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ABSTRACT

NONLINEAR SECOND ORDER PARABOLIC AND HYPERBOLIC EQUATIONS:
BLOW UP AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS

In this thesis blow up in a finite time and asymptotic behavior of solutions of initial bound-
ary value problems for second order nonlinear parabolic and hyperbolic equations are stud-
ied. Sufficient conditions for blow up of solutions of initial boundary value problems for
nonlinear non-autonomous parabolic and damped hyperbolic equations under Robin bound-
ary conditions, and solutions with arbitrary positive initial energy of initial boundary value
problems, under the Robin and Dirichlet boundary conditions, for nonlinear parabolic and
damped wave equations are obtained. Besides, sufficient condition for decay of solutions of
initial boundary value problems for non-autonomous parabolic and damped wave equations

with time dependent coefficients are investigated.



OZET

DOGRUSAL OLMAYAN PARABOLIK VE HIPERBOLIK DENKLEMLER:
COZUMUN PATLAMASI VE ASIMTOTIK DAVRANISI

Tezde ikinci mertebeden dogrusal olmayan parabolik ve hiperbolik denklemler icin,
baslangic sinirdeger problemlerinin coziimlerinin sonlu zamanda patlamasi ve asimptotik
davranig1 problemleri incelenmistir. Ikinci mertbeden otonom olmayan ve dogrusal olmayan
parabolik denklemler icin, Robin simirdeger kosulu altinda ve yeterince biiyiik baslangic
enerjisi olan, dogrusal olmayan soniimlii hiperbolik denklemler icin, Robin ve Dirichlet
sinirdeger kosullari altinda, baslagi¢ sinirdeger problemlerinin ¢éziimlerinin sonlu zamanda
patlamas: ispat edilmistir. Ayrica, ikinci mertebeden otonom olmayan ve katsaylar1 zamana
bagli olan parabolik ve soniimlii dalga denklemleri icin baglangi¢ sinirdeger problemlerinin

coziimlerinin sifira yaklagsmasi icin yeterli kosullar elde edilmistir.
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1. INTRODUCTION

The thesis is devoted to the study of initial boundary value problems for second order non-
linear parabolic and hyperbolic equations under various boundary conditions.

The main problems discussed here are:

e The blow up of solutions of initial boundary value problems for nonlinear parabolic

and hyperbolic equations under various boundary conditions.

e The decay and growth of solutions of initial boundary value problems for second order

parabolic and damped hyperbolic equations.

One of the most interesting features that distinguish nonlinear parabolic and hyperbolic equa-
tions from the corresponding linear equations is that solutions of nonlinear equations starting
from smooth initial data may blow up in a finite time, i.e. some norm of a solution of a prob-
lem may tend to infinity as ¢ — ¢ for some ¢, < oo.

The interest to problems of blow up of solutions of initial and initial boundary value prob-
lems for nonlinear partial differential equations is inspired by two main reasons. First is to
describe precise as possible the classes of nonlinear partial differential equations for which
the initial or initial-boundary value problems have unique global in time solution. The sec-
ond is to give a rigorous mathematical justification and analysis of real processes where the
blow up effects are observed.

The theory of blow up of solutions of PDEs is an important area of qualitative theory of
PDEs. It worth mentioning that during last decades several books on blow up of solutions
of nonlinear PDEs are published: The books of Samarskii, Galaktionov, Kurdyumov and
Mikhailov [1] and Hu [2] are devoted to the study of blow up of solutions of nonlinear
parabolic equations and systems , the book of Pokhozhaev and Mitidieri [3] is devoted to
problems of blow up of solutions of nonlinear parabolic and hyperbolic equations and in-
equalities, [4] is devoted to problems of blow up of solutions of various nonlinear evolution
equations of continuum mechanics. We would like to mention also the book of Al’shin, Kor-
pusov and Sveshnikov [5] which is completely devoted to the problem of blow up of solutions

of initial boundary value problems for various nonlinear pseudoparabolic equations.



1.1. BACKGROUND OF PROBLEM

There are many papers devoted to the problem of blow up of solutions to the Cauchy problem
and initial boundary value problems for nonlinear evolution equations (see e.g. [6], [7], [8],
[9], [10], [11], [12] and references therein).

There are also many publications devoted to the study of asymptotic behavior of solutions of
initial boundary value problems for second order nonlinear parabolic and damped nonlinear

hyperbolic equations (see [13], [14], [15], [16] and references therein ).

1.1.1. Previous Results on Blow up of Solutions

Simple and effective examples of nonlinear parabolic equations whose solutions may blow
up in a finite time are demonstrated in [17]. One can find also examples of nonlinear second
order parabolic equations constructed by Friedman [18] and [19] whose solutions blow up in
a finite time for some classes of initial functions. The following example constructed in [17]:
Suppose that the problem

(

U — Uge = u?, x €10,1], t € 0,7,

u(ovt) = gO(t)a u<1at) = gl(t), te [O,T],

u(z,0) = ug(x), = €10,1]

\

has a classical solution u(x,t), corresponding to smooth initial and boundary functions

(&1

Ug, 9o, g1, Which is bounded by some constant ¢ = o, a>0,¢>0 in

Qr:={0<x<1,0<t<T} Itis easy to see that the function

C1

2ent) = co —tz(1 — )

for t < 4cy

satisfies the inequality z; — 2., < z? and the condition z = 0 on the parabolic boundary

['7 of the domain Q)7 for ¢; > % + 8cy. The function v(x,t) = (2(z,t) — u(x,t))e M is



non-positive on 'y and satisfies the inequality

Vp — Vgr + (A — 2 —u)v < 0.

It is clear that for A > 0 large enough the function v(z, ¢) can not attain a positive maximum
value on Quc, \ I's,. Therefore the function v(z, t) is non-positive, i.e. u > z. But z(3,t) —
0o as t — 4cy. Hence u(3, ¢) tends to infinity in a finite time.

The conditions for the blow up of solutions of equations of the form

ur = Lu+ f(u), z € Q CR", (1.1.1)

uy = Lu+ f(u), r € Q C R", (1.1.2)

where L is a second order self-adjoint uniformly elliptic operator with smooth coefficients
depending on x € (2, are obtained by using the comparison theorems which are valid for
second order parabolic equations. In the papers of [20], [21], [22], [23], [24], [25], [26]
, [27], [28], [29] and in [30] the conditions on the data and the nonlinear term f(-) for an
equation of the form (1.1.1) and for the equation (1.1.2) are obtained by employing the fact
that the Green’s function of the main linear part for these equations is positive or positiveness
of the first eigenvalue of the first eigenfunction their linear stationary parts.

In [22] it is proved that for each initial function uy(xz) # O the solutions of the Cauchy
problem for the equation (1.1.1) (2 = R") with

L=A and f(u)=u'"®
blows up in a finite time whenever « € (0, 2).
The positiveness of the Green’s function of the main linear part, is used by many authors to
construct the lower solutions of problems they study. This lower solutions are solutions of
nonlinear ordinary differential equations. Analyzing solutions of these ODE’s the authors
find conditions of blow up of solutions of corresponding nonlinear PDE’s.
The proof of the blow up theorems for equations of type (1.1.1) and (1.1.2) by eigenfunctions

method (employing positivity of the first eigenfunction of the stationary problem) when the



nonlinear term f(u) is convex and satisfies the condition

* dv

= 1.1.3
1 flv) = ( )

usually follow the scheme:

e The equations (1.1.1) and (A.0.17) are multiplied in L?(£2) by a normalized first eigen-
function v (z) of the operator generated by the differential expression — L with the

zero Dirichlet boundary condition: and obtained the equations

d
u¢1dx+)\1/u¢1dx = /f(u)u¢1dx, (1.1.4)
Q Q Q
2
prel uprdr + M\ /ulpld:r = /f Jurdex. (1.1.5)
Q Q
e The Jensen inequality
/ Fuz,)vn(x)de > f ( / u(x,t)wl(:c)da:) | (1.1.6)
) Q
is used in (1.1.4) and (1.1.5) and the following ordinary differential inequality for the
function ®(t) = [, u(x,t)y (x)dz are obtained
d
S0(t) + M() = £ (2(1), (1.1.7)
2
@d)(t) + MP(t) > f(D(2)). (1.1.8)

e The conditions of blow up of solutions of the initial boundary value problem for (1.1.1)
and (1.1.2) are obtained by studying the Cauchy problem for the obtained ordinary
differential inequalities (1.1.7) and (1.1.8).



The method of eigenfunction is used also in the study of equations of the form (1.1.1) when
the operator L is also a nonlinear one.

By using the eigenfunction method the equation in [31]
U — O(u)uge = P(u),z € (0,1),
and in [32] the initial boundary value problem for the equation of the form
up — Ap(u) = (u),x € Q CR™, (1.1.9)

are studied.
It is shown in [32] that if non-negative functions ¢(-) and #(-) involved in (A.0.18) satisfy

the conditions

§'(s) 20, 9(s) 2 0, ¥ (s)d(s) — ()" (s) > 0, Vs € R,
; , * dn
H(5)8(s) — ¥(s)d(5) > 0, Vs € R, / Sy <o,

then for a certain class of initial data there exists £; < oo such that

lim sup (sup |u(z, t)|) = 00. (1.1.10)
t—t1 \z€Q
In [33] sufficient conditions on data that guarantee blow up of solutions of a class of equa-

tions of the form
a(u)uy = (K (u)uy,),, + g(u) (1.1.11)

are found. Blow up of solutions of an equation of the form 1.1.11 with a(-) = const is
established in [34] by employing a method based on criticality of the initial function.

In [20], [35], [36], [37] sufficient conditions of blow up of solutions of initial and initial
boundary value problems for equations of the form (1.1.2) are found by the method of com-

parison of solutions of nonlinear PDE’s with the solutions of nonlinear ODE’s. This method



is based on the Huygens’s Principle.
In [38], [27], [39], [40], sufficient conditions of blow up of solutions of the Cauchy problem

and initial boundary value problems for nonlinear hyperbolic equations of the form

uy = (a(ug)), (1.1.12)

where a(-) € C' is an increasing function, and essentially nonlinear hyperbolic systems of

the form

@ + Az, t, @), = flx,t, ) (1.1.13)

are found.
In [38] blow up of the function u,(z,t) (the gradient catastrophe) , where u(x,t) is a solu-

tions of the equation (1.1.12) is established for

a(s) = c*(1+es*),e >0

( which is a continuum analog of the famous system of nonlinear ODEs - the so called Fermi-
Pasta-Ulam chain). The gradient catastrophe of solutions to non isentropic flow of an ideal
gas is established in [39]. In [40] it is shown that second derivatives of all solutions of the

equation (1.1.12) with

a(s) = st(s)(1+ s2) 712, (1.1.14)

where 7(+) is an odd and smooth function, blow up in a finite time if the initial functions are
twice differentiable functions with a small amplitude.
The papers of [41], and [42] are the problem of blow up of solutions of the Cauchy problem

for the nonlinear Schrodinger equation

ity + A+ f(|[Y))Y =0, x € R™. (1.1.15)



is investigated. The effect of blow up in a finite time of solutions of the Cauchy problem for
the cubic nonlinear Schrddinger equation in two dimensional case (i.e. when f(s) = s and
n = 2) was first observed in the paper of Talanov.

In [42] it is proved that for some class of initial functions the gradient of solutions of the
Cauchy problem for (1.1.15) blows up in a finite time provided the following conditions are

satisfied

2
sf(s) —c,F(s) >0,¢,>1+—, Vs € RT, (1.1.16)
n

F(s) = /0 F(r)dr. (1.1.17)

A result on blow up of solutions of initial boundary value problem for the nonlinear
Schrodinger equation in a bounded domain 2 C R™ under the conditions (1.1.16) is ob-
tained in [43].

Let us note that the above mentioned papers are devoted to nonlinear second order and first
order equations and systems of equations. The methods employed in these works are not
applicable in the study of higher order equations.

The energy method of finding conditions of blow up of solutions to initial boundary value
problems for equations of the form (1.1.1) and (1.1.2), that can be used in the study of higher
order equations. These methods was first suggested in [10]. and later used in [44], [45].

