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ABSTRACT

DIRICHLET PROBLEM FOR PARTIAL DIFFERENTIAL EQUATIONS WITH

COMPLEX VARIABLES

The theory of boundary-value problems for complex partial differential equations is investi-

gated very intensively, because of its importance for physics and technology of everything in

simply connected applied areas. It is far from being complete.

In this thesis the results of the Dirichlet boundary value problem are for homogeneous and

inhomogeneous complex partial differential equations are collected and analyzed.

This study consists of four chapters. In the first and second chapters, we give historical

background of the Dirichlet problem and some literature search about this problem. Some

basic definitions and theorems from functional analysis and some technical preliminaries are

presented. Moreover, we give some introduction in complex methods for partial differential

equations and the necessary tools that serve to solve higher order boundary value problems

with complex variables.

Chapter 3 is devoted to the investigation of the Dirichlet problem for the one dimensional

partial differential equations with complex variable in the unit disc 𝔻 ∶= {𝑧 ∶ 𝑧 < 1} of the

complex plane.

In the Chapter 4, we studied the Dirichlet problem for the two dimensional partial differential

equations with complex variable in 𝔻ଶ ∶= 𝔻ଵ ×𝔻ଶ = {𝑧 = (𝑧ଵ, 𝑧ଶ) ∶ |𝑧௞| < 1, 𝑘 = 1, 2}.
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ÖZET

KOMPLEKS DEĞERLİ KISMİ TÜREVLİ DİFERANSİYEL DENKLEMLER

İÇİN DIRICHLET PROBLEMİ

Kompleks kısmi türevli diferansiyel denklemler için sınır değer problemlerinin teorisi, fizikte

ve uygulamalı alanların teknolojisindeki öneminden dolayı yoğun bir şekilde araştırılmak-

tadır. Bu çalışmalar tamamlanabilmiş olmaktan uzaktır.

Bu tezde homojen ve homojen olmayan kompleks diferansiyel denklemler için Dirichlet sınır

değer probleminin sonuçları toplanmış ve analiz edilmiştir.

Bu çalışma dört bölümden oluşmaktadır. İlk bölümde ve ikinci bölümünde, problemin tarih-

sel geçmişini ve literatür taramasını verdik. Fonksiyonel analizin bazı temel tanım ve teorem-

leri ve teknik ön bilgiler tanıtılmıştır. Buna ek olarak kısmi türevli diferansiyel denklemler

için kompleks metodların birtakım giriş kısmı verilmiştir ve kompleks değerli yüksek mer-

tebeden sınır değer problemlerinin çözümüne yardımcı olan gerekli araçlar da tanıtılmıştır.

Üçüncü bölüm bir boyutlu durumda, kompleks uzayın alt bölgesi olan 𝔻 ∶= {𝑧 ∶ 𝑧 < 1} de,

kompleks değişkenli Dirichlet probleminin incelenmesine ayrılmıştır.

Dördüncü bölümde iki boyutlu durumda, 𝔻ଶ ∶= 𝔻ଵ × 𝔻ଶ = {𝑧 = (𝑧ଵ, 𝑧ଶ) ∶ |𝑧௞| < 1, 𝑘 =

1, 2} ’de kompleks değişkenli Dirichlet problemi ele alınmıştır.
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1. INTRODUCTION

... “Mathematics is the science where everything is evident.”

Kronecker

The theory of complex partial differential equations and its applications is an effective branch

in mathematics which has grown extremely. Complex partial differential equations have been

a major research area in magnetism, shell theory, medical imaging, electricity, etc. Boundary

value problems for complex partial differential equations combines knowledges and methods

frommany fields of mathematics, for examples, complex analysis, functional analysis, partial

differential equations, equations of mathematical physics, computational mathematics etc.

The theory of complex boundary value problems started with the work of [15] and [16], after

that developed by I. N. Vekua [7], F.D. Gakhov [3], W. Wendland [17].

Some results are achieved which very quickly enhance the development of generalized ana-

lytic functions so complex boundary value problems, reference to [18, 19, 3, 4, 7, 20, 21, 22,

23].

The most important aim of the theory of complex boundary value problems is to derive solu-

tions in closed or analytic form. The investigation of boundary value problems for analytic

functions has relation to many branches. Analytic functions are related with the Cauchy-

Riemann operator 𝜕௭̄. So one aspect is to investigate complex boundary value problems for

different type of functions, e.g. functions with several complex variables, generalized ana-

lytic functions, functions satisfying the Cauchy- Riemann equation, functions satisfying the

Poisson equation, functions satisfying the Beltrami equation, reference to [18, 7, 27].

Also some results in this direction i.e. to derive solutions are obtained for special kinds of

equations, namely, for the Cauchy- Riemann equation, for the Beltrami equation, for elliptic

equations, see [18], [24], [25], [3], [26], [4], [23], [18]. Additionally, great interest has arisen
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for polyharmonic and for polyanalytic equations, see [28] ,[29], [30], [31], [32].

Along with it, various kinds of conditions imposed on the boundary conditions lead to dif-

ferent complex boundary value problems, for instance the Riemann-Hilbert problem, the

Schwarz problem, the Dirichlet problem see [33, 34, 35, 37].

Moreover, besides the study in the classical unit disc, they have been considered for some

particular domains, for example, fan-shaped domain, a half unit disc, a triangle, the upper

half plane, a quarter plane, a circular ring, etc. [36, 38, 39, 40, 41, 42, 45, 55, 47, 48, 49, 50,

51, 52, 53, 54].

On the other hand, boundary value problems have extended to higher dimensional spaces as

a polydisc, a sphere, see [43], [44].

The complex boundary value problems of arbitrary order related with integral representation

formulas. The relation was investigated by H. Begehr, firstly. Essential goal of the theory of

complex boundary value problem is to find solutions to them under the appropriate condi-

tions. The fundamental tools in this direction are the Gauss Theorem and Cauchy-Pompeiu

representation formula. Also, the higher order Cauchy-Pompeiu operators 𝑇௠,௡ introduced

by H. Begehr and G. Hile, help to obtain solution for higher order complex partial differential

equations.

Complex form Cauchy-Pompeiu representation formula is a generalization of the Cauchy

formula for analytic functions. The area integral arising in that formula is called the Pompeiu

operator which has an important role in treating complex partial differential equations. It is

studied extensively by I.N. Vekua [7]. If 𝑓 ∈ 𝐿௣(𝐷; ℂ), 𝑝 > 1, then 𝜕௭̄(𝑇𝑓) = 𝑓 and

𝜕௭(𝑇𝑓) =∶ Π𝑓.

The operator Π𝑓 is a strongly singular integral operator. From the Cauchy-Pompeiu repre-

sentation formula it follows that for any 𝑤 ∈ 𝐶ଵ(𝐷; ℂ)⋂𝐶(𝐷̄; ℂ) can be attained by known

values on the boundary and values of the first order derivative inside of the domain. Besides
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this, for 𝑓 ∈ 𝐿௣(𝐷; ℂ), 𝑝 > 1, 𝛾 ∈ 𝐶(𝜕𝐷; ℂ), 𝑤(𝑧) can be constructed through

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑑𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
⋅

By the properties of the Pompeiu operator, 𝑤 is derived as a solution to the differential equa-

tion 𝑤௭̄ = 𝑓 in 𝐷. This idea is originated from I.N.Vekua and he proposed an idea to

represent the solution of these type of problems in the form 𝑤 = 𝜓 + 𝑇𝑓, where 𝜓 is an

analytic function [7].

The model equations are basic inhomogeneous partial differential equations. The differential

operator is obtained by the product of powers of 𝜕௭̄ and some powers of its complex conjugate

𝜕௭. Some fundamental operators are the Laplace operator 𝜕௭̄𝜕௭, the Bitsadze operator 𝜕௭̄𝜕௭̄,

complex conjugate of the Bitsadze operator 𝜕௭𝜕௭.

Since, the results for the model equations are valid for more general equations of arbitrary

order with some boundary conditions, the main goal of the investigations on model equations

is to extend them to arbitrary order.

In this study, we are mainly interested in the Dirichlet problem of arbitrary order for model

and linear equations, with complex variables. The Dirichlet problem is reduced to a singular

integral equation by the idea of I.N. Vekua [7] for generalized analytic functions. In this

direction the Pompeiu operator 𝑇𝑓 and its weak derivative Π𝑓 are used. By the integral

operator 𝑇௠,௡, [8] which is obtained by the iteration of the Pompeiu operator and its conjugate

operator is the main tool for reducing the higher order complex partial differential equations

to a singular integral equation.

The theory of boundary-value problems for complex partial differential equations is far from

being complete. Besides the working group at Free University, Berlin (Germany) there are

working groups in Istanbul and Ankara (Turkey), Astana and Almaty (Kazakhstan), Caracas

(Venesolana), Delhi (India), Yerevan (Armenia), Minsk (Belarus), Dushanbe (Tajikistan),

Tbilisi(Georgia) involved in the reseach.
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In this thesis the results of the Dirichlet boundary value problem are for homogeneous and

inhomogeneous complex partial differential equations are collected and analyzed.

This study consists of four chapters. In Chapter 1 and Chapter 2, we give historical back-

ground of the Dirichlet problem and some literature search about this problem. Some basic

definitions and theorems from functional analysis and some technical preliminaries are pre-

sented. Moreover, we give some introduction in complex methods for partial differential

equations and the necessary tools that serve to solve higher order boundary value problems

with complex variables.

Chapter 3 is devoted to the investigation of the Dirichlet problem for the one dimensional

partial differential equations with complex variable in the unit disc 𝔻 ∶= {𝑧 ∶ 𝑧 < 1} of the

complex plane. Firstly, we start with the Dirichlet problem for first order complex model par-

tial differential equations [2]. An alternative proof is given for the Dirichlet problem for the

inhomogeneous Cauchy-Riemann equation by reducing the problem to the one for analytic

function. Then the Dirichlet problem is considered for a general complex partial differen-

tial equation. It is reduced into a singular integral equation. Then the Dirichlet problem for

second order complex model partial differential equations are treated [2], [56].

The Dirichlet problem for the Laplace operator in 𝔻,

𝑤௭௭̄ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻,

has only trivial solution. On the other hand, according to Bitsadze [5], the Dirichlet problem

for the Bitzadze operator

𝑤௭̄௭̄ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻,

has infinitely many linearly independent solutions. We showed that the Dirichlet problem

for the complex conjugate of the Bitzadze operator has infinitely many linearly independent

solutions, too [56].

Later, we consider the Dirichlet problem for higher order complex model partial differential
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equations [56]. It is seen that these type of problems have infinitely many linearly inde-

pendent solutions. By taking additional boundary conditions we can make them well-posed

problems, [56].

In Chapter 4, we carry these ideas in Chapter 3 to bidisc 𝔻ଶ ∶= 𝔻ଵ × 𝔻ଶ = {𝑧 = (𝑧ଵ, 𝑧ଶ) ∶

|𝑧௞| < 1, 𝑘 = 1, 2}. Firstly, we derive the solution of the Dirichlet problem of second order

model partial differential equations by using the main results in [2]. Then, we extend the

boundary value problem to a general linear differential equation. Under suitable solvability

conditions, it is seen that the boundary value problem has a unique solution. To reach that

conclusion, the problem is reduced into a singular integral equation. After that, solvability

of the singular integral equation is investigated. For this investigation we mainly use the

Fredholm theory.

Then we derive solution of the Dirichlet problem of fourth order model partial differential

equations using the results that we have obtained for second order partial differential equa-

tions.
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2. PRELIMINARIES

2.1. BASIC DEFINITIONS AND THEOREMS FROM FUNCTIONAL ANALYSIS

Definition 2.1.1. [12] Let (𝐸, ‖.‖ா) be a normed space. A function 𝑓 ∶ [𝑎, 𝑏] → 𝐸 is called

Hölder continuous of order 𝛼 ∈ (0, 1] if there are nonnegative real constants 𝑐 = 𝑐(𝑓) such

that

‖𝑓(𝑡) − 𝑓(𝑠)‖ா ≤ 𝑐 ∣ 𝑡 − 𝑠 ∣ఈ (2.1)

for all 𝑠, 𝑡 ∈ [𝑎, 𝑏]. If 𝛼 = 1, then the function f satisfies a Lipschitz condition. Therefore,

every Hölder continuous function of order 𝛼 = 1 is Lipschitz continuous.

Theorem 2.1.2. Every Lipschitz continuous function is uniformly continuous.

Theorem 2.1.3. [13] Let 𝑋 be a Banach space and 𝑆 ∈ 𝐵(𝑋). If ‖𝑆‖ < 1, then 𝐼 − 𝑆 is

invertible. Moreover, ‖(𝐼 − 𝑆)ିଵ‖ ≤ (1 − ‖𝑆‖)ିଵ.

Definition 2.1.4. [14] Let 𝑋, 𝑌 be Banach spaces over the same field. Let 𝐵(𝑋, 𝑌) denote

the set of all bounded operators from 𝑋 to 𝑌. 𝑆 ∈ 𝐵(𝑋, 𝑌) is said to be a Fredholm operator

if 𝑘𝑒𝑟𝑆 ∶= 𝑆ିଵ(0) and 𝑐𝑜𝑘𝑒𝑟𝑆 ∶= 𝑌�𝑖𝑚𝑆 are finite-dimensional; the following quantities,

called nullity and deficiency of 𝑆, are finite:

𝛼(𝑆) ∶= 𝑛𝑢𝑙𝑆 ∶= 𝑑𝑖𝑚𝑘𝑒𝑟𝑆; 𝛽(𝑆) ∶= 𝑑𝑒𝑓𝑆 ∶= 𝑑𝑖𝑚𝑐𝑜𝑘𝑒𝑟𝑆. (2.2)

𝑖𝑛𝑑𝑆 ∶= 𝛼(𝑆) − 𝛽(𝑆) ∈ ℤ is Fredholm index of 𝑆.

Theorem 2.1.5 (Fredholm Alternative). [14] For an index-zero Fredholm operator 𝑆 either

of the following mutually exclusive events takes place:

(1) The equation 𝑆𝑥 = 0 has only the zero solution. The equation 𝑆𝑥 = 𝑦 has a unique

solution given an arbitrary right hand side.
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(2) The equation 𝑆𝑥 = 0 has a nonzero solution. The equation 𝑆𝑥 = 0 has finitely many

linearly independent solutions.

Theorem 2.1.6 (Fredholm Theorem). [14] Let 𝐾 ∈ 𝐾(𝑋), where 𝐾(𝑋) is the set of all

compact operators on 𝑋. Then 𝐼 − 𝐾 is an index-zero Fredholm operator.

Definition 2.1.7. [14] Let 𝑆 ∈ 𝐵(𝑋, 𝑌), an operator 𝑇 ∈ 𝐵(𝑌, 𝑋) is a left approximate

inverse of 𝑆 if 𝑇𝑆 − 𝐼 ∈ 𝐾(𝑋). 𝑅 ∈ 𝐵(𝑌, 𝑋), is a right approximate inverse of 𝑆 if 𝐴𝑅 − 𝐼 ∈

𝐾(𝑌). An operator 𝑈 ∈ 𝐵(𝑌, 𝑋) is an approximate inverse of 𝑆 if 𝑈 is both right and left

approximate inverse of 𝑆. An operator has an approximate inverse is called approximately

invertible.

Theorem 2.1.8 (Noether Criterion). [14] An operator is a Fredholm operator if and only if

it is approximately invertible.

Theorem 2.1.9 (Nikolskii Criterion). [14] An operator is index-zero Fredholm operator if

and only if it is the sum of an invertible operator and a compact operator.

2.2. NOTATIONS AND TECHNICAL PRELIMINARIES

Let ℂ be the complex plane of the variable 𝑧 = 𝑥 + 𝑖𝑦 and 𝑥, 𝑦 ∈ ℝ, 𝑥 is called the real part

of 𝑧 and is denoted by 𝑅𝑒𝑧, 𝑦 is called the imaginary part of 𝑧 and is denoted by 𝐼𝑚𝑧. The

complex number 𝑧 = 𝑥 − 𝑖𝑦 is called the conjugate of 𝑧. The extended complex plane is

denoted by ෡ℂ ∶= ℂ ∪ {∞}.

A domain 𝐷 in ℂ is called regular if it is bounded and its boundary 𝜕𝐷 is being a smooth

curve.

The complex partial differential operators of first order are defined by

𝜕௭ =
1

2
൫𝜕௫ − 𝑖𝜕௬൯ , 𝜕௭̄ =

1

2
(𝜕௫ + 𝑖𝜕௬).
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Let the complex-valued function 𝑤(𝑧, 𝑧̄) = 𝑢 + 𝑖𝑣 be defined in 𝐷 ∈ ℂ and let 𝑢 = 𝑢(𝑥, 𝑦),

𝑣 = 𝑣(𝑥, 𝑦) are real-valued functions. When 𝑢 and 𝑣 are differentiable and 𝑤 is independent

of 𝑧̄ in an open set ℂ, the function 𝑤 is called analytic in the set. The functions 𝑢, 𝑣 then

satisfy the Cauchy-Riemann system of two partial differential equations

𝜕௫𝑢 = 𝜕௬𝑣, 𝜕௬𝑢 = −𝜕௫𝑣, (2.3)

which is equivalent to the complex homogeneous Cauchy-Riemann equation

𝜕௭̄𝑤 = 0.

Theorem 2.2.1. [6] Let 𝑤 be an analytic function in a simply connected domain 𝐷 ⊂ ℂ and

let Γ be a simple closed curve, Γ ⊂ 𝐷. Then

න

୻

𝑤(𝑧)𝑑𝑧 = 0.

The fundamental tools for solving boundary value problems for complex partial differential

equations are the Gauss Theorem and the Cauchy-Pompeiu representation.

Theorem 2.2.2 (Gauss Theorem, complex form). [6] Let 𝐷 ⊂ ℂ be a regular domain, and

𝑤 ∈ 𝐶ଵ(𝐷; ℂ) ∩ 𝐶(𝐷; ℂ), 𝑧 = 𝑥 + 𝑖𝑦, then

න

஽

𝑤௭̄(𝑧)𝑑𝑥𝑑𝑦 =
1

2𝑖
ඵ

డ஽

𝑤(𝑧)𝑑𝑧

and

න

஽

𝑤௭(𝑧)𝑑𝑥𝑑𝑦 = −
1

2𝑖
ඵ

డ஽

𝑤(𝑧)𝑑𝑧̄.

From the Gauss Theorem the Cauchy-Pompeiu representation formulas can be obtained.

Theorem 2.2.3 (Cauchy-Pompeiu representations). [6] Let 𝐷 ⊂ ℂ be a regular domain,

𝑤 ∈ 𝐶ଵ(𝐷; ℂ) ∩ 𝐶(𝐷; ℂ), 𝜁 = 𝜉 + 𝑖𝜂, then

𝑤(𝑧) =
1

2𝜋𝑖
න

డ஽

𝑤(𝜁)
𝑑𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

஽

𝑤఍̄(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
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and

𝑤(𝑧) = −
1

2𝜋𝑖
න

డ஽

𝑤(𝜁)
𝑑 ̄𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

஽

𝑤఍(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧

hold for all 𝑧 ∈ 𝐷.

Let us define the integral operator, which is used to solve boundary value problems for the

inhomogeneous Cauchy-Riemann equation.

Definition 2.2.4. [7] For 𝑓 ∈ 𝐿ଵ(𝐷; ℂ) the integral operator

𝑇𝑓(𝑧) = −
1

𝜋
ඵ

஽

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
, 𝑧 ∈ ℂ,

is called Pompeiu operator. By 𝑇 we denote

𝑇𝑓(𝑧) = −
1

𝜋
ඵ

஽

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
, 𝑧 ∈ ℂ.

The Pompeiu operator is studied in detail by I.N.Vekua [7] plays a critical role in treating the

boundary value problems for the Cauchy-Riemann equation. It has some important properties

listed below.

Theorem 2.2.5. [6] Let 𝐷 ⊂ ℂ be a bounded domain. If 𝑓 ∈ 𝐿ଵ(𝐷; ℂ) then 𝑇𝑓 is analytic in

ℂ ⧵ 𝐷, vanishing at infinity.

Theorem 2.2.6. [6] If 𝑓 ∈ 𝐿ଵ(𝐷; ℂ) then

ඵ

஽

𝑇𝑓(𝑧)𝜑௭̄(𝑧)𝑑𝑥𝑑𝑦 +ඵ

஽

𝑓(𝑧)𝜑(𝑧)𝑑𝑥𝑑𝑦 = 0,

where 𝜑 is an arbitrary complex-valued function in 𝐷 being continuously differentiable and

having compact support in 𝐷.

The Theorem 2.2.6 implies that for 𝑓 ∈ 𝐿ଵ(𝐷), 𝑇𝑓 is differentiable with respect to 𝑧̄ in weak

sense with

𝜕௭̄𝑇𝑓 = 𝑓 in 𝐷. (2.4)
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Theorem 2.2.7. [11] If 𝑓 ∈ 𝐿௣(𝐷), 𝑝 > 1, then 𝑇𝑓 has generalized first order derivative

with respect to 𝑧 equal to

Π𝑓(𝑧) ∶= −
1

𝜋
ඵ

஽

𝑓(𝜁)
𝑑𝜉𝑑𝜂

(𝜁 − 𝑧)ଶ
, 𝑧 ∈ ℂ. (2.5)

It is a singular integral operator being understood in the Cauchy principal sense,

Π𝑓(𝑧) ∶= lim
ఢ→଴

−
1

𝜋
ඵ

஽ച

𝑓(𝜁)
𝑑𝜉𝑑𝜂

(𝜁 − 𝑧)ଶ
, 𝑧 ∈ ℂ,

where 𝐷ఢ is the domain 𝐷 ⧵ {𝜁 ∶∣ 𝜁 − 𝑧 ∣⩽ 𝜖}. They can be analyzed with the theory of

Calderon-Zygmund [9].

Pompeiu Integral Operators of Higher Order

By iteration of the Pompeiu operator 𝑇, and its conjugate 𝑇, a hierarchy of kernel functions

and higher order integral operators are constructed. Then, related to the integral operators,

Cauchy-Pompeiu representation formulas are derived.

Definition 2.2.8. [10] Let𝑚, 𝑛 ∈ ℤ, 0 ≤ 𝑚 + 𝑛 and 0 < 𝑚ଶ + 𝑛ଶ,

𝐾௠,௡(𝑧) =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

(−𝑚)! (−1)௠

(𝑛 − 1)! 𝜋
𝑧௠ିଵ𝑧̄௡ିଵ if 𝑚 ≤ 0

(−𝑛)! (−1)௡

(𝑚 − 1)! 𝜋
𝑧௠ିଵ𝑧̄௡ିଵ if 𝑛 ≤ 0

𝑧௠ିଵ𝑧̄௡ିଵ

(𝑚 − 1)! (𝑛 − 1)! 𝜋
൭log |𝑧|ଶ −

௠ିଵ

෍

௥ୀଵ

1

𝑟
−

௡ିଵ

෍

௦ୀଵ

1

𝑠
൱ if 𝑚, 𝑛 ≥ 1.

For 0 ≤ 𝑚ଶ + 𝑛ଶ, these kernel functions determine fundamental solutions to 𝜕௠௭ 𝜕
௡
௭̄ . Ker-

nel functions of the form in Definition 2.2.8 are studied in detail in [11]. Their elementary

properties are

𝜕௭𝐾௠,௡(𝑧) = 𝐾௠ିଵ,௡(𝑧),

𝜕௭̄𝐾௠,௡(𝑧) = 𝐾௠,௡ିଵ(𝑧),

𝐾௠,௡ = 𝐾௡,௠.
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Moreover, simple calculations confirm that, for radii 𝑅,

ඵ

∣௭∣ஸோ

∣ 𝐾௠,௡(𝑧) ∣ 𝑑𝑥𝑑𝑦 < ∞, if 0 ≤ 𝑚 + 𝑛.

Definition 2.2.9. [10] For a domain 𝐷 ⊂ ℂ, 𝑓 ∈ 𝐿ଵ(𝐷; ℂ) and𝑚, 𝑛 ∈ ℤ with 0 ≤ 𝑚 + 𝑛

𝑇௠,௡𝑓(𝑧) = ඵ

஽

𝐾௠,௡(𝑧 − 𝜁)𝑓(𝜁)𝑑𝜉𝑑𝜂 if 1 ≤ 𝑚ଶ + 𝑛ଶ,

𝑇଴,଴𝑓(𝑧) = 𝑓(𝑧).

