RECURSION OPERATORS AND
CLASSIFICATION OF INTEGRABLE
NONLINEAR EQUATIONS

A THESIS
SUBMITTED TO THE DEPARTMENT OF MATHEMATICS
AND THE GRADUATE SCHOOL OF ENGINEERING AND SCIENCE
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF

MASTER OF SCIENCE

By
Ergiin Bilen
September, 2012



I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Prof. Dr. Metin Giirses(Advisor)

I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Asst. Prof. Biilent Unal

I certify that I have read this thesis and that in my opinion it is fully adequate,

in scope and in quality, as a thesis for the degree of Master of Science.

Asst. Prof. Kostyantyn Zheltukhin

Approved for the Graduate School of Engineering and

Science:

Prof. Dr. Levent Onural
Director of the Graduate School

i



ABSTRACT

RECURSION OPERATORS AND CLASSIFICATION
OF INTEGRABLE NONLINEAR EQUATIONS

Ergiin Bilen
M.S. in Mathematics
Supervisor: Prof. Dr. Metin Giirses
September, 2012

Recursion operators, if they exist, of nonlinear partial differential equations map
symmetries to symmetries of these equations. It is this property that the inte-
grable nonlinear partial differential equations possess infinitely many symmetries.
In this work we studied two other properties of recursion operators. We shall use
the recursion operators as Lax operators in the Gelfand-Dikii formalism and to

classify certain integrable equations.

Keywords: symmetries, Gelfand-Dikii formalism, recursion operator, classifica-

tion.
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OZET

ADIM SIMETRI OPERATORLERI VE INTEGRE
EDILEBILIR LINEER OLMAYAN DENKLEMLERIN
SINIFLANDIRILMASI

Ergiin Bilen
Matematik, Yiiksek Lisans
Tez Yoneticisi: Prof. Dr. Metin Giirses
Eyliil, 2012

Lineer olmayan kismi diferansiyel denklemlerin, eger varsa, simetri adim op-
eratorler1 denklemin simetrilerini simetrilerine gonderirler. Bu yilizden integre
edilebilir lineer olmayan kismi diferansiyel denklemler sonsuz simetriye sahiptir-
ler. Bu tezde simetri adim operatorlerinin diger iki 6zelligini galigtik. Simetri
adim operatorlerini Gelfand-Dikii formiilasyonunda Lax operatorii olarak ve in-
tegre edilebilir denklemleri siniflandirmak ic¢in kullandik.

Anahtar sézciikler: simetriler, Gelfand-Dikii formiilasyonlari, simetri adim op-

eratorii, simiflandirma.
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Chapter 1

Introduction

A symmetry group of differential equation produces solutions from a known so-
lution. That is, if G is a symmetry group of some system of differential equations
and if f is a solution to the system then for every g € G, g.f is also a solution to
this system. To deduce a given group of transformations is a symmetry group of
the system we use the infinitesimal generators of the group actions and they are
vector fields over the space X x U, where X is the space of independent variables
and U is the space of dependent variables.

Using symmetry conditions for group of transformations we define recursion op-
erator which is first introduced by Olver in 1977 [10]. In chapter 2, we study the
symmetries of differential equations and recursion operators. We consider the

evolutionary type of equations
U = F(X, Uy Uy, Uy ooy U (1.1)
An operator R is the recursion operator of (1.1) if the following is satisfied
R, = [F*, R], (1.2)
where F* is the Frechet derivative of (1.1). For example, the operator

R = D2+ 4u + 2u,D;" (1.3)
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is the recursion operator of the KdV equation
U = Ugpr + OUUL.

where F* = D3 + 6uD, + 6u,.

Here in this chapter, we introduce the concept of pseudo-differential operator.

In chapter 3, we study Gel’fand-Dikii Formalisms which make use of pseudo dif-

ferential algebra. Operators of pseudo-differential algebra are defined as follows.

1]
Definition 1.0.1. A pseudo-differential operator of order n is a infinite series

L:ﬁiRMD; (1.4)

1=—00

where P;[u] is a differentiable function and the operator D is the formal inverse
of D, (i.e, D,.D;' = D;'.D, =1).

We will consider equations of the form which were introduced by Peter D. Lax in
1968. [11]
Lt - [A, L], (15)

where commutator [A, L] is defined as
[A,L] = AL — L.A.

Equation (1.5) is called Lax equation and the operators L and A are called Lax
pair. From Lax equations we can get evolution equations for suitable A and L.

Pseudo-differential algebra uses the Lax operators of type
L=D" 4+ tp_o(x,t)D" 2 + ... 4+ ui(z,t) Dy + uo,

where u,;,_2, Upm_3, ... , U1, ug are functions of x and t. Next we consider the
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fractional powers of L and the hierarchy
L, = [A,, L] where A, = (LN)>p, (1.6)

where n is a positive integer n = 0,1,2... and N is the order of L, (L%)Zk is the
differential operator with powers > k. The case k£ = 0 was first introduced by
Gelfand in 1976 [7] and the cases k = 1,2 were introduced by Kuperschmidt in
1988. [§]
The operator L = D? + u with A = (L%)zo gives KdV equation in (1.6) and the
Lax pair L = D2 + 2uD, , A = (L?%)s; gives the MKdV equation [4]

1 3,

Ut = ZUIQE — —U Uyg.

2

Moreover, in section 3.2, we analyze the form of L in Lax hierarchy so that (1.6)
is consistent for all n > 1. Blaszak [4] found that (1.6) is consistent if and only

if k is either 0, 1 or 2 and he provided the forms of L for each case

L=c,D"+cp D'+ . +ug+u D' +..., k=0
L=cyDl +um DI '+ +ug+tu D+, k=1
L=pD" +Up D 4 dugtu DA, k=2

where ¢, and ¢,,_; are functions which do not depend on variable ¢.

In chapter 4, we present a method to find Recursion operator of (1.1) if its Lax
representation (1.6) is given. This method was introduced by Giirses, Karasu and

Sokolov in 1999 citeon construction.We use the equation
Ltn+m — LLtn + [Rn, L], (17)

which is called the recursion relation and the term R,, is called the remainder and

n

it is defined as R,, = (L.(L=)_); and ord(R,) < m — 1. The cases where L is

a differential operator and L is a pseudo-differential operator are considered and
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in each case the formula to find recursion operator is given in [2]. For example,

using (1.7) and the Lax pair
L=D>+u with A= (L%)s

we find that KdV equation admits the recursion operator (1.3).

Recursion operators are also Lax operators because they satisfy the equation

R, = [F*,R]. (1.8)

In chapter 5, we discuss the case when the recursion operator is a Lax operator

in Gelfand-Dikii formalism. We can use it in Gelfand-Dikii formalism if

n

F* = (R¥)s, (1.9)

is satisfied for some k£ = 0, 1, 2. Furthermore, the adjoint operators should satisfy
the condition
(F*)* = —((R")") >k, (1.10)

for some k = 0,1,2. We check (1.9) and (1.10) for the recursion operators of
the KdV, MKdV, Harry Dym and Burgers’ equations. We show that recursion
operators of KAV and MKdAV satisfy these conditions but recursion operators
of Harry Dym and Burgers’ fail to satisfy conditions (1.9) or (1.10). Recursion
operators should also produce themselves as recursion operators since they satisfy
the Lax equation (1.8). This property will be used for the purpose of classification
of certain PDEs.

In section 5.3, we consider the 2nd order recursion operators of the type
L=D?+a+8D;! (1.11)

where « and [ are some functions of (z,t), using the Lax equation the Lax

equation
3
2

L, =[L, Al where A= (L2),,
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we find o and S must satisfy the following conditions

1
b= §a$ and o = Qypy + éozax.

Hence we deduce that « satisfies the KdV eqation.
Secondly, since = %aw the pseudo differential operator (1.11) is itself a recursion

operator and also the Lax operator.

There are certain ways of classifying the hierarchies of evolution equations u;, =
R™(0), u;, = R"(u;) or uw;, = R"(c) where ¢ is a nonzero constant and R is
the recursion operator of the evolution equation, u;, = R(0), u;, = R(u,) or
u, = R(c) respectively. In chapter 6, we classifying 2nd order partial differential
equations of the type u; = R(0) with recursion operator of the first degree with
coefficients depend at most 2nd order derivatives. Similar classification was done

before.[5] We find all equations of the type
up = B(Uy Uy, Uy
with the recursion operators of the form
R=vD, +a+ 8D, (p),

where 7, a and p are all functions of u, u, and u,,. We use (1.2) to find the
formulas for v, o, § and p and we assume p # 0 to get evolution equation directly
from recursion operator. By solving necessary equations we obtain 3 conditions,
L Buperias 7 0,
ii. By, # 0 but By, ., =0,
iii. £,,, =0.

Neither case i nor case iii produces any class of equations because in each case
we find p = 0. However, case ii produces evolution equations of the type

(w)e(Ww o | 1

1
ur = c(u)uyy — §C(U)u“i + ¢ (), us + ac(u)um, (1.12)
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which admits recursion operators of the type

1
2¢(U) yu c(u)y _q,cac(u),
R= QCgc(u)%D,& + 204c(u)% + (2026(u) (W Co ( )1 Vg 4+ u D, 2¢( 2 )
c(u)y c(u)? c(u)z
Diffusion equation
2 , 2 a1
U = U Uy, with R =uD, + u u., D, (—2),
u
and nonlinear diffusion equations
Uy . 1 Uy 2ui Ugz \ 1
are in this class with c(u) = u?, ¢y = % , ¢4 =0 and c(u) = u%, Cy = % , 4 =0,

respectively.

In the Appendix, a list of integrable nonlinear partial differential equations with

their recursion operators are given.



Chapter 2

Symmetries and Recursion

Operators

In this chapter we review the symmetries of partial differential equations and

their recursion operators. The main reference on this subject is the book of P.
Olver [1].

2.1 Symmetry Groups and Infinitesimal Gener-

ators

Consider a system of differential equations,
Az, u™) =0, k=1,..,1, (2.1)

which depend on the indenpendent variables z = (x!, ..., 2P) € X and the deriva-
tives of dependent variables u = (u',...,u?) € U with respect to x up to order
n. The space X x U", which has independent variables and the derivatives of
the dependent variables up to order n as coordinates is called the n-th order jet

space. The functions A(z,u™) = (A (x,u™), ..., Ny(z,u™)) are smooth maps
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from X x U™ to RY. Hence we have,
A X xU" =R (2.2)

Definition 2.1.1. A symmetry group of the system (2.1) is defined to be a local
group of transformations G acting on X x U which transforms solutions of the
system to other solutions of the same system. That is, if fis a solution to (2.1)

then for every g € G g.f is also a solution to (2.1).

