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ABSTRACT

A BRANCH AND CUT ALGORITHM FOR THE
INVENTORY ROUTING PROBLEM

Özlem Mahmutoğulları

M.S. in Industrial Engineering

Advisor: Hande Yaman Paternotte

July 2019

The inventory routing problem arises in vendor managed systems where products are

distributed from a supplier to a set of retailers by a homogeneous fleet of capacitated

vehicles. The routes of the vehicles and the quantities of products sent to each re-

tailer in each time period are determined in such a way that no stockouts occur and

total costs arising from inventory holding and transportation are minimized. Dif-

ferent inventory replenishment policies can be used while managing the inventories

at retailers. We consider the problem with the maximum level inventory replenish-

ment policy. We present a mixed integer linear programming model and derive valid

inequalities using several structured relaxations. We relate our valid inequalities to

those in the previous studies. We also propose new valid inequalities, implement a

branch and cut algorithm and present computational results on benchmark instances

from the literature as well as new randomly generated instances.

Keywords: Vendor Managed Inventory, Lot-Sizing, Vehicle Routing, Valid Inequali-

ties, Branch and Cut.
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ÖZET

ENVANTER ROTALAMA PROBLEMİ İÇİN DAL KESİ
ALGORİTMASI

Özlem Mahmutoğulları

Endüstri Mühendisliği, Yüksek Lisans

Tez Danışmanı: Hande Yaman Paternotte

Temmuz 2019

Envanter rotalama problemi, ürünlerin aynı kapasitedeki araçlardan oluşan bir

filo tarafından bir tedarikçiden bir dizi perakendeciye dağıtıldığı bir problemdir.

Araçların güzergahları ve her perakendeciye her bir zaman periyodu için gönderilen

ürün miktarları, envanter ve nakliye maliyetlerinin en aza inmesi amaçlanarak ve

mevcut talepler her zaman karşılanarak hesaplanır. Perakendecilerdeki envanter-

ler yönetilirken farklı envanter ikmal politikaları kullanılabilir. Biz problemi mak-

simum seviyede stok yenileme politikası ile birlikte değerlendiriyoruz. Maksimum

stok yenileme politikası altında envanter rotalama problemi için karma bir tamsayılı

doğrusal programlama modeli sunuyoruz ve problemin gevşetmelerinden yola çıkarak

geçerli eşitsizlikler türetiyoruz. Geçerli eşitsizliklerimizi önceki çalışmalardakilerle

ilişkilendirerek açıklıyoruz. Ayrıca yeni geçerli eşitsizlikler ve bir dal kesi algoritması

öneriyoruz. Literatürdeki referans örnekler ve rastgele oluşturulmuş yeni örnekler

üzerindeki hesaplama sonuçlarını sunuyoruz.

Anahtar sözcükler : Tedarikçi Yönetimli Envanter, Parti Büyüklüğü Belirleme, Araç

Rotalama, Geçerli Eşitsizlikler, Dal Kesi.
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Chapter 1

Introduction

Vendor managed inventory replenishment (VMI) is a practice in which a central

decision maker (the supplier) is responsible for the replenishment of inventories at a

set of retailers and the coordination of a fleet of vehicles. In conventional inventory

management, each retailer decides when and how many products to order, and then

the required amount of products are sent from the supplier to each retailer by the

vehicles. In VMI, the supplier monitors the inventory level of each retailer, and

then decides when and how many products to deliver to each retailer. Decentralized

management can result in larger inventory holding and transportation costs because

of the uncertainty regarding the time and amount of the orders (Kleywegt et al.

[1]). Therefore, centralized management provides better utilization of products and

vehicles.

Inventory routing problem (IRP) is an integrated supply chain problem in which

transportation management and inventory control decisions are made. Products

are distributed from a supplier to the retailers by a set of identical capacitated

vehicles according to VMI. Distribution of the products to retailers are realized at
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each discrete time period in a way that no stockouts occur. The problem is to

minimize the total inventory holding and transportation costs. Therefore, the IRP

considers inventory, distribution and routing decisions simultaneously. Integrated

structure of the IRP provides more efficiency rather than considering inventory and

transportation decisions separately.

VMI is getting much attention from different industries because the cost of technol-

ogy decreases and thus information can be shared between the supplier and retailers

in less time and cost (Campbell et al. [2]). Therefore, the IRP is widely used in

several areas. Applications of the IRP are mostly encountered in petrochemical, gas,

food and automotive industries.

Order-up-to-level (OU) and maximum level (ML) policies are usually used as

inventory replenishment policies for the retailers with capacitated inventory level.

OU policy stipulates that delivered quantity for each retailer equals to the difference

between maximum inventory level and current inventory level of the retailer at that

time. Under ML policy, delivered quantity for each retailer can be any positive

number as long as the inventory level does not exceed the maximum level for the

retailer after delivery.

In the literature, there are many studies on IRP and other integrated supply

chain planning problems related to IRP. All these problems are NP-hard because

they include vehicle routing problems. The studies propose exact solution methods

by introducing stronger formulations and valid inequalities or heuristic algorithms

to find better solutions for large instances.

Chandra [3] considers the dynamic distribution problem that includes replenish-

ment decisions at the supplier and retailers with uncapacitated inventory and fixed

vehicle and fixed product ordering costs. A heuristic algorithm is suggested to solve

the problem and it is applied on randomly generated instances. Chandra [3] and
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Chandra and Fisher [4] show that coordination of production and distribution re-

duces inefficiencies arising from individual operations and enables to make better

decisions for more complex situations.

Fumero and Vercellis [5] propose a model that simultaneously plans production

and distribution of multiple items, inventory and routing decisions. They present

a Lagrangian heuristic to solve the model. Moreover, they compare the results

of synchronized and decoupled approaches for the decisions to be made and they

demonstrate that using the synchronized approach is more advantageous than using

the decoupled approach.

Lei et al. [6] study the integrated production, inventory and distribution routing

problem where there are a set of suppliers and a heterogeneous fleet of vehicles.

They present a two phase solution approach. In the first phase, a mixed integer

model is solved by considering direct shipments for the routes. A heuristic algorithm

is applied to solve a consolidation problem for routing and delivery decisions in the

second phase.

Adulyasak et al. [10] consider the production routing problem (PRP). PRP is a

problem that combines the production decisions with the inventory, distribution and

routing decisions. They propose an optimization based adaptive large neighborhood

search heuristic to solve the PRP. The heuristic is based on decomposing the problem

as production-distribution-inventory and routing problems. Ruokokoski et al. [11]

present different formulations for PRP. They propose two families of valid inequalities

and a branch and cut algorithm for the problem. They adapt the priori tour based

heuristic for the IRP in Solyalı and Süral [12] to find upper bound for the PRP.

Shiguemoto and Armentano [13] consider two integrated problems PRP and IRP.

They propose tabu search methodologies to solve the PRP and IRP with single and

multiple product types. Moreover, the PRP and IRP are studied by Adulyasak et

al. [14]. They present PRP and IRP formulations with or without vehicle index
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for ML and OU policies and define valid inequalities for these formulations. They

propose branch and cut algorithms and a heuristic to set initial upper bounds for

the problems.

Archetti et al. [7] propose a hybrid heuristic that consists of three steps to solve

the PRP. They study the problem that considers production, distribution and rout-

ing decisions of the single item under ML policy. According to these steps, firstly,

it is assumed that production is infinite at the supplier. The product quantities

delivered to each retailer are determined by considering the total of routing cost

and holding costs at the retailers. Then, the amount of production with respect to

the given quantities is determined by considering production and holding costs at

the supplier. In the last step, the solutions obtained from the first two steps are

improved. Moreover, they present an exact solution method to solve PRP under

ML policy for single vehicle. They propose valid inequalities and a branch and cut

algorithm for the problem. Armentano et al. [8] propose two tabu search approaches

to solve the problem with multi items. The first one consists of two steps. These

steps are setting initial solutions without considering the capacity constraints, and

using the tabu search with respect to the cost function based on the route length and

violation amounts of the production and the vehicle capacity. The second one con-

sists of the same construction phase with the first one, and the tabu search that has

longer term memory combined with path relinking strategy. This strategy evolves

the solutions by composing them with respect to their quality and diversity. Another

heuristic solution for the problem is proposed by Bertazzi et al. [9]. The problem is

decomposed into two subproblems as production and distribution subproblems. The

distribution problem is solved by using a heuristic and then the production problem

is solved to optimality according to the results obtained in the first problem.

Archetti et al. [15] study the single vehicle IRP with OU, ML and no stock level

policies. They define new valid inequalities to strengthen formulations. They com-

pare the strengths of the valid inequalities and propose a branch and cut algorithm
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for the IRP under OU policy for one vehicle. This branch and cut algorithm is the

first exact approach proposed for the IRP in the literature.

Solyalı and Süral [12] propose a stronger network formulation of IRP for the single

vehicle and OU policy. In the formulation, two-index vehicle flow representation is

used for routing decisions and a shortest-path network representation is used for the

retailers’ inventory replenishment decisions. Moreover, they propose a priori tour

based heuristic to compute an initial upper bound. Desaulniers et al. [16] propose

a new formulation of the IRP and a branch price and cut algorithm based on the

formulation for multi vehicle.

