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Let K be a finite Galois extension of the field Q of rational numbers. In this
thesis, we derive an asymptotic formula for the number of the Piatetski-Shapiro
primes not exceeding a given quantity for which the associated Frobenius class
of automorphisms coincide with any given conjugacy class in the Galois group
of K/Q. Applying this theorem to appropriate field extensions, we conclude that
there are infinitely many Piatetski-Shapiro primes lying in a given arithmetic
progresion and furthermore there are infinitely many primes that can be expressed
as a sum of a square and a fixed positive integer multiple of another square.

Keywords: Chebotarev density theorem, Piatetski-Shapiro prime number theo-

rem, exponential sums over ideals.
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OZET

PIATETSKI SHAPIRO ASAL SAYI TEOREMI VE
CHEBOTAREV YOGUNLUK TEOREMI.

Yildirnm Akbal
Matematik Bolimi, Doktora
Tez Danigmani: Yrd. Dog. Dr. Ahmet Muhtar Giiloglu
Temmuz, 2015

K rasyonel say1 cisminin bir Galois genislemesi olsun. Bu tezde, Frobenius oto-
morfizmasi C' konjuge sinifina denk gelen Piatetski-Shapiro asallarinin asimptotigi
incelenmistir. Elde edilen asimptotik bagint1 bazi cisim genislemelerine uygula-
narak ilk 6nce verilmis bir n pozitif dogal sayis1 icin a? +nb? seklindeki Piatetski-
Shapiro asallarinin asimptotigi; sonrasinda arithmetik dizilerdeki Piatetski-

Shapiro asallarinin asimptotigi hesaplanmigtir.

Anahtar sozciikler: Chebotarev yogunluk teoremi, Piatetski-Shapiro asal

sayiteoremi, idealler iizerine iissel toplamlar .
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Notation

Throughout this thesis, we use Vinogradov’s notation f < ¢ to mean that
|f(z)] < Cg(x), where g is a positive function and C' > 0 is a constant. Sim-
ilarly, we define f > g to mean |f| > Cg and f =< g to mean both f < ¢ and
f > g. We write n ~ N to mean that n lies in a subinterval of (IV,2N]. We will
use € > 0 to denote a quantity which may be taken arbitrarily small and not the

same at each occurence. Morever, ¢ > 1 is a real number, and 6 = 1/c.

For a fixed ¢ > 1, we set
A (z) ={[n°] <z| neN}

where |z] is the floor of z defined to be largest integer not exceeding x.

For any = > 2 and 1 < a < ¢ with ged(a,q) = 1, we set

7(7;q,a) = #{p < x : p prime, p = a mod (q)}.

For any function f, we put

Af(x) = f(=(x+1)°) = f(=2°), (x> 0).

For any subset P of primes, we denote by (P) the subset of natural numbers
that are composed solely of primes from P.

We write e(z) for exp(27iz). We use the notation ¢(z) for z — [z — 3.

For any finite field extension L/Q, we shall write Ay, for its absolute discriminant
and dy, for its degree [L : Q] = r1+2ry, where r; is the number of real embeddings
of L and 275 is the number of complex embeddings. We denote the ring of integers
of L by Oy, and the absolute norm of an ideal a is denoted by la.

The letter p always denotes an ordinary prime number. Similarly, we use the
letters p, P for prime ideals.



Chapter 1

Introduction and Statement of
Results

In 1953 Ilya Piatetski-Shapiro proved in [12] an analog of the prime number
theorem for primes of the form [n¢|, where n runs through positive integers and
¢ > 0 is fixed. He showed therein that such primes constitute a thin subset of
the primes; more precisely, that the number 7.(x) of these primes not exceeding
a given number z is asymptotic to 2'/¢/log z provided that ¢ € (1,12/11). Since
then, the admissible range of ¢ has been extended by many authors and the result
is currently known for ¢ € (1,2817/2426) (cf. [13]).

A related question is to determine the asymptotic behavior of a particular subset
of these primes; for example, those belonging to a given arithmetic progression,
or those of the form a®+ nb?. The former was considered by Leitmann and Wolke
(cf. [8]) in 1974, and it has been used in a recent paper by Roger et al. (cf. [1])
to show the existence of infinitely many Carmichael numbers that are products
of the Piateski-Shapiro primes.

For both of the aforementioned examples, the problem can be interpreted as
counting the Piatetski-Shapiro primes that belong to a particular Chebotarev
class of some number field (see Theorem 1 and the remark following Theorem 2).
Motivated by this observation, we study in this thesis the following more general

problem:



Take a finite Galois extension K/Q and a conjugacy class C' in the Galois group

G = Gal(K/Q). Put
m(K,C) = {p prime: ged(p, Ax)=1; [K/Q,p] = C}

where A is the discriminant of K, and the Artin symbol [K/Q, p] is defined as
the conjugacy class of the Frobenius automorphism associated with any prime
ideal P of K above p. Recall that the Frobenius automorphism is the generator
of the decomposition group of 3, which is the cyclic subgroup of automorphisms
of G that fixes . The Chebotarev Density Theorem as given by Lemma 10 below
states that the natural density of primes in (K, C) is |C|/|G|; that is,

m(K,C,x) ~ :%: li(z) (x — 00)
where m(K,C,z) = #{p < z : p € n(K,C)} and li(z) = [, (logt)~'dt is the

logarithmic integral.

Our intent in this thesis is to find an asymptotic formula for the number of
the Piatetski-Shapiro primes that belong to 7 (K, C). To this end, we define the

counting function
(K, Cix) =#{p<x : pen(K,C); p=|n°]for somen € N}.

The first result we prove in this direction is for abelian extensions K/Q. By the
Kronecker-Weber Theorem this problem easily reduces to counting the Piatetski-
Shapiro primes in an arithmetic progression, which was handled in [8] as we
have mentioned above. We do, however, reprove their theorem here in a slightly
different manner following a more recent method given in [4, §4.6] that utilizes

Vaughan’s identity.

Before stating our first result, we recall that the conductor f of an abelian exten-
sion K/Q is the modulus of the smallest ray class field KT containing K.

Theorem 1. Let K/Q be an abelian extension of conductor §. Take any auto-
morphism o in the Galois group G = Gal(K/Q). Then, there exists an absolute
constant D > 0 and a constant xo(f) such that for any fized ¢ € (1,12/11) and
x = xo(f), we have

(K, {c},x) = li(z'/¢) + O(xl/c exp(—D+/log )

1
c|G|
where the implied constant depends only on c.
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Next, we consider a non-abelian Galois extension K/Q. Given a conjugacy class
C in G, take any representative 0 € C' and put d, = [G : (0)] = [L : Q|, where L
is the fixed field corresponding to the cyclic subgroup (o) of G generated by o.
Note that d;, > 2. As in the abelian case, we obtain a similar asymptotic formula,
only this time the range of ¢ depends on the size of d;, (not on L, hence o). This
is due to the nature of an exponential sum that appears in the estimate of one of

the error terms. In this case, we prove the following result:

Theorem 2. Let K, C', G and d; be as defined above. Then, there exists an
absolute constant D > 0, and a constant xy which depends on the degree dyx and
the discriminant A of K such that for x > xq and for c that satisfies

(248414, + 1)1 if dy <10,
l<e< 1+ .
(6(dL3 + dLQ) log(125dy) — 1) otherwise,

we have

C
K, Cut) = S + O exp (~DIA x| (1052)')
c
where the implied constant depends on c, the degree dy and the discriminant Ay,
of the intermediate field L defined above.