For particular choices of𝑚 and 𝑛, the operators 𝑇௠,௡ are

• 𝑇଴,ଵ𝑓(𝑧) = 𝑇𝑓(𝑧),

• 𝑇ଵ,଴𝑓(𝑧) = 𝑇𝑓(𝑧),

• 𝑇ିଵ,ଵ𝑓(𝑧) = Π𝑓(𝑧),

• 𝑇ଵ,ିଵ𝑓(𝑧) = Π𝑓(𝑧).

We will give some essential theorems that we use in our study. The results, that are recalled

here without proofs, can be found in [11].

Theorem 2.2.10. Let 𝐷 be a bounded domain, and suppose 𝑚 + 𝑛 ≥ 1, and let 𝑤 be a

complex valued function in 𝐿ଵ(𝐷). Then the integral 𝑇௠,௡,஽𝑤(𝑧) converges absolutely for

almost all 𝑧 ∈ ℂ. Moreover, if

(i) 1 ≤ 𝑝 < 2, when𝑚 + 𝑛 = 1,

(ii) 1 ≤ 𝑝 ≤ ∞, when𝑚 + 𝑛 = 2,𝑚𝑛 ≤ 0,

(iii) 1 ≤ 𝑝 < ∞, when𝑚 + 𝑛 = 2,𝑚𝑛 > 0,

(iv) 1 ≤ 𝑝 ≤ ∞, when𝑚 + 𝑛 ≥ 3,

then for any bounded domain Ω, 𝑇௠,௡,஽𝑤(𝑧) ∈ 𝐿௣(Ω) with

‖𝑇௠,௡,஽𝑤(𝑧)‖௣,ஐ ≤ 𝑀(𝑚, 𝑛, 𝑝, 𝐷, Ω)‖𝑤(𝑧)‖ଵ,஽. (2.6)
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Theorem 2.2.11. Let 𝐷 be a bounded domain, and suppose 𝑚 + 𝑛 ≥ 1, and let 𝑤 ∈ 𝐿௣(𝐷)

where

(i) 2 < 𝑝 ≤ ∞, when𝑚 + 𝑛 = 1,

(ii) 1 ≤ 𝑝 ≤ ∞, when𝑚 + 𝑛 = 2,𝑚𝑛 ≤ 0,

(iii) 1 < 𝑝 < ∞, when𝑚 + 𝑛 = 2,𝑚𝑛 > 0,

(iv) 1 ≤ 𝑝 ≤ ∞, when𝑚 + 𝑛 ≥ 3.

Then 𝑇௠,௡,஽𝑤 exists as a Lebesgue integral for all 𝑧 in ℂ, 𝑇௠,௡,஽𝑤 is continuous in ℂ, and for

∣ 𝑧 ∣≤ 𝑅 with 𝑅 > 0,

∣ 𝑇௠,௡,஽𝑤(𝑧) ∣≤ 𝑀‖𝑤(𝑧)‖௣,஽, (2.7)

where𝑀 = 𝑀(𝑚, 𝑛, 𝑝, 𝐷) in cases (i) and (ii),𝑀 = 𝑀(𝑚, 𝑛, 𝑝, 𝐷, 𝑅) in (iii) and (iv).

We will discuss Hölder continuity of the integral 𝑇௠,௡,஽𝑤.

Theorem 2.2.12. Suppose 𝑚 + 𝑛 ≥ 1 and 𝑚𝑛 ≤ 0, let 𝐷 be a bounded domain in ℂ, and

assume that 𝑤 is a complex valued function in 𝐿௣(𝐷); suppose also that

(i) 2 < 𝑝 < ∞, if𝑚 + 𝑛 = 1,

(ii) 2 < 𝑝 ≤ ∞, if𝑚 + 𝑛 = 2,

(iii) 1 ≤ 𝑝 < ∞, if𝑚 + 𝑛 = 3,

(iv) 1 ≤ 𝑝 ≤ ∞, if𝑚 + 𝑛 ≥ 4.

For 𝑧 ∈ ℂ, set

𝑣(𝑧) ∶= 𝑇௠,௡,஽𝑤(𝑧) = ඵ

஽

𝐾௠,௡(𝑧 − 𝜁)𝑤(𝜁)𝑑𝜉𝑑𝜂.

Then, for 𝑧ଵ, 𝑧ଶ ∈ ℂ, say with ∣ 𝑧ଵ ∣, ∣ 𝑧ଶ ∣< 𝑅,

∣ 𝑣(𝑧ଵ) − 𝑣(𝑧ଶ) ∣≤ 𝑀‖𝑤‖௣,஽

⎧
⎪

⎨
⎪
⎩

∣ 𝑧ଵ − 𝑧ଶ ∣ if 𝑚 + 𝑛 ≥ 0,

∣ 𝑧ଵ − 𝑧ଶ ∣
(೛షమ)

೛ if 𝑚 + 𝑛 = 1,
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where 𝑀 = 𝑀(𝑚, 𝑛, 𝑝) in case (i), 𝑀 = 𝑀(𝑚, 𝑛, 𝑝, 𝐷) in cases (ii) and (iii),and 𝑀 =

𝑀(𝑚, 𝑛, 𝑝, 𝐷, 𝑅) in case (iv).

The following theorem is about strongly singular integral operators.

Theorem 2.2.13. Assume 𝑚 + 𝑛 = 0, (𝑚, 𝑛) ≠ (0, 0), and let 𝑤 be a complex valued

function in 𝐿௣(𝐷), and

‖𝑇௠,௡,஽𝑤‖௣,஽ ≤ 𝑀(𝑝)‖𝑤‖௣,஽. (2.8)

Lemma 2.2.14. Let 𝜌 be a complex valued function and for 𝜌 ∈ 𝐶ஶ
଴ (ℂ),

𝑇௠,௡,𝜌 = 𝑇௡,௠𝜌, if 𝑚 + 𝑛 ≥ 0, (2.9)

𝑇௠,௡,𝜌 = 𝑇௠ାଵ,௡𝜌௭ = 𝑇௠,௡ାଵ𝜌௭̄, if 𝑚 + 𝑛 ≥ 0, (2.10)

𝜕௭(𝑇௠,௡𝜌) = 𝑇௠ିଵ,௡𝜌, if 𝑚 + 𝑛 ≥ 1, (2.11)

𝜕௭̄(𝑇௠,௡𝜌) = 𝑇௠,௡ିଵ𝜌, if 𝑚 + 𝑛 ≥ 1, (2.12)

𝜕௭(𝑇௠,௡𝜌) = 𝑇௠,௡𝜌௭, if 𝑚 + 𝑛 ≥ 0, (2.13)

𝜕௭̄(𝑇௠,௡𝜌) = 𝑇௠,௡𝜌௭̄, if 𝑚 + 𝑛 ≥ 0. (2.14)

Note that iterating (2.13) and (2.14), we obtain that 𝑇௠,௡,𝜌 ∈ 𝐶ஶ(ℂ) and satisfying

𝜕௞ା௟

𝜕௞௭𝜕
௟
௭̄

𝑇௠,௡𝜌 = 𝑇௠,௡ ቆ
𝜕௞ା௟𝜌

𝜕௞௭𝜕
௟
௭̄

ቇ ⋅ (2.15)
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3. DIRICHLET PROBLEM FOR THE ONE-DIMENSIONAL PAR-

TIAL DIFFERENTIAL EQUATIONS WITH COMPLEX VARI-

ABLE

In the present chapter, we consider the Dirichlet problem for arbitrary order partial differential

equations with complex variable in the unit disc 𝔻 ∶= {𝑧 ∶ |𝑧| < 1} of the complex plane.

In the case of the unit disc Dirichlet problem and also other boundary value problems can be

solved certainly. Because of this, for the unit disc the Pompeiu operator is known explicitly

[1]. For that reason, in our study this particular domain is considered.

3.1. DIRICHLET PROBLEM FOR FIRST ORDER PARTIAL DIFFERENTIAL

EQUATIONS

In this section, we investigate the Dirichlet problem for first order partial differential equa-

tions with complex variable. We begin with the following theorem of Begehr [2] about the

analytic functions.

Dirichlet problem for analytic functions. Find an analytic function 𝑤(𝑧) in the unit disc,

i.e. a solution to 𝑤௭̄ = 0 in 𝔻, satisfying for given 𝛾 ∈ 𝐶(𝜕𝔻; ℂ)

𝑤(𝑧) = 𝛾(𝑧) on 𝜕𝔻.

Firstly, we present Plemelj-Sokhotzki formula which is useful for our study in the future.

Theorem 3.1.1 (Plemelj-Sokhotzki). [3] Let Γ be a smooth contour (open or closed) and

𝜑(𝜁) a function of position on the contour, which satisfies the Hölder condition. Then the

Cauchy type integral

Φ(𝑧)∶ =
1

2𝜋𝑖
න

୻

𝜑(𝜁)
𝑑𝜁

𝜁 − 𝑧

has the limiting values

Φା(𝜏) ∶= lim
௭→ఛ,௭∈஽శ

Φ(𝑧),Φି(𝜏) ∶= lim
௭→ఛ,௭∈஽ష

Φ(𝑧)
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at all points of the contour Γ, where 𝐷ା is the bounded domain with 𝜕𝐷ା = Γ and 𝐷ି =

෡ℂ\ (𝐷ା ∪ Γ). Moreover, for 𝜏 ∈ Γ

Φା(𝜏) =
1

2
𝜑(𝜁) + Φ(𝜏),

Φି(𝜏) =
−1

2
𝜑(𝜁) + Φ(𝜏),

the singular integral

න

୻

𝜑(𝜁)
𝑑𝜁

𝜁 − 𝑧

being understood in the sense of the principal value.

Theorem 3.1.2. [2] The Dirichlet problem for analytic functions is solvable if and only if for

|𝑧| < 1
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑧̄𝑑𝜁

1 − 𝑧̄𝜁
= 0⋅ (3.1)

The solution then is uniquely given by the Cauchy integral

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑑𝜁

𝜁 − 𝑧
⋅ (3.2)

Since the Cauchy integral (3.2) provides an analytic function in𝔻 and in ෡ℂ\𝔻, from Plemelj-

Sokhotzki formula it follows

lim
௭→఍,௭∈𝔻శ

𝑤(𝑧) − lim
௭→఍,௭∈𝔻ష

𝑤(𝑧) = 𝛾(𝜁), 𝜁 ∈ 𝜕𝔻.

To obtain

lim
௭→఍,௭∈𝔻శ

𝑤(𝑧) = 𝛾(𝜁), 𝜁 ∈ 𝜕𝔻,

the condition

lim
௭→఍,௭∈𝔻ష

𝑤(𝑧) = 0

is necessary and sufficient.

Note. The Plemelj-Sokhotzki formula holds if 𝛾(𝜁) is Hölder continuous but from the topo-

logical properties of the unit disc Hölder continuity is not needed [4].
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Necessary part. Let the Dirichlet problem can be solvable and 𝑤(𝑧) is the solution of this

problem. From the statement 𝑤(𝑧) is analytic and having continuous boundary values

lim
௭→఍

𝑤(𝑧) = 𝛾(𝜁), 𝜁 ∈ 𝜕𝔻.

For |𝑧| > 1, we consider the function

𝑤ቆ
1

𝑧̄
ቇ =

1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑑𝜁

𝜁 −
ଵ

௭̄

= −
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑧̄

̄𝜁 − 𝑧̄

𝑑𝜁

𝜁
⋅ (3.3)

For |𝑧| > 1, we have that

lim
௭→఍

1

𝑧̄
=
1

̄𝜁
= 𝜁, 𝜁 ∈ 𝜕𝔻.

Thus,

lim
௭→఍

𝑤ቆ
1

𝑧̄
ቇ

exists, i.e.

lim
௭→఍

𝑤(𝑧)

exists for |𝑧| > 1. Applying formula (3.3), we get

𝑤(𝑧) − 𝑤ቆ
1

𝑧̄
ቇ =

𝛾(𝑧)

2𝜋𝑖
න

డ𝔻

ቊ
𝜁

𝜁 − 𝑧
+

̄𝜁

̄𝜁 − 𝑧̄
− 1ቋ

𝑑𝜁

𝜁

+
1

2𝜋𝑖
න

డ𝔻

{𝛾(𝜁) − 𝛾(𝑧)} ቊ
𝜁

𝜁 − 𝑧
+

̄𝜁

̄𝜁 − 𝑧̄
− 1ቋ

𝑑𝜁

𝜁
⋅

Since 𝛾(𝑧) is continuous, we may take the limit

lim
௭→఍

ቐ𝛾(𝑧) +
1

2𝜋𝑖
න

డ𝔻

{𝛾(𝜁) − 𝛾(𝑧)}
𝑑𝜁

𝜁 − 𝑧
+

1

2𝜋𝑖
න

డ𝔻

{𝛾(𝜁) − 𝛾(𝑧)}
̄𝜁

̄𝜁 − 𝑧̄

𝑑𝜁

𝜁
ቑ

+ lim
௭→఍

ቐ
−1

2𝜋𝑖
න

డ𝔻

{𝛾(𝜁) − 𝛾(𝑧)}
𝑑𝜁

𝜁
ቑ ≡ 𝛾(𝜁)⋅

This is equivalent to

lim
௭→఍,௭∈𝔻శ

ቊ𝑤(𝑧) − 𝑤ቆ
1

𝑧̄
ቇቋ ≡ 𝛾(𝜁)⋅

Therefore,

lim
௭→఍,௭∈𝔻శ

𝑤(𝑧) − lim
௭→఍,௭∈𝔻ష

𝑤(𝑧) ≡ 𝛾(𝜁).

Since

lim
௭→఍,௭∈𝔻శ

𝑤(𝑧) ≡ 𝛾(𝜁),
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we obtain

lim
௭→఍,௭∈𝔻ష

𝑤(𝑧) = lim
௭→఍,௭∈𝔻శ

𝑤ቆ
1

𝑧̄
ቇ = 0⋅

As 𝑤(∞) = 0, applying the maximum principle for analytic functions, we get 𝑤(𝑧) ≡ 0 for

|𝑧| > 1. That means that

𝑤ቆ
1

𝑧̄
ቇ =

1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑧̄𝑑𝜁

1 − 𝑧̄𝜁
= 0.

Sufficient part. Let formula (3.1) holds. Adding (3.1) to (3.2), we obtain

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁) ቊ
𝜁

𝜁 − 𝑧
+

̄𝜁

̄𝜁 − 𝑧̄
− 1ቋ

𝑑𝜁

𝜁
⋅

In a similar manner in previous part, we can write

lim
௭→఍,௭∈𝔻శ

𝑤(𝑧) = 𝛾(𝜁)⋅

It can be easily seen that 𝑤௭̄ = 0 in 𝔻.

Therefore the Dirichlet problem

𝑤௭̄ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻

for a first-order homogeneous partial differential equation has only trivial solution.

Theorem3.1.3. [2] TheDirichlet problem for the inhomogeneous Cauchy-Riemann equation

in the unit disc

𝑤௭̄ = 𝑓 in 𝔻, 𝑤 = 𝛾 on 𝜕𝔻

for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾 ∈ 𝐶(𝜕𝔻; ℂ) is solvable if and only if for |𝑧| < 1

1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑧̄𝑑𝜁

1 − 𝑧̄𝜁
=
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑧̄𝑑𝜉𝑑𝜂

1 − 𝑧̄𝜁
⋅ (3.4)

The solution then is uniquely given by

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑑𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
⋅ (3.5)

Firstly, we give the proof of the Theorem from [2].
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The representation (3.4) follows from Theorem 2.2.3 if problem is solvable. The uniqueness

is a consequence of Theorem 3.1.2. The equation (3.5) is a solution under (3.4) follows by

observing the properties of the Pompeiu operator and from

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁) ቊ
𝜁

𝜁 − 𝑧
+

̄𝜁

̄𝜁 − 𝑧̄
− 1ቋ

𝑑𝜁

𝜁

−
1

𝜋
ඵ

𝔻

𝑓(𝜁) ቊ
1

𝜁 − 𝑧
+

𝑧̄

1 − 𝑧̄𝜁
ቋ 𝑑𝜉𝑑𝜂 = 𝛾(𝑧) (3.6)

for |𝑧| = 1.

The equation (3.4) is also necessary follows from Theorem 3.1.2. Applying (3.1) to the

boundary value of the analytic function 𝑤 − 𝑇𝑓 in 𝔻, i.e. to 𝛾 − 𝑇𝑓 on 𝜕𝔻 gives (3.4)

because of
1

2𝜋𝑖
න

డ𝔻

1

𝜋
ඵ

|෤఍|ழଵ

𝑓( ෤𝜁)
𝑑 ෤𝜉𝑑෤𝜂

෤𝜁 − 𝜁

𝑧̄

1 − 𝑧̄𝜁
𝑑𝜁

= −
1

𝜋
ඵ

|෤఍|ழଵ

𝑓( ෤𝜁)
1

2𝜋𝑖
න

డ𝔻

𝑧̄

1 − 𝑧̄𝜁

𝑑𝜁

𝜁 − ෤𝜁
𝑑 ෤𝜉𝑑෤𝜂

= −
1

𝜋
ඵ

|෤఍|ழଵ

𝑓( ෤𝜁)
𝑧̄

1 − 𝑧̄ ෤𝜁
𝑑 ෤𝜉𝑑෤𝜂

as is seen from the Cauchy formula.

Proof. Using the Pompeiu operator the problem will be reduced to the ones for analytic func-

tion. Then, this problem can be defined as

(𝑤 − 𝑇𝑓)௭̄ = 𝑓 in 𝔻, (𝑤 − 𝑇𝑓)(𝑧) = 𝛾 − 𝑇𝑓 on 𝜕𝔻.

That problem is solvable if and only if

1

2𝜋𝑖
න

డ𝔻

(𝛾(𝜁) − 𝑇𝑓(𝜁))
𝑧̄𝑑𝜁

1 − 𝑧̄𝜁
= 0

and the solution is uniquely obtained as

(𝑤 − 𝑇𝑓)(𝑧) =
1

2𝜋𝑖
න

డ𝔻

(𝛾(𝜁) − 𝑇𝑓(𝜁))
𝑑𝜁

𝜁 − 𝑧
⋅ (3.7)
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From Gauss Theorem it follows

1

2𝜋𝑖
න

డ𝔻

𝑇𝑓(𝜁)
𝑧̄𝑑𝜁

1 − 𝑧̄𝜁
=
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑧̄𝑑𝜉𝑑𝜂

1 − 𝑧̄𝜁
(3.8)

and from the Cauchy Pompeiu representation it follows

1

2𝜋𝑖
න

డ𝔻

𝑇𝑓(𝜁)
𝑑𝜁

𝜁 − 𝑧
= −𝑇𝑓(𝑧) −

1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
= 0. (3.9)

In a similar manner we can study the Dirichlet problem

𝑤௭ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻 (3.10)

for a first order model complex partial differential equation.

Theorem3.1.4. [2] TheDirichlet problem for the inhomogeneous complex conjugate Cauchy-

Riemann equation in the unit disc

𝑤௭ = 𝑓 in 𝔻, 𝑤 = 𝛾(𝑧) on 𝜕𝔻

for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾 ∈ 𝐶(𝜕𝔻; ℂ) is solvable if and only if for |𝑧| < 1

−
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑧𝑑 ̄𝜁

1 − 𝑧 ̄𝜁
=
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑧𝑑𝜉𝑑𝜂

1 − 𝑧 ̄𝜁
⋅ (3.11)

The solution then is uniquely given by the formula

𝑤(𝑧) = −
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑑 ̄𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
⋅ (3.12)

Note that (3.11) and (3.12) can be attained by the one for the Theorem 3.1.3 through complex

conjugation and using the fact that

ቆ
𝜕𝑤

𝜕𝑧̄
ቇ =

𝜕𝑤̄

𝜕𝑧
⋅

Hence the Dirichlet problem

𝑤௭ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻 (3.13)
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for first-order homogeneous complex conjugate Cauchy Riemann equation in 𝔻 has only

trivial solution.

3.1.1 Dirichlet Problem For Linear Differential Equations

In this section we will extend the notion of solution of Dirichlet Problem for model equations

to a linear differential equation. We will try to find a solution to first order linear differential

equation

𝑤௭̄ + 𝑞ଵ(𝑧)𝑤௭ + 𝑞ଶ(𝑧)𝑤௭ + 𝑟ଵ(𝑧)𝑤 + 𝑟ଶ(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻 (3.14)

satisfying the Dirichlet boundary condition

𝑤(𝑧) = 𝛾(𝑧) on 𝜕𝔻 (3.15)

where 𝑟ଵ(𝑧), 𝑟ଶ(𝑧), 𝑓(𝑧) ∈ 𝐿௣(𝔻), 𝑞ଵ(𝑧), 𝑞ଶ(𝑧), 𝑟ଵ(𝑧), 𝑟ଶ(𝑧) are measurable bounded func-

tions and satisfying

∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣≤ 𝑞଴ < 1. (3.16)

Lemma 3.1.5. The Dirichlet problem (3.14) and (3.15) is equivalent to the singular integral

equation

(𝐼 + ෡Π + ෡𝐾)𝑔 = 𝑓(𝑧) − 𝑞ଵ𝜓௭ − 𝑞ଶ(𝑧)𝜓௭ − 𝑟ଵ(𝑧)𝜓 − 𝑟ଶ𝜓 (3.17)

where 𝑤(𝑧) = 𝜓(𝑧) + 𝑇଴,ଵ𝑔(𝑧),

෡Π𝑔 = 𝑞ଵ𝑇ିଵ,ଵ𝑔(𝑧) + 𝑞ଶ𝑇ିଵ,ଵ𝑔(𝑧)

= 𝑞ଵΠ𝑔(𝑧) + 𝑞ଶΠ𝑔(𝑧) (3.18)

and

෡𝐾𝑔 = 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧). (3.19)

Proof. We write (3.14) as

𝑤௭̄ = 𝑓(𝑧) − (𝑞ଵ(𝑧)𝑤௭ + 𝑞ଶ(𝑧)𝑤௭ + 𝑟ଵ(𝑧)𝑤 + 𝑟ଶ(𝑧)𝑤̄). (3.20)
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Then,

𝑤௭̄ = ෧𝑓(𝑧) in 𝔻, (3.21)

𝑤(𝑧) = 𝛾(𝑧) on 𝜕𝔻, (3.22)

where෧𝑓(𝑧) = 𝑓(𝑧)−(𝑞ଵ(𝑧)𝑤௭+𝑞ଶ(𝑧)𝑤௭+𝑟ଵ(𝑧)𝑤+𝑟ଶ(𝑧)𝑤̄). By Theorem 3.1.3 solution

of (3.14) and (3.15) is 𝑤(𝑧) = 𝜓(𝑧) + 𝑇଴,ଵ෧𝑓(𝑧). Let 𝑤௭̄ = 𝑔(𝑧). Then,

𝑔(𝑧) = (𝜓(𝑧) + 𝑇଴,ଵ෧𝑓(𝑧))௭̄⋅ (3.23)

𝑔(𝑧) + 𝑞ଵ(𝑧)𝑤௭ + 𝑞ଶ(𝑧)𝑤௭ + 𝑟ଵ(𝑧)𝑤 + 𝑟ଶ(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻. (3.24)

Since 𝑤௭̄ = 𝑔(𝑧) in 𝔻,

𝑤(𝑧) = 𝜓(𝑧)+𝑇଴,ଵ𝑔(𝑧), 𝑤̄ = 𝜓(𝑧) + 𝑇଴,ଵ𝑔(𝑧), 𝑤௭ = 𝜓௭+𝑇ିଵ,ଵ𝑔(𝑧), 𝑤௭ = 𝜓௭ + 𝑇ିଵ,ଵ𝑔(𝑧).

After substituting these derivatives the result follows:

𝑔(𝑧) + 𝑞ଵ(𝑧)𝑇ିଵ,ଵ𝑔(𝑧) + 𝑞ଶ(𝑧)𝑇ିଵ,ଵ𝑔(𝑧) + 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧)

= 𝑓(𝑧) − 𝑞ଵ𝜓௭ − 𝑞ଶ(𝑧)𝜓௭ − 𝑟ଵ(𝑧)𝜓 − 𝑟ଶ𝜓 (3.25)

Therefore, 𝑔 = (𝐼 + ෡Π + ෡𝐾)ିଵ(𝑓(𝑧) − 𝑞ଵ𝜓௭ − 𝑞ଶ(𝑧)𝜓௭ − 𝑟ଵ(𝑧)𝜓 − 𝑟ଶ𝜓) satisfies (3.17) if

and only if 𝑤(𝑧) = 𝜓(𝑧)+𝑇଴,ଵ𝑔(𝑧) satisfies (3.14) with the boundary condition (3.15).

Solvability of The Singular Integral Equation

Lemma 3.1.6. If

𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 (3.26)

for 𝑝 > 1, then the operator 𝐼 + ෡Π is invertible.