In [44] it is shown that if f(-) satisfies the condition

sf(s) — uF(s) > colul®*, (1.1.18)

F(s):/ f(r)dr, € >0,¢c0 >0, > 2, (1.1.19)
0

then for a certain class of initial functions the solutions of initial boundary value problems
for the equations (1.1.1) and (1.1.2) blow up in a finite time.
In [25], [46] a powerful method of finding sufficient conditions of blow up of solution to the

Cauchy problem for differential operator equations of the form

Pu; = —Au+ F(u), (1.1.20)

Puy = —Au + F(u), (1.1.21)



in a Hilbert space H is suggested.
Here P and A are linear symmetric operators satisfying the conditions P > 0, A > 0 and

F(-) is a nonlinear gradient operator that satisfies the condition

(F(u),u)g > BG(u),

where § > 2 is a given number, (-,-)y is the dot product in H and G(u) is a functional
whose gradient is the operator F'(u). The results obtained for the equations (1.1.20) and
(1.1.21) allow to get sufficient conditions of blow up of solutions of initial boundary value
problems for a wide class of parabolic, hyperbolic, pseudo-parabolic equations and systems
of equations, including higher order equations.

In [32], [47], [48], [25]- [49], [50] the concavity method and its modifications were used
for finding sufficient conditions of blow up of solutions to the Cauchy problem for non-
linear differential operator equations, differential operator equations with dissipative term,
initial boundary value problems for linear parabolic and hyperbolic equations with nonlinear
boundary conditions and various equations and systems of continuum mechanics.

This approach allowed the authors of above mentioned works to cover not only the problems
considered in preceding papers [21], [20], [22], [24], [19] and other works, but also a wide
class of new nonlinear problems for which the mentioned methods were not applicable.

By using the concavity method Levine and Payne obtained also interesting results on global
nonexistence of solutions to the initial boundary value problems for linear parabolic equa-

tions under nonlinear boundary conditions of the form

u—Au=0, x€Q,t>0,

Qu — f(u), x€0Q,t>0, (1.1.22)

u(z,0) = up(x), x € Q,

where (2 is a bounded omain of RY with suffisiently smooth boundary 99, f(:) : R —
R is a given nonlinear term. The concavity method was used also in the study of initial
boundary value problems for higher order parabolic equations under nonlinear boundary

conditions and in the study of the linear wave equation under nonlinear boundary condition



of the form:

utt—Au:(), xEQ,t>0,

du_ f(y), € dNt>0,

n =

u(z,0) = ug(x), ux,0)=mui(z), =€

The nonlinear term here and in (1.1.22) satisfy the condition
f(s)s > (24 ¢€)F(s), Vs €R. (1.1.23)

However, as it was noted in [47], [25], [46], in the frames of the concavity method the con-
ditions of non-negativity and symmetricity of the linear operator A in (1.1.20) and (1.1.21)
are essential.

The integral method (generalized concavity method) suggested in [51] allowed to get rid of
this restriction.

This method, generalizing the concavity method, is based on a construction of some positive
functional W(¢) = (u(t)), which is defined in terms of the local solution of the problem
(the local solvability of the problem is therefore required) and proving that the function W(¢)

satisfies the inequality
V() — BV O] > —CrU3(t) — Col (W (2), > 0,

where 8 > 2, C; > 0 and Cy > 0 are given numbers.

The last inequality, thanks to the Lemma A.0.8 of the Chapter 1 allows to see that for some
class of initial data, a solution of a problem under consideration blows up in a finite time.
The results obtained for differential-operator equations are used in [51] for finding conditions
of blow up of solutions for a wide class of parabolic and hyperbolic equations with non-
symmetric main parts of the form under the homogeneous Dirichlet boundary conditions.
The concavity method and its generalizations were used in the study of many nonlinear
partial differential equations and systems By using the generalized concavity method Qin

and Rivera [11] found sufficient conditions of blow up in a finite time of solutions of the
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Cauchy problem for the system of thermoelasticity of the form

U = AUy + 00, + du, — muy + f(t, u),

In ( [52], [53]) the concavity method is employed to find sufficient conditions of blow of

solutions to Cauchy problem for nonlocal nonlinear equations of elasticity of the form

g — (B * (ug + g(w)),, (1.1.24)

and to the Cauchy problem for the system of equations of one-dimensional elasticity

urg — (B * (un + g1 (ug, u2))),., (1.1.25)

Uy — (B2 * (ug + go(u1, u2>))m .

An interesting method of finding sufficient conditions of blow up of solutions of the Cauchy

problem for nonlinear hyperbolic equations with nonlinear damping term of the form

g — Au + |ug| "y = |ulPu,

where p, ¢ > 0 are given numbers, was introduced in [54]. It was shown in [54] thatif p > m,
then there are initial data for which solution of the Cauchy problem for this equation blows
up in a finite time. The method introduced in [54] based on the construction of a perturbed
functional energy W(¢). The result on blow up is obtained by showing that W () satisfies an

ordinary differential inequality of the form

V() > pmt, g>0,v>0
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1.1.2. Previous Results on Asymptotic Behavior of Solutions

Initial boundary value problems for many mathematical models described by nonlinear
parabolic and hyperbolic equations have global in time solutions. For this kind of problems
an interesting and important problem is the problem of investigation of asymptotic behavior
of solutions of corresponding initial boundary value problems as t — oo.

We would like to note that most of techniques employed in the the study of problems of
blow up of solutions of initial boundary value problems for nonlinear parabolic and hyper-
bolic equations are based on the idea of transfer the study of initial boundary value problems
for nonlinear PDEs to the study of Cauchy problems for appropriate nonlinear ordinary dif-
ferential inequalities. In this way results on blow up of solutions of nonlinear PDEs are
established by analysis of qualitative properties of solutions of nonlinear ordinary differen-
tial inequalities.

Most of results on asymptotic behavior of solutions of initial boundary value problems for
second order nonlinear parabolic and hyperbolic equations are devoted to equations with
constant coefficients or equations with coefficients depending only on spatial variables.

In [55] the authors got a result on exponential decay of global solutions of the problem

ur = Au+ f(u), ze€Q,t>0,
g—Z—kau:O, x €00t >0,

u(x,0) = up(x), v €9,

where (2 is a bounded domain with smooth boundary, ug(z) > 0, Yz € € is a smooth
initial function, and the nonlinear term satisfies the conditions f(0) = 0, f(s) > 0, and
f(s) <p(s), Vs > 0, for a positive nondecreasing function p(s).

One of the recent results of this type is result obtained in [56]. Here the author studied the
decay rate to 0, as ¢ — oo of the solution of the initial boundary value problem for the

equation

1/}25 - Adj - )\1¢ + |¢|P*1¢ = 07 p > 17
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under homogeneous Dirichlet boundary conditions in a bounded smooth open connected
domain of R". It is shown that either (-, t) converges to 0 faster than any negative power of
t, or ¥(-,t) decreases like s

Less is studied the problem of asymptotic behavior of solutions of nonlinear non-autonomous
parabolic and hyperbolic equations with time dependent coefficients. In [57] the Cauchy
problem for the following first order differential-operator equation in a Hilbert space H is

considered

d
-ﬁ:A@u+ﬂ@m+mmt2@ u(0) = uo.
Here A(t) is a linear dissipative operator, i.e.

Re(A(t)u,u) < ~(t)(u, u), ¥(t) = 0,

F(t,u) is a nonlinear operator, which satisfies the condition

IE@u)ll < collull”, p> 1, [lo(£)]| < B(2),

where ((t) > 0 is a continuous function. It is shown that under appropriate conditions on

7(t) and B(t)
lu(®)] = 0 as ¢ — oco.

A number of papers devoted to the decay of solutions of the Cauchy problem for nonlinear
wave equations with time dependent damping coefficient appeared last years (see e.g. [58],
[59]). In these papers the decay estimates of solutions to the Cauchy problem for second

order nonlinear wave equations of the form

uy — Au+ b(t)uy = f(u), z € R", £ >0,
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are considered. For special type of damping terms and nonlinearities it is estalished that the

solutions of problems under consideration tend to zero as ¢ — o0.

1.2. STATEMENT OF PROBLEMS
1.2.1. Second Order Nonlinear Parabolic Equations

Chapter 2 of the thesis is devoted to the study of initial boundary value problems for second
order nonlinear parabolic equations under various boundary conditions.

First we considered the problem of blow up of solutions in a finite time

(

u — Au = f(u) + h(z,t), z€Q, t>0,

4%+7u:0, €00, t>0, (1.2.1)

u(z,0) = ug(x), x € Q,

\

Next, by using the energy method, we studied the problem on blow up of solutions of the
problem (4.0.1) when h = h(x) and in addition to the condition (4.0.2) the the following

condition holds

F(U) Z D0|U|p — D1 Yu e R

for some p > 2, Dy > 0, D, > 0.
Finally the decay of solutions of initial boundary value problems for non-autonomous non-

linear parabolic equations with time dependent coefficients are investigated.

1.2.2. Second Order Nonlinear Hyperbolic Equations

Chapter 3 is devoted to study of initial boundary value problems for second order nonlinear
hyperbolic equations. We obtained here sufficient conditions of blow up of solutions of initial
boundary value problems for nonlinear wave equations in a finite time. For a wide class of

second order nonlinear non-autonomous wave equations with time dependent damping terms
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conditions under natural conditions on nonlinear terms asimptotic behavior of solutions is
studied. It is shown that all solutions of the problem under consideration tend to zero as
t — 0.

The first problem on this chapter is the result on blow up of solutions of the problem

U + buy = Au+ f(u) + h(z,t), =€, t>0,
g—ZJrvu:O, xred, t>0, (1.2.2)

u(x,O) = Uo(m)a ut(x>0) = Uz, VS Qa

where b > 0,7 € R are given number, h is a given source term, wug, u; are given initial
functions, and f(-) is a nonlinear term.

Next we studied the decay of solutions:

¢

U +0(t)uy — Au+ f(u) =0, z€Q, t>0,

u(z,t) =0, red, t>0, (1.2.3)

uw(z,0) = ug(x), uz,0)=u(x) x €€,

\

where b(t) is a positive differentiable function defined on [0, co) that satisfies the condi-

tions

0<b(t) <by, |H()|<abt), 0<a<2, V>0, (1.2.4)

t
/ b(s)ds — o0 as t— o0 (1.2.5)
0

and the function f(u) satisfies the condition (4.0.7).
The proofs of auxiliary propositions which we have used to get main results are given as an

Appendix.
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1.3. NOTATIONS AND AUXILIARY PROPOSITINS

Throughout the thesis we are using the following notations:
o R :=(—00,00).
e R :=(0,00).
e [%(Q) is a usual Lebesgue space with the inner product (-, -) and the norm || - ||.

e [°°(Q) is a usual Lebesgue space equipped with the norm

l|lull oo () := sup |u(x)]. (1.3.1)

e

e C(R") is the class of all functions that belong to C'[0, T'] for each T > 0,

e H'(Q) is a Sobolev space of functions v € L*(2) whose weak derivatives also belong

to L?(Q). This space is a Hilbert space with the inner product
(u, V) () = / (u(z)v(z) + Vu(z) - Vo(z)) de (1.3.2)
Q

and the norm

1/2

ol = (vl + [Voll?) (1.3.3)

e [H}(Q) is the Sobolev space obtained by completion of C§°(£2) with respect to the

norm of H'(§2). The inner product and the norm in this space are defined as follows

(U, V) Ha ) = /Vu(x) -Vou(z)dz (1.3.4)

Q

and

0]l 2 ) = [IV. (1.3.5)
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e [P(0,T;B), p € [1,00) denotes a Banach space of all vector-functions with values in

a Banach space B equipped with the norm

T 1/p
lellroris) = ( / Hv(t)H%dt) .

e [>(0,T; B) denotes a Banach space of all vector-functions with values in a Banach

space B equipped with the norm

[v][ Lo 0,738y := sup ||v(?)]]B-
te(0,T)

We will need the following inequalities:

e Cauchy inequality ”with

1
ab < ea® + —b? (1.3.6)
4e

which is valid for each a,b > 0 and ¢ > 0.

e Holder inequality is the inequality

[15@9@lde < 1l 19110 - (137
Q

which holds for each f € LP(2) and g € L¥ (2) the inequality

e Jensen inequality for integrals is the inequality

f{f(u(a:))z/z(yc)dyc g{u(ﬂf)w(x)d:c
Fowde =1\ Tewma | (13.8)

where f is a convex function on R, u € C(Q),v € L'(G) and % is positive on the

domain ().
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e Poincare-Friedrichs Inequality is the inequality
leoll < AV (13.9)

which holds for each w € HJ (). Here  C R" is a bounded domain, ), is the first

eigenvalue of the problem

—Ap =\, 7 €9,

=0, xe€odfl.