The asymptotic formula above follows from the effective version of the Chebotarev
density theorem (see Lemma 10) coupled with an adaptation of the method in
[4, §4.6] to our case using an analog of Vaughan’s identity for number fields (see
Lemma 2). The main difference from [4, §4.6] here is that one has to deal with
the estimate of an exponential sum that runs over the integral ideals of L (see
§3.1.0.2, §3.3) and most of chapter 4 is devoted to the estimate of this sum. The
main idea in a nutshell to handle the exponential sum in §3.1.0.2 is to split it into
ray classes, then choose an integral basis for each class, and finally use van der
Corput’s method for small values of d;,, and Vinogradov’s Method for the rest on

one of the integer variables.

Although the above theorems yield non-trivial ranges for the permissible values
of ¢ for which the associated asymptotics hold, these values are squeezed in a
small portion of (1,2). The following theorem asserts that the exceptional set of
values of ¢ € (1,2) for which theorems above do not hold is of measure zero in
the sense of Lebesque measure.



Theorem 3. The conclusions of both Theorems 1 and 2 hold for almost all ¢ €
(1,2) .

1.1 Applications

We consider the ring class field L, (see e.g., [3, §9]) of the order Z[\/—n] in
the imaginary quadratic field K = Q(y/—n) where n is a positive integer. It
follows from [3, Lemma 9.3] that L,, is a Galois extension of Q with Galois group
isomorphic to Gal(L,/K) x (Z/2Z), where the non-trivial element of Z/27Z acts
on Gal(L,/K) by sending o to its inverse o~ !. For example, Gal(Ly;/Q) ~ S is
non-abelian, while Gal(Lsz/Q) is abelian since L3 = Q(+/—3). In any case, we have
from [3, Theorem 9.4] that if p is an odd prime not dividing n then p = a* + nb?
for some integers a, b if and only if p splits completely in L,,, which occurs exactly
when [L,,/Q, p] is the identity automorphism 1 of G = Gal(L,/Q). Therefore,
as a corollary of the theorems above we see that the number of Piatetski-Shapiro
primes up to x that are of the form a? + nb? is asymptotic to (c|G|)~i(z/¢) as
xr — oo for any c in the range given by the relevant Theorem above depending
on whether L, /Q is abelian.



Chapter 2

Preliminaries and Technical

Preparation

In this chapter, we state some of the core lemmas and theorems that will be
frequently used in the proof of Theorems 1 and 2. We refer the reader to [5] and
6] for the tools that are not presented here.

2.1 Analytical Tools

We first start with the following partial summation formula whose proof may be
found in [9, §A]:

Lemma 1. Let {a,}>2 | be a sequence of complex numbers, y positive real number,
and

A(z) = Z y,,
n<x

where A(z) = 0 if @ < y. Assume that f has a continuous derivative on the
interval [y, x]. Then, we have

S aaf(n) = A@)(@) — A ) - [ AW (@)de,

y<n<zx
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We next state the Siegel-Walfisz theorem. For the proof, we refer the reader to
9, Corrollary 11.19].

Theorem 4. Let A > 0 be fied and x > x(A). Then for ¢ < log”x, and for
a < q such that (a,q) = 1, there is some D > 0 such that
i)

m(x;q,a) = @ +0 (x exp(—D log:c)) :

The following lemma lies at the heart of the proofs of Theorems 1 and 2. It allows
one to decompose Von Mangoldt function and its number field generalizations into
more amenable arithmetical functions. There are similar decompositions due to
various authors (see e.g., [5, §6]). The one that we present here is more suitable
for our purposes.

Lemma 2. Let u,v > 1. Let L/Q be a finite extension, for any ideal a C Oy,
with Na > wu,

Ap(a) =D pu()logNe— > pr(0)As(o)

be=a bcd=a
Nb<v Nb<Lv,Ne<Lu
Nbe<w
— > m®)AL) = Y Ag(e) ) pr(b),
‘ﬂbgg;ﬁgu ‘ﬁc>czet,:‘3%e>v ‘J%%z;
Nbe>v
where
(_1)k if a=py---py
pr(a) = ) ’
0 otherwise,
and

As(a) logNp if a = p* for some k > 1,
a) =
t 0 otherwise.

Proof. We use the identity

Ap(a) = ZML(b)log‘ﬁc (2.1)

be=a



and then follow the argument preceding [5, proposition 13.4]. Finally, note that

> un0)AL(e) =D An(e) > p(b)

bed=a ce=a bo=
Nb>v,Ne>u Ne>u Nb>v
= > AL(C)<ZuL(b)—ZuL(b)>
had bo=e ‘J%%?e
Ne>u,Ne>v v
Y MO Y me)
9?c>c1i,:‘fclle>v 9%%25,

]

Next, we state several lemmata needed for exponential sum estimates. The proof
of the first one can be found in [15, Theorem 2a.], and proofs of the next four can
be found in [4, Theorem 2.8], [4, Theorem 2.9] and [4, Lemma 4.13], respectively.

Lemma 3. Letn > 11. Let N and P be positive real numbers, P being large. Let
f(z) be a real function, defined for x € I = [N, N + P|. Suppose on I, f has a

continuous (n + 1) th derivative satisfying

For(e) 1

~

n+1)! A

where
1
P < A< p*2r,

Then
Ze(f(n)) < P nThegimEn
nel

Lemma 4. Let q be a positive integer. Suppose that f is a real valued function
with ¢ + 2 continuous derivatives on some interval I. Suppose also that for some
A > 0 and for some o > 1,

A< ()] < ad
on I. Let ) = 2%. Then,

Z e(f(n)) < [I[(2\)YHQ=2) 4 |[|1-1/(2Q)41/(Q) 1 |[’172/Q+1/Q2)\71/(2Q)
nel

where the implied constant is absolute.



If g =0, then Lemma 4 is readily simplified to:

Lemma 5. Suppose that f is a real valued function with two continous derivations
on I. Suppose also that there is some X > 0 such that

()] < A
on I. Then

Ze(f(n)) < |TIAV2 4 X712,

nel

Here we remark that when f grows fast, Lemma 3 is superior to Lemmma 4,
since it yields a polynomial saving while Lemma 4 yields an exponential saving.
However, for slowly growing f, Lemma 4 is superior.

We next state the following lemma in order to estimate double exponential sums
(see e.g., [4, Lemma 4.13 |).

Lemma 6. Suppose a(m) and S(n) are sequences supported on subintervals of
the intervals (X,2X]| and (Y,2Y] respectively. Suppose further that

Z\a ))? < Xlog* X, Z\ﬁ )2 < Yiog? Y

Let j be a positive real number, and set F = jX°Y?. Finally assume that XY =
N. Then

2 2 ampmeljm*)
< (F1/6X2/3Y5/6 + NF—1/2 + XY1/2 + YX3/4) 1OgA+B+1 N.

The following lemma will be used to estimate exponential integrals (see e.g., [4,
Lemma 3.1. ]).

Lemma 7. Assume that f and g are differentiable on |[a,b]. Assume moreover
that g/ ' is monotonic and that | f'(z)/g(x)| = X on [a,b]. Then

[ stwetr@nis < §

where the implied constant is absolute.
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The following result due to Vaaler gives an approximation to ¥ (x) (see, for ex-

ample, [4, Appendix]).

