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ABSTRACT

BAYESIAN ANALYSIS OF TIME SERIES USING LINDLEY'S APPROXIMATION

The autoregressive model of order p and moving-average model of order q are analyzed

when the parameters and the precision of the error term are random variables. In the analysis

the squared error (SE) and linear exponential (LINEX) loss functions are utilized. Using

four different priors, the Bayes estimators of the parameters are derived. Under independent

truncated normal priors for the parameters and gamma or improper priors for the precision

of the error term, the Bayes estimators are found not to be in a closed form. Therefore,

Lindley's approximation is used to obtain the approximate estimators. A computer simulation

study compares the maximum likelihood and the Bayes estimates obtained using Lindley's

approximation and Markov chain Monte Carlo (MCMC) techniques, in particular, Gibbs

sampler. Under independent Uniform priors for the parameters and gamma or improper priors

for the precision of the error term, the posterior distributions of the model parameters and the

precision of the error term have a closed form, however using the LINEX loss function, the

Bayes estimators of the model parameters are intractable. In this case, the truncated normal

approximation is used to derive the approximate Bayes estimators. A computer simulation

study is employed to compare the maximum likelihood and the Bayes estimates. Examples

are given to illustrate the findings.
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ÖZET

LİNDLEY'İN YAKLAŞIMI İLE BAYES ZAMAN SERİSİ ANALİZİ

Model parametrelerinin ve hata terimlerinin rassal değişken olduğu durumlarda, otoregre-

sif modelinin p derecesi ve hareketli ortalama modelinin q derecesi analiz edilmiştir. Anal-

izde karesel hata (SE) ve dogrusal üstel (LINEX) kayıp fonksiyonları kullanılmıştır. Dört

degişik önsel kullanarak, parametrelerin Bayes tahmin edicileri türetilmiştir. Bayes tahmin

edicilerinin kapalı formda olmadığı, parametreler için bağımsız kesilmiş normal önseller ve

hata terimlerinin kesinligi için gama veya belirsiz önseller olması durumlarında bulunmuş-

tur. Bundan dolayı Lindley'in yaklaşımı, yaklaşık tahmin edici elde etmek için kullanılmıştır.

Bilgisayar simulasyon çalışmasi ile en çok olabilirlik ve Bayes tahminleri karşılaştırılmak-

tadır. Lindley'in yaklaşımı ve Markov zinciri Monte Carlo (MCMC) Gibbs örneklemesi kul-

lanılarak Bayes tahminleri elde edilmiştir. Parametreler için bağımsız tekdüze önseller ve

hata terimlerinin kesinliği için gama veya belirsiz önseller olması durumlarında, model pa-

rameterlerinin sonsal dağılımlarının ve hata terimlerinin kesinliğinin kapalı formu olduğu

bulunmaktadır. Fakat LINEX kayıp fonksiyonlarında, model parametrelerinin Bayes tahmin

edicileri uygun formda değildir. Bu durumda yaklaşık Bayes tahmin edicilerinin türetilmesi

için kesikli normal yaklaşım kullanılmıştır. Bilgisayar simulasyon çalışması en çok olabilir-

lik ve Bayes tahminlerini karşılaştırmak için kullanılmıştır. Bulguları göstermek için örnekler

verilmiştir.
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1. INTRODUCTION

A time series is a sequence of observations taken sequentially in time. An intrinsic feature of

a time series is that, typically, adjacent observations are dependent. Examples of time series

are daily rainfall, monthly levels of unemployment, weekly share prices. Time series data

are used in statistics, econometrics, mathematical finance, medicine, meteorology and many

other areas.

The literature about the theoretical and methodological aspects of the time series models

is vast and most of it is non-Bayesian. For non-Bayesian, theory and methodology see

books by Box and Jenkins [1], Priestley [2], Brokwell and Davis [3], Hamilton [4], Chat-

field [5], among others. The subject of Bayesian Time Series was pioneered by Zellner [6]

and Broemeling [7]. The books by Pole et al. [8] and Barber et al. [9] are a good introduc-

tion to a Bayesian time series analysis. Kitagawa and Gersch [10] analyzed the problems

of modeling stationary and non-stationary time series using Bayesian stochastic regression

treatment, so called "smoothness prior" approach. The fundamental statistical ideas for this

method are the likelihood of the Bayesian model and its use as a measure of the goodness of

fit of the model. West and Harrison [11] focused on Dynamic Linear Models (DLM) that are

a class of Bayesian Forecasting Models and their uses in forecasting and time series analysis.

Autoregressive and moving average (AR, MA) processes, that we focus on in this study, can

also be written in a DLM form and analyzed using the aforementioned theory.

The Bayesian analysis of time series consists of determining the posterior distribution of

the parameters of the model and the predictive distribution of future observations. The use

of Bayes theorem allows us to update the prior information we often possess before seeing

the data into a posterior distribution by incorporating the information, called likelihoods,

provided by the observed data. The use of prior information is very helpful, especially for

the inference for the small-size data. This improves the precision of the estimators of the

model parameters predicted values.

The interest in Bayesian methods grew rapidly during the last four decades. This is mostly

caused by the increased appreciation of the advantages that Bayesian inference involves (see

Steel [12]). Berger [13] provided a concise overview of Bayesian activity up to the year 2000.
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Both authors note the enormous impact of the development of the computational facilities and

the evolution of Markov Chain Monte Carlo (MCMC) methods on Bayesian statistics. As

Berger [13] states, ''it would be hard to find an area of human investigation in which there

does not exist some level of Bayesian work''. Bayesian methods are being used more and

more extensively in many applications fields, see [14]. Economics and econometrics ([15],

[16]), finance ([17], [18], [19], [20], [21]), engineering ([22], [23]), genetics ([24], [25], [26]),

medicine ([27], [28]) and physical sciences ([29], [30]) are only a few application areas, more

references and application fields are given in [13]. Below we provide an overview of the main

components of Bayesian inference and methods that can be employed in the analysis.

How to choose the prior is an important issue in Bayesian analysis. There are several ap-

proaches to this problem, the most popular are the subjective, objective and empirical meth-

ods. The empirical Bayes approach assumes that the prior can be estimated from the data

itself, this method is often seen as a bridge between the classical frequentists approach and

Bayesian inference. In the subjective Bayes approach the prior measures what is known or

believed before the experiment takes place, whereas in the objective Bayes approach, the

prior should be chosen based on mathematical properties, such as reference priors that in

some sense maximize information gain. Berger [31] briefly describes all of these methods

and provides good arguments for the use of the objective approach.

Any and all of these approaches can be used, even within the same model. For example, a

subjective prior on parameters may be employed where there is a considerable amount of

prior knowledge and a reference prior on other parameters that are less important or less

understood. The impact of the prior declines as the data sample increases, when there is a lot

of data, different priors tend to lead to very similar conclusions.

In the subjective Bayes approach, the prior reflects researcher's believes and the information

that is available before the analysis, and depending on this, it can take different functional

form. Nevertheless, in the vast of the Bayesian analysis non-informative and conjugate priors

are utilized. This choice leads to posterior and predictive distributions that can be derived an-

alytically. Zellner [6] obtained the posterior and predictive distributions for AR(1) and AR(2)

processes using Jeffrey's improper prior. Broemeling [7] and Shaarawy and Broemeling [32]

discussed Bayesian analysis of invertible and stationary ARMA processes. Using conditional

likelihood function and Normal-Gamma and Jeffrey's improper priors for the model param-
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eters they derived the posterior distributions for the model parameters and one-step ahead

predictive distributions. Schervish and Tsay [33] gave a fully Bayesian analysis of autore-

gressive models with or without exogenous variables. In this study, we consider four different

sets of priors: Truncated Normal and Uniform priors for AR and MA models parameters and

Gamma and Improper priors for the precision parameter.

As noted by Fan and Yao [34], Zeithammer and Lenk [35], among others, it can be shown

that the Bayesian analysis method for AR model is equivalent to some Bayesian multivari-

ate regressive analysis. There has been increasing interest in Bayesian methods in applica-

tion to various multivariate time series models, such as vector autoregressive (VAR), vector

autoregressive-moving average (VARMA) and multivariate generalized autoregressive con-

ditional heteroskedasticity (MGARCH) models. Generally, multivariate models require es-

timation of a large number of parameters, thus over-parameterization is often a problem -

sample size is not sufficient to estimate the parameters of the model. Bayesian methods can

be employed to reduce the number of parameters and make the use model feasible by utilizing

priors that provide a logical and consistent method of imposing parameter restrictions. Sevinc

and Ergun [36] studied the VAR model using Bayesian point of view. In the Bayesian VAR

analysis of the Turkish unemployment rate and industrial production index, they employed

five different priors for the model parameters, namely Minessota, Diffuse, Normal - Wishard,

Normal-Diffuse and Extended Natural Conjugate (ENC) priors. Using the first three priors,

the posterior distributions have a closed form but when the Normal-Diffuse and ENC priors

are employed, the posterior distributions are not in a known form, hence the MCMC methods

are utilized.

As it was previously noted, the posterior and predictive distributions are analytically in-

tractable for most of the prior distributions of model parameters. Therefore, an approximation

is required. As it was pointed out by Mahmoud [37], the use of numerical computer routines

may not converge for a given set of data. Thus, when the posterior is complicated, researchers

have usually resorted to the Markov Chain Monte Carlo (MCMC) method and successfully

achieve a satisfactory computational answer; see [38] and [39]. A development of Markov

chain Monte Carlo methods enabled sampling from a posterior distribution by constructing

a Markov chain which converges to the posterior distribution in a given statistical inference

problem. There exist different ways to generate the required Markov chain, the most popular

being the Gibbs sampler, introduced by Geman and Geman [40] and developed by Gelfand
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and Smith [41]; and the Metropolis-Hastings sampler, proposed in Metropolis et al. [42] and

generalized by Hastings [43]. Using the MCMC methods, the Bayesian analysis can be ap-

plied to a wide variety of models and prior distributions, for the description of the methods

and their applications, see Chib and Greenberg [44] and Tsay [45], among others.

As alternative to the MCMC methods, one can use Tierney’s and Kadane’s approximation

(see [46]) or Lindley’s method. Lindley [47] developed approximation for the ratio of inte-

grals that can be used to approximate the posterior and predictive distributions and relevant

expectations. Singh et al. [48] employed the LINEX loss function and derived the Bayes es-

timators of the generalized-exponential distribution parameters using Lindley's approxima-

tion. They compared the obtained approximate Bayes estimates to the ML estimates using

different combinations of prior parameters and found that the approximate Bayes estimators

perform better in terms of the loss in most cases. Nadar et al. [49] used Lindley’s approxi-

mation in the Bayesian estimation of P(Y<X) for Kumaraswamy’s distribution. Anderson et

al. [50] applied this approximation for the Bayesian estimation in non-homogeneous AR(1)

process assuming autoregression of coefficients. In this study, we apply Lindley's approxi-

mation for the AR and MA processes with normally distributed errors when the choice of the

prior distributions of parameters results in analytically intractable posterior and predictive

distributions.

There exist different criteria for estimating unknown distribution parameters. Bayesian esti-

mators are based on minimization of the expected loss function. Although there do not exist

some certain rules one could follow to choose the loss function, this choice is fundamental to

construct an optimal forecast. Depending on the study goal, different loss functions should

be employed. In this study we consider two loss functions: symmetric squared error (SE)

and asymmetric linear - exponential (LINEX). The SE loss function is widely used due to

its mathematical tractability. However, there are no reasons why the consequences of under-

predicting should be the same as the costs from over-predicting. For example, a life insurer

prefers not to underestimate mortality, since it would lead to decreased profitability of the

product by having to pay out more death benefit claims than it was expected. Granger [51]

also questions the use of symmetric loss function and gives some more examples where an

asymmetric loss function should be employed. A few examples from his text are the follow-

ing. The cost of arriving 10 min early in the airport is quite different from arriving 10 min

late. The cost of having a computer that is 10 per cent too small for a task is different than
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being 10 per cent too big.

Satchell et al. [52] applied the LINEX loss function to various of volatility models, includ-

ing GARCH models, and derived one-step ahead volatility forecasts. Their empirical study

on Glaxo Wellcome company return volatility data using GARCH(1, 1) model suggests that

the forecasts derived using the LINEX loss function outperform the conventional GARCH

estimates. Singh et.al. [53] studied the inverse Gaussian distribution and obtained the Bayes

estimators using the SE and general entropy loss functions. They compared the derived pa-

rameter estimators to the ML estimators and observed that, generally, the Bayes estimators

derived using the asymmetric general entropy loss function results in lower losses than that

of the ML estimators.

The present study is organized as follows. Section 2 reviews the study objectives and method-

ology that will be used. In Section 3 we introduce some concepts and fundamental results

that will be used in the study. In Section 4 we consider an ARMA (p, q) process and assume

the model which was analyzed by Shaarawy and Broemeling [32]. We summarize their re-

sults and then using them find the Bayes estimators of model parameters and one-step ahead

forecast under the SE and LINEX loss functions. Sections 5 and 7 give the Bayesian setting

for AR(p) and MA(q) models, respectively. Independent truncated normal and independent

uniform priors for the AR(p) and MA(q) coefficients and gamma and improper priors for the

precision parameter are used. Using conditional likelihood function and Lindley's approx-

imation the approximate Bayesian estimators under the SE and LINEX loss functions are

derived. In Sections 6 and 8 computer simulation study compares the maximum likelihood

and the Bayesian estimators for AR(p) and MA(q) models, respectively. Real time series

examples are given to illustrate the findings. Finally, in Section 9 we overview the findings

and future study.
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2. STUDY OBJECTIVES AND METHODOLOGY

In this section we overview the present study objectives and methodology that will be used.

2.1. OBJECTIVES

This study has the following major objectives:

(i) Determine the Bayes estimators of AR(p) and MA(q) parameters and one-step ahead

prediction of a future observation using the normal-gamma conjugate prior under the

LINEX loss function. We expand the results of Shaarawy and Broemeling [32] by

using different loss function.

(ii) Determine the Bayes estimators of AR(p), p = 1, 2, model parameters using four dif-

ferent priors: independent uniform priors for AR(p) coefficients and gamma prior for

the precision, independent uniform priors for AR(p) coefficients and improper prior for

the precision, independent truncated normal priors for AR(p) coefficients and gamma

prior for the precision, independent truncated normal priors for AR(p) coefficients and

improper prior for the precision.

(iii) Determine the Bayes estimators of one-step ahead prediction of the future observation

for AR(p), p = 1, 2 model using four different priors: independent uniform priors for

AR(p) coefficients and gamma prior for the precision, independent uniform priors for

AR(p) coefficients and improper prior for the precision, independent truncated normal

priors for AR(p) coefficients and gamma prior for the precision, independent truncated

normal priors for AR(p) coefficients and improper prior for the precision.

(iv) Determine the Bayes estimators of MA(q), q = 1, 2, model parameters using four dif-

ferent priors: independent uniform priors for MA(q) coefficients and gamma prior for

the precision, independent uniform priors for MA(q) coefficients and improper prior for

the precision, independent truncated normal priors for MA(q) coefficients and gamma

prior for the precision, independent truncated normal priors for MA(q) coefficients and

improper prior for the precision.
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(v) Determine the Bayes estimators of one-step ahead prediction of the future observation

for MA(q), q = 1, 2, model using four different priors: independent uniform priors for

MA(q) coefficients and gamma prior for the precision, independent uniform priors for

MA(q) coefficients and improper prior for the precision, independent truncated normal

priors for MA(q) coefficients and gamma prior for the precision, independent truncated

normal priors for MA(q) coefficients and improper prior for the precision.

(vi) Using a computer simulation study compare the Bayes and maximum likelihood esti-

mates of AR(p) and MA(q) parameters and one-step ahead forecasts.

(vii) Obtain empirical time series that follow AR(p) and MA(q) p, q = 1, 2, models, calcu-

late the Bayes and maximum likelihood estimates of the model parameters and one-step

ahead prediction assuming independent truncated normal priors for the coefficients and

improper prior for the precision. Then compare the Bayes and maximum likelihood es-

timates.

The SE and LINEX loss functions will be employed.

2.2. METHODOLOGY

To address the study questions we will analyse the AR(p) and MA(q) models. For the first

objective we will mainly use the article of Shaarawy and Broemeling [32] and the methods

described there. The Bayes estimator under the LINEX loss function involves the posterior

moment generating function. Using the normal-gamma prior, Shaarawy and Broemeling [32]

showed that the posterior distributions of the coefficients' parameters and a predictive distri-

bution of a one-step ahead forecast are t-distributions. The moment generating function of

the t-distribution is undefined which prohibits the use of a direct formula. Thus, a proper ap-

proximation is required. To approximate the t-distribution we will use the normal distribution

with proper mean and variance parameters. Since the degrees of freedom of t-distribution is

sufficient large, this approximation is valid.

For the uniform prior case for the coefficient parameters, we will show that the posterior

distribution of the coefficients' parameters follow a truncated t-distribution. Similarly, to the

t-distribution case, the moment generating function does not have a tractable form. Therefore,
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under the LINEX loss function, the normal approximation will be employed and approximate

estimators will be defined

When the resulting posterior or predictive are intractable, we will apply Lindley's approxi-

mation and will obtain the approximate estimators.

To perform the numerical study, we will follow the procedures given below.

Given the autoregressive process of order p, AR(p),

Yt =
p∑
i=1

φiYt−i + εt, t = 1, 2, . . . ,

where φ1, . . . , φp are real unknown parameters, and {εt} is a sequence of independent and

normally distributed random variables with mean zero and precision τ .

(i) Simulate τ .

(ii) Simulate φi, i = 1, . . . , p.

(iii) Generate the AR(p) series : y1, . . . , yn for some n.

(iv) Calculate the ML estimates for the parameters and find the error.

(v) Calculate the Bayes estimates for the parameters under the SE and LINEX loss func-

tions and find the error.

(vi) Calculate the ML and Bayes estimates of one step ahead forecasts under the SE and

LINEX loss functions and find the errors.

(vii) Repeat the above procedures N times and calculate the mean errors under the SE and

LINEX loss functions.

These procedures described above are suitable for the AR(p) model. For the MA(q) model

the procedures will be analogous.

For the empirical study the required zero-mean stationary series will be obtained using dif-

ferentiation of the original data and/or similar procedures .
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2.3. MATERIALS

To perform numerical analysis a numerical computing and programming language MATLAB

and R will be used.
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3. BACKGROUNDMATERIALS AND PRELIMINARIES

This chapter introduces some concepts and fundamental results that are used in the present

study. For the stationarity we follow definitions Brokwell and Davis [3], for the autoregres-

sive and moving average processes - by Box and Jenkins [1].

3.1. STATIONARITY

A stationary time series is defined as follows.

Definition 1. (Stationarity) The time series {Yt, t ∈ Z}, with index set Z, is said to be sta-

tionary if

(i) E(Yt)2 < ∞ for all t ∈ Z,

(ii) Yt = m, where m is some constant, for all t ∈ Z,

(iii) Cov(Ys, Yt) = Cov(Ys+τ , Yt+τ ) for all s, t, τ ∈ Z.

Stationarity as just defined is frequently referred to as second order or weak stationarity.

Weak stationarity means that a stochastic process {Yt} has a finite variation, constant first

moment and that the second moment Cov(Ys, Yt) only depends on t− s and does not depend

on s or t.

3.2. AUTOREGRESSIVE PROCESS

Autoregressive processes are often used in describing situations in which the present value

of a time series depends on its preceding values plus a random shock. We define the autore-

gressive process of order p, AR(p), by

Yt =
p∑
i=1

φiYt−i + εt, t = 1, 2, . . . , (3.1)
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where φ1, . . . , φp are real unknown parameters, and {εt} is a sequence of independent and

identically distributed random variables with mean zero and precision τ . Namely, an autore-

gressive model of order p states that Yt is the linear function of the previous p values of the

series plus an error term. Alternatively, AR(p) process can be given by

φp(B)Yt = εt, (3.2)

where φp(B) = 1 − φ1B − · · · − φpB
p. For the AR(p) process to be stationary, the roots of

φp(B) = 0 must lie outside of the unit circle.

3.3. MOVING AVERAGE PROCESS

Moving average processes are useful in describing phenomena in which events produce an

immediate effect that only lasts for a short periods of time.

We define the moving average process of order q, MA(q), by

Yt = εt −
q∑
i=1

θiεt−i, t = 1, 2, . . . , (3.3)

where θ1, . . . , θq are real unknown parameters, and {εt} is a sequence of independent and

identically distributed random variables with mean zero and precision τ . The MA(q) process

can also be written in the following equivalent form

Yt = θq(B)εt, (3.4)

where θq(B) = 1 − θ1B − · · · − θqB
q. Because 1 + θ2

1 + · · · + θ2
q < ∞, a finite moving

average process is always stationary.
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3.4. AUTOREGRESSIVE - MOVING AVERAGE PROCESS

The autoregressive moving average process, ARMA(p, q), is defined by

Yt =
p∑
i=1

φiYt−i −
q∑
i=1

θiεt−i + εt (3.5)

where φ1, . . . , φp, θ1, . . . , θq are real unknown parameters, and {εt} is a sequence of inde-

pendent and identically distributed random variables with mean zero and precision τ . The

ARMA(p,q) process can also be written in the following equivalent form

φp(B)Yt = θq(B)εt, (3.6)

where φp(B) = 1−φ1B−· · ·−φpB
p and θq(B) = 1−θ1B−· · ·−θqB

q. The autoregressive

moving average process is stationary provided that the characteristic equation φp(B) = 0 has

all its roots lying outside the unit circle.

3.5. LOSS FUNCTIONS AND BAYES ESTIMATORS

The well-known squared-error loss function (SE) is given by

lSE(ω, δ) = (ω − δ)2, (3.7)

where ω is a univariate parameter and δ is its estimate. This loss function is symmetric, thus it

has an implicit assumption that the costs from under-predicting and over-predicting are same.

It can be easily shown that the value δ(ω) that minimizes the posterior expectation of lSE in

Equation 3.7, given a sample Sn = (Y1, . . . , Yn)′, is the posterior expectation

δ̂SE = EΩ|Sn(δ|Sn) (3.8)
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One can use the asymmetric linear-exponential (LINEX) loss function which was first pro-

posed by Varian [54] and is given as

lLINEX(ω, δ) = eγ(δ−ω) − γ(δ − ω) − 1 (3.9)

where ω is a univariate parameter and γ 6= 0. The parameter γ is known and gives the

degree of asymmetry. If γ > 0 and the errors δ − ω are positive, the LINEX loss function

is almost exponential and for negative errors almost linear, in this situation overestimation

is a more important than underestimation. Where γ < 0, underestimation is more important

than overestimation. Let MΩ|Sn(t) = EΩ|Sn(etω) denote the moment generating function of

the posterior density function of Ω given Sn. It can be easily verified that the value of δ(ω)

that minimizes EΩ|Sn(l(ω, δLINEX(ω)) Equation 3.9 is

δ̂LINEX = −1
γ

ln(MΩ|Sn)(−γ) (3.10)

provided that MΩ|Sn(·) exists and is finite.

3.6. LINDLEY'S APPROXIMATION

Lindley [47] developed approximate procedures for the evaluation of the ratio of two integrals

which are in the form

∫
w(θ) exp(L(θ))dθ∫
g(θ) exp(L(θ))dθ

where θ  = (θ1, θ2, . . . , θn), L(θ) is the logarithm of the likelihood function, and g(θ) and 

w(θ) = v(θ)g(θ) are arbitrary functions of θ . The posterior expectation of the function v(θ), 

for given sample y, is

E[v(θ)|y] =
∫
v(θ) exp(L(θ) + ρ(θ))dθ∫

exp(L(θ) + ρ(θ))dθ (3.11)
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where L(θ)+ρ(θ) is the logarithm of the posterior distribution of θ  except for the 

normalizing constant and ρ(θ) is the logarithm of g(θ). Expanding L(θ) + ρ(θ) in Equation 

3.11 into a Taylor series expansion about the ML estimates of θ, Lindley obtained the required 

expression for E[v(θ)|y] and Equation 3.11 asymptotically is estimated by

v∗ = v + 1
2

∑
i

∑
j

[vij + 2viρj]σij + 1
2

∑
i

∑
j

∑
k

∑
l

Lijkσijσklvl, (3.12)

where i, j, k, l = 1, 2, . . . , N and

v = v(θ), vi = 
∂v
∂θi

, vij = ∂2v

∂θi∂θj
, Lijk = ∂3L

∂θi∂θj∂θk
, ρj = ∂ρ

∂θj
,

and σij is the (i,j)th element of the inverse matrix {−Lij} and all are evaluated at the ML

estimates of the parameters.

For AR(p) model N = p+ 1 and for MA(q) model N = q + 1.

3.7. TRUNCATED NORMAL APPROXIMATION

Lemma 1. t-distribution approaches normal distribution as ν → ∞.

This is a well-know fact. Using the limits limk→∞
γ(k+ 1

2 )√
2πnγ(k) = 1

2π and limk→∞(1+ x2

k
)− k+1

2 =

e− X2
2 , it can be shown that fν(x) → φ(x), as ν → ∞ for every value of x ∈ (−∞,∞) .

Here fν(x) denotes p.d.f. of a standard t-distribution and φ(x) denotes p.d.f. of a standard

normal distribution.

Theorem 3.1. (Scheffe’s Theorem) Suppose that Xn has density function fn, n ≥ 1, and X

has density function f . Then fn(x) → f(x) (for all but a countable number of x) implies that

Xn ∼ X .

Lemma 2. Truncated t-distribution approaches truncated normal distribution as ν → ∞.

Proof. Let fν(x;µ, σ, a, b) be probability density function of a truncated t-distribution and

φ(x;µ, σ, a, b) be probability density function of a truncated normal distribution, where the
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truncation interval is (a, b). SinceX ∼ Ttν(0, 1, a, b) implies thatY = µ+σX ∼ Ttν(µ, σ, a, b)

and same is valid for a truncated normal distribution, it is sufficient to show that fν(x; 0, 1, a, b) →

φ(x; 0, 1, a, b), ν → ∞.

As ν → ∞,

fν(x; 0, 1, a, b) = 1
T (b|ν) − T (a|ν)fν(x)I(a < x < b),

φ(x; 0, 1, a, b) = 1
Φ(b) − Φ(a)φ(x)I(a < x < b),

fν(x; 0, 1, a, b)
φ(x; 0, 1, a, b) = Φ(b) − Φ(a)

T (b|ν) − T (a|ν) × fν(x)
φ(x) ,

fν(x)
φ(x) → 1.

We need to show that Φ(b)−Φ(a)
T (b|ν)−T (a|ν) → 1, as ν → ∞. But fν → φ(x), as ν → ∞, by Scheffe’s

Theorem, implies that a t-distributed random variable converges to a normal distributed ran-

dom variable in distribution, i.e. a c.d.f. of a t-distribution approaches a c.d.f. of a normal

distribution, as ν → ∞. This fact was also mentioned in [57], page 282.

3.8. GIBBS SAMPLER

The Gibbs sampler is an iterative Monte Carlo method designed to extract marginal distribu-

tions from intractable joint distributions. Consider a p-dimensional with probability density

function p(x), where x = (x1, x2, . . . , xp). Suppose the complete conditional distributions,

p(x1|x2, x3, . . . , xp), p(x2|x1, x3, . . . , xp), …, p(xp|x1, x2, . . . , xp−1) have a much simpler

form and are easily sampled. Then the algorithm for obtaining a draw (x1, x2, . . . , xp) pro-

ceeds as follows.

(i) Specify initial value x(0) = (x(0)
1 , x

(0)
2 , . . . , x(0)

p ).

(ii) Successively generate values x(1), x(2), . . . , x(n) in the following way. For each t =

1, 2, . . . , using the value x(t), update the sample to x(t+1):
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• draw a new value of x(t+1)
1 from p(x1|x(t)

2 , x
(t)
3 , . . . , x(t)

p );

• continue through new draws of x(t+1)
i from p(xi|x(t+1)

1 , . . . , x
(t+1)
i−1 , x

(t)
i+1, . . . , x

(t)
p ),

where i = 2, 3, . . . , p− 1;

• complete the re-sampling by drawing x(t+1)
p from p(xp|x(t+1)

1 , x
(t+1)
2 , . . . , x

(t+1)
p−1 ).

After M iterations of the above scheme, the sample x(M) = (x(M)
1 , x

(M)
2 , . . . , x(M)

p ) is ob-

tained. Under regularity conditions, for example, see Tierney [55], as M → ∞, the sam-

pled values converge in distribution to the relevant marginal and joint distribution. For M

large, so that the desired convergence in distribution has been attained, the N − M values

x(M+1), x(M+2), . . . , x(N) are a sample from p(x).

Then the expectation of a function, g(x), of the parameters is estimated via the sample average

Ê(g(x)) = 1
N −M

N∑
j=M+1

g(x(j)).
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4. BAYESIANANALYSIS OFAUTOREGRESSIVE -MOVINGAVER-

AGE PROCESSES

In this section we consider an ARMA (p, q) process, defined by Equation 3.5, which is in-

vertible and stationary. We assume normal - gamma conjugate prior for the parameters. This

model was analyzed by Shaarawy and Broemeling [32]. They derived posterior distributions

of the model parameters and one-step ahead predictive distribution. Here we summarize their

results and then using them find Bayes estimators of model parameters and one-step ahead

forecast under the SE and LINEX loss functions.

In the model 3.5 we assume the parameters have conjugate normal - gamma prior. That is,

ξ(φ, θ, τ) = ξ1(φ, θ|τ)ξ2(τ), φ ∈ Rp, θ ∈ Rq, τ > 0,

where the marginal prior density of τ is the gamma distribution

ξ2(τ) ∝ τα−1e−τβ

and ξ1 is the normal density N(µ, τ−1Q−1). So ξ is the normal - gamma density function

with parameters µ, α, β, and Q which is positive definite matrix of order p+ q.

