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ABSTRACT 

 

 

A PRELIMINARY DESIGN METHOD FOR AXIAL FLOW COMPRESSOR 

STAGES 

 

A preliminary design method for axial flow compressor stages and mean line code were 

developed based on steady-state energy equations and empirical correlations. 

Axial flow compressors typically have three common annulus shapes, which are called as 

the constant hub, constant tip, and constant mean diameter. Each type of design has its own 

specific advantages and disadvantages compared to others. Due to customer requirements, 

such as disk stress, space for accessories, overall length, etc. Designers sometimes need to 

utilize variable mean diameter annulus shape, which has no constant diameter and provides 

a more flexible design. 

In this thesis, variable mean diameter compressor calculations were done through the mean 

line radius then corresponding blade angles were determined by using empirical correlations. 

Tip and hub air angles were determined by utilizing the radial equilibrium equation. The tool 

is called “Axial Compressor Mean Line Calculation” (ACMC), which is a spreadsheet-based 

Excel VBA tool. In order to get maximum efficiency and compression ratio, an optimum 

combination of flow path dimensions and air angles was found by the optimization process. 

Design of experiment (DOE), response surface and multi-objective genetic algorithm 

optimization were conducted with Ansys Workbench. The first stage of an axial compressor 

was designed with the code and 3D CFD results were compared with ACMC results. Mass 

flow rate variation was 2.4600 percent, compression ratio variation was 0.1864 percent and 

efficiency variation was 2.1597 percent between CFD and analytical solution. 
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ÖZET 

 

 

EKSENEL AKIŞLI KOMPRESÖR KADEMELERİ İÇİN BİR ÖN TASARIM 

METODU  

 

Eksenel akışlı kompresör kademeleri için bir ön tasarım metodu ve orta hat hesaplama kodu 

denge durumu enerji denklemleri ve test korelasyonları kullanılarak geliştirildi. 

Kompressör tasarımında genel olarak 3 tip akış yolu bulunmaktadır. Bunlar, sabit kök, sabit 

dış ve sabit orta hat çaplı akış yolları olarak adlandırılırlar. Her bir akış yolu tipi kendine has 

avantajlar ve dezavantajlar barındırmaktadır. Diğer taraftan müşteri kısıtlamaları, örneğin 

disk gerilmeleri, ekipmanlar için boş alan, toplam boy v.b. nedeniyle tasarımcılar sabit çap 

barındırmayan değişken orta hatlı akış yolu tipini kullanmaktadırlar. Böylece daha serbest 

tasarım imkanı sağlanmaktadır. 

Bu tezde, değişken orta hatlı kompresör hesaplamaları orta hat yarı çapında yapıldı ve ilgili 

kanat açıları deneysel korelasyonlarla bulundu. Dış ve kök çaplarındaki akışkan açıları 

radyal denge formüllerinden faydalanılarak hesaplandı. Geliştirilen kod, ACMC olarak 

adlandırılmış olup Excel ve “Visual Basic for Applications” (VBA) temelli bir tasarım 

aracıdır. Maksimum verim ve basma oranını bulabilmek için optimizasyon süreciyle akış 

yolu ölçülerinin ve akış açılarının en uygun kombinasyonu bulundu. Deney tasarımı, cevap 

yüzeyi ve çoklu hedefli genetik algoritma optimizasyonu Ansys Workbench üzerinden 

yapıldı. Eksenel kompressörün ilk kademesi tasarlanmış olup hesaplamalı akışkanlar 

dinamiği sonuçlarıyla 1 boyutlu orta hat hesaplamaları karşılaştırıldı; kütlesel debide yüzde 

2.4600, basma oranında yüzde 0.1864 ve verimde yüzde 2.1597 farklar gözlemlendi.  
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1. INTRODUCTION 

 

Aircraft, which are used in high speed and long-range applications, mostly have gas turbines 

engines as propulsion units. Axial type compressors are preferred due to their high 

efficiency, high-pressure ratio and high flowrate capability compared to the air inlet area. 

The basic design objectives of the axial compressor are to provide high mass flow rate and 

pressure ratio, efficiency in terms of power, being small in longitudinal size and reasonable 

surge margin. 

The aerodynamic design of the compressors typically starts with 1D mean line analysis based 

on steady-state energy equations and empirical correlations. This process is cheap in terms 

of computational memory and CPU time but it has low fidelity compared to 2D Through 

Flow analysis, 2D Blade to Blade analysis and 3D CFD analysis. 

1D mean line analysis approach is still used by many design systems as an initial step 

because it can converge about 60-70 percent to the final design [1]. Relatively simple 

calculation steps allow designers to determine preliminary annulus shape, blade angles, and 

size, efficiency, performance maps, etc.  

There are commonly three basic annulus shapes belong to axial compressors. They are 

classified based on the location where their constant diameter is assigned. Constant tip 

compressors have a constant diameter at tip or casing location. It is usually used in aircraft 

and missile engines. Mean diameter increases per stage numbers, eventually tangential speed 

increases. Temperature rise increases at later stages as well. Therefore less number of stages 

are required to obtain a given pressure ratio. Other advantages are less fluid deflection 

requirement and an increase in de Haller number [2]. On the other hand, relatively higher 

end-wall losses, higher disk stresses and small volume for externals (External equipment) 

are some of the disadvantages [3].  

Constant hub compressors have a straight hub geometry. Therefore, disk manufacturing cost 

is less. Aerodynamic losses are less compared to constant tip design. Due to the decreasing 

outer diameter, more volume is available for externals. On the other hand, the descending 

mean radius results in lower tip speed at later stages. Therefore, higher loaded blades [4] and 

an increased number of stages is required with respect to constant tip and mean design. There 
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is more space for external equipment in this type of design because of decreasing outer 

diameter through later stages. 

Constant mean diameter compressors have a straight mean diameter along the flow path. It 

provides easier calculation steps compared to the constant tip and hub design. 

An additional annulus shape, which is called as, variable mean line, is a compromise among 

constant tip, hub and mean diameter annulus shapes. When customer requirements entail 

designers to limit or restrict some of the sizing parameters, variable mean line design, in 

conjunction with optimization methods is an option to find optimum design point in the 

given circumstances.  

It is known that axial compressor mean line design is a sophisticated process because 

numerous output parameters should be kept in specific ranges by changing input parameters. 

Root, mean, hub diameters, air inlet, and outlet angles are the examples for input parameters; 

rotor and stator diffusion factors, compression ratio, mass flow rate and efficiency are the 

examples for output parameters. Changing input parameters manually in order to meet the 

performance criteria is not easy in case of looking for an optimum design point. It should be 

handled regarding a multi-objective optimization method.  

An additional problem in axial compressor design is to fulfill customer requirements, such 

as geometric limitations, stress, weight and cost, manufacturability and assembly 

restrictions. The requirements may entail designers to build annulus shapes far from the 

aforementioned shapes (Constant tip, mean, hub) while maintaining performance criteria, 

such as aerodynamic efficiency, mass flow rate and compression ratio to admissible level. 

Designers sometimes need to make concessions between customer requirements and 

performance criteria. For instance, in order to maintain greater space for external equipment, 

tip diameters should be lowered which causes the compression ratio to diminish. The 

question is then, might it be possible to develop a mean line method in case of not having 

constant tip, hub and mean diameter due to customer requirements? Would the admissible 

efficiency and compression ratio still be attained? 

Several studies were conducted about improving 1D mean line methods  [5)-(6)(7]; Falck [1] 

used constant mean diameter and relevant assumptions in their design methods, Miller [8] 

used the constant hub, mean and tip diameter in his design method. Those mentioned 
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methods could not offer any resolution that considers both customer requirements and 

performance criteria simultaneously. 

In this thesis, it is emphasized to develop a method, which offers flexibility to designers to 

be able to set desired parameters to specified values then remained values are managed by 

optimization process to meet performance criteria utilizing DOE, response surface, multi-

objective genetic algorithm optimization method. 
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2. AXIAL COMPRESSOR BASICS 

 

Brayton cycle is the ideal cycle for gas turbine engines, which consists of a compressor, 

combustion chamber, and turbine modules. The process scheme is illustrated in Figure 2.1. 

All gas turbines have a compressing unit which is called a compressor. Compressors are 

basically used so as to increase the pressure of the working fluid e.g. air and maintain the 

required mass flowrate for the combustor.  

                                

                                               Figure 2.1. Schematic view of Brayton cycle 

 

As the shaft starts to spin by an electric motor, pressurized air is delivered from the 

compressor to the combustion chamber. Fuel is sprayed through fuel nozzle and air swirler 

maintains fluid/fuel mixture, which is typically ignited by a capacitor-type ignitor. 

The yield of burning, high momentum air leaves from the combustor, hits to turbine blades 

and starts to rotate the turbine rotor. Compressor and turbine modules both spin around the 

same driveshaft e.g. main shaft, which transmits a small part of the power from the turbine 

to compressor in order to provide continuous compression process. The rest of the 

momentum is used to maintain the required thrust to the aircraft in which the engine is 

mounted on. These types of engines are called as turbojets. The configuration, which has a 

fan in front of the engine is called as turbojet as well. An additional turbine module, which 

is attached to the aft, utilizes a part of the momentum of the working fluid in order to drive 
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the front fan. The main thrust is maintained by that fan. Turbojet engine was first developed 

by England and Germany before World War 2.  

The turboprop engine was first developed in 1945 by Rolls Royce. The main difference from 

turbojets is having a propeller, which is attached to the aft of the turbine with a reduction 

gear. This configuration allows still having efficient propeller performance at a much slower 

speed than the operating shaft speed. 

A turbofan engine is a compromise between turbojet and turboprop engines. The secondary 

airflow passes around the combustor, which allows additional thrust to be maintained. 

Turboshaft engine utilizes high momentum exhaust gases in order to drive a shaft with a 

reduction gear rather than generating jet thrust. This type of engine is mostly used in 

helicopters. 

There are typically two types of compressors, which are used in jet engines, are called axial 

and centrifugal compressors. In the case of having multiple stages, axial compressors have 

the capability of higher pressure ratio and higher efficiency than the centrifugal 

compressors[2]. Another advantage of axial type is the larger flowrate possible for the same 

inlet area. However multiple stages are required to achieve the desired pressure ratio whereas 

centrifugal-type compressors may need one stage to attain the same pressure ratio.  

 

 

                                              Figure 2.2. General view of an axial compressor   
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Basic axial compressor components are illustrated in Figure 2.2. Rotating first row is called 

as Rotor-1 and following stationary row is called as Stator-1. A stage consists of either a 

rotor row and a stator row.                                           

The working fluid flow always tends to move back from high-pressure outlet to low-pressure 

inlet through compressor because of the adverse pressure gradient, which makes the design 

more difficult with increasing compression rate. In the rotor, the kinetic energy of working 

fluid is increased because the rotating blade leading edge interacts with the incoming air; 

therefore, the tangential velocity of the fluid increases. In addition to this, due to the diffusion 

process, which takes place at both rotor and stator, static pressure increases through the 

stages of the compressor. Attaining the desired compression rate entails having multiple 

stages are stacked successively through the compressor because the diffusion process has 

some limitations in its nature. Each stage has its own pressure ratio and adding more stages 

determines the overall pressure ratio. Figure 2.3 illustrates a top view of a compressor 

module. The throat width of the passage, which belongs to a couple of alongside blades or 

vanes, enlarges from leading-edge through the trailing-edge. Expanding flow passage 

decelerate flowing fluid and results in the diffusion process. This causes a rise in static 

pressure. 

