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ABSTRACT

FUSION SYSTEMS IN GROUP REPRESENTATION
THEORY

Ipek Tuvay
Ph.D. in Mathematics
Supervisor: Assoc. Prof. Dr. Laurence J. Barker
September, 2013

Results on the Mackey category Mz corresponding to a fusion system JF and

fusion systems defined on p-permutation algebras are our main concern.

In the first part, we give a new proof of semisimplicity of M over C by using
a different method than the method used by Boltje and Danz. Following their
work in [8], we construct the ghost algebra corresponding to the quiver algebra
of Mz which is isomorphic to the quiver algebra. We then find a formula for the
centrally primitive mutually orthogonal idempotents of this ghost algebra. Then
we use this formula to give an alternative proof of semisimplicity of the quiver
algebra of Mz over the complex numbers.

In the second part, we focus on finding classes of p-permutation algebras which
give rise to a saturated fusion system which has been studied by Kessar-Kunugi-
Mutsihashi in [16]. By specializing to a particular p-permutation algebra and
using a result of [16], the question is reduced to finding Brauer indecomposable
p-permutation modules. We show for some particular cases of fusion systems we
have Brauer indecomposability.

In the last part, we study real representations using the real monomial Burn-
side ring. We deduce a relation on the dimensions of the subgroup-fixed subspaces

of a real representation.

Keywords: fusion system, Mackey category, semisimplicity, p-permutation alge-

bra, Brauer indeomposability, monomial Burnside ring.
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OZET
GRUP TEMSIL TEORISINDE FUZYON SISTEMLERI

Ipek Tuvay
Matematik, Doktora
Tez Yoneticisi: Dog. Dr. Laurence J. Barker
Eylil, 2013

Fiizyon sistemleri teorisi grup temsil teorisi alaninda onemli bir calisma alani ha-
line gelmigtir. F bir fiizyon sistemi olsun, M x ise bu fiizyon sistemine karsilik
gelen Mackey kategorisi olsun. Bu Mackey kategorisi ve p-permiitasyon cebir-

lerinin flizyon sistemleri temel ilgi alanimizi olugturmaktadir.

Tezin ilk boliminde, M # kategorisinin kompleks sayilar tizerinde yaribasit
olduguna dair olan ispati1 Boltje-Danz'in yaptigindan farkli bir sekilde yaptik.
[8]’de yapilanlar1 takip ederek, Mx’in quiver cebirine kargilik gelen bir hayalet
cebiri olugsturduk. Daha sonra bu hayalet cebirinin, merkezi, birbirine dik, ilkel
esgiiclii elemanlar: igin bir formiil bulduk. Bu formiilii, M #’in kompleks quiver

cebirinin yaribasitligini gostermek icin alternatif bir ispat olarak kullandik.

Tezin ikinci boliimiinde, doymusg fiizyon sistemlerine olanak saglayan p-
permiitasyon cebirlerinin bulunmasi problemine yogunlagtik.  Bu problem,
Kessar-Kunugi-Mutsihashi tarafindan [16]’de galigilmigti. Bu makalede, soziinii
ettigimiz problem Brauer-parcalanamaz ozelligine sahip modiiller bulmaya in-
dirgendi.  Biz de baz1 farkli 6zel flizyon sistemleri durumunda, Brauer-

parcalanamaz modiiller bulundugunu gosterdik.

Son boliimde, gercel tek terimli Burnside halkasini kullanarak gercel temsilleri
caligtik. Bir gergel temsilin altgruplar tarafindan sabitlenen alt uzaylariyla ilgili
bir iligki bulduk.

Anahtar sozcikler: fiizyon sistemi, Mackey kategorisi, yaribasit, p-permiitasyon

cebiri, Brauer parcalanamazligi, tek terimli Burnside halkasi.
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Chapter 1

Introduction

The theory of fusion systems became an important topic in the study of represen-
tation theory. The term “fusion” was introduced by Richard Brauer in 1950’s, but
the notion of fusion had been of interest before. For example in 1897, Burnside
published a paper including the proof of the result that if P is an abelian Sylow
p-subgroup of a finite group G, then the normalizer of P in G controls fusion in
P. (A subgroup H of G is said to control fusion in P if for any pair of elements

in P that are conjugate in G are also conjugate in H.)

In 1990s, Lluis Puig introduced the notion of a fusion system defined on a p-
subgroup of G, by discarding G. He gave an axiomatic definition and called them
Frobenius categories. Nowadays, these categories are referred to as “saturated
fusion systems”. Other people have taken up his approach and have extended his

axiomatic definition to fusion systems.

This thesis is mainly based on results related to fusion systems. The first
and third part consist of results related to representation theory in characteristic
zero, whereas the second part contains results related to modular representation

theory.



1.1 On Mackey category corresponding to a fu-

sion system

The theory of Mackey functors is an important theory in the study of represen-
tations of finite groups. Representation rings, group cohomology, Burnside rings

are some important Mackey functors.

Mackey functors are introduced by Green in early seventies. Then many math-
ematicians including Boltje, Bouc, Dress, Thévenaz and Webb become interested
in this theory. Thévenaz and Webb identified Mackey functors with modules of
a certain algebra in [24]. Later, Bouc gave an alternative definition for Mackey
functors in terms of additive functors from a suitable category which we define

below briefly.

Let P be a set of finite groups closed under taking subgroups up to isomor-

phism. Following Bouc [9], the category MP* is defined where
e Obj(MP2) =P

e Given P,Q € P, Hompypr.a(P,Q) = B2(P,Q) where B2(P,Q) is the
Grothendieck group of bifree P-Q-bisets (we call this group the bifree double
Burnside group). For details, see Chapter 2.

A Mackey functor on P is an additive functor from the category M%* to the
category of left Z-modules. We can extend the coefficients to C in a straightfor-
ward way as explained in Chapter 4. In the case where we have a fusion system
defined on P, the results in [8] imply semisimplicity of the corresponding category
denoted by M”47 (Homr.a (P, Q) = B47(P,Q)) which we denote by M for
short. Diaz and Park, in [14], gave a parametrization and an explicit description

for the simple Mackey functors for a fusion system in terms of seeds.

In Chapter 4, Theorem 4.1.1, we show semisimplicity of Mz over C and
hence semisimplicity of the quiver algebra by using a different method than the

method used by Boltje and Danz. Following [8], we construct the ghost algebra



corresponding to the quiver algebra of Mz which is isomorphic to the quiver
algebra. We then find a formula for the centrally primitive mutually orthogonal
idempotents of this ghost algebra. Then we use this formula to give an alternative

proof of semisimplicity.

1.2 On fusion systems defined on p-permutation

algebras

Let G be a finite group, p a prime number dividing the order of G and k a field
of characteristic p. In 1930's, Richard Brauer initiated the systematic study of
the representations of GG over k. In contrast to CG, the modular group algebra
is not a direct sum of simple algebras; whereas the indecomposable subalgebras

of kG called blocks has a rich representation theory.

In 1979, Alperin and Broué, in [1], introduced the G-poset of Brauer pairs
corresponding to a block b of kG. This G-poset consists of pairs (@, e) where @
is a p-subgroup of G and e is a block of kC(Q) in Brauer correspondence with b.
They showed that there is a G-conjugation structure on the set of Brauer pairs
which has similar properties with the G-poset of p-subgroups of G. These simi-
larities led Puig to introduce a fusion pattern on an abstractly defined category.
For any maximal b-Brauer pair (P, e), the category F is defined to be a category
whose objects are subgroups of P and whose morphism sets Homz(@, R) consist
of morphisms induced by conjugations in the G-subposet of Brauer pairs con-
tained in (P,e). Alperin and Broué’s results can be interpreted as a statement

that a fusion system defined on a maximal b-Brauer pair is saturated.

More generally, the theory of Brauer pairs can be extended to to primitive
idempotents of G-fixed subalgebras of p-permutation algebras. As in the group
algebra case, for a p-permutation G-algebra A and a primitive idempotent b of
the subalgebra of fixed points A%, there is associated a fusion system defined on
a maximal (A, b, G)-Brauer pair. These fusion systems are not always saturated.

In [16], a sufficient condition for saturation is given, it is a condition that suggests



the triple (A,b, G) to be saturated. Hence, having found a saturated triple, we
have a saturated fusion system. For the definition of saturated triples see Chapter
5.

Finding classes of p-permutation algebras which give rise to a saturated fusion
system has been studied by Kessar-Kunugi-Mutsihashi in [16]. They posed the

following question:

Given a saturated fusion system J on a finite p-group P, does there exist
a finite group G, a p-permutation G-algebra A and a primitive idempotent b of
A% such that (A4,b,G) is a saturated triple and F = Fpe,)(A, b, G) for some
maximal (A, b, G)-Brauer pair (P, ep)?

In the same paper, they construct a p-permutation G-algebra A = End(M)
where M is an indecomposable p-permutation kG-module, and establish a nec-
essary and sufficient condition for the triple (A, 14,G) to be saturated. The
condition implies that M is Brauer indecomposable. Moreover, they suggest that
a good candidate for M is a Scott kG-module with vertex P. They prove Brauer
indecomposability of Scott kG-modules with vertex P when P is an abelian p-

group and F is a saturated fusion system on P.

In Chapter 5, Theorems 5.3.2 and 5.3.6, we prove Brauer indecomposability of
Scott modules for some other particular cases where P is not necessarily abelian.
Hence, for some new classes of saturated fusion systems J, we have proved an
affirmative answer to the question above and we have exhibited some saturated

triples for F.

1.3 On real representation spheres and real

monomial Burnside ring

This chapter focuses on real representations, or equivalently finite dimensional
RG-modules. We deduce a relation on the dimensions of the subgroup-fixed sub-

spaces of them using real monomial Burnside rings as well as Lefschetz invariant

4



of spheres of real representations.

For a finite group G, the ordinary Burnside ring B(G) is defined to be the
Z—module having a basis {[%] | H < G} where addition is disjoint union and
multiplication is Cartesian product. The real monomial Burnside ring Bg(G) |,
or the monomial Burnside ring with fibre group {£1}, is the Z—module having
a basis set as isomorphism classes of {41} —subcharacters of G. There exists a
ghost ring B(G) of the Burnside ring such that the algebras QB(G) and QB(G)

become isomorphic. For detailed explanation on them, see Section 6.1.

There is a Q-linear map bolg : Ar(G) — B*(G) where Ag(G) denotes real
representation ring for G. This map happens to be modulo 2 reduction of the
map bolgﬂ}’]R : RAR(G) — RBg(G) (see the paragraph before Theorem 6.3.4).
In Theorem 6.1.1, we deduce a relation for the image of restriction of the map
bolg to the subalgebra Z) Ar(G). We use the theory of Lefschetz invariants
corresponding to an RG-module together with the properties of group of the

units of Burnside ring to prove this theorem.

Let O(G) denote the smallest normal subgroup of G such that G/O(G) is an
elementary abelian 2-group and O?(G) denote the smallest normal subgroup of G
such that G/O?*(G) is a 2 group. Using Theorem 6.1.1 and Dress’s characteriza-
tion for the idempotents in QB(G), we deduce the result on modulo 2 equivalence
between the dimensions of O(G) and O?(G)-fixed subspaces of an RG-module.
This is stated in Theorem 6.1.2.

For the particular case when G is a 2-group, using a theorem of Tornehave we
deduce a result which gives a constraint on the units of the Burnside ring B(G).

This is given in Theorem 6.1.3.

Chapter 2 and 3 contain the background that is needed to state the results of

the remaining chapters.



Chapter 2

Fusion systems and bisets

In this chapter, we introduce fusion systems, the concept of bisets and Burnside
rings. Further, we recall the concept of characteristic bisets which unifies the
theory of bisets and saturated fusion systems. The theory of characteristic bisets
led Park to introduce Park groups in [19]. The last part of this chapter is on Park

groups.

2.1 Fusion systems
Let P be a set of finite groups closed under taking subgroups up to isomorphism.
A fusion system F on P is defined to be a category where

e Obj(F)="P

e Given P, € P, Homz(Q, P) satisfies the following axioms:

A1l. Every morphism in Homz(Q, P) is an injective group homomorphism.

A2. For every ¢ € Homz(Q, P), we have ¢ € Homz(Q,p(Q)) as well as
¢~ € Homz(p(Q), Q).

A3. For Q < P and u € P, then ¢, : Q — P such that ¢,(v) ="v is in

6



Homz(Q, P). The composition of morphisms in F is the usual composition of

functions.

Let P be a finite group. If P is the set of all subgroups of P, then we will say
that F is a fusion system defined on P.

Let F be a fusion system defined on a finite group P. A subgroup ) of
P is called fully F-centralized if for every R < P with R =z @) we have
|ICp(R)| < |Cp(Q)]. A subgroup @ of P is called fully F-normalized if for
every R < P with R =x @ we have |[Np(R)| < |[Np(Q)|. For any morphism
¢:Q — Pin F, set the subgroup N,, as

N, ={u e Np(Q) | Iy € Np(¢(Q)) such that p(“v) =Y ¢(v) for all v € Q}.