Lemma 8. Let H > 1 be a real number. Then there exists a trigonometric poly-

nomial

)= Y anelha), (an < B ™)

1<|h|<H

such that for any real x,

[(x) =" ()] < ) baelha), (bn < H™Y).

|h|<H

The following lemma together with Lemma 8 is to be used in order to study
weighted sums over Piatetski-Shapiro sequences.

Lemma 9. Fiz c € (1,2). Let 21, 29, ... be a uniformly bounded sequence of com-

plex numbers. Then

Z 2, =0 Z 2k 4 Z 2k AY(x) + O(log ).
kfmj k<x k<x
k=|n¢

Proof. The equality k = |n°| holds precisely when k < n® < k41, or equivalently,
when —(k +1)° < n < —k°. Hence

S =Y a (K] - k1))

k<z k<z
k=|n¢|

The desired result follows on recalling the fact that (k+1)° —k° = §k°~1+O(k°~2)
and that Y, _ 2k "* < log . O

2.2 Algebraic Tools

We first start with Chebotarev Density theorem that forms the backbone of our

motivation (see e.g., [7]).

11



Lemma 10 (Chebotarev density theorem). Let K/Q be a Galois extension and
C a conjugacy class in the Galois group G. If dx > 1, there exists an absolute,
effectively computable constant D and a constant xo = xo(dg, Ag) such that if
T = xg, then

C
m(K,C,x) = % li(z) + O(x exp(—D|AK|_1/2\/log:v))

where the implied constant is absolute.

We refer reader to [6, Statement 2.15] for the following result.

Lemma 11. Let L be a number field of degree dy, then there is a number k
depending only on L such that

Z 1=kx+ O(xlfi).

aCOyp,
Na<e

The proof of the following result can be found in [2, Lemma 2].

Lemma 12. Let L/Q be a finite extension of degree dy and discriminant Ap.

For each ideal a of L, there exists a basis o, ..., oq, such that for any embedding
T of L,
AT Na) V) |raj) < Ay (M) (2.2)

where A} = deL|AL|1/2.

For the proof of the next lemma, see for example [6, Theorem 11.8].

Lemma 13. Let L be a finite extension and 4 be a nonzero ideal in the ring of
integers Oy. There exists an element o # 0 in 4 such that

dr! (4\"
m(aufl) g Icfl (_) ‘ALP/Z’
dL LAT

where 2ry 1s the number of complex embeddings of L.

12



Chapter 3

Proof of Theorem 2

Initial steps of our treatment for Thereoms 1, 2 and 3 are similar. Thus, most of

the calculations will be done only in this chapter and will be quoted later.

We first appeal to Lemma 9 with the obvious choice

1 if ken(K,O),
2 =
0 otherwise.

to derive

(K, C,x) E sp 4 E A(p) + O(log x).
p<T p<x
pen(K,C) pen(K,C)

Using partial summation, it follows from Lemma 10 that for + > xy =
xO(dIO’AKDa

Z 5p671 |‘Cé|’h( 1/c>+0( 1/ceXp( D‘AK|71/2 /log%)
pefr)(gl?,C)

where the implied constant is absolute.

The rest of this chapter deals with the estimate of the sum involving . Using
dyadic division yields

Y A= D> D) Av(p)

p<x I<SN<x N<p<N;
pem(K,C) N=2F per(K,C)

13



where Ny = min(z, 2N). By Lemma 8, we can approximate 1(x) with the function
(x) = Z ape(hx),

1<|h|<H

where the coefficients satisfy a;, < h~! and the error ¥ (z) — *(z) < A(z) holds

for some non-negative function A given by

= > b(h)e(hx)

|h|<H

with b(h) < 1/H. Using definition of A, it follows from Lemma 5 that

Y AW - < Y. A(-n’) <K NH '+ NPH'?,
N<p<Ny N<n<Ni
pen(K,C)

Thus, taking

H = N1_6+€ (31)
yields
S AW - ¥)(p) < 2 exp(—D|Ax| 2/ log )
pen(K,C,x)

provided that 1 < ¢ < 2 and € > 0 is sufficiently small, both of which are assumed
in what follows.

Having dealt with the error term, we now turn to the sum involving ¢*. Using

partial summation we obtain

A AY*(n)A VN).
> *(p log N e > ¥ (n)A(n)| + O(VN)
N<p<M N<n<N'’
per(K.C) ne(n(K.C))

Recalling the definition of )* above we derive that

Z AY*(n) Z ap Z Ae(—hn®)A(n)

N<n<N’ 1<|h|<H N<n<N’
ne(n(K,C)) ne(n(K,C))
< > R Y e(hn)pu(n)A(n)
1<|h|<H N<n<N’
ne(r(K,C))

14



where ¢p,(z) =1 — e (h((z 4+ 1)° — 2°)). Using the bounds
on(z) < ha', df(z) < ha 2,

and partial summation yield

hnd)én(n) A AN hn?)A(n)|.
> elhn’)oumA(m) < AN max | DT e(hn’)A(n)
N<n<N’ N<n<N'’
ne(r(K,C)) ne&(r(K,0))

We note at this point that to finish the proof of Theorem 2 it is enough to show
that

max Z e(hn®)A(n)| < N exp(—D|Ak|"Y?y/log N).

N’e(N,2N]
h N<n<N’
ne(r(K,C))

Lemma 14. Take a representative o € C. Let L be the fixed field of the cyclic
group (o) generated by o. Then, for N' < Ny < 2N,

C
S e(hnt)A(m) = ’Zw
N<n<N’ |G|
ne(n(K,C))

> W(E/L a)Ar(a)e (h(Na)’) + O(VN)

agDL
N<Na<N’

where the first summation is taken over all characters of Gal(K /L) and the second

s over powers of prime ideals of L that are unramified in K.

Proof. Since K/L is abelian we obtain by the orthogonality of characters of
Gal(K/L), the expression

Y wlo) Y w(K/La)As(a)e (h(Na)’)
(4

UQDL

N<Na<N’
equals
OI‘dG E AL ) ) .
aCDL
N<Na<N’
[K/L,a]=0

15



Removing prime ideals p of L with degp > 1 and powers of prime ideals p* with
k > 1, the last sum can be written as

> e (h(Mp)°) logNp + O(VN),
N<HMpN/
[K/L,pl=0
INp is prime

or

2 ( ) 1)6(hp5)logp+0(\/ﬁ).

N<p<N' N pCop
[K/Lpl=0
INp=p
If p is a prime that is unramified in K and p is a prime ideal of L above p satisfying
[K/L,p] = o, then p remains prime in K and

[K/L,p] = 0 and Np = p <= [K/Q,pOk] = 0.

In particular, [K/Q,p] = C. Furthermore, the number of prime ideals B of K
above such a prime p with [K/Q,B] = ¢ equals [Cg(0) : (0)], where C(0o) is the
centralizer of ¢ in G. The result now follows by observing that |Cq(0)| = |G|/|C]
and noting that

> e(hn’)A(n) = Y e(hp’)logp+ O(VN).
N<n<N’ pem(K,C)
ne(n(K,C)) N<p<N'

O

Remark 1. From now on we shall write x(a) for the composition V([K/L, a]).
Note that since K/L is abelian, x is a character of the ray class group J'/PT (see,
e.g., [10, p. 525]) where f is the conductor of the extension K /L. Furthermore,
we shall require that y(a) = 0 whenever a is not coprime to f. This way, we can

assume that the inner sum in the lemma above runs over all integral ideals of L.