Proof. By the properties of norm, we obtain

∣∣ ෡Π𝑔 ∣∣௅೛(𝔻)=∣∣ 𝑞ଵΠ𝑔 + 𝑞ଶΠ𝑔(𝑧) ∣∣௅೛(𝔻)

≤∣∣ 𝑞ଵΠ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ଶΠ𝑔(𝑧) ∣∣௅೛(𝔻)

=∣ 𝑞ଵ(𝑧) ∣∣∣ Π𝑔 ∣∣௅೛(𝔻) + ∣ 𝑞ଶ(𝑧) ∣∣∣ Π𝑔(𝑧) ∣∣௅೛(𝔻)
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= (∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣) ∣∣ Π𝑔 ∣∣௅೛(𝔻)

≤ 𝑞଴ ∣∣ Π𝑔 ∣∣௅೛(𝔻)< 1.

If condition 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 holds, then we get ∣∣ ෡Π ∣∣௅೛(𝔻)< 1. By Theorem 2.1.3 the

operator 𝐼 + ෡Π is invertible.

Lemma 3.1.7. For bounded functions 𝑟ଵ(𝑧), 𝑟ଶ(𝑧) and for 𝑝 > 2, the operator ෡𝐾 is a com-

pact operator.

Proof. Firstly, we will consider the boundedness of ෡𝐾.

∣ ෡𝐾𝑔 ∣=∣ 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧) ∣

≤∣ 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧) ∣ + ∣ 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧) ∣

By Theorem 2.2.11 we get

∣ ෡𝐾𝑔 ∣≤∣ 𝑟ଵ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) + |𝑟ଶ(𝑧)|𝑀(𝑝,𝔻)‖𝑔‖௅೛(𝔻)

= (∣ 𝑟ଵ(𝑧) ∣ +|𝑟ଶ(𝑧)|)𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) ≤ 𝐶(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻),

where𝑀(𝑝,𝔻), 𝐶(𝑝,𝔻) are always nonnegative constants, depending on the quantities in the

parentheses.

By Theorem 2.2.12 we obtain

|𝑇଴,ଵ𝑔(𝑧ଵ) − 𝑇଴,ଵ𝑔(𝑧ଶ)| ≤ 𝑀(𝑝) ∥ 𝑔‖௅೛(𝔻)|𝑧ଵ − 𝑧ଶ|
ఈ,

where 0 < 𝛼 < 1, 𝑝 > 2. It is Hölder continuous, in particular 𝑇଴,ଵ𝑔(𝑧) is uniformly

continuous. So, by Arzela-Ascoli Theorem, the operators in ෡𝐾𝑔 are compact operators.

Now, we can apply the Fredholm alternative.

Theorem 3.1.8. If 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 is satisfied, then (3.14) with the boundary condition

(3.15) has a solution of the form 𝑤(𝑧) = 𝜓(𝑧) + 𝑇଴,ଵ𝑔(𝑧), where 𝑔 is a solution of the

singular integral equation (3.17) and 𝜓(𝑧) is an analytic function in 𝔻.
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Proof. If (3.26) is satisfied then by Lemma 3.1.6 is 𝐼 + ෡Π is invertible. In Lemma 3.1.7, we

have showed that ෡𝐾 is compact. By Nikolskii Criterion, the operator 𝐼 + ෡Π + ෡𝐾 is Fredholm

operator with index zero. Theorem 2.1.5 implies that the singular integral (3.17) has the

Fredholm alternative, i.e. it has at least a solution. Hence, if 𝑔 is a solution of (3.17), then

𝑤(𝑧) = 𝜓(𝑧) + 𝑇଴,ଵ𝑔(𝑧) is a solution to (3.14) and (3.15).

Also, we can find the solution of (3.14) and (3.15) by denoting the solution as 𝑤 = 𝑤ଵ +𝑤ଶ

where 𝑤ଵ is the solution of the problem

𝑤ଵ௭̄ = 0 in 𝔻, 𝑤ଵ = 𝛾(𝑧) on 𝜕𝔻, (3.27)

and 𝑤ଶ is a solution of the problem

𝑤ଶ௭̄+𝑞ଵ(𝑧)𝑤ଶ௭+𝑞ଶ(𝑧)𝑤ଶ௭+𝑟ଵ(𝑧)𝑤ଶ+𝑟ଶ(𝑧)𝑤̄ଶ = 𝑓(𝑧)−𝑞ଵ(𝑧)𝑤ଵ௭−𝑞ଶ(𝑧)𝑤ଵ௭−𝑟ଵ(𝑧)𝑤ଵ

− 𝑟ଶ(𝑧)𝑤̄ଵ in𝔻, (3.28)

𝑤ଶ = 0 on 𝜕𝔻. (3.29)

By Theorem 3.1.2 the solution of (3.27) is

𝑤ଵ(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁)
𝑑𝜁

𝜁 − 𝑧
= 𝜓(𝑧).

Then the problem (3.28) and (3.29) becomes

𝑤ଶ௭̄ = 𝑓 − 𝑞ଵ(𝑧)𝜓௭ − 𝑞ଶ(𝑧)𝜓௭ − 𝑟ଵ(𝑧)𝜓 − 𝑟ଶ(𝑧)𝜓̄ − 𝑞ଵ(𝑧)𝑤ଶ௭ − 𝑞ଶ(𝑧)𝑤ଶ௭ − 𝑟ଵ(𝑧)𝑤ଶ

− 𝑟ଶ(𝑧)𝑤̄ଶ in 𝔻 (3.30)

𝑤ଶ(𝑧) = 0 on 𝜕𝔻. (3.31)

Then,

𝑤ଶ௭̄ = ෦𝑓ଶ in 𝔻, 𝑤ଶ = 0 on 𝜕𝔻 (3.32)

where෦𝑓ଶ = 𝑓−𝑞ଵ(𝑧)𝜓௭−𝑞ଶ(𝑧)𝜓௭−𝑟ଵ(𝑧)𝜓−𝑟ଶ(𝑧)𝜓̄−𝑞ଵ(𝑧)𝑤ଶ௭−𝑞ଶ(𝑧)𝑤ଶ௭−𝑟ଵ(𝑧)𝑤ଶ−

𝑟ଶ(𝑧)𝑤̄ଶ. By Theorem 3.1.3

𝑤ଶ = 𝑇଴,ଵ෦𝑓ଶ.
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By previous method we conclude that the problem (3.30) and (3.31) is equivalent to the

singular integral equation

(𝐼 + ෡Π + ෡𝐾)𝑔ଶ = ෦𝑓ଶ (3.33)

where 𝑤ଶ = 𝑇଴,ଵ𝑔ଶ.

Thus, if 𝑔ଶ is a solution of the singular integral equation (3.33), then 𝑇଴,ଵ𝑔ଶ is a solution of

the problem (3.30) and (3.31). Hence 𝑤 = 𝑤ଵ +𝑤ଶ = 𝜓(𝑧) + 𝑇଴,ଵ𝑔ଶ is a solution of (3.14)

and (3.15).

Example 3.1.9. Let us consider the problem

𝑤௭̄ + 2𝑧̄ଶ𝑤௭ + 2𝑧𝑤௭ + 𝑧ଷ𝑤 + 𝑧𝑧̄𝑤̄ = 4𝑧ଶ𝑧̄ + 8𝑧𝑧̄ସ + 8𝑧ଷ𝑧̄ + 2𝑧ହ𝑧̄ଶ + 2𝑧ଷ𝑧̄ଷ in 𝔻 (3.34)

𝑤(𝑧) = 2𝑧ଶ𝑧̄ଶ on 𝜕𝔻. (3.35)

Then, 𝑤ଵ = 2 is a solution of the problem

𝑤ଵ௭̄ = 0 in 𝔻 (3.36)

𝑤ଵ = 2𝑧ଶ𝑧̄ଶ on 𝜕𝔻. (3.37)

and 𝑤ଶ = 2𝑧ଶ𝑧̄ଶ − 2 is a solution of the problem

𝑤ଶ௭̄ + 2𝑧̄ଶ𝑤ଶ௭ + 2𝑧𝑤ଶ௭ + 𝑧ଷ𝑤ଶ + 𝑧𝑧̄𝑤̄ଶ = 4𝑧ଶ𝑧̄ + 8𝑧𝑧̄ସ + 8𝑧ଷ𝑧̄ + 2𝑧ହ𝑧̄ଶ + 2𝑧ଷ𝑧̄ଷ − 2𝑧ଷ

− 2𝑧𝑧̄ in 𝔻, (3.38)

𝑤ଶ = 0 on 𝜕𝔻. (3.39)

So, solution of the problem (3.34), (3.35) is 𝑤(𝑧) = 𝑤ଵ +𝑤ଶ = 2𝑧ଶ𝑧̄ଶ.

Now, we consider the linear differential equation

𝑤௭ + 𝑞ଵ(𝑧)𝑤௭̄ + 𝑞ଶ(𝑧)𝑤௭̄ + 𝑟ଵ(𝑧)𝑤 + 𝑟ଶ(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻 (3.40)

satisfying the Dirichlet boundary condition

𝑤(𝑧) = 𝛾(𝑧) on 𝜕𝔻, (3.41)
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where 𝑟ଵ(𝑧), 𝑟ଶ(𝑧), 𝑓(𝑧) ∈ 𝐿௣(𝔻), 𝑞ଵ(𝑧), 𝑞ଶ(𝑧), 𝑟ଵ(𝑧), 𝑟ଶ(𝑧) are measurable bounded func-

tions and satisfying

∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣≤ 𝑞଴ < 1. (3.42)

Lemma 3.1.10. The Dirichlet problem (3.40) and (3.41) is equivalent to the singular integral

equation

(𝐼 + ෡Π + ෡𝐾)𝑔 = 𝑓(𝑧) − 𝑞ଵ𝜓௭̄ − 𝑞ଶ(𝑧)𝜓௭̄ − 𝑟ଵ(𝑧)𝜓 − 𝑟ଶ𝜓 (3.43)

where 𝑤(𝑧) = 𝜓(𝑧) + 𝑇ଵ,଴𝑔(𝑧),

෡Π𝑔 = 𝑞ଵ𝑇ଵ,ିଵ𝑔(𝑧) + 𝑞ଶ𝑇ଵ,ିଵ𝑔(𝑧)

= 𝑞ଵΠ𝑔(𝑧) + 𝑞ଶΠ𝑔(𝑧) (3.44)

and

෡𝐾𝑔 = 𝑟ଵ(𝑧)𝑇ଵ,଴𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇ଵ,଴𝑔(𝑧). (3.45)

Proof. We write (3.40) as

𝑤௭ = 𝑓(𝑧) − (𝑞ଵ(𝑧)𝑤௭̄ + 𝑞ଶ(𝑧)𝑤௭̄ + 𝑟ଵ(𝑧)𝑤 + 𝑟ଶ(𝑧)𝑤̄). (3.46)

Then,

𝑤௭ = ෧𝑓(𝑧) in 𝔻, (3.47)

𝑤(𝑧) = 𝛾(𝑧) on 𝜕𝔻, (3.48)

where෧𝑓(𝑧) = 𝑓(𝑧)−(𝑞ଵ(𝑧)𝑤௭̄+𝑞ଶ(𝑧)𝑤௭̄+𝑟ଵ(𝑧)𝑤+𝑟ଶ(𝑧)𝑤̄). By Theorem 3.1.4 solution

of (3.40) and (3.41) is 𝑤(𝑧) = 𝜓(𝑧) + 𝑇ଵ,଴෧𝑓(𝑧). Let 𝑤௭ = 𝑔(𝑧). Then,

𝑔(𝑧) = (𝜓(𝑧) + 𝑇ଵ,଴෧𝑓(𝑧))௭⋅ (3.49)

Since 𝑤௭ = 𝑔(𝑧) in 𝔻,

𝑤(𝑧) = 𝜓(𝑧) + 𝑇ଵ,଴𝑔(𝑧), 𝑤̄ = 𝜓(𝑧) + 𝑇ଵ,଴𝑔(𝑧), 𝑤௭̄ = (𝜓(𝑧))௭̄ + 𝑇ଵ,ିଵ𝑔(𝑧), 𝑤௭̄ = 𝜓(𝑧)௭

+𝑇ଵ,ିଵ𝑔(𝑧).

After substituting these derivatives the result follows

𝑔(𝑧) + 𝑞ଵ(𝑧)𝑇ଵ,ିଵ𝑔(𝑧) + 𝑞ଶ(𝑧)𝑇ଵ,ିଵ𝑔(𝑧) + 𝑟ଵ(𝑧)𝑇ଵ,଴𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇ଵ,଴𝑔(𝑧)
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= 𝑓 − 𝑞ଵ(𝑧)(𝜓(𝑧))௭̄ − 𝑞ଶ(𝑧)𝜓(𝑧)௭ − 𝑟ଵ(𝑧)𝜓(𝑧) − 𝑟ଶ(𝑧)𝜓(𝑧). (3.50)

Therefore, 𝑔 = (𝐼 + ෡Π + ෡𝐾)ିଵ(𝑓(𝑧) − 𝑞ଵ𝜓௭̄ − 𝑞ଶ(𝑧)𝜓௭̄ − 𝑟ଵ(𝑧)𝜓 − 𝑟ଶ𝜓) satisfies (3.43) if

and only if 𝑤(𝑧) = 𝜓(𝑧)+𝑇ଵ,଴𝑔(𝑧) satisfies (3.40) with the boundary condition (3.41).

Solvability of The Singular Integral Equation

Lemma 3.1.11. If

𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 (3.51)

for 𝑝 > 1, then the operator 𝐼 + ෡Π is invertible.

Proof. By the properties of norm we obtain

∣∣ ෡Π𝑔 ∣∣௅೛(𝔻)=∣∣ 𝑞ଵΠ𝑔 + 𝑞ଶΠ𝑔(𝑧) ∣∣௅೛(𝔻)

≤∣∣ 𝑞ଵΠ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ଶΠ𝑔(𝑧) ∣∣௅೛(𝔻)

=∣ 𝑞ଵ(𝑧) ∣∣∣ Π𝑔 ∣∣௅೛(𝔻) + ∣ 𝑞ଶ(𝑧) ∣∣∣ Π𝑔(𝑧) ∣∣௅೛(𝔻)

= (∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣) ∣∣ Π𝑔 ∣∣௅೛(𝔻)

≤ 𝑞଴ ∣∣ Π𝑔 ∣∣௅೛(𝔻)< 1.

If condition 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 holds, then we get ∣∣ ෡Π ∣∣௅೛(𝔻)< 1. By Theorem 2.1.3 the

operator 𝐼 + ෡Π is invertible.

Lemma 3.1.12. For bounded functions 𝑟ଵ(𝑧), 𝑟ଶ(𝑧) and for 𝑝 > 2, the operator ෡𝐾 is a

compact operator.

Proof. Firstly, we will consider the boundedness of ෡𝐾.

∣ ෡𝐾𝑔 ∣=∣ 𝑟ଵ(𝑧)𝑇ଵ,଴𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇ଵ,଴𝑔(𝑧) ∣

≤∣ 𝑟ଵ(𝑧)𝑇ଵ,଴𝑔(𝑧) ∣ + ∣ 𝑟ଶ(𝑧)𝑇ଵ,଴𝑔(𝑧) ∣ .
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By Theorem 2.2.11, we get

∣ ෡𝐾𝑔 ∣≤∣ 𝑟ଵ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) + |𝑟ଶ(𝑧)|𝑀(𝑝,𝔻)‖𝑔‖௅೛(𝔻)

= (∣ 𝑟ଵ(𝑧) ∣ +|𝑟ଶ(𝑧)|)𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) ≤ 𝐶(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻),

where𝑀(𝑝,𝔻), 𝐶(𝑝,𝔻) are always nonnegative constants, depending on the quantities in the

parentheses.

By Theorem 2.2.12, we obtain

|𝑇ଵ,଴𝑔(𝑧ଵ) − 𝑇ଵ,଴𝑔(𝑧ଶ)| ≤ 𝑀(𝑝) ∥ 𝑔‖௅೛(𝔻)|𝑧ଵ − 𝑧ଶ|
ఈ,

where 0 < 𝛼 < 1, 𝑝 > 2. It is Hölder continuous, in particular 𝑇ଵ,଴𝑔(𝑧) is uniformly

continuous. So, by Arzela-Ascoli Theorem, the operators in ෡𝐾𝑔 are compact operators.

Now, we can apply the Fredholm alternative.

Theorem 3.1.13. If 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 is satisfied, then (3.40) with the boundary condition

(3.41) has a solution of the form 𝑤(𝑧) = 𝜓(𝑧) + 𝑇ଵ,଴𝑔(𝑧), where 𝑔 is a solution of the

singular integral equation (3.43) and 𝜓(𝑧) is an analytic function in 𝔻.

Proof. If (3.51) is satisfied then by Lemma 3.1.11 𝐼 + ෡Π is invertible. In Lemma 3.1.12, we

have showed that ෡𝐾 is compact. By Nikolskii Criterion, the operator 𝐼 + ෡Π + ෡𝐾 is Fredholm

operator with index zero. Theorem 2.1.5 implies that the singular integral equation (3.43)

has the Fredholm alternative, i.e. it has at least a solution. Hence, if 𝑔 is a solution of (3.43),

then 𝑤(𝑧) = 𝜓(𝑧) + 𝑇ଵ,଴𝑔(𝑧) is a solution to (3.40) and (3.41).

Also we can investigate the boundary value problem by separating into the boundary value

problems

𝑤ଵ௭ = 0 in 𝔻,

𝑤ଵ = 𝛾(𝑧) on 𝜕𝔻

and

𝑤ଶ௭ + 𝑞ଵ(𝑧)𝑤ଶ௭̄ + 𝑞ଶ(𝑧)𝑤ଶ௭̄ + 𝑟ଵ(𝑧)𝑤ଶ + 𝑟ଶ(𝑧)𝑤̄ଶ
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= 𝑓(𝑧) − 𝑞ଵ(𝑧)𝑤ଵ௭̄ − 𝑞ଶ(𝑧)𝑤ଵ௭̄ − 𝑟ଵ(𝑧)𝑤ଵ − 𝑟ଶ(𝑧)𝑤̄ଵ in 𝔻,

𝑤ଶ௭ = 0 on 𝜕𝔻.

3.2. DIRICHLET PROBLEM FOR SECOND ORDER PARTIAL DIFFERENTIAL

EQUATIONS

In this section, we study the Dirichlet problem for second-order partial differential equations

with complex variable.

As is well-known, the basic second order differential operators are the Laplace operator 𝜕௭𝜕௭̄,

the Bitsadze operator 𝜕ଶ௭̄ , and 𝜕
ଶ
௭ which is the complex conjugate of the Bitsadze operator.

In the present section we will consider the Dirichlet problem for second-order homogeneous

and inhomogeneous partial differential equations.

Lemma 3.2.1. [2] The Dirichlet problem for the Laplace equation

𝑤௭௭̄ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻

is only trivially solvable, i.e. 𝑤 ≡ 0.

Therefore, the Dirichlet problem for a inhomogeneous partial differential equation

𝑤௭௭̄ = 𝑓 in 𝔻, 𝑤 = 𝛾 on 𝜕𝔻

has a unique solution in 𝔻 and we have the following theorem.

Theorem 3.2.2. [2] The Dirichlet problem for the Poisson equation in the unit disc

𝑤௭௭̄ = 𝑓 in 𝔻, 𝑤 = 𝛾 on 𝜕𝔻 (3.52)

for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾 ∈ 𝐶(𝜕𝔻; ℂ) is uniquely given by the formula

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾(𝜁) ቆ
𝜁

𝜁 − 𝑧
+

̄𝜁

𝜁 − 𝑧
− 1ቇ𝑑𝜁 −

1

𝜋
ඵ

𝔻

𝑓(𝜁)𝐺ଵ(𝑧, 𝜁)𝑑𝜉𝑑𝜂,

where 𝐺ଵ(𝑧, 𝜁) = log ฬ
ଵି௭఍̄

఍ି௭
ฬ
ଶ

, 𝑧, 𝜁 ∈ 𝔻, 𝜁 ≠ 𝑧.



29

As Bitsadze has shown in [5], it is not take place for the Dirichlet problem for the Bitsadze

equation

𝑤௭̄௭̄ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻. (3.53)

Lemma 3.2.3. [2] The Dirichlet problem (3.53) has infinitely many linearly independent

solutions.

This means that the Dirichlet problem for the Bitsadze equation is ill-posed. We can make a

unique solution in 𝔻 taking additional condition 𝑤௭̄ on 𝜕𝔻. We have the following theorem.

Theorem 3.2.4. [2] The Dirichlet problem for the inhomogeneous Bitsadze equation in the

unit disc

𝑤௭̄௭̄ = 𝑓(𝑧) in 𝔻, 𝑤 = 𝛾଴, 𝑤௭̄ = 𝛾ଵ on 𝜕𝔻 (3.54)

for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾଴, 𝛾ଵ ∈ 𝐶(𝜕𝔻; ℂ) is solvable if and only if for |𝑧| < 1

𝑧̄

2𝜋𝑖
න

డ𝔻

ቆ
𝛾଴(𝜁)

1 − 𝑧̄𝜁
−
𝛾ଵ(𝜁)

𝜁
ቇ 𝑑𝜁 +

𝑧̄

𝜋
ඵ

𝔻

𝑓(𝜁)
𝜁 − 𝑧

1 − 𝑧̄𝜁
𝑑𝜉𝑑𝜂 = 0

and
1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝑧̄

1 − 𝑧̄𝜁
𝑑𝜁 −

1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑧̄

1 − 𝑧̄𝜁
𝑑𝜉𝑑𝜂 = 0.

The solution then is uniquely given by the formula

𝑤(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾଴(𝜁)
𝑑𝜁

𝜁 − 𝑧
−

1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝜁 − 𝑧

𝜁 − 𝑧
𝑑𝜁 +

1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝜁 − 𝑧

𝜁 − 𝑧
𝑑𝜉𝑑𝜂.

Finally, we consider the Dirichlet problem for the second order model partial differential

equation

𝑤௭௭ = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻. (3.55)

We have the following result.

Lemma 3.2.5. The Dirichlet problem (3.55) has infinitely many linearly independent solu-

tions.



30

Proof. Integrating𝑤(𝑧), we get𝑤(𝑧) = 𝜃ଵ(𝑧)+𝑧𝜃ଶ(𝑧) where 𝜃ଵ(𝑧) and 𝜃ଶ(𝑧) are analytic

functions in 𝔻. Since 𝑤 ≡ 0 on 𝜕𝔻, 𝑧̄𝜃ଵ(𝑧) + 𝜃ଶ(𝑧) = 0 on 𝜕𝔻.

𝜕௭̄𝜃ଶ(𝑧) = 𝜕௭𝜃ଶ(𝑧) = 0 and 𝜃ଶ(𝑧) = −𝑧̄𝜃ଵ(𝑧) on 𝜕𝔻. From Theorem 3.1.4 it follows that

𝜃ଶ(𝑧) = −𝑧̄𝜃ଵ(𝑧) in 𝔻, too. Hence 𝑤(𝑧) = (1 − |𝑧|ଶ)𝜃ଵ(𝑧) for arbitrary analytic function

𝜃ଵ(𝑧). In particular, if we take 𝜃ଵ(𝑧) = 𝑧̄௞ then 𝑤௞(𝑧) = (1 − |𝑧|ଶ)𝑧̄௞ is a solution of the

Dirichlet problem for any 𝑘 ∈ ℕ. It is easily seen that these solutions are linearly independent

over ℂ.

This means that the Dirichlet problem for the complex conjugate of the inhomogeneous Bit-

sadze equation is ill-posed. We can make it well-posed problem, taking additional condition

𝑤௭ on 𝜕𝔻. We have the following theorem.

Theorem 3.2.6. The Dirichlet problem for the complex conjugate of the inhomogeneous Bit-

sadze equation in 𝔻

𝑤௭௭ = 𝑓(𝑧) in 𝔻, 𝑤 = 𝛾଴, 𝑤௭ = 𝛾ଵ on 𝜕𝔻 (3.56)

for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾଴, 𝛾ଵ ∈ 𝐶(𝜕𝔻; ℂ) is solvable if and only if for |𝑧| < 1

−
𝑧

2𝜋𝑖
න

డ𝔻

ቆ
𝛾଴(𝜁)

1 − 𝑧 ̄𝜁
−
𝛾ଵ(𝜁)

̄𝜁
ቇ 𝑑 ̄𝜁 +

𝑧

𝜋
ඵ

𝔻

𝑓(𝜁)
𝜁 − 𝑧

1 − 𝑧 ̄𝜁
𝑑𝜉𝑑𝜂 = 0

and

−
1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝑧

1 − 𝑧 ̄𝜁
𝑑 ̄𝜁 −

1

𝜋
න

𝔻

𝑓(𝜁)
𝑧

1 − 𝑧 ̄𝜁
𝑑𝜉𝑑𝜂 = 0.

