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ABSTRACT

BAYESIAN ANALYSIS OF TIME SERIES USING LINDLEY'S APPROXIMATION

The autoregressive model of order p and moving-average model of order q are analyzed
when the parameters and the precision of the error term are random variables. In the analysis
the squared error (SE) and linear exponential (LINEX) loss functions are utilized. Using
four different priors, the Bayes estimators of the parameters are derived. Under independent
truncated normal priors for the parameters and gamma or improper priors for the precision
of the error term, the Bayes estimators are found not to be in a closed form. Therefore,
Lindley's approximation is used to obtain the approximate estimators. A computer simulation
study compares the maximum likelihood and the Bayes estimates obtained using Lindley's
approximation and Markov chain Monte Carlo (MCMC) techniques, in particular, Gibbs
sampler. Under independent Uniform priors for the parameters and gamma or improper priors
for the precision of the error term, the posterior distributions of the model parameters and the
precision of the error term have a closed form, however using the LINEX loss function, the
Bayes estimators of the model parameters are intractable. In this case, the truncated normal
approximation is used to derive the approximate Bayes estimators. A computer simulation
study is employed to compare the maximum likelihood and the Bayes estimates. Examples

are given to illustrate the findings.



OZET

LINDLEY'IN YAKLASIMI ILE BAYES ZAMAN SERISI ANALIZi

Model parametrelerinin ve hata terimlerinin rassal degisken oldugu durumlarda, otoregre-
sif modelinin p derecesi ve hareketli ortalama modelinin q derecesi analiz edilmistir. Anal-
izde karesel hata (SE) ve dogrusal {iistel (LINEX) kayip fonksiyonlar1 kullanilmistir. Dort
degisik onsel kullanarak, parametrelerin Bayes tahmin edicileri tliretilmistir. Bayes tahmin
edicilerinin kapali formda olmadigi, parametreler i¢cin bagimsiz kesilmis normal dnseller ve
hata terimlerinin kesinligi i¢in gama veya belirsiz 6nseller olmasi durumlarinda bulunmus-
tur. Bundan dolay1 Lindley'in yaklagimi, yaklagik tahmin edici elde etmek i¢in kullanilmistir.
Bilgisayar simulasyon ¢alismasi ile en ¢ok olabilirlik ve Bayes tahminleri karsilagtirilmak-
tadir. Lindley'in yaklasim1 ve Markov zinciri Monte Carlo (MCMC) Gibbs 6rneklemesi kul-
lanilarak Bayes tahminleri elde edilmistir. Parametreler i¢in bagimsiz tekdiize onseller ve
hata terimlerinin kesinligi i¢in gama veya belirsiz dnseller olmas1 durumlarinda, model pa-
rameterlerinin sonsal dagilimlarinin ve hata terimlerinin kesinliginin kapali formu oldugu
bulunmaktadir. Fakat LINEX kayip fonksiyonlarinda, model parametrelerinin Bayes tahmin
edicileri uygun formda degildir. Bu durumda yaklasik Bayes tahmin edicilerinin tiiretilmesi
icin kesikli normal yaklasim kullanilmistir. Bilgisayar simulasyon ¢alismasi en ¢ok olabilir-
lik ve Bayes tahminlerini karsilagtirmak i¢in kullanilmigtir. Bulgular1 gostermek i¢in 6rnekler

verilmistir.
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1. INTRODUCTION

A time series is a sequence of observations taken sequentially in time. An intrinsic feature of
a time series is that, typically, adjacent observations are dependent. Examples of time series
are daily rainfall, monthly levels of unemployment, weekly share prices. Time series data
are used in statistics, econometrics, mathematical finance, medicine, meteorology and many

other areas.

The literature about the theoretical and methodological aspects of the time series models
is vast and most of it is non-Bayesian. For non-Bayesian, theory and methodology see
books by Box and Jenkins [1], Priestley [2], Brokwell and Davis [3], Hamilton [4], Chat-
field [5], among others. The subject of Bayesian Time Series was pioneered by Zellner [6]
and Broemeling [7]. The books by Pole et al. [8] and Barber et al. [9] are a good introduc-
tion to a Bayesian time series analysis. Kitagawa and Gersch [10] analyzed the problems
of modeling stationary and non-stationary time series using Bayesian stochastic regression
treatment, so called "smoothness prior" approach. The fundamental statistical ideas for this
method are the likelihood of the Bayesian model and its use as a measure of the goodness of
fit of the model. West and Harrison [11] focused on Dynamic Linear Models (DLM) that are
a class of Bayesian Forecasting Models and their uses in forecasting and time series analysis.
Autoregressive and moving average (AR, MA) processes, that we focus on in this study, can

also be written in a DLM form and analyzed using the aforementioned theory.

The Bayesian analysis of time series consists of determining the posterior distribution of
the parameters of the model and the predictive distribution of future observations. The use
of Bayes theorem allows us to update the prior information we often possess before seeing
the data into a posterior distribution by incorporating the information, called likelihoods,
provided by the observed data. The use of prior information is very helpful, especially for
the inference for the small-size data. This improves the precision of the estimators of the

model parameters predicted values.

The interest in Bayesian methods grew rapidly during the last four decades. This is mostly
caused by the increased appreciation of the advantages that Bayesian inference involves (see

Steel [12]). Berger [13] provided a concise overview of Bayesian activity up to the year 2000.



Both authors note the enormous impact of the development of the computational facilities and
the evolution of Markov Chain Monte Carlo (MCMC) methods on Bayesian statistics. As
Berger [13] states, "it would be hard to find an area of human investigation in which there
does not exist some level of Bayesian work". Bayesian methods are being used more and
more extensively in many applications fields, see [14]. Economics and econometrics ([15],
[16]), finance ([17],[18],[19],[20], [21]), engineering ([22], [23]), genetics ([24], [25], [26]),
medicine ([27], [28]) and physical sciences ([29], [30]) are only a few application areas, more
references and application fields are given in [13]. Below we provide an overview of the main

components of Bayesian inference and methods that can be employed in the analysis.

How to choose the prior is an important issue in Bayesian analysis. There are several ap-
proaches to this problem, the most popular are the subjective, objective and empirical meth-
ods. The empirical Bayes approach assumes that the prior can be estimated from the data
itself, this method is often seen as a bridge between the classical frequentists approach and
Bayesian inference. In the subjective Bayes approach the prior measures what is known or
believed before the experiment takes place, whereas in the objective Bayes approach, the
prior should be chosen based on mathematical properties, such as reference priors that in
some sense maximize information gain. Berger [31] briefly describes all of these methods

and provides good arguments for the use of the objective approach.

Any and all of these approaches can be used, even within the same model. For example, a
subjective prior on parameters may be employed where there is a considerable amount of
prior knowledge and a reference prior on other parameters that are less important or less
understood. The impact of the prior declines as the data sample increases, when there is a lot

of data, different priors tend to lead to very similar conclusions.

In the subjective Bayes approach, the prior reflects researcher's believes and the information
that is available before the analysis, and depending on this, it can take different functional
form. Nevertheless, in the vast of the Bayesian analysis non-informative and conjugate priors
are utilized. This choice leads to posterior and predictive distributions that can be derived an-
alytically. Zellner [6] obtained the posterior and predictive distributions for AR(1) and AR(2)
processes using Jeffrey's improper prior. Broemeling [7] and Shaarawy and Broemeling [32]
discussed Bayesian analysis of invertible and stationary ARMA processes. Using conditional

likelihood function and Normal-Gamma and Jeffrey's improper priors for the model param-



eters they derived the posterior distributions for the model parameters and one-step ahead
predictive distributions. Schervish and Tsay [33] gave a fully Bayesian analysis of autore-
gressive models with or without exogenous variables. In this study, we consider four different
sets of priors: Truncated Normal and Uniform priors for AR and MA models parameters and

Gamma and Improper priors for the precision parameter.

As noted by Fan and Yao [34], Zeithammer and Lenk [35], among others, it can be shown
that the Bayesian analysis method for AR model is equivalent to some Bayesian multivari-
ate regressive analysis. There has been increasing interest in Bayesian methods in applica-
tion to various multivariate time series models, such as vector autoregressive (VAR), vector
autoregressive-moving average (VARMA) and multivariate generalized autoregressive con-
ditional heteroskedasticity (MGARCH) models. Generally, multivariate models require es-
timation of a large number of parameters, thus over-parameterization is often a problem -
sample size is not sufficient to estimate the parameters of the model. Bayesian methods can
be employed to reduce the number of parameters and make the use model feasible by utilizing
priors that provide a logical and consistent method of imposing parameter restrictions. Sevinc
and Ergun [36] studied the VAR model using Bayesian point of view. In the Bayesian VAR
analysis of the Turkish unemployment rate and industrial production index, they employed
five different priors for the model parameters, namely Minessota, Diffuse, Normal - Wishard,
Normal-Diffuse and Extended Natural Conjugate (ENC) priors. Using the first three priors,
the posterior distributions have a closed form but when the Normal-Diffuse and ENC priors
are employed, the posterior distributions are not in a known form, hence the MCMC methods

are utilized.

As it was previously noted, the posterior and predictive distributions are analytically in-
tractable for most of the prior distributions of model parameters. Therefore, an approximation
is required. As it was pointed out by Mahmoud [37], the use of numerical computer routines
may not converge for a given set of data. Thus, when the posterior is complicated, researchers
have usually resorted to the Markov Chain Monte Carlo (MCMC) method and successfully
achieve a satisfactory computational answer; see [38] and [39]. A development of Markov
chain Monte Carlo methods enabled sampling from a posterior distribution by constructing
a Markov chain which converges to the posterior distribution in a given statistical inference
problem. There exist different ways to generate the required Markov chain, the most popular

being the Gibbs sampler, introduced by Geman and Geman [40] and developed by Gelfand



and Smith [41]; and the Metropolis-Hastings sampler, proposed in Metropolis et al. [42] and
generalized by Hastings [43]. Using the MCMC methods, the Bayesian analysis can be ap-
plied to a wide variety of models and prior distributions, for the description of the methods

and their applications, see Chib and Greenberg [44] and Tsay [45], among others.

As alternative to the MCMC methods, one can use Tierney’s and Kadane’s approximation
(see [46]) or Lindley’s method. Lindley [47] developed approximation for the ratio of inte-
grals that can be used to approximate the posterior and predictive distributions and relevant
expectations. Singh et al. [48] employed the LINEX loss function and derived the Bayes es-
timators of the generalized-exponential distribution parameters using Lindley's approxima-
tion. They compared the obtained approximate Bayes estimates to the ML estimates using
different combinations of prior parameters and found that the approximate Bayes estimators
perform better in terms of the loss in most cases. Nadar et al. [49] used Lindley’s approxi-
mation in the Bayesian estimation of P(Y<X) for Kumaraswamy’s distribution. Anderson et
al. [50] applied this approximation for the Bayesian estimation in non-homogeneous AR(1)
process assuming autoregression of coefficients. In this study, we apply Lindley's approxi-
mation for the AR and MA processes with normally distributed errors when the choice of the
prior distributions of parameters results in analytically intractable posterior and predictive

distributions.

There exist different criteria for estimating unknown distribution parameters. Bayesian esti-
mators are based on minimization of the expected loss function. Although there do not exist
some certain rules one could follow to choose the loss function, this choice is fundamental to
construct an optimal forecast. Depending on the study goal, different loss functions should
be employed. In this study we consider two loss functions: symmetric squared error (SE)
and asymmetric linear - exponential (LINEX). The SE loss function is widely used due to
its mathematical tractability. However, there are no reasons why the consequences of under-
predicting should be the same as the costs from over-predicting. For example, a life insurer
prefers not to underestimate mortality, since it would lead to decreased profitability of the
product by having to pay out more death benefit claims than it was expected. Granger [51]
also questions the use of symmetric loss function and gives some more examples where an
asymmetric loss function should be employed. A few examples from his text are the follow-
ing. The cost of arriving 10 min early in the airport is quite different from arriving 10 min

late. The cost of having a computer that is 10 per cent too small for a task is different than



being 10 per cent too big.

Satchell et al. [52] applied the LINEX loss function to various of volatility models, includ-
ing GARCH models, and derived one-step ahead volatility forecasts. Their empirical study
on Glaxo Wellcome company return volatility data using GARCH(1, 1) model suggests that
the forecasts derived using the LINEX loss function outperform the conventional GARCH
estimates. Singh et.al. [53] studied the inverse Gaussian distribution and obtained the Bayes
estimators using the SE and general entropy loss functions. They compared the derived pa-
rameter estimators to the ML estimators and observed that, generally, the Bayes estimators
derived using the asymmetric general entropy loss function results in lower losses than that

of the ML estimators.

The present study is organized as follows. Section 2 reviews the study objectives and method-
ology that will be used. In Section 3 we introduce some concepts and fundamental results
that will be used in the study. In Section 4 we consider an ARMA (p, q) process and assume
the model which was analyzed by Shaarawy and Broemeling [32]. We summarize their re-
sults and then using them find the Bayes estimators of model parameters and one-step ahead
forecast under the SE and LINEX loss functions. Sections 5 and 7 give the Bayesian setting
for AR(p) and MA(q) models, respectively. Independent truncated normal and independent
uniform priors for the AR(p) and MA(q) coefficients and gamma and improper priors for the
precision parameter are used. Using conditional likelihood function and Lindley's approx-
imation the approximate Bayesian estimators under the SE and LINEX loss functions are
derived. In Sections 6 and 8 computer simulation study compares the maximum likelihood
and the Bayesian estimators for AR(p) and MA(q) models, respectively. Real time series
examples are given to illustrate the findings. Finally, in Section 9 we overview the findings

and future study.



2. STUDY OBJECTIVES AND METHODOLOGY

In this section we overview the present study objectives and methodology that will be used.

2.1.

OBJECTIVES

This study has the following major objectives:

(1)

(i)

(111)

(iv)

Determine the Bayes estimators of AR(p) and MA(q) parameters and one-step ahead
prediction of a future observation using the normal-gamma conjugate prior under the
LINEX loss function. We expand the results of Shaarawy and Broemeling [32] by

using different loss function.

Determine the Bayes estimators of AR(p), p = 1, 2, model parameters using four dif-
ferent priors: independent uniform priors for AR(p) coefficients and gamma prior for
the precision, independent uniform priors for AR(p) coefficients and improper prior for
the precision, independent truncated normal priors for AR(p) coefficients and gamma
prior for the precision, independent truncated normal priors for AR(p) coefficients and

improper prior for the precision.

Determine the Bayes estimators of one-step ahead prediction of the future observation
for AR(p), p = 1, 2 model using four different priors: independent uniform priors for
AR(p) coefficients and gamma prior for the precision, independent uniform priors for
AR(p) coefficients and improper prior for the precision, independent truncated normal
priors for AR(p) coefficients and gamma prior for the precision, independent truncated

normal priors for AR(p) coefficients and improper prior for the precision.

Determine the Bayes estimators of MA(q), ¢ = 1, 2, model parameters using four dif-
ferent priors: independent uniform priors for MA(q) coefficients and gamma prior for
the precision, independent uniform priors for MA(q) coefficients and improper prior for
the precision, independent truncated normal priors for MA(q) coefficients and gamma
prior for the precision, independent truncated normal priors for MA(q) coefficients and

improper prior for the precision.



(v) Determine the Bayes estimators of one-step ahead prediction of the future observation
for MA(q), ¢ = 1, 2, model using four different priors: independent uniform priors for
MA(q) coefficients and gamma prior for the precision, independent uniform priors for
MA(q) coefficients and improper prior for the precision, independent truncated normal
priors for MA(q) coefficients and gamma prior for the precision, independent truncated

normal priors for MA(q) coefficients and improper prior for the precision.

(vi) Using a computer simulation study compare the Bayes and maximum likelihood esti-

mates of AR(p) and MA(q) parameters and one-step ahead forecasts.

(vii) Obtain empirical time series that follow AR(p) and MA(q) p, ¢ = 1, 2, models, calcu-
late the Bayes and maximum likelihood estimates of the model parameters and one-step
ahead prediction assuming independent truncated normal priors for the coefficients and
improper prior for the precision. Then compare the Bayes and maximum likelihood es-

timates.

The SE and LINEX loss functions will be employed.

2.2. METHODOLOGY

To address the study questions we will analyse the AR(p) and MA(q) models. For the first
objective we will mainly use the article of Shaarawy and Broemeling [32] and the methods
described there. The Bayes estimator under the LINEX loss function involves the posterior
moment generating function. Using the normal-gamma prior, Shaarawy and Broemeling [32]
showed that the posterior distributions of the coefficients' parameters and a predictive distri-
bution of a one-step ahead forecast are t-distributions. The moment generating function of
the t-distribution is undefined which prohibits the use of a direct formula. Thus, a proper ap-
proximation is required. To approximate the t-distribution we will use the normal distribution
with proper mean and variance parameters. Since the degrees of freedom of t-distribution is

sufficient large, this approximation is valid.

For the uniform prior case for the coefficient parameters, we will show that the posterior
distribution of the coefficients' parameters follow a truncated t-distribution. Similarly, to the

t-distribution case, the moment generating function does not have a tractable form. Therefore,



under the LINEX loss function, the normal approximation will be employed and approximate

estimators will be defined

When the resulting posterior or predictive are intractable, we will apply Lindley's approxi-

mation and will obtain the approximate estimators.
To perform the numerical study, we will follow the procedures given below.

Given the autoregressive process of order p, AR(p),

p
Yt:Z@‘Yt—i‘f“fta t:1727“'7
=1

where ¢, ..., ¢, are real unknown parameters, and {¢, } is a sequence of independent and

normally distributed random variables with mean zero and precision 7.

(1) Simulate 7.
(i) Simulate ¢;,i =1,...,p.
(111) Generate the AR(p) series : vy, ..., ¥y, for some n.

(iv) Calculate the ML estimates for the parameters and find the error.

(v) Calculate the Bayes estimates for the parameters under the SE and LINEX loss func-

tions and find the error.

(vi) Calculate the ML and Bayes estimates of one step ahead forecasts under the SE and

LINEX loss functions and find the errors.

(vii) Repeat the above procedures N times and calculate the mean errors under the SE and

LINEX loss functions.

These procedures described above are suitable for the AR(p) model. For the MA(q) model

the procedures will be analogous.

For the empirical study the required zero-mean stationary series will be obtained using dif-

ferentiation of the original data and/or similar procedures .



2.3. MATERIALS

To perform numerical analysis a numerical computing and programming language MATLAB

and R will be used.
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3. BACKGROUND MATERIALS AND PRELIMINARIES

This chapter introduces some concepts and fundamental results that are used in the present
study. For the stationarity we follow definitions Brokwell and Davis [3], for the autoregres-

sive and moving average processes - by Box and Jenkins [1].
3.1. STATIONARITY

A stationary time series is defined as follows.

Definition 1. (Stationarity) The time series {Y;,t € Z}, with index set Z, is said to be sta-

tionary if
() EV)?< o0 forallt €Z,
(i1) Y; = m, where m is some constant, forallt € 7,
(iii) Cov(Ys,Y:) = Cov(Ysir,Yir,) forall s;t, T € Z.
Stationarity as just defined is frequently referred to as second order or weak stationarity.
Weak stationarity means that a stochastic process {Y;} has a finite variation, constant first

moment and that the second moment Cov (Y, Y;) only depends on ¢ — s and does not depend

onsort.
3.2. AUTOREGRESSIVE PROCESS

Autoregressive processes are often used in describing situations in which the present value
of a time series depends on its preceding values plus a random shock. We define the autore-

gressive process of order p, AR(p), by

p
}Q:Z(éi}/;ﬁ—i—i_ﬁh t:]-727“'7 (31)

i=1
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where ¢4, ..., ¢, are real unknown parameters, and {e;} is a sequence of independent and
identically distributed random variables with mean zero and precision 7. Namely, an autore-
gressive model of order p states that Y; is the linear function of the previous p values of the

series plus an error term. Alternatively, AR(p) process can be given by
dp(B)Y; = €, (3.2)

where ¢,(B) =1 — ¢ B — --- — ¢,BP. For the AR(p) process to be stationary, the roots of

¢p(B) = 0 must lie outside of the unit circle.
3.3. MOVING AVERAGE PROCESS

Moving average processes are useful in describing phenomena in which events produce an

immediate effect that only lasts for a short periods of time.

We define the moving average process of order q, MA(q), by

q
Y}:et—ZQiQ_i, t:1,2,..., (33)

i=1

where 64, ..., 0, are real unknown parameters, and {¢;} is a sequence of independent and
identically distributed random variables with mean zero and precision 7. The MA(q) process

can also be written in the following equivalent form
Y; = 0,(B)e, (3.4)

where 0,(B) = 1 — 1B — --- — §,B9. Because 1 + 07 4 --- 4+ 67 < 00, a finite moving

average process is always stationary.
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3.4. AUTOREGRESSIVE - MOVING AVERAGE PROCESS

The autoregressive moving average process, ARMA(p, q), is defined by

p q
Y, = Z GiYi—i — Z Oi€r—i + € (3.5)
i=1 i=1
where ¢1,...,¢,,601,...,0, are real unknown parameters, and {¢;} is a sequence of inde-

pendent and identically distributed random variables with mean zero and precision 7. The

ARMA(p,q) process can also be written in the following equivalent form
¢p(B)Y: = b4(B)er, (3.6)
where ¢,(B) = 1—¢;B—---—¢,Band ,(B) = 1—60,B—---—0,B9. The autoregressive

moving average process is stationary provided that the characteristic equation ¢, (B) = 0 has

all its roots lying outside the unit circle.
3.5. LOSS FUNCTIONS AND BAYES ESTIMATORS
The well-known squared-error loss function (SE) is given by
lsp(w,0) = (w—6)*, 3.7)

where w is a univariate parameter and d is its estimate. This loss function is symmetric, thus it
has an implicit assumption that the costs from under-predicting and over-predicting are same.
It can be easily shown that the value §(w) that minimizes the posterior expectation of s in

Equation 3.7, given a sample S,, = (Y7,...,Y,), is the posterior expectation

dse = Eqs, (8]S,) (3.8)
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One can use the asymmetric linear-exponential (LINEX) loss function which was first pro-

posed by Varian [54] and is given as
lnivex(w,0) =07 — (6 —w) — 1 (3.9)

where w is a univariate parameter and v # 0. The parameter ~ is known and gives the
degree of asymmetry. If v > 0 and the errors 6 — w are positive, the LINEX loss function
is almost exponential and for negative errors almost linear, in this situation overestimation
is a more important than underestimation. Where 7 < 0, underestimation is more important
than overestimation. Let Mqs, (t) = Eqs, (¢") denote the moment generating function of
the posterior density function of {2 given .S,,. It can be easily verified that the value of §(w)

that minimizes Eqs, ({(w, 0z7vex (w)) Equation 3.9 is

Suines = =~ n(Mays,)(~7) (3.10)
provided that Mg, (-) exists and is finite.
3.6. LINDLEY'S APPROXIMATION

Lindley [47] developed approximate procedures for the evaluation of the ratio of two integrals

which are in the form

where § = (01,6,...,0,), L(0) is the logarithm of the likelihood function, and g(#) and
w(@) = v(0)g(0) are arbitrary functions of #. The posterior expectation of the function v(6),
for given sample y, is

_ Jv(8) exp(L(6) + p(0))db

EWOW) = =7 p(L @) + p(6))a0 G.11)
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where L(0)+p(0) is the logarithm of the posterior distribution of 6 except for the
normalizing constant and p(#) is the logarithm of ¢(6). Expanding L(8) + p(6) in Equation
3.11 into a Taylor series expansion about the ML estimates of 6, Lindley obtained the required

expression for E[v(0)|y] and Equation 3.11 asymptotically is estimated by
1 1
vt =v+ B Z Z[Uij + 2Uipj]0ij + B Z Z Z Z Lijkoijoror, (3.12)
i i g k1

where i, 5, k,l=1,2,..., N and

N v PL op
s oo oYY 4 0 __YZ o _ 9P
v=v), vi= g "= Gg.90, " T 96,00,00, T 90,

and o;; is the (i,j)th element of the inverse matrix {—L,;} and all are evaluated at the ML

estimates of the parameters.

For AR(p) model N = p + 1 and for MA(q) model N = ¢ + 1.
3.7.  TRUNCATED NORMAL APPROXIMATION

Lemma 1. ¢-distribution approaches normal distribution as v — oo.

1 )
This is a well-know fact. Using the limits limy,_, \/72(%72(;) = % and limy,_, oo (1+ %)*%

e‘XT2, it can be shown that f,(x) — ¢(x), as v — oo for every value of x € (—o0,00) .

Here f,(z) denotes p.d.f. of a standard t-distribution and ¢(z) denotes p.d.f. of a standard

normal distribution.

Theorem 3.1. (Scheffe’s Theorem) Suppose that X,, has density function f,,n > 1, and X
has density function f. Then f,(x) — f(x) (for all but a countable number of x) implies that
X, ~ X.

Lemma 2. Truncated t-distribution approaches truncated normal distribution as v — oc.

Proof. Let f,(x; u,0,a,b) be probability density function of a truncated t-distribution and

o(z; 1, 0,a,b) be probability density function of a truncated normal distribution, where the
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truncation interval is (a, b). Since X ~ T't,(0, 1, a,b) impliesthatY = u+0X ~ Tt,(u,0,a,b)
and same is valid for a truncated normal distribution, it is sufficient to show that f,(z;0, 1,a,b) —

o(z;0,1,a,b),v — o0.

As v — o0,

Pz Lab) = o iT(a|u) f(2)(a <z <b),

o(w:0,1,a,b) — Mgb(m(a < <b),

(0Lt 00 %) flo)

¢(2;0,1,a,b) T®ly) —T(alv)  é(z)’
rold

We need to show that % — 1,as v — oo. But f, — ¢(x), as v — o0, by Scheffe’s
Theorem, implies that a t-distributed random variable converges to a normal distributed ran-
dom variable in distribution, i.e. a c.d.f. of a t-distribution approaches a c.d.f. of a normal

distribution, as » — oo. This fact was also mentioned in [57], page 282.