Suppose in the model 3.5 we have n observations Sn = (Y1, Y2, . . . , Yn)′, then the residuals

are given by

εt = Yt −
p∑
i=1

φiYt−i +
q∑
j=1

θjεt−j, (4.1)

where t = p, p+ 1, . . . , n.

By conditioning on the first p observations and assuming that ε1 = · · · = εp = ε0 = · · · =

εp−q−1 = 0, where q > p + 1 (see Tiao and Box [56], p.809; Priestley [2], p.360), we
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approximate the likelihood function by

L(φ, θ, τ |Sn) ∝ τ
n−p

2 e− τ
2

∑n

t=p+1 ε
2
t , (4.2)

where φ ∈ Rp, θ ∈ Rq, τ > 0, and εt, t = p + 1, . . . , n are given by Equation 4.1. The

residuals can be estimated by

ε̂t = Yt −
p∑
i=1

φ̂iYt−i +
q∑
j=1

θ̂j ε̂t−j,

where t = p+ 1, . . . , n, ε̂p−1 = . . . , ε̂p−q−1 = 0, and φ̂j and θ̂j are the nonlinear least squares

estimates of φi and θj and are found by minimizing the conditional sum of squares

SS(φ, θ) =
n∑

t=p+1
ε2
t

with respect to φ and θ over the region of invertibility and stationarity. The conditional least

square estimates are found by a nonlinear regression algorithm explained by Harvey [58].

Thus, the approximate likelihood function has the following form

L∗(φ, θ, τ |Sn) ∝ τ
n−p

2 e− τ
2

∑n

t=p+1

[
Yt−

∑p

i=1 φiYt−i+
∑q

j=1 θj ε̂t−j

]2

, (4.3)

where φ ∈ Rp, θ ∈ Rq, τ > 0, and ε̂p−1 = . . . , ε̂p−q−1 = 0. Employing Bayes Theorem, the

posterior density of φ, θ and τ is

ξ(φ, θ, τ |Sn) ∝ τ
p+q

2 +α−1e− τ
2 (2β+(ψ−µ)′Q(ψ−µ)τ

n−p
2 e− τ

2
∑n

t=p+1

[
Yt−

∑p

i=1 φiYt−i+
∑q

j=1 θj ε̂t−j

]2

∝ τ
n+q+2α

2 −1e− τ
2 (2β+(ψ−µ)′Q(ψ−µ)+

∑n

t=p+1

[
Yt−

∑p

i=1 φiYt−i+
∑q

j=1 θj ε̂t−j

]2

,

(4.4)

where ψ = (φ, θ)′. Shaarawy and Broemeling [32] derived the marginal posterior distribu-

tions for φ, θ and τ . Their results are concluded in the following theorems.

Theorem 4.1. The posterior distribution of φ and θ is a (p+q)-dimensional t-distribution
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with ν = n− p+ 2α degrees of freedom, location vector

c = (A+Q)−1(B +Qµ)

and scale matrix

Σ(ψ|Sn) = (C − (B +Qµ)′(A+Q)−1(B +Qµ))(A+Q)−1

n− p+ 2α ,

where ψ = (φ, θ)′, A is symmetric and of order p+ q and

A11 A12

A21 A22

 .

Furthermore, A11 is of order p and has ith diagonal element
∑n
t=p+1 Y

2
t−i and ikth off-

diagonal element
∑n
t=p+1 Yt−iYt−k. A22 is of order q and has jkth element

∑n
t=p+1 ε̂t−j ε̂t−k.he

p× q matrix A12 has ijth element
∑n
t=p+1 Yt−iε̂t−j. The p+ q column vector B is

B =

B1

B2

 ,

whereB1 is of order p and has ith element
∑n
t=p+1 Yt−iYt, B2 is of order q and has jth element∑n

t=p+1 ε̂t−jYt. Finally, the scalar C is

C = 2β + µ′Qµ+
n∑

t=p+1
Y 2
t .

Thus the posterior density of the parameters is given by

ψ|Sn ∼ tp+q(c,Σ(ψ|Sn), ν).
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Also, the marginal density of τ is gamma with parameters α0 and β0, where

α0 = n− p+ 2α
2

and

β0 = 1
2

(
C − (B +Qµ)′(A+Q)−1(B +Qµ)

)
.

So we have

Corollary 4.1. The marginal posterior distribution for individual parameter is

ψk|Sn ∼ t1(ck, sk, ν),

where ck is the diagonal element of location vector c, sk is the diagonal element of scale

matrix Σ(ψ|Sn), k = 1, . . . , p+ q and ψk = φk, k = 1, . . . , p, ψp+j = θj, j = 1, . . . , q.

Under the SE loss function, the Bayes estimator of a given function is the posterior mean of

that function. Under the LINEX loss function, the Bayes estimator of v = v(ψ, τ) is equal to

v̂BLINEX
= −1

γ
log

(
E(e−γv(ψ,τ)|Sn)

)

Theorem 4.2. Under the SE loss function, the Bayes estimator of ψi, i = 1, . . . , p + q is

equal to

ψ̂i(BSE) = ci, (4.5)

where ci is the ith element of location vector.

Under the LINEX loss function, the Bayes estimator involves the moment generating func-

tion. For the t-distribution, the moment generating function is undefined. However, since
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the degrees of freedom is large, the t-distribution can be well approximated by the normal

distribution whose moment generating function exists. Using this approximation, we get the

following result

Theorem 4.3. Under the LINEX loss function, the approximate Bayes estimator of ψi, i =

1, . . . , p is equal to

ψ̂i(BLINEX) = ci − γsi
2 , (4.6)

where the parameters ci, si, are as defined in the Theorems 4.1 and 4.2 .

For the parameter τ the Bayes estimators are given in the following theorem.

Theorem 4.4. (i) Under the SE loss function, the Bayes estimator of τ is

τ̂BSE
= α0

β0
.

(ii) Under the LINEX loss function, the Bayes estimator of τ is equal to

τ̂BLINEX
= −α0

γ
log

(
1 + γ

β0

)
.

where α0, β0 are as defined in the Theorem 4.1.

In the next theorems we give the Bayesian predictive distribution of a future observation

W1 = Yn+1 which was derived by Shaarawy and Broemeling [32] and the approximate Bayes

estimators of W1 under the SE and LINEX loss functions.

Theorem 4.5. The predictive distribution ofW1 is a univariate t-distribution with ν = n −

p+ 2α degrees of freedom, location vector

c0 = (1 −B′
0A

−1
0 B0)−1B′

0A
−1
0 (B +Qµ)
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and scale matrix

Σ(W1|Sn) = (C − (B +Qµ)′A−1
0 (B +Qµ)

(1 −B′
0A

−1
0 B0)n− p+ 2α

,

where B0 is of order p+ q,

B0 =

B01

B02

 ,

where B01 is of order p and has ith element Yn+1−i, B02 is of order q and has jth element

−ε̂n+1−j. The matrix A0 is

A0 = A+ A1 +Q,

where A,Q are defined in the Theorem 4.1 and A1 is the symmetric matrix

A1 =

A∗
11 A∗

12

A∗
21 A∗

22

 .

Furthermore, A∗
11 is of order p and has ikth element Yn+1−iYn+1−k. A

∗
22 is of order q and

has jkth element ε̂n+1−j ε̂n+1−k.The p× q matrix A∗
12 has ijth element −Yn+1−iε̂n+1−j.

Since the predictive distribution is a univariate t-distribution, in order to find the Bayes esti-

mator of W1 under the LINEX loss function, normal approximation is used.

Theorem 4.6. (i) Under the SE loss function, the Bayes estimator ofW1 is

Ŵ1BSE
= c0.

(ii) Under the LINEX loss function, the approximate Bayes estimator of τ is equal to

Ŵ1BLINEX
= c0 − γs0

2
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where s0 = Σ(W1|Sn) and c0,Σ(W1|Sn) are as defined in the Theorem 4.5.
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5. BAYESIAN ANALYSIS OF AUTOREGRESSIVE PROCESSES

In this section we consider the AR(p) model. We assume four different priors for the param-

eters.

The AR(p) model is defined by Equation 3.1. We can rewrite it as

Y =


Y1
...

Yn

 =


Y0 Y−1 . . . Y1−p
...

... . . .
...

Yn−1 Yn−2 . . . Yn−p



φ1
...

φp

 +


ε1
...

εn

 := Xφ+ ε, (5.1)

where ε = (ε1, . . . , εn)′ ∼ N(0, τ−1I) (τ = 1
σ2 > 0). Yt is the observation at time t. The

model parametersφ and the precision τ are considered to be random variables. Y0, Y−1, . . . , Y1−p

are treated as ''initial'', known constants.

For the latter model we study the following questions.

(i) How to estimate parameters φ and τ given a sample Sn = (Y1, . . . , Yn)′?

(ii) How to forecast a future observation W1 = Yn+1 given a sample Sn = (Y1, . . . , Yn)′?

5.1. INDEPENDENT TRUNCATED NORMAL - GAMMA PRIOR

In the model 5.1 we assume the parameters φi, i = 1, . . . , p, have independent truncated

normal priors on intervals (ai, bi), ai, bi ∈ R, for all i = 1, . . . , p , respectively, with the

parameters φ1 ∼ TN(µ1, σ
2
1), . . . , φp ∼ TN(µp, σ2

p), and the precision has independent

gamma prior with the parameters α and β, i.e. τ ∼ Gamma(α, β). That is, the joint prior

ξ(φ, τ) = ξ1(φ)ξ2(τ),

where the marginal prior density of τ is gamma distribution

ξ2(τ) ∝ τα−1e−τβ, τ > 0,
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and the marginal prior density of φ is

ξ1(φ) ∝ e− 1
2

∑p

i=1( φi−µi
σi

)2
= e− 1

2 (φ−µ)′Q(φ−µ), φ ∈ Rp,

that is, ξ1(φ) ∼ N(µ,Q−1). So the joint prior density function of parameters

ξ(φ, τ) ∝ τα−1e−τβ− 1
2 (φ−µ)′Q(φ−µ).

The likelihood function for the model 5.1

L(φ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ) .

Employing Bayes Theorem, the posterior density of φ and τ is

ξ(φ, τ |Sn) = L(φ, τ |Sn)ξ(φ, τ)∫
Φ

∫ ∞
0 L(φ, τ |Sn)ξ(φ, τ)dφdτ

= τα−1e−τβ− 1
2 (φ−µ)′Q(φ−µ)τ

n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)∫
Φ

∫ ∞
0 τα−1e−τβ− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ
. (5.2)

Under the SE loss function, the Bayes estimator of v = v(φ, τ) is the posterior mean of the

function and is given by the ratio of two integrals which can be written as

v̂BSE
= E(v(φ, τ)|Sn)

=
∫

Φ
∫ ∞

0 v(φ, τ)L(φ, τ |Sn)ξ(φ, τ)dφdτ∫
Φ

∫ ∞
0 L(φ, τ |Sn)ξ(φ, τ)dφdτ

=
∫

Φ
∫ ∞

0 v(φ, τ)τα−1e−τβ− 1
2 (φ−µ)′Q(φ−µ)τ

n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ∫
Φ

∫ ∞
0 τα−1e−τβ− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ
. (5.3)
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Under the LINEX loss function, the Bayes estimator of v = v(φ, τ) is equal to

v̂BLINEX
= −1

γ
log

(
E(e−γv(φ,τ)|Sn)

)

= −1
γ

log
(∫

Φ
∫ ∞

0 e−γv(φ,τ)L(φ, τ |Sn)ξ(φ, τ)dφdτ∫
Φ

∫ ∞
0 L(φ, τ |Sn)ξ(φ, τ)dφdτ

)

= −1
γ

log
(∫

Φ
∫ ∞

0 e−γv(φ,τ)τα−1e−τβ− 1
2 (φ−µ)′Q(φ−µ)τ

n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ∫
Φ

∫ ∞
0 τα−1e−τβ− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ

)
.

(5.4)

These ratios of two integrals cannot be solved analytically. Hence, we use Lindley's approx-

imation, for more details see Section 3.6. In the next two sections we apply this model to the

AR(1) and AR(2) processes and find the Bayes estimators of their parameters and one-step

ahead forecasts.

5.1.1. AR(1) model

In the p = 1 case, under the SE loss function, the Bayes estimator of function v = v(φ1, τ)

Equation 5.3 can be written as

v̂BSE
=

∫ b1
a1

∫ ∞
0 v(φ1, τ)L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ∫ b1
a1

∫ ∞
0 L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ

. (5.5)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(φ1, τ) can

be written as

v̂BLINEX
= −1

γ
log

(∫ b1
a1

∫ ∞
0 e−γv(φ1,τ)L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ∫ b1
a1

∫ ∞
0 L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ

)
. (5.6)

By conditioning on the first observation (see [56] and [2]), we may approximate the likelihood
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function by

L(φ1, τ |Sn) ∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
. (5.7)

Then the Bayes estimator of function v = v(φ1, τ), under the SE loss function, is approxi-

mately

ûBSE
=

∫ b1
a1

∫ ∞
0 u(φ1, τ)τ n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1 dφ1dτ∫ b1

a1

∫ ∞
0 τ

n−1
2 e− τ

2
∑n

t=2(Yt−φ1Yt−1)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1 dφ1dτ

, (5.8)

where u = v. Under the LINEX loss function,

ûBLINEX
= −1

γ
log

(∫ b1
a1

∫ ∞
0 u(φ1, τ)τ n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1 dφ1dτ∫ b1

a1

∫ ∞
0 τ

n−1
2 e− τ

2
∑n

t=2(Yt−φ1Yt−1)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1 dφ1dτ

)
,

(5.9)

where u = e−γv. Still we cannot find analytical expressions for ûBSE
and ûBLINEX

. Thus, we

apply Lindley's approximation for the ratios of two integrals. For the two parameters case,

Lindley's approximation leads to

ûBSE
= u+ 1

2

2∑
i,j=1

(uij + 2uiρj)σij + 1
2(L30[u1σ

2
11 + u2σ11σ12]

+ L21[3u1σ11σ12 + u2(σ11σ22 + 2σ2
12)]

+ L12[u1(σ11σ22 + 2σ2
12) + 3u2σ12σ22]

+ L03[u1σ12σ22 + u2σ
2
22]), (5.10)
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and

e−γûBLINEX = u+ 1
2

2∑
i,j=1

(uij + 2uiρj)σij + 1
2(L30[u1σ

2
11 + u2σ11σ12]

+ L21[3u1σ11σ12 + u2(σ11σ22 + 2σ2
12)]

+ L12[u1(σ11σ22 + 2σ2
12) + 3u2σ12σ22]

+ L03[u1σ12σ22 + u2σ
2
22]), (5.11)

where u = u(φ1, τ), u1 = ∂u
∂φ1

, u2 = ∂u
∂τ

, u11 = ∂2u
∂φ2

1
, u12 = u21 = ∂2u

∂φ1∂τ
, u22 = ∂2u

∂τ2 , L(φ1, τ)

is the logarithm of the likelihood function, ρ(φ1, τ) is the logarithm of the joint prior density

function, L30 = ∂3L
∂φ3

1
, L21 = ∂3L

∂φ2
1∂τ

, L12 = ∂3L
∂φ1∂τ2 , L03 = ∂3L

∂τ3 , ρ1 = ∂ρ
∂φ1

, ρ2 = ∂ρ
∂τ

and σij is

the (i, j)th element of the inverse of the matrix

A =

 −∂2L
∂φ2

1
− ∂2L
∂φ1∂τ

− ∂2L
∂φ1∂τ

−∂2L
∂τ2

1



all evaluated at the ML estimates of the parameters. For the prior distribution

ξ(φ1, τ) ∝ τα−1e
−τβ− (φ1−µ1)2

2σ2
1

we have

ρ = log(ξ(φ1, τ)) = constant+ (α− 1) log(τ) − τβ − (φ1 − µ1)2

2σ2
1

,

ρ̂1 = − φ̂1 − µ1

σ2
1

, ρ̂2 = α− 1
τ̂

− β.

From Equation 5.7,

L10 = ∂L

∂φ1
= τ

n∑
t=2

(Yt − φ1Yt−1)Yt−1,

L01 = ∂L

∂τ
= n− 1

2τ − 1
2

n∑
t=2

(Yt − φ1Yt−1)2.
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Then the ML estimators of φ1 and τ are

φ̂1 =
∑n
t=2 YtYt−1∑n
t=2 Y

2
t−1

, τ̂ = n− 1∑n
t=2(Yt − φ̂1Yt−1)2

and

L20 = ∂2L

∂φ2
1

= −τ
n∑
t=2

Y 2
t−1,

L11 = ∂2L

∂φ1∂τ
=

n∑
t=2

(Yt − φ1Yt−1)Yt−1,

L02 = ∂2L

∂τ 2 = −n− 1
2τ 2 .

Hence,

L̂30 = ∂3L

∂φ3
1

= 0, L̂21 = ∂3L

∂φ2
1∂τ

= −
n∑
t=2

Y 2
t−1,

L̂12 = ∂3L

∂φ1∂τ 2 = 0, L̂03 = ∂3L

∂τ 3 = n− 1
τ̂ 3 .

The matrix

A =

τ̂ ∑n
t=2 Y

2
t−1 0

0 n−1
2τ̂2

 . (5.12)

Its inverse is

A−1 =

 1
τ̂

∑n

t=2 Y
2

t−1
0

0 2τ̂2

n−1

 . (5.13)

Therefore,

σ̂11 = 1
τ̂

∑n
t=2 Y

2
t−1

, σ̂12 = σ̂21 = 0, σ̂22 = 2τ̂ 2

n− 1 .
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Under the SE loss function, we obtain the following results.

Proposition 5.1. Under the SE loss function, the approximate Bayes estimator of the param-

eter φ1 is

φ̂1(BSE) = φ̂1 + ρ̂1σ̂11. (5.14)

Proof. We use u(φ1, τ) = φ1. Then

u1 = 1, u2 = u11 = u12 = u21 = u22 = 0

and the result follows.

Proposition 5.2. Under the SE loss function, the approximate Bayes estimator of τ is

τ̂BSE
= τ̂ + ρ̂2σ̂22 + 1

2 L̂21σ̂11σ̂22 + 1
2 L̂03σ̂

2
22. (5.15)

Proof. We use u(φ1, τ) = τ . Then

u2 = 1, u2 = u11 = u12 = u21 = u22 = 0

and the result follows.

Finally, to get the Bayes estimator of one-step ahead forecast, we use

u(φ1, τ) = E(Yn+1|Sn, φ1, τ) = φ1Yn. (5.16)

Proposition 5.3. Under the SE loss function, the approximate Bayes estimator of the one-step

ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) = φ̂1(BSE)Yn. (5.17)
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Proof. We substitute Equation 5.16 to Equation 5.5, then

Ŵ1(BSE) =
∫ b1
a1

∫ ∞
0 φ1YnL(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ∫ b1
a1

∫ ∞
0 L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ

= Yn

∫ b1
a1

∫ ∞
0 φ1L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ∫ b1

a1

∫ ∞
0 L(φ1, τ |Sn)ξ(φ1, τ)dφ1dτ

= φ̂1(BSE)Yn.

Under the LINEX loss function, we get the following results:

Proposition 5.4. Under the LINEX loss function, the approximate Bayes estimator of the

parameter φ1 is

φ̂1(BLINEX) = φ̂1 − 1
γ

log
(
1 + γ2

2 σ̂11 − γρ̂1σ̂11
)
. (5.18)

Proof. We substitute u(φ1, τ) = e−γφ1 to Equation 5.11. Then

u1 = −γe−γφ1 , u11 = γ2e−γφ1 , u2 = u12 = u21 = u22 = 0

and the result follows.

Proposition 5.5. Under the LINEX loss function, the approximate Bayes estimator of the

parameter τ is

τ̂BLINEX
= τ̂ − 1

γ
log

(
1 + γ2

2 σ̂22 − γ
(
ρ̂2σ̂22 + 1

2 L̂21σ̂11σ̂22 + 1
2 L̂03σ̂

2
22

))
. (5.19)

Proof. We substitute u(φ1, τ) = e−γτ to Equation 5.11. Then

u2 = −γe−γτ , u22 = γ2e−γτ , u1 = u11 = u12 = u21 = 0
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and the result follows.

Proposition 5.6. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BLINEX) = φ̂1Yn − γ

2τ̂ − 1
γ

log
(
1 + 1

2
[
γ2Y 2

n σ̂11 + γ2

τ̂ 3

(
1 + γ2

4τ̂
)
σ̂22

]

− γYnρ̂1σ̂11 − γ2

2τ̂ 2 ρ̂2σ̂22

− γ2

4τ̂ 2

(
L̂21σ̂11σ̂22 + L̂03σ̂

2
22

))
.

(5.20)

Proof. We set u(φ1, τ) = E(e−γYn+1|Sn, φ1, τ) = e−γφ1Yn+ γ2
2τ and substitute it to Equation

5.11. Then

u1 = −γYne−γφ1Yn+ γ2
2τ , u2 = − γ2

2τ 2 e−γφ1Yn+ γ2
2τ ,

u11 = γ2Y 2
n e−γφ1Yn+ γ2

2τ , u12 = u21 = γ3Yn
2τ 2 e−γφ1Yn+ γ2

2τ , u22 = γ2

τ 3

(
1 + γ2

4τ
)
e−γφ1Yn+ γ2

2τ .

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-

erating function which is approximated using Lindley's method. However, Lindley's approx-

imation is of order n−1 and includes only three terms of the Taylor series expansion (see Sec-

tion 3.6), thus the approximated value of the moment generating function is not guaranteed

to be positive. Therefore, for a given LINEX loss function parameter γ, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.
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5.1.2. AR(2) model

In the p = 2 case, under the SE loss function, the Bayes estimator of function v = v(φ1, φ2, τ)

can be written as

v̂BSE
=

∫ b1
a1

∫ b2
a2

∫ ∞
0 v(φ1, φ2, τ)L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ∫ b1

a1

∫ b2
a2

∫ ∞
0 L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ

. (5.21)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(φ1, φ2, τ)

can be written as

v̂BLINEX
= −1

γ
log

( ∫ b1

a1

∫ b2

a2

∫ ∞

0
e−γv(φ1,φ2,τ)L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ

/
∫ b1

a1

∫ b2

a2

∫ ∞

0
L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ

)
. (5.22)

By conditioning on the first two observations, we may approximate the likelihood function

by

L(φ1, φ2, τ |Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
. (5.23)

Then the Bayes estimator of function v = v(φ1, φ2, τ), under the SE loss function, is approx-

imately

ûBSE
= (

∫ b1

a1

∫ b2

a2

∫ ∞

0
u(φ1, φ2, τ)τ

n−2
2 e− τ

2
∑n

t=3(Yt−
∑2

i=1 φiYt−i)2

× τα−1e
−τβ−

∑2
i=1

(φi−µi)2

2σ2
i dφ1dφ2dτ)

/ (
∫ b1

a1

∫ b2

a2

∫ ∞

0
τ

n−2
2 e− τ

2
∑n

t=3(Yt−
∑2

i=1 φiYt−i)2

× τα−1e
−τβ−

∑2
i=1

(φi−µi)2

2σ2
i dφ1dφ1dτ) (5.24)
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where u = v. Under the LINEX loss function,

e−γûBLINEX = (
∫ b1

a1

∫ b2

a2

∫ ∞

0
u(φ1, φ2, τ)τ

n−2
2 e− τ

2
∑n

t=3(Yt−
∑2

i=1 φiYt−i)2

× τα−1e
−τβ−

∑2
i=1

(φi−µi)2

2σ2
i dφ1dφ2dτ)

/ (
∫ b1

a1

∫ b2

a2

∫ ∞

0
τ

n−2
2 e− τ

2
∑n

t=3(Yt−
∑2

i=1 φiYt−i)2

× τα−1e
−τβ−

∑2
i=1

(φi−µi)2

2σ2
i dφ1dφ2dτ), (5.25)

where u = e−γv. Still we cannot find analytical expressions for ûBSE
and ûBLINEX

. Thus,

we apply Lindley's approximation for the ratios of two integrals. For the three parameters

case, Lindley's approximation leads to

ûBSE
= u+ (u1a1 + u2a2 + u3a3 + a4 + a5)

+ 1
2

[
B1(u1σ11 + u2σ12 + u3σ13) +B2(u1σ21 + u2σ22 + u3σ23)

+ B3(u1σ31 + u2σ32 + u3σ33)
]

(5.26)

and

e−γûBLINEX = u+ (u1a1 + u2a2 + u3a3 + a4 + a5)

+ 1
2

[
B1(u1σ11 + u2σ12 + u3σ13) +B2(u1σ21 + u2σ22 + u3σ23)

+ B3(u1σ31 + u2σ32 + u3σ33)
]
, (5.27)

all evaluated at the ML estimates of the parameters, where

ai = ρ1σi1 + ρ2σi2 + ρ3σi3, i = 1, 2, 3,

a4 = u12σ12 + u13σ13 + u23σ23, a5 = 1
2

(
u11σ11 + u22σ22 + u33σ33

)
,
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B1 = σ11L300 + 2σ12L210 + 2σ13L201 + 2σ23L111 + σ22L120 + σ33L102,

B2 = σ11L210 + 2σ12L120 + 2σ13L111 + 2σ23L021 + σ22L030 + σ33L012,

B3 = σ11L201 + 2σ12L111 + 2σ13L102 + 2σ23L012 + σ22L021 + σ33L003,

u = u(φ1, φ2, τ), u1 = ∂u
∂φ1

, u2 = ∂u
∂φ2

, u3 = ∂u
∂τ

, u11 = ∂2u
∂φ2

1
, u22 = ∂2u

∂φ2
2
, u33 = ∂2u

∂τ2 ,

u12 = u21 = ∂2u
∂φ1∂φ2

, u13 = u31 = ∂2u
∂φ1∂τ

, u23 = u32 = ∂2u
∂φ2∂τ

, L(φ1, φ2, τ) is the logarithm

of the likelihood function, ρ(φ1, φ2, τ) is the logarithm of the joint prior density function,

L300 = ∂3L
∂φ3

1
, L210 = ∂3L

∂φ2
1∂φ2

, L201 = ∂3L
∂φ2

1∂τ
, L120 = ∂3L

∂φ1∂φ2
2
, L102 = ∂3L

∂φ1∂τ2 , L021 = ∂3L
∂φ2

2∂τ
,

L012 = ∂3L
∂φ2∂τ2 , L030 = ∂3L

∂φ3
2
, L003 = ∂3L

∂τ3 , ρ1 = ∂ρ
∂φ1

, ρ2 = ∂ρ
∂φ2

, ρ3 = ∂ρ
∂τ

and σij is the (i, j)th

element of the inverse of the matrix

A =


−∂2L
∂φ2

1
− ∂2L
∂φ1∂φ2

− ∂2L
∂φ1∂τ

− ∂2L
∂φ1∂φ2

−∂2L
∂φ2

2
− ∂2L
∂φ2∂τ

− ∂2L
∂φ1∂φ2

− ∂2L
∂φ2∂τ

−∂2L
∂τ2

1

 .

For the prior distribution

ξ(φ1, φ2, τ) ∝ τα−1e
−τβ− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

we have

ρ = log(ξ(φ1, φ2, τ)) = constant+ (α− 1) log(τ) − τβ − (φ1 − µ1)2

2σ2
1

− (φ2 − µ2)2

2σ2
2

,

ρ̂1 = − φ̂1 − µ1

σ2
1

, ρ̂2 = − φ̂2 − µ2

σ2
2

, ρ̂3 = α− 1
τ̂

− β.

From Equation 5.23,

L100 = ∂L

∂φ1
= τ

n∑
t=3

(Yt − φ1Yt−1 − φ2Yt−2)Yt−1,

L010 = ∂L

∂φ2
= τ

n∑
t=3

(Yt − φ1Yt−1 − φ2Yt−2)Yt−2,
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L001 = ∂L

∂τ
= n− 2

2τ − 1
2

n∑
t=3

(Yt − φ1Yt−1 − φ2Yt−2)2.

Then the ML estimators of φ1, φ2 and τ are

φ̂1 = (∑n
t=3 YtYt−1)(

∑n
t=3 Y

2
t−2) − (∑n

t=3 YtYt−2)(
∑n
t=3 Yt−1Yt−2)

(∑n
t=3 Y

2
t−1)(

∑n
t=3 Y

2
t−2) − (∑n

t=3 Yt−1Yt−2)2 ,

φ̂2 = (∑n
t=3 YtYt−2)(

∑n
t=3 Y

2
t−1) − (∑n

t=3 YtYt−1)(
∑n
t=3 Yt−1Yt−2)

(∑n
t=3 Y

2
t−1)(

∑n
t=3 Y

2
t−2) − (∑n

t=3 Yt−1Yt−2)2 ,

τ̂ = n− 2∑n
t=3(Yt − φ̂1Yt−1 − φ̂2Yt−2)2

and

L200 = ∂2L

∂φ2
1

= −τ
n∑
t=3

Y 2
t−1, L110 = ∂2L

∂φ1∂φ2
= −τ

n∑
t=3

Yt−1Yt−2,

L101 = ∂2L

∂φ1∂τ
=

n∑
t=3

(Yt − φ1Yt−1 − φ2Yt−2)Yt−1, L020 = ∂2L

∂φ2
2

= −τ
n∑
t=3

Y 2
t−2,

L011 = ∂2L

∂φ2∂τ
=

n∑
t=3

(Yt − φ1Yt−1 − φ2Yt−2)Yt−2, L002 = ∂2L

∂τ 2 = −n− 2
2τ 2 .

Hence,

L̂300 = L̂210 = L̂120 = L̂102 = L̂030 = L̂012 = 0,

L̂201 = −
n∑
t=3

Y 2
t−1, L̂111 = −

n∑
t=3

Yt−1Yt−2, L̂021 = −
n∑
t=3

Y 2
t−2, L̂003 = n− 2

τ̂ 3 .