The working limits of the compressors are determined by choking and stall or surge. Choking 

occurs at a very high mass flow rate and low discharge pressure condition. At the low 

working speed of compressors, high-pressure ratio and exceeding of incidence angle of the 

blade results in early separation of flow around the airfoil. This stalled blade region cannot 

retain the pressurized downstream flow, which results in a complete compressor surge. This 

problem tends to occur at the speed that is far from the design point. To avoid this problem 

and increase stall range, inlet guide vane (IGV) is used. IGV guides the inlet flow and 

incorporates initial tangential velocity components to incoming air. Another way for 

avoiding surge is to deliver excessive pressurized air, which is larger than the blade couple 

can retain, into the atmosphere, therefore, reverse flow of fluid from outlet to inlet is 

prevented.  

In early compressors, the flow was entirely subsonic and subsonic aerofoil profiles e.g. 

NACA were used in blade profiles [2]. Increasing flowrate and compression ratio demand 

forced the compressor designers to work with increased rotating shaft speed, which caused 

the flow passing through the blades supersonic. When this supersonic flow comes across 
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with a solid body, such as a blade or a vane leading edge, it would generate a shock.  

Therefore a certain amount of energy loss was encountered as the shock occurred. In order 

to maintain affordable efficiency while utilizing benefits of increased speed, some of the 

special aerofoil profiles such as double circular arc (DCA) (Figure 2.3), multiple circular 

arcs (MCA), S-Type or controlled diffusion aerofoil were used. Long chord aerofoils also 

maintain diffusion that takes place in a controlled manner. In brief, compressors, which have 

the working fluid Mach number varies around the transonic range is called as transonic 

compressors. 

Several significant research was performed about transonic compressors [9) (10)(11)-(12 ) (13 )(14]. When the 

incoming airflow with relative Mach number well below 1 arrives near to the leading edge 

of the blade tip section, flow accelerates and static pressure drop occurs due to curvature of 

the convex surface. That is the reason why it is called a suction surface. Acceleration occurs 

at 10-15 percentage of the chord from the leading edge which would make the flow 

supersonic and drops steadily until it reaches the subsonic range (Mach number below 0.8) 

at a later portion of the passage due to subsonic and supersonic diffusion. In transonic 

compressors, the leading edge of the blade is made sharp and less curvature is given so as to 

keep Mach number in the order of 1.2 around acceleration zone. In other words, acceleration 

is controlled utilizing from the geometric form of DCA, MCA, S-Type or controlled 

diffusion aerofoils. When the flow passes over the suction side due to less curvature effect 

of DCA blading and enlarging flow area, results in the flow to be decelerated. Therefore, 

flow becomes subsonic through blade passage. 

In a transonic compressor, the flow, which goes through blade passages, is continuously 

transformed from supersonic to subsonic and subsonic to supersonic in passing through the 

blade passage in the chordwise direction. Furthermore, in the spanwise direction, flow can 

be subsonic near the hub region but it would go supersonic near the tip region due to relative 

velocity of the blade tip. The compressor, which has this type of transition, is also regarded 

as a transonic compressor. 
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           Figure 2.3. A general view for rotor and stator embodiment in a compressor stage 
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3. AXIAL COMPRESSORS MEAN LINE DESIGN 

 

3.1. DEFINITION OF MEAN LINE DESIGN 

Mean line design estimates the working fluid properties and velocities across the mean radius 

of the blades and vanes from the inlet through the outlet of the compressor. Some of the 

empirical corrections are introduced by collected experimental data belong to specific 

aerofoil shapes. Calculations are done on mean line region utilizing steady-state energy 

equation.  

Basically, the stagnation enthalpy change is expressed as constant specific heat ideal gas 

stagnation temperature change and conservation of momentum (Tangential velocity change). 

Then the estimated air angles are projected to the hub and tip regions by utilizing the radial 

equilibrium equations. Inlet and outlet angles of blade sections are determined by utilizing 

deviation and incidence angles. 

While basic aerofoil shapes and the shaft speed are determined, mechanical calculations 

should be carried on simultaneously. The most critical mechanical failure sources blade 

centrifugal stress at hub location and sudden fracture because of resonance. Natural 

frequencies should be calculated carefully so as to maintain compressor structural integrity. 

Minimizing the size and the blade root stress, high efficiency and compression ratio at the 

same time keeping the blade natural frequency at a specified range should be the objectives 

of the optimization process. 

3.2. AERODYNAMIC DESIGN OF AXIAL COMPRESSOR 

3.2.1. Thermodynamic Calculations in an Axial Compressor Stage 

A compressor stage consists of a blade row that rotates about the engine axis at a specified 

RPM and it is followed by a stator vane row which is stationary. Inlet air arrives at the rotor 

blade leading edge, then accelerates due to the tangential velocity component of rotor blades 

until it travels to the trailing edge of the blade. This effect increases the kinetic energy of the 
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working fluid. At the stator vane passage, deceleration occurs because the expansion of 

working fluid and attained kinetic energy of the fluid is transformed into an increase in static 

pressure.  

Axial compressors typically have successive stages so as to increase the overall pressure of 

working fluid because single-stage pressure building capacity is limited due to adverse 

pressure gradient through the inlet of the compressor. 

 

 

      

     Figure 3.1. T-s and velocity diagram of a stage. (a) T-s diagram, (b) Velocity triangles 
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                                                Figure 3.2. Control volume through rotor passage 

 

In mean line design, the basic steady flow energy equation is applied to the rotor. The rate 

of net energy transfer equals "0" because of the steady process. From the first law of 

thermodynamics,  

                                              𝐸̇𝑖𝑛 − 𝐸̇𝑜𝑢𝑡 =
𝑑𝐸𝑠𝑦𝑠𝑡𝑒𝑚

𝑑𝑡
= 0                                                 (3.1) 

𝑄̇𝑖𝑛 + 𝑊̇𝑖𝑛 + 𝑚̇ (ℎ1 +
𝐶1

2

2
+ 𝑔𝑧1) = 𝑄̇𝑜𝑢𝑡 + 𝑊̇𝑜𝑢𝑡 + 𝑚̇ (ℎ2 +

𝐶2
2

2
+ 𝑔𝑧2)          (3.2) 

Recalling that, ℎ01,02 = ℎ1,2 +
𝐶1,2

2

2
 and  𝑄̇ = 𝑚̇𝑞, 𝑊̇ = 𝑚̇𝑤.  

                      𝑞𝑖𝑛 + 𝑤𝑖𝑛 + (ℎ01 + 𝑔𝑧1) = 𝑞𝑜𝑢𝑡 + 𝑤𝑜𝑢𝑡 + (ℎ02 + 𝑔𝑧2)          (3.3) 

Change in elevation is ignored through the compressor (𝛥𝑧 = 0) because its effect is 

negligible compared to other contributors. Then steady flow equation becomes as follows, 

                                    𝑞𝑖𝑛 + 𝑤𝑖𝑛 + ℎ01 = 𝑞𝑜𝑢𝑡 + 𝑤𝑜𝑢𝑡 + ℎ02             (3.4) 
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The compression process is assumed to be adiabatic. Therefore both 𝑄̇𝑖𝑛 = 𝑄̇𝑜𝑢𝑡 = 0. For 

the compressor, there is a turbine shaft work that drives the compressor rotor. 𝑤𝑖𝑛 + ℎ01 =

ℎ02  or  𝑊̇𝑖𝑛 + 𝑚̇ℎ01 = 𝑚̇ℎ02. 

For a calorically perfect gas, specific heats do not change with respect to temperature. 

Therefore, total enthalpy is given in terms of 𝑐𝑝 and total temperature, 

ℎ01 = 𝑐𝑝𝑇01, ℎ02 = 𝑐𝑝𝑇02                       (3.5) 

Variation in 𝑐𝑝 around related temperature range is ignored [2]. Therefore, the power input 

in order to drive the compressor rotor is given as follows: 

𝑊̇𝑖𝑛 = 𝑚̇𝑐𝑝(𝑇02 − 𝑇01)                                                      (3.6) 

From Euler Turbomachinery Equation, rate of work in (Power) is also written as follows: 

𝑃 = 𝜏𝜔 = 𝜔𝑚̇(𝑟2𝐶𝑤2 − 𝑟1𝐶𝑤1) = 𝑊̇𝑖𝑛 = 𝑚̇(𝑈2𝐶𝑤2 − 𝑈1𝐶𝑤1)              (3.7) 

Where "𝑈" stands for the blade tangential velocity and "𝐶𝑤" stands for the fluid tangential 

velocity as seen in Figure 3.1. For convenience, "𝑊̇" stands for the work rate into the 

compressor shaft that will be used instead of  "𝑊̇𝑖𝑛", "w" stands for the  work to the 

compressor shaft per unit mass that will be used instead of  "𝑤𝑖𝑛". Utilizing velocity triangles 

(Figure 3.1.b) equation 3.7 is written in terms of axial velocities: 

𝑊̇ = 𝑚̇(𝑈2𝐶𝑎2 tan𝛼2 − 𝑈1𝐶𝑎1 tan𝛼1)                            (3.8) 

Where "𝐶𝑎" stands for the fluid axial velocity and "𝛼" stands for the angle between axial 

direction and absolute velocity of incoming fluid. The T-s diagram of a compressor stage 

(Figure-3.1.a) illustrates that the temperature and pressure relationship and losses. The total 

pressure is increased only in the rotor because the turbine output work is applied to the 

compressor shaft directly via the main shaft. The stator only transforms kinetic energy to an 

increase in static pressure while the stagnation (Total) temperature remains constant. In other 

words, total enthalpy does not change in the diffuser, only static enthalpies changes. In actual 

working conditions, because of the frictional losses, total pressure decreases in the stator 

[15),(16].  
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During the mean line (1D) analysis the calculations are performed at the mean height of the 

blades. U is taken as the tangential speed of the blade. Velocity vectors are illustrated in 

Figure 3.1. 𝐶1 stands for incoming air velocity (Absolute). It has an angle of 𝛼1 relative to 

the axial direction. The resultant velocity vector of 𝐶1 and U (Blade speed in a tangential 

plane) is nothing but the relative velocity 𝑊1 of incoming air with respect to rotating blade. 

Absolute velocity increases right after passing through the rotor blade passage. Utilizing 

trigonometry, 𝐶2 stands for the absolute velocity at the rotor exit can now be calculated. 𝐶2 

is diffused to 𝐶3 (Decelerated) at diffuser passage. Inlet and outlet absolute velocity 

magnitudes 𝐶1, 𝐶3 and their relevant angles  α1, α3 values do not vary significantly [2]. 

3.2.2. The Factors Which Affect Pressure Ratio 

One of the main design objectives of an axial compressor is to maintain the required pressure 

ratio for the combustor to be operated. There are important factors, which affect the value of 

the pressure ratio and they should be considered in the design process. 

