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ABSTRACT

COMPUTATION OF SYSTEMIC RISK MEASURES: A
MIXED-INTEGER LINEAR PROGRAMMING
APPROACH

Nurtai Meimanjanov
M.S. in Industrial Engineering
Advisor: Cagin Ararat
December 2018

In the scope of finance, systemic risk is concerned with the instability of a financial
system, where the members of the system are interdependent in the sense that the
failure of some institutions may trigger defaults throughout the system. National
and global economic crises are important examples of such system collapses. One
of the factors that contribute to systemic risk is the existence of mutual liabilities
that are met through a clearing procedure. In this study, two network models of
systemic risk involving a clearing procedure, the Eisenberg-Noe network model
and the Rogers-Veraart network model, are investigated and extended from the
optimization point of view. The former one is extended to the case where op-
erating cash flows in the system are unrestricted in sign. Two mixed integer
linear programming (MILP) problems are introduced, which provide program-
ming characterizations of clearing vectors in both the signed Eisenberg-Noe and
Rogers-Veraart network models. The modifications made to these network models
are financially interpretable. Based on these modifications, two MILP aggrega-
tion functions are introduced and used to define systemic risk measures. These
systemic risk measures, which are not necessarily convex set-valued functions,
are then approximated by a Benson type algorithm with respect to a user-defined
error level and a user-defined upper-bound vector. This algorithm involves ap-
proximating the upper images of some associated non-convex vector optimization
problems. A computational study is conducted on two-group and three-group
systemic risk measures. In addition, sensitivity analyses are performed on two-

group systemic risk measures.

Keywords: systemic risk measure, aggregation function, set-valued risk measure,
systemic risk, Eisenberg-Noe model, Rogers-Veraart model, Benson’s algorithm,

non-convex vector optimization.
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OZET

SISTEMIK RISK OLCULERININ HESAPLANMASI:

KARISIK TAMSAYILI DOGRUSAL PROGRAMLAMA
YAKLASIMI

Nurtai Meimanjanov
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danmigmani: Cagin Ararat

Aralik 2018

Finans kapsaminda sistemik risk, tiyeleri birbirine bagiml olan bir finansal sis-
temin istikrarsizligi ile ilgili bir olgudur. Ulusal ve kiiresel ekonomik krizler bu
tir sistem c¢okmelerinin 6nemli Ornekleridir. Sistemik riske katkisi olan etken-
lerden biri de karsilikh yiikiimliliiklerin varhgidir. Bu yiikiimliiliikler bir takas
islemi araciligiyla yerine getirilmektedir. Bu caligmada, takas iglemi igeren iki
sistemik risk ag modeli, Eisenberg-Noe ag modeli ve Rogers-Veraart ag modeli,
aragtirilmig ve eniyileme acisindan genisletilmistir. Ayrica Eisenberg-Noe ag mo-
deli, sistemdeki isletme nakit akiglarinin negatif olmama kisitlamasi kaldirilarak,
akiglar isaretli olabilecek bicimde, genisletilmistir. Isaretli Eisenberg-Noe ve
Rogers-Veraart ag modellerinde, takas vektorlerinin programlama agisindan nite-
lenmesini saglayan iki karmagik tamsayili dogrusal programlama problemi ortaya
konulmugtur. Bu ag modellerinde yapilan degisiklikler finansal olarak yorumla-
nabilir. Yapilan degisikliklere dayanarak iki birlegtirme fonksiyonu tanitilmistir,
ve bu fonksiyonlar sistemik risk olgiilerinde kullanilmigtir. Sistemik risk olciileri
kiime degerli fonksiyonlar oldugu icin kullanici tarafindan tanimlanan bir hata
diizeyine ve st smir vektoriine gore Benson tipi bir vektor eniyileme algorit-
masiyla yaklagiklanmigtir. Bu islem, baz ilgili digbiikey olmayan vektor eniyileme
problemlerinin tist gortintiilerinin yaklagiklanmasini igerir. Iki gruplu ve ti¢ grup-
lu sistemik risk olgtileri iizerinde hesaplamali caligma gerceklestirilmigtir. Ayrica
iki gruplu sistemik risk oOlctileri iizerinde duyarhlik analizleri yapilmigtir.

Anahtar sozciikler: sistemik risk o6lgiist, birlegtirme fonksiyonu, kiime-degerli risk
oOlctisii, sistemik risk, Eisenberg-Noe modeli, Rogers-Veraart modeli, Benson al-
goritmasi, digbiikey olmayan vektor eniyilemesi.
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Chapter 1

Introduction

Financial contagion is usually associated with a quick and unpredictable chain
of defaults in a financial system caused by high correlation between the mem-
bers of the system and leading to disastrous, from an economic point of view,
consequences such as high risk of national and global financial crises, necessity
for bailout loans, long-lasting economic regression and rise in national debt. A
good example is a so-called bank run, when a bank receives a lot of claims for
deposits due to a panic or decrease in confidence in the bank, causing insolvency
of the bank. In its turn, the bank probably calls its claims from the other banks,
decreasing confidence in them and causing new bank runs. Being not able to
meet their liabilities, some of the banks may become bankrupt and, thus, worsen
the contagion even further. Unlike the usual notion of risk, when it is associated
with a single entity, systemic risk is related to the strength of an entire financial

system against financial contagions.

One of the factors that contribute to systemic risk is the existence of mutual
liabilities between the members of a financial system. Clearing mechanisms of a
financial system clear these mutual liabilities. It can be done by calculating a
clearing vector of the system. There are many network models of systemic risk
and the corresponding algorithms that can treat financial systems as network

models and calculate their clearing vectors. This thesis extends two network



models, the Eisenberg-Noe and Rogers-Veraart models, from the optimization
point of view by developing optimization problems that provide clearing vectors

in these models.

Systemic risk of a financial system can be decreased by imposing capital re-
quirements to the financial institutions in the system, so that the system can
overcome financial shocks. This can be accomplished by computing systemic risk
measures. Furthermore, to make the computations of systemic risk measures eas-
ier, the members of a financial system can be grouped into two or more categories
and the same capital requirement can be imposed to the financial institutions in
the same group. In this thesis, set-valued systemic risk measures are considered
and computed in the scope of the Eisenberg-Noe and Rogers-Veraart network
models, which are introduced in subsequent chapters. For each model, the corre-
sponding grouped systemic risk measure is established and approximated using

a Benson type algorithm for non-convex problems introduced in [IJ.

The rest of the thesis is structured as follows. Chapter [2 reviews the literature
on seminal and recent studies in network models of systemic risk and systemic risk
measures. For the sake of completeness, seminal studies on scalar and set-valued

risk measures are discussed as well.

The Eisenberg-Noe and Rogers-Veraart network models of systemic risk are
studied in detail and the corresponding optimization characterizations of clear-
ing vectors are provided in Chapter [3] The Eisenberg-Noe model is extended to
the case where operating cash flows in a system are not restricted to be non-
negative. Two approaches are applied to accomplish this task: the first one is
applied naively, being a conjecture in Eisenberg and Noe [2], and an entirely novel
one resulting from the analysis of the drawbacks of the first approach and im-
posing some seniority assumptions. Mixed-integer linear programming (MILP)
characterizations of clearing vectors are established for both the Eisenberg-Noe
and Rogers-Veraart network models. Proofs of some of the related results can be
found in Appendix [A] Moreover, two aggregation functions, one for each network

model, are introduced in terms of these MILP formulations. These aggregation



functions play a significant role in systemic risk measures and serve as interme-
diaries between the Eisenberg-Noe and Rogers-Veraart network models and the

corresponding grouped systemic risk measures.

In Chapter [4], the grouping notion for systemic risk measures is introduced,
which groups the members of a financial system and decreases the dimension of
systemic risk measures, making it easier to approximate them. Two aggregation
functions, introduced in the previous chapter, are applied to systemic risk mea-
sures and the Eisenberg-Noe and Rogers-Veraart grouped systemic risk measures
are defined. Furthermore, these systemic risk measures are looked at from a
vector optimization point of view and considered as the upper images of their as-
sociated vector optimization problems. Two types of optimization problems used
in Benson’s algorithm, one being a weighted-sum scalarization and the other be-
ing a minimum step-length function, are formulated as MILP problems for the
Eisenberg-Noe and Rogers-Veraart grouped systemic risk measures. Some results
on boundedness and feasibility of the corresponding MILP problems are provided

and their proofs can be found in Appendix [B]

The results of Chapter [ allow one to approximate systemic risk measures with
a Benson type algorithm for non-convex vector optimization problems, which is
introduced in [I] and described in detail in Chapter The assumptions and
definitions made in [I], a modification of the algorithm for this study and the
corresponding pseudo-codes to approximate inner and outer approximations of
the Eisenberg-Noe and Rogers-Veraart grouped systemic risk measures are pro-
vided in detail.

In Chapter [6] computational results and approximations of the Eisenberg-Noe
and Rogers-Veraart grouped systemic risk measures are presented. Two- and
three-group financial networks are generated with mutual liabilities and random
operating cash flows. In addition, sensitivity analyses are performed for two-
group networks by changing various parameters of the generated networks and

the corresponding grouped systemic risk measures.

In Chapter[7], an overview of this study and some suggestions for future research



are provided.

1.1 Problem Definition

This study unites two research areas: network models of systemic risk and sys-
temic risk measures. In the scope of network models of systemic risk, there are
three main objectives of this thesis. The first one is to extend the Eisenberg-
Noe network model by relaxing the non-negativity assumption for operating cash
flows. Clearing vectors in the original Eisenberg-Noe network model have a nice
mathematical programming characterization in terms of an optimization prob-
lem with linear constraints. Hence, the second objective in this area is to for-
mulate mathematical programming characterizations of clearing vectors in the
Eisenberg-Noe network model with signed operating cash flows as well as in the
Rogers-Veraart network model. To unify the impacts of different members of a fi-
nancial system on the economy, systemic risk measures use aggregation functions,
which are described in Section [2.3] One can refer to [3] for a general framework
of this approach. Hence, the third objective in this scope is to define aggregation
functions in terms of the obtained mathematical programming characterizations

of clearing vectors.

From the systemic risk measures point of view, the objective of this thesis is
to apply the aggregation functions, obtained from the first part of the thesis, in
systemic risk measures and attempt a computation of these systemic risk measures
by applying a Benson type algorithm for non-convex problems, since the studied
systemic risk measures are set-valued and not-necessarily convex. In addition,
it is aimed to perform sensitivity analyses in the computation of systemic risk

measures by generating two-group networks with different parameters.



Chapter 2

Literature Review

In this chapter, some significant works on network models of systemic risk and on
risk measures relevant to this study are reviewed. In the first part, an overview
of several network models is provided. The notions of monetary (scalar) risk
measure, multivariate (set-valued) risk measure and acceptance set are presented
in the second part. For monetary risk measures, some general definitions given
in Follmer and Schied [4] are provided. In the last part of this chapter, works
done on the cross-section of network models and risk measures are reviewed and

compared.

2.1 Network Models of Systemic Risk

In this part, network models of systemic risk that were proposed by different
scholars in the period from 2001 up to the present are reviewed. The founda-
tion of this approach is given in Eisenberg and Noe [2]. Suzuki [5] is known
for developing a similar model, independent from Eisenberg and Noe [2], as well
as for introducing cross shareholdings into the model. Cifuentes et al. [6] applies

Eisenberg and Noe’s approach in [2] to the systems with regulatory policies which



force the defaulting institutions to sell their illiquid assets. Elsinger [7] investi-
gates the seniorities of liabilities in the system. Rogers and Veraart [§ modifies
the Eisenberg-Noe model by adding bankruptcy costs in terms of limited realiza-
tion of assets by defaulting banks. Weber and Weske [0] proposes to investigate
all these factors in a joint model. Kabanov et al. [10] presents a survey on the

works that are devoted to network models of systemic risk.

Eisenberg and Noe [2] is known to be the first work to model the mutual liabil-
ities in financial systems as a directed network, where each node corresponds to
a member of a financial system (e.g. a bank, fund, company or any other finan-
cial institution) and directed arcs correspond to nominal liabilities between the
members of the financial system. The paper introduces the notion of a clearing
payment vector, defining it as a vector of payments that should be made by each
member the system in order to clear mutual liabilities. It is insisted that the fol-
lowing three criteria should be satisfied by a clearing vector: (1) limited liability,
which means that a node cannot pay more than what it owns, (2) the priority of
debt claims over the equity values of nodes, meaning that all nodes should meet
their obligations either in full or until they default, and (3) proportionality, that
is, a defaulting node pays each creditor a portion of its assets that is proportional
to the creditor’s claim on the defaulting node’s assets. Two characterizations of
clearing vectors are provided in the work: a fixed point characterization and a

mathematical programming characterization, which are summarized below.

A system of n € N interconnected institutions is modeled as a quadruplet
(N, 7, p,x), where w € R" is a relative liabilities matrix, p € R’} is a total

obligation vector of the system, & € R’ is an operating cash flow vector and

N ={1,...,n}.

According to the fixed point characterization, a clearing vector of (N, 7, P, x)
is a fixed point of a mapping ®N+ : [0, p| — [0, p], where [0,p] = [0,p1] X ... X

[0, pp] is the Cartesian product of n intervals, 0 € R" is the vector of zeros and

"N+ (p) = (M'p+x) AP, (2.1.1)



or more explicitly, for each i € N,
(I)?NJr (p) = (Z Wjipj + l’z) N ]71', (212)
j=1
where a A b = min{a, b} for real numbers a, b.
On the other hand, according to the mathematical programming characteriza-

tion, for every strictly increasing (with respect to the componentwise ordering in

[0,p]) function f : [0, p] — R, an optimal solution of the optimization problem

max [ (p)
st. p<I'p+zx (2.1.3)
p € [0,p]

is a clearing vector of the network (N, 7, P, ). (The constraint is understood in

a componentwise manner.)

Eisenberg and Noe [2] proposes a simple and easy-to-interpret algorithm, called
the fictitious default algorithm, to find a clearing vector of the system. Starting
from the assumption that initially all nodes meet their obligations, the aim of the
algorithm is to find a vector of payments at each step. At the next step, using the
current vector of payments and keeping in mind defaulting nodes, it updates the
vector of payments. The algorithm stops either when there is no defaulting node
at the current step or when all nodes default. It is proved that this sequence of

vectors of payments converge to a clearing vector in finitely many steps.

Suzuki [5] introduces a similar approach to evaluate clearing vectors (payoff
functions in the paper) as in Eisenberg and Noe [2]. The difference is that Eisen-
berg and Noe [2] studies interconnectedness only in terms of liabilities, whereas
Suzuki [5] considers cross-holdings of stock among members of a financial system,
as well. Similar to Eisenberg and Noe [2], Suzuki [5] points out that a clearing
vector of a system satisfies a fixed-point property for a general function ®, which
covers the model in Eisenberg and Noe [2] as a special case, because the model

in Suzuki [5] includes cross-holdings of stock, whereas the model in [2] does not.
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The paper also proposes a version of the fictitious default algorithm, which it calls
the contraction principle, to find a clearing vector. However, unlike [2], Suzuki
[5] does not provide a mathematical programming characterization of clearing

vectors.

Cifuentes et al. [6] investigates systemic risk in terms of liquidity of institutions
in a financial system. In financial markets, externally imposed solvency regula-
tions or institutions’ internal risk regulations require the sale of assets whenever
there is a shock on the economy, and usually the sale decreases the prices of the
assets, because the supply increases while the demand does not. In its turn, this
decrease in price induces even more sales by the institutions. The whole pro-
cess has a disastrous effect on a falling market. Hence, liquidity requirements
on the members are at least as important as capital requirements in preventing

contagious failures.

Unlike earlier works, Cifuentes et al. [6] considers not only direct interconnect-
edness in balance sheet, but also unsteadiness of asset prices. The model in the
paper is based on Eisenberg and Noe’s framework in [2]. However, rather than
assuming that all assets of the institutions are liquid, these assets are differenti-
ated as illiquid and liquid. The “cash” introduced in Eisenberg and Noe [2] now
becomes a market value of all assets of an institution, which is a function of the
prices of illiquid assets. Since a clearing vector of the financial system depends
on the equity values of the entities, it also becomes a function of the prices of
illiquid assets. Hence, in order to find a clearing vector, the unsteadiness of these

prices should be handled.

For the sake of simplicity, it is assumed in [0] that there is only one illiquid

asset. The scholars introduce a function ®pyrice : [Geq, 1] = [geq» 1] such that

where d~! is a downward sloping inverse demand function, s; (¢) the amount of

the illiquid asset sold by an entity i at a price ¢, and geq is the equilibrium price



of the system. P (¢) is interpreted as a market-clearing price of the illiquid
asset when this asset is initially evaluated at price q. Hence, a fixed point of
D rice gives an equilibrium price of the illiquid asset in the system. The obtained
equilibrium price can be used by a regulator of a financial system in order to

decrease liquidity risks and prevent contagions in the system.

Elsinger [7] extends the work in Eisenberg and Noe [2] in several ways. Firstly,
the so-called cross-holdings structure is added to model a financial system, similar
to the one proposed by Suzuki [5], which is done by introducing a holding matrix
of proportional ownership of each institution’s equity by other institutions in the
system. In the model, Elsinger [7] relaxes the non-negativity assumption on the
operating cash flow of an institution, claiming that insisting on non-negativity
of operating cash flows would mean that all liabilities of a node except the most
junior ones are always paid in full. The paper also introduces liabilities outside
the network, however this detail is insignificant in the structure of the model and

proofs, because it is included in the total liability of a node.

As in Suzuki [5], since the cross-holdings play a significant role in the model
in [7], equity values are brought to the forefront. Given a vector of payments, a
vector of equity values of a financial system must be a fixed point of a certain map
given explicitly in the paper. A clearing vector is then defined in terms of this
vector of equity values. In addition, a fixed-point characterization of a clearing
vector is provided, which is a generalization on the version in [2]. The paper
provides existence and uniqueness proofs for a clearing payment vector, as well
as a uniqueness proof for a vector of equity values. In addition, a modification of
the fictitious default algorithm is provided in Elsinger [7] to calculate a clearing
vector. It is asserted that both the modified algorithm and the original one
in Eisenberg and Noe [2] have the same interpretation in terms of institutions

defaulting in different rounds depending on their exposure to systemic risk.

Furthermore, Elsinger [7] introduces a seniority structure of liabilities by as-
suming different classes of seniorities and modifying the matrix of related liabil-
ities accordingly. It is claimed that this modification does not affect the results

on existence and uniqueness of a clearing vector. Two approaches are proposed



to calculate a clearing vector under a seniority structure of liabilities. The first
one is a modification of the fictitious default algorithm mentioned above and the
second one is a sequential calculation of a clearing vector starting from the most
junior liabilities and assuming that all other claims of higher seniority are satis-
fied in full. If any institution is not able to satisfy the current level of seniority,
payments are reduced next to the most junior and so on. It is pointed out that
if there are no bankruptcy costs, then it is not reasonable to bail out defaulting
institutions. On the other hand, under strictly positive bankruptcy costs, bailing
out defaulting institutions may become reasonable. In addition, it is asserted that

introducing bankruptcy costs does not affect the existence of a clearing vector.

Rogers and Veraart [8] investigates contagion in a financial system, where
institutions are interconnected in a way that is presented in Eisenberg and Noe
[2]. Tt is claimed that, in reality, failing institutions are not able to realize their
assets in full to meet their obligations and this condition depresses the system

even further. Thus, the model in [§] includes default (or bankruptcy) costs.

The model in the paper is based on the Eisenberg-Noe network model in
[2]. A system of interconnected financial institutions is modeled as a sextuple
(N, 7, D, x, , B), where m € R is a relative liabilities matrix, p € R is a to-
tal obligation vector of the system, & € R} is an operating cash flow vector and
N ={1,...,n}. These parameters are in line with the Eisenberg-Noe network
model. The parameters a, 8 € (0, 1] represent default costs. They are fractions
of the values realized from the liquidation of the defaulting institution’s assets

and from the payments obtained from other entities, respectively.

As in Eisenberg and Noe [2], a clearing vector is defined as an n-dimensional
vector of payments made by all members of the financial system, which is a
fixed point of a mapping ®®V+ : [0,p] — [0,p], defined as follows: for each
ied{l,...,n},
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RV Di if p; <@+ Y0 Tpy,
& (p) = ’

)

(2.1.4)
ax; + 3 Z?Zl T;iDj otherwise.

Even though the uniqueness of a clearing vector in this model is not guaranteed,
the existence can still be proved, which is done in [§]. In addition, a modification
of the fictitious default algorithm proposed in Eisenberg and Noe [2], which is
called the greatest clearing vector algorithm, is provided for the construction of

clearing vectors.

The second main focus of the work lies on the issue of bailing out failing
institutions. Rogers and Veraart [§] claim that in the absence of default costs,
there is no reason for solvent institutions to rescue insolvent ones. However, if
there are strictly positive default costs, then it might be beneficial for some subset
of solvent institutions to take over insolvent institutions. This subset of solvent
institutions is called a rescue consortium and is characterized by two conditions,

an ability to rescue insolvent institutions and an incentive to do so.

Unlike Eisenberg and Noe [2], Rogers and Veraart [§] does not provide a math-
ematical programming characterization of clearing vector in the network model.
Defining a mixed-integer linear programming characterization of clearing vectors
in Rogers-Veraart network model and implementing it in an aggregation function
of a systemic risk measure is one of the main contributions of this thesis which is
discussed in detail in Chapters [3] and [4]

For a detailed review of network models on systemic risk one can refer to
Kabanov et al. [10]. It is a survey of the main results on clearing systems. The
common focus in these works is the existence and uniqueness of clearing vectors
in the corresponding network models of systemic risk. The survey [10] consists of
several network models considered in the literature, including the ones reviewed
above, and discussions about the algorithms provided in the reviewed papers for
calculating fixed point solutions. In particular, Kabanov et al. [10] considers the

models proposed in Eisenberg and Noe [2], Rogers and Veraart [8], Suzuki [5],
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Elsinger [7], Fisher [I1I] and some other models with illiquid assets and price

impact.

Among the papers reviewed in Kabanov et al. [10], Fisher [I1] adds deriva-
tive liabilities with different seniorities to the usual debts in the seniority model
proposed in Elsinger [7]. Thus, the model consists of two types of liabilities, rep-
resented by two sets of matrices with seniorities. The usual direct liabilities in
the model are fixed, as input parameters to the network, whereas the derivative
liabilities may depend on clearing vectors and, thus, are functions of clearing
vectors. Fisher [I1] provides some results on existence of clearing vectors in such

models.

In addition to the above works, the survey [I0] reviews two more network
models, where the main assumption is that the nodes in a network may own not
only cash, but also several types of illiquid assets. In the first model it is assumed
that institutions sell illiquid assets in equal proportions. The pricing in these
assets is modeled by some monotone decreasing and continuous inverse demand
function. Thus, when the clearing is applied, any node either pays its debts with
cash or sells its illiquid assets to generate more cash if its initial cash amount is
not enough. Conditions for existence and uniqueness of clearing vectors in such
systems are provided. The second model assumes that each institution sells its
illiquid assets independently from other members of the system according to its
individual strategy. In such a network, the main goal of each institution is to
maximize the value of its illiquid assets given a clearing vector, market prices of

the assets and a total sale of each illiquid asset by the other entities.