If w e H*(Q) N H (L), then (1.3.9) inequality implies that

1
IVl < A %[l Awl]. (1.3.10)

e Poincare Inequality is the inequality
lwll? < ao /w2(x)dx +IVol2|, 4> 0. (13.11)

Q

which holds for each w € H'(Q). Here Q@ C R" is a bounded domain with sufficiently
smooth boundary 0f2, a is a positive number which depends on |€2|. We will use also

the following version of the Poincaré inequality which is valid for each function u from

the Sobolev space H'(Q) (see e.g. [60] Ch. 1):

/ vido < 6/ |Vvl2da:+Ce/v2dx, (1.3.12)
20 Q Q

where € is a positive parameter, and C. is a positive parameter which depends on e.

In the study of asymptotic behavior of solutions to initial boundary value problems for
nonlinear non-autonomous parabolic and hyperbolic equations we will use the following

Lemma:
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Lemma 1.3.1. Suppose that a,q € C[0,00), a(t) > 0,q(t) >0, Vt >0,
t
/ a(s)ds — oo, q(t) -0 as t— co. (1.3.13)
0
Then all nonnegative solutions of the differential inequality
2(t) + p(t)z(t) < q(t) (1.3.14)

tend to zero as t — 0.

The proofs of results on blow up of solutions of problems we considered are based on the

following propositions:

Lemma 1.3.2. (see [24] ) Suppose that a function a(t) is twice continuously differentiable
on some interval [0,T),

a function H(r) is continuous on |ay, 00) and the condition

H(r) >0, Vr > ag (1.3.15)

holds. Assume also that
a’(t) > H(a(t)), t >0, (1.3.16)
a(0) =ag > 0, a’(0) =a; > 0. (1.3.17)

Then

(1) a(t) is continuous and o (t) >0, Vit € [0,7T)

a(t) —1/2

(2) t < 2/ a§+2/H(r)dr ds. (1.3.18)

ag
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Lemma 1.3.3. (see [25]) Let V(1) be a positive, twice differentiable function, which satisfies,

fort >ty > 0, the inequality

V()T — (1+a) [xy (t)]2 >0 (1.3.19)
with some o > 0.
If U(to) > 0and V'(ty) > 0, then there exists a time
Ty € (to, T1), T = a\I\;J(’t((z)f())) + 1o
such that
U(t) — 400 as t = 1y . (1.3.20)

Lemma 1.3.4. ( see [51]) Let twice continuously differentiable function V(t) satisfies for

eacht > 0 the inequality
T ($)T(t) — (1+a) [T(H)° > 2C,(H) V(1) — C2T(t) (1.3.21)
and
U(0) > 0,P'(0) > —ypa " (0), (1.3.22)
where o > 0,C,Cy > 0,C) + Cy > 0 and v, = —C — \/m. Then there exists
b<T, = (2\ [c? + a02> B In ;215((8)) i;‘jf(%))
with v, = —C + \/MSuch that

U(t) > 00 as t —t].



If¥(0) > 0,%(0) > 0and Cy = Cy = 0, then there exists

to <Th =

such that

U(t) > 00 as t —t,.

Lemma 1.3.5. (see [61]) Suppose ¥(t) € C?([0,T)), satisfies inequality

VU — (V)2 + x0T > B0, a>1, >0, k>0,

and

(0) > %1\11(0),
[\If’(o) -1 1@(0)} > ij 0(0),

where W(t) > 0, U(0) > 0. Then there exists

T < ¥ 0) (e - ) 0) |(10) - ) - 52w

such that

lim sup ¥(t) = +o0.

t—Ty

For the convenience we give the proofs of these propositions in the Appendix.

20

(1.3.23)

(1.3.24)

(1.3.25)
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2. SECOND ORDER NONLINEAR NONAUTONOMOUS
PARABOLIC EQUATIONS

This chapter is devoted to the study of initial boundary value problems for second order
nonlinear parabolic equations. Employing the energy methods, we find the sufficient condi-
tions of blow up in a finite time of solutions to initial boundary value problems for second
order nonlinear non-autonomous parabolic equations under the Robin boundary conditions.
We study also the asymptotic behavior of solutions of nonlinear non-autonomous equations
(whose solutions exist globally) as ¢ — oo: Results on decay and growth of solutions of the

considered problems are obtained.

2.1. BLOW UP OF SOLUTIONS OF NONLINEAR PARABOLIC EQUATIONS

In this section we study the initial boundary value problem for the second order nonlinear

non-autonomous equation of the following form:

up — Au = f(u) + h(z,t), z€Q, t>0, (2.1.1)
@—F’YU:O, xed, t>0, (2.1.2)

v
u(z,0) = up(x), x €Q, (2.1.3)

where (2 is a bounded domain in R™ with smooth boundary 0f2,  is a given scalar, A is a
given source term and f(-) is a given nonlinear term.

We show that if the nonlinear term satisfies the following conditions
flwu>21+ a)F(u), F(u)= / f(s)ds, forallu € R (2.1.4)
0
with some positive a,

h e L*(RT; L*(Q)) N L>®°(R*; L*(Q)) (2.1.5)
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then solutions of the problem (2.1.1)-(2.1.3) corresponding to a wide class of initial con-
ditions blow-up in a finite time. Let us note that our study of the problem of blow up of
solutions of the problem (2.1.1)-(2.1.3) is inspired by the work of Payne-Schaefer [62] . In
the this paper, using the energy method, the authors established blow-up of solutions and
obtained a lower bound of blow up time for the solutions of the problem (2.1.1)-(2.1.3) with
h = 0, essentially using positiveness of the coefficient + and the initial function u,. Later
on in [63] blow up theorem and estimate of blow up time for nonlinear heat equation with
time dependent coefficient is also obtained.

In this section, by using the concavity method of Levine [25] we will derive sufficient condi-
tions for the finite-time blow-up of solutions of the problem (2.1.1)-(2.1.3) regardless of the
sign of 7y and the initial functions u, under the Robin boundary conditions.

For the blow-up of solutions of nonlinear parabolic partial differential equations there is a
wide literature, we refer to [2], [25], [29], [64], [65] and references therein. The blow-up the-
orem will be established by using the Lemma A.0.7 In Section 2 the sufficient conditions of
the blow up of solutions are obtained. In addition to that some remarks on blow up solutions

are given.

2.2. BLOW UP OF SOLUTIONS

In this section, by using the Lemma A.0.7 we obtain sufficient conditions of blow up in a
finite time of solutions of the initial boundary value problem (2.1.1)-(2.1.3).

Main result of this section is the following theorem:

Theorem 2.2.1. Suppose that u is alocal soluton of the problem (2.1.1)-(2.1.3), the initial

function uq satisfies the condition

— || Vug||* — 7/89 ud(x)do + Q/QF(ug(ar))dw

4 H, a+2
=4+ )H C 2 (221
z (4+ a> Lt daly|Cy(a + 1) + (a+ 1 + 17 v) [Juoll”, ( )

where C, is a positive t constant of the Poincaré inequality (1.3.12) with € = %, and

Hy = [ |h(t)||>dt and Hy := sup ||h(t)||*. And suppose that the conditions (2.7.7)
teR+
and (2.1.5) are also satisfied. Then the solution of the problem (2.1.1)-(2.1.3) blows up in a
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finite time, i.e. there exists t1 < ty 1= % such that

t

lim [ |u(s)||*ds = oco.
t—t; Jo

Suppose that u(x,t) is a local solution of the problem (2.1.1)-(2.1.3). It is clear that the

function v(z,t) = e u(x,t), m > 0 satisfies the equation
mu + v = Av + e " f (™) + e ™ h(x, t), (2.2.2)

the boundary condition

v

Fw=0, €8 t>0, (2.2.3)
ov

and the initial condition

v(z,0) = up(z), € Q. (2.2.4)
So our aim now is to find sufficient conditions of blow up in a finite time of solutions of the
problem (3.2.17)-(2.2.4). First we prove the following Lemma:
Lemma 2.2.2. Let v be a local solution og the problem (3.2.17)-(2.2.4). The the function

1
B = =50l = 5IVelp =G [ oo [ Fernar @2

satisfies the differential inequality

%E(t) > 2maE(t) + ma [m”v”2 + || Vo||? + 7/ vgda]
o0N

1
+a—&mmﬁ—£ww%ﬁm,ez®
1

and the following estimate from below with a positive parameter €, € (0, 1) for the function
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E(t) holds true

t
E(t) > €2matE(0) + (1 —81)62mat/ ||vs<s)“2e—2msd8
0

1 t
e / Ih(s)|2e=2m o Dsgds. (2.2.7)
&1 0

Proof. Multiplying the equation (3.2.17) by v; and integrating over €2 and using (2.2.3) we

obtain

d[m, o 1 7/ 5 ] 5
— | =||v||* + =||Vo|? + = | v*do| + v

— e / fe™v)vdx + e~ ™ / hvdz. (2.2.8)
Q Q
It is easy to see that
—F(e™v) = f(e™v)(e™v; + me™v).
Plugging the expression

d
e—mtf(emt)vt — e—2mt_F(eth) . me_mtf(emtv)v

dt

into (3.2.18)we obtain

d Im 9 1 7/ - d
am SVollR+ L [ v P [ F(emu)d
o [0t et [ o] e = e [ it
+m€—mt/f(6mtv)vd$:6_mt/hvtdx, (2.2.9)
O Q
Since

|:€2mt/F(emtv>dx] +2m€2mt/F(emtv)dx (2.2.10)
Q Q
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we have

d |m —2m m
‘ bnvn? 1o+ 3 [ o~ [ eyt + o
Q
/f v)vdr — 2mezmt/F(emtv)dx:emt/hvtdx. (2.2.11)
Q Q

By using the condition (2.7.7) we see that
e ™ fle™v)y = e ™ f(e™v)e™v > 2(a + 1)e P ™M F(e™). (2.2.12)

Employing this inequality and the Cauchy inequality with ¢ we deduce from (2.2.11) the

following inequality

d [m 1 i 2 —o2mt ¢ 2
— —Hv||2+—||Vv||2+_/ ' 4y /F(em”)dl‘ + [Juel]
dt | 2 2 2 /a0 0 !

1
+ 2mae2mt/ F(e™v)dx < e1|lve]|*> + — || h||?e~>™.
Q dey

From this inequality we obtain

d{ m s 1 2 ’7/ 2 —2t/ t }
— | ==|v[|* = =[| V|| = = vido +e " | F(e™v)dz| >
-t~ Jiver-2 [ [ P

1
oma | — 2|2 — = || Vo2 — 1/ v2do + @—2"“/ F(e™v)dz| (2.2.13)
2 2 2 0N Q

1

— A 26—2mt'
el

+ma {m”v”2 + || Vo2 +'y/ U2d0':| + (1 — &1)|Jve||* —
o0

So we get (2.2.6). By using (1.3.12) in (2.2.6) we get

d
dt

1 —2m
—E(t) = 2maB(t) + (1 — 1) [o* + ma(m — |7|C)||v]|* — HhH2 .