From velocity triangles diagram tan𝛽1 and tan 𝛽2 are written as follows: 

tan𝛽1 =
𝑈1−𝐶𝑤1

𝐶𝑎1
                                                                 (3.9) 

tan𝛽2 =
𝑈2−𝐶𝑤2

𝐶𝑎2
                                                               (3.10) 

The useful work which is given into the compressor shaft is transformed into a stagnation 

temperature rise [2]. Then equation 3.2 is written as follows: 

w = ∆𝑇0𝑆 =
𝑈2𝐶𝑤2−𝑈1𝐶𝑤1

c𝑝
=

𝑈2
2−𝑈1

2+𝑈1𝐶𝑎1 tan𝛽1−𝑈2𝐶𝑎2 tan𝛽2

c𝑝
       (3.11) 

From equation 3.11 it is seen that stagnation temperature rise increases as the tangential 

blade speed increases. High axial velocity and high fluid deflection "𝛽1 − 𝛽2" both increase 

the stagnation temperature. 

On the other hand, there are some limiting conditions for the above parameters. Such as high 

blade tangential velocity " 𝑈 " that results in high centrifugal blade root stress which will be 

detailed more in the "Mechanical Design" chapter. 
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At rotor inlet high absolute velocity " 𝐶 " in conjunction with high tangential blade velocity 

" 𝑈 " cause the maximum relative velocity " 𝑊 " occurs at tip region by Pythagorean theorem 

𝑊2 = 𝑈2 + 𝐶2. In case of not having IGV at the inlet of the compressor, absolute velocity 

becomes pure axial velocity [2]. Thus, inlet static temperature is expressed as follows: 

𝑇1 = 𝑇01 −
𝐶1

2

2c𝑝
                                                     (3.12) 

At " 𝑇1" static temperature, local acoustic velocity "c" is expressed as follows: 

     c = √𝛾𝑅𝑇1                                                           (3.13) 

Relative Mach number is then expressed as follows at the calculated acoustic velocity: 

(𝑀𝑎𝑐ℎ1,𝑟𝑒𝑙)𝑡𝑖𝑝
=

(𝑊1)𝑡𝑖𝑝

𝑐
                                                  (3.14) 

Axial velocities are varying between 150 to 200 m/s for industrial gas turbines [2]. In the 

meantime, Mach number variation is between 0.2 to 2.5 [17] across the compressor. It is also 

known that up to about 1.1 transonic Mach numbers do not result in excessive losses [2]. 

Therefore it can be stated that high axial velocity is limited by Mach number in order to 

avoid excessive losses to occur at the compressor stage. 

High deflection "𝛽1 − 𝛽2" is maintained by reducing 𝛽2 for considering at constant 𝛽1. The 

angle 𝛽2 is the angle between relative velocity 𝑊2 vector and axial direction. Reducing 𝛽2 

results in reducing 𝑊2 (Figure 3.1) which means diffusion takes place. The high rate of 

diffusion is limited and some of the criteria such as "de Haller" number and "Diffusion 

Factor" are presented and detailed more in the following sections [2].   

3.2.3. Radial Equilibrium in a Fluid Element 

Due to the centrifugal effect, there is a radial force component, which arises on a fluid 

element. There are three sources of that centrifugal effect,  

 Circular motion on the plane that is perpendicular to rotation axis (Aft looking 

forward or forward-looking aft directions), 
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 The circular motion along the radius in meridional plane because of the streamline 

curvature (Profile view),  

 The third one is due to the radial component of linear acceleration along the 

streamline (Profile view) Fig.8.  

 

 

 

Figure 3.3. Force balance on a fluid element in a flow passage.  (a) Forward-looking aft or 

aft looking forward view, (b) Meridional view (Profile view) [2] 

 

A fluid element has a unit width and density 𝜌, the mass of the element is expressed as 

follows: 

𝑚 = 𝜌𝑟 𝑑𝑟 𝑑𝜃                                                      (3.15) 

Centrifugal force acts on a fluid element in two planes. 𝐹1 is acting in the plane which is 

perpendicular to the rotation axis, 𝐹2 and 𝐹3 is in the meridional plane (Streamline plane). 

They are both radial forces. Gravitational force is ignored because of having a very small 

magnitude corresponding to others [2]. 

𝐹1 = (𝜌𝑟 𝑑𝑟 𝑑𝜃)
𝐶𝑤

2

𝑟
                                            (3.16) 

𝐹2 = (𝜌𝑟 𝑑𝑟 𝑑𝜃)
𝐶𝑆

2

𝑟𝑆
cos 𝛼𝑆         (3.17) 
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Suffix “S” indicates that the associated parameter belongs to streamline. Final inertial force 

component arises due to acceleration along the streamline and expressed as follows:  

𝐹3 = 𝑚
𝑑𝐶𝑆

𝑑𝑡
sin 𝛼𝑆 = (𝜌𝑟 𝑑𝑟 𝑑𝜃)

𝑑𝐶𝑆

𝑑𝑡
sin 𝛼𝑆                                  (3.18) 

𝐹1, 𝐹2, 𝐹3 forces are in the radial direction, therefore they are combined into one equation, 

𝐹𝑅𝑎𝑑𝑖𝑎𝑙 = (𝜌𝑟 𝑑𝑟 𝑑𝜃) [
𝐶𝑤

2

𝑟
+

𝐶𝑆
2

𝑟𝑆
cos 𝛼𝑆 +

𝑑𝐶𝑆

𝑑𝑡
sin 𝛼𝑆]                      (3.19) 

Pressure force balance on fluid element is expressed as follows: 

𝐹𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 = (𝑝 + 𝑑𝑝)(𝑟 + 𝑑𝑟)𝑑𝜃 − 𝑝𝑟𝑑𝜃 − 2 (𝑝 +
𝑑𝑝

2
) 𝑑𝑟

𝑑𝜃

2
       (3.20) 

Neglecting second-order terms and equating both equations 𝐹𝑅𝑎𝑑𝑖𝑎𝑙 and 𝐹𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 yields  

radial equilibrium equation as follows: 

1

𝜌

𝑑𝑝

𝑑𝑟
=

𝐶𝑤
2

𝑟
+

𝐶𝑆
2

𝑟𝑆
cos 𝛼𝑆 +

𝑑𝐶𝑆

𝑑𝑡
sin 𝛼𝑆                                    (3.21) 

 𝑟𝑆 value is large enough to assume 𝛼𝑆 so small [2], radial equilibrium equation becomes, 

1

𝜌

𝑑𝑝

𝑑𝑟
=

𝐶𝑤
2

𝑟
                                                              (3.22) 

Stagnation enthalpy along the span is ℎ0. The absolute velocity C is as follows,  

ℎ0 = ℎ +
𝐶2

2
= ℎ +

1

2
(𝐶𝑎

2 + 𝐶𝑤
2)                                      (3.23) 

Enthalpy change along span with respect to change in 𝑟 is given by: 

𝑑ℎ0

𝑑𝑟
=

𝑑ℎ

𝑑𝑟
+ 𝐶𝑎

𝑑𝐶𝑎

𝑑𝑟
+ 𝐶𝑤

𝑑𝐶𝑤

𝑑𝑟
                                             (3.24) 

Gibb's relation is applied and both equations are combined that gives the following equation 

by omitting second-order terms: 

    
𝑑ℎ0

𝑑𝑟
= 𝑇

𝑑𝑠

𝑑𝑟
+

1

𝜌

𝑑𝑝

𝑑𝑟
+ 𝐶𝑎

𝑑𝐶𝑎

𝑑𝑟
+ 𝐶𝑤

𝑑𝐶𝑤

𝑑𝑟
          (3.25) 

Combining with Eqn.3.24 gives vortex energy equation by dropping the entropy gradient 

along the span, 
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𝑑ℎ0

𝑑𝑟
= 𝐶𝑎

𝑑𝐶𝑎

𝑑𝑟
+ 𝐶𝑤

𝑑𝐶𝑤

𝑑𝑟
+

𝐶𝑤
2

𝑟
           (3.26) 

When the constant specific work is desired through the span 
𝑑ℎ0

𝑑𝑟
= 0 and equation reduces 

to  

𝐶𝑎
𝑑𝐶𝑎

𝑑𝑟
+ 𝐶𝑤

𝑑𝐶𝑤

𝑑𝑟
+

𝐶𝑤
2

𝑟
= 0           (3.27) 

And axial velocity distribution is assumed to be 0 along with the span yields, 

𝑑𝐶𝑤

𝐶𝑤
= −

𝑑𝑟

𝑟
            (3.28) 

After integration, 

       𝐶𝑤𝑟 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                   (3.29)

  

This is known as free vortex condition, whirl velocity varies inversely with respect to radius. 

3.2.4. Annulus Types of Axial Compressor 

Generally, three basic types of annulus shapes of compressors are present as illustrated in 

Figure 3.4. Constant hub diameter compressors are usually found in industrial applications. 

This type of shape serves greater outer space than the other types do. That may be accounted 

as an advantage to maintain an allowance for accessories and external equipment to be 

mounted on. Due to smaller disk rim diameter corresponding to other types, constant disc 

hub diameter design has another advantage because of lower manufacturing costs and rim 

stress [5]. Aerodynamic losses are less than that for constant tip design. Descending the mean 

radius results in lower tip speed at later stages; therefore, higher loaded blades [4], more 

number of stages are required with respect to constant tip and mean design. 

Constant mean diameter compressors have a straight mean diameter along the flow path. It 

provides easier calculation steps compared to the constant tip and hub design. 

Constant tip compressors have a constant diameter size at tip or casing location. It is usually 

used in aircraft and missile engines. Mean diameter increases per stage numbers, eventually 

tangential speed increases. Temperature rise increases at later stages as well. Therefore less 
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number of stages are required to obtain a given pressure ratio. Other advantages are less fluid 

deflection requirement and an increase in de Haller number [2]. On the other hand, relatively 

higher end-wall losses, higher disk stresses and small volume for externals (External 

equipment) are some of the disadvantages [3].  

An additional annulus shape, which is called variable mean line, is a compromise among 

constant tip, hub and mean diameter annulus shapes. When customer requirements force 

designers to limit or restrict some of sizing parameters, variable mean line design in 

conjunction with optimization methods is an option to find optimum design point.  

                                         

 

Figure 3.4. Annulus types. (a) Constant Hub Radius, (b) Constant Mean Radius, (c) 

Constant Tip Radius 

 

In the ACMC tool, the designer can choose any of four annulus shapes via constraining 

desired size parameters. 
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3.2.5. Blockage and Work Done Factor 

Through the blade and vane passages, boundary layer thickening occurs in the direction of 

the flow due to the adverse pressure. In addition to this, tip leakage contributes to the 

thickening effect. Radial distribution of axial velocity varies along the span because of local 

narrowing and widening of flow area. In other words, local acceleration and deceleration of 

axial velocity occur at flow passage along the span. Typical axial velocity distribution along 

the span is illustrated in Figure 3.5 for the first and fourth stages of a compressor.        

         

               

                        Figure 3.5. Variation in the axial velocity of the fluid along the span [2] 

 

Due to the complex nature of boundary layer thickening effects, calculations are not 

practical; thus, there are empirical correlations based on compressor test data which are 

utilized [2]. Stagnation temperature rise and work-absorbing capacity are less than calculated 

from equation 3.6. Therefore, an empirical parameter i.e. work done factor "𝜆" is 

incorporated to the expression. Work done factor is less than unity. "𝜆𝑊" gives the actual 

work which is given to the stage. 

