know that the observability matrix of the system in (3.110) is a Lya-
punov transformation. If we form the observability matrix of this system, we

will get the rows of the observability matrix as shown below :

ni0=(0 ¢ e)

To(t) = (Ln_r(t) +0Lp i (t) + ...+ oLy (t) <>) (3.162)

where L;(t) are the rows of the observability matrix which is formed by the pair

(G(t), R(t)) as given below :

Li(t) = Li ()G(t) + Li1(t), 2<i<n—r

L(t)=<L1(t) Ln_r(t)> (3.163)

As we can see, the observability matrix in (3.162) is in the block triangular
form and this matrix is invertible. Then, from block triangular property of the
matrix in (3.162), we see that the matrix ,which is the left bottom block of the

observability matrix in (3.162) is also invertible and it is given below :

1 0 . 0
o 1 0

L(t) = O(t) (3.164)
o O 1

Since O(t) is invertible, the matrix L(t) is also invertible which implies that the
pair (G(t), R(t)) is observable. O
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Fact 27. The pair (G(t), %t()t)) is observable.

Proof. 1f we form the observability matrix of the pair (G(t), _b](%t()t) ), we will obtain
1
6] 0 ... O
_ I
Lty=| "% L) (3.165)
o o 0l

Since b(t) is bounded above and below for all ¢ and L(¢) is invertible, the observ-

ability matrix L(#) is also invertible which implies that the pair (G(t), %t()t)) is

observable. n

In [36], O'Brien gives two types of zero definitions which are called ” Trans-
mission Zero” and ”Ordinary Zero”. The definitions of these zeros are given as

follows.

Definition 28. Suppose the system that we have has a minimal realization. A
function q(t) is a transmission zero for this system if there ezists an initial state
and a function r(t) ,which is bounded above and do not converge to zero as
t — o0, such that the output of the system is zero for all t > to when the input
is T(t)pq(t) where ¢,(t) is the transition function of the scalar equation given

below

T = q(t)x.

Definition 29. Suppose the system that we have has a minimal realization. A
function q(t) is an ordinary zero for this system if there exists an initial state
such that the output of the system is zero for all t > ty when the input is the

transition function ¢4(t) given in Definition 28.

The definition of a pole for LTV systems is given below.
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Definition 30. The functions {pi(t),...,pn(t)} are poles of the LTV system if

there exists an invertible matriz Sy such that
S(t) = @a(t,0)So®p(t,0)7, (3.166)

is a Lyapunov transformation and ® 4(t,0) is the transition matriz of A(t) which
is system matriz, ®p(t,0) is the transition matriz of the P(t) which is given

below

P(t) = diag{p:(t)} (3.167)

Actually, S(t) diagonalizes the system matrix A(t) and preserves the stability
property of the system. Then, the diagonal entries are called as the poles of the
system.

First we will show that the poles of the inverse system in (3.119) correspond

to the transmission zeros of the system in (3.110) and vice versa.
Fact 31. The poles of the system given by (3.119) and the transmission zeros of

the system given by (3.110) are cancel out eachother.

Proof. 1f the output of the original system in (3.110) is set to zero, then we

obtain :

Yy =& =0
€1 —0:52
& =0 (3.168)

Then, by using (3.168) in (3.110), we obtain :

2=G(t)z
—1
u = %R(t)z (3.169)
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Therefore, the output zeroing input u(t) = r(t)¢,(t,0) should satisfy (3.169), see
Definition 28. 1f we consider (3.169) to be a system with states z and output

u(t), then the zero input response of this system is equal to u(t) = r(t)¢,(t,0).

Since (G(t), 7;@(;)) has a minimal realization as we proved, we can use Lemma
21 in [36]. This lemma claims that a function p(t) is a pole of a system if and
only if the zero input response of this system can be written as r(t)¢,(t,0) where
r(t) is bounded above and does not converge to zero as t — oo. It implies
that, if the system in (3.169) has a zero input response r(t)¢,(¢,0), then this
v(t) function is a pole for the system in (3.169) and additionally a transmission
zero for the system in (3.110) (see Definition 28). Thus, the poles of the system
in (3.169) and the transmission zeros of the system in (3.110) correspond to each
other, if they exist. Additionally, we know that the poles of the system in (3.169)
actually are the poles of the system matrix G(t). The inverse system in (3.119)
also contains G(t) as a system matrix and the inverse system has a minimal
realization. It shows that the poles of the system in (3.169) are equivalent to the
poles of the inverse system in (3.119). This proves that the poles of the inverse

system in (3.119) and the transmission zeros of the system in (3.110) cancel out

each other. O

In the following fact we will use equivalence between functions of time, hence

we first give the definition of the equivalence below.