Our current objective is to prove that

max Z x(a@)Az(a)e (h(MNa)’) | < N exp(—D|Ak|7/2y/log N).

N’€(N,2N]
h aC9Oy,
N<Na<N'

16



3.1 Exponential Sums over Ideals

At this point we appeal to Lemma 2 and assume from now onwards that u < V.

Hence
> x(@)Ar(a)e(h(Na)’) = Sy + Sy + S5 + S,
OQDL
N<Na<N'
where
Si=— > x@e(®a)) > Aule) Y o),
aCOy, ce=a bo=¢
N<Na<N' Ne>u,Ne>v Nb<wv
Sp= Y x(a)e(h(Na)’) > p(b)logNe,
N et o
Sy=— Y x(@ea(Ma)’) Y pr(b)AL(c),
aCOp, bcd=a
N<MNa<N’ Nb<w,Ne<u
Nbe>u
and

Si=— Y x@e(h(Ma)’) > ur(6)Ar(c).
aCOp, bcd=a

N<HNa< N’ Nb<Lv,Ne<u
Nbe<Lu

3.1.0.1 Estimate of S; and S;

We first need an auxiliary result.

Lemma 15. Let X, Y be positive integers and

a(m) = = Y x(0)AL(0),

CQDL
o= (3.2)
Bn) =Y x(e) > uw(b).
eCOp, bo=e
MNe=n Nb<w
Then,
> lam)P < Xlog 7' X, 3 8P < Y(logY)M,
X<m<2X Y <n<2Y

17



Proof. By Cauchy-Schwartz inequality

S B Y (Zl)z(zuL<b>)2< S o)

Y<n<2Y Y<n<2Y “eCOp eCOr “Nbo=¢e Y<n<<2Y
Ne=n MNe=n INb<w

where g(n) is the multiplicative function defined by
o= (X 1) ¥
QQDL QQDL
Ne=n Ne=n
and 7(e) is the number of integral ideals of L that divide e. Note that for any
prime p 2, g(p) < 4d;?, while for k > 1 we see that the number of ideals ¢ with
Ne = p* is bounded by

(de+ k I 1) _ Shoatos(148) St (ek)d—!
L

and 72(e) < (k+1)? < 4k?. Thus, g(p*) < 4e®=1kdc+L Tt follows that

10g 1_{_955 22)+--->=10g(1+%)—|—0(1/p2)
< Ady” +0(1/p?)

where the implied constant depends on d. Therefore,

Z g( 2Y Z g <2Y p<2Y10g(1+<) (1722)4_...)

Y<n<2Y Y<n<2Y

< 2Y€O(1)+4dL2ZP<2Y% <4, Y (log Y)4dL2.

As for the other sum, we obtain

Yo lam)P< Yo Y 1y (A(e)?

X<m<2X X<m<2X ¢COy, cCOp,
Ne=m Ne=m

- ¥ aor( ¥ 1)2

X<m<2X cCOp,
Ne=m

<4, (log X)? Z k2dr=1)

X<ph<2X

< (log X)) Z 1 < X(log X )21,

X<ph2X

as claimed. O
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We are now ready to estimate S;. First, rewrite S| as

Si=— % w0 X o) a@nnehee)

Ne>v; Ne>u Nb<Lv
N<N(ce) <N’

= 33" a(m)Bn)e(h(nm)’)

n>v;7m>u
N<nm<N'

where a(m) and f(n) are given by (3.2). Let

w=ov= N1t

(3.3)

and split the ranges of m and n into < log> N subintervals of the form [X,2X]
and [Y,2Y] such that N/4 < XY < 2N, v < X,Y < N’/v. Summing over
h < H we conclude from Lemma 6 and Lemma 15 that the contribution of each

subinterval is
< (H7/6N5/6+5/6 min(X_1/6, Y—1/6)
+ HNY?max(X,Y)"?)(log N)24 " +d+1/2
< <N2—1/12—5 i N5/2—3§/2—77/2>N8&/6.
Finally, summing over X and Y we conclude that the estimate

S Ii] < (NE . N e
h
< N exp(=D|Ag|7/?\/log N)
holds provided that

. /1 7
1—6 (_’_),
< min 1 3

(3.4)

and ¢ > 0 is sufficiently small, both of which we shall assume in what follows.

To estimate Sz, we first note that

Si=— DX won@( X mlonno)e (@)

be=¢

U<m;<1,2 Nb<v,Ne<u
N<N(de) <N
= Z Z a(m)B(n)e (h(nm)°)
n,m
11<m<v2
N<nm<N'’
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with

am =0 X o)

¢ be=¢
Ne=m Nb<v,Ne<u

B(n) =Y x(0).

0
No=n

and split the ranges of m and n as we did for S; with the only difference that we
now have v < X < v? and N/v? <Y < N'/v in addition to N/4 < XY < 2N.
Furthermore, an analog of Lemma 15 can easily be established for the coefficients
a(m) and f(n) and will be omitted here. Using Lemma 6 once again we see that
the estimate

Z |SS| < <N2—5—1/12 + N2—5U—1/2 +N3/2—6U)N25
h<H

< Nexp(—D|Ag|"Y?\/log N)

holds if we assume (3.4), that € > 0 is sufficiently small and that

3n < 1. (3.5)

3.1.0.2 Estimate of the sums S; and S,

We first use the identity

log Rb = ZAL(D)

oo

to derive that

S5=- a0 X mOnE) X e (reeo))

mee@ mgbf;,:ﬂﬁcgu N<‘Jt(abe)<N’
log N h(MN(2e))°
<logN max Z Z x(@)e (A(9N(ve))°) |,

Ne<v N<m(ae)<N’

also by partial summation

Sy K logN maX Z ’ Z x(c)e (R(Ned)?) |.

‘ﬁb<v N/‘m<‘ﬁc<N//ma
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Thus it is suffices to estimate one of them, say S,. To this end, we shall estimate
S = > x(c)e (R(Ned)?) .
N/‘Itb<‘ﬁcc<N’/‘JtD

for all N < N’ < 2N.

Recall that x is a ray class character of modulus §. Splitting .S into ray classes K
we obtain S =) x(R)Sg where

Sa= Y. e(h(M)’).
N/ma<c‘§cﬁ<N’/‘m

Since there are only finitely many classes it is enough to consider a fixed class
A. Let b be an integral ideal in the inverse class 87!, Any integral ideal ¢ € & is
given by ab™! for some o € b N L;;, where

Liy :=={x € L" : 2 = 1 mod f, and z is totally positive}.
Thus, we have

Sg = > e (h(M(aad))?)

aa
ac bﬁLf,l
PIL <M(aDL)K(P)4L

where a = b1,

P ( m?g a))% and P — ( ‘ﬁ]<\; 'D>>l/dL. (3.6)

Since f and b are coprime ideals, we can find an oy € b such that oy = 1 mod .

Hence, the condition that o € b N Lj; is equivalent to the conditions that a@ =

ap mod fb and that « is totally positive.