Applying "𝜆" to stagnation temperature rise then expression becomes:  
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w = ∆𝑇0𝑆 =
𝜆(𝑈2𝐶𝑤2−𝑈1𝐶𝑤1)

c𝑝
=

𝜆(𝑈2
2−𝑈1

2+𝑈1𝐶𝑎1 tan𝛽1−𝑈2𝐶𝑎2 tan𝛽2)

c𝑝
         (3.30) 

The mean work done factor with respect to the number of stages is given in Figure 3.6. A 

fourth-order polynomial is introduced to the ACMC program. 

An alternative approach, "Blockage Factor" is an American design practice. The blockage 

factor approach deals with reducing the effective annulus area by the growth in boundary 

layer thickness. Both approaches represent empirical corrections [2] and have the same effect 

on calculations. If the work-done factor is used there is no need to use blockage factor. 

 

 

                 Figure 3.6. Mean work done factor with respect to the number of stages 

 

3.2.6. Degree of Reaction 

In an axial compressor stage, both rotor and stator contribute to static pressure rise due to 

diffusion. Degree of Reaction is the ratio of static enthalpy rise in the rotor to the static 

enthalpy rise in the whole stage.  
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Degree of reaction is defined as follows: 

Ʌ =
𝑠𝑡𝑎𝑡𝑖𝑐 𝑒𝑛𝑡ℎ𝑎𝑙𝑝𝑦 𝑟𝑖𝑠𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑜𝑡𝑜𝑟

𝑠𝑡𝑎𝑡𝑖𝑐 𝑒𝑛𝑡ℎ𝑎𝑙𝑝𝑦 𝑟𝑖𝑠𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑡𝑎𝑔𝑒
=

ℎ2−ℎ1

ℎ4−ℎ1
                         (3.31) 

The degree of reaction can be expressed in terms of static temperature rise for convenience 

as well. In a stage, static temperature rise equals to total temperature rise 𝛥𝑇𝑆 = 𝛥𝑇0𝑆 by the 

assumption of constant axial velocity in conjunction with inlet and outlet absolute velocities; 

thus, work is expressed as follows:  

𝑤 = c𝑝(𝛥𝑇𝑟𝑜𝑡𝑜𝑟 + 𝛥𝑇𝑠𝑡𝑎𝑡𝑜𝑟) = c𝑝𝛥𝑇𝑆                    (3.32)  

  

w = c𝑝𝛥𝑇𝑆 = c𝑝𝛥𝑇0𝑆 = 𝑈2𝐶𝑎2 tan𝛼2 − 𝑈1𝐶𝑎1 tan𝛼1        (3.33) 

All work input is consumed by the rotor, therefore work can be expressed in terms of static 

temperature and absolute velocity change, 

𝑤 = c𝑝𝛥𝑇𝑟𝑜𝑡𝑜𝑟 +
1

2
(𝐶2

2 − 𝐶1
2)                     (3.34) 

Combining Eqn. 3.33 and 3.34 yields, 

c𝑝𝛥𝑇𝑟𝑜𝑡𝑜𝑟 = 𝑈2𝐶𝑎2 tan𝛼2 − 𝑈1𝐶𝑎1 tan𝛼1 −
1

2
(𝐶2

2 − 𝐶1
2)                   (3.35) 

From the velocity triangles, 

C2 = 𝐶𝑎2 sec 𝛼2                      (3.36) 

C1 = 𝐶𝑎1 sec 𝛼1                      (3.37) 

Eqn. 3.36 and 3.37 are introduced to Eqn. 3.38, 

c𝑝𝛥𝑇𝑟𝑜𝑡𝑜𝑟 = 𝑈2𝐶𝑎2 tan𝛼2 − 𝑈1𝐶𝑎1 tan 𝛼1 −
(𝐶𝑎2

2 tan𝛼2
2−𝐶𝑎1

2 tan𝛼1
2+𝐶𝑎2

2 −𝐶𝑎1
2 )

2
    (3.38) 

Then, the degree of reaction becomes: 

Ʌ = 1 −
0.5(𝐶𝑎2

2 tan𝛼2
2−𝐶𝑎1

2 tan𝛼1
2+𝐶𝑎2

2 −𝐶𝑎1
2 )

𝑈2𝐶𝑎2 tan𝛼2−𝑈1𝐶𝑎1 tan𝛼1
                    (3.39) 

Eqn. 3.39 defines the degree of reaction. Due to the fact that flow deceleration through each 

flow passage belongs to the rotor and stator, the static pressure gradient takes place across 
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the stage. Adverse pressure gradient results in boundary layer separation. It would be 

preferred that equal distribution of static pressure or enthalpy rise between each rotor and 

stator pairs belong to a stage. This is called symmetrical blading. But it is not necessary. 

In the case of using IGV, positive 𝛼1 magnitude reduces the degree of reaction. That means 

the contribution of the rotor to the static enthalpy rise is diminished. Moreover, it also 

reduces the inlet relative velocity. Thus inlet relative Mach number is reduced. Conversely, 

the contribution of the stator to the static enthalpy rise and stator entrance relative Mach 

number is increased. 

The compressor inlet without IGV results in 𝛼1 = 0; thus, a high degree of reaction and high 

inlet Mach number is expected. 

3.2.7. Pitch to Chord Ratio, Hub to Tip Ratio, and Aspect Ratio 

Pitch to cord ratio (s/c) is the ratio of "s", which stands for the distance between adjacent 

blades, and "c" stands for the chord length. The inverse of that (c/s) is known as solidity 

which is preferred in American design practice. Pitch to cord ratio is basically used for 

determining incidence and deviation angles which will be given in detail in the following 

section. Small values of the pitch to cord ratio means that "s" is smaller corresponding to 

"c". An increase in the number of blades results in getting smaller "s" values. The high 

number of blades causes an increase in the blade surface area of a certain stage. Thus friction 

and profile losses increase. 

𝑠 =
2𝜋𝑟

𝑁𝐵
           (3.40) 

Hub to tip ratio (HTR) is the ratio of hub radius over the tip radius. Preliminary design starts 

with the value of HTR usually 0.5 [2]. It varies from 0.4 to 0.7 [5]. At the inlet of the 

compressor, the high HTR causes a drop in efficiency. Due to the nature of the compressor, 

near the exit stages, the blade heights are already low. In other respects, high HTR near the 

exit stages results in smaller blades. This may cause an increase in end-wall losses. 

𝐻𝑇𝑅 =
𝑟ℎ𝑢𝑏

𝑟𝑡𝑖𝑝
           (3.41) 
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Aspect ratio (AR) is the ratio of blade height "h" over the chord length "c". The value of 3 

is a good start for preliminary design [2], but lower values up to 1.4 are suitable for advanced 

design steps. Chord length is determined by this ratio then imposed into PCR formulation. 

The trends in aspect ratio are to use lower values in order to attain higher stage efficiency 

and stall margin, improved performance at high Mach number condition, improved 

performance at higher diffusion factors and higher incidences [5]. Aspect ratio formulation 

is given by, 

𝐴𝑅 =
ℎ

c
           (3.42) 

In addition to those mentioned benefits utilizing a lower aspect ratio may result in fewer 

stages which are required so as to attain a given overall pressure ratio. 

3.2.8. Diffusion Factor (DF) and De Haller (DH) Criterion 

The diffusion factor was defined by Lieblein [18] in order to establish a related loading 

parameter to express the total diffusion on the blade suction surface since the boundary layer 

on the suction surface was recognized as limiting the pressure rise and turning of the blades. 

For a 2D blade section diffusion factor is expressed as follows: 

𝐷𝐹 = 1 −
𝑊2

𝑊1
+

|𝑟1𝐶𝑤1−𝑟2𝐶𝑤2|

(𝑟1+𝑟2)𝑊1

𝑠

𝑐
          (3.43) 

In equation 3.43 as the tangential velocity (𝐶𝑤) change was increased, which means the 

loading of the corresponding section is increased as well.  

Diffusion factor is one of the major limiting parameters in compressor design where DF 

values of exceeding 0.6 might be the blade stall inception value, which should be avoided. 

0.45 is taken as the typical design value as a limit [19]. 
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           Figure 3.7. Variation of frictional losses with respect to diffusion factor [2] 

 

Detailed design values of 𝐷𝐹 with respect to frictional losses were obtained from several 

NACA tests illustrated in Figure 3.7. In the ACMC program, the Diffusion factor limit for 

the tip section was taken as 0.4, for the mean line 0.43 and for the hub section 0.48. Those 

values are slightly lower than the values which are shown in Figure 3.7 because of providing 

an allowance for the unpredicted effects of the preliminary design process.  

On the other hand, maximum suction surface velocity and wake parameters are generally 

unknown. Lieblein [18] derived a more general correlation which is called equivalent 

diffusion factor, which is expressed as follows: 

𝐷𝐹𝑒𝑞 = 
cos𝛽2

cos𝛽1
[1.12 + 0.61 cos 𝛽1

2 (tan𝛽1 − tan𝛽2)
𝑠

𝑐
]        (3.44) 

 In Figure 3.8, at minimum loss incidence angle, exceeding 𝐷𝐹𝑒𝑞value of 2, results in a rapid 

increase in losses. The value 2 for 𝐷𝐹𝑒𝑞 can also be imposed on to ACMC tool as a limiting 

factor. 
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Figure 3.8. Correlation of wake momentum thickness with an equivalent diffusion factor at 

a minimum loss incidence angle [20] 

  

De Haller (𝐷𝐻) criterion is another detection way to stall inception. It is defined as the ratio 

of exit absolute velocity to inlet absolute velocity. Figure 3.9 illustrates relative velocity 

distribution over the suction and pressure surfaces of the blade. Too low values of exit 

velocity corresponding to the inlet is a sign of stall inception. The calculated value should 

be greater than 0.72 [2]. The formulation for 𝐷𝐻 is expressed as follows: 

𝐷𝐻 =
𝑊2

𝑊1
           (3.40) 

In order to increase blade loading, de Haller number will be slightly reduced to 0.69 in this 

study. The velocities, which are used in diffusion calculations, are determined based on if 

the calculations that are carried on rotor or stator. For blade calculations, the relative velocity 

is used, for vane calculations, absolute velocity is used. 
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    Figure 3.9. Relative velocity distribution over suction and pressure surfaces of blade [2] 

3.2.9. Cascade Notation, Incidence and Deviation Calculations 

A simple cascade test setup is illustrated in Figure 3.10. Cascade tests are performed in order 

to determine incidence and deviation angles for a specific aerofoil shape with respect to static 

pressure variation. The test is conducted for over several incidence angles of the air which 

enters the cascade. Velocity and pressure measurement is performed via a pitot tube. The 

difference between the incoming air angle 𝛼1 and blade air receiving metal angle 𝛼1
′ is 

denoted as 𝑖 which is called incidence angle and expressed as follows: 

𝑖 = 𝛼1 − 𝛼1
′           (3.46) 
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                                            Figure 3.10. Simple cascade test setup [2] 

 

Due to the fact that blades in the cascade setup are not rotating, instead of relative air angles 

𝛽, absolute air angles 𝛼 are used in formulations and the notation. In Figure 3.10 cascade 

notation is illustrated. 
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                                            Figure 3.11. Cascade test aerofoil notation [2] 

                            

On the other hand, air leaving angle from the cascade aerofoil trailing edge is now denoted 

as 𝛼2. The corresponding metal angle is denoted as 𝛼2
′. Thus deviation angle is expressed 

as follows: 

𝛿 = 𝛼2 − 𝛼2
′                 (3.47) 

In the cascade test setup beside angular orientation, the Pitot tube can be translated in the 

transverse direction. At this time the aerofoil trailing edge stagnation pressure loss 

distribution and deflection angles 𝜀 can now be plotted as in Figure 3.11. Since the loss is 

related with the inlet velocity, for the convention it is expressed as a dimensionless form 

which is expressed as follows: 

𝑙𝑜𝑠𝑠 =
𝑃01−𝑃02

0.5𝜌𝑊1
2 =

𝜔

0.5𝜌𝑊1
2          (3.48) 

𝜀 = 𝛼1 − 𝛼2           (3.49) 
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Figure 3.12. Variation of stagnation pressure loss and deflection for cascade at a certain 

incidence [2] 

 

Finally, the tests are performed for several values of incidence angles and the results are 

collected into a form that is constituted by mean loss and mean deflection as shown in Figure 

3.12. 