Definition 32. The functions associated with fi, fo ,which are continuous and
bounded, are equivalent if there exists a scalar Lyapunov transformation s., such

that

SGQ(t)¢f1 (ta 0) = ¢f2 <t7 0) ) Vt (3170)
where ¢y, (t,0), ¢, (t,0) are transition functions [36].

Fact 33. If G(t) has a pole set {pi(t),...,pn(t)} in which no two poles are

—R(t)

equivalent and additionally if G(t)*) and ( )

)®) are continuous, bounded and
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do not decay to zero fork =1,... ,n—r—1, then the poles of the inverse system

in (3.119) and the ordinary zeros of the system in (3.110) cancel out each other.

Proof. We know that;

The pair (G(t), %t()t)) is observable.

G(t), 7;;(;) are the analytic functions of ¢.

e G(t)® and (7;3(;) )®) are continuous, bounded and do not decay to zero for

k=1,....n—r—1.

e ((t) has a pole set {p1(t),...,p,(t)} in which no two poles are equivalent.

Then we can use Lemma 22 in [36] which states that (¢) is a pole for the
system in (3.169) if and only if the zero input response of this system can be
written as u(t) = ¢4(t,0). It implies that if the zero input response of the
system in (3.169) can be written as ¢y (¢, 0), then ¢ (¢) is a pole for the system in
(3.169) and an ordinary zero for the system in (3.110)(see Definition 29). Thus,
poles of the system in (3.169) correspond to the ordinary zeros of the system
in (3.110). Additionally, the poles of the system in (3.169) and the poles of the
inverse system in (3.119) are equivalent. This proves that the poles of the inverse
system in (3.119) and the ordinary zeros of the system in (3.110) cancel out each
other. [

In Fact 31 and Fact 33, we showed that there occur transmission zero/pole
or/and ordinary zero/pole cancelations between the system in (3.110) and the
inverse system in (3.119) similar to the LTI case. If some certain conditions,
which are given in the below fact, are satisfied, then the ordinary zero/pole
cancelations make the overall system unobservable as a result of the Theorem 49

in [36] similar to what happens in LTT cases.

104



Fact 34. If the inverse system in (3.119) and the system in (3.110) satisfy the
hypothesis of Lemma 48 in [36] ,and additionally if H(t)* is continuous, bounded
and does not decay to zero for k = 1,....n —r — 1, then ordinary zero/pole
cancelations between the inverse system in (3.119) and the system in (3.110)

make the overall augmented system unobservable.

Proof. The proof of above fact follows directly from Theorem 49 in [36]. O

Therefore, the ordinary zero/pole cancelations in LTV systems and the ones
in LTT systems have similar effects on the overall augmented systems. Actually,
we can think the ordinary zero/pole cancelations as the generalization of the
pole/zero cancelations in LTT cases, if the poles and the ordinary zeros exist for
the LTV systems. However, the transmission zero/pole cancelations may not
result in unobservable states unlike the LTI cases because the functions r(t) as-
sociated with transmission zeros may prevent the formation of the unobservable
states. Even if, the transmission zero/pole cancelations do not affect the overall
LTV system like they do in LTT systems, we may still show the transmission
zero/pole cancelations between the system given by (3.110) and the inverse sys-
tem given by (3.119). Because by this way we can indicate the analogy between
the method that we used in the minimum phase LTV systems and the method

that we used in the minimum phase LTT systems.

3.5 Numerical Results

In this section, some simulation results for All-pole and Minimum Phase LTV
systems are given. In these simulations, we will use the transformed system
matrices in order to prevent complicated matrix computations. Actually, we can
go back to the original system matrices by applying transformations ,which we

applied, in the reverse direction. In the figures of the examples, we will first give
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the figure which shows the error signal e(t) between the system output y(¢) and
the reference signal 7(¢). Then we give the figure which shows the stability of

the closed-loop system when w = 0.