Weber and Weske [9] integrates many of the factors that contribute to systemic
risk into one network model. These factors include cross-holdings introduced in
Suzuki [5] and Elsinger [7], fire sales (or “forced” sale of assets) investigated in
Cifuentes et al. [6] and bankruptcy costs that were viewed in Elsinger [7] and
Rogers and Veraart [§]. Weber and Weske [9] takes the Eisenberg-Noe network
model as a base and introduces all the above factors simultaneously. The notion
of equilibrium in the paper consists of two parts: a clearing vector and a clearing

price of a single representative illiquid asset (for the sake of simplicity). While
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uniqueness of an equilibrium is not discussed, a result for its existence is provided.
The paper also provides two complex algorithms that calculate the greatest price-
payment equilibrium and the least price-payment equilibrium. These algorithms
are based on the fictitious default algorithm introduced in Eisenberg and Noe [2]
and on the procedures of calculating clearing vectors in Rogers and Veraart [§]

involving bankruptcy costs.

Weber and Weske [9] also provides a series of case studies, where systemic risk
factors such as bankruptcy costs, forced sales of illiquid assets and cross-holdings
are investigated both jointly and separately. Having investigated these factors
separately, it is concluded that bankruptcy costs and fire sales increase the threat
of systemic default. On the other hand, cross-holdings seem to be beneficial,
under the condition that they can be exchanged for liquid assets. Under the joint
model, bankruptcy costs prove to be more significant than other factors. The
paper concludes that if these costs are not too large, then a higher integration
of cross-shareholdings decreases the number of defaults. Hence, for regulatory
institutions, a good policy is to stimulate cross shareholdings. However, this

policy seems to be inefficient for high bankruptcy costs.

2.2 Risk Measures

In this part, the literature on risk measures is summarized, including the seminal

work by Artzner et al. [I2] and works on scalar and set-valued risk measures.

2.2.1 Scalar (Univariate) Risk Measures

Quantifying risk has become a popular subject of study in late 90’s. The seminal
paper Artzner et al. [I12] introduces an axiomatic approach for measuring risk.
First, a risky position is defined in terms of random future values. Second, the
notions of risk measure and acceptance set are introduced. Artzner et al. [12]

provides axioms on both acceptance sets and risk measures that reflect logical
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behavior in financial decision making. Hence, the risk measures that comply
with these axioms are called coherent risk measures. Artzner et al. [12] provides

several results that relate acceptance sets and coherent risk measures.

Let (92, F,P) be a probability space. In [I2] risky financial position is defined
as a random variable X : Q — R. Let L>(R) be the linear space of all essentially
bounded financial positions X : 2 — R, where two random variables are con-
sidered identical if they are equal P-almost surely, and, for any X,Y € L*(R),
we write X <Y when P{X > Y} = 0. Consider the following properties for a
mapping p : L*(R) — R.

e Monotonicity: X <Y implies p(X) > p(Y), for every X,Y € L>*(R).

e Translation property (cash additivity): p(X + p) = p(X) — p, for every
peR, X e L*(R).

o Convezity: p(AX +(1=XN)Y) < Xp(X)+(1 =) p(Y), for every A € [0, 1],
X,Y € L®(R).

e Positive homogeneity: p(nX) = np (X), for every n > 0, X € L>(R).

A mapping p is called a monetary risk measure if it satisfies monotonicity
and translation property. Monotonicity is interpreted as follows: between two
financial positions, if the future value of one of them is greater than that of the
other one under any scenario, then the former one is less risky. The translation
property is motivated by the interpretation of p (X) as a capital requirement for
X € L*(R). If some deterministic amount of cash is added to X, then its capital

requirement will be reduced by the same amount.

If a monetary risk measure satisfies convexity, then it is called a convex risk
measure. Convexity corresponds to a thesis: “Diversification reduces risk.” If,
in addition to convexity, a monetary risk measure satisfies positive homogeneity,

then it is called a coherent risk measure.

In Follmer and Schied [4], for a given mapping p, the corresponding acceptance
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set 1s defined as
A, = {X € L*R)|p(X) <0}. (2.2.1)

The following statements summarize the relationship between p and A,,.

o If p is a risk measure, then X € A4,,Y > X imply ¥ € A,, for every
X,Y € L>*(R).

e If p is a convex risk measure, then A, is a convex subset of L*(R).

e If p is a coherent risk measure, then 4, is a convex cone.

Moreover, p can be recovered from A, by

p(X)=inf{u e RIX +pec A} (2.2.2)

The following examples of scalar risk measures are provided in [4].

Example 2.2.1 (Worst-case risk measure). The worst-case risk measure pyq;
is defined by

Pmaz (X) = sup E@[_X]v (223)
QeM,

where M is the class of all probability measures on ({2, F) that are absolutely

continuous with respect to P. Note that p,,q. is a coherent risk measure.

Example 2.2.2 (Average value at risk). The average value at risk (or the

conditional value at risk, or expected shortfall) at level A € (0,1] of a position
X € L>*(R) is given by

1
AVAQR, (X) = X/ VQR, (X)de, (2.2.4)
0
where
VAR, (X) =inf{u € RIP[X 4+ p < 0] < A} (2.2.5)

is the value at risk at level A € (0,1] of X. The average value at risk is a coherent

risk measure.
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Example 2.2.3 (Entropic risk measure). The entropic risk measure of a
position X € L®(R) is defined by

pn (X) = %logE[e_"X], (2.2.6)

where 1 > 0 is a given constant. The entropic risk measure is a convex but not

coherent risk measure.

2.2.2 Set-Valued (Multivariate) Risk Measures

Hamel et al. [L3] gives a general representation of multivariate risk measures and
corresponding acceptance sets as follows. Given a probability space (2, F,P),
let L°(R™) be the linear space of all essentially bounded n-dimensional random
variables X : Q2 — R", where two random variables are considered identical if
they are equal P-almost surely. Consider the following properties for a set-valued
mapping R : L®(R") — 28"

Monotonicity: X >Y implies R(X) 2 R(Y) for every X,Y € L*(R").

Translation property: R(X +z) = R(X) — z for every X € L>®(R"),
z € R".

Convezity: ROAX +(1—=XN)Y) DAR(X)+ (1 =X R(Y), for every A €
(0,1), X,Y € L>*(R").

Positive homogeneity: R(AX) = AR(X), for every A € (0,+00), X €
Lo (R™).

A set-valued risk measure is a function R : L®(R") — 2%" which satisfies
monotonicity, translation property and R (0) # (). For a given financial position
X, the set R (X)) consists of all capital allocation vectors that, added to X

(componentwisely), make it acceptable as in monetary risk measures.

16



Given a set-valued risk measure R : L°°(R") — 2®"| the corresponding accep-

tance set is defined as
Ar={X € LR")|0 € R(X)}. (2.2.7)

In other words, a financial position X is acceptable in terms of R, if it does not

require an additional capital allocation.

Hamel et al. [13] provides the following results that relate set-valued risk mea-

sures and acceptance sets in L (R™).

e If R is a set-valued risk measure, then Agr + L™ (]Rfﬁ) C Apg.

e If R is a convex set-valued risk measure, then Ap is a convex subset of
L>(R™).

e If R is a positively homogeneous set-valued risk measure, then A is a cone.

Moreover, a set-valued risk measure R can be recovered from Agr by

R(X)={z €R"X +z € Ap}. (2.2.8)

2.3 Systemic Risk Measures

Chen et al. [14] applies an axiomatic approach to risk measures proposed by
Artzner et al. [12] to systemic risk. For the sake of clarity, results are presented in
a financial setting. However, it is argued that the notion of systemic risk measure
can be applied to analyze the risk in any system that consists of individual parts
that contribute to that risk. In Chen et al. [14], an economy (or financial market)
is defined as a matrix of random profits of finite number of firms (let there be
n firms in the economy) under scenarios from €2, a finite set of states of nature,
where each column of the matrix corresponds to the profits of the firms under

a particular scenario. Thus, given any probability distribution, without loss of
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generality one can consider the economy as a random vector X : 2 — R" of
income profiles of the firms. Here, negative entries of X (w) under some scenario
w € Q would imply negative incomes of the corresponding firms. Assume L>°(R")
be a vector space of all such random vectors. Let 1 € L*(R") be a random vector

whose entries are equal to one under any scenario.

In [14], the notions of systemic risk measure and aggregation function are
introduced. A systemic risk measure is a function p®¥® : L>®°(R"™) — R that

satisfies the following conditions.

e Monotonicity: X <Y implies p** (X) > p*°(Y), for every XY €
L>(R™).

e Positive homogeneity: p™ (nX) = np** (X), for every n € R,, XY €
L*>(R™).

e Preference consistency: if p*° (X (w) 1) > p¥* (Y (w) 1) for every w € ,
then p*° (X)) > p** (Y'), for every X,Y € L*(R"™).

e Outcome convezity: p* A X +(1—=N)Y) < A\ (X) + (1 = \) p** (Y),
for every A € [0,1], X,Y € L>*(R").

o Risk convezity: if p*° (Z (w) 1) = Ap*¥* (X (w) 1)+ (1 = A) p*»* (Y (w)) for
every w €  and A € [0,1], then p** (Z) < A\p*¥* (X)) + (1 — \) p** (YY),
for every X, Y, Z € L>®(R").

Chen et al. [14] defines an aggregation function as a function A : R™ — R that

satisfies the following properties.

e Monotonicity: if & > y, then A (x) > A (y), for every x,y € R™.
e Positive homogeneity: A (nx) = nA (x), for every n € Ry, x,y € R™.
o Convezity: A(Ax+ (1 =N y) <A (x)+(1 — ) A(y), for every A € [0, 1],

xz,y € R"
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The main result of the paper is the following theorem, which allows to extend
a one-dimensional risk measure to a systemic risk measure with help of an aggre-
gation function, which summarizes an income profile of the economy under some
scenario into a single number, thus, making it possible to measure systemic risk

via a one-dimensional risk measure.

Theorem 2.3.1. [T}, Theorem 1] A function p*¥* : L>®°(R") — R is a systemic
risk measure if and only if there exists an aggregation function A : R — R and

a coherent one-dimensional risk measure p : L®(R) — R such that p™° is the
composition of p and A, that is, p** (X ) = p (A (X)) for every X € L*(R™).

It is emphasized that the main factor that makes this result possible is the
preference consistency axiom mentioned above, which is a novel axiom and one
of the main contributions of the paper [14]. In addition, it is claimed that the
result can be modified to cases where either monotonicity, positive homogeneity or
convexity does not hold, so long as the preference consistency holds. In particular,
the last part of the paper is devoted to a detailed investigation of a matter when
convexity does not hold, which yields a new class of systemic risk measures called

homogeneous systemic risk measures.

Feinstein et al. [15] proposes a general approach to systemic risk. In the paper,
it is maintained that systemic risk consists of two components: a cash-flow model,
which captures the randomness of outcomes for the entities in the system, and an
acceptability criterion, which is based on the notion of acceptance set in Artzner
et al. [12].

A cash-flow model in the framework of [I5] is described in terms of a non-
decreasing random field F' : R" — L*°(R"), where L>®°(R") is a set of n-
dimensional random vectors on some probability space and for each cash-flow
vector z € R", F, € L>®(R") is a random variable representing some random
outcome in the system, which then can be interpreted according to the assumed

setting.
For a given random field F', a systemic risk measure R is defined as a set of
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additional capital allocations by
R(F)={z eR"|F, € A}, (2.3.1)

where A is some acceptance set. The resulting systemic risk measure is a set-

valued risk measure discussed in Hamel et al. [13].

As special cases, Feinstein et al. [15] provides the notions of insensitive and
sensitive (to capital levels) random fields. Letting A : R” — R be an aggregation
function, as defined in Chen et al. [I4], a random field F' : R™ — L*(R") can be

characterized with

F,=AX)+) =, z€eR" (2.3.2)
i=1
for the insensitive case, and with
F,=ANX+2z2), zeR" (2.3.3)

for the sensitive case, where X is some n-dimensional random vector representing,
for instance, the values or wealths of entities at some future date, and z € R" is

a capital level.

Axioms for risk measures, such as translation property, monotonicity, convexity
proposed in previous works are adjusted to this framework and defined accord-
ingly. In addition, the paper proposes a grid search algorithm to approximately
solve set-valued systemic risk measures with a specified level of accuracy and

provides numerical case studies.

Biagini et al. [3] independently proposes a general framework for systemic
risk measures similar to the one in Feinstein et al. [I5]. Unlike Feinstein et al.
[15], where systemic risk measures are characterized as set-valued risk measures,
Biagini et al. [3] generalize the axiomatic approach to systemic risk measures
introduced in Chen et al. [14], where systemic risk measures are defined as com-
positions of an aggregation function and a monetary risk measure. In [3], sys-
temic risk measures are interpreted as minimum capital allocations to make the

corresponding systems acceptable. Here, acceptability notion is motivated by
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acceptance sets in Artzner et al. [I2], but in terms of multidimensional accep-
tance sets, that is, subsets of L>°(R"). Similar to Feinstein et al. [15], Biagini
et al. [3] classifies systemic risk measures into two groups, insensitive and sensitive

systemic risk measures.

Consider a system of n entities, where X € L>*°(R") is a random vector repre-
senting random profits of entities at some fixed future date. Then, an insensitive

systemic risk measure is defined as
™ (X) =inf {pu € RIA(X) +p € A}, (2.3.4)
and interpreted as the minimum cost of recovering the system after a random
shock, whereas a sensitive systemic risk measure is defined as,
n

p*" (X)) == inf {Z o

i=1

z=(21,...,2) €R"A(X +2) EA}, (2.3.5)

and interpreted as a minimum capital allocation for each entity to avoid unac-
ceptable consequences of a random shock. Here, A € L>°(R) is some acceptance
set which imposes some acceptability criterion, and A : R™ — R is an aggregation

function that calculates the effect that random shock X has on the economy.

Biagini et al. [3] generalizes systemic risk measures in multiple directions.
Firstly, the notion of scenario-dependent (capital) allocations is introduced. Pre-
viously, in the context of systemic risk measures, only deterministic capital allo-
cations were considered in the literature. Secondly, systemic risk measures are
investigated under multi-dimensional acceptance sets, which makes it possible to
analyze acceptability of random positions of the entities individually. The paper
provides a theoretical framework, which represent a systemic risk measure and its
properties under given generalizations. In addition, Biagini et al. [3] investigates

previously studied families of systemic risk measures from this new perspective.

Ararat and Rudloff [16] studies representability of multivariate systemic risk

measures from a convex duality perspective. Two types of multivariate systemic
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risk measures are considered in the paper, insensitive and sensitive. The def-
initions of set-valued systemic risk measures given in Feinstein et al. [15] are
reformulated in the following fashion. An insensitive systemic risk measure is

formulated as

R™ (X) = {z eR"

for every X € L (R"™), where L> (R"™) is the space of n-dimensional essentially
bounded random vectors. Here, A C L* (R) is an acceptance set that is in line
with the notions from Artzner et al. [12]. It is remarked that an insensitive risk
measure has its one-dimensional counter-part, a scalar systemic risk measure p*,

formulated in Biagini et al. [3],

=1

P (X) = ziengn {z”: Zi|A(X) + zn:,z, € A} , (2.3.7)

in the sense that R™ and p™* can determine each other.

A sensitive systemic risk measure is formulated as

R (X) = {z e R"

AX +2)€ A} . (2.3.8)

The paper investigates the above formulations of R™* and R*®" in the scope of
the general framework for multivariate risk measures proposed by Hamel and
Heyde [17]. Tt proves that R™ is a set-valued convex risk measure that lacks
translation and positive homogeneity properties in general. On the other hand,
R*™ is proved to be a set-valued convex risk measure, which satisfies all the listed
properties except positive homogeneity. However, the paper provides sufficient
conditions for both R and R*" to satisfy positive homogeneity. Even though
R#*" cannot be recovered from p™*, due to its closedness and convexity, it can be
scalarized as follows,

P (X) = inf {sz‘A (X +2)€ A} , (2.3.9)

zeR®

where w € R%\ {0}.
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The main contribution of [I6] lies in dual representations for both insensitive
and sensitive systemic risk measures, and for their scalarizations. These repre-
sentations are formulated in terms of probability measures and weight vectors,
and interpreted as the capital allocations of the entities in the presence of model
uncertainty and weight ambiguity. The paper applies these representations to ex-
amples of systemic risk measures defined by some known and previously studied
aggregation functions and monetary risk measures. These examples include total
profit-loss, total loss, entropic, Eisenberg-Noe, resource allocation and network

flow models.
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Chapter 3

Network Models of Systemic Risk

In this chapter, the Eisenberg-Noe and the Rogers-Veraart network models are
presented in detail. A modified model is introduced for the Eisenberg-Noe net-
work model by assuming signed operating cash flows. For both the Eisenberg-Noe
network model with signed operating cash flows and the Rogers-Veraart network
model, novel mixed-integer linear programming formulations of clearing vectors

are proposed. The related notation and assumptions are summarized below.

Let n € {1,2,...}. For real numbers a,b and vectors a = (aq,... ,an)T,b =

(b1, ... ,bn)T € R", the following operations are defined:

e a Ab=min{a,b} and a Vb = max{a, b}.
e aAb=(ayAby,....,a, Ab,) and a Vb= (a; Vby,... a,Vb,) .

e at =0Va=max{0,a} and a= =0V (—a) = max {0, —a}.

e a”=(af,... ,a:{)T and a” = (ay,... ,a;)T.
e a®b=(aiby,... ,anbn)T is a Hadamard product (componentwise multipli-
cation).

e 0=(0,...,0)" € R" is the vector of zeros.
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e 1=(1,...,1)" € R" is the vector of ones.

e a < bif and only if a; < b; for each i € {1,...,n}.

Assume a < b, then [a,b] = [a1,b1] X ... X [a,,b,] € R™ is a Cartesian

product of n intervals.

lall, = max o]

3.1 Eisenberg-Noe Network Model

In this section, the original Eisenberg-Noe network model in [2] and the corre-

sponding aggregation function are provided for completeness.

Definition 3.1.1. A quadruple (N, m,p,x) is called an Fisenberg-Noe network
if N ={1,...,n} for somen € N, w = (i) jenr € RY™ 15 a stochastic matriz
with m; = 0 and Y5 mj < n for each i € N, p = (1, Pn)' € R, , and

:c:(xl,...,:cn)TE]Ri.

In Definition [3.1.1] N is an index set of nodes in a network that represents a
financial system of n institutions. For every ¢ € N, p; > 0 is the total amount of

liabilities of node ¢ and the vector p is called the total obligation vector.

For every i,j € N such that ¢ # j, m;; > 0 is the fraction of the total liability
of node ¢ owed to node j and the stochastic matrix 7 is called the matriz of
relative liabilities. For every i € N, the assumption m; = 0 implies that node i
cannot have liabilities to itself. By Z;;l m;i < n for every i € N, it is assumed
that no node owns all the claims in the network. Note that, given p and 7, for

every i,j € N, the nominal liability of node i to node j, l;;, can be calculated as

lij = mipi-

For each ¢« € N, z; > 0 is the operating cash flow of node ¢ and the vector x

is called the operating cash flow vector.
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Let (N, 7, P, ) be an Eisenberg-Noe network. For each i € N, let p; > 0 be
the sum of all payments made by node ¢ to the other nodes in the network. Then

p=(p1,... ,pn)T € RY is called a payment vector.

Definition 3.1.2. A vector p € [0, D] is called a clearing vector for (N, m, P, x)
if it satisfies the following properties:

e Limited liability: for each i € N,p; < Z?Zl 7jip; + x;, which implies that

node i cannot pay more than it has.

e Absolute priority: for each i € N, either p; = p; or p; = Z;L:1 TjiPj + T,
which implies that node © has to meet its obligations in full. Otherwise, it

pays as much as it has.

Definition 3.1.3. Let "N+ : [0, p] — [0, p] be defined by
"N+ (p) = (n'p+x) AD. (3.1.1)

Remark 3.1.4. By a discussion in [2], a clearing vector for (N, 7, p, x) is a fixed

point of the mapping ®*N+ in (3.1.1]).

Recall, from ([2.1.3), the relation between the optimization problem with linear
constraints in Eisenberg and Noe [2] and the fixed point problem ®*N+ (p) = p.
Its proof is given for completeness, as well as for its generalizations in the coming

sections. Note that a function f : R” — R is called strictly increasing if and only
if a < band a # b imply f (a) < f(b) for every a,b € R".

Proposition 3.1.5. [2, Lemma 4] Let f : R™ — R be a strictly increasing func-

tion. Consider the following optimization problem with linear constraints:

max  f (p)
st. p<mptax (3.1.2)
p<0,p].

If p € R is an optimal solution to this optimization problem, then it is a clearing

vector for (N, m,p,x).
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Proof. Let p be an optimal solution to (3.1.2). Then p satisfies limited liability
by the feasibility of the constraints p < 7w'p + .

Now assume p does not satisfy absolute priority. Then, there exists a node
i € N such that

pi < Z'/Tjipj +z; and p; <p;.
j=1

Now let p¢ € R™ be equal to p in all components except the i** one, and let

pgzpi—i_e)

5 . . A s Doy TjiDi+Ti—Di
where € > 0 is sufficiently small (for instance, € = min {%21017 oy TP
to ensure

n
p; <pi and p; < Zﬂjipj + ;.
j=1

Now, for each k € N such that k # i,

n n
E ijp§+$k= E kD + T (P + €) + 2 = E kP + Tk + €M > P = Dy,
Jj=1 JEN Jj=1

J#i

by the feasibility of p. Hence, p€ is a feasible solution to (3.1.2]).
Since p¢ > p with p¢ # p and f is a strictly increasing function, it holds

f (p®) > f (p), which is a contradiction to the optimality of p. Hence, p satisfies

absolute priority and is a clearing vector for (N, m,p, x). O

Remark 3.1.6. Observe that the optimization problem in Proposition [3.1.5| can

be reformulated as

max f (p)
st. Ap<b (3.1.3)
p=>0

where




and I is the n x n identity matrix.

Each member in a network has its impact on economy. Aggregation functions
summarize these individual effects and provide a total impact of the network on
economy. They play a significant role in evaluating systemic risks and in the
computation of systemic risk measures. The aggregation function A : R® — R

for the Eisenberg-Noe network (N, 7, p, ) is defined as

A@)=suwp{f(p)[p<n'p+apelop]}, (3.14)

where f : R" — R is a strictly increasing function.

3.2 Signed Eisenberg-Noe Network Model

In the original Eisenberg-Noe network model, it is assumed that the operating
cash flow vector is nonnegative. In reality, however, it is not always the case. It
may happen that an institution has liabilities to external entities not modeled
as part of the network resulting in a negative operating cash flow or positive

operating costs.

Definition 3.2.1. A quadruple (N, 7, D, x) is called a signed Eisenberg-Noe net-
work if N', m and p are defined as in Definition and ¢ = (xq, ... ,$n)T €
R™.

Note that Definition removes the nonnegativity assumption on the oper-
ating cash flow vector . The objective is to modify the original Eisenberg-Noe
network model and calculate systemic risk measures for this network model. Two

approaches are considered to reach this objective.

The first approach, given in Section below, is provided for complete-
ness and motivated by a conjecture in Eisenberg and Noe [2], stating that, given

(N, 7, D, x) with a signed operating cash flow, negative operating cash flows in
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some nodes can be regarded as liabilities to some additional node, which itself
has neither obligations nor operating cash flow, and that is why the operating
cash flow vector  can be assumed to be nonnegative without loss of generality.
Applying this conjecture directly without any seniority assumptions, a new net-
work </\~/' Ty Dy 5%) of n 4 1 nodes is introduced, where the matrix of relative
liabilities 7, and the total obligation vector p, depend on the signed operating
cash flow vector & from the initially given network (N, 7, p,x). It turns out
that the obtained network (./\7 T Doy 5:,,) lacks a solid interpretation in terms
of the original network (N, P, x), even though this approach is intuitive and
valid for the fictitious default algorithm described in Eisenberg and Noe [2], in
the sense that this way a clearing vector for the original network can be found.
Nevertheless, this approach is provided in detail to justify and give some insight

for the second approach.