From equation 3.11, if the deflection is kept high as much as possible; therefore, stagnation 

temperature rise would be high. But after a certain value, high deflection might cause a rapid 

increase in losses because of the stall (Diffusion factor limit).  

The design incidence angle should be in a region where the mean stagnation loss curve 

becomes flat. 
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Figure 3.13. Mean deflection and mean stagnation pressure loss for a cascade of the fixed 

geometrical form [2] 

Incidence angle was taken as 0 in the ACMC program. For the deviation angle calculations, 

Carter's rule [21] was utilized which is expressed as follows: 

𝛿 =
𝑚𝑐𝜃

√
𝑐

𝑠

                      (3.50) 

Where 𝑚𝑐 is expressed as follows: 

𝑚𝑐 = 0.23 (
2𝑎

𝑐
)
2

+ 0.1 (
𝛽2

50
)                    (3.51) 

𝑎 is the distance of the point of maximum camber from the leading edge of the blade. For 

circular arc cambers, it is taken as half of 𝑐. 

In order to complete the construction of the aerofoil, the remaining parameters are expressed 

as follows: 
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𝛿 = 𝛽2 − 𝛽2
′
                      (3.52) 

𝜃 = 𝛽1
′ − 𝛽2

′
                      (3.53) 

 = 𝛽1
′ − 𝜃                                (3.54) 

It should be reminded that 𝛽 and 𝛼 are interchangeable, where the selection depends on the 

calculations which are performed on the rotor or stator. 

3.2.10. Work and Flow Coefficient 

The work coefficient of a stage is expressed in terms of stagnation enthalpy change and 

tangential velocity as follows. 

 =
∆ℎ0

𝑈2            (3.55) 

Typical values of the work coefficient (Stage loading) are between 0.3 and 0.5 [5]. 

Flow coefficient is the ratio of axial velocity to tangential velocity and expressed as follows: 

 =
𝐶𝑎

𝑈
            (3.56) 

The value of the flow coefficient varies between 0.3 and 0.9 [5], the trend is to use lower 

values. The general value of 0.5 is advised by Cumpsty [19]. This ratio determines the 

incidence angle. High tangential speed results in a lower flow coefficient. Thus incidence 

angle increases. 

3.2.11. Losses and Efficiency in Axial Compressors 

The efficiency of the compressor is calculated after annulus size and flow angles were 

determined. Total losses are the main parameters in efficiency calculations. There are three 

basic sources of losses that exist in compressor design which are profile losses, end-wall and 

clearance losses, shock losses. There is an additional source of loss, which is called part span 

shroud loss and it is valid for fans or the first stage of low-pressure compressors [22]. This 

type of loss is not considered in the design calculation. 
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Efficiency calculations are carried on basically examining if the given work input can 

completely fulfill the final pressure ratio. In order to perform efficiency calculations lift and 

profile drag coefficients are calculated utilizing cascade test velocity measurements. 

From the steady, incompressible flow equation, the static pressure difference across the 

cascade blades is given as follows: 

∆p = 𝑝2 − 𝑝1 = (𝑝02 − 0.5𝜌𝑊2
2) − (𝑝01 − 0.5𝜌𝑊1

2)        (3.57) 

The flow is assumed incompressible as change in density is negligible. 

 

 

   Figure 3.14. Forces acting on the cascade. (a) Cascade forces (b) Vector mean velocity [2] 

 

From the cascade notation Eqn. 3.57 is transformed in terms of axial velocity and the flow 

angles with the assumption of constant axial velocity [2]. 

∆p = 0.5ρ(𝑉1
2 − 𝑉2

2) − 𝑤̅ = 0.5𝜌𝑉𝑎
2(tan𝛼1

2 − tan𝛼2
2) − 𝑤̅       (3.58) 

Where 𝑤̅ stands for mean loss. Forces acting on cascade has two compound which are the 

axial direction denoted per unit length for each blade 𝑠∆p and the tangential component due 

to momentum change 𝐹 (Figure 3.13). 

𝐹 = 𝑠𝜌𝑉𝑎
2(tan𝛼1 − tan𝛼2)          (3.59) 



33 

 

 

Where 𝑉𝑎(tan𝛼1 − tan𝛼2) is the tangential velocity change. 

Utilizing from the velocity triangles illustrated in Figure 3.13, vector mean velocity is 

expressed as follows: 

𝑉𝑚 = 𝑉𝑎 sec 𝛼𝑚          (3.60) 

Drag and lift coefficients are calculated considering the vector mean velocity: 

𝐶𝐷𝑝 = (
𝑠

𝑐
) (

𝑤̅

0.5𝜌𝑉1
2) (

cos𝛼𝑚
3

cos𝛼1
2
)            (3.61) 

𝐶𝐿 = 2(
𝑠

𝑐
) (tan𝛼1 − tan𝛼2) cos 𝛼𝑚        (3.62) 

 

Instead of the profile drag calculations, alternatively, the plot of test data might be utilized 

from Figure 3.14. 

                     

 

 Figure 3.15. Lift & profile drag coefficients for a cascade of the fixed geometrical form [2] 

 

There are additional drag sources, which are caused by secondary losses, and they are 

expressed as follows: 
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 𝐶𝐷𝑆 = 0.018𝐶𝐿
2
          (3.63) 

End wall drag coefficient is expressed as follows: 

𝐶𝐷𝐴 = 0.02 (
𝑠

ℎ
)          (3.64) 

Overall drag factor in conjunction with all the above components is expressed as follows: 

𝐶𝐷 = 𝐶𝐷𝑝 + 𝐶𝐷𝐴 + 𝐶𝐷𝑆          (3.65) 

With incorporating shock loss factor 𝑤̅𝑠ℎ𝑜𝑐𝑘 , therefore total loss factor “𝑤” (It also equals 

to mean loss divided by inlet dynamic head) can be calculated as follows,  

𝑤 = (
𝑤̅

0.5𝜌𝑉1
2) = 𝐶𝐷 (

𝑐

𝑠
) (

cos𝛼1
2

cos𝛼𝑚
3) + 𝑤̅𝑠ℎ𝑜𝑐𝑘        (3.66) 

On the other hand, the theoretical pressure rise is given by: 

(
∆𝑝𝑡ℎ

0.5𝜌𝑉1
2) = 1 −

cos𝛼1
2

cos𝛼2
3          (3.67) 

The efficiency of blade row therefore given by: 

𝑛𝑏 = 1 −

𝑤̅

0.5𝜌𝑉1
2

∆𝑝𝑡ℎ

0.5𝜌𝑉1
2

          (3.68) 

Stage efficiency 𝑛𝑏 can be calculated by the following expression: 

𝑛𝑆 = Ʌ𝑛𝑏,𝑟𝑜𝑡𝑜𝑟 + (1 −  Ʌ)𝑛𝑏,𝑠𝑡𝑎𝑡𝑜𝑟         (3.69) 

It should be noted that the above expressions use cascade notation. For rotor calculations 

relative; for stator calculations, absolute velocities and angles should be taken into account.  

Shock waves are known as a type of disturbance, which travels through a medium faster than 

the speed of sound that belongs to that medium. There are basically two types of shock 

waveforms that arise across blade rows which are normal shock and oblique shock as 

illustrated in Figure 3.16. Both occur above Mach 1. Normal shock wave propagates normal 

to the flow direction. The direction of flow does not change and the flow is always subsonic 

going through downstream. However oblique shock waves propagate with an angle to the 

flow direction. Subsonic or supersonic waves might be expected to go through downstream. 
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        Figure 3.16. Basic wave types. (a) The normal shock wave, (b) Oblique shock wave 

 

According to the Miller et al. [13] calculation method, a shock wave might be approximated 

as a straight line from one of the leading edge to the adjacent blade suction surface by 

keeping perpendicularity to mid-channel streamline as illustrated in figure 3.16. Stagnation 

pressure drop is calculated with a loss of normal shock by an average Mach number which 

is denoted as 𝑀1. 
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                                     Figure 3.17. Shock loss model of Miller et al. [13] 

  

For the inlet Mach number which is below 1, losses are approximated from experimental 

data [4]. Thus shock loss coefficient is given by following equation if 0.82<𝑀𝑎𝑐ℎ1,𝑟𝑒𝑙<1.0: 

𝑤̅𝑠ℎ𝑜𝑐𝑘 = 0.035(𝑀𝑎𝑐ℎ1,𝑟𝑒𝑙 − 0.82)         (3.70) 

Supersonic turning angle is given by the half of the summing inlet and outlet angle: 

∆𝜃 = 𝜃𝐵 − 𝜃𝐴 = 0.5(𝛼1 − 𝛼2)         (3.71) 

𝜃𝐴 turning angle is calculated as follows: 

𝜃𝐴 = √
𝛾+1

𝛾−1
cos−1 (√

𝛾+1

2+(𝛾−1)𝑀𝐴
2) − cos−1 (

1

𝑀𝐴
)        (3.72) 
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In equation 3.72, 𝑀𝐴 stands for the relative Mach number for the blade and absolute Mach 

number for the vane. After 𝜃𝐴 has been calculated, 𝜃𝐵 can be calculated from equation 3.71. 

Calculation of 𝑀𝐵 is an iterative process that is carried on equation 3.73.  

𝜃𝐵 = √
𝛾+1

𝛾−1
cos−1 (√

𝛾+1

2+(𝛾−1)𝑀𝐵
2) − cos−1 (

1

𝑀𝐵
)        (3.73) 

Thus 𝜃𝐵 is already known from equation 3.71. An iterative process is carried on via the 

ACMC tool, yields the correct 𝑀𝐵 value for the known 𝜃𝐵. 