Rather than studying group actions, it is more easier to study with infinites-
imal generators of group actions. Infinitesimal generators are vector fields that
act on the space X x U. By using them we can easily check whether a group of

transformation is a symmetry group of a system of differential equations or not.

Example 2.1.2. Consider the rotation group SO(2) acting on X x U
O(z,u) = (xcost —usinf, xrsinf + ucosh), (2.3)
infinitesimal generator of this group is
v = —u2 +r—. (2.4)

Definition 2.1.3. Let v be infinitesimal generator of a one-parameter group G.
Then n-th prolongation of v is defined as the infinitesimal generator of the corre-

sponding n-th prolongation of the one parameter group G and denoted by pr™v.

Theorem 2.1.4. [1] Let

L 0 < 0
v = ;5 (x,u) e + ;gba(ﬂc,u)% (2.5)

be a vector field. Then the n-th prolongation of v is

q
pr™y = v + Z Z ¢! (x, u")%, (2.6)
J

a=1 J

that acts on the jet space X x U™ and the second sum s over all indices J =
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(31, s J) with 1 < i, < p, 1 <k < n and we have the formula for each ¢,

P P
Dalw,u™) = Djlga = D _€'u) + D s, (2.7)
i=1 i=1
where ug = % and uf,; = 882‘21

Example 2.1.5. If we compute the 2nd prolongation of the infinitesimal gener-
ator of the SO(2) in Example (2.1.2) we get

0 0 9
prPv = —u— 41—+ (1 4+ u2)=— + (3uytz,)

Now we state a theorem that gives a condition for a group to be a symmetry

group of a system.

Theorem 2.1.6. [1] Suppose
Ap(z,u™)y =0,  k=1,.,1 (2.8)

18 a system of differential equations. Then G is a symmetry group of the system

if G is a local group of transformations acting over X x U and
pru[Ag(z,u™)] = 0, k=1,..,1 whenever A(z,u™)=0 (2.9)

for every infinitesimal generator v of G.

We can use theorem (2.1.5) to find symmetry groups of a given system. Firstly,
using (2.9), we can find infinitesimal generators of group actions and then we find
the corresponding symmetry groups of the system. The set of all infinitesimal
symmetries of the system also forms a Lie algebra of vector fields over X x U.

Now we give examples of symmetry groups of KdV and heat equations, see [1].

Here we use the notation 0, instead of —

ox
Example 2.1.7. KdV equation u; 4+ Uyze + uu, = 0 has 4 symmetry groups with
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infinitesimal generators,

v, = 0, space translation,
Vg = O time translation,
vy = t0, + 0O, Galilean boost,
vy = 20, + 3ty — 2ud,  scaling,
and the corresponding group actions are
G1: (z,t,u) = (v + € t,u),
G2 : (x,t,u) - (.Z‘,t+€,u)7
Gs: (x,t,u) = (x + et t,u+€),
Gy (z,t,u) = (e, e*t, e *u)

10

Example 2.1.8. Heat equation u; = ug, has 7 symmetry groups with infinitesimal

generators,

U1 = 8:67
Vg = 8t7
Vg = Uau,

vy = x0, + 2t0;,
Vs = 2t0, — xUO,,
vg = Atx0, + 4t%0,
v7 = a(x, )0y,

— (2® + 2t)ud,,

where o 1s any solution to the heat equation and the corresponding group actions
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are

Gr:(x,t,u) = (x +€,t,u),

Gy : (x,t,u) = (x,t+ €,u),

Gs: (x,t,u) — (x,t, eu),

Gy (2, t,u) = (e“z, e*t, u)

Gs: (x,t,u) — <:L‘+2<—:t t uexp{ —€r — 62t}>

—ex?
: t, V1 — 4det
Go: (@, tu) = | 7= 4et 1—4tu 66Xp{1—4et}>’

Gr: (x,t,u) = (x,t,u + ea(x, t)).

2.2 Generalized Symmetries

In the previous section, symmetries(infinitesimal generators of group actions) is

defined in the space X x U, that is

(2.10)

0
v = 8 —,
and £ and ¢ are functions of x, u.

In this section, we will consider more general case of this symmetries. ¢ and
¢ will also depend on derivatives of u. We denote the space of smooth functions
P(z,u") by A and the functions in A are called differential functions. We will use
the notation Plu] = P(x,u™). Also, the space of ¢-tuples of differential functions
Plu] = (Py[u], ..., P[u]) where each P; € A will be denoted by A*. Now we define

what a generalized vector field is. [1]

Definition 2.2.1. An expression of the form

U—Z{‘

(2.11)

auo‘

1s called a generalized vector field.
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Definition 2.2.2. A generalized vector field v is a generalized infinitesimal sym-

metry of a system of differential equations,
Aplu) = Ap(z,u™)y =0, k=1,..,1, (2.12)

if and only if
pro[Ag] =0, k=1,..1 (2.13)

for every smooth solution u of (2.12).

Definition 2.2.3. Let Q[u| = (Q1[ul, ..., Q,[u]) € AT be a g-tuple of differential

functions. An evolutionary vector field is a generalized vector field of the form

q
0
= oltl] =—, 2.14
- il =
and @) is called its characteristic.

For every generalized vector field of the form (2.11) we have an evolutionary
representative vg, where its characteristic Q is defined by (2.14) and it is given

by the formula
p

ro :Cba—z iuzqa o = 1a"'7q7 (215)

i=1
ou®
oxt’

Corollary 2.2.4. A generalized vector field v is a symmetry of a system of dif-

where u =

ferential equations if and only if its evolutionary representative vg is a symmetry.

Computation of evolutionary symmetries of a given system of differential equa-
tions is more than the method in section (2.1). However, it is almost impossible
to find all evolutionary symmetries because it is not easy to find all higher order
evolutionary symmetries.

For example, for the heat equation the symmetry u,d, is evolutionary repre-
sentative of the space translational symmetry generator —d,. Similarly, Galilean

generator —2t0, + rud, has evolutionary representative (2tu, + xu)0,.



CHAPTER 2. SYMMETRIES AND RECURSION OPERATORS 13

Example 2.2.5. Burgers’ equation u; = Uy, + u2 has 6 second order generalized

symmetries and characteristic of their evolutionary representatives are given by

QO = 17
Ql = Ug,
1

QZ = tu, + 5337
QS = Ugy + ugzga

1
Q4 - t(uacac + ui) + = TU,,

2

1 1

Qs = t*(Upy + u2) + vtu, + (5t + —2?)

2 4

From now on we will consider differential equations of type

ou
i Plul, (2.16)

and they are called evolution equations. The differential functions P[u] in (2.16)

are only functions of x and derivatives of u with respect to z.

Definition 2.2.6. Let vg and vgr be evolutionary vector fields. Then their Lie
bracket is defined as

[UQ7 UR] = Ug, (217)
where vg 1s also an evolutionary vector field with characteristic

S = prog(R) — prug(Q). (2.18)

Proposition 2.2.7. An evolutionary vector field vg is a symmetry of the system

of evolution equations u; = Plu] if and only if

0
—gf = [vp, vg); (2.19)
0
where aﬁitQ is the evolutionary vector field with characteristic 8_?
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2.3 Pseudo-Differential Algebra

Pseudo differential algebra is very useful tool to study the symmetries of partial
differential equations, to use the Gelfand-Dikii formalism and to construct the

recursion operators. The main reference we used is [3] to review this subject.

Definition 2.3.1. A differential operator of order n is a finite sum
D= P;ulD, (2.20)
i=0
where the coefficients P;[u] are differentiable functions.

To multiply two differential operators we have the following equation,
D!.DJ = D+, (2.21)

where 7,7 >0

For the operator D,, derivational property is given by the Leibniz rule

D,.Q=0Q,+QD,, (2.22)

where () is a differentiable function.

Definition 2.3.2. A pseudo-differential operator of order n is a infinite series

D= Zn: P;[u] D}, (2.23)

1=—00

where P;[u] is a differentiable function and the operator D' is the formal inverse
of D, (D,.D;'=D;'D,=1).

Corollary 2.3.3. We have the following formula for the operator D!,

D;'.Q = 3 (-1)*Q*D . (2.24)
k=0
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Proof. If we multiply (2.22) on both left and the right by D_!, it reduces to
D;'.Q=QD;' - D;'.Q'D, ", (2.25)

where Q" = D,Q. If we apply (2.25) to the second term on the right hand side
of (2.25), we get

D;'.Q=QD;'-Q'D;*+D;'.Q"D;”.

Applying (2.25) to the third term on the right hand side of (2.3) and continuing

this process we find

D;'Q=QD;'-QD2+Q'D*—...=) (-1)*@FD L (2.26)
k=0

O

The reason why we define pseudo-differential operator is that we want to take
roots of the differential operators. It is not possible to take roots of differential
operators in the set of differential operators but as we will prove we can take

roots of any pseudo-differential operator.

Lemma 2.3.4. Every nonzero pseudo-differential operator of order n > 0 has an

n-th root.

Proof. Let D be a pseudo differential operator such that,

Then the n-th root of D will be a first order pseudo-differential operator. Let
D' = Dx. Then D' has the form,

/

if we take the n-th power of D', we can compare the coefficients of (D')" and D

and we can find @), for each k = ..., —2,—1,0 in terms of P;’s , i = ..., —1,0,...,n.
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O

Example 2.3.5. Consider the operator D = D? + u which corresponds to the
KdV equation. Then the square root of D is

1 1 1
=D, + 5uD;l — ZuxD;Q + g(um —u?)D? + ..

D=

D

2.4 Recursion Operators

It is impossible to find all generalized symmetries of system of evolution equations
by using the method in Section (2.2). Hence, in this section we present a new
method to find new symmetries of evolution equations using recursion operators.
Recursion operators provide a method to find infinite hierarchies of generalized
symmetries. On the other hand, it may not be possible to find all symmetries

using recursion operator.

Definition 2.4.1. Let A be a system of differential equations. A recursion oper-
ator for A\ is a linear operator R : AY — A% in the space of g-tuples of differential
functions that satisfies the following condition, if vg is an evolutionary symmetry

of A\ then Vg 18 also a symmetry where @ = RQ.

Hence if we know the recursion operator of a system then we can generate
infinitely many symmetries by applying R to a known symmetry. In other words,
if Qg is a symmetry of the system then @), = R"Qy for n = 1,2, .., are also a
symmetries of this system and they constitute an infinite family of symmetries of
the system.