Among the fusion systems, there is an interesting class of fusion systems
called saturated fusion systems. Let P be a finite p-group. There are equivalent
definitions for saturated fusion systems. In [11], Definition 1.3, the following
definition is given. A fusion system JF on P is called a saturated fusion system,

if the following axioms are satisfied:
(Sylow) Autp(P) € Syl,(Autz(P)).

(Extension) Every morphism ¢ € Homz(Q, P) such that ¢(Q) is fully F-

centralized extends to a morphism ¢ € Homz(N,, P).

2.2 Bisets

A P-Q-biset is a set X equipped with a left P-action and a right @-action such
that

u.(z.v) = (u.x).w
for all elements u € P, v € Q and x € X. A P-Q-biset X is called transitive if
for any elements x,y € X, there exists an element v € P and an element v € )
such that y = u.z.v. Every P-Q)-biset can be regarded as a P x ()-set via

(u,v).x == ux.v

7



forallu € P,v € Q and x € X. Hence there is a bijective correspondence between
e the set of isomorphism classes of transitive P-()-bisets, and
e the set of conjugacy classes of the subgroups of P x Q).

Here the correspondence is given by [X] <> [L] if and only if the stabilizer of
a point z € X is P x @-conjugate to L (Here [X] denotes the isomorphism class
of X and [L] denotes the conjugacy class of L).

Recall that, for a finite group G, the Burnside group B(G) is defined as
the Z-module spanned by the isomorphism classes of transitive G-sets. Similarly,
the double Burnside group B(P, () is defined as the Z-module spanned by
the isomorphism classes of transitive P-()-bisets. By the bijective correspondence

above, we can equivalently define B(P, Q) as a Z-module having a basis

U] reesy

where £ denotes the set of conjugacy classes of the subgroups of P x ). This is

a group under disjoint union of bisets.

Let p1 : Px @ — P and ps : P X (Q — (@ denote the canonical projections,
for L < P x @), set

k(L) ={ue P| (u,1) € L} and ko(L) ={v € Q| (1,v) € L}.
Then k;(L) < p;(L) fori=1,2.

A P-Q-biset is called left-free if the left P-action is free and right-free if

the right @)-action is free and bifree if both of the actions on either sides are free.

We have the following lemma whose proof is clear from definitions.

Lemma 2.2.1. A P-Q-biset X is left-free if and only if ki(stabpyg(x)) =1 for
all x € X, and X is right-free if and only if ko(stabpyg(x)) =1 for all x € X.
Thus X s bifree if and only if ki(stabpyxg(x)) = ka(stabpyg(x)) = 1 for all
r e X.

As a consequence of that lemma, we have a bijective correspondence between

8



e the set of isomorphism classes of bifree and transitive P-(Q)-bisets, and

e the set of conjugacy classes of the subgroups L of P x () subject to the
property that ki(L) = ko(L) = 1.

The bifree double Burnside group B~ (P, Q) is defined as the Z-module
spanned by the isomorphism classes of transitive bifree P-Q)-bisets. By the bijec-
tive correspondence above we can equivalently define B~ (P, Q) as the Z-module

having the basis set

{{PzQ} Lec, kl(L):kQ(L)zl}

where £ denotes the set of conjugacy classes of the subgroups of P x (). Observe
that BA(P,Q) < B(P.Q).

Let X be a P-Q)-biset, Y be a )-R-biset. Then we define the Mackey prod-
uct X xg Y as the set of Q-orbits of the cartesian product X x Y. Here () acts

via v.(z,y) := (z.v™!, v.y) and we write (z,g y) to denote an arbitrary element in
X xXqVY. The set X xq Y is a P-R-biset via

u.(z,gy).r = (u.x,gy.r).
This product induces bilinear maps
B(P,Q) x B(Q, R) — B(P,R) and B~(P,Q) x B%(Q, R) — B~(P, R).

Observe that B(P, P) and B~(P, P) become rings under this product.

2.3 Characteristic bisets

There is a close relationship between saturated fusion systems defined on a p-
group P and special type of bisets called characteristic bisets lying in the bifree
Burnside ring B2(P, P).

To introduce the theory of characteristic bisets, we need to fix some notation.
For a subgroup @ < P, and a group homomorphism ¢ : Q) — P, let
PXqe P=(PxP)/~

9



where (zp(u),y) ~ (z,uy) for z,y € P and u € Q. Let < x,y > denote the

equivalence class of (x,y) under ~. We can view this set as a P-P-biset via
p<z,y>=<pzr,y> and <x,y>p=<uz,Yp>

for x,y,p € P. This set is free on the left and it is free on the right if ¢ is injective.

Furthernore, there is a P-P-biset isomorphism

P X @) P~ (P xP)/A(p(Q), ¢, Q)

where A(0(Q), 0.Q) = {((v),v) | v € Q}.

For a P-P-biset X, and a group homomorphism ¢ : ) — P, let o X denote
the @-P-biset obtained from X by restricting the left P-action to @) and ,X
denote the @-P-biset obtained from X where the left Q-action is induced by ¢.
Broto-Levi-Oliver show every saturated fusion system defined on a p-group has a

characteristic biset.

Theorem 2.3.1 ([11], Proposition 5.5). For any saturated fusion system F on a
finite p-group P, there is a P-P-biset X with the following properties:

(i) Each transitive subbiset of X is of the form P x g P for some Q@ < P
and ¢ € Homz(Q, P).

(1t) For each ) < P and ¢ € Homg(Q,P), X and ,X are isomorphic as
Q-P-bisets.

) X
(iii) 51 # 0 mod p.

A biset satisfying the three conditions in the theorem above is called a char-
acteristic biset corresponding to F. The properties above were formulated

by Linckelmann and Webb in an unpublished work.

Ragnarsson-Stancu showed that given such a P-P-biset we can recover a sat-
urated fusion system F (see [20]). In fact, it was shown that there is a bijection
between the set of saturated fusion systems defined on a p-group P and the set

of characteristic idempotents in Z,) B> (P, P).

10



2.4 Park groups

In [19], Park constructs a finite group such that a given saturated fusion system
can be realized by that group. He uses the characteristic biset as a tool in the

construction of that group.

Let G be a finite group and P be a p-subgroup of G. We denote by Fp(G)

the fusion system on P whose morphism set is

Homz,)(Q,R) = {¢:Q — R | 3g € G st. ¢(q) = gq9~ " Vg € Q}

for every @, R < P. It is known that when P € Syl (G), the fusion system Fp(G)

is saturated.

Theorem 2.4.1 ([19], Theorem 3). Let F be a saturated fusion system on a
finite p-group P, X be a characteristic biset corresponding to F. Let Q < P
and let ¢ : Q — P be an injective group homomorphism. Then the following are

equivalent:

(i) ¢ is a morphism in F.
(1) The Q-P-bisets o X and ,X are isomorphic.
(iii) @ is a morphism in Fypy(G), where G = Aut(1X), that is, the group of
bijections preserving the right P-action and P is identified with a subgroup

of G via
P % Aut(,X)

p— (z— px).

(iv) The fized point set X>#(Q)¢:Q) £ (),

We call the group G that makes F = F,py(G), a Park group of F. Since
Park group depends both on the fusion system and the characteristic biset X

corresponding to it, we will use the notation Park(F, X) to denote this group.
Remark 2.4.2. In the theorem above, since 1 X is a right-free P-set, the auto-

morphism group Aut(; X) = P S, for n = %, thus G2 P S, .

11



Chapter 3

Scott Modules

In this section, we give the definition of a Scott module and quote results about

basic properties of it. We use [18] as a reference for this chapter.

3.1 Relative trace maps

Let G be a finite group and k be a commutative ring with identity. For a kG-
module M and ) < H < G, the relative trace map is the map

Try : M9 — M"Y

such that Trg(m) = Y2,/ hm for m € M@, We set Mj = Trg (M?). The

Brauer quotient is the quotient

M(H) = M7 (Y M)
Q<H
and Bry denotes the canonical homomorphism from M* to M (H). Conjugation
by ¢ € G induces a kG-module isomorphism between M (H) and M(YH). So if
M(H) # 0, then M(H) inherits a natural kNg(H)-module-structure. Since H
acts trivially on M*, we can also view M(H) as a kNg(H)/H-module.

12



Let M and M’ be kG-modules. Then, the set Homy (M, M’) becomes a kG-
module via
9f(m) = gf(g~"m).
Moreover, Homy, (M, M) = Homyy (M, M') for all H < G. Thus for Q < H <
G, the relative trace map becomes

Try : Homyg (M, M') — Homyy (M, M')

ng(f) (m) = ZheH/Q hf(h=tm).

For a G-algebra A over k, relative trace maps, Brauer homomorphism and

Brauer quotient are defined in a similar way.

3.2 Relative projectivity

From now on, we will study with a p-modular system. Let p be a prime number.
A p-modular system is a triple (K, O, k) where O is a local principal ideal
domain, K is the field of quotients of O and k is the quotient field O/J(O) such
that the following hold:

e O is complete with respect to the natural topology induced by its unique
maximal ideal J(O).

e K has characteristic 0.

e k has characteristic p.

For a finite group G, in order to avoid complications arising from rationality
considerations, we assume that O is such that K contains a primitive |G|th root
of unity and k is algebraically closed. We assume also that all kG-modules that

we are dealing with are finite dimensional.

For H < G, a kG-module M is called relatively H-projective if there is a
kH-module W such that M is a direct summand of Ind§W and write M | Ind§W.
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Observe that, the definition of projectivity for kG-modules coincides with {1}-
projectivity.

The relationship between relative projectivity and trace map is given by Hig-

man as follows:

Theorem 3.2.1 (Higman, [15]). Let M be a kG-module and H < G. Then the

following are equivalent:

(i) M is relatively H-projective.

(ii) M | Ind§Res$ M.
(iii) The identity map on M is in the image of Tr$ : Homyy(M, M) —

HomkG(M, M) .
As a corollary of Higman’s theorem, we have the following remark.

Remark 3.2.2. If (|G : H|,p) = 1, then every kG-module M is relatively H-
projective. In particular, M is relatively P-projective if P € Syl (G).
Proof. Since |G : H| is a unit in k, we have idy, = Tr$ (|G : H| 'idyy). O

Theorem 3.2.3 ([18], Theorem 4.3.3). If M is an indecomposable kG-module,
then there exists a p-subgroup of G determined up to G-conjugacy such that the

following statements hold:

(i) M is relatively P-projective.

(ii) If M is relatively H-projective for some H < G, then P < H.

Any p-subgroup P of G satisfying the two conditions in the theorem above is

called a vertex of M.
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3.3 Scott modules as p-permutation modules

A kG-module M is called a p-permutation module if for every p-subgroup P
of GG, there exists a k-basis of M which is stabilized by P.

Lemma 3.3.1 ([12], Theorem 3.1). Let M be a p—permutation kG-module, and
let P be a p-subgroup of G. Then M(P) is a p-permutation kNg(P)/P-module.

Theorem 3.3.2 ([12], Theorem 3.2). Let G be a finite group. Then the following

statements are true.

1. The wvertices of an indecomposable p-permutation kG-module M are the

mazximal p-subgroup P such that M(P) # 0.

2. An indecomposable p-permutation kG-module M has vertex P if and only
if M(P) is a nontrivial projective kNg(P)/P-module.

3. The correspondence M — M (P) induces a bijection between the isomor-
phism classes of indecomposable p-permutation kG-modules with vertex
P and the isomorphism classes of indecomposable projective kNg(P)/P-

modules.

The definition of a Scott module is given by the following theorem.

Theorem 3.3.3 (Scott-Alperin). For a p-subgroup P of G, there exists an inde-
composable p-permutation kG-module with vertex P denoted by Sp(G, k), uniquely

defined up to isomorphism by the following equivalent properties:

(i) kg | soc(Sp(G,k))(:= largest semisimple submodule of Sp(G,k)).
(ii) ke | hd(Sp(G,k))(:= largest semisimple quotient of Sp(G,k)).
where kg denotes the trivial kG-module. Moreover, Sp(G, k) is isomorphic to

its dual, and is a direct summand of Indflk if and only if P is G-conjugate to a

Sylow p-subgroup of H.
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As a corollary of the last two theorems we have the following.

Corollary 3.3.4. Sp(G,k)(P) is the projective cover of the trivial kNg(P)/P-

module.
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Chapter 4

On Mackey category

corresponding to a fusion system

4.1 The category and its quiver algebra

In this chapter, we will present the Mackey category corresponding to a fusion
system. We will introduce the quiver algebra coming out of this category and
prove the semisimplicity of this algebra by finding the set of centrally primitive
mutually orthogonal idempotents of the ghost algebra of the quiver algebra which

is isomorphic to the quiver algebra.

Let F be an arbitrary fusion system defined on P. We define Mackey cate-
gory corresponding to F, which is denoted by M, to be a category where

e Obj(My) = P,
e Given P, € P, Homp,,(P,Q) = B2*(P,Q) . Here B47(P,Q) is the Z-
submodule of B%(P, ()) having a basis consisting of elements of the form [A(%;fv)]

where V < @, U < P and ¢ : V — U is an isomorphism in F and

AU, ¢, V) ={(e(v),v) | ve V]
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e Composition of morphisms in M # is induced by Mackey product of bisets

and composition of incompatible morphisms are defined to be zero.