The solution then is uniquely given by the formula

𝑤(𝑧) = −
1

2𝜋𝑖
න

డ𝔻

𝛾଴(𝜁)
𝑑 ̄𝜁

𝜁 − 𝑧
+

1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝜁 − 𝑧

𝜁 − 𝑧
𝑑 ̄𝜁 +

1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝜁 − 𝑧

𝜁 − 𝑧
𝑑𝜉𝑑𝜂⋅

Proof. The problem is equivalent to the system

𝑤௭ = 𝜔 in 𝔻, 𝑤(𝑧) = 𝛾଴ on 𝜕𝔻,

𝜔௭ = 𝑓(𝑧) in 𝔻, 𝜔(𝑧) = 𝛾ଵ on 𝜕𝔻.
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These problems are uniquely solvable according to Theorem 3.1.4 if and only if

−
1

2𝜋𝑖
න

డ𝔻

𝛾଴(𝜁)
𝑧𝑑 ̄𝜁

1 − 𝑧 ̄𝜁
=
1

𝜋
ඵ

𝔻

𝜔(𝜁)
𝑧𝑑𝜉𝑑𝜂

1 − 𝑧 ̄𝜁
, (3.57)

−
1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝑧𝑑 ̄𝜁

1 − 𝑧 ̄𝜁
=
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑧𝑑𝜉𝑑𝜂

1 − 𝑧 ̄𝜁
⋅ (3.58)

Then, the solutions are

𝑤(𝑧) = −
1

2𝜋𝑖
න

డ𝔻

𝛾଴(𝜁)
𝑑 ̄𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

𝔻

𝜔(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
, (3.59)

𝜔(𝑧) = −
1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝑑 ̄𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

𝔻

𝑓(𝜁)
𝑑𝜉𝑑𝜂

𝜁 − 𝑧
⋅ (3.60)

respectively.

Inserting 𝜔 into (3.57) and (3.59), applying formulas

1

𝜋
ඵ

𝔻

𝑑𝜉𝑑𝜂

( ෤𝜁 − 𝜁)(1 − 𝑧 ̄𝜁)

=
෤𝜁 − 𝑧

1 − 𝑧 ෤̄𝜁
+

1

2𝜋𝑖
න

డ𝔻

𝜁 − 𝑧

1 − 𝑧 ̄𝜁

𝑑 ̄𝜁

𝜁 − ෤𝜁
=

෤𝜁 − 𝑧

1 − 𝑧 ෤̄𝜁
,

1

𝜋
ඵ

𝔻

𝑑𝜉𝑑𝜂

( ෤𝜁 − 𝜁)(𝜁 − 𝑧)

= −
1

𝜋
ඵ

𝔻

1

෤𝜁 − 𝑧
(

1

𝜁 − ෤𝜁
−

1

𝜁 − 𝑧
)𝑑𝜉𝑑𝜂 =

෤𝜁 − 𝑧

෤̄𝜁 − 𝑧̄
.

So, we get the solution and solvability conditions.

3.2.1 Dirichlet Problem for Linear Differential Equations

In this section we will extend the notion of solution of Dirichlet Problem for model equa-

tions to a linear differential equation. We will try to find a solution to second order linear

differential equation

𝑤௭̄௭̄ + 𝑞ଵ(𝑧)𝑤௭௭̄ + 𝑞ଶ(𝑧)𝑤௭௭̄ + 𝑞ଷ(𝑧)𝑤௭௭ + 𝑞ସ(𝑧)𝑤௭௭ + 𝑟ଵ(𝑧)𝑤௭̄
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+ 𝑟ଶ(𝑧)𝑤௭̄ + 𝑟ଷ(𝑧)𝑤௭ + 𝑟ସ(𝑧)𝑤௭ + 𝑟ହ(𝑧)𝑤 + 𝑟଺(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻 (3.61)

satisfying the Dirichlet boundary condition

𝑤(𝑧) = 𝛾଴(𝑧), 𝑤௭̄ = 𝛾ଵ(𝑧) on 𝜕𝔻, (3.62)

where

𝑟ଵ(𝑧), 𝑟ଶ(𝑧), 𝑟ଷ(𝑧), 𝑟ସ(𝑧), 𝑟ହ(𝑧), 𝑟଺(𝑧), 𝑓(𝑧) ∈ 𝐿௣(𝔻), (3.63)

𝑞ଵ(𝑧), 𝑞ଶ(𝑧), 𝑞ଷ(𝑧), 𝑞ସ(𝑧), 𝑟ଵ(𝑧), 𝑟ଶ(𝑧), 𝑟ଷ(𝑧), 𝑟ସ(𝑧), 𝑟ହ(𝑧), 𝑟଺(𝑧) aremeasurable bounded func-

tions and satisfying

∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣ + ∣ 𝑞ଷ(𝑧) ∣ + ∣ 𝑞ସ(𝑧) ∣≤ 𝑞଴ < 1. (3.64)

Lemma 3.2.7. The Dirichlet problem (3.61) and (3.62) is equivalent to the singular integral

equation

(𝐼 + ෡Π+ ෡𝐾)𝑔 = 𝑓(𝑧) − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧̄𝜓ଵ௭௭ − 𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧𝜓ଵ௭௭

−𝑟ଵ(𝑧)𝜓ଵ−𝑟ଶ(𝑧)𝜓ଵ−𝑟ଷ(𝑧)𝜓଴௭−𝑟ଷ(𝑧)𝑧̄𝜓ଵ௭−𝑟ସ(𝑧)𝜓଴௭−𝑟ସ(𝑧)𝑧𝜓ଵ௭−𝑟ହ(𝑧)𝜓଴−𝑟ହ(𝑧)𝑧̄𝜓ଵ

− 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧𝜓ଵ, (3.65)

where 𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ𝑔(𝑧),

෡Π𝑔 = 𝑞ଵ𝑇ିଵ,ଵ𝑔(𝑧) + 𝑞ଶ𝑇ିଵ,ଵ𝑔(𝑧) + 𝑞ଷ𝑇ିଶ,ଶ𝑔 + 𝑞ସ𝑇ିଶ,ଶ𝑔(𝑧)

= 𝑞ଵΠ𝑔(𝑧) + 𝑞ଶΠ𝑔(𝑧) + 𝑞ଷΠଶ𝑔 + 𝑞ସΠଶ𝑔 (3.66)

and

෡𝐾𝑔 = 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧)+ 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧)+ 𝑟ଷ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧)+ 𝑟ସ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧)+ 𝑟ହ(𝑧)𝑇଴,ଶ𝑔(𝑧)

+ 𝑟଺(𝑧)𝑇଴,ଶ𝑔(𝑧). (3.67)

Proof. We write (3.61) as

𝑤௭̄௭̄ = 𝑓(𝑧) − 𝑞ଵ(𝑧)𝑤௭௭̄ − 𝑞ଶ(𝑧)𝑤௭௭̄ − 𝑞ଷ(𝑧)𝑤௭௭ − 𝑞ସ(𝑧)𝑤௭௭ − 𝑟ଵ(𝑧)𝑤௭̄

− 𝑟ଶ(𝑧)𝑤௭̄ − 𝑟ଷ(𝑧)𝑤௭ − 𝑟ସ(𝑧)𝑤௭ − 𝑟ହ(𝑧)𝑤 − 𝑟଺(𝑧)𝑤̄. (3.68)
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Then

𝑤௭̄௭̄ = ෧𝑓(𝑧) in 𝔻, (3.69)

𝑤(𝑧) = 𝛾଴(𝑧), 𝑤௭̄ = 𝛾ଵ(𝑧) on 𝜕𝔻, (3.70)

where

෧𝑓(𝑧) = 𝑓(𝑧) − (𝑞ଵ(𝑧)𝑤௭௭̄ + 𝑞ଶ(𝑧)𝑤௭௭̄ + 𝑞ଷ(𝑧)𝑤௭௭ + 𝑞ସ(𝑧)𝑤௭௭

+𝑟ଵ(𝑧)𝑤௭̄ + 𝑟ଶ(𝑧)𝑤௭̄ + 𝑟ଷ(𝑧)𝑤௭ + 𝑟ସ(𝑧)𝑤௭ + 𝑟ହ(𝑧)𝑤 + 𝑟଺(𝑧)𝑤̄).

By Theorem 3.2.4, solution of (3.61) and (3.62) is

𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ෧𝑓(𝑧).

Let 𝑤௭̄௭̄ = 𝑔(𝑧). Then

𝑔(𝑧) = (𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ෧𝑓(𝑧))௭̄௭̄, (3.71)

𝑔(𝑧) + 𝑞ଵ(𝑧)𝑤௭௭̄ + 𝑞ଶ(𝑧)𝑤௭௭̄ + 𝑞ଷ(𝑧)𝑤௭௭ + 𝑞ସ(𝑧)𝑤௭௭

+𝑟ଵ(𝑧)𝑤௭̄ + 𝑟ଶ(𝑧)𝑤௭̄ + 𝑟ଷ(𝑧)𝑤௭ + 𝑟ସ(𝑧)𝑤௭

𝑟ହ(𝑧)𝑤 + 𝑟଺(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻. (3.72)

Since 𝑤௭̄௭̄ = 𝑔(𝑧) in 𝔻,

𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ𝑔(𝑧), 𝑤̄ = 𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇଴,ଶ𝑔(𝑧), 𝑤௭

= 𝜓଴௭ + 𝑧̄𝜓ଵ௭ + 𝑇ିଵ,ଶ𝑔(𝑧), 𝑤௭ = 𝜓଴௭ + 𝑧𝜓ଵ௭ + 𝑇ିଵ,ଶ𝑔(𝑧), 𝑤௭̄

= 𝜓ଵ + 𝑇଴,ଵ𝑔,𝑤௭̄ = 𝜓ଵ + 𝑇଴,ଵ𝑔,𝑤௭௭ = 𝜓଴௭௭ + 𝑧̄𝜓ଵ௭௭ + 𝑇ିଶ,ଶ𝑔(𝑧), 𝑤௭௭

= 𝜓଴௭௭ + 𝑧𝜓ଵ௭௭ + 𝑇ିଶ,ଶ𝑔(𝑧), 𝑤௭௭̄ = 𝜓ଵ௭ + 𝑇ିଵ,ଵ𝑔(𝑧), 𝑤௭௭̄

= 𝜓ଵ௭ + 𝑇ିଵ,ଵ𝑔(𝑧).

After substituting these derivatives the result follows

𝑔(𝑧) + 𝑞ଵ𝑇ିଵ,ଵ𝑔(𝑧) + 𝑞ଶ𝑇ିଵ,ଵ𝑔(𝑧) + 𝑞ଷ𝑇ିଶ,ଶ𝑔 + 𝑞ସ𝑇ିଶ,ଶ𝑔(𝑧)𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧)

+𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧) + 𝑟ଷ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧) + 𝑟ସ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧) + 𝑟ହ(𝑧)𝑇଴,ଶ𝑔(𝑧)

+𝑟଺(𝑧)𝑇଴,ଶ𝑔(𝑧) = 𝑓 − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧̄𝜓ଵ௭௭

−𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓ଵ − 𝑟ଶ(𝑧)𝜓ଵ − 𝑟ଷ(𝑧)𝜓଴௭ − 𝑟ଷ(𝑧)𝑧̄𝜓ଵ௭
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− 𝑟ସ(𝑧)𝜓଴௭ − 𝑟ସ(𝑧)𝑧𝜓ଵ௭ − 𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧̄𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧𝜓ଵ. (3.73)

Therefore,

𝑔 = (𝐼 + ෡Π + ෡𝐾)ିଵ(𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧̄𝜓ଵ௭௭

−𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓ଵ − 𝑟ଶ(𝑧)𝜓ଵ − 𝑟ଷ(𝑧)𝜓଴௭ − 𝑟ଷ(𝑧)𝑧̄𝜓ଵ௭

−𝑟ସ(𝑧)𝜓଴௭ − 𝑟ସ(𝑧)𝑧𝜓ଵ௭ − 𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧̄𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧𝜓ଵ)

satisfies (3.65) if and only if 𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ𝑔(𝑧) satisfies (3.61) with the

boundary condition (3.62).

Solvability of the Singular Integral Equation

Lemma 3.2.8. If

𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 (3.74)

is satisfied for 𝑝 > 1, then the operator 𝐼 + ෡Π is invertible.

Proof. By the properties of norm, we obtain

∣∣ ෡Π𝑔 ∣∣௅೛(𝔻)=∣∣ 𝑞ଵΠ𝑔 + 𝑞ଶΠ𝑔 + 𝑞ଷΠଶ𝑔 + 𝑞ସΠଶ𝑔 ∣∣௅೛(𝔻)

≤∣∣ 𝑞ଵΠ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ଶΠ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ଷΠଶ𝑔 ∣∣௅೛(𝔻)

+ ∣∣ 𝑞ସΠଶ𝑔 ∣∣௅೛(𝔻)=∣ 𝑞ଵ(𝑧) ∣∣∣ Π𝑔 ∣∣௅೛(𝔻) + ∣ 𝑞ଶ(𝑧) ∣∣∣ Π𝑔(𝑧) ∣∣௅೛(𝔻)

+ ∣ 𝑞ଷ(𝑧) ∣∣∣ Πଶ𝑔 ∣∣௅೛(𝔻) + ∣ 𝑞ସ(𝑧) ∣∣∣ Πଶ𝑔 ∣∣௅೛(𝔻)

= (∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣ + ∣ 𝑞ଷ(𝑧) ∣ + ∣ 𝑞ସ(𝑧) ∣)

× ∣∣ Π𝑔 ∣∣௅೛(𝔻)≤ 𝑞଴ ∣∣ Π𝑔 ∣∣௅೛(𝔻)< 1.

If condition 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 holds, then we get ∣∣ ෡Π ∣∣௅೛(𝔻)< 1. By Theorem 2.1.3, the

operator 𝐼 + ෡Π is invertible.

Lemma 3.2.9. For bounded functions 𝑟௜(𝑧), 𝑖 = 1, ..., 6 and for 𝑝 > 2, the operator ෡𝐾 is

a compact operator.
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Proof. Firstly, we will consider the boundedness of ෡𝐾.

∣ ෡𝐾𝑔 ∣=∣ 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧) + 𝑟ଷ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧)

+𝑟ସ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧) + 𝑟ହ(𝑧)𝑇଴,ଶ𝑔(𝑧) + 𝑟଺(𝑧)𝑇଴,ଶ𝑔(𝑧) ∣

≤∣ 𝑟ଵ(𝑧)𝑇଴,ଵ𝑔(𝑧) ∣ + ∣ 𝑟ଶ(𝑧)𝑇଴,ଵ𝑔(𝑧) ∣ + ∣ 𝑟ଷ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧) ∣

+ ∣ 𝑟ସ(𝑧)𝑇ିଵ,ଶ𝑔(𝑧) ∣ + ∣ 𝑟ହ(𝑧)𝑇଴,ଶ𝑔(𝑧) ∣ + ∣ 𝑟଺(𝑧)𝑇଴,ଶ𝑔(𝑧) ∣ .

By Theorem 2.2.11, we get

≤∣ 𝑟ଵ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) + |𝑟ଶ(𝑧)|𝑀(𝑝,𝔻)‖𝑔‖௅೛(𝔻)

+ ∣ 𝑟ଷ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)+ ∣ 𝑟ସ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)

+ ∣ 𝑟ହ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)+ ∣ 𝑟଺(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)

= (∣ 𝑟ଵ(𝑧) ∣ +|𝑟ଶ(𝑧)|+ ∣ 𝑟ଷ(𝑧) ∣ + ∣ 𝑟ସ(𝑧) ∣ + ∣ 𝑟ହ(𝑧) ∣ + ∣ 𝑟଺(𝑧) ∣)𝑀(𝑝,𝔻)

× ∥ 𝑔‖௅೛(𝔻) ≤ 𝐶(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻),

where𝑀(𝑝,𝔻), 𝐶(𝑝,𝔻) are always nonnegative constants, depending on the quantities in the

parentheses.

By Theorem 2.2.12, the operators in ෡𝐾 areHölder continuous, in particular, they are uniformly

continuous. So, by Arzela-Ascoli Theorem, the operators in ෡𝐾𝑔 are compact operators.

Now, we can apply the Fredholm alternative.

Theorem 3.2.10. If 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 is satisfied, then (3.61) with the boundary condition

(3.62) has a solution of the form 𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ𝑔(𝑧), where 𝑔 is a solution

of the singular integral equation (3.65) and 𝜓଴(𝑧), 𝜓ଵ(𝑧) are analytic functions in 𝔻.

Proof. If (3.74) is satisfied then by Theorem 2.1.3 𝐼 + ෡Π is invertible. In Lemma 3.2.9 we

have showed that ෡𝐾 is compact. By Nikolskii Criterion, the operator 𝐼 + ෡Π + ෡𝐾 is Fredholm

operator with index zero. Theorem 2.1.5 implies that the singular integral equation (3.65)

has the Fredholm alternative, i.e. it has at least a solution. Hence, if 𝑔 is a solution of (3.65),
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then 𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇଴,ଶ𝑔(𝑧) is a solution to (3.61) with the boundary condition

(3.62).

Also, we can find the solution of (3.61) and (3.62) by denoting the solution as 𝑤 = 𝑤ଵ +𝑤ଶ

where 𝑤ଵ is the solution of the problem

𝑤ଵ௭̄௭̄ = 0 in 𝔻, 𝑤ଵ = 𝛾଴(𝑧), 𝑤ଵ௭̄ = 𝛾ଵ(𝑧) on 𝜕𝔻 (3.75)

and 𝑤ଶ is a solution of the problem

𝑤ଶ௭̄௭̄ + 𝑞ଵ(𝑧)𝑤ଶ௭௭̄ + 𝑞ଶ(𝑧)𝑤ଶ௭௭̄ + 𝑞ଷ(𝑧)𝑤ଶ௭௭ + 𝑞ସ(𝑧)𝑤ଶ௭௭ + 𝑟ଵ(𝑧)𝑤ଶ௭̄

+𝑟ଶ(𝑧)𝑤ଶ௭̄ + 𝑟ଷ(𝑧)𝑤ଶ௭ + 𝑟ସ(𝑧)𝑤ଶ௭ + 𝑟ହ(𝑧)𝑤ଶ + 𝑟଺(𝑧)𝑤̄ଶ = 𝑓(𝑧)

−𝑞ଵ(𝑧)𝑤ଵ௭௭̄ − 𝑞ଶ(𝑧)𝑤ଵ௭௭̄ − 𝑞ଷ(𝑧)𝑤ଵ௭௭ − 𝑞ସ(𝑧)𝑤ଵ௭௭ − 𝑟ଵ(𝑧)𝑤ଵ௭̄

− 𝑟ଶ(𝑧)𝑤ଵ௭̄ − 𝑟ଷ(𝑧)𝑤ଵ௭ − 𝑟ସ(𝑧)𝑤ଵ௭ − 𝑟ହ(𝑧)𝑤ଵ − 𝑟଺(𝑧)𝑤̄ଵ in 𝔻, (3.76)

𝑤ଶ = 0, 𝑤ଶ௭̄ = 0 on 𝜕𝔻. (3.77)

By Theorem 3.2.4, the solution of (3.75) is

𝑤ଵ(𝑧) =
1

2𝜋𝑖
න

డ𝔻

𝛾଴(𝜁)
𝑑𝜁

𝜁 − 𝑧
−

1

2𝜋𝑖
න

డ𝔻

𝛾ଵ(𝜁)
𝜁 − 𝑧

𝜁 − 𝑧
𝑑𝜁

= 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧).

Then the problem (3.76) and (3.77) becomes

𝑤ଶ௭̄௭̄ + 𝑞ଵ(𝑧)𝑤ଶ௭௭̄ + 𝑞ଶ(𝑧)𝑤ଶ௭௭̄ + 𝑞ଷ(𝑧)𝑤ଶ௭௭

+ 𝑞ସ(𝑧)𝑤ଶ௭௭ + 𝑟ଵ(𝑧)𝑤ଶ௭̄ + 𝑟ଶ(𝑧)𝑤ଶ௭̄ + 𝑟ଷ(𝑧)𝑤ଶ௭ (3.78)

+𝑟ସ(𝑧)𝑤ଶ௭ + 𝑟ହ(𝑧)𝑤ଶ + 𝑟଺(𝑧)𝑤̄ଶ

= 𝑓(𝑧) − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧̄𝜓ଵ௭௭

−𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓ଵ − 𝑟ଶ(𝑧)𝜓ଵ

−𝑟ଷ(𝑧)𝜓଴௭ − 𝑟ଷ(𝑧)𝑧̄𝜓ଵ௭ − 𝑟ସ(𝑧)𝜓଴௭ − 𝑟ସ(𝑧)𝑧𝜓ଵ௭

− 𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧̄𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧𝜓ଵ in 𝔻, (3.79)

𝑤ଶ = 0, 𝑤ଶ௭̄ = 0 on 𝜕𝔻. (3.80)
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Then

𝑤ଶ௭̄௭̄ = ෦𝑓ଶ in 𝔻, 𝑤ଶ = 0, 𝑤ଶ௭̄ = 0 on 𝜕𝔻, (3.81)

where

෦𝑓ଶ = 𝑓(𝑧) − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧̄𝜓ଵ௭௭

−𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓ଵ − 𝑟ଶ(𝑧)𝜓ଵ − 𝑟ଷ(𝑧)𝜓଴௭

−𝑟ଷ(𝑧)𝑧̄𝜓ଵ௭ − 𝑟ସ(𝑧)𝜓଴௭ − 𝑟ସ(𝑧)𝑧𝜓ଵ௭

−𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧̄𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧𝜓ଵ.

By Theorem 3.2.4, we obtain

𝑤ଶ = 𝑇଴,ଶ෦𝑓ଶ.

By previous method, we conclude that the problem (3.76) and (3.77) is equivalent to the

singular integral equation

(𝐼 + ෡Π + ෡𝐾)𝑔ଶ = 𝑓(𝑧) − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭

−𝑞ଷ(𝑧)𝑧̄𝜓ଵ௭௭ − 𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓ଵ − 𝑟ଶ(𝑧)𝜓ଵ

−𝑟ଷ(𝑧)𝜓଴௭ − 𝑟ଷ(𝑧)𝑧̄𝜓ଵ௭ − 𝑟ସ(𝑧)𝜓଴௭ − 𝑟ସ(𝑧)𝑧𝜓ଵ௭ − 𝑟ହ(𝑧)𝜓଴

− 𝑟ହ(𝑧)𝑧̄𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧𝜓ଵ, (3.82)

where 𝑤ଶ = 𝑇଴,ଶ𝑔ଶ.

Example 3.2.11. Let us consider the problem

𝑤௭̄௭̄+2𝑧̄
ଶ𝑤௭௭̄+2𝑧𝑤௭௭̄+𝑧̄𝑤௭௭+𝑧𝑤௭௭+𝑧

ଷ𝑤௭̄+𝑧
ଶ𝑤௭̄+4𝑧𝑤௭+5𝑤௭+3𝑧̄𝑤+2𝑧

ଶ𝑤̄ = 20𝑧̄ଷ+4𝑧ଷ

+24𝑧ଶ𝑧̄ଷ+24𝑧ଶ𝑧̄ଶ+12𝑧𝑧̄ଷ+12𝑧ଷ𝑧̄+5𝑧ଷ𝑧̄ସ+4𝑧଺𝑧̄+4𝑧ଷ+5𝑧଺+4𝑧ଷ𝑧̄ଷ+4𝑧ଶ+24𝑧ଷ𝑧̄ଶ+30𝑧ଶ𝑧̄ଶ

+ 3𝑧̄଺ + 6𝑧ଷ𝑧̄ଷ + 12𝑧̄ଶ + 2𝑧଻ + 4𝑧ସ𝑧̄ଷ + 8𝑧ଶ in 𝔻, (3.83)

𝑤(𝑧) = 𝑧̄ହ + 2𝑧ଷ𝑧̄ଶ + 4𝑧̄ 𝑤௭̄ = 5𝑧̄ସ + 4𝑧ଷ𝑧̄ + 4 on 𝜕𝔻. (3.84)

Then 𝑤ଵ = 4𝑧̄ is a solution of the problem

𝑤ଵ௭̄௭̄ = 0 in 𝔻, (3.85)

𝑤ଵ = 𝑧̄ହ + 2𝑧ଷ𝑧̄ଶ + 4𝑧̄, 𝑤ଵ௭̄ = 5𝑧̄ସ + 4𝑧ଷ𝑧̄ + 4 on 𝜕𝔻 (3.86)
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and 𝑤ଶ = 𝑧̄ହ + 2𝑧ଷ𝑧̄ଶ is a solution of the problem

𝑤ଶ௭̄௭̄+2𝑧̄
ଶ𝑤ଶ௭௭̄+2𝑧𝑤ଶ௭௭̄+𝑧̄𝑤ଶ௭௭+𝑧𝑤ଶ௭௭+𝑧

ଷ𝑤ଶ௭̄+𝑧
ଶ𝑤ଶ௭̄+4𝑧𝑤ଶ௭+5𝑤ଶ௭+3𝑧̄𝑤ଶ+2𝑧

ଶ𝑤̄ଶ

= 24𝑧ଶ𝑧̄ଷ+24𝑧ଶ𝑧̄ଶ+12𝑧𝑧̄ଷ+12𝑧ଷ𝑧̄ +5𝑧ଷ𝑧̄ସ+4𝑧଺𝑧̄ +4𝑧ଷ+5𝑧଺+4𝑧ଷ𝑧̄ଷ+4𝑧ଶ+24𝑧ଷ𝑧̄ଶ

+30𝑧ଶ𝑧̄ଶ+3𝑧̄଺+6𝑧ଷ𝑧̄ଷ+12𝑧̄ଶ+2𝑧଻+4𝑧ସ𝑧̄ଷ+4𝑧−4𝑧ଷ−4𝑧ଶ−12𝑧̄ଶ−8𝑧ଷ in 𝔻, (3.87)

𝑤ଶ = 0, 𝑤ଶ௭̄ = 0 on 𝜕𝔻. (3.88)

So, solution of the problem (3.83) - (3.84) is 𝑤(𝑧) = 𝑤ଵ +𝑤ଶ = 𝑧̄ହ + 2𝑧ଷ𝑧̄ଶ + 4𝑧̄.