3.8. GIBBS SAMPLER

The Gibbs sampler is an iterative Monte Carlo method designed to extract marginal distribu-

tions from intractable joint distributions. Consider a p-dimensional with probability density

function p(x), where © = (xy,x9,...,x,). Suppose the complete conditional distributions,
p(x1|xe, 3, ..., Tp), p(xa]T1, X3, ..., Tp), woey P(Tp|T1, T2, ..., Tp—1) have a much simpler
form and are easily sampled. Then the algorithm for obtaining a draw (xy, xo, ..., x,) pro-

ceeds as follows.

(i) Specify initial value 2@ = (21", 28", ... z(0)).

(ii) Successively generate values (1), 2 ... (™ in the following way. For each t =

1,2, ..., using the value (), update the sample to (*+1):
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» draw a new value of z{""" from p(z|2, 2{", ..., zM);
» continue through new draws of z{" ") from p(x;|z{*", ... 2"V 2. z1),
wherei =2,3,....,p—1;
« complete the re-sampling by drawing xé”l) from p(xp|x§_t+1), x(;“), e xfot_ll)).
After M iterations of the above scheme, the sample z(M) = (ng), x(QM), s ,xéM ) is ob-

tained. Under regularity conditions, for example, see Tierney [55], as M — oo, the sam-
pled values converge in distribution to the relevant marginal and joint distribution. For M
large, so that the desired convergence in distribution has been attained, the N — M values

gM+D) g (M+2) 2 (N) are a sample from p(x).

Then the expectation of a function, g(x), of the parameters is estimated via the sample average
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4. BAYESIAN ANALYSIS OF AUTOREGRESSIVE - MOVING AVER-
AGE PROCESSES

In this section we consider an ARMA (p, q) process, defined by Equation 3.5, which is in-
vertible and stationary. We assume normal - gamma conjugate prior for the parameters. This
model was analyzed by Shaarawy and Broemeling [32]. They derived posterior distributions
of the model parameters and one-step ahead predictive distribution. Here we summarize their
results and then using them find Bayes estimators of model parameters and one-step ahead

forecast under the SE and LINEX loss functions.

In the model 3.5 we assume the parameters have conjugate normal - gamma prior. That is,

E(p,0,7) = &1(0,0|7)&(T), 0 €RP, € RY, T > 0,

where the marginal prior density of 7 is the gamma distribution

&(T) x 7o lg=78

and & is the normal density N (u, 77'Q~1). So £ is the normal - gamma density function

with parameters p, o, 3, and () which is positive definite matrix of order p + q.

Suppose in the model 3.5 we have n observations S,, = (Y1, Ys,...,Y,,)’, then the residuals

are given by

p q
€& =Y — Z OiYe i + Z Oi€i—j, (4.1)
i=1 j=1
wheret =p,p+1,...,n.
By conditioning on the first p observations and assuming thate; = --- = ¢, = ¢y = -+ =

€p—g—1 = 0, where ¢ > p + 1 (see Tiao and Box [56], p.809; Priestley [2], p.360), we
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approximate the likelihood function by
L(4,0,7|S,) x 76T Lipi ef, 4.2)

where ¢ € R, § € R, 7 > 0, and ¢;,t = p+ 1,...,n are given by Equation 4.1. The

residuals can be estimated by
P a
€& =Y, — Z OiYii + Z ;€ j,
i=1 j=1

wheret =p+1,...,n,6,-1 = ...,6—¢—1 = 0,and ¢; and 0; are the nonlinear least squares

estimates of ¢; and 6; and are found by minimizing the conditional sum of squares

55(6.0)= 3 &

t=p+1

with respect to ¢ and € over the region of invertibility and stationarity. The conditional least
square estimates are found by a nonlinear regression algorithm explained by Harvey [58].

Thus, the approximate likelihood function has the following form

2

L*(¢,0,7|Sy) e 2 Limprs (V17 2im O¥ir 2y Oy , 4.3)

where ¢ € R?, 0 € RY, 7 > 0,and €,_1 = ...,€,_4—1 = 0. Employing Bayes Theorem, the

posterior density of ¢, 6 and 7 is

n

2
£(6,0,7|S,) o A a1, - 2B+ -p) QM—h) - "5 T3 2ampi [Yf_Zf:l¢th—i+EZ:19jgt—i]

2
R P 1= At SOy DU CDED D {Yt—Zf:l $iYimitd i, e]-@t_j} 7

(4.4)

where 1) = (¢, 0)". Shaarawy and Broemeling [32] derived the marginal posterior distribu-

tions for ¢, # and 7. Their results are concluded in the following theorems.

Theorem 4.1. The posterior distribution of ¢ and 0 is a (p+q)-dimensional t-distribution
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with v = n — p + 2a degrees of freedom, location vector

c=(A+Q) (B+Qu)

and scale matrix

(C—(B+Qu'(A+Q)'(B+Qu)(A+Q)"!
n—p+ 2«

Z(QMSn) =

where ) = (¢,0), A is symmetric and of order p + q and

All A12
AQI A22

Furthermore, Ay is of order p and has ith diagonal element 37}, Y2, and ikth off-
diagonal element Z?:pﬂ Y, Y, 1. Assisoforder g and has jkth element Z?:pﬂ €r—j€r—i.he

p X q matrix Ay has ijth element 337 Yy i€ ;. The p + q column vector B is

o P ,
By

where B is of order p and has ith element Z?:pﬂ Y,_;Y,, Byis of order q and has jth element
Z?:pﬂ €—;Yy. Finally, the scalar C'is

C=28+uQu+ > Y

t=p+1

Thus the posterior density of the parameters is given by

¢|Sn ~ tp-i—q(ca Z(¢|Sn)v V)'
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Also, the marginal density of T is gamma with parameters oy and [y, where

_n—p+2a

(7)) 9

and

b= 5(C— (B+Qu(A+Q) (B +Qw).

So we have

Corollary 4.1. The marginal posterior distribution for individual parameter is

wk|Sn ~ tl(cku Sk, V)?

where ¢y, is the diagonal element of location vector c, s is the diagonal element of scale

matrix X(Y|Sy), k=1,....p+qand o, = ¢p,k=1,....p,Yp; =0, =1,...,¢q

Under the SE loss function, the Bayes estimator of a given function is the posterior mean of

that function. Under the LINEX loss function, the Bayes estimator of v = v(v), 7) is equal to
; 1 )
UBLiNnEx = _; log (E(e 7 |Sn))

Theorem 4.2. Under the SE loss function, the Bayes estimator of V;, i = 1,...,p+ q is

equal to

%(BSE) = G, (4.5)

where c; is the ith element of location vector.

Under the LINEX loss function, the Bayes estimator involves the moment generating func-

tion. For the t-distribution, the moment generating function is undefined. However, since
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the degrees of freedom is large, the t-distribution can be well approximated by the normal
distribution whose moment generating function exists. Using this approximation, we get the

following result

Theorem 4.3. Under the LINEX loss function, the approximate Bayes estimator of 1;, © =

1,...,pis equal to

0 YSi
wi(BLINEX) = G = 9 (46)

where the parameters c;, s;, are as defined in the Theorems 4.1 and 4.2 .

For the parameter 7 the Bayes estimators are given in the following theorem.

Theorem 4.4. (i) Under the SE loss function, the Bayes estimator of T is

Qg
TBSE = %

(i1) Under the LINEX loss function, the Bayes estimator of T is equal to

a Qo gl
TBLNEx = w7 log (1 + %)

where oy, By are as defined in the Theorem 4.1.

In the next theorems we give the Bayesian predictive distribution of a future observation
Wi =Y, 11 which was derived by Shaarawy and Broemeling [32] and the approximate Bayes
estimators of W, under the SE and LINEX loss functions.

Theorem 4.5. The predictive distribution of W is a univariate t-distribution with v = n —

p + 2a degrees of freedom, location vector

co = (1 — ByA; Bo) ' ByAy (B + Qp)
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and scale matrix

(C = (B+Qu)Ay (B +Qu)
(1 - BLAy'Bo)n —p+2a '

Z(Wllsn) -

where By is of order p + q,

where By, is of order p and has ith element Y, 1_;, By is of order q and has jth element

—€py1—j. The matrix Ay is

Ag=A+ A +Q,

where A, () are defined in the Theorem 4.1 and A, is the symmetric matrix

* *
All A12
* *
A21 A22

Alz

Furthermore, Ay, is of order p and has ikth element Y, 1_;Y,11-r. Ay is of order q and

has jkth element €,.1_;é,1_i.The p X q matrix A3, has ijth element =Y, 1_;€,411_;.

Since the predictive distribution is a univariate t-distribution, in order to find the Bayes esti-

mator of W under the LINEX loss function, normal approximation is used.

Theorem 4.6. (1) Under the SE loss function, the Bayes estimator of W1 is

WIBSE = Cp-

(11) Under the LINEX loss function, the approximate Bayes estimator of T is equal to



where sg = X(W1]S,,) and ¢y, 2(W1|S,,) are as defined in the Theorem 4.5.

23
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5. BAYESIAN ANALYSIS OF AUTOREGRESSIVE PROCESSES

In this section we consider the AR(p) model. We assume four different priors for the param-

eters.

The AR(p) model is defined by Equation 3.1. We can rewrite it as

Y Yo Yo .. Yl—p ®1 €1
Y = = : : : + =X +e, (5.1)
Yn Yn—l Yn—2 s Yn—p (bp €n
where € = (e1,...,€6,) ~ N(0,77'1) (r = % > 0). Y; is the observation at time t. The
model parameters ¢ and the precision 7 are considered to be random variables. Yy, Y_;,...,Y;_,

are treated as "initial", known constants.
For the latter model we study the following questions.

(i) How to estimate parameters ¢ and 7 given a sample S, = (Y7,...,Y,,)"?

(if) How to forecast a future observation W; = Y, given a sample S,, = (Y1,...,Y,)?

5.1. INDEPENDENT TRUNCATED NORMAL - GAMMA PRIOR

In the model 5.1 we assume the parameters ¢;,7 = 1,...,p, have independent truncated
normal priors on intervals (a;, b;),a;,b; € R, forall ¢ = 1,...,p , respectively, with the
parameters ¢; ~ TN(u1,07),...,¢p, ~ TN(up,07), and the precision has independent

gamma prior with the parameters o and /3, i.e. 7 ~ Gamma(a, 3). That is, the joint prior

§(d,7) = &1(P)€a(T),

where the marginal prior density of 7 is gamma distribution

&(T) x e ™ 1 >0,
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and the marginal prior density of ¢ is
£1(¢) o e 2 T T _ (b o-w'Qom g  RP,
that is, & (¢) ~ N(u, Q). So the joint prior density function of parameters
£(6,7) o Fo=1o=mB=5 (=) Q(é—p)

The likelihood function for the model 5.1

T

L($,7|S,) ox 72”3V =X9)(Y=X9)

Employing Bayes Theorem, the posterior density of ¢ and 7 is

L(¢,7|5:)§(¢, 7)
Jo 5= L(; 7|5n)E(9, T)dpdT

§(é,7|Sh)

Fa—lo=TB=1(6=1) Qé—1) ;B o= 5 (Y =X0) (Y -X9)

= (5.2)

Jo J° ra—1a—TB—3(6—1)Q(¢—p) 3 e 3(Y=Xoy(Y=Xd)qpdr

Under the SE loss function, the Bayes estimator of v = v(¢, 7) is the posterior mean of the

function and is given by the ratio of two integrals which can be written as

sy = E(v(¢,7)[Sh)

f<I> IOOO U<¢7 T)L(¢7 T|Sn)£<¢7 T)d¢d7
f<I> f(;X) L((b? T|Sn)£(¢7 T)d(de
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Under the LINEX loss function, the Bayes estimator of v = v(¢, 7) is equal to

1 1 —yv(Q,T
UBrinex _Qlog (E(e T, )|Sn>)

I <fq>f°° _W¢T)L(¢7T’Sn)§(¢,7)dq§dr>
Jo Jo° L(9, 7|5)€ (9, 7)dpdT

B _;bg( [ J2° Tamle A5 (6-m)Qé—m) 15 o~ 5 (V—X0) (V=X0) i )

(5.4)

1 f(} fooo effyv(¢,7')7.afle—7'/8_%(¢_N)IQ(¢_N)7—% —z(Y— Xo)'(Y-X¢) d¢d7
3

These ratios of two integrals cannot be solved analytically. Hence, we use Lindley's approx-
imation, for more details see Section 3.6. In the next two sections we apply this model to the
AR(1) and AR(2) processes and find the Bayes estimators of their parameters and one-step

ahead forecasts.
5.1.1. AR(1) model

In the p = 1 case, under the SE loss function, the Bayes estimator of function v = v(¢q, 7)

Equation 5.3 can be written as

N o g (¢17T)L(le,T|Sn)§(¢1,7')dgz51d7‘.

= 5.5
o = f fo (¢1,T\Sn)f(¢1,7)d¢1d7' -2

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(¢;, 7) can

be written as

B 11 g(f 6T e O [y, 7[S))E (¢177')d<l51d7').

i) — 5.6
Priwex SIS L(1, 7]Sn)E (1, 7)dprdr 60

By conditioning on the first observation (see [56] and [2]), we may approximate the likelithood
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function by
L(¢1,7|Sn) 7T e 5 L (YimerYe)?, (5.7)

Then the Bayes estimator of function v = v(¢y, 7), under the SE loss function, is approxi-

mately
(¢1—p1)?
n— T n —T/B—i
e (¢1—11)? ) .
bopoo 22l TS (Ve Vi) oaoly P mT
fal fO T 2 € 2 t=2 T e : d(bld’]'
where u = v. Under the LINEX loss function,
(61—-n1)?
o nel TS Y Y1) a1, P a
U 11 fal Jou(gr, 7)T 7 e 2 L= T e i dedr
UBpinpx — T Og( __ )’
b oo B2l =53 ,(Yi—¢1Yi1)? La—1 775*%
fal f(] T 2 € 2 t=2 T e ] d¢1d7'
(5.9)

where u = e~ 7". Still we cannot find analytical expressions for @i, and ip, , .- Thus, we
apply Lindley's approximation for the ratios of two integrals. For the two parameters case,

Lindley's approximation leads to

1 &2 1
Ups, = U+ 3 Z (wij + 2u;pj)oi; + i(LSO[UIUi + u0110719]
ig=1

L21[3U10'110'12 + U2(011022 + 20%2)]

Lig[ui (011092 + 20%,) + 3ugoi902]

Los[u1012022 + u203,)), (5.10)
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and

R 1
e VUBLINEx = g4 = Z (Uz‘j + 2ui,0j)0,-j + §(L30[U1U%1 + U2011012
Z?jzl
L21[3u1011012 + U2(0'110'22 + 20’%2)]

Lys[uy (011092 + 20%2) + 3u201209)]

Los[u1012022 4+ u203,)), (5.11)

2 2
where u = u(¢y, 7), u; = dagfl Uy = 37’ , U1l = 8(;%, Urg = Ug1 = %» Ugz = 072» L(¢1,7)
is the logarithm of the likelihood function, p(¢1, 7) is the logarithm of the joint prior density
o 3 3
ful’lCtlon, L30 = a¢3, L21 = 8¢28T L12 = %, L03 = ?)Té’ p1 = 8¢> , P2 = d and O'Z] ls

the (7, j)th element of the inverse of the matrix

9L 2%L
A= o092 10T
_0%L _9%L

0¢p10T 67’1

all evaluated at the ML estimates of the parameters. For the prior distribution

77.5 (¢1— Nl)

E(d1,7) x T e 2]

we have

=1 = (¢1 — ,u1)2
0g(&(¢1, 7)) = constant + (o — 1) log(1) — 76 — B P
1
A le i SO 1
PL== 2 y P2 = N - 6
J]_ T
From Equation 5.7,
Lio TZ — 01Yi1)Yi,
8L -1 1
Loy = — — $1Y,-

t:2
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Then the ML estimators of ¢, and 7 are

2 Z?:Z YiYia A n—1
¢1 = ~Nuoyz 0 1T
thz t—1 Zt 2( ¢1Yt 1)
and
0? "
Log= 5 =-7 Y24,
003 ; !
0L "
— — 01Y1)Y_q,
11 D107 ;( P — 01Y1)Yi
0L n—1
L T — il
027 9572 272
Hence,
. 3L . 0L
I —0 by -
30 3(5{ 3 21 — 8¢23 Z t—1»
. 3L r PL n-—1
P ogor 0 T o
The matrix
DN 0
A= 2= Y (5.12)
0 =
Its inverse is
Al — Y s Yo ] (5.13)
0 2%21
Therefore,
R 1 A 272
011 012 =091 =0 0922 =
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Under the SE loss function, we obtain the following results.

Proposition 5.1. Under the SE loss function, the approximate Bayes estimator of the param-

eter ¢y is
le(BSE) = ¢y + p16711. (5.14)
Proof. We use u(¢1,7) = ¢1. Then
up = 1,up = U1 = U2 = Uy = uUr =0

and the result follows.

Proposition 5.2. Under the SE loss function, the approximate Bayes estimator of T is

N ~ J.. A 1.
TBsp = T 1+ P2022 + §L21011022 + §L03U§2- (5.15)

Proof. We use u(¢1,7) = 7. Then
Uy = 1,up = Uy1 = Uj2 = Ug; = U =0

and the result follows.

Finally, to get the Bayes estimator of one-step ahead forecast, we use
u((bl?T) = E<Yn+1|sm¢177—) = ¢1Yn (516)

Proposition 5.3. Under the SE loss function, the approximate Bayes estimator of the one-step

ahead forecast given a sample S,, = (Y1,...,Y,) is

A

WiBsg) = le(BSE)Yn‘ (5.17)
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Proof. We substitute Equation 5.16 to Equation 5.5, then

S J52 61 Y L(é1, 71S,)E (¢, 7)dprdr
P82 L(61, 7]Sn)E(r, T)dprdr

Wl(BSE)

f:ll fooo ¢1L(p1, T|Sn)E(d1, T)dprdT
U SSE L, 71 Sn)E (1, T)didT

A

= P1(Bsp)Yn-

Under the LINEX loss function, we get the following results:

Proposition 5.4. Under the LINEX loss function, the approximate Bayes estimator of the

parameter ¢ is

2 2 A 7. .
¢1(BL1NEX) = gbl - % 10g (1 + 50'11 - 7p1011)- (518)

Proof. We substitute u(¢,7) = e 7! to Equation 5.11. Then
w = —ye 7wy =T Uy = upp = ugy = g =0

and the result follows.

Proposition 5.5. Under the LINEX loss function, the approximate Bayes estimator of the

parameter T is

. 1 v . o 1. . . 1.
Pouovex = = log (14 02 =7 (P2b2 + GLmbnbm + 5 L0sd3)).  (5.19)

Proof. We substitute u(¢1,7) = e 77 to Equation 5.11. Then

—T 2 —~T
Ug = —7y€ V,U22:’Ye AY>U1:U11:U12:U21:0
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and the result follows.

Proposition 5.6. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample S,, = (Y1,...,Y,) is
W _ v, - L h (1+l{2Y2A +72(1+72)“ ]
]-(BLINEX) - ¢1 n 2}]/: /y Og 2 /7 ngll %3 47A_ 022

2

A A YA A
— ~Y,p1611 — 19
TE¥nP1011 27A_QP2 22

2 .
- #(Lﬂ@n&n + L036§2))'

(5.20)

2
Proof. We set u(¢1,7) = E(e”7+1|S,,, ¢, 7) = e 79¥2¥3 and substitute it to Equation
5.11. Then

Yot Lo v Vo421
U] = _/yYne_"/¢1 nt 27’ Uy = — 26_7¢1 nt 27"
2T
2 3y 2 2 2 5
o2 g Yt _ R AL PR Tk 7 LA PR Ttk
U] =7y Yne YP1Yn 27, Ul = U9 = 27_2e’7¢1n 27 UQQ_E 1+E e’Y¢1n o7

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-
erating function which is approximated using Lindley's method. However, Lindley's approx-
imation is of order ! and includes only three terms of the Taylor series expansion (see Sec-
tion 3.6), thus the approximated value of the moment generating function is not guaranteed
to be positive. Therefore, for a given LINEX loss function parameter ~y, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.
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5.1.2. AR(2) model

In the p = 2 case, under the SE loss function, the Bayes estimator of function v = v(¢1, ¢, 7)

can be written as

o — dut Jug 5" 0(01, 82, T)L(B1, 6, TIS4)E (b1, é2, T)drdudr
- Jay Ja2 6 L(@r, 62, 7[S0)€(01, 62, T)AGrdpdr

(5.21)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(¢1, ¢2, 7)

can be written as
; 1 [ grda)
UBrLiNex — _WIOg(/ / /o e OOy, o, T|Sn)E (@1, o, T)dP1dodT
a1 Jaso

/ /b /b /Ooo L(1, 62, 7T1S)E(d1, 62, 7)Ad1dadlr ). (5.22)

By conditioning on the first two observations, we may approximate the likelihood function

by
L(1, 2, 7|S) oc 777 €75 impVimorYicimoaYia)® (5.23)

Then the Bayes estimator of function v = v(¢1, ¢2, 7), under the SE loss function, is approx-

imately

bl b2 o0 n—2 T n 2 X X
aBSE - (/ / / u<¢17 ¢27 T)TTe_i Zt:3(Yt_Ei:1 Pi¥es)’
a; Jaz JO

o p N2 (b;—13)2
Ta—le 8 Zi:l 20?

dp1degodr)

bi b2 poo -
/ (/ / / 7726_5 Zt:S(Yt_Zle ¢:Yi—i)?
ar Jaz JO

a2 (6w
Ta—le 8 Zi:l lzafz
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where . = v. Under the LINEX loss function,

_ bi b2 oo n— -
e TMPLINEX = (/ / / u(¢17 ¢27 7—)7_T2e_5 ZZL:B(Yt_Z?:l #i¥ii)*
ai az JO

2 (¢i—ny)?
a—1 B> 502

X T e i d¢1 d¢2 dT)

by b2 poo -
/ (/ / / TT26_5 E?:s(yt—zle $iYi—i)?
al az JO

2 (¢—ny)?
a—1 _Tﬁ_zizl 12021

X T e i derdgadr), (5.25)

where u = e~ 7", Still we cannot find analytical expressions for ip,, and @p,,, .. Thus,
we apply Lindley's approximation for the ratios of two integrals. For the three parameters

case, Lindley's approximation leads to

aBSE = u-+t (Ulal + U202 + Usas + a4 + a5)
1
+ 5 {Bl(ulall + U019 + u3013) + Ba(u1091 + usoae + uzoas3)
+  Bs(u1031 + uz03 + U3033)} (5.26)
and
e*’YﬂBLINEX = u-+ (Ulal + usas + usas + ayg + a5)

1
B [Bl(ulall + U019 + u3013) + Ba(u1021 + U022 + uz023)

+ o+

Bs(u1031 + ug03 + U3U33)}, (5.27)
all evaluated at the ML estimates of the parameters, where

a; = p10s1 + p20ie + p3053, 1 =1,2,3,

Ay = U12012 + U13013 + U23093, G5 = §(U11011 + U2099 + U33033)7
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By = o11L30o + 2012L210 + 2013L201 + 2093L111 + 022 L120 + 033 L7102,
By = 011L210 + 2012L120 + 2013 L111 + 2023 Lg21 + 022 Lo30 + 033L012,

Bs = 011Log1 4 2012L111 + 2013L102 + 2093 L012 + 022 L021 + 033 Loos,

_ Ou _ Ou _ Ou _ 9% _ 9% _ 9%
u = u(¢17¢257—)a uy = R Uy = Do usz = 970 Uiyl = W’ Ugy = @’ U3 = 52

. o 82 o o 32 . . . .
U2 = U1 = ng, U3 = U3l = 8%73;, Uz = U3z = a¢2373 L(¢1, 2, 7) is the logarithm

of the likelihood function, p(¢1, ¢, 7) is the logarithm of the joint prior density function,

3L _ 9L
LSDO = 8¢3’ L210 = 8¢28¢> 5 L201 = 8¢28T L120 = 8¢) 8(]52’ L102 = 81072 L021 - 8(]5287'

L 2L d
Lo1z = W’ Lozo = 37)3, Loos = W’ P1 = %%, P2 = 3¢2, pP3 = p and o; is the (3, j)th

element of the inverse of the matrix

_9%L 9L _9%L
993 961062 0107

A=|__2L _ 9L _ 9%L
0p10¢2 e 0207

__0%L _9’L _9’L

Op10¢p2 0d20T 87’1

For the prior distribution
rB— (¢1— 31) (¢2—#52)2
€(¢1’¢277_) x Ta—le 201 202

we have

(01— p)*  (d2 — p)?

= log(&(py, ¢2, 7)) = constant + (o — 1) log(7) — 73 —

20% 203
A €Z§1—N1 A <J§2—M2 A_oz—l
M=—"% > P=—"5 5 P3= 3 - 3.
o1 05 T
From Equation 5.23,
oL "
Ligo= = TZ(Yt — 1Y — ¢2K72)Y£717
I t=3
OL t
Lowo==—=7> (Vi — ¢1Yii1 — ¢V 0)Yi o,
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8L n—2 1&
Loo1 = 3 Z — Y1 — $Yi o)’

or  2r =

Then the ML estimators of ¢, ¢ and 7 are

- (Z?:g KY;:—2) (Z?:g Kt—lY;t—Z)

Y

s (s YY) (s YY)

O S VRSl V) — (Siy Vit Yis)?
3y = (Xies ViYoo) (s Vi) — (Ers YaYe1) (Xils Vi1 Vi)
(s Y2 ) (s Y2s) — (i3 Vi1 Y 0)? ’
n—2

TS Y — Vi)

and
0%’L n 0%’L "
Logp = —= = — Y? Lijg=——7— = — Y, 1Y,
200 8(;5% T;}) t—15 110 8¢18¢2 72 t—1¥¢—2,
9%*L n (92L n
Ligg= —— = Y, — 1Y, 1 — Y, 0)Yq, L —T Y2_,
101 Bb0T ;(t 1Y¢-1 2t2)t1 020 = 8¢2 ;tz
L = O*L n—2
Lo = W = ;(YZ — 1Y — ¢2Y272)Y£72, Loo2 = 572 =" 5.2
Hence,
£300 = fzmo = E120 = leoz = fz03o = Z3012 =0,
R n R n R n R n — 2
Loy = — ZY?,D Lin=— ZYLlYLz, Loo = — ZYiz, Looz = 23
t=3 t=3
The matrix
—Fage —L110 0
(5.28)

A= —lelo —f/020 0
0 0 —Low
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Its inverse is

) A A A
ATl = 5 Agy Axp A |, (5.29)
Azi Agy Asg
where
D = det(A) = _zOOQ(__Z\/QOO.EOQU + fz%lo),
Ay = Z0201410027 Ag = Ay = —fzoozino,
Az =A31 =0, Ay = ZA—zoozfaoo,
Agg = Az =0, Agz= IA/QOO[A/OQO - ﬁ%w-
Therefore,

~ _An . _A12 A A _A13_

011—7D, 012—021—7D, 013—031—7D =0,
N _A22 A A _A23_ N _A33
022—7D, 023—032—7D =0, 033—7D~

Under the SE loss function, we obtain the following results.