The matrix

A =


−L̂200 −L̂110 0

−L̂110 −L̂020 0

0 0 −L̂002

 . (5.28)
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Its inverse is

A−1 = 1
D


A11 A12 A13

A21 A22 A23

A31 A32 A33

 , (5.29)

where

D := det(A) = L̂002(−L̂200L̂020 + L̂2
110),

A11 = L̂020L̂002, A12 = A21 = −L̂002L̂110,

A13 = A31 = 0, A22 = L̂002L̂200,

A23 = A32 = 0, A33 = L̂200L̂020 − L̂2
110.

Therefore,

σ̂11 = A11

D
, σ̂12 = σ̂21 = A12

D
, σ̂13 = σ̂31 = A13

D
= 0,

σ̂22 = A22

D
, σ̂23 = σ̂32 = A23

D
= 0, σ̂33 = A33

D
.

Under the SE loss function, we obtain the following results.

Proposition 5.7. Under the SE loss function, the approximate Bayes estimator of the param-

eter φ1 is

φ̂1(BSE) = φ̂1 + ρ̂1σ̂11 + ρ̂2σ̂12. (5.30)

Proof. We use u(φ1, φ2, τ) = φ1 and substitute it to Equation 5.21. Then

u1 = 1, u2 = u3 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 5.8. Under the SE loss function, the approximate Bayes estimator of the param-
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eter φ2 is

φ̂2(BSE) = φ̂2 + ρ̂1σ̂21 + ρ̂2σ̂22. (5.31)

Proof. We use u(φ1, φ2, τ) = φ2 and substitute it to Equation 5.21. Then

u2 = 1, u1 = u3 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 5.9. Under the SE loss function, the approximate Bayes estimator of τ is

τ̂BSE
= τ̂ + ρ̂3σ̂33 + 1

2(L̂201σ̂11 + 2L̂111σ̂12 + L̂021σ̂22 + L̂003σ̂33)σ̂33. (5.32)

Proof. We use u(φ1, φ2, τ) = τ and substitute it to Equation 5.21. Then

u3 = 1, u1 = u2 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Finally, to derive the Bayes estimator of one-step ahead forecast, we use

u(φ1, φ2, τ) = E(Yn+1|Sn, φ1, φ2, τ) = φ1Yn + φ2Yn−1. (5.33)

Proposition 5.10. Under the SE loss function, the approximate Bayes estimator of the one-

step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) = φ̂1(BSE)Yn + φ̂2(BSE)Yn−1. (5.34)
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Proof. Substitute Equation 5.33 to Equation 5.21, then

Ŵ1(BSE) =
∫ b1
a1

∫ b2
a2

∫ ∞
0 (φ1Yn + φ2Yn−1)L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ∫ b1
a1

∫ b2
a2

∫ ∞
0 L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ

= Yn
(∫ b1

a1

∫ b2
a2

∫ ∞
0 φ1L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ∫ b1

a1

∫ b2
a2

∫ ∞
0 L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ

)

+ Yn−1
(∫ b1

a1

∫ b2
a2

∫ ∞
0 φ2L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ∫ b1

a1

∫ b2
a2

∫ ∞
0 L(φ1, φ2, τ |Sn)ξ(φ1, φ2, τ)dφ1dφ2dτ

)

= φ̂1(BSE)Yn + φ̂2(BSE)Yn−1.

Under the LINEX loss function, we get the following results.

Proposition 5.11. Under the LINEX loss function, the approximate Bayes estimator of the

parameter φ1 is

φ̂1(BLINEX) = φ̂1 − 1
γ

log
(
1 + γ2

2 σ̂11 − γ
(
ρ̂1σ̂11 + ρ̂2σ̂12

))
. (5.35)

Proof. We substitute u(φ1, φ2, τ) = e−γφ1 to Equation 5.27. Then

u1 = −γe−γφ1 , u11 = γ2e−γφ1 ,

u2 = u3 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 5.12. Under the LINEX loss function, the approximate Bayes estimator of the

parameter φ2 is

φ̂2(BLINEX) = φ̂2 − 1
γ

log
(
1 + γ2

2 σ̂22 − γ
(
ρ̂1σ̂21 + ρ̂2σ̂22

))
. (5.36)
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Proof. We substitute u(φ1, φ2, τ) = e−γφ2 to the Equation 5.27. Then

u2 = −γe−γφ2 , u22 = γ2e−γφ2 ,

u1 = u3 = u11 = u12 = u13 = u21 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 5.13. Under the LINEX loss function, the approximate Bayes estimator of the

parameter τ is

τ̂BLINEX
= τ̂ − 1

γ
log

(
1 + γ2

2 σ̂33 − γ
(
ρ̂3σ̂33 + 1

2(L̂201σ̂11

+ 2L̂111σ̂12 + L̂021σ̂22 + L̂003σ̂33)σ̂33
))
. (5.37)

Proof. We substitute u(φ1, φ2, τ) = e−γτ to Equation 5.27. Then

u3 = −γe−γτ , u33 = γ2e−γτ ,

u2 = u3 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = 0

and the result follows.

Proposition 5.14. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BLINEX) = φ̂1Yn + φ̂2Yn−1 − γ

2τ̂ − 1
γ

log
(
1 +

(
− γYn(ρ̂1σ̂11 + ρ̂2σ̂12)

− γYn−1(ρ̂1σ̂21 + ρ̂2σ̂22) − γ2

2τ̂ 2 ρ̂3σ̂33 + γ2YnYn−1σ̂12

+ γ2

2
(
Y 2
n σ̂11 + Y 2

n−1σ̂22 + 1
τ̂ 3

(
1 + γ2

4τ̂
)
σ̂33

)
− γ2

4τ̂ 2 (L̂201σ̂11 + 2L̂111σ̂12 + L̂021σ̂22 + L̂003σ̂33)σ̂33
)
. (5.38)

Proof. We set u(φ1, φ2, τ) = E(e−γYn+1|Sn, φ1, φ2, τ) = e−γ(φ1Yn+φ2Yn−1)+ γ2
2τ and substitute
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it to Equation 5.27. Then

u1 = −γYnu, u2 = −γYn−1u, u3 = − γ2

2τ 2u,

u11 = γ2Y 2
n u, u12 = u21 = γ2YnYn−1u, u13 = u31 = γ3Yn

2τ 2 u,

u22 = γ2Y 2
n−1u, u23 = u32 = γ3Yn−1

2τ 2 u, u33 = γ2

τ 3

(
1 + γ2

4τ
)

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-

erating function which is approximated using Lindley's method. However, Lindley's approx-

imation is of order n−1 and includes only three terms of the Taylor series expansion (see Sec-

tion 3.6), thus the approximated value of the moment generating function is not guaranteed

to be positive. Therefore, for a given LINEX loss function parameter γ, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.

5.2. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-

PENDENT TRUNCATED NORMAL - GAMMA PRIOR

5.2.1. AR(1) model

In this section we obtain the full conditional distributions for AR(1) model parameters φ1, τ

and the one-step prediction Yn+1. The following propositions provide the required distribu-

tions.

Proposition 5.15. The full conditional distribution of Bayes estimator of φ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
τ

∑n
t=2 YtYt−1 + µ1

σ2
1

τ
∑n
t=2 Y

2
t−1 + 1

σ2
1

(5.39)
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and

σ̃2
1 = 1

τ
∑n
t=2 Y

2
t−1 + 1

σ2
1

. (5.40)

Proof.

ξ(φ1|τ, Sn) ∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1

∝ e
− τ

2 (
∑n

t=2 Y
2

t −2φ1
∑n

t=2 YtYt−1+φ2
1

∑n

t=2 Y
2

t−1)−
φ2

1−2φ1µ1+µ2
1

2σ2
1

∝ e
− 1

2 ((τ
∑n

t=2 Y
2

t−1+ 1
σ2

1
)φ2

1−2(τ
∑n

t=2 YtYt−1+ µ1
σ2

1
)φ1)

∝ e
−

(
τ

∑n

t=2 Y 2
t−1+ 1

σ2
1

)
2

(
φ1−

τ
∑n

t=2 YtYt−1+ µ1
σ2

1
τ

∑n

t=2 Y 2
t−1+ 1

σ2
1

)2

. (5.41)

Proposition 5.16. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = α + n− 1
2 (5.42)

and

β̃ = β +
∑n
t=2(Yt − φ1Yt−1)2

2 . (5.43)

Proof.

ξ(τ |φ1, Sn) ∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1

∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τα−1e−τβ

= τα+ n−1
2 −1e−τ(β+ 1

2
∑n

t=2(Yt−φ1Yt−1)2). (5.44)
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Proposition 5.17. The full conditional distribution of Bayes estimator of Yn+1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = φ1Yn. (5.45)

Proof.

Yn+1|φ1, τ, Sn = (φ1Yn + εn+1)|φ1, τ, Sn

= φ1Yn + (εn+1|τ). (5.46)

5.2.2. AR(2) model

Proposition 5.18. The full conditional distribution of Bayes estimator of φ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
τ(∑n

t=3 YtYt−1 − φ2
∑n
t=3 Yt−1Yt−2) + µ1

σ2
1

τ
∑n
t=3 Y

2
t−1 + 1

σ2
1

(5.47)

and

σ̃2
1 = 1

τ
∑n
t=3 Y

2
t−1 + 1

σ2
1

. (5.48)
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Proof.

ξ(φ1|φ2, τ, Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=3(φ2
1Y

2
t−1−2φ1YtYt−1+2φ1φ2Yt−1Yt−2)e

− (φ1−µ1)2

2σ2
1

∝ e− τ
2 (φ2

1(
∑n

t=3 Y
2

t−1)−2φ1(
∑n

t=3 YtYt−1)+2φ1φ2(
∑n

t=3 Yt−1Yt−2))

× e
−

(φ2
1−2µ1φ1)

2σ2
1

= e
− 1

2 (φ2
1(τ(

∑n

t=3 Y
2

t−1)+ 1
σ2

1
))

× e
− 1

2 (−2φ1(τ [(
∑n

t=3 YtYt−1)−φ2(
∑n

t=3 Yt−1Yt−2)]+ µ1
σ2

1
))

∝ e
−

τ(
∑n

t=3 Y 2
t−1)+ 1

σ2
1

2

(
φ1−

τ [(
∑n

t=3 YtYt−1)−φ2(
∑n

t=3 Yt−1Yt−2)]+ µ1
σ2

1
τ(

∑n

t=3 Y 2
t−1)+ 1

σ2
1

)2

.

Proposition 5.19. The full conditional distribution of Bayes estimator of φ2 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃2 and variance σ̃2
2 , where

µ̃2 =
τ(∑n

t=3 YtYt−2 − φ1
∑n
t=3 Yt−1Yt−2) + µ2

σ2
2

τ
∑n
t=3 Y

2
t−2 + 1

σ2
2

(5.49)

and

σ̃2
2 = 1

τ
∑n
t=3 Y

2
t−2 + 1

σ2
2

. (5.50)
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Proof.

ξ(φ2|φ1, τ, Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=3(φ2
2Y

2
t−2−2φ2YtYt−2+2φ1φ2Yt−1Yt−2)e

− (φ2−µ2)2

2σ2
2

∝ e− τ
2 (φ2

2(
∑n

t=3 Y
2

t−2)−2φ2(
∑n

t=3 YtYt−2)+2φ1φ2(
∑n

t=3 Yt−1Yt−2))

× e
−

(φ2
2−2µ2φ2)

2σ2
2

= e
− 1

2 (φ2
2(τ(

∑n

t=3 Y
2

t−2)+ 1
σ2

2
))

× e
− 1

2 (−2φ2(τ [(
∑n

t=3 YtYt−2)−φ1(
∑n

t=3 Yt−1Yt−2)]+ µ2
σ2

2
))

∝ e
−

τ(
∑n

t=3 Y 2
t−2)+ 1

σ2
2

2

(
φ2−

τ [(
∑n

t=3 YtYt−2)−φ1(
∑n

t=3 Yt−1Yt−2)]+ µ2
σ2

2
τ(

∑n

t=3 Y 2
t−2)+ 1

σ2
2

)2

.

Proposition 5.20. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = α + n− 2
2 (5.51)

and

β̃ = β +
∑n
t=3(Yt − φ1Yt−1 − φ2Yt−2)2

2 . (5.52)

Proof.

ξ(τ |φ1, φ2, Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τα−1e

−τβ− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τα−1e−τβ

= τα+ n−2
2 −1e−τ(β+ 1

2
∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2). (5.53)

Proposition 5.21. The full conditional distribution of Bayes estimator of Yn+1 given a sample
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Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = φ1Yn + φ2Yn−1. (5.54)

Proof.

Yn+1|φ1, φ2, τ, Sn = (φ1Yn + φ2Yn−1 + εn+1)|φ1, φ2, τ, Sn

= φ1Yn + φ2Yn−1 + (εn+1|τ). (5.55)

5.3. INDEPENDENT TRUNCATED NORMAL - IMPROPER PRIOR

In the model 5.1 we assume the parameters φi, i = 1, . . . , p, have independent truncated

normal priors on intervals (ai, bi), ai, bi ∈ R, for all i = 1, . . . , p , respectively, with the

parameters φ1 ∼ TN(µ1, σ
2
1), . . . , φp ∼ TN(µp, σ2

p), and the precision has independent

improper prior. In this model,

ξ(φ, τ) = ξ1(φ)ξ2(τ),

where the marginal prior density of τ is

ξ2(τ) ∝ 1
τ
, τ > 0,

and the marginal prior density of φ is

ξ1(φ) ∝ e− 1
2

∑p

i=1( φi−µi
σi

)2
= e− 1

2 (φ−µ)′Q(φ−µ), φ ∈ Rp,
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that is, ξ1(φ) ∼ N(µ,Q−1). So the joint prior density function of parameters

ξ(φ, τ) ∝ τ−1e− 1
2 (φ−µ)′Q(φ−µ).

The likelihood function for the model 5.1

L(φ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ) .

Employing Bayes Theorem, the posterior density of φ and τ is

ξ(φ, τ |Sn) = L(φ, τ |Sn)ξ(φ, τ)∫
Φ

∫ ∞
0 L(φ, τ |Sn)ξ(φ, τ)dφdτ

= τ−1e− 1
2 (φ−µ)′Q(φ−µ)τ

n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)∫
Φ

∫ ∞
0 τ−1e− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ
(5.56)

Under the SE loss function, the Bayes estimator of v = v(φ, τ) is the posterior mean of the

function and is given by the ratio of two integrals which can be written as

v̂BSE
=

∫
Φ

∫ ∞
0 v(φ, τ)τ−1e− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ∫
Φ

∫ ∞
0 τ−1e− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ
(5.57)

Under the LINEX loss function, the approximate Bayes estimator of v = v(φ, τ) is equal to

v̂BLINEX
= −1

γ
log

(∫
Φ

∫ ∞
0 e−γv(φ,τ)τ−1e− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ∫
Φ

∫ ∞
0 τ−1e− 1

2 (φ−µ)′Q(φ−µ)τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ)dφdτ

)
(5.58)

Similarly to independent truncated normal-gamma prior case, we cannot find analytical ex-

pressions of the ratios of these integrals, again we use Lindley's approximation. In the next

two sections we apply this model to the AR(1) and AR(2) processes and find the Bayes esti-

mators of their parameters and one-step ahead forecasts.
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5.3.1. AR(1) model

In the p = 1 case, using the SE loss function, the Bayes estimator of function v = v(φ1, τ) is

defined by Equation 5.5 and employing the LINEX loss function, is defined by Equation 5.6.

If we approximate the likelihood function by the conditional likelihood function defined by

Equation 5.7, under the SE loss function, the Bayes estimator of the function v = v(φ1, τ) is

defined by Equation 5.8 and the Bayes estimator under the LINEX loss function is defined

by Equation 5.9. If we apply Lindley's approximation to this model, we get the following

result.

Proposition 5.22. In the AR(1) model, we assume the parameters follow independent trun-

cated normal - improper model. Then

(i) Under the SE loss function, the approximate Bayes estimators of φ1, τ are defined by

Equations 5.14 and 5.15, respectively.

(ii) Under the LINEX loss function, the approximate Bayes estimators of φ1, τ are defined

by Equations 5.18 and 5.19, respectively.

(iii) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 5.17.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 5.20.

Where

ρ = log(ξ(φ1, τ)) = constant− log(τ) − (φ1 − µ1)2

2σ2
1

,

ρ̂1 = − φ̂1 − µ1

σ2
1

, ρ̂2 = −1
τ̂
,

and other functions are same as defined in the Section 5.1.1.
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5.3.2. AR(2) model

In the p = 2 case, under the SE loss function, the Bayes estimator of function v = v(φ1, φ2, τ)

is defined by Equation 5.21 and under the LINEX loss function, is defined by Equation

5.22. If we approximate the likelihood function by the conditional likelihood function de-

fined by Equation 5.23, under the SE loss function, the Bayes estimator of the function

v = v(φ1, φ2, τ) is defined by Equation 5.24 and the Bayes estimator under the LINEX

loss function is defined by Equation 5.25. If we apply Lindley's approximation to this model,

we get the following result.

Proposition 5.23. In the AR(2) model, we assume the parameters follow independent trun-

cated normal - improper model. Then

(i) Under the SE loss function, the approximate Bayes estimators of φ1, φ2 and τ are de-

fined by Equations 5.30, 5.31 and 5.32, respectively.

(ii) Under the LINEX loss function, the approximate Bayes estimators of φ1, φ2 and τ are

defined by Equations 5.35, 5.36 and 5.37, respectively.

(iii) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 5.34.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 5.38.

Where

ρ = log(ξ(φ1, φ2, τ)) = constant− log(τ) − (φ1 − µ1)2

2σ2
1

− (φ2 − µ2)2

2σ2
2

,

ρ̂1 = − φ̂1 − µ1

σ2
1

, ρ̂2 = − φ̂2 − µ2

σ2
2

, ρ̂3 = −1
τ̂
,

and other functions are same as defined in the Section 5.1.2.
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5.4. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-

PENDENT TRUNCATED NORMAL - IMPROPER PRIOR

5.4.1. AR(1) model

In this section we obtain the full conditional distributions for AR(1) model parameters φ1, τ

and the one-step prediction Yn+1. The following propositions provide the required distribu-

tions.

Proposition 5.24. The full conditional distribution of Bayes estimator of φ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
τ

∑n
t=2 YtYt−1 + µ1

σ2
1

τ
∑n
t=2 Y

2
t−1 + 1

σ2
1

(5.59)

and

σ̃2
1 = 1

τ
∑n
t=2 Y

2
t−1 + 1

σ2
1

. (5.60)

Proof.

ξ(φ1|τ, Sn) ∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τ−1e

− (φ1−µ1)2

2σ2
1

∝ e
− τ

2 (
∑n

t=2 Y
2

t −2φ1
∑n

t=2 YtYt−1+φ2
1

∑n

t=2 Y
2

t−1)−
φ2

1−2φ1µ1+µ2
1

2σ2
1

∝ e
− 1

2 ((τ
∑n

t=2 Y
2

t−1+ 1
σ2

1
)φ2

1−2(τ
∑n

t=2 YtYt−1+ µ1
σ2

1
)φ1)

∝ e
−

(
τ

∑n

t=2 Y 2
t−1+ 1

σ2
1

)
2

(
φ1−

τ
∑n

t=2 YtYt−1+ µ1
σ2

1
τ

∑n

t=2 Y 2
t−1+ 1

σ2
1

)2

. (5.61)

Proposition 5.25. The full conditional distribution of Bayes estimator of τ given a sample
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Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = n− 1
2 (5.62)

and

β̃ =
∑n
t=2(Yt − φ1Yt−1)2

2 . (5.63)

Proof.

ξ(τ |φ1, Sn) ∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τ−1e

− (φ1−µ1)2

2σ2
1

∝ τ
n−1

2 e− τ
2

∑n

t=2(Yt−φ1Yt−1)2
τ−1

= τ
n−1

2 −1e−τ( 1
2

∑n

t=2(Yt−φ1Yt−1)2). (5.64)

Proposition 5.26. The full conditional distribution of Bayes estimator of Yn+1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = φ1Yn. (5.65)

Proof.

Yn+1|φ1, τ, Sn = (φ1Yn + εn+1)|φ1, τ, Sn

= φ1Yn + (εn+1|τ). (5.66)
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5.4.2. AR(2) model

Proposition 5.27. The full conditional distribution of Bayes estimator of φ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
τ(∑n

t=3 YtYt−1 − φ2
∑n
t=3 Yt−1Yt−2) + µ1

σ2
1

τ
∑n
t=3 Y

2
t−1 + 1

σ2
1

(5.67)

and

σ̃2
1 = 1

τ
∑n
t=3 Y

2
t−1 + 1

σ2
1

. (5.68)

Proof.

ξ(φ1|φ2, τ, Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τ−1e

− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=3(φ2
1Y

2
t−1−2φ1YtYt−1+2φ1φ2Yt−1Yt−2)e

− (φ1−µ1)2

2σ2
1

∝ e− τ
2 (φ2

1(
∑n

t=3 Y
2

t−1)−2φ1(
∑n

t=3 YtYt−1)+2φ1φ2(
∑n

t=3 Yt−1Yt−2))

× e
−

(φ2
1−2µ1φ1)

2σ2
1

= e
− 1

2 (φ2
1(τ(

∑n

t=3 Y
2

t−1)+ 1
σ2

1
))

× e
− 1

2 (−2φ1(τ [(
∑n

t=3 YtYt−1)−φ2(
∑n

t=3 Yt−1Yt−2)]+ µ1
σ2

1
))

∝ e
−

τ(
∑n

t=3 Y 2
t−1)+ 1

σ2
1

2

(
φ1−

τ [(
∑n

t=3 YtYt−1)−φ2(
∑n

t=3 Yt−1Yt−2)]+ µ1
σ2

1
τ(

∑n

t=3 Y 2
t−1)+ 1

σ2
1

)2

.

Proposition 5.28. The full conditional distribution of Bayes estimator of φ2 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃2 and variance σ̃2
2 , where

µ̃2 =
τ(∑n

t=3 YtYt−2 − φ1
∑n
t=3 Yt−1Yt−2) + µ2

σ2
2

τ
∑n
t=3 Y

2
t−2 + 1

σ2
2

(5.69)
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and

σ̃2
2 = 1

τ
∑n
t=3 Y

2
t−2 + 1

σ2
2

. (5.70)

Proof.

ξ(φ2|φ1, τ, Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τ−1e

− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=3(φ2
2Y

2
t−2−2φ2YtYt−2+2φ1φ2Yt−1Yt−2)e

− (φ2−µ2)2

2σ2
2

∝ e− τ
2 (φ2

2(
∑n

t=3 Y
2

t−2)−2φ2(
∑n

t=3 YtYt−2)+2φ1φ2(
∑n

t=3 Yt−1Yt−2))

× e
−

(φ2
2−2µ2φ2)

2σ2
2

= e
− 1

2 (φ2
2(τ(

∑n

t=3 Y
2

t−2)+ 1
σ2

2
))

× e
− 1

2 (−2φ2(τ [(
∑n

t=3 YtYt−2)−φ1(
∑n

t=3 Yt−1Yt−2)]+ µ2
σ2

2
))

∝ e
−

τ(
∑n

t=3 Y 2
t−2)+ 1

σ2
2

2

(
φ2−

τ [(
∑n

t=3 YtYt−2)−φ1(
∑n

t=3 Yt−1Yt−2)]+ µ2
σ2

2
τ(

∑n

t=3 Y 2
t−2)+ 1

σ2
2

)2

.

Proposition 5.29. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = n− 2
2 (5.71)

and

β̃ =
∑n
t=3(Yt − φ1Yt−1 − φ2Yt−2)2

2 . (5.72)
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Proof.

ξ(τ |φ1, φ2, Sn) ∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τ−1e

− (φ1−µ1)2

2σ2
1

− (φ2−µ2)2

2σ2
2

∝ τ
n−2

2 e− τ
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2
τ−1

= τ
n−2

2 −1e−τ( 1
2

∑n

t=3(Yt−φ1Yt−1−φ2Yt−2)2). (5.73)

Proposition 5.30. The full conditional distribution of Bayes estimator of Yn+1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = φ1Yn + φ2Yn−1. (5.74)

Proof.

Yn+1|φ1, φ2, τ, Sn = (φ1Yn + φ2Yn−1 + εn+1)|φ1, φ2, τ, Sn

= φ1Yn + φ2Yn−1 + (εn+1|τ). (5.75)

5.5. INDEPENDENT UNIFORM - GAMMA PRIOR

In the model 5.1 we assume the parameters φi, i = 1, . . . , p, have independent uniform

priors on intervals (ai, bi), ai, bi ∈ R, for all i = 1, . . . , p , respectively, that is, φ1 ∼

U(a1, b1), . . . , φp ∼ U(ap, bp), and the precision has independent gamma prior with the pa-

rameters α and β, i.e. τ ∼ Gamma(α, β). That is,

ξ(φ, τ) = ξ1(φ)ξ2(τ),
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where the marginal prior density of τ is gamma distribution

ξ2(τ) ∝ τα−1e−τβ, τ > 0,

and the marginal prior density of φ is

ξ1(φ) ∝ 1.

So the joint prior density function of parameters

ξ(φ, τ) ∝ τα−1e−τβ.

The likelihood function for the model 5.1

L(φ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ) .

We approximate the likelihood function by the conditional likelihood function

L∗(φ, τ |Sn) ∝ τ
n−p

2 e− τ
2

∑n

t=p+1(Yt−
∑p

i=1 φiYt−i)2

:= τ
n−p

2 e− τ
2 (Y ∗−X∗φ)′(Y ∗−X∗φ). (5.76)

Employing Bayes Theorem, the posterior density of φ and τ is

ξ(φ, τ |Sn) ∝ τα−1e−τβτ
n−p

2 e− τ
2 (Y ∗−X∗φ)′(Y ∗−X∗φ). (5.77)

Now we can find the posterior distribution for φ. We have

ξ(φ, τ |Sn) ∝ τa−1e− τ
2 b,
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where a := 2α+n−p
2 , b := 2β + (Y ∗ −X∗φ)′(Y ∗ −X∗φ). Then the posterior density of φ

ξ(φ|Sn) ∝
∫ ∞

0
τa−1e− τ

2 bdτ

= 2
b

a

Γ(a)

∝ b−a.

We rewrite b as follows

b = 2β + (Y ∗ −X∗φ)′(Y ∗ −X∗φ)

= 2β + (φ− (X∗′
X∗)−1(X∗′

Y ∗))′(X∗′
X∗)(φ− (X∗′

X∗)−1(X∗′
Y ∗))

− (Y ∗′
X∗)(X∗′

X∗)−1(X∗′
Y ∗) + Y ∗′

Y ∗

:= 2β + (φ− c)′(X∗′
X∗)(φ− c) − d+ Y ∗′

Y ∗,

where c = (X∗′
X∗)−1(X∗′

Y ∗), d = (Y ∗′
X∗)(X∗′

X∗)−1(X∗′
Y ∗).

Therefore,

ξ(φ|Sn) ∝ (2β + (φ− c)′(X∗′
X∗)(φ− c) − d+ Y ∗′

Y ∗)−a

∝
(
1 + (φ− c)′(X∗′

X∗)(φ− c)
2β − d+ Y ∗′Y ∗

)−a

=
(
1 +

(φ− c)′
[

(2β−d+Y ∗′
Y ∗)(X∗′

X∗)−1

ν

]−1
(φ− c)

ν

)− ν+p
2 ,

where ν = n+ 2α− 2p. We get the following result.

Proposition 5.31. The posterior distribution ofφ is the truncated p-dimensional t-distribution

with ν = n+ 2α− 2p degrees of freedom, location vector

c = (X∗′
X∗)−1(X∗′

Y ∗)
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and scale matrix

Σ(φ|Sn) = (2β − d+ Y ∗′
Y ∗)(X∗′

X∗)−1

n+ 2α− 2p ,

where d = (Y ∗′
X∗)(X∗′

X∗)−1(X∗′
Y ∗). That is

φ|Sn ∼ Ttp(c,Σ(φ|Sn), ν).

So we have

Corollary 5.1. The marginal posterior distribution for individual parameter is

φi|Sn ∼ Tt1(ci, si, ν),

where si is the diagonal element of scale matrix Σ(φ|Sn), i = 1, . . . , p.

The posterior density of τ

ξ(τ |Sn) ∝
∫

Φ
τa−1e− τ

2 bdφ

=
∫

Φ
τa−1e− τ

2 ((φ−c)′(X∗′
X∗)(φ−c)+2β−d+Y ′Y )dφ

= τa−1e− τ
2 (2β−d+Y ′Y )

∫
Φ

e− τ
2 (φ−c)′(X∗′

X∗)(φ−c)dφ

∝ τa− p
2 −1e− τ

2 (2β−d+Y ′Y ),

where c = (X∗′
X∗)−1(X∗′

Y ), d = (Y ′X∗)(X∗′
X∗)−1(X∗′

Y ).

We get the following result

Proposition 5.32. The posterior distribution of τ is the gamma distribution with parameters
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α0 and β0, where

α0 = n+ 2α− 2p
2 (5.78)

and

β0 = 1
2(2β − (Y ′X∗)(X∗′

X∗)−1(X∗′
Y ) + Y ′Y ). (5.79)

In oder to derive the posterior density for one-step ahead prediction, we denote

Yf =



Y1

Y2
...

Yn+1


=



0 0 . . . 0

Y1 0 . . . 0
...

... . . .
...

Yn Yn−1 . . . Yn−p+1





φ1

φ2
...

φp


+



ε1

ε2
...

εn+1



:=

X∗

P

φ+ ε := Xfφ+ ε, (5.80)

where

P =
(
Yn Yn−1 . . . Yn−p+1

)
.

The likelihood function for the latter model is

L∗(φ, τ |Sn) ∝ τ
n−p+1

2 e− τ
2 (Y−Xfφ)′(Yf +Xfφ).

The joint prior density function of the parameters

ξ(φ, τ) ∝ τα−1e−τβ.