Avella et al. [17] present tight formulations for the lot sizing subproblems for

each retailer and derive two new cutting plane families by using the interaction

between the substructures of lot sizing and routing. They exploit the particular

feature of benchmark instances in Archetti et al. [15] while proposing formulations

and inequalities. In benchmark instances, there are time invariant demands for the

retailers and stock capacities are small integer multiples of the demands.

Coelho and Laporte [18] and Avella et al. [19] study IRP and present new valid

inequalities to strengthen the formulation with ML policy. They propose valid in-

equalities that relate the demands and the capacities for multi periods, furthermore,

Avella et al. [19] propose valid inequalities based on arc disjointness of the routes

for single periods.

The production and inventory routing problems are the integrated supply chain

problems mostly studied in the literature. Some of the studies on these problems

can be summarized as shown in the following table.

5



Table 1.1: Some of the Studies on the PRP and IRP in the Literature

Heuristics Exact Methods

Production Routing Problem

Archetti et al. [7]
Armentano et al. [8] Archetti et al. [7]

Bertazzi et al. [9] Ruokokoski et al. [11]
Adulyasak et al. [10] Adulyasak et al. [14]

Shiguemoto and Armentano [13]

Inventory Routing Problem

Solyalı and Süral [12]
Solyalı and Süral [12] Archetti et al. [15]

Shiguemoto and Armentano [13] Desaulniers et al. [16]
Adulyasak et al. [14] Avella et al. [17]

Coelho and Laporte [18]

In this study, we consider the IRP for the distribution of a single product type

from a supplier by a homogeneous fleet of vehicles. We propose an exact solution

method for the problem. We analyze relaxations of the problem and derive valid

inequalities which we incorporate in a branch and cut framework.

The rest of this thesis includes the study on stronger formulation and solution

method of the IRP under ML replenishment policy. In Chapter 2, the problem is

defined and an initial mathematical formulation with its notation is given. In Chap-

ter 3, relaxations of the problem and valid inequalities in the previous studies are

introduced. Then, new valid inequalities are proposed. In Chapter 4, separation

algorithms for the valid inequalities are proposed and a branch and cut algorithm

is described. In Chapter 5, computational results for benchmark instances and ran-

domly generated instances are presented and discussed. In Chapter 6, a general

discussion and possible extensions about the study are presented.
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Chapter 2

Problem Definition

IRP combines the inventory planning decisions at the supplier and retailers, and

transportation schedules of a homogeneous fleet of vehicles over a planning horizon.

The problem aims to minimize the total inventory and routing costs arise from this

integrated structure. In this chapter, we present the notation used for the rest of the

thesis and give a mixed integer mathematical formulation for the problem.

2.1 Notation

The problem is defined on a complete graph G = (V0, E) where V0 = {0, . . . , v} is

the vertex set and E = {{i, j} : i, j ∈ V0, i < j} is the edge set. Vertex 0 represents

the supplier and the other vertices V = V0 \ {0} represent the retailers. Planning

horizon T consists of n periods. There are nonnegative traveling costs ce for each

e ∈ E and inventory holding costs hit for each site i ∈ V0 in each period t ∈ T .

Inventory holding costs occur for the stock levels at the end of the periods. Each

site i ∈ V0 has initial stock level s̄i0. The amount of product rt is delivered to the

7



supplier at the beginning of the period t ∈ T . Each retailer i ∈ V has demand dit in

period t ∈ T . The storage capacity at site i ∈ V is ui. We assume that s̄i0 ≤ ui and

dit ≤ ui for all t ∈ T . The deliveries from the supplier to the retailers are performed

by m identical vehicles with capacity Q.

Decision variable xte represents the number of times edge e ∈ E is traversed in

period t ∈ T and yit represents the number of vehicles that visit site i ∈ V0 in period

t ∈ T . The amount of inventory at site i ∈ V0 at the end of period t ∈ T is denoted

by sit and the amount shipped from the supplier to retailer i ∈ V in period t ∈ T is

denoted by qit.

We use the following additional notation. For S ⊂ V0, δ(S) is the set of edges

with exactly one endpoint in set S. For singletons, we use δ(i) = δ({i}).

We also use

xt(E ′) =
∑
e∈E′

xte for E ′ ⊆ E, t ∈ T,

qi,kt =
t∑

j=k

qij, yi,kt =
t∑

j=k

yij, rkt =
t∑

j=k

rj, di,kt =
t∑

j=k

dij,

d̄i,kt = (di,1t − s̄i0)+ if k = 1,

d̄i,kt = (di,k−1,t − ui)+ if k ≥ 2,

for i ∈ V and 1 ≤ k ≤ t ≤ n.

Let V ′ = {i ∈ V : s̄i0 ≤ di,1n, hit ≥ h0t ∀t ∈ T}. We know that there exists an

optimal solution in which the ending stock at all retailers in V ′ is zero. For others,

it may be cheaper to finish with positive stock.
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2.2 Mathematical Formulation

The inventory routing problem is formulated as follows:

min
∑
i∈V0

∑
t∈T

hitsit +
∑
t∈T

∑
e∈E

cex
t
e (2.1)

s.t. s0,t−1 + rt =
∑
i∈V

qit + s0t t ∈ T (2.2)

si,t−1 + qit = dit + sit i ∈ V, t ∈ T (2.3)

si0 = s̄i0 i ∈ V0 (2.4)

sin = 0 i ∈ V ′ (2.5)

sit + dit ≤ ui i ∈ V, t ∈ T (2.6)

xt(δ(i)) = 2yit i ∈ V0, t ∈ T (2.7)

Qxt(δ(S)) ≥ 2
∑
i∈S

qit S ⊆ V, t ∈ T (2.8)

0 ≤ xte ≤ 2 e ∈ δ(0), t ∈ T (2.9)

0 ≤ xte ≤ 1 e ∈ E \ δ(0), t ∈ T (2.10)

sit ≥ 0 i ∈ V0, t ∈ T (2.11)

qit ≥ 0, 0 ≤ yit ≤ 1 i ∈ V, t ∈ T (2.12)

0 ≤ y0t ≤ m t ∈ T (2.13)

x and y integer (2.14)

Objective (2.1) minimizes the total inventory holding and transportation costs during

the planning horizon. Constraints (2.2) and (2.3) are inventory balance equations for

the supplier and the retailers, respectively. Constraints (2.4) and (2.5) set the values

of initial and ending inventories. Constraints (2.6) ensure that inventory amounts

do not exceed the maximum levels at the retailers. Constraints (2.7) are the degree

constraints. They require two adjacent edges of a node to be traversed if the node
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is visited in a given period. Constraints (2.8) are capacity constraints and they

eliminate subtours (it is possible to have a subtour on nodes in a set S for which

qit = 0 and yit = 1 for i ∈ S, however there exists an optimal solution where this

does not occur). The remaining constraints are variable restrictions.
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Chapter 3

Relaxations and Valid Inequalities

Let X be the set of feasible solutions of the inventory routing problem. In this

chapter, we study the lot sizing, single node flow set and vehicle routing relaxations

of the inventory routing problem. We first discuss the valid inequalities from the

literature for the relaxations and generalize them. Then, we strengthen some of

these valid inequalities. We also propose new families of valid inequalities for set X.
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3.1 Lot Sizing Relaxations

IRP has the following multi-item capacitated lot sizing relaxation with stock bounds

and cumulative big bucket capacity constraints:

si,t−1 + qit = dit + sit i ∈ V, t ∈ T

si0 = s̄i0 i ∈ V

sin = 0 i ∈ V ′

sit + dit ≤ ui i ∈ V, t ∈ T

qit ≤ Qyit i ∈ V, t ∈ T (3.1)∑
i∈V

qi,1t ≤ s̄00 + r1t t ∈ T (3.2)

sit, qit ≥ 0, yit ∈ {0, 1} i ∈ V, t ∈ T.

Constraints (3.1) are special cases of (2.8) for S = {i} since xt(δ(i)) = 2yit for i ∈ V
and t ∈ T . We obtain constraints (3.2) after rewriting the balance equations at

the supplier using s0t = s̄00 + r1t −
∑

i∈V qi,1t for t ∈ T and projecting out these

stock variables. If m = n, then the set of solutions to the lot sizing problem is the

projection of X on the space y, s and q (given any solution that satisfies the above

system, one can make a dedicated route for each customer node visited in each period

to obtain a solution in set X). Clearly, any valid inequality for the lot sizing set is

also valid for X.

We first strengthen the variable upper bound constraints (3.1).

12



Proposition 1 The following variable upper bound constraints are valid for set X:

qi1 ≤ min{Q, d̄i,1n, ui − s̄i0, s̄00 + r1 −
∑

j∈V \{i}

d̄j11, s̄00 + r1n −
∑

j∈V \{i}

d̄j1n}yi1 i ∈ V ′

qi1 ≤ min{Q, ui − s̄i0, s̄00 + r1 −
∑

j∈V \{i}

d̄j11, s̄00 + r1n −
∑

j∈V \{i}

d̄j1n}yi1 i ∈ V \ V ′

qit ≤ min{Q, ui, d̄i,1n − d̄i1,t−1, di,tn, di,1,t−1 + ui − s̄i0, s̄00 + r1t −
∑

j∈V \{i}

d̄j1t − d̄i1,t−1,

s̄00 + r1n −
∑

j∈V \{i}

d̄j1n − d̄i,1,t−1}yit i ∈ V ′, 2 ≤ t ≤ n

qit ≤ min{Q, ui, di,1,t−1 + ui − s̄i0, s̄00 + r1t −
∑

j∈V \{i}

d̄j1t − d̄i1,t−1,

s̄00 + r1n −
∑

j∈V \{i}

d̄j1n − d̄i,1,t−1}yit i ∈ V \ V ′, 2 ≤ t ≤ n.