Now the question arises : how can we check whether a given differential
operator is a recursion operator of the system? To solve this problem, we define

Frechet derivatives.

Definition 2.4.2. The Frechet derivative of Plu] € A" is the differential operator
Dp : A1 — A" which is defined as

Dp(Q) = —| Plu+eQu]] (2.27)
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for any Q € A“.

Also we can say that Dp is a ¢ X r matrix differential operator with entries

OP,
(Dp),w:z< ”)DJ, p=1,...r, v=1,..4q, (2.28)

. ou”
where the sum is taken over all multi-indices J.

Proposition 2.4.3. If P € A" and QQ € A9, then we have

Dp(Q) = prog(P). (2.29)

One can obtain from Proposition (2.4.3) that if Da(P) = 0 then P is a symmetry

of the system
Ayfu] = Ay (2, u™) =0, v=1,..,L.

Theorem 2.4.4. Suppose Alu] = 0 is a system of differential equations. If for

all solutions u of A, R : AY — A% is a linear operator such that
Da.R = R.Dj, (2.30)

where R : A1 — AY is a linear differential operator, then R is a recursion operator

for the system.

As a special case of Theorem 2.4.4, we consider evolution equations
Alu] = v — Klu] = 0.

Then we have Dn = D;— Dg. Also, in this case we have R = R and the condition

(2.30) is equivalent to
R, = [Dk, R]. (2.31)

The equality (2.31) has the form of a Lax equation but in most cases recursion
operators are not usual operators appearing in Lax pairs. In Chapter 5, we will

concentrate on the usage of recursion operators as Lax operators.
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Example 2.4.5. The operator
R = D? +4u + 2u, D", (2.32)
1s a recursion operator for the KdV equation

Up = Ugpe + OUU,. (2.33)

Proof. We will check the condition (2.31). First we find the Frechet derivative of
Ku] = tgpe + vy,
Dg = D2 +uD, + uy, (2.34)

then we find the required commutator as

2 1
[Dk, R] = g(umx + uuy) + g(umx + Ullyy + ui)D;l, (2.35)
which is consistent with the condition (2.31). O

Hence we can use this recursion operator to find more symmetries of KdV
equation. We begin with the space translational symmetry which corresponds to

characteristic ()9 = u,, we find
Ql = RQO = Ugzx + Uy, (236)

which corresponds to the characteristic of time translational symmetry. Next we
obtain

Q2 = RQ1 = Ugpaan + guum + %umum + %uzuw, (2.37)
by continuing this process one can find infinite number of symmetries of the KdV
equation.
In the following chapters, instead of Dp we will use the notation F* for Frechet

derivative of differential function F . That is,

R, = [F*, R] (2.38)
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will be the condition for R to be a recursion operator of evolution equation

u = Flu].



Chapter 3

Gel’fand-Dikii Formalism

Using the pseudo-differential algebra in Gel’fand-Dikii formalism, given the Lax
representation, we are able to obtain classes of nonlinear partial differential equa-
tions. It was recently shown that recursion operators can also be constructed by

the use of this formalism.

3.1 Lax Representations

Let L be a differential operator of order m and A be a differential operator having
coefficients, which are functions of x and ¢. Consider the Lax representation of

the form.
Lt = [Av L]a (31)

where commutator [A, L] is defined as
[A, L] = A.L — L.A.

Let
L=D"+tp oz, ) D" %+ ...+ uy(x,t) Dy + o, (3.2)

20
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consider L and its fraction L=, where n € Z and n # am. Let

L = 37 wDi = (L), + (LF),

1=—00

where

(Lm), = Z%Di and (Lm)_ = Z v; DL
i=0
Since [L, L=] = 0, we have
[L, (Lm)4] = =[L, (Lm)-]. (3.3)

The left hand side of (3.3) is a differential operator of order < n +m — 1, but
the right hand side is series of order < m — 1. Therefore, there are n number
of terms canceling each other and that gives us system of evolution equations
for u;(x,t)’s for i = 0,1,...,m — 2. To have a hierarchy of nonlinear system of
differential equations at (3.3), define [2]

and consider
L, =[A,, L]. (3.5)

As an example for Lax pairs of form, we will give the following (3.5)

Example 3.1.1. KdV equation has the following two Lax representations. [2]
i. L=D*+u, A=(L3),,
i. L= (D*+u)D;', A= (L%,.
Firstly, we will show each of these lax pairs gives the KdV equation
i) L=D*+u, A=(L2),
We have
L, =[A, L], (3.6)

and

1,1
:Dm+§qu1—Zusz2+...

»
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1 3
using (3.6) and (3.7) we find
1 3
ALl =- TTT S Ty
[A, L] 3 Yoz + Ul
and so we have
1 n 3
U = 4ua::r:p ZuU:B;
which is the KdV equation.
i) L= (D*+u)D;", A= (LY,
We have
Lt - [A, L],
and

A= D3+ 3uD, + 3u,,

using (3.8) and (3.9) we find
[A, L] = (Ugge + 6un,) D,

and so we have,

Up = Uggr + 6UU$,

which 1s the KdV equation.

3.2 Consistent Lax Hierarchies

Consider the Lax equations for n = 1,2, ...

Li, = [An, L] where A, = (LN )y,

22

(3.10)
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what type of Lax operator can be used in (3.10) to obtain a consistent evolution

equation? Let us consider the Lax operators in the following general form
L:UNDiV—FUN_lDiV_l—|—...—|—U0+U_1D;1+... (311)

where u;’s are functions of z and ¢.
Firstly to obtain a consistent Lax equation, order of the right hand side of the Lax
equation (3.10) should not exceed the order of L, which is N. Since [L, LN] = 0
we have

(L, (L¥)21] = —[L, (L¥) ], (3.12)
where (L¥) g = ap_1 D' + ap_oDF2 4 ...

Now let’s look at the equation,

Ly, = ~[L, (L¥) <] = [ux Dy + ..y ap—1 D31, (3.13)

n

the right hand side of (3.13) has order at most N +k—2 but the left hand side has
order N. Therefore, the cases k = 0, 1,2 can produce consistent Lax hierarchies.

Hence there are 3 consistent Lax hierarchies that satisfy the Lax equation,
Ly, = [An, L] where A, = (L%)ZlC k=0,1,2. (3.14)

For each £ = 0, 1,2 we have some restrictions on the form of the Lax operator L
so that (3.14) is consistent.

To have a consistent Lax pair in each case L should be in the following form, [4]
L=c,DI"+cp D'+ . +up+u D' +.., k=0 (3.15)

L=cnDP +tpm DI '+ tug+u D+, k=1 (3.16)

L=upD" +tup D+ dug+u D+, k=2 (3.17)
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where ¢, and c¢,,_; are functions which do not depend on t.

If number of u;’s are finite, then L should be in the following form, [4]

L=c,D"+ cpp D 4 L+ g, k=0
L=¢pD™ 4ty D™ 4+ ug+ D uoy), k=
L =D+t 1D 4 4 ug+ Dy () + D% (ug)k =2

where ¢,, and ¢,,_ are functions which do not depend on t¢.
For the case k = 1 there can be reductions on formula (3.16), and they are given
by [4]

L =c,D)" + um_lD;"_l + ...+ ur Dy + ug,

L=cpD™ 4+t D™ 4wy Dy + A\,

where A is a constant parameter.
For the case k = 2 there can be reductions on formula (3.17), and they are given
by, [4]

L = D" 4ty D1
L =, D + tyy DT
L =y, DI + tpy D!
L = D" + Uy D1

..+ ule “+ ug + D;l(u,l),
T+ Ule + U,

+
+.
+ ..+ u Dy + (M + Aow),
+

.+ ()\1 —+ )\QQI)Dx -+ )\3,

where A1, Ay and A3 are constant parameters. As an example for each case, [4]
i k=0, L=D2+u, A= (L2?)s, gives KdV equation
ii. k=1, L=D?+2uD,, A= (L2)s;  gives MKAV equation
iii. k=2, L=u?D?, A= (L2)s, gives Harry Dym equation

In the previous section we derived KdV equation which corresponds to the case
k = 0. Now we will derive MKdV and Harry-Dym equations which correspond
to the cases k = 1 and k = 2, respectively.
MKdV equation
Let

L = D?+2uD,i (3.18)

Ly =[A,L] where A= (L?)s. (3.19)
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We find
1
L:=D,+u— §(u’” +u?)D;t + .
and
3
A= D3+ 3uD?+ 5(% +u?)D,.
Then we find

1
[A, L] = (iumx — SUQUI)DQU =2uD,.

Hence we get the MKdv equation,

Uy = 1u 3u2u
t — 4 TTT 2 xT-

Harry-Dym Equation
We have the Lax operator

L =w?D?,
and
Ly=[A,L] where A=(L%)ss, (3.20)
we find
1 1
Lz =wD, — éwx + ...
and
3
A=w’D?+ §w2mei, (3.21)

by using (3.21) in (3.20), we find
L 2
[A, L] = Q'LU wmex = wat,

hence we get

Wt = =W Wegr-

which is Harry-Dym eqaution.

Now we will derive some system of differential equations, [4]
1) Boussinesq Equation

Consider

L=D3+uD, +v,
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and
Li=[AL] with A= (L3)s,
we find )
A = Di -+ §u,

and we have

—Uzx 2 T
- o 20 (3.22)
v _gu:c:ca: + Vge — %UUI
t

using (3.22) we find that u satisfies the Boussinesq equation

1

2) Consider
L=D:+uD?+vD, +w,

and
L=[A L] with A= (L%)s,
we find,
1
and we have
(% = _2uxmx + Vg + 211);5 — Ul
1 L L
w . _§um:c$z + Wyy — §uu$ﬂ3 - 5”331}
3) Consider
L=D,+u+ D v, (3.23)
and
Li=[A L] with A= (L*s>,
we find,

A= D?+2uD,,
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U [ Ut 20, + 2uu,
v/, — Uz + 2(uv), ‘

In (3.23) if we choose v = 0, then we get Burgers’ equation

and we have

Up = Ugg + 2Uly,
with the following Lax pair

L=D,+u with A= (L2)21

4) Consider
L=D?+uD, +v+ D,w, (3.24)

and

(NI

Lo=[A L] with A= (L),

we find,

3 3

and we have

1 3 3,2 3
u Uz + 5Vze + 3We — SU UL + 5 (UD),
_ 3 6 3 3 3 3,2
v = | Vewa + 5U(V) 20 + OULV + SULW + SUW, + VU, + FUTV,
3 9 3 3 30,2
w Wage — 5U(W)ae — JUsWy — JUzaW + 5 (VW) + 5 (v W),

(3.25)
If we consider the cases w = v = 0 in (3.24) ,the system (3.25) reduces to MKdV

equation

Uy = 1u — §u2u
t — 4 TITT ] -
5) Consider
L=uD,+v+D,'w+ D"z, (3.26)

and
Li =[A L] with A= (L*)s>o,
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we find,
A=u’D2

and we have

u Wy + 20V,

v B UV 2u(uw)

w || —Pw)e. + 2(u22),
z —(u*2) 2z

t

If we choose z = 0 in (3.26), then we have the following reduction,

u Wy, + 2ulv,
v = | wvge + 2u(uw), |,
w — (W) ge

t

u Wy, + 20,
- )
v ), TR

if z=w =0 and v = Az, we get the partial differential equations,

ifz=w=

Up = UPtyy + 2202,

where )\ is a constant.