Proposition 5.7. Under the SE loss function, the approximate Bayes estimator of the param-

eter ¢y is

dA’l(BSE) = 1 + p1611 + pa0ra. (5.30)

Proof. We use u(¢1, ¢, 7) = ¢1 and substitute it to Equation 5.21. Then

up = 1,up = ug = w31 = U2 = U3 = Ugp = Uy = Ug3z = U3] = U3y = U3z = ()

and the result follows.

Proposition 5.8. Under the SE loss function, the approximate Bayes estimator of the param-
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eter ¢s is
QASZ(BSE) — (g + p1891 + Pabaa. (5.31)
Proof. We use u(¢1, ¢, T) = ¢2 and substitute it to Equation 5.21. Then
Uy = 1, u; = uz = Uy = Uz = U1z = U] = Uy = Uz = U3y = Uzz = Uzz = 0

and the result follows.

Proposition 5.9. Under the SE loss function, the approximate Bayes estimator of T is
. - Lo P P 5 A
TBsp = T + P3033 + §(L201011 +2L111612 + Lo21G22 + Loos033) 533 (5.32)
Proof. We use u(¢1, ¢2,7) = 7 and substitute it to Equation 5.21. Then
ug = 1, u1 = ug = u11 = U2 = U3 = Uy = Ugy = Uz = Uz = Uzg = Uzz = (

and the result follows.

Finally, to derive the Bayes estimator of one-step ahead forecast, we use

U<¢1, ¢27 T) = E(YnJrl‘Sna ¢17 ¢27 T) = ¢1Yn + ¢2Yn71- (533)

Proposition 5.10. Under the SE loss function, the approximate Bayes estimator of the one-

step ahead forecast given a sample S,, = (Y1,...,Y,) is

Wl(BSE) = le(BSE)Yn + §g2(BSE)Yn—1' (5.34)
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Proof. Substitute Equation 5.33 to Equation 5.21, then

JE [ 22 (1Y + oY1) L(61, P2, T|Sn)E (1, da, )1 dadT
P22 [0 L(br, o, T|Sn)E(¢1, b2, T)drdpodT

Wl(BSE) =

=Y (ftfj fcf; fOOO ¢1L(¢17 ¢27 T|Sn)€<¢17 ¢27 T)d¢1d¢2d7—)
NP 00 L, 62, TIS,)E(61, b, T)drdadT

J2 L2 050 o L(é1, da, 7| Sn)E (1, ¢2,r>d¢1d¢2dr>

Y, _
R SO L [ L (b1, da, TISn)E (1, o, T)dbrdgodr

= le(BsE)Yn + 952(BSE)Yn—1‘

Under the LINEX loss function, we get the following results.

Proposition 5.11. Under the LINEX loss function, the approximate Bayes estimator of the

parameter ¢ is

R 2

o1 S . .
P1(Brivex) = P1 — ; log (1 + 5011 - 7(01011 + 02012))- (5.35)

Proof. We substitute u(¢y, ¢, 7) = e 79! to Equation 5.27. Then

— 2 _
U = —ve wnaun =7e 7451’

Uy = Uz = Uz = Uiz = U] = Uy = Uz = Uz] = Ugp = U3z = 0

and the result follows.

Proposition 5.12. Under the LINEX loss function, the approximate Bayes estimator of the
parameter ¢ is

R 2

o1 g R .~
G2(Brinpx) = P2 — 5 log (1 + 5022 - 7(01021 + 02022))- (5.36)
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Proof. We substitute u(¢y, ¢, 7) = 7792 to the Equation 5.27. Then

_ —Yb2 A2 D2
Ug = —7Y€ 7(25,1022—7@7(;5,

Up = Uz = Uy = U = U3 = Ugy = Uz = U3} = Ugz = Uzz = 0

and the result follows.

Proposition 5.13. Under the LINEX loss function, the approximate Bayes estimator of the

parameter T is

. . gl v . v iy
TBrivex — T — 5 log (1 + 3033 y 7(03033 ain §(L201U11
+ 20111619 4 Lon bz + f/003533)533)>- (5.37)

Proof. We substitute u(¢y, ¢2,7) = ¢ 77 to Equation 5.27. Then

—T 2 —T
U3=—7€W,U33:’YGW,

Uy = U3 = Uy = Up2 = U3 = U1 = Ugp = Uz = Uz = Ugz = 0

and the result follows.

Proposition 5.14. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample S,, = (Y1,...,Y,) is
2 2 2 v 1 PO
WiBpinex) = ©1Yn + ¢2Yn1 — 2% 5 log (1 + ( — YYa(p1611 + Padia)

2
A A A A VoA A A
— YYa1(p1621 + paban) — 57213033 + 7Y, Y, 1612

12
2

2

477

(Y260 + Y, 62 + %13(1 + 2;)633)

(fzzoﬁn + 22111512 + £021&22 + £003633)533)- (5.38)

2
Proof. We set u(¢y, ¢g, 7) = E(e Y418, by, g, T) = eV O1Ynt02Yn1)+37 and substitute
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it to Equation 5.27. Then

v
u = —yYou, ux=-—Y,u, uz=-—;5u,
272
3y,
21,2 2 Y In
un =YY U, wp =un =YY qu,  wig =uz; = 972 u,
3 2 2
Uge = VY2 u, U =u —WYn_lu u —7(14—7)
22 = — 23 = U32 = —( 5 33 = 3 =
n-1 272 73 AT

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-
erating function which is approximated using Lindley's method. However, Lindley's approx-
imation is of order n~ ! and includes only three terms of the Taylor series expansion (see Sec-
tion 3.6), thus the approximated value of the moment generating function is not guaranteed
to be positive. Therefore, for a given LINEX loss function parameter ~y, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.

5.2. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-
PENDENT TRUNCATED NORMAL - GAMMA PRIOR

5.2.1. AR(1) model

In this section we obtain the full conditional distributions for AR(1) model parameters ¢, 7
and the one-step prediction Y,,;1. The following propositions provide the required distribu-

tions.

Proposition 5.15. The full conditional distribution of Bayes estimator of ¢; given a sample

S, = (Y1,...,Y,) is normal with mean [i, and variance 52, where

Y, VY + Y

[, = 71 5.39
- TY Y2+ U% ( )
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and

1
B TZ?:zyt%*‘;l%'

-9
01

(5.40)

Proof.

n g (e1—n)?
E(inlr, S) o P eE Mia(imeion? ram1e 70T

2 2
n 2 n 2\ 2 ¢1 2011144
7%(21::2 Yt —2¢1 Zt=2 YtY}_1+¢1 thg th1)7 1 20% !

(5.41)

Proposition 5.16. The full conditional distribution of Bayes estimator of T given a sample

Sn, = Y1,...,Y,) is gamma with parameters & and variance 3, where
G=at " (5.42)
and
f= gy Szl dndid) (5.43)

Proof.

(¢1—p1)?
5( g il IS (Yi—¢1Yi-1)2 a—1 —TA
T|p1,Sn) o T 2z e 2 2= T e 1

1 n 2
X TnTe_% Zt:Q(Yt_(blYt*n Ta_le_Tﬁ

— Ta+"74*1€*7(5+% Z::Q(thd)lyt_l)Q). (544)
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Proposition 5.17. The full conditional distribution of Bayes estimator of Y, 11 given a sample

Sn, = Y1,...,Y,) is normal with mean [i and precision T, where

0= bY,. (5.45)

Proof.

Yn+1’¢17 T, Sn = (¢1Yn + €n+l)|¢lv T, Sn
= ¢1Yn + (€n+1|7—)- (546)

5.2.2. AR(2) model

Proposition 5.18. The full conditional distribution of Bayes estimator of ¢, given a sample

S, = (Y1,...,Y,) is normal with mean [i, and variance 53, where

T Y — e X Y Y o) + % o
" TYis Y+ % :

g

and

o 1
- n 2 1 -
Ty g Yiiq + o2

(5.48)
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Proof.

s s ) _rp—1mm)?  (6pup)?
§(01d2,7,8,) oc TE e B lumeMimaimelialatle et g

_ (¢1-n1)?
o 05 2res(B1Y 2011V 1 420162Yi1Yi2) 207
x e 3@ V) 201 (30, YiYi1)+26162(3 5 Yi1Yi-2))

_ (¢%—2H1¢1)
X e 20%
O SL YD )
1

eféezm(r[(ZLg YiYeo)—2(3 0, th1Yz72)]+Z*%))

LHODHIN Yt2,1>+é ( Qg YeYem) =02 (D, thlytfgnﬂj—% >2
_ -

2 Qs YR+,
X € 1

Proposition 5.19. The full conditional distribution of Bayes estimator of ¢ given a sample

S, = (Y1,...,Y,) is normal with mean iy and variance G3, where

T( i VYo — 1 s ViYoo) + Zé
T Z?:B Y?_Q + O'LS

fiz = (5.49)

and

(5.50)
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Proof.
s . 2 .~ N1)2_(¢2*L;2)2
E(Daldr,7,S) oc 7T @B Rl iracl -
n 2v2 _(4’2—#2)2

x ez Etzg<¢>zmz—2¢2%1@72+2¢1¢2m7m72)e T

x T30 s Y2 ) 2023, YiYeo2)+26162(d 1, Yio1Yi-2))
_(¢§—2H2¢2)

X e 20%

—5(@5(r (s Yf_zH%))

fafwmeﬁﬂnﬁﬁfﬁﬂZiﬁ“*“*M*%”

T(Zt S Yo+t 2( Tl g YeYee2) =610 0,y Yie1Vi-2)l+55 2
¢p2— 2 )

Qs Y+,
X € 2

Proposition 5.20. The full conditional distribution of Bayes estimator of T given a sample

Sy = (Y1,...,Y,) is gamma with parameters & and variance B where
-2
G=a+- (5.51)
2
and
3 Y1 — 92Y,
5:6+Zt3( ¢12t1 ¢2t2). (5.52)
Proof.
—rB— <¢1 Hl) _ (¢a—u2)®
5(7—|¢1a¢275n) xX T T e =5 s (Yi—1Yim1—¢2Yi2)? Foe—lg o2 202
X T 22 e —5 > s (Yi—d1Yio1—¢2Yi—2)? Fo—1,—78
= TCH'nTﬂ_le—T(B"r% 23:3(1@—%1@71—@523@72)2)‘ (5.53)

Proposition 5.21. The full conditional distribution of Bayes estimator of Y, 1 given a sample
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Sp, =1, ..., Y,) is normal with mean [i and precision T, where
o= 1Y, + oY (5.54)
Proof.

Yn+1|¢17 ¢27 T, Sn = (gblyn + ¢2Yn—1 + €n+1)|¢17 ¢2a T, Sn
= 01 Yo+ G2Yn1 + (€n1a]|7). (5.55)

5.3. INDEPENDENT TRUNCATED NORMAL - IMPROPER PRIOR

In the model 5.1 we assume the parameters ¢;,7 = 1,...,p, have independent truncated
normal priors on intervals (a;, b;),a;,b; € R, forall ¢ = 1,...,p , respectively, with the
parameters ¢; ~ TN(u1,07),...,¢p, ~ TN(up,07), and the precision has independent

improper prior. In this model,

§(p, 1) = &1(p)&a(T),
where the marginal prior density of 7 is
1
&(T) x —, 7 > 0,
T
and the marginal prior density of ¢ is

&(¢) x e 2 2= Ta ) = efé(%u)/Q(dF#), b € R,

1 (d>i—w )2
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that is, & (¢) ~ N(u, Q). So the joint prior density function of parameters
£(¢,7) o 7 lem2 (6 m QU
The likelihood function for the model 5.1
L6, 7|Sy) o 73e- (=X (Y=X9)

Employing Bayes Theorem, the posterior density of ¢ and 7 is

L(, 7]50)(¢, 7)

SO = T r15,)E(r7)dddr

7l 3(0=1)Q(o—p) 1§ o= 5 (Y =X¢) (Y ~X0¢)

= fq) fOOO T_le_%((b_M)IQ((b_N)T%e—%(Y—XqS)/(y_X(b)dgde (556)

Under the SE loss function, the Bayes estimator of v = v(¢, 7) is the posterior mean of the

function and is given by the ratio of two integrals which can be written as

: i J5° (6, 7)o A6 Qo) 1 - VX0 - X0 gy
Opr — - free 7 (5.57)
f(b fO -1l —5(0—1)'Q(o— N) T2e 5(Y=Xo)'(Y X¢)d¢d7

Under the LINEX loss function, the approximate Bayes estimator of v = v(¢, 7) is equal to

fq) f(;)o e—’y’l}(qﬁ,T)T—le—%((ﬁ_H)/Q(d) H)Tge 2(Y X¢) (Y X¢)d¢d7—
Jo J° T1e= 3w Q-1 1 5o~ 5(V-X) (V=X6) g7 )
(5.58)

R 1
UBrinex = —glog(

Similarly to independent truncated normal-gamma prior case, we cannot find analytical ex-
pressions of the ratios of these integrals, again we use Lindley's approximation. In the next
two sections we apply this model to the AR(1) and AR(2) processes and find the Bayes esti-

mators of their parameters and one-step ahead forecasts.
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5.3.1. AR(1) model

In the p = 1 case, using the SE loss function, the Bayes estimator of function v = v(¢q, 7) is
defined by Equation 5.5 and employing the LINEX loss function, is defined by Equation 5.6.
If we approximate the likelihood function by the conditional likelihood function defined by
Equation 5.7, under the SE loss function, the Bayes estimator of the function v = v(¢1, 7) is
defined by Equation 5.8 and the Bayes estimator under the LINEX loss function is defined
by Equation 5.9. If we apply Lindley's approximation to this model, we get the following

result.

Proposition 5.22. In the AR(1) model, we assume the parameters follow independent trun-

cated normal - improper model. Then

(1) Under the SE loss function, the approximate Bayes estimators of ¢1, T are defined by
Equations 5.14 and 5.135, respectively.

(i) Under the LINEX loss function, the approximate Bayes estimators of ¢1, T are defined
by Equations 5.18 and 5.19, respectively.

(i) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 5.17.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead
forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 5.20.

Where

p =log(&(¢1, 7)) = constant — log(T) — W,

A ¢1 — A
pl — 2 9 p2 RN
01 T

and other functions are same as defined in the Section 5.1.1.
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5.3.2. AR(2) model

In the p = 2 case, under the SE loss function, the Bayes estimator of function v = v(¢1, ¢, 7)
is defined by Equation 5.21 and under the LINEX loss function, is defined by Equation
5.22. If we approximate the likelihood function by the conditional likelihood function de-
fined by Equation 5.23, under the SE loss function, the Bayes estimator of the function
v = v(¢1, ¢, 7) is defined by Equation 5.24 and the Bayes estimator under the LINEX
loss function is defined by Equation 5.25. If we apply Lindley's approximation to this model,

we get the following result.

Proposition 5.23. In the AR(2) model, we assume the parameters follow independent trun-

cated normal - improper model. Then

(1) Under the SE loss function, the approximate Bayes estimators of ¢1, ¢ and T are de-
fined by Equations 5.30, 5.31 and 5.32, respectively.

(i) Under the LINEX loss function, the approximate Bayes estimators of ¢1, ¢o and T are
defined by Equations 5.35, 5.36 and 5.37, respectively.

(i) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 5.34.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 5.38.

Where

p =log(&(dr, ¢, 7)) = constant —log(r) — (61 —p)* _ (¢n = u2)27

2 2
207 205
A o1 — 1 A P2 — 2 A
P1L= — 2 ) P2 = — 2 ) P3 = —2%,
o1 035 T

and other functions are same as defined in the Section 5.1.2.
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5.4. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-

PENDENT TRUNCATED NORMAL - IMPROPER PRIOR

5.4.1. AR(1) model

In this section we obtain the full conditional distributions for AR(1) model parameters ¢y, 7

and the one-step prediction Y,,, ;. The following propositions provide the required distribu-

tions.

Proposition 5.24. The full conditional distribution of Bayes estimator of ¢, given a sample

S, = (Y1,...,Y,) is normal with mean [i, and variance ¢3, where

T Z?:Q .YV, 1+ 5

2
~ (251

S VIS 7R
and
5% = n 12 1-
T2 i Y1+ o2
Proof.

) _(e1-p?
E(dr|7, Sy) oc T e E im(VemtYi) ol e

_%(Z?:2 Y —2¢1 ::2 YiYio1+¢7 ::2 Y15271)_

2
o e 20‘1

(Y, YA+ )i —2(r Y], VYo +44) 1)
06 e 1 1

N

-

|-

n 2 1 n H1
(T thz Yt—1+0%) ( T Zt:2 YiYi1+ 5 >2

P} ¢>1* n p)
T Zt:Q ity

|

X €

¢%72¢1H1+H§

(5.59)

(5.60)

(5.61)

Proposition 5.25. The full conditional distribution of Bayes estimator of T given a sample
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Sp, =M1, ..., Y,) is gamma with parameters & and variance 3, where
-1
a=" 5 (5.62)
and
_ nf Y, — ) 2
5= Yo (Y 2¢1 1) . (5.63)
Proof.
n _(451—#1)2
E(7l¢1, Sp) ox 7T e Lina(imeYio1)? pmle e
o< TnTile7%Z:=2(Yt*¢1Yt—l)27'71
= 77 e L (VimiYin)?), (5.64)

Proposition 5.26. The full conditional distribution of Bayes estimator of Y, 1 given a sample

Sp, = (Y1,...,Y,) is normal with mean [i and precision T, where

i = 1Yy (5.65)

Proof.

Yn+1’¢17 T, Sn = (¢1Yn + €n+1)’¢17 T, Sn
= ¢1Yn + (6n+1|7_)- (566)
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5.4.2. AR(2) model

Proposition 5.27. The full conditional distribution of Bayes estimator of ¢, given a sample

S, = (Y1,...,Y,) is normal with mean [i, and variance G3, where

R T(Z?:g YY1 — ¢2 Z?:g Y;:—ly;t—Q) + Z*% (5 67)
= Ty p s Y2+ ﬁ '

and
1

~2

o1 = (5.68)

1 n 2 I

TY i3 Y1+ 2
Proof.
_(b1—s? (92-u9)?
§(¢1|¢2,T,Sn) xX T 2 e th 3 (Ye—1Yi1—¢2Yi 2)? T e 202 202
_(@1=m)?
x e 2 T2y (PTYE 201 V1Y 142¢1¢2Ys 1 Ve 2)g 207

o e @Iy YR )21 (30, ViYe)+20162 (30, Yi1Yi-2))

B (¢?*2M1¢1)
X e 20‘%

AR, YD+ )
€ 1

e—%(—zqsl(f[(z;;g ViYio1)—¢2(3 )y Yio1Yio 2)}+‘—%))

T(Zt 3 Y 2o+ o2 (¢ ‘F[(Et g YtYi—1)— ¢2(Zt 3 Ye—1Yi—2)l+ %)
2 =

Qs Y Hj
xX € 1

Proposition 5.28. The full conditional distribution of Bayes estimator of ¢ given a sample

S, = (Y1,...,Y,) is normal with mean iy and variance G5, where

~ T(X s Yo — 1 X YiaYio) + % (5.69)
a T Y, T & |
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and
1
~2
0y = A (5.70)
t=3 Li—2 T 52
Proof.
I - n ) 7(‘151*/;1)27@72*!;2)2
E(daldr,7,8n) o TIT eTE LTl
r 2,2 _ (#2—n2)?
e e*gZt:3(¢2Yt,2*2¢2Y1:Yt—2+2¢1¢2yt—1yt—2)e 203

o e 5830y Ya) 20230, ViYi2)+20162 (30, Yi1Yi-2))
(62 —2p089)

2
% e 20‘2
—3 (@ Y+ 55)

= e 2
o HRRCIL W) - (D, Ve ¥ 3)

T(Z?::; Yt2—2)+712 T[(Erzs Yth72)—¢1(Z::3 Yt*1Yt72)]+Z% 2

P (¢2 TQ s Vet oE )

X € \

Proposition 5.29. The full conditional distribution of Bayes estimator of T given a sample

S, = (Y1,...,Y,) is gamma with parameters & and variance [3, where

n—2
2

a =

(5.71)

and

5 Tl = <“; —¢a¥ia) (5.72)
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Proof.

n—2 1 ) _(¢1—;§1)2_<¢2—;§2>2
§(T|d1, @2, Sn) o e (Vi1 Yim1—¢aYi2)? =107 207 202

_92 n 2
o T"Te*% Do (Ye—¢1Yi1—¢2Yi_2) 71

n—2 -1

_ 2 e—fr(%Z::3(Ks—¢13/t71—¢2yt—2)2)_ (573)

Proposition 5.30. The full conditional distribution of Bayes estimator of Y, 11 given a sample

Sn = (Y1,...,Y,) is normal with mean [i and precision T, where

L= 1Y, + 92Y, 1. (5.74)

Proof.

Yn+1|¢l> ¢27 T, Sn = (¢1Yn + ¢2Yn—1 + 6n+1)’¢17 ¢2a T, Sn
= 1Yy, + $2Yo 1 + (€npa|7). (5.75)

5.5. INDEPENDENT UNIFORM - GAMMA PRIOR

In the model 5.1 we assume the parameters ¢;,¢ = 1,...,p, have independent uniform
priors on intervals (a;, b;),a;,b; € R, foralli = 1,...,p, respectively, that is, ¢; ~
U(ay,b1),...,¢, ~ U(ap,b,), and the precision has independent gamma prior with the pa-

rameters v and f3, i.e. 7 ~ Gamma(«, [3). That is,

§(p, 1) = &u(p)al(T),



where the marginal prior density of 7 is gamma distribution

&o(T) ox To‘_le_Tﬁ,T >0,

and the marginal prior density of ¢ is

§1(0) o 1.

So the joint prior density function of parameters

(7)o 7,

The likelihood function for the model 5.1

L(¢, 7|S,) oc 7372 (V=X (Y=X9)

55

We approximate the likelihood function by the conditional likelihood function

L*(¢7 T|Sn) X T%e_% Z;L:zﬂrl(yt_zle ¢th_,-)2

S (VXY (Y- X"g)

Employing Bayes Theorem, the posterior density of ¢ and 7 is
E(,7[Sh) oc 7t T e BTN
Now we can find the posterior distribution for ¢. We have

£(6,7|Sy) oc T e 2,

(5.76)

. (5.77)
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where a 1= 2282 b := 23 4+ (Y* — X*¢)'(Y* — X*¢). Then the posterior density of ¢

£(81S,) o /OOOTa_le_gde

2@
= 3 ['(a)

x b %

We rewrite b as follows

b = 28+ (Y* - X*¢)(Y* — X*¢)
= 26+ (0 — (X"X) XY (XX (6 — (XX)THXY))
- (X)X XY+ YY

= 284 (p— ) (X" X*)(p—c)—d+ Y Y

where ¢ = (X* X*)"1(X¥Y*), d=(Y*X*)(X*X*)"(X¥Y¥).

Therefore,

E(@lSn) o (284 (6 — ) (XX ) (@ —c) —d+ YY)

(6= (X X6 = ) o
< (1+ B —d1 YY" )
ANt i MO

14

where v = n + 2a — 2p. We get the following result.

Proposition 5.31. The posterior distribution of ¢ is the truncated p-dimensional t-distribution

with v = n + 2a — 2p degrees of freedom, location vector

c= (X*/X*)—1<X*ly*)
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and scale matrix

(28 —d+Y¥YV*)(X¥ X*)7!
n+2a —2p

X(¢|Sy) = ,
where d = (Y* X*)(X* X*)"Y(X*Y*). Thatis
(b‘sn ~ Ttp<c> E(¢’Sn)> l/)'

So we have

Corollary 5.1. The marginal posterior distribution for individual parameter is
¢Z|Sn ~ Ttl(ciy Si V)7
where s; is the diagonal element of scale matrix >(¢|S,), i1 = 1,...,p.

The posterior density of 7

§(rlsn) o [ e i
_ L 7oL (60 (X7 X7) (6= +28-d1Y'Y) q g
_ pala—5(28-d+Y"Y) [b e~ 5@/ (XX (6= g

28—d+Y'Y)

9

_r_1 T
x 172 tem3l

where ¢ = (X* X*)"1(X¥Y), d=(YV'X*)(X"X*)(X"Y).
We get the following result

Proposition 5.32. The posterior distribution of T is the gamma distribution with parameters
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ap and 3y, where

ag = "+2;‘_2p (5.78)
and
o= 129 (VX)X X (XY) 1Y), (5.79

In oder to derive the posterior density for one-step ahead prediction, we denote

Y; 0 0o ... 0 o1 €1
N R (N
Yn+1 Yn Yn—l Yn—p+1 ¢p €nt1
X+
= O+e=X50+e, (5.80)
P
where
P = (Yn Yn,1 e an+1> .