Choosing in the last inequality m = |y|C,, and then solving the obtained differential in-

equality we obtain the estimate (2.2.7). ]
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Lemma 2.2.3. Let v(x,t) be the solution of the problem (3.2.17)-(2.2.4) and define

w(t) ;:/0 [o(s)|2ds + co,

where cq is some positive parameter to be specified. Then we have:

() = [|lv(@®)]* = 2/0 (v(s), vs(s))ds + |uo? (2.2.14)

and

t
U (t) > 4(% +1) U l|vs(s)||” ds + co] , (2.2.15)
0

where « is a positive number in (2.7.7).

Proof. Proof of (2.2.14) is trivial, and it is obvious that ¥ (¢) = 2(v(t), v;(t)). By using the
equation (3.2.17) and the inequality (2.2.12) we obtain the following estimate from below

for the function W"(¢):

U(t) = 2/ v[ —mu + Av +e ™ f(e™v) + e*mth(a:,t)] dx > —2m|v|?
0
—2||Vol* - 27/ vido + 4(a + 1)6_2"”/ F(e™v)dz + 2¢~™ (h,v)
00 Q
1
= 4(a+1) [ ) = 2 vl - 1/ vido + e-sz/ F(emtv)da:]+
2 2 2 Joo

Q

o2ma ||v|* + 2 | Vo|* + 2047/ v’do + 2 ™ (h,v). (2.2.16)
a0
Since
—mt 2 —2mt 1 2
2¢7"(h,v) > —2ma||jv||* —e — |||
2am

we deduce from (2.2.16) that

1
U (t) > 4 DNE(t) — e 2mt —
(1) > 4o+ DE(t) — e o

(1G] e
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Thus employing the lower estimate (2.2.7) for E(t) we obtain the estimate

V() > 4(a+1)(1—e) [/Ot loa(s)|2ds + co}

+4(a+1) __/Hh | ds
— o e~ 2| R(t)|)* — 4(a+ 1)(1 — e1)co.  (2.2.17)
Now, by assuming
2 h 2 1 2 o+ 2
0 @+ 2) [ IO + gy s I+ 57
and choosing ¢; = 2ot +1) we get 4(a+ 1)(1 — %1) = 4(% + 1) we see that (2.2.17) implies
(2.2.15), -

Proof. Using (2.2.14) and (2.2.15) we get

V(OU(E) — (e + D(T()? >

+1 [/ [vs(s)|)? ds+Co /Ilv )17 ds—i—co}—

4(2 +1) [/0( (5), vs(s ))d5+—|!uOH2r- (2.2.18)

Finally we choose ¢y = 1[jug|[%. Then due to the Cauchy-Schwarz inequality we deduce
from (2.2.18) the desired inequality W" ()W (t) — (§ + 1)(¥'(¢))* > 0. The proof of the

theorem follows from the Lemma A.0.7. ]

2.3. SOME REMARKS ON BLOW UP

We proved the following propositions on blow-up under the Robin boundary condi-
tions:

Remark 2.3.1. If h(zx,t) = h(x) € L* and in addition to (2.7.7)

F(u) > Dolul? — Dy, Vue€R, (2.3.1)
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for some Dy > 0, Dy > 0, then by an easier argument a blow up result can be obtained em-

ploying the energy equalities for solutions of initial boundary value problem (2.1.1)-(2.1.3):

where

1d
5 Zlu®I? = = Vel - 7/ W2do + (f(u),u) + (h,w) 2.32)
o2
d _ 2
S EO) = @I, (2.3.3)

Et) = —%HVUHQ -1 /m Wdo + (F(u), 1) + (b, u).

In fact the following proposition holds.

Proposition 2.3.2. If the nonlinear term f(.) satisfies the conditions (2.7.7), (2.3.1) and the

initial function satisfies the condition

E(0) — aD; >0, (2.3.4)

then the solution of the problem (2.1.1)-(2.1.3) blows up in a finite time.

Proof. Utilizing the conditions (2.7.7) and (2.3.1) we obtain from (2.3.2) the inequality

d

Zle@IF = =2[Vu@)]® -2y /ém u'do + 4(a + 1)(F(u), 1) + 2(h, u)

=4FE(t) + 4a(F(u),1) > 4E(t) + 4aD0/ |u(z,t)Pde — 4aD;. (2.3.5)
Q

Due to the inequality E(¢) > FE(0) which can be obtained by integration of the energy

equality (2.3.3), and the condition (2.3.4) we obtain from (2.3.5) the following first order

ordinary differential inequality for the function ¥ (¢) = ||u(t)|*:

(1) > Ko[U(t))5, (2.3.6)

where Ko = |Q| "2 (4aDy) 5.
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Integrating (2.3) we see that

2—p

U(t) o0 as t— (p—2)[2K '[P (0)]= .

O

We would like also to note that a result on blow up of solutions to a class of nonlinear
parabolic equations under the Robin boundary condition can be obtained by using the so
called method of eigenfunctions. In fact the following proposition holds true:

Proposition 2.3.3. Suppose that ug(x) > 0, Vo € §, v > 0, the source term h(z,t) =
h(x) € L*(S2), depends only on x € ), the nonlinear term is a convex, continuous function

that satisfies also the conditions,

flu) —Mu—ho >0, Yu>ay>D0,

with

oo J(1M) = A1 — ho

< o0, (2.3.7)

where hy = fQ x)dz, ap = fQ uo(x ), A1 > 0 is the eigenvalue corresponding

to the normalized prmczpal eigenfunction wl (:c) of the problem

—AY =\, zEQ;
(2.3.8)

By =0, xedn.
Then the solution of the problem (2.1.1)-(2.1.3) blows up in a finite time.

Proof. In fact multiplying the equation (2.1.1) by the positive function v, then integrating
the obtined relation over €2 and using the boundary condition (2.1.2) we obtain the followong

integral equality

/utwld:t—l—)\l/uwldx:/f(u)@bld:r—l—/huda:. (2.3.9)
Q Q Q Q
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Due to the Jensen inequality for integrals(1.3.8) we have

/Qf(u)wld:c > f (/Q uwlda:).

Thus from (3.3.5) we get the following differential inequality for the function

= Joulx, )y (x
E'(t) = F(E() = ME(t) — ho.
Integrating this inequality and using the condition (4.0.3) we obtain the desired result. [
2.4. BLOW UP WHEN THE ENERGY IS POSITIVE

In this section we will prove that there is a wide class of initial functions for which solutions

of the problem Consider the initial and boundary value problem

—Au= f(u), z€Q t>0, (2.4.1)
O =0, zeon, (2.42)
on
u(z,0) = ug(x), z€Q (2.4.3)

with arbitrary positive initial energy blow up in a finite time. More precisely we prove the
following theorem.
Theorem 2.4.1. Assume that the nonlinear term f(-) : R — R is a contnuous function that

satisfies the following condition

f(s)s=2(1+a)F(s) > —Dg, Vs€eR, (2.4.4)

where o > 0, v > 0, and Dy > 0 are given numbers, and F (s fo T)dT. Suppose also

that

v(a, y)lluoll* > 2[92[ Do + 4(1 + a) E(0), (2.4.5)
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where
Bt) = %HW(t)HQ +1 /8 e t)dr = ((ult). 1) (2.4.6)

and v(«, ) is a positive parameter depending on positive scalars o and ~y. Then the corre-

sponding local solution of the problem (2.4.1)- (2.4.3) blows up in a finite time.

Proof. Multiplication of the equation (2.4.1) by the function u, and integration of the ob-

tained relation over the domain 2 gives us the following equality

d

2 —

1
~||Vul* + z/ u*do — (F(u),1)| = 0. (2.4.7)
2 2 Jaa
Integrating (2.4.7) over the interval (0, ¢) we obtain
t
E(t) = E(0) — / | (7)||2dT (2.4.8)
0
which implies that
E(t) < E(0), Vt>0.
We consider now the function
t
w(t) = [ uolfar
where w is a solution of the initial boundary valuemproblem (2.4.1)- (2.4.3) . By using the
equation (2.4.1), the boundary condition (2.4.2) and the condition (4.0.4) on the nonlinear

term, we obtain the following estimate:

(1) = 2(u, u) = 2(u, Au+ f(u))
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> 9| Vul]? 27/u2d0 441+ a)(F(u), 1) — 2/92| Do

onN

By using the energy equality (2.4.8) in the last inequality we obtain the following estimate

from below for the function U”(¢):

V() > 4(1+ «) [—%HVUHQ - % /aQ u’do + (F(u), 1)}

—2|Q|Dg + 2| Vul]* + 2047/ u?do = 2a||Vul* + 20z7/ udo
20 20

t
— 41+ a)E0) +4(1 + «) / |ur(7)||?dT — 2|2 Do.  (2.4.9)
0
By using (2.4.5) we get
t
U(t) > [v(a,|u®)||* — D] +4(1 + a)/ |ur (7)|?dr, (2.4.10)
0

where Dy = 2|Q| Dy + 4(1 + o) E(0).
Since (2.4.5) holds we deduce from (2.4.10) that

t
U () > 4(1 +a)/ |y (7)||Pdr. (2.4.11)
0
By using the equality

t
V() = ful®)|? :2/ /uutdde+ o2,
0 Q

the estimate (2.4.11) and the Cauchy-Schwarz inequality we obtain then the following in-

equality

V(U () — (1+a) (V) — [uol?)* >

/OtHu(r)Her/ot||u(r)||2dr— (/Ot(u,uT)dT>2] >0 (24.12)

Thanks to the Cauchy -Schwarz inequality the expression in square brackets on the right

41+ «)
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hand side of the last inequality is positive. Therefore we have

0 < T (H)T() — (1+a) (V) =T ()(E) — (1+ %) ()% — M(t), (24.13)

where

M(t) = 5 (V(1))" = 2(1+ @)W (1) uo|l* + (1 + a) [Juo*.

(e

It follows from (2.4.10) that

% ('(t) — M) > vl ) (W'(t) = M),

Dy
v(ayy):

From the last inequality we deduce that

where M; =

W' (t) > My + " @ (W(0) — My).
Hence
U'(t) = 0o as t — oo,
and therefore there exists some ¢y > 0 such that
M(t) >0, Vt>tg.
Therefore (2.4.13) implies that
W EW(E) — (1 + %) (U'(£)2, Vit > to. (2.4.14)

Finally thanks to the inequality (2.4.14) we can use the Lemma A.0.7 and get the desired

result. OJ
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2.5. NONLINEAR PARABOLIC EQUATIONS WITH CUBIC NONLINEARITY.
BLOW UP FOR POSITIVE INITIAL ENERGY

In this section we consider the initial boundary value problem for the heat equation with

cubic nonlinearity:

w—Au=1u, reQt>0, (2.5.1)
uw(z,t) =0, x€d, t>0, (2.5.2)
u(z,0) = up(x), €. (2.5.3)

Our aim is to show that there are inital data with positive initial energy for which the corre-
sponding solutions of the problem (2.5.1)-(2.5.3) blow up in a finite time.

To prove this result we will show that the the function

U(t) = / u(r) |

satisfies the conditions of the Lemma A.0.7.

Employing the equation (2.5.1) we can easily get
w%w:zm@ym@):—wvme+2/u%@am. (2.5.4)
Q

Multiplying the equation (2.5.1) by w; and integrating over the domain {2 we obtain the

energy equality

mmmﬁ+%[ﬂvmmﬁ—iéwm¢ﬂ:a

After integration of the last equality over the interval (0, ¢) we arrive at the following energy

equality

zmy:ame—iéw@@m:E@—éHmmwﬂ (25.5)
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where

1

B(0) = 5Vl - 1/Quo(a;)dx.

By using the energy equality (2.5.5) and the inequality

/u4(x,t)dx > 107 (u(®)[?)’
Q

we obtain from the relation (2.5.4) the following inequality

V() =5 {—%||Vu(t)|]2+i/Qu‘l(x,t)}—i-i/Qu‘l(x,t)dx—i—%HVu(t)HQsz/Qu‘l(x,t)dx

t 1 3
_ —5E(0)+5/ Hu(7)||2dr+—||Vu(t)|]2—|——/u4dx
0 2 4 /o

> ﬁ (/Q u2(x,t)dx)2 — 5E(0) = mg [(Hu(t)”?)Q _ mﬂ , (2.5.6)

where mg = ﬁﬂ\ and m? = w_
So we have
d ) ) )
@”“U)H > mo([lu(®)||” —ma)([u®)|]* + ma). (2.5.7)

From the last inequality we deduce that the function ||u(t)||* —m; satisfies the following first

order differential inequality

%(Hu(t)HQ —m1) > momu(Ju(t)]? — m).