Define a linear transformation 7" from L to the Minkowski space Ly := {(z,) €
Lc:z =%} by
Ta=(na,...,17q,q)

where L¢ :=[[. C and 7,..., 74, are the embeddings of L with the first r; em-
beddings being real and the first 7, +7r5 corresponding to the different archimedean

valuations of L.
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Note that a, 8 € b N L;; generate the same ideal if and only if they differ by a
unit u € OF N Ls ;1. Since O7 N Ls; is of finite index in O7F, its free part is of rank
r=r+ry—1 Let &,...,& be asystem of fundamental units for O7 N L;; and
E the invertible r x r matrix whose rows are given by ¢(T¢),...,¢(TE,) where
¢:Lg =1[, C* = R is defined by

Uz, .., 2q,) = (log |z, ..., log|z]).

If L contains exactly w roots of unity, then for any ¢ € R*, (T (ta)) = (T (tB))
holds for exactly w associates a of a given § € L*. Thus, in order to pick a
representative aw € b Ly for the ideal cva € K that is unique up to multiplication
by roots of unity in L, we impose the condition that ¢(Ta)E~! € [0,1)". At this
point, we define the set

Tog:={zcL::1<Nz< N/N;l(z)E €[0,1);21,...,2, >0}

where norm Mz = MN(z1,. .., 24,) := [[; 2. Recalling the definition of Sg above
and noting that Mo = Ny () for a € L*, we see that

wSg= > e (h(M(am))’).

acap+fb
TaePTy

Fix a Z-basis {a1,...,qq, } for the integral ideal fb that satisfies (2.2) and let
M be the invertible matrix whose rows are given by Tay,...,Tay, . Since for
a € ag + fb, Ta can be written as T'ag +nM for some unique n € Z%, we see
that wSg = Y, cze, f(1), where f: R% — R is given by

0 otherwise,

Fx) = { e(DM(xo +xM))°) if xo + xM € PT,

xo = Toy, and D = h (0(ad))’. Partitioning R% into a disjoint union of translates
B of [0,Y)% where Y > 1 is an integer to be chosen later, we obtain

DM =Y > f).

nezér neBNZ%L

Note that the condition ¢(z) E~! € [0,1)" in the definition of I'y above implies the
existence of positive constants ¢; = ¢1(dy, Ar) and ¢3 = ¢o(dy, Ap) such that for
any o € L* with Ta € PT'y and any embedding 7 of L, we have

aP < |rtal < eP. (3.7)
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Let R be the region {(z1,...,24,) € Lr : c1 P < |z;] < coP}. Suppose that f is
not identically zero on B N Z% for some B. If xo + BM is partially contained
in R then it must be intersecting the boundary of R. Thus, we see that the
contribution of such B to the sum Y f(n) is O(Y P%~1). For the rest of the
boxes B for which f(BNZ) # 0, we necessarily have that xo+ BM C R. From
now on, we assume that B is such a box. By the arguments in §3.3, there exist
constants Cy = Cy(k,dp,Ar), Co = Cy(k,dr, Ar) and a matrix U € SL(dy,Z)
such that for N > C;, 1 <Y < CyP and any x = (x1,...,24,) € BU™!, we have

8k

——9v (%) oA
k7Y

3x1

= Ptk and (x) > P! (3.8)

where gy is given by (3.14), A;’s are determined by the condition ¢(xo+xUM) =
(A1(x),..., A\(x))E, and the implied constants depend on k (only if relevant) and
on dy, and Ay. After a change of variable we obtain

Y. fm= > fmU)= ..y Y fml) (39

neBNZ4L neBU-NZIL (n2,...,nq, )ELIL ni1€Z
neBUNZ4L

where n = (ny,...,ng,). Since f(B N Z%) # 0 there is at least one tuple
(ng,...,ng,) such that f(nU) # 0 for ny € Z and n € BU~! N Z%. Fix such
a tuple. It follows from (3.8) with & = 1 that both \;’s and the norm function
are monotonic and thus there is an interval I = I(ng,...,ng, ) of length at most
O(Y) such that the function f(z;nsg,...,ng, ) # 0 for z € I. We are now ready to
estimate (3.9). We shall do so in what follows using different methods according
to the size of the degree dy, of the extension L/Q.

3.1.0.3 Vinogradov’s Method - Large degree

Assume that d;, > 11. It follows from (3.8) that there exist positive constants
03 = Cg(dL,AL) and 04 = O4(dL,AL) such that

1 odrtt C,
J— g — D g -,
AO afo+1 ( gU(X)) AO
where
PdL(l—(S)—‘rl N1—5+1/dL
Ay = = .
e Cyh (M(a0)) /9
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Using (3.1) and (3.3) we see that
Nl/dL—E—(1+1/dL)(77+6—1) PdL(1—5)+1

Ap <
Cs (MN(a)) /% Cs

(MN(a))"

Therefore, assuming that n < 1/(1 4+ d;) and ¢ is sufficiently small it fol-
lows from Lemma 13 that for sufficiently large N, we have A, > 1. Put
p=1/(3d;*log(125dy)) and take

Y = A(l)/((2+2/dL)(1_P))‘ (310)

Using equation (3.4), the upper bound for Ay above and the inequality (1 +
1/dr)(1 — p) > 1, we obtain for sufficiently large N that

AY BRI oy < min (Co P, Ay) (3.11)
If the interval I in (3.9) satisfies

AVCRIL)
we derive from (3.11) and [15, Theorem 2a, p. 109] that

Z e (Dgy(n)) < |I|'* < Y77,

ni€l
neBU1NZ4L

For smaller intervals I, trivially estimating the sum yields a contribution < Y=
due to the choice of Y in (3.10). Since the number of tuples (ng, ..., ng, ) € Z%* ™1
such that n € BUT' N Z% is O(Y%~!) we obtain

> fm) <y,
neBNZ4L

Therefore, the contribution to the sum in (3.9) of those B for which f(BNZ) £ 0
and xg+ BM C Ris < P%Y~" and this is already larger than the contribution
from the rest of the boxes B.

Using (3.6) and partial summation and then summing over the ray classes K we
see that the sum

Z x(¢)e (h(Med)?) log Ne

C
N/Mo<Ne<N' /9
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18

N [/ N1-otl/de \ ~@ranas)
< (W) log N

1 p(=d+1/dp) P4 p
= N~ @+2/dp)(1-p) (mo) 2(1—p)  ~h @+2/dp)(1-p) log N.

Finally, summing over ideals ? with 910 < v by Lemma 11 and then summing
over h with h < H we obtain from (3.1) and (3.3) that

Z 15| < N1*<5$273:§{ffg)v2<1ﬁp> Yt ey as log N < Ntat2
h<H
where
_ P (1—6)2-3p) +

Thus, assuming (3.4) and choosing

U p 1
J_ — 3.12
3 2(dp+1)  6(dp+ 1)dp*log(125d;) (3.12)

we see that both (3.5) and the inequality ¢ < 0 hold. We conclude that for
sufficiently large N and sufficiently small € > 0,

> 85| < N exp(=D|Ag|™*1/log N)

h<H

provided that dj > 11.