In the second approach, some seniority conditions on performing clearing are
imposed, which results in modifying not the network (N, 7, p, x) itself, but the
mapping ®*N+ in ([3.1.1)). The resulting network (N, 7, p,x) is still a network
with n nodes, however, a clearing vector for the network is now determined by

(I)EN

solving a fixed point problem of the new mapping , which is discussed in more

detail in Section 3.2.2

3.2.1 A Naive Approach

Let (N, m, P, ) be a signed Eisenberg-Noe network. In this approach, Eisenberg
and Noe’s conjecture is applied directly, which states that any such network can
be extended by an additional node, which may be seen as “society,” to which each
node with a negative operating cash flow owe the absolute value of that amount.
Hence, N is replaced with a new index set N = N U {n+1} = {1,...,n+1}.
If the previous section is followed and an aggregation function in terms of an LP
problem is formulated, then the resulting optimization problem appears to be

non-linear in @, as discussed below.

Consider negative entries of the operating cash flow vector x as liabilities of the
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corresponding nodes to the additional node, “society.” Now the total obligation
vector, the matriz of relative liabilities and the operating cash flow vector of the

extended network can be constructed as follows.

For every i € N, let the total amount of liabilities of node i be defined as

. pit+ax;  ifieN,
pi =
0 ifi=n+1.

The vector p, = (p1,... ,ﬁnH)T € R7 is called the extended total obligation
vector. Observe that p,,; = 0 because the “society” does not have any obligations

to the nodes.

For every i € N, j € N, let the fraction of the total liability of node i owed to
node j be defined as

TP if e N,

Ditx;
Fiy= 2= €N j=n+1, (3.2.1)
0 ifi=n+1.

€ RTH)X("H) is called the extended matriz of relative

The matrix 7, = (), ;
liabilities. Then, for each i,7 € N, a liability of node ¢ to node j is defined
by lNij = ;- Hence, liabilities between nodes i,j € A remain the same, any
negative operating cash flow of node 7 € N becomes a liability to node n + 1,
society, and society itself does not have any obligations to the other nodes. For
each i € N, l;; = 0 still holds. In other words, a node cannot have liabilities to

itself.

Now, for every i € N, let the nonnegative operating cash flow of node i be
defined as

} zf  ifieN,
€T; =
0 ifi=n+1.
The vector & = (7, ... ,:%nH)T € R% is called the extended operating cash flow
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vector. Even though 7, is not a stochastic matrix and the modified network

</\~/' Ty Py 5333) is not an Eisenberg-Noe network in the sense of Definition|3.1.1

</\~/' T, ﬁw, :'i:x) still satisfies the original Eisenberg-Noe network definition with

n + 1 nodes described in [2] since & is nonnegative.

If o is nonnegative, then (/\7 s Py zEm) reduces an Eisenberg-Noe network
originally described in [2] with n nodes and one isolated node, which has no

relationship with the other nodes in the sense of mutual liabilities.

Let i € N and p; the sum of all payments done by node 7 to all other nodes in
the network. Then p = (py, ... ,an)T € R is a payment vector. A vector p €
[O, ﬁm] is a clearing vector for (./\7 Ty Py :Em> if it satisfies limited liability and
absolute priority in Definition . For a clearing vector p = (p1, .. ., an)T for
(/\7, T, Dog fi:m>, it can be observed that p,.1 = 0 by absolute priority, because

the society does not have any liabilities inside the network.

According to the fixed point characterization in Eisenberg and Noe [2], a clear-
ing vector for <./\~f : ﬁ'm,ﬁm,:ﬁm> is a fixed point of a mapping ®EN : [0,p,] —
[O, ﬁw], where

SN (p) = (Fop + &) A Py (3.2.2)

By Eisenberg and Noe [2], (/\7 , ﬁ'm,ﬁm,zﬁm> has a clearing vector, or, in other
words, the fixed point problem ®FN+ (p) = p has a solution in [0,p,], where
0,p € R*",

Remark 3.2.2. Observe that if each node in (N, s, p,x) has a nonnegative
operating cash flow then ®FN becomes a simple extension of the function ®EN+

in the original Eisenberg-Noe network model from R" to R™*!,

Recall Proposition |3.1.5] the relationship between the optimization problem in
(3.1.2) and the fixed point problem ®*N+ (p) = p. A similar result is provided

for (A, g, B T ).

Corollary 3.2.3. Let f : R™™' — R be a strictly increasing function. Consider
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the following optimization problem:

max  f (p)
st. p<7Alp+at (3.2.3)
pE [O,ﬁ + sc_}

If p € RTA 1s an optimal solution to this optimization problem, then it is a

clearing vector for </\7, Ty Doy :Z'z)

The proof of Corollary follows directly from Proposition because
(/\7 , ﬂ'z,ﬁm, CEZ) is a network of n + 1 nodes described in the original network

model in Eisenberg and Noe [2].

The aggregation function A:R" > R for </\~/', T, Do :‘izm> is defined as

A (x) == sup {f (p) ’p <@lp+taxtpc [0,13 + :c_} } , (3.2.4)

where f : R"™! — R is a strictly increasing function. Observe that the constraint

is not linear in & because 7, and & are not linear in .

Even though it is possible to find a clearing vector for (/\7 , ﬁw,ﬁw,iw> by
applying the fictitious default algorithm in Eisenberg and Noe [2], it is not clear
how to interpret it for (N, s, p, ) and there is no guarantee that a clearing
vector for (N, 7, P, &) exists, since the original proof in Eisenberg and Noe [2] on

existence of a clearing vector for (N, 7, p, x) assumes x is nonnegative.

This approach has the following major drawback. Given a signed network
(N, 7, D, x), a network (./\7 > Do :%w) defined as described above is a totally
different network, due to the structure of 7., and cannot be interpreted in terms
of (M, 7, P, x). The main reason of this inconvenience is the absence of seniority
between society and the other nodes in the network. Nevertheless, motivated by
this observation, it is a good idea to impose some seniority between society and

the other nodes, which is described in detail in the following section.
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3.2.2 A Seniority-Based Approach

In this section, the second approach on modeling a signed Eisenberg-Noe network
is described in detail. The definition of a clearing vector in Definition and
the mapping ®*N+ in (3.1.1)) are modified accordingly. Both a fixed-point and
a mathematical programming characterization of a clearing vector for such net-
works are provided. In addition, a mixed-integer linear programming aggregation

function in the scope of the signed Eisenberg-Noe network model is introduced.

Let (N, m,p,x) be a signed Eisenberg-Noe network. In this approach, it is
assumed that the nodes having obligations outside the network, that is, the nodes
having negative operating cash flows have to meet these obligations first, and if
they do not default in the first round, then they should meet their obligations to
the other nodes inside the network. At this step, as in the original Eisenberg-Noe
network model, they either meet their obligations to the other nodes in full or
pay as much as they have at hand and default. Hence, the following definition

for clearing vectors is introduced.

Definition 3.2.4. A vector p € [0, ] is called a clearing vector for (N, 7, P, x)
if it satisfies the following properties:

e Immediate default: for each i € N, E;LZI mjip; +x; < 0 implies p; = 0.

e Limited liability: for each i € N, if Y77 mup; + i > 0, then p; <
Z;;l mjipj + i, which implies that if node i has a strictly positive oper-

ating cash flow, then it cannot pay more than it has.

e Absolute priority: for eachi € N, if 377 mjipj+x; > 0, then either p; = p;
or p; = 2?21 Tjipj + i, which implies that if node i has a strictly positive
operating cash flow, then it has to meet its obligations in full. Otherwise, it

pays as much as it has.

Definition 3.2.5. Let ®ZV : [0, p] — [0, p] be defined by
"N(p)= (DA (r'p+ a:))+, (3.2.5)
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or more explicitly, for each i € N,

0 if D2 mipj + i <0,
N (P) = S w0 < X mpy + @ < P (3.2.6)
Pi if > 5oy Tpj + T > Dy

Proposition 3.2.6. A vector p € [0,D] is a clearing vector for (N, m,p,x) if
and only if it is a fized point of the mapping ®FVN.

Proof. To prove the “only if” part, let p = (p1, ... ,pn)T € [0,p] be a clearing
vector. To show that p is a fixed point of the mapping ®*N, let i € N.

If Z?Zl 7;ip; + i < 0, then p; = 0, by immediate default, and ®FN (p) = 0, by
Definition m Hence, ®FN (p) = p;.

If 22;1 mp; + x; > 0, then, by absolute priority, either p; = p; or p; =
> i1 ™y + xi I pi = Py, then, by limited liability, p; < > 7, 7jp; + x; and,
thus, by Definition [3.2.5, ®FN (p) = p;. Hence, ®FN (p) = p;. On the other hand,
if pi =Y ., mjip; + x; < p; then, by Definition M’ SN (p) = 371, miipj + i
Hence, again ®N (p) = p;. Thus, p is a fixed point of EN.

[154

To prove the “if” part, let p = (p1,...,pn)" be a fixed point of ®FN. In other
words, for every i € N, ®™N (p) = p;. To show that p is a clearing vector, let

ieN.

If 3% mip; + @ < 0, then ®FN (p) = p; = 0, by Definition m Hence,
immediate default holds.

If Z?:l miipj+xi > 0, then N (p) = p; < 2?21 Tjip; +Ti, by Deﬁnitionm
Hence, limited lrability holds.

Now assume Y ", mp; +; > 0. If 370 mp; + @ < P, then "N (p) =

pi = >y mupy e YN wapy + x> pi, then OFN(p) = pi = pi, by
Definition [3.2.5 Hence, absolute priority holds as well. Hence, p is a clearing
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vector. O

Remark 3.2.7. Observe that, if € R, then ®*N coincides with the function
®EN+ in (3.1.1]) defined for the original Eisenberg-Noe network model.

For every a S Rnl? b € Rn27 let (a, b) - (ah <oy Any, b17 s 7bn2)T € Rnl+n2 be
a vector concatenation.

Theorem 3.2.8. Let APV : R® — R be the following mized-integer linear pro-
gramming (MILP) aggregation function

A (y) = sup { [ (p) [p < [Py + M(1=8)] A (BOs),

(3.2.7)
m'p+y<Ms,pel0,p],se{0,1}" }

where f : R" — R is a strictly increasing linear function and M = n ||p|| . +|y/ .-

If (p, 8) is an optimal solution to MILP for APV (x), then p is a clearing vector
for (N, 7, D, x).

Observe that AN () can be written more explicitly as

maximize f (p) (3.2.8)
subject to p; < Zﬂjipj +x+ M(1—s), ieN, (3.2.9)
j=1

Pi < Disi, ieN, (3.2.10)
Zwﬂpj—i—xi < MSZ', 1 EN, (3211)

j=1
s € {0,1}, ieN. (3.2.13)
Let u = (uq,... ,un)T € {0,1}" be a binary vector, where u; = 0 if z; < 0,

and u; = 1if z; > 0, for each i € N. Then (p, s) = (0,u) € R™ x Z" is a feasible
solution to the MILP in (3.2.8)). Moreover, if f is a bounded function on the

35



interval [0, p] € R", then by Meyer [I8, Theorem 2.1], the MILP in has
an optimal solution. Observe that, by Theorem [3.2.8] the existence of an optimal
solution to the MILP in proves the existence of a clearing vector for the
network (N, 7, p, x).

Remark 3.2.9. In Theorem 3.2.8, M = n||p| + ||z|, is taken to ensure
the feasibility in the constraint . In other words, it is enough to choose
M such that » 7 | mp; + x; < M, for each i € N and for every p € [0,p].
Furthermore, for each i € A and for every p € [0,p], since > 7, m;; < n, it holds
i1 TP < n||Pllo- Hence, 350 mjip; + 2 < n [Pl + [l = M

Remark 3.2.10. Linearity of f is not a necessary condition for Theorem [3.2.8
to hold.

The proof of Theorem is based on the following lemma.

Lemma 3.2.11. Let (p, s) be an optimal solution to the MILP for APN (x). Let
1€ N such that 0 < Z?:l TiDj + x;. Then, Di = min {Z?:l TiDj + il?wﬁz}

The proofs of Lemma|3.2.11jand Theorem can be found in Appendices
and [A.2] respectively.

Remark 3.2.12. The aggregation function AN in ([3.2.7) is applied in Chapter

to define the Eisenberg-Noe grouped systemic risk measures.

3.3 Rogers-Veraart Network Model

Rogers and Veraart [§] extends the original Eisenberg-Noe network model by
introducing default costs. It is assumed that a defaulting node is not able to
use all of its liquid assets to satisfy its creditors. Unlike Eisenberg and Noe [2],
Rogers and Veraart [8] does not provide a programming formulation for clearing
vectors in the network model. This gap is filled here by proposing an MILP

whose optimal solution includes a clearing vector for the Rogers-Veraart network
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model. Hence, a mathematical characterization for a clearing vector is obtained
for this model for the first time. In addition, an aggregation function based on this
characterization is defined and its relationship to the network model is provided.
Finally, inspired by Definition [3.1.2] a weak definition of a clearing vector for the

Rogers-Veraart network model is proposed.

Definition 3.3.1. A seztuple (N, 7, p, x, «, 8) is called a Rogers-Veraart network
if N ={1,...,n} for somen € N, w = (m;;)
with m; = 0 and 377 75 < n for each i € N, p = D1y, Pn)" € RY .,
x=(21,...,0,) € R? and o, B € (0,1].

ijen € RY*™ is a stochastic matriz

As in Definition [3.1.1} N is the index set of nodes in a network that represents
a financial system of n institutions, p is the total obligation vector, w is the
matriz of relative liabilities and « is the operating cash flow vector. As part of
the network model, it is assumed that a defaulting node may not be able to use
all of its liquid assets to meet its obligations. Hence, a denotes the fraction of the
operating cash flow and 8 denotes the fraction of cash inflow from other nodes

that can be used by a defaulting node to meet its obligations.

Let (N, m, P, x, o, 3) be a Rogers-Veraart network. For each i € N, let p; > 0
be the sum of all payments made by node ¢ to the other nodes in the network.

Then p = (py, ... ,pn)T € RY is called a payment vector.

Motivated by Definition of a clearing vector for an Eisenberg-Noe net-
work, the following similar definition of a clearing vector for a Rogers-Veraart

network is proposed.

Definition 3.3.2. A wvector p € [0,p] is called a clearing vector for
(N, 7, D, @, «, ) if it satisfies the following properties:

e Limited liability: for each i € N,p; < x; + Y7, mup;, which implies that

node i cannot pay more than it has.

e Absolute priority: for each i € N, either p; = p; or p; = ax;+ 3 Z?Zl TjiDj,
which implies that node 1 has to meet its obligations in full. Otherwise, it

has to pay as much as it can.
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Definition 3.3.3. Let ®V+ : [0,p] — [0, p| be defined by

OV )b if pi <y + 2?11 TjiDjs
am;+ B0 mpy U i > @+ D Ty,

(3.3.1)

for each i € N.

Remark 3.3.4. Observe that, if « = 1 and 8 = 1, then the function ®8V+ be-
comes the usual ®*N+ in (3.1.1]) from the original Eisenberg-Noe network model.

Proposition 3.3.5. A fized point p € [0,p] of ®V+ is a clearing vector for
<N77T7ﬁ7w7a76)'

Proof. Let p = (p1, . .. ,pn)T be a fixed point of the mapping ®*V+. To show that
p is a clearing vector for (N, m,p,x, a, ), let i € N.

If py < @i+ > mjip;, then OV (p) = P = pi < x + > iy miipj, and if
Pi > wi+ i Tjipj, then ;Y (p) = az; + 3 Do Tl = Di ST+ Ty,
by the definition of ®®V+ in and since p is a fixed point of ®®V+. Hence,
both limited liability and absolute priority in Definition hold. Hence, p is a
clearing vector for (N, m, p, x, «, ). O

Remark 3.3.6. Unfortunately, the converse of Proposition fails to hold

in general. Here is a counterexample. Consider a Rogers-Veraart network

01 20 10
N7 ) _7 Y Y Y h N = 17 2 ) = ) = Y = )
(N, m,p,x,«, ), where {1,2}, = [ ] [25 x [10]

10
Observe that p is a clearing vector for

o]

a = 0.5, 8 =0.5, and let p =

(N, 7, P, @, o, B) since it satisfies absolute priority and limited liability in Defini-
tion [3.3.20 However, by Definition OV (p) = 25 > py = 15. Hence, the
fixed point property does not hold for p.
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Theorem 3.3.7. Let A®+ : R® — R be the following mized-integer linear pro-

gramming (MILP) aggregation function

sup{f(p) ’p <oay+ B p+pos,
APV (y) = pOs<y+nppelop se{o) ],

—00, ify ¢ RY,
(3.3.2)

if y € RY,

where f: R™ — R is a strictly increasing linear function.

If (p, ) is an optimal solution to the MILP for A®Y+ (x), then p is a clearing
vector for the network (N, m,p, x, «, 3).

Observe that AR+ (z) can be written more explicitly as

maximize f (p) (3.3.3)
subject to p; < ax; + Z TjiDj + DiSi, ieN, (3.3.4)
j=1
DiSi < T + Z TiDj, 1€ N, (335)
j=1
0 <p; <P, i€ N, (3.3.6)
si € {0,1}, ieN. (3.3.7)

It is easy to check that (p,s) = (0,0) € R" x Z" is a feasible solution to the
MILP in (3.3.3). Moreover, if f is a bounded function on the interval [0, p] C R,
then by Meyer [18, Theorem 2.1], the MILP in has an optimal solution.
Observe that, by Theorem [3.3.7], the existence of an optimal solution to the MILP
in proves the existence of a clearing vector for (N, m, p, x, a, §). Hence, if
the function f is bounded on [0, p], then Theorem [3.3.7] provides an alternative
argument for proof of the original theorem [8, Theorem 3.1] on existence of a

clearing vectors in Rogers-Veraart network model.

Remark 3.3.8. Linearity of f is not a necessary condition for Theorem to
hold.
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The proof of Theorem |3.3.7| relies on the following three lemmata.

Lemma 3.3.9. Let (p, s) be an optimal solution to the MILP for A®V+ (x). Let
i € N such that

awx; +ﬁzﬂjz‘pj <pi ST+ Zﬂjipj-
=1 =1

Then, s; = 1.

Lemma 3.3.10. Let (p, s) be an optimal solution to the MILP for A®V+ (x). Let
1€ N with Di <uz;+ Z?:l TPy - Then, Di = D;-

Lemma 3.3.11. Let (p, s) be an optimal solution to the MILP for A®V+ (z). Let
1€ N with pz > x; + Z?:l TPy - Then Di = ax; I B Z?:l T4iPj-

Proofs of Lemmata [3.3.9] 3.3.10] [3.3.11] and Theorem [3.3.7] can be found in
Appendices [A.3] [A4] [A 5] and [A.6], respectively.

Remark 3.3.12. The aggregation function ARV+ in (3.3.2)) is applied in Chapter

to define the Rogers-Veraart grouped systemic risk measures.

In the following theorem, an alternative mixed-integer linear programming
aggregation function for the Rogers-Veraart network model is introduced. How-
ever, using this MILP aggregation function may be too costly since it has 2n more
binary variables, n more continuous slack variables and 5n more constraints com-
pared to the previously defined aggregation function ARV+. It is provided to show
that there is no unique way of defining an aggregation function that represents a
clearing vector in a Rogers-Veraart network. Furthermore, if « = 8 = 1, then the
MILP aggregation function ARV+ can represent a clearing vector in the original

Eisenberg-Noe network model with nonnegative x.
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Theorem 3.3.13. Let Afli/* :R%T — R be the following MILP aggregation func-
tion
Agi " () = sup {f (p) )p <aw+fBr'p+po (st +s),

POs <xz+7w'p,
p+Ms'—y=x+x"p,
(1-5*)©(M1+p) >y, 535

1 - s*< My,

p<az+frp+po(1-5°),

PO s <ax+pnp,

yeRLpe (0,55 5% 8 €{0,1}" ],

where f : R" — R is a strictly increasing linear function and M = n ||p|| .+ .-

If (p,y, s, s%,8%) is an optimal solution to the MILP for Afly* (x), then p is

a clearing vector for (N, 7, p,x,a, 3).

Observe that ASY* (2) can be written more explicitly as

max f (p) (3.3.9)
st. pi<ar;+f ijipj + P (321 + 812) , ieN, (3.3.10)

j=1
]Sis% S x; + Zﬂ'jipj, 1€ N, (3311)

j=1
pi+ Ms! —yi =2+ mip, i€ N, (3.3.12)
j=1

(1—57) (M +p;) >y, i €N, (3.3.13)
(1-s7) < My, ieN, (3.3.14)
Di S ax; + ﬁ Z?sz‘pj *I*]Z (]_ — S?) s Z - N, (3315)

j=1
]518? < az; + ﬁ Z T5iPj 5 1€ N, (3316)

j=1
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yi > 0, i€ N, (3.3.17)
0<pi <pi i €N, (3.3.18)
si, 82,88 €{0,1}, ieN. (3.3.19)

17 %)

Assume M > 1 and IZIEI}\I/I {pi — x;} > 1. In other words, assume that for each
i € NV, the operating cash flow of the node 7 plus one is less than its total debt.
Let s' = (s!,...,s))T € {0,1}" and y = (y1,...,y.)" € R" be vectors, where,
foreveryi € N, s; =0and y; = p; —x; if 7; < p;, and s} = 1 and y; = p;+ M —z;
if z; > p;. Let p,s? 8% =0. Then (p,y,s',8%,8°) e R"XR"xZ" x Z" x Z" is a
feasible solution to the MILP in (3.3.9). Moreover, if f is a bounded function on
the interval [0, p] € R", then by Meyer [18, Theorem 2.1}, the MILP in has
an optimal solution. The proof of Theorem can be found in Appendix [A.7]

In the next chapter, an application of the MILP aggregation functions AFN
and ARV+ to systemic risk measures is demonstrated, the resulting systemic risk
measures are considered from a vector optimization point of view and some related

results are provided.
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Chapter 4

Grouping in Systemic Risk

Measures

In this chapter, systemic risk measures are looked at from a vector optimization
point of view. A notion of grouping in systemic risk measures is introduced.
It allows one to categorize the members of a financial system into groups and
makes it easier to compute systemic risk measures. To approximate systemic risk
measures by a Benson type algorithm for non-convex problems, two scalarization
problems are introduced as single objective optimization problems of a vector
optimization problem in the scope of the signed Eisenberg-Noe and the Rogers-
Veraart network models. Two more optimization problems are introduced as
minimum step-length functions. Mixed-integer linear programming formulations
of these problems are provided. Some results on the boundedness and feasibility

of these problems are presented.

Consider a probability space (€2, F,P), where the set of scenarios €2 is finite.
Assume Q = {w',...,w"} for some integer K > 1. Let K = {1,...,K} be
an index set of Q. Assume ¢" := P{w"} > 0 for every k € K. Let L(R") be
the linear space of all n-dimensional random variables X : 2 — R". For every
X € L(R"), let

X ||, =  max |1 X (w)].

i€{l,...,n}, wkeQ
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Let X € L(R"). In the scope of this thesis, the following sensitive systemic
risk measures, studied in Feinstein et al. [I5] and Ararat and Rudloff [16], are

considered:
R*"(X) = {z eR"”

MX +2) €A}, (4.0.1)

where A : R" — R is an aggregation function and A is an acceptance set.

When there are many institutions in the financial system, they can be grouped
into two or three groups in order to simplify the computation of systemic risk
measures by decreasing their dimensions. If a network of banks is considered,
then this grouping can be interpreted as classifying the banks into small, medium

and large ones and assigning the same risk level to all banks in a particular group.