Integrating this inequality over the interval (0,t), we obtain the following estimate from

below for the function W'(t)

lu(®)]]* = ma + €™ Ay,
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where
20/0)| :

and

1 s 1 4

E(0) :== =||Vuol|* — = [ ug(x)dz > 0.

2 4 Jq

Thus
U (t) = |[[u(t)]|* = 0o as t— oo, (2.5.8)

On the other side from (2.5.6) we get
¢ 1 3
U (t) > —5E(0) + 5/ |w(7)||?dT + 5||Vu(zf)|y2 +1 / ut(z,t)dz. (2.5.9)
0 Q

Thanks to (2.5.8) the functions || Vu(t)||* and [, u*(z, t)dz tend to infinity as t — co. There-

fore there exists some ¢; > 0 such that
! 2 1 5, 3 4
—5E(0) + 5/ |lu()||%dT + §||Vu(t)|| +3 / u*(z,t)dx >0, Vt>t;.
0 0
Hence (2.5.9) implies that

(1) > 4(1 + a) / u(r)|dr

with og = 1.
Employing the last inequality and the Cauchy-Schwarz inequality we arrive at the desired

inequality

U ()W (E) — (14 ao) [V (1)) >0, VE>t.
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Thus thanks to the Lemma A.0.7 there exists 77 > ¢; such that
U(t) — o0, as t— Ty .

So we have proved the following Theorem.

Theorem 2.5.1. Suppose that

1 1
luoll > 0, Ey = 5[ Vo> — / ul(z)dw > 0,
2 1 Jq

and

20/ :
lual? > |25 E0)] "

Then the solution of the problem (2.5.1)-(2.5.3) blows up in a finite time.

2.6. ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF IBVP FOR NON-
AUTONOMOUS PARABOLIC EQUATIONS

In this section we consider semilinear second order parabolic equations under the Dirichlet
boundary condition whose energy integrals are sign preserved ( in contrary to problems we
considered in the previous section).

First we study the following problem:

ur — Au~+c(t) f(u) = h(z,t), z€Q t>0, (2.6.1)
u=0, =ze€0dQ, (2.6.2)
u(z,0) = up(x), x €, (2.6.3)

where (2 is a bouded domain with sufficiently smooth boudary 02, ¢(¢) is a given damping
coefficient, f(-) : R — R is a given nonlinear term, u, is a given initial function and h(x,t)
is a given source term. We obtained the following result about behavior of solutions to the

initial boundary value problem (2.6.1)-(2.6.3) as t — +o0:
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Theorem 2.6.1. Suppose that

ce CYRY), and c(t) > c(t) Vt >0, (2.6.4)

h € L*(0,T; L*(Q)), for each T > 0 and ||h(t)|| = 0, ast — oo (2.6.5)

Suppose also that f(-) : R — R is a continuous function that satisfies the following condi-

tions
fw)u — F(u) >0, F(u):= /“ f(s)ds >0, YueR. (2.6.6)
0

Then all solutions of the initial boundary value problem (2.6.1)-(2.6.3) tend to zero as

t > OO, l.e.

Proof. Multiplying (2.6.1) by u; and by u, then integrating over ) we get the following

equalities:

o+ 2 | STl + P, D] =OEFE@D+ (w267

&l 4 [Vl 4 e(e) (), w) = (). 268)

Adding (2.6.7) and (2.6.8) we obtain

d |1 1
el + 5 | Slull® + S IVulP + () (F(w), 1)

+ |Vul|? 4 c(t)(f(u),u) = (h,u) + (h,u) + () (F(u),1). (2.6.9)

Now applying Holder, Cauchy and Poincaré-Friedrichs inequalities we estimate the first two



39
terms on the right hand side of the equality (2.6.9):
Lo 2
[(y ue)| < 1RI A+ e
and
-1 _ 1
()] < [[Bllllull™ < RIAE (IVall < AHRIP + 2Vl

Employing these inequalities, and the condition (2.6.6) on the nonlinear term f(-) we obtain

from the relation (2.6.9) the following inequality
d i1, ., 1 9 3 9
— Sl + SIVull® + e()(F(u), )| + Z[[Vull® + 2¢(t) (F(u), 1)
dt |2 2 4
1 _
< (7 FAIAIP + O (F (w), 1),

Using the condition (2.6.4) we deduce from the last inequality that the following inequality

holds true:

d

1oy Lo 3. 1o
77 |l + SIVell® + e(t)(F(w), )| + LIVull® + (@) (F(u), 1)

1
< (Z +AHR)?. (2.6.10)
Due to the Poincaré- Friedrich’s inequality (1.3.9) we have
Z S — > -
|Vl = SIVul? + {19l > S Vul? + 2o

By using the last inequality in (2.6.10) we get

d |1

AL+ e
& Sl + SVl + o) (P, 1) | +

1 A 1 _
IVull® + e(®) (F(u), 1) + jHuH2 < (7 AR
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Since
1 Al
SVl 4+ e(0) (F (), 1) + 2
. A1 1 5 1 9
>ming 1, — o [Sllull® + S| Vull” +c)(F(u), 1) ],
2 2 2
we have

%El(t) + doFA (1) < (i + AT YR,

where dy = min{1, & }. Finally we use Lemma A.0.5 and deduce that F; (t) — 0 as t — 0

and get the desired result. O]

2.7. NONLINEAR PARABOLIC EQUATION WITH TIME DEPENDENT COEFFI-
CIENTS: DECAY OF SOLUTIONS

In this section we consider the problem

u — a(t)Au+ f(u) = h(z,t), xz€Q, t>0, (2.7.1)
u(z,t) =0, xed, t>0, (2.7.2)
u(z,0) = up(x), x € Q, (2.7.3)

where @ C R” is a bounded domain with sufficiently smooth boundary Of) and
a(t), h(z,t), f(-) are given functions.

We prove that under some restriction on the functions a(t) and h(x,t) all solutions of the
problem (2.7.1)-(2.7.3) tend to zero as t — oo. More precisely we prove the following theo-
rem:

Theorem 2.7.1. Assume that h € L*(0,T;L*(Q)), VT > 0, a(t) > 0,Vt > O isa

continuous function on [0, 00), such that

t
/ a(s)ds — o0 as t— o0, 2.7.4)
0
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and

lim o' (#)||h(t)|)* = 0. (2.7.5)

t—o00

Suppose also that f(-) : R — R is a continuous function that satisfies the condition (2.6.6).
Then

lim [|u(t)]| = 0. (2.7.6)

t—o0
Proof. We multiply the equation (2.7.1) in L*(Q2) by u:

%%Hu(t)”g +a(®)|[Vu@)|* + (f (w),u) = (h,u(t) < [A@)]|lu@)].

By using the Cauchy-Schwarz inequality and the Poincare inequality we obtain the inequality

5 O + eI < 25 o) + s I

or
d
@I + Xa@llu@®]* < At @O R@] (2.7.7)

We can apply the Lemma A.0.5 with

2(t) = u(®)]*, p(t) = Ma(t), q(t) = A a” () [[A(1)])”

and deduce that (2.7.6) holds true, i.e. ||u(t)||> — 0ast — oo. O

Theorem 2.7.2. If the function a(t) satisfies the conditions of the Theorem 2.7.1 and f(-) is

a differentiable nondecreasing function, then

|Vu(®)|| =0 as t — oo. (2.7.8)
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Proof. Multiplication of the equation (2.7.1) by —Aw now gives us the following equality

1d

5 77 I VeI + a@llAu@)F + (f (), [Vu®)]*) = =(h(t), Au()). (2.7.9)

Since the function a(t) is a positive function we can estimate the right hand side of (3.3.2)

as follows
(h(t), Au(t))] < Sa(e)|Du(b)|? + IR0~ (1)

Since f(-) is nondecreasing the expression (f’(u), |Vu(t)[?) is non-negative. Therefore us-

ing the last inequality we obtain from (3.3.2) the following inequality
d 2 2 2 1
2 1Ve@” + a@®lAu(@)]” < RO ).
Finally by using the inequality (1.3.10) we obtain
d 2 2 2 —1
S IVu@® + a@M [ Vu@)” < [Ih@)]Fa™ ().

From the last inequality thanks to the Lemma A.0.5 we deduce the desired result. [

Remark 2.7.3. It follows from Theorem 2.7.1 that solutions of the problem (2.7.1)-(2.7.3)
tend to zero even when heat conductivity coefficient may tend zero as t — oo, and ||h(t)||
may tend to +o0co as t — oo. For instance solutions of (2.7.1)-(2.7.3) tend to zero as t — oo

when a(t) = h(x,t) = h(x)/t, where h € L*(2) is a given function.

L
1+t
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3. SECOND ORDER NONLINEAR WAVE EQUATIONS

In this chapter we study the problems of blow up and decay of solutions of initial boundary
value problems for second order nonlinear wave equations under various boundary condi-

tions.

3.1. BLOW UP OF SOLUTIONS TO DAMPED NONLINEAR WAVE EQUA-
TIONS

Here we study the problem of blow up of solutions to the following initial boundary value

problem.

u + buy = Au+ f(u) + h(z,t), z€, t>0, (3.1.1)
Ou =0, zedn t>0 (3.1.2)

v
u(z,0) = ug(x), u(z,0) =uy, x€Q, (3.1.3)

where () is a bounded domain in R™ with smooth boundary 0f2, b > 0 is a given damping
coefficient, v € R is a given number, h is a given source term, g, 11 are given initial func-
tions, and f(-) is a nonlinear term.

Our aim is to find sufficient conditions of finite time blow up of local solutions to non-
autonomous semilinear damped wave equations with damping term and source term under
the Robin boundary conditions.

There are many papers devoted to the blow up of solutions to initial boundary value prob-
lems for nonlinear wave equations (see, e.g., [25], [46], [61]). In majority of these papers
initial boundary value problems for various nonlinear wave equations under the homoge-
neous Dirichlet or Neumann boundary conditions are considered. The main novelty com-
pared to preceding results is studying the blow up of solutions of nonlinear wave equations
under the Robin boundary conditions, and we obtained results on blow up of solutions for
more wide class of non-autonomous equations with arbitrary large initial energy. The main

tool we used in the proof of our results is Levine’ s concavity method and its modifications
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(see [25], [46], [61]).

3.2. BLOW UP OF SOLUTIONS TO DAMPED SEMILINEAR WAVE EQUATION
UNDER THE ROBIN BOUNDARY EQUATION

In this section we will find sufficient conditions for blow up of solutions to the problem
(2.1.1)-(2.1.3) under some restrictions on initial functions and the source term, when the

nonlinear term satisfies the condition
f(s)s =2(2a+1)F(s) >0, Vs € R, (3.2.1)

with some a > 0. Here F(s) = [ f(7)dr.
First we consider the case when the number 7 is nonnegative. Multiplication of (3.1.1) in

L?(2) by u; gives us the energy equality:

d |1 1
LNl + <Vl = (F(u), 1) + 1 / wldo| +blul? = (uh),  (322)
dt |2 2 2 Jon

S0+ DI = (m (1), h(1)), (3:23)
where
B(0) = gl + SIVuol = (Fa). )+ 3 [ oo

Following [46] we introduce the function
t
V() = [u(®I +b [ [u(s)|Pds + co (324
0

with a positive parameter ¢, to be chosen below.