28



Chapter 4

A Method to Find Recursion
Operator

In chapter 3, we considered the hierarchy

Ltn - [Ana L])
where

An = (L%)'i‘

By using this hierarchy it is possible to derive recursion operators of evolution

equations. This method was introduced by Giirses, Karasu and Sokolov [2]

Proposition 4.0.1. For any n
Apim =LA, + Ry, (4.1)

where R, is a differentiable operator and ord(R,) < m — 1.

Proof.

n

Angm = (L.Lm) ¢ = (L(Lm)y + (L) )y,

then

n

A = L(L#)4 + (L(L#)_)4 = LA, + R,

29



CHAPTER 4. A METHOD TO FIND RECURSION OPERATOR 30

n

since (L.(Lm)y)y = L.(Lm); and R, = (L.(L=)_),. Furthermore, ordR, <

m — 1 because (L= )_ does not have any differential part. O

Corollary 4.0.2. For any n
Ly,... = L.L, + Ry, L], (4.2)

where R, is as defined in Proposition (4.0.1).

Proof. From Proposition (4.0.1),
L., =[Awim, L] =[L.A,+ R,, L] =L.[A,,L| + [R,,L] = L.L,, + [R,,L]. O

The equation (4.2) is called the recursion relation and R, is called the remainder.

If we write A, = (Lm.L),, then we get a new formula

L .. =L.L,+[R, L], (4.3)

n—+m

n

where R,, = ((Lm)_L), is a differential operator and ord(R,) < m — 1.
If we equate the coefficients of powers of D, in (4.2), we can find R, in terms of
L and L;, from D for i = 2m — 2,....m — 1. For the case i = m — 2,...,0 the

comparison of coefficients gives us the relation

Ug Uog
Uy Uy
=R (4.4)
Ugyy— Ugyy—
m—2 trtm m—2 -

where R is the recursion operator. Also the recursion operators for (4.2) and (4.3)

are the same. [2]
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4.1 Symmetric and Skew-Symmetric Reduction

of a Differential Operator

Definition 4.1.1. Let L be a differential operator given by

L=) aD,. (4.5)
i=0
Then its adjoint L* is defined as
LT =) (-D,) a;. (4.6)
i=0

If LT = L, in which case ord(L) = m must be even, then (3.4) and Proposition
(4.0.1) remains valid, but if LT = —L then m should be odd and we take

n+2m

Angom = (L )y = (L2L%)+. (4.7)

In this case we have the following proposition

Proposition 4.1.2. If L™ = —L then
Apyom = LA, + R, (4.8)
and we have the recursion relation
Ly o, = L*.Ly, + [R, L] (4.9)
where R, = (L?(Lw)_)4 and ord(R,) < 2ord(L) — 1. [2]
Also we can use the following recursion relations instead of (4.9)

Lt,.p, = L.Ly,.L+ Ry, L, (4.10)

Ltn+2m = Ltn'L2 + [E_T/Z’ L] (411)
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If L is a differential operator, recursion operators obtained from (4.9), (4.10)
and (4.11) are same. However, in pseudo-differential case, they are not equivalent.
Let us consider the case L = M D™, where M is a differential operator and define
LT = D,L*D;'. Now we have a lemma that shows how to find recursion operators

in some special cases.

Lemma 4.1.3. Let LT = ¢L where e = +1. Then
Ry = 1 D™ 4+ ay, for e=1, (4.12)

where R, is defined by Proposition (4.0.1)

—~

R, = agm_ 1D + . +a_ D!, for e= -1, (4.13)

where R, is defined by (4.10). /2]

Now we will derive the recursion operators of some evolution equations from
their Lax representations. Firstly, we will find recursion operator of the KdV
equation by using two different Lax representations. [2]

1. L =D?*+ u,
2. L= (D*+u)D;".

1) L=D?+u

To find the recursion operator, we use
Ltn+2 - LLtn —l— [Rn, L],

we choose R,, as in Proposition (4.0.1) and we take R, = a,D, + b,. Since

Ly =y, , we have

U,y = (Df: +u).uy, + [an Dy + by, DfE + ul. (4.14)
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We compare the coefficients in (4.14)
L
an = §D$ ( tn)’ (415)
3
bn = 72Ut (4.16)
then by using (4.15) and (4.16) in (4.14) we find
1, 1
Utpyo = (ZDI tu+ SuD, ),
which gives us the recursion operator
R = D? + 4u + 2u,D;".
2) L=D,+uD;!
We find
LT =—-D, — D (u),
and
Lt =1,
Then we have € = —1 and we will use the recursion relation (4.10) and we will
take R, as (4.13)
Li,., = L.Li,.L + Ry, L], (4.17)

with R, = a,D, + b, + ¢, D71 Then we find
an = D";l(utn)7

bn = utna
- —ub™1
Cp = U’tnz u x (utn)7

if we use ay, b, and ¢, in (4.17) , we get

-1
Upyy o = Up,  + AUty +2u, D) (uy,,),
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Hence we find,
R = D? + 4u + 2u,D;".

3) We will now find the recursion operator of MKdV equation from its lax rep-

resentation. Recall that Lax operator of MKdV is
L = D2+ 2uD,.
To find the recursion operator, we use

L., = L.Ly, + R, L, (4.18)

n+2
with R, = ¢,D? + a,D, + b,. By replacing R, into (4.18) we find

Cn = Dw_1<utn>7

Hence we get

_ 2 -1
2y, 40 = 5 Utns = 2utuy, — 2u, D, (uuy,),

and we find
R = D? — 4u* — 4u, D; ' (u).

4) Recursion operator of the Harry-Dym equation from its Lax representation :
L=w?D? (4.19)

we use
Li,., = L.Ly, + Ry, L, (4.20)

with R, = d,D3 + ¢,D? + a,D, + b,. Using R,, and (4.19) in (4.20) we find

_1, W,
d, = w3Dx1( w2 )7
3 3
Cp = Ewangl(—Z;;) + 5 Wt (4.21)
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Ngx —

Hence we can take a,, = b, = 0. Then, substitutingc,, and d,, into (4.20)

1 w 1 1 1
wy,,, = §w3me; 1<w—t§> - < — GUWaL e+ SWWW, + iwzwtnm),

hence we find

2 12 3 (1

R =w"D; —ww, D, + ww,, + W Wy D <—2),
w

5) Recursion operator of Sawada-Kotera equation [2] :

U = Usg + 5uumxx + 5uxuxa: + 5u2uz>

from its Lax representation

L=D)+uD,,  A=(L3),.

We find
Lt =-D?—uD, — u,,
and
Lt =1,
Then we have ¢ = —1 and we will use the recursion relation (4.10) and we will
take R, as (4.13)
Ly, =1L.L, .L+[Ry L] (4.22)

with R, = a, D5 + b,D} + ¢, D3 + d,D? + €,D, + f,,. Then we find

1
Cn = §(5uD;1(utn) + 29wy, ),
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1
dTL = §(5UID.’E_1(utn> + 14uUtn + 26Utnwx)7

1
e, = ﬁ(loumD;l(utn) — 2D (ugpuy,) — D (uPuy,) + 5u? D, (uy,)

+28uy,  + 32uuy, — 32uguy,),

fuo=0.

Hence we find recursion operator

R = DS+ 6uD}+9u,D? + 9u’D? + 11y, D? + 10Ugee Dy + 12uu, D,
+4u® 4 16Uty + 6u> + Sy,
te D (g + u?) +u Dyt

6) Recursion operator of the DSIII (Drinfeld-Sokolov III) system [2]

Up = —Uggze + OUU, + 6Um7

Vp = 2Wgpr — OUV,.
from its Lax representation
L= (D% —2uD?— 2D — 2D,w— 2wD,)D.", A= (L3).,
where w = v — uq,. We find
Lt =D, (D —2uD? - 2D3u — 2D, w — 2wD,,),

and
Lt =1L.

Then applying lemma (4.1.3) with € = 1 we use the recursion relation (4.2) and
we will take R,, as in (4.12)

Ltn+4 == LLtn + [Rn, L], (423)
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with R, = a,D? + b,D? + ¢, D, + d,,. By replacing R,, and L into (4.23) we find
a’n - _D;I(utn)’

bn = _4utn)
1

1
d, = —(6umD;1(utn) + 10uzuy, — Suy, ., + 4uny, , — 6vy, ).

c2
utn+4 _ R utn
/Utn+4 Utn

Hence we get the equation
R R
R=[ " "2, (4.24)
Ro1 R

with the recursion operator

where

Ry = DI — 8uD? — 8uy, + 16v — 12u, D, + 16u* + (12uu, — 2us, + 120,) Dt
+ du, D u,

Ryy = 10D? + 8u + 4u, D, *,

Ry = 1209, + 100, D, + (4vz, — 12uv,) Dt + 4v, D u,

Roy = —4D} + 16uD? + 8u, D, + 16v + 4v, D"
(4.25)

7) Recursion operator of Boussinesq System. [2], Boussinesq equation
1 2
Ut = _g(u4x + 2(“ )xa:)a
can be represented by the system

Ut = Uy,

v = —%(umx + 8uuy). '
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Its Lax representation is given by

win

L= D34 2uD, +u, +v, A= (L3),,

We use recursion relation (4.2) and we will take R, as in (4.0.1)
Li,.o = L.Ly, + [Ro. L, (4.26)

with R, = a,D? + b, D, + ¢,. By replacing R,, and L into (4.26) we find

2
n==-D;"(u,),
a 3 x (utn)

1
b= 1 (5u, + D3 (),
1 —1
Cn = §(6Utn + 8UDm (utn) + loutnvz)’

1
dn, = 5(6UIID;1(utn) + 10uzuy, — Suy, ,,, + 4uuy, , — 6vy, ).