Let G > 1 be an integer denoting the number of groups and G = {1, ..., G} the
set of groups in the network. Let (Ng),.g be a partition on N, where N, denotes
the set of all institutions that belong to group ¢ € G. Hence, each institution in
the network belongs to exactly one group. Let By, ..., Bg be matrices, where By,

¢ € G, is the following matrix having 1’s in the /" row and 0’s elsewhere:

o 0
Bi=1|1 ... 1| eR%m,
0 ... 0|

where n, is the number of nodes in group £. It is easy to observe that n = 3, ns.

Let B € R%*" be the following grouping matrix:
B=|B B ... Bs|. (4.0.2)

Then, by overwriting the definition in (4.0.1)), the grouped sensitive systemic risk

measures are defined as

R (X)) = {z c RG‘A(X Y BT2) e A} , (4.0.3)
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where A : R™ — R is an aggregation function and A C L (R) is an acceptance

set.
For simplicity and computational reasons, from now on, let
A= {Y e L(R) ’IE v] > 7} , (4.0.4)
where v € R is some suitable threshold.

For an arbitrary set A, let 24 denote its power set. Consider a general opti-

mization aggregation function A°FT : R” — RU {—oo} of the form

AOPT () := sup {f (p) ‘ (p,s) €Y (x),peR",sc zn} , (4.0.5)

where f : R™ — R is a strictly increasing and continuous function, and ) : R —
QR"XZ" ig a set-valued constraint function such that ) (x) is a compact set for
every « € R™. Then, the corresponding systemic risk measure R*" : L (R") — R"

with respect to the aggregation function A°TT becomes

R (X) = {2 € REE[AOTT (X + B2)] 2 7} (4.0.6)

In this thesis, the special cases A = APN and A = ARV+ are considered in more
detail. Let us define

REI(X) = {z € RG‘E [ABN(X + BTz)] > 7} , (4.0.7)
R (X)) = {z € RG‘E [A™+(X + BT2)] > 7} , (4.0.8)

called the Eisenberg-Noe and Rogers-Veraart systemic risk measures, respectively.

Remark 4.0.1. In (4.0.8)), the condition X + BTz > 0 is implied by definition
of AR+ in (3.3.2)).

Remark 4.0.2. The number of groups GG can be at most n, since each node in
a network must be assigned to exactly one group. If G = n, then the grouping

matrix B becomes the identity matrix I € R™*" and the grouped systemic risk
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measure in (4.0.3) reduces to the systemic risk measure in (4.0.1]).

4.1 Weakly Minimal Elements of Systemic Risk

Measures

In this section, a vector optimization problem for the systemic risk measure in
(4.0.6) is introduced and some results on linearizing the corresponding weighted-
sum scalarization problem are provided. The following definition of a weakly

minimal element of a set is borrowed from Jahn [19].

Definition 4.1.1. Let A C R" be an arbitrary set. A point z € A is a weakly
minimal element of a set A if ({z} —int (R%)) N A =0, or, in other words, if
there is no other point 2’ € A such that 2] < z; for each i € {1,...,n}.

Consider the following vector optimization problem

minimize z € R with respect to <

(4.1.1)
subject to E [AOPT (X + BTz)] >,

where “<” is the usual componentwise ordering in R”. Note that R**" (X) coin-
cides with the so-called upper image of this vector optimization problem in the

sense that
R (X) = {2+ REE[AT (X + BT2)] 29} (4.12)

An approximation algorithm presented in Lohne et al. [20] works for con-
vex upper images by calculating finitely many weakly minimal elements. Since
R*" (X)) is not necessarily convex in the scope of this thesis, the Benson type
algorithm proposed in Nobakhtian and Shafiei [I] is applied instead, which works

for non-convex upper images.
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For w € RY\ {0}, let P; (w) be given by

P; (w) = inf {sz|AOPT (X + BTz) € A} (4.1.3)

z€RG
as the optimal value of a weighted-sum scalarization problem.

Theorem 4.1.2. Let w € RY\ {0}. Consider a weighted-sum scalarization prob-
lem

P; (w) = inf {sz‘IE [A""(X + B"2)] > ’Y} ; (4.1.4)

z€RC

and let

> () =,

(pk,sk) ey (X (wk) +BTz) preRM sFez™ ke IC}.

(4.1.5)

If Py (w) and Z, (w) have finite optimal values, then Py (w) = 2, (w).

Proof. Let 2 be an optimal solution to P; (w) and (z, (p*, sk)k€K> is an optimal
solution to Z; (w). Let P; (w) = w'2 = i and Z; (w) = w'z = u. Hence, the

aim is to prove [i = p.

First, /1 < p is shown. For an arbitrary k € K, (pk , s’“) is a feasible solution
to A°PT (X (w*) + BTz) in (4.0.5]) because the optimization problem in (4.1.5)
includes the constraints of (4.0.5). Hence,

AOFT (X (wk) + BTz) > f (pk) , forevery k € K,

which implies
K

E[AT (X +B72)] > ¢ f (9) >,

k=1

where the second inequality holds by feasibility of (z, (pk, sk) ) Hence, z is

kek
a feasible solution to P; (w). Hence, fi < p.
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Now, /i > i is shown. For each k € K, let (p*, §*) be an optimal solution to

AT (X (w*) + BT%).

Then,

K

> ' f () =E[AT (X + BT2)] >4,

k=1
by the definition of P; (w). Hence, (2, (ﬁk,ék)kelc> is a feasible solution to
Z; (w), which implies &t > p. Hence, Z; (w) = P; (w). O

Remark 4.1.3. Let ¢ € G and e’ the corresponding standard unit vector in RE.
Observe that the following weighted-sum scalarization problem

2 (ee) = inf {Zg‘E [AOPT (X + BTz)] = 7} (4.1.6)

zc€RG

is a single objective optimization problem of the vector optimization problem in

(4.1.1). By Theorem , if P1 (e') and Z,; (e*) have finite optimal values, then
P, (eé) =Z (ef).

Remark 4.1.4. Let 29 ¢ R be the ideal point of the vector optimization
problem in in the sense that the entries of 2z'9°* minimize each of the
objective functions of the vector optimization problem. In other words, one can
define

Zideal . (771 (el) sy Py (eG))T e RC. (4.1.7)

However, the single objective optimization problems (731 (ez)) (g are not linear.
Theorem [£.1.2] allows one to solve G optimization problems with compact feasible
sets (Zl (eé)) reg O obtain the ideal point of the vector optimization problem in

(4.1.1). In other words, one can calculate 2% = (Z; (e'),..., 2 (eG))T.

The following two sections apply the results from Theorem to specific

cases AOPT = AFN and AOPT = AR+ respectively.

In the subsequent sections, the function f : R™ — R in the objective functions
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of the MILP aggregation functions A*™N in (3.2.7)), and A®V+ in (3.3.2)), is fixed as

It is easy to check that f is a strictly increasing continuous linear function

bounded on the interval [0, p] C R™.

4.1.1 P; Problem for Eisenberg-Noe Systemic Risk Mea-

sures

Let (N, m,p, X) be a signed Eisenberg-Noe network.

Corollary 4.1.5. Let ¢ € G. Consider the single objective optimization problem

PEN (eg) = inf {Zg‘E [AEN (X + BTz)} > 7}, (4.1.8)

zcRG

and let

> ¢ [1Tpt] >,

kel
p' < [ITpH + [X () + BT2] + M (1 - )] A (B0 sY),
I'p" + [X (W*) + BT2] < Ms*,

2 =

p" €[0,p],s" € {0,1}" ,Vk € IC},
(4.1.9)
where M =2 || X ||+ (n+ 1) ||P]| .-
If PEN(€') and ZPN(e') have finite optimal values, then PN (ef) =

ZEV ().

The MILP problem Z[N (€f) in (4.1.9) can be written more explicitly as

minimize 2z (4.1.10)
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subject to qu []lTpk} >, (4.1.11)
kek

pr < Zwﬁpﬁ + [Xi (wk) + (BTZ)Z.] +M (1 — sf) , Vie Nkek,
j=1

(4.1.12)
Py < pisy, Vie N keKk,

(4.1.13)
> ik + [ X (WF) + (BT2),] < Ms, Vie N,k €K,
j=1

(4.1.14)
0 < pf <pi, Vie N,k ek,

(4.1.15)
sy € {0,1}, Vie N,k ek,

(4.1.16)
z € RC. (4.1.17)

Proof of Corollary[{.1.3. Assume that Z is an optimal solution to PN (e) and

<z, (p", Sk)kelC) is an optimal solution to ZN (ef).

Let Vex : R? — 28"*Z" be the following set-valued function

Vi () == { (b,5") € R x 27|t < [TpF + @+ M (18] A (5O sY),

Mp* +x < Ms,
p" € [0,p],s" € {0,1}",Vk € IC}.

(4.1.18)

Take Y = YVgx in Theorem and let (p*, $*) be an optimal solution to
AN (X (w*) + BT%), for each k € K. Then by Theorem , PEN (ef) =
ZN (). O
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The next three propositions present some boundedness and feasibility results
for the MILP problem ZEN (eé), ¢ € G, in Corollary [4.1.5

Proposition 4.1.6. Let { € G. Consider ZEVN (ez) in Corollary |4.1.5. If
<z, (pk,sk)kelc> is an optimal solution to ZFN (e'), then z, < 2™, where

2= [ Xl + 1Pl o

Proposition 4.1.7. Let { € G. Consider ZFN (€') in Corollary . Let the
value of M in ZEN (e') MILP problem be taken as M = 2| X ||+ (n+ 1) ||p||.-
If ZEN (ef) 1s feasible, then it is bounded.

Proposition 4.1.8. Let { € G. Then, ZFN () in Corollary is feasible if
and only if v < 17p.

The proofs of Propositions [£.1.6] and can be found in Appen-
dices [B.1],[B.2] and [B.3] respectively.

Remark 4.1.9. Let ¢ € G. Consider an optimal solution (z, (pk,sk)k€,c> to
the MILP problem ZFN (e). By the structure of the matrix B, for each i € N,
it holds (BTz)i = 2z for some t € G. Hence, by Proposition m (BTz)Z. <
X1, + [Pl holds for each i € N. In addition, for every i € N, k € K, and
p* € [0,p], it holds Y7, muph < n||pll,, and X; (w*) < || X||. Hence, the
choice of M = 2||X|| + (n+1)||p]|, in Corollary is justified, since, to
ensure the feasibility in constraint of the explicit formulation of ZFN (ee)

in (4.1.10)), it is enough to choose M such that

> mipy + [Xi (W) + (BT2) | <M
j=1

for every i € N, k € K and p* € [0, p].

4.1.2 P; Problem for Rogers-Veraart Systemic Risk Mea-

sures

Let (N, m,p, X, «a, 3) be a Rogers-Veraart network, where X € L (R’i)
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Corollary 4.1.10. Let ¢ € G. Consider the single objective optimization problem

P () = inf, {#[E[A™ (X + B™2)] 21}, (4.1.19)
and let
RV ( 0\ . k T,k
2 () = it {2
pf<a[X (W) +B"z] +pI'p" +po s,
pOs* < [X () +BTz] +I'p", (4.1.20)

X (W) +B'z>0,

p" €[0,p],s" € {0,1}",Vk € IC}.

If PV (€*) and Z{V (e') have finite optimal values, then P{ (e) = Z{ (€*).

The MILP problem Z[VV (‘) in (4.1.20) can be written more explicitly as

minimize 2 (4.1.21)
subject to qu []lTpk] > 7, (4.1.22)
ke

PP <a [Xi (wk) + (BTz)Z.] + 527Tjip§ + pist, Vie Nk e K,
j=1

(4.1.23)
ﬁisf < [Xi (wk) + (BTz)J + Zﬁjipf, Vie N,k ek,
j=1

(4.1.24)

X; (W*) + (BT2), >0, Vie N, kek,
(4.1.25)

0 <pf <p, Vie N,k ek,
(4.1.26)
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s¥ e {0,1}, Vie N, keK,
(4.1.27)

z € RY. (4.1.28)

Here, constraint (4.1.25)) ensures X + BTz > 0 so that ARV+ (X (wk) + BTz) #*
—oo for every k € K.

Proof of Corollary[{.1.10, Assume that Z is an optimal solution to P}V (ef) and

<z, (pk, Sk)kelc> is an optimal solution to Z}Y (eg).

Let Yry : R — 28"*Z" be the following set-valued function

Vry () = { (pk,sk) cR" x7Z" p’C < aa:+6HTpk +pO sk,

POs" <z +I'p" x>0, (4.1.29)

p" €[0,p],s" € {0,1}",Vk € IC}.

Take Y = Yy in Theorem and let (p*, $") be an optimal solution to
A®+ (X (w®) + BT2), for each k € K. Then by Theorem [1.1.2, PV (ef) =
ZV (eh). O

The next three propositions present some boundedness and feasibility results
for the MILP problem Z}Y (ee), ¢ € G, in Corollary [4.1.10,

Proposition 4.1.11. Let { € G. Consider Z{V (e') in Corollary |4.1.10, If
<z, (pk, Sk)kelc> is an optimal solution to Z& (ee), then zp < z™* where 2™ =

1X o + 3 1Pl

Proposition 4.1.12. Let { € G. Consider Z{ (e*) in Corollary |4.1.10 If

Zhv (ez) is feasible, then it is bounded.

Proposition 4.1.13. Let £ € G. Then, Z{¥ (€*) in Corollary|4.1.1(| is feasible
if and only if v < 17p.
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The proofs of Propositions [4.1.11] [4.1.12 and [4.1.13| can be found in Appen-
dices [B.4] [B.5] and [B.6] respectively.

4.2 Minimum Step-Length Function

In this section, minimum step-length functions, also referred to as P, problems
(see Gerstewitz and Iwanow [21], Gopfert et al. [22] for details), are defined in
the scope of the Eisenberg-Noe and Rogers-Veraart systemic risk measures in
(4.0.7) and . Some results on MILP formulations of these P, problems are
provided.

Let v € R and P, (v) the following minimum step-length function
Py (v) == inf {u € R’E [AOPT (X +BTv+pul)] > ’y} . (4.2.1)

P> (v) can be interpreted as a minimum step-length in the direction 1 from the

point v to the boundary of the systemic risk measure R*" (X).

The following theorem provides an alternative formulation for P, (v).

Theorem 4.2.1. Let v € RS and let

> & F (@) =,

kex
(p*,8") € ¥ (X (W) + BTw + 1), (4.2.2)

Z, (v) = inf {u eR

pt e R, s* eZ”,kelC}.

If Py (v) and 25 (v) have finite optimal values, then Py (v) = 25 (v).

Proof. Let i € R be an optimal solution to P, (v) and (,u, (pk, 3k)kel€> be an
optimal solution to Z, (v). Then, by definitions, Py (v) = i and 25 (v) = pu.

Hence, the aim is to prove /i = p.
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First, 1 < p is shown. For an arbitrary k € K, (p*, s*) is a feasible solution
to A°PT (X (w¥) + BTw + 1) in (£.0.5) because Z5 (v) in ([4.2.2)) includes the
constraints of (4.0.5)). Hence,

AOFT (X (wk) + BT+ u]l) > f (pk) , for every k € KC,

which implies

E [A°T (X + BTv + p1)] > zK:q’“ [f (")) =,

k=1

where the second inequality holds by feasibility of <u, (p",s*), elc). Then, 4 is a
feasible solution to Py (v). Hence, fi < p.

Now, /i > i is shown. For each k € K, let (p*, §*) be an optimal solution to
AOFT (X (w*) + BT+ [il) .
Then

Y [f (B)] =E[A"T (X + BTo +ji1)] >,

K
k=1

by definition of P, (v). Hence (u, (P, ék)kelc) is a feasible solution to Z, (v),

which implies /i > p. Hence, Py (v) = Z5 (v). O

The following two sections apply the result from Theorem to specific

cases AOPT = AFN and AOPT = ARV+ | respectively.

4.2.1 P, Problem for Eisenberg-Noe Systemic Risk Mea-

sures

Let (N, m,p, X) be an Eisenberg-Noe network.
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Corollary 4.2.2. Let v € RS and let

PN (v) == inf {u € R‘E A" (X +BTwo+pul)] > 7} : (4.2.3)
and
2" (v) = inf {u R ¢ [17p"] >4,
kek

Pt < [Ip* + [X (") + Bw + il
M (1) | A (Bost),  (124)

O'p" + [X (") + BTo + pl] < Ms",

p" €[0,p],s" € {0,1}",Vk € IC},

where M =2 || X || +2||v|| + (n+1)||P]-

If PPN (v) and ZEN (v) have finite optimal values, then PEN (v) = ZEN (v).

The MILP problem Z¥N (v) in (4.2.4) can be written more explicitly as

minimize p (4.2.5)
subject to qu []lTpk] > 7, (4.2.6)
kek
P <> ik + [ X (WF) + (BTw), + 4] (4.2.7)
j=1
+M(1-s}), Vie Nk ek,
(4.2.8)
i < Disys Vie N,k ek,
(4.2.9)

Zﬂ-jip;? + [X; (wk) + (BT’U)Z. +p] < MsF,  Vie N,k ek,
j=1

(4.2.10)
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(4.2.11)
sP e {0,1}, Vie N,k eKk.
(4.2.12)

Proof of Corollary[4.2.9. Let /i1 € R be an optimal solution to PN (v) and let
<“> (p", Sk)ke,c> be an optimal solution to ZIN (v).

Take Y = YVgx in Theorem and let (p*, $*) be an optimal solution to
AN (X (w*) + BT + fi1), for each k € K. Then by Theorem [4.2.1, PIN (v) =
ZEN (v). O

The next three propositions present some boundedness and feasibility results
for the MILP problem ZEN (v), v € RY, in Corollary

Proposition 4.2.3. Let v € RY and consider ZFV (v) in Corollary [4.2.3. If
<u, (pk, sk>kel€> is an optimal solution to ZEN (v), then p < p™, where ™ =
[ Xl + 0]l + 1P/l -

Proposition 4.2.4. Let v € RY and consider ZEN (v) in Corollary |4.2.4. Let
the value of M in ZFN (v) MILP problem be taken as M = 2 || X || +2|v| +
(n+1)|pll- If 28V (v) is feasible, then it is bounded.

Proposition 4.2.5. Let v € R®. Then, ZFN (v) in Corollary[4.2.3 is feasible if
and only if y < 17p .

The proofs of Propositions [£.2.3] and can be found in Appen-
dices [B.7], [B.§ and [B.9]

Remark 4.2.6. Let v € R and consider an optimal solution (,u, (pk, sk) keK) to
the MILP problem ZN (v). By Proposition (4.2.3), u < [| Xl + |v]l + IP]l..-
By the structure of the matrix B, for each i € NV, it holds (BTv)l. = v, for some
t € G. Hence, for every v € RY, (Bw), < ||v|,.. In addition, for every i € N,
k€ K, and p* € [0,p], it holds Y7 miph < n|p|, and X; (%) < || X ..
Hence, the choice of M = 2||X|| + 2|v| + (n+1)||p||,, in Corollary
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is justified, since, to ensure the feasibility in constraint (4.2.10) of the explicit
formulation of Z¥N (v) in (4.2.5), it is enough to choose M such that

St + X () + (BT0), 4 ] < 0
j=1
for every i € N, k € K, v € R® and p* € [0, p).

4.2.2 Py Problem for Rogers-Veraart Systemic Risk Mea-

sures

Let (N, m,p, X, «a, 8) be a Rogers-Veraart network, where X € L (R’fr)
Corollary 4.2.7. Let v € RS and let
PIY (v) = inf { € R‘E (AR (X + BTo + 1)) 27}, (4.2.13)

and

ZE (v) = inf {u eR

> ¢t [1Tpt] >,

ke

Pk <« [X (wk) +BTo + ,u]l} + " p* +p o s*,
po s < [X (W) + BTo+pl] +II'ph,

(w*) + BTo+ pl >0,

p" € [0,p],s" € {0,1}",Vk € IC}.

(4.2.14)

If PRV (v) and ZEY (v) have finite optimal values, then PRV (v) = ZEV (v).

The MILP problem Z3 (v) in (4.2.14]) can be written more explicitly as

minimize p (4.2.15)
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subject to qu []lTpk] > 7, (4.2.16)
kek

PP <a [XZ» (wk) + (BT'U)Z, + ,u] + BZWﬁpﬁf + pist, Vie Nk ek,
j=1

(4.2.17)

pisy < [Xi (W*) + (BTw), + u] + Zﬂ'jip?, Vie N,k ek,
j=1
(4.2.18)
X; (W*) + (BTv), +pu >0, Vie N,k ek,
(4.2.19)
0 <pf <p, Vie N,k ek,
(4.2.20)
s¥ e {0,1}, Vie N,k e K.
(4.2.21)

Here, constraint (4.2.19)) ensures X + BTv + pl > 0, so that for every k € K it
holds that ARV+ (X (wk) + BT + /L]l) %+ —00.

Proof of Corollary[{.2.7. Let /i € R be an optimal solution to Py (v) and let
<u, (P, Sk>kel€> be an optimal solution to Z}V (v).

Take ) = YVgrv in Theorem and let (p*,$") be an optimal solution to
AR+ (X (w*) 4+ BTw + pl), for each k € K. Then by Theorem 4.2.1) PIV (v) =
Z]V (v). O

The next three propositions present some boundedness and feasibility results
for the MILP problem Z}V (v), v € RY, in Corollary

Proposition 4.2.8. Let v € RY and consider ZF (v) in Corollary [4.2.7 If
<u, (pk, Sk)ke]C) is an optimal solution to ZIV (v), then p < p™, where ™ =
X[l + 0]l + 5 121l -

Proposition 4.2.9. Let v € R and consider ZF (v) in Corollary [4.2.7. If

ZEV(v) is feasible, then it is bounded.
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Proposition 4.2.10. Let v € RY. Then, Z&V (v) in Corollary[4.2.7 is feasible
if and only if v < 17p.

The proofs of Propositions [4.2.8] and can be found in Appen-
dices [B.10| [B.11] and [B.12]

Remark 4.2.11. For £ € G and v € RY a threshold v in the MILP prob-
lems Z{N (ef), Z1V (), Z8N (v), 2} (v) in Corollaries [4.1.5] [4.1.10} 4.2.2| and
, respectively, can be taken as some percentage of 17p, sum of the debts
of all nodes in the network. Then this threshold ensures that the expected total

amount of payments exceeds this fraction of the total debt in the system. Indeed,
Corollaries |4.1.8L |4.1.13L |4.2.5| and |4.2.10| show that the MILP problems ZEN (ee),
ZV (e), Z8N (v), Z3V (v) are feasible if and only if v < 17p. Hence, this choice
of v threshold is justified.

Propositionshows that if the MILP problem Z{™N (ef) in (4.1.9) is feasible
for every ¢ € G, then the ideal point z'4°3 € R™ exists for the vector optimization
problem in ([#.1.1]) with A°FT = AEN. Proposition provides the same result
for the vector optimization problem in (4.1.1)) with AT = ARV+ In addition,
the results of Propositions [{.1.6] [£.1.7], [4.2.3] and [£.2.4] allow one to choose the
exact value for the upper bound M in the corresponding MILP problems instead

of assuming some vague heuristic values.

The next chapter outlines the Benson type algorithm for non-convex prob-
lems introduced in Nobakhtian and Shafiei [I]. It is described in detail how
this algorithm approximates the Eisenberg-Noe and Rogers-Veraart systemic risk

measures, which are not necessarily convex. The related pseudo-codes are pro-

vided.
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Chapter 5

A Benson Type Algorithm to
Approximate the Eisenberg-Noe
and Rogers-Veraart Systemic

Risk Measures

In this chapter, an algorithm that approximates the Eisenberg-Noe and Rogers-
Veraart systemic risk measures is presented. The systemic risk measures are ap-
proximated with respect to a user-defined approximation error ¢ > 0 and an upper
bound point 2B € RY. The algorithm is based on the Benson type algorithm
for non-convex multi-objective programming problems described in Nobakhtian

and Shafiei [I]. The following definitions are borrowed from [I].