3.1.0.4 Van Der Corput’s Method - Small degree

By Lemma 4 and (3.8) we obtain

Z e (Dgy(n)) < YA/ @2-2) | ys1o1/2R

ni
neBU1NZIL

+ Y1—1/2k*1+1/22k)\—1/2k+1

where A\ := DP%9=(:+2) Note that this bound is no better than the trivial
estimate unless A < 1. Therefore, we shall require that n < 1/(dy + 1). With
this assumption, we obtain that for k& > d; — 1, for sufficiently large N and
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sufficiently small € > 0, both of the inequalities k+2 > d;0 and A < 1 hold, since
by (3.1), (3.3) and (3.4) we have

h(M(ad))?

_ dré—(k+2) _
T o)

HN?
< (N/U)(k+2)/dL

< N1+%2(n+5—2)+5

We derive as before that the contribution from the boxes B for which f(BNZt) #
0 and xg+ BM C R is

< ph ()\1/(2’“’272) Ly Ry Yfl/zk—1+1/22k>\71/2k+1)

)

while that from the rest of the boxes B is O(Y P ~1). Combining these estimates
yields the bound Sg < P4 (A2 1 G(Y)), where

G(Y) = y —1/28 + y /28122y 12k +ypL.

Using [4, Lemma 2.4] it follows that for some Y € [1, Cy P,

G(Y) < P_l/(1+2k+1) n (P_l/Qk—l+1/22k)\_1/2k+1>1/(1+1/2k1_1/22k)

+ply p-l2t + N\ TL/2H p1/2ke g2t
< p~l/as2h) (P—1/2’€—1+1/22k)\—1/2k+1>1/(1“/2’“1—1/22’“)

Note that in order to have P~1/2" " +1/22 \=1/2""1 1 one needs that k < dy, + 2,
which can be seen using (3.1), (3.3), (3.4), (3.6) and that n < 1/(d; + 1). Using
equation (3.6), the fact that A\ = DP9=(*+2) and partial summation we derive
that the sum

(log N) ™! Z x()e (h(Ned)?) log Ne
N/‘J?a<‘ﬁcc<N’/‘ﬂD
is

k+2 1 + dr d—(k+2)

< YAy et N e
1+ 14281 (k—2-d; 6) __ Rl 1
+ N dp, (22k42k+1_1) (sﬁ‘o) dp,(22F42k+1-1) T T ok FT 4 o1k

+ (/o) T,
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Summing over ideals 0 with 910 < v, followed by summation over h < H yields

k42 dpd—(k+2)
_ k+2_ 1+
(log N)™1 ) " |Sy| < HIFH 20y o) N o @
h<H

1—— 1 1 P G 2}
+ HN dL(1+2k+1)vdL(1+2k+1) + N dy (22F42k+1_1) H

P S
2k+1+4,217k:

< N1Fa(k)+2e +N1+q2(k)+s +N1+q3(k)+5

where, assuming (3.5), it follows that the exponents ¢;(k) satisfy

q (k) = (1—0) (1+2k+2—1_2) +(5—1+n)dL(§kj22_2) +‘2LL5(2_]€+<2’“:F22))
<m<g (dL(2k+2—2)+2k+4)+dL—k—2>,
qz(ls)zl—é—mﬂé—un)m
< m (g (dr(1+ 21 +2) —1>,

and

1+ 2k Yk — 2 —dp)) 1
— 1— 1—
Q3(k) dL(QQk 4 ok+1 1) + ( 5) ok+1 4 4 — 21—k
1+ 2k_1(k —2—dp)
dL(QQk + 2k+1 _ 1)

Ui
+3.

Thus, for sufficiently small €, the estimate >, |Sa| < N exp(—D|Ag|~Y/2y/log N)
holds provided that for 1 < dp — 1< k <dj +1,

no . 1 k+2—d;
§_mm(s(dL+1)+g’dL(2k+2—2)+2k;+4’ 3.13)
1 o-L(dy +2— k) — 1 '
dr(1+2k+1) + 27 dp(2%k 4 26+1 — 1) )

3.2 Conclusion of Theorem 2

Upon comparing (3.12) and (3.13) we conclude that for 2 < dj, < 11, the maxi-
mum value for 77/3 (hence the widest range for §) is obtained via Van Der Corput’s
Method when k = d;, — 1 is substituted into the function
k+2—dg
dp (2842 — 2) + 2k + 4’
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while for d;, > 11 one needs to use Vinogradov’s method; in this case, we obtain

1
6(dy + 1)dz*log(125dy)’

n_
3

With the above choice of 7, the claimed range for ¢ in Theorem 2 follows easily
from (3.4).

Remark 2. To estimate Sy, one may also use [14, Lemma 6.12] for d;, > 7, but
the result is worse than what we have already obtained.

3.3 Derivative of the Norm Function

In this section we prove some auxiliary Lemmas used in the estimate of Ss.

Lemma 16. Let V € GL(dy,R), n € Z% and x,u € R Put
gv(x) = [MNxe +xVM)|°, Gu(t) = |M(xo +nM + tuM)|°. (3.14)

Then, for any k > 1,

9" gv dr _
oxk o = %gv:l(()) = Z - Z D, ... DikF(Xo"i‘nM)Uil v, (3_15)
L iy
1<, 4d;,
where F(z1,...,20,) = [[{4 ), Di = 2L, v; is the ith component of the vector

ViM and Vi s the first row of V.

Proof. The result easily follows by induction and chain rule for derivatives. [

Lemma 17. Given a € R, there exists v = v(a) € R and a positive constant
¢ = ¢ (k,dp, Ar) such that for any k > 1,

Proof. Assume first that L has no real embeddings and that the first two coor-
dinates in Ly correspond to conjugate embeddings. Write a = (a1, ag, ..., aq,)
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and take v(a) = (a—l a2 (0, ... ,O)Mfl. Note that a; = @y since a € Lg. Using

la1]” Jaz]’
Lemma 16 with V; = v and xy + nM = a we see that

dk

%g(o) = Z Dil e DikF(a)vil < U4y

156, <dy
i k‘ D]DkijF( ) ( al )-7 ( a2 )k—]

=D 7 a)|l — | |+
— ik =) i |az]
J_

i 22\j) ki) = T
where (?) is the coefficient of 27 in the Taylor series expansion of (1 + z)° and

the last equality follows by writing (1 + )% = (1 +2)? - (1 + z)° in two ways as
series and comparing the coefficients of z*. Since a € R, ¢; P < |a;| < ¢ P for
each 7. We thus obtain

d* 5 26
—3(0)] > A%k pidi—kE) .
dth( )’ €1 "Gy I

If L has at least one real embedding, take v = (1,0,...,0)M~!. In this case,
Lemma 16 gives

d" J
‘ﬁg(m‘ =1[0(6—1)--- (6 —k+1)F(a)a;*| > cf{ch;kPML—%!‘ <k> ‘
Since § € (1/2,1) and is fixed, we obtain the claimed lower bound. O

Lemma 18. Given a = xo + nM € R where n € Z%, there exists a matric
U € SL(dy,Z) such that for any k > 1,

gy (mU~Y) S phk and ON(nU1)

p! Vi=1,...
ai[f’f 81’1 > ! ’ "

where gy is given by (3.15) and the implied constants depend on dy, and Ar, with
the first one also depending on k.