Now, we consider the linear differential equation

𝑤௭௭ + 𝑞ଵ(𝑧)𝑤௭௭̄ + 𝑞ଶ(𝑧)𝑤௭௭̄ + 𝑞ଷ(𝑧)𝑤௭̄௭̄

+𝑞ସ(𝑧)𝑤௭̄௭̄ + 𝑟ଵ(𝑧)𝑤௭̄ + 𝑟ଶ(𝑧)𝑤௭̄ + 𝑟ଷ(𝑧)𝑤௭

+ 𝑟ସ(𝑧)𝑤௭ + 𝑟ହ(𝑧)𝑤 + 𝑟଺(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻 (3.89)

satisfying the Dirichlet boundary condition

𝑤(𝑧) = 𝛾଴(𝑧), 𝑤௭ = 𝛾ଵ(𝑧) on 𝜕𝔻, (3.90)

where

𝑟ଵ(𝑧), 𝑟ଶ(𝑧), 𝑟ଷ(𝑧), 𝑟ସ(𝑧), 𝑟ହ(𝑧), 𝑟଺(𝑧), 𝑓(𝑧) ∈ 𝐿௣(𝔻),

and 𝑞ଵ(𝑧), 𝑞ଶ(𝑧), 𝑞ଷ(𝑧), 𝑞ସ(𝑧),𝑟ଵ(𝑧), 𝑟ଶ(𝑧), 𝑟ଷ(𝑧), 𝑟ସ(𝑧), 𝑟ହ(𝑧), 𝑟଺(𝑧) aremeasurable bounded

functions and satisfying

∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣ + ∣ 𝑞ଷ(𝑧) ∣ + ∣ 𝑞ସ(𝑧) ∣≤ 𝑞଴ < 1. (3.91)

Lemma 3.2.12. The Dirichlet problem (3.89) and (3.90) is equivalent to the singular integral

equation

(𝐼 + ෡Π+ ෡𝐾)𝑔 = 𝑓(𝑧) − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧𝜓ଵ௭௭ − 𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧̄𝜓ଵ௭௭

−𝑟ଵ(𝑧)𝜓଴௭ − 𝑧𝜓ଵ௭ − 𝑟ଶ(𝑧)𝜓଴௭ − 𝑟ଶ(𝑧)𝑧̄𝜓ଵ௭ − 𝑟ଷ(𝑧))𝜓ଵ − 𝑟ସ(𝑧)𝜓ଵ − 𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧𝜓ଵ

− 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧̄𝜓ଵ, (3.92)
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where 𝑤(𝑧) = 𝜓଴ + 𝑧𝜓ଵ + 𝑇ଶ,଴𝑔(𝑧),

෡Π𝑔 = 𝑞ଵ𝑇ଵ,ିଵ𝑔(𝑧) + 𝑞ଶ𝑇ଵ,ିଵ𝑔(𝑧) + 𝑞ଷ𝑇ଶ,ିଶ𝑔 + 𝑞ସ𝑇ଶ,ିଶ𝑔(𝑧)

= 𝑞ଵΠ𝑔(𝑧) + 𝑞ଶΠ𝑔(𝑧) + 𝑞ଷΠଶ𝑔 + 𝑞ସΠଶ𝑔 (3.93)

and

෡𝐾𝑔 = 𝑟ଵ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧)+ 𝑟ଶ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧)+ 𝑟ଷ(𝑧)𝑇ଵ,଴𝑔(𝑧)+ 𝑟ସ(𝑧)𝑇ଵ,଴𝑔(𝑧)+ 𝑟ହ(𝑧)𝑇ଶ,଴𝑔(𝑧)

𝑟଺(𝑧)𝑇ଶ,଴𝑔(𝑧). (3.94)

Proof. We write (3.89) as

𝑤௭௭ = 𝑓(𝑧) − 𝑞ଵ(𝑧)𝑤௭௭̄ − 𝑞ଶ(𝑧)𝑤௭௭̄ − 𝑞ଷ(𝑧)𝑤௭̄௭̄ − 𝑞ସ(𝑧)𝑤௭̄௭̄

− 𝑟ଵ(𝑧)𝑤௭̄ − 𝑟ଶ(𝑧)𝑤௭̄ − 𝑟ଷ(𝑧)𝑤௭ − 𝑟ସ(𝑧)𝑤௭ − 𝑟ହ(𝑧)𝑤 − 𝑟଺(𝑧)𝑤̄. (3.95)

Then

𝑤௭௭ = ෧𝑓(𝑧) in 𝔻, (3.96)

𝑤(𝑧) = 𝛾଴(𝑧), 𝑤௭ = 𝛾ଵ(𝑧) on 𝜕𝔻, (3.97)

where

෧𝑓(𝑧) = 𝑓(𝑧) − 𝑞ଵ(𝑧)𝑤௭௭̄ − 𝑞ଶ(𝑧)𝑤௭௭̄ − 𝑞ଷ(𝑧)𝑤௭̄௭̄ − 𝑞ସ(𝑧)𝑤௭̄௭̄

−𝑟ଵ(𝑧)𝑤௭̄ − 𝑟ଶ(𝑧)𝑤௭̄ − 𝑟ଷ(𝑧)𝑤௭ − 𝑟ସ(𝑧)𝑤௭ − 𝑟ହ(𝑧)𝑤 − 𝑟଺(𝑧)𝑤̄.

By Theorem 3.2.6, solution of (3.89) and (3.90) is

𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇ଶ,଴෧𝑓(𝑧).

Let 𝑤௭௭ = 𝑔(𝑧). Then,

𝑔(𝑧) = (𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇ଶ,଴෧𝑓(𝑧))௭௭, (3.98)

𝑔(𝑧) + 𝑞ଵ(𝑧)𝑤௭௭̄ + 𝑞ଶ(𝑧)𝑤௭௭̄ + 𝑞ଷ(𝑧)𝑤௭̄௭̄ + 𝑞ସ(𝑧)𝑤௭̄௭̄ + 𝑟ଵ(𝑧)𝑤௭̄

+ 𝑟ଶ(𝑧)𝑤௭̄ + 𝑟ଷ(𝑧)𝑤௭ + 𝑟ସ(𝑧)𝑤௭ + 𝑟ହ(𝑧)𝑤 + 𝑟଺(𝑧)𝑤̄ = 𝑓(𝑧) in 𝔻. (3.99)

Since 𝑤௭௭ = 𝑔(𝑧) in 𝔻,

𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇ଶ,଴𝑔(𝑧), 𝑤̄
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= 𝜓଴(𝑧) + 𝑧̄𝜓ଵ(𝑧) + 𝑇ଶ,଴𝑔(𝑧), 𝑤௭ = 𝑧𝜓ଵ(𝑧) + 𝑇ଵ,଴𝑔(𝑧),

𝑤௭ = 𝜓ଵ(𝑧) + 𝑇ଵ,଴𝑔(𝑧), 𝑤௭̄

= 𝜓଴௭ − 𝑧𝜓ଵ௭ + 𝑇ଶ,ିଵ𝑔,𝑤௭̄ = 𝜓଴௭ − 𝑧𝜓ଵ௭ + 𝑇ଶ,ିଵ𝑔,𝑤௭̄௭̄ = 𝜓଴௭௭

+𝑧𝜓ଵ௭௭ + 𝑇ଶ,ିଶ𝑔(𝑧), 𝑤௭̄௭̄ = 𝜓଴௭௭ + 𝑧̄𝜓ଵ௭௭ + 𝑇ଶ,ିଶ𝑔(𝑧), 𝑤௭௭̄

= 𝜓ଵ௭ + 𝑇ଵ,ିଵ𝑔(𝑧), 𝑤௭௭̄ = 𝜓ଵ௭ + 𝑇ଵ,ିଵ𝑔(𝑧).

After substituting these derivatives the result follows

𝑔(𝑧) + 𝑞ଵ𝑇ଵ,ିଵ𝑔(𝑧) + 𝑞ଶ𝑇ଵ,ିଵ𝑔(𝑧) + 𝑞ଷ𝑇ଶ,ିଶ𝑔

+𝑞ସ𝑇ଶ,ିଶ𝑔(𝑧) + 𝑟ଵ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧)

+𝑟ଷ(𝑧)𝑇ଵ,଴𝑔(𝑧) + 𝑟ସ(𝑧)𝑇ଵ,଴𝑔(𝑧) + 𝑟ହ(𝑧)𝑇ଶ,଴𝑔(𝑧) + 𝑟଺(𝑧)𝑇ଶ,଴𝑔(𝑧)

= 𝑓(𝑧) − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭ − 𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧𝜓ଵ௭௭ − 𝑞ସ𝜓଴௭௭

−𝑞ସ𝑧̄𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓଴௭ − 𝑧𝜓ଵ௭ − 𝑟ଶ(𝑧)𝜓଴௭ − 𝑟ଶ(𝑧)𝑧̄𝜓ଵ௭ − 𝑟ଷ(𝑧)𝜓ଵ

− 𝑟ସ(𝑧)𝜓ଵ − 𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧̄𝜓ଵ. (3.100)

Therefore,

𝑔 = (𝐼 + ෡Π + ෡𝐾)ିଵ(𝑓 − 𝑞ଵ𝜓ଵ௭ − 𝑞ଶ(𝑧)𝜓ଵ௭

−𝑞ଷ(𝑧)𝜓଴௭௭ − 𝑞ଷ(𝑧)𝑧𝜓ଵ௭௭ − 𝑞ସ𝜓଴௭௭ − 𝑞ସ𝑧̄𝜓ଵ௭௭ − 𝑟ଵ(𝑧)𝜓଴௭

−𝑧𝜓ଵ௭ − 𝑟ଶ(𝑧)𝜓଴௭ − 𝑟ଶ(𝑧)𝑧̄𝜓ଵ௭ − 𝑟ଷ(𝑧))𝜓ଵ − 𝑟ସ(𝑧)𝜓ଵ

−𝑟ହ(𝑧)𝜓଴ − 𝑟ହ(𝑧)𝑧𝜓ଵ − 𝑟଺(𝑧)𝜓଴ − 𝑟଺(𝑧)𝑧̄𝜓ଵ)

satisfies (3.92) if and only if 𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇ଶ,଴𝑔(𝑧) satisfies (3.89) with the

boundary condition (3.90).

Solvability of the Singular Integral Equation

Lemma 3.2.13. If

𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 (3.101)

for 𝑝 > 1, then the operator 𝐼 + ෡Π is invertible.
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Proof. By the properties of norm, we obtain

∣∣ ෡Π𝑔 ∣∣௅೛(𝔻)=∣∣ 𝑞ଵΠ𝑔 + 𝑞ଶΠ𝑔 + 𝑞ଷΠଶ𝑔 + 𝑞ସΠଶ𝑔 ∣∣௅೛(𝔻)

≤∣∣ 𝑞ଵΠ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ଶΠ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ଷΠଶ𝑔 ∣∣௅೛(𝔻) + ∣∣ 𝑞ସΠଶ𝑔 ∣∣௅೛(𝔻)

=∣ 𝑞ଵ(𝑧) ∣∣∣ Π𝑔 ∣∣௅೛(𝔻) + ∣ 𝑞ଶ(𝑧) ∣∣∣ Π𝑔 ∣∣௅೛(𝔻)

+ ∣ 𝑞ଷ(𝑧) ∣∣∣ Πଶ𝑔 ∣∣௅೛(𝔻) + ∣ 𝑞ସ(𝑧) ∣∣∣ Πଶ𝑔 ∣∣௅೛(𝔻)

= (∣ 𝑞ଵ(𝑧) ∣ + ∣ 𝑞ଶ(𝑧) ∣ + ∣ 𝑞ଷ(𝑧) ∣ + ∣ 𝑞ସ(𝑧) ∣) ∣∣ Πଶ𝑔 ∣∣௅೛(𝔻)

≤ 𝑞଴ ∣∣ Π𝑔 ∣∣௅೛(𝔻)< 1.

If condition 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 holds, then we get ∣∣ ෡Π ∣∣௅೛(𝔻)< 1. By Theorem 2.1.3, the

operator 𝐼 + ෡Π is invertible.

Lemma 3.2.14. For bounded functions 𝑟௜(𝑧), 𝑖 = 1, ..., 6 and for 𝑝 > 2, the operator ෡𝐾 is

a compact operator.

Proof. Firstly, we will consider the boundedness of ෡𝐾.

∣ ෡𝐾𝑔 ∣=∣ 𝑟ଵ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧) + 𝑟ଶ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧) + 𝑟ଷ(𝑧)𝑇ଵ,଴𝑔(𝑧)

+𝑟ସ(𝑧)𝑇ଵ,଴𝑔(𝑧) + 𝑟ହ(𝑧)𝑇ଶ,଴𝑔(𝑧) + 𝑟଺(𝑧)𝑇ଶ,଴𝑔(𝑧) ∣≤∣ 𝑟ଵ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧) ∣

+ ∣ 𝑟ଶ(𝑧)𝑇ଶ,ିଵ𝑔(𝑧) ∣ + ∣ 𝑟ଷ(𝑧)𝑇ଵ,଴𝑔(𝑧) ∣ + ∣ 𝑟ସ(𝑧)𝑇ଵ,଴𝑔(𝑧) ∣

+ ∣ 𝑟ସ(𝑧)𝑇ଵ,଴𝑔(𝑧) ∣ + ∣ 𝑟ହ(𝑧)𝑇ଶ,଴𝑔(𝑧) ∣ + ∣ 𝑟଺(𝑧)𝑇ଶ,଴𝑔(𝑧) ∣

By Theorem 2.2.11, we get

∣ ෡𝐾𝑔 ∣≤∣ 𝑟ଵ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) + |𝑟ଶ(𝑧)|𝑀(𝑝,𝔻)‖𝑔‖௅೛(𝔻)

+ ∣ 𝑟ଷ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)+ ∣ 𝑟ସ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)

+ ∣ 𝑟ହ(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)+ ∣ 𝑟଺(𝑧) ∣ 𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻)

= (∣ 𝑟ଵ(𝑧) ∣ +|𝑟ଶ(𝑧)|+ ∣ 𝑟ଷ(𝑧) ∣ + ∣ 𝑟ସ(𝑧) ∣ + ∣ 𝑟ହ(𝑧) ∣
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+ ∣ 𝑟଺(𝑧) ∣)𝑀(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻) ≤ 𝐶(𝑝,𝔻) ∥ 𝑔‖௅೛(𝔻),

where𝑀(𝑝,𝔻), 𝐶(𝑝,𝔻) are always nonnegative constants, depending on the quantities in the

parentheses.

By Theorem 2.2.12, the operators in ෡𝐾 areHölder continuous, in particular, they are uniformly

continuous. So, by Arzela-Ascoli Theorem, the operators in ෡𝐾𝑔 are compact operators.

Now, we can apply the Fredholm alternative.

Theorem 3.2.15. If 𝑞଴ ∣∣ Π ∣∣௅೛(𝔻)< 1 is satisfied, then (3.89) with the boundary condition

(3.90) has a solution of the form 𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇ଶ,଴𝑔(𝑧), where 𝑔 is a solution

of the singular integral equation (3.92) and 𝜓଴(𝑧), 𝜓ଵ(𝑧) are analytic functions in 𝔻.

Proof. If (3.101) is satisfied then by Lemma 2.1.3, 𝐼 + ෡Π is invertible. In Lemma 3.2.14, we

have showed that ෡𝐾 is compact. By Nikolskii Criterion, the operator 𝐼 + ෡Π + ෡𝐾 is Fredholm

operator with index zero. Theorem 2.1.5 implies that the singular integral equation (3.92) has

the Fredholm alternative, i.e. it has at least a solution. Hence, if 𝑔 is a solution of (3.92) , then

𝑤(𝑧) = 𝜓଴(𝑧) + 𝑧𝜓ଵ(𝑧) + 𝑇ଶ,଴𝑔(𝑧) is a solution to the (3.89) with the boundary condition

(3.90) .

Also we can investigate the boundary value problem by separating into the boundary value

problems

𝑤ଵ௭௭ = 0 in 𝔻,

𝑤ଵ = 𝛾଴(𝑧), 𝑤ଵ௭ = 𝛾ଵ(𝑧) on 𝜕𝔻

and

𝑤ଶ௭௭ + 𝑞ଵ(𝑧)𝑤ଶ௭௭̄ + 𝑞ଶ(𝑧)𝑤ଶ௭௭̄ + 𝑞ଷ(𝑧)𝑤ଶ௭̄௭̄

+𝑞ସ(𝑧)𝑤ଶ௭̄௭̄ + 𝑟ଵ(𝑧)𝑤ଶ௭̄ + 𝑟ଶ(𝑧)𝑤ଶ௭̄ + 𝑟ଷ(𝑧)𝑤ଶ௭

+𝑟ସ(𝑧)𝑤ଶ௭ + 𝑟ହ(𝑧)𝑤ଶ + 𝑟଺(𝑧)𝑤̄ଶ

= 𝑓 − 𝑞ଵ(𝑧)𝑤ଵ௭௭̄ − 𝑞ଶ(𝑧)𝑤ଵ௭௭̄ − 𝑞ଷ(𝑧)𝑤ଵ௭̄௭̄ − 𝑞ସ(𝑧)𝑤ଵ௭̄௭̄ − 𝑟ଵ(𝑧)𝑤ଵ௭̄
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−𝑟ଶ(𝑧)𝑤ଵ௭̄ − 𝑟ଷ(𝑧)𝑤ଵ௭ − 𝑟ସ(𝑧)𝑤ଵ௭ − 𝑟ହ(𝑧)𝑤ଵ − 𝑟଺(𝑧)𝑤̄ଵ in 𝔻,

𝑤ଵ = 0, 𝑤ଵ௭ = 0 on 𝜕𝔻.

3.3. DIRICHLET PROBLEM FOR HIGHER ORDER PARTIAL DIFFERENTIAL

EQUATIONS

In this section, we will investigate the Dirichlet problem for higher order complex partial

differential equations.

Lemma 3.3.1. The Dirichlet problem

𝜕௞௭̄𝑤 = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻, 𝑘 ∈ ℤା, 𝑘 > 2

has infinitely many linearly independent solutions over ℂ.

Proof. From the differential equation 𝑤௭̄ೖ = 0 it follows that 𝑤௭̄ೖషభ is the analytic function.

By integration we have that

𝑤(𝑧) =

௞

෍

௡ୀଵ

𝑧̄௡ିଵ𝜑௡(𝑧), where 𝜑௜, 𝑖 = 1,… , 𝑘 are analytic in 𝔻.

Then
௞

෍

௡ୀଵ

𝑧௞ି௡𝜑௡(𝑧) = 0 on 𝜕𝔻.

Since 𝜑௞(𝑧) is analytic in 𝔻, we have that

𝜑௞(𝑧) = −

௞ିଵ

෍

௡ୀଵ

𝑧௞ି௡𝜑௡(𝑧) on 𝜕𝔻.

Applying Theorem 3.1.3, we get 𝜑௞(𝑧) = −
௞ିଵ

∑
௡ୀଵ

𝑧௞ି௡𝜑௡(𝑧) in 𝔻. Hence, we have the

following solution.

𝑤(𝑧) =

௞ିଵ

෍

௡ୀଵ

𝑧̄௡ିଵ𝜑௡(𝑧)(1 − |𝑧|ଶ(௞ି௡)).
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Then the expected result is obtained.

This means that the Dirichlet problem for the higher order complex partial differential equa-

tions is ill-posed. We canmake it well-posed problem, taking additional conditions𝑤௭̄೘ , 𝑚 =

1,… , 𝑘 − 1 on 𝜕𝔻. We have the following theorem.

Theorem 3.3.2. [2] The Dirichlet problem

𝜕௞௭̄𝑤 = 𝑓(𝑧) in 𝔻, 𝜕ఔ௭̄𝑤 = 𝛾ఔ, on 𝜕𝔻, 0 ≤ 𝜈 ≤ 𝑘 − 1

is uniquely solvable for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾ఔ ∈ 𝐶(𝜕𝔻; ℂ), 0 ≤ 𝜈 ≤ 𝑘 − 1, if and only if for

0 ≤ 𝜈 ≤ 𝑘 − 1,

௞ିଵ

෍

ఒୀఔ

𝑧̄

2𝜋𝑖
න

డ𝔻

(−1)ఒିఔ
𝛾ఒ(఍)

1 − 𝑧̄𝜁

(𝜁 − 𝑧)ఒିఔ

(𝜆 − 𝜈)!
𝑑𝜁 +

(−1)௞ିఔ𝑧̄

𝜋
ඵ

𝔻

𝑓(𝜁)

1 − 𝑧̄𝜁

(𝜁 − 𝑧)௞ିଵିఔ

(𝑘 − 1 − 𝜈)!
𝑑𝜉𝑑𝜂 = 0.

The solution then is uniquely given by the formula

𝑤(𝑧) =

௞ିଵ

෍

ఔୀ଴

(−1)ఔ

2𝜋𝑖
න

డ𝔻

𝛾ఔ(𝜁)

𝜈!

(𝜁 − 𝑧)ఔ

𝜁 − 𝑧
𝑑𝜁 +

(−1)௞

𝜋
ඵ

𝔻

𝑓(𝜁)

(𝑘 − 1)!

(𝜁 − 𝑧)௞ିଵ

𝜁 − 𝑧
𝑑𝜉𝑑𝜂.

Moreover, we have the following result.

Lemma 3.3.3. The Dirichlet problem

𝜕௞௭𝑤 = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻, 𝑘 ∈ ℤା, 𝑘 > 2

has infinitely many linearly independent solutions over ℂ.

Proof. Integrating 𝑤(𝑧) with respect to 𝑧 we obtain

𝑤(𝑧) =

௞

෍

௠ୀଵ

𝑧௠ିଵ𝜑௠(𝑧), (3.102)

where 𝜑௜(𝑧), 𝑖 = 1, ..., 𝑘 are analytic functions in 𝔻. Since

𝑤 ≡ 0 on 𝜕𝔻,
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௞

෍

௠ୀଵ

𝑧̄௞ି௠𝜑௠(𝑧) = 0 on 𝜕𝔻,

we have that

𝜑௞(𝑧) = −

௞ିଵ

෍

௠ୀଵ

𝑧̄௞ି௠𝜑௠(𝑧) on 𝜕𝔻

and 𝜑௞(𝑧) is analytic function in 𝔻, Theorem 3.1.4 can be applied. Then the expected result

is obtained. In a similar way, we can make a unique solution in 𝔻 problem for this equation,

taking additional conditions 𝑤௭೘ , 𝑚 = 1,… , 𝑘 − 1 on 𝜕𝔻.

We have the following theorem.