We define the category CM z where objects are the same as objects of Mz
and Homepn - (@, P) = C®z Mz(P, Q) and composition of morphisms are given

by C-linear extension of the composition of morphisms of M x.

The quiver ring ® M r is defined as
*Mr= P Mz(PQ)
P,QeP
where multiplication is induced from the composition of morphisms in the cate-
gory M x. We will be concerned about the quiver algebra ®“CM z := C®7 YMx.
The main aim of this chapter is to prove the following theorem by a different

method than they use.

Theorem 4.1.1. (Boltje-Danz, [8]) The algebra *CMx is semisimple.

4.2 Parametrization of simple *CM r-modules

In [14], Diaz and Park gives the parametrization of simple Mackey functors for
fusion systems. They prove that there is a one-to-one correspondence between
the set of simple Mackey functors over C defined for a fusion system F and the

equivalence classes of seeds of F over C.

A seed of F over C is defined to be a pair (K,x) where K € P and
X € Irr(COutx(K)), for Outz(K) = Autxz(K)/Inn(K). There is an equivalence
relation defined on the set of all seeds, namely, two seeds (K, ) and (K’, x’) are
equivalent provided there exists an isomorphism ¢ : K — K’ in F such that
X (p7¢™1) = x(7) for all T € Out#(K). Let © denote the set of equivalence classes
of seeds of F over C.

We define a Mackey functor for a fusion system F over C to be a
C-linear functor from the category CM  to the category C-Mod of C-modules

and refer to it as an M z-functor.
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Remark 4.2.1. M z-functors can be regarded as modules of the quiver algebra
P®CMzx. The correspondence sends an M r-functor F to the *CM r-module
®gepF(Q), where the action of a P-Q-biset pX¢ on the summand F(Q) is given
by F(pXg) and zero on the other summands. Conversely, for each ) € P there
is an idempotent Q-Q-biset oQq and for a ®*CM r-module A, F' defines an M z-
functor for F(Q) :=¢ QoA.

From Proposition 3.1 of [14] we deduce a correspondence between
e the set of simple M z-functors, and
e the elements in ().

Therefore from Remark 4.2.1, we deduce that there is a bijective correspon-

dence between
e the set of simple *CM r-modules, and

e the elements in €.

4.3 The ghost algebra

For the construction of the ghost algebra, we follow Boltje-Danz’s construction
introduced in [8]. The only difference is that they introduce the algebra for more

general categories, we are specializing to fusion systems.
For P, () € P, and a fusion system on P,
Ar(P,Q)={U,a,V) | USSP, VSQ, a:V-=>U}

For each triple (U, o, V) € Az(P,Q), we introduce the elements epyxq(U, a, V)

where the group P x @) acts on them as
(z’y)erQ(U, a,V) = epxq("U, cyac,—1," V)

for x € P and y € . Let us introduce the free Z-module /T/l\;(P, Q) with a free
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Z-basis {epxg(U,a, V) | (U,a, V) € Ax(P,Q)}, that is

Mx(P,Q) = D Z epyo(U, o, V)

(U,a,V)EAF(P,Q)

The direct sum ® Mz := Droer ./\//l;:(P, @) happens to be a ring via the multi-

plication

ICo(V)] e (U . o .
PxR ,Oéﬁ,W), lfQ—Q and V =V
6PXQ(U, Q, V) eQ’xR(V/,ﬁ, W) _ QI X

0, otherwise.

The ghost ring is defined to be
My = P MFP.Q"C.
P,QEP

Setting
épxqU,a, V) =Y ep,o(U,a,V)

(z,y)
where the sum runs through the set of equivalence classes of the stabilizers of

the orbits of epyo(U, o, V), then P x @ fixes épxq(U,a, V) for each (U,a,V) €
Ax(P,Q). Hence, if we let

Mx(P,Q) = a Z épxo(U,a, V)

(U,Q,V)EPXQA]-‘(P,Q)

we can interpret the ghost ring as

P,QeP
We will be working with the complex algebra ®CMz := C ®; Mz
To relate the ghost algebra EB(C/T/l\_/r and the quiver algebra ®*CM £, we define

the mark map

praq i CMF(P,Q) = CM#(P,Q)
to be the linear map defined for a P-(Q-biset X, then

’XA(U,a,V)
prolX] = >

— € U a,V).
Oy PxQ&~F\L,

Letting P and ) run over all objects of P, we obtain a C-linear map
p:® CMp =% CM;.
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Theorem 4.3.1 ([8], Theorem 4.7). The map p is an isomorphism of C-algebras.

We aim to show semisimplicity of PCM z. The method we will use here is to
compute mutually orthogonal centrally primitive idempotents of the ghost algebra

EB(C/\f/\l;: and then using mark isomorphism we can conclude semisimplicity.

4.4 Abelian Case

In this section, we concentrate on the fusion systems F on P where P consists
of abelian groups. In this case, the basis elements of the ghost algebra satisfies
epxqU,a,V) = epyg(U,a, V) for all P,Q € P and all (U,a,V) € Ax(P,Q).
Hence, the multiplication of the basis elements is easier to deal with in this case

than the non-abelian case.
Notation: Let Pf be a subset of P x P defined by
Pi={(.P)| JPEP, J=r K P=>J}

where J =z K denotes there is an J and K are JF-isomorphic. Note that if
K =7 K', then P = P{,. In the following theorem K €z P is used to denote

that K is running over JF-isomorphism classes of P.

Theorem 4.4.1. Let P be a set of abelian groups closed under taking subgroups
and let F be a fusion system defined on P and

?;K: Z erP(J,id, J)

(J.P)EPE

The set {ix | K €x P} is the set of mutually orthogonal idempotents of the center
Z(®CM5) and
€ = Z ZK

KerP

Proof. Since K =5 K’ implies Py = Py, we get ix = ixs. For the pair of groups
K,K' with K #7 K', we have iy # ixs, because Py, = P%,. For that pair of
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groups, we have ix.igr = 0 since P NPz, = 0, so these elements are mutually

orthogonal.

We claim that ix is central for all K €7 P. Let m € @CAAA} be an arbitrary

element. Hence, m can be uniquely written as

m = ZmeQ(U’ a, V) epxo(U,a,V)
P,QeP,
(U,a,V)EAF(PQ)
where mpyq(U, o, V) are the coefficients in C. We have

i.m = ZmeQ(J,a, V) epxq(J,a, V)

(J,P)EPY, QeP,

mag = ZmeQ(U,Oé, J) epxo(U,a,J)

P.QeP, (Ua,)eAr(P,Q),
J=rK

observing that the sets identified under the sum signs above are in fact coincide,
we conclude that ix € Z(®*CMy).

Now, we claim that ix is idempotent for all K € P, because

ZKZK = (Z(J,P)E'P}]; 6P><P(J, ld, J)) . (Z(J/,P/)E'PI}; eP/XP/(J/,id, J/))
Z(J,P)EPI]; €P><P(<]7 ld, J)

= 1K.

We observe that the identity of the ghost algebra 6B(C/T/l\;: is

€ = Z GPXP(J,id, J)

J,PeP, P>J

and therefore we have Y ;. pix = e. O

The idempotents given in the theorem above are not necessarily primitive as

can be seen from the following lemma.

Lemma 4.4.2. For any K €x P, the algebras @(C.//\/\l/;.i;( and COutzr(K) are

Morita equivalent.
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Proof. We recall Theorem 9.9 of [23]. An algebra A and its subalgebra eAe are
Morita equivalent if and only if e is an idempotent of A such that AeA = A. Set
A =% CMz.iyx and e = exxx (K, id, K), then we have eAe ~ COutz(K) and
AeA = A as claimed. m

From this lemma, we get a bijection between Irr(eaC/\f/\l;:.iK) and

Irr(COut #(K)). Hence, it is not surprising to have the following theorem.

Theorem 4.4.3. Let P be a set of abelian groups closed under taking subgroups
and let F be a fusion system defined on P,

iK,x = |Out]: Z Z ePXP(J B? )

)ePZ BEOutz(J)

The set {ir, | (K, x) € Q} is the set of mutually orthogonal centrally primitive
idempotents of ®°CMx and
1= Z iK

(K,x)eQ
Remark 4.4.4. In the innermost sum of the formula, y is regarded as a
COutg(J)-character. Indeed, we do this by transporting the structure as fol-

lows: let ¢ : K — J be an isomorphism in F, then it induces an isomorphism

¢ : Outx(J) — Outx(K) where ¢(3) := ¢~'B¢. Hence, we set

Note that, this setting does not depend on our choice of the isomorphism ¢,
indeed if ¢’ is another F-isomorphism from K to J, then ¢(8) =¢"'¢ ¢/(3) where

¢~ 1¢' € Outr(K).

Proof. If (K, x) and (K’,x’) lie in the same equivalence class of seeds, then we
have ik, = ixr,, if they lie in different equivalence classes, then iy, # ix/,/ by

definition of the equivalence of seeds.
We claim that ik, is central for all (K, x) € €. Let

m = Zmpr(Uﬂa V) erQ(U,oz,V)

P,Q€eP,
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be an arbitrary element of @C/a;, then

: x(1) _
Ty = OntA (K] § E X(B Dmpxo(J, o, V) epxo(J, Ba, V)
AN 1 PyepE, (1aV)err(PQ),
QeP BeOut £ (J)

My = _x) Z Z X(B mpyqU,a, V) epyq(U,aB,V).

P,QeP, (V.Q)ePE
U,a,V)eLF(P,Q) ﬁGOut]-‘(I‘;)

The sums above give the same result because the sets which the sums run through

coincide.

Now, we claim that ik, is an idempotent element. Let

x(1) —1
=" J,06,J
ex,J,P ’Ollt]:((])l Z X(ﬁ )€P><P( 757 )7
BeOut £(J)
then
ikxiny =0 Y er) > exrr)
(J,P)ePE (J,P"ePE

and since e, jp are primitive idempotents of the group algebra COutz(J) we
have €2 ;p = eyup and ey yp.eyppr = 0 for P # P or J # J'. Therefore,

idempotency is clear.

We have
Z iK7X = Z |Out]: Z Z ePXP(J ﬁa )
XEIrr(COut £ (K)) X€Irr(COut £ (K)) (J P)eP{ BeOutz(J)

-y ¥ —ejgiij@”) > W)

(J,P)eP; BeOut £ (J) XEIrr(COut£(J))

= Z erP(J, ldu J)

(J,P)EPE
-
passing from second line to the third line, we use the second orthogonality relation

of the characters. Hence, we have Z(K,x)eﬂ iKx = Dgerp i =1

The primitiveness of ik, comes from the classification of simple ®CM £-

modules given in the Section 4.2.
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4.5 Non-abelian Case

We continue with the case where P may contain some non-abelian groups. In
this case the basis elements of the ghost algebra has a more complicated multi-

plication. To simplify it, we will change the basis of the ghost algebra as follows:

For P,Q) € P and (U,a,V) € Ax(P,Q), we introduce

: [PLIQ|
e U,a,V) = epxolU,a,V
praltiha V) \/ o ICem] oY)

so that have the following multiplication

o r(U,ap, W), fQ=0Q and V=V’
GQDXQ(UW)@ V) €/Q’><R(V,757W) = 0 g th .
: otherwise.

Similar to the previous construction, set

EpxUa, V)= Y epoU,a,V)
(z,y)ePxQ
then P x Q fixes € pyq(U,a,V) for each (U,a,V) € Ax(P,Q). Thus, the set
{e'peo(U,a,V) | (U a,V) €pxg Ar(P,Q)} constitutes a basis for Mx#(P,Q).
Note that,
e puoU,a, V) €oxr(V',a,W) =0

when @) # Q' or when Q = Q' and V' is not QQ-conjugate to V.

Lemma 4.5.1. The identity element e of °CMx is

e pxp(J, id, J)
e = E e er———
|Np(J)[.|P|

PeP,J<pP

Proof. e is a central element since it is symmetric. Let m be an arbitrary element

of EB(C/T/l\;r, then m can be uniquely written as

m=>Y mpeqU,a,V) €puq(U,a,V).
P,Q€eP,
(U,OZ,V)EPXQA]:(P,Q)
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We have

2. 2.

PQeP,J<pP (J?avv)EPXQA]:(P7Q)

D

P,QeP,
(Jva)V)GPXQA}—(PuQ)

e.m

=m

because for C := é/pXP(J, id, J) . ¢!

C 2.

(p1,p2)EPXP

2 2

(P1,9)EPXQ py ' peNp(J)

PL> X

gENP(J) (p1,9)€EPXQ

2.

gENP(J)

P

Hence, e.m = m.

e pxo(J, ¢ya,

meQ(J, a, V)

PXQ(‘L «, V)7

! D1 P2
6P><P( J, Cp1Cpsts J) .

é7P><P<J7 1d7 J) . é/PXQ(‘L a, V)

2.

[Np(J)] P

meQ(J, a, V) é’pXQ(J, a, V)

633><Q(p‘]7 CpQCy—1 ! V)

(p,9)EPXQ

V)

|P|'|NP<J)|6~/P><Q(J’ Cgx, V)
|P.INp(J)|e pxq(J, a, V).