The likelihood function for the latter model is

L*(¢,7|Sp) oc 75 e 80V Xr0) (Y +Xp0),

The joint prior density function of the parameters

E(p,7) x o le™78,
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We assume that X is a known constant and employ Bayes and Fubini theorems, then

EWL[Sn) = &(YaqlSn) o< §(Yay1, Sn)

x / P a1 B8 - X50) (- X10) gl
@ x(0,00)

- /Oo 7-"%”14-0&—16—76&./ e~ 2= X590 (V5 =Xs0) g (5.81)
0 ®
Rewrite
Yy = X50)' (Y — X8) = (6 —¢0) (X;X5)(# — o) (5.82)
— (XpY) (X5 X5)"H(XYy) + YiYs (5.83)

where ¢ = (X} X )71 (X}Y5).

Hence
EWh|S,) /OOOT"_%MM16Tﬁe—5(—(X}Yf)’(X}Xf)‘1(X}Yf)+Yf'Yf)dT
X [p o~ 5((@=00) (X;X)(6-00)) 4
x /°° LU F(26(XGYy) (XX ) XY YY) g
0

_ n—2p+2a+l

x (268 — (XJY5) (X;Xp) N (XGYy) + Y)Y~ 2 (5.84)
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We notice that

(V) (X} X) NXGY)) = (VX 4 Yot P)(X)X)) (XY + Vot P)

(Y'X™)
(VX)X X ) Y P
(
P

(XX H(XTY)

Yo P(XGX ) (XY

+ o+ o+

V2 P(X{Xy) P (5.85)

and Y;Y; =Y'Y + V7.

We use the following lemma

Lemma 3. If random variable Z has a probability density function fz(z) < (az* — 2bz +

c) % a>0,ac—b0*#0, then Z ~ t(© ,a2“(62db21),2d 1).

Thus,
EW1[S,) o (E+2DY, +CY2,) "% (5.86)

where
E=28— (Y’X*)(X}Xf)—l(X*’Y) +Y'Y, (5.87)
D = —(Y'A*)(A}Ap) ' P, (5.88)
C = (1-P(A}Ay)~'P). (5.89)

We get the following result

CE—-D?

Proposition 5.33. The one-step predictive distribution is the t-distribution t(%, T2 (nt20—3p)

n + 2a — 2p), where C, D and E are as defined above.

Theorem 5.1. Under the SE loss function, the Bayes estimator of ¢;, v = 1, ..., p is equal to

R k;l/?(“ n M)f%l —(1+ M)zl) (5.90)

Pi(B = G+
i(Bsk) S;V S;V
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where

L %)

RRON

Here F(-|v) denotes the c.d.f. of the Student's t-distribution and the parameters v, c¢;, s;, are

as defined in the Proposition 5.31 and Corollary 5.1.

Proof. Under the SE loss function, the Bayes estimator of ¢; is the posterior mean. The
computation of the moments of the truncated t-distribution can are given in the proof of the

Theorem 1lin [59].

Theorem 5.2. Under the SE loss function, the Bayes estimator of T, is equal to

~ Qo
T(Bsp) = By’

(5.91)

where o and [y are defined by Equations 5.78 and 5.79, respectively.
Proof. Under the SE loss function, the Bayes estimator of 7 is the posterior mean.

Under the LINEX loss function, the Bayes estimator involves the moment generating func-
tion. For the truncated t-distribution, the moment generating function is defined but does not
have a tractable form. We can approximate it using numeric integration or, since the degrees
of freedom is large, the truncated t-distribution can be well approximated by the truncated
normal distribution whose moment generating function exists, see Section 3.7 Using this

approximation, we get the following result.

Theorem 5.3. Under the LINEX loss function, the Bayes estimator of ¢;, i = 1,...,p is

equal to

B(hit 4 g.y) — P(L=G g,
bimanen) = == S (T SR )
2 7 p(ha) — p(azw)

NG

(5.92)

where the parameters c;, s;, are as defined in Proposition 5.31 and Corollary 5.1.



62

Proof. We substitute the moment generating function of truncated normal distribution into

the expression of the Bayes estimator of ¢; under the LINEX loss function.

Theorem 5.4. Under the LINEX loss function, the Bayes estimator of T, is equal to

A o v
TBrinex = _70 log (1 + %) (5.93)

where oy and 3y are defined by Equations 5.78 and 5.79, respectively.

Proof. We substitute the moment generating function of the gamma distribution into the ex-

pression of the Bayes estimator of 7 under the LINEX loss function.

For the t-distribution, the moment generating function is undefined, in order to be able to
define the Bayes estimator of the one-step ahead prediction, we approximate the t-distribution

by the normal distribution.

Theorem 5.5. Under the LINEX loss function, the approximate Bayes estimator of the one-
step ahead forecast given a sample S,, = (Y1,...,Y,) is given by
. D v(CE — D?)

Wl(BL[NEX) = 6 - 202(n T 20 — 2p) (594)

where C, D and E are defined by Equations 5.89, 5.88 and 5.87, respectively.

Proof. We substitute the moment generating function of the normal distribution into the ex-

pression of the Bayes estimator of Y,,, ; under the LINEX loss function.

5.6. INDEPENDENT UNIFORM - IMPROPER PRIOR

In the model 5.1 we assume the parameters ¢;,7 = 1,...,p, have independent uniform
priors on intervals (a;, b;),a;,0; € R, forall i = 1,...,p, respectively, that is, ¢; ~

U(ay,b1),...,¢, ~ Ulap,by,), and the precision has independent improper prior. In this
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model,
(¢, 7) = &i(9)&(7),
where the marginal prior density of 7 is
& (T) ox 1,7' > 0,
T
and the marginal prior density of ¢ is
§1() o< L.
So the joint prior density function of parameters
E(d,7) o7
The likelihood function for the model 5.1
L(¢,7|S,) T3 z(Y-X0)(Y=X0)
We approximate the likelihood function by the conditional likelihood function

L*(6,7|Sy) o« 77 e T Limpr (im iy 4’

= ez (YTXT9) (YT -X"9) (5.95)

Employing Bayes Theorem, the posterior density of ¢ and 7 is

E(¢,T|Sp) oc T e BT AT (VI =XTY) (5.96)
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In the same manner as in Section 5.5, we can show that the posterior distribution for ¢;, © =
1,...,p, is the truncated t-distribution, the posterior distribution for 7 is the gamma distribu-
tion and the one-step predictive distribution is the t-distribution. For the independent uniform

prior for ¢ and improper prior for 7, we get the following results.

Proposition 5.34. The posterior distribution of ¢ is the truncated p-dimensional t-distribution

with v = n — 2p degrees of freedom, location vector

c= (X*/X*)—1<X*ly>k)

and scale matrix

(—d + Y¥Y*)(X* X*)!
n—2p

2(¢|S,) = 7
where d = (Y* X*)(X* X*)~"Y(X*Y*). Thatis
¢‘Sn ~ Ttp(c> E(QS’Sn)a l/)'

So we have

Corollary 5.2. The marginal posterior distribution for individual parameter is

0;1Sn ~ Tti(cq, si,v),

where s; is the diagonal element of scale matrix 3(0|5,,), i = 1,...,q.

Proposition 5.35. The posterior distribution of T is the gamma distribution with parameters

o and [y, where

(5.97)
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and

o = S~ (VX)X XY YY), (598)

D CE-D?

Proposition 5.36. The one-step predictive distribution is the t-distribution t( &, e

2p), where C, D and E are as defined below

E=—(Y'A) (A} A;) T AYY) + Y'Y, (5.99)
D =—(Y'A*)(A}Ap) ' P, (5.100)
C=(1—-P(A} A4y "'P). (5.101)

The derived Bayes estimator are given in the theorems below

Theorem 5.6. Under the SE loss function, the Bayes estimator of ¢;, © = 1, ..., p is equal to

) _ kvy/si (@i —ci)* _v (bi — ¢:)* _va
Oipsp) = Gt~ ((HT) —(1+ T) ) (5.102)
where
v+l b, — c: .
pe20) o gz, plaiza),,

ON Vi Vi

Here F'(-|v) denotes the c.d.f. of the Student's t-distribution and the parameters v, c;, s;, are

as defined in Proposition 5.34 and Corollary 5.2.

Theorem 5.7. Under the SE loss function, the Bayes estimator of T, is equal to

(07
(Bsw) = Fz (5.103)

A

\‘

where o and By are defined by Equations 5.97 and 5.98, respectively.

Proposition 5.37. Under the SE loss function, the Bayes estimator of the one-step ahead
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forecast given a sample S, = (Y1,...,Y,) is

p
Wi(Bsp) Z¢ k(Bsg) Yn—kt1- (5.104)

By approximating the truncated t-distribution by the truncated normal distribution, we get

the following result.

Theorem 5.8. Under the LINEX loss function, the approximate Bayes estimator of ¢;, 1 =

1,...,pis equal to

- vsi 1 NG NG
¢i(BL1NEX) = G~ — —log ( @(bi_Ci) w (I)(ai—cz-)
v V/Si V/Si

PR o) 00 ¢ Sm) (5.105)

where the parameters c;, s; are as defined in the Proposition 5.34 and Corollary 5.2.

The Bayes estimator of 7 is given below.

Theorem 5.9. Under the LINEX loss function, the Bayes estimator of T, is equal to

TBrinex = _71 8 (1 + (5.1006)

%)

where oy and By are defined by Equations 5.97 and 5.98, respectively.

By approximating the t-distribution by the normal distribution, we get the following result

Theorem 5.10. Under the LINEX loss function, the approximate Bayes estimator of the one-
step ahead forecast given a sample S,, = (Y1,...,Y,) is given by

. B Q B 'y(CE - DQ)
1(BLiNnex) — C 202(n + 20 — 2]9)

(5.107)

where C, D and E are defined by Equations 5.101, 5.100 and 5.99, respectively.
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6. NUMERICAL STUDY OF ESTIMATION AND FORECASTING FOR
AUTOREGRESSIVE PROCESSES

The following procedures will be used for the statistical calculation for the AR(p) model.

(1) Simulate 7.
(i) Simulate ¢.
(ii1)) Generate the AR(p) series: vy, . . ., ¥, for some n.

(iv) Calculate the ML estimates for the parameters and compute the error using the SE and

LINEX loss functions.

(v) Calculate the Bayes estimates for the parameters using the SE and LINEX loss func-
tions and find the error. For truncated normal prior for ¢, we calculate approximate
Bayes estimates using Lindley's approximation and Gibbs sampling. We run Gibbs
sampler for an initial 1,000 iterations that we discard, and then for a further 9,000 iter-

ations of which we store every fifth.

(vi) Calculate the ML and Bayes estimates of one-step ahead forecasts using the SE and

LINEX loss functions and find the errors.

(vii) Since the Bayes estimation using Gibbs sampler is computationally expensive, repeat
the above procedures 1,000 times for truncated normal and 10,000 for uniform priors

for ¢, and calculate the mean errors under the SE and LINEX loss functions.

The simulation study is undertaken using sample sizes n = 50, 100, 150, 200 and LINEX loss
function parameters v = —1.25, —0.75, —0.25,0.25,0.75, 1.25.

In order to compare the ML and Bayes estimators, the average squared errors are used when
the Bayes estimates are computed using the SE loss function. The average errors, computed
using the LINEX loss function are used when the Bayes estimates are obtained using the

LINEX loss function.
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6.1. AR(1) MODEL

In this section we study the AR(1) model

Yi=¢1Yi 1 + 6. (6.1)

The AR(1) process is stationary if —1 < ¢ < 1.

6.1.1. Independent Truncated Normal prior for ¢; and Gamma or Improper priors

for 7

We consider a truncated normal prior for ¢, with iy = 0.5, 01 = 0.3, defined over the interval
(aq,b1), where a; = 0.25, by = 0.75. The prior for 7 is either improper or gamma prior with

parameters o = 10, 3 = 6. The obtained AR(1) process is stationary.

Table 6.1 presents the average values of AR(1) parameters, their estimates, predicted values,
estimation and prediction errors when the SE loss function is used. Under the SE loss func-
tion, the average estimation errors of both ML and Bayes estimates decrease, as the sample
size increases. This verifies the consistency property of these estimators. Overall the Bayes
estimates are found to have smaller average estimation errors than the ML estimates, for ¢,
the smallest estimation errors are obtained for the Bayes estimates obtained using Lindley's
approximation; for 7 the Bayes estimation using the Gibbs sampler is found to result in the
smallest estimation errors when 7 has gamma prior and the Bayes estimation using Lind-
ley's approximation when 7 has improper prior; for the one-step prediction all estimates have
similar errors, the ones of Bayes estimates being slightly smaller. All estimator performances

are reasonably close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using
Lindley's approximation may be undefined (see Section 5.1.1), Table 6.2 shows proportion
of undefined Bayes estimates using this approximation. Under our choice of parameters, un-
defined estimates are obtained only for 7 when it has gamma prior and LINEX loss function
parameters are v = —1.25, —0.75. The proportion of undefined 7 estimates decreases sig-

nificantly as sample size increases. We exclude the simulation where we obtain undefined
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estimates and calculate average errors where all estimates are defined.

Table 6.3, Table 6.4, Table 6.5, Table 6.6, Table 6.7 and Table 6.8 present the average values
of AR(1) parameters, their estimates, predicted values, estimation and prediction errors when
the LINEX loss function is used with parametersy = —1.25, —0.75, —0.25,0.25,

0.75,1.25, respectively. Under the LINEX loss function, the average estimation errors are
also found to decrease with increasing sample size. Again, in general the Bayes estimation

has the smallest average errors.

For ¢, the smallest average estimation errors are obtained for the Bayes estimates using
Lindley's approximation, the difference between the ML and the Bayes estimates are more
noticeable when the LINEX parameter has higher absolute value. For the one-step prediction,
the Bayes estimates have significantly smaller average errors than the ML estimates, both

Lindley's approximation and Gibbs sampler methods have similar performance.

For 7 when the LINEX loss function parameters are positive, the smallest average esti-
mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs
sampling method is superior, whereas when improper prior is used, Lindley's approximation
performance is better. When v = —1.25, if improper prior is used for 7, the ML estimates
of 7 have smaller average error than the Bayes estimates; if gamma prior is used for 7, the
Bayes estimates obtained using Gibbs sampler have the best performance, for sample sizes
n = 50, 100 the Bayes estimates obtained using Lindley's approximation have the highest
average errors, for sample sizes n = 150, 200 both Bayes estimates perform better than the

ML estimates.

When v = —0.75, if improper prior is used for 7, the ML estimates of 7 have smaller average
error than the Bayes estimates obtained using the Gibbs sampling but higher than the aver-
age errors of the Bayes estimates obtained using Lindley's approximation; if gamma prior is
used for 7, the Bayes estimates obtained using Gibbs sampler have the best performance, for
sample sizes n = 50, 100 the Bayes estimates obtained using Lindley's approximation have
the highest average errors, for sample size n = 150, 200 both Bayes estimates perform better

than the ML estimates.

When v = —0.25, the Bayes estimates of 7 have smaller average errors than the ML es-

timates. When improper prior is used for 7, the Bayes estimates obtained using Lindley's
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approximation are found to be superior; if gamma prior is used for 7, the Bayes estimates
obtained using Gibbs sampler have the best performance, for sample size n = 50 the Bayes
estimates obtained using Lindley's approximation has the highest average error, for sample

sizes n = 100, 150, 200 both Bayes estimates perform better than the ML estimates.
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6.1.2. Independent Uniform prior for ¢; and Gamma or Improper priors for 7

We consider a uniform prior for ¢; in the interval (ay, b1), where a; = 0.25, b = 0.75. The
prior for 7 is either improper or gamma prior with parameters o« = 10, 5 = 6. The obtained

AR(1) process is stationary.

Table 6.9 presents the average values of AR(1) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 6.10, Table 6.11, Table 6.12, Table 6.13, Table 6.14 and Table 6.15 present the average
values of AR(1) parameters, their estimates, predicted values, estimation and prediction er-
rors when the LINEX loss function is used with parameters v = —1.25, —0.75, —0.25,
0.25,0.75,1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size
increases. This verifies the consistency property of these estimators. Overall the Bayes esti-
mates are found to have smaller average estimation errors than ML estimates. For ¢; and one-
step prediction, the Bayes estimates are found to have smaller average estimation errors under
both SE and LINEX loss functions with all parameter -y values. Under SE loss function, for
7 the Bayes estimation is found to result in the smallest estimation errors. Under the LINEX
loss function, when 7 has gamma prior the Bayes estimation has better performance than the
ML estimation for all parameter v values. When when 7 has improper prior the ML estimates
have smaller average errors when v = —1.25, —0.75, when v = —0.25,0.25,0.75, 1.25 the
Bayes estimation is superior. All estimator performances are reasonably close to each other

as the sample size increases.
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6.1.3. Analysis of Real Gross Domestic Product Data

We consider the growth rates of the U.S. real gross domestic product (GDP) from 1995 first
quarter to 2015 second quarter. The series consists of 82 quarterly observations. The original
data (series GDPC96) were downloaded from Federal Reserve Bank of St Louis, and the GDP
are in millions of 2009 chained dollars. The growth rate is the first differenced series of the

log(GDP), expressed in per cents. Figure 6.1 shows the plotted growth rate series.

Figure 6.1. GDP growth rate data

GDP rate

T T T T T
1995 2000 2005 2010 2015

year

We analyze the data using the independent truncated normal prior for ¢; with mean equal to
the sample mean and variance equal to the sample variance and improper prior for 7. The
LINEX loss function's parameter are v = 0.75 and v = —0.75. In order to apply the analysis
using the assumed form of the AR(1) model, we need to subtract the series mean from each

of the observations to obtain a zero-mean series.

Based on the augmented Dickey-Fuller test, the unit-root hypothesis is rejected. The test
statistic is -3.76 with p-value less than 0.01, thus the obtained mean-adjusted GDP rate series
is stationary. Model checking shows that the AR(1) model can be fitted to the zero-mean

series; see Figure 6.2

We obtain estimates of ¢, 7 and one-step predicted value using 72, 73,..., 80, 81 observa-
tions. Table 6.16 and Table 6.17 present the estimation and one-step prediction results. It is

observed that the prediction errors of the Bayes estimates are smaller than that of the ML es-



88

Figure 6.2. AR(1) model checking
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timates, the Bayes estimates obtained using Lindley's approximation method being superior.
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6.2. AR(1) MODEL PARAMETER IMPACT ANALYSIS

6.2.1. Independent Truncated Normal prior for ¢; and Gamma or Improper priors

for 7

To estimate the impact of parameter «, we use fixed parameters 5 = 6, iy = 0.375, 01 = 0.3,
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when o = 10, 20, 30. Figure 6.3 below compares the average estimation
and prediction errors when « varies. We notice that as « increases, the average estimation
errors of ¢; slightly increase, the average estimation errors of 7 increase more than parameter
« and the average prediction errors decrease proportionally to « increase. It suggests that the

average estimation errors and « have inverse linear relationship.

To estimate the impact of parameter 3, we use fixed parameters o = 10, iy = 0.375, 07 =
0.3, sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when § = 10,20,30. Figure 6.4 compares the average estimation and
prediction errors when /3 varies. We notice that 3 and the average estimation errors of ¢,
have a weak nonlinear relationship, the average estimation errors of 7 and 3 have nonlinear

inverse relationship. As parameter 3 increases, the average prediction errors increase.

To estimate the impact of parameter 11, we use fixed parameters o = 10, 5 = 6, o1 = 0.3,
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when p; = 0.125,0.375,0.625,0.875. Figure 6.5 compares the average
estimation and prediction errors when j; varies. We notice that as y; increases, the average
estimation errors of ¢, decrease, the changes of average estimation errors of 7 and the average

prediction errors remain almost unchanged.

To estimate the impact of parameter o, we use fixed parameters o = 10, § = 6, 1 = 0.375,
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average es-
timation errors when oy, = 0.1,0.2,0.3. Figure 6.6 compares the average estimation and
prediction errors when o varies. We notice that as o increases, the average Bayes estima-
tion errors of ¢, slightly increase, the changes of average ML estimation errors of ¢; remain
almost unchanged, the average estimation errors of 7 remain unchanged. The average Bayes

prediction errors slightly increase when o, increase, whereas the average ML prediction er-
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rors do not seem to depend on 0.

To estimate the impact of parameter vy, we use fixed parameters « = 10, 8 = 6, u; =
0.375, o1 = 0.3, sample size of 100 and obtain the average estimation errors when v =
0.25,0.5,0.75. Figure 6.7 compares the average estimation and prediction errors when -y
varies. We notice that as - increases, the average estimation errors of ¢, 7 and prediction

increase more than the increase in +.
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Figure 6.3. Impact of parameter a on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.4. Impact of parameter 3 on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) Estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.5. Impact of parameter 1, on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) Estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.6. Impact of parameter o; on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) Estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.7. Impact of parameter - on average estimation and prediction errors. (a)
Estimation of ¢ under LINEX, (b) Estimation of 7 under LINEX loss, (c¢) Estimation of
Y, 11 under LINEX loss.
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6.2.2. Independent Uniform prior for ¢; and Gamma or Improper priors for 7

To estimate the impact of parameter «, we use fixed parameters 3 = 6, (c1,d;) = (0.25,0.5),
sample size of 100 and LINEX loss function parameter v = (0.5 and obtain the average
estimation errors when o = 10, 20, 30. Figure 6.8 below compares the average estimation
and prediction errors when « varies. We notice that o has a negligent impact on the average
estimation errors of ¢;, the average estimation errors of 7 increase more than parameter « .

The average estimation errors and « have inverse almost linear relationship.

To estimate the impact of parameter /3, we use fixed parameters o« = 10, (¢1,d;) = (0.25,0.5),
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average es-
timation errors when S = 10, 20, 30. Figure 6.9 compares the average estimation and pre-
diction errors when [ varies. We notice that as 3 increases, the average estimation errors
of ¢, remain unchanged, the average estimation errors of 7 and 5 have nonlinear inverse

relationship. As parameter 3 increases, the average prediction errors increase.

To estimate the impact of the interval of ¢, we use sample size of 100 and LINEX loss
function parameter 7y = 0.5 and obtain the average estimation errors when (c;,d;) =
(0,0.25),(0.25,0.5), (0.5,0.75), (0.75, 1). Figure 6.10 compares the average estimation and
prediction errors when the interval of ¢, varies, the interval is represented by its middle point.
We notice that as the mean of ¢, increases, the average estimation errors of ¢; decrease, the
changes of average estimation errors of 7 and the average prediction errors remain almost

unchanged.

To estimate the impact of parameter v, we fix ¢; interval, sample size of 100 and obtain
the average estimation errors when v = 0.25,0.5,0.75. Figure 6.11 compares the average
estimation and prediction error when ~y varies. We notice that as 7 increases, the average

estimation errors of ¢, 7 and prediction increase more than the increase in .

Figure 6.12 presents the average estimation errors of ¢; under the LINEX loss function, es-
timated using the numerical method and the truncated normal approximation. We notice that
the Bayes estimation errors for ¢, are significantly smaller when the numerical approach is
used (left in the figure); and the difference between the ML and the Bayes estimates becomes

more noticeable, the Bayes estimates have the smallest average estimation errors.
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Figure 6.8. Impact of parameter a on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) Estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.9. Impact of parameter 3 on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) Estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.10. Impact of ¢, interval on average estimation and prediction errors. (a)
Estimation of ¢, under SE loss, (b) Estimation of ¢; under LINEX, (c) Estimation of 7
under SE loss, (d) Estimation of 7 under LINEX loss, (¢) Estimation of Y,,,; under SE loss,
(f) Estimation of Y,,,; under LINEX loss.
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Figure 6.11. Impact of parameter v on average estimation and prediction errors. (a)
Estimation of ¢ under LINEX, (b) Estimation of 7 under LINEX loss, (c¢) Estimation of
Y, 11 under LINEX loss.
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Figure 6.12. Impact of estimation method of ¢; under LINEX loss function on average
estimation and prediction errors, (a) Numerical approach, « varies, (b) Approximation, o
varies, (¢) Numerical approach, 3 varies, (d) Approximation,  varies, (¢) Numerical
approach, interval of ¢, varies, (f) Approximation, interval of ¢, varies, (¢) Numerical
approach, vy varies, (f) Approximation, 7y varies.
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6.3. AR(2) MODEL

In this section we study the AR(2) model

Y= ¢1Yi1 + 02Yi o + €. (6.2)

The AR(2) process is stationary if o — ¢1 < 1, po + 1 < land —1 < ¢ < 1.

6.3.1. Independent Truncated Normal prior for ¢;, ¢, and Gamma or Improper priors

for T

We consider the independent truncated normal priors for ¢; and ¢, with parameters j; =
0.25,01 = 0.2,a; = 0,b; = 0.5, and py = 0.2, 05 = 0.3, as = 0, by = 0.4. The intervals
forg, and ¢, are chosen such that the AR(2) model would be stationary. The prior for 7 is

either improper or gamma prior with parameters o = 10, J = 6.

Table 6.18 presents the average values of AR(2) parameters, their estimates, predicted values,
estimation and prediction errors when the SE loss function is used. Under the SE loss func-
tion, the average estimation errors of both ML and Bayes estimates decrease, as the sample
size increases. This verifies the consistency property of these estimators. Overalthe Bayes

estimates are found to have smaller average estimation errors than the ML estimates, for ¢,
and ¢, the smallest estimation errors are obtained for the Bayes estimates obtained us-ing
Lindley's approximation; for 7 the Bayes estimation using the Gibbs sampler is found to
result in the smallest estimation errors when 7 has gamma prior and the Bayes estimation
using Lindley's approximation when 7 has improper prior; for the one-step prediction all es-
timates have similar errors, the ones of Bayes estimates being slightly smaller. All estimator

performances are reasonably close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using
Lindley's approximation may be undefined (see Section 5.1.2), Table 6.19 shows proportion
of undefined Bayes estimates using this approximation. Under our choice of parameters,

undefined estimates are obtained only for 7 when it has gamma prior and LINEX loss function
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parameters are 7 = —1.25, —0.75, —0.25. The proportion of undefined 7 estimates decreases
significantly as sample size increases. We exclude the simulation where we obtain undefined

estimates and calculate average errors where all estimates are defined.