Hence we obtain the recursion operator

Ry R
R=[ " 2, (4.27)
R21 R22

where

Ry =3v+ 21)ng17

Riy = D? + 2u+u,D;!,

Ry1 = —(3D% + R2uD? + 5uy Dy + 3ugy + 2u? + (Bugee + Luu,) DY),
Ry = 3v + Ungl.



Chapter 5

Recursion Operators in
Gelfand-Dikii Formalism

5.1 Recursion Operators as Lax Operators in

Gelfand-Dikii Formalism

Let
w = F(u, Uy, Ugy, -..), (5.1)

be an integrable nonlinear partial differential equation where u is a function of x
and t. Then we know that if
R, = [F*, R| (5.2)

is satisfied then R is the recursion operator of (5.1). Hence, recursion operators
are also Lax operators of the evolutionary type partial differential equations.
In this chapter we discuss if we can use recursion operators in Gelfand-Dikii

formalism to derive the evolution equation itself.

Remark 5.1.1. [4] If the Lax equation

R, = [F*, R] (5.3)

39
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15 satisfied then the adjoint equation is given by
(R+)t = [_(F*)+’R+]v (54)

where (F*)* and R are both adjoint operators.

The consistent Lax operators has the form
Lt = [Ana L]a An = (L%)zka (55)

where k is either 0 or 1 or 2. For recursion operators we have F* instead of

(Lm)sy. Hence we have

n

F* = (R¥)su, (5.6)

for some k£ = 0,1,2 we can use R in Gelfand-Dikii formalism. Also the adjoint

equation should be consistent, that is we should have
(F*)* = =((R")™) >k, (5.7)

for some k = 0,1, 2.

5.2 Recursion Operators Produce Themselves

Since recursion operators are also Lax operators, we can use them in Proposition
4.0.1 or in Lemma 4.1.3. Hence they should reproduce themselves as recursion

operators. That is, using recursion relation (4.2),
Ly, = L.L,, +[R,, L] (5.8)

we should find R = L.

Now we will check (5.6) and (5.7) for the recursion operators of KAV, MKdV,
Burgers’” and Harry Dym equations. Firstly, we will list all required operators
and their adjoints and then we will check if (5.6) and (5.7) are satisfied for any
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k =0,1,2 or not. If both of them are satisfied we will conclude that, that recur-
sion operator can be used as Lax operator in Gelfand-Dikii formalism. But if any
of them is not satisfied we will conclude that, that recursion operator cannot be
used as Lax operator in Gelfand-Dikii formalism. Also we will show that recur-

sion operators of these PDEs reproduce themselves.

1) KdV Equation : u; = Uy, + 6uu,

Here we list all required operators and their adjoints,
i) R

R = D?+ 4u+2u,D; ",

F* = D3 + 6uD, + 6u,,

R2 = D3 4+ 6uD, + 6u, + (2uy, + 6u?)D*t + ...

ii) R

RT = D? + 4u — D;'(2uy),

(F*)* = —D? — 6uD,,

(R*)2 = D3 4 6uD, + ..

By using the above list, we see that for the Lax equation,

Njw

F* = (R%)sq
is satisfied and for the adjoint Lax equation,
(F)F = —((R")?)

is satisfied and both of these Lax equations are consistent. Hence we can use the
recursion operator of KdV in Gelfand-Dikii formalism.

a ) Recursion Operator is the Lax operator, L = R

L= D?+4u+2u,D;",

Ly=[AL] and A=(L?),. (5.9)

We find
A= D? +6uD, + 6u,,



CHAPTER 5. RECURSION OPERATORS IN GELFAND-DIKII FORMALISMA42

If we compare coefficients in (5.9), we find
Up = Uggy + OUU,

which is KdV equation.
b) Adjoint Lax equation, L = R"

L= D?+4u— D, (2u,)

Ly=[AL and A= (L?)si (5.10)

we find
A= D} +6uD,.

If we compare coefficients in (5.10), we find
Up = Uggy + OUU,

which is KdV equation.

Now if we take the recursion operator of KDV as a Lax operator, we must find
its recursion operator as itself.

c) Recursion Operator Produces Itself, L = R

Recursion operator of KdV is
L= D?+4u+2u,D;"

we find
LY = D? +4u — 2D, (uy,),

and
LT =1L

Then applying Lemma (4.1.3) with € = 1 and we use the recursion relation (4.2).
Also we will take R, as in (4.12)

Ltn+2 = LLtn + [Rna L]7 Rn == anDz + bn (511)
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Then we find
an, = 2D (uy,),

bn = 4Utn.

If we put a,, and b, into (5.11), we get

Up,,y = Up,  + duuy, + 2u, D) (uy,).

n+2 Ny

Then we find
R = D2+ 4u + 2u, D",

which is the initial lax operator.

2) MKdV Equation : u; = Uy, — 6u?u,

Here we list all required operators and their adjoints,
i) R

R = D? — 4u?® — 4u, D *(u),

F* = D3 — 6u®D, — 12uu,,

Rz = D? — 6u*D, — 12uu, + (6u* — duuy, + 2u2)D;' + ..
ii) R™

R* = D? + —4u® + 4uD; (uy),

(F*)* = —=D3 + 6u’D,,

(R*)2 = D3 — 6u*D, — Suuy + ..

By using the above list, we see that for the Lax equation

N|w

F* = (R?)

is satisfied and for the adjoint Lax equation

N|w

(F7)" =—=((r")

)>1

is satisfied. Both of these Lax equations are consistent. Hence we can use the
recursion operator of MKdV in Gelfand-Dikii formalism.

a ) Recursion Operator is the Lax operator, L = R

L= D? —4u* — 4u, D, (u),
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Nl

L, =[A, L] where A= (L2),. (5.12)

We find
A= D?—6u’D, — 12uu,. (5.13)

By using (5.12) and (5.13) we find
Ut = Uggey — 6U2U$,

which is MKdV equation.
b) Adjoint Lax equation, L = R*

L= D2+ —4u* + 4uD; " (u,),

Ly=[AL] and A= (L?)s. (5.14)

We find
A= D?—6u’D,.

If we compare coefficients in (5.14), we find
Ut = Uggy — 6U2Ux,

which is MKdV equation
c) Recursion Operator Produces Itself, L = R

Recursion operator of MKdV equation is
L= D? —4u* — 4u,D,; (u),

we find
Lt = D? — 4u® + 4uD; * (u,),

and
L' =1L
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Then applying Lemma (4.1.3) with ¢ = 1 we use the recursion relation (4.2) and
we will take R,, as in (4.12)

Li,., = L.Ls, + [Ru. L), (5.15)
with R, = a, D, + b,. By replacing R, and L into (5.15) we find
an = —4D;  (uuy,),

b, = —8uuy,,.

Hence we get

2 —1
Upy 42 = 2, 20 — SU Uy, — 8u, D" (uwy,),

this yields to
R = D? — 4u* — 4u, D, * (u).

3) Burgers’ Equation : w; = u,, + 2uu,

Here we list all required operators and their adjoints,
i) R

R=D,+u+u,D;",

F* = D2 + 2uD, + 2u,,

R?* = D? + 2uD, + (3u, + u?) + (2uug + Uge) D

ii) R™

Rt =-D,+u— D;'(u,),

(F*)* = D? — 2uD,,

(RT)? = D? —2uD, + (u, + u?) + ...

By using the above list, we see that for the Lax equation
F* = (R?)>
is not satisfied for any k£ = 0, 1,2 and for the adjoint Lax equation

(F)" = =((R")")zn
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is not satisfied for any £ = 0,1,2. Hence we cannot use recursion operator of
Burgers’ equation in Gelfand-Dikii formalism as the Lax operator.

There is an interesting situation here. We have (F*)™ = ((RT)?)>; but for a
consistent Lax representation we should have (F*)* = —((RT)?)s;, for some k.
We will check if this interesting case in adjoint case is consistent or not. Firstly
we show the inconsistency in Lax equation.

a ) Recursion Operator is the Lax operator , L = R
L=D,+u+u,D,",

Ly=[AL] and A= (L?)s. (5.16)

We find
A= D?+2uD,..

If we compare coefficients in (5.16), we find
Up = gy + 2Ully, (5.17)
but coefficients of D! gives
Uty = Uggg + 2Ullag + 202,

which is not compatible with (5.17). Also the left hand side of (5.16) include
terms with powers D2, D3,... but the right hand side does not have terms with

these powers.
b) Adjoint Lax equation, L = R"

L=—Dy+u— D, (uy),
we do not have (F*)" = —((L*)?)s, for any k but if we take A = ((LT)?)>;
Li=[AL] and A= (L?)s,

we find

Up = —Ugy — 2Uly,
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which is not Burgers’ equation. Thus, there is a minus difference between adjoint
Lax equation and corresponding Gelfand-Dikii formalism.
c) Recursion Operator Produces Itself, L = R

Recursion operator of Burgers’s equation is
L= Dm—l—u—l—uxD;l,

Li..=L.L, +[Ru L, (5.18)

n+1

with R, = a, D, + b,. By replacing R, and L into (5.18) we find
an = Dr_l(utn)7

bn = U, -

Hence we get

_ —1
utn+1 - uutn + U’tnl‘ + uwDI (utn)7

then we find
R=D, +u+u,D;".

4) Harry-Dym Equation : w; = w3w,,,

Here we list all required operators and their adjoints,

i) R

R = w?D? — ww,Dy + Wiy, + Wweme Dy (),

F* = w3D3 + 3ww,ya,

R> = w3D3 + (Wwgy — 2ww?) Dy + (2w W40y — WWaWae + W3) + ..

ii) R+

Rt = w?D2 4 3ww, D, + (3w2 + dwig,) — -5 Dy (w0 wess),

(F*)* = —w*D3? — 9w?w, D? — (19ww? + Yw?w,,) D, — (18ww,w,, + 6w?),
(R*)% = w3D3 + 6w?w,D? + (Y w?w,, + 10ww?) Dy + (L wepe — 2ww,w,,

2 1 1
+4w?) + ...

By using the above list, we see that for the Lax equation

F* = (R*)>k
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is not satisfied for any £ = 0, 1,2 and for the adjoint Lax equation
(F)" = =((R")*)=

is not satisfied for any £ = 0,1,2. Hence we cannot use recursion operator of
Harry-Dym equation in Gelfand-Dikii formalism as the Lax operator.