/ p1 q
€pxg (Pt Cpy Cp 1 CpQHCq1, V)

/ p1 q
€pxg(Prd, cp cqacy-1,7V)

]

Next, we state a theorem which gives the set of mutually orthogonal idempo-

tents. Similar to the previous case, we fix our notation as follows:

Notation: Let Py be a subset of P x P which is defined as

Pr={(J,P)| PP, J=rK, J<p P}

Observe that this definition coincides with the definition given in the case for

abelian groups; because when P is abelian, the set of P-conjugacy classes of

subgroups of P is exactly the same as the set of subgroups of P.

Theorem 4.5.2. Let P be a set of finite groups closed under taking subgroups

and let F be a fusion system defined on P,

1K =

>

(J,P)EPY;
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The set {ix | K €x P} is the set of mutually orthogonal idempotents of the center
Z (@C./\//\l;) and

Proof. Since K =z K’ implies Py = Pf,, so we get i = ix,. For the pair
of groups K, K' with K #7 K', we have ix # i/, similarly. Also, we have

ir.ix: = 0 since P NPy =0, so that these elements are mutually orthogonal.

We claim that ix is central for all K € P. Let m € 69(C./\,/\l;: be an arbitrary
element. Hence, m can be uniquely written as
m = ZmeQ(U, o, V) epeo(U a,V)

P,Q€eP,
(U,a,V)epxAF(P,Q)

where mpy (U, o, V) are coefficients in C. We have

lg.m = ZmeQ(J,a, V) é’pXQ(J,a, V) and m.ig = ZmeQ(U,a, J) é’pXQ(U,a, J).

(J7P)EIP[};7 erv P,QEP, (Uvavj)EPXQA}-(PvQ):
(Jvaav)GPXQA}—(P1Q) J:]:K

Observing that the sets identified under the sum signs above coincide, we conclude
that ix € Z(@C//\/\l;). Now, we claim that ix is an idempotent for all K € P,

because

icik= % ¢'pxp(J:id, J) 3 ¢ prop (J',1d, J)

, / . /
bz INPUDLIP Ne (PP

=2 2

(J,P)ePE (p1,p2),(p3,p1)EPX P
pngleNP(J)

- Y X

(J',PEPE;
P4 J)

/ D1
eP><P< J, Cp1Cp; 1 CpsCp s

[Np(J)[2.1P[?

/ 1 4
erP(p J, Cplcgcpf’p J)

2
(J,P)eP; (p1,p4)EPXP ’NP(J)‘
gENPp(J)
. Z L Z é’PxP(J,Cg,J)
N P N 2
(J,P)6P§| |g€Np(J) [Np()]

S ' pup(J,id, J)

umepz NPUDLIP

=K
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because of the multiplication rule introduced.

It is clear that 1=} . ,ik. O

Lemma 4.5.3. For any K €5 P, the algebras @CJ\//\l;.iK and COutzr(K) are

Monrita equivalent.

Proof. We recall again [23] Theorem 9.9. An algebra A and its subalgebra eAe
are Morita equivalent if and only if e is an idempotent of A such that AeA = A.
Set A =% CMz.ix and e = ¢k (K, id, K), then we have ede = COutz(K)
and AeA = A and the result follows. O

Now, we can state non-abelian version of Theorem 4.4.3.

Theorem 4.5.4. Let P be a set of finite groups closed under taking subgroups
and let F be a fusion system defined on P, and

ix Z Z €PxP(J 6: )
x = |0utf e NP

The set {ik, | (K,x) € Q} is the set of mutually orthogonal centrally primitive
idempotents of ® CMx and
L= ) iy

(K,x)eN

Proof. If (K,x) and (K',x’) lie in the same equivalence class, then we have
ik = iK'y, if they lie in different equivalence classes, then ik, # ig/ s by

definition of the equivalence of seeds.
We claim that i, is central for all (K, y) € Q. Let

m = ZmeQ(U, a, V) €pxo(U,a,V)
P7Q€P7
(U7a7v)€P><QA]:(P7Q)

be an arbitrary element of @C/a;, then

x(1) X(B~ )mpxq(J,a, V)
Outr R 2= 2 NPT e

iKX.m =

(J,P)ePE, (Ja,V)EpxAF(PQ),
QEP BeOut (J)
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where AP,Q,J,V,B,& = é’pXP(J,B, J) . é’pXQ(J, «, V) In fact, it is

AP,Q,J,V,B,O( - Z 6,PX}D(pl J7 Cpl /Bcpgl 7p2 J) ° Z elPXQ<pJ7 Cpacq71 7q V)
(p1,p2)EPXP (P, 9)EP*Q
= Z (", ey B, 16p004-1,7 V)

(p1,p2)€PXP
(p.a)EPXQ,ppy ' ENp(J)

= |P| Z 633><Q<p1 J, cp, Begace-1,! V)

(p1,9)EPXQ,
gENP(J)

=|P| > €peqld Beya,V)

geNP(J)

- |P|'|NP(‘])|5/P><Q<J7 ﬂa?‘/)?

here, when the last line is due to the fact that fSc, = f for all 5 € Outz(.J) and
g € Np(J). If we multiply with vice versa, we get

1 B Ympyo(U,a,V
x(1) Z Z X( ) Q( )

T~ 1. 77\ BP, U V. B,a
|Out £ (K)| INo(V)[Q] Quns

m.iKX =

P,QEP, (V,Q)EePE,
(U,,V)EPxQAF(PQ) BEOut]:(I‘(/)

where Bpouvga = é’pXQ(U, a, V). é’QXQ(V, B, V). Similarly we have

Brouysa = |QlINg(V)|€pxo(U,aB, V).

Letting U = J, we conclude that the coefficients of ¢/ rxq(J, -, V) are all equal.

Therefore, we conclude that ik, is central for all (K, x) € €.

Now, we claim that ik, is an idempotent element. Similar to the abelian case

let -
X(l) 1 e/PXP(J7ﬁ7 J)
eopim X (B S ),
P a2 M TR

then

ikxiny =0 Y ewr) > exrr)

(J,P)ePL (J,P"ePE
and since e, jp are primitive idempotents of the group algebra COutz(J) we
have €2 ;p = ey p and ey jp.eyypr = 0 for P # P or J # J'. Therefore,

idempotency is clear.
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We have

. €PxPJ
> k= D IET)KZZ ﬁ

XEIrr(COut £ (K)) X€Irr(COut £ (K)) (J,P)ePf; BEOut £ (J

é’PxP(Jaﬁa‘]) -1
T2 NP | 2 O

(J,P)eP; BeOutr XEIrr(COut £(J))

B epxp(J,id, J)
- (lp)zepﬁ [Np(J)]|P]
=i
passing from second line to the third line, we use the second orthogonality relation

of the characters. Hence, we have Z(K ety = ZKEFP i = 1.

The primitiveness of ik, comes from the classification of simple ®CM z-

modules given in the Section 4.2.

4.6 Proof of Theorem 4.1.1

Both for the abelian and non-abelian cases, we have the semisimplicity of the

ghost algebra.

Proof. From Theorem 4.5.4, we have @C/% = D(K,x)en @CJ\//T;.iK,X. Moreover,

since we have

b SCMyr.ixy = *CMzr.ix
xEIrr(COut #(K))

which is semisimple by Lemma 4.5.3. The result follows.

]

The mark map induces an isomorphism between the ghost algebra and the
quiver algebra. Since isomorphism of algebras preserves semisimplicity, we deduce

semisimplicity of *CM # hence prove Theorem 4.1.1.
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Chapter 5

On fusion systems defined on

p-permutation algebras

Let p be a prime number, G a finite group, and k£ an algebraically closed field
of characteristic p. As we mention in the introduction, we are interested in the

following question:

Given a saturated fusion system F on a finite p-group P, does there exist a
finite group G, a p-permutation G-algebra A and a primitive idempotent b of A¢
such that F = F(p,,)(A,b, G) for some maximal (A, b, G)-Brauer pair (P, ep)?

We have the following conjecture:

Conjecture. Let F be a fusion system on a finite p-group P, X be a charac-
teristic biset for F, G = Park(F, X) and Sp(G, k) be the Scott kG-module with
vertex P. Then for A = Endy(Sp(G,k)) we have

F = F(P’IA(P))(A7 La, G)

For some particular saturated fusion systems, we prove this conjecture. In
fact, the question is reduced to finding Brauer indecomposable p-permutation
modules by the work of Kessar-Kunugi-Mitsuhashi. We show in Theorems 5.3.2

and 5.3.6 that the corresponding Scott modules become Brauer indecomposable,
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hence they provide examples that support the conjecture.

5.1 A sufficient condition for saturation

In this section, we define Brauer pairs and fusion systems for primitive idem-
potents of G-fixed subalgebras of p-permutation G-algebras. We shall state a

sufficient condition for such a fusion system to be saturated.

A G-algebra is called p-permutation G-algebra if for any p-subgroup @ of
G, it has a basis which is @-stable. For a p-permutation G-algebra A, a primitive
idempotent b of A%, we define an (4, b, G)-Brauer pair to be a pair (Q, f) such
that @ is a p-subgroup of G such that A(Q) # 0, f is a block (centrally primitive
idempotent) of A(Q) where Brg(b) # 0 and Brg(b)f # 0. We call (4,0,G) a
saturated triple if b is a central idempotent of A, and for each (A, b, G)-Brauer
pair (Q, f), the idempotent f is primitive in A(Q)¢¢@f). ( Here C(Q, f) denotes
the subgroup of C(Q) which stabilizes f).

Broué and Puig defined, in [13], the notion of inclusion on Brauer pairs as
follows. Let (Q, f) and (P,e) be (A,b, G)-Brauer pairs, then (Q, f) < (P,e) if
Q < P and whenever i is a primitive idempotent of A" such that Brp(i)e # 0,
then Brg(i)f # 0. For an element z € G, the conjugate of (P,e) by z is the
(A, b, G)-Brauer pair *(P,e) := (*P, “e).

The following theorem gives fundamental properties about the inclusion of

(A, b, G)-Brauer pairs.

Theorem 5.1.1 ([13], Theorem 1.8). Let (P, e) be an (A,b, G)-Brauer pair and
let Q < P.

(i) There exists a unique block f of A(Q) such that (Q, f) is an (A, b, G)-Brauer
pair and (Q, f) < (P,e).

(i) The set of (A, b, G)-Brauer pairs is a G-poset under the action of G defined

above.
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The properties of maximal (A, b, G)-Brauer pairs are given in the following

theorem.

Theorem 5.1.2 ([13], Theorem 1.14). Let A be a p-permutation G-algebra and
b be a primitive idempotent of A®. Then,

(i) The group G acts transitively on the set of mazimal (A, b, G)-Brauer pairs.

(i1) Let (P,e) be an (A,b, G)-Brauer pair. The following are equivalent.

(a) (P,e) is a marimal Brauer pair.

(b) Brp(b) # 0 and P is mazimal amongst p-subgroups Q of G with the property
that Brg(b) # 0.

(c) b € TYS(AP) and P is minimal amongst subgroups H of G such that b €
TS (AM).

If @, R are subgroups of G and g € G is such that 9Q) < R, then ¢, : Q) — R
denotes the conjugation map which sends an element ¢ of () to the element

99 = gqg~" of R.

Now, let (P, ep) be a maximal (A, b, G)-Brauer pair. For each subgroup @ of
P, let (Q,eq) be the unique (A,b,G)-Brauer pair such that (Q,eq) < (P, ep).
The category F(pe,)(A,b, G) is the category whose objects are the subgroups of

P, whose morphisms are given by

Hom;(Pﬂem(A,byg)(Q,R) = {Cg : Q — R ’ g < G, g(Q,eQ) < (R, BR)}

for @, R < P and where composition of morphisms is the usual composition
of functions. This category is in fact a fusion system as the following theorem

implies.

Theorem 5.1.3. Let A be a p-permutation G-algebra and b be a primitive idem-
potent of AY and (P,ep) a maximal Brauer pair. Then F := Fpep) (A b, G)
satisfies the following.
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(1)) Homp(Q,R) C Homgz(Q,R) C Inj(Q,R) for all Q,R < P where
Homp(Q, R) denotes the set of all group homomorphisms from Q to R which

are induced by conjugation by some element of P.

(ii) For any ¢ € Homgz(Q, R), the induced isomorphism @ ~ ¢(Q) and its

wnverse are morphisms in F.

The fusion system Fp,)(A, b, G) is not always saturated. The following the-

orem gives a sufficient condition for saturation.

Theorem 5.1.4 ([16], Theorem 1.6). Let A be a p-permutation G-algebra and b
be a primitive idempotent of AY and (P, ep) a mazimal Braver pair. Suppose that
(A,b,G) is a saturated triple, then for any mazximal (A, b, G)-Brauer pair (P, e),
Fpe)(A, b, G) is a saturated fusion system.

Hence, the theorem implies that in order to have a saturated fusion system,

we should have a saturated triple.

5.2 Relation to Brauer indecomposability

We give a criterion for a particular triple to be saturated following the work of
Kessar-Kunugi-Mitsuhashi in [16].