Table 6.20, Table 6.21, Table 6.22, Table 6.23, Table 6.24 and Table 6.25 present the aver-
age values of AR(2) parameters, their estimates, predicted values, estimation and prediction
errors when the LINEX loss function is used with parameters v= —1.25, —0.75, —0.25,

0.25,0.75, 1.25, respectively. Under the LINEX loss function, the average estimation errors
are also found to decrease with increasing sample size. Generally, the Bayes estimation has

the smallest average errors.

For ¢, and ¢,, the smallest average estimation errors are obtained for the Bayes estimates
using Lindley's approximation, the difference between the ML and the Bayes estimates are
more noticeable when the LINEX parameter has higher absolute value. For the one-step
prediction, generally, the Bayes estimates have smaller average errors than the ML estimates,

the Gibbs sampler methods have slightly better performance.

For 7, when the LINEX loss function parameters are positive, the smallest average esti-
mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs
sampling method is superior, whereas when improper prior is used, Lindley's approximation
performance is better. When v = —1.25, —0.75, if improper prior is used for 7, the ML
estimates of 7 have smaller average error than the Bayes estimates; if gamma prior is used
for 7, the Bayes estimates obtained using Gibbs sampler have the best performance, when
v = —1.25 for sample sizes n = 50, 100, 150, when v = —0.75 for sample sizes n = 50, 100
the Bayes estimates obtained using Lindley's approximation have the highest average errors,

for other sample size both Bayes estimates perform better than the ML estimates.

When v = —0.25, the Bayes estimates of 7 have smaller average errors than the ML esti-
mates. When improper prior is used for 7, the Bayes estimates performances are indistin-
guishable; if gamma prior is used for 7, the Bayes estimates obtained using Gibbs sampler
have the best performance, for sample size n = 50 the Bayes estimates obtained using Lind-
ley's approximation has the highest average error, for sample sizes n = 100, 150, 200 both

Bayes estimates perform better than the ML estimates.
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6.3.2. Independent Uniform prior for ¢, 9, and Gamma or Improper priors for 7

We consider the independent uniform priors for ¢; and ¢, with parameters a; = 0, b; = 0.5,
and a; = 0, by = 0.4. The intervals for ¢, and ¢, are chosen such that the AR(2) model would

be stationary. The prior for 7 is either improper or gamma prior with parameters o = 10,

B =6.

Table 6.26 presents the average values of AR(2) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 6.27, Table 6.28, Table 6.29, Table 6.30, Table 6.31 and Table 6.32 present the aver-
age values of AR(2) parameters, their estimates, predicted values, estimation and prediction
errors when the LINEX loss function is used with parameters v = —1.25, —0.75, —0.25,
0.25,0.75,1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size
increases. This verifies the consistency property of these estimators. Overall the Bayes es-
timates are found to result in smaller average estimation errors than the ML estimates. For
®1, ¢ and one-step prediction, the Bayes estimates are found to have smaller average esti-
mation errors under both SE and LINEX loss functions with all parameter v values. Under
SE loss function, for 7 the Bayes estimation is found to result in the smallest estimation er-
rors. Under the LINEX loss function, when 7 has gamma prior the Bayes estimation has
better performance than the ML estimation for all parameter ~ values. When when 7 has
improper prior the ML estimates have smaller average errors when v = —1.25, —0.75, when
v = —0.25,0.25,0.75, 1.25 the Bayes estimation is superior. All estimator performances are

reasonably close to each other as the sample size increases.
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6.3.3. Analysis of Wolfer's Sunspot Data

We consider the Wolfer sunspot numbers (that measure the average number of sunspots on
sun during a year) for each year during the period 1770-1869. The series consists of 100
yearly observations. The sunspot data were also analyzed by Box and Tiao [1], among the

others. Figure 6.13 shows the plotted sunspots series.

Figure 6.13. Sunspots data
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T T T T T
1780 1800 1820 1840 1860

year

We analyze the data using the independent truncated normal prior for ¢; with mean equal
to the sample mean and variance equal to the sample variance, truncated normal prior forgs
and with mean equal to the sample third moment and variance equal to the sample fourth
moment, and improper prior for 7. The LINEX loss function's parameter are v = 0.75 and
v = —0.75. In order to apply the analysis using the assumed form of the AR(2) model, we

need to subtract the series mean from each of the observations to obtain a zero-mean series.

Based on the augmented Dickey-Fuller test, the unit-root hypothesis is rejected. The test
statistic is -4.66 with p-value less than 0.01, thus the obtained mean-adjusted sunpots series
is stationary. Model checking shows that the AR(2) model can be fitted to the zero-mean

series; see Figure 6.14

We obtain estimates of ¢, ¢2, 7 and one-step predicted value using 90, 91,..., 98, 99 obser-
vations. Table 6.33 and Table 6.34 present the estimation and one-step prediction results. It

is observed that under the LINEX loss function the prediction errors of the Bayes estimates
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Figure 6.14. AR(2) model checking
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are significantly smaller than that of the ML estimates, the Bayes estimates obtained using
Gibbs sampling method have the smallest average estimation errors. Under the SE loss
function, the ML and Bayes estimates obtained using Lindley's approximation are found to
have similar average prediction error, whereas the average prediction error of Bayes estimates

obtained using Gibbs sampler is slightly higher.
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6.4. AR(2) MODEL PARAMETER IMPACT ANALYSIS

6.4.1. Independent truncated normal prior for ¢, > and gamma or improper priors

for 7

We have undertaken the parameter impact analysis to define how the average estimation and
prediction errors change when model parameters vary. We use fixed parameters 5 = 6,
w1 = 0.375, o1 = 0.2, uo = 0.375, 0o = 0.3, sample size of 100 and LINEX loss function
parameter v = 0.25 and obtain the average estimation errors when a; = 10, 20, 30. Figure
6.15 presents the mean errors when the parameter o changes. We notice that as « increases,
the average estimation errors of ¢; and ¢, change slightly. The average estimation errors of
T increase more than parameter o and the average prediction errors decrease proportionally

to «v increase.

To estimate the impact of parameter 3, we use fixed parameters o = 10, iy = 0.375, 0y =
0.2, o = 0.375, o5 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25
and obtain the average estimation errors when 3 = 10, 20, 30. Figure 6.16 presents the mean
errors when the parameter 5 changes. We notice that 5 and the average estimation errors
of ¢ and ¢, have a weak nonlinear relationship, the average estimation errors of 7 and 3
have nonlinear inverse relationship. As parameter (3 increases, the average prediction errors

increase.

To estimate the impact of parameter 1;, we use fixed parameters a = 10, 5 = 6, 07 = 0.2,
e = 0.375, 09 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when p; = —0.375, —0.125,0.125,0.375. Figure 6.17
presents the mean errors when the parameter 11 changes. We notice that as absolute value
of 11; increases, the average estimation errors of ¢; and ¢, decrease, the average estimation

errors of 7 and the average prediction errors remain almost unchanged.

To estimate the impact of parameter ps, we use fixed parameters « = 10, § = 6, yu; =
0.375,01 = 0.2, 09 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25
and obtain the average estimation errors when ps = —0.375, —0.125,0.125,0.375. Figure
6.18 presents the mean errors when the parameter 1> changes. The changes of 115 have similar

impact to the average estimation and prediction errors as the j; changes.
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To estimate the impact of parameter o, we use fixed parameters o = 10, § = 6, 1 = 0.375,
o = 0.375, 0o = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25
and obtain the average estimation errors when oy = 0.1,0.2,0.3. Figure 6.19 presents the
mean errors when the parameter o; changes. We notice that as o, increases, the average
Bayes estimation errors of ¢, and ¢, increase, the changes of average ML estimation errors
of ¢; and ¢, are very small, the average estimation errors of 7 remain unchanged. The av-
erage Bayes prediction errors slightly increase when o4 increase, whereas the average ML

prediction errors do not seem to depend on o7;.

To estimate the impact of parameter o5, we use fixed parameters o = 10, 8 = 6, 1 = 0.375,
o1 = 0.2, uy = 0.375, sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when o, = 0.1,0.2, 0.3. Figure 6.20 presents the mean
errors when the parameter o, changes. The changes of o5 have similar impact to the average

estimation and prediction errors as the changes of o;.

To estimate the impact of parameter -, we use fixed parameters o = 10, 8 = 6, p; = 0.375,
op = 0.2, uo = 0.375, 0o = 0.3, sample size of 100 and obtain the average estimation
errors when v = 0.25,0.5,0.75. Figure 6.21 presents the mean errors when the parameter
~ changes. We notice that as ~ increases, the average estimation errors of ¢, ¢, 7 and

prediction increase more than the increase in 7.
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Figure 6.15. Impact of parameter o on average estimation and prediction errors for AR(2)
independent truncated normal prior for ¢; and ¢-. (a) Estimation of ¢; under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-
under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 6.16. Impact of parameter 5 on average estimation and prediction errors for AR(2)
independent truncated normal prior for ¢; and ¢-. (a) Estimation of ¢; under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-
under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 6.17. Impact of parameter ;4; on average estimation and prediction errors for AR(2)
independent truncated normal prior for ¢; and ¢,. (a) Estimation of ¢; under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-
under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 6.18. Impact of parameter 11, on average estimation and prediction errors for AR(2)
independent truncated normal prior for ¢; and ¢,. (a) Estimation of ¢; under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-
under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 6.19. Impact of parameter o, on average estimation and prediction errors for AR(2)
independent truncated normal prior for ¢; and ¢,. (a) Estimation of ¢; under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-
under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 6.20. Impact of parameter o, on average estimation and prediction errors for AR(2)
independent truncated normal prior for ¢; and ¢,. (a) Estimation of ¢; under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-
under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.

0.01000 N N . 0.00030 N & "
+ + + + + +
0.00800 0.00025
= =
g g
] 0.00600 & 0.00020
% &
g 0.00400 g 0.00015 ——f— "
g g
4 4
0.00200 0.00010
0.00000 0.00005
01 02 03 0.1 0.2 0.3
=ML 0.00942 0.00944 0.00944 ==L 0.00028 0.00029 0.00028
- i il B: ith
Bayes with gamma 0.00378 0.00495 0.00655 ayes with gamma 0.00015 0.00015 0.00017
prior fortau priorfortau
R ithi ——B; th i
ayes Wikl IMPrOpEr| g oos7s 0.00495 0.00655 yes WD IMRrORer 5 00015 0.00015 0.00017
priorfortau prior fortau

(@)

(b)

0.01000 N N N 0.00040
* + +
. 0:00800 L 0.00030 - * *
g g
It 0.00600 &
& & 0.00020
£ 0.00400 £
g g soot
0.00200 o 0
0.00000 0.00000
01 0.2 03 01 0.2 03
==L 0.005942 0.00544 0.005944 ==L 0.00029 0.00029 0.00029
== Bayes with gamma =fll—Bayes with gamma
v N & 0.00378 0.00495 0.00855 v N & 0.00012 0.00015 0.00020
prior fortau priorfortau
Bayes ‘.N'th Improper 0.00378 0.00495 0.00655 Bayes ‘_Nlth Improper 0.00012 0.00015 0.00020
prior for tau prior fortau
© (d)
0.05000 0.00300
. 008000 * + + . 0.00250 * + +
g g
] 0.07000 i x A ] i e e ¥
& g 0.00200
£ 0.06000 £
H L O a £ L i a
0.05000 000150
0.04000 0.00100
01 0z 03 01 0z 03
=ML 007849 007844 007841 =ML 000254 000254 0.00254
—fi—Bayes with gamma —f—Bayes with gamma
v N & 0.05633 0.05630 0.05625 v N 2 0.00169 0.00169 0.00169
prior fortau priorfortau
== B ith i =B ith il
aves Wil mPropert  o.ori21 007115 007112 aves WD IMPIORer! — 5.00221 0.00221 0.00221
priorfortau prior fortau

(e)

¢

0.70500

0.02220

— " "
* + +
- 0.70000 e <> — - 0.02200
g g
& ]
3 0.65500 3 0.02180 W
g g
H H
o 0.69000 o 0.02160
0.68500 0.02140
01 02 03 01 02 03
=ML 0.69981 0.69950 0.69962 =ML 0.02215 0.02214 0.02214
== Bayes with gamma =fll=Bayes with gamma
¥ N & 0.69140 0.69356 069531 v N g 0.02175 0.02134 0.02188
prior fortau priorfortau
Bayes with improper| (o140 069356 0569531 T Bayes with mproper| 5y 177 0.02186 0.02101
priorfortau prior fortau

(2

(h)




134

Figure 6.21. Impact of parameter v on average estimation and prediction errors for AR(2)

independent truncated normal prior for ¢ and ¢,. (a) Estimation of ¢; under LINEX, (b)

Estimation of ¢, under LINEX, (c) Estimation of 7 under LINEX loss, (d) Estimation of
Y, +1 under LINEX loss.
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6.4.2. Independent Uniform prior for ¢, 9, and Gamma or Improper priors for 7

To estimate the impact of parameter «, we use fixed parameters 3 = 6, (c1,d;) = (0.25,0.5),
(¢, dy) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when a; = 10,20, 30. Figure 6.22 presents the mean
errors when the parameter o changes. We notice that as « increases, the average estimation
errors of ¢; and ¢ change only slightly. The average estimation errors of 7 increase more

than parameter «v and the average prediction errors decrease proportionally to « increase.

To estimate the impact of parameter /3, we use fixed parameters o« = 10, (¢1,d;) = (0.25,0.5),
(cg,d2) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when 5 = 10,20, 30. Figure 6.23 presents the mean
errors when the parameter 5 changes. We notice that § does not have any significant impact
on the average estimation errors of ¢, and ¢,, the average estimation errors of 7 decrease as

[ increases. As parameter 3 increases, the average prediction errors increase.

To estimate the impact of parameter (c;,d;), we use fixed parameters « = 10, 5 = 6,
(¢, dy) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when (c1,d;) = (—0.5,—0.25), (—0.25,0), (0,0.25),
(0.25,0.5). Figure 6.24 presents the mean errors when (¢, d;) changes. The interval is
represented by its middle point. We notice that the average estimation errors remain almost

unchanged as the interval changes.

To estimate the impact of parameter (cq,ds), we use fixed parameters a = 10, § = 6,
(c1,dy) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when (c2,ds) = (—0.5,—0.25), (—0.25,0), (0, 0.25),
(0.25,0.5). Figure 6.25 presents the mean errors when the parameter (¢, dy) changes. The
interval is represented by its middle point. We notice that the average estimation errors of ¢,
and ¢, increase as the absolute value of interval mean point decreases, the changes of aver-
age estimation errors of 7 remain almost unchanged. The average prediction errors slightly

increase as the mean of ¢, increases.

To estimate the impact of parameter vy, we use fixed parameters o« = 10, 8 = 6,(c1,d;) =

(0.25,0.5), (¢q,d3) = (0.25,0.5), sample size of 100 and obtain the average estimation er-
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rors when v = 0.25,0.5,0.75. Figure 6.26 presents the mean errors when the parameter ~y
changes. We notice that as y increases, the average estimation errors of ¢y,¢2, 7 and predic-

tion increase more than the increase in 7.

Figure 6.27 and Figure 6.28 present the average estimation errors of ¢1, ¢, under the LINEX
loss function, estimated using the numerical method and the truncated normal approxima-
tion. We notice that the Bayes estimation errors for ¢, ¢, are significantly smaller when the
numerical approach is used (left in the figure); and the difference between the ML and the
Bayes estimates becomes more noticeable, the Bayes estimates have the smallest average

estimation errors.
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Figure 6.22. Impact of parameter o on average estimation and prediction errors for AR(2)
independent uniform prior for ¢; and ¢5. (a) Estimation of ¢, under SE loss, (b) Estimation
of ¢; under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢, under LINEX,

(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of

Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 6.23. Impact of parameter [ on average estimation and prediction errors for AR(2)
independent uniform prior for ¢; and ¢5. (a) Estimation of ¢, under SE loss, (b) Estimation
of ¢; under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢, under LINEX,
(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of

Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 6.24. Impact of (¢1, d;) on average estimation and prediction errors for AR(2)
independent uniform prior for ¢; and ¢5. (a) Estimation of ¢, under SE loss, (b) Estimation
of ¢; under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢, under LINEX,

(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of
Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 6.25. Impact of (¢, d2) on average estimation and prediction errors for AR(2)
independent uniform prior for ¢; and ¢5. (a) Estimation of ¢, under SE loss, (b) Estimation
of ¢; under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢, under LINEX,

(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of
Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 6.26. Impact of parameter v on average estimation and prediction errors for AR(2)
independent uniform prior for ¢; and ¢-. (a) Estimation of ¢; under LINEX, (b) Estimation
of ¢5 under LINEX, (c) Estimation of 7 under LINEX loss, (d) Estimation of Y,,,; under
LINEX loss.
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Figure 6.27. Impact of estimation method of ¢; under LINEX loss function on average
estimation and prediction errors for AR(2) independent uniform prior for ¢; and ¢-. (a)
Numerical approach, « varies, (b) Approximation, « varies, (¢) Numerical approach, 3
varies, (d) Approximation, 3 varies, (¢) Numerical approach, interval of ¢, varies, (f)
Approximation, interval of ¢ varies, (g) Numerical approach, v varies, (h) Approximation,

7y varies.
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Figure 6.28. Impact of estimation method of ¢, under LINEX loss function on average
estimation and prediction errors for AR(2) independent uniform prior for ¢; and ¢-. (a)
Numerical approach, « varies, (b) Approximation, « varies, (¢) Numerical approach, 3
varies, (d) Approximation, 3 varies, (¢) Numerical approach, interval of ¢, varies, (f)
Approximation, interval of ¢ varies, (g) Numerical approach, v varies, (h) Approximation,

7y varies.
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7. BAYESIAN INFERENCES AND FORECASTING OF MOVING AV-
ERAGE PROCESSES

In this section we consider the MA(q) model.

We can write MA(q) model as

}/1 €1 €0 €_1 e €1—¢q 91
Y=|:]|=]:—-|: oo D =—Al+ e, (7.1)

Y, €n €n—1 €n—2 ... €n—q) \U,
where € = (e1,...,6,) ~ N(0,77'1) (t = &% > 0). Y; is the observation at time t. The

parameters 6 € R? in the model and precision 7 are considered to be random variables.
For the latter model we study the following questions.

(i) How to estimate parameters ¢ and 7 given a sample S,, = (Y,...,Y,)"?

(i1) How to forecast a future observation W; = Y, given a sample S,, = (Y7,...,Y,)"?

7.1. INDEPENDENT TRUNCATED NORMAL - GAMMA PRIOR

In the model 7.1 we assume that the parameters 6;,7 = 1, ..., ¢, have independent truncated
normal priors on intervals (¢;, d;), ¢;,d; € R, foralli = 1,..., ¢, respectively, with the pa-
rameters 6y ~ T'N(pi1,07),...,04 ~ TN(uq,07), and the precision has independent gamma

prior with the parameters « and 3, i.e. 7 ~ Gamma(a, ). That is,

£(0,7) = &u(0)&(T),

where the marginal prior density of 7 is gamma distribution

&(T) ox To‘_le_Tﬁ, T >0,
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and the marginal prior density of 6 is

1 q (Gi*uz‘)2

£1(0) o o i O om30-wQ0-w g ¢ Y,
that is, & (6) ~ N(u, Q). So the joint prior density function of parameters
£(0,7) x Fo—1,=TB=5(0-p)Q(O—p)
The likelihood function for this model
L(6,7|S,) oc 7372 (VA0 (V+49)

where

We approximate the likelihood function by letting ¢; = 0, for all + < 0. This approximation
was used by Box and Jenkins [1], Hillmer and Tiao [60] and many other authors. In order to
use the similar procedures used for the AR(p) model to find the Bayes estimators of § and 7

and Wy, we need to approximate the residuals €;. The residuals can be estimated by

q
* * ok
& =Y, —) i,
j=1

*

wheret=1,... n. e, =.... ¢ . =0, and 0" are the nonlinear least squares estimates of
9 ) ) 1 9 q 1 9 7

f; obtained by minimizing the conditional sum of squares

SS(6) = > (6))?

t=1
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with respect to 6 over the region of invertibility. Thus,

0 0 0
€t 0 0
A=
€1 €n—2 E;—q
and hence
L*(0,7]S,) oc 72 sV FATO (VA0 (7.2)

Employing Bayes Theorem, the approximate posterior density of § and 7 is

L*(0,718,)€(0,7)
f@ fOOO L*(Ha T|Sn)€(07 T)dedT
Ta—lef‘rﬁf%(aﬁu)’Q(Hﬂu)T%efg(Y+A*9)’(Y+A*9)

§(0,7[5n)

- Jo 2 ra—1a=TB—3(0—1)Q0—p) 15 o= 5 (Y+A*0) (Y +A%0) 497 (7.3)
Using SE and LINEX loss functions, the Bayes estimators of v = v(f, 7) cannot be found
analytically. Hence, we use Lindley's approximation and Gibbs sampling. In the next two
sections we apply this model to the MA(1) and MA(2) processes and find the approximate

Bayes estimators of their parameters and one-step ahead forecasts.

7.1.1. MA() model

In the ¢ = 1 case, under the SE loss function, the Bayes estimator of function v = v(6,, 7)

can be written as

o IS5 (0, TL (6, 7|8, T dbdr
Bsg — s ’
’ S5 [ L7 (01, 71S,)E (0, 7)dBy 7

(7.4)
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where
L*(0,7]S,) x 273 2o (Yetbreg 1)?, (7.5)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(6;, 7) can

be written as

UBrinex =

1 o (fcfil 000 e_’YU(el,T)L* (617 T|Sn)€(61, T)deldT)‘ (76)

Y [T [ L6y, 71, ) (61, 7)dbydT

Then the Bayes estimator of function v = v(6, 7), under the SE loss function, is approxi-

mately

—rB— (03 —p1)?

T iid * 2
e u(ly, T)rBens D it el e g,y
U’BSE = 3 (91_N1)2 ) (77)
n _ 1 N\ * )2 TP 52
fcdll JooTze2 2 (Yitbrel 1) ra—1g 1 dé,dr
where u = v. Under the LINEX loss function,
d n T n Y467 e* 2 7Tﬁfw
. 1 S oS w0y, T)T2eT2 2ot (Yit0e ) ralg i dohdr
UBLivex = ——log( 75— 01=m)? )’
n _T " * )2 TTRPT TS 2
[ feo rhems Nt Pt g, dr
(7.8)

where © = e 7. Since we cannot find analytical expressions for ., and g, > W€
apply Lindley's approximation for the ratios of two integrals. For the two parameters case,

Lindley's approximation leads to

1 & 1
Upsp = utg > (wig + 2uip;)og; + §(L3o[u10f1 + Up011012]

2,7=1
L21[3U10'110'12 + U2(011022 + 20—%2)]

ng[ul (0'110'22 + 20'%2) + 3U20'120'22]

Los[u1012092 + U2U§2])> (7.9)
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and

) 1
e TUBLINEX = 1y + — Z (uij + QUin)Uz‘j + 5([130[%10’%1 + U907110129
ij—=1
+  Loi[3uyo11012 + uz(011092 + 20%,)]

+  Lig[ur (011092 + 20%2) + 3u201209)]

+  Los[u1012022 + u203,)), (7.10)

0 Ju _ 02 _ _ 9%
where u = u(fy,7), w1 = Fgo, us = Gr, Ui = Ggfs Ui = Ust = g0, Usy = Sy L(6y,7)

is the logarithm of the appr0x1mate likelihood function, p(¢1, 7) is the logarithm of the joint

: : : 3L 3L 9 [é)
prior density function, L3q = Loy = Ly = 5555, Loz = 55, ;1 = aepl P2 =58

803 2 80287

and o;; is the (i, j)th element of the inverse of the matrix

_9L _ 9L

E— 89% 00101
_oL &L
00101 87’12

all evaluated at the ML estimates of the parameters. For the prior distribution

2
—7r8— (91_‘;1)

£(6,7) x o le 207

we have

07 — 11:)2
= log(&(01, 7)) = constant + (o — 1) log(7) — 76 — (1251)’
01
A~ é — . o — 1
plz_ 1 2/’61’p2: A _/3
01 T
From Equation 7.5,
oL n o
LlO ~ 99 _TZ(E _l_ elet—l)et—la
96 t=1
oL n 1
LOl 0 E 5 Z Y;f + 91615 1
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Then the ML estimators of #; and 7 are

b — =Yy L "
S (e-)? S (Ve + 016 )2
and
0L "
Lag = =5 = =7y (1),
892 ; t 1
0L "
Ly = 89187 ; (Y, + b)) 1,
0? L n
L _ A —_—
02 = 5r2 272"
Hence,
. L A O*L =
30 89*;’ ) 21 8«9%87 ;(Et—l) )
L . 9L n
P 0002 TP T o T g
The matrix
E= ?Z?ﬂ(ff—l)? Tt )| _ (TEL(G)" 0 (7.11)
Sr (Ye+ ey )ei e 0 2
Its inverse is
— 0
El— | T (g)? ) (7.12)
0 272
Hence,
) 1 . . 0 272
011 = n , O12 =021 = VU, O2=——
721::1(625 1) n
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Therefore, under the SE loss function, we obtain the following results.

Proposition 7.1. Under the SE loss function, the approximate Bayes estimator of the param-

eter 0, is
O1(sp) = 01 + pr611. (7.13)
Proof. We use u(6y,7) = 61. Then
up = 1,up = U1 = U2 = U1 = Up =0

and the result follows.

Proposition 7.2. Under the SE loss function, the approximate Bayes estimator of T is

. . 4. 1. . . 1.
TBsp = T 1+ P2022 + §L21011022 + §L03U§2- (7.14)
Proof. We use u(01,7) = 7. Then

Uy = 1,up = Uy1 = Uj2 = Ug; = U =0

and the result follows.