Proof. One can see that these are valid since qi,1t ≤ di,1,t−1 + ui − s̄i0 is implied by

sit = s̄i0 + qi,1t − di,1t ≤ ui − dit. The explanations for the other terms are obvious

and thus omitted. �

Let ait be the coefficient of yit in the above inequalities. The lot sizing problem has

several relaxations for which strong valid inequalities are studied. For each i ∈ V ,

the set of solutions to

si,t−1 + qit = dit + sit t ∈ T

si0 = s̄i0

sit + dit ≤ ui t ∈ T

qit ≤ aityit t ∈ T (3.3)

sit, qit ≥ 0, yit ∈ {0, 1} t ∈ T

is a lot sizing set with stock upper bounds and capacities. Pochet and Wolsey [20]
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provide the convex hull description of the special case with Wagner Whitin costs

(can be modelled in the space of s and y) and constant capacities where the initial

inventory is not fixed. They allow the stock bounds to be time variant, which is

also our case since sit + dit ≤ ui is equivalent to sit ≤ uit = ui − dit and ui0 = s̄i0.

The nontrivial inequalities required in the description can be adapted to our case as

follows:

yi,kl ≥
⌈

d̄i,kl
minj=k,...,l aij

⌉
i ∈ V, 1 ≤ k ≤ l ≤ n : d̄i,kl > 0 (3.4)

When the stock bounds and capacities are relaxed, we have an uncapacitated lot

sizing set, for which Barany et al. [21] show that the only nontrivial facet defining

inequalities of the convex hull are (l, S) inequalities:

∑
j∈{1,...,l}\S

qij +
∑
j∈S

di,jlyij ≥ d̄i,1l

i ∈ V, l ∈ T : d̄i,1l > 0, S ⊆ {1, . . . , l}, S 6= ∅. (3.5)

Atamtürk and Küçükyavuz [22] study the convex hull of the lot sizing set with

stock upper bounds where initial and final stocks are not fixed and there are no

capacities on the deliveries and they present families of facet defining inequalities.

We can modify their inequalities by incorporating the delivery capacities to obtain

the following families of valid inequalities:

∑
j∈{1,...,l}\S

qij +
∑
j∈S

min{aij, d̄i,1l, di,jl}yij ≥ d̄i,1l

i ∈ V, l ∈ T : d̄i,1l > 0, S ⊆ {1, . . . , l}, S 6= ∅ (3.6)
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∑
j∈{k,...,l}\S

qij +
∑
j∈S

min{aij, di,k−1,j−1, d̄i,kl, di,jl}yij ≥ d̄i,kl

i ∈ V, 2 ≤ k ≤ l ≤ n : d̄i,kl > 0, S ⊆ {k, . . . , l}, S 6= ∅ (3.7)

∑
j∈{k,...,n}\S

qij +
∑
j∈S

min{aij, di,k−1,j−1}yij ≥ di,k−1,n − ui + sin

i ∈ V \ V ′, 2 ≤ k ≤ n, S ⊆ {k, . . . , n} (3.8)

Note that inequality (3.6) is at least as strong as (3.5). Also if sin = 0, then (3.8) is

dominated by (3.7). This is why we present (3.8) only for i ∈ V \ V ′.

The lot sizing based inequalities in the literature are either equivalent to or are

dominated by the inequalities presented above. In particular, let k = min{i ∈ S}.
Then using qi,1k−1 = si,k−1 +di,1k−1− s̄i0, the (l, S) inequality (3.5) can be written as

si,k−1 +
∑

j∈{k,...,l}\S

qij +
∑
j∈S

di,jlyij ≥ di,kl. (3.9)

Archetti et al. [15] propose valid inequalities for the problem with a single vehicle.

Their stock variables are defined for the beginning of periods. Below, in presenting

their valid inequalities, we modify them to use the end of period inventories. The

authors prove that inequalities

si,k−1 ≥ (1− yik)dik i ∈ V, k ∈ T (3.10)

are valid inequalities for X. These are (l, S) inequalities with k = l and S = {k}.
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They also prove that inequalities

si,l−t−1 ≥

(
t∑

j=0

di,l−j

)(
1−

t∑
j=0

yi,l−j

)
i ∈ V, l ∈ T, t = 0, 1, . . . , l − 1 (3.11)

are valid for X. These inequalities can also be written as

si,k−1 ≥ di,kl −
l∑

j=k

di,klyij i ∈ V, l ∈ T, k = 1, . . . , l (3.12)

by letting k = l − t. Now one can see easily that this is dominated by the (l, S)-

inequality (3.9) for S = {k, . . . , l}, which reads si,k−1 ≥ di,kl −
∑l

j=k di,jlyij.

Another family of valid inequalities proposed by Archetti et al. [15] is

yi,1l ≥
⌈
di,1l − s̄i0

ui

⌉
i ∈ V, l ∈ T. (3.13)

These are dominated by (3.4).

A similar family of inequalities are given in Coelho and Laporte [18]:

yi,kl ≥
⌈
di,kl − ui
min{Q, ui}

⌉
i ∈ V, k, l ∈ T : k ≤ l (3.14)

These are also dominated by (3.4).
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3.2 Single Node Flow Set Relaxation

For each 1 ≤ k ≤ l ≤ n, the set of solutions to

qij ≤ aijyij (i, j) ∈ Nkl∑
(i,j)∈Nkl

qij ≤ bkl

qij ≤ 0, yij ∈ {0, 1} (i, j) ∈ Nkl

where Nkl = {(i, j) : i ∈ V, j ∈ {k, . . . , l}}, bkl = min{s̄00 +r1l−
∑

i∈V d̄i1,k−1, Qm(l−
k + 1)}, is a single node flow set with only inflow arcs. Suppose that bkl + aij <∑

(i′,j′)∈Nkl ai′j′ and aij ≤ bkl for all (i, j) ∈ Nkl. Padberg et al. [23] prove that the

following flow cover inequalities are valid for this set

∑
(i,j)∈NS∪NL

qij ≤ bkl −
∑

(i,j)∈N ′S

(aij − λ)(1− yij) +
∑

(i,j)∈NL

(āij − λ)yij (3.15)

where NS ⊂ Nkl with λ =
∑

(i,j)∈NS
aij − bkl > 0, N ′S = {(i, j) ∈ NS : aij > λ},

ã = max(i,j)∈NS
aij, NL ⊂ Nkl \NS and āij = max{ã, aij} for (i, j) ∈ NL.

3.3 Vehicle Routing Relaxations

We consider two relaxations related with vehicle routing.
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1. Routing for periods k to l: Let 1 ≤ k ≤ l ≤ n. Any valid inequality for the set

qi,kl ≥ d̄i,kl i ∈ V

Q
l∑

t=k

xt(δ(S)) ≥ 2
∑
i∈S

qi,kl S ⊆ V

l∑
t=k

xte ∈ Z+ e ∈ E (3.16)

is also valid for X.

Rounded capacity constraints

l∑
t=k

xt(δ(S)) ≥ 2

⌈∑
i∈S d̄ikl

Q

⌉
S ⊆ V, 1 ≤ k ≤ l ≤ n (3.17)

for k = 1 are proposed by Adulyasak et al. [14] and for k ≥ 2 by Avella et al.

[19] as valid inequalities. Inequality (3.17) is dominated by (3.4) for singletons,

i.e., S = {i} for some i ∈ V .

2. Routing in a single period: If we remove the constraints that link different

periods, we end up with a vehicle routing relaxation for each period:

xt(δ(i)) = 2yit i ∈ V0

qit ≤ aityit i ∈ V

Qxt(δ(S)) ≥ 2
∑
i∈S

qit S ⊆ V

xte ∈ {0, 1, 2} e ∈ δ(0)

xte ∈ {0, 1} e ∈ E \ δ(0)

qit ≥ 0, yit ∈ {0, 1} i ∈ V

y0t ∈ {0, . . . ,m}
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Constraints (2.8) can be strengthened as:

min{Q,
∑
i∈S

ait}xt(δ(S)) ≥ 2
∑
i∈S

qit S ⊆ V. (3.18)

Avella et al. [19] propose the following Simple DR inequalities as valid inequal-

ities:

∑
{i,j}∈E

µijx
t
ij ≥ 2

( ∑
i∈S0∪S1

qit +
∑
i∈S2

(qit − si,t+1) +
∑
i∈S3

(qit − sit)

+
∑
i∈S4

(sit − (ui − di,t−1,t))

)
i ∈ V, t ∈ T (3.19)

where (S0, S1, S2, S3, S4) are partition of S ⊆ V and µij = max{min{Q −
vi, vj},min{Q − vj, vi}} such that vi = Q for i ∈ S0, vi = ui for i ∈ S1,

vi = di,t,t+1 for i ∈ S2, vi = dit for i ∈ S3, vi = di,t−1 for i ∈ S4 and vi = 0 for

i ∈ V0 \ S.