Let us show the inconsistency in Lax equation if we take recursion operator
as the Lax operator.

a ) Recursion Operator is the Lax operator, L = R

L= wgDi —ww, Dy + wwe, + wgwxwaazl(_%
w

3

Lo=[AL] and A= (L3)ss. (5.19)

We find
A=wD?

If we compare coefficients in (5.19), D? gives

Wy = waxz‘xa (520)

which is Harry-Dym equation, but coefficients of D, gives

2
T’

4 3 4 3 3 3
—W Waggr — AW WeWagr = DW Wapre + SWWeWape + SW W Wee — W W

which is not compatible with (5.20).

5.3 A General Type Lax Operator of Order Two

Now we consider a recursion operator of order two

L=D?+a+8D;"
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where a and 3 are function of x and t

a) If L satisfies the Lax equation,
L, =[L,A] where A= (L%)+,

what conditions o and  must satisfy 7 First we find

) 1 1 1
Lz2=D,+-aD '+ (=8 — -a,)D 2+ ...
2 +2a . ~|—(25 4a) .-+

and

3 3 3
A=D}+ZaD, + (- =3).
» 50 x+(4ax+25)

1 3 3 3 3
3 3 3 3 .
—BBs — — D?+ (= —= D%+ ...

= o+ 53D, (5.21)
From the coefficients of D2 in (5.21)

1
B = 5% when [ # 0,

and we have

Oy = Qlggy + §aax.
2
Hence « satisfies the KdV equation and we get o = u. Also, the rest of (5.21) is
also satisfied.
b) If this pseudo-differential operator has itself as a recursion operator, what

conditions a and [ must satisfy 7 We have the recursion relation,

Ltn+2 = L.Ly, + [an L]7



CHAPTER 5. RECURSION OPERATORS IN GELFAND-DIKII FORMALISM50

with R, = a,D, + b, and L;, = o, + B, D,;'. We have

L.Li, +[Rn, L] = (aq, —2a,,)D?+ (204,42 + By, — @n,, — 2bp, ) Dy
+(u, ze + 201,2 + @y, + ana, — by,.)
+(anfBe + Ban, + Broae + B, + Bau,) D,
+(Bbn, + BB, — Ban,, — Baw,.)D* + ...
= Q.+ Bu.Dy (5.22)

If we compare the coefficients of D? in (5.22),

1

wn = 2D (o) (D2),
3 1
bn = 10 T §D;1(5tn) (D2),
L + 26tnw + oy, + a0y — bngm (Dg)v (523)
5tn+2 = anﬁx + Banz + Btn:ca: + Oéﬂtn + ﬁ&tn (D;1)7 (5'24)
Bbn, + BB, — Ban,, — Bar,. =0 (D,?). (5.25)

If we put a, and b, into (5.25), we get

1
5 = 50455.

If we insert a,, b, and £ into (5.23) we find

1
—1
&tn+2 = atnxx _|_ §OéxDZ‘ (atn) + Oéatn?

hence we have

1
Appyy = (D + a0+ §%D;1)Oétn-

and we find, o = u. Note that (5.24) is also satisfied.

As a result, recursion operators of nonlinear PDE’s can be used in Gelfand-

Dikii Formalism if they satisfy certain conditions (5.6) and (5.7). That is, if we
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have an evolution equation
u = F(u, Uy, Ugy, -..), (5.26)

and

R, = [F*, R|

is satisfied. Hence R is recursion operator of (5.26). Also If
Fr = (R%)Ekv

for some k = 0,1,2 and
(F)" = =((R")™) 2k,

for some k£ = 0,1,2, then we can use this recursion operator in Gelfand-Dikii
formalism. For the examples we considered, recursion operators of KdV and
MKdV equations both satisfies this conditions for some k’s. Hence we can use
them in Gelfand-Dikii formalism.

However, recursion operators of Burgers’ and Harry Dym equations fail to

satisfy these conditions. Hence we cannot use them in Gelfand-Dikii formalism.



Chapter 6

Classification Problem

6.1 Classification of Nonlinear PDEs by the Use

of Recursion Operators

In this chapter, we will classify all evolution equations that have specific type of
recursion operators of order 1. Firstly, we will consider most general case and
then we will go through all sub-cases. Mainly there are two ways of classifying
the hierarchies of evolution equations, by considering the hierarchies u;,, = R™(0)
or uy, = R"(u;), where R is the recursion operator of the evolution equation,
u, = R(0) or us; = R(u,) respectively. The criteria for an operator to be a

recursion operator of a evolution equation was given in (2.38),
R, = [F*,R). (6.1)

Hence we will use (6.1) to classify evolution equations that admits some specific

type of recursion operators.

52
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6.2 Classification for Burgers’ Type Equations

In this section, we will classify 2nd order partial differential equations of the
type uy = R(0) with recursion operator of the first order. Similar classification
was considered in thesis by Jon Haggblad [5]. We will consider the case when
evolution equation depends on at most 2nd order derivatives and also coefficients
of recursion operator will also depend on at most 2nd order derivatives. We will
consider evolution equations of order two that admits recursion operators of order

one and using (6.1) we will classify them. That is
Uy = B, Ug, Usy ),
which have recursion operator of the form
R=9D,+a+ 8D, (p),

where v, a and p are all functions of w, u, and wu,,. This is the most general
recursion operator of order 1. In this case, to have a hierarchy of evolution
equations and to get evolution equation directly from recursion operator we must

have
p#0,

In this case, we have F'* = §8,,. D? + 8,, D, + B..
Let’s take B = 3,,,, F = 8,, and K = 3,. We have

F*=BD?+ED, + K.
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First we calculate [F*, R] :

+(ED,y + BD?y +2BD,a —vD,E)D,

o4

+(ED,a+ BD2a + 2BpD,3 + 2BBD,p — vD, K + BpD,(B))

+6D,; 1 (D,(pE) — 8K — D3(pB))
+(BK + ED,B + BD?B)D;(p)
— Rt
= DD, + D+ DD, (p) + 8D, (Di(p)).

Hence we get 5 equations for v, o, f and p :
2BD,y —~vD,B =0,

ED,y + BD?*y +2BD,oe — yD,E = Dy,
ED,a+ BD?a +2BpD,3 + BBDup — vD.K + 8D,(pB)) = Dy,
BK + ED,S + BD23 = D,j3,
D,(pE) — BK — D3(pB) = Dyp.

From equation (6.2) we have
2BD,y—~D,B =0,

2B(Vyty + Yup Uzz + Ve Uszz) = V(Buly + BuyUgy + By, Uses).

We equate the coefficients of gz, Upy, u, in (6.7) .

(ux’xw)

[N

Uz

= v = w(u,u,)B2.

If we insert 7 into equation (6.7), we get

(Uaer)

Wy, =0 = yzw(u)B%,

T

(6.7)
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(Uz)

w, =0 — v = wB% w : constant.

We have,
B = B<u7u:r7 umm)a a = Oé(U, umau:m)7
P = p(uauanu:cx)n Y= wB<u>uxauacm)%

Now we look at equation (6.3)
ED,y + BD?y +2BD,a — vD,E = D7,

and we compare the coefficients derivatives

2 u UpzUrzU 4 Uy UgzU 9

Bu,, = 0 and By, .,, = 0 are solutions to this equation. Hence there are 3 cases,

i' ﬁuxxugc;c # 0’
ii. B, # 0 but By, =0,
iii. B,,, = 0.

6.3 Casel: 3, 4, 70

By solving the equation (6.8) we find

—4
= (Cl (u, um)uzx + CQ(U, ux)cl(u’ ux) - C3(u’ uﬂﬁ)? (6.9)

and the coefficient of next highest derivative of u gives

(uzwa:)
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by using (6.9) in here we find «

_ 2'11)(62(1,6, ul")Uz —C (U’7 u:p)uu:r)
 (er(u, Uy ) Ue + co(u, ug))?

+ C4(’LL, u:r:)

But we cannot go further from here and for now we have,

p= 4 + c3(u, uy)
B (Cl(uuuac)umx +62<u7ux)cl(u7ux) ’ T

_ 2’LU(CQ('LL, uI)uz —C (U, ux)uu:t)
(e (U U+ 2 (u, uy))?

+ C4(U, ux)a

2w

7= C1 <u7 um)ux:c + 02(u7 u:c)’

p = p(U, U, Ugy).
To be able to solve all these equations we make some assumptions ¢; = 2, ¢5 = 0,

¢y = 0. Then v, «, B, p reduces to,

ry:u_i::z, Oé:O, Bz_ﬁ—i_cfi(u?ux% p:p(uﬂum?uaﬁw)
) 1
with B = = E = c3(u,uyg)y, and K = c3(u, uy),.

rxr
From the rest of the equation (6.3), we get
C3puy Uz Uzs + 3, Ugy = 07
and
C3pu — 0.
By solving them we get

u
cs3(u, uy) = c5— + cg(uy) cs 1 constant.
X

Equation (6.6) gives

(u:m::mc)

P = C7(U, u:c)uazxa
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(uzwa:)

p= C7(ux)uxcm

csc7(uy)
Uy

+ C7uzuz + C5C7uI = 0. (610)

We cannot solve (6.10) but equation (6.4) reduces to

(ux:p:v)

cr(ugz) =0 = p=0.

This is a contradiction with the assumption p # 0 so we move to the next case.

6.4 Case 2: 3, 4, =0, Bu,, #0

In this case we have

B = c(u, uz) Uy, + d(u, uy).

Lemma 6.4.1. If § = c(u, ug )ty + d(u, u,), then we have p = p(u).
Proof. We use the equation (6.6)
D,(pE) — BK — D3(pB) = Dyp.

We have, B = ¢, £ = ¢y Uz, + dy, and K = cyu,, + d, and we compare the

coefficients of derivatives of u in (6.4),

(uxzxac)
(u:r:mv)
Hence we have p = p(u). O

NI

In which case we have v = we(u, uy,)
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and we start with (6.3)

ED,v + BD?*y + 2BD,o — vD,E = Dy,

(uzzax>
wce welu, u
oy = lfc — o= Muxw + Cl(uv uw)u
2c2 2c2
(u3,)
3 02 w 1
4w— + 5 —C2¢y,y, =0,

¢y, = 0 is a solution to (6.11), but if ¢,, # 0 we get,

4

(e3(u) = ea(u)ue)?

c(u,uz) =

9

(Usz)

16weg(u)es(u)yuy — 16weg(u)cg(u),u

(ea(u) = e2(wue)® T (ealu) = ea(uug)?