59

We assume that Xf is a known constant and employ Bayes and Fubini theorems, then

ξ(W1|Sn) = ξ(Yn+1|Sn) ∝ ξ(Yn+1, Sn)

∝
∫

Φ×(0,∞)
τ

n−p+1
2 +α−1e− τ

2 (2β+(Yf −Xfφ)′(Yf −Xfφ))dφdτ

=
∫ ∞

0
τ

n−p+1
2 +α−1e−τβdτ

∫
Φ

e− τ
2 (Yf −Xfφ)′(Yf −Xfφ)dφ (5.81)

Rewrite

(Yf −Xfφ)′(Yf −Xfφ) = (φ− φ0)′(X ′
fXf )(φ− φ0) (5.82)

− (X ′
fYf )′(X ′

fXf )−1(X ′
fYf ) + Y ′

fYf (5.83)

where φ0 = (X ′
fXf )−1(X ′

fYf ).

Hence

ξ(W1|Sn) ∝
∫ ∞

0
τ

n−p+1
2 +α−1e−τβe− τ

2 (−(X′
fYf )′(X′

fXf )−1(X′
fYf )+Y ′

fYf )dτ

×
∫

Φ
e− τ

2 ((φ−φ0)′(X′
fXf )(φ−φ0))dφ

∝
∫ ∞

0
τ

n−p+2α+1−p
2 −1e− τ

2 (2β−(X′
fYf )′(X′

fXf )−1(X′
fYf )+Y ′

fYf )dτ

∝ (2β − (X ′
fYf )′(X ′

fXf )−1(X ′
fYf ) + Y ′

fYf )− n−2p+2α+1
2 (5.84)
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We notice that

(X ′
fYf )′(X ′

fXf )−1(X ′
fYf ) = (Y ′X∗ + Yn+1P )(X ′

fXf )−1(X∗′Y + Yn+1P
′)

= (Y ′X∗)(X ′
fXf )−1(X∗′Y )

+ (Y ′X∗)(X ′
fXf )−1Yn+1P

′

+ Yn+1P (X ′
fXf )−1(X∗′Y )

+ Y 2
n+1P (X ′

fXf )−1P ′ (5.85)

and Y ′
fYf = Y ′Y + Y 2

n+1.

We use the following lemma

Lemma 3. If random variable Z has a probability density function fZ(z) ∝ (az2 − 2bz +

c)−d, a > 0, ac− b2 6= 0, then Z ∼ t( b
a
, ac−b2

a2(2d−1) , 2d− 1).

Thus,

ξ(W1|Sn) ∝ (E + 2DYn+1 + CY 2
n+1)− n−2p+2α+1

2 , (5.86)

where

E = 2β − (Y ′X∗)(X ′
fXf )−1(X∗′Y ) + Y ′Y, (5.87)

D = −(Y ′A∗)(A′
fAf )−1P ′, (5.88)

C = (1 − P (A′
fAf )−1P ′). (5.89)

We get the following result

Proposition 5.33. The one-step predictive distribution is the t-distribution t(D
C
, CE−D2

C2(n+2α−2p) ,

n+ 2α− 2p), where C, D and E are as defined above.

Theorem 5.1. Under the SE loss function, the Bayes estimator of φi, i = 1, . . . , p is equal to

φ̂i(BSE) = ci + kν
√
si

ν − 1
(
(1 + (ai − ci)2

siν
)− ν−1

2 − (1 + (bi − ci)2

siν
)− ν−1

2
)
, (5.90)
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where

k =
γ(ν+1

2 )
k0γ(ν2 )

√
πν
, k0 = F ((bi − ci)√

si
|ν) − F ((ai − ci)√

si
|ν).

Here F (·|ν) denotes the c.d.f. of the Student's t-distribution and the parameters ν, ci, si, are

as defined in the Proposition 5.31 and Corollary 5.1.

Proof. Under the SE loss function, the Bayes estimator of φi is the posterior mean. The

computation of the moments of the truncated t-distribution can are given in the proof of the

Theorem 1in [59].

Theorem 5.2. Under the SE loss function, the Bayes estimator of τ , is equal to

τ̂(BSE) = α0

β0
, (5.91)

where α0 and β0 are defined by Equations 5.78 and 5.79, respectively.

Proof. Under the SE loss function, the Bayes estimator of τ is the posterior mean.

Under the LINEX loss function, the Bayes estimator involves the moment generating func-

tion. For the truncated t-distribution, the moment generating function is defined but does not

have a tractable form. We can approximate it using numeric integration or, since the degrees

of freedom is large, the truncated t-distribution can be well approximated by the truncated

normal distribution whose moment generating function exists, see Section 3.7 Using this

approximation, we get the following result.

Theorem 5.3. Under the LINEX loss function, the Bayes estimator of φi, i = 1, . . . , p is

equal to

φ̂i(BLINEX) = ci − γsi
2 − 1

γ
log

(Φ( bi−ci√
si

+ siγ) − Φ(ai−ci√
si

+ siγ)
Φ( bi−ci√

si
) − Φ(ai−ci√

si
)

)
, (5.92)

where the parameters ci, si, are as defined in Proposition 5.31 and Corollary 5.1.
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Proof. We substitute the moment generating function of truncated normal distribution into

the expression of the Bayes estimator of φi under the LINEX loss function.

Theorem 5.4. Under the LINEX loss function, the Bayes estimator of τ , is equal to

τ̂BLINEX
= −α0

γ
log

(
1 + γ

β0

)
(5.93)

where α0 and β0 are defined by Equations 5.78 and 5.79, respectively.

Proof. We substitute the moment generating function of the gamma distribution into the ex-

pression of the Bayes estimator of τ under the LINEX loss function.

For the t-distribution, the moment generating function is undefined, in order to be able to

define the Bayes estimator of the one-step ahead prediction, we approximate the t-distribution

by the normal distribution.

Theorem 5.5. Under the LINEX loss function, the approximate Bayes estimator of the one-

step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is given by

Ŵ1(BLINEX) = D

C
− γ(CE −D2)

2C2(n+ 2α− 2p) (5.94)

where C, D and E are defined by Equations 5.89, 5.88 and 5.87, respectively.

Proof. We substitute the moment generating function of the normal distribution into the ex-

pression of the Bayes estimator of Yn+1 under the LINEX loss function.

5.6. INDEPENDENT UNIFORM - IMPROPER PRIOR

In the model 5.1 we assume the parameters φi, i = 1, . . . , p, have independent uniform

priors on intervals (ai, bi), ai, bi ∈ R, for all i = 1, . . . , p , respectively, that is, φ1 ∼

U(a1, b1), . . . , φp ∼ U(ap, bp), and the precision has independent improper prior. In this
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model,

ξ(φ, τ) = ξ1(φ)ξ2(τ),

where the marginal prior density of τ is

ξ2(τ) ∝ 1
τ
, τ > 0,

and the marginal prior density of φ is

ξ1(φ) ∝ 1.

So the joint prior density function of parameters

ξ(φ, τ) ∝ τ−1

The likelihood function for the model 5.1

L(φ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y−Xφ)′(Y−Xφ) .

We approximate the likelihood function by the conditional likelihood function

L∗(φ, τ |Sn) ∝ τ
n−p

2 e− τ
2

∑n

t=p+1(Yt−
∑p

i=1 φiYt−i)2

:= τ
n−p

2 e− τ
2 (Y ∗−X∗φ)′(Y ∗−X∗φ). (5.95)

Employing Bayes Theorem, the posterior density of φ and τ is

ξ(φ, τ |Sn) ∝ τ−1τ
n−p

2 e− τ
2 (Y ∗−X∗φ)′(Y ∗−X∗φ). (5.96)
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In the same manner as in Section 5.5, we can show that the posterior distribution for φi, i =

1, . . . , p, is the truncated t-distribution, the posterior distribution for τ is the gamma distribu-

tion and the one-step predictive distribution is the t-distribution. For the independent uniform

prior for φ and improper prior for τ , we get the following results.

Proposition 5.34. The posterior distribution ofφ is the truncated p-dimensional t-distribution

with ν = n− 2p degrees of freedom, location vector

c = (X∗′
X∗)−1(X∗′

Y ∗)

and scale matrix

Σ(φ|Sn) = (−d+ Y ∗′
Y ∗)(X∗′

X∗)−1

n− 2p ,

where d = (Y ∗′
X∗)(X∗′

X∗)−1(X∗′
Y ∗). That is

φ|Sn ∼ Ttp(c,Σ(φ|Sn), ν).

So we have

Corollary 5.2. The marginal posterior distribution for individual parameter is

θi|Sn ∼ Tt1(ci, si, ν),

where si is the diagonal element of scale matrix Σ(θ|Sn), i = 1, . . . , q.

Proposition 5.35. The posterior distribution of τ is the gamma distribution with parameters

α0 and β0, where

α0 = n− 2p
2 (5.97)
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and

β0 = 1
2(−(Y ′X∗)(X∗′

X∗)−1(X∗′
Y ) + Y ′Y ). (5.98)

Proposition 5.36. The one-step predictive distribution is the t-distribution t(D
C
, CE−D2

C2(n−2p) , n−

2p), where C, D and E are as defined below

E = −(Y ′A∗)(A′
fAf )−1(A∗′Y ) + Y ′Y, (5.99)

D = −(Y ′A∗)(A′
fAf )−1P ′, (5.100)

C = (1 − P (A′
fAf )−1P ′). (5.101)

The derived Bayes estimator are given in the theorems below

Theorem 5.6. Under the SE loss function, the Bayes estimator of φi, i = 1, . . . , p is equal to

θ̂i(BSE) = ci + kν
√
si

ν − 1
(
(1 + (ai − ci)2

siν
)− ν−1

2 − (1 + (bi − ci)2

siν
)− ν−1

2
)
, (5.102)

where

k =
γ(ν+1

2 )
k0γ(ν2 )

√
πν
, k0 = F ((bi − ci)√

si
|ν) − F ((ai − ci)√

si
|ν).

Here F (·|ν) denotes the c.d.f. of the Student's t-distribution and the parameters ν, ci, si, are

as defined in Proposition 5.34 and Corollary 5.2.

Theorem 5.7. Under the SE loss function, the Bayes estimator of τ , is equal to

τ̂(BSE) = α0

β0
, (5.103)

where α0 and β0 are defined by Equations 5.97 and 5.98, respectively.

Proposition 5.37. Under the SE loss function, the Bayes estimator of the one-step ahead
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forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) =
p∑

k=1
φ̂k(BSE)Yn−k+1. (5.104)

By approximating the truncated t-distribution by the truncated normal distribution, we get

the following result.

Theorem 5.8. Under the LINEX loss function, the approximate Bayes estimator of φi, i =

1, . . . , p is equal to

φ̂i(BLINEX) = ci − γsi
2 − 1

γ
log

(Φ( bi−ci√
si

+ siγ) − Φ(ai−ci√
si

+ siγ)
Φ( bi−ci√

si
) − Φ(ai−ci√

si
)

)
, (5.105)

where the parameters ci, si are as defined in the Proposition 5.34 and Corollary 5.2.

The Bayes estimator of τ is given below.

Theorem 5.9. Under the LINEX loss function, the Bayes estimator of τ , is equal to

τ̂BLINEX
= −α0

γ
log

(
1 + γ

β0

)
(5.106)

where α0 and β0 are defined by Equations 5.97 and 5.98, respectively.

By approximating the t-distribution by the normal distribution, we get the following result

Theorem 5.10. Under the LINEX loss function, the approximate Bayes estimator of the one-

step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is given by

Ŵ1(BLINEX) = D

C
− γ(CE −D2)

2C2(n+ 2α− 2p) (5.107)

where C, D and E are defined by Equations 5.101, 5.100 and 5.99, respectively.
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6. NUMERICALSTUDYOFESTIMATIONANDFORECASTINGFOR

AUTOREGRESSIVE PROCESSES

The following procedures will be used for the statistical calculation for the AR(p) model.

(i) Simulate τ .

(ii) Simulate φ.

(iii) Generate the AR(p) series: y1, . . . , yn for some n.

(iv) Calculate the ML estimates for the parameters and compute the error using the SE and

LINEX loss functions.

(v) Calculate the Bayes estimates for the parameters using the SE and LINEX loss func-

tions and find the error. For truncated normal prior for φ, we calculate approximate

Bayes estimates using Lindley's approximation and Gibbs sampling. We run Gibbs

sampler for an initial 1,000 iterations that we discard, and then for a further 9,000 iter-

ations of which we store every fifth.

(vi) Calculate the ML and Bayes estimates of one-step ahead forecasts using the SE and

LINEX loss functions and find the errors.

(vii) Since the Bayes estimation using Gibbs sampler is computationally expensive, repeat

the above procedures 1,000 times for truncated normal and 10,000 for uniform priors

for φ, and calculate the mean errors under the SE and LINEX loss functions.

The simulation study is undertaken using sample sizes n = 50, 100, 150, 200 and LINEX loss

function parameters γ = −1.25,−0.75,−0.25, 0.25, 0.75, 1.25.

In order to compare the ML and Bayes estimators, the average squared errors are used when

the Bayes estimates are computed using the SE loss function. The average errors, computed

using the LINEX loss function are used when the Bayes estimates are obtained using the

LINEX loss function.



68

6.1. AR(1) MODEL

In this section we study the AR(1) model

Yt = φ1Yt−1 + εt. (6.1)

The AR(1) process is stationary if −1 < φ1 < 1.

6.1.1. Independent Truncated Normal prior for φ1 and Gamma or Improper priors

for τ

We consider a truncated normal prior for φ1 with µ1 = 0.5, σ1 = 0.3, defined over the interval

(a1, b1), where a1 = 0.25, b1 = 0.75. The prior for τ is either improper or gamma prior with

parameters α = 10, β = 6. The obtained AR(1) process is stationary.

Table 6.1 presents the average values of AR(1) parameters, their estimates, predicted values, 

estimation and prediction errors when the SE loss function is used. Under the SE loss func-

tion, the average estimation errors of both ML and Bayes estimates decrease, as the sample 

size increases. This verifies the consistency property of these estimators. Overall the Bayes 

estimates are found to have smaller average estimation errors than the ML estimates, for φ1 

the smallest estimation errors are obtained for the Bayes estimates obtained using Lindley's 

approximation; for τ the Bayes estimation using the Gibbs sampler is found to result in the 

smallest estimation errors when τ has gamma prior and the Bayes estimation using Lind-

ley's approximation when τ has improper prior; for the one-step prediction all estimates have 

similar errors, the ones of Bayes estimates being slightly smaller. All estimator performances 

are reasonably close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using

Lindley's approximation may be undefined (see Section 5.1.1), Table 6.2 shows proportion

of undefined Bayes estimates using this approximation. Under our choice of parameters, un-

defined estimates are obtained only for τ when it has gamma prior and LINEX loss function

parameters are γ = −1.25,−0.75. The proportion of undefined τ estimates decreases sig-

nificantly as sample size increases. We exclude the simulation where we obtain undefined
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estimates and calculate average errors where all estimates are defined.

Table 6.3, Table 6.4, Table 6.5, Table 6.6, Table 6.7 and Table 6.8 present the average values 

of AR(1) parameters, their estimates, predicted values, estimation and prediction errors when 

the LINEX loss function is used with parametersγ = −1.25, −0.75, −0.25, 0.25,

0.75, 1.25, respectively. Under the LINEX loss function, the average estimation errors are 

also found to decrease with increasing sample size. Again, in general the Bayes estimation 

has the smallest average errors.

For φ1, the smallest average estimation errors are obtained for the Bayes estimates using

Lindley's approximation, the difference between the ML and the Bayes estimates are more

noticeable when the LINEX parameter has higher absolute value. For the one-step prediction,

the Bayes estimates have significantly smaller average errors than the ML estimates, both

Lindley's approximation and Gibbs sampler methods have similar performance.

For τ when the LINEX loss function parameters are positive, the smallest average esti-

mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs 

sampling method is superior, whereas when improper prior is used, Lindley's approximation 

performance is better. When γ = −1.25, if improper prior is used for τ , the ML estimates 

of τ have smaller average error than the Bayes estimates; if gamma prior is used for τ , the 

Bayes estimates obtained using Gibbs sampler have the best performance, for sample sizes 

n = 50, 100 the Bayes estimates obtained using Lindley's approximation have the highest 

average errors, for sample sizes n = 150, 200 both Bayes estimates perform better than the 

ML estimates.

When γ = −0.75, if improper prior is used for τ , the ML estimates of τ have smaller average

error than the Bayes estimates obtained using the Gibbs sampling but higher than the aver-

age errors of the Bayes estimates obtained using Lindley's approximation; if gamma prior is

used for τ , the Bayes estimates obtained using Gibbs sampler have the best performance, for

sample sizes n = 50, 100 the Bayes estimates obtained using Lindley's approximation have

the highest average errors, for sample size n = 150, 200 both Bayes estimates perform better

than the ML estimates.

When γ = −0.25, the Bayes estimates of τ have smaller average errors than the ML es-

timates. When improper prior is used for τ , the Bayes estimates obtained using Lindley's
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approximation are found to be superior; if gamma prior is used for τ , the Bayes estimates

obtained using Gibbs sampler have the best performance, for sample size n = 50 the Bayes

estimates obtained using Lindley's approximation has the highest average error, for sample

sizes n = 100, 150, 200 both Bayes estimates perform better than the ML estimates.
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6.1.2. Independent Uniform prior for φ1 and Gamma or Improper priors for τ

We consider a uniform prior for φ1 in the interval (a1, b1), where a1 = 0.25, b1 = 0.75. The

prior for τ is either improper or gamma prior with parameters α = 10, β = 6. The obtained

AR(1) process is stationary.

Table 6.9 presents the average values of AR(1) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 6.10, Table 6.11, Table 6.12, Table 6.13, Table 6.14 and Table 6.15 present the average

values of AR(1) parameters, their estimates, predicted values, estimation and prediction er-

rors when the LINEX loss function is used with parameters γ = −1.25,−0.75,−0.25,

0.25, 0.75, 1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size

increases. This verifies the consistency property of these estimators. Overall the Bayes esti-

mates are found to have smaller average estimation errors than ML estimates. For φ1 and one-

step prediction, the Bayes estimates are found to have smaller average estimation errors under

both SE and LINEX loss functions with all parameter γ values. Under SE loss function, for

τ the Bayes estimation is found to result in the smallest estimation errors. Under the LINEX

loss function, when τ has gamma prior the Bayes estimation has better performance than the

ML estimation for all parameter γ values. When when τ has improper prior the ML estimates

have smaller average errors when γ = −1.25,−0.75, when γ = −0.25, 0.25, 0.75, 1.25 the

Bayes estimation is superior. All estimator performances are reasonably close to each other

as the sample size increases.
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6.1.3. Analysis of Real Gross Domestic Product Data

We consider the growth rates of the U.S. real gross domestic product (GDP) from 1995 first

quarter to 2015 second quarter. The series consists of 82 quarterly observations. The original

data (series GDPC96) were downloaded from Federal Reserve Bank of St Louis, and the GDP

are in millions of 2009 chained dollars. The growth rate is the first differenced series of the

log(GDP), expressed in per cents. Figure 6.1 shows the plotted growth rate series.

Figure 6.1. GDP growth rate data

We analyze the data using the independent truncated normal prior for φ1 with mean equal to

the sample mean and variance equal to the sample variance and improper prior for τ . The

LINEX loss function's parameter are γ = 0.75 and γ = −0.75. In order to apply the analysis

using the assumed form of the AR(1) model, we need to subtract the series mean from each

of the observations to obtain a zero-mean series.

Based on the augmented Dickey-Fuller test, the unit-root hypothesis is rejected. The test

statistic is -3.76 with p-value less than 0.01, thus the obtained mean-adjusted GDP rate series

is stationary. Model checking shows that the AR(1) model can be fitted to the zero-mean

series; see Figure 6.2

We obtain estimates of φ1, τ and one-step predicted value using 72, 73,…, 80, 81 observa-

tions. Table 6.16 and Table 6.17 present the estimation and one-step prediction results. It is

observed that the prediction errors of the Bayes estimates are smaller than that of the ML es-
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Figure 6.2. AR(1) model checking

timates, the Bayes estimates obtained using Lindley's approximation method being superior.
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6.2. AR(1) MODEL PARAMETER IMPACT ANALYSIS

6.2.1. Independent Truncated Normal prior for φ1 and Gamma or Improper priors

for τ

To estimate the impact of parameter α, we use fixed parameters β = 6, µ1 = 0.375, σ1 = 0.3,

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when α = 10, 20, 30. Figure 6.3 below compares the average estimation

and prediction errors when α varies. We notice that as α increases, the average estimation

errors of φ1 slightly increase, the average estimation errors of τ increase more than parameter

α and the average prediction errors decrease proportionally to α increase. It suggests that the

average estimation errors and α have inverse linear relationship.

To estimate the impact of parameter β, we use fixed parameters α = 10, µ1 = 0.375, σ1 =

0.3, sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when β = 10, 20, 30. Figure 6.4 compares the average estimation and

prediction errors when β varies. We notice that β and the average estimation errors of φ1

have a weak nonlinear relationship, the average estimation errors of τ and β have nonlinear

inverse relationship. As parameter β increases, the average prediction errors increase.

To estimate the impact of parameter µ1, we use fixed parameters α = 10, β = 6, σ1 = 0.3,

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when µ1 = 0.125, 0.375, 0.625, 0.875. Figure 6.5 compares the average

estimation and prediction errors when µ1 varies. We notice that as µ1 increases, the average

estimation errors of φ1 decrease, the changes of average estimation errors of τ and the average

prediction errors remain almost unchanged.

To estimate the impact of parameter σ1, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average es-

timation errors when σ1 = 0.1, 0.2, 0.3. Figure 6.6 compares the average estimation and

prediction errors when σ1 varies. We notice that as σ1 increases, the average Bayes estima-

tion errors of φ1 slightly increase, the changes of average ML estimation errors of φ1 remain

almost unchanged, the average estimation errors of τ remain unchanged. The average Bayes

prediction errors slightly increase when σ1 increase, whereas the average ML prediction er-
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rors do not seem to depend on σ1.

To estimate the impact of parameter γ, we use fixed parameters α = 10, β = 6, µ1 =

0.375, σ1 = 0.3, sample size of 100 and obtain the average estimation errors when γ =

0.25, 0.5, 0.75. Figure 6.7 compares the average estimation and prediction errors when γ

varies. We notice that as γ increases, the average estimation errors of φ1, τ and prediction

increase more than the increase in γ.
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Figure 6.3. Impact of parameter α on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) E (d)

(e) (f)
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Figure 6.4. Impact of parameter β on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) Estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 6.5. Impact of parameter µ1 on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) Estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 6.6. Impact of parameter σ1 on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) Estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 6.7. Impact of parameter γ on average estimation and prediction errors. (a)
Estimation of φ1 under LINEX, (b) Estimation of τ under LINEX loss, (c) Estimation of

Yn+1 under LINEX loss.

(a) (b)

(c)
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6.2.2. Independent Uniform prior for φ1 and Gamma or Improper priors for τ

To estimate the impact of parameter α, we use fixed parameters β = 6, (c1, d1) = (0.25, 0.5),

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when α = 10, 20, 30. Figure 6.8 below compares the average estimation

and prediction errors when α varies. We notice that α has a negligent impact on the average

estimation errors of φ1, the average estimation errors of τ increase more than parameter α .

The average estimation errors and α have inverse almost linear relationship.

To estimate the impact of parameterβ, we use fixed parametersα = 10, (c1, d1) = (0.25, 0.5),

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average es-

timation errors when β = 10, 20, 30. Figure 6.9 compares the average estimation and pre-

diction errors when β varies. We notice that as β increases, the average estimation errors

of φ1 remain unchanged, the average estimation errors of τ and β have nonlinear inverse

relationship. As parameter β increases, the average prediction errors increase.

To estimate the impact of the interval of φ1, we use sample size of 100 and LINEX loss

function parameter γ = 0.5 and obtain the average estimation errors when (c1, d1) =

(0, 0.25), (0.25, 0.5), (0.5, 0.75), (0.75, 1). Figure 6.10 compares the average estimation and

prediction errors when the interval of φ1 varies, the interval is represented by its middle point.

We notice that as the mean of φ1 increases, the average estimation errors of φ1 decrease, the

changes of average estimation errors of τ and the average prediction errors remain almost

unchanged.

To estimate the impact of parameter γ, we fix φ1 interval, sample size of 100 and obtain

the average estimation errors when γ = 0.25, 0.5, 0.75. Figure 6.11 compares the average

estimation and prediction error when γ varies. We notice that as γ increases, the average

estimation errors of φ1, τ and prediction increase more than the increase in γ.

Figure 6.12 presents the average estimation errors of φ1 under the LINEX loss function, es-

timated using the numerical method and the truncated normal approximation. We notice that 

the Bayes estimation errors for φ1 are significantly smaller when the numerical approach is 

used (left in the figure); and the difference between the ML and the Bayes estimates becomes 

more noticeable, the Bayes estimates have the smallest average estimation errors.
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Figure 6.8. Impact of parameter α on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) Estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 6.9. Impact of parameter β on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) Estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 6.10. Impact of φ1 interval on average estimation and prediction errors. (a)
Estimation of φ1 under SE loss, (b) Estimation of φ1 under LINEX, (c) Estimation of τ

under SE loss, (d) Estimation of τ under LINEX loss, (e) Estimation of Yn+1 under SE loss,
(f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 6.11. Impact of parameter γ on average estimation and prediction errors. (a)
Estimation of φ1 under LINEX, (b) Estimation of τ under LINEX loss, (c) Estimation of

Yn+1 under LINEX loss.

(a) (b)

(c)
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Figure 6.12. Impact of estimation method of φ1 under LINEX loss function on average
estimation and prediction errors, (a) Numerical approach, α varies, (b) Approximation, α

varies, (c) Numerical approach, β varies, (d) Approximation, β varies, (e) Numerical
approach, interval of φ1 varies, (f) Approximation, interval of φ1 varies, (e) Numerical

approach, γ varies, (f) Approximation, γ varies.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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6.3. AR(2) MODEL

In this section we study the AR(2) model

Yt = φ1Yt−1 + φ2Yt−2 + εt. (6.2)

The AR(2) process is stationary if φ2 − φ1 < 1, φ2 + φ1 < 1 and −1 < φ2 < 1.

6.3.1. Independent TruncatedNormal prior for φ1, φ2 andGamma or Improper priors

for τ

We consider the independent truncated normal priors for φ1 and φ2 with parameters µ1 =

0.25, σ1 = 0.2, a1 = 0, b1 = 0.5, and µ2 = 0.2, σ2 = 0.3, a2 = 0, b2 = 0.4. The intervals

forφ1 and φ2 are chosen such that the AR(2) model would be stationary. The prior for τ is

either improper or gamma prior with parameters α = 10, β = 6.

Table 6.18 presents the average values of AR(2) parameters, their estimates, predicted values, 

estimation and prediction errors when the SE loss function is used. Under the SE loss func-

tion, the average estimation errors of both ML and Bayes estimates decrease, as the sample 

size increases. This verifies the consistency property of these estimators. Overall the Bayes 

estimates are found to have smaller average estimation errors than the ML estimates, for φ1 

and φ2 the smallest estimation errors are obtained for the Bayes estimates obtained us-ing 

Lindley's approximation; for τ the Bayes estimation using the Gibbs sampler is found to 

result in the smallest estimation errors when τ has gamma prior and the Bayes estimation 

using Lindley's approximation when τ has improper prior; for the one-step prediction all es-

timates have similar errors, the ones of Bayes estimates being slightly smaller. All estimator 

performances are reasonably close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using

Lindley's approximation may be undefined (see Section 5.1.2), Table 6.19 shows proportion

of undefined Bayes estimates using this approximation. Under our choice of parameters,

undefined estimates are obtained only for τ when it has gamma prior and LINEX loss function
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parameters are γ = −1.25,−0.75,−0.25. The proportion of undefined τ estimates decreases

significantly as sample size increases. We exclude the simulation where we obtain undefined

estimates and calculate average errors where all estimates are defined.

Table 6.20, Table 6.21, Table 6.22, Table 6.23, Table 6.24 and Table 6.25 present the aver-

age values of AR(2) parameters, their estimates, predicted values, estimation and prediction 

errors when the LINEX loss function is used with parameters γ= −1.25, −0.75, −0.25, 

0.25, 0.75, 1.25, respectively. Under the LINEX loss function, the average estimation errors 

are also found to decrease with increasing sample size. Generally, the Bayes estimation has  

the smallest average errors.

For φ1 and φ2, the smallest average estimation errors are obtained for the Bayes estimates

using Lindley's approximation, the difference between the ML and the Bayes estimates are

more noticeable when the LINEX parameter has higher absolute value. For the one-step

prediction, generally, the Bayes estimates have smaller average errors than the ML estimates,

the Gibbs sampler methods have slightly better performance.

For τ, when the LINEX loss function parameters are positive, the smallest average esti-

mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs 

sampling method is superior, whereas when improper prior is used, Lindley's approximation 

performance is better. When γ = −1.25, −0.75, if improper prior is used for τ , the ML 

estimates of τ have smaller average error than the Bayes estimates; if gamma prior is used 

for τ , the Bayes estimates obtained using Gibbs sampler have the best performance, when 

γ = −1.25 for sample sizes n = 50, 100, 150, when γ = −0.75 for sample sizes n = 50, 100 

the Bayes estimates obtained using Lindley's approximation have the highest average errors, 

for other sample size both Bayes estimates perform better than the ML estimates.

When γ = −0.25, the Bayes estimates of τ have smaller average errors than the ML esti-

mates. When improper prior is used for τ , the Bayes estimates performances are indistin-

guishable; if gamma prior is used for τ , the Bayes estimates obtained using Gibbs sampler

have the best performance, for sample size n = 50 the Bayes estimates obtained using Lind-

ley's approximation has the highest average error, for sample sizes n = 100, 150, 200 both

Bayes estimates perform better than the ML estimates.
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6.3.2. Independent Uniform prior for φ1, φ2 and Gamma or Improper priors for τ

We consider the independent uniform priors for φ1 and φ2 with parameters a1 = 0, b1 = 0.5,

and a2 = 0, b2 = 0.4. The intervals for φ1 and φ2 are chosen such that the AR(2) model would

be stationary. The prior for τ is either improper or gamma prior with parameters α = 10,

β = 6.