The following connectivity constraints

xt(δ(S)) ≥ 2yit S ⊆ V, i ∈ S, t ∈ T (3.20)

are well known. There exists an optimal solution to the IRP that satisfies these

constraints.

Archetti et al. [15] propose the following valid inequalities:

yit ≤ y0t i ∈ V, t ∈ T (3.21)

xt0i ≤ 2yit i ∈ V, t ∈ T (3.22)

xtij ≤ yit i ∈ V, j ∈ V, t ∈ T (3.23)

As Solyalı and Süral [12] also state, inequality (3.22) is implied by xt(δ(i)) =

2yit and nonnegativity of xe for all e ∈ E. Inequality (3.23) is a special case of
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inequality (3.20). To see this, note that inequality (3.20) can be rewritten as

xt(E(S)) ≤
∑
k∈S

ykt − yit S ⊆ V, i ∈ S, t ∈ T

using xt(δ(S)) =
∑

k∈S x
t(δ(k)) − 2xt(E(S)) =

∑
k∈S 2ykt − 2xt(E(S)). For

S = {i, j} and i ∈ S, we obtain inequality (3.23). Inequality (3.21) is not

implied in general, however its use may be limited as one may expect y0t ≥ 1

in many cases.

In the remainder of this section, we propose two families of valid inequalities

that are called lifted flow cover inequalities for the single period relaxation

when there is a single vehicle.

Proposition 2 Let S ⊆ V with λ =
∑

i∈S ait − Q > 0 and S ′ = {i ∈ S :

ait ≥ λ}. Let E ′ ⊆ E(S ′) such that (S ′, E ′) does not contain any cycles. The

inequality

∑
i∈S

qit + λ
∑
{i,j}∈E′

(xt{i,j} + 1− yit − yjt) +
∑
i∈S′

(ait − λ)(1− yit) ≤ Q (3.24)

is a valid inequality for X when m = 1.

Proof. Given a feasible solution, define S0 = {i ∈ S ′ : yit = 0}, Ek = {e ∈
E ′ : |e ∩ S0| = k} for k = 0, 1, 2. Then

∑
i∈S

qit + λ
∑
{i,j}∈E′

(xt{i,j} + 1− yit − yjt) +
∑
i∈S′

(ait − λ)(1− yit)

=
∑

i∈S\S0

qit + λ

 ∑
{i,j}∈E′

xt{i,j} + |E ′| − 2|E0| − |E1| − |S0|

+
∑
i∈S0

ait

=
∑

i∈S\S0

qit + λ

 ∑
{i,j}∈E′

xt{i,j} + |E2| − |E0| − |S0|

+
∑
i∈S0

ait
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Now, using
∑

i∈S\S0 qit +
∑

i∈S0 ait ≤
∑

i∈S ait = Q + λ,
∑
{i,j}∈E′ x

t
{i,j} ≤ |E0|

(since for an edge to be used, both of its endpoints must be visited) and |E2| ≤
|S0| − 1 (since the subgraph is acyclic), we can see that

∑
i∈S\S0

qit + λ

 ∑
{i,j}∈E′

xt{i,j} + |E2| − |E0| − |S0|

+
∑
i∈S0

ait ≤ Q

�

Proposition 3 Let S ⊆ V and E ′ ⊆ E(S) such that (S,E ′) does not contain

any cycles and for each {i, j} ∈ E ′, we have
∑

i′∈S\{i,j} ai′t < Q,
∑

i′∈S\{i} ai′t ≥
Q and

∑
i′∈S\{j} ai′t ≥ Q. The inequality

∑
i∈S

qit +
∑
{i,j}∈E′

(Q−
∑

i′∈S\{i,j}

ai′t)(x
t
{i,j} + 1− yit − yjt) ≤ Q (3.25)

is a valid inequality for X when m = 1.

Proof. We define S0 = {i ∈ S : yit = 0} and E2 = {e ∈ E ′ : |e ∩ S0| = 2}.
Note that xt{i,j} + 1 − yit − yjt can be positive at a feasible solution only if

{i, j} ∈ E2. Hence

∑
i∈S

qit +
∑
{i,j}∈E′

(Q−
∑

i′∈S\{i,j}

ai′t)(x
t
{i,j} + 1− yit − yjt)

≤
∑

i∈S\S0

qit +
∑
e∈E2

(Q−
∑
i′∈S\e

ai′t)

If E2 = ∅, then as
∑

i∈S\S0 qit ≤ Q, inequality (3.24) is satisfied.

Now suppose that E2 is not empty. Let j∗ be a vertex in set S0 with the

largest ajt value. Now as the subgraph (S0, E2) is acyclic, we root it at vertex

j∗ and orient its edges in such a way that each vertex in S0 has at most one

incoming arc. In this orientation, if edge e = {i, j} has been oriented from i
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to j, then we let î(e) = i and ĵ(e) = j. Then for e ∈ E2, Q −
∑

i′∈S\e ai′t =

Q−
∑

i′∈S\{̂i(e)} ai′t + aĵ(e)t. Hence

∑
i∈S\S0

qit +
∑
{i,j}∈E2

(Q−
∑

i′∈S\{i,j}

ai′t) =
∑

i∈S\S0

qit +
∑
e∈E2

(Q−
∑

i′∈S\{̂i(e)}

ai′t) +
∑
e∈E2

aĵ(e)

We know that each node in S0 has indegree of at most one and j∗ has

no incoming arc. Hence
∑

e∈E2 aĵ(e) ≤
∑

i∈S0\{j∗} ait. Combining this with∑
i∈S\S0 qit ≤

∑
i∈S\S0 ait, we get that

∑
i∈S\S0

qit+
∑
e∈E2

(Q−
∑

i′∈S\{̂i(e)}

ai′t)+
∑
e∈E2

aĵ(e) ≤
∑

i∈S\{j∗}

ait+
∑
e∈E2

(Q−
∑

i′∈S\{̂i(e)}

ai′t).

To prove the validity of inequality (3.24), it remains to show that

∑
i∈S\{j∗}

ait +
∑
e∈E2

(Q−
∑

i′∈S\{̂i(e)}

ai′t) ≤ Q

or equivalently,

∑
i∈S\{j∗}

ait −Q ≤
∑
e∈E2

 ∑
i′∈S\{̂i(e)}

ai′t −Q

 .

Since E2 6= ∅, aj∗t ≥ aî(e)t and
∑

i′∈S\{̂i(e)} ai′t − Q ≥ 0 for all e ∈ E2, the

inequality is satisfied. �
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Chapter 4

Branch and Cut Algorithm

We propose a branch and cut algorithm in order to solve the problem. The current

formulation of the problem is not compact since it has exponential number of con-

straints because of the capacity constraints. Hence, we start with the relaxation of

the formulation, solve this relaxation and then add the constraints to the relaxation

if they are violated by the current solution of the relaxation. This process is repeated

until the optimal solution for the IRP is obtained.

We implement the initial mathematical model introduced in Chapter 2 excluding

capacity constraints (3.20) and including some of the valid inequalities described in

Chapter 3. Capacity constraints (3.20) and valid inequalities whose numbers are

exponential in the size of the problem are dynamically added to the relaxation with

respect to their specific fashions. Other valid inequalities are directly added to the

relaxation.

In the sequel, we assume that the costs are such that zero cost subtours do not

arise.
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We start with the following relaxation:

min
∑
i∈V0

∑
t∈T

hitsit +
∑
t∈T

∑
e∈E

cex
t
e

s.t. (2.2)-(2.7), (2.9)-(2.13)

qit ≤ aityit i ∈ V, t ∈ T

xte ≤ yit e ∈ E, i ∈ e, t ∈ T

yi,kl ≥
⌈

d̄i,kl
minj=k,...,l aij

⌉
i ∈ V, 1 ≤ k ≤ l ≤ n : l = min{t ∈ T : d̄i,kl > 0}

and yit ≤ y0t for all i ∈ V, t ∈ T if m = 1.

Let (x̄, ȳ, q̄, s̄) be an optimal solution of the current relaxation.

For each period t ∈ T , we construct the support graph Ḡt = (V̄ t, Ēt) where V̄ t =

{i ∈ V0 : ȳit > 0}∪{v+ 1} and Ēt = {e ∈ E : x̄te > 0}∪{{i, v+ 1} : i ∈ V̄ t \{v+ 1}}
and let St

k, k = 0, 1, ..., kt be the node sets of connected components of Ḡt with

0 ∈ St
0.

We consider two cases

1. The solution is integral;

If kt = 0 for each period t ∈ T and vehicle capacity is not exceeded, then the

solution is optimal for the IRP.

If kt = 0, the routes of vehicles are well defined. For vehicle j ∈ {1, . . . ,m},
let St

0j be the set of the retailers on its route in period t. If Q <
∑

i∈St
0j\{0}

qit

then the capacity constraint is violated and we add

min{Q,
∑

i∈St
0j\{0}

ait}xt(δ(St
0j \ {0})) ≥ 2

∑
i∈St

0j\{0}

qit
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to the relaxation.