With the known 𝑀𝐴 and 𝑀𝐵 the average Mach number is calculated as follows: 

𝑀1 = 0.5(𝑀𝐴 + 𝑀𝐵)          (3.74) 

Shock loss coefficient is expressed as follows: 

𝑤̅𝑠ℎ𝑜𝑐𝑘 =
𝑃02−𝑃01

𝑃0𝐴−𝑃𝐴
=

1−(
𝑃02
𝑃1

)(
𝑃1
𝑃01

)

1−(
𝑃𝐴
𝑃0𝐴

)
         (3.75) 

Where 𝑃01 stands for upstream stagnation pressure and 𝑃02 stands for downstream stagnation 

pressure of normal shock wave. Utilizing gas dynamics relations, for an adiabatic normal 

shock: 

𝑃02

𝑃1
=

[
𝛾+1

2
𝑀1

2]

𝛾
𝛾−1

[
2𝛾𝑀1

2−(𝛾−1)

𝛾+1
]

1
𝛾−1

           (3.76) 

For isentropic flow, shock loss formulations are as follows: 

𝑃02

𝑃1
= (1 +

𝛾−1

2
𝑀1

2)

𝛾

𝛾−1
           (3.77) 

     
𝑃𝐴

𝑃0𝐴
= (1 +

𝛾−1

2
𝑀𝐴

2)

𝛾

𝛾−1
          (3.78) 
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3.2.12. Initial Sizing and Shaft Speed Calculations for a Stage 

Initial annulus sizes should be calculated in order to have a good start point for optimization. 

The calculation procedure is detailed as follows: 

Due to continuity, the mass flow rate is given by: 

𝑚̇ = 𝜌1𝐴1𝐶𝑎1 = 𝜌1𝜋𝑟1,𝑡𝑖𝑝
2 [1 − (

𝑟1,ℎ𝑢𝑏

𝑟1,𝑡𝑖𝑝
)
2

] 𝐶𝑎1        (3.79) 

Due to isentropic compression, 𝜌1 is calculated by the following expressions: 

𝜌1 =
𝑃1

R𝑇1
           (3.80) 

𝑇1 = 𝑇01 −
 𝐶1

2

2𝑐𝑝
          (3.81) 

Where 𝑇01 stands for the stagnation temperature of the inlet which is taken as ambient 

temperature. 

𝑃1 = 𝑃01 (
𝑇1

𝑇01
)

𝛾

𝛾−1
          (3.82) 

Where 𝑃01 stands for the stagnation pressure of inlet which is taken as ambient atmospheric 

pressure. 

The tip speed of the blade is usually taken as 350 m/sec which does not result in excessive 

stress and shock loss [2]. Therefore shaft speed is given by: 

𝑁 =
𝑈1,𝑡𝑖𝑝

2𝜋𝑟1,𝑡𝑖𝑝
           (3.83) 

Hub to tip ratio of 0.5 would be a good start for calculations. After introducing inlet sizes 

and speed into the ACMC tool, a manual trial-error or optimization process will give the 

optimum annulus shape. 
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3.3. PRELIMINARY MECHANICAL DESIGN OF AXIAL COMPRESSOR 

3.3.1. Centrifugal Stress at Blade Root Section 

The major mechanical constraint is centrifugal stress, which is caused by the centrifugal 

effect on the rotor blade. The greatest stress at the rotor blade occurs at the root section. 

 𝑈𝑡𝑖𝑝 = 2𝜋𝑁𝑟𝑡𝑖𝑝          (3.84) 

𝜎𝑟𝑜𝑜𝑡 =
𝜌𝑏𝑙𝑎𝑑𝑒

2
𝑈𝑡𝑖𝑝

2 [1 − (
𝑟ℎ𝑢𝑏

𝑟𝑡𝑖𝑝
)

2

]               (3.85) 

Equation 3.85 can be written in another form in terms of angular velocity which is given by: 

𝜎𝑟𝑜𝑜𝑡 =
𝜌𝑏𝑙𝑎𝑑𝑒

2
𝑁2[𝑟𝑡𝑖𝑝

2 − 𝑟ℎ𝑢𝑏
2 ]         (3.86) 

Equation 3.85 and 3.86 assume that the blade is constituted by a constant cross-section. 

Blades are usually has a taper through span and the tip area is smaller. Therefore the stress 

is smaller than the calculation which is done with equation 3.85 and 3.86. Small hub to tip 

ratio (
𝑟𝑟

𝑟𝑡
) results in high centrifugal stress at the blade root section. In other words, the 

combination which has a high blade tip radius and low hub radius results in high centrifugal 

root stress. Due to the stress concentration factor at the root section, actual stress may deviate 

from analytical solutions. 

Gas bending stress occurs at the root section due to tangential momentum change. In 

compressor design, gas bending stress occurs also due to pressure differential between the 

up and downstream flow. However, for the preliminary design concept, it can be omitted 

[2]. Gas bending stress in the tangential direction is then given by: 

𝜎𝑔𝑏 =
𝑚̇∆𝐶𝑤

𝑁𝐵

ℎ

2

𝑦

𝐼𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙
          (3.87) 

Where 𝑦 stands for the distance that is from the neutral axis to the point where the bending 

stress will be examined. For instance, if a suction side stress is examined from the utmost 

point of suction side to the neutral axis, which is the distance imposed into 𝑦. In expression 
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3.87, 𝐼𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 stands for the area moment of inertia of the root section about the axis which 

is almost perpendicular to tangential direction. 

Centrifugal untwist stress occurs under the effect of centrifugal load thus blade tends to 

untwist itself. The most efficient way of calculating this stress is FEA. 

Finally, blade tilt stress occurs due to the bending effect of mismatch between the blade 

center of gravity and the blade neutral point of the root section. Tilt stress is mostly used for 

offsetting gas bending stress to desired sides, suction or pressure, leading edge or trailing 

edge. 

In the preliminary design step, FEA might be used so as to encompass stress components 

which are centrifugal, untwist, blade tilt stresses. Gas bending stress will not be incorporated 

into the stress assessment because it is generally used for high cycle fatigue assessment that 

is not in the concept of this thesis. 

3.3.2. Blade Resonance 

Another item, which should be assessed in terms of structural integrity, is resonance. Blades 

are assumed as cantilever beams. The natural period of a cantilever beam is the travel 

duration of tip point when it oscillates. If a small amount of exciter reacts with the blade as 

the same period of oscillating thus deflection goes infinity if there is no adequate damping 

factor. This effect causes the blade sudden fracture. 1 over the natural period is called natural 

frequency. The compressor system should not include the number of exciters colliding with 

any natural frequency of blade. 

Natural frequency calculation should be certain and validated by the tests. Modal analysis is 

one of the ways to determine blade natural frequencies. 3 basic modal shapes which are flap 

wise or flexural, torsional and stripe can be determined.  

For preliminary design purposes, 1st flexural natural frequency was taken into account in 

this thesis. 
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3.4. OPTIMIZATION PROCESS 

The compressor optimization process is a complex task due to the multi-objective nature of 

the problem and several disciplines should be encompassed simultaneously. Although the 

ACMC tool permits conducting the traditional trial-and-error method this is not the best way 

so as to find optimum geometric combinations of the input parameters with respect to both 

aerodynamic and structural output parameters. 

3.4.1. Design of Experiment 

The design of experiment is generally starting point for all types of optimization processes. 

DOE approach provides to determine the general behaviour of the examined objective 

function. The importance of input variables that contribute to the change in output 

parameters is quantified.  

Full factorial is one of the methods used in the DOE study. The full factorial method 

considers all of the information about the influence of each variable at each interaction. The 

number of the experiment is given by: 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡 = [𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐿𝑒𝑣𝑒𝑙𝑠]𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠        (3.88) 

Considering 10 parameters which have 3 levels for each, yields 310 = 59049 experiments. 

Performing these experiments take too much time. In order to reduce the number of 

experiments, one of the most commonly used methods is Central Composite design (CCD) 

[23]. 
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          Figure 3.18. Face centred CCD design space [24] 

                                                           

In ACMC Face Centred CCD has been used. The number of levels is given as 5. The levels 

are expressed by [−𝛼,−1,0, +1, +𝛼], where 𝛼 = 1, therefore, it is transformed into 3 levels 

design. The design space of Face Centred CCD is illustrated in Figure 3.18. The filled circles 

denote the physical limits of the parameter (At the corners), empty circles denote physical 

extremes. In Face Centred type DOE scheme, filled and empty circles stay in the same plane. 

                                

 

 

 

 

 

 



43 

 

 

Table 3.1. The number of experiment in the Face Centred CCD method [24] 

 

 

 

The number of the experiment is denoted by  𝑁𝐸 and it is given by: 

𝑁𝐸 = 𝑁𝐶𝑃 + 2𝑁𝑃 + 2(𝑁𝑃−𝑓)         (3.89) 

If we recalculate for 10 parameters with 3 levels for each, equation 3.89 yields 149 

experiments to be investigated. Compared to full factorial design, Face Centred CCD gives 

an affordable number of experiments. 

3.4.2. Polynomial Response Surface Method 

The polynomial response surface method builds a polynomial where a correlation is 

maintained between input and output parameters. Second-order polynomial response surface 

is widely used because of flexibility and the expression is given by for the 𝑁 variables [23]: 

𝑦 = 𝛽0 + ∑ 𝛽𝑖𝑥𝑖
𝑁
𝑖=1 + ∑ 𝛽𝑖𝑥𝑖

2𝑁
𝑖=1 + ∑∑ 𝛽𝑖𝑗𝑥𝑖𝑥𝑗

𝑁
𝑖≠𝑗 + 𝜖        (3.90) 
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Where 𝑥𝑖 stands for the input parameters, 𝛽0 stands for the mean value of the regression 

model, 𝛽𝑖 stands for the linear coefficients, 𝛽𝑖𝑖 stands for the second-order coefficients, 𝛽𝑖𝑗 

stands for the interaction coefficients, 𝜖 stands for the total error which is the difference 

between the actual and the predicted response. The least-squares regression method is 

applied and the coefficients are determined. A response surface is created for each output 

parameter. 

3.4.3. Multi Objective Genetic Algorithm Optimization 

Due to the nature of compressor design, there are numerous input and output parameters that 

exist and there may be several optimum points. Genetic algorithm is one of the most widely 

used techniques for finding global optimum thus preferred in turbomachinery optimization [25].  

The genetic algorithm procedure basically starts with the selection of couples from the 

population set. Then the parameters are converted to binary system and appended consecutively 

to build a long binary string for each member of the couples. Two parents (A couple) are selected, 

some of the bits are interchanged among parents to build 2 new children (Crossover). 1 percent 

of a long binary string of children are changed arbitrarily (Mutation). After generating children, 

the problem is evaluated for the objective function and better child or parent is kept, the rest of 

them are destroyed until the criteria are satisfied.  

Design variables (Input parameters) are written in a vector form as follows: 

𝑋⃗ =

[
 
 
 
 
 
 
 
 
 

𝑟1,𝑡𝑖𝑝

𝑟2,𝑡𝑖𝑝

𝑟3,𝑡𝑖𝑝

𝑟4,𝑡𝑖𝑝

𝑟1,ℎ𝑢𝑏

𝑟2,ℎ𝑢𝑏

𝑟3,ℎ𝑢𝑏

𝑟4,ℎ𝑢𝑏

𝛼4,𝑚𝑒𝑎𝑛
𝛽2,𝑚𝑒𝑎𝑛]

 
 
 
 
 
 
 
 
 

         (3.91) 

 

Objective functions are expressed for each output parameter as following example formulations: 
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𝑓 (

𝑓1(𝑋⃗)

⋮

𝑓𝑛(𝑋⃗)

) = {

𝐷𝐹𝑟𝑜𝑡𝑜𝑟,𝑡𝑖𝑝

⋮
𝜎𝑟𝑜𝑜𝑡

           (3.92)

  

After objectives are set as expressed in equation 3.92, pseudo-objective function “𝐹⃗”, which 

contains weight factor “𝑧”, is shown in the following expression: 

𝐹⃗ = ∑ 𝑧𝑖
𝑛
𝑖=1 𝑓𝑖(𝑋⃗)             (3.93) 

Weight factor varies between 0 and 1; the summation of all should be 1. While the important 

objectives have the values close to 1, values for less important objectives should be close to 0. 