For a finite dimensional kG-module M and a p-subgroup @ of GG, the Brauer
quotient M (Q) with respect to @, is naturally a kNg(Q)/@Q-module (see Section
3.1), hence by restriction is a kCq(Q)/Q-module. We say that M is Brauer
indecomposable if for any p-subgroup @ of G, M (Q) is indecomposable or zero
as a kQCq(Q)/Q-module.

Now, let M be an indecomposable p-permutation kG-module with vertex P
and set A = End,(M). Then A is a G-algebra via

GxA—A

(9,0) = 99
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where 9¢(m) := gp(g~'m) for m € M. Since M is a p-permutation module, A is
a p-permutation algebra and since M is indecomposable, 14 = id,; is primitive.
Thus, we can introduce (A, 14, G)-Brauer pairs in this setting. The following
theorem gives a necessary and sufficient condition for the triple (A4, 14, G) to be

saturated.

Theorem 5.2.1 ([16], Proposition 4.1). With the notation above, the (A, 14, G)-
Brauer pairs are the pairs (Q,1aq)) such that M(Q) # 0 and (P,1acp)) is a

maximal (A, 14, G)-Brauer pair. Further,

(i) f(Ple(P))(A’ 14, G) = Fp(G).

(ii) The triple (A, 14, G) is saturated if and only if M is Brauer indecomposable.

Here, the fusion system Fp(G) is the category whose objects are the subgroups
of P and whose morphism set from @ to R is Homg(Q, R). This theorem suggests
us to find Brauer indecomposable p-permutation modules in order for (A, 14, G)

to be a saturated triple.

5.3 Brauer indecomposability of Scott modules

for some Park groups

Kessar-Kunugi-Mitsuhashi showed for the special case when M = Sp(G, k), the
triple (A, 14, G) is saturated for A = Endy (M) for the case when P is an abelian

p-group as in the following:

Theorem 5.3.1 ([16], Theorem 1.2). Let P be abelian p-subgroup of a finite
group G. If Fp(G) is saturated then Sp(G,k) is Brauer indecomposable and
hence (A, 14,G) is a saturated triple for A = End(Sp(G,k)).

We extend this result to some different fusion systems F defined on P where

P is not necessarily abelian. Our first theorem is the following:
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Theorem 5.3.2. Let P be a finite p-group. For n € Z*, let G = P S, and
L be the diagonal embedding of P into G. The kG-module S, p\(G, k) is Brauer

indecomposable.

Remark 5.3.3. In this theorem, since S, acts trivially on «(P), F,(p)(G) =
Fup)(t(P)). Hence, the fusion system F,p)(G) is saturated. Here, the group G
is not a Park group, but is closely related to Park group, because of this we will

call it as Park type group.

We use couple of lemmas in order to prove the theorem.

Lemma 5.3.4. Let G be a finite p-group and P < G. If Fp(Q) is saturated, then

Sp(G, k) is Brauer indecomposable.

Proof. Let @ be a fully F-normalized subgroup of P, then by Theorem 5.2 of [21]
we have Autp(Q) € Syl,(Autg(Q)). Thus, we have Autp(Q) = Aute(Q) and
Ne(Q) = Np(Q)Cq(Q) since G is a p-group. Consequently, by Alperin’s Fusion
Theorem (see Theorem A.10 in [11] for example), we have Fp(G) = Fp(P).

Since G is a p-group, Indgk is an indecomposable kG-module by Green’s
Indecomposability Theorem, so M := Sp(G, k) = Ind$k. By the Mackey formula,

G _ Na(Q)
ResfyoM = @ Indy&io)pk-
9ENG(Q\G/P

Taking Brauer quotient gives,

M(Q) = 4 IndyD) k.
geNG(Q\G/P, Q<9P
We claim that there is only one coset in the direct sum above. Indeed, if g € G
is such that @ <9 P, then c;-1 : @ —9'Q is in Fp(G), so is in Fp(P). Thus
g € PCq(Q), which establishes our claim. Therefore, M(Q) = Indﬁig;k is an
indecomposable kNg(Q)-module by Green’s Indecomposability Theorem. As a

kQCq(Q)-module,

Ne (@) N QCe(@)
ResploioM (@) = D dyed@none@F
9€QCa(Q)\Ng(Q)/Np(Q)
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by the Mackey formula. Since we have Ng(Q) = Np(Q)Cq(Q), there exists
only one coset. Therefore, M(Q) = Indgg}fE% k is an indecomposable kQCq(Q)-
module again by Green’s Indecomposability Theorem and hence an indecompos-
able kQCq(Q)/@Q-module. Moreover, since any subgroup is F-conjugate (hence

G-conjugate) to a fully F-normalized subgroup, the result holds for all subgroups
of P. O

Lemma 5.3.5. We have
Sup) (G, k) = Indp) .5 k @ Infg PIM(S,,)

where PIM(S,,) is the projective cover of the trivial kS,-module. Here, G acts

diagonally on the tensor product.

Proof. Set T' = Indip)x sk and U = Infg PIM(S,). It is enough to show that
T ® U is a an indecomposable p-permutation kG-module whose vertex is ¢(P)

and whose socle contains the trivial module.

Let D:= P x ... x P, we have
ResGIndp) ., k = Indp ., (pyugyk = Ind))p) k (5.1)

by the Mackey formula and G = D % .S,,. Since D is a p-group, the module on the
right is an indecomposable kD-module by Green’s Indecomposability Theorem.
Therefore, from Proposition 2.1 of [17], we deduce that T'®; U is an indecompos-
able kG-module. We note also that, both T" and U are p-permutation modules.

Hence, T'®;, U is also a p-permutation module.

By Theorem 3.2.1 T'is ¢(P) x.S,-projective and U is D-projective since D acts
trivially on U. Hence, T®,U is both «(P) xS, and D-projective (see [18], Chapter
4, Lemma 2.1 (iii)). Hence, a vertex of T'®y U lies inside (¢(P) x S,,) N D = «(P).
On the other hand,

T, U(L(P)) ~T((P)) @ U #0.

So, ¢(P) is contained in a vertex of T'®y U. Therefore, T'® U has vertex ¢(P).

Finally, since both socle(T") and socle(U) contains k as a kG-submodule, the
socle of the product T' ®; U contains k as a kG-submodule. O
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Proof of Theorem 5.3.2. By the previous lemma, it remains to show that for T'®y
U((Q)) is k[t(Q)Cq((Q))] -indecomposable for all @@ < P. We have

T @, U(Q)) = T((Q)) @y Infi@e@IpN(S,)
as 1(Q)Cq(1(Q))- modules since ¢(Q) acts trivially on PIM(S,,).

From the identity 5.1, we get Res3T = S,p(D,k) because D is a
p-group.  Hence, Lemma 5.3.4 implies that T(«(Q)) is k[t(Q)Cp(«(Q))]-
indecomposable.  Therefore, by Proposition 2.1 of [17], we conclude that
T(Q)) @k Inféf)CG(L(Q))PIM(Sn) is k[1(Q)Cq(1(Q))]-indecomposable.

Our second result is the following theorem.

Theorem 5.3.6. Let P be a finite p-group, E < Aut(P), and n = |E| such that
(n,p) = 1. For o(P) = {(e1(p),...,en(p);id) | p € P} < G := P S, where
e; € E fori=1,...,n. The kG-module S,p)(G, k) is Brauer indecomposable.

Remark 5.3.7. Since P is a Sylow p-subgroup of P x E, the fusion system
Fp(P x E) is saturated and P x F is a characteristic biset corresponding to
Fp(P % E). We observe also that the subgroup o(P) is Park’s embedding. Hence
by Theorem 2.4.1, for G = Park(Fp(P x E), P X E), we have F,p)(G) = Fp(P x
E), thus the fusion system F,p)(G) is saturated.

Proof. Let H=P x E, D= P x...x P. Since H acts on itself by left multipli-
cation, the embedding o can be extended to H, so that o(H) = o(P) x o(E) < G,
where o(E) N D = 1. Hence, Fypy(o(H)) = Fyp)(G). Moreover, since E acts
faithfully on P, is Cq(o(P)) = {(p1,...,pn;id) | p; € Z(P)}. Together with this
and the relation Autg(o(P)) ~ Auty(P), we get |[Ng(o(P))| = n|Z(P)|" | P|.

We claim that Syp) (G, k) = Indg;(H)k. Since o(P) € Syl (o(H)), we get
Sop) (G, k) = Sy (G, k) ([18], Chapter 4, Corollary 8.5). Thus, we deduce that
Sep) (G, k) | IndgG(H)k . Now, suppose

IndS k= Syp) (G, k) @Y
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for some kG-module Y. By Corollary 3.3.4, Syp) (G, k)(o(P)) is the projective
cover of the trivial kNg(o(P))/o(P)- module. Thus |NGQ(5£§D))|1, = |Z(P)|"! di-
vides the dimension of Syp) (G, k)(o(P)). We have

dim Indg; k(e(P)) = [{ge(H) | g € G, 70(P) < o(H)}|.
The condition 9o(P) < o(H) implies that 9o(P) < DN o(H) = o(P), thus

. G . NG(Q(P)) o n—1
dlmIndg(H)k(Q(P)) = ‘—Q(H) ‘ = |Z(P)|

which gives Y (o(P)) = 0. On the other hand, since Y | Indf(H)k:, by the Mackey
formula Res% Y | Resglndg(H)k: = @QGD\G/HIndgmgQ(H)k. Thus DY o(H) =9 o(P)
forces Y (90(P)) # 0. This is a contradiction. Therefore, Y = 0 and the claim is
established.

It remains to show that S,p)(G,k) is Brauer indecomposable. For M :=
Sopy (G, k) = Indf(H)k‘, let us first find what M (o(Q)) is as a kNg(o(Q))-module.
We have

dim M (0(Q)) = [{go(H) | g € G, 0(Q) < o(H)}|

and since any conjugate of o(@) lies in D, the set above counts, in fact, the cosets
for which 90(Q) < o(H)ND = o(P). Or, equivalently it counts the elements g € G
which induces a conjugation map ¢, : 0(Q) =9 0(Q) in Fyp)(G) = Fyp)(o(H)),
this forces g to be in o(H)Cqs(0(Q)). Hence

. _Jo(H)Cq(0(Q))]  |Ca(0(@Q))]
dim M(el@) = == = Cum @)

On the other hand, by Mackey formula,

G _ Ng(0(Q))
Resg (oM = Sy Ind g (o@rwem -
9ENG (e(Q)\G/e(H)
Besides, for all @ < P, we have Autg(0(Q)) = Autym)(0(Q)), thus
[Na(e(@)] _ [Noun(0(@Q))|
[Ca(a(@)] [Con (2(Q))]

Hence by Equations 5.2 and 5.3, we conclude that

_ Na(o(Q))
M(e(Q)) = Indy™ "o -
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When viewed as ko(Q)Cq(0(Q))-module, we claim that M(p(Q)) is in fact a
ko(Q)Ca(o(Q))-Scott module with vertex o(Q)Cyp)(0(Q)) and this will auto-
matically give the indecomposability of M(o(Q)) as a ko(Q)Cs(0(Q))-module.

The restricted module is

Ne(e(@) o QCe(e(Q)) Q) Ca(e(Q)
Res,GicatoianM (@) = Indyd)od Gy, o @)k = Idgd)c o (i)

by the Mackey formula and by o(Q)Ca(0(Q))Nym (2(Q)) = No(o(Q)).

Set A = 0(Q)Cyp)(0(Q)) and B = 0(Q)Cc(0(Q)) and let S := Sa(B, k).
Since A € Syl (o(Q)Cym)(0(Q))) and by the equation above, S is a direct sum-

mand of M (o(Q)) ([18], Chapter 4, Corollary 8.5). Let
M(o(@)) =5® X

for some ko(Q)Cq(0(Q))- module X. We will show that X = 0. Observe that
Np(A) = 0(Q)(Na(e(P)) N Ca(e(Q))), thus
INs(A)| _ [Ne(o(P)) N Cele(Q))]
A |Cory (2(Q)] '
Since S(A) is the projective cover of the trivial Np(A)/A- A)/A|p
divides the dimension of S(A), hence INe(oPNOCe(e@le giyides the dimension of

ICocpy(0(Q)]
S(A). On the other hand,

dim M(0(Q))(A) = [{ g o(Q)Coimn) (0(Q)) | g € B, 7A < 0(Q)Coan) (0(Q)) }
_ (@) (Ne(o(P)) N Ca(e(@))]

|0(Q)Co(rn) (2(Q))]
_ |(Ne(a(P)) N Ca(e(Q))]
|Cotm (2(Q))]

where the first equality comes from the fact that o(P) < o(H). We claim that

[Na(e(P)) N Ca(e(@)lp o [(Na(e(P)) N Cale(Q))]
[Co(p)(0(Q)] |Cogr ((?))I
g

the two numbers

are equal

and this will in turn imply S(A) = M (0(Q))(A). Let g € Ng(o(P)) N Cex(0(Q)),
then ¢, : o(P) — o(P) is in Fyp)(G) = Fopy(o(H)), thus g € o(H)Ce(o(P))
and so g € Cymycgory(0(Q)). Conversely, let g € Cymyce (o) (0(Q)), then
since o(H) < Ng(o(P)), g € Na(o(P)). Hence, Ng(o(P)) N Ca(o(Q)) =
Co(t)0aio(ry (0(Q)). This yields

|Cony(0(Q))]

[Na(e(P)) N Ca(a(@))ly = |Cotmeaery (e(@))ly = [Co(p)) (2(Q))]
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since Cg(o(P)) < D and D is a p-group. This establishes the claim and that
X(A) =0.