By using the equation (3.1.1) the boundary condition (3.1.2) and the condition (3.2.1) on the
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nonlinear term, we get:

d2

@‘I’(t) = 2(u, use) + 2l[ue||* + 20(u, ur)

= 2(u, uy + buy) + 2||ut||2 =2(u, Au+ f(u) + h) + 2||u,f||2

= <2Vl + 2u. £(u) + 20,h) + 2l - 2y [ udo
o0
> —2||Vull® +4(2a + 1) (F(u), 1) + 2||u||* + 2(u, h) — 27/ u?do
20

—4(2a + 1) B, (t) + 4a||Vul]* + 4(a + 1)|Ju* + 4047/ udo +2(u, h). (3.2.5)
onN
It follows from (3.2.3) that

B0 = B0) =b [ uo)lPds + [ un(s).h(s))ds

Thus we obtain from (3.2.5):

U(t) > —4(2a + 1)E,(0) + 42 + 1)b/0t |us||?ds — 4(2a + 1) /Ot(us, h)ds

+ 4a||Vul|® + 4(a + 1) ||ue]|* + 4047/ u?do + 2(u, h). (3.2.6)
o0

Applying the Cauchy-Schwarz inequality and the Cauchy inequality with € (1.3.6) we ob-

tain

120+ 1) [ o). ho)as] < 420 +1) [ o) bis) s

2 1
<5/Hus (5) s + 220 L] /uh J2ds (327)

1
2|(u, )| < Sllull® + SIIR]1 (3.2.8)

By using the inequality (3.2.7) with 6 = 4ab, and the inequality (3.2.8) with

d = vy := 4aao min{1, v}, where qq is a constant in the Poincare inequality (1.3.11), we get



from (3.2.6) the estimate:

V() = —4(2a + 1) E,(0) + 4(a + 1) [Hut(t)ll2 + b/o ||Us(3)||2d3}

(2a+1)?
ab
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o0 1
- —/ [R(6)]12dt — —[|h(B)[%, (3.2.9)
0 Yo

or by choosing ¢y = ||ugl|* we get
¢ b
W0 2 4+ 1) a4 [ s+ Gluol?| - d
0

where

(2a0 4+ 1)?

do :=4(2a+1)E,(0) + "

/ () 2dt + 2(a + 1)b]lull
0

1
—||A()]|%..
+ IR,

Hence thanks to Cauchy-Schwarz inequality we obtain:
() () — (a+ 1) [U'(1)]° > —do(2).

Therefore due to the Lemma 1.3.5 we have following result:
Theorem 3.2.1. Suppose that
i)y =0, (u,ur) >0, h € L*(R*; L*(Q)),

and

2do (b+2

2a+1 U|uo||2, where dy is defined in (3.2.11).

i) [2(uo, wy) + bluol?)” >

Then there exist to < oo such that

lim {[u(t)]| = oo,
t—t,

i.e. solution of the problem (3.1.1)-(3.1.3) blows up in a finite time.

(3.2.10)

(3.2.11)

Now we consider the case when v < (. First we obtain sufficient conditions of blow up

of solutions of the problem (3.1.1)-(3.1.3) by using Lemma [51]. To get the desired result
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we again use the function W (¢) defined in (3.2.4). Arguing as in the proof of the previous
theorem we arrive at the inequality (3.2.6). Employing the inequality (3.2.7) in (3.2.6) we

get

@%ﬂE—A@a+DE¢®+4m+1w4|WJ%8—g%%EQiAHMUW@

+ 4o [ Vul]? + 4(a + 1) [Jug||* + 4cw/ w do +2(u, h). (3.2.12)
o0

Utilizing Cauchy Schwarz inequality and the inequality (1.3.12) with e = ﬁ we obtain

4047/ u?do S40‘||VUH2+4O‘CﬁHUH27 12(u, )| < [[ull® + [|A]]*.
0 v

Employing last two inequalities we obtain from (3.2.12) the following inequality:

w
U(t) > —4(2a+ 1)E,(0) + 4(a + 1) {Hutw + b/ HuSHQdS]
0
4(2 1)?% [*
- W—M/ I|A(s)||2ds — (1+4ac;) lul? (3.2.13)
ab 0 M
Suppose that
4(2 1)2 [
_4(20 + 1)E, (0) — |[h]|% — %/ Ih()|2dt > 0. (3.2.14)
0
Then we obtain from (3.2.13) the estimate

t b b
U (t) > 4(a+1) {Hut||2 + b/ s || ds + §||u0||2} —dy||ul|* —4(a+ 1)§||u0||2, (3.2.15)
0

where d; = (1 + 4aC = ) . Thus employing Cauchy-Schwarz inequality we arrive at the
Y

inequality
V() T(t) — (1+a) [U'(1) > —CoW2(t), Co=dy + 2(a+ 1)b.

Therefore it follows from Lemma [51] that the following theorem holds.
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Theorem 3.2.2. Suppose that E,(0) < 0 and the condition (3.2.14) is satisfied. Suppose

also that

b
2(u, up) > |/ aCo(l + 5) — b |luol*.

Then the solution of the problem (3.1.1)-(3.1.3) blows up in a finite time.

Finally we will prove blow up of solutions to the problem by employing Lemma A.0.7. It is

convenient to make the following change :
u(z,t) = e™v(x,t), (3.2.16)
where m is some positive number. It is easy to see that
(mb +m*)e™ v + (b4 2m)e™ v, + ey = ™ Av + f(e™v) + h(z,1).

Thus the function v(z, t) defined by (3.2.16) is a solution of the problem

(mb +m?)v + (b+2m)v, + vy = Av + e ™ f(e™v) + e ™h(x,t), (3.2.17)
@ +~yv =0, red, t>0, (3.2.18)

v
v(x,0) =up(z), wvi(x,0)=u(z)+ mug(x). (3.2.19)

By using the Levine’s Lemma first we prove the following:

Theorem 3.2.3. Suppose that the condition (3.2.1) holds, and

Ao+ 1) B (0) — ﬁ /OOO 1h(s)|Pds

1
N mHhH%w(Rﬂ —4(a+1)cp 20, (3.2.20)

where E1(0) is defined in (3.2.25), and m is a positive solution of the equation

m? +mb— |y|C(Jy]™') =0, co = (b+2m)| v (3.2.21)
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Then the corresponding solution of the problem (3.2.17)-(3.2.19) blows up in a finite time.

Proof. Multiplying (3.2.17) by v, and integrating over ) we obtain

(mb~|—m2)/vvtd:ﬁ+(b+2m)/vt2d$+/vttvt
Q Q Q
:/Avvtdx+/emtf(emtv)vtd:c—i—/emth(x,t)vtda:.
Q Q Q

1 d 1d
5(77”bl7+mz)—|lvl|2 (b + 2m)[vi|*dz + 5 = [[vi]]”
d 2 d —2 t/ t —2 t/ t
_ W — L= | v [ F(e™w)d 2 " F(e™v)d
2dt” vl|? 2dt U+dt{ 4 (e™v)dx| 4 2me : (e™v)dx

e_mt/f(emtv)vdx—i-/e_mth(x,t)vtdx,
Q Q

From the last inequality we get

d [mb+ m? 1 o
N ol Gl + 5 IVl + / g = [ pen >dx]

+ (b4 2m) v ]|* = 2me_2mt/ F(e™v)dz +me™ / fle”™v)vdx

< eq|vel* + 4—\|h\|2e*2mt (3.2.22)
€1
Thanks to (3.2.1) we have:
e ™ fle™v)y = e ™ f(e™)e ™y > 2(2a + 1)e ™M F (e™).

By using the last inequality on the left hand side of the onequality (3.2.22) we obtain the

following estimate

d [mb |
Lo e + gl + 5190l + 2 v2da—e_2mt/F(emtv)dx} "
o0 Q

1
(b+2m)|Jve||* + 4am62mt/ F(e™v)dr < e1||vg)* + ’. | h]|%e=2",
Q 1



50

We can rewrite the last inequality in the following form

d [ mb+m? 1 1 —om m
| ol = Gl = 51Vl - 3 [ 2o e [ Fentoys) 2
o0 Q

mb + m?

dmao [—
2

1 1
ol = ho? = 3190l =3 [ o ez | F(emtz})dx}
2 2 2 Joq Q
+ 2ma | (mb + m?)||v|* + || Vv +7/ vzda} +
o0

1
(—e1 + (b+2m) + 2ma) v ||* — EI!hHQe‘Q’”t- (3.2.23)
1

So we have

d
%El(t) > dmakE, (t) + 2ma | (mb +m?)||v|* + || Vv||* + fy/ UQdU} +
o0

1
(2ma +b+2m — &) |lve)® — EHhH%’th, (3.2.24)
1

where

b 2 1 1
Bu(t) i= =" ol = Sl = 5 IVelP - 3 [ odo
o0N

+ et / F(e™v)dz. (3.2.25)
Q

Employing the inequality (1.3.12) with € = |y~!| we get from (3.2.24) the estimate

d
1
(2ma +b+2m — &) []|* + ma [(mb+m?) — [y C(y[TD] [lol* = [P
1

Taking in the last inequality £; = 2ma, and integrating it we obtain the following estimate

from below for F(t)

t
Ei(f) > e, (0) + (b4 2m)etme! / los(s) |26~ ds
0

1
461

t
64mont/ Hh(s)“2€_m(4a+2)sd5' (3.2.26)
0
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Let us consider the following function
t
T(t) = [[o(®)]2 + (b+ 2m) / () |dr + co,
0

where v is the solution of the problem and ¢ is a positive parameter to be chosen later.

It is easy to see that

W(t) = 2(v(t), vi(t) + (b +2m)|v (1)

= 2(v(t),v(t)) + 2(b + 2m) /0 (v(7), v.(7))d7 + (b + 2m)|lvo]|*.  (3.2.27)

and

W (t) = 2[u ()1 + 2(0(t), vee(t)) +2(b + 2m) (v(t), ve(t))

= 2||v,(8)]|* + 2(v(t) + (b + 2m)v,(t), v(t)).

Employing here the equation (3.2.17) and the condition (3.2.1) we obtain

W(t) = 2u(®)]* + 2(Av(t) + e f(e™v(t)) + e h — (mb +m*)u(t), v(t))
> —2(mb+m?)|Jv||* — 2/ Vol|*

- 27/ v?do + 4(2a + 1)62””/ F(e™v)dx + 2™ (h,v) + 2|v|?
1) 0

(mb + m?)

= 4(2a 4 1) [— .

1 1 o
ol = Slll? = Vel = Jotdo + 2

[ Ferayas)

+4(mb—|—m2)a||v||2+4oz||Vv||2—4047/ vido
o0N

+2e7 " (h,v) + 4(a + 1) [Jvg||*. (3.2.28)
Thanks to the Cauchy- Schwarz inequality we have:

1
—mt 2 2 —2mt 2

Employing the last inequality and the notation (3.2.25) we obtain from the equality (3.2.28)
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the following estimate

1
U (t) > 4(2a + 1) Ey(t) — e 2™ aHhH? +4(a+ 1))

2(mb + m?)

From the last inequality due to (3.2.26) we have

¢
U (t) > 4(a+1) {(b + 2m)/ [vsl|*ds + ||vel|* + CO:| —4(a+ 1)co
0

1 t
+4(a + 1)€4mat |:E1(0> _ / G_m(4a+2)8||h||2d8:|
0

2mao
1
—2mt 2
— — | |h
‘ 2(mb+m2)a” |
By using the condition (3.2.20) we infer from the last inequality that
t
U(t) > 4(a+1) {(b + 2m)/ |vs|12ds + [|Jv]|* + o -
0
Thus employing the Schwarz inequality we get
() (t) — (a+ 1) [¥'(1)]* > 0.

So the statement of the theorem follows from the Lemma A.0.7. O

3.3. BLOW UP OF SOLUTIONS OF NONLINEAR WAVE EQUATION. METHOD
OF EIGENFUNCTION.

In this section we consider the initial boundary value problem for second order nonlinear

wave equation of the form

u — Au = f(u) + h(z), z€Q, t>0, (3.3.1)
)
a—z Fu=0, T€dQ, >0, (3.3.2)

u(z,0) = ug(x), u(z,0)=u(x), x € (. (3.3.3)
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where (2 is a bounded domain in R” with smooth boundary 0¢2, ~ is a given positive number,
h is a given source term that depends on space variables, g, u; are given initial functions,
and f(-) is a given nonlinear term. Our aim is to use the so called method of eigenfunctions

to find sufficient conditions of blow up of solutions to the problem (3.3.1)-(3.3.3).