Table 6.26 presents the average values of AR(2) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 6.27, Table 6.28, Table 6.29, Table 6.30, Table 6.31 and Table 6.32 present the aver-

age values of AR(2) parameters, their estimates, predicted values, estimation and prediction

errors when the LINEX loss function is used with parameters γ = −1.25,−0.75,−0.25,

0.25, 0.75, 1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size

increases. This verifies the consistency property of these estimators. Overall the Bayes es-

timates are found to result in smaller average estimation errors than the ML estimates. For

φ1, φ2 and one-step prediction, the Bayes estimates are found to have smaller average esti-

mation errors under both SE and LINEX loss functions with all parameter γ values. Under

SE loss function, for τ the Bayes estimation is found to result in the smallest estimation er-

rors. Under the LINEX loss function, when τ has gamma prior the Bayes estimation has

better performance than the ML estimation for all parameter γ values. When when τ has

improper prior the ML estimates have smaller average errors when γ = −1.25,−0.75, when

γ = −0.25, 0.25, 0.75, 1.25 the Bayes estimation is superior. All estimator performances are

reasonably close to each other as the sample size increases.
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6.3.3. Analysis of Wolfer's Sunspot Data

We consider the Wolfer sunspot numbers (that measure the average number of sunspots on

sun during a year) for each year during the period 1770-1869. The series consists of 100

yearly observations. The sunspot data were also analyzed by Box and Tiao [1], among the

others. Figure 6.13 shows the plotted sunspots series.

Figure 6.13. Sunspots data

We analyze the data using the independent truncated normal prior for φ1 with mean equal

to the sample mean and variance equal to the sample variance, truncated normal prior forφ2

and with mean equal to the sample third moment and variance equal to the sample fourth

moment, and improper prior for τ . The LINEX loss function's parameter are γ = 0.75 and

γ = −0.75. In order to apply the analysis using the assumed form of the AR(2) model, we

need to subtract the series mean from each of the observations to obtain a zero-mean series.

Based on the augmented Dickey-Fuller test, the unit-root hypothesis is rejected. The test

statistic is -4.66 with p-value less than 0.01, thus the obtained mean-adjusted sunpots series

is stationary. Model checking shows that the AR(2) model can be fitted to the zero-mean

series; see Figure 6.14

We obtain estimates of φ1, φ2, τ and one-step predicted value using 90, 91,…, 98, 99 obser-

vations. Table 6.33 and Table 6.34 present the estimation and one-step prediction results. It

is observed that under the LINEX loss function the prediction errors of the Bayes estimates
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Figure 6.14. AR(2) model checking

are significantly smaller than that of the ML estimates, the Bayes estimates obtained using 

Gibbs sampling method have the smallest average estimation errors. Under the SE loss 

function, the ML and Bayes estimates obtained using Lindley's approximation are found to 

have similar average prediction error, whereas the average prediction error of Bayes estimates 

obtained using Gibbs sampler is slightly higher.



124

Ta
bl

e
6.

33
.A

R
(2

)m
od

el
es

tim
at

es
fo

re
m

pi
ric

al
da

ta

S
A
M
P
L
E
S
IZ
E

A
C
T
U
A
L

9
0

9
1

9
2

9
3

9
4

9
5

9
6

9
7

9
8

9
9

A
V
E
R
A
G
E

Y
n

+
1

96
.0

00
0

77
.0

00
0

59
.0

00
0

44
.0

00
0

47
.0

00
0

30
.0

00
0

16
.0

00
0

7.
00

00
37

.0
00

0
74

.0
00

0
48

.7
00

0
E
S
T
IM

A
T
E
S

M
L

φ
1

1.
41

93
1.

40
78

1.
40

65
1.

40
55

1.
40

51
1.

40
13

1.
40

02
1.

40
29

1.
40

61
1.

39
78

1.
40

52
φ

2
-0

.7
15

8
-0

.7
07

2
-0

.7
08

0
-0

.7
05

6
-0

.7
05

1
-0

.7
00

9
-0

.6
99

5
-0

.7
01

8
-0

.7
03

3
-0

.7
02

0
-0

.7
04

9
τ

0.
00

42
0.

00
43

0.
00

43
0.

00
44

0.
00

44
0.

00
44

0.
00

44
0.

00
44

0.
00

45
0.

00
44

0.
00

44
Y

n
+

1
10

7.
89

91
82

.8
29

8
54

.6
81

8
42

.9
14

1
34

.5
27

9
49

.3
04

7
23

.3
43

4
15

.4
88

5
12

.4
86

4
60

.9
98

2
48

.4
47

4
S
E
L
O
S
S
F
U
N
C
T
IO

N

φ
1

Li
nd

le
y'

sa
pp

ro
x.

1.
41

92
1.

40
78

1.
40

64
1.

40
54

1.
40

51
1.

40
13

1.
40

01
1.

40
29

1.
40

60
1.

39
77

1.
40

52
φ

1
G

ib
bs

sa
m

pl
in

g
1.

41
92

1.
40

88
1.

40
75

1.
41

16
1.

40
42

1.
40

16
1.

40
04

1.
40

56
1.

40
45

1.
40

14
1.

40
65

φ
2

Li
nd

le
y'

sa
pp

ro
x.

-0
.7

15
8

-0
.7

07
1

-0
.7

08
0

-0
.7

05
5

-0
.7

05
0

-0
.7

00
9

-0
.6

99
5

-0
.7

01
7

-0
.7

03
2

-0
.7

02
0

-0
.7

04
9

φ
2

G
ib

bs
sa

m
pl

in
g

-0
.7

15
9

-0
.7

07
9

-0
.7

08
6

-0
.7

10
9

-0
.7

05
4

-0
.7

02
5

-0
.7

00
2

-0
.7

04
4

-0
.7

01
8

-0
.7

05
0

-0
.7

06
3

τ
Li

nd
le

y'
sa

pp
ro

x.
0.

00
42

0.
00

42
0.

00
42

0.
00

43
0.

00
43

0.
00

43
0.

00
43

0.
00

43
0.

00
44

0.
00

43
0.

00
43

τ
G

ib
bs

sa
m

pl
in

g
0.

00
42

0.
00

42
0.

00
42

0.
00

43
0.

00
43

0.
00

43
0.

00
43

0.
00

43
0.

00
44

0.
00

43
0.

00
43

Y
n

+
1

Li
nd

le
y'

sa
pp

ro
x.

10
7.

89
75

82
.8

30
0

54
.6

82
9

42
.9

15
0

34
.5

28
5

49
.3

04
5

23
.3

44
1

15
.4

88
9

12
.4

86
5

60
.9

96
7

48
.4

47
5

Y
n

+
1

G
ib

bs
sa

m
pl

in
g

10
7.

45
30

82
.9

73
7

54
.6

16
6

43
.3

60
0

34
.5

04
4

50
.1

86
9

23
.5

94
0

15
.4

72
3

12
.5

14
8

61
.6

79
5

48
.6

35
5

L
IN
E
X
L
O
S
S
F
U
N
C
T
IO

N
γ

=
0.

75
φ

1
Li

nd
le

y'
sa

pp
ro

x.
1.

41
70

1.
40

57
1.

40
44

1.
40

34
1.

40
31

1.
39

93
1.

39
81

1.
40

09
1.

40
41

1.
39

57
1.

40
32

φ
1

G
ib

bs
sa

m
pl

in
g

1.
41

69
1.

40
67

1.
40

54
1.

40
94

1.
40

20
1.

39
96

1.
39

82
1.

40
35

1.
40

25
1.

39
93

1.
40

44
φ

2
Li

nd
le

y'
sa

pp
ro

x.
-0

.7
17

9
-0

.7
09

2
-0

.7
10

0
-0

.7
07

6
-0

.7
07

0
-0

.7
02

9
-0

.7
01

4
-0

.7
03

7
-0

.7
05

2
-0

.7
03

9
-0

.7
06

9
φ

2
G

ib
bs

sa
m

pl
in

g
-0

.7
18

2
-0

.7
10

0
-0

.7
10

7
-0

.7
13

0
-0

.7
07

5
-0

.7
04

5
-0

.7
02

3
-0

.7
06

4
-0

.7
03

8
-0

.7
07

1
-0

.7
08

4
τ

Li
nd

le
y'

sa
pp

ro
x.

0.
00

42
0.

00
42

0.
00

42
0.

00
43

0.
00

43
0.

00
43

0.
00

43
0.

00
43

0.
00

44
0.

00
43

0.
00

43
τ

G
ib

bs
sa

m
pl

in
g

0.
00

42
0.

00
42

0.
00

42
0.

00
43

0.
00

43
0.

00
43

0.
00

43
0.

00
43

0.
00

44
0.

00
43

0.
00

43
Y

n
+

1
Li

nd
le

y'
sa

pp
ro

x.
-0

.4
94

1
-2

5.
13

22
-5

2.
42

36
-6

3.
27

74
-7

0.
68

62
-5

5.
60

35
-8

2.
16

25
-8

9.
27

46
-9

1.
61

87
-4

4.
60

38
-5

7.
52

77
Y

n
+

1
G

ib
bs

sa
m

pl
in

g
63

.8
72

0
29

.3
75

5
13

.0
70

6
5.

47
77

-9
.1

69
1

6.
35

75
-3

7.
24

85
-3

0.
45

73
-3

4.
96

58
22

.1
19

8
2.

84
33

L
IN
E
X
L
O
S
S
F
U
N
C
T
IO

N
γ

=
−

0.
75

φ
1

Li
nd

le
y'

sa
pp

ro
x.

1.
42

14
1.

40
99

1.
40

85
1.

40
75

1.
40

71
1.

40
33

1.
40

22
1.

40
49

1.
40

80
1.

39
97

1.
40

72
φ

1
G

ib
bs

sa
m

pl
in

g
1.

42
15

1.
41

10
1.

40
96

1.
41

38
1.

40
63

1.
40

36
1.

40
26

1.
40

77
1.

40
65

1.
40

35
1.

40
86

φ
2

Li
nd

le
y'

sa
pp

ro
x.

-0
.7

13
7

-0
.7

05
0

-0
.7

05
9

-0
.7

03
5

-0
.7

03
1

-0
.6

98
9

-0
.6

97
5

-0
.6

99
8

-0
.7

01
3

-0
.7

00
0

-0
.7

02
9

φ
2

G
ib

bs
sa

m
pl

in
g

-0
.7

13
7

-0
.7

05
7

-0
.7

06
6

-0
.7

08
8

-0
.7

03
3

-0
.7

00
4

-0
.6

98
1

-0
.7

02
4

-0
.6

99
8

-0
.7

02
9

-0
.7

04
2

τ
Li

nd
le

y'
sa

pp
ro

x.
0.

00
42

0.
00

42
0.

00
42

0.
00

43
0.

00
43

0.
00

43
0.

00
43

0.
00

43
0.

00
44

0.
00

43
0.

00
43

τ
G

ib
bs

sa
m

pl
in

g
0.

00
42

0.
00

42
0.

00
42

0.
00

43
0.

00
43

0.
00

43
0.

00
43

0.
00

43
0.

00
44

0.
00

43
0.

00
43

Y
n

+
1

Li
nd

le
y'

sa
pp

ro
x.

21
6.

29
23

19
0.

79
19

16
1.

78
73

14
9.

10
56

13
9.

74
19

15
4.

21
29

12
8.

84
94

12
0.

25
16

11
6.

59
15

16
6.

60
01

15
4.

42
24

Y
n

+
1

G
ib

bs
sa

m
pl

in
g

15
3.

80
31

12
8.

07
25

10
0.

51
26

91
.8

16
4

85
.9

95
1

89
.3

89
3

62
.4

08
2

50
.8

74
4

53
.3

28
8

10
7.

24
76

92
.3

44
8



125

Ta
bl

e
6.

34
.A

R
(2

)m
od

el
er

ro
rs

fo
re

m
pi

ric
al

da
ta

S
A
M
P
L
E
S
IZ
E

E
R
R
O
R
S

9
0

9
1

9
2

9
3

9
4

9
5

9
6

9
7

9
8

9
9

A
V
E
R
A
G
E

S
E
L
O
S
S
F
U
N
C
T
IO

N

Y
n

+
1

M
L

14
1.

58
82

33
.9

86
8

18
.6

46
4

1.
17

92
15

5.
55

44
37

2.
67

05
53

.9
25

8
72

.0
54

0
60

0.
91

88
16

9.
04

81
16

1.
95

72
Y

n
+

1
Li

nd
le

y'
sa

pp
ro

x.
14

1.
54

94
33

.9
89

5
18

.6
37

2
1.

17
73

15
5.

53
84

37
2.

66
53

53
.9

35
4

72
.0

61
5

60
0.

91
07

16
9.

08
49

16
1.

95
50

Y
n

+
1

G
ib

bs
sa

m
pl

in
g

13
1.

17
16

35
.6

85
6

19
.2

13
9

0.
40

96
15

6.
13

93
40

7.
51

24
57

.6
69

2
71

.7
79

1
59

9.
52

62
15

1.
79

47
16

3.
09

02
L
IN
E
X
L
O
S
S
F
U
N
C
T
IO

N
γ

=
0.

75
Y

n
+

1
M

L
75

02
.4

92
0

73
.8

58
4

2.
27

78
0.

25
73

8.
35

42
19

40
58

2.
30

82
24

0.
04

19
57

4.
56

15
17

.3
85

2
8.

75
14

19
49

01
.0

28
8

Y
n

+
1

Li
nd

le
y'

sa
pp

ro
x.

71
.3

70
6

75
.5

99
2

82
.5

67
7

79
.4

58
0

87
.2

64
7

63
.2

02
6

72
.6

21
9

71
.2

06
0

95
.4

64
1

87
.9

52
9

78
.6

70
8

Y
n

+
1

G
ib

bs
sa

m
pl

in
g

23
.0

96
0

34
.7

18
4

33
.4

47
0

27
.8

91
7

41
.1

26
8

16
.7

31
8

38
.9

36
4

27
.0

93
0

52
.9

74
3

37
.9

10
2

33
.3

92
6

L
IN
E
X
L
O
S
S
F
U
N
C
T
IO

N
γ

=
−

0.
75

Y
n

+
1

M
L

7.
92

44
3.

38
50

21
.2

59
7

0.
44

35
11

53
5.

81
63

13
.4

78
5

4.
51

16
5.

36
81

9.
65

×
10

7
17

16
7.

27
78

9.
65

×
10

6

Y
n

+
1

Li
nd

le
y'

sa
pp

ro
x.

89
.2

19
2

84
.3

43
9

76
.0

90
5

77
.8

29
2

68
.5

56
5

92
.1

59
6

83
.6

37
0

83
.9

38
7

58
.6

93
6

68
.4

50
1

78
.2

91
8

Y
n

+
1

G
ib

bs
sa

m
pl

in
g

42
.3

52
3

37
.3

04
4

30
.1

34
5

34
.8

62
3

28
.2

46
3

43
.5

42
0

33
.8

06
1

31
.9

05
8

11
.2

46
6

23
.9

35
7

31
.7

33
6



126

6.4. AR(2) MODEL PARAMETER IMPACT ANALYSIS

6.4.1. Independent truncated normal prior for φ1, φ2 and gamma or improper priors

for τ

We have undertaken the parameter impact analysis to define how the average estimation and

prediction errors change when model parameters vary. We use fixed parameters β = 6,

µ1 = 0.375, σ1 = 0.2, µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function

parameter γ = 0.25 and obtain the average estimation errors when α1 = 10, 20, 30. Figure

6.15 presents the mean errors when the parameter α changes. We notice that as α increases,

the average estimation errors of φ1 and φ2 change slightly. The average estimation errors of

τ increase more than parameter α and the average prediction errors decrease proportionally

to α increase.

To estimate the impact of parameter β, we use fixed parameters α = 10, µ1 = 0.375, σ1 =

0.2, µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25

and obtain the average estimation errors when β = 10, 20, 30. Figure 6.16 presents the mean

errors when the parameter β changes. We notice that β and the average estimation errors

of φ1 and φ2 have a weak nonlinear relationship, the average estimation errors of τ and β

have nonlinear inverse relationship. As parameter β increases, the average prediction errors

increase.

To estimate the impact of parameter µ1, we use fixed parameters α = 10, β = 6, σ1 = 0.2,

µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when µ1 = −0.375,−0.125, 0.125, 0.375. Figure 6.17

presents the mean errors when the parameter µ1 changes. We notice that as absolute value

of µ1 increases, the average estimation errors of φ1 and φ2 decrease, the average estimation

errors of τ and the average prediction errors remain almost unchanged.

To estimate the impact of parameter µ2, we use fixed parameters α = 10, β = 6, µ1 =

0.375,σ1 = 0.2, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25

and obtain the average estimation errors when µ2 = −0.375,−0.125, 0.125, 0.375. Figure

6.18 presents the mean errors when the parameter µ2 changes. The changes of µ2 have similar

impact to the average estimation and prediction errors as the µ1 changes.
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To estimate the impact of parameter σ1, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25

and obtain the average estimation errors when σ1 = 0.1, 0.2, 0.3. Figure 6.19 presents the

mean errors when the parameter σ1 changes. We notice that as σ1 increases, the average

Bayes estimation errors of φ1 and φ2 increase, the changes of average ML estimation errors

of φ1 and φ2 are very small, the average estimation errors of τ remain unchanged. The av-

erage Bayes prediction errors slightly increase when σ1 increase, whereas the average ML

prediction errors do not seem to depend on σ1.

To estimate the impact of parameter σ2, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

σ1 = 0.2, µ2 = 0.375, sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when σ2 = 0.1, 0.2, 0.3. Figure 6.20 presents the mean

errors when the parameter σ2 changes. The changes of σ2 have similar impact to the average

estimation and prediction errors as the changes of σ1.

To estimate the impact of parameter γ, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

σ1 = 0.2, µ2 = 0.375, σ2 = 0.3, sample size of 100 and obtain the average estimation

errors when γ = 0.25, 0.5, 0.75. Figure 6.21 presents the mean errors when the parameter

γ changes. We notice that as γ increases, the average estimation errors of φ1, φ2, τ and

prediction increase more than the increase in γ.
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Figure 6.15. Impact of parameter α on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.16. Impact of parameter β on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.17. Impact of parameter µ1 on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.18. Impact of parameter µ2 on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.19. Impact of parameter σ1 on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.20. Impact of parameter σ2 on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.21. Impact of parameter γ on average estimation and prediction errors for AR(2)
independent truncated normal prior for φ1 and φ2. (a) Estimation of φ1 under LINEX, (b)
Estimation of φ2 under LINEX, (c) Estimation of τ under LINEX loss, (d) Estimation of

Yn+1 under LINEX loss.

(a) (b)

(c) (d)
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6.4.2. Independent Uniform prior for φ1, φ2 and Gamma or Improper priors for τ

To estimate the impact of parameter α, we use fixed parameters β = 6, (c1, d1) = (0.25, 0.5),

(c2, d2) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when α1 = 10, 20, 30. Figure 6.22 presents the mean

errors when the parameter α changes. We notice that as α increases, the average estimation

errors of φ1 and φ2 change only slightly. The average estimation errors of τ increase more

than parameter α and the average prediction errors decrease proportionally to α increase.

To estimate the impact of parameterβ, we use fixed parametersα = 10, (c1, d1) = (0.25, 0.5),

(c2, d2) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when β = 10, 20, 30. Figure 6.23 presents the mean

errors when the parameter β changes. We notice that β does not have any significant impact

on the average estimation errors of φ1 and φ2, the average estimation errors of τ decrease as

β increases. As parameter β increases, the average prediction errors increase.

To estimate the impact of parameter (c1, d1), we use fixed parameters α = 10, β = 6,

(c2, d2) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when (c1, d1) = (−0.5,−0.25), (−0.25, 0), (0, 0.25),

(0.25, 0.5). Figure 6.24 presents the mean errors when (c1, d1) changes. The interval is

represented by its middle point. We notice that the average estimation errors remain almost

unchanged as the interval changes.

To estimate the impact of parameter (c2, d2), we use fixed parameters α = 10, β = 6,

(c1, d1) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when (c2, d2) = (−0.5,−0.25), (−0.25, 0), (0, 0.25),

(0.25, 0.5). Figure 6.25 presents the mean errors when the parameter (c2, d2) changes. The

interval is represented by its middle point. We notice that the average estimation errors of φ1

and φ2 increase as the absolute value of interval mean point decreases, the changes of aver-

age estimation errors of τ remain almost unchanged. The average prediction errors slightly

increase as the mean of φ2 increases.

To estimate the impact of parameter γ, we use fixed parameters α = 10, β = 6,(c1, d1) =

(0.25, 0.5), (c2, d2) = (0.25, 0.5), sample size of 100 and obtain the average estimation er-
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rors when γ = 0.25, 0.5, 0.75. Figure 6.26 presents the mean errors when the parameter γ

changes. We notice that as γ increases, the average estimation errors of φ1,φ2, τ and predic-

tion increase more than the increase in γ.

Figure 6.27 and Figure 6.28 present the average estimation errors of φ1, φ2 under the LINEX 

loss function, estimated using the numerical method and the truncated normal approxima-

tion. We notice that the Bayes estimation errors for φ1, φ2 are significantly smaller when the 

numerical approach is used (left in the figure); and the difference between the ML and the 

Bayes estimates becomes more noticeable, the Bayes estimates have the smallest average 

estimation errors.
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Figure 6.22. Impact of parameter α on average estimation and prediction errors for AR(2)
independent uniform prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b) Estimation
of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.23. Impact of parameter β on average estimation and prediction errors for AR(2)
independent uniform prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b) Estimation
of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.24. Impact of (c1, d1) on average estimation and prediction errors for AR(2)
independent uniform prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b) Estimation
of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.25. Impact of (c2, d2) on average estimation and prediction errors for AR(2)
independent uniform prior for φ1 and φ2. (a) Estimation of φ1 under SE loss, (b) Estimation
of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.26. Impact of parameter γ on average estimation and prediction errors for AR(2)
independent uniform prior for φ1 and φ2. (a) Estimation of φ1 under LINEX, (b) Estimation

of φ2 under LINEX, (c) Estimation of τ under LINEX loss, (d) Estimation of Yn+1 under
LINEX loss.

(a) (b)

(c) (d)
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Figure 6.27. Impact of estimation method of φ1 under LINEX loss function on average
estimation and prediction errors for AR(2) independent uniform prior for φ1 and φ2. (a)
Numerical approach, α varies, (b) Approximation, α varies, (c) Numerical approach, β
varies, (d) Approximation, β varies, (e) Numerical approach, interval of φ1 varies, (f)

Approximation, interval of φ1 varies, (g) Numerical approach, γ varies, (h) Approximation,
γ varies.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 6.28. Impact of estimation method of φ2 under LINEX loss function on average
estimation and prediction errors for AR(2) independent uniform prior for φ1 and φ2. (a)
Numerical approach, α varies, (b) Approximation, α varies, (c) Numerical approach, β
varies, (d) Approximation, β varies, (e) Numerical approach, interval of φ1 varies, (f)

Approximation, interval of φ1 varies, (g) Numerical approach, γ varies, (h) Approximation,
γ varies.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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7. BAYESIAN INFERENCES AND FORECASTING OFMOVING AV-

ERAGE PROCESSES

In this section we consider the MA(q) model.

We can write MA(q) model as

Y =


Y1
...

Yn

 =


ε1
...

εn

 −


ε0 ε−1 . . . ε1−q
...

... . . .
...

εn−1 εn−2 . . . εn−q



θ1
...

θq

 := −Aθ + ε, (7.1)

where ε = (ε1, . . . , εn)′ ∼ N(0, τ−1I) (τ = 1
σ2 > 0). Yt is the observation at time t. The

parameters θ ∈ Rq in the model and precision τ are considered to be random variables.

For the latter model we study the following questions.

(i) How to estimate parameters θ and τ given a sample Sn = (Y1, . . . , Yn)′?

(ii) How to forecast a future observation W1 = Yn+1 given a sample Sn = (Y1, . . . , Yn)′?

7.1. INDEPENDENT TRUNCATED NORMAL - GAMMA PRIOR

In the model 7.1 we assume that the parameters θi, i = 1, . . . , q, have independent truncated

normal priors on intervals (ci, di), ci, di ∈ R, for all i = 1, . . . , q , respectively, with the pa-

rameters θ1 ∼ TN(µ1, σ
2
1), . . . , θq ∼ TN(µq, σ2

q ), and the precision has independent gamma

prior with the parameters α and β, i.e. τ ∼ Gamma(α, β). That is,

ξ(θ, τ) = ξ1(θ)ξ2(τ),

where the marginal prior density of τ is gamma distribution

ξ2(τ) ∝ τα−1e−τβ, τ > 0,
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and the marginal prior density of θ is

ξ1(θ) ∝ e− 1
2

∑q

i=1( θi−µi
σi

)2
= e− 1

2 (θ−µ)′Q(θ−µ), θ ∈ Rq,

that is, ξ1(θ) ∼ N(µ,Q−1). So the joint prior density function of parameters

ξ(θ, τ) ∝ τα−1e−τβ− 1
2 (θ−µ)′Q(θ−µ).

The likelihood function for this model

L(θ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y+Aθ)′(Y+Aθ),

where

A =


ε0 ε−1 . . . ε1−q
...

... . . .
...

εn−1 εn−2 . . . εn−q

 .

We approximate the likelihood function by letting εi = 0, for all i ≤ 0. This approximation

was used by Box and Jenkins [1], Hillmer and Tiao [60] and many other authors. In order to

use the similar procedures used for the AR(p) model to find the Bayes estimators of θ and τ

and W1, we need to approximate the residuals εt. The residuals can be estimated by

ε∗
t = Yt −

q∑
j=1

θ∗
j ε

∗
t−j,

where t = 1, . . . , n, ε∗
−1 = . . . , ε∗

−q−1 = 0, and θ∗
j are the nonlinear least squares estimates of

θj obtained by minimizing the conditional sum of squares

SS(θ) =
n∑
t=1

(ε∗
t )2
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with respect to θ over the region of invertibility. Thus,

A∗ =



0 0 . . . 0

ε∗
1 0 . . . 0
...

... . . .
...

ε∗
n−1 ε∗

n−2 . . . ε∗
n−q


.

and hence

L∗(θ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ). (7.2)

Employing Bayes Theorem, the approximate posterior density of θ and τ is

ξ(θ, τ |Sn) = L∗(θ, τ |Sn)ξ(θ, τ)∫
Θ

∫ ∞
0 L∗(θ, τ |Sn)ξ(θ, τ)dθdτ

= τα−1e−τβ− 1
2 (θ−µ)′Q(θ−µ)τ

n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ)∫
Θ

∫ ∞
0 τα−1e−τβ− 1

2 (θ−µ)′Q(θ−µ)τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ)dθdτ
. (7.3)

Using SE and LINEX loss functions, the Bayes estimators of v = v(θ, τ) cannot be found

analytically. Hence, we use Lindley's approximation and Gibbs sampling. In the next two

sections we apply this model to the MA(1) and MA(2) processes and find the approximate

Bayes estimators of their parameters and one-step ahead forecasts.

7.1.1. MA(1) model

In the q = 1 case, under the SE loss function, the Bayes estimator of function v = v(θ1, τ)

can be written as

v̂BSE
=

∫ d1
c1

∫ ∞
0 v(θ1, τ)L∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ∫ d1
c1

∫ ∞
0 L∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ

, (7.4)
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where

L∗(θ, τ |Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1ε∗t−1)2
. (7.5)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(θ1, τ) can

be written as

v̂BLINEX
= −1

γ
log

(∫ d1
c1

∫ ∞
0 e−γv(θ1,τ)L∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ∫ d1
c1

∫ ∞
0 L∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ

)
. (7.6)

Then the Bayes estimator of function v = v(θ1, τ), under the SE loss function, is approxi-

mately

ûBSE
=

∫ d1
c1

∫ ∞
0 u(θ1, τ)τ n

2 e− τ
2

∑n

t=1(Yt+θ1ε∗t−1)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1 dθ1dτ∫ d1

c1

∫ ∞
0 τ

n
2 e− τ

2
∑n

t=1(Yt+θ1ε∗t−1)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1 dθ1dτ

, (7.7)

where u = v. Under the LINEX loss function,

ûBLINEX
= −1

γ
log

(∫ d1
c1

∫ ∞
0 u(θ1, τ)τ n

2 e− τ
2

∑n

t=1(Yt+θ1ε∗t−1)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1 dθ1dτ∫ d1

c1

∫ ∞
0 τ

n
2 e− τ

2
∑n

t=1(Yt+θ1ε∗t−1)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1 dθ1dτ

)
,

(7.8)

where u = e−γv. Since we cannot find analytical expressions for ûBSE
and ûBLINEX

, we

apply Lindley's approximation for the ratios of two integrals. For the two parameters case,

Lindley's approximation leads to

ûBSE
= u+ 1

2

2∑
i,j=1

(uij + 2uiρj)σij + 1
2(L30[u1σ

2
11 + u2σ11σ12]

+ L21[3u1σ11σ12 + u2(σ11σ22 + 2σ2
12)]

+ L12[u1(σ11σ22 + 2σ2
12) + 3u2σ12σ22]

+ L03[u1σ12σ22 + u2σ
2
22]), (7.9)



148

and

e−γûBLINEX = u+ 1
2

2∑
i,j=1

(uij + 2uiρj)σij + 1
2(L30[u1σ

2
11 + u2σ11σ12]

+ L21[3u1σ11σ12 + u2(σ11σ22 + 2σ2
12)]

+ L12[u1(σ11σ22 + 2σ2
12) + 3u2σ12σ22]

+ L03[u1σ12σ22 + u2σ
2
22]), (7.10)

where u = u(θ1, τ), u1 = ∂u
∂θ1

, u2 = ∂u
∂τ

, u11 = ∂2u
∂θ2

1
, u12 = u21 = ∂2u

∂θ1∂τ
, u22 = ∂2u

∂τ2 , L(θ1, τ)

is the logarithm of the approximate likelihood function, ρ(φ1, τ) is the logarithm of the joint

prior density function, L30 = ∂3L
∂θ3

1
, L21 = ∂3L

∂θ2
1∂τ

, L12 = ∂3L
∂θ1∂τ2 , L03 = ∂3L

∂τ3 , ρ1 = ∂ρ
∂θ1

, ρ2 = ∂ρ
∂τ

and σij is the (i, j)th element of the inverse of the matrix

E =

 −∂2L
∂θ2

1
− ∂2L
∂θ1∂τ

− ∂2L
∂θ1∂τ

−∂2L
∂τ2

1



all evaluated at the ML estimates of the parameters. For the prior distribution

ξ(θ1, τ) ∝ τα−1e
−τβ− (θ1−µ1)2

2σ2
1

we have

ρ = log(ξ(θ1, τ)) = constant+ (α− 1) log(τ) − τβ − (θ1 − µ1)2

2σ2
1

,

ρ̂1 = − θ̂1 − µ1

σ2
1

, ρ̂2 = α− 1
τ̂

− β.