The importance of the objective depends on the experience of designers. The pseudo-objective 

function is minimized or maximized but sometimes some of the objectives are set to be 

maximized and some of them minimized in the same problem. In those kinds of situations if the 

parameter is reversed as “1/parameter” then the objective function is transformed into the form 

of entire maximizing or minimizing-problem. 
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4. ACMC TOOL CALCULATION PROCEDURE 

 

ACMC is a Spreadsheet-based tool, which basically calculates, compression ratio, stage 

efficiency, diffusion factors, de Haller numbers, flow coefficients, work coefficients, pitch 

to cord ratio, aspect ratio, Mach numbers, air and corresponding blade angles, centrifugal 

stress, losses for the given annulus sizes, mass flow rate and the shaft speed utilizing basic 

thermodynamics and empirical correlations as previously explained. The block diagram of 

the design procedure is given in Figure 4.1. 

The design begins with collecting design parameters and customer requirements such as size 

limits and related constraints. Upper and lower boundaries are determined depending on user 

experiences. Too wide boundaries may increase the chance to find optimum points but there 

may be no-solution points, which are encountered. Those points cannot be used in 

optimization. The trial and error method can be useful while assessing lower and upper 

boundaries via the ACMC tool so as to prevent encountering no-solution points.  

After determining boundaries, arbitrary input values, which are between upper and lower 

boundaries, are introduced into ACMC in order to determine the baseline design point. It is 

expected that the efficiency and compression ratio of the baseline design point is low. 

According to the number of input parameters and selected DOE scheme, DOE and related 

design points (Design space) are generated via Ansys Workbench. Design points are 

introduced into ACMC and corresponding output parameters are calculated for each. A 

response surface is created for each output parameter in order to provide the best fit functions 

to interpolate the space. Criteria are introduced as objectives and multi-objective genetic 

algorithm optimization is conducted. After optimization, candidate design points are verified 

with ACMC to assess if interpolated values are close enough to exact values (Actual solve). 

Mechanical analyses are carried on Ansys Mechanical corresponding to selected material. 

The final step is to perform 3D CFD analysis and results are compared with the analytical 

solution. 
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     Figure 4.1. Block diagram for ACMC design procedure 

4.1. FORMULATIONS 

There are 4 calculation stations in the tool as illustrated in Figure 4.2. Stations 1 and 2 denote 

rotor inlet and outlet locations respectively, Stations 3 and 4 denote stator vane inlet and 

outlet locations. Station 1 calculations are detailed as follows: 
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Axial velocity was not assumed to be constant through the compressor. Calculation of 

correct axial velocity was based on finding both densities from continuity and equation of 

state then performing iteration until both densities are equal. Axial velocity, which makes 

both densities equal, is the correct axial velocity. After determining initial annulus sizes and 

shaft speed from equation 3.79 through 3.83, an arbitrary value is assigned to 𝜌1 then inlet 

axial velocity 𝐶𝑎1 is calculated as follows: 

𝐶𝑎1 =
𝑚̇

𝜌1𝐴1
             (4.1) 

               

 

                                              Figure 4.2. ACMC tool layout 

                                                  

The static temperature at the inlet is calculated for inlet absolute velocity 𝐶1, 

𝐶1 =
𝐶𝑎1

cos𝛼1
             (4.2) 

𝑇1 = 𝑇01 −
𝐶1

2

2c𝑝
            (4.3) 

Static pressure 𝑃1 is calculated at a calculated temperature as follows: 

𝑃1 = 𝑃01 (
𝑇1

𝑇01
)

𝛾

𝛾−1
            (4.4) 
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Then from the equation of state, 𝜌1 is calculated again and iterated until initial 𝜌1 and final 

𝜌1 are both equal to each other. Iterative solutions are conducted utilizing the Solver add-in 

program in Microsoft Excel. 

𝜌1 =
𝑃1

R𝑇1
             (4.5) 

At Station 2 following calculation steps are followed:  

Assign an arbitrary value to 𝜌2 then calculate an axial velocity 𝐶𝑎2 as follows: 

𝐶𝑎2 =
𝑚̇

𝜌2𝐴1
             (4.6) 

Assign an arbitrary value to 𝛽2 then calculate an inlet axial velocity 𝐶𝑎2 as follows: 

𝑊2 =
𝐶𝑎2

cos𝛽2
             (4.7) 

𝛼2 is calculated from the velocity triangles as follows: 

𝛼2 = tan−1 (
𝑈2−𝑊2 sin𝛽2

𝐶𝑎2
)            (4.8) 

𝐶2 =
𝐶𝑎2

cos𝛼2
              (4.9) 

𝐶𝑤1 = 𝐶1 sin 𝛼1            (4.10) 

𝐶𝑤2 = 𝐶2 sin 𝛼2          (4.11) 

𝑇02 = 𝑇01 +
𝜆(𝑈2𝐶𝑤2−𝑈1𝐶𝑤1)

c𝑝
          (4.12) 

𝑇2 = 𝑇02 −
𝐶2

2

2c𝑝
          (4.13) 

𝑃02,𝑅𝐸𝐿 = 𝑃01,𝑅𝐸𝐿 − w(𝑃01,𝑅𝐸𝐿 − 𝑃1)                                       (4.14)            

Where “𝑤” stands for total loss factor (Refer to Eqn. 3.66 for detailed explanation). ∆𝑠 stands 

for entropy change, which is expressed as follows: 

∆𝑠 = −𝑅 𝑙𝑛 (
𝑃02,𝑅𝐸𝐿

𝑃01,𝑅𝐸𝐿
)                                            (4.15) 
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𝑃02 = 𝑃01

c𝑝

𝑅
𝑙𝑛(

𝑇02
𝑇01

)−
∆𝑠

𝑅                                            (4.16) 

𝑃2 = 𝑃02 (
𝑇2

𝑇02
)

𝛾

𝛾−1
          (4.17) 

Then from the equation of state, 𝜌2 is calculated again and iterated until both densities are 

equal  

𝜌2 =
𝑃2

R𝑇2
           (4.18) 

For Station 3 calculations assume 𝛼3 = 𝛼2. Assign an arbitrary value to 𝜌3 then calculate an 

axial velocity 𝐶𝑎3 as follows: 

𝐶𝑎3 =
𝑚̇

𝜌3𝐴3
                                (4.19) 

𝐶3 =
𝐶𝑎3

cos𝛼3
           (4.20) 

Between Station 2 and 3, the control volume is assumed to be adiabatic and no kinetic energy 

addition occurs. Therefore the total pressure and temperature change is constant 𝑃03 = 𝑃02 , 

 𝑇03 = 𝑇02. 

𝑇3 = 𝑇03 −
𝐶3

2

2c𝑝
          (4.21) 

𝑃3 = 𝑃03 (
𝑇3

𝑇03
)

𝛾

𝛾−1
          (4.22) 

Then from the equation of state, 𝜌3 is calculated again and iterated until both densities are 

equal. 

     𝜌3 =
𝑃3

R𝑇3
           (4.23) 

For Station 4 assign an arbitrary value to 𝜌4 then calculate an outlet axial velocity 𝐶𝑎4 as 

follows: 

𝐶𝑎4 =
𝑚̇

𝜌4𝐴4
           (4.24) 

Assign an arbitrary value to 𝛼4 then calculate an absolute velocity 𝐶4 as follows: 
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𝐶4 =
𝐶𝑎4

cos𝛼4
           (4.25) 

Between Station 3 and 4, the control volume is assumed to be adiabatic and there exists no 

kinetic energy addition, therefore, the total temperature change is constant 𝑇04 = 𝑇03. 

𝑇4 = 𝑇04 −
𝐶4

2

2c𝑝
          (4.26) 

𝑃04 = 𝑃03 − 𝑤(𝑃03 − 𝑃3)         (4.27) 

Where “𝑤” stands for total loss factor (Refer to Eqn. 3.66 for detailed explanation). 

𝑀𝑎4 =
𝐶4

√𝛾𝑅𝑇4
           (4.28) 

𝑃4 =
𝑃04

(1+0.5(𝛾−1)𝑀𝑎4
2)

𝛾
𝛾−1

            (4.29) 

Then from the equation of state, 𝜌4 is calculated again and iterated until both densities are 

equals to each other. 

𝜌4 =
𝑃4

R𝑇4
           (4.30) 

Free vortex condition 𝐶𝑤𝑟 = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡. Related air angles from hub to tip are calculated as 

follows: 

(𝐶𝑤2𝑟)𝑚𝑒𝑎𝑛 = (𝐶𝑤2𝑟)𝑡𝑖𝑝 = (𝐶𝑤2𝑟)ℎ𝑢𝑏        (4.31) 

(𝛼2)𝑡𝑖𝑝 = tan−1 (
𝐶𝑤2

𝐶𝑎2
)
𝑡𝑖𝑝

           (4.32) 

(𝛼2)ℎ𝑢𝑏 = tan−1 (
𝐶𝑤2

𝐶𝑎2
)
ℎ𝑢𝑏

          (4.33) 

(𝛽2)𝑡𝑖𝑝 = tan−1 (
𝑈2−𝐶𝑤2

𝐶𝑎2
)
𝑡𝑖𝑝

          (4.34) 

(𝛽2)𝑚𝑒𝑎𝑛 = tan−1 (
𝑈2−𝐶𝑤2

𝐶𝑎2
)
𝑚𝑒𝑎𝑛

         (4.35) 

(𝛽2)ℎ𝑢𝑏 = tan−1 (
𝑈2−𝐶𝑤2

𝐶𝑎2
)
ℎ𝑢𝑏

         (4.36) 

Speed of sound and Mach number is calculated to prevent excessive shock loss build-up: 
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   c = √𝛾𝑅𝑇2           (4.37) 

(𝑀𝑎2𝑅𝐸𝐿)ℎ𝑢𝑏,𝑚𝑒𝑎𝑛,𝑡𝑖𝑝 =
(𝑊2)ℎ𝑢𝑏,𝑚𝑒𝑎𝑛,𝑡𝑖𝑝

𝑐
         (4.38) 

(𝑀𝑎2𝐴𝐵𝑆)ℎ𝑢𝑏,𝑚𝑒𝑎𝑛,𝑡𝑖𝑝 =
(𝐶2)ℎ𝑢𝑏,𝑚𝑒𝑎𝑛,𝑡𝑖𝑝

𝑐
         (4.39) 

The compression ratio is calculated as follows: 

CPR =
𝑃02

𝑃01
           (4.40) 

Basic calculation steps were given with the above equations. All the required design 

parameters were given in Chapter 3 in more detail. 
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5. COMPARING ACMC TOOL AND CFD RESULTS 

 

As mentioned in previous chapters, preliminary design encompasses many design 

parameters that should be kept in predefined ranges simultaneously. The traditional trial-

error method, of course, would converge the design to an allowable parameter set however 

it would not be the optimum design point. So as to validate the method, which is mentioned 

in this thesis, 20kg/sec axial compressor has been designed and optimized. "0.2242m" radius 

value is introduced as a size limit of customer requirement, which will not be exceeded. 