Proposition 3.3.1. Suppose that uy(z),u,(x), h(x) are given smooth functions on the do-

main Q, v > 0, the nonlinear term f(-) is a convex function that satisfies also the conditions;
flw) = Xu—heg >0, Yu>ay>0,
with

00 s —1/2
/ {a% + 2/ (f(n) = Aim — ho) dn] ds < 00, (3.3.4)

0 ag

where Ay > 0 is the eigenvalue corresponding to the normalized principal eigenfunction

Y1 (x) of the problem (2.3.8), hg = [, () (x)dx, and

ap = /Q oz (z) > 0, a) = /Q i ()i () > 0.

Then the solution of the initial boundary value problem (3.3.1)-(3.3.3) blows up in a finite

time.

Proof. Multiplying the equation (3.3.1) by /4, and then integrating the obtained relation over

(2 and using the boundary condition (2.1.2) we get

/utt¢1dx+)\1/uw1d$:/f(u)¢1dx+/hudx. (3.3.5)
Q Q Q Q

By using the the Jensen inequality for integrals(1.3.8) we obtain

/Qf(u)@bldx > f (/Q uwldm) .

Thus from (3.3.5) we get the following second order differential inequality for the function
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= Jou(@, t)ih(z

V() = f(V (1) = MV (E) = ho. (3.3.6)

Since V(0) = ap > 0, V/(0) = a; > 0 and the condition (3.3.4) holds, we can use the

Lemma 1.3.2 with

HV) = f(V) =MV = ho

and deduce that solution of the problem (3.3.1)-(3.3.3) blows up in a finite time. [l

3.4. DECAY OF SOLUTIONS TO DAMPED NONAUTONOMOUS NONLINEAR
WAVE EQUATION

In this section we study the initial boundary value problem for nonlinear wave equation with

time dependent damping coefficient:

U +0()uy — Au+ f(u) =0, z€Q, t>0, (3.4.1)
u(z,t) =0, xed, t>0, (3.4.2)
u(x,0) =ug(x), wx,0)=u(z) x €, (3.4.3)

where (2 is a bounded domain in R™ with smooth boundary, b is time dependent damping
coefficient, v € R is a given number, h is a given source term, wug,u; are given initial

functions, and f(-) is a nonlinear term.

Theorem 3.4.1. Suppose that b(t) is a positive differentiable function defined on [0, 00) that

satisfies the conditions

0<bt) <by, V()] <abt), 0<a<2, V>0, (3.4.4)

¢
/ b(s)ds — o0 as t— o0 (3.4.5)
0
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and the function f(u) satisfies the condition (2.6.6). Then all solutions of the problem (3.4.1)-

(3.4.3) tend to zero as t — oo.

Proof. Multiplying (3.4.1) by w; + €b(t)u, where ¢ is a positive number to be determined

below:

d |1

Sl IVl + S o) + (P, 1) + b(r) (o, )

+[b(t) — eb(®)] llue()II* — &b/ (t) (u, ue) + eb(t) | Vull* + eb(t) (f (), u)

- %ff(bQ(t))'HU(t)H2 = (h(t),u; + eb(t)u(t)). (3.4.6)

By using the notation

E(t) := %||ut||2 + %HVU”Q + eb(t) (u, ue) + (F(u), 1) + %b(t)a(t)||u(t)||2 (3.4.7)

we can rewrite the equality (3.4.6) in the following form:

d

T E@) + b0 E() +b(t)(1 = &) unll” + eb(t) [ Vull® = b/ (6) (u, we) + b(t)(f (u), )

— Sl = UVl — (), 1) — 52b{0) o) — SeB(D)ul* = 0.

Here 0 is a positive parameter to be chosen below.

CB() + SOB) + ()1 =~ Dl +b(0) — S ul?

+b(t)(e =) [=(F(u), 1) + (f(u),u)] — &b (t)(us, u) — 6b?(t) (ug, u) < 0. (3.4.8)

Due to the Cauchy-Schwarz inequality we have:

deb?  deb?
8eb® ()] (ug, u)] < —= — —HUtH2 + =2 — —lulf?,

- 2 2
&b ()| (ug, u)| < ZO) a2

By using the last two inequalities we obtain from the inequality (3.4.8) the following differ-
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ential inequality:

%E(t) OO E(t) +b(t) |1 — & — g - ? - 552—53} s ()2
wo0 [ = B - 28 L <o
The last inequality implies that
LBw) + s E@) <0 (3.4.9)

dt

ife = % and 0 is small enough. Integrating (3.4.9) we get

E(t) < E(0)e 0 o b, (3.4.10)

Due to the condition (3.4.5) it follows from (3.4.10) that £(t) tends to zero as ¢t — oo. On
the other hand we have
1 b2(1)

E(t) > gllw @I + %IIW@)II2 + (F(u(®), 1) + =~ )]

Thus
Hut(z‘)H2 + ||Vu(t)||2 —0 as t— oo.

[]

Arguing as in the proof of Theorem 3.4.1 and using the Lemma we can show that solutions of
the initial boundary value problem for second order nonlinear non-autonomous wave equa-
tion with time dependent damping term under the Dirichlet boundary condition tends to zero
as t — oo under some restrictions on the damping coefficient and the source term.

In fact the following Proposition holds true:

Proposition 3.4.2. Suppose that all conditions of the Theorem 3.4.1 are satisfied, h €

L*(R™; L*(Q2) and suppose that the damping term and the source term satisfy the follow-
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ing conditions

b(t) >0, ¥Vt >0, ||h@)] (b(t)™" =0, as t — co.

Then all solutions of the problem

g + b(t)uy — Au+ f(u) = h(z,t), z€Q, t>0, (3.4.11)
u(z,t) =0, xred, t>0, (3.4.12)
u(x,0) = ug(x), w(x,0)=u(z) x €, (3.4.13)

all solutions of the problem (3.4.11)-(3.4.13) tend to zero as t — oo, i.e.

u:(®)||* + |[Vu@)]|* =0 as t — oco.
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4. CONCLUSION

This thesis is devoted to the study of initial boundary value problems for second order non-
linear parabolic and hyperbolic equations.

The main results of the thesis are given in Chapter 2 and Chapter 3.

The second chapter of the thesis is devoted to the study of initial boundary value problems
for second order nonlinear parabolic equations under various boundary conditions.

First we considered the initial boundary value problem under the Robin boundary conditions
for second order nonlinear parabolic equation:

(

u — Au = f(u) + h(z,t), z€Q, t>0,

ﬁ &+ yu=0, eI, t>0, 4.0.1)

u(z,0) = ug(x), x € (),

where () C R" is a bounded domain with smooth boundary 0f2, v is a given number, A is a
given source term and f(-) is a given nonlinear term.

We proved that if the nonlinear term satisfies the conditions
Fluyu > 201 + @) F(w), Flu) = / f(s)ds, forallu € R 4.0.2)
0

with some positive v, h € L?(R*; L2(Q)) N L>(R*; L?(2)), then solutions of the problem
(4.0.1) corresponding to a wide class of initial data blow-up in a finite time. This result
can be considered as development of the result obtained in [62], where the authors, using
the energy method, established blow-up of solutions of the problem (4.0.1) with h = 0,
essentially using positiveness of the coefficient v in the boundary condition and the initial
function uy. We found sufficient conditions for the finite-time blow-up of solutions of the
problem (4.0.1) regardless of the sign of «v and the sign of the initial function wu,.

Next, by using the energy method, we obtained result on blow up of solutions of the initial
boundary value problem (4.0.1) when the source term depends only on the space variables,

i.e. h = h(zx) and in addition to the condition (4.0.2) we assume that the following condition
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on the nonlinear term holds true
for some p > 2, Dy > 0, D; > 0.
Employing Kaplan’s eigenfunction method we proved also the following proposition.
Proposition 4.0.3. Suppose that ug(x) > 0, Vo € €, v > 0, the source term h = h(x), the
nonlinear term f(-) is a convex function that satisfies also the conditions;

flu) —Mu—nho >0, Yu>ay>0,

with

/060 f( ) /\177 ho < 0, (4.0.3)

where hy = fQ x)dz, ap = fQ uo(z ), A1 > 0 is the eigenvalue corresponding
to the normalized prmczpal eigenfunction i (l‘) of the Laplace operator — A under the Robin

boundary condition Then the solution of the problem (4.0.1) follows up in a finite time.

We obtained in this chapter also result on blow up of solutions with positive initial energy
of initial boundary value problems for nonlinear parabolic equations under Robin boundary
conditions.

We proved that if h = 0 and the nonlinear term satisfies the condition
f(s)s —2(1+a)F(s) > —Dy, VseR, (4.0.4)

where o > 0, v > 0, and Dy > 0 are given numbers, then there exist a wide class of initial
data with arbitrary positive initial energy for which solutions of the problem (4.0.1) blow up
in a finite time.

As far as we know it is the first result on blow up of solutions with arbitrary positive initial en-
ergy of nonlinear parabolic equations under the Robin condition. Blow up of solutions with

arbitrary positive initial energy of the initial boundary value problem for parabolic equation
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with cubic nonlinearity of the form
u — Au = ud,

is also obtained.
Finally in Chapter 2, two results on decay of solutions of initial boundary value problems
for non-autonomous nonlinear parabolic equations with time dependent coefficients are ob-

tained. It is shown that if

ce CYRT), and c(t) > (t) Vt >0, (4.0.5)

h € L*(0,T; L*(Q)), foreach T > 0 and ||h(t)|| — 0, as t — oo (4.0.6)
and f(-) : R — R is a continuous function that satisfies the condition
Fluyu— F(u) >0, F(u):= /0 "H(s)ds >0, VueR, 4.0.7)
then all solutions of the initial boundary value problem for the equation
ur — Au+ c(t) f(u) = h(z,t), z€Q t>0, (4.0.8)

under the homogeneous Dirichlet boundary condition tend to zero as t — co. We considered

here also the problem

(

u — a(t)Au+ f(u) = h(z,t), =€, t>0,

u(z,t) =0, red, t>0, (4.0.9)

u(z,0) = up(x), x €.

\

We proved that if the nonlinear term f(-) : R — R is a continuous function that satisfies the
condition (4.0.7) , h € L?(0,T; L?(2)), foreach T > 0, a(t) >0, Vt > 0 is a continuous
function on [0, 00), such that fot a(s)ds — oo as t — oo, and also the following con-

dition holds true lim,_,, a=*(¢)||h(¢)||* = 0, then the solution of the initial boundary value
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lim |lu(t)|| = 0.

t—o00
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Under an additional assumption that f(-) is a differentiable nondecreasing function, we

proved that

z‘/liﬁm IVu(t)|| = 0.

Chapter 3 is devoted to study of initial boundary value problems for second order nonlinear

hyperbolic equations.

The first result in this chapter is the result on blow up of solutions of the problem

Qu 4y =0, z €N, t>0,

u(z,0) = up(x), u(z,0) =uy, x€Q,

Uy +buy = Au+ f(u) + h(z,t), 2€Q, t>0,

(4.0.10)

where b > 0,y € R are given number, A is a given source term, ug, u; are given initial

functions, and f(-) is a nonlinear term.

Employing the Lemma 1.3.5 we proved that if
f(s)s =22a+1)F(s) >0, Vs €R,
with some o > 0,
v >0, (ug,up) >0, h € L°(R"; L*(Q))

and

2do(b+2)

2

[2(ug, ur) + blJuol?]* >

(4.0.11)

(4.0.12)

(4.0.13)
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then the solution of the problem (4.0.10) blows up in a finite time.

Let us note that from this result it follows that there are solutions of the problem (4.0.10)
with arbitrary positive energy that blow up in a finite time.