Finally, to get the Bayes estimator of one-step ahead forecast, we use
w(b1,7) = E(Yo41[Sn, 01, 7) = —b1e€y,. (7.15)

Proposition 7.3. Under the SE loss function, the approximate Bayes estimator of the one-step

ahead forecast given a sample S,, = (Y1,...,Y,) is

A A

Wl(BSE) = _el(BSE)G:;‘ (7.16)
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Proof. Substitute Equation 7.15 to Equation 7.4, then

3 [0 1€ L (04, 79,)€ (01, ) A6, dT
S [ L* (01, 7]S,)€ (01, 7)dO AT

Wl(BSE)

—6* dell fooo 91[/*(91, T|Sn)£(91, T)deldT
" dell fUOO L (017 T|Sn)§(017 T)d@ldT

- _él(BSE)€:L'

Under the LINEX loss function, we get the following results

Proposition 7.4. Under the LINEX loss function, the approximate Bayes estimator of the

parameter 0 is

A N 1 2 o
el(BLINEX) =06 — 5 log (1 + %011 - 7P1U11). (7.17)

Proof. We substitute u(6;, 7) = e~7% to Equation 7.8. Then
up = —ve " gy =2 up = ugp = ug = g =0

and the result follows.

Proposition 7.5. Under the LINEX loss function, the approximate Bayes estimator of the

parameter T is

. .1 v . o 1. . . 1.
Pouvex =7 = log (14 02 =7 (Pabe + GLmbnbm + 5 L0st3)). (718

Proof. We substitute u(601,7) = e " to Equation 7.8. Then

—T 2 —~T
Ug = —7y€ V,U22:’Ye AY>U1:U11:U12:U21:0
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and the result follows.

Proposition 7.6. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample S,, = (Y1,...,Y,) is
1 — N _* v 1 1 20 *\2 ’72 72 A
Wl(BLINEX) - _Hlen - 27% - ; log (1 + 5 [7 (En) o011+ g(l + 5)0'22}
7 7 s Y
+ Y6101 — 97212022 @(Lmanam + LOSUQQ))'

(7.19)

2
Proof. We set u(fy,7) = E(e™"+1|S, 6, 7) = 1%+ 2= and substitute it to Equation 7.8.

Then

01¢* ’72 ry2 01e* 72

uy =y tE o, = ~52 eVientar
2 3 2 2 2 2
20 %\2 ~A01ei 4+ _al R S Y i i g Y frer +2=
uy = y°(€,)7 e e U12—U21—_27_26ﬂ“"277 U22—§1+E e’ 2r

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-
erating function which is approximated using Lindley's method. However, Lindley's approx-
imation is of order n~! and includes only three terms of the Taylor series expansion (see Sec-
tion 3.6), thus the approximated value of the moment generating function is not guaranteed
to be positive. Therefore, for a given LINEX loss function parameter -, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.
7.1.2. MA(2) model

In the ¢ = 2 case, under the SE loss function, the Bayes estimator of function v = v (6, 0, 7)

can be written as

~ fcc? fciz f()oo U<917 02’ T)L*(Ql, 027 T’Sn)f(eh 02, T)deldQQdT
’U —
Pse S [ (2 L (01, 0, 71.8,)E (01, o, 7) A0y dbyd T

(7.20)
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where

2

L*(0,7|S,) o T2e" 2 2ot (Yt +o2ei,) (7.21)

Similarly, under the LINEX loss function, the Bayes estimator of function v = v(6y, 65, 7)

can be written as
1 d1 do 00
,aBLINEX = - log (/ / / e—wv(91,02,7')L* (017 92a T|Sn)§(01a 027 T)d91d92d7'
Y c1 Jea JO

/ /:1 /:z /0"0L*(el,Gz,r\Sn)f(el,92,7)(191(192(17)_ (7.22)

Then the Bayes estimator of function v = v(6, 62, 7), under the SE loss function, is approx-

imately

d1 d2 o0 n T n 2 * 2
ﬁB’SE - / / /0 U(91792,T)Tfe_5 2 (Yot )i, biely)
c1 c2

g N2 (0—n)?
Ta—le ™8 Zi:l 2oi2L

% d91d92d7-
[0 et e T e
Cc1 Cc2 0
gy Cimn)®
y 7-04—16 szl 20'i d@ldQQdT, (7.23)

where © = v. Under the LINEX loss function,



154

o di d2 o0 n T n 2 * 2
e VUBLINEx = / / / u(@h 927 7')7'56_5 Zt:1(Yt+Z¢:1 bier_;)
cy Jez JO

2 (8~—u-)2
_ *76*2-: eyl
x 7% le =2 d6,dOydT

dq do (o¢] n 2
/ / / / T%e_% Zt:l(YH'Zz':l Oier_;)?
c1 c2 0

S <ei—;;i)2
x 1% le 2 77 df1dbsdT, (7.24)

where © = e™7”. We cannot find analytical expressions for ip,, and ip,, .- Thus, we
apply Lindley's approximation for the ratios of two integrals. For the three parameters case,

Lindley's approximation leads to

Upsp = U (uray + usas + ugas + a4 + as)

1
5 {31(%011 + U012 + u3013) + Ba(u1021 + Us02e + Uz023)

+ o+

Bs(uy031 + ugose + U3U33)} (7.25)
and

e YTUBLINEX

u+ (uray + ugas + uzas + aq + as)

1
5 {Bl (U111 + U212 + u3013) + Ba(u1091 + U092 + uz023)

+ o+

Bg(u1031 + U2032 + U30'33)} (726)
all evaluated at the ML estimates of the parameters, where

a; = p1041 + P20 + p30i3, 1 =1,2,3,

1
4 = U12012 + U13013 + U23023, A5 = 5(“11011 + U909 + U33U33>,
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By = o11L3oo + 2012L210 + 2013L201 + 20931111 + 022 L120 + 033L102,
By = 011L210 + 2012L120 + 2013 L111 + 2023 Lo21 + 022 Lo3o + 033L012,

Bs = 011Lag1 4 2012L111 + 2013L102 + 2093 L012 + 022 L021 + 033 Loos,

Ou _ Ou 9%u 9%u 0%u

_ __ Ou _ _ _
u = u(91,92,7'), Ut = 5g,» U2 = 3g,> U3 = 3 Ul = 262> Uz = 262> U3 = 372>

2 2 . .
U2 = U9l = %, Uz = U3 = %, U923 — U3y — 8(3267 L(91,927 ) is the logarlthm
of the approximate likelihood function, p(61, 0, 7') is the logarlthm of the joint prior density

function, Lo = 393, Lo = 39239 s Loo1 = 89267. Lygo = 39 392, Lige = Lo =

_ 9L _ _ 9L Op. dp __ Op .
39287 Loz = 20,072° Lozo = @, Loos = o3> P1 = 3,5 P2 = 5,0 P3 = 57 and o;; is the

89 872 ?

(7, 7)th element of the inverse of the matrix

_0%L _9%’L _0%L
062 9610065 80,07
E=|__9L _0%L _ 0%L
901065 962 D0207
__9%L _0%L _9°L
901005 90:0r ar?
For the prior distribution
(91 Ml) _(63—p9)?
—78— >
£(01,0y,7) occ T e o1 272

we have

p = log(&(01,0,7)) = constant + (a — 1) log(r) — 78 — (01 = p)* (02— pro)?

207 203
. 6, — 1 . 0y — 15 .oa—1
pr=——>5— Pp=—"7%— p3=——0
o1 o5 T
From Equation 7.21,
oL “ X N
Ligo = = -7 Z(Y; + 91€t71 + 026t72>€t717
00, =

Lo = 7 =—7 Z(Yt +01€f + Ozef 5)e; o,
=1
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oL 1"

L =
L= 9r 27' 2

Y;t + 616:71 + ‘926:72)2.
1

Then the ML estimators of #;, 05 and 7 are

) _(Z?ﬂ Yier ) (i (6)%) — (S0 Yeer o) (i 6167 -5)
(i (G-0)) (i (6-2)?) — (i 616i2)?
ho_ _(Z?ﬂ Yie, o) (Cimi(6-1)?) — (Zis Yie 1) (i 616-0)
(i1 (€-1)? (Z?:I(E* 2)?) — (i €16 o)

T =

Y

J

S (Y + 91€t_1 + é26?—2)2

and
9%’L g 9%’L
L200 — 879% = —T ;(Et_1)27 L].].O 89 892 TZEt 1€t 23
0%L n 82 LA
Lin 90,07 — ;(Kf + O1€f_q + Oz6; 2)€t 15 Loz = 676% = _7;(%—2)27
9%’L " N N . 9%L n
Loy = 90,07 = - ;(Yt + 06,y + 026, 5)e;_o,  Loo2 = 92 92
Hence,
ZA'Jsoo = IA/210 = f/120 = i102 = iogo = ZA'1012 =0,
N n N n N n . N n
L201 == Z(G:*I)Q’ L111 == 26:7162;27 L021 = - Z(Et*2)2’ L003 = =3
=1 =1 =1 T
The matrix
—fz200 —fz11o —f/101 —faoo —fzno 0
E= —lelo —fz020 —f1011 = —lelo —ﬁozo 0 : (7.27)

_Ll()l _ZA-/OH _ZA—JOOZ 0 0 _EOUZ



Its inverse is

. En Ey Eig
E_l = 5 Eo Esy Eas |
Es31 Esy Esg
where
D := det(E) = —LagoLozoLooz + Looa Lo,
By = fzozoiooa Eiy = Ey = —fz002f11107
Ei3=E3 =0, Es = LagoLon,
Eos = B3y =0, Es3 = LnooLog0 — z%w
Therefore,

N _En 2 _E12 A A _E13_
011—7D, 012—021—7D, 013—031—7D
. b Ea . b33
022—7D> 023—032—7D =0, 033—7D-

Therefore, under the SE loss function, we obtain the following results

157

(7.28)

Proposition 7.7. Under the SE loss function, the approximate Bayes estimator of the param-

eter 0, is

él(BSE) — 0y + 1611 + pab12.

Proof. We use u(6y,605,7) = 6;. Then

(7.29)

up = 1,up = ug = w31 = U2 = U3 = Ugp = Uy = Ug3z = U3] = U3y = U3z = ()

and the result follows.

Proposition 7.8. Under the SE loss function, the approximate Bayes estimator of the param-
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eter 0 is
OsBsg) = 0o + P1621 + Pabian. (7.30)
Proof. We use u(6y,02,7) = 05. Then
Uy = 1, u; = uz = Uy = Uz = U1z = U] = Uy = Uz = U3y = Uzz = Uzz = 0

and the result follows.

Proposition 7.9. Under the SE loss function, the approximate Bayes estimator of T is
Tsp = T + P3033 + 3333337 (7.31)
where
Bs = Loq1611 + 2L111612 + Loo1622 + LoosFs. (7.32)
Proof. We use u(0y,60,,7) = 7. Then
uz = 1, u; = ug = Uy = U2 = U3 = U] = Uy = Uz = U3y = Uzz = Uzz = 0
and the result follows.
Finally, to get the Bayes estimator of one-step ahead forecast, we use

u(@h 92,7’) = E(Yn+1‘sn, 61, 92,7’) = —0162 — 926*

n—1-

(7.33)

Proposition 7.10. Under the SE loss function, the Bayes estimator of the one-step ahead



forecast given a sample S,, = (Y1,...,Y,) is

A A

WiBse) = —01(Bsp)€n — O2(Bsp)en1-

Proof. Substitute Equation 7.33 to Equation 7.20, then

fcdll fcc? f()oo(_91€;kl B 626:171>L* (917 027 T|Sn)€(917 927 T)deldOQdT

W =
1(Bsk) fccil fciz f(;DO L* (Qh 0, 7—|Sn)f(€1, -, T)d@ldesz

b (fcdil S J5 011 (01, 0, 7|S,)€(61, 62, T)d01d92d7)
A fil de22 Jo© L*(01, 02, 7|S,)E(01, 02, 7)d6 dOd T

. (fcail fcc? Jo° 02L7 (01,02, 7|5,)E (61, 02, T)d91d92d7>
PN D[ 120 [(8), 05, 7|.5,)E(61, 05, 7)1 dBydT

2

= —01Bsp)€n — V2(Bsp)En—1-

Under the LINEX loss function, we get the following results

Proposition 7.11. Under the LINEX loss function, the approximate Bayes estimator

parameter 0 is
5 ;1 7 L
O1(Brinex) = 01 — % log (1 + 5011 - 7(P1011 + p2012>).

Proof. We substitute u(6;, 65, 7) = e~7% to Equation 7.26. Then

_ —v01 2 —~0
uy = —ye "t uy = e

Uy = U3 = Ujp = U3 = Uq = Uz = Uz = Uz = Ugz = Ugg = 0

and the result follows.

159

(7.34)

of the

(7.35)
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Proposition 7.12. Under the LINEX loss function, the approximate Bayes estimator of the
parameter 0 is

~ ~ 1 2A A A
92(BL1NEx) =0 — ; log (1 + %022 - 7(01021 + P2022>)- (7.36)

Proof. We substitute u(6;, 05, 7) = e~7%2 to Equation 7.26. Then

0 2 0
Uy = —ye 772 ugp = e~ 12,

Up = U3 = Uy = Uiz = U3 = U1 = Uz = Uz = Ugz = Ugz = 0

and the result follows.

Proposition 7.13. Under the LINEX loss function, the approximate Bayes estimator of the

parameter T is

2

log (1 o l633 — 7(ﬁ3533 + 533633», (7.37)

TBLINEX

1
gl
where Bs is defined by Equation 7.32.

Proof. We substitute u(6;, 02, 7) = e™77 to Equation 7.26. Then

. —T 2 =T
ug = —ye " uzg = ye 7,

Uy = Uz = Uy = Uiz = U3 = Uy = Uy = Ugz = Uz = Uzy = 0

and the result follows.

Proposition 7.14. Under the LINEX loss function, the approximate Bayes estimator of the

one-step ahead forecast given a sample S,, = (Y1,...,Y,) is

H o * n % Y 1 * * ’72
= —bi€, — bOse — — 5 log (1 + (fyenal + ve, 109 — —a3 + a4

A

Wl(BLINEX) n—1 " 97 972

2

+ a5) — 334"22

G33) (7.38)
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where Bs is defined by Equation 7.32.

a; = p1041 + P20ia + P30i3, 1 =1,2,3,

s = 726*6* 6_ _ 73626_ _ 7362—16_
Lo inon 20 % \2a4 7 7N .
as = 5(*}/ (én) 011 —|-’7 (En—l) 099 + ﬁ(l + 4*7&)0'33)).

2
Proof. We set u(0y,0s,7) = E(e™+1[S, 0y, 05, 7) = e71:+0251)+57 and substitute it to

Equation 7.26. Then

,72

* *
Up = YeU, Uz = Y€, U, U3 = —5 U,
27

3 %

20 x\2 2 % % Y€,
Uy =y7(€,)°u, Uiz = U =V 6,6, U, Uiz = Uz = o2t

3 * 2 2

2/ % \2 V€1 g Y

Ugg = V(€ _1)“u, Uz = Ugs = — u, Uz =-——=(14+-—)u

( n 1) ’ 27_2 Y 7_3 47_

and the result follows.

Bayes estimation using the LINEX loss function involves the logarithm of the moment gen-
erating function which is approximated using Lindley's method. However, Lindley's approx-
imation is of order n~! and includes only three terms of the Taylor series expansion (see Sec-
tion 3.6), thus the approximated value of the moment generating function is not guaranteed
to be positive. Therefore, for a given LINEX loss function parameter ~y, a small proportion

of the Bayes estimates under LINEX loss function is expected to be undefined.

7.2. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-
PENDENT TRUNCATED NORMAL - GAMMA PRIOR

7.2.1.  MA(1) model

In this section we obtain the full conditional distributions for MA(1) model parameters 6, 7
and the one-step prediction Y,, ;. The following propositions provide the required distribu-

tions.
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Proposition 7.15. The full conditional distribution of Bayes estimator of 6, given a sample

S, = (Y1,...,Y,) is normal with mean [i, and variance 53, where

n Q1
—TY i Yiee 1+ 5

~ g9

fir = (7.39)

n 2 1
T2 o161+ P

and

~2 1

oe = )
1 n 2 1
T b1 €1 el

(7.40)

Proof.

(01—11)*
n _1\\" 2 41 —TB- 2
§(On|T,5,) o TZe 3 2 (Vit0re-1)? oty 21
03201 p1 +3

e*%(zzl=1 Yter291 Z:=1 Ytet—1+9% Z:=1 5?—1)7 20%

i . (7.41)

Proposition 7.16. The full conditional distribution of Bayes estimator of T given a sample

Sn, = Y1,...,Y,) is gamma with parameters & and variance 3, where
G=a+s (7.42)
and
j= gy Tt b (7.43)

2
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—u1)?

_ 501
£(T|91>Sn) X T%efg Zle(yi+91€t71)27_afle 8

n 2
o< 7—%67% Zt:l(y’f+91€t—1) 7_04716776

_ 7'06‘*‘%_16_7'(5"'% E::1(Yt+015t*1)2).

Proposition 7.17. The full conditional distribution of Bayes estimator

ple S, = (Y1,...,Y,) is normal with mean [i and precision T, where
,LNL = —91671.
Proof.

Yoi1lbh, 7,8, = (—bi€n + €n11)|01, T, Sy

= —bie, + (€pi1|T).

7.2.2. MA(2) model

20%

(7.44)

of /'Y, +1 given a sam-

(7.45)

(7.46)

Proposition 7.18. The full conditional distribution of Bayes estimator of 0, given a sample

Sn, = (Y1,...,Y,) is normal with mean [i, and variance 53, where

—T(C Yt + 0230 e160) + 05

(7.47)

i %
T -1 €61 T =

and

P 1

0T = .
1 n 2 1
Tt €1+ o2

(7.48)
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Proof.
N . " ) —rB— (91*;;1)2 _ (92*22)2
£<91‘027 7_’ Sn) x T2 2 t:l(n+91€t*1+926t72) Tafle 201 20'2
0 s _(01-p9)?
x e—% Etzl(91Et,1+291Ytﬁt71+20192Et715t72)e 207

x 67%(0%(21;1 6?,1)+291(Z?:1 tht—1)+29192(2?=1 €t—1€t—2))

_ (03 —2u101)

X e 20%
—303(r (3, &) +=7)
= e 1
—3(=200(=7[X0) ) Yier-1) 40230 | er—ree—2)]+5F))
X e !
T )+ ( Tl Dy Veee—D)+02(Y ) e+ EE | 2
- L(6;— 7 1 )
2 T(thl 6?71)+0%2
xX € 1

Proposition 7.19. The full conditional distribution of Bayes estimator of 6, given a sample

S, = (Y1,...,Y,) is normal with mean iy and variance G3, where

_T(Z?:1 Y;Et—Q + 91 Z?:l et—let—Q) + %
2
noe2 1 (7.49)
T iy €—o + p

f2 =

and

~2 1

0y = .
2 n 2 1
T € ot o2

(7.50)
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Proof.
N . " ) —rB— (91*;;1)2 _ (92*22)2
£<92‘017 7_’ Sn) x T2 2 t:l(n+91€t*1+926t72) Tafle 201 20'2
0 s _(62—n9)?
x e—% Etzl(92Et,2+292YtEt72+201925t715t72)e 202

x 673(95(21;1 6?,2)+292(Z?:1 tht—2)+29192(2?=1 €t—1€t—2))

_ (03—2u309)

X e 20%
303030 €_2)+=7)

= e 2
—3(=202(=7[X0), Yier-2) 40130 | er—r€e-2)]+53))

X e 2

LoD ( QD Veee—2)+01(Y ) e+ 53 | 2
- 2 (6, 7 2 )
2 T(thl 6?72)+0%2
xX € 2

Proposition 7.20. The full conditional distribution of Bayes estimator of T given a sample

Sy = (Y1,...,Y,) is gamma with parameters & and variance 3, where
n
a=a+ - (7.51)
2
and
> Sy (Ve + Ore—1 + O265)°
=0+ — . 7.52
=5 . (7.52)
Proof.
n g 01—p)? (93-n9)?
£(7064,02,5,) T3e7 5 i (Vitbre—1t026-2)" La—1g s 207 203
o T%e_% Z;L:l(Yt+61€t—1+925t72)27-06_1e_7'/3
= rotElem(Bg T (VittreatO2ei-2)?) (7.53)

Proposition 7.21. The full conditional distribution of Bayes estimator of Y, 1 given a sample
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Sp, =1, ..., Y,) is normal with mean [i and precision T, where
= —01€, — Os€,_1. (7.54)
Proof.

Yn+1|91, Oy, 7,5, = (—91€n — Oa€,1 + €n+1)|917 0o, 7, Sy
= —bi€, — 0261 + (€n1|T). (7.55)

7.3. INDEPENDENT TRUNCATED NORMAL - IMPROPER PRIOR

In the model 7.1 we assume the parameters ¢;,7 = 1, ..., ¢, have independent truncated nor-
mal priors on intervals (¢;, d;), ¢;,d; € R, foralli = 1,...,q, respectively, with the param-
eters 61 ~ T'N(p1,07%),...,04 ~ TN(uq,07), and the precision has independent improper

prior. In this model,
£(0,7) = &(0)&(7),
where the marginal prior density of 7 is
1
&(T) x —, 7 >0,
T
and the marginal prior density of 6 is

1 q (Bi—ui)z

&(0) x e 2= = ef%(b’fu)’@(@*u)’ 0 c R,



167

that is, £;(0) ~ N(u, @~'). So the joint prior density function of parameters

(¢, 7) Lo 5(0-n)'Q0—p)

The approximate likelihood function for the model

T

L*(¢,7|Sn) x T3 (Y HATO) (Y +A™X0)

where A* is as defined in the Section 7.1. Employing Bayes Theorem, the approximate

posterior density of # and 7 is

L*<8,T’Sn)£(€,7')
Jo Jo° L*(0,7]S,)E(0, 7)dOdT

§(0,7]5,) =
Flo— 301 QUO—) 1 & o5 (Y +A0) (Y +A0)

1 -
4 Jo Ji2° r—1le—3(0—n)'Q0—p)

(7.56)

w3 ™IS
| Nl

o F(Y+A%0) (Y +470) 4o d 7

Similarly to independent Truncated Normal-Gamma prior case, we cannot find analytical ex-
pressions of the approximate Bayes estimators under both the SE and LINEX loss functions,
again we use Lindley's approximation. In the next two sections we apply this model to the
MA(1) and MA(2) processes and find the approximate Bayes estimators of their parameters

and one-step ahead forecasts.

7.3.1. MA(1) model

In the ¢ = 1 case, under the SE loss function, the Bayes estimator of function v = v(6,, 7)
is defined by Equation 7.4, under the LINEX loss function, it is defined by Equation 7.6. If
we approximate the likelihood function by the approximate likelihood function defined by
Equation 7.5, under the SE loss function, the Bayes estimator of the function v = v (6, 7) is
defined by Equation 7.7 and the Bayes estimator under the LINEX loss function is defined
by Equation 7.8. If we apply Lindley's approximation to this model, we get the following

result
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Proposition 7.22. In the MA(1) model, we assume the parameters follow Independent TN -

improper model. Then

(1) Under the SE loss function, the approximate Bayes estimators of 0, T are defined by
Equations 7.13 and 7.14, respectively.

(i) Under the LINEX loss function, the approximate Bayes estimators of 01, T are defined
by Equations 7.17 and 7.18, respectively.

(i11) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,) is given by Equation 7.16.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 7.19.

Where

(6, — M1)2

p =log(&(61,7)) = constant — log(1) — ..
2071

A él_,ul N
p1=— b} ) P2 = —

A
01 T

and other functions are same as defined in the Section 7.1.1.
7.3.2. MA(2) model

In the ¢ = 2 case, under the SE loss function, the Bayes estimator of function v = v (6, 0, 7)
is defined by Equation 7.20, under the LINEX loss function, it is defined by Equation 7.22.
If we approximate the likelithood function by the approximate likelihood function defined by
Equation 7.21, under the SE loss function, the Bayes estimator of the function v = v(6;, 0o, 7)
is defined by Equation 7.23 and the Bayes estimator under the LINEX loss function is defined
by Equation 7.24. If we apply Lindley's approximation to this model, we get the following

result.

Proposition 7.23. In the MA(2) model, we assume the parameters follow Independent TN -
Improper model. Then
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(1) Under the SE loss function, the approximate Bayes estimators of 01,0, and T are de-

fined by Equations 7.29, 7.30 and 7.31, respectively.

(i) Under the LINEX loss function, the approximate Bayes estimators of 01,0, and T are
defined by Equations 7.35, 7.36 and 7.37, respectively.

(i) Under the SE loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 7.34.

(iv) Under the LINEX loss function, the approximate Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by Equation 7.38.

Where

(‘91 - Ml)Q (‘92 - M2)2
p =log(&(0y,0,, 7)) = constant — log(1) — 507 — 207

A 01 — 1 _ O — po B
P1 = — 2 ) P2 = — 2 ) P3 = —=,
o1 03 T

and other functions are same as defined in the Section 7.1.2.

7.4. FULL CONDITIONAL DISTRIBUTIONS OF PARAMETERS UNDER INDE-
PENDENT TRUNCATED NORMAL - IMPROPER PRIOR

7.4.1. MA(1) model

In this section we obtain the full conditional distributions for MA(1) model parameters 6, 7
and the one-step prediction Y,, ;. The following propositions provide the required distribu-

tions.

Proposition 7.24. The conditional distribution of Bayes estimator of 01 given a sample S,, =
(Y1,...,Y,) is normal with mean fi, and variance G3, where

n 11
-7 Zt:l Yie,1 + 55

fi
1= n 2 1
T2 i1 €1+ o2

(7.57)
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and
1
S S— (7.58)
T Zt:1 €1+ o
Proof.
n T n 0 2 7(917”(1)2
§(Oh]T,Sn) oc TZe 2 D I S P
02 201 g +pu2
*%(Z::l YtZJr291 Z:=1 Ytet—1+9% Z:=1 6?—1)7 1 21,21 L
X € 1
S, B2 XTI Vier 1 Eh)0n)
(0.8 1: 1
(T Z?:l €$—1+i%) ( k2 Zt:l Yiee—1+ 5\ 2
p—r 01— k3
2 i Z 62 +i )
t=1 t—1 2
x e ' 7 (7.59)

Proposition 7.25. The full conditional distribution of Bayes estimator of T given a sample

Sn, = Y1,...,Y,) is gamma with parameters & and variance 3, where
n
= — 7.60
a=1 (7.60)
and
o Zmitbhe)’ (7.61)

2

Proof.
W e =n ) 7(91—#;1)2
§(7101,5,) o< T2e ? A o
n
o T%G_% Zt:l(Yt"_elEt*l)QT_l

— T%’le*‘f(% 2:210/t+916f—1)2). (7.62)
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Proposition 7.26. The full conditional distribution of Bayes estimator of Y, .1 given a sample

Sn, = Y1,...,Y,) is normal with mean [i and precision T, where
= —be,. (7.63)
Proof.