Theorem 3.3.4. The Dirichlet problem

𝜕௞௭𝑤 = 𝑓(𝑧) in 𝔻, 𝜕ఔ௭𝑤 = 𝛾ఔ, on 𝜕𝔻, 0 ≤ 𝜈 ≤ 𝑘 − 1

is uniquely solvable for 𝑓 ∈ 𝐿ଵ(𝔻; ℂ) and 𝛾ఔ ∈ 𝐶(𝜕𝔻; ℂ), 0 ≤ 𝜈 ≤ 𝑘 − 1, if and only if for

0 ≤ 𝜈 ≤ 𝑘 − 1,

−

௞ିଵ

෍

ఒୀఔ

𝑧

2𝜋𝑖
න

డ𝔻

(−1)ఒିఔ
𝛾ఒ(఍)

1 − 𝑧 ̄𝜁

(𝜁 − 𝑧)ఒିఔ

(𝜆 − 𝜈)!
𝑑 ̄𝜁 +

(−1)௞ିఔ𝑧

𝜋
ඵ

𝔻

𝑓(𝜁)

1 − 𝑧 ̄𝜁

(𝜁 − 𝑧)௞ିଵିఔ

(𝑘 − 1 − 𝜈)!
𝑑𝜉𝑑𝜂 = 0.

(3.103)

The solution then is uniquely given by the formula

𝑤(𝑧) =

௞ିଵ

෍

ఔୀ଴

(−1)ఔାଵ

2𝜋𝑖
න

డ𝔻

𝛾ఔ(𝜁)

𝜈!

(𝜁 − 𝑧)ఔ

𝜁 − 𝑧
𝑑 ̄𝜁 +

(−1)௞

𝜋
ඵ

𝔻

𝑓(𝜁)

(𝑘 − 1)!

(𝜁 − 𝑧)௞ିଵ

𝜁 − 𝑧
𝑑𝜉𝑑𝜂.

(3.104)

Proof. For 𝑘 = 1, the condition (3.103) is just the condition (3.11) in Theorem 3.1.4, and the

solution (3.104) is just the solution (3.12) in Theorem 3.1.4. Assuming Theorem 3.3.4 holds

for 𝑘 − 1, the problem is equivalent to the system

𝜕௞ିଵ௭ 𝑤 = 𝜔 in 𝔻, 𝜕ఔ௭𝑤 = 𝛾ఔ, on 𝜕𝔻 0 ≤ 𝜈 ≤ 𝑘 − 2,

𝜕௭𝜔 = 𝑓 in 𝔻, 𝜕௭𝜔 = 𝛾௞ିଵ, on 𝜕𝔻,
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with the solvability conditions

௞ିଵ

෍

ఒୀఔ

−𝑧

2𝜋𝑖
න

డ𝔻

(−1)ఒିఔ
𝛾ఒ(఍)

1 − 𝑧 ̄𝜁

(𝜁 − 𝑧)ఒିఔ

(𝜆 − 𝜈)!
𝑑 ̄𝜁

+
(−1)௞ିఔ𝑧

𝜋
ඵ

𝔻

𝜔(𝜁)

1 − 𝑧 ̄𝜁

(𝜁 − 𝑧)௞ିଵିఔ

(𝑘 − 1 − 𝜈)!
𝑑𝜉𝑑𝜂 = 0, 0 ≤ 𝜈 ≤ 𝑘 − 2, (3.105)

−𝑧

2𝜋𝑖
න

డ𝔻

𝛾௞ିଵ(𝜁)
𝑑 ̄𝜁

1 − 𝑧 ̄𝜁
−
−𝑧

𝜋
ඵ

𝔻

𝑓(𝜁)

1 − 𝑧 ̄𝜁
𝑑𝜉𝑑𝜂 = 0. (3.106)

The solutions then are uniquely given by the formulas

𝑤(𝑧) =

௞ିଵ

෍

ఔୀ଴

(−1)ఔାଵ

2𝜋𝑖
න

డ𝔻

𝛾ఔ(𝜁)

𝜈!

(𝜁 − 𝑧)ఔ

𝜁 − 𝑧
𝑑 ̄𝜁

+
(−1)௞

𝜋
ඵ

𝔻

𝜔(𝜁)

(𝑘 − 1)!

(𝜁 − 𝑧)௞ିଵ

𝜁 − 𝑧
𝑑𝜉𝑑𝜂, 0 ≤ 𝜈 ≤ 𝑘 − 2, (3.107)

𝜔(𝑧) = −
1

2𝜋𝑖
න

డ𝔻

𝛾௞ିଵ(𝜁)
𝑑 ̄𝜁

𝜁 − 𝑧
−
1

𝜋
ඵ

𝔻

𝑓(𝜁)

𝜁 − 𝑧
𝑑𝜉𝑑𝜂. (3.108)

Inserting 𝜔 into (3.105) and (3.108) gives (3.103) with (3.104) on the basis of

1

𝜋
ඵ

𝔻

𝜔(𝜁)

1 − 𝑧 ̄𝜁

(𝜁 − 𝑧)௞ିଶିఔ

(𝑘 − 2 − 𝜈)!
𝑑𝜉𝑑𝜂

= −
1

2𝜋𝑖
න

డ𝔻

𝛾௞ିଵ( ෤𝜁)
( ෤𝜁 − 𝑧)௞ିଵିఔ

(𝑘 − 1 − 𝜈)! (1 − 𝑧 ෤̄𝜁)
𝑑 ෤̄𝜁

−
1

𝜋
ඵ

𝔻

𝑓( ෤̄𝜁)
( ෤𝜁 − 𝑧)௞ିଵିఔ

(𝑘 − 1 − 𝜈)! (1 − 𝑧 ෤̄𝜁)
𝑑 ෤𝜉𝑑෤𝜂

for 0 ≤ 𝜈 ≤ 𝑘 − 2, and
1

𝜋
ඵ

𝔻

𝜔(𝜁)
(𝜁 − 𝑧)௞ିଶ

(𝑘 − 2)! (𝜁 − 𝑧)
𝑑𝜉𝑑𝜂

= −
1

2𝜋𝑖
න

డ𝔻

𝛾௞ିଵ( ෤𝜁)
( ෤𝜁 − 𝑧)௞ିଵ

(𝑘 − 1)! ( ෤𝜁 − 𝑧)
𝑑 ෤̄𝜁

−
1

𝜋
ඵ

𝔻

𝑓( ෤̄𝜁)
( ෤𝜁 − 𝑧)௞ିଵ

(𝑘 − 1)! ( ෤𝜁 − 𝑧)
𝑑 ෤𝜉𝑑෤𝜂.
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Lemma 3.3.5. The Dirichlet problem

𝜕௠௭ 𝜕
௡
௭̄𝑤 = 0 in 𝔻, 𝑤 = 0 on 𝜕𝔻, 𝑚, 𝑛 ∈ ℤା, (𝑚, 𝑛) ≠ (1, 1)

has infinitely many linearly independent solutions.

The proof of Lemma 3.3.5 is based on the following 4 lemmas.

Lemma3.3.6. Assume that 𝑓(𝑧) is analytic function in𝔻 = {𝑧 ∶ |𝑧| < 1}. Then the following

formula holds

1

2𝜋𝑖
න

డ𝔻

̄𝜁௞𝑓(𝜁)
𝑑𝜁

𝜁 − 𝑧
=
𝑓(𝑧)

𝑧௞
−

௞

෍

௠ୀଵ

1

𝑧௞ି௠ାଵ

𝑓(௠ିଵ)(0)

(𝑚 − 1)!
, 𝑘 ≥ 0. (3.109)

Proof. We denote that

𝐼௞ =
1

2𝜋𝑖
න

డ𝔻

̄𝜁௞𝑓(𝜁)
𝑑𝜁

𝜁 − 𝑧
=

1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞(𝜁 − 𝑧)
𝑑𝜁.

Since
1

𝜁(𝜁 − 𝑧)
= ቆ

1

𝜁 − 𝑧
−
1

𝜁
ቇ
1

𝑧
,

we have that
1

𝜁௞(𝜁 − 𝑧)
= ቆ

1

𝜁௞ିଵ(𝜁 − 𝑧)
−

1

𝜁௞
ቇ
1

𝑧
.

Therefore,

𝐼௞ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁) ቆ
1

𝜁௞ିଵ(𝜁 − 𝑧)
−

1

𝜁௞
ቇ
1

𝑧
𝑑𝜁

=
1

𝑧
𝐼௞ିଵ −

1

𝑧

𝑓(௞ିଵ)(0)

(𝑘 − 1)!
for any 𝑘 ≥ 1.

It is first order difference equation. Solving it we get

𝐼௞ =
1

𝑧௞
𝐼଴ −

௞

෍

௠ୀଵ

1

𝑧௞ି௠ାଵ

𝑓(௠ିଵ)(0)

(𝑚 − 1)!
, 𝑘 ≥ 0.

It is easy to see that

𝐼଴ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁 − 𝑧
𝑑𝜁 = 𝑓(𝑧).
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Hence,

𝐼௞ =
1

𝑧௞
𝑓(𝑧) −

௞

෍

௠ୀଵ

1

𝑧௞ି௠ାଵ

𝑓(௠ିଵ)(0)

(𝑚 − 1)!
, 𝑘 ≥ 0.

Lemma3.3.7. Assume that 𝑓(𝑧) is analytic function in𝔻 = {𝑧 ∶ |𝑧| < 1}. Then the following

formula holds

1

2𝜋𝑖
න

డ𝔻

𝜁௞𝑓(𝜁)
𝑑𝜁

𝜁 − 𝑧
=

௞

෍

௠ୀ଴

𝑧௞ି௠𝑓(௠)(0)

𝑚!
, 𝑘 ≥ 0, (3.110)

Proof. We have that

1

2𝜋𝑖
න

డ𝔻

𝜁௞𝑓(𝜁)
𝑑𝜁

𝜁 − 𝑧
= −

1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞( ̄𝜁 − 𝑧̄)
𝑑 ̄𝜁⋅

We denote that

𝐽௞ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞( ̄𝜁 − 𝑧̄)
𝑑 ̄𝜁⋅

Since
1

̄𝜁( ̄𝜁 − 𝑧̄)
= ቆ

1

̄𝜁 − 𝑧̄
−
1

̄𝜁
ቇ
1

𝑧̄

we have that
1

𝜁௞( ̄𝜁 − 𝑧̄)
= ቆ

1

𝜁௞ାଵ( ̄𝜁 − 𝑧̄)
−

1

𝜁௞ାଵ ̄𝜁
ቇ
1

𝑧̄
⋅

Then
1

𝜁௞ାଵ( ̄𝜁 − 𝑧̄)
= 𝑧̄

1

𝜁௞( ̄𝜁 − 𝑧̄)
+

1

𝜁௞
⋅

Therefore,

𝐽௞ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞( ̄𝜁 − 𝑧̄)
𝑑 ̄𝜁

= 𝑧̄
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞ିଵ( ̄𝜁 − 𝑧̄)
𝑑 ̄𝜁 +

1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞ିଵ
𝑑 ̄𝜁

= 𝑧̄𝐽௞ିଵ +
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞
𝑑 ̄𝜁

̄𝜁

= 𝑧̄𝐽௞ିଵ −
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

𝜁௞ାଵ
𝑑𝜁

= 𝑧̄𝐽௞ିଵ −
𝑓(௞)(0)

𝑘!
for 𝑘 ≥ 1.



49

In the same manner in Lemma 3.3.6, we get

𝐽௞ = 𝑧̄௞𝐽଴ −

௞

෍

௠ୀଵ

𝑧̄௞ି௠𝑓(௠)(0)

𝑚!
⋅

It is easy to see that

𝐽଴ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

̄𝜁 − 𝑧̄
𝑑 ̄𝜁

= −
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

( ̄𝜁 − 𝑧̄)𝜁ଶ
𝑑𝜁 = −

1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

(1 − 𝑧̄𝜁)𝜁
𝑑𝜁.

Since,
1

(1 − 𝑧̄𝜁)𝜁
=

𝑧̄

1 − 𝑧̄𝜁
+
1

𝜁

it follows that

𝐽଴ = −
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁) ቆ
𝑧̄

1 − 𝑧̄𝜁
+
1

𝜁
ቇ𝑑𝜁 = −𝑓(0).

Consequently,

𝐽௞ = −𝑧̄௞𝑓(0) −

௞

෍

௠ୀଵ

𝑧̄௞ି௠𝑓(௠)(0)

𝑚!
= −

௞

෍

௠ୀ଴

𝑧̄௞ି௠𝑓(௠)(0)

𝑚!
, 𝑘 ≥ 0.

Lemma3.3.8. Assume that 𝑓(𝑧) is analytic function in𝔻 = {𝑧 ∶ |𝑧| < 1}. Then the following

formula holds

1

2𝜋𝑖
න

డ𝔻

̄𝜁௞𝑓(𝜁)
𝑧̄

1 − 𝑧̄𝜁
𝑑𝜁 =

௞

෍

௠ୀଵ

𝑧̄௞ି௠ାଵ
𝑓(௠ିଵ)(0)

(𝑚 − 1)!
, 𝑘 ≥ 0. (3.111)

Proof. Let

𝑃௞ =
1

2𝜋𝑖
න

డ𝔻

̄𝜁௞𝑓(𝜁)
𝑧̄

1 − 𝑧̄𝜁
𝑑𝜁 =

𝑧̄

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)
𝑑𝜁

𝜁௞(1 − 𝑧̄𝜁)
.

On the basis of
1

𝜁௞(1 − 𝑧̄𝜁)
=

𝑧̄

𝜁௞ିଵ(1 − 𝑧̄𝜁)
+

1

𝜁௞

it follows that

𝑃௞ =
𝑧̄

2𝜋𝑖
න

డ𝔻

𝑓(𝜁) ቆ
𝑧̄

𝜁௞ିଵ(1 − 𝑧̄𝜁)
+

1

𝜁௞
ቇ𝑑𝜁

= 𝑧̄𝑃௞ିଵ + 𝑧̄
𝑓(௞ିଵ)(0)

(𝑘 − 1)!
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and

𝑃௞ = 𝑧̄௞𝑃଴ +

௞

෍

௠ୀଵ

𝑧̄௞ି௠ାଵ
𝑓(௠ିଵ)(0)

(𝑚 − 1)!
⋅

Here

𝑃଴ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)

1 − 𝑧̄𝜁
𝑑𝜁 = 0.

Lemma3.3.9. Assume that 𝑓(𝑧) is analytic function in𝔻 = {𝑧 ∶ |𝑧| < 1}. Then the following

formula holds

1

2𝜋𝑖
න

డ𝔻

𝜁௞𝑓(𝜁)
𝑧̄

1 − 𝑧̄𝜁
𝑑𝜁 =

1

𝑧̄௞
(−𝑓(𝑧) + 𝑓(0)) −

௞

෍

௠ୀଵ

1

𝑧̄௞ି௠
𝑓(௠)(0)

𝑚!
, 𝑘 ≥ 0. (3.112)

Proof. We denote that

𝑇௞ =
1

2𝜋𝑖
න

డ𝔻

̄𝜁௞𝑓(𝜁)
𝑧

1 − 𝑧 ̄𝜁
𝑑 ̄𝜁 =

𝑧

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)
𝑑 ̄𝜁

𝜁௞(1 − 𝑧 ̄𝜁)
.

Since,
1

̄𝜁(1 − 𝑧 ̄𝜁)
=

𝑧

1 − 𝑧 ̄𝜁
+
1

̄𝜁

it follows that
1

𝜁௞(1 − 𝑧 ̄𝜁)
=

𝑧

𝜁௞ାଵ(1 − 𝑧 ̄𝜁)
+

1

𝜁௞

Therefore,

𝑇௞ =
1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)
𝑑 ̄𝜁

𝜁௞ିଵ(1 − 𝑧 ̄𝜁)
−

1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)
𝑑 ̄𝜁

𝜁௞ିଵ

=
1

𝑧
𝑇௞ିଵ +

1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)
𝑑𝜁

𝜁௞ାଵ

=
1

𝑧
𝑇௞ିଵ +

𝑓(௞)(0)

𝑘!

and

𝑇௞ =
1

𝑧௞
𝑇଴ +

௞

෍

௠ୀଵ

1

𝑧௞ି௠
𝑓(௠)(0)

𝑚!

It can be computed

𝑇଴ =
𝑧

2𝜋𝑖
න

డ𝔻

𝑓(𝜁)
𝑑 ̄𝜁

1 − 𝑧 ̄𝜁
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=
−1

2𝜋𝑖
න

డ𝔻

𝑓(𝜁) ቆ
1

𝜁 − 𝑧
−
1

𝜁
ቇ = −𝑓(𝑧) + 𝑓(0)

Hence,

𝑇௞ =
1

𝑧௞
(−𝑓(𝑧) + 𝑓(0)) +

௞

෍

௠ୀଵ

1

𝑧௞ି௠
𝑓(௠)(0)

𝑚!
.

3.3.1 Dirichlet Problem for Linear Differential Equations

In this section we will extend the notion of solution of Dirichlet Problem for model equations

to a linear differential equation. Wewill try to find a solution to higher order linear differential

equation

𝜕௞௭̄𝑤 +

௞

෍

௝ୀଵ

𝑞ଵ௝(𝑧)𝜕
௞ି௝
௭̄ 𝜕

௝
௭𝑤 +

௞

෍

௝ୀଵ

𝑞ଶ௝(𝑧)𝜕
௝
௭̄𝜕

௞ି௝
௭ 𝑤̄

+

௞ିଵ

෍

௟ୀ଴

௟

෍

௠ୀ଴

ൣ𝑎௠௟(𝑧)𝜕
௟ି௠
௭̄ 𝜕௠௭ 𝑤 + 𝑏௠௟(𝑧)𝜕

௠
௭̄ 𝜕

௟ି௠
௭ 𝑤̄൧

= 𝑓(𝑧) in 𝔻, (3.113)

with the boundary conditions

𝜕௟௭̄𝑤 = 𝛾௟(𝑧), 0 ≤ 𝑙 ≤ 𝑘 − 1, (3.114)

where

𝑎௠௟, 𝑏௠௟, 𝑓 ∈ 𝐿௣(𝔻) (3.115)

and 𝑞ଵ௝(𝑧), 𝑞ଶ௝(𝑧), 𝑗 = 1, ..., 𝑘 are measurable bounded functions satisfying

௞

෍

௝ୀଵ

൫∣ 𝑞ଵ௝(𝑧) ∣ + ∣ 𝑞ଶ௝(𝑧) ∣൯ ≤ 𝑞଴ < 1. (3.116)

Lemma 3.3.10. The Dirichlet problem (3.113), (3.114) is equivalent to the singular integral

equation

൫𝐼 + ෡Π + ෡𝐾൯ = 𝑓 − Θ(𝑧), (3.117)
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where 𝑤 = ∑
௞ିଵ

௠ୀ଴
𝑧̄௠𝜓௠ + 𝑇଴,௞𝑔(𝑧), 𝜓௜, 𝑖 = 0, ..., 𝑘 − 1 are analytic functions,

෡Π𝑔 =

௞

෍

௝ୀଵ

𝑞ଵ௝(𝑧)Π௝𝑔 +

௞

෍

௝ୀଵ

𝑞ଶ௝(𝑧)Π௝𝑔, (3.118)

෡𝐾𝑔 =

௞ିଵ

෍

௟ୀ଴

௟

෍

௠ୀ଴

ቂ𝑎௠௟(𝑧)𝑇ି௠,௞ି௟ା௠𝑔(𝑧) + 𝑏௠௟(𝑧)𝑇ି௠,௞ି௟ା௠𝑔(𝑧)ቃ (3.119)

and

Θ(𝑧) =

௞

෍

௝ୀଵ

𝑞ଵ௝(𝑧)𝜕
௞ି௝
௭̄ 𝜕

௝
௭

௞ିଵ

෍

௠ୀ଴

𝑧̄௠𝜓௠ +

௞

෍

௝ୀଵ

𝑞ଶ௝(𝑧)𝜕
௝
௭̄𝜕

௞ି௝
௭

௞ିଵ

෍

௠ୀ଴

𝑧̄௠𝜓௠

+

௞ିଵ

෍

௟ୀ଴

௟

෍

௠ୀ଴

቎𝑎௠௟(𝑧)𝜕
௟ି௠
௭̄ 𝜕௠௭

௞ିଵ

෍

௠ୀ଴

𝑧̄௠𝜓௠ + 𝑏௠௟(𝑧)𝜕
௠
௭̄ 𝜕

௟ି௠
௭

௞ିଵ

෍

௠ୀ଴

𝑧̄௠𝜓௠቏ . (3.120)

Proof. From Theorem 3.3.2, solution of the problem

𝜕௞௭̄𝑤 = 𝑔 𝑖𝑛 𝔻,

𝜕௟௭̄ = 𝛾௟(𝑧), 0 ≤ 𝑙 ≤ 𝑘 − 1

is

𝑤 =

௞ିଵ

෍

௠ୀ଴

𝑧̄௠𝜓௠ + 𝑇଴,௞𝑔(𝑧).

If we differentiate 𝑤 using the differentiability properties of the Pompeiu operator, and after

substituting these derivatives into (3.113), we obtain the singular integral (3.117). Therefore,

𝑔 satisfies (3.117) if and only if 𝑤 = ∑
௞ିଵ

௠ୀ଴
𝑧̄௠𝜓௠ +𝑇଴,௞𝑔(𝑧) satisfies the problem (3.113) -

(3.114).

So, we should investigate the solvability of the equation (3.117).

Solvability of the Singular Integral Equation

Lemma 3.3.11. If

𝑞଴‖Π௝‖௅೛(𝔻 < 1 (3.121)

for 𝑝 > 1, then the operator 𝐼 + ෡Π is invertible.
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Proof. By the properties of norm, we get

‖෡Π𝑔‖௅೛(𝔻 =

௞

෍

௝ୀଵ

‖𝑞ଵ௝(𝑧)Π௝𝑔 + 𝑞ଶ௝(𝑧)Π௝𝑔‖௅೛(𝔻)

≤

௞

෍

௝ୀଵ

൫𝑞ଵ௝(𝑧) + 𝑞ଶ௝(𝑧)൯ ‖Π௝𝑔‖௅೛(𝔻)

≤ 𝑞଴‖Π௝𝑔‖௅೛(𝔻) < 1.

If (3.121) holds, then we get ‖෡Π‖௅೛(𝔻) < 1.By Theorem 2.1.3, the operator 𝐼+෡Π is invertible.

Lemma 3.3.12. ෡𝐾 is a compact operator.

Proof. By Theorem 2.2.11, operators in ෡𝐾 are bounded, and also by Theorem 2.2.12, they

are Hölder continuous, in particular they are uniformly continuous. So, by Arzela-Ascoli

Theorem they are compact.

In that case, it is easy to apply Fredholm alternative.

Theorem 3.3.13. If condition 𝑞଴‖Π௝‖௅೛(𝔻 < 1 is satisfied, then the problem (3.113), (3.114)

has a solution of the form 𝑤 = ∑
௞ିଵ

௠ୀ଴
𝑧̄௠𝜓௠ + 𝑇଴,௞𝑔(𝑧), where 𝑔 is a solution of (3.117).

Proof. If condition 𝑞଴‖Π௝‖௅೛(𝔻 < 1 holds then by Lemma 3.3.11 𝐼 + ෡Π is invertible. In

previous lemmawe have proved that ෡𝐾 is compact. From the statement of Nikolskii Criterion,

the operator 𝐼 + ෡Π + ෡𝐾 is Fredholm operator with index zero. Theorem 2.1.5 implies that

the singular integral equation 3.117 has the Fredholm alternative, that means it has at least

a solution. Therefore, if 𝑔 is a solution of (3.117), then 𝑤 = ∑
௞ିଵ

௠ୀ଴
𝑧̄௠𝜓௠ + 𝑇଴,௞𝑔(𝑧) is a

solution to the problem (3.113), (3.114).