3.5.1 Example 1

In the first simulation, we consider the following system (see (3.1)-(3.2)) :

0 1 0 0
T = 0 0 1 T+ 0 u+tv,
sin(wt) —sin(wt) cos(wt) 2 + sin(wt)
y = (1 0 0) T (3.171)

where w = 0.27. The exogenous system is given as follows :
. 0 1
w= w,

—(1.6 + 1.2cos(2t)) 0

) =—(1 0)w

0 1
vit)=1-1 0| w. (3.172)
1 1

Hence according to (3.6), the error e(t) becomes :

e = (1 0 o) T+ <1 0) w. (3.173)

By using (3.34)-(3.35), we find the controller which satisfies the regulation con-

ditions as follows :

u= (= sin(wt)—5  sin(wt)—20  — cos(wt)—2 T
2+-sin(wt) 2+sin(wt) 2+sin(wt)

+ (_2.41+251n(2t)74cos(t)2 0'8746+3cos(2t)> w (3174)

2+sin(wt) 2+-sin(wt)
With K;(t) as given above, the characteristic polynomial of the closed-loop sys-

tem becomes as follows :

ch(s) = s* + 25% 4+ 20s + 5, (3.175)
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and the roots of (3.175) can be given as follows: {—0.87 + 4.33:, —0.87 —

4.331,—0.25}. Simulation results are obtained for these initial conditions :
T

z(0) = (1 1 1)T and w(0) = <0.5 0.2) :

2.5 T ] T T T

15F /o

o
a1
T

1

r(t), y(t)

|
o
(€]
L

-25 1 1 1 1
0 10 20 30 40 50

time / sec

Figure 3.1: Tracking of Reference Signal

In figure 3.1 and 3.2, we can see the simulation results for the system given
by (3.171)-(3.172). As can be seen in Figure 3.1, the tracking error decays to
zero, in fact exponentially fast. Also Figure 3.2 indicates that the closed-loop

system is stable when w = 0.
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(0] 10 20 30 40 50

(0] 10 20 30 40 50

—-20 1 1 1 1
(0] 10 20 30 40 50

time / sec
Figure 3.2: Stability of Closed-Loop System

3.5.2 Example 2

In the second simulation, the system that we consider is shown below :

0 1 0 0
sin(2wt) — cos(wt)? sin(wt) 2 + cos(2wt)
y = (1 0 0) @, (3.176)
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where w = 0.27. The exogenous system is given as follows :

0 01
w=sint)| -1 0 1]|w,

—TZ 0

r(t) = = (cos(t) 0 —sin(t)) w,
0 0 sin(t)
v(t) = 0 0 cos(t) |w- (3.177)
—sin(t) 0 —cos(t)

Hence according to (3.6), the error e(t) becomes :
e = (1 0 0) T+ (cos(t) 0 —sin(t)> w. (3.178)

By using (3.34)-(3.35), we find the controller which satisfies the regulation con-

ditions as follows :

u = (— sin(2wt)—60  cos(wt)?—47 — sin(wt)—lQ) T

2+-cos(2wt) 2+-cos(2wt) 2+-cos(2wt)
__o(t) B(t)
T <2+cos(2wt) 0 _m> w (3179)

where

a(t) = 16.5 cos*(t) — 19.73 cos(t) sin(t) + 3.7 sin(t) cos?(t) + 45.1sin(t)

— 40.5 cos(t) — 18.74 — 7.4 cos(t) + 0.38 cos*(¢) (3.180)

and

B(t) = 3.78sin(t) + 39.3 cos(t) sin(t) — 24 — 19.2 cos(t) — 6.7 sin(t) cos*(t)

4 0.61 sin(t) cos®(t) — 3.7 cos(t) + 36 cos?(t). (3.181)

With K;(t) as given above, the characteristic polynomial of the closed-loop sys-

tem becomes as follows :

ch(s) = s* + 125 + 47s + 60, (3.182)
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and the roots of (3.182) can be given as follows: {—3,—4,—5}. Simulation re-

sults are obtained for these initial conditions :
T

:1:(0)2(1 1 1)T and w(0)=<0.7 0.9 0.8> :

1.5 T T T T

05}

r(t), y(t)
o

0 10 20 30 40 50
time / sec

Figure 3.3: Tracking of Reference Signal

In figure 3.3 and 3.4, we can see the simulation results for the system given
by (3.176)-(3.177). As can be seen in Figure 3.3, the tracking error decays to

zero, in fact exponentially fast. Also Figure 3.4 indicates that the closed-loop

system is stable when w = 0.