Yn+1’91, T, Sn = <_916n —|— €n+l)|917 T, Sn
= —bi€e, + (€pp1|T). (7.64)

7.4.2. MA(2) model

Proposition 7.27. The full conditional distribution of Bayes estimator of 0, given a sample

S, = (Y1,...,Y,) is normal with mean [i, and variance 53, where

~ —7(X Y 1+ 050 16160 0) + f;*%
1 = n D) 1 (765)
T i1 €1 T =

and

1

= n 2 1 -
T 41 €1+ o2

~9
01

(7.66)
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Proof.
N . " ) _(91*;;1)2_(92*122>2
R B D e I B
0 s _(01-p9)?
x e—% Etzl(91Et,1+291Ytﬁt71+20192Et715t72)e 207

x 67%(0%(21;1 6?,1)+291(Z?:1 tht—1)+29192(2?=1 €t—1€t—2))

_ (03 —2u101)

X e 20%
—303(r (3, &) +=7)
= e 1
—3(=200(=7[X0) ) Yier-1) 40230 | er—ree—2)]+5F))
X e !
T )+ ( Tl Dy Veee—D)+02(Y ) e+ EE | 2
- L(6;— 7 1 )
2 T(thl 6?71)+0%2
xX € 1

Proposition 7.28. The full conditional distribution of Bayes estimator of 6, given a sample

S, = (Y1,...,Y,) is normal with mean iy and variance G3, where

_T(Z?:1 Y;Et—Q + 91 Z?:l et—let—Q) + %
2
noe2 1 (7.67)
T iy €—o + p

f2 =

and

~2 1

0y = .
2 n 2 1
T € ot o2

(7.68)
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Proof.
N . " ) _(91*;;1)2_(92*122>2
T e T R T
0 s _ (0g—up)?
o e—% Et:l(02Et*2+292net72+201926t71Et72)e 20%

x 673(95(21;1 €7 0)+202(D°7 | Yier—2)+20102(3 | er—1€4-2))

_ (63 —2u202)

X e 20%
303030 €_2)+=7)

= e 2
—3(=202(=7[X0), Yier-2) 40130 | er—r€e-2)]+53))

X e 2

LoD ( QD Veee—2)+01(Y ) e+ 53 | 2
- 2 (6, 7 2 )
2 T(thl 6?72)+0%2
xX € 2

Proposition 7.29. The full conditional distribution of Bayes estimator of T given a sample

Sy = (Y1,...,Y,) is gamma with parameters & and variance 3, where

D
Il

(7.69)

|3

and

B _ Yo (Y + ‘91€2t—1 + 6)2615—2)2. (7.70)

Proof.

_(01-n1)?  (03—po)?

n
&(7001,02,9,) o< Tre? D L i 253

T n

x T3e"3 t:1(§/t+915t71+92€t—2)27-_1

_ T%_le_q—(% E:”:l(}@+015t71+926t72)2) (771)

Proposition 7.30. The full conditional distribution of Bayes estimator of Y, 1 given a sample
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Sn = (Y1,....,Y,) is normal with mean [i and precision T, where

/1 = —016n — 92671—1' (772)

Proof.

Yn+1|91, 0o, 7,5, = (—91€n — Oa€,1 + €n+1)|917 02, 7,5,

= —bi€, — 0261 + (€n1|T). (7.73)

7.5. INDEPENDENT UNIFORM - GAMMA PRIOR
In the model 7.1 we assume the parameters 6;,7 = 1,...,q, have independent uniform
priors on intervals (¢;,d;),c;,d; € R, forall i = 1,...,q, respectively, that is, 6; ~

Uler,dy),...,0, ~ U(cy dy), and the precision has independent gamma prior with the pa-

rameters 7 ~ Gamma(a, [3). That is,

§(0,7) = &1(0)&a(T),

where the marginal prior density of 7 is gamma distribution

&(T) e ™ >0,

and the marginal prior density of 6 is
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So the joint prior density function of parameters

£(0,7) x 7o le™Th,

The approximate likelihood function for this model

L*(0,7]S,) oc 727 sV FAT(VHA™0) (7.74)

where A* is as defined in the Section 7.1

Employing Bayes Theorem, the posterior density of # and 7 is

£(0,7|Sn) ox T8 e TArz e s (YHAT) (YA (7.75)

Now we can find the posterior distribution for . We have

£0,7|S,) x role=3b

Y

where a := "£22 b := 20 + (Y 4+ A*0)' (Y + A*0).

Then the posterior density of 0

£(0]S,) o /Omfalezde
2r(0)

x b7
We rewrite b as follows

b = 284+ (Y +A%9) (Y + A*0)
= 284Y'Y +Y' A0+ 0 A'Y + 6 A" A*0
= 28+ (0 —c)(A"A) (0 —¢c) —d+ Y'Y,
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where ¢ = — (A A*)"H(AYY), d= (Y'A*)(A A*)"(A"Y).

Therefore,

£(0)S,) x (28+(0—¢)(AA) (O —c)—d+Y'Y) ™
(0 — ) (A" A*) (0 — c))a
26 —d+Y'Y
0 — C)/[(26—d+Y’Y)(A*'A*)—1}_1<9 —e)\ e

14

= (1+ V ) 7,

x (1—i—

where v = n + 2a — q. We get the following result.

Proposition 7.31. The posterior distribution of 0 is the truncated q-dimensional t-distribution

with v = n + 2a — q degrees of freedom, location vector

c=—(A"ANHAYY)

and scale matrix

(28 —d+Y'Y)(A" A"

%(6]5n) = n—+2a—q

)

where d = (Y'A*)(A* A*)"Y(A*'Y). That is

015, ~ Tt,(c,S(0]S,), v).

So we have

Corollary 7.1. The marginal posterior distribution for individual parameter is

ez’Sn ~ Tt1<ci7 Si, V)7

where s; is the diagonal element of scale matrix ¥.(0]S,), 1 = 1,...,q.
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The posterior density of 7

E(T|Sn) /Ta—le—%bde
©
_ /Ta—1e—g((e—c)/(A*’A*)(e—c)+25—d+y'y)d9
o
_ Ta_1e_g(25—d+Y/Y)/ o= 50— (A7 A7) (0-0) 4
©

x 7o Ele5E8-dtYY)

where ¢ = —(A* A*)"HAY'Y), d= (Y'A*)(A* A*)"H(AY).
We get the following result.

Proposition 7.32. The posterior distribution of T is the gamma distribution with parameters

ag and [y, where

. " (7.76)
2
and
o = (20 — (VA) (A" A)(ATY) + YY), (1.77)

In oder to derive the posterior density for one-step ahead prediction, we denote

Y1 €1 0 0 0 6,
y, — Y5 _ e | e"{ 0 0 0,
Yot €n+1 € €n1 €n—q+1) \q

= - * O+e€:=—A 0 +¢, (7.78)
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where

The likelihood function for the latter model is

L¥(8, 71S,) ox 7 e B0 HA Ok A

The joint prior density function of parameters

£(0,7) x 7o le7h,

We assume that Ay is a known constant and employ Bayes and Fubini theorems, then
g(Wl‘Sn) = £<Yn+1|5n) X g(Yn—Ha Sn)

x / P a1, =T 2BV +AL0) (Yi+A0) 4o d
O x(0,00)

B T e e
0 ©
Rewrite
(Yy + Ap0) (Y + Ag0) = (0 —00)' (A3 A;) (0 — bo) (7.80)
— (A/fo)/(A}Af)_l(A/fo) + Y}Yf, (7.81)

where 6y = —(A}Ay)~H(A}Yy).
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Hence

EMiIS) o [ e e e E U U AN ) g
0

y / o 5 (0—00) (A} A5)(6-60)) 49
(C]

~ / O mRadloa g _2(2—(A}Y) (A} A THALY) YY) g
0
LY (ALA) Y ALY + YY) 7.82)
oc (28 — (A}YF) (A} Afp) ™ (A}Yy) + YY) : (7.

We notice that

(A}Yp) (ApAp)~ (AfYY) (Y'A" + Yo P)(ASA) T (AYY + Y P)
= (Y'A")(ApAp)~H(AYY)
+ (YA (AGAp) Yo P!
+ Y1 P(ALAy) 1 (AMY)
I

V2 P(A A~ P (7.83)

and Yy = Y'Y + Y2 ).

Thus,
§WHlS,) o (E+2DY, +CY2,) "2, (7.84)

where
E=28— (Y'A) (A} A) 1 (AY) + Y'Y, (7.85)
D = —(Y'A*) (A} Ap) 7' P, (7.86)

C=(1—P(AAy)~"'P). (7.87)



180

We get the following result.

CE—D?

Proposition 7.33. The one-step predictive distribution is t-distribution t(%, Cni20—q)

n+ 2a — q), where C, D and E are as defined above.

Theorem 7.1. Under the SE loss function, the Bayes estimator of 0;, 1 = 1, ..., q is equal to

ky\/s_i((1+w)”21 1+ <b—°’>2)21) (7.88)

where

(4

b=l 2)
/{?0’)/(%)\/7”/’

Here F'(-|v) denotes the c.d.f. of the Student's t-distribution and the parameters v, c;, s;, are

as defined in the Proposition 7.31 and Corollary 7.1.

Proof. Under the SE loss function, the Bayes estimator of 6; is the posterior mean. See [59],

the proof of the Theorem 1, for the computation of the moments of the truncated t-distribution.

Theorem 7.2. Under the SE loss function, the Bayes estimator of T, is equal to

R a
T(Bsg) = 6727 (7.89)

where o and By are defined by Equations 7.76 and 7.77, respectively.

Proof. Under the SE loss function, the Bayes estimator of 7 is the posterior mean.

Proposition 7.34. Under the SE loss function, the Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1,...,Y,) is

q
WiBss) = — 2 On(Bsp)en_ri1- (7.90)
k=1

Proof. Similar to the proof of Proposition 7.10.
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Under the LINEX loss function, the Bayes estimator involves the moment generating func-
tion. For the truncated t-distribution, moment generating function is defined but does not
have a tractable form. We can either use numerical integration methods or since the degrees
of freedom is large, truncated t-distribution can be well approximated by the truncated nor-
mal distribution whose moment generating function exists. Using this approximation, we get

the following result

Theorem 7.3. Under the LINEX loss function, the Bayes approximate estimator of 0;, i =

1,...,qis equal to

(U +sry) — DU+ )
bi—ci\ _ a;—c; ’
B(i=) — a(e)

(7.91)

where the parameters v, ¢;, s;, are as defined in the Proposition 7.31 and Corollary 7.1.
Proof. We substitute the moment generating function of truncated normal distribution into
the expression of the Bayes estimator of ; under the LINEX loss function.

Theorem 7.4. Under the LINEX loss function, the Bayes estimator of T is equal to

A aQ v
T(Brinex) = _70 log (1 + %) (7.92)

where o and [y are defined by Equations 7.76 and 7.77, respectively.

Proof. We substitute the moment generating function of the gamma distribution into the ex-

pression of the Bayes estimator of 7 under the LINEX loss function.
Theorem 7.5. Under the LINEX loss function, the Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1, ...,Y,,) is given by

D y(CE-D?
C  2C%*(n+2a—q)

WiBLinex) = (7.93)

where C, D and E are defined by Equations 7.87, 7.86 and 7.85, respectively.
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Proof. We substitute the moment generating function of the gamma distribution into the ex-

pression of the Bayes estimator of 7 under the LINEX loss function.
7.6. INDEPENDENT UNIFORM - IMPROPER PRIOR

In the model 7.1 we assume the parameters 6;,7 = 1, ..., ¢, have independent uniform priors
onintervals (¢;, d;), ¢;, d; € R, foralli =1, ..., g, respectively, thatis, ¢y ~ U(cy,dy), ..., 0, ~

Ul(cy, dy), and the precision has independent improper prior. In this model,
£(0,7) = & (0)&(7),
where the marginal prior density of 7 is
&(T) x 1,7' 4|
T
and the marginal prior density of 6 is
&(0) o 1.
So the joint prior density function of parameters
£0,7) oc 771
The likelihood function for this model
L*(6,7|S,) o 7362 (VAT (YH+A™0) (7.94)

where A* is as defined in the Section 7.1.
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Employing Bayes Theorem, the approximate posterior density of # and 7 is

£(0,7|S,) o 7 rzem VAT (THATE) (7.95)

In the same manner as in Section 7.5, we can show that the posterior distribution for ;, ¢ =
1,...,q, is the truncated t-distribution, the posterior distribution for 7 is the gamma distribu-
tion and the one-step predictive distribution is the t-distribution. For the independent uniform

prior for # and improper prior for 7, we get the following results.

Proposition 7.35. The posterior distribution of 0 is the truncated q-dimensional t-distribution

with v = n — q degrees of freedom, location vector

c=—(A"ANTHAYY)

and scale matrix

$(0/S,) = (—d+Y'Y)(A*A*)~ T |

n—q

where d = (Y'A*)(A* A*)"Y(A*'Y). That is

6|S, ~ Tty(c,X(0|Sy),v).

So we have

Corollary 7.2. The marginal posterior distribution for individual parameter is

0;Sy ~ Tt1(cq, 84, V),

where s; is the diagonal element of scale matrix ¥.(0]S,,), 1 = 1,...,q.

We get the following result
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Proposition 7.36. The posterior distribution of T is the gamma distribution with parameters

g and [y, where

o =— (7.96)
and
1 / ’
Bo = 5(—(Y’A*)(A* A)THAYY) +YTY). (7.97)
We get the following result
D CE-D?

Proposition 7.37. The one-step predictive distribution is the t-distribution t(
q), where C, D and E are as defined below

)" T

E=—(Y'A")(ALA;)TH(AYY) + Y'Y, (7.98)
D = —(Y'A*)(A}Ap) ' P, (7.99)
C=(1—P(A}Ay)""'P). (7.100)

Theorem 7.6. Under the SE loss function, the Bayes estimator of 0;, 1 = 1, ..., q is equal to

5 kvy/s; (a; —¢i)* v (bi —¢i)* v
Qi(BSE) = ¢+ Vl/l_((].‘i‘w) 2 —(1+?> 2 ), (7101)
where
’Y(VTH) (b — ) (a; — ¢;)
k=—-+-="—, ky=F v)—F
v T E W )

Here F(-|v) denotes the c.d.f. of the Student’s t-distribution and the parameters v, c;, s;, are
as defined in the Proposition 7.35 and Corollary 7.2.
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Theorem 7.7. Under the SE loss function, the Bayes estimator of T, is equal to

R «
FBsp) = Fg (7.102)

where o and [y are defined by Equations 7.96 and 7.97, respectively.

Proposition 7.38. Under the SE loss function, the Bayes estimator of the one-step ahead

forecast given a sample S,, = (Y1,...,Y,) is

A

q
WiBsz) = — 2 Ok(Bsp)en_ri1- (7.103)
k=1

Under the LINEX loss function, the Bayes estimator involves the moment generating func-
tion. For the truncated t-distribution, the moment generating function is defined but is in-
tractable. One can estimate this moment generating function either using numeric integration
or by employing some approximation. Since the degrees of freedom is large, the truncated
t-distribution can be well approximated by the truncated normal distribution whose moment

generating function has a closed form. Using this approximation, we get the following result.

Theorem 7.8. Under the LINEX loss function, the Bayes estimator of 0;,1 = 1, ..., qis equal

to

) @(M—i—s- )—@(w—i-s-v)
~ VS5 1 NG i NG i
Oupiinex) = =5 — —log( Siha — gaa ). (1.104)
v (W) — O NG )

where and the parameters v, c;, s;, are as defined in the Proposition 7.35 and Corollary 7.2.

Theorem 7.9. Under the LINEX loss function, the Bayes estimator of T is equal to

~ Q Y
Ti(BLiNgx) — _70 log (1 + %) (7105)

where o and [y are defined by Equations 7.96 and 7.97, respectively.

Theorem 7.10. Under the LINEX loss function, the Bayes estimator of the one-step ahead
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orecast given a sample S,, = (Y1,...,Y,) is given b
g p g V

. D ~(CE - D?

== —— 106
WiBLinex) C 2C2(n — q) (7 )

where C, D and E are defined by Equations 7.100, 7.99 and 7.98, respectively.
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8. NUMERICAL STUDY OF ESTIMATION AND FORECASTING FOR
MOVING-AVERAGE PROCESSES

We study the MA(q) model. The following procedures for statistical calculation are used.

(1) Simulate 7.
(i1) Simulate 6.
(ii1)) Generate the MA(q) series: ¥, . . ., Y, for some n.

(iv) Calculate the ML estimates for the parameters and find the error under the SE and

LINEX loss functions.

(v) Calculate the Bayes estimates for the parameters under the SE and LINEX loss func-
tions and find the error. For truncated normal prior for #, we calculate approximate
Bayes estimates using Lindley's approximation and Gibbs sampling. We run the Gibbs
sampler for an initial 1,000 iterations that we discard, and then for a further 9,000 iter-

ations of which we store every fifth.

(vi) Calculate the ML and Bayes estimates of one step ahead forecasts under the SE and

LINEX loss functions and find the errors.

(vil) Since the estimation using Gibbs sampler is computationally expensive, repeat the
above procedures 1,000 times for truncated normal and 10,000 times for uniform pri-
ors for 6 respectively, and calculate the mean errors under the SE and LINEX loss

functions.

The simulation study is undertaken using sample sizes n = 50, 100, 150, 200 and LINEX loss
function parameters v = —1.25, —0.75, —0.25,0.25,0.75, 1.25.

In order to compare the ML and Bayes estimators, the average squared errors are used when
the Bayes estimates are computed using the SE loss function. The average errors, computed
using the LINEX loss function are used when the Bayes estimates are obtained using the

LINEX loss function.
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8.1. MA(1) model

In this section we study the MA(1) model

}/;5 = —Hlet_l + €. (81)

8.1.1. Independent Truncated Normal prior for §; and Gamma or Improper priors

for 7

We consider a truncated normal prior for 6; with ¢; = 0.5, oy = 0.3, defined over the interval
(¢1,dy), where ¢; = 0.25, d; = 0.75. The prior for 7 is either improper or gamma prior with

parameters o = 10, § = 6.

Table 8.1 presents the average values of MA(1) parameters, their estimates, predicted values,
estimation and prediction errors when the SE loss function is used. Under the SE loss func-
tion, the average estimation errors of both ML and Bayes estimates decrease, as the sample
size increases. This verifies the consistency property of these estimators. Overalkthe Bayes

estimates are found to have smaller average estimation errors than the ML estimates, for 6,
the smallest estimation errors are obtained for the Bayes estimates obtained using Lindley's
approximation; for 7 the Bayes estimation using the Gibbs sampler is found to result in the
smallest estimation errors; for the one-step prediction all estimates have similar errors, the
ones of Bayes estimates being slightly smaller. All estimator performances are reasonably

close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using
Lindley's approximation may be undefined (see Section 7.1.1), Table 8.2 shows proportion
of undefined Bayes estimates using this approximation. Under our choice of parameters, un-
defined estimates are obtained only for 7 when it has gamma prior and LINEX loss function
parameters are v = —1.25, —0.75, —0.25. The proportion of undefined 7 estimates decreases
as sample size increases and when parameter v becomes less negative. We exclude the simu-
lation where we obtain undefined estimates and calculate average errors where all estimates

are defined.
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Table 8.3, Table 8.4, Table 8.5, Table 8.6, Table 8.7 and Table 8.8 present the average values
of MA(1) parameters, their estimates, predicted values, estimation and prediction errors when
the LINEX loss function is used with parameters v = —1.25, —0.75, —0.25,

0.25,0.75,1.25, respectively. Under the LINEX loss function, the average estimation errors
are also found to decrease with increasing sample size. Generally, the Bayes estimates have

smaller average errors than the ML estimates.

For 6;, the smallest average estimation errors are obtained for the Bayes estimates using
Lindley's approximation, the difference between the ML and the Bayes estimates are more
noticeable when the LINEX parameter has higher absolute value. For the one-step prediction,
the Bayes estimates have significantly smaller average errors than the ML estimates, both

Lindley's approximation and Gibbs sampler methods have similar performance.

For 7 when the LINEX loss function parameters are positive, the smallest average esti-
mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs
sampling method is superior, whereas when improper prior is used, Lindley's approximation

performance is better in most cases.

When v = —1.25, —0.75, if improper prior is used for 7, the ML estimates of 7 have smaller
average error than the Bayes estimates; if gamma prior is used for 7, the Bayes estimates
obtained using Gibbs sampler have the best performance but the Bayes estimates obtained

using Lindley's approximation perform worse than the ML estimates.

When v = —0.25, if improper prior is used for 7, the average Bayes 7 estimates errors are
smaller than the ML estimates errors, the Bayes estimates obtained using Lindley's approxi-
mation have the best performance; if gamma prior is used for 7, the Bayes estimates obtained
using Gibbs sampler are superior, for sample sizes n = 50, 100 the Bayes estimates obtained
using Lindley's approximation have the highest average errors, for sample size n = 150, 200

both Bayes estimates perform better than the ML estimates.
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8.1.2. Independent Uniform prior for ¢; and Gamma or Improper priors for 7

We consider a uniform prior for 6; in the interval (cy, d; ), where ¢; = 0.25, d; = 0.75. The

prior for 7 is either improper or gamma prior with parameters o = 10, 8 = 6.

Table 8.9 presents the average values of MA(1) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 8.10, Table 8.11, Table 8.12, Table 8.13, Table 8.14 and Table 8.15 present the average
values of MA(1) parameters, their estimates, predicted values, estimation and prediction er-
rors when the LINEX loss function is used with parameters v = —1.25, —0.75, —0.25,
0.25,0.75, 1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size
increases. This verifies the consistency property of these estimators. Overall the Bayes esti-
mates are found to be perform better than the ML estimates. For #; and one-step prediction,
the Bayes estimates are found to have smaller average estimation errors under both SE and
LINEX loss functions with all parameter  values. Under SE loss function, for 7 the Bayes
estimation is found to result in the smallest estimation errors. Under the LINEX loss function,
when 7 has gamma prior the Bayes estimation has better performance than the ML estimation
for all parameter + values. When when 7 has improper prior the ML estimates have smaller
average errors when 7 = —1.25, —0.75, when v = —0.25, 0.25, 0.75, 1.25 the Bayes estima-
tion is superior. All estimator performances are reasonably close to each other as the sample

size increases.
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8.1.3. Analysis of Overshorts Data

We consider the overshorts data from an underground gasoline tank in Colorado. The series
consists of 57 daily observations. The same data were analyzed by Brockwell and Davis, see

Example 3.2.8, [3]. Overshort for day t is

Zy = (amount of fuel at endof dayt)

(

—  (amount of fuel at end of dayt —1)
(amount of fuel delivered during day t)
(

+ (amount of fuel sold during day t)

With no measurement error and no tank leaks, Z; = 0.

Figure 8.1 shows the plotted overshorts series.

Figure 8.1. Overshorts data

Overshort
-850 0 50 100
1 | | |

-100
1

We analyze the data using the independent truncated normal prior for ¢, with mean equal to
the sample mean and variance equal to the sample variance and improper prior for 7. The
LINEX loss function's parameter are v = 0.25 and v = —0.25. In order to apply the analysis
using the assumed form of the MA(1) model, we need to subtract the series mean from each of
the observations to obtain a zero-mean series. Model checking shows that the MA(1) model

can be fitted to the zero-mean series; see Figure 8.2
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Figure 8.2. MA(1) model checking.
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We obtain estimates of 61, 7 and one-step predicted value using 47, 48,..., 55, 56 observa-
tions. Table 8.16 and Table 8.17 present the estimation and one-step prediction results. It
is observed that under the LINEX loss function the prediction errors of the Bayes estimates
are significantly smaller than that of the ML estimates, the Bayes estimates obtained using
Gibbs sampling method have the smallest average estimation errors. Under the SE loss
function, the ML and Bayes estimates obtained using Lindley's approximation are found to
have similar average prediction error, whereas the average prediction error of Bayes estimates

obtained using Gibbs sampler is slightly higher.
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8.2. MA(1) MODEL PARAMETER IMPACT ANALYSIS

8.2.1. Independent Truncated Normal prior for ¢, and Gamma or Improper priors

for 7

To estimate the impact of parameter «, we use fixed parameters 5 = 6, iy = 0.375, 01 = 0.3,
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when o = 10, 20, 30. Figure 8.3 below compares the average estimation
and prediction errors when « varies. We notice that as « increases, the average estimation
errors of 0; slightly increase, the average estimation errors of 7 increase more than parameter
« increase and the average prediction errors decrease proportionally to « increase. It suggests

that the average estimation errors and o have inverse linear relationship.

To estimate the impact of parameter 3, we use fixed parameters o = 10, iy = 0.375, 07 =
0.3, sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when § = 10,20,30. Figure 8.4 compares the average estimation and
prediction errors when 3 varies. We notice that § and the average estimation errors of 6,
have a weak nonlinear relationship, the average estimation errors of 7 and 3 have nonlinear

inverse relationship. As parameter 3 increases, the average prediction errors increase.

To estimate the impact of parameter 11, we use fixed parameters o = 10, 5 = 6, o1 = 0.3,
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when gy = 0.125,0.375,0.625,0.875. Figure 8.5 compares the average
estimation and prediction errors when y; varies. We notice that as y; increases, the average
estimation errors of 6; decrease. The changes of average estimation errors of 7 remain almost

unchanged. The average prediction errors slightly increase as j; increases.