If there exists a period t ∈ T with kt ≥ 1, then capacity constraints (2.8) and

connectivity constraints (3.20) are violated in that period. Therefore, for each

t ∈ T with kt ≥ 1 and k = 1, ..., kt, cuts

min{Q,
∑
i∈St

k

ait}xt(δ(St
k)) ≥ 2

∑
i∈St

k

qit

and then randomly selected 15 of

xt(δ(St
k)) ≥ 2yit i ∈ St

k

are added to the relaxation. The number is selected as 15 based on preliminary

analysis. When the numbers higher than 15 are selected, it is observed that

the execution slows down in general.

2. The solution is fractional;

If the current node is root node, separation algorithms described in the next

sections are used. Separation of the inequalities are performed only at the root

node in order to prevent the execution from slowing down. All of the violated

inequalities are added to the relaxation until no more violated cut is found for

each type of inequality.

4.1 Separation Algorithms

The valid inequalities (3.6), (3.7) & (3.8) ((l, S)-like inequalities), (3.18) (capacity

constraints), (3.20) (connectivity constraints), (3.17) (rounded capacity constraints),

(3.15) (flow cover inequalities), (3.24) & (3.25) (lifted flow cover inequalities) and
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(3.19) (simple DR inequalities) are added to the relaxation if they are violated. Sep-

aration algorithms are used in order to detect the violated cuts. Different separation

methods are used for each inequality type as shown in the following table.

Table 4.1: Separation Methods for the Inequalities

Heuristic Exact Inspection MIP

Flow Cover Capacity (l, S)-like Rounded Capacity
Lifted Flow Cover Connectivity Simple DR

4.1.1 Separation of (l, S)-like Inequalities with Stock Bounds

• For each i ∈ V and for each k, l ∈ T such that 1 ≤ k ≤ l ≤ n, following

algorithms are implemented

If k = 1 and d̄i,1l > 0,

Set S = {j ∈ {1, . . . , l} : min{aij, d̄i,1l, di,jl}ȳij < q̄ij}

If
∑

j∈{1,...,l}\S q̄ij +
∑

j∈S min{aij, d̄i,1l, di,jl}ȳij < d̄i,1l, cuts

∑
j∈{1,...,l}\S

qij +
∑
j∈S

min{aij, d̄i,1l, di,jl}yij ≥ d̄i,1l

are added to the relaxation.

If k > 1 and d̄i,kl > 0,

Set S = {j ∈ {k, . . . , l} : min{aij, di,k−1,j−1, d̄i,kl, di,jl}ȳij < q̄ij}

If
∑

j∈{k,...,l}\S q̄ij +
∑

j∈S min{aij, di,k−1,j−1, d̄i,kl, di,jl}ȳij < d̄i,kl, cuts

∑
j∈{k,...,l}\S

qij +
∑
j∈S

min{aij, di,k−1,j−1, d̄i,kl, di,jl}yij ≥ d̄i,kl

are added to the relaxation.
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• For each i ∈ V \V ′ and for each k ∈ T such that 2 ≤ k ≤ n, following algorithm

is implemented

Set S = {j ∈ {k, . . . , n} : min{ai,j, di,k−1,j−1}ȳij < q̄ij}

If
∑

j∈{k,...,n}\S q̄ij +
∑

j∈S min{aij, di,k−1,j−1}ȳij < di,k−1,n − ui + s̄in, cuts

∑
j∈{k,...,n}\S

qij +
∑
j∈S

min{aij, di,k−1,j−1}yij ≥ di,k−1,n − ui + sin

are added to the relaxation.

4.1.2 Separation of Capacity Constraints

If kt ≥ 1 for the corresponding support graph Ḡt, it means that constraints (2.8) are

violated in that period. Hence, for each t ∈ T with kt ≥ 1 and k = 1, ..., kt, cuts

min{Q,
∑
i∈St

k

ait}xt(δ(St
k)) ≥ 2

∑
i∈St

k

qit

are added to the relaxation.

If kt = 0 for the corresponding support graph Ḡt, i.e., Ḡt is connected, separation

of constraint (2.8) is performed by solving a minimum cut problem on the graph Ḡt.

MinSourceSinkCut procedure from the Java graph theory(jgrapht) library is invoked

to find a minimum cut between specified source and sink nodes for a given graph

where capacities of arcs in the set {e ∈ E : x̄te > 0} are Qx̄te and arcs in the set

{{i, v+ 1} : i ∈ V̄ t \ {v+ 1}} are 2q̄it. Minimum cut problem with source node v+ 1

and sink node 0 is solved. If the capacity of the minimum cut is less than 2
∑

i∈V q̄it,

cut

min{Q,
∑

i∈S\{v+1}

ait}xt(δ(S \ {v + 1})) ≥ 2
∑

i∈S\{v+1}

qit
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is added to the relaxation with respect to the vertex partition [S, V̄ t\S] corresponding

to the solution of minimum cut problem.

4.1.3 Separation of Connectivity Constraints

If kt ≥ 1 for the corresponding support graph Ḡt, it means that constraints (3.20)

are violated in that period. Therefore, for each t ∈ T with kt ≥ 1 and k = 1, ..., kt,

cuts

xt(δ(St
k)) ≥ 2yit i ∈ St

k

are added to the relaxation.

If kt = 0 for the corresponding support graph Ḡt i.e. Ḡt is connected, separation of

constraints (3.20) is performed by solving a minimum cut problem on the graph Ḡt.

StoerWagnerMinimumCut procedure from the Java graph theory(jgrapht) library is

invoked to find a global minimum cut of a given graph where capacities of the arcs are

x̄te. After global minimum cut is found, according to the vertex partition [S, V̄ t \ S]

where {0} ∈ V̄ t \ S corresponding to the solution of global minimum cut problem,

the cuts are added. For each i ∈ S such that global min cut value is less than 2ȳit,

cut

xt(δ(S)) ≥ 2yit

is added to the relaxation.

4.1.4 Separation of Rounded Capacity Constraints

The idea of the separation is based on Avella et al. [19]. The following mathematical

model with a quadratic objective function is solved for all k and l such that 1 ≤
k ≤ l ≤ n to detect whether the current solution violates any rounded capacity
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constraints.

z∗rcc = min
l∑

t=k

v∑
i=1

( ∑
j:{i,j}∈E

x̄ij,tαi(1− αj) + x̄0i,tαi

)
− 2γ (4.1)

s.t. γ ≤
∑

i∈V d̄i,klαi

Q
+ 1− ε (4.2)∑

i∈V d̄i,klαi

Q
≤ γ (4.3)

αi ∈ {0, 1} i ∈ V (4.4)

γ ≥ 0 and integer (4.5)

where αi is 1 if i ∈ S; 0 otherwise for all i ∈ V , γ represents the smallest integer

greater than or equal to
∑

i∈S d̄ikl
Q

and ε is very small number. Constraints (4.2)

and (4.3) represent the linearization of γ. The remaining constraints are variable

restrictions.

The objective (4.1) represents the minimum value that can be obtained for the

difference of left and right hand sizes of inequality (3.17) with respect to the current

solution. If z∗rcc ≥ 0, then the current solution satisfies all rounded capacity con-

straints. If z∗rcc < 0, then there exists at least one S ⊆ V that violates inequality

(3.17) for the current solution because inequality (3.17) is violated by S ⊆ V that

corresponds to the solution of above model.

In order to strengthen the relaxation, the cut

l∑
t=k

xt(δ(S)) ≥ 2

⌈∑
i∈S d̄ikl

Q

⌉

is added to the relaxation for the solution S ⊆ V of above model and the correspond-

ing periods k and l.
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4.1.5 Separation of Flow Cover Inequalities

For each k, l ∈ T such that 1 ≤ k ≤ l ≤ n, LP relaxation of the following problem is

solved.

z∗fc = max
∑

(i,j)∈Nkl

αij q̄ij + βijaij(1− ȳij)− θij(1− ȳij) (4.6)

s.t.
∑

(i,j)∈Nkl

aijαij − λ = bkl (4.7)

αij − βij ≥ 0 (i, j) ∈ Nkl (4.8)

λ− θij ≤M(1− βij) (i, j) ∈ Nkl (4.9)

αij, βij ∈ {0, 1} (i, j) ∈ Nkl (4.10)

θij ≥ 0 (i, j) ∈ Nkl (4.11)

amax ≥ λ ≥ ε (4.12)

where αij is 1 if (i, j) ∈ NS and 0 otherwise, βij is 1 if (i, j) ∈ N ′S and 0 otherwise,

amax is max{aij : (i, j) ∈ Nkl}, θij represents λβij for (i, j) ∈ Nkl, M is a big number

and ε is a small number. Constraints (4.7) assign the value of λ. Constraints (4.8)

guarantee that N ′S is the subset of NS. Constraints (4.9) assure the representation

of θ. The remaining constraints are variable restrictions.

If there exists a solution, set NS = {(i, j) ∈ Nkl : αij ≥ 0.5} with respect to

the corresponding solution. If ã ≥ λ, then it is checked that whether there is any

violated flow cover inequality. λ becomes
∑

(i,j)∈NS
aij − bkl and N ′S is determined

accordingly.

Let NL = {(i, j) ∈ N \NS : (āij − λ)ȳij < q̄ij}.
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If ∑
(i,j)∈NS∪NL

q̄ij +
∑

(i,j)∈N ′S

(aij − λ)(1− ȳij)−
∑

(i,j)∈NL

(āij − λ)ȳij > bkl

then add

∑
(i,j)∈NS∪NL

qij ≤ bkl −
∑

(i,j)∈N ′S

(aij − λ)(1− yij) +
∑

(i,j)∈NL

(āij − λ)yij

to the relaxation.