Alternatively, we can find the solution of the problem (3.113), (3.114) by denoting the solu-
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tion as 𝑤 = 𝑤ଵ +𝑤ଶ where 𝑤ଵ is the solution of the problem

𝜕௞௭̄𝑤ଵ = 0 in 𝔻, (3.122)

𝜕௟௭̄𝑤ଵ = 𝛾௟(𝑧), 0 ≤ 𝑙 ≤ 𝑘 − 1. (3.123)

and 𝑤ଶ is a solution of the problem

𝜕௞௭̄𝑤ଶ +

௞

෍

௝ୀଵ

𝑞ଵ௝(𝑧)𝜕
௞ି௝
௭̄ 𝜕

௝
௭𝑤ଶ +

௞

෍

௝ୀଵ

𝑞ଶ௝(𝑧)𝜕
௝
௭̄𝜕

௞ି௝
௭ 𝑤̄ଶ

+

௞ିଵ

෍

௟ୀ଴

௟

෍

௠ୀ଴

ൣ𝑎௠௟(𝑧)𝜕
௟ି௠
௭̄ 𝜕௠௭ 𝑤ଶ + 𝑏௠௟(𝑧)𝜕

௠
௭̄ 𝜕

௟ି௠
௭ 𝑤̄ଶ൧

= 𝑓(𝑧) −

௞

෍

௝ୀଵ

𝑞ଵ௝(𝑧)𝜕
௞ି௝
௭̄ 𝜕

௝
௭𝑤ଵ −

௞

෍

௝ୀଵ

𝑞ଶ௝(𝑧)𝜕
௝
௭̄𝜕

௞ି௝
௭ 𝑤̄ଵ

−

௞ିଵ

෍

௟ୀ଴

௟

෍

௠ୀ଴

ൣ𝑎௠௟(𝑧)𝜕
௟ି௠
௭̄ 𝜕௠௭ 𝑤ଵ + 𝑏௠௟(𝑧)𝜕

௠
௭̄ 𝜕

௟ି௠
௭ 𝑤̄ଵ൧ in 𝔻, (3.124)

𝜕௟௭̄𝑤ଶ = 0, 0 ≤ 𝑙 ≤ 𝑘 − 1. (3.125)

The other Dirichlet problem with linear differential equation is

𝜕௞௭𝑤 +

௞

෍

௝ୀଵ

𝑞ଵ௝(𝑧)𝜕
௞ି௝
௭ 𝜕

௝
௭̄𝑤 +

௞

෍

௝ୀଵ

𝑞ଶ௝(𝑧)𝜕
௝
௭𝜕

௞ି௝
௭̄ 𝑤̄

+

௞ିଵ

෍

௟ୀ଴

௟

෍

௠ୀ଴

ൣ𝑎௠௟(𝑧)𝜕
௟ି௠
௭ 𝜕௠௭̄ 𝑤 + 𝑏௠௟(𝑧)𝜕

௠
௭ 𝜕

௟ି௠
௭̄ 𝑤̄൧ = 𝑓(𝑧) in 𝔻, (3.126)

with the boundary conditions

𝜕௟௭𝑤 = 𝛾௟(𝑧), 0 ≤ 𝑙 ≤ 𝑘 − 1. (3.127)

Solution of (3.126), (3.127) can be attained by the one for the problem (3.113), (3.114)

through complex conjugation and using the Theorem 3.3.4.
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4. DIRICHLET PROBLEM FOR TWO DIMENSIONAL PARTIAL

DIFFERENTIAL EQUATIONWITH COMPLEX VARIABLES

In Chapter 4, we carry ideas in Chapter 3 to bidisc 𝔻ଶ ∶= 𝔻ଵ ×𝔻ଶ = {𝑧 = (𝑧ଵ, 𝑧ଶ) ∶ |𝑧௞| <

1, 𝑘 = 1, 2}. Firstly, we derive the solution of the Dirichlet problem of second order model

partial differential equations by using the main results in [2]. Then, we extend the boundary

value problem to a general linear differential equation. Under suitable solvability conditions,

it is seen that the boundary value problem has a unique solution. To reach that conclusion,

the problem is reduced into a singular integral equation. After that, applying the Fredholm

Theory, we can study the solvability of the singular integral equation.

4.1. DIRICHLET PROBLEM FOR EQUATION OF SECOND ORDER PARTIAL

DIFFERENTIAL EQUATIONS

In this section we study the solution of the Dirichlet problem for the model equation in𝔻ଶ ∶=

{𝑧 = (𝑧ଵ, 𝑧ଶ) ∶ |𝑧ଵ| < 1, |𝑧ଶ| < 1} = 𝔻𝟙 ×𝔻𝟚. We have the following main theorem.

Theorem 4.1.1. The Dirichlet problem defined as

𝑤 ̄௭భ ̄௭మ
= 𝑓(𝑧ଵ, 𝑧ଶ) in 𝔻𝟙 ×𝔻𝟚, (𝑧ଵ, 𝑧ଶ) ∈ 𝔻𝟙 ×𝔻𝟚, (4.1)

𝑤(𝑧ଵ, 𝑧ଶ) = 𝛾଴ on 𝜕𝔻𝟙 ×𝔻𝟚, (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟙 ×𝔻𝟚, (4.2)

𝑤 ̄௭భ
= 𝛾ଵ on 𝜕𝔻𝟚 ×𝔻𝟙, (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟚 ×𝔻𝟙 (4.3)

for 𝜔, 𝑓 ∈ 𝐿ଵ(𝔻𝟙 ×𝔻𝟚; ℂ), 𝛾଴ ∈ 𝐶(𝜕𝔻𝟙 ×𝔻𝟚; ℂ) and 𝛾ଵ ∈ 𝐶(𝜕𝔻𝟚 ×𝔻𝟙; ℂ), ∣ 𝑧ଵ ∣< 1,

∣ 𝑧ଶ ∣< 1 is solvable if and only if

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜉ଶ𝑑𝜂ଶ

1 − ̄𝑧ଶ𝜁ଶ
= 0 (4.4)
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and

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0. (4.5)

The solution is uniquely given as

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
. (4.6)

Proof. We decompose the Dirichlet problem (4.1) - (4.3) into the system of Dirichlet prob-

lems of first order:

𝑤 ̄௭భ
= 𝜔 in 𝔻𝟙, 𝑤 = 𝛾଴ on 𝜕𝔻𝟙 ×𝔻𝟚, (4.7)

𝜔 ̄௭మ
= 𝑓 in 𝔻𝟚, 𝜔 = 𝛾ଵ on 𝜕𝔻𝟚 ×𝔻𝟙, i.e. 𝑤 ̄௭భ

= 𝛾ଵ on 𝜕𝔻𝟚 ×𝔻𝟙. (4.8)

By Theorem 3.1.3, the Dirichlet problem (4.7) for 𝑤 ̄௭భ
∈ 𝐿ଵ(𝔻𝟙; ℂ), 𝛾଴ ∈ 𝐶(𝜕𝔻𝟙 × 𝔻𝟚; ℂ),

∣ 𝑧ଵ ∣< 1 is solvable if and only if

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋
ඵ

𝔻𝟙

𝜔(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ
𝑑𝜉ଵ𝑑𝜂ଵ = 0, (4.9)

the solution then is uniquely given by

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋
ඵ

𝔻𝟙

𝜔(𝜁ଵ, 𝑧ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ
⋅ (4.10)

Moreover, the Dirichlet problem (4.8) for 𝑓 ∈ 𝐿ଵ(𝔻𝟚; ℂ), 𝛾ଵ ∈ 𝐶(𝜕𝔻𝟚 ×𝔻𝟙; ℂ), ∣ 𝑧ଶ ∣< 1 is

solvable if and only if

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ
𝑑𝜉ଶ𝑑𝜂ଶ = 0, (4.11)

the solution then is uniquely given by

𝜔(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝑧ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝑧ଵ, 𝜁ଶ)
𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
⋅ (4.12)
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We insert the equation (4.12) into equations (4.9) and (4.10). For this wewill obtain𝜔(𝜁ଵ, 𝑧ଶ).

By changing the variables, we get

𝜔(𝜁ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
⋅

Then it follows that
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ

−
1

𝜋
ඵ

𝔻𝟙

ቐ
1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
ቑ

̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ
𝑑𝜉ଵ𝑑𝜂ଵ = 0

and

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋
ඵ

𝔻𝟙

ቐ
1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
ቑ
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ
⋅ (4.13)

So, we obtain (4.5) and (4.6), respectively.

Note. We can decompose the Dirichlet problem (4.1)-(4.3) into the system of Dirichlet prob-

lems of first order as :

𝑤 ̄௭మ
= 𝜔 in 𝔻𝟚, 𝑤 = 𝛾଴ on 𝜕𝔻𝟚 ×𝔻𝟙, (4.14)

𝜔 ̄௭భ
= 𝑓 in 𝔻𝟙, 𝜔 = 𝛾ଵ on 𝜕𝔻𝟙 ×𝔻𝟚, i.e. 𝑤 ̄௭మ

= 𝛾ଵ on 𝜕𝔻𝟙 ×𝔻𝟚. (4.15)

Let us consider the Dirichlet problem defined as

𝑤 ̄௭భ ̄௭మ
= 2 ̄𝑧ଵ in 𝔻𝟙 ×𝔻𝟚,

𝑤(𝑧ଵ, 𝑧ଶ) = ̄𝑧ଵ
ଶ ̄𝑧ଶ on 𝜕𝔻𝟙 ×𝔻𝟚,

𝑤 ̄௭భ
= 2 ̄𝑧ଵ ̄𝑧ଶ on 𝜕𝔻𝟚 ×𝔻𝟙.
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Since,

1

2𝜋𝑖
න

డ𝔻𝟙

̄𝜁ଵ
ଶ
̄𝑧ଶ

̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

2 ̄𝜁ଵ ̄𝜁ଶ
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

2 ̄𝜁ଵ
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0,

1

2𝜋𝑖
න

డ𝔻𝟚

2 ̄𝑧ଵ ̄𝜁ଶ
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

2 ̄𝑧ଵ
̄𝑧ଶ𝑑𝜉ଶ𝑑𝜂ଶ

1 − ̄𝑧ଶ𝜁ଶ
= 0.

Solvability conditions are satisfied. So, we can compute the solution of the Dirichlet problem

by the following formula

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

̄𝜁ଵ
ଶ
̄𝑧ଶ
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

2 ̄𝜁ଵ ̄𝜁ଶ
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

2 ̄𝜁ଵ
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
= ̄𝑧ଵ

ଶ ̄𝑧ଶ.

4.2. DIRICHLET PROBLEM FOR LINEAR DIFFERENTIAL EQUATIONS

In this section we will extend the notion of solution of (4.1)-(4.3) to a linear differential

equation. We employ the Laurent Schwarz notations.

Let 𝛼 = (𝛼ଵ, 𝛼ଶ, 𝛼ଷ, 𝛼ସ), |𝛼| = 𝛼ଵ + 𝛼ଶ + 𝛼ଷ + 𝛼ସ, 𝛼௜ ∈ ℕ, 𝑖 = 1, ..., 4

and 𝜕ఈ ∶=
డ|ഀ|

డ
ഀభ
̄೥భ
డ
ഀమ
೥భ డ

ഀయ
̄೥మ
డ
ഀర
೥మ

⋅ We will try to find a solution 𝑤(𝑧ଵ, 𝑧ଶ) ∈ 𝑊௣,ଶ(𝔻𝟙 × 𝔻𝟚) to the

Dirichlet problem

𝜕 ̄௭భ
𝜕 ̄௭మ

𝑤(𝑧ଵ, 𝑧ଶ) + ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) + ෍

|ఈ|ஸଵ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍

|ఈ|ஸଵ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) = 𝑓(𝑧ଵ, 𝑧ଶ) in 𝔻𝟙 ×𝔻𝟚 (4.16)

satisfying the nonhomogeneous boundary conditions

𝑤(𝑧ଵ, 𝑧ଶ) = 𝛾଴(𝑧ଵ, 𝑧ଶ) on 𝜕𝔻𝟙 ×𝔻𝟚, (4.17)
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𝑤 ̄௭భ
= 𝛾ଵ(𝑧ଵ, 𝑧ଶ) on 𝜕𝔻𝟚 ×𝔻𝟙, (4.18)

where

𝑠ఈ, 𝑡ఈ, 𝑓 ∈ 𝐿௣(𝔻𝟙 ×𝔻𝟚)

and 𝑞ఈ, 𝑟ఈ, 𝑠ఈ, 𝑡ఈ are measurable bounded functions satisfying the condition

+ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

∣ 𝑞ఈ(𝑧ଵ, 𝑧ଶ) ∣ + ∣ 𝑟ఈ(𝑧ଵ, 𝑧ଶ) ∣

+ ∣ 𝑠(଴,ଵ,଴,଴) ∣ + ∣ 𝑠(଴,଴,଴,ଵ) ∣ + ∣ 𝑡(଴,ଵ,଴,଴) ∣ + ∣ 𝑡(଴,଴,଴,ଵ) ∣≤ 𝑞଴ < 1. (4.19)

Note. In the linear equation (4.16), we restrict the values of 𝛼௜, 𝑖 = 1, ..., 4 i.e. the deriva-

tives of 𝑤(𝑧ଵ, 𝑧ଶ). Otherwise, we obtain the unbounded operators, and it is a deep investiga-

tion of integro differential equations.

Lemma 4.2.1. The Dirichlet problem (4.16)-(4.18) is equivalent to the singular integral

equation

(𝐼 + ෡Π + ෡𝐾)𝑔(𝑧ଵ, 𝑧ଶ) = 𝑓(𝑧ଵ, 𝑧ଶ) − Θ(𝑧ଵ, 𝑧ଶ), (4.20)

where

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
= 𝜓డ𝔻𝟙,డ𝔻𝟚

(𝛾଴, 𝛾ଵ) + 𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔(𝑧ଵ, 𝑧ଶ),

෡Π𝑔 = ෍
|ഀ|సమ,ഀభశഀభಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝑇𝔻𝟙;ିఈమ,ଵିఈభ
𝑇𝔻𝟚;ିఈర,ଵିఈయ

𝑔

+ ෍
|ഀ|సమ,ഀభశഀభಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝑇𝔻𝟙;ିఈమ,ଵିఈభ
𝑇𝔻𝟚;ିఈర,ଵିఈయ

𝑔 + 𝑠(଴,ଵ,଴,଴)𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔

+𝑠(଴,଴,଴,ଵ)(𝑧ଵ, 𝑧ଶ)𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;ିଵ,ଵ

𝑔 + 𝑡(଴,ଵ,଴,଴)𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 + 𝑡(଴,଴,଴,ଵ)(𝑧ଵ, 𝑧ଶ)𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;ିଵ,ଵ

𝑔,

෡𝐾𝑔 = 𝑠(ଵ,଴,଴,଴)𝑇𝔻𝟚;଴,ଵ
𝑔 + 𝑠(଴,଴,ଵ,଴)𝑇𝔻𝟙;଴,ଵ

𝑔 + 𝑠(଴,଴,଴,଴)𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 + 𝑡(ଵ,଴,଴,଴)𝑇𝔻𝟚;଴,ଵ
𝑔

+𝑡(଴,଴,ଵ,଴)𝑇𝔻𝟙;଴,ଵ
𝑔 + 𝑡(଴,଴,଴,଴)𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔,

Θ(𝑧ଵ, 𝑧ଶ) = 𝜕 ̄௭భ
𝜕 ̄௭మ

(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ)) + ෍

|ഀ|సమ,ഀభశഀభಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ))
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+ ෍
|ഀ|సమ,ഀభశഀభಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ)) + ෍

|ఈ|ஸଵ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ))

+ ෍

|ఈ|ஸଵ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ)).

Proof. We write the linear differential equation (4.16) as

𝜕 ̄௭భ
𝜕 ̄௭మ

𝑤(𝑧ଵ, 𝑧ଶ) = 𝑓(𝑧ଵ, 𝑧ଶ) − ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

− ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) − ෍

|ఈ|ஸଵ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

− ෍

|ఈ|ஸଵ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) in 𝔻𝟙 ×𝔻𝟚.

Then the Dirichlet problem (4.16)-(4.18) turns into

𝜕 ̄௭భ
𝜕 ̄௭మ

𝑤(𝑧ଵ, 𝑧ଶ) = 𝑓̃ in 𝔻𝟙 ×𝔻𝟚, (4.21)

𝑤(𝑧ଵ, 𝑧ଶ) = 𝛾଴(𝑧ଵ, 𝑧ଶ) on 𝜕𝔻𝟙 ×𝔻𝟚, (4.22)

𝑤 ̄௭భ
= 𝛾ଵ(𝑧ଵ, 𝑧ଶ) on 𝜕𝔻𝟚 ×𝔻𝟙, (4.23)

where

𝑓̃ = 𝑓(𝑧ଵ, 𝑧ଶ) − ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

− ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

− ෍

|ఈ|ஸଵ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) − ෍

|ఈ|ஸଵ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) in 𝔻𝟙 ×𝔻𝟚.

This type solution of problem (4.21)-(4.23) follows from Theorem 4.1.1, so

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ

−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑔(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
(4.24)
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or shortly

𝑤(𝑧ଵ, 𝑧ଶ) = 𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ). (4.25)

Let 𝜕 ̄௭భ
𝜕 ̄௭మ

𝑤(𝑧ଵ, 𝑧ଶ) = 𝑔(𝑧ଵ, 𝑧ଶ). Then

𝑔 = 𝜕 ̄௭భ
𝜕 ̄௭మ

(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ)).

It follows that,

𝑔 + ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍

|ఈ|ஸଵ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) + ෍

|ఈ|ஸଵ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) = 𝑓(𝑧ଵ, 𝑧ଶ) in 𝔻𝟙 ×𝔻𝟚,

(4.26)

Here, the derivatives of 𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ) with respect to ̄𝑧ଵ is equal to zero, because

𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ) is an analytic function with respect to ̄𝑧ଵ. If we integrate

𝜕 ̄௭భ
𝜕 ̄௭మ

𝑤(𝑧ଵ, 𝑧ଶ) = 𝑔(𝑧ଵ, 𝑧ଶ),

with respect to ̄𝑧ଵ, ̄𝑧ଶ respectively, we get

𝑤(𝑧ଵ, 𝑧ଶ) = 𝜓଴,𝔻𝟙
+ 𝑇𝔻𝟙;଴,ଵ

(𝜓ଵ,𝔻𝟚
) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ),

where 𝜓଴,𝔻𝟙
, 𝜓ଵ,𝔻𝟚

are analytic functions with respect to ̄𝑧ଵ, ̄𝑧ଶ ,respectively. Then

𝜕ఈ𝑤 = 𝜕ఈ(𝜓଴,𝔻𝟙
+ 𝑇𝔻𝟙;଴,ଵ

(𝜓ଵ,𝔻𝟚
) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ)). (4.27)

Substituting the derivative (4.27) into (4.26), and arranging the operators, we obtain the sin-

gular integral equation (4.20).

Therefore, 𝑔(𝑧ଵ, 𝑧ଶ) is the solution of the singular integral equation (4.20) if and only if

𝑤(𝑧ଵ, 𝑧ଶ) = 𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ)+𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ) is the solution of the Dirichlet problem

(4.16)-(4.18).

Solvability of the Singular Integral Equation

Lemma 4.2.2. If the condition (4.19) is satisfied, then 𝐼 + ෡Π is invertible.
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Proof.

‖෡Π𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
≤ ‖ ෍

|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝑇𝔻𝟙;ିఈమ,ଵିఈభ
𝑇𝔻𝟚;ିఈర,ଵିఈయ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+‖ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝑇𝔻𝟙;ିఈమ,ଵିఈభ
𝑇𝔻𝟚;ିఈర,ଵିఈయ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+‖𝑠(଴,ଵ,଴,଴)𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ‖𝑠(଴,଴,଴,ଵ)𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+‖𝑡(଴,ଵ,଴,଴)𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ‖𝑡(଴,଴,଴,ଵ)𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

≤ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

∣ 𝑞ఈ(𝑧ଵ, 𝑧ଶ) ∣ ‖𝑇𝔻𝟙;ିఈమ,ଵିఈభ
𝑇𝔻𝟚;ିఈర,ଵିఈయ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

∣ 𝑟ఈ(𝑧ଵ, 𝑧ଶ) ∣ ‖𝑇𝔻𝟙;ିఈమ,ଵିఈభ
𝑇𝔻𝟚;ିఈర,ଵିఈయ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑠(଴,ଵ,଴,଴) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑠(଴,଴,଴,ଵ) ∣ ‖𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑡(଴,ଵ,଴,଴) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑡(଴,଴,଴,ଵ) ∣ ‖𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

=∣ 𝑞(ଵ,଴,଴,ଵ) ∣ ‖𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑞(଴,ଵ,ଵ,଴) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑞(଴,ଵ,଴,ଵ) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;ିଵ,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑟(ଵ,଴,଴,ଵ) ∣ ‖𝑇𝔻𝟚;ିଵ,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑟(଴,ଵ,ଵ,଴) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑟(଴,ଵ,଴,ଵ) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;ିଵ,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑠(଴,ଵ,଴,଴) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑠(଴,଴,଴,ଵ)(𝑧ଵ, 𝑧ଶ) ∣ ‖𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑡(଴,ଵ,଴,଴) ∣ ‖𝑇𝔻𝟙;ିଵ,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑡(଴,଴,଴,ଵ)(𝑧ଵ, 𝑧ଶ) ∣ ‖𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

.

Using Theorem 2.2.13, we get

‖෡Π𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
≤∣ 𝑞(ଵ,଴,଴,ଵ) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑞(଴,ଵ,ଵ,଴) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑞(଴,ଵ,଴,ଵ) ∣ 𝑀(𝑝)‖𝑇𝔻𝟙;ିଵ,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑟(ଵ,଴,଴,ଵ) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑟(଴,ଵ,ଵ,଴) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑟(଴,ଵ,଴,ଵ ∣ 𝑀(𝑝)‖𝑇𝔻𝟙;ିଵ,ଵ

𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑠(଴,ଵ,଴,଴) ∣ 𝑀(𝑝)‖𝑇𝔻𝟚;଴,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑠(଴,଴,଴,ଵ) ∣ 𝑀(𝑝)‖𝑇𝔻𝟙;଴,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑡(଴,ଵ,଴,଴) ∣ 𝑀(𝑝)‖𝑇𝔻𝟚;଴,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑠(଴,଴,଴,ଵ) ∣ 𝑀(𝑝)‖𝑇𝔻𝟙;଴,ଵ
𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

,

where𝑀 is a constant depending on the quantities in the parenthesis.

Moreover, by Theorem 2.2.13 and Theorem 2.2.11 , we have that

‖෡Π𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
≤∣ 𝑞(ଵ,଴,଴,ଵ) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑞(଴,ଵ,ଵ,଴) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
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+ ∣ 𝑞(଴,ଵ,଴,ଵ) ∣ 𝑀(𝑝)𝑀ᇱ(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑟(ଵ,଴,଴,ଵ) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑟(଴,ଵ,ଵ,଴) ∣ 𝑀(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑟(଴,ଵ,଴,ଵ ∣ 𝑀(𝑝)𝑀ᇱ(𝑝)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

+ ∣ 𝑠(଴,ଵ,଴,଴) ∣ 𝑀(𝑝)𝑀ᇱ(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑠(଴,଴,଴,ଵ) ∣ 𝑀(𝑝)𝑀ᇱ(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)

+ ∣ 𝑡(଴,ଵ,଴,଴) ∣ 𝑀(𝑝)𝑀ᇱ(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
+ ∣ 𝑠(଴,଴,଴,ଵ) ∣ 𝑀(𝑝)𝑀ᇱ(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟙×𝔻𝟚)

,

where𝑀ᇱ is a constant depending on the quantities in the parenthesis.

‖෡Π𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
≤ 𝐶(𝑝,𝔻𝟙, 𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)

(∣ 𝑞(ଵ,଴,଴,ଵ) ∣ + ∣ 𝑞(଴,ଵ,ଵ,଴) ∣ + ∣ 𝑞(଴,ଵ,଴,ଵ) ∣

+ ∣ 𝑟(ଵ,଴,଴,ଵ) ∣ + ∣ 𝑟(଴,ଵ,ଵ,଴) ∣ + ∣ 𝑟(଴,ଵ,଴,ଵ ∣ + ∣ 𝑠(଴,ଵ,଴,଴) ∣ + ∣ 𝑠(଴,଴,଴,ଵ) ∣ + ∣ 𝑡(଴,ଵ,଴,଴) ∣ + ∣ 𝑠(଴,଴,଴,ଵ) ∣)

= 𝐶(𝑝,𝔻𝟙, 𝔻𝟚)൮ ෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

∣ 𝑞ఈ(𝑧ଵ, 𝑧ଶ) ∣ + ∣ 𝑟ఈ(𝑧ଵ, 𝑧ଶ) ∣ + ∣ 𝑠(଴,ଵ,଴,଴) ∣ + ∣ 𝑠(଴,଴,଴,ଵ) ∣

+ ∣ 𝑡(଴,ଵ,଴,଴) ∣ + ∣ 𝑡(଴,଴,଴,ଵ) ∣൯ ‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)
.

From equation (4.19) it follows

‖෡Π𝑔‖௅೛(𝔻𝟙×𝔻𝟚)
≤ 𝐶(𝑝,𝔻𝟙, 𝔻𝟚)𝑞଴‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)

< 1.

By Theorem 2.1.3, 𝐼 + ෡Π is invertible.

Lemma 4.2.3. For measurable bounded functions 𝑠ఈ, 𝑡ఈ, 𝑓 ∈ 𝐿௣(𝔻𝟙 × 𝔻𝟚) and for 𝑝 > 2

the operator ෡𝐾 is a compact operator.

Proof. We start with the boundedness of ෡𝐾.