Let D' := o(Q)Cp(0(Q)). Since X | Indjigyc, , ooy

B D’
Resp X | EB IndD’ﬂg(g(Q)CQ<H> (@(Q)))k‘
9€D\B/o(Q)Cy(r)(0(Q))

Moreover,

D07 (2(@)Cotm) (0(@))) = o(Q)Cprsean (0(Q)) = 2(Q)Ciag(py(0(Q)) =7 A

since D = D for all g € B. Thus, X (9A) # 0, which contradicts with the result

in the previous paragraph. Therefore, we conclude that X = 0 and

M(0(Q)) = So(@)Cyir (e@)) (0(Q) Ca(0(Q)), )

is an indecomposable ko(Q)Cq(0(Q))-module. O
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Chapter 6

On real representation spheres

and real monomial Burnside ring

This chapter contains the presentation of the paper [5]. We introduce a restric-
tion morphism, called the Boltje morphism, from a given ordinary representation
functor to a given monomial Burnside functor. In the case of a sufficiently large
fibre group, this is Robert Boltje’s splitting of the linearization morphism. By
considering a monomial Lefschetz invariant associated with real representation
spheres, we show that, in the case of the real representation ring and the fibre
group {£1}, the image of a modulo 2 reduction of the Boltje morphism is con-
tained in a group of units associated with the idempotents of the 2-local Burnside
ring. We deduce a relation on the dimensions of the subgroup-fixed subspaces of

a real representation.

6.1 Results

We shall be making a study of some restriction morphisms which, at one extreme,
express Boltje’s canonical induction formula [7] while, at the other extreme, they
generalize a construction initiated by tom Dieck [25, 5.5.9], namely, the tom

Dieck morphism associated with spheres of real representations. A connection

42



between canonical induction and the tom Dieck morphism has appeared before, in
Symonds [22], where the integrality property of Boltje’s restriction morphism was
proved by using the natural fibration of complex projective space as a monomial

analogue of the sphere.

Generally, our concern will be with finite-dimensional representations of a
finite group G over a field K of characteristic zero. A little more specifically,
our concern will be with the old idea of trying to synthesize information about
KG-modules from information about certain 1-dimensional K/-modules where I
runs over some or all of the subgroups of G. Throughout, we let C' be a torsion
subgroup of the unit group K* = K — {0}. The 1-dimensional K/-modules to
which we shall be paying especial attention will be those upon which each element
of I acts as multiplication by an element of C'. Some of the results below are
specific to the case where K = R and C' = {£1}, and some of them are also

specific to the case where G is a 2-group.

Fixing C, we write O¢(G), or just O(G), to denote the smallest normal sub-
group of G such that the quotient group G/O(G) is abelian and every element
of G/O(G) has the same order as some element of C. In other words, O(G) is

intersection of the kernels of the group homomorphisms G — C.

Consider a KG-module M, finite-dimensional as we deem all KG-modules to
be. Given a subgroup I < G, then the O(I)-fixed subspace MY of M is the
sum of those 1-dimensional K/-submodules of M that are inflated from I/O(1).
For elements ¢ € C' and i € I, we write M!" to denote the c-eigenspace of the
action of i on MU, By Maschke’s Theorem,

MO =P Ml dim(MO") = " dim(M]") .
ceC ceC
We shall introduce a restriction morphism, denoted dim®, whereby the isomor-

phism class [M] of M is associated with the function
(1,4) + dim(M!").
We shall define the Boltje morphism to be the restriction morphism

bol®¢ = Z ¢ dim® .
ceC
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This morphism is usually considered only in the case where C' is sufficiently large
in the sense that each element of G has the same order as some element of C'. In
that case, the field K splits for GG, the Boltje morphism is a splitting for lineariza-
tion and we have a canonical induction formula. At the other extreme though,
when C' = {1}, the monomial dimension morphism dim' is closely related to the
tom Dieck morphism die(), both of those morphisms associating the isomorphism
class [M] with the function
I — dimg(M?").

The vague comments that we have just made are intended merely to convey
an impression of the constructions. In Section 2, we shall give details and, in

particular, we shall be elucidating those two extremal cases.

For the rest of this introductory section, let us confine our discussion to the
case where we have the most to say, the case K = R. Here, the only possibil-
ities for C' are C' = {1} and C = {£1}. We shall be examining the modulo 2
reductions of the morphisms dim® and bol®“. We shall be making use of the
following topological construction. Given an RG-module M, we let S(M) denote
the unit sphere of M with respect to any G-invariant inner product on M. Up to
homotopy, S(M) can be regarded as the homotopy G-sphere obtained from M

by removing the zero vector.

Let us make some brief comments concerning the case C' = {1}. The reduced
tom Dieck morphism die is so-called because it can be regarded as a modulo 2
reduction of the tom Dieck morphism die(). Via die, the isomorphism class [M]

is associated with the function
I — par(dim(M7))

where par(n) = (—1)" for n € Z. We can view die as a morphism of biset functors

E : AR — 6 x
where the coordinate module Ag(G) is the real representation ring of G and the
coordinate module 5*(G) is the unit group of the ghost ring 5(G) associated with
the Burnside ring B(G) of G. But we shall be changing the codomain. A result of
tom Dieck asserts that the image of the coordinate map dieg : Ag(G) — B8*(G)
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is contained in the unit group B*(G) of B(G). His proof makes use of the fact
that the function I — par(dim(M?)) is determined by the Lefchetz invariant of
S(M). Hence, we can regard the reduced tom Dieck morphism as a morphism of
biset functors

die : Ag — B> .

The main substance of this chapter concerns the case C' = {£1}, still with
K = R. We now replace the ordinary Burnside ring B(G) with the real Burnside
ring Br(G) = Br+13(G), we mean to say, the monomial Burnside ring with fibre
group {%1}. For the rest of this section, we assume that C' = {£1}. Thus, the
group O(G) = O¢(G) is the smallest normal subgroup of G such that G/O(G)
is an elementary abelian 2-group. We write O%(G) to denote the smallest normal

subgroup of G such that G/O?*(G) is a 2-group.

In a moment, we shall define a restriction morphism bol, called the reduced

Boltje morphism, whereby [M] is associated with the function
I — par(dim(M°WD)) .

Some more notation is needed. Recall that the algebra maps QB(G) — Q are the
maps €5 : QB(G) — Q, indexed by representatives I of the conjugacy classes of
subgroups of G, where ¢¥[Q2] = ||, the notation indicating that the isomorphism
class [Q] of a G-set Q is sent to the number of [-fixed elements of Q2. Also recall
that any element x of QB(G) has coordinate decomposition
r= Z ¥ (x) e
I
where each €¢ is the unique primitive idempotent of QB(G) such that 5 (e$) # 0.
The ghost ring 5(G) is defined to be the set consisting of those elements z such
that each €¥(z) € Z. Evidently, the unit group 8*(G) of 5(G) consists of those
elements x such that each €¥(x) € {£1}. In particular, 3*(G) is an elementary
abelian 2-group, and it can be regarded as a vector space over the field of order
2. Our notation follows [4, Section 3], where fuller details of these well-known
constructions are given. We define bolg : Ar(G) — B*(G) to be the Q-linear
map such that
bolg[M] = Zpar(dim(Mo(I))) e§ .
I
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Evidently, we can view bol as a morphism of restriction functors Ap — B*.
Extending to the ring Z) of 2-local integers, we can view bol as a morphism of

restriction functors Z)Ar — 8.

Let 5 denote the restriction subfunctor of * such that 5 (G) consists of
those units in 5*(G) which can be written in the form 1 — 2y, where y is an
idempotent of Z9)B(G). In analogy with the above result of tom Dieck, we shall

prove the following result in Section 6.3.

Theorem 6.1.1. The image of the map bolg : Z Ar(G) — B*(G) is contained

in ﬁé)(G). Hence, bol can be regarded as a restriction morphism bol : Z2)Ar —

Bz

In Section 6.4, using Theorem 6.1.1 together with a characterization of idem-
potents due to Dress, we shall obtain the following result. We write =5 to denote

congruence modulo 2.

Theorem 6.1.2. Given an RG-module M, then dim(MOD)) =, dim(MO*(D) for
all I < G.

Specializing to the case of a finite 2-group, and using a theorem of Tornehave,
we shall deduce the next result, which expresses a constraint on the units of the
Burnside ring of a finite 2-group. We shall also give a more direct alternative
proof, using the same theorem of Tornehave and also using an extension in [3] of

Bouc’s theory [9, Chapter 9] of genetic sections.

Theorem 6.1.3. Suppose that G is a 2-group. Then, for all I < G and all units
x € B*(G), we have 68(1)(1‘) = (7).

6.2 Boltje morphisms

For an arbitrary field K with characteristic zero, an arbitrary torsion subgroup C
of the unit group K* and an arbitrary element ¢ € C', we shall define a restriction

morphism dim®, called the monomial dimension morphism for eigenvalue ¢, and
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we shall define a restriction morphism bol®¥, called the Boltje morphism for C

and K. In this section, we shall explain how, in one extremal case, bol®¥ is
associated with canonical induction while, in another extremal case, bol®¥ is

associated with dimension functions on real representation spheres.

We shall be considering three kinds of group functors, namely, restriction func-
tors, Mackey functors, biset functors. All of our group functors are understood
to be defined on the class of all finite groups, except when we confine attention
to the class of all finite 2-groups. For any group functor L, we write L(G) for
the coordinate module at G. For any morphism of group functors 6 : L — L/,
we write 0g : L(G) — L'(G) for the coordinate map at G. Any group isomor-
phism G — G’, gives rise to an isogation map (sometimes awkwardly called an
isomorphism map) L(G) — L(G'), which is to be interpreted as transport of
structure. Restriction functors are equipped with isogation maps and restriction
maps. Mackey functors are further equipped with induction maps, biset functors
are yet further equipped with inflation and deflation maps. A good starting-point

for a study of these briefly indicated notions is Bouc [9].

Recall that the representation ring of the group algebra KG coincides with the
character ring of KG. Denoted Ak (G), it is a free Z-module with basis Irr(KG),
the set of isomorphism classes of simple KG-modules, which we identify with the
set of irreducible KG-characters. The sum and product on Ag(G) are given by
direct sum and tensor product. We can understand Ax to be a biset functor
for the class of all finite groups, equipped with isogation, restriction, induction,
inflation, deflation maps. Actually, the inflation and deflation maps will be of no
concern to us in this chapter, and we can just as well regard Ax(G) as a Mackey

functor, equipped only with isogation, restriction and induction maps.

The monomial Burnside ring of G with fibre group C, denoted Bq(G), is
defined similarly, but with C-fibred G-sets in place of KG-modules. Recall that
a C-fibred G-set is a permutation set €2 for the group CG = C x G such that
C acts freely and the number of C-orbits is finite. A C-orbit of Q is called a
fibre of €. It is well-known that B can be regarded as a biset functor. For our

purposes, we can just as well regard it as a Mackey functor.
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Let us briefly indicate two coordinate decompositions that were reviewed in
more detail in [2, Equations 1, 2]. Defining a C'-subcharacter of G to be a pair
(U, 1) where U < G and p € Hom(U, C), then we have a coordinate decomposi-
tion

Bo(G) = @ ng,u
(Up)
where (U,p) runs over representatives of the G-conjugacy classes of C-
subcharacters, and dj . 1s the isomorphism class of a transitive C-fibred G-set
such that U is the stabilizer of a fibre and U acts via p on that fibre. The other
coordinate decomposition concerns the algebra KB¢(G) = K® Bo(G). We define
a C-subelement of G to be a pair (I,i0¢(])), where i € I < G. As an abuse of
notation, we write (7,17) instead of (I,iO¢(1)). For each C-subelement (1,1), let
€7; be the algebra map KB¢(G) — K associated with (1,4). Recall that, given
a C-fibred G-set Q, then €7,[Q] = 3" ¢.,, where w runs over the fibres stabilized
by I and 7 acts on w as multiplication by ¢,. Let efi be the unique primitive
idempotent of KB¢(G) such that €f;(ef’;) = 1. Note that we have G-conjugacy
(I,7) =g (J,j) if and only if €f/; = €5, which is equivalent to the condition
e?ﬂ- = e%. We have
KBe(G) = P Kef,
(1)

where (I, 7) runs over representatives of the G-conjugacy classes of C-subelements.

Thus, given an element = € KB¢(G), then

Recall that there is an embedding B(G) < B¢(G) such that [U] — [CU],
where each element w of a given G-set U corresponds to a fibre {cw : ¢ € C}
of the C-fibred G-set C'UO = C' x . The embedding is characterized by an easy
remark [2, 7.2], which says that, given © € B¢(G), then € B(G) if and only if
€7:(x) = €f(x) for all i,7 € I, in which case, €f'(x) = €7, (z) for all s € I. We

shall be needing the following remark in the next section.