From Equation 7.5,

L10 = ∂L

∂θ1
= −τ

n∑
t=1

(Yt + θ1ε
∗
t−1)ε∗

t−1,

L01 = ∂L

∂τ
= n

2τ − 1
2

n∑
t=1

(Yt + θ1ε
∗
t−1)2.
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Then the ML estimators of θ1 and τ are

θ̂1 = −
∑n
t=1 Ytε

∗
t−1∑n

t=1(ε∗
t−1)2 , τ̂ = n∑n

t=1(Yt + θ̂1ε∗
t−1)2

and

L20 = ∂2L

∂θ2
1

= −τ
n∑
t=1

(ε∗
t−1)2,

L11 = ∂2L

∂θ1∂τ
= −

n∑
t=1

(Yt + θ1ε
∗
t−1)ε∗

t−1,

L02 = ∂2L

∂τ 2 = − n

2τ 2 .

Hence,

L̂30 = ∂3L

∂θ3
1

= 0, L̂21 = ∂3L

∂θ2
1∂τ

= −
n∑
t=1

(ε∗
t−1)2,

L̂12 = ∂3L

∂θ1∂τ 2 = 0, L̂03 = ∂3L

∂τ 3 = n

τ̂ 3 .

The matrix

E =

 τ̂
∑n
t=1(ε∗

t−1)2 ∑n
t=1(Yt + θ̂1ε

∗
t−1)ε∗

t−1∑n
t=1(Yt + θ̂1ε

∗
t−1)ε∗

t−1
n

2τ̂2

 =

τ̂ ∑n
t=1(ε∗

t−1)2 0

0 n
2τ̂2

 . (7.11)

Its inverse is

E−1 =

 1
τ̂

∑n

t=1(ε∗t−1)2 0

0 2τ̂2

n

 . (7.12)

Hence,

σ̂11 = 1
τ̂

∑n
t=1(ε∗

t−1)2 , σ̂12 = σ̂21 = 0, σ̂22 = 2τ̂ 2

n
.
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Therefore, under the SE loss function, we obtain the following results.

Proposition 7.1. Under the SE loss function, the approximate Bayes estimator of the param-

eter θ1 is

θ̂1(BSE) = θ̂1 + ρ̂1σ̂11. (7.13)

Proof. We use u(θ1, τ) = θ1. Then

u1 = 1, u2 = u11 = u12 = u21 = u22 = 0

and the result follows.

Proposition 7.2. Under the SE loss function, the approximate Bayes estimator of τ is

τ̂BSE
= τ̂ + ρ̂2σ̂22 + 1

2 L̂21σ̂11σ̂22 + 1
2 L̂03σ̂

2
22. (7.14)

Proof. We use u(θ1, τ) = τ . Then

u2 = 1, u2 = u11 = u12 = u21 = u22 = 0

and the result follows.

Finally, to get the Bayes estimator of one-step ahead forecast, we use

u(θ1, τ) = E(Yn+1|Sn, θ1, τ) = −θ1ε
∗
n. (7.15)

Proposition 7.3. Under the SE loss function, the approximate Bayes estimator of the one-step

ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) = −θ̂1(BSE)ε
∗
n. (7.16)
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Proof . Substitute Equation 7.15 to Equation 7.4, then

Ŵ1(BSE) =
∫ d1
c1

∫ ∞
0 −θ1ε

∗
nL

∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ∫ d1
c1

∫ ∞
0 L∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ

= −ε∗
n

∫ d1
c1

∫ ∞
0 θ1L

∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ∫ d1
c1

∫ ∞
0 L∗(θ1, τ |Sn)ξ(θ1, τ)dθ1dτ

= −θ̂1(BSE)ε
∗
n.

Under the LINEX loss function, we get the following results

Proposition 7.4. Under the LINEX loss function, the approximate Bayes estimator of the

parameter θ1 is

θ̂1(BLINEX) = θ̂1 − 1
γ

log
(
1 + γ2

2 σ̂11 − γρ̂1σ̂11
)
. (7.17)

Proof. We substitute u(θ1, τ) = e−γθ1 to Equation 7.8. Then

u1 = −γe−γθ1 , u11 = γ2e−γθ1 , u2 = u12 = u21 = u22 = 0

and the result follows.

Proposition 7.5. Under the LINEX loss function, the approximate Bayes estimator of the

parameter τ is

τ̂BLINEX
= τ̂ − 1

γ
log

(
1 + γ2

2 σ̂22 − γ
(
ρ̂2σ̂22 + 1

2 L̂21σ̂11σ̂22 + 1
2 L̂03σ̂

2
22

))
. (7.18)

Proof. We substitute u(θ1, τ) = e−γτ to Equation 7.8. Then

u2 = −γe−γτ , u22 = γ2e−γτ , u1 = u11 = u12 = u21 = 0
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and the result follows.

Proposition 7.6. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BLINEX) = −θ̂1ε
∗
n − γ

2τ̂ − 1
γ

log
(
1 + 1

2
[
γ2(ε∗

n)2σ̂11 + γ2

τ̂ 3

(
1 + γ2

4τ̂
)
σ̂22

]

+ γε∗
nρ̂1σ̂11 − γ2

2τ̂ 2 ρ̂2σ̂22 − γ2

4τ̂ 2

(
L̂21σ̂11σ̂22 + L̂03σ̂

2
22

))
.

(7.19)

Proof. We set u(θ1, τ) = E(e−γYn+1|Sn, θ1, τ) = eγθ1ε∗n+ γ2
2τ and substitute it to Equation 7.8.

Then

u1 = γε∗
neγθ1ε∗n+ γ2

2τ , u2 = − γ2

2τ 2 eγθ1ε∗n+ γ2
2τ ,

u11 = γ2(ε∗
n)2eγθ1ε∗n+ γ2

2τ , u12 = u21 = −γ3ε∗
n

2τ 2 eγθ1ε∗n+ γ2
2τ , u22 = γ2

τ 3

(
1 + γ2

4τ
)
eγθ1ε∗n+ γ2

2τ

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-

erating function which is approximated using Lindley's method. However, Lindley's approx-

imation is of order n−1 and includes only three terms of the Taylor series expansion (see Sec-

tion 3.6), thus the approximated value of the moment generating function is not guaranteed

to be positive. Therefore, for a given LINEX loss function parameter γ, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.

7.1.2. MA(2) model

In the q = 2 case, under the SE loss function, the Bayes estimator of function v = v(θ1, θ2, τ)

can be written as

v̂BSE
=

∫ d1
c1

∫ d2
c2

∫ ∞
0 v(θ1, θ2, τ)L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ∫ d1

c1

∫ d2
c2

∫ ∞
0 L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ

(7.20)
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where

L∗(θ, τ |Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1ε∗t−1+θ2ε∗t−2)2 (7.21)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(θ1, θ2, τ)

can be written as

v̂BLINEX
= −1

γ
log

(∫ d1

c1

∫ d2

c2

∫ ∞

0
e−γv(θ1,θ2,τ)L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ

/
∫ d1

c1

∫ d2

c2

∫ ∞

0
L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ

)
. (7.22)

Then the Bayes estimator of function v = v(θ1, θ2, τ), under the SE loss function, is approx-

imately

ûBSE
=

∫ d1

c1

∫ d2

c2

∫ ∞

0
u(θ1, θ2, τ)τ n

2 e− τ
2

∑n

t=1(Yt+
∑2

i=1 θiε
∗
t−i)

2

× τα−1e
−τβ−

∑2
i=1

(θi−µi)2

2σ2
i dθ1dθ2dτ

/
∫ d1

c1

∫ d2

c2

∫ ∞

0
τ

n
2 e− τ

2
∑n

t=1(Yt+
∑2

i=1 θiε
∗
t−i)

2

× τα−1e
−τβ−

∑2
i=1

(θi−µi)2

2σ2
i dθ1dθ2dτ, (7.23)

where u = v. Under the LINEX loss function,
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e−γûBLINEX =
∫ d1

c1

∫ d2

c2

∫ ∞

0
u(θ1, θ2, τ)τ n

2 e− τ
2

∑n

t=1(Yt+
∑2

i=1 θiε
∗
t−i)

2

× τα−1e
−τβ−

∑2
i=1

(θi−µi)2

2σ2
i dθ1dθ2dτ

/
∫ d1

c1

∫ d2

c2

∫ ∞

0
τ

n
2 e− τ

2
∑n

t=1(Yt+
∑2

i=1 θiε
∗
t−i)

2

× τα−1e
−τβ−

∑2
i=1

(θi−µi)2

2σ2
i dθ1dθ2dτ, (7.24)

where u = e−γv. We cannot find analytical expressions for ûBSE
and ûBLINEX

. Thus, we

apply Lindley's approximation for the ratios of two integrals. For the three parameters case,

Lindley's approximation leads to

ûBSE
= u+ (u1a1 + u2a2 + u3a3 + a4 + a5)

+ 1
2

[
B1(u1σ11 + u2σ12 + u3σ13) +B2(u1σ21 + u2σ22 + u3σ23)

+ B3(u1σ31 + u2σ32 + u3σ33)
]

(7.25)

and

e−γûBLINEX = u+ (u1a1 + u2a2 + u3a3 + a4 + a5)

+ 1
2

[
B1(u1σ11 + u2σ12 + u3σ13) +B2(u1σ21 + u2σ22 + u3σ23)

+ B3(u1σ31 + u2σ32 + u3σ33)
]

(7.26)

all evaluated at the ML estimates of the parameters, where

ai = ρ1σi1 + ρ2σi2 + ρ3σi3, i = 1, 2, 3,

a4 = u12σ12 + u13σ13 + u23σ23, a5 = 1
2

(
u11σ11 + u22σ22 + u33σ33

)
,



155

B1 = σ11L300 + 2σ12L210 + 2σ13L201 + 2σ23L111 + σ22L120 + σ33L102,

B2 = σ11L210 + 2σ12L120 + 2σ13L111 + 2σ23L021 + σ22L030 + σ33L012,

B3 = σ11L201 + 2σ12L111 + 2σ13L102 + 2σ23L012 + σ22L021 + σ33L003,

u = u(θ1, θ2, τ), u1 = ∂u
∂θ1

, u2 = ∂u
∂θ2

, u3 = ∂u
∂τ

, u11 = ∂2u
∂θ2

1
, u22 = ∂2u

∂θ2
2
, u33 = ∂2u

∂τ2 ,

u12 = u21 = ∂2u
∂θ1∂θ2

, u13 = u31 = ∂2u
∂θ1∂τ

, u23 = u32 = ∂2u
∂θ2∂τ

, L(θ1, θ2, τ) is the logarithm

of the approximate likelihood function, ρ(θ1, θ2, τ) is the logarithm of the joint prior density

function, L300 = ∂3L
∂θ3

1
, L210 = ∂3L

∂θ2
1∂θ2

, L201 = ∂3L
∂θ2

1∂τ
, L120 = ∂3L

∂θ1∂θ2
2
, L102 = ∂3L

∂θ1∂τ2 , L021 =
∂3L
∂θ2

2∂τ
, L012 = ∂3L

∂θ2∂τ2 , L030 = ∂3L
∂θ3

2
, L003 = ∂3L

∂τ3 , ρ1 = ∂ρ
∂θ1

, ρ2 = ∂ρ
∂θ2

, ρ3 = ∂ρ
∂τ

and σij is the

(i, j)th element of the inverse of the matrix

E =


−∂2L

∂θ2
1

− ∂2L
∂θ1∂θ2

− ∂2L
∂θ1∂τ

− ∂2L
∂θ1∂θ2

−∂2L
∂θ2

2
− ∂2L
∂θ2∂τ

− ∂2L
∂θ1∂θ2

− ∂2L
∂θ2∂τ

−∂2L
∂τ2

1

 .

For the prior distribution

ξ(θ1, θ2, τ) ∝ τα−1e
−τβ− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

we have

ρ = log(ξ(θ1, θ2, τ)) = constant+ (α− 1) log(τ) − τβ − (θ1 − µ1)2

2σ2
1

− (θ2 − µ2)2

2σ2
2

,

ρ̂1 = − θ̂1 − µ1

σ2
1

, ρ̂2 = − θ̂2 − µ2

σ2
2

, ρ̂3 = α− 1
τ̂

− β.

From Equation 7.21,

L100 = ∂L

∂θ1
= −τ

n∑
t=1

(Yt + θ1ε
∗
t−1 + θ2ε

∗
t−2)ε∗

t−1,

L010 = ∂L

∂θ2
= −τ

n∑
t=1

(Yt + θ1ε
∗
t−1 + θ2ε

∗
t−2)ε∗

t−2,
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L001 = ∂L

∂τ
= n

2τ − 1
2

n∑
t=1

(Yt + θ1ε
∗
t−1 + θ2ε

∗
t−2)2.

Then the ML estimators of θ1, θ2 and τ are

θ̂1 = −
(∑n

t=1 Ytε
∗
t−1)(

∑n
t=1(ε∗

t−2)2) − (∑n
t=1 Ytε

∗
t−2)(

∑n
t=1 ε

∗
t−1ε

∗
t−2)

(∑n
t=1(ε∗

t−1)2)(∑n
t=1(ε∗

t−2)2) − (∑n
t=1 ε

∗
t−1ε

∗
t−2)2 ,

θ̂2 = −
(∑n

t=1 Ytε
∗
t−2)(

∑n
t=1(ε∗

t−1)2) − (∑n
t=1 Ytε

∗
t−1)(

∑n
t=1 ε

∗
t−1ε

∗
t−2)

(∑n
t=1(ε∗

t−1)2)(∑n
t=1(ε∗

t−2)2) − (∑n
t=1 ε

∗
t−1ε

∗
t−2)2 ,

τ̂ = n∑n
t=1(Yt + θ̂1ε∗

t−1 + θ̂2ε∗
t−2)2

and

L200 = ∂2L

∂θ2
1

= −τ
n∑
t=1

(ε∗
t−1)2, L110 = ∂2L

∂θ1∂θ2
= −τ

n∑
t=1

ε∗
t−1ε

∗
t−2,

L101 = ∂2L

∂θ1∂τ
= −

n∑
t=1

(Yt + θ1ε
∗
t−1 + θ2ε

∗
t−2)ε∗

t−1, L020 = ∂2L

∂θ2
2

= −τ
n∑
t=1

(ε∗
t−2)2,

L011 = ∂2L

∂θ2∂τ
= −

n∑
t=1

(Yt + θ1ε
∗
t−1 + θ2ε

∗
t−2)ε∗

t−2, L002 = ∂2L

∂τ 2 = − n

2τ 2 .

Hence,

L̂300 = L̂210 = L̂120 = L̂102 = L̂030 = L̂012 = 0,

L̂201 = −
n∑
t=1

(ε∗
t−1)2, L̂111 = −

n∑
t=1

ε∗
t−1ε

∗
t−2, L̂021 = −

n∑
t=1

(ε∗
t−2)2, L̂003 = n

τ̂ 3 .

The matrix

E =


−L̂200 −L̂110 −L̂101

−L̂110 −L̂020 −L̂011

−L̂101 −L̂011 −L̂002

 =


−L̂200 −L̂110 0

−L̂110 −L̂020 0

0 0 −L̂002

 . (7.27)
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Its inverse is

E−1 = 1
D


E11 E12 E13

E21 E22 E23

E31 E32 E33

 , (7.28)

where

D := det(E) = −L̂200L̂020L̂002 + L̂002L̂
2
110,

E11 = L̂020L̂002, E12 = E21 = −L̂002L̂110,

E13 = E31 = 0, E22 = L̂200L̂002,

E23 = E32 = 0, E33 = L̂200L̂020 − L̂2
110.

Therefore,

σ̂11 = E11

D
, σ̂12 = σ̂21 = E12

D
, σ̂13 = σ̂31 = E13

D
= 0,

σ̂22 = E12

D
, σ̂23 = σ̂32 = E23

D
= 0, σ̂33 = E33

D
.

Therefore, under the SE loss function, we obtain the following results

Proposition 7.7. Under the SE loss function, the approximate Bayes estimator of the param-

eter θ1 is

θ̂1(BSE) = θ̂1 + ρ̂1σ̂11 + ρ̂2σ̂12. (7.29)

Proof. We use u(θ1, θ2, τ) = θ1. Then

u1 = 1, u2 = u3 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 7.8. Under the SE loss function, the approximate Bayes estimator of the param-
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eter θ2 is

θ̂2(BSE) = θ̂2 + ρ̂1σ̂21 + ρ̂2σ̂22. (7.30)

Proof. We use u(θ1, θ2, τ) = θ2. Then

u2 = 1, u1 = u3 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 7.9. Under the SE loss function, the approximate Bayes estimator of τ is

τ̂BSE
= τ̂ + ρ̂3σ̂33 + 1

2B3σ̂33, (7.31)

where

B3 = L̂201σ̂11 + 2L̂111σ̂12 + L̂021σ̂22 + L̂003σ̂33. (7.32)

Proof. We use u(θ1, θ2, τ) = τ . Then

u3 = 1, u1 = u2 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.

Finally, to get the Bayes estimator of one-step ahead forecast, we use

u(θ1, θ2, τ) = E(Yn+1|Sn, θ1, θ2, τ) = −θ1ε
∗
n − θ2ε

∗
n−1. (7.33)

Proposition 7.10. Under the SE loss function, the Bayes estimator of the one-step ahead
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forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) = −θ̂1(BSE)ε
∗
n − θ̂2(BSE)ε

∗
n−1. (7.34)

Proof . Substitute Equation 7.33 to Equation 7.20, then

Ŵ1(BSE) =
∫ d1
c1

∫ d2
c2

∫ ∞
0 (−θ1ε

∗
n − θ2ε

∗
n−1)L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ∫ d1

c1

∫ d2
c2

∫ ∞
0 L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ

= −ε∗
n

(∫ d1
c1

∫ d2
c2

∫ ∞
0 θ1L

∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ∫ d1
c1

∫ d2
c2

∫ ∞
0 L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ

)

− ε∗
n−1

(∫ d1
c1

∫ d2
c2

∫ ∞
0 θ2L

∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ∫ d1
c1

∫ d2
c2

∫ ∞
0 L∗(θ1, θ2, τ |Sn)ξ(θ1, θ2, τ)dθ1dθ2dτ

)

= −θ̂1(BSE)ε
∗
n − θ̂2(BSE)ε

∗
n−1.

Under the LINEX loss function, we get the following results

Proposition 7.11. Under the LINEX loss function, the approximate Bayes estimator of the

parameter θ1 is

θ̂1(BLINEX) = θ̂1 − 1
γ

log
(
1 + γ2

2 σ̂11 − γ
(
ρ̂1σ̂11 + ρ̂2σ̂12

))
. (7.35)

Proof. We substitute u(θ1, θ2, τ) = e−γθ1 to Equation 7.26. Then

u1 = −γe−γθ1 , u11 = γ2e−γθ1 ,

u2 = u3 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = u33 = 0

and the result follows.
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Proposition 7.12. Under the LINEX loss function, the approximate Bayes estimator of the

parameter θ2 is

θ̂2(BLINEX) = θ̂2 − 1
γ

log
(
1 + γ2

2 σ̂22 − γ
(
ρ̂1σ̂21 + ρ̂2σ̂22

))
. (7.36)

Proof. We substitute u(θ1, θ2, τ) = e−γθ2 to Equation 7.26. Then

u2 = −γe−γθ2 , u22 = γ2e−γθ2 ,

u1 = u3 = u11 = u12 = u13 = u21 = u23 = u31 = u32 = u33 = 0

and the result follows.

Proposition 7.13. Under the LINEX loss function, the approximate Bayes estimator of the

parameter τ is

τ̂BLINEX
= τ̂ − 1

γ
log

(
1 + γ2

2 σ̂33 − γ
(
ρ̂3σ̂33 + 1

2B3σ̂33
))
, (7.37)

where B3 is defined by Equation 7.32.

Proof. We substitute u(θ1, θ2, τ) = e−γτ to Equation 7.26. Then

u3 = −γe−γτ , u33 = γ2e−γτ ,

u2 = u3 = u11 = u12 = u13 = u21 = u22 = u23 = u31 = u32 = 0

and the result follows.

Proposition 7.14. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BLINEX) = −θ̂1ε
∗
n − θ̂2ε

∗
n−1 − γ

2τ̂ − 1
γ

log
(
1 +

(
γε∗

na1 + γε∗
n−1a2 − γ2

2τ̂ 2a3 + a4

+ a5
)

−B3
γ2

4τ̂ 2 σ̂33
)

(7.38)
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where B3 is defined by Equation 7.32.

ai = ρ̂1σ̂i1 + ρ̂2σ̂i2 + ρ̂3σ̂i3, i = 1, 2, 3,

a4 = γ2ε∗
nε

∗
n−1σ̂12 − γ3ε∗

n

2τ̂ 2 σ̂13 −
γ3ε∗

n−1
2τ̂ 2 σ̂23,

a5 = 1
2

(
γ2(ε∗

n)2σ̂11 + γ2(ε∗
n−1)2σ̂22 + γ2

τ̂ 3

(
1 + γ2

4τ̂
)
σ̂33

))
.

Proof. We set u(θ1, θ2, τ) = E(e−γYn+1|Sn, θ1, θ2, τ) = eγ(θ1ε∗n+θ2ε∗n−1)+ γ2
2τ and substitute it to

Equation 7.26. Then

u1 = γε∗
nu, u2 = γε∗

n−1u, u3 = − γ2

2τ 2u,

u11 = γ2(ε∗
n)2u, u12 = u21 = γ2ε∗

nε
∗
n−1u, u13 = u31 = −γ3ε∗

n

2τ 2 u,

u22 = γ2(ε∗
n−1)2u, u23 = u32 = −

γ3ε∗
n−1

2τ 2 u, u33 = γ2

τ 3

(
1 + γ2

4τ
)
u

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-

erating function which is approximated using Lindley's method. However, Lindley's approx-

imation is of order n−1 and includes only three terms of the Taylor series expansion (see Sec-

tion 3.6), thus the approximated value of the moment generating function is not guaranteed

to be positive. Therefore, for a given LINEX loss function parameter γ, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.

7.2. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-

PENDENT TRUNCATED NORMAL - GAMMA PRIOR

7.2.1. MA(1) model

In this section we obtain the full conditional distributions for MA(1) model parameters θ1, τ

and the one-step prediction Yn+1. The following propositions provide the required distribu-

tions.
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Proposition 7.15. The full conditional distribution of Bayes estimator of θ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
−τ ∑n

t=1 Ytεt−1 + µ1
σ2

1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

(7.39)

and

σ̃2
1 = 1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

. (7.40)

Proof.

ξ(θ1|τ, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1

∝ e
− τ

2 (
∑n

t=1 Y
2

t +2θ1
∑n

t=1 Ytεt−1+θ2
1

∑n

t=1 ε
2
t−1)−

θ2
1−2θ1µ1+µ2

1
2σ2

1

∝ e
− 1

2 ((τ
∑n

t=1 ε
2
t−1+ 1

σ2
1

)θ2
1−2(−τ

∑n

t=1 Ytεt−1+ µ1
σ2

1
)θ1)

∝ e
−

(
τ

∑n

t=1 ε2
t−1+ 1

σ2
1

)
2

(
θ1−

−τ
∑n

t=1 Ytεt−1+ µ1
σ2

1
τ

∑n

t=1 ε2
t−1+ 1

σ2
1

)2

. (7.41)

Proposition 7.16. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = α + n

2 (7.42)

and

β̃ = β +
∑n
t=1(Yt + θ1εt−1)2

2 . (7.43)
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Proof.

ξ(τ |θ1, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1

∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1)2
τα−1e−τβ

= τα+ n
2 −1e−τ(β+ 1

2
∑n

t=1(Yt+θ1εt−1)2). (7.44)

Proposition 7.17. The full conditional distribution of Bayes estimator of / Yn+1 given a sam-

ple Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = −θ1εn. (7.45)

Proof.

Yn+1|θ1, τ, Sn = (−θ1εn + εn+1)|θ1, τ, Sn

= −θ1εn + (εn+1|τ). (7.46)

7.2.2. MA(2) model

Proposition 7.18. The full conditional distribution of Bayes estimator of θ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
−τ(∑n

t=1 Ytεt−1 + θ2
∑n
t=1 εt−1εt−2) + µ1

σ2
1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

(7.47)

and

σ̃2
1 = 1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

. (7.48)
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Proof.

ξ(θ1|θ2, τ, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=1(θ2
1ε

2
t−1+2θ1Ytεt−1+2θ1θ2εt−1εt−2)e

− (θ1−µ1)2

2σ2
1

∝ e− τ
2 (θ2

1(
∑n

t=1 ε
2
t−1)+2θ1(

∑n

t=1 Ytεt−1)+2θ1θ2(
∑n

t=1 εt−1εt−2))

× e
−

(θ2
1−2µ1θ1)

2σ2
1

= e
− 1

2 (θ2
1(τ(

∑n

t=1 ε
2
t−1)+ 1

σ2
1

))

× e
− 1

2 (−2θ1(−τ [(
∑n

t=1 Ytεt−1)+θ2(
∑n

t=1 εt−1εt−2)]+ µ1
σ2

1
))

∝ e
−

τ(
∑n

t=1 ε2
t−1)+ 1

σ2
1

2

(
θ1−

−τ [(
∑n

t=1 Ytεt−1)+θ2(
∑n

t=1 εt−1εt−2)]+ µ1
σ2

1
τ(

∑n

t=1 ε2
t−1)+ 1

σ2
1

)2

.

.

Proposition 7.19. The full conditional distribution of Bayes estimator of θ2 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃2 and variance σ̃2
2 , where

µ̃2 =
−τ(∑n

t=1 Ytεt−2 + θ1
∑n
t=1 εt−1εt−2) + µ2

σ2
2

τ
∑n
t=1 ε

2
t−2 + 1

σ2
2

(7.49)

and

σ̃2
2 = 1

τ
∑n
t=1 ε

2
t−2 + 1

σ2
2

. (7.50)
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Proof.

ξ(θ2|θ1, τ, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=1(θ2
2ε

2
t−2+2θ2Ytεt−2+2θ1θ2εt−1εt−2)e

− (θ2−µ2)2

2σ2
2

∝ e− τ
2 (θ2

2(
∑n

t=1 ε
2
t−2)+2θ2(

∑n

t=1 Ytεt−2)+2θ1θ2(
∑n

t=1 εt−1εt−2))

× e
−

(θ2
2−2µ2θ2)

2σ2
2

= e
− 1

2 (θ2
2(τ(

∑n

t=1 ε
2
t−2)+ 1

σ2
2

))

× e
− 1

2 (−2θ2(−τ [(
∑n

t=1 Ytεt−2)+θ1(
∑n

t=1 εt−1εt−2)]+ µ2
σ2

2
))

∝ e
−

τ(
∑n

t=1 ε2
t−2)+ 1

σ2
2

2

(
θ2−

−τ [(
∑n

t=1 Ytεt−2)+θ1(
∑n

t=1 εt−1εt−2)]+ µ2
σ2

2
τ(

∑n

t=1 ε2
t−2)+ 1

σ2
2

)2

.

Proposition 7.20. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = α + n

2 (7.51)

and

β̃ = β +
∑n
t=1(Yt + θ1εt−1 + θ2εt−2)2

2 . (7.52)

Proof.

ξ(τ |θ1, θ2, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τα−1e

−τβ− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τα−1e−τβ

= τα+ n
2 −1e−τ(β+ 1

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2). (7.53)

Proposition 7.21. The full conditional distribution of Bayes estimator of Yn+1 given a sample
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Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = −θ1εn − θ2εn−1. (7.54)

Proof.

Yn+1|θ1, θ2, τ, Sn = (−θ1εn − θ2εn−1 + εn+1)|θ1, θ2, τ, Sn

= −θ1εn − θ2εn−1 + (εn+1|τ). (7.55)

7.3. INDEPENDENT TRUNCATED NORMAL - IMPROPER PRIOR

In the model 7.1 we assume the parameters θi, i = 1, . . . , q, have independent truncated nor-

mal priors on intervals (ci, di), ci, di ∈ R, for all i = 1, . . . , q , respectively, with the param-

eters θ1 ∼ TN(µ1, σ
2
1), . . . , θq ∼ TN(µq, σ2

q ), and the precision has independent improper

prior. In this model,

ξ(θ, τ) = ξ1(θ)ξ2(τ),

where the marginal prior density of τ is

ξ2(τ) ∝ 1
τ
, τ > 0,

and the marginal prior density of θ is

ξ1(θ) ∝ e− 1
2

∑q

i=1( θi−µi
σi

)2
= e− 1

2 (θ−µ)′Q(θ−µ), θ ∈ Rq,
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that is, ξ1(θ) ∼ N(µ,Q−1). So the joint prior density function of parameters

ξ(φ, τ) ∝ τ−1e− 1
2 (θ−µ)′Q(θ−µ).