In order to collect good start point data for optimization, initial values were calculated from 

the equations, which are given in section 3.2.12. Relative Mach number of the blade tip is 

1.1715 that is in transonic range. Therefore it is convenient to use DCA blading. Hub to tip 

ratio of 0.509 was selected for the blade. Inlet hub and tip radii were calculated as 0.1131m 

and 0.2222m respectively. 

After introducing initial values into ACMC, stage calculation begins. Figure 5.1 through 

Figure 5.4 shows part of the user interface of the ACMC tool. "Sta 1, 2, 3, 4" stands for the 

calculation stations as illustrated in Figure 4.1 in the previous chapter. Stations 2, 3, 4 radii 

were set to free but exceeding of 0.2242m was not allowed. "Sta 2,3" hub and tip radii are 

set equal in order to prevent sudden expansion in the narrow region and reducing the number 

of input parameters. The manual trial-error method was used so as to introduce an 

appropriate set of parameters into ACMC. After finding radii, Alpha of Station 4 has been 

set to 10° and Beta of Station 2 has been set to 52°. Figure 5.5 shows the post-processing 

data. Each should be in the specific ranges which are aforementioned in Chapter 3. As a 

reminder, the Diffusion Factor for the tip section should not be exceeded by 0.4, for the mean 

line 0.43 and for the hub section 0.48. De Haller number should not be under 0.69 (Increasing 

blade loading purpose). The equivalent Diffusion Factor should be less than 2 for all 

sections. The work coefficient should be between 0.3 and 0.5. The flow coefficient should 

be between 0.3 and 0.9.  

Table 5.1 shows the compression ratio and efficiency of the initial design. The optimization 

goal is to set the efficiency and compression ratio as high as possible.                    
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                     Figure 5.1. Stage calculations at ACMC of initial design point, Part-1 
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               Figure 5.2. Stage calculations at ACMC of initial design point, Part-2 
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               Figure 5.3. Stage calculations at ACMC of initial design point, Part-3 
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              Figure 5.4. Stage calculations at ACMC of initial design point, Part-4 
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Figure 5.5. Post-processing parameters of ACMC of initial design point 
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                             Table 5.1. Performance parameters of initial design point 

 

                            

 

Input variables have been selected as annulus dimensions, mean line Alpha of Station 4, 

mean line Beta of Station 2. Radii of stations 2 and 3 are made equal to each other, thus 10 

inputs were reduced to 8. The calculated number of design points is 81, with selecting the 

“enhanced template” option in ANSYS Workbench, the number of design points were 

increased to 161. Output variables were selected as compression ratio (CPR), stage 

efficiency, Diffusion Factor and De Haller number belongs to each blade and vane sections. 

Table 5.2 values were introduced to the Ansys Workbench optimization module.  

      

                          Table 5.2. Input parameters, upper and lower limits for optimization 

 

 

 

After performing multi-objective genetic algorithm optimization in Ansys Workbench 

utilizing face-centered central composite design (FCCCD) for DOE and response surface 
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method, candidate design points are calculated from 161 design points. The optimized results 

are given in Table 5.3 

             Table 5.3. Comparing input and output parameters before and after optimization 

 

 

 

Candidate design points are the points, which are estimated from polynomials (Interpolated) 

thus they should be calculated again via the ACMC tool to validate if the output parameters 

match with input parameters. Recalculated parameters are given in the column called "After 

Optimization" in Table 5.3. A comparison chart for the variation in parameters that are stored 

in columns was given in Figure 5.6. 
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         Figure 5.6. The variation between parameters of initial and optimum design points 

 

In Figure 5.6, it is seen that a 9.65 percent improvement was attained in the compression 

ratio and 6.75 percent improvement in stage efficiency. On the other hand, a 3.66  percent 

increase in centrifugal stress has been encountered.  

Stress calculations were conducted by utilizing equation 3.85. Validation of stress analysis 

was performed via Ansys Workbench. The model was prepared with a blade and an attached 

platform to the root section of the blade in order to read more realistic stress values. Figure 

5.7 illustrates the FEA model. 



62 

 

 

               

 

                         Figure 5.7. FEA model of the blade with root attachment 

 

Blade aerofoil sections and solid models were constituted via NX. In order to reduce the 

internal stresses and the tilt stress, the sections are stacked as keeping coincidence about 

their area centers belong to each section individually. Parametric NX blade model is 

illustrated in Figure 5.8 

 

                                                    

 

                                                   Figure 5.8. Parametric NX blade model 
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Types of the elements, which are used in the model, are SOLID186 and SOLID187. The 

number of elements is 33619 and the associated number of nodes is 65941. Only 15300 rpm 

was given to the model for initial condition and the model was fixed from the bottom surface 

of the platform via deformable remote point. FEA stress results are illustrated in Figure 5.9. 

 

 

 

                                         Figure 5.9. Von Misses Stress plot of the blade 

 

The stress value was observed as 374Mpa, which is very close to the analytic solution of 

400Mpa. If the blade material is selected as INCO 718, yield strength is given 980MPa and 

corresponding to literature criteria [2] the centrifugal stress on blades should be below 70 

percent of material yield strength for preliminary design purpose. Thus allowable yield 

strength is calculated by  70%*980=686MPa, as a result of blade stress is much below that 

value, the design is safe in terms of centrifugal stresses. Among 161 design points, the min 

stress was encountered as 357MPa and max stress was encountered as 414MPa. It is seen 
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that the optimization process kept the stress in the allowable range while keeping the 

efficiency and compression ratio as maximum. 

Modal analysis was conducted in order to assess if there exists a possible frequency match. 

The pre-stressed model was used so as to get a more realistic value of frequency at design 

speed. For preliminary design purposes, the first flexural mode frequency was investigated 

and read as 569 Hz from Ansys Workbench. The operating speed of the compressor is 

15300rpm=255Hz. As a result of the calculated blade frequency of 569 Hz is much bigger 

than operating speed, therefore the design is safe in terms of resonance for the preliminary 

design concept. Advanced design stages entail checking all possible exciters. Campbell 

diagram should be prepared to avoid any coincidence of 1X, 2X, 3X,.., etc. engine order 

frequency and flexural, torsional and stripe mode frequency. 

The compression ratio has been encountered as 1.1037 and 1.5198, min. and max. Values 

respectively among 161 design points. The selected optimized design point has a 1.2871 

compression ratio and it is very close to the maximum value in the range. Stage efficiency 

has been encountered as 0.41 and 0.89, min and max values respectively. Selected optimized 

design point 5 has 0.8566 which is very close to the maximum value. 

After completing optimization, analytical and CFD solutions were compared in order to 

asses 3D flow effects.  

CFD grid creation was performed in Autogrid with considering following criteria: Maximum 

orthogonality and skewness > 15, maximum expansion ratio < 5, maximum aspect ratio < 

4000, maximum span wise angular deviation < 40. The number of grids in rotor 1019655, 

number of grids in stator 592735, totally 1612390 grids were used. Spanwise number of 

mesh was determined as 65 

Grid structure belongs to both rotor and stator passages are illustrated in Figure 5.10. Mean 

"y+" on blade walls are about 0.3 while the first cell thickness was given 1e-6m to all walls 

and the related plot is illustrated in Figure 5.11. The governing equations are the Reynolds 

Averaged Navier-Stokes equations (RANS); the turbulence model was selected as Spalart-

Allmaras because of having good CFD agreement with the test result [26]. 
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                                          Figure 5.10. Grid structure for rotor and stator passages 

  

 

 

                                                             Figure 5.11. Y+ plot at surfaces 
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                                     Table 5.4. The variation between CFD and analytical solution 

 

- 
Mass Flowrate 

(kg/s) 
Compression Ratio Stage Efficiency 

CFD 19.52 1.285 0.8381 

Analytical Solution 

of Design Point 5 
20 1.2874 0.8566 

 % Difference 2.459 0.1864 2.1597 

 

 

CFD and analytical solutions were compared and the results are given by Table 5.4. The 

difference, which is encountered between CFD and analytical solutions of the mass flow rate 

is 2,459 percent. One of the basic reasons behind that difference is the sudden expansion 

region that occurs between Station 3 and Station 4. The flow separation region reduces the 

flow area this effect causes the blockage to be generated, which was mentioned earlier in 

section 3.2.5. Generated blockage region is illustrated in Figure 5.12 and 5.13. 

 

 

 

             Figure 5.12. Meridional view of blockage region between Station-3 and Station-4 
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                 Figure 5.13. Closer view to blockage region between Station-3 and Station-4 

           

If sudden expansion is prevented by the definition of optimization objectives by introducing 

a simple rule about the downstream sizes always be smaller than upstream sizes; therefore, 

the annulus is getting narrower through downstream. Blockage generation could be 

prevented and the effect of blockage is reduced. On the other hand, the transonic region is 

encountered as illustrated in Figure 5.14 and Figure 5.15 at the blade tip region where the 

relative Mach Number is around 1.2 which is very close to the analytical solution value of 

1.1692. As we know that from Section 3.2.11 incoming relative velocity will increase while 

traveling over the suction surface and shock will occur in case of using highly curved 

profiles. The value of relative Mach Number when further proceeded over the suction 

surface is still about 1.2 and decrease steadily, because of using DCA blading. Instead of 

using DCA blading at the tip region, utilizing supersonic aerofoil contours would reduce the 

difference that is encountered between calculated values of mass flow rate, and the CFD 

results.  
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                    Figure 5.14. Blade to blade view, Relative Mach Number plot at 90% span 

  

             

 

                Figure 5.15. Isentropic Mach Number plot around blade at 90% span 

 

At the blade span of 50 percent (Mean line), Blade to blade relative Mach Number figure is 

illustrated in Figure 5.16 and isentropic Mach number distribution plot around aerofoil is 

illustrated in Figure 5.17. Relative Mach Number is 1.6 around LE of the blade because of 

negative incidence, then it reduces to 0.8 through the downstream flow. This causes choking 
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in blade passage In case of introducing a "0" incidence angle would reduce relative Mach 

number to the calculated value of 0.9244. 

 

 

 

                Figure 5.16. Blade to blade view, Relative Mach Number plot at 50% span 

  

                 

 

                          Figure 5.17. Isentropic Mach Number plot around blade at 50% span 

  

At the blade span of 10 percent, Blade to blade relative Mach Number plot is illustrated in 

Figure 5.18. Relative Mach Number is 0.8 around LE of the blade, which is close to calculate 

the value of 0.7, then it reduces to 0.6 through the downstream flow. 
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                Figure 5.18. Blade to blade view, Relative Mach Number plot at 10% span 
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6. CONCLUSION 

 

As it has been previously explained, mean line analysis is conducted in the preliminary 

design phase. Following aerodynamic calculations, steps are basically conducted through 

flow analysis, blade to blade analysis and CFD respectively. According to the comparison 

of ACMC and CFD results, ACMC provides a good estimation to the final CFD results in 

the meantime maintaining lower blade root stresses, highest efficiency, and highest 

compression ratio within a given annulus size limits and air angle ranges. Using the FEA 

method in optimization instead of analytical calculations might bring more realistic results 

by incorporating blade root geometric stress concentration and blade twist stress. For future 

improvements, off-design performance calculations might be incorporated as well. 

Supersonic blading at tip region would be a good option for the parametric NX blade 

generator. It would be a significant improvement in terms of reducing shock losses. 
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