Remark 6.2.1. Let R be a unital subring of K. Then KB(G) N RBc(G) =
RB(G).
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Proof. Let m¢ : Bo(G) — B(G) be the projection such that [Q] — [C\2], where
C\ denotes the G-set of fibres of a given C-fibred G-set €. Extending linearly,
we obtain projections m¢ : RBco(G) — RB(G) and ¢ @ KBeo(G) — KB(G).
Given x € KB(G)NRBc(G), then 2 = m¢(x) € RB(G). So KB(G)NRBc(G) C

RB(G). The reverse inclusion is obvious. O

We mention that the projection m¢ : KBo(G) — KB(G) is an algebra map
and, since €7 [C\Q] = €7, [Q], we have m¢(ef;) = ef if i € O(I) while m¢(ef;) = 0

otherwise.

We shall also be making use of the primitive idempotents of KAx(G). Re-
garding KAk (G) as the K-vector space of G-invariant functions G — K, then the
algebra maps KAk (G) — K are the maps ef, indexed by representatives g of the
conjugacy classes of GG, where e?(x) = x(g) for x € KAk(G). Letting eg be the
primitive idempotent such that ef(ef) =1, then

X=> e00e => xlg)ef

where g runs over representatives of the conjugacy classes of G. The linearization
morphism
lin“* : KBo — KAg

has coordinate morphisms ling™ : KBo(G) — KAk (G) such that
ling“[d ] = indeu(u) -

Letting €2 be a C-fibred G-set, and letting K2 = K® {2 be the evident extension
of Q to a KG-module, then 1in&5™[Q] = [KQ)J.

Remark 6.2.2. Given a primitive idempotent ef’; of KB¢(G), then ling’K(e%) #

0 if and only if I is cyclic with generator 4, in which case ling’K(e?i) =ef.

Proof. Tt suffices to show that eg> 19 = €[KQJ. Letting  run over representa-
tives of the fibres of €2, then z runs over the elements of a basis for the KG-module
KQ. With respect to that basis, the action of ¢ on K(2 is represented by a ma-

trix which has exactly one entry in each row and likewise for each column. The
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two sides of the required equation are plainly both equal to the trace of that

matrix. U

Given ¢ € (', we define a K-linear map
such that ef;(dimg[M]) = dim(M/) for a KG-module M. In other words,

dim&[M] =) dim(M/") ef

Since ef;(resy(x)) = €f;(x) for all intermediate subgroups I < H < G, the
maps dimg, commute with restriction. Plainly, the maps dimg also commute

with isogation. Thus, the maps dim¢ combine to form a restriction morphism

dim® : KAK — KB¢.

Let us define the Boltje morphism to be the restriction morphism

bol¢¥ — Z cdim® : KAx — KBg .

ceC

K
1<

B e
The sum makes sense because, for each G, the sum boli™ = ) . cdimg is

finite, indeed, dim¢, vanishes for all ¢ whose order does not divide |G|. When C
is sufficiently large, the Boltje morphism is a splitting for linearization. We mean

to say, if every element of G' has the same order as an element of C', then

CK bOlCK

hn idK A (G) -

To see this, first note that, for arbitrary C' and K, we have
bolg“[M] = xu(i)ef,
where y; is the K/-character of the K/-module M°Y). Using Remark 6.2.2,

hnCK(bolCIK ZXI hnG er:) ZX
(I,3)
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where y is the KG-character of M and, in the final sum, ¢ runs over representa-
tives of those conjugacy classes of elements of GG such that the order of ¢ divides
|G|. When C' is sufficiently large in the sense specified above, i runs over repre-

sentatives of all the conjugacy classes, and ) . x(¢) e; = [M], as required.

Let us confirm that the assertion we have just made is just a reformulation
of the splitting result in Boltje [7]. Suppose, again, that C' is sufficiently large.
Then, in particular, K is a splitting field for G. We must now resolve two different
notations. Where we write Bo(G) and Ag(G) and 1in&™ and dgi ,, Boltje [7]
writes Ry (G) and R(G) and bg and mG, respectively. Note that, because of
the hypothesis on C, the scenario is essentially independent of C' and K. In [7,
2.1], he shows that there exists a unique restriction morphism a : Ax — B¢ such
that ag(¢) = dg , for all ¢ € Hom(G, C). Since

e ;(bolg™(9)) = (i) = €7,(dE ) = ¢Fi(ac(9))

we have bolg’]K = ac and bol®® = a. But the splitting property that we have
been discussing is just a preliminary to a deeper result about integrality. Having
resolved the two different notations, we can now interpret Boltje [7, 2.1(b)] as the

following theorem, which expresses the integrality property too.

Theorem 6.2.3. (Boltje) Suppose that every element of G has the same order
as an element of C. Then the restriction morphism bol®¥ : KAx — KB is the

IC,K

K-linear extension of the unique restriction morphism bo . Ax — B¢ such

that 1lin®* _ bol“® = id.

When the hypothesis on C'is relaxed, the splitting property and the integrality
property in the conclusion of the theorem can fail. Nevertheless, as we shall see
in the next section, the Boltje morphism bol®® does appear to be of interest even
in the two smallest cases, where C' = {1} or C' = {£1}. Let us comment on a
connection between the tom Dieck morphism die() and the Boltje morphism in
the case C'= {1}. Our notation die() is taken from a presentation in [4, 4.1] of a
result of Bouc—Yalgin [10, page 828]. Letting B* denote the dual of the Burnside
functor B, then the tom Dieck morphism die : Ax — B* is given by

dieg[M] = Z dim(M") 6¢
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where I runs over representatives of the G-conjugacy classes of subgroups of G,
and the elements 6% comprise a Z-basis for B*(G) that is dual to the Z-basis of
B(QG) consisting of the isomorphism classes of transitive G-sets d¥ = [G/I]. On

the other hand, the morphism bol{¥ = dim' : Ax — B is given by

boli (M) = dimg[M] = dim(M') ¢F .
I

Thus, although die() and bol™™* have different codomains, their defining formu-
las are similar. A closer connection will transpire, however, when we pass to the

reduced versions of those two morphisms in the special case K = R.

6.3 The reduced Boltje morphism

Still allowing the finite group G to be arbitrary, we now confine our attention
to the case K = R. The only torsion units of R are 1 and —1, so the only
possibilities for C' are C'= {1} and C' = {£1}. We shall be discussing modulo 2
reductions of the tom Dieck morphism die() and the Boltje morphisms bolH® and
bol(F1HE, realizing the reductions as morphisms by understanding their images to
be contained in the unit groups B*(G) and 5*(G), respectively. Although those
unit groups are abelian, it will be convenient to write their group operations

multiplicatively.

In preparation for a study of the case C' = {£1}, we first review the case
C = {1}, drawing material from [4] and Bouc-Yalgin [10]. The parity function
par : n — (—1)" is, of course, modulo 2 reduction of rational integers written
multiplicatively (with the codomain Cy, the cyclic group with order 2, taken to
be {£1} instead of Z/27Z). Thus, fixing an RG-module M, and letting I run over
representatives of the conjugacy classes of subgroups of G, the function die : I —
par(dim(M7)) is the modulo 2 reduction of the function die : I +— dim(M?’). In
Section 2, we realized die() as a morphism with codomain B*. But we shall be
realizing die as a morphism with codomain B*. Let us explain the relationship
between those two codomains. Recall that the ghost ring associated with B(G)
is defined to be the Z-span of the primitive idempotents 3(G) = @, Ze§. We
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have B(G) < B(G) < QB(G), and an element x € QB(G) belongs to 5(G) if
and only if €¥(z) € Z for each I < G. We also have an inclusion of unit groups
B*(G) < B*(G), and x € B*(G) if and only if each ¢¥(z) € {£1}. We shall
be making use of Yoshida’s characterization [28, 6.5] of B*(G) as a subgroup of
p*(G).

Theorem 6.3.1. (Yoshida’s Criterion) Given an element x € [*(G), then
x € BX(G) if and only if, for all I < G, the function Ng(I)/I > gl —

Egm (z)/eS (z) € {&1} is a group homomorphism.

As discussed in [4, Section 10], the modulo 2 reduction of the biset functor
B* can be identified with the biset functor £, and the modulo 2 reduction of
the morphism of biset functors die() from Agr to B* can be identified with the

morphism of biset functors die from Ag to 8* given by
dieg[M] = Z par(dim(M?)) ¥ .
I

A well-known result of tom Dieck asserts that the image dieg(Ag(G)) is contained
in B*(@G). Since B* is a biset subfunctor of 5, we can regard die as a morphism

of biset functors

die : AR — B*.
We call die the reduced tom Dieck morphism. (In [4], the tom Dieck mor-

phism die() was called the “lifted tom Dieck morphism” for the sake of clear

contradistinction.)

Below, our strategy for proving Theorem 6.1.1 will be to treat it as a monomial
analogue of tom Dieck’s inclusion die(Ag) < B*. Just as an interesting aside,
let us show how Yoshida’s Criterion yields a quick direct proof of tom Dieck’s
inclusion. Consider an RG-module M and an element g € G. Let my(g) and
m_(g) be the multiplicities of 1 and —1, respectively, as eigenvalues of the action
of g on M. Let m(g) be the sum of the multiplicities of the non-real eigenvalues.
Then dim(M) = my(g) + m_(g) +m(g). Since the non-real eigenvalues occur in

complex conjugate pairs, m(g) is even and the determinant of the action of g is

ar(dim(M 9
det(g : M) = par(m_(g)) = par(m.(g) — dim(M)) = ppa(r?dm%@)))
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Let = dieg[M]. Consider a subgroup I < G and an element gI € Ng(I)/I.
Replacing the RG-module M with the RNg(7)/I-module M, we have
B par(dim (M 19)) €<G1 (@)

det(g] : M) = par(dim(M7)) - EIG(x)

By the multiplicative property of determinants, x satisfies the criterion in The-
orem 3.1, hence x € B*(G). The direct proof of the inclusion die(Ag) < B* is

complete.

However, lacking an analogue of Theorem 6.3.1 for the case C' = {£1}, we
shall be unable to adapt the argument that we have just given. Tom Dieck’s
original proof of the inclusion die(Ag) < B* is well-known, but let us briefly
present it. Let K be an admissible G-equivariant triangulation of the G-sphere
S(M). Thus, K is a G-simplicial complex, admissible in the sense that the
stabilizer of any simplex fixes the simplex, and the geometric realization of K is

G-homeomorphic to S(M). Recall that the Lefschetz invariant of S(M) is

as an element of B(G), summed over representatives o of the G-orbits of simplexes
in K, where Orbg (o) denotes the G-orbit of ¢ as a transitive G-set and /(o)
denotes the dimension of o. Here, we are not including any (—1)-simplex. For
I < @G, the subcomplex K! consisting of the I-fixed simplexes is a triangulation

of the I-fixed sphere S(M)" = S(M'). Summing over all the simplexes ¢ in K’,

we have

e (Ac(S(M))) = Y par(¢(0)) = x(S(M)") = 1—par(dim(M")) = €7 (1~dieq[M])
where x denotes the Euler characteristic, equal to 2 or 0 for even-dimensional or
odd-dimensional spheres, respectively. Therefore dieg[M] =1 — Ag(S(M)) and,
perforce, dieg[M] € B(G). But dieg[M] € 8*(G), hence dieg[M] € B*(G). We
have again established the inclusion die(Ag) < B*.

For the rest of this section, we put C' = {£1}. Thus, given a subgroup I < G,
then 7/O(I) is the largest quotient group of I such that I/O(I) is an elementary
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abelian 2-group. We shall prove Theorem 6.1.1 by adapting the above topological
proof of the inclusion die(Ag) < B*.

Let M be an RG-module. Allowing C' to act multiplicatively on M and on
S(M), let K be an admissible C'G-equivariant triangulation of S(M). Thus, the
hypothesis on K is stronger than before, the extra condition being that, when we
identify the vertices of K with their corresponding points of S(M), the vertices
occur in pairs, z and —z. More generally, identifying the simplexes of K with
their corresponding subsets of S(M), the simplexes occur in pairs, o and —o, the
points of any simplex being the negations of the points of its paired partner. As
an element of Bo(G), we define the C-monomial Lefschetz invariant of M to
be

Aca(M) = " par(l(0)) [Orbeg(o)]

where ¢ now runs over representatives of the C'G-orbits of simplexes in K, and
[Orbeg(0)] denotes the isomorphism class of the CG-orbit Orbe(o) as a C-fibred
G-set. A similar monomial Lefchetz invariant, in the context of a sufficiently large
fibre group, was considered by Symonds in [22, Section 2]. To see that Acg(M) is
an invariant of the C'G-homotopy class of S(M), observe that, regarding M as a
CG-module and regarding S(M) as a C'G-space, then Acg (M) is determined by
the usual Lefschetz invariant Acg(S(M)) € B(CG), which is given by the same
formula, but with [Orbeg(0)] reinterpreted as the isomorphism class of Orbeg (o)

as a transitive CG-set.