The approximate likelihood function for the model

L∗(φ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗Xθ),

where A∗ is as defined in the Section 7.1. Employing Bayes Theorem, the approximate

posterior density of θ and τ is

ξ(θ, τ |Sn) = L∗(θ, τ |Sn)ξ(θ, τ)∫
Θ

∫ ∞
0 L∗(θ, τ |Sn)ξ(θ, τ)dθdτ

= τ−1e− 1
2 (θ−µ)′Q(θ−µ)τ

n
2 e− τ

2 (Y+A∗θ)′(Y+Aθ)∫
Θ

∫ ∞
0 τ−1e− 1

2 (θ−µ)′Q(θ−µ)τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ)dθdτ
. (7.56)

Similarly to independent Truncated Normal-Gamma prior case, we cannot find analytical ex-

pressions of the approximate Bayes estimators under both the SE and LINEX loss functions,

again we use Lindley's approximation. In the next two sections we apply this model to the

MA(1) and MA(2) processes and find the approximate Bayes estimators of their parameters

and one-step ahead forecasts.

7.3.1. MA(1) model

In the q = 1 case, under the SE loss function, the Bayes estimator of function v = v(θ1, τ)

is defined by Equation 7.4, under the LINEX loss function, it is defined by Equation 7.6. If

we approximate the likelihood function by the approximate likelihood function defined by

Equation 7.5, under the SE loss function, the Bayes estimator of the function v = v(θ1, τ) is

defined by Equation 7.7 and the Bayes estimator under the LINEX loss function is defined

by Equation 7.8. If we apply Lindley's approximation to this model, we get the following

result
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Proposition 7.22. In the MA(1) model, we assume the parameters follow Independent TN -

improper model. Then

(i) Under the SE loss function, the approximate Bayes estimators of θ1, τ are defined by

Equations 7.13 and 7.14, respectively.

(ii) Under the LINEX loss function, the approximate Bayes estimators of θ1, τ are defined

by Equations 7.17 and 7.18, respectively.

(iii) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 7.16.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 7.19.

Where

ρ = log(ξ(θ1, τ)) = constant− log(τ) − (θ1 − µ1)2

2σ2
1

,

ρ̂1 = − θ̂1 − µ1

σ2
1

, ρ̂2 = −1
τ̂
,

and other functions are same as defined in the Section 7.1.1.

7.3.2. MA(2) model

In the q = 2 case, under the SE loss function, the Bayes estimator of function v = v(θ1, θ2, τ)

is defined by Equation 7.20, under the LINEX loss function, it is defined by Equation 7.22.

If we approximate the likelihood function by the approximate likelihood function defined by

Equation 7.21, under the SE loss function, the Bayes estimator of the function v = v(θ1, θ2, τ)

is defined by Equation 7.23 and the Bayes estimator under the LINEX loss function is defined

by Equation 7.24. If we apply Lindley's approximation to this model, we get the following

result.

Proposition 7.23. In the MA(2) model, we assume the parameters follow Independent TN -

Improper model. Then



169

(i) Under the SE loss function, the approximate Bayes estimators of θ1, θ2 and τ are de-

fined by Equations 7.29, 7.30 and 7.31, respectively.

(ii) Under the LINEX loss function, the approximate Bayes estimators of θ1, θ2 and τ are

defined by Equations 7.35, 7.36 and 7.37, respectively.

(iii) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 7.34.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by Equation 7.38.

Where

ρ = log(ξ(θ1, θ2, τ)) = constant− log(τ) − (θ1 − µ1)2

2σ2
1

− (θ2 − µ2)2

2σ2
2

,

ρ̂1 = − θ̂1 − µ1

σ2
1

, ρ̂2 = − θ̂2 − µ2

σ2
2

, ρ̂3 = −1
τ̂
,

and other functions are same as defined in the Section 7.1.2.

7.4. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-

PENDENT TRUNCATED NORMAL - IMPROPER PRIOR

7.4.1. MA(1) model

In this section we obtain the full conditional distributions for MA(1) model parameters θ1, τ

and the one-step prediction Yn+1. The following propositions provide the required distribu-

tions.

Proposition 7.24. The conditional distribution of Bayes estimator of θ1 given a sample Sn =

(Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
−τ ∑n

t=1 Ytεt−1 + µ1
σ2

1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

(7.57)
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and

σ̃2
1 = 1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

. (7.58)

Proof.

ξ(θ1|τ, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1)2
τ−1e

− (θ1−µ1)2

2σ2
1

∝ e
− τ

2 (
∑n

t=1 Y
2

t +2θ1
∑n

t=1 Ytεt−1+θ2
1

∑n

t=1 ε
2
t−1)−

θ2
1−2θ1µ1+µ2

1
2σ2

1

∝ e
− 1

2 ((τ
∑n

t=1 ε
2
t−1+ 1

σ2
1

)θ2
1−2(−τ

∑n

t=1 Ytεt−1+ µ1
σ2

1
)θ1)

∝ e
−

(
τ

∑n

t=1 ε2
t−1+ 1

σ2
1

)
2

(
θ1−

−τ
∑n

t=1 Ytεt−1+ µ1
σ2

1
τ

∑n

t=1 ε2
t−1+ 1

σ2
1

)2

. (7.59)

Proposition 7.25. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = n

2 (7.60)

and

β̃ =
∑n
t=1(Yt + θ1εt−1)2

2 . (7.61)

Proof.

ξ(τ |θ1, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1)2
τ−1e

− (θ1−µ1)2

2σ2
1

∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1)2
τ−1

= τ
n
2 −1e−τ( 1

2
∑n

t=1(Yt+θ1εt−1)2). (7.62)
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Proposition 7.26. The full conditional distribution of Bayes estimator of Yn+1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = −θ1εn. (7.63)

Proof.

Yn+1|θ1, τ, Sn = (−θ1εn + εn+1)|θ1, τ, Sn

= −θ1εn + (εn+1|τ). (7.64)

7.4.2. MA(2) model

Proposition 7.27. The full conditional distribution of Bayes estimator of θ1 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃1 and variance σ̃2
1 , where

µ̃1 =
−τ(∑n

t=1 Ytεt−1 + θ2
∑n
t=1 εt−1εt−2) + µ1

σ2
1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

(7.65)

and

σ̃2
1 = 1

τ
∑n
t=1 ε

2
t−1 + 1

σ2
1

. (7.66)
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Proof.

ξ(θ1|θ2, τ, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τ−1e

− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=1(θ2
1ε

2
t−1+2θ1Ytεt−1+2θ1θ2εt−1εt−2)e

− (θ1−µ1)2

2σ2
1

∝ e− τ
2 (θ2

1(
∑n

t=1 ε
2
t−1)+2θ1(

∑n

t=1 Ytεt−1)+2θ1θ2(
∑n

t=1 εt−1εt−2))

× e
−

(θ2
1−2µ1θ1)

2σ2
1

= e
− 1

2 (θ2
1(τ(

∑n

t=1 ε
2
t−1)+ 1

σ2
1

))

× e
− 1

2 (−2θ1(−τ [(
∑n

t=1 Ytεt−1)+θ2(
∑n

t=1 εt−1εt−2)]+ µ1
σ2

1
))

∝ e
−

τ(
∑n

t=1 ε2
t−1)+ 1

σ2
1

2

(
θ1−

−τ [(
∑n

t=1 Ytεt−1)+θ2(
∑n

t=1 εt−1εt−2)]+ µ1
σ2

1
τ(

∑n

t=1 ε2
t−1)+ 1

σ2
1

)2

.

Proposition 7.28. The full conditional distribution of Bayes estimator of θ2 given a sample

Sn = (Y1, . . . , Yn)′ is normal with mean µ̃2 and variance σ̃2
2 , where

µ̃2 =
−τ(∑n

t=1 Ytεt−2 + θ1
∑n
t=1 εt−1εt−2) + µ2

σ2
2

τ
∑n
t=1 ε

2
t−2 + 1

σ2
2

(7.67)

and

σ̃2
2 = 1

τ
∑n
t=1 ε

2
t−2 + 1

σ2
2

. (7.68)
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Proof.

ξ(θ2|θ1, τ, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τ−1e

− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

∝ e− τ
2

∑n

t=1(θ2
2ε

2
t−2+2θ2Ytεt−2+2θ1θ2εt−1εt−2)e

− (θ2−µ2)2

2σ2
2

∝ e− τ
2 (θ2

2(
∑n

t=1 ε
2
t−2)+2θ2(

∑n

t=1 Ytεt−2)+2θ1θ2(
∑n

t=1 εt−1εt−2))

× e
−

(θ2
2−2µ2θ2)

2σ2
2

= e
− 1

2 (θ2
2(τ(

∑n

t=1 ε
2
t−2)+ 1

σ2
2

))

× e
− 1

2 (−2θ2(−τ [(
∑n

t=1 Ytεt−2)+θ1(
∑n

t=1 εt−1εt−2)]+ µ2
σ2

2
))

∝ e
−

τ(
∑n

t=1 ε2
t−2)+ 1

σ2
2

2

(
θ2−

−τ [(
∑n

t=1 Ytεt−2)+θ1(
∑n

t=1 εt−1εt−2)]+ µ2
σ2

2
τ(

∑n

t=1 ε2
t−2)+ 1

σ2
2

)2

.

Proposition 7.29. The full conditional distribution of Bayes estimator of τ given a sample

Sn = (Y1, . . . , Yn)′ is gamma with parameters α̃ and variance β̃, where

α̃ = n

2 (7.69)

and

β̃ =
∑n
t=1(Yt + θ1εt−1 + θ2εt−2)2

2 . (7.70)

Proof.

ξ(τ |θ1, θ2, Sn) ∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τ−1e

− (θ1−µ1)2

2σ2
1

− (θ2−µ2)2

2σ2
2

∝ τ
n
2 e− τ

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2
τ−1

= τ
n
2 −1e−τ( 1

2
∑n

t=1(Yt+θ1εt−1+θ2εt−2)2) (7.71)

.

Proposition 7.30. The full conditional distribution of Bayes estimator of Yn+1 given a sample
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Sn = (Y1, . . . , Yn)′ is normal with mean µ̃ and precision τ , where

µ̃ = −θ1εn − θ2εn−1. (7.72)

Proof.

Yn+1|θ1, θ2, τ, Sn = (−θ1εn − θ2εn−1 + εn+1)|θ1, θ2, τ, Sn

= −θ1εn − θ2εn−1 + (εn+1|τ). (7.73)

7.5. INDEPENDENT UNIFORM - GAMMA PRIOR

In the model 7.1 we assume the parameters θi, i = 1, . . . , q, have independent uniform

priors on intervals (ci, di), ci, di ∈ R, for all i = 1, . . . , q , respectively, that is, θ1 ∼

U(c1, d1), . . . , θq ∼ U(cq, dq), and the precision has independent gamma prior with the pa-

rameters τ ∼ Gamma(α, β). That is,

ξ(θ, τ) = ξ1(θ)ξ2(τ),

where the marginal prior density of τ is gamma distribution

ξ2(τ) ∝ τα−1e−τβ, τ > 0,

and the marginal prior density of θ is

ξ1(θ) ∝ 1.



175

So the joint prior density function of parameters

ξ(θ, τ) ∝ τα−1e−τβ.

The approximate likelihood function for this model

L∗(θ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ), (7.74)

where A∗ is as defined in the Section 7.1

Employing Bayes Theorem, the posterior density of θ and τ is

ξ(θ, τ |Sn) ∝ τα−1e−τβτ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ). (7.75)

Now we can find the posterior distribution for θ. We have

ξ(θ, τ |Sn) ∝ τa−1e− τ
2 b,

where a := n+2α
2 , b := 2β + (Y + A∗θ)′(Y + A∗θ).

Then the posterior density of θ

ξ(θ|Sn) ∝
∫ ∞

0
τa−1e− τ

2 bdτ

= 2
b

a

Γ(a)

∝ b−a.

We rewrite b as follows

b = 2β + (Y + A∗θ)′(Y + A∗θ)

= 2β + Y ′Y + Y ′A∗θ + θ′A∗′
Y + θ′A∗′

A∗θ

:= 2β + (θ − c)′(A∗′
A∗)(θ − c) − d+ Y ′Y,
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where c = −(A∗′
A∗)−1(A∗′

Y ), d = (Y ′A∗)(A∗′
A∗)−1(A∗′

Y ).

Therefore,

ξ(θ|Sn) ∝ (2β + (θ − c)′(A∗′
A∗)(θ − c) − d+ Y ′Y )−a

∝
(
1 + (θ − c)′(A∗′

A∗)(θ − c)
2β − d+ Y ′Y

)−a

=
(
1 +

(θ − c)′
[

(2β−d+Y ′Y )(A∗′
A∗)−1

ν

]−1
(θ − c)

ν

)− ν+q
2 ,

where ν = n+ 2α− q. We get the following result.

Proposition 7.31. The posterior distribution of θ is the truncated q-dimensional t-distribution

with ν = n+ 2α− q degrees of freedom, location vector

c = −(A∗′
A∗)−1(A∗′

Y )

and scale matrix

Σ(θ|Sn) = (2β − d+ Y ′Y )(A∗′
A∗)−1

n+ 2α− q
,

where d = (Y ′A∗)(A∗′
A∗)−1(A∗′

Y ). That is

θ|Sn ∼ Ttq(c,Σ(θ|Sn), ν).

So we have

Corollary 7.1. The marginal posterior distribution for individual parameter is

θi|Sn ∼ Tt1(ci, si, ν),

where si is the diagonal element of scale matrix Σ(θ|Sn), i = 1, . . . , q.
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The posterior density of τ

ξ(τ |Sn) ∝
∫

Θ
τa−1e− τ

2 bdθ

=
∫

Θ
τa−1e− τ

2 ((θ−c)′(A∗′
A∗)(θ−c)+2β−d+Y ′Y )dθ

= τa−1e− τ
2 (2β−d+Y ′Y )

∫
Θ

e− τ
2 (θ−c)′(A∗′

A∗)(θ−c)dθ

∝ τa− q
2 −1e− τ

2 (2β−d+Y ′Y ),

where c = −(A∗′
A∗)−1(A∗′

Y ), d = (Y ′A∗)(A∗′
A∗)−1(A∗′

Y ).

We get the following result.

Proposition 7.32. The posterior distribution of τ is the gamma distribution with parameters

α0 and β0, where

α0 = n+ 2α− q

2 (7.76)

and

β0 = 1
2(2β − (Y ′A∗)(A∗′

A∗)−1(A∗′
Y ) + Y ′Y ). (7.77)

In oder to derive the posterior density for one-step ahead prediction, we denote

Yf =



Y1

Y2
...

Yn+1


=



ε1

ε2
...

εn+1


−



0 0 . . . 0

ε∗
1 0 . . . 0
...

... . . .
...

ε∗
n ε∗

n−1 . . . ε∗
n−q+1





θ1

θ2
...

θq



:= −

A∗

P

 θ + ε := −Afθ + ε, (7.78)
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where

P =
(
ε∗
n ε∗

n−1 . . . ε∗
n−q+1

)
.

The likelihood function for the latter model is

L∗(θ, τ |Sn) ∝ τ
n+1

2 e− τ
2 (Y+Afθ)′(Yf +Afθ).

The joint prior density function of parameters

ξ(θ, τ) ∝ τα−1e−τβ.

We assume that Af is a known constant and employ Bayes and Fubini theorems, then

ξ(W1|Sn) = ξ(Yn+1|Sn) ∝ ξ(Yn+1, Sn)

∝
∫

Θ×(0,∞)
τ

n+1
2 +α−1e− τ

2 (2β+(Yf +Afθ)′(Yf +Afθ))dθdτ

=
∫ ∞

0
τ

n+1
2 +α−1e−τβdτ

∫
Θ

e− τ
2 (Yf +Afθ)′(Yf +Afθ)dθ. (7.79)

Rewrite

(Yf + Afθ)′(Yf + Afθ) = (θ − θ0)′(A′
fAf )(θ − θ0) (7.80)

− (A′
fYf )′(A′

fAf )−1(A′
fYf ) + Y ′

fYf , (7.81)

where θ0 = −(A′
fAf )−1(A′

fYf ).
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Hence

ξ(W1|Sn) ∝
∫ ∞

0
τ

n+1
2 +α−1e−τβe− τ

2 (−(A′
fYf )′(A′

fAf )−1(A′
fYf )+Y ′

fYf )dτ

×
∫

Θ
e− τ

2 ((θ−θ0)′(A′
fAf )(θ−θ0))dθ

∝
∫ ∞

0
τ

n+2α+1−q
2 −1e− τ

2 (2β−(A′
fYf )′(A′

fAf )−1(A′
fYf )+Y ′

fYf )dτ

∝ (2β − (A′
fYf )′(A′

fAf )−1(A′
fYf ) + Y ′

fYf )− n+2α+1−q
2 . (7.82)

We notice that

(A′
fYf )′(A′

fAf )−1(A′
fYf ) = (Y ′A∗ + Yn+1P )(A′

fAf )−1(A∗′Y + Yn+1P
′)

= (Y ′A∗)(A′
fAf )−1(A∗′Y )

+ (Y ′A∗)(A′
fAf )−1Yn+1P

′

+ Yn+1P (A′
fAf )−1(A∗′Y )

+ Y 2
n+1P (A′

fAf )−1P ′ (7.83)

and Y ′
fYf = Y ′Y + Y 2

n+1.

Thus,

ξ(W1|Sn) ∝ (E + 2DYn+1 + CY 2
n+1)− n+2α+1−q

2 , (7.84)

where

E = 2β − (Y ′A∗)(A′
fAf )−1(A∗′Y ) + Y ′Y, (7.85)

D = −(Y ′A∗)(A′
fAf )−1P ′, (7.86)

C = (1 − P (A′
fAf )−1P ′). (7.87)
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We get the following result.

Proposition 7.33. The one-step predictive distribution is t-distribution t(D
C
, CE−D2

C2(n+2α−q) ,

n+ 2α− q), where C, D and E are as defined above.

Theorem 7.1. Under the SE loss function, the Bayes estimator of θi, i = 1, . . . , q is equal to

θ̂i(BSE) = ci + kν
√
si

ν − 1
(
(1 + (ai − ci)2

siν
)− ν−1

2 − (1 + (bi − ci)2

siν
)− ν−1

2
)
, (7.88)

where

k =
γ(ν+1

2 )
k0γ(ν2 )

√
πν
, k0 = F ((bi − ci)√

si
|ν) − F ((ai − ci)√

si
|ν).

Here F (·|ν) denotes the c.d.f. of the Student's t-distribution and the parameters ν, ci, si, are

as defined in the Proposition 7.31 and Corollary 7.1.

Proof. Under the SE loss function, the Bayes estimator of θi is the posterior mean. See [59],

the proof of the Theorem 1, for the computation of the moments of the truncated t-distribution.

Theorem 7.2. Under the SE loss function, the Bayes estimator of τ , is equal to

τ̂(BSE) = α0

β0
, (7.89)

where α0 and β0 are defined by Equations 7.76 and 7.77, respectively.

Proof. Under the SE loss function, the Bayes estimator of τ is the posterior mean.

Proposition 7.34. Under the SE loss function, the Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) = −
q∑

k=1
θ̂k(BSE)ε

∗
n−k+1. (7.90)

Proof . Similar to the proof of Proposition 7.10.
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Under the LINEX loss function, the Bayes estimator involves the moment generating func-

tion. For the truncated t-distribution, moment generating function is defined but does not

have a tractable form. We can either use numerical integration methods or since the degrees

of freedom is large, truncated t-distribution can be well approximated by the truncated nor-

mal distribution whose moment generating function exists. Using this approximation, we get

the following result

Theorem 7.3. Under the LINEX loss function, the Bayes approximate estimator of θi, i =

1, . . . , q is equal to

θ̂i(BLINEX) = ci − γsi
2 − 1

γ
log

(Φ( bi−ci√
si

+ siγ) − Φ(ai−ci√
si

+ siγ)
Φ( bi−ci√

si
) − Φ(ai−ci√

si
)

)
, (7.91)

where the parameters ν, ci, si, are as defined in the Proposition 7.31 and Corollary 7.1.

Proof. We substitute the moment generating function of truncated normal distribution into

the expression of the Bayes estimator of θi under the LINEX loss function.

Theorem 7.4. Under the LINEX loss function, the Bayes estimator of τ is equal to

τ̂(BLINEX) = −α0

γ
log

(
1 + γ

β0

)
(7.92)

where α0 and β0 are defined by Equations 7.76 and 7.77, respectively.

Proof. We substitute the moment generating function of the gamma distribution into the ex-

pression of the Bayes estimator of τ under the LINEX loss function.

Theorem 7.5. Under the LINEX loss function, the Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is given by

Ŵ1(BLINEX) = D

C
− γ(CE −D2)

2C2(n+ 2α− q) (7.93)

where C, D and E are defined by Equations 7.87, 7.86 and 7.85, respectively.
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Proof. We substitute the moment generating function of the gamma distribution into the ex-

pression of the Bayes estimator of τ under the LINEX loss function.

7.6. INDEPENDENT UNIFORM - IMPROPER PRIOR

In the model 7.1 we assume the parameters θi, i = 1, . . . , q, have independent uniform priors

on intervals (ci, di), ci, di ∈ R, for all i = 1, . . . , q, respectively, that is, θ1 ∼ U(c1, d1), . . . , θq ∼

U(cq, dq), and the precision has independent improper prior. In this model,

ξ(θ, τ) = ξ1(θ)ξ2(τ),

where the marginal prior density of τ is

ξ2(τ) ∝ 1
τ
, τ > 0,

and the marginal prior density of θ is

ξ1(θ) ∝ 1.

So the joint prior density function of parameters

ξ(θ, τ) ∝ τ−1

The likelihood function for this model

L∗(θ, τ |Sn) ∝ τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ), (7.94)

where A∗ is as defined in the Section 7.1.
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Employing Bayes Theorem, the approximate posterior density of θ and τ is

ξ(θ, τ |Sn) ∝ τ−1τ
n
2 e− τ

2 (Y+A∗θ)′(Y+A∗θ). (7.95)

In the same manner as in Section 7.5, we can show that the posterior distribution for θi, i =

1, . . . , q, is the truncated t-distribution, the posterior distribution for τ is the gamma distribu-

tion and the one-step predictive distribution is the t-distribution. For the independent uniform

prior for θ and improper prior for τ , we get the following results.

Proposition 7.35. The posterior distribution of θ is the truncated q-dimensional t-distribution

with ν = n− q degrees of freedom, location vector

c = −(A∗′
A∗)−1(A∗′

Y )

and scale matrix

Σ(θ|Sn) = (−d+ Y ′Y )(A∗A∗′)−1

n− q
,

where d = (Y ′A∗)(A∗′
A∗)−1(A∗′

Y ). That is

θ|Sn ∼ Ttq(c,Σ(θ|Sn), ν).

So we have

Corollary 7.2. The marginal posterior distribution for individual parameter is

θi|Sn ∼ Tt1(ci, si, ν),

where si is the diagonal element of scale matrix Σ(θ|Sn), i = 1, . . . , q.

We get the following result
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Proposition 7.36. The posterior distribution of τ is the gamma distribution with parameters

α0 and β0, where

α0 = n− q

2 (7.96)

and

β0 = 1
2(−(Y ′A∗)(A∗′

A∗)−1(A∗′
Y ) + Y ′Y ). (7.97)

We get the following result

Proposition 7.37. The one-step predictive distribution is the t-distribution t(D
C
, CE−D2

C2(n−q) , n−

q), where C, D and E are as defined below

E = −(Y ′A∗)(A′
fAf )−1(A∗′Y ) + Y ′Y, (7.98)

D = −(Y ′A∗)(A′
fAf )−1P ′, (7.99)

C = (1 − P (A′
fAf )−1P ′). (7.100)

Theorem 7.6. Under the SE loss function, the Bayes estimator of θi, i = 1, . . . , q is equal to

θ̂i(BSE) = ci + kν
√
si

ν − 1
(
(1 + (ai − ci)2

siν
)− ν−1

2 − (1 + (bi − ci)2

siν
)− ν−1

2
)
, (7.101)

where

k =
γ(ν+1

2 )
k0γ(ν2 )

√
πν
, k0 = F ((bi − ci)√

si
|ν) − F ((ai − ci)√

si
|ν).

Here F (·|ν) denotes the c.d.f. of the Student's t-distribution and the parameters ν, ci, si, are

as defined in the Proposition 7.35 and Corollary 7.2.
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Theorem 7.7. Under the SE loss function, the Bayes estimator of τ , is equal to

τ̂(BSE) = α0

β0
, (7.102)

where α0 and β0 are defined by Equations 7.96 and 7.97, respectively.

Proposition 7.38. Under the SE loss function, the Bayes estimator of the one-step ahead

forecast given a sample Sn = (Y1, . . . , Yn)′ is

Ŵ1(BSE) = −
q∑

k=1
θ̂k(BSE)ε

∗
n−k+1. (7.103)

Under the LINEX loss function, the Bayes estimator involves the moment generating func-

tion. For the truncated t-distribution, the moment generating function is defined but is in-

tractable. One can estimate this moment generating function either using numeric integration

or by employing some approximation. Since the degrees of freedom is large, the truncated

t-distribution can be well approximated by the truncated normal distribution whose moment

generating function has a closed form. Using this approximation, we get the following result.

Theorem 7.8. Under the LINEX loss function, the Bayes estimator of θi, i = 1, . . . , q is equal

to

θ̂i(BLINEX) = ci − γsi
2 − 1

γ
log

(Φ( bi−ci√
si

+ siγ) − Φ(ai−ci√
si

+ siγ)
Φ( bi−ci√

si
) − Φ(ai−ci√

si
)

)
, (7.104)

where and the parameters ν, ci, si, are as defined in the Proposition 7.35 and Corollary 7.2.

Theorem 7.9. Under the LINEX loss function, the Bayes estimator of τ is equal to

τ̂i(BLINEX) = −α0

γ
log

(
1 + γ

β0

)
(7.105)

where α0 and β0 are defined by Equations 7.96 and 7.97, respectively.

Theorem 7.10. Under the LINEX loss function, the Bayes estimator of the one-step ahead
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forecast given a sample Sn = (Y1, . . . , Yn)′ is given by

Ŵ1(BLINEX) = D

C
− γ(CE −D2)

2C2(n− q) (7.106)

where C, D and E are defined by Equations 7.100, 7.99 and 7.98, respectively.
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8. NUMERICALSTUDYOFESTIMATIONANDFORECASTINGFOR

MOVING-AVERAGE PROCESSES

We study the MA(q) model. The following procedures for statistical calculation are used.

(i) Simulate τ .

(ii) Simulate θ.

(iii) Generate the MA(q) series: y1, . . . , yn for some n.

(iv) Calculate  the ML  estimates for the parameters  and  find the  error under the  SE and 

LINEX loss functions.

(v) Calculate the Bayes estimates for the parameters under the SE and LINEX loss func-

tions and find the error. For truncated normal prior for θ, we calculate approximate

Bayes estimates using Lindley's approximation and Gibbs sampling. We run the Gibbs

sampler for an initial 1,000 iterations that we discard, and then for a further 9,000 iter-

ations of which we store every fifth.

(vi) Calculate the ML and Bayes estimates of one step ahead forecasts under the SE and

LINEX loss functions and find the errors.

(vii) Since the estimation using Gibbs sampler is computationally expensive, repeat the

above procedures 1,000 times for truncated normal and 10,000 times for uniform pri-

ors for θ respectively, and calculate the mean errors under the SE and LINEX loss

functions.

The simulation study is undertaken using sample sizes n = 50, 100, 150, 200 and LINEX loss

function parameters γ = −1.25,−0.75,−0.25, 0.25, 0.75, 1.25.

In order to compare the ML and Bayes estimators, the average squared errors are used when

the Bayes estimates are computed using the SE loss function. The average errors, computed

using the LINEX loss function are used when the Bayes estimates are obtained using the

LINEX loss function.
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8.1. MA(1) model

In this section we study the MA(1) model

Yt = −θ1εt−1 + εt. (8.1)

8.1.1. Independent Truncated Normal prior for θ1 and Gamma or Improper priors

for τ

We consider a truncated normal prior for θ1 with µ1 = 0.5, σ1 = 0.3, defined over the interval

(c1, d1), where c1 = 0.25, d1 = 0.75. The prior for τ is either improper or gamma prior with

parameters α = 10, β = 6.

Table 8.1 presents the average values of MA(1) parameters, their estimates, predicted values, 

estimation and prediction errors when the SE loss function is used. Under the SE loss func-

tion, the average estimation errors of both ML and Bayes estimates decrease, as the sample 

size increases. This verifies the consistency property of these estimators. Overall the Bayes 

estimates are found to have smaller average estimation errors than the ML estimates, for θ1 

the smallest estimation errors are obtained for the Bayes estimates obtained using Lindley's 

approximation; for τ the Bayes estimation using the Gibbs sampler is found to result in the 

smallest estimation errors; for the one-step prediction all estimates have similar errors, the 

ones of Bayes estimates being slightly smaller. All estimator performances are reasonably 

close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using

Lindley's approximation may be undefined (see Section 7.1.1), Table 8.2 shows proportion

of undefined Bayes estimates using this approximation. Under our choice of parameters, un-

defined estimates are obtained only for τ when it has gamma prior and LINEX loss function

parameters are γ = −1.25,−0.75,−0.25. The proportion of undefined τ estimates decreases

as sample size increases and when parameter γ becomes less negative. We exclude the simu-

lation where we obtain undefined estimates and calculate average errors where all estimates

are defined.
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Table 8.3, Table 8.4, Table 8.5, Table 8.6, Table 8.7 and Table 8.8 present the average values

of MA(1) parameters, their estimates, predicted values, estimation and prediction errors when

the LINEX loss function is used with parameters γ = −1.25,−0.75,−0.25,

0.25, 0.75, 1.25, respectively. Under the LINEX loss function, the average estimation errors

are also found to decrease with increasing sample size. Generally, the Bayes estimates have

smaller average errors than the ML estimates.