4.1.6 Separation of Simple DR Inequalities

The idea of the separation is based on Avella et al. [19].

Following model is solved for all subtours S ⊆ V in the current solution if Q ≥
ui ≥ dit,t+1 for i ∈ V and t ∈ T \ {n}. S5 is set to V0 \ S with vi = 0, i ∈ S5.

z∗sdr = min
∑
{i,j}∈E

5∑
k=0

5∑
l=0

µijx̄
t
ijαikαjl − 2

(∑
i∈V

q̄it(αi0 + αi1) +
∑
i∈V

(q̄it − s̄i,t+1)αi2

+
∑
i∈V

(q̄it − s̄it)αi3 +
∑
i∈V

(s̄it − (ui − di,t−1,t))αi4

)
(4.13)

s.t.
5∑

k=0

αik = 1 i ∈ V0 (4.14)

αi5 = 1 i ∈ V0 \ S (4.15)

αik ∈ {0, 1} i ∈ V0, k ∈ {0, 1, 2, 3, 4, 5} (4.16)

where αik is 1 if i ∈ V0 is in Sk for k ∈ {0, . . . , 5} and 0 otherwise. Constraints (4.14)

imply the partition and constraints (4.15) define set S5. The remaining constraints

are variable restrictions.
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If z∗sdr < 0 and
∑

i∈{1,2,3,4} |Si| 6= 0, corresponding inequality (3.19) is added to

the relaxation. The inequality is dominated by capacity constraint when S1, S2, S3

and S4 are empty sets. Hence, inequality (3.19) is not added in that case.

4.1.7 One Vehicle Case

If the problem is solved for one vehicle, Inequalities (3.24) and (3.25) as well as other

inequalities whose separation algorithms are presented above are used to strengthen

the formulation.

4.1.7.1 Separation of Lifted Flow Cover Inequalities

Given a fractional solution and set S, to find a violated inequality (3.24) for this

choice of S, we let S ′ = {i ∈ S : ait ≥ λ} and w{i,j} = x̄t{i,j}+ 1− ȳit− ȳjt for {i, j} ∈
E(S ′). To find a violated inequality (3.25), we let S ′ = {i ∈ S :

∑
i′∈S\{i} ai′t ≥ Q}

and w{i,j} = (Q −
∑

i′∈S\{i,j} ai′t)(x̄
t
{i,j} + 1 − ȳit − ȳjt) for {i, j} ∈ E(S ′). Then in

both cases, we would like to find a subset E ′ ⊆ E(S ′) such that (S ′, E ′) does not

contain any cycles and w(E ′) is maximized.

In our implementation, we use the following heuristic algorithm for each t ∈ T .

We first add all nodes i with ȳit = 1 to set S. If
∑

i∈S ait ≤ Q, then among the

remaining nodes, we find a node i with the smallest 1−ȳit
ait

value and add it to set S.

We repeat this until
∑

i∈S ait > Q.

If we can find an S such that λ =
∑

i∈S ait − Q > 0 and maxi∈S ait > λ then we

let S ′ = {i ∈ S : ait ≥ λ} and choose the edges of E(S ′) using a greedy algorithm

with weight w{i,j} = x̄t{i,j} + 1 − ȳit − ȳjt such that w{i,j} ≥ 0 for {i, j} ∈ E(S ′). In

the greedy algorithm, we sort the edges in nonincreasing order of weights and add
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them to set E ′ as long as they do not form a cycle. If we add at least one edge, then

we check the violation of inequality (3.24).

To separate inequalities (3.25), we let S to be the set found above and S ′ = {i ∈
S :
∑

i′∈S\{i} ai′t ≥ Q}. If S ′ contains at least two elements, then we set the weight

w{i,j} = (Q−
∑

i′∈S\{i,j} ai′t)(x̄
t
{i,j}+1−ȳit−ȳjt) such that w{i,j} ≥ 0 for {i, j} ∈ E(S ′)

and apply the greedy algorithm. If not, then we add node i with the largest q̄it value

to set S and repeat. If we add at least one edge, then we check the violation of

inequality (3.25).

Additionally, for each S for which violation of inequalities (3.24) or (3.25) is tested,

NS is set to S and it is checked whether inequality (3.15) is violated. Moreover, for

each NS for which violation of inequality (3.15) is tested, S is set to NS and it is

checked whether inequalities (3.24) or (3.25) are violated.
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Chapter 5

Computational Results

We performed our computational experiments on test instances that consist of bench-

mark instances introduced in Archetti et al. [15] and randomly generated instances.

Randomly generated instances have time variant retailer demands and delivered

quantities to the supplier unlike benchmark instances. Detailed description of ran-

domly generated instances can be found in Appendix A. Moreover, the instances

have two groups as low and high according to the type of inventory holding costs.

Inventory holding costs are in the interval [0.01, 0.05] for low type instances, whereas

they are in the interval [0.1, 0.5] for high type instances. Hence, in the low type

of instances, routing decisions have more impact on the results than replenishment

decisions.

When the number of vehicles is more than one, capacity of each vehicle is taken as

the nearest integer number to Q/m. The cost values in test instances satisfy triangle

inequality.

Each instance is labeled in the way that represents low or high, number of retailers,
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number of periods and benchmark (bench) or generated (gen), for example, high30-

6-bench. There are five instance sets for each type.

Computational experiments were performed to evaluate the effect of the valid

inequalities on the solution times and gaps. The experiments were carried on 64-

bit machine with Intel Xeon 2.60 GHz and 96 GB of RAM. The branch and cut

algorithm was coded in Java by using CPLEX 12.7. Default strategies provided by

CPLEX are used for variable selection and branching. Time limit is set to 1800 s.

Detailed results for test instances can be found in Appendix B.

Figures 5.1-5.7 represent the status of the solver at the time limit when no in-

equalities and inequalities (3.6), (3.7) & (3.8), (3.18), (3.20), (3.17), (3.15), (3.24)

& (3.25) and (3.19) are cumulatively used for the problem with different number of

vehicles. The order of adding the inequalities was determined based on preliminary

analysis. The number of instances that can be solved to optimality, cannot be solved

but a feasible solution can be found, and no feasible solution can be found in the

time limit are represented by optimal, feasible and unknown, respectively. Vertical

axis shows the total number of the instances with optimal, feasible and unknown

status for each instance type and horizontal axis shows the inequality that is used

as well as previous inequalities.

Figures 5.1-5.2 demonstrate the status of the solver at the time limit when the

inequalities are cumulatively used for the problem with one vehicle. Figure 5.3

demonstrates the status of the solver at the time limit when inequalities (3.24) &

(3.25) are used as well as inequalities (3.6), (3.7) & (3.8), (3.18), (3.20), (3.17) and

(3.15) for larger instances with one vehicle. These larger instances are randomly

generated with using the structure of benchmark instances. Figures 5.4-5.5 and 5.6-

5.7 demonstrate the status of the solver at the time limit for the problem with two

and three vehicles, respectively.
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Figure 5.1: Results for Three Periods and One Vehicle
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Figure 5.2: Results for Six Periods and One Vehicle
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Figure 5.3: Results for Larger Instances with Three Periods and One Vehicle

According to Figures 5.1-5.2, using inequalities improves the status of the instances

because some of the feasible instances can be solved to optimality after adding

the inequalities. It can be said that the most effective inequality on the status is

inequality (3.20) for one vehicle.

Since the status of the instances are stable after adding (3.20) or (3.17), the effect

of (3.24) & (3.25) on the status cannot be clearly determined from Figures 5.1-5.2.

Figure 5.3 shows that these inequalities improve the status of the large instances

that are not solved to optimality or for which no feasible solution is found.
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Figure 5.4: Results for Three Periods and Two Vehicles

Figures 5.4-5.7 show that using each valid inequality usually leads to improvements

in the status of the instances for multi vehicle. It can be seen that the most effective

inequalities are generally inequality (3.20) for time variant (generated) instances and

inequality (3.17) for low instances.
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Figure 5.5: Results for Six Periods and Two Vehicles
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Figure 5.6: Results for Three Periods and Three Vehicles
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Figure 5.7: Results for Six Periods and Three Vehicles
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If all inequalities are implemented, the total number of instances solved to opti-

mality increases from 2 to 8 and 1 to 7 for three and six periods with two vehicles,

respectively. None of the instances is solved to optimality if the inequalities are not

used for three vehicles. After using all valid inequalities, the total number of in-

stances with optimal status are 5 and 1 for three and six periods with three vehicles,

respectively. The percentages of the number of instances solved to optimality can be

seen in Table 5.1 if no inequalities and all inequalities are used for all instances.

Table 5.1: Percentages of The Number of Instances Solved to Optimality

m Instance n low/high w/o Ineq. with Ineq. w/o Ineq. with Ineq.