110



(0] 10 20 30 40 50

(0] 10 20 30 40 50

-10 1 1 1 1
(0] 10 20 30 40 50

time / sec
Figure 3.4: Stability of Closed-Loop System

3.5.3 Example 3

In example 3, we will consider a minimum phase system. State space model of

the system is given below :

0 1 0 0
P — 6 9 t+4
=1 =5 ) G vl 0 juty
t2 cos(wt)+1  (t+5)sin(wt) 9 t3 sin(wt) —cos(wt) 242
242 t+2 t34+15 i+4
y = (0 0 1) 2. (3.183)

111



where w = 0.47. The exogenous system is shown below :

0 1
w = w,

—(1.6 4+ 1.2cos(2t)) 0O

rt)=—-(1 0)w,

0 1
vit) =1 -1 0| w. (3.184)
1 1

Hence according to (3.6), the error e(t) becomes :
e = (0 0 1) x -+ (1 0> w. (3.185)

By using (3.119), (3.138), (3.141) and (3.142), we find the controller which sat-

isfies the regulation conditions as follows :

0 1 0 0 0 0 0
0= n+ T+ w  (3.186)
g1(t)  g2(1) ha(t) ha(t) hs(t) pi(t) pa(t)

Since the functions in the matrices are extremely long and complicated, we can-
not give these functions in detail here ( see Appendix). Note that these functions

are obtained from Symbolic Toolbox of MATLAB. The initial conditions for this

simulation are taken as follows :
T

:v(O):(o.l 02 0.1 —0.1 0.3)T and w(o):(o,4 0.6> .
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15

0.5 1

r(t), y(t)

-2 1 1 1 1
0 10 20 30 40 50

time / sec

Figure 3.5: Tracking of Reference Signal

In figure 3.5 and 3.6, we can see the simulation results for the system given
by (3.183)-(3.184). As can be seen in Figure 3.5, the tracking error decays to
zero, in fact exponentially fast. Also Figure 3.6 indicates that the closed-loop

system is stable when w = 0.

113



z1

0.2 0.2
0.1 L = 0~
0} -0.2
(0] 50 100 (0] 50 100
0.2 0.5
0 m/v = 0 %
-0.2 -0.5
50 100 (0] 50 100
time / sec
1
w o) h\/\»—A
-1
0 50 100
time / sec

Figure 3.6: Stability of Closed-Loop System

3.5.4 Example 4

In the last example, we will examine minimum phase system which is shown

below :

T =

+

y:

(

0

sin(wt) cos(wt)

sin(wt)
0

0

8 + cos(wt)

0 0 1>£U-

1 1
— sin(wt)(cos(wt) + 2 sin(wt)) 8++s(wt) x
2 cos(wt) sin(wt) — cos(wt)
U+ v,
(3.187)
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where w = 0.47. The exogenous system is shown below :

0 0 1
w = sin(t) -1 0 1| w,
—(1)? 00

0 0 sin(?)
—sin(t) 0 —cos(t)
The vectors K(t), H(t) of the inverse system can be chosen from a class as
Remark 10 indicated. Hence in this example, instead of using K(t) = (1 0),

0
H(t) = in the inverse system, we use K (t) and H(t) as given below :

_ (s zeof2)
K(t) - < cos(%)-t,—S COS(%)+8
320 cos(%)-i—?ﬂ cos(%)-;—Qo
| T 167410 oo 225) 5 cos{ L) +40 sin( 121) 5
H(t) = 160 sfn(%)ﬂo fm(%) ° (3.189)

16 m+10 cos(%)—S cos(%)-}-ﬂ) sin(%)_5

Hence according to (3.6), the error e(t) becomes :

e = <0 0 1> x+ (cos(t) 0 —Sin(t)> w. (3.190)

By using (3.119), (3.138), (3.141) and (3.142), we find the controller which sat-

isfies the regulation conditions as follows :

g3(t) ga(t) ha(t) ha(t) hs(t)) p3(t) pa(t) ps(?)
n= n+ T w
95(t) g6(t) he(t) he(t) hs(t) pe(t) pr(t) ps(t)
(3.191)