Let £ C R%. A point v € L is called a verter of £ if it cannot be expressed
as a strict convex combination of two distinct points of £L N N, where N is a
neighborhood of v. A set of all vertices of L is denoted by vertL. The notation
int£ denotes the interior of £. Given a point 2 € RY and £ C RY, L], =
{v € L]|v < z} denotes the set of all points in £ which are less than or equal to

z in all components.
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Let R,L,U C R% z € RY and € > 0 be a positive real number. The set £
is called an outer approrimation for R with respect to € and z, if R C £ and
L], € R+ B(0,¢), where B (0,¢) is the closed ball in R centered at 0 and with
radius €. The set U is called an inner approximation for R with respect to € and

z if R is an outer approximation for U with respect to € and z.

The algorithm that calculates inner and outer approximations of a systemic
risk measure works as follows. It is provided in detail only for the Eisenberg-Noe
systemic risk measures, since it works similarly for the Rogers-Veraart systemic
risk measures. Let (N, 7, p, X) be a signed Eisenberg-Noe network. Let G be the
number of groups in the network and G = {1,...,G}. Consider the corresponding
Eisenberg-Noe systemic risk measure Ri&7 (X) in (£.0.7). Let 2" € R be the
ideal point of the vector optimization problem in with AOPT = AFN in the

sense that the entries of zidea!

minimize each of the objective functions of the vec-
tor optimization problem. One can calculate 29 = (ZFN ('), ..., ZIN (eG))T
by Corollary4.1.50 In addition, for v € R®, the minimum step-length P¥N (v) can

be obtained by solving the MILP problem ZIN (v) in , by Corollary

The algorithm starts with an initial inner approximation 4° = 2B + Rf and
an initial outer approximation £° := z'4° + RS, which satisfy U° C Rt (X)) C
L0. Let ¢ = €l and initially set ¢ «+ 0. At the " iteration, for a vertex
v' € vertL!| us such that v'+¢ ¢ int U*, the algorithm solves ZFN (v') to obtain
the minimum step-length p' from the point v* to the boundary of Ri (X) in
the direction 1 € R®. In other words, y* = v’ + p'1 is a boundary point of the
set R**" (X). Then the algorithm excludes the cone y* — R from £’ to obtain
L by £ = L1\ (y' — RY), and adds the cone y' + RY to U" to obtain ¢
as follows: U™ = U" U (y' + RY). Therefore, at each step of the algorithm
we have U' C U™ C R (X)) C L1 C L8 At the end of the ™ iteration,
vertL! ! is computed. The computation of vertL!*! is described in detail in
Gourion and Luc [23]. The above process repeats for ¢ < t + 1. The algorithm
stops at T iteration, when vertL?|,us + & C int UT. The sets UT and LT
are the inner and outer approximations for Ry (X) with respect to € > 0 and
zUB € RY. Note that zYB have to be chosen such that zUB € R (X) to get
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non-empty approximations. The pseudo-codes of the algorithm for the Eisenberg-
Noe and Rogers-Veraart systemic risk measures are provided in Algorithm [1] and

Algorithm [2], respectively.

Algorithm 1. Inner and outer approximation algorithm for the
Eisenberg-Noe systemic risk measures

Initialization.
(i1) Let2YB € REP (X) be an upper bound, £° = zidel + RY,
U° = zUB + RY and € > 0 be an approximation error.
(i2) Pute=elandt <« 0.
(i3) Let S be an empty set.
Iteration steps.
(k1) If vertl!|,us C Sset T =t and stop. Otherwise, choose
v € vertL!|, us\S.
(x2) Ifv'+e€intUd?, add v! to S and go to
(k3) Suppose that ! = PEN (v?). Define y* = v? + p'1.
(k4) Define £i7! == L'\ (y' — RY) and U™ =U' U (y' + RY).
(k5) Determine vert£!t! and sett + ¢t + 1. Go to
Results.
(r1) LT is an outer approximation and U7 is an inner approximation for
RS (X)) with respect to e > 0 and 2P € RY.
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Algorithm 2. Inner and outer approximation algorithm for the
Rogers-Veraart systemic risk measures

Initialization.
(i1) Let2Y8 € Ry (X) be an upper bound, £° = zideal 4 RY,
U° = 2 + RS and € > 0 be an approximation error.
(i2) Pute =€l andt « 0.
(i3) Let S be an empty set.
Iteration steps.
(k1) If vertl'|,us C S setT =t and stop. Otherwise, choose
vt € vertLt,u\S.
(x2) Ifv'+¢e€intyd?, add v’ to S and go to
(k3) Suppose that ' = PXY (v?). Define y* = v? + p'1.
(k4) Define £ = £*\ (y* — RY) and U = Ut U (y' + RF).
(k5) Determine vertL!™! and set t < ¢ + 1. Go to
Results.
(r1) L7 is an outer approximation and ¢” is an inner approximation for
R (X)) with respect to € > 0 and 2 € RY.
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Chapter 6

Computational Results and

Analysis

In this chapter, some computational results are presented to illustrate the approx-
imation of the Eisenberg-Noe and Rogers-Veraart systemic risk measures by the
Benson type algorithm described in Chapter [5] The algorithm is implemented on
Java Photon (Release 4.8.0) calling Gurobi Interactive Shell (Version 7.5.2) and
run on an Intel(R) Core(TM) i7-4790 processor with 3.60 GHz and 4 GB RAM.
First, the Eisenberg-Noe and Rogers-Veraart systemic risk measures are approx-
imated within two-group frameworks. Then, sensitivity analyses are performed
in the scope of these frameworks. Finally, the Eisenberg-Noe and Rogers-Veraart
systemic risk measures are approximated within three-group frameworks. The

corresponding computational results and approximations are presented.

Recall that n is the number of institutions in a financial system, n, is the
number of nodes in a group ¢ € G, K is the number of scenarios, € is a user-defined
approximation error and zY® is a user-defined upper-bound vector that limits the
approximated region of a systemic risk measure. Throughout the computation

of systemic risk measures, except for the Rogers-Veraart case in a three-group
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framework, zVB is taken as

zUB — 2ideal +9 HﬁHoo 7

zldeal i5 the ideal point of the corresponding systemic risk measure with

where
v = 17p, that is, when it is required that the expected total value of payments

is at least as much as the total amount of liabilities in the network.

Throughout this chapter, v is taken as some percentage of 17, the total debt
in a network with the total obligation vector p. Hence, the choice of v threshold
has a nice and intuitive financial interpretation as the minimum amount of liabil-
ities that should be met on average in the network. As it was already mentioned
in Chapter [4] this choice of 7 is justified by Corollaries [4.1.8] [4.1.13] [£.2.5] and
4.2.10, For the simplicity of notation in the subsequent sections, let v denote

the fraction of the total debt that should be met on average in the network, that
is, v =7" (17p) and v € [0, 1].

6.1 Data Generation

From now on, nodes in any particular network are considered as banks. In the
scope of this computational study, a network of n banks is grouped into two or
three categories. These correspond to cases when the number of groups G is 2
or 3, respectively, G = {1,...,G}, N' = UjegNe = {1,...,n}, and ny = [N
corresponds to the number of banks in group ¢ € G. In the case of two groups,

=1 and ¢ = 2 correspond to big and small banks, respectively. In the case of
three groups, ¢ = 1, £ = 2 and ¢ = 3 correspond to big, medium and small banks,
respectively. For a signed Eisenberg-Noe network (N, 7, p, X) and a Rogers-
Veraart network (N, 7, p, X, , 3), the corresponding interbank liabilities matrix
L= (L) ijen € R”?*"™ and the random operating cash flow vector X are generated

in the following fashion.
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Recall that a financial system is considered as a network with nodes corre-
sponding to the members of the system and directed arcs corresponding to the
liabilities between the members. To generate these connections in terms of the
interbank liabilities matrix  we use the idea of random graphs, also referred as

the Erdos-Rényi model, presented by Erdés and Rényi [24] and, independently, by

Gilbert [25]. First, we fix a connectivity probabilities matrix q°" = (qzoén> €
SN
R*% and an intergroup liabilities matrix 18" = <l§r€> € R¥*@. These matri-
RYANIT

ces are interpreted as follows. For any two banks i,j € N with i € N, j € N;

and E,f €q, q,7 is a probability that the bank ¢ owes lf} amount to the bank j.

Then the liability /;; is generated by the Bernoulli trial

gr : . con
l lé,é’ it Uj; < e
ij =

0, otherwise,

where Uj; is the realization of a continuous random variable with a standard uni-
form distribution on a separate probability space. Once the interbank liabilities
matrix I is generated, the relative liabilities matrix 7 and the total obligation
vector p are derived from it by the following relations, described originally in

Eisenberg and Noe [2],

. Ly . .
ﬁi:zliﬁ ZEN; Wij:%, Z,jEN.
Y Di

Recall that the operating cash flow vector X = (Xy,...,X,,) € L(R") is a
multivariate random vector and € is a finite set of K scenarios. It is assumed
that all scenarios are equally likely to happen, the operating cash flows have a
common standard deviation o, and there is a common correlation p between any
two operating cash flows. Then, each entry X;, i € N, is generated as a random

sample of size K as described below.

For the Eisenberg-Noe network, the mean values of operating cash flows in
each group, v = (1), are fixed and the random vector X is generated in a

way that its joint cumulative distribution function is stated in terms of a Gaussian
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copula and its marginal distributions are Gaussian distributions. Hence, for each
1 € N with i € N} for some ¢ € G, X; has a Gaussian distribution with mean v,

and common standard deviation o.

On the other hand, for the Rogers-Veraart network, first, shape parameters
k = (K¢)yeg and scale parameters 6 = (0;),.; are fixed and then, due to the
assumption that operating cash flows are nonnegative, X is generated in a way
that its joint cumulative distribution function is stated in terms of a Gaussian
copula and its marginal distributions are gamma distributions. That is, for each
1 € N with i € N, for some ¢ € G, X; has a gamma distribution with shape
parameter k; and scale parameter ;. Then, v, = k0, for each ¢ € G. Shape
and scale parameters of the gamma distributions are chosen in a way that the
random operating cash flows have a common standard deviation o = |/k0,, for
each ¢ € G. For both Eisenberg-Noe and Rogers-Veraart networks, it is assumed
that X; and X; have a common correlation coeficient ¢ € [—1,1], for every
i,7 € N such that 7 # j.

In the following sections, computational results and approximations of some
Eisenberg-Noe and Rogers-Veraart systemic risk measures are presented and an-
alyzed from different points of view. First, general computational results for
a two-group Eisenberg-Noe systemic risk measure are presented. Then sensitiv-
ity analysis results are provided for two-group Eisenberg-Noe and Rogers-Veraart
systemic risk measures by changing various parameters of the generated networks,
namely, connectivity probabilities, number of scenarios, v threshold, numbers of
banks in groups, a and [ parameters of Rogers-Veraart networks, mean values of

operating cash flows and a common correlation o between operating cash flows.
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6.2 A Two-Group Signed Eisenberg-Noe Net-
work with 50 Nodes and 100 Scenarios

In this part, a two-group Eisenberg-Noe network of banks is generated and the
corresponding systemic risk measure is approximated by the Benson type algo-
rithm with different levels of approximation error. The corresponding results,

namely, computation times, inner and outer approximations are provided below.

The network is generated with the following parameters: the number of banks
in the network n = 50, the number of big banks n; = 15, the number of small
banks no = 35, the number of scenarios K = 100, the common standard deviation
o = 100, and the common correlation o = 0.05. In addition, the following
connectivity probabilities matrix, the intergroup liabilities matrix and the mean

values of the operating cash flows are assumed:

0.9 0.3 [0 5
I = L v= [—50 —100].
0.7 05 8§ 5

con __

We take v# = 0.7. Hence,
R (X) = {z € BB [A™ (X + BT2)] > 0.7(17p) | (6.2.1)
where the aggregation function A®N is defined as in ([3.2.7)).

The Benson type algorithm is run with four different approximation errors e
to demonstrate different approximation levels both for inner and outer approxi-
mations. Table presents the computational performance of the algorithm for
e €{1,5,10,20}.

Figure [6.1| shows the inner approximations of the Eisenberg-Noe systemic risk
measure in for € € {1,5,10,20}. Figure6.2] consists of zoomed portions of
the inner approximations in Figure[6.1 Figure shows the corresponding outer
approximations. Figure [6.4] consists of zoomed portions of the outer approxima-

tions in Figure |6.3]
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Tnner Outer P2 Avgﬁ tirge Total algorithm | Total algorithm
€ | APPIOX. | approx. problems PEr 772 PYOB- 1 time (seconds) | time (hours)
vertices | vertices (seconds)
20 18 19 18 663.546 11944 3.318
10 35 36 35 541.419 18950 5.264
73 74 73 512.998 37449 10.403
1 394 395 394 492.597 194083 53.912

Table 6.1: Computational performance of the algorithm for a network of 15 big

and 35 small banks, 100 scenarios and approximation errors € € {1,5,10,20}.
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One can easily observe from Figure and Figure that as e decreases the
algorithm gives more precise approximations of the systemic risk measure. In
addition, as the number of P, problems increases, the average computation time
per P, problem decreases. This may be attributed to the warm start feature of
the Gurobi solver. When a sequence of mixed-integer programming problems are
solved, the solver constructs an initial solution out of the previously obtained op-
timal solution. This feature is explained in detail in Gurobi Optimizer Reference
Manual [26, Chapter 10.2, pp. 594-595].

In the next two sections, sensitivity analyses on several parameters are per-
formed and the corresponding computation times and inner approximations of
Eisenberg-Noe systemic risk measures are compared. The parameters investi-
gated are connectivity probabilities between big and small banks, number of sce-
narios, v threshold and distribution of nodes among groups. These are performed
on two different two-group Eisenberg-Noe networks, one with 50 banks and 100

scenarios and the other one with 70 banks and 50 scenarios.

6.3 Sensitivity Analyses on Two-Group Signed
Eisenberg-Noe Networks with 50 Nodes and

100 Scenarios

In this section, sensitivity analyses are performed on connectivity probabilities
between big and small banks and on the number of scenarios. We take the two-
group signed Eisenberg-Noe network investigated in the previous section as a

base, where

o9 03 10 5
g = ;= L v= [—50 —100],
0.7 05 8§ 5

n =50, ny = 15, ny = 35, K = 100, ¢ = 100, and the p = 0.05. The correspond-

ing Eisenberg-Noe systemic risk measure requires 7? = 0.7 and the approximation
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error in the Benson type algorithm is taken as e = 1.

6.3.1 Connectivity Probabilities

In this part, a sensitivity analysis on connectivity probabilities between the groups
of big banks and small banks is performed and the corresponding changes in
Eisenberg-Noe systemic risk measures are reported and analyzed. Connectivity
probabilities play a major role in generating networks of banks for the compu-
tational purposes in this study because they define the existence of liabilities
between the banks. Hence, changing them changes the structure of the generated
network. First, the connectivity probability corresponding to liabilities of big
banks to small banks is changed, keeping all the other parameters fixed. Then,
the one corresponding to liabilities of small banks to big banks is considered in a

similar way.

6.3.1.1 Connectivity Probability that a Big Bank is Liable to a Small
Bank

Here we present the results of the sensitivity analysis on ¢7%', the probability that
a big bank is liable to a small bank. Originally, this connectivity probability is
taken as %' = 0.3. Table shows the computational performance of the algo-
rithm for ¢f%' € {0.1,0.3,0.5,0.7,0.9}. Figure consists of the corresponding

inner approximations.

Observe from Table that the average time per Py problem increases with
q7%'. This is the case because as ¢{%' increases, big and small banks in the network
become more connected in terms of liabilities. Hence, the corresponding MILP
formulations of P, problems need more time to be solved. This seems to be the
only factor behind the increase because most of the algorithm runtime is devoted
to solving Py problems and the number of Py problems in each case does not

change much.
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con Tnner Outer Pa Avg.  time Total algorithm | Total algorithm
@12 | APPTOX. | aPDIOX- | 1y lams | PO P2 prob. | e (seconds) | time (hours)
vertices | vertices (seconds)
0.1 279 280 358 294.07 105 277 29.244
0.3 394 395 394 492.597 194 083 53.912
0.5 360 361 360 556.795 200 447 55.680
0.7 364 365 364 633.644 230 647 64.069
09| 377 378 377 772.76 291 331 80.925
Table 6.2:  Computational performance of the algorithm for g¢7%'

{0.1,0.3,0.5,0.7,0.9}.
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Figure 6.5: Inner approximations of the Eisenberg-Noe systemic risk measure for
¢i% € {0.1,0.3,0.5,0.7,0.9}.
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It can be observed that, as ¢{%' increases, the corresponding inner approxima-

tions of systemic risk measures in Figure [6.5|shift from the top left corner towards
the bottom right corner. It can be interpreted as follows: as ¢{%' increases, the
first group, the group of big banks, loses capital allocation options, while the
second group, the group of small banks, gains a wider range of capital allocation
options. It can also be observed from Figure that generating a network with

¢7i% = 0.1 results in a nonconvex Eisenberg-Noe systemic risk measure. However,

for the values ¢i%' € {0.3,0.5,0.7,0.9}, the corresponding Eisenberg-Noe systemic
risk measures seem to be convex sets. Probably, for these cases, there is some
breakpoint between 0.1 and 0.3 that switches these Eisenberg-Noe systemic risk
measures from a nonconvex shape to a convex one, meaning that, whenever the
probability ¢f%' is less than this breakpoint, big banks are less likely to be liable
to small banks and have even more capital allocation options than they have in

the other cases.

6.3.1.2 Connectivity Probability that a Small Bank is Liable to a Big
Bank

Here we present the results of the sensitivity analysis on ¢3%", the probability that
a big bank is liable to a small bank. Originally, this connectivity probability is
taken as ¢3' = 0.7. Table shows the computational performance of the algo-
rithm for ¢5°" € {0.1,0.3,0.5,0.7,0.9}. Figure consists of the corresponding

inner approximations.

con Tnner Outer Pa Avg.  time Total algorithm | Total algorithm
2,1 | 8PPTOX. | abproX. problems per Pz prob. time (seconds) | time (hours)
vertices | vertices (seconds)
0.1 257 258 257 233.243 29943 16.651
03] 294 295 294 319.511 93936 26.093
0.5 328 329 328 377.398 123787 34.385
0.7] 394 395 394 492.597 194083 53.912
09| 435 436 012 487.547 249624 69.340
Table 6.3:  Computational performance of the algorithm for ¢ €

{0.1,0.3,0.5,0.7,0.9}.

7



As in the previous sensitivity analysis, observe from Table[6.3|that the average
time per Py problem increases with ¢57'. Hence, it is another justification of the
presumption that this happens because with higher connectivity probabilities the
network becomes more connected in terms of liabilities and the corresponding

MILP formulations of P, problems need more time to be solved.
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Figure 6.6: Inner approximations of the Eisenberg-Noe systemic risk measure for
g7 €1{0.1,0.3,0.5,0.7,0.9}.

Note that as g57' increases, the inner approximations of the corresponding
Eisenberg-Noe systemic risk measures in Figure shift from the bottom right
corner towards the top left corner. Conversely to the previous sensitivity analysis,
it can be interpreted as follows: as ¢3%' increases, the first group gains a wider
range of capital allocation options, while the second group loses capital allocation
options. It can also be observed from Figure that generating a network with

g5 = 0.9 results in a nonconvex Eisenberg-Noe systemic risk measure. However,
,

for the values g5 € {0.1,0.3,0.5,0.7}, the corresponding Eisenberg-Noe systemic

risk measures seem to be convex sets. As in the previous sensitivity analysis, it

can be presumed that for these cases there is some breakpoint between 0.7 and 0.9

that switches these Eisenberg-Noe systemic risk measures from a convex shape to
con

a nonconvex one, meaning that, whenever the probability ¢57" is higher than this

breakpoint, small banks are more likely to be liable to big banks and the latter
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have even more capital allocation options than they have in the other cases.

6.3.2 Number of Scenarios

In this part, a sensitivity analysis is performed by changing the number K of
scenarios in the set {10,20,...,100}. The main purpose is to analyze how com-
putation times and the corresponding systemic risk measures change. Since the
network structure remains the same all the time, it is expected that there will be
no major changes in Fisenberg-Noe systemic risk measures. However, since each
scenario adds n continuous and n binary variables to the corresponding P, prob-
lem and its MILP formulation Z}N, defined in (4.2.5)), one would expect major

changes in computation times.

Table shows the computational performance of the algorithm for K €
{10,20,...,100} and Figure [6.7] provides the inner approximations of the corre-

sponding Eisenberg-Noe systemic risk measures.

K :Il)r;)it)x. Splg:(fx. P2 ﬁ;gé% ngﬁ.e rl'btal algorithm Total algorithm
vertices | verticos problems (seconds) time (seconds) | time (hours)
10 376 377 376 3.088 1161 0.323
20 380 381 380 11.977 4 551 1.264
30 389 390 389 28.134 10 944 3.040
40 381 382 381 56.685 21 597 5.999
20 373 374 373 96.488 35 990 9.997
60 381 382 381 151.635 D7 773 16.048
70 385 386 385 206.924 79 666 22.129
80 390 391 390 293.155 114 330 31.758
90 381 382 381 378.346 144 150 40.042
100] 394 395 394 492.597 194 083 53.912

Table 6.4: Computational performance of the algorithm for K €
{10, 20, 30, 40, 50, 60, 70, 80, 90, 100}.

Finally, Figure and Figure suggest that the average time per P, prob-

lem and the total algorithm time increase faster than linearly with K. At the
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Figure 6.7: Inner approximations of the Fisenberg-Noe systemic risk measure for
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same time, it can be observed from Figure that the corresponding inner ap-
proximations of the Eisenberg-Noe systemic risk measures do not change much.

Hence, the results obtained justify the expectations.

6.4 Sensitivity Analyses on Two-Group Signed
Eisenberg-Noe Networks with 70 Nodes and

50 Scenarios

In this section, sensitivity analyses are performed on v threshold, the distribution
of nodes among groups, and the number of scenarios. An Eisenberg-Noe network

(N, 7, D, X) is generated with the following parameters:

wn |07 0.1 . |10 5
q" = , 1B = , U= [—50 —100],
0.5 0.5 8 5
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n =70, ny = 10, ny = 60, K = 50, 0 = 100, and o = 0.05. The corresponding

Eisenberg-Noe systemic risk measure requires 77 = 0.9. Hence,
REM(X) = {z e RQ‘E [AEN (X + B72)] > 0.9 (11T13)} , (6.4.1)

where the aggregation function AN is defined as in ([3.2.7). The approximation

error in the Benson type algorithm is taken as e = 1.

6.4.1 Threshold Level

In this part, different v levels are compared and analyzed to investigate how the
corresponding Eisenberg-Noe systemic risk measures and computational times
change when the requirement that some fraction of the total amount of liabilities
in the network should be met on average gets more strict. The values v? €
{0.01,0.1,0.2,...,0.9,0.95,0.99, 1} are considered. Recall that v =~ (17p).

Table [6.5] illustrates the computational performance of the algorithm for dif-
ferent values of 4P and Figure [6.10] represents the corresponding inner approxi-

mations of the Eisenberg-Noe systemic risk measures.