8¢y (U, Uz ), 16wes (u),,uy 2wd(u, Uy )y,

+

(c3(u) — ca(w)ug)?  (c3(u) — cau)ug)* N c3(u) — ca(u)u,

But we cannot solve (6.12) so we now consider two subcases,
i. ¢, =0,

. ¢,, = 0.

6.4.1 Casei.c,=0

o8

(6.11)

= 0.(6.12)

In this case, 8 = c(uy )y, + d(u,u,), B =c, E = ¢, Uy, +d,, and K =d,. Also

v = we(ug)?
From equation (6.3)
(uxxx)
W ey, W (U, Uy )y,

Oy, = — — o= ——
S 2
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(u3)
3 cu2 w 1
7Y c; + 5 € Cuzus = 0. (6.13)
By solving (6.13) we get
4
c(ug) = —m ¢3, ¢4 = constant,

(03 - C4U$)2

(Uge)

4 x du u
Al Whiswe _ (6.14)
(c3 — cqug)? 3 — cquy
Solving (6.14) gives
w w
¢ = Z(c3 — cqtiy) + Zc4d(u, Uyz) + Cs5 cs = constant, (6.15)

we can drop constant term cs in (6.15) because in all equations we only have

D,a. Hence we have

Ay
B=—"—+d(u,u,),
C3 — CqUy,
2we, w wey
= T = epuyr e+ g o cate (U ), & =),

Now we consider the equation (6.6) and analyze the coefficients of derivatives of

u.

(Uge)

dypu, = 8—— P g GPulle (6.16)

ples — caug)? ples — caug)?

By solving (6.16) we get

463 P(U)u
d(u, uy) = c5(u)u, + cg(u) + . 6.17
( ) 5( ) 6( ) Ci(Cz—CALUx) p(U) ( )
In (6.17), we suppose p(u) # 0
(uz)
4
pudumuz + duxupuas - pdu - p(CS — e )2u§ - ;Oud7 (618)

replacing (6.17) into (6.18) we get

4
_QPuu + (pcﬁ)u = 07
Cq
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that reduces to
2

Pu + ZA‘Cgp = ¢r. (6.19)

To find p in (6.19) we make the substitution

2
p = h(u)e™® where ¢ = % /CG(U) du,

then we find p as,

2w
v = :
C3 — C4ly
2
C_4/CG(U) du
AUy cace(U)uy 4descrtly e4
" (03— cqug)? 3 — cqu Fes(u)us A(cs — cquy) c ’
3 4 Wy 3 4 Uy 4\ L3 4 Uy —4/CG<UdU
cre 4 du + cg
2wey w (€3 + cquy)cqce(u)
— —U/CECIZ + —_— CaCs\U) —
“ (€3 — cqtiy)? 4 ( 3¢ (1) Cg — Cally

c
—/06<u) du

8cser e4 )
2 9
4

ca(e3 — cqug) c
—= [ c(u)du
/076 4

du + cg

2

2
— [ ce(u)du C_4/CG(U) du
p=e 4 ) /6764 du 4+ cg |.

We make the substitution

4
Cg — _206(u>uu.
¢t co(wu

Then «, 3, v, p reduces to,
2w

C3 — Cqlly
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AUy 4 6 (U)uu descreg ().,
b= - Uy +c5(u)uy+ ;
(c3 — cqug)?  cqles — cquy) co(u), (1) c2(cs — cqug)(cres(u) + cg)
2we w 4(cg + cquy) co(U)yu descreg(U)y,
o = —42Uxx+—(C3C5(U)— ( 3 4 ) 6( ) 3C7 6( ) ’
(e3 — cquy) 4 ca(es — cquy) co(u)y  caes — cquy)(creg(u) + cg)

crce(u) + cs
co(u)y

We look at the equation (6.4) (Uzzy)

32p

— = = = 0.
(€3 — cquy)? P

This is a contradiction with the assumption p # 0 and we move to the next case.

6.4.2 Caseii.c, =0

In this case, 8 = c(w)uz, + d(u,u,) B = c(u), E = d(u,u,),, and K =
(U, g )utigg + d(u, tg)y. Also v = we(u)? .

From equation (6.3)

(uxxx)
QCOéum =0 & o = a(u, Ux),
(Uge)
2, = Wiy, = @ = dww) tal,  (6.20)
c2

Now we insert (6.20) into (6.3) and continue with

(ux)

1 cc 4z
d=——cu>+ —"u+ ——c1, Uy (6.21)

2 Cu W Cy

In (6.21) we suppose ¢, # 0 and later we will consider the case ¢, = 0. Hence we

have
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B = C(u)um: - %c(u)uui + C< C)(Z()lj}uu i 4 %C(uizl{j;iu)uuM
p=p(u)

Now we look at the equation (6.6)

(Uge)

CCyu
—3cup + 2p

U

- 201011, - 07
p = 0 is a solution to (6.22) but first we assume p # 0. Hence we find

cac(u)y

c(u)?

p= co = constant,

the rest of (6.6) is fully satisfied and next we look at the equation (6.4)

(uzx:v)

w = 2c¢y,
(Uge)

2 2

—2ccy, + 4 5 C1, Cuu — 4—01,, = 0,
(6.23) is linear in ¢;, hence we find
1
c1(u) = cqe(u)? + e ¢4, 5 = constant.

Finally we have

w c(u)y w (u)%c(u) U crclu c
N 2 c(u)z et c(u)y o+ 2eac(u)? + o5,
B = c(u)tge — =c(u)qu? + C(U)(u()u)uu u? + 6—20(u)ux,
_ cac(u)y
’ c(u)?

Hence we get the equation

1
ur = c(u)uyy — éc(u)uui +

62

(6.22)

(6.23)

(6.24)
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with the recursion operator

R = 2coc(u)2 D, + 2c4c(u)% + <202 ()

6.4.21 Ifc,=0

In this case, 8 = cuy, + d(u,u,), B = ¢, E = d(u,u,),, and K = d(u, u,),. Also

7 is a constant since B is constant. From equation (6.3)
2cD,a — vD,d,, = 0.
Then we have

QC(OZUU% + auxux;t) + aumux;cx) = V(duxuuz + duxuxuzx) = 07

and so
(uxzx)
Qy,, =0 = a = alu,u,),
(um)
2cay, = Ydy,u, s a = Qld(u, Uz ), + di(u),
c
(tz)
2co, = Yy, — o= Zld(u, Uz )u, + d1 d; : constant. (6.25)
c

Now we solve equation (6.6), if we replace (6.25) into (6.6) we get

(pduz)uu:c + (pduz)uzux:c — pdy — Cpuuui — CPyUgy = pu(cum + d),

and so

(Uge)

Py, = 2CpPy — dypu, = 2C

: (6.26)
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In (6.26) we assume p # 0, we have
d(u,ug) = c—puui + 1 (u)ug + ca(u),
p

replacing (6.27) into (6.6) again, we get

(o) =0 =  p=

In (6.28) we assume cz(u) # 0, we have

ca(u),

) uy + c1(u)uy, + co(u).

d(u,u;) = —c
Hence we get the following equalities :

vy = constant,

ca(u),
ca(u)

B = Clgy — C ui + 1 (u)ug + c2(u),

CQ(U)UU lc u ColU
o () ot 5 1(u) + ca(u),

C3

co(u)

o= —v

p —=
Finally we solve the equation (6.4)

(um:x)

o)y L9 ¢ _ _CVCQ(U)U

ca(u) cao(u) cao(u)

—cry = c3=0 =

this is a contradiction because we have assumed p # 0 at first.
Now we go back to the case, co(u) = 0. In this case, we have

¥ = constant,

p(u)y
p(u)

B = Clgz, + ¢ ui + 1 (u)uy,

c3 : constant.

64

(6.27)

(6.28)
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= p(u)uu lc u ColU
=7 =t 5, 1(u) + c2(u),
p = p(u) # 0.

At last we solve the equation (6.4)

(uxx:v)

2¢%p =0 - p=0,

which is a contradiction to the assumption p # 0 and so we analyze the next case.

6.5 Case 3: 3,,, =0

In this case we have § = 5(u,u,), B = 0 so the equations (6.2), (6.3), (6.4), (6.5)
and (6.6) reduces to

ED,y — vD,E = Dy, (6.29)
ED,a —yD,K = Dya, (6.30)

BK + ED,B = D8, (6.31)
D,(pE) — BK = Dyp. (6.32)

To be able to solve these equations, we assume 7 has the form

v = m(u, Uy ) gy + n(u, uy).

Equation (6.29) gives

(v,

2mpBy,u, =0,

then m = 0 or f3,,,, = 0 but in either case we have 3,,,, = 0. Hence we take
B = ci(w)u, + ca(u),
and continue with equation (6.29). Also to go further we assume

m(u, uz) = mq(u)u, + ma(u),
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and continue to analyze the coefficients of derivatives of u : (uzu?)
mycy, =0, (6.33)

(uxxua:)

mq,C2 + 2m102u = 0, (634)

(6.33) and (6.34) yield to ¢;, = 0 because m # 0
(um)

(02m2)u =0,

to be able to go further we assume
n(u, ug) = ny(uw)u, + no(u),

and we have

(ud) : micy,, =0
(u?) : macy,, =0
(uz) : (n1c2)u =0
(up) : Cang, =0

co = 0 satisfies all these equations so we have
B = crug, (6.35)

and the rest of equation (6.29) is fully satisfied. Also equation (6.30), (6.31)
and (6.32) are also fully satisfied. Actually any operator has the form R =
vD, + a+ BD;(p) is the recursion opearator of the evolution equation (6.35).
If co # 0, by solving the rest we get

B = crug + csu,

and
Cy Cs

Ce
Y= _Qurz + —Upe + — Uy + C7U + C3.
u u u
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Moreover, solving equations (6.30) and (6.32) we get
P = —CiUy — C3U,

a = —C1Uy; — C3U.

Hence we get the evolution equation
Ut = ClUy + C3U,

with the recursion operator

c c ¢
R = (u—zum + 5um + fux + cru+ cg) Dy + (cruy + czu) + utDajl(clux + c3u).

In [6], there are four partial differential equations that have recursion op-
erators of type
R=D, +a+ 8D, (p).

1) Burgers’ Equation
Up = Ugy + 2uu, with R=D,+u-+ uxD;1
2)Potential Burgers’ Equation
Ut :um+ui with R= D, + u,
2) Diffusion Equation
2 : 2 -1 1
Up = U Uy, With R =uD, +u ., D, (—2>
u
4) Nonlinear Diffusion Equation

xr . 1 xX X —
e = Dm(“—> with R=-D, — 2% _ Dx(“—> D!
u? U u? u?
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Diffusion equation and nonlinear diffusion equation can be obtained by the re-

cursion operators of type (6.25).