Since the functions in the matrices are extremely long and complicated, we can-
not give these functions in detail here ( see Appendix). Note that these functions
are obtained from Symbolic Toolbox of MATLAB. The initial conditions for this

simulation are taken as follows;
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r(t), y(t)

_15 b 1 | | 1
0 10 20 30 40 50

time / sec

Figure 3.7: Tracking of Reference Signal

In figure 3.7 and 3.8, we can see the simulation results for the system given
by (3.187)-(3.188). As can be seen in Figure 3.7, the tracking error decays to
zero, in fact exponentially fast. Also Figure 3.8 indicates that the closed-loop

system is stable when w = 0.

3.5.5 Appendix

In Fxample 3 and Example 4, we obtain extremely long and complicated functions
from Symbolic Toolbox of MATLAB for the dynamic controllers given by (3.186),
(3.191). Hence, in below we only give g;(t) ,which is in (3.186), in order to

indicate how complicated and long these functions are. Since the space is not
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Figure 3.8: Stability of Closed-Loop System

enough to write ¢;(¢) in a one line, we write g; () term by term as given below :

i) = CESTa
2t3 (27r 0055(%) 27 sm§25”))
ax(t) = 8115
612 (cos(22) — sin(22"))
as(t) = 115
)= 68 (eos(35) —sin(2))
! (13 + 15)°
as(t) sm(%) (t+4) (t+5)
° (2t +2) (t+2)
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18 4 4t +4 18t +18 52t +52 12¢+12

dolt) = t+4  (t+4) * (t+4°  (t+4) T (12 +2) (t+4)
(2t +2) (a1(t) + az(t) — as(t) + as(t) + as(t))
A(t) = t+4
_ 42 (cos(35F) —sin(35))
B = T 1) )
213 (2t +2) <2“°Z(25m) + 2”5“155275”))
ds(t) = (B +15) (L +4)
617 (2t +2) (cos(22t) — sin(2£1))
da(t) = (t3 + 15) (t +4)
188 (2t +2) (cos(2E) —sin(2FY))
ds(t) = B+15) (t+4)
do(t) = 213 (2t +2) (cos(2£t) —sin(22))
‘ (3 + 15) (t + 4)?
0n(t) = 615 (2¢ +2) (cos(22%) —sin(2))
! (3 +15) (L +4)
N 6 (t+4) (do(t) + di(t) — do(t) + ds(t) — da(t) — ds(t) + —dg(t) + d7 (1))
9l =5~ 2t + 2

(3.192)

As we can see from the expression given above, even we write one function, this
is extremely long and complicated. For this reason, we give only g;(¢) as an
example and other functions in (3.186), (3.191) can easily be obtained by using
Symbolic Toolbox of MATLAB.
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Chapter 4

CONCLUSION

In this thesis, we dealt with the output regulation problem for all-pole and min-
imum phase LTI / LTV systems. Our main approach is to find a controller,
which solves the output regulation problem analytically. Since obtaining con-
trollers analytically for the output regulation problem was difficult, we restricted
the systems that we dealt with to a certain class of LTT/LTV systems. We devel-
oped a solution for the output regulation problem for all-pole and minimum phase
systems. First, we found a design procedure for all-pole and minimum phase LTI
cases. Then, the same methodology was applied to the LTV cases. However,
in the LTV part of the problem we first needed to obtain canonical forms for
all-pole and minimum phase systems in order to apply the same methodology as
we used in LTT part.

In the first part of the thesis, we considered the output regulation problem
for all-pole and minimum phase LTI systems. The relative degree property of
LTT systems was first introduced. Then, the relative degree property was used
to obtain a controller for all-pole cases by taking the derivative of the error up to
a system degree. Since the original system and the exogenous system states are
generally not available for measurement and since the designed controller uses

these states, we designed observers both for the original system states and the
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exogenous system states. In the minimum phase part, an inverse system was
employed as the first part of the controller. By using this inverse system as the
first part, the overall system become equivalent to an all-pole system. Then, we
used the same procedure with all-pole cases for this overall system and obtained
the second part of the controller. Combining these two parts gave us the total
controller which solved the output regulation problem for minimum phase cases.