For θ1, the smallest average estimation errors are obtained for the Bayes estimates using

Lindley's approximation, the difference between the ML and the Bayes estimates are more

noticeable when the LINEX parameter has higher absolute value. For the one-step prediction,

the Bayes estimates have significantly smaller average errors than the ML estimates, both

Lindley's approximation and Gibbs sampler methods have similar performance.

For τ when the LINEX loss function parameters are positive, the smallest average esti-

mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs 

sampling method is superior, whereas when improper prior is used, Lindley's approximation 

performance is better in most cases.

When γ = −1.25,−0.75, if improper prior is used for τ , the ML estimates of τ have smaller

average error than the Bayes estimates; if gamma prior is used for τ , the Bayes estimates

obtained using Gibbs sampler have the best performance but the Bayes estimates obtained

using Lindley's approximation perform worse than the ML estimates.

When γ = −0.25, if improper prior is used for τ , the average Bayes τ estimates errors are

smaller than the ML estimates errors, the Bayes estimates obtained using Lindley's approxi-

mation have the best performance; if gamma prior is used for τ , the Bayes estimates obtained

using Gibbs sampler are superior, for sample sizes n = 50, 100 the Bayes estimates obtained

using Lindley's approximation have the highest average errors, for sample size n = 150, 200

both Bayes estimates perform better than the ML estimates.
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8.1.2. Independent Uniform prior for θ1 and Gamma or Improper priors for τ

We consider a uniform prior for θ1 in the interval (c1, d1), where c1 = 0.25, d1 = 0.75. The

prior for τ is either improper or gamma prior with parameters α = 10, β = 6.

Table 8.9 presents the average values of MA(1) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 8.10, Table 8.11, Table 8.12, Table 8.13, Table 8.14 and Table 8.15 present the average

values of MA(1) parameters, their estimates, predicted values, estimation and prediction er-

rors when the LINEX loss function is used with parameters γ = −1.25,−0.75,−0.25,

0.25, 0.75, 1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size

increases. This verifies the consistency property of these estimators. Overall the Bayes esti-

mates are found to be perform better than the ML estimates. For θ1 and one-step prediction,

the Bayes estimates are found to have smaller average estimation errors under both SE and

LINEX loss functions with all parameter γ values. Under SE loss function, for τ the Bayes

estimation is found to result in the smallest estimation errors. Under the LINEX loss function,

when τ has gamma prior the Bayes estimation has better performance than the ML estimation

for all parameter γ values. When when τ has improper prior the ML estimates have smaller

average errors when γ = −1.25,−0.75, when γ = −0.25, 0.25, 0.75, 1.25 the Bayes estima-

tion is superior. All estimator performances are reasonably close to each other as the sample

size increases.
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8.1.3. Analysis of Overshorts Data

We consider the overshorts data from an underground gasoline tank in Colorado. The series

consists of 57 daily observations. The same data were analyzed by Brockwell and Davis, see

Example 3.2.8, [3]. Overshort for day t is

Zt = (amount of fuel at end of day t)

− (amount of fuel at end of day t− 1)

− (amount of fuel delivered during day t)

+ (amount of fuel sold during day t)

With no measurement error and no tank leaks, Zt = 0.

Figure 8.1 shows the plotted overshorts series.

Figure 8.1. Overshorts data

We analyze the data using the independent truncated normal prior for θ1 with mean equal to

the sample mean and variance equal to the sample variance and improper prior for τ . The

LINEX loss function's parameter are γ = 0.25 and γ = −0.25. In order to apply the analysis

using the assumed form of the MA(1) model, we need to subtract the series mean from each of

the observations to obtain a zero-mean series. Model checking shows that the MA(1) model

can be fitted to the zero-mean series; see Figure 8.2
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Figure 8.2. MA(1) model checking.

We obtain estimates of θ1, τ and one-step predicted value using 47, 48,…, 55, 56 observa-

tions. Table 8.16 and Table 8.17 present the estimation and one-step prediction results. It 

is observed that under the LINEX loss function the prediction errors of the Bayes estimates 

are significantly smaller than that of the ML estimates, the Bayes estimates obtained using 

Gibbs sampling method have the smallest average estimation errors. Under the SE loss 

function, the ML and Bayes estimates obtained using Lindley's approximation are found to 

have similar average prediction error, whereas the average prediction error of Bayes estimates 

obtained using Gibbs sampler is slightly higher.
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8.2. MA(1) MODEL PARAMETER IMPACT ANALYSIS

8.2.1. Independent Truncated Normal prior for θ1 and Gamma or Improper priors

for τ

To estimate the impact of parameter α, we use fixed parameters β = 6, µ1 = 0.375, σ1 = 0.3,

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when α = 10, 20, 30. Figure 8.3 below compares the average estimation

and prediction errors when α varies. We notice that as α increases, the average estimation

errors of θ1 slightly increase, the average estimation errors of τ increase more than parameter

α increase and the average prediction errors decrease proportionally toα increase. It suggests

that the average estimation errors and α have inverse linear relationship.

To estimate the impact of parameter β, we use fixed parameters α = 10, µ1 = 0.375, σ1 =

0.3, sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when β = 10, 20, 30. Figure 8.4 compares the average estimation and

prediction errors when β varies. We notice that β and the average estimation errors of θ1

have a weak nonlinear relationship, the average estimation errors of τ and β have nonlinear

inverse relationship. As parameter β increases, the average prediction errors increase.

To estimate the impact of parameter µ1, we use fixed parameters α = 10, β = 6, σ1 = 0.3,

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when µ1 = 0.125, 0.375, 0.625, 0.875. Figure 8.5 compares the average

estimation and prediction errors when µ1 varies. We notice that as µ1 increases, the average

estimation errors of θ1 decrease. The changes of average estimation errors of τ remain almost

unchanged. The average prediction errors slightly increase as µ1 increases.

To estimate the impact of parameter σ1, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when σ1 = 0.1, 0.2, 0.3. Figure 8.6 compares the average estimation and

prediction errors when σ1 varies. We notice that as σ1 increases, the average estimation

errors of θ1 increase, the average estimation errors of τ remain unchanged. Under the SE loss

function, the average Bayes prediction errors and σ1 have a nonlinear relationship, whereas

the average ML prediction errors increase slightly as σ1 increases. Under the LINEX loss
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function, the average prediction errors change insignificantly as σ1 varies.

To estimate the impact of parameter γ, we use fixed parameters α = 10, β = 6, µ1 =

0.375, σ1 = 0.3, sample size of 100 and obtain the average estimation errors when γ =

0.25, 0.5, 0.75. Figure 8.7 compares the average estimation and prediction errors when γ

varies. We notice that as γ increases, the average estimation errors of θ1, τ and prediction

increase more than the increase in γ.
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Figure 8.3. Impact of parameter α on average estimation and prediction errors for MA(1)
independent truncated normal prior for θ1. (a) Estimation of θ1 under SE loss, (b) Estimation

of θ1 under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX
loss, (e) Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.4. Impact of parameter β on average estimation and prediction errors for MA(1)
independent truncated normal prior for θ1, (a) Estimation of θ1 under SE loss, (b) Estimation

of θ1 under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX
loss, (e) Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.5. Impact of parameter µ1 on average estimation and prediction errors for MA(1)
independent truncated normal prior for θ1. (a) Estimation of θ1 under SE loss, (b) Estimation

of θ1 under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX
loss, (e) Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.6. Impact of parameter σ1 on average estimation and prediction errors for MA(1)
independent truncated normal prior for θ1. (a) Estimation of θ1 under SE loss, (b) Estimation

of θ1 under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX
loss, (e) Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.7. Impact of parameter γ on average estimation and prediction errors for MA(1)
independent truncated normal prior for θ1. (a) Estimation of θ1 under LINEX, (b)

Estimation of τ under LINEX loss, (c) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c)
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8.2.2. Independent Uniform prior for θ1 and Gamma or Improper priors for τ

To estimate the impact of parameter α, we use fixed parameters β = 6, (c1, d1) = (0.25, 0.5),

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average

estimation errors when α = 10, 20, 30. Figure 8.8 below compares the average estimation

and prediction errors when α varies. We notice that as α increases, the average estimation

errors of θ1 increase less that the original increase in α , the average estimation errors of τ

increase more than parameter α . The average estimation errors and α have inverse almost

linear relationship.

To estimate the impact of parameterβ, we use fixed parametersα = 10, (c1, d1) = (0.25, 0.5),

sample size of 100 and LINEX loss function parameter γ = 0.5 and obtain the average esti-

mation errors when β = 10, 20, 30. Figure 8.9 compares the average estimation and predic-

tion errors when β varies. We notice that as β increases, the average estimation errors of θ1

remain almost unchanged, the average estimation errors of τ and β have nonlinear inverse

relationship. As parameter β increases, the average prediction errors increase.

To estimate the impact of the interval of θ1, we use sample size of 100 and LINEX loss

function parameter γ = 0.5 and obtain the average estimation errors when (c1, d1) =

(0, 0.25), (0.25, 0.5), (0.5, 0.75), (0.75, 1). Figure 8.10 compares the average estimation and

prediction errors when the interval of θ1 varies, the interval is represented by its middle point.

We notice that as the mean of θ1 increases, the average estimation errors of θ1 increase, the

average estimation errors of τ and the average prediction errors also increase when the mean

of θ1 increases.

To estimate the impact of parameter γ, we fix θ1 interval, sample size of 100 and obtain

the average estimation errors when γ = 0.25, 0.5, 0.75. Figure 8.11 compares the average

estimation and prediction error when γ varies. We notice that as γ increases, the average

estimation errors of θ1, τ and prediction increase more than the increase in γ.

Figure 8.12 below presents the average estimation errors of θ1 under the LINEX loss func-

tion, estimated using the numerical method and the truncated normal approximation. We

notice that the Bayes estimation errors for θ1 are significantly smaller when the numerical

approach is used (left in the figure); and the difference between the ML and the Bayes esti-
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mates becomes more noticeable, the Bayes estimates have the smallest average estimation 

errors.
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Figure 8.8. Impact of parameter α on average estimation and prediction errors for MA(1)
independent uniform prior for θ1. (a) Estimation of θ1 under SE loss, (b) Estimation of θ1

under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX loss, (e)
Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.9. Impact of parameter β on average estimation and prediction errors for MA(1)
independent uniform prior for θ1. (a) Estimation of θ1 under SE loss, (b) Estimation of θ1

under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX loss, (e)
Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.10. Impact of θ1 interval on average estimation and prediction errors for MA(1)
independent uniform prior for θ1. (a) Estimation of θ1 under SE loss, (b) Estimation of θ1

under LINEX, (c) Estimation of τ under SE loss, (d) Estimation of τ under LINEX loss, (e)
Estimation of Yn+1 under SE loss, (f) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)
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Figure 8.11. Impact of parameter γ on average estimation and prediction errors for MA(1)
independent uniform prior for θ1. (a) Estimation of θ1 under LINEX, (b) Estimation of τ

under LINEX loss, (c) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c)
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Figure 8.12. Impact of estimation method of θ1 under LINEX loss function on average
estimation and prediction errors for MA(1) independent uniform prior for θ1. (a) Numerical

approach, α varies, (b) Approximation, α varies, (c) Numerical approach, β varies, (d)
Approximation, β varies, (e) Numerical approach, interval of θ1 varies, (f) Approximation,

interval of θ1 varies, (e) Numerical approach, γ varies, (f) Approximation, γ varies.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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8.3. MA(2) MODEL

In this section we study the MA(2) model

Yt = −θ1εt−1 − θ2εt−2 + εt. (8.2)

8.3.1. Independent Truncated Normal prior for θ1, θ2 and Gamma or Improper priors

for τ

We consider the independent truncated normal priors for θ1 and θ2 with parametersµ1 = 0.25,

σ1 = 0.2, c1 = 0, d1 = 0.5, and µ2 = 0.2, σ2 = 0.3, c2 = 0, d2 = 0.4. The prior for τ is

either improper or gamma prior with parameters α = 10, β = 6.

Table 8.18 presents the average values of MA(2) parameters, their estimates, predicted val-

ues, estimation and prediction errors when the SE loss function is used. Under the SE loss 

function, the average estimation errors of both ML and Bayes estimates decrease, as the sam-

ple size increases. This verifies the consistency property of these estimators. Generally, the 

Bayes estimates are found to have smaller average estimation errors than the ML estimates, 

for θ 1 and θ 2 the smallest estimation errors are obtained for the Bayes estimates obtained 

using Lindley's approximation; for τ the Bayes estimation using the Gibbs sampler is found 

to result in the smallest estimation errors when τ has gamma prior and the Bayes estimation 

using Lindley's approximation when τ has improper prior; for the one-step prediction all es-

timates have similar errors, the ones of Bayes estimates being slightly smaller. All estimator 

performances are reasonably close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using

Lindley's approximation may be undefined (see Section 7.1.2), Table 8.19 shows proportion

of undefined Bayes estimates using this approximation. Under our choice of parameters,

undefined estimates are obtained only for τ when it has gamma prior and LINEX loss function

parameters are γ = −1.25,−0.75,−0.25. The proportion of undefined τ estimates decreases

significantly as sample size increases. We exclude the simulation where we obtain undefined

estimates and calculate average errors where all estimates are defined.
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Table 8.20, Table 8.21, Table 8.22, Table 8.23, Table 8.24 and Table 8.25 present the aver-

age values of MA(2) parameters, their estimates, predicted values, estimation and prediction 

errors when the LINEX loss function is used with parametersγ = −1.25, −0.75, −0.25, 

0.25, 0.75, 1.25, respectively. Under the LINEX loss function, the average estimation errors 

are also found to decrease with increasing sample size. enerally, the Bayes estimation has the 

smallest average errors.

For θ1 and θ2, the smallest average estimation errors are obtained for the Bayes estimates

using Lindley's approximation, the difference between the ML and the Bayes estimates are

more noticeable when the LINEX parameter has higher absolute value. For the one-step

prediction, generally, the Bayes estimates have smaller average errors than the ML estimates,

the Gibbs sampler methods have slightly better performance.

For τ when the LINEX loss function parameters are positive, the smallest average esti-

mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs 

sampling method is superior, whereas when improper prior is used, Lindley's approximation 

performance is better. When γ = −1.25, −0.75, if improper prior is used for τ , the ML es-

timates of τ have smaller average error than the Bayes estimates; if gamma prior is used for 

τ , the Bayes estimates obtained using Gibbs sampler have the best performance, for sample 

sizes n = 50, 100 the Bayes estimates obtained using Lindley's approximation have the high-

est average errors, for sample sizen = 150, 200 both Bayes estimates perform better than the 

ML estimates.

When γ = −0.25, the Bayes estimates of τ have smaller average errors than the ML es-

timates. When improper prior is used for τ , the Bayes estimates performances are indis-

tinguishable except for n = 50, where Lindley's approximation method results in smaller

average error; if gamma prior is used for τ , the Bayes estimates obtained using Gibbs sam-

pler have the best performance, for sample size n = 50 the Bayes estimates obtained using

Lindley's approximation has the highest average error, for sample sizes n = 100, 150, 200

both Bayes estimates perform better than the ML estimates.
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8.3.2. Independent Uniform prior for θ1, θ2 and Gamma or Improper priors for τ

We consider the independent uniform priors for θ1 and θ2 with parameters c1 = 0, d1 = 0.5,

and c2 = 0, d2 = 0.4. The prior for τ is either improper or gamma prior with parameters

α = 10, β = 6.

Table 8.26 presents the average values of MA(2) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 8.27, Table 8.28, Table 8.29, Table 8.30, Table 8.31 and Table 8.32 present the aver-

age values of MA(2) parameters, their estimates, predicted values, estimation and prediction

errors when the LINEX loss function is used with parameters γ = −1.25,−0.75,−0.25,

0.25, 0.75, 1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size

increases. This verifies the consistency property of these estimators. Overall the Bayes es-

timates are found to result in smaller average estimation errors than the ML estimates. For

θ1, θ2 and one-step prediction, the Bayes estimates are found to have smaller average esti-

mation errors under both SE and LINEX loss functions for all parameter γ values. Under

SE loss function, for τ the Bayes estimation is found to result in the smallest estimation er-

rors. Under the LINEX loss function, when τ has gamma prior the Bayes estimation has

better performance than the ML estimation for all parameter γ values. When when τ has

improper prior the ML estimates have smaller average errors when γ = −1.25,−0.75, when

γ = −0.25, 0.25, 0.75, 1.25 the Bayes estimation is superior. All estimator performances are

reasonably close to each other as the sample size increases.
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8.3.3. Analysis of Wilshire 5000 Index Data

We consider Wilshire 5000 index log-return data. The series consists of 8385 daily observa-

tions. The data can be downloaded from Federal Reserve Bank of St Louis (FRED). Figure

8.13 shows the plotted Wilshire 5000 index log-return series expressed in per cents.

Figure 8.13. Wilshire 5000 index log-returns data

We analyze the data using the independent truncated normal prior for θ1 with mean equal

to the sample mean and variance equal to the sample variance, truncated normal prior forθ2

and with mean equal to the sample third moment and variance equal to the sample fourth

moment, and improper prior for τ . The LINEX loss function's parameter are γ = 0.25 and

γ = −0.25. In order to apply the analysis using the assumed form of the MA(2) model, we

need to subtract the series mean from each of the observations to obtain a zero-mean series.

Model checking shows that the MA(2) model can be fitted to the zero-mean series; see Figure

8.14.

We obtain estimates of θ1, θ2, τ and one-step predicted value using 8375, 8377,…, 8383, 

8384 observations. Table 8.33 and Table 8.34 present the estimation and one-step prediction 

results. It is observed that the prediction errors of the Bayes estimates are slightly smaller 

than that of the ML estimates, the Bayes estimates obtained using Gibbs sampling method 

have the smallest average estimation errors. This is consistent with the fact that the Bayes 

and ML estimators performances are similar when sample size is large.
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Figure 8.14. MA(2) model checking
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8.4. MA(2) MODEL PARAMETER IMPACT ANALYSIS

8.4.1. Independent Truncated Normal prior for θ1, θ2 and Gamma or Improper priors

for τ

We have undertaken the parameter impact analysis to define how the average estimation and

prediction errors change when model parameters vary. We use fixed parameters β = 6,

µ1 = 0.375, σ1 = 0.2, µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function

parameter γ = 0.25 and obtain the average estimation errors when α1 = 10, 20, 30. Figure

8.15 presents the mean errors when the parameter α changes. We notice that as α increases,

the average estimation errors of θ1 and θ2 increase slightly. The average estimation errors of

τ increase more than parameter α and the average prediction errors decrease proportionally

to α increase.

To estimate the impact of parameter β, we use fixed parameters α = 10, µ1 = 0.375, σ1 =

0.2, µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25

and obtain the average estimation errors when β = 10, 20, 30. Figure 8.16 presents the mean

errors when the parameter β changes. We notice that β and the average estimation errors

of θ1 and θ2 have a weak nonlinear relationship, the average estimation errors of τ and β

have nonlinear inverse relationship. As parameter β increases, the average prediction errors

increase.

To estimate the impact of parameter µ1, we use fixed parameters α = 10, β = 6, σ1 = 0.2,

µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when µ1 = −0.375,−0.125, 0.125, 0.375. Figure 8.17

presents the mean errors when the parameter µ1 changes. We notice that as absolute mean

value of µ1 increases, the average estimation errors of θ1 and θ2 and the average prediction

errors increase, the changes of average estimation errors of τ remain almost unchanged.

To estimate the impact of parameter µ2, we use fixed parameters α = 10, β = 6, µ1 =

0.375,σ1 = 0.2, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25

and obtain the average estimation errors when µ2 = −0.375,−0.125, 0.125, 0.375. Figure

8.18 presents the mean errors when the parameter µ2 changes. We notice that as mean value

of µ2 increases, the average estimation errors of θ1 and θ2 and the average prediction errors
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increase, the average τ estimation errors increase with increased absolute mean value of µ2.

To estimate the impact of parameter σ1, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

µ2 = 0.375, σ2 = 0.3, sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when σ1 = 0.1, 0.2, 0.3. Figure 8.19 presents the mean

errors when the parameter σ1 changes. We notice that as σ1 increases, the average Bayes

estimation errors of θ1 and θ2 increase, the changes of average ML estimation errors of θ1

and θ2 have nonlinear relationship with σ1. The average estimation errors of τ remain almost

unchanged. The average prediction errors have a very low dependency on σ1.

To estimate the impact of parameter σ2, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

σ1 = 0.2, µ2 = 0.375, sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when σ2 = 0.1, 0.2, 0.3. Figure 8.20 presents the mean

errors when the parameter σ2 changes. The changes of σ2 have similar impact to the average

estimation and prediction errors as the changes of σ1.

To estimate the impact of parameter γ, we use fixed parameters α = 10, β = 6, µ1 = 0.375,

σ1 = 0.2, µ2 = 0.375, σ2 = 0.3, sample size of 100 and obtain the average estimation

errors when γ = 0.25, 0.5, 0.75. Figure 8.21 presents the mean errors when the parameter γ

changes. We notice that as γ increases, the average estimation errors of θ1, θ2,τ and prediction

increase more than the increase in γ.
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Figure 8.15. Impact of parameter α on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.16. Impact of parameter β on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.17. Impact of parameter µ1 on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX los, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f) s

(g) (h)
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Figure 8.18. Impact of parameter µ2 on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.19. Impact of parameter σ1 on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.20. Impact of parameter σ2 on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under SE loss, (b)
Estimation of φ1 under LINEX, (c) Estimation of φ2 under SE loss, (d) Estimation of φ2

under LINEX, (e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g)
Estimation of Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.21. Impact of parameter γ on average estimation and prediction errors for MA(2)
independent truncated normal prior for θ1 and θ2. (a) Estimation of φ1 under LINEX, (b)
Estimation of φ2 under LINEX, (c) Estimation of τ under LINEX loss, (d) [Estimation of

Yn+1 under LINEX loss.

(a) (b)

(c)
]
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8.4.2. Independent Uniform prior for θ1, θ2 and Gamma or Improper priors for τ

To estimate the impact of parameter α, we use fixed parameters β = 6, (c1, d1) = (0.25, 0.5),

(c2, d2) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when α1 = 10, 20, 30. Figure 8.22 presents the mean

errors when the parameter α changes. We notice that as α increases, the average estimation

errors of θ1 and θ2 change only slightly. The average estimation errors of τ increase more

than parameter α and the average prediction errors decrease proportionally to α increase.

To estimate the impact of parameterβ, we use fixed parametersα = 10, (c1, d1) = (0.25, 0.5),

(c2, d2) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when β = 10, 20, 30. Figure 8.23 presents the mean

errors when the parameter β changes. We notice that β does not have a significant impact on

the average estimation errors of θ1 and θ2, the average estimation errors of τ decrease as β

increases. As parameter β increases, the average prediction errors increase.

To estimate the impact of parameter (c1, d1), we use fixed parameters α = 10, β = 6,

(c2, d2) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when (c1, d1) = (−0.5,−0.25), (−0.25, 0), (0, 0.25),

(0.25, 0.5). Figure 8.24 presents the mean errors when (c1, d1) changes. The interval is

represented by its middle point. We notice that the average estimation errors of θ1 and θ2

decrese as the absolute value of the interval middle point decreases, the similar pattern can

be noticed for the average prediction errors. The interval changes have a very limited impact

on the average estimation errors of τ .

To estimate the impact of parameter (c2, d2), we use fixed parameters α = 10, β = 6,

(c1, d1) = (0.25, 0.5), sample size of 100 and LINEX loss function parameter γ = 0.25 and

obtain the average estimation errors when (c2, d2) = (−0.5,−0.25), (−0.25, 0), (0, 0.25),

(0.25, 0.5). Figure 8.25 presents the mean errors when the parameter (c2, d2) changes. The

interval is represented by its middle point. We notice that the average estimation errors of θ1

and θ2 increase as the absolute value of interval mean point decreases, the changes of aver-

age estimation errors of τ remain almost unchanged. The average prediction errors slightly

increase as the mean of θ2 increases.
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To estimate the impact of parameter γ, we use fixed parameters α = 10, β = 6,(c1, d1) =

(0.25, 0.5), (c2, d2) = (0.25, 0.5), sample size of 100 and obtain the average estimation er-

rors when γ = 0.25, 0.5, 0.75. Figure 8.26 presents the mean errors when the parameter γ

changes. We notice that as γ increases, the average estimation errors of θ1,θ2, τ and prediction

increase more than the increase in γ.

Figure 8.27 and Figure 8.28 present the average estimation errors of θ1, θ2 under the LINEX 

loss function, estimated using the numerical method and the truncated normal approxima-

tion. We notice that the Bayes estimation errors for θ1, θ2 are significantly smaller when the 

numerical approach is used (left in the figure); and the difference between the ML and the 

Bayes estimates becomes more noticeable, the Bayes estimates have the smallest average 

estimation errors.
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Figure 8.22. Impact of parameter α on average estimation and prediction errors for MA(2)
independent uniform prior for θ1 and θ2. (a) Estimation of θ1 under SE loss, (b) Estimation
of θ1 under LINEX, (c) Estimation of θ2 under SE loss, (d) Estimation of θ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.23. Impact of parameter β on average estimation and prediction errors for MA(2)
independent uniform prior for θ1 and θ2. (a) Estimation of θ1 under SE loss, (b) Estimation
of θ1 under LINEX, (c) Estimation of θ2 under SE loss, (d) Estimation of θ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.24. Impact of (c1, d1) on average estimation and prediction errors for MA(2)
independent uniform prior for θ1 and θ2. (a) Estimation of θ1 under SE loss, (b) Estimation
of θ1 under LINEX, (c) Estimation of θ2 under SE loss, (d) Estimation of θ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)



260

Figure 8.25. Impact of (c2, d2) on average estimation and prediction errors for MA(2)
independent uniform prior for θ1 and θ2. (a) Estimation of θ1 under SE loss, (b) Estimation
of θ1 under LINEX, (c) Estimation of θ2 under SE loss, (d) Estimation of θ2 under LINEX,
(e) Estimation of τ under SE loss, (f) Estimation of τ under LINEX loss, (g) Estimation of

Yn+1 under SE loss, (h) Estimation of Yn+1 under LINEX loss.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.26. Impact of parameter γ on average estimation and prediction errors for MA(2)
independent uniform prior for θ1 and θ2. (a) Estimation of θ1 under LINEX, (b) Estimation
of θ2 under LINEX, (c) Estimation of τ under LINEX loss, (d) Estimation of Yn+1 under

LINEX loss.

(a) (b)

(c) (d)
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Figure 8.27. Impact of estimation method of θ1 under LINEX loss function on average
estimation and prediction errors for MA(2) independent uniform prior for θ1 and θ2. (a)
Numerical approach, α varies, (b) Approximation, α varies, (c) Numerical approach, β
varies, (d) Approximation, β varies, (e) Numerical approach, interval of θ1 varies, (f)

Approximation, interval of θ1 varies, (g) Numerical approach, γ varies, (h) Approximation,
γ varies.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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Figure 8.28. Impact of estimation method of θ2 under LINEX loss function on average
estimation and prediction errors for MA(2) independent uniform prior for θ1 and θ2. (a)
Numerical approach, α varies, (b) Approximation, α varies, (c) Numerical approach, β
varies, (d) Approximation, β varies, (e) Numerical approach, interval of θ1 varies, (f)

Approximation, interval of θ1 varies, (g) Numerical approach, γ varies, (h) Approximation,
γ varies.

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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9. CONCLUSIONS

In this study, we presented Bayesian inferences for the autoregressive model of order p and

moving average model of order q under two loss functions: squared error and linear ex-

ponential. Using independent Truncated Normal - Gamma, Truncated Normal - Improper,

Uniform - Gamma and Uniform-Improper priors, the Bayes estimators of the parameters are

derived. Under independent truncated normal priors for the parameters, the Bayes estimators

are found not to be in a closed form and hence Lindley's approximation is used to obtain the

approximate estimators. We undertook a computer simulation study to compare the maxi-

mum likelihood and the Bayes estimates obtained using Lindley's approximation and Markov

chain Monte Carlo techniques, in particular, Gibbs sampler. As expected, the Bayes estimates

are found to have lower estimation errors than the ML estimates. Our simulation study in-

dicates that the Bayes estimators obtained using Lindley's approximation have very similar

performances (in terms of average estimation error) to the Bayes estimators obtained using

the Gibbs sampler. Moreover, the computational time needed to obtain the Bayes estimates

using Lindley's approximation is significantly lower (average time to obtain one set of esti-

mates for the autoregressive and moving average models of order one is 0.0000025 seconds

compared to 3.9 seconds using the Gibbs sampler, and 0.0000032 seconds compared to 5.1

seconds for the autoregressive and moving average models of order two). Thus, in order

to derive approximate Bayes estimates, Lindley's approximation is preferred over the Gibbs

sampler, similar results were found by Kızılaslan and Nadar [61].

The following ideas will be developed in the future research:

• To generalize the Bayesian analysis for the AR and MA models by applying it to the

ARMA model.

• To complete the Bayesian analysis for the AR and MA models using other loss func-

tions.

• To apply Lindley's approximation using different priors that lead to posteriors that are

not in a closed form.

• To utilize Lindley's approximation for different time series models. In this study we

considered univariate AR and MA models, this analysis can be expanded for multi-
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variate AR and MA models. However, in practice many time series are nonlinear. To

model nonlinear behaviour in time series, the existence of different states of the world

or regimes and different dynamics in different regimes can be assumed, i.e. threshold

AR, self-exciting threshold AR and smooth transition AR, bilinear models. The present

study can be broaden by applying Lindley's approximation to nonlinear models.

• To apply different approximation when the posterior distribution is intractable. As it

was pointed out in our present analysis, Lindley's approximation involves only three

terms and is of order n−1. Under LINEX loss function this lead to a small propor-

tion of Bayes estimates that are undefined. We recommend expanding Lindley's ap-

proximation to consider more terms or to employ some different approximation, i.e.

approximation proposed by Tierney and Kadane [46].
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