Proof. Using Lemma 17 we find a vector v = (7y,...,74,) € RZ. Put v=vM =

(v1,...,v4, ). Suppose that for some @Q > 0, there exists 0 = (ay, ..., 0q, ) € Z
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such that |a; — Qv;| < 1. Put u = aM and w = u — Qv = (wy,...,wg, ). By
Lemma 16 we see that

d* .
dtng(O) = Z D, ... H Qui, + w;,)
A =
k
= Z D, ...D; F(a) (kail v+ Z QYA (v, W))
il ..... ik =1
1<i;<dy,
d*
= Q" T 09(0) + ZQk l Z D;, ... D; F(a)A,(v,w).
1252,

Let’s write D, ... D;, F'(a) by grouping the same indices as Déll . Dé.:F(a) with
Ji's distinct and ). l; = k. Since a € R, ¢; P < |a;| < ¢ P for each 7. Thus, we

have

D4 Dy ) = F@) ] R

6(d —1) (6 =1+ 1) _
Py T i < ey POk
C H (01P> C3
for some constant ¢z = c3(k,dy, AL) > 0. Owing to the way v is constructed
in Lemma 17, each |v;] < 1. Furthermore, each w; is bounded only in terms
of d;, and Ajp. Therefore, there exists a constant ¢y = c¢4(k,dr, Ar) such that
|A;(v,w)| < ¢4. We thus conclude from Lemma 17 that

k
%EJV( )’ ZQ’” N D, ...DiF(a)A(v,w)

i1,esy iy

1<y <dp,

> Pddrk(éle — G Q" = =1 Q — Co)
for some constants C; = C;(k,dr, Ar) > 0.

dk;
‘ﬁf]ﬁ(@‘ > QF

Next, let Gy(x) = l(xo+xUM)E~'. Note that \;(x) is the ith coordinate of this
function. Writing a = (ay,...,aq,) and u = (uy,...,uq, ) we derive that
0Gy(x) = (Re(2),....Re(2) ) B!
8!171 x=nU"1 aq a,

where Re(z) denotes the real part of z. Recalling that u; = Qu; + w; we conclude
as before that

(nlT—1
oN(mU™1) <

8;1:1

_1(C~'1Q — éo)
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for some positive constants C’l and é’o that depend only on d;, and Ay.

It follows that there exists a constant Qo = Qo(k,dr, Ar) > 0 such that both
polynomials in ) above are positive for () > Q. If all the components of v are
equal we fix some @ > @ and let 41 = [Q01] and @; = |Q0] ( if any @; turns
out to be zero, we can instead choose all @; = 1). Otherwise, find the first index i,
such that |7;,| = max; |0;| and choose Q = (p —1/2)/|v;,|, where p is the smallest
prime > Qg|¥;,|. Choose @;, = +p depending on the sign of ¥;,, and the rest of
the @;’s as either the ceiling or the floor of Qv; so that 0 < |u,| < |@;,| = p for
j # io. In either case, we can find a vector 1 € Z% that satisfies |u; — Qv;| < 1
and that ged(dy,...,44,) = 1. It follows from [11, Corollary II.1] that @ then
can be completed to a matrix U € SL(dr,Z) with @ as the first row. Thus, the
claimed lower bound follows by noting that s
k -1 k
0 gUa(;llfU ) _ %gﬁ(()) < podi—k,

]

Suppose now that xy +nM € Pl for some n € BN Z%. It follows from Lemma
18 with a = xo + nM that there exists a matrix U such that the inequality

——9v (%)
k7Y

holds for some positive constant c3 = c3(k,dp, Ar) where x = nU~L If X' is
any other point in BU ! it follows from the Mean Value Theorem for integrals,
Lemma 16 and the fact that xo + BM C R that

ak 8k , 1 d ak ,
WQU(X) - @QU(X) = /0 7 (@QU (tx+(1—-1t)x ))dt
1 1 1
< YP(;dekfl

where the implied constant, say ¢4, depends on k, dr, and Ay. In particular, it
does not depend on the choice of x’ € BU~!. Thus, for any point x’ € BU!, the

lower bound

holds provided that 1 <Y < ¢3P/(2¢4). This condition imposes a further restric-
tion on N; namely, that N27°7" > 9a(2cy/c3)%. Assuming 7 < 1/dy, and that
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MNa is bounded (follows from Lemma 13), it follows that for sufficiently large N,
and all X’ € BU1,

0" / sdp—k

—gu(x') < P~

Ox¥
where the implied constants depend only on k, d; and Ay, provided 1 <Y < P.
Using the same argument we can also show that \;’s are monotonic in the first
variable on BU .
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Chapter 4

Proof of Theorem 1

By the definition of the conductor (cf. [10, Ch. VI - 6.3 and 6.4]), K'/K is
the smallest ray class field containing the abelian extension K/Q. Furthermore,
every ray class field over Q corresponds to a cyclotomic extension. In particular,
it follows from [10, Proposition 6.7] that there is an integer ¢ such that §f = ()
and KT is the gth cyclotomic extension of Q.

Fix 0y € G and put Ay = {0 € Gal(L/Q) : 0, = 0o}, where 0|, is the restriction
of o to K. Then, it follows from [6, Ch. 3, Property 2.4] that the set 7 (K, {op}) is
the disjoint union of the sets w(L,{c}) for o € Ay. Therefore, we conclude that

me(K, {oo}.2) = Y (L, {0}, x).

og€Ap

Since each o € Ay corresponds to some a, € (Z/qZ)", we have (L, {0}, z) =
7e(x; q, a, ), where the latter counts the Piatetski-Shapiro primes not exceeding x

that are congruent to a, modulo q.

By Theorem 4 and partial summation, there exists an absolute constant D > 0

and a constant z(f) such that for x > z4(f), we have

Z ((p+ 1)° — p‘s) = wfq) li(2%) + O(m5 exp(—D+/logz))

where the implied constant is absolute. Furthermore, as in the proof of Theorem
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2, choosing H = N'~%*¢ we derive that the difference

m(rg,0)— Y (p+1° =1

p<T
p=as mod ¢

18

5—1 5 5 _
< Z N N/lg(l%?cNﬂ Z e(hn®)A(n)| + x° exp(—D+/log z)

1I<N<=zx h<H N<n<N'
N=2k n=a, mod q

where D is the same constant above. Thus, to finish the proof it suffices to show
that for any N’ € (N, Ny],

S e(n’)A(n)

h<H | N<n<N’'
n=a, mod q

< Nexp(—D+y/log N).

Using Lemma 2 with L = Q and assuming that v = u < N, we obtain

Y e(hm’)A(n) = Sy + Sy + S5+ Sy

N<n<N'’
n=a, mod q

where
oY ) Y A0 Y ui
N<n<N’ n=cd d=ab
n=as mod ¢ c,d>v b<w
Sy = Z e(hn?) Z w(b) loga,
N<n<N’ n=ab
n=as mod q b<v
Si=— Y etn®) Y uhAc)
N<n<N’ n=abc
n=as mod q b,c<v
be<v
and

Si=— Y e(m®) Y pb)Ac).