It can be noted from Table that the average times per P, problem are
high for the values of +? around 0.3, and the number of P, problems are high
for the values of v* around 0.5. These two factors result in high total algorithm
times for the values of 4 around 0.4. In addition, it can be observed that the
difference between the number of inner and outer approximation vertices and the
number of P, problems increases drastically for the values of v* around 0.5. This
happens because the boundaries (weakly minimal elements) of the corresponding
Eisenberg-Noe systemic risk measures in Figure[6.10|contain “flat” regions, which
makes the algorithm solve more P, problems without actually improving the
approximation. Observe from Figure that as 7P increases, each subsequent
Eisenberg-Noe systemic risk measure is contained in the previous one. This result
is fully consistent with the corresponding Eisenberg-Noe systemic risk measure
in since capital allocations that satisfy a particular v threshold can at
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P ;nnif)x Sutf(fx Pa Aevrg;P EIOIEG Total algorithm | Total algorithm
U VSII‘:;i(ZeS. vgﬁciceé problems I()secorf dIs)) " | time (seconds) | time (hours)
0.01| 376 377 376 3.088 1161 0.323
0.1 210 210 437 305.389 133 455 37.071
0.2 145 146 727 492.418 357 988 99.441
0.3 90 91 893 560.268 500 320 138.978
0.4 87 88 1037 494.65 512 952 142.487
0.5 91 95 1099 448.063 492 421 136.784
0.6 94 95 1065 240.982 256 646 71.291
0.7 96 97 927 97.501 90 383 25.106
0.8 141 142 719 45.546 32 748 9.097
0.9 234 235 461 15.285 7047 1.957
0.95| 217 218 217 11.622 2 522 0.701
0.99| 136 137 136 2.504 341 0.095
1.00 1 1 1 0.203 0.204 0

Table 6.5: Computational performance of the algorithm for ~? €

{0.01,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95,0.99, 1}.

the same time satisfy any smaller threshold. Hence, these capital allocations are
included in any Eisenberg-Noe systemic risk measure with a smaller threshold

level.

6.4.2 Distribution of Nodes among Groups

In this part, a sensitivity analysis is performed by changing the distribution of
nodes among the groups for a fixed total number of nodes n = 70 and the num-
ber of big banks n; takes values in {5,10,20,...,60,65}. Then the number of
small banks is ny = n — ny. As previously, the main purpose is to analyze how
computation times and the corresponding systemic risk measures change. The
generated random operating cash flows remain the same all the time, while the
network structure changes at each run. Hence, the corresponding Eisenberg-Noe

systemic risk measures are expected to vary a lot.

Table shows the computational performance of the algorithm for n; €
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{5,10,20,...,60,65} and Figure represents the corresponding inner approx-

imations of the Eisenberg-Noe systemic risk measures.

n ;I;I;)erf)x. Splg:(fx. Po S(ngﬁg pzlorg.e Total algorithm rljotal algorithm
vertices | vertices problems (seconds) time (seconds) | time (hours)
5 93 94 1096 16.88 18 501 5.139
10 234 235 461 15.285 7047 1.957
20 209 210 209 38.512 8 049 2.236
30 201 202 201 45.225 9 090 2.525
40 213 214 213 55.444 11 809 3.280
50 250 251 250 61.329 15 332 4.259
60 403 404 639 79.577 50 850 14.125
65 205 206 1092 131.431 143 523 39.867
Table 6.6: Computational performance of the algorithm for n; €

{5, 10, 20, 30, 40, 50, 60, 65}.

Note that the average time per P, problem in Table[6.6|tends to increase as the
number of big banks increases. This happens because the highest connectivity
probability, ¢i%" = 0.7, is the probability that one big bank is liable to another
big bank. Hence, as the number of big banks increases, the nodes in the network
become more connected with liabilities and it takes more time to solve a Po
problem because the MILP formulations of P, problems get more complex in
terms of constraints. In addition, it can be observed that the difference between
the numbers of inner and outer approximation vertices and the number of Ps
problems increases as the distribution of nodes changes toward the two extreme
cases: 5 big banks and 65 big banks. As in the previous sensitivity analysis, this
happens because the boundaries (weakly minimal elements) of the Eisenberg-Noe
systemic risk measures around these extreme cases in Figure [6.11] contain “flat”

regions, which makes the algorithm solve more P, problems without actually

improving the approximation.

Observe from Figure [6.11] that as the number of big banks increases and the
number of small banks decreases, the small banks get a wider range of capital
allocation options, as opposed to the big banks. This happens because the total
number of banks is fixed and the group with less number of banks has a wider

range of capital allocation options since it has more claims to the other group’s
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Figure 6.11: Inner approximations of the Eisenberg-Noe systemic risk measure
for ny € {5, 10, 20, 30, 40, 50, 60, 65}.

banks. When the number of banks in each group is evenly distributed, the group
of big banks has a wider range of capital allocation options. The reason lies
behind connectivity probabilities. Recall that for this set-up it is assumed that
the connectivity probability from big banks to small banks is ¢{$" = 0.1, while
the connectivity probability from small banks to big banks is ¢57" = 0.5. It means
that small banks are more likely to be liable to big banks and, since big banks
have more claims compared to small banks, they have a wider range of capital

allocation options.

6.4.3 Number of Scenarios

In this part, a sensitivity analysis is performed by changing the number K of
scenarios in the set {10,20,...,100}. As in the previous sensitivity analysis on
the number of scenarios, since the network structure remains the same all the
time, it is expected that there will be no major changes in the corresponding
Eisenberg-Noe systemic risk measures. The main purpose is to compare compu-

tation times. Since each scenario adds n continuous and n binary variables to the
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corresponding P, problem and its MILP formulation Z3N, defined in (4.2.5)), one
would expect major changes in computation times. Table [6.7] shows the compu-
tational performance of the algorithm for K € {10,20,...,100} and Figure m
provides the inner approximations of the corresponding Eisenberg-Noe systemic

risk measures.

Tnmer Outer P2 Ave.  time Total algorithm | Total algorithm
K | approx. | approx. per Ps prob. . .

vertices | vertices problems (seconds) time (seconds) | time (hours)
10 232 233 453 0.817 370 0.103
20 220 221 446 2.282 1018 0.283
30 217 218 455 4.912 2 235 0.621
40 220 221 451 9.293 4191 1.164
50 234 235 461 15.285 7047 1.957
60 219 220 439 23.642 10 379 2.883
70 213 214 436 31.066 13 545 3.762
80 222 223 451 38.392 17 315 4.810
90 230 231 462 62.928 29 073 8.076
100 216 217 444 T77.758 34 524 9.590

Table 6.7:  Computational performance of the algorithm for K €
{10, 20, 30, 40, 50, 60, 70, 80, 90, 100}.

Finally, Figure and Figure suggest that the average time per Py
problem and the total algorithm time increase faster than linearly with K. At
the same time, it can be observed from Figure that the corresponding inner
approximations of the Eisenberg-Noe systemic risk measures do not change much.

Hence, the results obtained justify the expectations.
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6.5 Sensitivity Analyses on Two-Group Rogers-
Veraart Networks with 45 Nodes and 50

Scenarios

In this section, sensitivity analyses are performed in computation of Rogers-
Veraart systemic risk measures by changing the a and [ parameters of Rogers-
Veraart networks, v threshold, distributions of nodes among groups, mean values
of the random operating cash flows for a fixed expected total value of the operat-
ing cash flows in Rogers-Veraart networks, and the common correlation between
the random operating cash flows. A Rogers-Veraart network (N, m, p, X, «, ) is

generated with the following parameters:

0.5 0.1 200 100
qcon — ’ 18 — 7
0.3 0.5 50 50

n = 45, ny = 15, ny = 30, K = 50, and o = 0.05. In addition, the liquid
fraction of the random operating cash flows available to a defaulting node is fixed

as o = 0.7, and the liquid fraction of the realized claims available to a defaulting
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node is fixed as § = 0.9. The shape and scale parameters of gamma distributions

of the random operating cash flows X;, i € NV, £ € G, are chosen as
k= (100 64|, 6=|1 125].

Then the mean values of the random operating cash flows in the corresponding
groups are

V= [100 80}

and the common standard deviation is o = 10.
In the Rogers-Veraart systemic risk measure v = 0.9 is taken, that is,
Rig(X) = {2 € R2[E [A™* (X + BT2)] > 0.9(17p) |, (6.5.1)

where the aggregation function AR+ is defined as in ([3.3.2). The approximation

error in the Benson type algorithm is taken as ¢ = 1.

6.5.1 Rogers-Veraart a Parameter

In this part, a sensitivity analysis is performed by changing «, the liquid fraction
of the operating cash flow that can be used by a defaulting node to meet its
obligations. It is analyzed how computation times and the corresponding systemic
risk measures change. The generated network (N, 7, P, X, o, ) remains the same

in all cases.

Table illustrates the computational performance of the algorithm for a €
{0.1,0.3,0.5,0.7,0.9} and Figure consists of the inner approximations of the

corresponding Rogers-Veraart systemic risk measures.

Note from Table that the average time per P, problem decreases with
a. It can be presumed that this happens because of the following observation:
as « parameter increases, the discontinuity in the fixed-point characterization of
clearing vectors in the Rogers-Veraart model in decreases and it gets easier
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Inner Outer P2 AVg;P thge Total algorithm | Total algorithm
@ 355;;2:8' 355;2; problems I()seercorf dIs))r P | time (seconds) | time (hours)
0.1 273 274 333 12.165 4 051 1.125
0.3 | 461 462 484 10.572 5 117 1.421
0.5 592 093 602 5.231 3 149 0.875
0.7 583 584 o84 3.876 2 264 0.629
0.9 589 590 589 3.395 2 000 0.555

Table 6.8:  Computational performance of the algorithm for o €
{0.1,0.3,0.5,0.7,0.9}.

to solve the corresponding MILP formulation of a P, problem because it contains
the constraints of (3.3.2)), the MILP characterization of clearing vectors in the

Rogers-Veraart model.

Observe from Figure that the Rogers-Veraart systemic risk measures ex-
pand significantly as « increases. It means that both big and small banks get less
strict capital requirements as default costs decrease. One can also observe that
in each case allocating zero capital requirement to the groups is not an available
option. In addition, in each case big banks can be allocated a negative amount of
capital requirement given that the capital requirements for small banks are high

enough. On the other hand, small banks do not have this privilege.

6.5.2 Rogers-Veraart § Parameter

In this part, a sensitivity analysis is performed by changing 3, the liquid fraction
of the realized claims from the other nodes that can be used by a defaulting node
to meet its obligations. The generated network (N, 7, P, X, «, ) remains the

same in all cases.

Table shows the computational performance of the algorithm for § €
{0.1,0.3,0.5,0.7,0.9} and Figure provides the inner approximations of the

corresponding Rogers-Veraart systemic risk measures.
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Figure 6.15: Inner approximations of the Rogers-Veraart systemic risk measures
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Tnner Outer P Avg.  time Total algorithm | Total algorithm
B 35552; 35552;' probfems I();rcoplf dIs))r ob. time (se%:onds) time (hfurs)
0.1 187 189 214 5.014 1073 0.298
0.3 223 225 270 5.561 1 502 0.417
0.5 323 324 350 3.733 1307 0.363
0.7 394 395 401 3.710 1 488 0.413
0.9 5983 o84 o84 3.876 2 264 0.629

Table 6.9: Computational performance of the algorithm for g €
{0.1,0.3,0.5,0.7,0.9}.
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Note from Table [6.9 that the total number of P, problems increases with f.
We can observe smaller average times per Py problem for higher values of 5. As
in the case of the o parameter, it can be presumed that this happens because
of the following observation: as [ parameter increases, the discontinuity in the
fixed-point characterization of clearing vectors in the Rogers-Veraart model in
decreases, which makes it easier to solve the MILP formulation of a P,

problem.

Observe from Figure that the Rogers-Veraart systemic risk measures ex-
pand significantly as [ increases. It means that both big and small banks get less
strict capital requirements if defaulting banks are able to use larger fractions of
realized claims. It can also be observed that in each case allocating zero capital
requirement to the groups is not an available option. In addition, if 5 = 0.9 then
big banks can be allocated a negative amount of capital requirement given that
the capital requirements for small banks are high enough. On the other hand,

small banks do not have this privilege.
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Figure 6.16: Inner approximations of the Rogers-Veraart systemic risk measures
for 5 € {0.1,0.3,0.5,0.7,0.9}.
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6.5.3 Rogers-Veraart a and [ Parameters

Now, Rogers-Veraart systemic risk measures and the corresponding computation
times are analyzed by changing o and [ parameters simultaneously and assuming
that a = 8. Again, the generated network (N, 7, p, X, a, §) remains the same in
all cases. Table shows the computational performance of the algorithm for
a, €{0.1,0.3,0.5,0.7,0.9} and Figure represents the inner approximations

of the corresponding Rogers-Veraart systemic risk measures.

g};r;)eri)x. gplgféx. P2 ﬁ;gé% pzlc)lﬁe Total algorithm | Total algorithm
a, s | e problems (seconds) time (seconds) | time (hours)
0.1 130 134 142 6.985 935 0.260
0.3 168 169 214 4.440 950 0.264
0.5 263 265 287 5.169 1484 0.412
0.7 394 395 401 3.710 1 488 0.413
0.9 589 590 589 3.395 2 000 0.595

Table 6.10: Computational performance of the algorithm for o, €
{0.1,0.3,0.5,0.7,0.9}.

In Table [6.10 note that the average time per P, problem decreases and the
number of P, problems increases as a and  increase, which results in increase
in the total algorithm time. As in the previous two sensitivity analyses, it can be
presumed that this happens because the discontinuity in the fixed-point charac-
terization of clearing vectors in the Rogers-Veraart model in decreases as

«a and [ increase.

Observe from Figure that the Rogers-Veraart systemic risk measures ex-
pand significantly as a and  increase. It means that both big and small banks
get less strict capital requirements if defaulting nodes can use larger fractions of
their assets and realized claims to meet their obligations. One can also observe
that in each case allocating zero capital requirement to the groups is not an avail-
able option. In addition, if « = 0.9 and # = 0.9 then big banks can be allocated
a negative amount of capital requirement given that the capital requirements for
small banks are high enough. On the other hand, small banks do not have this

privilege.
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Figure 6.17: Inner approximations of the Rogers-Veraart systemic risk measures
for o, 5 € {0.1,0.3,0.5,0.7,0.9}.

6.5.4 Threshold Level

In this part, different v levels are compared and analyzed, where +* takes val-
ues in {0.1,0.2,...,0.9,0.95,0.99,1} and v = 4* (17p). Table shows the
computational performance of the algorithm for different values of +* and Fig-
ure consists of the inner approximations of the corresponding Rogers-Veraart

systemic risk measures.

It can be noted from Table that the average time per P, problem and the
total algorithm time are high for «? values around 0.7. In addition, the number
of P, problems increases up to v? = 0.9 and then decreases. Observe that in
Figure the Rogers-Veraart systemic risk measures with smaller +* values
contain the ones that have higher v* values. This result is fully consistent with
the corresponding Eisenberg-Noe systemic risk measure in since capital
allocations that satisfy high values of + threshold can at the same time satisfy
smaller values of v threshold. Hence, these capital allocations are included in any

Rogers-Veraart systemic risk measures with a smaller v threshold.
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4P ;I;l)r;)if)x. S;f(:x. Po ﬁ(;g'PQ pilorﬁé 'I"otal algorithm 'ljotal algorithm
vertices | vertices problems (seconds) time (seconds) | time (hours)
0.1 1 1 1 0.384 0.384 0
0.2 13 14 13 13.809 180 0.050
0.3 o1 52 o1 30.273 1544 0.429
0.4 94 95 94 36.645 3 445 0.957
0.5 165 166 165 98.625 16 273 4.520
0.6 223 224 223 138.532 30 893 8.581
0.7 389 390 389 204.288 79 468 22.075
0.8 395 396 395 91.600 36 182 10.051
0.9 5983 584 o84 3.876 2 264 0.629
0.95 418 419 431 2.946 1270 0.353
0.99 66 67 74 1.639 121 0.034
1.00 1 1 1 0.132 0.132 0

Table 6.11: Computational performance of the algorithm for ~+* €
{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95,0.99, 1}.
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Figure 6.18: Inner approximations of the Rogers-Veraart systemic risk measure
for v € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95,0.99, 1}.
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6.5.5 Distribution of Nodes among Groups

In this part, a sensitivity analysis is performed by changing the distribution of
nodes among the groups for a fixed total number of nodes n = 45 and the number
of big banks n; takes values in {5, 10, 15, 20, 25,30, 35,40}. Then the number of
small banks is no = n —ny. As previously, the main purpose of is to analyze how
computation times and the corresponding systemic risk measures change. The
generated random operating cash flows remain the same all the time, while the
network structure changes at each run. Hence, the corresponding Rogers-Veraart
systemic risk measures are expected to vary a lot. Table shows the compu-
tational performance of the algorithm for ny; € {5,10,15,...,40} and Figure m
provides the inner approximations of the corresponding Rogers-Veraart systemic

risk measures.

| e P2 Ave.  time Total algorithm | Total algorithm
M| APProx. | APDIOX- . hlems | P P2 prob. time (seconds) | time (hours)

vertices | vertices (seconds)
5) 6 7 6 1.006 6 0.002
10 436 437 436 3.994 1 742 0.484
15 583 584 o84 3.876 2 264 0.629
20 516 517 o117 7.887 4 078 1.133
25 557 558 557 6.118 3 408 0.947
30 371 372 371 5.786 2 147 0.596
35 187 188 187 6.100 1141 0.317
40 106 107 108 5.196 561 0.156

Table 6.12:  Computational performance of the algorithm for n; €
{5, 10, 15, 20, 25, 30, 35, 40}.

Note that the average time per P, problem in Table [6.12 is relatively high
for the values ny; € {20,25,30,35,40}. In addition, the number of Py problems
is greater for the values around n; = 20. Observe from Figure that as the
number of big banks increases and the number of small banks decreases, the small
banks get a wider range of capital allocation options, as opposed to the big banks.
This happens because the total number of banks is fixed and the group with less
number of banks has a wider range of capital allocation options since it has more

claims to the other group’s banks in the scope of this set-up.
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Figure 6.19: Inner approximations of the Rogers-Veraart systemic risk measure
for ny € {5,10, 15,25, 30, 35,40}.

6.5.6 Mean Values of Random Operating Cash Flows

In this part, a sensitivity analysis is performed by changing the mean values of
random operating cash flows X;, i € NV, for a fixed mean value of total operating
cash flow in the network and fixed common standard deviation ¢ = 10. The

mean total operation cash flow in (N, 7, p, X, a, () is

ED Xi| =) EXi]=) ) E[Xi]=mnw+naw, = 15-100430-80 = 3900.
iEN ieN ieENy LeG

Let vy take values in {10, 30, 50,80, 100, 120, 150, 180, 200,240}. Then, for
the fixed mean total operation cash flow, the corresponding v, values are
{125,115, 105, 90, 80, 70, 55,40, 30, 10}. Tables [6.13| and [6.14] represent the cor-
responding shape and scale parameters of the gamma distributions of generated
operating cash flows X;, 1 € N, ¢ € G. Table illustrates the computational

performance of the algorithm for these values of v and 1, and Figure [6.20] rep-

resents the inner approximations of some of the corresponding Rogers-Veraart
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systemic risk measures.

vy |10 ] 30 | 50 | 80 | 100 | 120 | 150 | 180 | 200 | 240
k| 1 9 | 25| 64 | 100 | 144 | 225 | 324 | 400 | 576

10 5
60 110 5| 2 | 125 1 05 |

(e[
[SSI] )
oot

Table 6.13: Shape and scale parameter values of gamma distributions
of generated operation cash flows for big banks with mean values 1, €
{10, 30, 50, 80, 100, 120, 150, 180, 200, 240} and standard deviation o = 10.

vy | 125 115 105 | 90 | 80 | 70 95 40 | 30 | 10
ke | 156.25| 132.25| 110.25| 81 | 64 | 49 | 30.25 | 16 | 9 1

20 20 10 10 20 0
| 08 | X | N |10 )q95) 101 20 J95) 109

—_

Table 6.14: Shape and scale parameter values of gamma distributions of
generated operation cash flows for small banks with mean values 1o, €
{125,115, 105, 90, 80, 70, 55,40, 30,10} and standard deviation o = 10.

Note that the computational results in Table do not change much with
mean values of operating cash flows. The reason behind this observation lies in
Figure [6.20, where the corresponding Rogers-Veraart systemic risk measures do
not change much in shape, but only shift as the mean values of operating cash
flows change. One can presume that this happens because the mean total value
of operating cash flows in the network is fixed. Interpreting it from the financial
perspective, as the mean operating cash flow increases for one group of banks and
decreases for the other one, the former one gets less strict capital requirements
while the latter gets more strict capital requirements and vice versa, but it does
not change the picture as a whole. However, one should keep in mind that these

results do not imply a general behavior and depend on generated networks.

6.5.7 Common Correlation

In this part, a sensitivity analysis is performed by changing the common
correlation, o, between random operating cash flows X;, i € N. Ta-
ble shows the computational performance of the algorithm for o €
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Inner Outer P2 Avg.  time Total algorithm | Total algorithm
" 351541;225' 355;2; problems ?seercfnz dIs))r ob. time (seconds) time (hours)
10 599 600 600 3.828 2297 0.638
30 586 o87 586 3.878 2273 0.631
50 580 581 580 3.912 2 269 0.630
80 598 599 598 3.803 2274 0.632
100] 583 584 584 3.876 2 264 0.629
120 596 597 596 3.812 2 272 0.631
150| 603 604 603 3.826 2 307 0.641
180 589 590 589 3.829 2 256 0.627
200| 589 590 589 3.824 2 252 0.626
2401 579 580 579 4.206 2435 0.676

Table 6.15:  Computational performance of the algorithm for v, €
{10, 30, 50, 80, 100, 120, 150, 180, 200, 240}.
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Figure 6.20: Inner approximations of the Rogers-Veraart systemic risk measure
for 1, € {10, 50, 100, 150, 200, 240}.
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{0,0.01,0.05,0.1,0.2,...,0.9}. Figure provides the inner approximations

of the corresponding Rogers-Veraart systemic risk measures.

Tnner Outer Pa Ave.  time Total algorithm | Total algorithm
| APPROX. | aDPROX- ) ohlems | P Pz prob. time (seconds) | time (hours)
vertices | vertices (seconds)

0 575 576 YWt 3.887 2 243 0.623
0.01| 582 583 582 3.788 2 205 0.612
0.05| 583 584 584 3.876 2 264 0.629
0.1 591 592 591 3.866 2 285 0.635
0.2 588 589 590 3.852 2273 0.631
0.3 600 601 602 3.792 2 283 0.634
0.4 601 602 603 3.819 2 303 0.640
0.5 616 617 619 3.751 2 322 0.645
0.6 604 605 607 3.850 2 337 0.649
0.7 616 617 619 3.821 2 365 0.657
0.8 618 619 618 3.847 2 378 0.660
0.9 614 615 614 3.896 2 392 0.664

Table 6.16:  Computational performance of the algorithm for o €
{0,0.01,0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}.

Note that the computational results in Table do not change much with
the common correlation p. It can also be observed from Figure that the
Rogers-Veraart systemic risk measures are almost the same for all values of p.
One can attribute it to the possibility that in this network operating cash flows

do not have much impact on the network.