1

B
3

high 100% 100%

77.5% 92.5%

low 100% 100%

6
high 80% 100%
low 80% 100%

G
3

high 20% 80%
low 20% 60%

6
high 100% 100%
low 80% 100%

2

B
3

high 20% 40%

7.5% 37.5%

low 20% 0%

6
high 0% 20%
low 0% 20%

G
3

high 0% 80%
low 0% 40%

6
high 20% 60%
low 0% 40%

3

B
3

high 0% 0%

0% 15%

low 0% 0%

6
high 0% 0%
low 0% 0%

G
3

high 0% 20%
low 0% 0%

6
high 0% 60%
low 0% 40%
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Figures 5.8-5.10 represent the averages of percentage improvements in the opti-

mality gap (Opt Gap), best lower bound (BLB) found in the time limit, the lower

bound at root node (Root LB) and total time spent (CPU) while valid inequali-

ties are cumulatively used for different number of vehicles. Vertical axis shows the

improvements in percentages and horizontal axis shows the labels of the instances.

Detailed results on the improvements can be found in Appendix C and D.

The percentages of the improvements for one vehicle are shown in Figure 5.8. The

figure shows that inequalities (3.18), (3.20) and (3.17) are very effective to increase

the Root LB for three periods while inequalities (3.6), (3.7) & (3.8), (3.18), (3.20)

and (3.17) have considerable effects and inequalities (3.15), (3.24) & (3.25) and (3.19)

have small effects to increase the Root LB for six periods. Using inequalities (3.20)

and (3.17) and these inequalities with inequality (3.18) are quite advantageous to

decrease the CPU times for six and three periods, respectively. Inequality (3.20) is

the most effective inequality to improve the Opt Gap and the BLB.

Figure 5.9 demonstrates the improvements for two vehicles. It is seen that using

inequalities (3.20) and (3.17) decreases the CPU times and using these inequalities

with inequality (3.18) improves the Root LB, Opt Gap and BLB. Inequality (3.15)

and (3.19) are useful to improve Root LB and Opt Gap for three and six periods,

respectively. Moreover, inequalities (3.6), (3.7) & (3.8) are effective to increase the

Root LB for six periods.

The average improvements for three vehicles are represented in Figure 5.10. Using

all inequalities is effective to increase BLB, but the impacts of inequalities (3.18),

(3.20) and (3.17) are greater than impacts of other inequalities according to the

figure. Using inequalities (3.18), (3.20) and (3.17) are advantageous to increase the

Root LB for three periods while using these inequalities with inequalities (3.6), (3.7)

& (3.8) is helpful to increase the Root LB for six periods. Inequalities (3.18), (3.20)

and (3.17) are useful to decrease the CPU times. Using inequalities (3.18), (3.20)
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Figure 5.8: Improvements for One Vehicle
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Figure 5.9: Improvements for Two Vehicles
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Figure 5.10: Improvements for Three Vehicles
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and using these inequalities with inequality (3.17) and (3.19) improve the Opt Gap

for three and six periods, respectively.

Since the frequency of finding violated inequalities (3.6), (3.7) & (3.8) for instances

with three periods is rare, these inequalities usually have insignificant effects for

instances with three periods. The effects of inequalities (3.15) and (3.24) & (3.25)

are small for some of the instances because these inequalities are rarely added to the

relaxations for these instances.

In general, inequalities (3.18), (3.20) and (3.17) have considerably greater effects

than other inequalities for all categories. Specifically, (3.18) is more effective on time

invariant (benchmark) instances, (3.20) is more effective on time variant (generated)

instances and (3.17) is more effective on low instances.
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Chapter 6

Conclusion and Future Research

In this thesis, we study the IRP which is one of the problems that arises in VMI.

Combining inventory holding, distribution and transportation decisions into a prob-

lem and considering the system as a whole eliminate the potential costs that arise

from independent decisions. This integrated structure that aims to minimize the

total cost of the system provides more efficiency, however the problem becomes more

complex.

We propose a mixed integer mathematical model for the IRP under ML replen-

ishment policy. The model is given for a single product and a single supplier. We

analyze the lot sizing, single node flow set and vehicle routing relaxations of the IRP.

We present the valid inequalities for these relaxations in the literature and strengthen

these inequalities. We also propose new valid inequalities for the IRP. We strengthen

the initial mathematical model and propose a branch and cut algorithm. Different

separation algorithms are implemented for the inequalities whose number is expo-

nential in the size of the problem. While exact separation methods are proposed for

inequalities (3.6), (3.7) & (3.8), (3.18), (3.20), (3.17) and (3.19), heuristic methods
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are proposed for the separation of inequalities (3.15) and (3.24) & (3.25).

We generate test instances that have time variant demands and supplies. We use

generated instances as well as benchmark instances, which are generated by Archetti

et al. [15] and usually used in the literature for the IRP, to perform computational

experiments. The branch and cut algorithm is tested on these instances. The impacts

of the valid inequalities on the problem are stated and discussed in terms of the status

of the solver, lower bound at the root node, cpu time, optimality gap and best lower

bound obtained in the time limit.

This study can be extended in several ways. Heuristic methods for the separation

of inequalities (3.15) and (3.24) & (3.25) can be improved. A heuristic method for

the IRP can be designed to find good upper bounds for larger instances that cannot

be solved to optimality. Production decisions can be added to the mathematical

model and a branch and cut algorithm can be proposed for the PRP by performing

some modifications on the current branch and cut algorithm for the IRP.

50



Bibliography

[1] A. J. Kleywegt, V. S. Nori, and M. W. Savelsbergh, “The stochastic inventory

routing problem with direct deliveries,” Transportation Science, vol. 36, no. 1,

pp. 94–118, 2002.

[2] A. Campbell, L. Clarke, A. Kleywegt, and M. Savelsbergh, “The inventory

routing problem,” in Fleet management and logistics, pp. 95–113, Springer, 1998.

[3] P. Chandra, “A dynamic distribution model with warehouse and customer re-

plenishment requirements,” Journal of the Operational Research Society, vol. 44,

no. 7, pp. 681–692, 1993.

[4] P. Chandra and M. L. Fisher, “Coordination of production and distribution

planning,” European Journal of Operational Research, vol. 72, no. 3, pp. 503–

517, 1994.

[5] F. Fumero and C. Vercellis, “Synchronized development of production, inven-

tory, and distribution schedules,” Transportation science, vol. 33, no. 3, pp. 330–

340, 1999.

[6] L. Lei, S. Liu, A. Ruszczynski, and S. Park, “On the integrated production,

inventory, and distribution routing problem,” IIE Transactions, vol. 38, no. 11,

pp. 955–970, 2006.

51



[7] C. Archetti, L. Bertazzi, G. Paletta, and M. G. Speranza, “Analysis of the maxi-

mum level policy in a production-distribution system,” Computers & Operations

Research, vol. 38, no. 12, pp. 1731–1746, 2011.

[8] V. A. Armentano, A. L. Shiguemoto, and A. Løkketangen, “Tabu search with

path relinking for an integrated production–distribution problem,” Computers

& Operations Research, vol. 38, no. 8, pp. 1199–1209, 2011.

[9] L. Bertazzi, G. Paletta, and M. G. Speranza, “Minimizing the total cost in an

integrated vendor—managed inventory system,” Journal of heuristics, vol. 11,

no. 5-6, pp. 393–419, 2005.

[10] Y. Adulyasak, J.-F. Cordeau, and R. Jans, “Optimization-based adaptive large

neighborhood search for the production routing problem,” Transportation Sci-

ence, vol. 48, no. 1, pp. 20–45, 2012.

[11] M. Ruokokoski, O. Solyali, J.-F. Cordeau, R. Jans, and H. Süral, “Efficient
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Appendix A

Data

Randomly Generated Instances

Time variant instances are generated as follows:

n = 3, 6, v = 5k for k = 1, . . . , 10 when n = 3; v = 5k for k = 1, . . . , 6 when

n = 6,

dit for i ∈ V, t ∈ T is generated as an integer number in [10, 100],

rt for t ∈ T is equal to
∑

i∈V dit,

ui for i ∈ V is equal to migi where mi is the maximum amount of demand at one

period throughout the planning horizon and gi is a randomly selected number from

{2, 3},

s̄00 is equal to
∑

i∈V ui; s̄i0 for i ∈ V is equal to ui−ai where ai is average amount

of demand throughout the planning horizon,
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h0 is equal to 0.3 (high) and 0.03 (low); hi for i ∈ V is generated in [0.1, 0.5] (high)

and [0.01, 0.05] (low), and rounded to nearest number with two decimals,

Q is equal to nearest number to
3

2
R where R is the average amount of delivered

quantity to supplier throughout the planning horizon,

cij for (i, j) ∈ E is equal to the
⌊√

(Xi −Xj)2 + (Yi − Yj)2
⌋

where (Xi, Yi) and

(Xj, Yj) is generated as integer numbers in [0, 500].

Time invariant instances are generated as follows (structure of benchmark in-

stances):

n = 3, 6, v = 5k for k = 1, . . . , 10 when n = 3; v = 5k for k = 1, . . . , 6 when

n = 6,

dit = di for i ∈ V, t ∈ T is generated as an integer number in [10, 100],

rt for t ∈ T is equal to
∑

i∈V di,

ui for i ∈ V is equal to digi where gi is a randomly selected number from {2, 3},

s̄00 is equal to
∑

i∈V ui; s̄i0 for i ∈ V is equal to ui − di,

h0 is equal to 0.3 (high) and 0.03 (low); hi for i ∈ V is generated in [0.1, 0.5] (high)

and [0.01, 0.05] (low), and rounded to nearest number with two decimals,

Q is equal to nearest number to
3

2
R where R is the average amount of delivered

quantity to supplier throughout the planning horizon,

cij for (i, j) ∈ E is equal to the
⌊√

(Xi −Xj)2 + (Yi − Yj)2
⌋

where (Xi, Yi) and

(Xj, Yj) is generated as integer numbers in [0, 500].