Theorem 6.3.2. Still assuming that C = {£1} and that M is an RG-module
then, for any C-subelement (I,1) of G, we have

Zilhoa(M) = Y w(i)
Yelrrpy (RI)

where Irry (RI) denotes the subset of Irr(RI) consisting of those irreducible RI-
characters that have odd multiplicity in the RI-module MWD . In particular,
?:(Aca(M)) =5 dimp(MOWD).

Proof. We have dimg(M©°W1)) = >, My where, for the moment, ¢ runs over all

the irreducible R/-characters and m,, is the multiplicity of ¢ in the R/-character
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of MOW_ If my # 0 then v is the inflation of an irreducible RI/O(I)-character
and, in particular, ¢(i) = £1. Therefore, dimg(M°W1)) =, >y ¥(i), where 1) now
runs over those irreducible RI-characters such that my is odd. So the rider will

follow from the main equality.

Put A = Acg(M) Since EgZ(A) = 6?1-(1'68176*(1\)) = €§7i(AC[(l"eS]7g<M))), we
can replace M with res; (M). In other words, we may assume that I = G. Let

K be an admissible C'G-equivariant triangulation of the sphere S(M). We have
eG ; Z par (¢ EG [Orbeg(o)]

where o runs over representatives of the C'G-orbits of simplexes of K. By the
definition of egﬂ-, contributions to the sum come from only those representatives
o such that the fibre {o,—c} is stabilized by G, in other words, {o,—0} =
Orbeg(o). Let A be the set of simplexes p of K whose fibre is stablized by
G. Let G = G/O(G), and regard the irreducible RG-characters as irreducible
RG-characters by inflation. For all p € A, we have

¢G.qlOrbea(p)] = e¢il{p, —p} = ¥, (0)

where 1, is the irreducible RG-character such that ip = ,(i)p. Since each CG-

orbit in A owns exactly two simplexes,

26G,(N) = > w,(i) par(€(p)) .

pEA
Defining Ay, = {p € A : ¢, = ¢}, we have a disjoint union A = J,, Ay where v
runs over the irreducible RG-characters. So

28, (M) = > W) D par(t(p))

»elrr(RG) PEAy

Meanwhile, we have a direct sum of RG-modules M) = @w M., where
My is the sum of the RG-modules with character 1. We claim that A, is a
triangulation of S(My). To demonstrate the claim, we shall make use of the
admissibility of K as a C'G-complex. We have M, = MY where Gy be the
index 2 subgroup of CG such that if ¢(i) = 1 then i € Gy # —i, otherwise
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i & Gy > —i. But Ay is precisely the set of simplexes in K that are fixed by Gy.
By the admissibility of K as a CG-complex, A, is a triangulation of S(M%).
The claim is established. Therefore

> par(l(p)) = x(S(My)) = 1 — par(dimg(My)) .

pEAy

We have shown that €Z'(A) = > ety ey ¥(2), as required. O

We need to introduce a suitable ghost ring. As a subring of QBgr(G), we
define

Be(G) = P Zef,
(19)

where, as usual, (/,7) runs over representatives of the G-conjugacy classes of C-
subelements of G. To distinguish fg(G) from other ghost rings that are sometimes
considered in other contexts, let us call Sg(G) the full ghost ring associated
with Br(G). We have Br(G) < fr(G) < QBgr(G), and an element = € QBg(G)
belongs to fr(G) if and only if each €f;(x) € Z. Let us mention that S(G) can be
characterized in various other ways: as the Z-span of the primitive idempotents
of QBg(G); as the integral closure of Bg(G) in QBg(G); as the unique maximal
subring of QBg(G) that is finitely generated as a Z-module.

Since eff(resy q(x)) = €7, (x) for all I < H < G, the rings fg(G) combine to
form a restriction functor Sg. Let us mention that, by [2, 5.4, 5.5], fg commutes
with induction as well as restriction and isogation, so we can regard (g as a
Mackey functor defined on the class of all finite groups. In fact, some unpublished
results of Boltje and Olcay Coskun imply that Og is a biset functor. Let Sy (G)
denote the unit group of fr(G). We have By (G) < Bg(G), and = € g (G) if
and only if each €f;(z) € C. For the same reason as before, 5 is a restriction

functor. Actually, part of [2, 9.6] says that Sy is a Mackey functor.

Lemma 6.3.3. Let x be an element of Z)Br(G) such that €f;(x) = €7, (x) for
all I <G andi,j € I. Write lim(z) to denote the idempotent of (G) such that
€7 (lim(z)) =, €§;(x). Then lim(x) € Zw)B(G).

o7



Proof. For any sufficiently large positive integer m, we have 2™Z)Br(G) C
Z(2Br(G). Choose and fix such m. Let z be the element of Z)8r(G) such
that lim(z) = x 4+ 2z. Then

271
lim(x) = lim(z)*" = 2*" + E ( , ) 29 23 "I
j=1 \J

for all positive integers n. When n is sufficiently large, 2™ divides all the binomial
coefficients indexed by integers j in the range 1 < j < m — 1. Choose and fix
such n. Then lim(z) — z*" belongs to the subset 2"Z)fr(G) of Z)Br(G).
Therefore lim(z) € ZBr(G). But lim(x) also belongs to RB(G), and the

required conclusion now follows from Remark 6.2.1. O

The rationale for the notation lim(z) is that, under the 2-adic topology,

lim(z) = lim,, 2%".

We now turn to the reduced Boltje morphism bol, which we defined in Section

1R bhecause

1. Note that bol can be regarded as the modulo 2 reduction of bo
e/ (bolg; ¥ [M]) = x4 (i) =5 dim(MOD)
where y; is the RI-character of MO0,
Theorem 6.3.4. Still putting C = {£1} and letting M be an RG-module, then
bolg[M] =1 — 2lim(Aca(M)) .
Furthermore, lim(Aca(M)) € Zi B(G) and bolg[M] € Bay(G)-
Proof. By Theorem 6.3.2, €7;(Aca(M)) =3 dimg(M°D) for any C-subelement

(1,7). So the expression lim(Ace(M)) makes sense and the asserted equality
holds. The rider follows from Lemma 6.3.3. U

The proof of Theorem 6.1.1 is complete. As an aside, it is worth recording

the following description of dieg[M] in terms of monomial Lefschetz invariants of
M and M & R, where R denotes the trivial RG-module.
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Corollary 6.3.5. Still putting C = {£1} and letting M be an RG-module, then

dieg[M] = Acg(M @ R) — Aca(M) .

Proof. Let A = Acg(M) and I' = Acg(M @& R). In the notation of Theorem
6.3.2,

1 if the trivial RI-module has odd multiplicity in (M @ R)°U),
—1  if the trivial RI-module has odd multiplicity in A/9U),

1 if the trivial R/-module has odd multiplicity in M & R,
—1 if the trivial R/-module has odd multiplicity in M,

— par(dimg (M) = e (@e[M]) .

Since this is independent of i, we have ' — A € B(G) and €5 (I' — A) = ¢§(die[M]).

6.4 Dimensions of subspaces fixed by subgroups

We shall prove Theorem 6.1.2, we shall show that Theorem 6.1.2 implies Theorem

6.1.3 and we shall also give a more direct proof of Theorem 6.1.3.

Let us begin with a direct proof of a special case of Theorem 6.1.2.

Theorem 6.4.1. If G is a 2-group, then dim(M°D) =, dim(M) for any RG-
module M and any subgroup I < G.

Proof. First assume that G has a cyclic subgroup A such that |G : A] < 2.
Letting © = dieg[M], then € (x) = par(dim(M7')), and we are to show that
68(1) () = €¥(x). Our assumption implies that one of the following holds: G
is trivial; O(I) = A < G and G is cyclic; O(/) < A. By dealing with each
of those three possibilities separately, it is easy to see that O(I) is cyclic with
generator 2 for some t € G. A special case of Theorem 3.1 asserts that the

function G 3 g — 6<Gg> (r)/ef(x) € {£1} is a group homomorphism. Therefore
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68(1) (z)/ef(z) = (€<Gt> (7)/ef(x))? = 1. The assertion is now established in the

special case of the assumption.

For the general case, we shall argue by induction on |G|. We may assume
that M is simple. Let us recall some material from [3], restating only those
conclusions that we need, and only in the special cases that we need. A finite
2-group is called a Roquette 2-group provided every normal abelian subgroup
is cyclic. A well-known result of Peter Roquette asserts that those 2-groups are
precisely as follows: the cyclic 2-groups, the generalized quaternion 2-groups with
order at least 8, the dihedral 2-groups with order at least 16, the semidihedral
2-groups with order at least 16. Part of the Genotype Theorem [3, 1.1] says that
the simple RG-module M can be written as an induced module M = Indg (.5),
where S is a simple RH-module and H/Ker(S) is a Roquette 2-group.

If M is not absolutely simple, then the CG-module C ®g M is the sum of two
conjugate simple CG-modules, hence each dim(M©°Y) is even and the required
conclusion is trivial. So we may assume that M is absolutely simple. Then S

must be absolutely simple too.

Suppose that H = G. If M is not faithful, then the required conclusion follows
from the inductive hypothesis. If M is faithful, then G is a Roquette 2-group.
By Roquette’s classification, every Roquette 2-group has a cyclic subgroup with

index at most 2, and we have already dealt with that case.

So we may assume that H < GG. Let J be a maximal subgroup of GG containing
H and let T = Ind; 4 (S). The RJ-module T is absolutely simple because M =
Indg 4(T). Let z € G — J.

Suppose that dim(7") = 1. Then the kernel N = Ker(T') has index at most
2 in J, so the kernel N N*N = Ker(M) has index at most 2 in N and at most
8 in G. Moreover, if Ker(M) # N then G/Ker(M) is non-abelian. Replacing G
with G/Ker(M), we reduce to the case where either |G| = 2 or else |G| = 4 or
else G is non-abelian and |G| = 8. Any such G has a cyclic subgroup with index

at most 2 and, again, the argument is complete in this case.
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So we may assume that dim(7") > 2. We shall deduce that dim(M°")) is even
for all 7 < G. Identifying T" with the subspace 1 ® T of M, we have M =T & 2T
as a direct sum of two simple RJ-modules. Noting that O(I) < O(G) < J, we

have
MOW) — 7o) @ (Q:T)O(I)

as a direct sum of real vector spaces. We are to show that
dim(T°") =, dim((2T)°D).

If I < J, then dim(7°0) =, dim(T) = dim(27T) =, dim((xT)°Y)) because, by
the inductive hypothesis, the assertion holds for J. Finally, suppose that I £ J,
in other words, I.J = G. The conjugation action of =% on J induces a transport
of structure whereby O([) is sent to 7 'O(I)x and the isomorphism class of =T
is sent to the isomorphism class of T. Therefore dim((z7)°")) = dim(7* ©(7),
But the element x € G—J was chosen arbitrarily and, since I J = GG, we may insist
that z € I, whereupon 2~ 'O(I)z = O(I) and dim((zT)°")) = dim(7T°®D). O

We shall be needing the following result of Tornehave [26]. Another proof of
it was given by Yalgn [27, 1.1].

Theorem 6.4.2. (Tornehave) Supposing that G is a 2-group, then the reduced
tom Dieck map dieg : Ar(G) — B*(G) is surjective.

In view of Theorem 6.4.2, we see that Theorem 6.1.3 is equivalent to Theorem

6.4.1. Our direct proof of Theorem 6.1.3 is complete.

We mention another way of expressing Theorem 6.1.3. Let sgn : B* — [3(3) be
the unique restriction morphism such that, for any finite group G, the coordinate
map Sgh; has image sgn;(B*) = {£1lp)}. Thus, €7(5gn(z)) = €f(z) for all
I < G and x € B*(G). Plainly, Theorem 1.3 can be expressed as follows.

Theorem 6.4.3. As restriction functors for the class of finite 2-groups, bol =

sgn . die.

We now turn towards the task of proving Theorem 6.1.2. The following the-

orem of Andreas Dress can be found in, for instance, Benson [6, 5.4.8]. Let p be
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a prime. We write Z, for the ring of p-local integers. We write OP(G) for the
largest normal subgroup of G such that G/OP(G) is a p-group. Recall that G is
said to be p-perfect provided G = OP(G).

Theorem 6.4.4. (Dress) Given a prime p and an idempotent y € QB(G), then

y € Zyp»B(G) if and only if €7 (y) = egp ( ) for all I < G. In particular, the

condition €% (y) = 1 characterizes a bijective correspondence between the primitive

idempotents y of ZyyB(G) and the conjugacy classes of p-perfect subgroups H of
G.

The next corollary is worth mentioning, although it yields no constraints on
the units of B(G) and it will not be used below.
Corollary 6.4.5. Given x € Z2B(G), then §(x) =, 602(1 (x) for all I < Q.

Proof. The hypothesis on z implies that e?l(x) e[G]( x)forall I < Gandalli,j €
I. By Lemma 3.3 and Theorem 4.3, ¢f(z) =p €7 (lim(z)) = €5 (lim(z)) =

682(1)<$>. O

Putting C' = {£1} and letting M be an RG-module, Theorems 6.3.4 and 6.4.3
yield

dim(MOD) =, ¢ (Aca(M)) = e§aqpy (Aca(M)) = dim(MOC*D)) = dim(MOD) |

The proof of Theorem 6.1.2 is complete.
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