6.6 A Three-Group Signed Eisenberg-Noe Net-

work with 60 Nodes and 50 Scenarios

In this section, a three-group signed Eisenberg-Noe network of banks is generated
and the corresponding Eisenberg-Noe systemic risk measure is approximated by
the Benson type algorithm. The computation times and the inner approximations

are presented below.
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Figure 6.21: Inner approximations of the Rogers-Veraart systemic risk measure
in (6.5.1)) for o € {0,0.01,0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}.
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A signed Eisenberg-Noe network (N, 7, p, X) is generated with n = 60, ny =
10, ny = 20, ng = 30, K =50, o0 = 100, and ¢ = 0.05. In addition,

04 0.2 0.1 20 15 8
g =03 04 01|, ¥ = |15 10 6|, v= [—50 —100 —150] :
0.2 03 04 8 6 5

It is taken v = 0.95 so that
RM(X) = {z c R?’)]E [ABN (X + BT2)] > 0.95 (]lTﬁ)} , (6.6.1)
where the aggregation function A®N is defined as in ([3.2.7)).

Table [6.17] shows the computational performance of the algorithm for e = 20.

1 VU Po Avg.P tHEe Total algorithm | Total algorithm
REPOX- | QR BX- problems DL 772 PEOD- 1 time (seconds) | time (hours)
vertices | vertices (seconds)

| 413 [ 516 [ 1250 | 2904 | 3631 | 1009 |

Table 6.17: Computational performance of the algorithm for a signed Eisenberg-
Noe network with 10 big, 20 medium and 30 small banks, 50 scenarios and ap-
proximation error € = 20.

Figure represents the inner approximation of the corresponding three-
group Eisenberg-Noe systemic risk measure. It can be presumed that this

Eisenberg-Noe systemic risk measure is convex.

6.7 A Three-Group Rogers-Veraart Network
with 60 Nodes and 50 Scenarios

In this section, a three-group network of banks is generated and the correspond-
ing Rogers-Veraart systemic risk measure is approximated by the Benson type
algorithm. The computation times and the inner approximations are presented

below.
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Figure 6.22: Inner approximation of the three-group Eisenberg-Noe systemic risk
measure with 60 nodes, 50 scenarios and approximation error e = 20.
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A Rogers-Veraart network (N, 7, p, X, , 3) is generated with n = 60, n; =
10, ny = 20, n3 = 30, K = 50, ¢ = 0.05,

04 02 0.1 200 190 180
g’ =102 03 0.2, I¥=[190 190 180
0.1 0.2 0.2 180 180 170

In addition, the liquid fraction of the random operating cash flows and the liquid
fraction of the realized claims available to defaulting banks are fixed as a = 8 =
0.9. The shape and scale parameters of gamma distributions of X;, 1 € Ny, £ € G,
are chosen as

k=100 81 64], 0=[1 2 125].

Then, the corresponding mean values of the random operating cash flows in the
groups are

v = [100 90 80}

and the common standard deviation is o = 10.
It is taken +? = 0.99 so that
Righ(X) = {z e R[E[A™* (X + BT2)] 2099 (17p) } . (6.7.1)

where A®™V+ is defined as in (3.3.2)). The upper bound point in the approximation

is taken as

sidea 1 —
20 = g4 2 ]

Table shows the computational performance of the algorithm for e = 40.

Inner Outer Po Avg.P tir]I;e Total algorithm | Total algorithm
APPTOX. | approx. problems DL 772 PEOD- 1 time (seconds) | time (hours)
vertices | vertices (seconds)

| 975 | 1323 [ 19382 | 0427 | 8284 [ 2301 |

Table 6.18: Computational performance of the algorithm for a Rogers-Veraart
network with 10 big, 20 medium and 30 small banks, 50 scenarios and approxi-
mation error € = 40.
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Figure[6.23| provides the inner approximation of the corresponding three-group
Rogers-Veraart systemic risk measure. It can be observed that this Rogers-

Veraart systemic risk measure is not convex.
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Figure 6.23: Inner approximation of the three-group Rogers-Veraart systemic risk
measure with 60 nodes, 50 scenarios and approximation error € = 40.
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Chapter 7

Conclusion and Future Research

Systemic risk is an important aspect of a financial system with tight interdepen-
dencies because it helps evaluate the risk of financial contagions and decrease
the risks of financial crises and their consequences. One of the aspects studied
by the scholars in systemic risk area is clearing, which reduces interdependency
in financial systems by eliminating mutual liabilities. The study in this thesis
is conducted at the interface of network models of systemic risk and systemic
risk measures. To the best of our knowledge, it is the first attempt to compute
systemic risk measures by implementing mixed-integer linear programming aggre-
gation functions and applying a Benson type algorithm for non-convex problems.
Computation of systemic risk measures is considered from the vector optimization

point of view.

The Eisenberg-Noe and Rogers-Veraart network models of systemic risk are
investigated and extended from the optimization point of view in Chapter
MILP characterizations of clearing vectors in these network models are presented.
The nonnegative operating cash flow assumption in the Eisenberg-Noe network
model is relaxed and two modification approaches are described: without and
with seniority assumption. It is shown that the former approach, a naive attempt
originated from a conjecture made in Eisenberg and Noe [2], leads to a formulation

of a totally different problem and makes it difficult to interpret the new model in
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terms of the original one due to absence of seniority in the structure of the model.
Analyzing this approach leads to the second approach with a seniority assumption
and proves to be more applicable both in terms of financial interpretation and
from optimization point of view. In addition, two MILP aggregation functions are

presented, which are then implemented in systemic risk measures in Chapter [4]

A grouping notion for the members of a financial system is employed in Chap-
ter [4] in terms of a grouping matrix applied in the structure of systemic risk
measures. MILP characterizations of P;, the weighted-sum scalarization prob-
lem, and P,, the problem of finding a minimum step-length, are formulated for
both the Eisenberg-Noe and Rogers-Veraart systemic risk measures. Important

results on boundedness and feasibility of these MILP formulations are provided.

In Chapter 5] the Benson type algorithm for non-convex problems described in
Nobakhtian and Shafiei [I] and the corresponding pseudo-codes for approximation
of the Eisenberg-Noe and Rogers-Veraart systemic risk measures are presented.
The roles of the MILP formulations of P; and P, problems in the algorithm are

explained.

A computational study is performed in Chapter[6] by generating two-group and
three-group signed Eisenberg-Noe and Rogers-Veraart networks and approximat-
ing the corresponding systemic risk measures. The computational performance
of the algorithm and results of the sensitivity analyses performed on various pa-
rameters of the networks are provided. The obtained inner approximations of
the corresponding systemic risk measures are compared and interpreted from the
financial point of view as capital allocations (capital requirements) for the mem-
bers of the financial system. It is observed that the most of the computation times
are devoted to solving the optimization problems in terms of MILP formulations

of the corresponding P, problems.

For future research, this study can be extended in several ways. One option is
to try different acceptance sets in systemic risk measures. For the sake of simplic-
ity, the acceptance set of the negative expectation risk measure is applied in this

study. One can try using acceptance sets related to the average value at risk (also
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known as the conditional value at risk or expected shortfall) or the entropic risk
measure. As a slight extension for this research, the nonnegativity assumption
on operating cash flows can be relaxed for the Rogers-Veraart network model
using the ideas developed in Chapter [3] In the scope of computation of systemic
risk measures, different aggregation functions can be formulated as optimization
problems in various research areas and applied in systemic risk measures, which
then can be approximated using the Benson type algorithm. A challenging at-
tempt would be to try to formulate and compute a systemic risk measure with a
network model (together with its aggregation function) that reflects as much as
possible the real-world conditions and includes many aspects of financial systems,
such as the network model developed in Weber and Weske [9]. One more option
is to try to develop a heuristic algorithm that improves computational times in

approximating systemic risk measures.
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Appendix A

Proofs of the Results in
Chapter

A.1 Proof of Lemma [3.2.11]

Proof. If s; = 0, then constraint (3.2.11]) is infeasible by assumption. Hence,
s; = 1, and this yields

Pi < Zﬂjipj +z; and p; < pi,
j=1

by constraints (3.2.9)) and ([3.2.10)), respectively. Hence,

p; < min {Zﬂjipj +$i,pz} :

=1

To get a contradiction, suppose that p;, < min {Z?Zl TjiPj + xi,ﬁi}. Now let

p¢ € R be equal to p in all components except the i'" one, and let pS = p; + €,
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where

€ ‘= min {min {Z TP + xi,pi} —piaflfelji\lfl {M — (ijlpj + xl) } ,e’} > 0,
j=1 Jj=1

where € = min ‘Z?:l Tupj + xl‘ <e/ = +o0 if there is no I € A such
LEN: T mjpj+21<0

that Z;‘:l Tap; + 1 <0 holds). This choice of € ensures

p; <pi and pj < Zﬂjipj- + @,
=1

and will also be justified by other technical details later in this proof.

Let s¢ € {0,1}" be a vector of binaries, where sj = 0 if > 7| mup§ + 2, <0
and sj = 1if Y 0, mup§ + @ > 0, for each I € N. It is shown that (p€, s¢) is a
feasible solution to AEN (z) by showing that all constraints in (3.2.8)) are satisfied.
First, for fixed k € N\ {i}, the k™" constraints in (3.2.8)) are verified for (p€, s€).

Three cases are considered:

D) Y mupyrae <0, (2) Y mupyta=0, (3) 0< Y mup; + 2
j=1

J=1 J=1

(1) Assume that > 27| mrp; + 2 < 0. If s, = 1, then, by constraint (3.2.9),

P < Zﬂ'jkpj—f—xk—i—M(l—l) :Zﬂjkpj“‘ﬂc < 0,

j=1 j=1

which is a contradiction to the feasibility of (p,s) in constraint ((3.2.12]).

Hence, s, = 0, which in its turn implies pr = 0 by (3.2.10) and (3.2.12)).
By the definitions of p® and s€, it holds that pj = pr = 0 since k # 7, and
s§, = 0. Constraint (3.2.9) holds as

Pr=pk=0< Zﬂjkp;+xk+M(1_32> :Zﬁjkpijxk—f—M—l—emk
Jj=1 j=1
by the feasibility of p, = 0 and s, = 0, and since ¢ > 0 and m;, > 0.
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(3)

Constraint ((3.2.11]) holds as

Zﬂ']kp]—FZEk Zﬁjkp]+xk+6ﬂ'1k<Z7T3kpj+xk+€<0_M8k
7j=1

since Z?zl Tikp;+2k < 0, i, < 1 and since a small enough € > 0 is taken to
ensure ) 7, mjp; + g +€ < 0. Constraints (3.2.10), (3.2.12)), and (3.2.13)
for node k hold trivially by the feasibility of p, = 0 and s, = 0. Hence,

p;, = 0 and s;, = 0 satisty the corresponding constraints in (3.2.8]).

Assume that Z?Zl mkpj + xr = 0. Now, either s, = 0 or s; = 1 holds. If

sk = 0, then pr = 0 by constraints (3.2.10) and (3.2.12)). If s, = 1, then, by
the assumption of this case and (3.2.9), pr < Y7 Tpj+ap+M (1 1) =
0, which, together with (3.2.12)), implies py = 0.

Also, pj, = pr = 0 and s;, = 1, by the definitions of p¢ and s¢. Constraint

(3.2.9) holds as

p;zpkzogZﬂ'jkp;-—f—mk—FM(l—SZ)
j=1

= ijkpj +axp+ M(1—1) + ey = emyy,

=1
since Y 7, mjkp; + o, = 0, € > 0 and 7, > 0. Constraint (3.2.11]) holds as

n n
ZﬂjkijrﬂCk = Zﬂjkpj+$k+€7Tik = emy, < Msj, =M

J=1 J=1

since Z?:l mip; + o = 0, € < mln{M — <Z;’L:1 TiDj +xl>} < M by

leN
the definition of €, and 0 < m;;, < 1. It is easy to observe that all other
constraints in (3.2.8) for node k are satisfied trivially by p, = 0 and s, = 1.
Assume that 0 < Z?Zl mikp; + xx. If s = 0, then, by constraint (3.2.11)),

Zﬂjkpj+90k < Ms, =0,

J=1
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which is a contradiction to the assumption. Hence, s, = 1. Also, s; = 1,

by the definition of s€.

Since s = 1, (3.2.10]) and (3.2.12)) hold by the feasibility of py since p§, = px
for k # 1. Also, (3.2.11]) holds since a small enough € > 0 is taken to ensure

Zﬁjkpj+fl?k=z7rjkpj+xk+emk < M. (A.1.1)
j=1 j=1
Indeed, recall the assumption Z?:1 my < m, for each | € N. Hence, for
each | € N and for every p € [0,p], D7 mup; + 1 < M, where M =
n|pll, + |z - So, is guaranteed by the choice of e. (That is
the reason behind including the term 5161}\1[1 {M — (Z?:l Tip; + xl> } in the

definition of e.)

Recall that, since s = 1, pp < Z;‘:l 7jkP; + @i holds. Then constraint

(3.2.9)) is satisfied since

Py =Pk < Zﬂjkpj + x,
j=1

< Z TikPj + Tk + €M
=1

—Zﬂjkp] +7T1k(p1+€ + T = Zﬂjkp]—F(I}k
JEN
J#

Constraint ((3.2.13) is satisfied trivially. Hence, pj and sj, satisfy the corre-

sponding constraints in (3.2.8]).

Next, it is shown that p§ and s satisfy the constraints in (3.2.8]) for 7. It holds
s; = 1, since Z?Zl mip; + x; > 0 by the assumption of Lemma [3.2.11] Then,

constraints (3.2.10) and (3.2.12) hold since p§ = p; + € > 0 and p§ = p; + € <
pi +Pi — pi < Pi, where € < p; — p; holds since € < min {Z?Zl Tjipj + Jh‘,ﬁz’} — Di-
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Constraint (3.2.9)) holds as

n n
pi=pite<pit Y mpitai—pi=y mp
j=1 i=1

< Zﬂjkpj + Tp + €M = Zﬂ'jkpj + ik, (pi + €) + ap, = ZﬂjkPE + T,
j=1 N j=1
VE

where ¢ < Y7 mjip; + x; — p; holds since € < min {Z?:1 Tipj + xi,pi} — Di.

Constraint (3.2.11]) holds as

Z’ﬂ'ﬁpj —|—ZL'Z = Z’/Tjipj +$i+€7Tii = Z?Tjipj +$z S M
j=1

j=1 j=1

by the feasibility of p and since m; = 0, for each [ € N. Constraint (3.2.13))
is satisfied trivially. Hence, p; and s§ satisfy the corresponding constraints in
(3.2.8]).

Hence, (p€, s€) is a feasible solution to AN (x). However, since p¢ > p with
p¢ # p and [ is a strictly increasing function, it holds that f (p€) > f (p), which is
a contradiction to the optimality of p. Hence, p; = min {Z;;l TjiDj + T4, ﬁi}. O

A.2 Proof of Theorem 3.2.8

Proof. Let (p,s) be an optimal solution to the MILP for AN (z). To prove
that p is a clearing vector, by Proposition [3.2.6, one can equivalently show that
PEN (p) = p. Let i € N. Recalling (3.2.6)), three cases are considered:

(1) Zﬂ'jipj +z;, < O, (2) 0< Zﬂ'jipj +x; < py, (3) Zﬂ'ﬂpj +x; > D;.

7=1 7j=1 7j=1

(1) Assume that Z?Zl 7jipj + x; < 0. Then, by Definition , PEN (p) = 0.
By the arguments from the proof of Lemma [3.2.11| for this case, p; = 0.
Hence, p; = 0 = ®FN (p).
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(2) Assume that 0 < 3°7 | mjp;+2; < pi. Then, by Definition W, PEN (p) =
> iy Tjipj + xi. Since 0 < Y7, mjip; + i, by Lemma (3.2.11}

p; = min {Z TiiPj + ﬂfi’pz} = Zﬁjipj + ;.
j=1 J=1
Hence, p; = 2?11 TP+ T = Q)EN (p).

(3) Assume that ) ", mjp; +2; > p;. Then, by Definition m, OEN (p) = p;.
Since Z?:1 7jip; +x; > p; > 0, again by Lemma |3.2.11}

P = min {Zﬂjz‘pj + xi,pz} = Di-

i=1

Hence, p; = p; = N (p).

Therefore, p is a clearing vector for (N, 7, p, ). O

A.3 Proof of Lemma [3.3.9

Proof. To get a contradiction, suppose that s; = 0. Then p; < ax; +
B -1 mipj < Pi by constraint (3.3.4) and the assumption. Let p’ € R’ be
equal to p in all components except the i'" one, and let p, = p;. Also, let s’ € R?

be equal to s in all components except the i*® one, and let s; = 1.

It is shown that (p’, s’) is a feasible solution to ARV+ (x) by showing that all
constraints in ([3.3.3)) are satisfied. First, for fixed k¥ € N\ {i}, the k™ constraints

in (3.3.3)) are verified for (p’, s”). Constraints (3.3.4) and (3.3.5) hold as

Ph=pr < azp+ B Y mip; + Prsk
j=1

< axy + 527%29]' + DSk + Tk (i — pi) = axg + 527%]9; + DSl
j=1 j=1
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and
DrSy = Drsk < g + Z'/Tjkpj < o+ Zﬂjkpj + T (D — pi) = Tk + Zﬁjkp;,
j=1 j=1 j=1

since pj, = pg, s, = sy for every k € K such that k # ¢, p; —p; > 0, my > 0, and

by the feasibility of (p,s). Constraints (3.3.6) and (3.3.7) hold trivially by the
feasibility of (p, s).

Next, the i*® constraints in (3.3.3)) are verified for p; = p;, s; = 1. Constraints
(B:34) and (33) hold as

n
P =D < ax; + 527%]?]‘ + pis;
I

= ar; + 5Z7Tjipj + pi + i (Di — pi) = aw; + 527%‘2?; + Dis
j=1 j=1

and
pis; = Pi < xi + Zﬁjz‘pj =T+ Zﬂjipj + i (Di — i) = i + Zﬁjip;,
j=1 j=1 j=1

since ax; + Z?Zl m;p; > 0, m; = 0 and by the assumption of Lemma W
Constraints (3.3.6) and (3.3.7) are satisfied trivially.

Hence, (p’,s’) is a feasible solution to AR+ (z). However, since p’ > p with
p’ # p and [ is a strictly increasing function, it holds that f (p’) > f (p), which

is a contradiction to the optimality of p. Hence, s; = 1. O

A.4 Proof of Lemma 3.3.10

Proof. To get a contradiction, suppose that p; < p;. Let p’ € R, be equal to p

in all components except the i® one, and let p} = p;
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It is shown that (p’,s) is a feasible solution to AR+ (z) by showing that all
constraints in ([3.3.3)) are satisfied. First, for fixed k¥ € N\ {i}, the k™" constraints

in (3.3.3) are verified for (p’, s). Constraints (3.3.4) and (3.3.5) hold as

Pk =i < azp + ﬁzﬂjkpj + DrSk
j=1

< awy + 527%]0]' + PrsSk + T (P — pi) = axy + 52%’1&9} + Dk Sk,
=1 =t

and
n n n
DSk < Tp + Zﬂ'jkpj <z + Zﬂ'jkpj + Mk (Di — pi) = x + Zﬂ'jkp;'a
j=1 j=1 =1

since pj, = pi for every k € K such that k # i, p; — p; > 0, m > 0 and by the

feasibility of (p, s). Constraints ((3.3.6|) and (3.3.7)) hold trivially by the feasibility
of (p,s).

Next, the i*" constraints in (3.3.3)) are verified for p; = p;, s;. Two cases are

considered:

(1) pi < aw; +ﬁz7rjipja (2) awx +5Z7Tjipj < Di-

j=1 j=1

(1) If the first case holds, then constraints (3.3.4) and (3.3.5) hold for both

s;i=0and s; =1 as
P =pi < oz +ﬁz7rjipj + DiSi
j=1

n n
= az; + [ Zﬂ'jipj + pisi + mii (D — pi) = ax; + B Zwﬂp} + DiSi,
j=1 =1

and

n n n
Pisi < x; + Zﬂ'jipj =T+ Zﬂjz’pj + i (Pi — pi) = i + Zﬂ-jip;';
j=1 j=1 j=1
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since m; = 0 and by the assumption of Lemma [3.3.10, Constraints ((3.3.6)
and ((3.3.7)) are satisfied trivially.

(2) If the second case holds, then, by Lemma s; = 1. Then constraints
(B:34) and (3:33) hold as

p;=pi < am; +5Z7Tjipj + Disi

J=1

= ox; + 5Z7Tjipj + Di + i (Pi — pi) = ax; + 527%29; + Dis
j=1 j=1

and

Disi = Di < T + Zﬂjipj =T+ Zﬂjipj + i (Di — pi) = i + Zﬂjzp},
j=1 j=1 j=1

since m; = 0 and by the assumption of Lemma [3.3.10, Constraints ({3.3.6))
and ((3.3.7)) are satisfied trivially.

Hence, (p’, s) is a feasible solution to AR+ (z). However, since p’ > p with
p’ # p and [ is a strictly increasing function, it holds that f (p’) > f (p), which
is a contradiction to the optimality of p. Hence, p; = p;. O

A.5 Proof of Lemma 3.3.11]

Proof. To get a contradiction, suppose that p; # ax; + 522;1 mipj. I s =
1, then constraint (3.3.5)) is not satisfied by assumption. Hence, s; = 0 and
pi < ax;+ B mp; by constraint (3.3.4). Let p’ € R} be equal to p in all

components except the i'" one, and let p; = ax; + 3 Z?:1 TjiD;-

It is shown that (p’,s) is a feasible solution to ARV+ (x) by showing that all
constraints in (3.3.3)) are satisfied. First, for fixed k € M\ {i}, the k™ constraints
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in (3.3.3)) are verified for (p’, s). Constraints (3.3.4) and (3.3.5) hold as

n
Pk =pr < azp+ B mirp; + Prsk
j=1

< axy + 527%]9]' + Pesk + T (i — i) = azy + 52%‘1&7} + DrSk,
j=1 j=1

and
PrSk < Tk + Zﬂjkpj S T Zﬂjkpj + Tk (D — pi) = Tk + ijkp},
j=1 =1 =1

since p;, = pi for every k € K such that k # i, p, — p; > 0, m > 0 and by the
feasibility of (p, s). Constraints (3.3.6)) and (3.3.7)) hold trivially by the feasibility
of (p, s).

Next, the i*" constraints in are verified for p} = ax; + Z;L=1 TjiDj,

= 0. Constraints ((3.3.4)) and ( - ) hold as

n n
P = ax; + B Z D < ax; + 3 Z TjiPj + DiSi
j=1 J=1

n n
= ax; +5Z7sz‘pj + i (P — pi) = ax; + 527%]7;;
=1

j=1
and
n n n
pisi =0 <z + Zﬂ'jipj =T+ Zﬂjipj + mii (Pi — pi) = i + Zﬂ—jip;'u
j=1 j=1 j=1
since m; = 0 and xl—l—z ' mipj > 0. Constraints (3.3.6)) and (3.3.7) are satisfied

trivially.

Hence, (p’,s) is a feasible solution to A®V+ (z). However, since p’ > p with
p’ # p and f is a strictly increasing function, it holds that f (p’) > f (p), which
is a contradiction to the optimality of p. Hence, p; = p;. O]
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A.6 Proof of Theorem [3.3.7

Proof. Let (p, s) be an optimal solution to the MILP for AR+ (z). To prove that

p is a clearing vector, thanks to Proposition|3.3.5} it suffices to show ®*V+ (p) = p.
Fix i € N. Recalling (3.3.1]), two cases are considered:

n

(1) pi <+ Zﬂjipj, (2) pi> i+ Zﬁjipj-

j=1 j=1

1) Assume that p; < z;+ 3", m;;p;. Then, by Definition 3.3.3, &' (p) = pi.
g=1 "Ju’] 7
By Lemma |3.3.10 p; = p;. Hence, p; = p; = (ID?V+ (p).