N<n<N’ n=abc
n=a, mod ¢ b,e<v
be>v

Using Dirichlet characters y modulo ¢ (for a concrete definition of Dirichlet char-

acters see [9, §4]) we obtain

1 5
DI MR DI NEIE R eR)

x mod q N<cd<N' d=ab
c,d>v b<v
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where ¢ is Euler’s totient function. By Lemma 6, we conclude as in the non-

abelian case that

N74s/32 51| < N2-1/12-8 | nj2-6,-1/2
h

Similarly, applying Lemma 6 once again we conclude as we did for S; above that

N—48/SZ |513| < N2—6—1/12 +N2—6U—1/2 —|—N3/2_6’U.
h

To estimate Sy, we use additive characters modulo ¢ to obtain

q—

S, éze(—kaa/q) Sub) Y elf(a)loga,

— < a
k=0 bsv N/b<a<N'/b

where f(z) = hb’z® + kbx/q. Since |f"(x)| < ht?N°~2 for N/b < x < N'/b we
conclude by Lemma 5 that
> e(h(ab)’ + kab/q) < NY2RM? 4 =Py INTOR,
N/b<a<N'/b

Using partial summation and then summing over b < v followed by h < H we
obtain

Z‘SQ| < (N6/2H3/2,U+H1/2N175/2> lOg2N < N3/275+2510.
h

Finally, as indicated in Theorem 2, S; can be handled exactly the same way as
S,. Choosing v = N°~1/273 with a sufficiently small ¢ and combining all the
estimates obtained above we see that

D

h<H

Z e(hn®)A(n)
N<n<N’
n=a, mod q

< Nexp(—D+/log N),

as desired, provided that ¢ € (1,12/11).

The proof of Theorem 1 is thus completed by noting that the number of elements
in Ay equals |Gal(L/K)| = p(q)|Ax|™".
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Chapter 5

Proof of Theorem 3

We start with a simple but useful lemma of which the proof of Theorem 3 is an

immediate corrollary.

Lemma 19. Let {c,}2, be a bounded sequence of complex numbers. Let ¢ > 0
and 0 < 5 < 1/4 be fixed. Then, for almost all 6 € (1/2+ 25,1) one has

Z Cp = 52 e’ t 40 (x‘s_ﬁea:p (—c@)) . (5.1)
)

neA.(z n<x

Here we note that Theorem 3 now follows by taking ¢, to be the indicator function
of the related set of primes either in Theorem 2 or in Theorem 1.

Proof of Lemma 19. Let A denote the subset of (1/24-20, 1) for which (5.1) holds.
We shall prove that the complement of A has Lebesque measure zero. Note that
it is enough to work on the smaller interval

T=(1/2+28+¢,1)

for any ¢ > 0 fixed. Following the same methodology in Theorem 2, choosing
Hy = N'""Pexp (cy/log N) log N, we see that

DI S
neAq(x) n<z

18
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<o (x‘s_ﬁexp <—c\/@>> +y

5.2
+ Z Z ht Z e(hn®)én(n)cy (5:2)
y<N<z 1<|h|<H N<n<N’
N=2F
where N’ = min{2N, z}, and 1 < y < z is an arbitrary number.
Put E = exp (c\/log N) log N. Defining the sets
A(N) = {5 €T: Y b D cue(hn)u(n)| > N‘SBEl},
I<|h|<H N<n<N'
we observe that
T\ |J AN)CANT.
y<N<z
Thus, it is sufficient to show that for arbitrary y > 1,
> ulAN) sy (5.3)

N=2l>y

where 1 denotes the Lebesque measure.

Observe that

2

((A(N)) < NP2 g2 / > ont! ds.

1<|hl<H

S cue(hn®)gu(n)

N<n<N’

The bounds ¢,(z) < hz®~! and § > 1/2 + 23 + ¢, together with a proper use of
Cauchy-Schwartz inequality yield

PA(N)) < N™2E* 4 N¥710E3 Y~ 3

h m,n
m>n

/Ie(h(m5 - n5>>d5‘.

We set m = n + ¢ for some ¢, to derive

S5 | fethtnt —atpas| =5 3

h m>n n 1<g<N—-n
m>n

/ (n+q)° — 5))d6‘.
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Using Lemma 7, one gets

1
5.5
/Ie(h((n+q) n’))dd < JHNT g V'
and thus
n(A(N)) < N7°=.

Setting N = 2% and summing over k, we arrive at (5.3), hence Lemma 19 follows.
[

38



Bibliography

1]

R. C. Baker; W. D. Banks; J. Briidern; I. E. Shparlinski; A. J Weingartner.
Piatetski-Shapiro Sequences, Acta Arith. 157 (2013), no. 1, 37-68. 1730-6264

K. M. Bartz. On a theorem of A. V. Sokolovskii, Acta Arith, 34 (1977/78),
no. 2, 113 - 126.

D. A. Cox. Primes of the form x*+ny?. Fermat, class field theory and complex
multiplication. A Wiley-Interscience Publication. John Wiley & Sons, Inc.,
New York, 1989. xiv+351 pp. ISBN: 0-471-50654-0; 0-471-19079-9

S. W. Graham; G. Kolesnik, van der Corput’s method of exponential sums,
London Mathematical Society Lecture Note Series, 126. Cambridge University
Press, Cambridge, 1991. vi+120 pp. ISBN: 0-521-33927-8

H. Iwaniec; E. Kowalski, Analytic number theory. American Mathematical
Society Colloquium Publications, 53. American Mathematical Society, Prov-
idence, RI, 2004. xii+615 pp. ISBN: 0-8218-3633-1

G. J. Janusz. Algebraic number fields, Pure and Applied Mathematics, Vol.
55. Academic Press [A Subsidiary of Harcourt Brace Jovanovich, Publishers],
New York-London, 1973. x+220 pp.

J. C. Lagarias; A. M. Odlyzko. Effective versions of the Chebotarev density
theorem, Algebraic number fields: L-functions and Galois properties (Proc.
Sympos., Univ. Durham, Durham, 1975), pp. 409464. Academic Press, Lon-
don, 1977.

D. Leitmann; D. Wolke, Primzahlen der Gestalt [n'] in arithmetischen Pro-
gressionen. (German) Arch.Math. (Basel), 25 (1974), 492 - 494.

39



9] H. L. Montgomery; R. C. Vaughan, Multiplicative number theory. 1. Clas-
sical theory., Cambridge Studies in Advanced Mathematics, 97. Cambridge
University Press, Cambridge, 2007. xviii+552 pp. ISBN: 978-0-521-84903-6;
0-521-84903-9

[10] J. Neukirch. Algebraic number theory, Translated from the 1992 German orig-
inal and with a note by Norbert Schappacher. With a foreword by G. Harder.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences], 322. Springer-Verlag, Berlin, 1999. xviii +571 pp.

[11] M. Newman. Integral Matrices, Pure and Applied Mathematics, Vol. 45.
Academic Press, New York-London, 1972. xvii+224 pp.

[12] L. I. Piatetski-Shapiro. On the distribution of prime numbers in sequences of

the form [f(n)], (Russian) Mat. Sbornik N.S. 33 (75), (1953). 559 - 566.

[13] J. Rivat; P. Sargos. Nombres premiers de la forme [n°|, Canad. J. Math, 53
(2001), no. 2, 414-433.

[14] E. C. Titchmarsh. The theory of the Riemann zeta-function, Second edition.
Edited and with a preface by D. R. Heath-Brown. The Clarendon Press,
Oxford University Press, New York, 1986. x+412 pp.

[15] 1. M. Vinogradov, The method of trigonometrical sums in the theory of num-
bers. Translated from the Russian, revised and annotated by K. F. Roth and
Anne Davenport. Reprint of the 1954 translation. Dover Publications, Inc.,
Mineola, NY, 2004. x+180 pp. ISBN: 0-486-43878-3

40