1
e Diffusion equation can be obtained by choosing c(u) = u?, ¢y = 5 and ¢4 = 0.
1 1
e Nonlinear diffusion equation can be obtained by choosing c(u) = —, ca = 3
u

and ¢4 = 0.
e Potential Burgers’ equation and Burgers’ equation belong to the case u; =

R(u,). But we we did not consider these types of equations.



Chapter 7

Conclusion

We studied symmetries of nonlinear partial differential equations and stated a
criteria for an operator to be a recursion operator of a given nonlinear partial
differential equations. In this thesis, we focused on recursion operators in the
framework of Gel’fand-Dikii Formalism and used the recursion operators classi-
fication of evolution equations. We provided consistent Lax hierarchies and we
presented Lax operators for each consistent case. We studied a method to con-
struct recursion operators of evolution equations from the Gel’fand-Dikii Formal-
ism. Then we find out whether we can use recursion operators as Lax operators in
Gel’fand-Dikii Formalism or not. In some cases, answer is affirmative but in some
cases, answer is negative, because there are certain conditions for both recursion

operator and evolution equation be satisfied.
We stated a classification problem of second order evolution equations that admits

first order recursion operators of specific type, then we found a class of evolution

equations with recursion operators.
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Appendix A

Well Known PDEs and

Recursion Operators

In this Appendix we give some evolution type of nonlinear partial differential
equations with their recursion operators [6]

1) Burgers’ Equation [1]
Up = Ugy + 2ut, = R(u,)
R=D,+u+u,D;"

2) Potential Burgers’ Equation [1]

Up = Ugy + ui =Ry (ua:)

R1 == Dz —|—U$
Ry =tD, + tu, + %x

3) Diffusion Equation [12]
up = uug, = R(0)

1
_ 2 -1
R =uD, + v uy, D, <@)

4) Nonlinear Diffusion Equation [1]
Uy

1 1 U U
R=D*-)D'==-D,—2—= — D, (=)D !
x(u) T U ug (U2) T
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5) KdV Equation [1]

Up = Uggy + 6uu, = R(uy,)
R = D?+ 4u+ 2u,D;".

6) Potential KAV Equation [14]

Up = Ugge + U2 = R(uy)
R = D2+ 4u, — 2D (uy,).
7) Modified KdV Equation [12]

U = Uy — 6Uu, = R(uy)
R = D? — 4u?® — 4u, D" (u).
8) Potential Modified KdV Equation [1]

U = Uy + U2 = R(uy)
R =D+ 2u2 — 2u,; D ().

9) Harry Dym Equation [12]
U = UUzze = R(0)

) 1 1
R = usDi(u)Dgl(ﬁ) = u?D? — iy Dy + Uy + U ey D, 1(@)
10) Krichever-Novikov Equation [14]
3u?
2 3
o 2 Ugzz Uzzx Uz 1 o U UgzUzzy Ugg

11) Cavalcante-Tenenblat Equation [15]
_1 3
ug = D?(uz %) + u2 = R(u,)
1 SUgy U, -3
e (qruz g Tt P )

R=—D?—-
12) Sine-Gordon Equation [1]

Uy 2u?
Uyt = SINU

2
1Ugee  3usi,

R=D?+u? —u,D; (uy,).

13) Liouville Equation [14]

Uy = €Y

R=D?—u?—u,D;" (uyz).
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14) Klein-Gordon Equation [16], [17]

Uy = e 2% + Bet

R = DS+ 6(uy —u2)DE + I(Uppe — 2upttyy) D2
+(5Ugy — 22UgUspry — 13U, — 6uuy, + Jul)D?
+(Use — SUpligy — 19Upplpzy — 3UULze — OU U, + 18u3 UL, ) D,
—duzuse + 20UB Ugry — 20UpUppUpee + 20u2u?, — 4ub
+2u, D (uge + DUgpptiay + HuZ,, — Duluy,
—20Up Uz Uz — DU, + DUIUL,)

+2(Usy + DUppUpze — DUEUzze — DU U2, + u3) D (Ugy)-

15) Kupershmidt Equation [9], [18]

U = Usy + DUplppy + DU, — DUPUpee — 20Ul UL, — Hud + Sutu, = R(0)

R = DS+ 6(uy — u*)D2 + 15(upy — 2uu,) D3
+(Ugy — 6uuy — 40Uty — 31u2 + 140y, ) D?
+(6tgy — Uy + Hduu, — 18uu? — 6uyu?, — 30Utypy — 63Ugyy) D,y
sy — 120ty — Ut Uppy — 23UpUpgy — 15u§$
— 38Uty Uy + 38UBUL, + TAu?u? — 4u®
—20, D7 (Ugy + DUPUge — HUUZ + BUgtizy + u°) + 2u D (u).

16) Sawada-Kotera Equation [12], [18]

Up = Usy + DUlggy + DUglye + Huu, = R(0)

R = DS+ 6uD+ 9u,D3 + 9u?D? + 11uy, D? + 100y, Dy + 12uu, D,
+4u3 + 16Uty + 6uZ + Sty + U Dt (2uge + u?) + us DL
17) Potential Sawada-Kotera Equation [9], [18]

Up = Usg + DlUgligey + 2ub = R(1)

R = DS+ 6u,D? + 3uu, D2 + 8uype D2 + 9u? D?
+(2Uag + SUgztiy) Dy + sy + 13Ugpptiy + 3uZ, + 4u’
20, D7 (U + Ugptiy) — 2D (U + 3tlagtiy + 6Uppplisy + 2Uppti?).
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18) Kaup-Kupershmidt Equation [9], [18]

R = DS+ 6uD*+ 18u,D? + (9u? + Lu,,)D?
+(30utty + Bupye) Dy + 403 + Fug, + Lu? + Buy,

%ungl(um + 2u?) + u; Dt

19) Potential Kaup-Kupershmidt Equation[9], [18]

_ 15,2 | 20,3 _ pl
Uy = Usg + 10UpUsae + S Uz, + Fu; = R(5)

R = DS+ 12u,D? + 24u,, D3 + (25U, + 36u2)D?
(10Ugy + 48Utz ) Dy + 3use + 2102, + 34uptyppy + 32u3
=2, DM (Uay + Sugtizy) — Dy (Uge + 12Uptar + 24UpptUpee + 323Uy

20) Dispersiveless Long Wave System [16], [19]

xr + x X
U _ Uy VU + UV, R U
v . Uy + VU, Vg
2 D71
j v 2u+ ug ‘
2 v+v,D!

21) Diffusion System [12]
v Ug;aj vl‘
¢
D, vD;!
R = :
0 D,

22) Sine-Gordon Equation in the Laboratory Coordinates [20]

u\ v
v/, Uz — sin ()
Ry R
po [fn Fa
Ro1 Ry
Ryy = 4D? — 2cos(u) + (ug + v)* — (ug + ) Dy Uy + v — sin(u)
Ris = Dy + (ug +v)D; (uy + )
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Ro1 = 4D32 + (uy + v)? D, — 4cos(u) Dy + 2ugsin(u) + (g + vs) (ug + 0)
_(uwx + vy — Sln(u))Dgl(um + v, — SZTL(U))

Ry = 4D? + (uy 4+ v)? — 2cos(u) + (Ugy + vy — sin(uw)) Dy (ug + v).

23) AKNS System [12]

— Uzx 2 2 x
U _ Ugpye + 2U°V _R U
v/, Vaw — 2020 Vs
R (—Dx + 2uD;(v) 2uD ;! (u) >

a —2vD; 1 (v) D, —2vD; ! (u)

24) Nonlinear Schrdinger Equation [12], [14]

u\ [ Ve Fo(P40?) ) [t

v/, B — Uy + u(u? + v?) - Uy
R F2uD,(u) D, F2vD;(v)

- \-D, + 2uD;'(u)  +2uD;'(v) |

xT

25 Boussinesq System [1]

U Vg 0
v " gu:m:x + §uux

R 3v+2v,D;' D%+ 2u+u,D;?
Ry 3v + 'U:L«D;I

Ry = D4 + 0uD? 4 5u,D, + 3u,, + Lu® + 20,D; "

26)Modified Boussinesq System [21]

(AN 3Vzz + 6UV, R 0
v/, —Ugy — 6VU, + 2uu, 0
R R
n— 11 12
Ro1 Ry
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Ry = 6vD?% + 90, D, + 3v,, — 12uzv, — 2us D, (u) — 6u, D (2uv + vy)

Ri5 = 3D32 + 6uD? + Yu, D, — 3u®D, — 9’ D, + 3uy, — 6u® — 36vv,
—18uv?® — 6u, D (v) + 6u, Dyt (uy — u? + 30?)

Ry = —D3 4+ 2uD? + u?D, + 3u,D, + 302D, + Uy — 6uv? — 2u3 + duu,
=20, D (u) — 6v, D (v, + 2uv)

Ryy = —6vD?% — 90, D, — 12uv? + 12u,v — 3v,, + 3603
—6v; D1 (v) + 6v, D (uy, — u? + 30v?).

27) The Symmetrically-coupled KdV System [22]
W\ [ Uggs F Vgge + OuUy + duvy +2uv) R Uy
v/, Uggr + Vpze + 0VU; + 40U, + 20,0 Vg
B (Dg +du+ 2u, DIt D2+ du+ quD;)

D%+ 4v+2v,D;' D2+ 4v+ 20Dt

28) The Complexly-coupled KdV System [22]

w\ [ Ugge + buu, + 6vv, Y Uy
v/, Vgzz + OUV, + OVU, Vg
n (Dg +du+2u,D7t v+ 20D >

4v + 2v, Dt D? + 4u + 2u,D;?

29) Coupled Nonlinear Wave System (Ito System) [23], [24], [14]

w\ [ Ugge + buu, + 2vv, R Uy
v/, 2uv, + 2u,v Ug
R D3 +4u +2u, D" 2v
20 + 2v, D! 0/
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30) Benney System [25], [24]

U VU, + 2D, (uw) Uy
= | 2u; + D,(vw) | = R| v,
w 2v, + 2ww, Wy,

w v 2u+u,D;?
R=12 0 v+4wv,D;!
0 2 wtwD;

31) Dispersive Water Wave System [24]

u D, (uw) Uy

v | = | v+ 2D, (vw) +uu, | = RY| v,

w), Wep — 201 + 2WwW, Wy
0 0 u+ uy D!

R=|u —D,+w 20 + v, D!
0 —2 Dx—i—w+wxD;1
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