Under a different restrictions on data a result on blow up of solutions for the case when
nonlinear term satisfies the condition (4.0.11) and v < 0 is obtained by using the Levine’s
Lemma.

Finally in Chapter 3 we considered the problem:

(

U +o()uy — Au+ f(u) =0, ze€Q, t>0,

w(z,t) =0,  w€d >0, (4.0.14)

\u(x, 0) = up(x), uz,0)=u(x) x € ),

where b(t) is a positive differentiable function defined on [0, co) that satisfies the condi-

tions

0<b(t) <by, V()] <abt), 0<a<2, Vt>0, (4.0.15)

t
/ b(s)ds — o0 as t— o0 (4.0.16)
0

and the function f(u) satisfies the condition (4.0.7).

We proved that under these restrictions all solutions of the problem (4.0.14) tend to zero as
t — 0.

In the last Chapter 4 (Appendix) we gave the proofs of auxiliary propositions which we have
used to get main results.

Finally we would like to note that throughout the thesis we deal with strong solutions of prob-
lems considered, i.e. solutions for which all terms involved in the corresponding equations
belong to L?(0,T); L*(Q2)). For local solution 7" < oo, and for global solutions 7' = oo.
For results on existence and uniqueness of strong and classical solutions of initial bound-
ary value problems for nonlinear parabolic and hyperbolic equations under the Dirichlet and

Robin boundary conditions and even more general nonlinear boundary conditions, we refer
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APPENDIX A: AUXILARY INEQUALITIES
In this chapter we give proofs of auxiliary propositions we used in the proofs of main results
in Chapter 2 and Chapter 3.
Lemma A.04. Ifw € H*(Q) N H}(Q), then

IVl < A2 Awl]. (A.0.1)

Proof. Since C3°(Q) is dense in H*(Q) N H(Q), it suffices to prove the inequality (A.0.1)

for w € C§°(€2). In fact integrating the equality :
V- (w(@)Vu(z)) = [Vw(z)|* +w(z)Aw(z),
over the domain €2 we get
IVw|* = —(w, Aw).

Thanks to the Cauchy-Schwarz inequality and the Poincare - Friedrich inequality (1.3.9) we

deduce form the last equality that
~1/2
IVl = Jwll|Aw] < ATVl Awl.

Hence (A.0.1) follows. [l

Lemma A.0.5. Suppose that p,q € C[0,00), p(t) > 0,q(t) >0, Vt >0, and
t
/ p(s)ds — oo, q(t) (p(t)) " =0 as t— oco. (A.0.2)
0
Then all nonnegative solutions of the differential inequality

Z(t) + p(t)=(t) < q(t) (A.0.3)
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tend to zero as t — .
Proof. Multiplication of the inequality (A.0.3) by e/o P(5)4s gives

d

— <€fé p(s)dsz(t)) < q(t)efoPo)ds,

Integrating this inequality over the interval (0, ):
t ¢ s
elo PO 2 (1) < 2(0) + / q(s)elo PN g,

0

This inequality implies
t t t s
2(t) < 2(0)e JoP)ds 4 o= Jo ps)ds / q(s)elo PN, (A.0.4)
0

Thanks to the condition (A.0.2) the first term on the right hand side of (A.0.4) tends to zero

as t — oo. Employing L"Hospital ‘s rule and the condition (A.0.2) we obtain:

t -1

lim q(s)efosp(T)deS <€fgp(s)ds>

t—oo 0
s t _1
= lim ¢(t)elo P() (p(t)efo ”(s)ds) = lim ¢(t) (p(t))”" =0.

t—o00 t—o00

Hence the second term on the right hand side of (A.0.4) also tends to zero as ¢ — oo. O

Lemma A.0.6. (see [24] ) Suppose that a function a(t) is twice continuously differentiable
on some interval [0,T),

a function H(r) is continuous on |agy, o) and the condition

H(r)>0, Vr > ag (A.0.5)
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holds. Assume also that

d"(t) > H(a(t)), t > 0, (A.0.6)

a(0) =ap >0, d'(0) = a; > 0. (A.0.7)
Then

(1) a(t) is continuous and o (t) >0, Vt € [0,T)

a(t —1/2

) s
(2) t < / a: +2 / H(r)dr ds. (A.0.8)

ao

Proof. Letus prove (1). Assume that this property is not satisfied. Then there exists at; > 0
such that a/(¢) > 0,¢ € [0,¢;) and a/(¢;) = 0.

Integrating the inequality (A.0.6) over the interval (0, ¢;):
t1
0=d(t) =ao+ / H(a(t))dt. (A.0.9)
0

Since a(t) > ag and «a is increasing on the interval [0,¢), a(t) > ag, Vt € [0,%;. Since H
satisfies the condition (A.0.5) the right hand side of (A.0.9) is not lesser than a; > 0.
To prove (A.0.8) multiply both sides of (A.0.6) by a/(¢) :

a’"(t)a' (t) — h(a(t)d'(t) > 0.

This inequality, rewrite in the form:

a(t)

[d'(1)])* — /H(r)dr > 1.

ao

N | —

dt
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Integrating the last inequality

From the last inequality:

at) 1/2
d(t)>|a+2 / H(r)dr : (A.0.10)
ao
Writing (A.0.10) in the form
a(t) s —-1/2
d
— a%+2/H(T)dr ds > 1.
dt
ag ag
Finally integrating the last inequality and see that the inequality (A.0.8) holds true. [

Lemma A.0.7. (see [25]) Let V(t) be a positive, twice differentiable function,which satisfies,

fort >ty > 0, the inequality
T (1)T(t) — (1+a) [\1/ (t)] >0 (A.0.11)

with some a > 0.

If U (ty) > 0and V'(ty) > 0, then there exists a time

U (to)
al'(to)

Ty € (to, 1), Ty = + 1o

such that

U(t) = oo as t — Ty . (A.0.12)
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Proof. Consider the function

It is clear that
'(t) = —aUD ()T (1) (A.0.13)
and

"(t) = aa + )T 22D () (V' (1) — @D (1)

= —a® (1) [@"(1)D(t) — (14 a)(P'(1)]. (A.0.14)
Thus thanks to the condition (A.0.11)
(1) = —a [T (1)U (t) — (1 4 a) [\If’(t)r} <0.

Therefore the function ®(t) is a concave function.

Y™ (t)

Figure A.1.
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Since
O(ty) =V *(tg) >0 (A.0.15)
and
' (tg) = —aW = (1) W' (tp) < 0

the function ®(¢) must tend to zero as t — T, for some Ty > t (see Fig. 1).

Hence V() must tend to co as t — T, . O

Lemma A.0.8. (see e.g. [51])Let twice continuously differentiable function ¥ (t) satisfies for

each t > 0 the inequality
(U (E) — (14 a) [T()]* > 20,0 ()T (1) — CLU(t) (A.0.16)
and
U(0) > 0,¥(0) > —ya " W(0), (A.0.17)
where o > 0,C1,Cy > 0,C1 + Cy > 0and v = —C — \/m. Then there exists
t<T) = (2, [c2 + a02> T 3215(%) 12‘5((%))
with v, = —C4 + msuch that

U(t) — o0 as t —t;.

IfU(0) > 0,%(0) > 0and Cy = Cy = 0, then there exists

by <Tp=




79
such that
U(t) — o0 as t —t;.

Proof. Make the notation

Then

QW (1) W(H)U() — (1+a) (V)]

PO mgragy YO g

Thus it follows from (A.0.16) that the function ®(¢) satisfies the differential inequality
D" (t) + 20,/ (t) — aCyd(t) = f(£) < 0. (A.0.18)
Integrating this equation for C; 4+ C5 > 0:
t
O(t) = BreMt 4+ Bye?t + (1 — ,ml/ [ew(H) _ e'yz(tff)] dr < BieMt + Bye?t.
0

The numbers 3, and 3, are solutions of the system

P+ B2 = @(0),

Biv1 + Paye = @'(0),

1.e.

Br= (1 —72) 7" [2(0) = 222(0)] = = (11 —12) 7" [a®’(0) +22T(0)] T~7(0) > 0,

By = (11— 72) " [a®'(0) — 1, ®(0)] ~1*(0) > 0.

Thus from the assumptions of the Lemma A.0.8 it follows that ®(¢) tends to zero as ¢ tends
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to some t; < ty = (71 — y2) ' In(—p2/B1). Hence

U(t) — oo as t — ty.

O

Lemma A.0.9. (see e.g. [5]) Suppose that a non-negative function V(t) € C?[0, T satisfies

the inequality,

V()W (t) — (1+a) (V' ()2 +4V' (U () + Y (t) >0, a>0,8>0,7>0, (A.0.19)

and V(0) > 0. Suppose also that the conditions

(0) > %@(0), (A.0.20)
2 9
Ay = (\1:’(0) - %@(0)) - %xy(()) (A.0.21)

are satisfied. Then the time T' > 0 cannot be arbitrarily large:

The inequality T < T, < U~*(0)A~" holds, where A is given by the equality
A? = ()20 2049 (0) 4y > 0.
Moreover in this case,
lim sup VU(t) = +oo.
t—T~

Proof. Dividing both sides of the inequality (A.0.19) by U*** and using the equality

U (t) - (L+ o) (V'(1)* < v'(t) )'
y2a(t) Tita(t) )

we obtain

v\ v 1
( ) gty T grag =Y
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The last inequality is equivalent to the inequality:

| NN A —l-o
_a(qj ()" — a(\1; ) 4 Ut > 0. (A.0.22)

It follows from (A.0.22) that the function Z(t) = W~*(t) satisfies the inequality
Z"(t) + 7 2'(t) — B(a) Z* (t) < 0, (A.0.23)

where o = X% Introducing now a new function Y (t) = ?*Z(t), and by using (A.0.23) we

can write

Y'(t) = 7Y'(t) — Bae 'Y (t) <0, 0= (A.0.24)

2 |2

We now note that
V() = (o)) = aW o (t)e (—\If’(t) + %\If(t)) . (A.0.25)
Thanks to the condition (A.0.20), ¥'(0) > 1W(0) there exits t, > 0 such that the inequality
(t) > gw)

is satisfied for all ¢ € [0,t,). Hence, taking relations (A.0.25) into account, Y'(t) < 0 for
t € [0,ty). Because —7Y’(t) > 0 for t € [0, ty), the inequality

Y'(t) — Bae Yo (t) <0, §= % (A.0.26)

follows from inequality (A.0.24) for t € [0, ¢y). Multiply both sides of (A.0.26) by Y”(¢) and

obtain the inequality

Y ()Y (t) — Bae Y (H)Y'(t) > 0 (A.0.27)
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fort € [0,ty). Note that

d
E(e"StYHO‘1 (t)) + SOy (1) — a1 e Y (H)Y(1).

e Y ()Y (1) =
The last equality writing in the form:

1 d
14 dt

6—5tya1 (t)Y/(t) (e—6tyl+a1 (t)) + 56—6ty1+a1 (t)

]_—f—Oél

Utilizing this relation in (A.0.27) and obtain the inequality

50& i(e_‘StYH'm (t)) . B(Oé B 1)66—5tyl+a1 (t) > ()

Y'()Y'(t) —
®Y'(®) 14+ dt 14+ oy

for t € [0, ). The last inequality implies:

1d

S Y'(t)” -

Ba_d
1+()é1dt

(e7Yter(t)) > 0, Vt € (0, ).

Integrating this inequality:

v 25 42 25042 —8ty lan > A2
(Y'(#))" = A%+ = —e (t) > A%, (A.0.28)
where
2 ' 2 25042 —§tv1+a 2.7, —2—2a
A= (Y'(0))" — We Y (0) = o” W (0)Ap > 0. (A.0.29)

Using inequalities (A.0.28) and (A.0.29), concludes that Y'(t) < —A < 0, Vt € [0,p).
Hence Y'(to) < 0. Clearly Y'(¢) < 0,V¢ € [0,T]. Consequently,

U—(t) < e "(U™*(0) — At), Vt€[0,T).

Therefore U(t) > ——<=—. So the function ¥(¢) must tend to 400 as t — t; <
U (0)A~ L. O