(2) Assume that p; > z; + Z;LZI 7;ip;- Then, by Definition [3.3.3) CIJ?V+ (p) =

ari + 535y mip;. By Lemma B.3.11) p; = aw; + 35 mjip;. Hence,
n RV
pi = ax; + 8 ijl mip; = ®; " (p).

Therefore, p is a clearing vector. O

A.7 Proof of Theorem [3.3.13

Proof. Let (p,y,s', s% s%) be an optimal solution to the MILP for A%/ * (). To
prove that p is a clearing vector, thanks to Proposition [3.3.5] it suffices to show

P™V+ (p) = p. Fix i € N. Four cases are considered:

n n n
(1) ﬁiSOéSCH-ﬁZ?Tﬂpjeri-zﬂjipj’ and ﬁi<5€z’+zﬂjipj;

=1 =1 =1
n n
(2) ami+ B mip; <Pi <+ Y Tiipsi
p= =1

(3) pi=w+ Zﬂjipj;
j=1

(4) pi>w +Z7Tjipj = Oé$i+ﬁz7fjipj-

j=1 j=1
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(1)

Assume the first case. Then, by Definition m, PRV (p) = pi- By con-

)

straint (3.3.12)), s} = 1. Otherwise, is not satisfied by assumptions.
If y; = 0, then s? = 1 by (3.3.14). If y; > 0, then s? = 0 by (3.3.13). For
both s? = 0 and s} = 1, the constraint p; < p; in is the tightest one
on p; by the assumption p; < ax;+3 Z?Zl m;ip;. Hence, p; = p; = (ID?V““ (p).

Assume the second case. By Definition m, PV (p) = p;. By constraint

(2

(3.3.12)), s! = 1. Otherwise, (3.3.12)) is not satisfied by assumption. If y; =
0, then s? =1 by (3.3.14)). If y; > 0, then s? = 0 by (3.3.13)). By constraint
(3.3.16)), s3 = 0. Otherwise, ([3.3.16)) is not satisfied by assumption. Then,

since s? = 0 and s} = 1 it holds that

Pi < Oél'ri-ﬁzﬂjipj‘i‘ﬁi (1-0) and p; < Oéilﬁ'ri-ﬁzﬂjipj‘i‘ﬁi (1+57),
j=1 j=1

by constraints (3.3.15)) and (3.3.10)), respectively. Hence, the constraint
pi < p; in (3.3.18) is the tightest one on p;, despite the assumption p; >

az; + 2?21 m;;p;. Hence, p; = p; = (I)ZRV+ (p)-

Assume the third case. By Definition m, oV (p) = p;. If s; = 0 then

7

y; = 0 by (3.3.12). Then, s? = 1 by (3.3.14). If s} =1 theny; = M >0
by (3.3.12). Then, s? = 0 by (3.3.14)). So, either s} =1 or s? = 1. Here,
two more possible cases are considered: either p;, = z; + Z?Zl TP =
ary + By Tip; Of P = i + )0 Wipy > ax + B0 mps. In the
former case, for both s? = 0 and s = 1, the constraint p; < p; in (3.3.18)
is the tightest one for p;. Hence, p; = p; = @ZRV+ (p). In the latter case,
s? =0 by (3-3.16). Then, since s} = 0 and s} + s? = 1 it holds that

pi < azi+p Zﬂjipj‘i‘ﬁi (1-0) and p; < OéIz'ﬂLﬂZsz’pj‘i‘ﬁi (si +57)
=1 j=1

by constraints (3.3.15)) and (3.3.10)), respectively. Hence, the constraint
p; < p; in (3.3.18)) is the tightest one on p;. Hence, p; = p; = (I>Z<RV+ (p). A
detailed proof of the claim p; = p; can be given similar to the one in the

proof of Theorem (3.2.8
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(4) Assume the fourth case. By Definition[3.3.3, ®1"* (p) = ax;+/3 > iy TjiDj-

It holds that s} = 0 and s} = 0 by constraints and (3.3.11)), re-
spectively. Otherwise, these constraints are not satisfied by assumption.
Since s; = 0 it holds that y; > 0 by constraint ([3.3.12). Then, s? = 0 by
constraint (3.3.13)). Then, s} = s? = s = 0 yields

%

n
pi < o+ 52%%
j=1

by both (3.3.15) and (3.3.10]), and it is the tightest constraint on p; by
assumption. Hence, p;, = ax; + 3 Z?=1 TjiD; = QJZRV+ (p). A detailed proof
of the claim p; = ax; + 2?21 mjp; can be given similar to the one in the

proof of Theorem (3.2.8

Therefore, p is a clearing vector. O
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Appendix B

Proofs of the Results in
Chapter

B.1 Proof of Proposition 4.1.6

Proof. Let <z, (pk,sk)

show z, < zmax,

keK) be an optimal solution to ZFN (ef). The aim is to

To get a contradiction, suppose that z, > 2™ Let 2/ € R® be the vector
such that z; = 2™* and 2} = z;, for each ( € G such that ¢ # ¢. Tt is shown that

z', (p", sk)k€K> is a feasible solution to ZI'N (e*) by showing that all constraints
of ZEN (eg) in (4.1.10)) are satisfied. For each i € N, k € K such that (BTz’) =

2™ - constraint holds as
pi <Y maph + [Xi (W) + (BT2) ] + M (1—sf)
j=1
— Z Wjip;? + XZ ((J.Jk) + Zmax + M (1 — Sf)
j=1

= " miph + X (W) + 1 X o + 1Bl + M (1= sF)
j=1
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since

Yomwh >0, X (W)HIX|o =0, pf <pi<Ipll., and M (1-sf) >0
j=1

Also, for each i € N, k € K such that (BTz’), = 2™ constraint (£.1.14) holds

as
Do+ X () + (BT#),] = 3w+ X, (o) + 2
j=1 j=1

< Zﬂ’jip? + X; (w*) + 2z < MsP,

j=1
keK). All the other
constraints in (4.1.10]) hold by the feasibility of (z, (pk, 8k)kel€>’ since they are

free of z™**, Hence, (z’ , (pk, sk) ) is a feasible solution to ZIN (e’z), which

by the assumption z™* < z, and the feasibility of (z, (pk , sk)

kek

max

contradicts to the optimality of (z, (pk, sk) keK) by the assumption z, > z
Hence, zp < 2™ = || X, + ||P|| .- ]

B.2 Proof of Proposition [4.1.7]

Proof. To get a contradiction, suppose that ZEN (eg) is feasible but unbounded.
Then for any g € R there exist € > 0 and (z, (pk,sk)kelc), where z € R”

and (pk,sk) € R" x Z" for each k € K, such that ez = zp = p and

<z — €€, (pk, sk)ke,c> is a feasible solution to ZEN (eé).

Let y = —2M. Then there exist ¢ > 0 and (z, (pk, Sk>kel€> such that e’ z =

2 = = —2M and (z —ee, (p", Sk)kelc) is a feasible solution to ZI™ (ef). Fix
i € N, k € K such that (BTZ)Z. =2y = p = —2M. Then constraint (4.1.12))
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violates constraint as
pf < Zﬂjip;? + [Xi (wk) + (BTz — eeZ)J + M (1 — sf)
=1
< Zﬂ'jip? + X; (wk) —2M —e+ M
j=1

= miph + X (W) — e = 21X — (n+ 1) 1Bl
j=1

- (Z TPy = ||ﬁ||oo> +(Xi (w") =201 X]le) = IBll. — € <0,
j=1

since

Y omiy <nlplle, Xi (@) <20Xll, ~lIPl, <0 and —e<o.
j=1

Hence, (z — €ey, (pk, Sk)kelc> is infeasible, which is a contradiction to the as-
sumption. Hence, ZN () is bounded from below. In addition, by Proposi-
tion |4.1.6, ZEN (e;) is bounded from above. O

B.3 Proof of Proposition 4.1.§

Proof. Assume v < 17p. Let z = 2™1, p* = p, s* = 1 for each k € K, where
2 = || X + ||P]| - It is shown that (z, (P, sk)kelC) is a feasible solution to
ZEN (e'). Since p* = p for each k € K, it holds that >, . ¢* [1Tp*] =1Tp > .
Hence, constraint holds by hypothesis.
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Now fix i € N, k € K. Constraint holds as
St + [ () + (B72) ]+ M (1= o)
p
= zn:%ip? + X (W) + 2" (BTL), + M (1—1)
p
= Zn:%'ip? +X; (W) + 2 = iﬂﬁpf + X (W) + 1 X || + 18 > Pi = 2},
j=1 =1
since

Zﬁﬁpfzo, Xz ((A}k) +||X||oo ZO,
7j=1

(BT]l)i = 1, by definition of a grouping matrix B, and s¥ = 1, by the choice of

s*. Constraint (4.1.14)) holds as

domipy + [Xi (W) + (BT2),] = ) mi) + X (wF) + 1 X | + 1Pl
j=1 j=1
<2 X[+ (n+1) [Pl = M = Ms],

since 7, mip% < n||p|,.. All the other constraints in (4.1.10) hold trivially by
the choice of z, p* and s*, for each k € K. Hence, <z, (p*, 8k)kel€> is a feasible

solution to Z{N (ef).

Now, if v > 17p, then constraint (4.1.11)) is infeasible, since Y ke g~ []lTpk} <
17p < 7, by constraint (#.1.15)). Hence, ZEN (eé) in Corollary 4.1.5|is feasible if
and only if v < 17p. ]

B.4 Proof of Proposition 4.1.11

Proof. Let (z, (P*, 8") ek

show z, < z™max,

) be an optimal solution to Z{ (e’). The aim is to
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To get a contradiction, suppose that z, > 2™, Let z’ € R" be the vector
such that z; = 2™ and 2} = z;, for each { € G such that ¢ # ¢. It is shown that

<z’ , (pk, sk) keK) is a feasible solution to ZRY (eé) by showing that all constraints
of ZIV () in (4.1.21) are satisfied. For each i € N, k € K such that (BTz’), =

2™ constraint holds as
PP <a [Xi (wk) + (BTZ')Z.] + ﬁzﬂjipf + Disy
j=1

= aX; (wk) +az"™ 4+ 3 Z Wjip? + pisf

J=1

= a (X; (") + 1 Xl0) +1Blloe + B mjap§ + ik,

=1

since

7=1

Also, for each i € N, k € K such that (BTz’)i = 2™ constraint (4.1.24)) holds

s
sk < [X () + (BT2) ] 4 20 mh = X () 4 27 4 3wy
=1 =1
= X () I+ Y it
since

_ _ 1 _ _
0<a<l, X (@) +IXl. 20, pist < Bl < = lIpl. Y minf > 0.
j=1

In addition, for each i € N, k € K such that (BT2’)
holds as

, = 2", constraint (4.1.25)

1
X; (W) + (BT2), = X; (W) + 2™ = X; (") + | X + - 1Bl > 0.
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All the other constraints in (4.1.21]) hold by the feasibility of (z, (pk, Sk)kelC)’
since they are free of 2™**. Hence, (z’ , (pk,sk) keK) is a feasible solution to

ZRv (ee), which contradicts to the optimality of <z, (pk, sk) keK) by the assump-

tion z, > 2™, Hence, zp < 2™ = || X ||, + = ||| - O

B.5 Proof of Proposition 4.1.12

Proof. To get a contradiction, suppose that Z*V (e’) is feasible but unbounded.

Then for any p € R there exist € > 0 and (z, (pk,sk)ke’c>, where z € R”
and (pk,s’“) € R"™ x Z" for each k € K, such that ez = zp = p and

<z —ee’, (p, s"‘)keK> is a feasible solution to Z[V (e).

Let p = —M, where M = || X|| + % (n+1)||D]|.. Then there exist e > 0
and <z, (pk, sk)kelc> such that e’z = 2z = p = —M and (z — eet, (pk, sk)k€K>
is a feasible solution to Z[™ (e’). Fix i € N, k € K such that (BTz), = z =

it = —M. Then constraint violates constraint as
PP <a [XZ» (wk) + (BT (z — eeg))} + BZWﬁpf + Pist
=1

=aX; (W) +a(-M —¢€) + Bzﬁjﬁﬁ + pisy
=1

= a (X (W) = 1 X)) = (0 + D) IDllog — e+ B mjap) + st
j=1

=a (X (") = 1X1)

- (52%'?? -n ||15||oo> + (pist — ||P||..) — e <0,
=1

since

0<a,f<1, X () <Xy, Y mirk <nlply, pist <[Pl —e<0.
j=1
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Hence, (z — €ey, (pk, Sk)kelc) is infeasible, which is a contradiction to the as-
sumption. Hence, Z{¥V (e,) is bounded from below. In addition, by Proposi-
tion 4.1.11) ZV (e,) is bounded from above. O

B.6 Proof of Proposition 4.1.13

m&X]]_

Proof. Assume v < 17p. Let z = 2 , p* =p, s*¥ =1 for each k € K, where
k

2% = | X || .+ ||| .- It is shown that <z, ( ’Sk)kelc> is a feasible solution to
Z1V (e'). Since p*¥ = p for each k € K, it holds that Y, . ¢* [1Tp*] =1Tp > .
Hence, constraint (4.1.22)) holds by hypothesis.

Now fix i € N, k € K. Constraint (4.1.23)) holds as

j=1
= [XZ- (wk) 4 e (BT]l)J + Zﬂ'ﬂp? + i
j=1
= a [X; (W) + 1 X|.] + 1Pl + BZ%‘z‘]ﬁ + 0 > P = 1}
j=1

since
j=1
and sF = 1, by the choice of s*. Constraint holds as
n 1 _ n
(X () +(B72) ] + Z T = Xi (@*) + 11X oo + = [1Bllo + Z i)
n
> X () + 1 X oo + 1D] o + Y minf

J=1
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since

O<a<l, X;(W)+[X|,=0 > mipt>0 |l >p
j=1

and s¥ = 1, by the choice of s*. In addition, constraint (4.1.25) holds as

Xi (W) + (BT2), = X; (WF) + 2™ = X; (o) + || X, + é D], > 0.

%

All the other constraints in (4.1.21]) hold trivially by the choice of z, p* and s*,

for each k € K. Hence, (z, (P, 3k>kel€> is a feasible solution to Z}V (ef).

Now, if v > 17p, then constraint (4.1.22)) is infeasible, since Y, - ¢" [1Tp"] <

17p < 7, by constraint (4.1.26)). Hence, ZRV (ef) in Corollary [4.1.10] is feasible
if and only if v < 17p. m

B.7 Proof of Proposition 4.2.3

Proof. To get a contradiction, suppose that p > p™*. It is shown that
(uma", (p*, s*) keK) is a feasible solution to Z&¥N (v) by showing that all con-

straints of ZFN (v) in (4.2.5)) are satisfied. Fix i € N, k € K. Constraint (4.2.8))
holds as

pE< Y mipy + [Xi (@F) + (BTo), + u™] + M (1 - sf)
j=1
= 3wk + X (@) + (BT0), + X[l + 0]l + 1Bl + M (1 51)
j=1

=) " maph + (X (W) + 11X ) + ((BT), + vllee) + 18]l + M (1= sF)
j=1
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since
j=1
pi <P, M(1-sf)>0.
Constraint holds as
>k + [Xi (W) + (BT), + ]
j=1

< 2wt 4 [X (o) + (BT0), 4] < Mt = M

j=1
by the assumption p™* < u and the feasibility of (u, (pk, sk) - 1<:>‘ All the other
constraints in (4.2.5) hold by the feasibility of <p, (pk, Sk>kel€>’ since they are

free of ;™. Hence, (umax, (P, s’“)k €}C> is a feasible solution to Z¥N (v), which

kex
Hence, 1 < p™ = || X || o + [[v]l o + [|D]] - O

contradicts to the optimality of (,u, (pk , sk) > by the assumption g > p™**.

B.8 Proof of Proposition 4.2.4

Proof. To get a contradiction, suppose that ZXN (v) is feasible but unbounded.
o where (pk, s"”) eR” xXZ"

> is a feasible solution to ZIN (v).

Then for any 1 € R there exist € > 0 and (pk’, s’“)

for each k € K, such that (,u — €, (pk, Sk)kelc

Let 4 = —2M. Then there exist ¢ > 0 and (p’“,sk)ke,C such that
<—2M — €, (pk,sk)ke’c> is a feasible solution to Z¥N (v). Fix i € N, k € K.
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Then constraint violates constraint as
pf < Zwﬁpg + [XZ» (wk) + (BT’U)Z. —2M — 6} + M (1 — sf)
=1

S Zﬂ'ﬂpf —f-Xz (Wk) + (BT’U)i —ee— M

j=1

=Y mwy + X (W) + (BTw), —e = 2| X[l — 2|l — (n+ 1) 1D,
j=1

= (Z mipf — (n+ 1) ||ﬁ||oo>
+ (X (W) = 2[|X|) + ((BTw), — 2||v]l.) —€ <0,

since

d miph <+ )Pl Xi(wF) <2X|,, (BTw), <2|v],, —e<O.
j=1

Hence, <—2M — €, (pk, sk) keK) is infeasible, which is a contradiction to the
assumption. Hence, ZFN (v) is bounded from below. In addition, by Proposi-
tion [4.2.3) ZEN (v) is bounded from above. O

B.9 Proof of Proposition 4.2.5

max

Proof. Assume v < 17p. Let u = p™>, p¥ = p, s* = 1 for each k € K, where

> = || X | + vl + 1Pl It is shown that <,u, (pk,sk)kelc) is a feasible
solution to ZJ' (v). Since p* = p for each k € K, it holds that Y, - ¢" [1Tp*] =

17p > ~. Hence, constraint (4.2.6)) holds by hypothesis.
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Now fix i € M, k € K. Constraint holds as
> miph + [ X (W) + (BTw), + p] + M (1 - sf)
=1

i=1

=Y miph + X (W) + (BT0), + 1 X o + 0ll + 1Pl > 71 =
j=1

since

j=1

and s¥ = 1, by the choice of s*. Constraint holds as
> mit + [X () + (BTv), + 1]
j=1

=Y miph + Xi (W) + (BT0), + 11Xl + llvll + 11Dl

j=1

< 2| X |l + 2vlle + (n + 1) 1Bl = M = M},

since )7 mipf < n |||l All the other constraints hold trivially by the choice
of i, p* and s*, for each k € K. Hence, <u, (p’“, sk)
ZEN (v).

ke K) is a feasible solution to

Now, if v > 17p, then constraint (4.2.6)) is infeasible, since > wexc @ []lTp’ﬂ <

17p < 7, by constraint (4.2.11)). Hence, ZEN (v) in Corollary is feasible if
and only if v < 17p. O
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B.10 Proof of Proposition 4.2.8

Proof. To get a contradiction, suppose that p > p™*. It is shown that
<umax, (p", s"), GK) is a feasible solution to Z& (v) by showing that all con-
straints of Z® (v) in (#.2.15) are satisfied. Fix i € N, k € K. Constraint

(4.2.17)) holds as

B < X0 () + (BT0), 47 + 33 myh + i

Jj=1

= aX; (wk) +a (BT'v)i + au™™ + Z Wjip? + Pyst
j=1

= o (X; (W) + IX|.) +a ((B™), + [vll.0) + 1Pl + 8 mjivh + pist,
j=1

since

0<a.f<L X (W) +[X], >0, (B™), +[v], >0,

ph<pi < P!l Z?Tjip? >0, and p;s¥ > 0.
j=1

Constraint (4.2.18)) holds as

pist < [Xi (WF) + (BTw), + 5]+ mph
j=1

1 n
= (X () +1X L) + ((BT0), + lollo) + < 1Bllog + D
j=1
since

Xi (@) + 11Xl = 0, (BTw), + [[v]l . >0,

1 n
0<a<l, pst<[ple <> (Bl and Y mph >0
(0%

Jj=1
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In addition, constraint (4.2.19) holds as

i

1
X () + (BT), + 0™ = X, () + (BT0), + | X o + [0l + - 1Bl 2 0.

All the other constraints hold by the feasibility of <,u, (p"’, sk) kelc) , since they are
free of p™**. Hence, <uma", (pk, sk)kelc> is a feasible solution to Z}V (v), which

contradicts to the optimality of (,u, (pk, sk)kelc> by the assumption g > p™**.
Hence, p1 < p™ = || X || + vl + 3 1Pl - =

B.11 Proof of Proposition 4.2.9

Proof. To get a contradiction, suppose that ZXV (v) is feasible but unbounded.
Then for any p € R there exist € > 0 and (pk, sk) keic) where (pk, sk) e R" x 7"

for each k € IC, such that (,u — ¢, (P, sk)kelc> is a feasible solution to ZXV (v).

Let p = —M, where M = | X||, + ||[v]| + £ (n+ 1) ||D]|.. Then there exist
e > 0 and (pk, Sk)kelc such that (—M — €, (pk, sk)k€K> is a feasible solution to

ZW (v). Fixi € N, k € K. Then constraint (4.2.17)) violates constraint (4.2.20)

as

P <a [Xi (wk) + (BTv)z. - M — e} + ﬁzﬂjip? + pis)

J=1

=aX; (W) +a(BW), +a(—M —¢)+ 3 Z Dl + Disy
j=1
= o (X; (W) = [ X)) + o ((BTw), = [[vl)

+ (ﬁZWjiP? -n ||I7Hoo> + (ﬁisf — Hﬁ”oo) — e < 0,
j=1
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since
0<a,B8<1, X (W) <IX|,, (B"), <|vl.,
B> iy <nlply, Dist <Pl and —e<0.

J=1

Hence, (—M — €, (pk,sk’)kelc) is infeasible, which is a contradiction to the
assumption. Hence, Z¥ (v) is bounded from below. In addition, by Proposi-
tion 4.2.8, ZXV (v) is bounded from above. O

B.12 Proof of Proposition 4.2.10

Proof. Assume v < 17p. Let u = p™*, p* = p, s¥ = 1 for each k € K,
where ™™ = || X||_ + [[v]l + 2 |P]l.. It is shown that (u, (pk,sk)kelc> is
a feasible solution to Z&V (v). Since p* = p for each k € K, it holds that
S rex @ [1Tp"] = 17p > ~. Hence, constraint holds by hypothesis.

Now fix i € N, k € K. Constraint (4.2.17)) holds as

« (Xz (wk) + (BT'U)Z, —+ ,U,) —+ ﬁ Z Wjip? —+ ﬁzsf

Jj=1

= o (X; (W*) + IX |l + (B™), + [vll0) + 1Bl + 8 mivf +Di > pi = pf,

Jj=1

since

0< Oé,ﬁ < 1’ Xl' (wk) + HXHoo > 07 (BTv)i + HvHoo = 07 Zﬂjip? > 07
j=1
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and s¥ = 1, by the choice of s*. Constraint ([4.2.18)) holds as

5 () + (BT0), + 1] + 3 muph

J=1

1 n
= Xi (@) + (BT0), + 1 Xl + olloc + - 1Bl + 3 it
j=1

> X; (W) 4+ (B™), + 1X |l + 0l + 18]l + > w0k > pi = pist,
j=1

since

0<a<l X;(*)+||X], >0, (BTv)z. + |lv|l >0, Zwﬁpﬁ >0,
j=1

and s¥ = 1, by the choice of s*. In addition, constraint (4.2.19)) holds as
1
X (@) + (BT0), + o= X (&) + (BT0), + 1 X + ol + - 15l > 0.

All the other constraints hold trivially by the choice of z, p* and s* for each
k € K. Hence, (z, (pk, sk)kQC) is a feasible solution to Z&V (v).

Now, if ¥ > 17, then constraint (4.2.16]) is infeasible, since Y ke ¢~ []lTpk} <

17p < 7, by constraint (4.2.20). Hence, ZX (v) in Corollary is feasible if
and only if v < 17p. ]
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