∣ ෡𝐾𝑔 ∣=∣ 𝑠(ଵ,଴,଴,଴)𝑇𝔻𝟚;଴,ଵ
𝑔 + 𝑠(଴,଴,ଵ,଴)𝑇𝔻𝟙;଴,ଵ

𝑔 + 𝑠(଴,଴,଴,଴)𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 + 𝑡(ଵ,଴,଴,଴)𝑇𝔻𝟚;଴,ଵ
𝑔

+𝑡(଴,଴,ଵ,଴)𝑇𝔻𝟙;଴,ଵ
𝑔 + 𝑡(଴,଴,଴,଴)𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔 ∣ .

By the triangle inequality it follows that,

∣ ෡𝐾𝑔 ∣≤∣ 𝑠(ଵ,଴,଴,଴)𝑇𝔻𝟚;଴,ଵ
𝑔 ∣ + ∣ 𝑠(଴,଴,ଵ,଴)𝑇𝔻𝟙;଴,ଵ

𝑔 ∣ + ∣ 𝑠(଴,଴,଴,଴)𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 ∣

+ ∣ 𝑡(ଵ,଴,଴,଴)𝑇𝔻𝟚;଴,ଵ
𝑔 ∣ + ∣ 𝑡(଴,଴,ଵ,଴)𝑇𝔻𝟙;଴,ଵ

𝑔 ∣ + ∣ 𝑡(଴,଴,଴,଴)𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 ∣

=∣ 𝑠(ଵ,଴,଴,଴) ∣∣ 𝑇𝔻𝟚;଴,ଵ
𝑔 ∣ + ∣ 𝑠(଴,଴,ଵ,଴) ∣∣ 𝑇𝔻𝟙;଴,ଵ

𝑔 ∣ + ∣ 𝑠(଴,଴,଴,଴) ∣∣ 𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 ∣
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+ ∣ 𝑡(ଵ,଴,଴,଴) ∣∣ 𝑇𝔻𝟚;଴,ଵ
𝑔 ∣ + ∣ 𝑡(଴,଴,ଵ,଴) ∣∣ 𝑇𝔻𝟙;଴,ଵ

𝑔 ∣ + ∣ 𝑡(଴,଴,଴,଴) ∣∣ 𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔 ∣ .

By Theorem 2.2.11, we can write

∣ ෡𝐾𝑔 ∣<∣ 𝑠(ଵ,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚)
+ ∣ 𝑠(଴,଴,ଵ,଴) ∣ 𝑆(𝑝,𝔻𝟙)‖𝑔‖௅೛(𝔻𝟙)

+ ∣ 𝑠(଴,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟙)‖𝑇𝔻𝟚;଴,ଵ
𝑔‖௅೛(𝔻𝟙)

+ ∣ 𝑡(ଵ,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚)

+ ∣ 𝑡(଴,଴,ଵ,଴) ∣ 𝑆(𝑝,𝔻𝟙)‖𝑔‖௅೛(𝔻𝟙)
+ ∣ 𝑡(଴,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟙)‖𝑇𝔻𝟚;଴,ଵ

𝑔‖௅೛(𝔻𝟙)
,

where 𝑆 is a constant depending on the quantities in the parenthesis.

∣ ෡𝐾𝑔 ∣<∣ 𝑠(ଵ,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚)
+ ∣ 𝑠(଴,଴,ଵ,଴) ∣ 𝑆(𝑝,𝔻𝟙)‖𝑔‖௅೛(𝔻𝟙)

+ ∣ 𝑠(଴,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟙)𝑆
ᇱ(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)

+ ∣ 𝑡(ଵ,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚)

+ ∣ 𝑡(଴,଴,ଵ,଴) ∣ 𝑆(𝑝,𝔻𝟙)‖𝑔‖௅೛(𝔻𝟙)
+ ∣ 𝑡(଴,଴,଴,଴) ∣ 𝑆(𝑝,𝔻𝟙)𝑆

ᇱ(𝑝,𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)

≤ 𝐶(𝑝,𝔻𝟙, 𝔻𝟚)‖𝑔‖௅೛(𝔻𝟚×𝔻𝟚)
,

where 𝑆ᇱ, 𝐶 are constants depending on the quantities in the parenthesis. There are one-

dimensional and two-dimensional operators in ෡𝐾. In the previous chapter, we have proved

that one-dimensional operators are Hölder continuous, in particular, they are uniformly con-

tinuous.

Wewill show that two-dimensional operators in ෡𝐾 are Hölder continuous. By Theorem 2.2.12

it follows that

∣ 𝑇𝔻𝕚;଴,ଵ
𝑇𝔻𝕛;଴,ଵ

𝑔(𝑧ଵ, 𝑧ଶ) − 𝑇𝔻𝕚;଴,ଵ
𝑇𝔻𝕛;଴,ଵ

𝑔(𝑧∗ଵ, 𝑧
∗
ଶ) ∣

≤ 𝑀(𝑝,𝔻𝕚)‖𝑇𝔻𝕛;଴,ଵ
𝑔‖௅೛(𝔻𝕚)

∣ (𝑧ଵ, 𝑧ଶ) − (𝑧∗ଵ, 𝑧
∗
ଶ) ∣

ఈ,

where 0 < 𝛼 < 1, 𝑝 > 2, (𝑧ଵ, 𝑧ଶ), (𝑧
∗
ଵ, 𝑧

∗
ଶ) ∈ 𝔻𝟙 × 𝔻𝟚 for 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1, 2. Applying

Theorem 2.2.12 again, we obtain,

∣ 𝑇𝔻𝕚;଴,ଵ
𝑇𝔻𝕛;଴,ଵ

𝑔(𝑧ଵ, 𝑧ଶ) − 𝑇𝔻𝕚;଴,ଵ
𝑇𝔻𝕛;଴,ଵ

𝑔(𝑧∗ଵ, 𝑧
∗
ଶ) ∣

≤ 𝑀(𝑝,𝔻𝕚)𝐶(𝑝,𝔻𝕛)‖𝑔‖௅೛(𝔻𝕚×𝔻𝕛)
∣ (𝑧ଵ, 𝑧ଶ) − (𝑧∗ଵ, 𝑧

∗
ଶ) ∣

ఈ .

Each term in ෡𝐾 are uniformly continuous and bounded. By Arzela-Ascoli Theorem, the

operators in ෡𝐾𝑔 are compact operators.

Now, we can apply the Fredholm alternative.
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Theorem 4.2.4. If the condition (4.19) is satisfied, then the Dirichlet problem (4.16)-(4.17)

-(4.18) has a solution of the form 𝑤(𝑧ଵ, 𝑧ଶ) = 𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ),

where 𝑔(𝑧ଵ, 𝑧ଶ) is a solution of the singular integral equation (4.20).

Proof. If the condition (4.19) is satisfied then by Lemma 4.2.2, 𝐼 + ෡Π is invertible and

෡𝐾 is compact. From Nikolskii Criterion it follows that 𝐼 + ෡Π + ෡𝐾 is Fredholm operator

with index zero. Theorem 2.1.5 implies that the singular integral equation (4.20) has the

Fredholm alternative. Fredholm alternative states that the equation has at least a solution.

Therefore, if 𝑔(𝑧ଵ, 𝑧ଶ) is a solution of the singular integral equation (4.20), then 𝑤(𝑧ଵ, 𝑧ଶ) =

𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔(𝑧ଵ, 𝑧ଶ) is a solution to the Dirichlet problem (4.16)-(4.18).

4.3. DIRICHLET PROBLEM FOR EQUATION OF FOURTH ORDER PARTIAL

DIFFERENTIAL EQUATIONS

In this section, we construct the solution and solvability conditions of the Dirichlet prob-

lem for the fourth order differential equation. Applying the main Theorem 4.1.1 in previous

section, we obtain the following fundamental theorem.

Theorem 4.3.1. The Dirichlet problem defined as

𝑤 ̄௭భ
మ ̄௭మ

మ = 𝑓(𝑧ଵ, 𝑧ଶ) ∈ 𝔻𝟙 ×𝔻𝟚, 𝑖.𝑒. (𝑧ଵ, 𝑧ଶ) ∈ 𝔻𝟙 ×𝔻𝟚, (4.28)

𝑤(𝑧ଵ, 𝑧ଶ) = 𝛾଴ on 𝜕𝔻𝟙 ×𝔻𝟚, 𝑖.𝑒. (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟙 ×𝔻𝟚, (4.29)

𝑤 ̄௭భ
= 𝛾ଵ on 𝜕𝔻𝟚 ×𝔻𝟙, 𝑖.𝑒. (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟚 ×𝔻𝟙, (4.30)

𝑤 ̄௭భ ̄௭మ
= 𝛾ଶ on 𝜕𝔻𝟙 ×𝔻𝟚, 𝑖.𝑒. (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟙 ×𝔻𝟚, (4.31)

𝑤 ̄௭భ
మ ̄௭మ

= 𝛾ଷ on 𝜕𝔻𝟚 ×𝔻𝟙, 𝑖.𝑒. (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟚 ×𝔻𝟙 (4.32)

for 𝑤 ̄௭భ
, 𝑤 ̄௭భ ̄௭మ

, 𝑤 ̄௭భ
మ ̄௭మ
, 𝑓 ∈ 𝐿ଵ(𝔻𝟙 × 𝔻𝟚; ℂ), 𝛾଴, 𝛾ଶ ∈ 𝐶(𝜕𝔻𝟙 × 𝔻𝟚; ℂ) and 𝛾ଵ, 𝛾ଷ ∈ 𝐶(𝜕𝔻𝟚 ×
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𝔻𝟙; ℂ), ∣ 𝑧ଵ ∣< 1, ∣ 𝑧ଶ ∣< 1 is solvable if and only if

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0. (4.33)

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଷ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜉ଶ𝑑𝜂ଶ

1 − ̄𝑧ଶ𝜁ଶ
= 0, (4.34)

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟙

𝛾ଶ( ̃𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑 ̃𝜁ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ
𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

−
1

𝜋ଷ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

𝛾ଷ( ̃𝜁ଵ, ̃𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ସ
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

𝑓( ̃𝜁ଵ, ̃𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0 (4.35)

and

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟚

න

డ𝔻𝟙

𝛾ଶ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ

𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
𝑑𝜉ଶ𝑑𝜂ଶ

+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

𝛾ଷ(𝜁ଵ, ̃𝜁ଶ)
̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ

𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ
𝑑𝜉ଶ𝑑𝜂ଶ

−
1

𝜋ଷ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

𝑓(𝜁ଵ, ̃𝜁ଶ)
̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ = 0. (4.36)

Then the solution is uniquely given as

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟙

𝛾ଶ( ̃𝜁ଵ, 𝜁ଶ)
𝑑 ̃𝜁ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

−
1

𝜋ଷ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

𝛾ଷ( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

+
1

𝜋ସ
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

𝑓( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
⋅ (4.37)
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Proof. We construct a system of Dirichlet problems of second order:

𝑤 ̄௭భ ̄௭మ
= 𝜔 in 𝔻𝟙 ×𝔻𝟚, (4.38)

𝑤 = 𝛾଴ on 𝜕𝔻𝟙 ×𝔻𝟚, 𝑤 ̄௭భ
= 𝛾ଵ on 𝜕𝔻𝟚 ×𝔻𝟙, (4.39)

𝜔 ̄௭భ ̄௭మ
= 𝑓 in 𝔻𝟙 ×𝔻𝟚, (4.40)

𝜔 = 𝛾ଶ on 𝜕𝔻𝟙 ×𝔻𝟚, 𝜔 ̄௭భ
= 𝛾ଷ on 𝜕𝔻𝟚 ×𝔻𝟙. (4.41)

By Theorem 4.1.1, the Dirichlet problem (4.38)-(4.39) is solvable if and only if

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝜔(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜉ଶ𝑑𝜂ଶ

1 − ̄𝑧ଶ𝜁ଶ
= 0 (4.42)

and

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝜔(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0. (4.43)

The solution then is uniquely given as

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝜔(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
(4.44)

and the Dirichlet problem (4.40)-(4.41) is solvable if and only if

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଷ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

𝑓(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜉ଶ𝑑𝜂ଶ

1 − ̄𝑧ଶ𝜁ଶ
= 0 (4.45)

and

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0. (4.46)

The solution then is uniquely given as

𝜔(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ
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+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
⋅ (4.47)

We insert the equation (4.47) into equations (4.42)-(4.44). For this, wewill construct𝜔(𝑧ଵ, 𝜁ଶ).

Changing of the variables, we get

𝜔(𝑧ଵ, 𝜁ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
⋅ (4.48)

Then, it follows

1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ+

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

ቐ
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜁ଵ
̃𝜁ଵ − 𝜁ଵ

−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

ቑ
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0

and

1

2𝜋𝑖
න

డ𝔻𝟚

𝛾ଵ(𝑧ଵ, 𝜁ଶ)
̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

ቐ
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ

−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ
+

1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓(𝜁ଵ, 𝜁ଶ)
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
ቑ

̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ
𝑑𝜉ଶ𝑑𝜂ଶ = 0 (4.49)

and

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

ቐ
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾ଶ( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜁ଵ
̃𝜁ଵ − 𝜁ଵ

−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଷ( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

𝑓( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

ቑ
𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
⋅ (4.50)
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Note. Alternatively, we may decompose the Dirichlet problem defined in Theorem 4.3.1 into

the system of Dirichlet problems of second order as:

𝑤 ̄௭భ ̄௭భ
= 𝜔 in 𝔻𝟙×𝔻𝟚, 𝑤 = 𝛾଴ on 𝜕𝔻𝟙×𝔻𝟚, 𝑤 ̄௭భ

= 𝛾ଵ on 𝜕𝔻𝟙×𝔻𝟚, (4.51)

𝜔 ̄௭భ ̄௭భ
= 𝑓 in 𝔻𝟙×𝔻𝟚, 𝑤 = 𝛾଴ on 𝜕𝔻𝟚×𝔻𝟙, 𝜔 ̄௭భ

= 𝛾ଵ on 𝜕𝔻𝟚×𝔻𝟙. (4.52)

Example 4.3.2. Let us consider the Dirichlet problem defined as

𝑤 ̄௭భ
మ ̄௭మ

మ = 36 ̄𝑧ଵ ̄𝑧ଶ in 𝔻𝟙 ×𝔻𝟚,

𝑤(𝑧ଵ, 𝑧ଶ) = ̄𝑧ଵ
ଷ ̄𝑧ଶ

ଷ + 2𝑧ଶ on 𝜕𝔻𝟙 ×𝔻𝟚,

𝑤 ̄௭భ
= 3 ̄𝑧ଵ

ଶ ̄𝑧ଶ
ଷon 𝜕𝔻𝟚 ×𝔻𝟙,

𝑤 ̄௭భ ̄௭మ
= 9 ̄𝑧ଵ

ଶ ̄𝑧ଶ
ଶ on 𝜕𝔻𝟙 ×𝔻𝟚,

𝑤 ̄௭భ
మ ̄௭మ

= 18 ̄𝑧ଵ ̄𝑧ଶ
ଶ on 𝜕𝔻𝟚 ×𝔻𝟙. (4.53)

Since,

1

2𝜋𝑖
න

డ𝔻𝟙

9 ̄𝜁ଵ
ଶ
̄𝑧ଶ
ଶ

̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

18 ̄𝜁ଵ ̄𝜁ଶ
ଶ ̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

36 ̄𝜁ଵ ̄𝜁ଶ
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0, (4.54)

1

2𝜋𝑖
න

డ𝔻𝟚

18 ̄𝑧ଵ ̄𝜁ଶ
ଶ ̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋
ඵ

𝔻𝟚

36 ̄𝑧ଵ ̄𝜁ଶ
̄𝑧ଶ𝑑𝜉ଶ𝑑𝜂ଶ

1 − ̄𝑧ଶ𝜁ଶ
= 0, (4.55)

1

2𝜋𝑖
න

డ𝔻𝟙

( ̄𝜁ଵ
ଷ
̄𝑧ଶ
ଷ + 2𝑧ଶ)

̄𝑧ଵ𝑑𝜁ଵ

1 − ̄𝑧ଵ𝜁ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

3 ̄𝜁ଵ
ଶ ̄𝜁ଶ

ଷ ̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟙

9 ̄𝜁ଵ
ଶ ̄𝜁ଶ

ଶ ̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑 ̃𝜁ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ
𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

−
1

𝜋ଷ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

18 ̄𝜁ଵ ̄𝜁ଶ
ଶ ̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

+
1

𝜋ସ
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

36 ̄𝜁ଵ ̄𝜁ଶ
̄𝑧ଵ

1 − ̄𝑧ଵ𝜁ଵ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
𝑑𝜉ଵ𝑑𝜂ଵ = 0 (4.56)

and

1

2𝜋𝑖
න

డ𝔻𝟚

3 ̄𝑧ଵ
ଶ ̄𝜁ଶ

ଷ ̄𝑧ଶ𝑑𝜁ଶ

1 − ̄𝑧ଶ𝜁ଶ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟚

න

డ𝔻𝟙

9 ̄𝜁ଵ
ଶ ̄𝜁ଶ

ଶ ̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ

𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
𝑑𝜉ଶ𝑑𝜂ଶ
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+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

18 ̄𝜁ଵ ̄𝜁ଶ
ଶ ̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ

𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ
𝑑𝜉ଶ𝑑𝜂ଶ

−
1

𝜋ଷ
ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

36 ̄𝜁ଵ ̄𝜁ଶ
̄𝑧ଶ

1 − ̄𝑧ଶ𝜁ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ = 0. (4.57)

Since the solvability conditions are satisfied, we can compute the 𝑤(𝑧ଵ, 𝑧ଶ) by the following

formula

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

( ̄𝜁ଵ
ଷ
̄𝑧ଶ
ଷ + 2𝑧ଶ)

𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

3 ̄𝜁ଵ
ଶ ̄𝜁ଶ

ଷ 𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟙

9 ̄𝜁ଵ
ଶ ̄𝜁ଶ

ଶ 𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

−
1

𝜋ଷ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

18 ̄𝜁ଵ ̄𝜁ଶ
ଶ 𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

+
1

𝜋ସ
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

36 ̄𝜁ଵ ̄𝜁ଶ
𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
= ̄𝑧ଵ

ଷ ̄𝑧ଶ
ଷ + 2𝑧ଶ.

4.4. DIRICHLET PROBLEM FOR LINEAR DIFFERENTIAL EQUATIONS

In this section we will extend the notion of solution of the model equation in Theorem 4.3.1

to a linear differential equation. We will try to find a solution 𝑤(𝑧ଵ, 𝑧ଶ) ∈ 𝑊௣,ଶ(𝔻𝟙 ×𝔻𝟚) to

the Dirichlet problem

𝜕ଶ̄௭భ𝜕
ଶ
̄௭మ
𝑤(𝑧ଵ, 𝑧ଶ) + ෍

|ഀ|సర,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀభ,ഀయ)ಯ(మ,మ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍
|ഀ|సర,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀభ,ഀయ)ಯ(మ,మ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ𝑤(𝑧ଵ, 𝑧ଶ) = 𝑓(𝑧ଵ, 𝑧ଶ) in 𝔻𝟙 ×𝔻𝟚 (4.58)

satisfying the nonhomogeneous boundary conditions

𝑤(𝑧ଵ, 𝑧ଶ) = 𝛾଴ on 𝜕𝔻𝟙 ×𝔻𝟚, (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟙 ×𝔻𝟚, (4.59)
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𝑤 ̄௭భ
= 𝛾ଵ on 𝜕𝔻𝟚 ×𝔻𝟙, (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟚 ×𝔻𝟙, (4.60)

𝑤 ̄௭భ ̄௭మ
= 𝛾ଶ on 𝜕𝔻𝟙 ×𝔻𝟚, (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟙 ×𝔻𝟚, (4.61)

𝑤 ̄௭భ
మ ̄௭మ

= 𝛾ଷ on 𝜕𝔻𝟚 ×𝔻𝟙, (𝑧ଵ, 𝑧ଶ) ∈ 𝜕𝔻𝟚 ×𝔻𝟙, (4.62)

where

𝑠ఈ, 𝑡ఈ, 𝑓 ∈ 𝐿௣(𝔻𝟙 ×𝔻𝟚)

and 𝑞ఈ, 𝑟ఈ, 𝑠ఈ, 𝑡ఈ are measurable bounded functions satisfying the condition

෍
|ഀ|సమ,ഀభశഀమಬమ,

ഀయశഀరಬమ,(ഀభ,ഀయ)ಯ(భ,భ)

∣ 𝑞ఈ(𝑧ଵ, 𝑧ଶ) ∣ + ∣ 𝑟ఈ(𝑧ଵ, 𝑧ଶ) ∣ + ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀమ,ഀర)ಯ(బ,బ)

∣ 𝑠ఈ(𝑧ଵ, 𝑧ଶ) ∣ + ∣ 𝑡ఈ(𝑧ଵ, 𝑧ଶ) ∣

≤ 𝑞଴ < 1. (4.63)

Note. In the linear differential equation, we restrict the values of 𝛼௜, 𝑖 = 1, ..., 4 or the

derivatives of 𝑤(𝑧ଵ, 𝑧ଶ). Otherwise, we obtain the unbounded operators, and it is deep in-

vestigation of integro differential equations.

Lemma 4.4.1. The Dirichlet problem is equivalent to the singular integral equation

(𝐼 + ෡Π + ෡𝐾)𝑔(𝑧ଵ, 𝑧ଶ) = 𝑓(𝑧ଵ, 𝑧ଶ) − Θ(𝑧ଵ, 𝑧ଶ), (4.64)

where

𝑤(𝑧ଵ, 𝑧ଶ) =
1

2𝜋𝑖
න

డ𝔻𝟙

𝛾଴(𝜁ଵ, 𝑧ଶ)
𝑑𝜁ଵ

𝜁ଵ − 𝑧ଵ
−
1

𝜋

1

2𝜋𝑖
ඵ

𝔻𝟙

න

డ𝔻𝟚

𝛾ଵ(𝜁ଵ, 𝜁ଶ)
𝑑𝜁ଶ

𝜁ଶ − 𝑧ଶ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

+
1

𝜋ଶ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟙

𝛾ଶ( ̃𝜁ଵ, 𝜁ଶ)
𝑑 ̃𝜁ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

−
1

𝜋ଷ
1

2𝜋𝑖
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

න

డ𝔻𝟚

𝛾ଷ( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜁ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ

+
1

𝜋ସ
ඵ

𝔻𝟙

ඵ

𝔻𝟙

ඵ

𝔻𝟚

ඵ

𝔻𝟚

𝑓( ̃𝜁ଵ, ̃𝜁ଶ)
𝑑 ̃𝜉ଵ𝑑 ̃𝜂ଵ
̃𝜁ଵ − 𝜁ଵ

𝑑𝜉ଵ𝑑𝜂ଵ

𝜁ଵ − 𝑧ଵ

𝑑 ̃𝜉ଶ𝑑 ̃𝜂ଶ
̃𝜁ଶ − 𝜁ଶ

𝑑𝜉ଶ𝑑𝜂ଶ

𝜁ଶ − 𝑧ଶ
, (4.65)

or shortly,

𝑤(𝑧ଵ, 𝑧ଶ) = 𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔, (4.66)
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෡Π𝑔 = ෍
|ഀ|సర,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀభ,ഀయ)ಯ(మ,మ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔)

+ ෍
|ഀ|సర,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀభ,ഀయ)ಯ(మ,మ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀమ,ഀర)ಯ(బ,బ)

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀమ,ഀర)ಯ(బ,బ)

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔),

෡𝐾𝑔 = ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀమ,ഀర)స(బ,బ)

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀమ,ഀర)స(బ,బ)

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑔),

Θ(𝑧ଵ, 𝑧ଶ) = 𝜕 ̄௭భ
𝜕 ̄௭మ

(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ)

+ ෍
|ഀ|సర,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀభ,ഀయ)ಯ(మ,మ)

𝑞ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ)

+ ෍
|ഀ|సర,ഀభశഀమಬయ,

ഀయశഀరಬయ,(ഀభ,ഀయ)ಯ(మ,మ)

𝑟ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ

𝑠ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ)

+ ෍
|ഀ|ರయ,ഀభశഀమಬయ,

ഀయశഀరಬయ

𝑡ఈ(𝑧ଵ, 𝑧ଶ)𝜕ఈ(𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ)

In a similar manner in previous section, we obtain the following result.

Theorem 4.4.2. If the condition (4.63) is satisfied, then the Dirichlet problem (4.58)-(4.62)

has a solution of the form

𝑤(𝑧ଵ, 𝑧ଶ) = 𝜓డ𝔻𝟙,డ𝔻𝟚
(𝛾଴, 𝛾ଵ, 𝛾ଶ, 𝛾ଷ) + 𝑇𝔻𝟙;଴,ଵ

𝑇𝔻𝟙;଴,ଵ
𝑇𝔻𝟚;଴,ଵ

𝑇𝔻𝟚;଴,ଵ
𝑔, (4.67)

where 𝑔 is a solution of the singular integral equation (4.64).
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