To estimate the impact of parameter o, we use fixed parameters o = 10, § = 6, pu; = 0.375,
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average
estimation errors when o; = 0.1,0.2,0.3. Figure 8.6 compares the average estimation and
prediction errors when oy varies. We notice that as o, increases, the average estimation
errors of 0 increase, the average estimation errors of 7 remain unchanged. Under the SE loss
function, the average Bayes prediction errors and o, have a nonlinear relationship, whereas

the average ML prediction errors increase slightly as o; increases. Under the LINEX loss
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function, the average prediction errors change insignificantly as o, varies.

To estimate the impact of parameter vy, we use fixed parameters « = 10, § = 6, u; =
0.375, o1 = 0.3, sample size of 100 and obtain the average estimation errors when v =
0.25,0.5,0.75. Figure 8.7 compares the average estimation and prediction errors when -y
varies. We notice that as 7 increases, the average estimation errors of 6;, 7 and prediction

increase more than the increase in ~.
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Figure 8.3. Impact of parameter a on average estimation and prediction errors for MA(1)
independent truncated normal prior for #,. (a) Estimation of #; under SE loss, (b) Estimation
of A, under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX
loss, (e) Estimation of Y, under SE loss, (f) Estimation of Y, ;; under LINEX loss.
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Figure 8.4. Impact of parameter 3 on average estimation and prediction errors for MA(1)
independent truncated normal prior for 61, (a) Estimation of 6; under SE loss, (b) Estimation
of A, under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX
loss, (e) Estimation of Y, under SE loss, (f) Estimation of Y, ;; under LINEX loss.
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Figure 8.5. Impact of parameter 11 on average estimation and prediction errors for MA(1)
independent truncated normal prior for #,. (a) Estimation of ; under SE loss, (b) Estimation
of A, under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX
loss, (e) Estimation of Y, under SE loss, (f) Estimation of Y, ;; under LINEX loss.
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Figure 8.6. Impact of parameter o; on average estimation and prediction errors for MA(1)
independent truncated normal prior for #,. (a) Estimation of ; under SE loss, (b) Estimation
of A, under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX
loss, (e) Estimation of Y, under SE loss, (f) Estimation of Y, ;; under LINEX loss.
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Figure 8.7. Impact of parameter v on average estimation and prediction errors for MA(1)
independent truncated normal prior for ¢,. (a) Estimation of ¢, under LINEX, (b)
Estimation of 7 under LINEX loss, (c) Estimation of Y}, under LINEX loss.
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8.2.2. Independent Uniform prior for ¢; and Gamma or Improper priors for 7

To estimate the impact of parameter «, we use fixed parameters 3 = 6, (c1,d;) = (0.25,0.5),
sample size of 100 and LINEX loss function parameter v = (0.5 and obtain the average
estimation errors when o = 10, 20, 30. Figure 8.8 below compares the average estimation
and prediction errors when « varies. We notice that as « increases, the average estimation
errors of 6; increase less that the original increase in « , the average estimation errors of 7
increase more than parameter o . The average estimation errors and « have inverse almost

linear relationship.

To estimate the impact of parameter 3, we use fixed parameters o = 10, (¢1,d;) = (0.25,0.5),
sample size of 100 and LINEX loss function parameter v = 0.5 and obtain the average esti-
mation errors when 5 = 10, 20, 30. Figure 8.9 compares the average estimation and predic-
tion errors when [ varies. We notice that as [ increases, the average estimation errors of 6;
remain almost unchanged, the average estimation errors of 7 and 8 have nonlinear inverse

relationship. As parameter /3 increases, the average prediction errors increase.

To estimate the impact of the interval of ;, we use sample size of 100 and LINEX loss
function parameter v = 0.5 and obtain the average estimation errors when (c¢,d;) =
(0,0.25),(0.25,0.5), (0.5,0.75), (0.75, 1). Figure 8.10 compares the average estimation and
prediction errors when the interval of 0, varies, the interval is represented by its middle point.
We notice that as the mean of 6; increases, the average estimation errors of #; increase, the
average estimation errors of 7 and the average prediction errors also increase when the mean

of 8, increases.

To estimate the impact of parameter v, we fix 6 interval, sample size of 100 and obtain
the average estimation errors when v = 0.25,0.5,0.75. Figure 8.11 compares the average
estimation and prediction error when ~ varies. We notice that as 7 increases, the average

estimation errors of #,, 7 and prediction increase more than the increase in ~.

Figure 8.12 below presents the average estimation errors of ¢; under the LINEX loss func-
tion, estimated using the numerical method and the truncated normal approximation. We
notice that the Bayes estimation errors for #; are significantly smaller when the numerical

approach is used (left in the figure); and the difference between the ML and the Bayes esti-
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mates becomes more noticeable, the Bayes estimates have the smallest average estimation

€ITors.
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Figure 8.8. Impact of parameter o on average estimation and prediction errors for MA(1)
independent uniform prior for #,. (a) Estimation of 6; under SE loss, (b) Estimation of 6,
under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX loss, (e)
Estimation of Y,,,; under SE loss, (f) Estimation of Y,, ;1 under LINEX loss.
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Figure 8.9. Impact of parameter 3 on average estimation and prediction errors for MA(1)
independent uniform prior for #,. (a) Estimation of 6; under SE loss, (b) Estimation of 6,
under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX loss, (e)
Estimation of Y,,,; under SE loss, (f) Estimation of Y,, ;1 under LINEX loss.
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Figure 8.10. Impact of #, interval on average estimation and prediction errors for MA(1)
independent uniform prior for #;. (a) Estimation of 6; under SE loss, (b) Estimation of 6,
under LINEX, (c) Estimation of 7 under SE loss, (d) Estimation of 7 under LINEX loss, (e)
Estimation of Y,,,; under SE loss, (f) Estimation of Y,, ;1 under LINEX loss.
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Figure 8.11. Impact of parameter - on average estimation and prediction errors for MA(1)
independent uniform prior for #;. (a) Estimation of #; under LINEX, (b) Estimation of 7
under LINEX loss, (c) Estimation of Y, ; under LINEX loss.
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Figure 8.12. Impact of estimation method of #; under LINEX loss function on average
estimation and prediction errors for MA(1) independent uniform prior for ¢;. (a) Numerical
approach, « varies, (b) Approximation, « varies, (¢) Numerical approach, j varies, (d)
Approximation, [ varies, (¢) Numerical approach, interval of 6, varies, (f) Approximation,
interval of 6, varies, (¢) Numerical approach, v varies, (f) Approximation, v varies.
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8.3. MA(2) MODEL

In this section we study the MA(2) model

Y, = —bie_1 — Oz6,2 + €. (3.2)

8.3.1. Independent Truncated Normal prior for 6;, f; and Gamma or Improper priors

for 7

We consider the independent truncated normal priors for 61 and 6, with parameters j1; = 0.25,
0p=02,¢; =0,dy =0.5,and puy = 0.2, 05 = 0.3, c; = 0, do = 0.4. The prior for 7 is

either improper or gamma prior with parameters o = 10, 3 = 6.

Table 8.18 presents the average values of MA(2) parameters, their estimates, predicted val-
ues, estimation and prediction errors when the SE loss function is used. Under the SE loss
function, the average estimation errors of both ML and Bayes estimates decrease, as the sam-
ple size increases. This verifies the consistency property of these estimators. Generally, the
Bayes estimates are found to have smaller average estimation errors than the ML estimates,
for 6, and 6, the smallest estimation errors are obtained for the Bayes estimates obtained
using Lindley's approximation; for 7 the Bayes estimation using the Gibbs sampler is found
to result in the smallest estimation errors when 7 has gamma prior and the Bayes estimation
using Lindley's approximation when 7 has improper prior; for the one-step prediction all es-
timates have similar errors, the ones of Bayes estimates being slightly smaller. All estimator

performances are reasonably close to each other as the sample size increases.

Under the LINEX loss function, there is a non-zero probability that the Bayes estimates using
Lindley's approximation may be undefined (see Section 7.1.2), Table 8.19 shows proportion
of undefined Bayes estimates using this approximation. Under our choice of parameters,
undefined estimates are obtained only for 7 when it has gamma prior and LINEX loss function
parameters are v = —1.25, —0.75, —0.25. The proportion of undefined 7 estimates decreases
significantly as sample size increases. We exclude the simulation where we obtain undefined

estimates and calculate average errors where all estimates are defined.
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Table 8.20, Table 8.21, Table 8.22, Table 8.23, Table 8.24 and Table 8.25 present the aver-
age values of MA(2) parameters, their estimates, predicted values, estimation and prediction
errors when the LINEX loss function is used with parametersy = —1.25, —0.75, —0.25,

0.25,0.75,1.25, respectively. Under the LINEX loss function, the average estimation errors
are also found to decrease with increasing sample size. enerally, the Bayes estimation has the

smallest average errors.

For 0, and 65, the smallest average estimation errors are obtained for the Bayes estimates
using Lindley's approximation, the difference between the ML and the Bayes estimates are
more noticeable when the LINEX parameter has higher absolute value. For the one-step
prediction, generally, the Bayes estimates have smaller average errors than the ML estimates,

the Gibbs sampler methods have slightly better performance.

For 7 when the LINEX loss function parameters are positive, the smallest average esti-
mation errors are obtained using the Bayes estimates; where gamma prior is used, the Gibbs
sampling method is superior, whereas when improper prior is used, Lindley's approximation
performance is better. When v = —1.25, —0.75, if improper prior is used for 7, the ML es-
timates of 7 have smaller average error than the Bayes estimates; if gamma prior is used for
7, the Bayes estimates obtained using Gibbs sampler have the best performance, for sample
sizes n = 50, 100 the Bayes estimates obtained using Lindley's approximation have the high-
est average errors, for sample sizen = 150, 200 both Bayes estimates perform better than the

ML estimates.

When v = —0.25, the Bayes estimates of 7 have smaller average errors than the ML es-
timates. When improper prior is used for 7, the Bayes estimates performances are indis-
tinguishable except for n = 50, where Lindley's approximation method results in smaller
average error; if gamma prior is used for 7, the Bayes estimates obtained using Gibbs sam-
pler have the best performance, for sample size n = 50 the Bayes estimates obtained using
Lindley's approximation has the highest average error, for sample sizes n = 100, 150, 200

both Bayes estimates perform better than the ML estimates.
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8.3.2. Independent Uniform prior for ¢;, 6, and Gamma or Improper priors for 7

We consider the independent uniform priors for 6; and 6, with parameters ¢; = 0, d; = 0.5,
and c; = 0, dy = 0.4. The prior for 7 is either improper or gamma prior with parameters

a=10,8 =6.

Table 8.26 presents the average values of MA(2) parameters, their estimates, predicted values,

estimation and prediction errors when the SE loss function is used.

Table 8.27, Table 8.28, Table 8.29, Table 8.30, Table 8.31 and Table 8.32 present the aver-
age values of MA(2) parameters, their estimates, predicted values, estimation and prediction
errors when the LINEX loss function is used with parameters v = —1.25, —0.75, —0.25,
0.25,0.75,1.25, respectively.

The average estimation errors of both ML and Bayes estimates decrease, as the sample size
increases. This verifies the consistency property of these estimators. Overall the Bayes es-
timates are found to result in smaller average estimation errors than the ML estimates. For
0,6, and one-step prediction, the Bayes estimates are found to have smaller average esti-
mation errors under both SE and LINEX loss functions for all parameter v values. Under
SE loss function, for 7 the Bayes estimation is found to result in the smallest estimation er-
rors. Under the LINEX loss function, when 7 has gamma prior the Bayes estimation has
better performance than the ML estimation for all parameter v values. When when 7 has
improper prior the ML estimates have smaller average errors when v = —1.25, —0.75, when
v = —0.25,0.25,0.75, 1.25 the Bayes estimation is superior. All estimator performances are

reasonably close to each other as the sample size increases.
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8.3.3. Analysis of Wilshire 5000 Index Data

We consider Wilshire 5000 index log-return data. The series consists of 8385 daily observa-
tions. The data can be downloaded from Federal Reserve Bank of St Louis (FRED). Figure

8.13 shows the plotted Wilshire 5000 index log-return series expressed in per cents.

Figure 8.13. Wilshire 5000 index log-returns data
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We analyze the data using the independent truncated normal prior for #; with mean equal
to the sample mean and variance equal to the sample variance, truncated normal prior forfs
and with mean equal to the sample third moment and variance equal to the sample fourth
moment, and improper prior for 7. The LINEX loss function's parameter are v = 0.25 and
v = —0.25. In order to apply the analysis using the assumed form of the MA(2) model, we
need to subtract the series mean from each of the observations to obtain a zero-mean series.
Model checking shows that the MA(2) model can be fitted to the zero-mean series; see Figure

8.14.

We obtain estimates of 6, 65, 7 and one-step predicted value using 8375, 8377,..., 8383,
8384 observations. Table 8.33 and Table 8.34 present the estimation and one-step prediction
results. It is observed that the prediction errors of the Bayes estimates are slightly smaller
than that of the ML estimates, the Bayes estimates obtained using Gibbs sampling method
have the smallest average estimation errors. This is consistent with the fact that the Bayes

and ML estimators performances are similar when sample size is large.



Figure 8.14. MA(2) model checking
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8.4. MA(2) MODEL PARAMETER IMPACT ANALYSIS

8.4.1. Independent Truncated Normal prior for ¢,, 0, and Gamma or Improper priors

for 7

We have undertaken the parameter impact analysis to define how the average estimation and
prediction errors change when model parameters vary. We use fixed parameters 5 = 6,
w1 = 0.375, o1 = 0.2, uo = 0.375, 0o = 0.3, sample size of 100 and LINEX loss function
parameter v = 0.25 and obtain the average estimation errors when a; = 10, 20, 30. Figure
8.15 presents the mean errors when the parameter o changes. We notice that as « increases,
the average estimation errors of 6; and 6, increase slightly. The average estimation errors of
T increase more than parameter o and the average prediction errors decrease proportionally

to «v increase.

To estimate the impact of parameter 3, we use fixed parameters a = 10, iy = 0.375, 0y =
0.2, o = 0.375, o5 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25
and obtain the average estimation errors when 3 = 10, 20, 30. Figure 8.16 presents the mean
errors when the parameter 5 changes. We notice that 5 and the average estimation errors
of 0, and 6, have a weak nonlinear relationship, the average estimation errors of 7 and 3
have nonlinear inverse relationship. As parameter [ increases, the average prediction errors

increase.

To estimate the impact of parameter 1;, we use fixed parameters a = 10, 5 = 6, 07 = 0.2,
o = 0.375, 09 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when p; = —0.375, —0.125,0.125,0.375. Figure 8.17
presents the mean errors when the parameter 11 changes. We notice that as absolute mean
value of p; increases, the average estimation errors of ¢y and 6, and the average prediction

errors increase, the changes of average estimation errors of 7 remain almost unchanged.

To estimate the impact of parameter ps, we use fixed parameters « = 10, § = 6, yu; =
0.375,01 = 0.2, 09 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25
and obtain the average estimation errors when ps = —0.375, —0.125,0.125,0.375. Figure
8.18 presents the mean errors when the parameter 15 changes. We notice that as mean value

of 115 increases, the average estimation errors of ¢; and 5 and the average prediction errors



247

increase, the average 7 estimation errors increase with increased absolute mean value of .

To estimate the impact of parameter o, we use fixed parameters o = 10, § = 6, pu; = 0.375,
to = 0.375, o9 = 0.3, sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when o7 = 0.1,0.2,0.3. Figure 8.19 presents the mean
errors when the parameter o; changes. We notice that as o increases, the average Bayes
estimation errors of 6; and 6, increase, the changes of average ML estimation errors of 6,
and 0, have nonlinear relationship with o;. The average estimation errors of 7 remain almost

unchanged. The average prediction errors have a very low dependency on 0.

To estimate the impact of parameter o, we use fixed parameters o = 10, 8 = 6, p; = 0.375,
o1 = 0.2, uy = 0.375, sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when oo = 0.1, 0.2, 0.3. Figure 8.20 presents the mean
errors when the parameter o, changes. The changes of o5 have similar impact to the average

estimation and prediction errors as the changes of 7.

To estimate the impact of parameter -y, we use fixed parameters o = 10, 8 = 6, p; = 0.375,
o1 = 0.2, up = 0.375, o5 = 0.3, sample size of 100 and obtain the average estimation
errors when v = 0.25,0.5,0.75. Figure 8.21 presents the mean errors when the parameter ~y
changes. We notice that as y increases, the average estimation errors of 61, f5,7 and prediction

increase more than the increase in ~.
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Figure 8.15. Impact of parameter o on average estimation and prediction errors for MA(2)
independent truncated normal prior for #; and 65. (a) Estimation of ¢, under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-

under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 8.16. Impact of parameter 5 on average estimation and prediction errors for MA(2)
independent truncated normal prior for #; and 65. (a) Estimation of ¢, under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-

under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)
Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 8.17. Impact of parameter j1; on average estimation and prediction errors for MA(2)
independent truncated normal prior for #; and 65. (a) Estimation of ¢, under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-

under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX los, (g)

Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 8.18. Impact of parameter j5 on average estimation and prediction errors for MA(2)
independent truncated normal prior for #; and 65. (a) Estimation of ¢, under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-

under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)

Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 8.19. Impact of parameter o, on average estimation and prediction errors for MA(2)
independent truncated normal prior for #; and 5. (a) Estimation of ¢, under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-

under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)

Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 8.20. Impact of parameter o, on average estimation and prediction errors for MA(2)
independent truncated normal prior for #; and 5. (a) Estimation of ¢, under SE loss, (b)
Estimation of ¢, under LINEX, (c) Estimation of ¢, under SE loss, (d) Estimation of ¢-

under LINEX, (e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g)

Estimation of Y, ; under SE loss, (h) Estimation of Y,,; under LINEX loss.
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Figure 8.21. Impact of parameter y on average estimation and prediction errors for MA(2)

independent truncated normal prior for 6; and 65. (a) Estimation of ¢, under LINEX, (b)

Estimation of ¢, under LINEX, (c) Estimation of 7 under LINEX loss, (d) [Estimation of
Y, +1 under LINEX loss.
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8.4.2. Independent Uniform prior for ¢;, 6, and Gamma or Improper priors for 7

To estimate the impact of parameter «, we use fixed parameters 3 = 6, (c1,d;) = (0.25,0.5),
(¢, dy) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when a; = 10,20, 30. Figure 8.22 presents the mean
errors when the parameter o changes. We notice that as « increases, the average estimation
errors of 6; and A, change only slightly. The average estimation errors of 7 increase more

than parameter «v and the average prediction errors decrease proportionally to « increase.

To estimate the impact of parameter /3, we use fixed parameters o« = 10, (¢1,d;) = (0.25,0.5),
(cg,d2) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when 5 = 10,20, 30. Figure 8.23 presents the mean
errors when the parameter 5 changes. We notice that 3 does not have a significant impact on
the average estimation errors of #; and 65, the average estimation errors of 7 decrease as (5

increases. As parameter [ increases, the average prediction errors increase.

To estimate the impact of parameter (c;,d;), we use fixed parameters « = 10, 5 = 6,
(¢, dy) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when (c1,d;) = (—0.5,—0.25), (—0.25,0), (0,0.25),
(0.25,0.5). Figure 8.24 presents the mean errors when (¢, d;) changes. The interval is
represented by its middle point. We notice that the average estimation errors of #; and 6,
decrese as the absolute value of the interval middle point decreases, the similar pattern can
be noticed for the average prediction errors. The interval changes have a very limited impact

on the average estimation errors of 7.

To estimate the impact of parameter (cq, ds), we use fixed parameters « = 10, 5 = 6,
(c1,dy) = (0.25,0.5), sample size of 100 and LINEX loss function parameter v = 0.25 and
obtain the average estimation errors when (cy, d2) = (—0.5,—0.25), (—0.25,0), (0,0.25),
(0.25,0.5). Figure 8.25 presents the mean errors when the parameter (cz, ds) changes. The
interval is represented by its middle point. We notice that the average estimation errors of 6,
and 6, increase as the absolute value of interval mean point decreases, the changes of aver-
age estimation errors of 7 remain almost unchanged. The average prediction errors slightly

increase as the mean of 0, increases.
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To estimate the impact of parameter v, we use fixed parameters o« = 10, 8 = 6,(c1,d;) =
(0.25,0.5), (cg,d2) = (0.25,0.5), sample size of 100 and obtain the average estimation er-
rors when v = 0.25,0.5,0.75. Figure 8.26 presents the mean errors when the parameter
changes. We notice that as -y increases, the average estimation errors of 61,05, 7 and prediction

increase more than the increase in ~.

Figure 8.27 and Figure 8.28 present the average estimation errors of 6, 65 under the LINEX
loss function, estimated using the numerical method and the truncated normal approxima-
tion. We notice that the Bayes estimation errors for #,, 6 are significantly smaller when the
numerical approach is used (left in the figure); and the difference between the ML and the
Bayes estimates becomes more noticeable, the Bayes estimates have the smallest average

estimation errors.
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Figure 8.22. Impact of parameter o on average estimation and prediction errors for MA(2)

independent uniform prior for ¢, and 6. (a) Estimation of #; under SE loss, (b) Estimation

of A, under LINEX, (c) Estimation of 65 under SE loss, (d) Estimation of 65 under LINEX,

(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of
Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 8.23. Impact of parameter 5 on average estimation and prediction errors for MA(2)

independent uniform prior for ¢, and 6. (a) Estimation of #; under SE loss, (b) Estimation

of A, under LINEX, (c) Estimation of 65 under SE loss, (d) Estimation of 65 under LINEX,

(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of
Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 8.24. Impact of (¢1, d1) on average estimation and prediction errors for MA(2)
independent uniform prior for ¢, and 6. (a) Estimation of #; under SE loss, (b) Estimation
of A, under LINEX, (c) Estimation of 65 under SE loss, (d) Estimation of 65 under LINEX,
(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of

Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 8.25. Impact of (¢, d2) on average estimation and prediction errors for MA(2)
independent uniform prior for ¢, and 6. (a) Estimation of #; under SE loss, (b) Estimation
of A, under LINEX, (c) Estimation of 65 under SE loss, (d) Estimation of 65 under LINEX,
(e) Estimation of 7 under SE loss, (f) Estimation of 7 under LINEX loss, (g) Estimation of

Y, 11 under SE loss, (h) Estimation of Y,,;; under LINEX loss.
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Figure 8.26. Impact of parameter y on average estimation and prediction errors for MA(2)
independent uniform prior for §; and 5. (a) Estimation of ; under LINEX, (b) Estimation
of A under LINEX, (c) Estimation of 7 under LINEX loss, (d) Estimation of Y,,,; under
LINEX loss.
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Figure 8.27. Impact of estimation method of #; under LINEX loss function on average
estimation and prediction errors for MA(2) independent uniform prior for #; and 6,. (a)
Numerical approach, « varies, (b) Approximation, « varies, (¢) Numerical approach, 3

varies, (d) Approximation, 3 varies, (¢) Numerical approach, interval of 6, varies, (f)

Approximation, interval of 6, varies, (g) Numerical approach, v varies, (h) Approximation,

7y varies.
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Figure 8.28. Impact of estimation method of #, under LINEX loss function on average
estimation and prediction errors for MA(2) independent uniform prior for #; and 6,. (a)
Numerical approach, « varies, (b) Approximation, « varies, (¢) Numerical approach, 3

varies, (d) Approximation, 3 varies, (¢) Numerical approach, interval of 6, varies, (f)

Approximation, interval of 6, varies, (g) Numerical approach, v varies, (h) Approximation,

y varies.
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9. CONCLUSIONS

In this study, we presented Bayesian inferences for the autoregressive model of order p and
moving average model of order q under two loss functions: squared error and linear ex-
ponential. Using independent Truncated Normal - Gamma, Truncated Normal - Improper,
Uniform - Gamma and Uniform-Improper priors, the Bayes estimators of the parameters are
derived. Under independent truncated normal priors for the parameters, the Bayes estimators
are found not to be in a closed form and hence Lindley's approximation is used to obtain the
approximate estimators. We undertook a computer simulation study to compare the maxi-
mum likelihood and the Bayes estimates obtained using Lindley's approximation and Markov
chain Monte Carlo techniques, in particular, Gibbs sampler. As expected, the Bayes estimates
are found to have lower estimation errors than the ML estimates. Our simulation study in-
dicates that the Bayes estimators obtained using Lindley's approximation have very similar
performances (in terms of average estimation error) to the Bayes estimators obtained using
the Gibbs sampler. Moreover, the computational time needed to obtain the Bayes estimates
using Lindley's approximation is significantly lower (average time to obtain one set of esti-
mates for the autoregressive and moving average models of order one is 0.0000025 seconds
compared to 3.9 seconds using the Gibbs sampler, and 0.0000032 seconds compared to 5.1
seconds for the autoregressive and moving average models of order two). Thus, in order
to derive approximate Bayes estimates, Lindley's approximation is preferred over the Gibbs

sampler, similar results were found by Kizilaslan and Nadar [61].
The following ideas will be developed in the future research:

* To generalize the Bayesian analysis for the AR and MA models by applying it to the
ARMA model.

* To complete the Bayesian analysis for the AR and MA models using other loss func-

tions.

 To apply Lindley's approximation using different priors that lead to posteriors that are

not in a closed form.

* To utilize Lindley's approximation for different time series models. In this study we

considered univariate AR and MA models, this analysis can be expanded for multi-
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variate AR and MA models. However, in practice many time series are nonlinear. To
model nonlinear behaviour in time series, the existence of different states of the world
or regimes and different dynamics in different regimes can be assumed, i.e. threshold
AR, self-exciting threshold AR and smooth transition AR, bilinear models. The present

study can be broaden by applying Lindley's approximation to nonlinear models.

To apply different approximation when the posterior distribution is intractable. As it
was pointed out in our present analysis, Lindley's approximation involves only three
terms and is of order n~!. Under LINEX loss function this lead to a small propor-
tion of Bayes estimates that are undefined. We recommend expanding Lindley's ap-
proximation to consider more terms or to employ some different approximation, i.e.

approximation proposed by Tierney and Kadane [46].
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