Secondly, the LTV part of the problem was studied. First we defined the
relative degree property for LTV systems. Since Laplace transform techniques
are not applicable to time-varying systems, we tried to transform the LTV sys-
tems into some certain state space forms similar to the LTI state space forms
in order to apply the same methodology with LTI cases. Observability matrix
was used as a transformation matrix to obtain canonical form for all-pole case.
Actually, while obtaining this canonical form, we used the relative degree prop-
erty of the all-pole systems. After obtaining the canonical form, we designed a
controller with the same method as we used in LTI all-pole cases. In the mini-
mum phase part of the LTV systems, obtaining certain state space form, which
is called the normal form, was carried out by applying three transformations
on the system. However, in order to preserve stability property between the
original system and the transformed system, we made some assumptions on con-
trollability and observability matrices of the minimum phase system. Actually,
the minimum phaseness definition was given after we obtained the normal form.
Then, the same procedure was applied as in the LTI case. The inverse system
was employed as the first part of the controller and then by taking the derivative
of the error, the second part of the controller was obtained. As a final step,
we showed pole/zero cancelations between the inverse system and the minimum
phase system like we did in the LTI minimum phase case. In order to show these

cancelations we used pole/zero definitions which are given in [36].
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Since we restrict ourselves to a certain class of LTI / LTV systems, our ap-
proach has some advantages over the previous ones. The advantages of our

method for the output regulation problem are as follows:

e Different from existing approaches, our solution depends on the analytical
calculation of the controller that satisfies the regulation conditions (i), (ii).
This analytical calculation is particularly very important for LTV systems
because finding a controller by using regulator equations, which include

differential matrix equation, is a very difficult task.

e Our approach does not assume the fulfillment of the condition (ii) like most
of the existing approaches. Instead, we proved that the controller which

we proposed also satisfies the condition (ii).

e In the LTI cases, the controller that solves the output regulation problem
may be found relatively easily by using the regulator equations . However,
in this methodology we have no degree of freedom to alter the transient
behavior of the system. On the other hand, our approach allows one to
alter the transient behavior of the closed-loop system up to a certain degree
by only changing some controller parameters. By this way, the designer can

achieve some desired specification with no difficulty.

In addition to above advantages, we find a normal form for minimum phase
LTV systems under some assumptions on the original systems controllability and
observability matrices. Then we define minimum phaseness in LTV systems in
accordance with this normal form. Furthermore, we show pole/zero cancelations
between the inverse systems and the original systems in minimum phase LTV
cases like we do in LTI cases. When we show pole/zero cancelations in LTV
systems, we use the definitions for poles and zeros given in [36].

Our contributions in this thesis can be listed as follows :
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(I) In an analytical manner, we can find a controller, which solves the output

regulation problem.

(IT) We do not give only one controller structure. Instead we give a class of
controllers and this whole class of controllers can be obtained by only

changing some scalar parameters.

(III) In the LTV case, we obtain a normal form for the minimum phase part

and define minimum phaseness for time-varying systems.

(IV) We show under which conditions the normal form and the original system

are Lyapunov equivalent.

(V) By using the pole/zero definitions given in [36], we show pole/zero cancela-
tions between the inverse system and the original system in LTV minimum
phase case. These cancelations are presented in order to point out the anal-
ogy between the controller design methodologies that we used both for the

LTT and the LTV minimum phase systems.

In the future, we may try to extend our approach to the continuous nonlinear
time-invariant and time-varying cases. In the nonlinear part of this problem,
we will need to define the relative degree property and the minimum phaness
again. In order to obtain an inverse system for minimum phase cases, we will
need to find a normal form. Additionally the transformation, which we will
apply to the original system in order to find the normal form, should preserve
stability. Afterwards, we will try to find the extension of our method to the
LTI/LTV /Nonlinear discrete time systems. In discrete time cases, first we will
develop methodology for all-pole and minimum phase LTI case and extend this
for LTV and Nonlinear discrete systems. However, since stability conditions are
different between continuous and discrete systems, this may cause additional
assumptions on discrete time systems. In addition to this, pole / zero definition

for discrete LTV systems may be defined or existing definitions may be used
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in order to show cancelations in LTV discrete time minimum phase case. Also,
since there is no unique pole/zero definition for the continuous time LTV systems
in literature, definitions of the poles and the zeros for the continuous time LTV
systems may be modified in order to make the analogy between minimum phase

continuous time LTT cases and LTV cases more precise.
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