55



Appendix B

Results

In Tables B.1-B.28, we report the number of vehicles, type of the instances (bench-

mark or generated), status of the solver, objective (or best upper bound) value of

the instances, total number of nodes at the branch tree, lower bound obtained at

the root node, optimality gap, best upper bound, best lower bound, total number of

lazy (for integral solutions) cuts added, total number of user (for fractional solutions)

cuts added and total time spent for the solution of the instances, respectively. Table

B.29 presents whether inequalities (3.24) & (3.25) are used as well.
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Appendix C

Changes in the Results with the

Inequalities

In Tables C.1-C.21, we report the percentages of the changes in the lower bound

at the root node (Root LB), total time spent (CPU), optimality gap (Opt Gap)

and best lower bound (BLB) found in the time limit while valid inequalities are used

cumulatively. In the tables, the row corresponding to “none” demonstrates the values

of the Root LB, CPU, Opt Gap (%) or BLB when none of the valid inequalities is

used. Following rows demonstrate the percentage improvements in the Root LB,

CPU, Opt Gap or BLB if the corresponding inequalities are used as well as the

inequalities in the previous rows.
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Table C.1: Changes in Root LB for Three Periods and One Vehicle

high50-3-bench
Inequalities 1 2 3 4 5

none 14224.62 14501.3 14917.16 16359.94 15516.08
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% -0.01%

(3.18) 1.62% 0.76% 1.55% 0.65% 0.27%
(3.20) 0.11% 0.00% 0.08% 0.07% 0.12%
(3.17) 0.73% 2.30% 0.49% -0.02% 0.48%

(3.15), (3.24) & (3.25) -0.04% 0.00% -0.01% 0.02% -0.01%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

high50-3-gen
Inequalities 1 2 3 4 5

none 18546.74 16361.88 17810.14 16404.56 17504.89
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.37% 1.91% 0.37% 0.34% 0.85%
(3.20) 3.08% 2.07% 1.56% 1.03% 0.02%
(3.17) -0.09% -0.03% 0.08% 0.19% 0.05%

(3.15), (3.24) & (3.25) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

low50-3-bench
Inequalities 1 2 3 4 5

none 3718.05 4099.48 4307.61 4319.14 4042.48
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 5.54% 3.63% 0.34% 1.07% 1.67%
(3.20) 0.14% 0.04% 0.11% 0.07% 0.20%
(3.17) 2.99% 4.68% 1.90% -0.01% 2.35%

(3.15), (3.24) & (3.25) 0.00% 0.02% 0.07% 0.07% -0.13%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

low50-3-gen
Inequalities 1 2 3 4 5

none 4502.66 3765.39 3894.61 4325.99 4183.55
(3.6), (3.7) & (3.8) -1.68% 0.00% 0.00% 0.00% 0.00%

(3.18) 2.07% 2.93% 1.44% 1.51% 1.26%
(3.20) 2.87% 7.52% 4.72% 1.42% 8.24%
(3.17) 1.35% 1.05% 4.05% 0.17% -2.54%

(3.15), (3.24) & (3.25) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%
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Table C.2: Changes in Root LB for Six Periods and One Vehicle

high30-6-bench
Inequalities 1 2 3 4 5

none 22048.86 19440.36 22527.68 17230.32 18131.85
(3.6), (3.7) & (3.8) 0.00% 2.24% -0.02% 0.02% 0.00%

(3.18) 1.68% -2.03% 1.30% 0.27% 0.99%
(3.20) 0.85% 0.36% 0.51% 0.32% 0.90%
(3.17) 0.28% 0.72% 0.06% 0.17% 0.62%

(3.15), (3.24) & (3.25) 0.00% -0.01% 0.00% 0.00% -0.02%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.02%

high30-6-gen
Inequalities 1 2 3 4 5

none 25286.57 25893.17 24096.58 25994.66 25115.23
(3.6), (3.7) & (3.8) -0.46% -0.16% 0.35% 0.60% -0.06%

(3.18) 0.53% 0.22% 0.25% 0.47% 0.81%
(3.20) 0.12% 0.44% 1.17% 0.61% 0.57%
(3.17) 0.40% 0.46% 0.32% 0.61% 0.41%

(3.15), (3.24) & (3.25) 0.00% 0.00% 0.00% -0.04% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

low30-6-bench
Inequalities 1 2 3 4 5

none 7357.64 7212.05 7639.78 7234.6 6678.47
(3.6), (3.7) & (3.8) 0.50% -0.13% 0.03% -0.67% 0.11%

(3.18) 3.86% 0.41% 3.03% 0.89% 1.53%
(3.20) 3.02% 0.84% 1.25% 0.95% 3.02%
(3.17) 0.70% 1.99% 0.44% 1.09% 1.79%

(3.15), (3.24) & (3.25) 0.00% 0.00% 0.00% 0.00% 0.01%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

low30-6-gen
Inequalities 1 2 3 4 5

none 6453.65 7345.99 6105.13 6953.64 6561.24
(3.6), (3.7) & (3.8) 0.02% 1.50% 1.77% 0.70% -0.09%

(3.18) 1.99% 1.36% -0.69% 0.85% 2.49%
(3.20) 5.54% 6.05% 9.16% 2.69% 2.99%
(3.17) 3.15% 1.87% 2.02% 2.45% 2.54%

(3.15), (3.24) & (3.25) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% -0.01% 0.00% 0.00% 0.00%
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Table C.3: Changes in CPU for Three Periods and One Vehicle

high50-3-bench
Inequalities 1 2 3 4 5

none 135.7 43.5 277.31 19.76 1618.86
(3.6), (3.7) & (3.8) -0.69% 0.16% 2.97% -5.21% 30.72%

(3.18) 85.02% -9.09% 83.00% 19.72% 91.54%
(3.20) 7.43% 5.77% 51.56% -74.74% 26.19%
(3.17) 56.90% 31.74% -35.44% -31.11% 67.17%

(3.15), (3.24) & (3.25) 19.89% -15.29% 10.16% 12.67% -122.07%
(3.19) -8.72% 8.71% -6.27% -1.68% -0.65%

high50-3-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 26.27
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 10.92%

(3.18) 0.00% 0.00% 0.00% 0.00% 25.00%
(3.20) 96.30% 0.00% 30.60% 0.00% 16.22%
(3.17) -149.39% 0.00% 75.37% 87.31% -35.27%

(3.15), (3.24) & (3.25) -2.63% 0.00% -0.07% -3.03% -6.47%
(3.19) 1.94% 0.00% -3.70% -2.32% 4.58%

low50-3-bench
Inequalities 1 2 3 4 5

none 21.02 42.45 234.03 9.01 154.54
(3.6), (3.7) & (3.8) 0.76% -1.25% 51.26% -4.42% -15.70%

(3.18) 11.12% 53.75% 2.11% -6.51% 70.10%
(3.20) -41.86% -4.98% 36.28% -41.42% 13.52%
(3.17) 79.96% -373.74% 73.76% 11.36% 76.36%

(3.15), (3.24) & (3.25) 35.48% -34.12% -15.75% 14.33% 10.25%
(3.19) -20.29% 0.32% -4.77% -6.32% -9.68%

low50-3-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 388.7 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% -1.90% 0.00%

(3.18) 0.00% 0.00% 0.00% -210.77% 0.00%
(3.20) 41.38% 0.00% 0.00% 91.08% 0.00%
(3.17) 75.60% 67.90% 0.00% -32.31% 0.00%

(3.15), (3.24) & (3.25) -4.34% -3.89% 0.00% 0.35% 0.00%
(3.19) 12.76% 2.53% 0.00% -4.11% 0.00%
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Table C.4: Changes in CPU for Six Periods and One Vehicle

high30-6-bench
Inequalities 1 2 3 4 5

none 419.712 188.953 146.455 90.064 1800
(3.6), (3.7) & (3.8) -125.53% 24.28% 34.20% -24.52% 0.00%

(3.18) -90.16% -33.76% -1700.71% -13.24% 0.00%
(3.20) 95.26% 23.99% 97.38% 76.88% 86.34%
(3.17) -26.81% -8.21% -127.84% -37.54% 17.87%

(3.15), (3.24) & (3.25) 3.42% 1.80% 0.70% -1.93% 11.34%
(3.19) 1.00% -1.33% -4.29% -11.05% -36.30%

high30-6-gen
Inequalities 1 2 3 4 5

none 72.202 53.918 598.608 690.42 92.644
(3.6), (3.7) & (3.8) -51.43% -2.17% 55.60% 14.28% 5.23%

(3.18) -5.42% -369.55% -313.87% -64.42% -1950.07%
(3.20) 47.47% 71.86% 94.85% 65.48% 95.37%
(3.17) 15.02% -1.89% 4.19% 71.12% -6.74%

(3.15), (3.24) & (3.25) -1.21% -3.24% 0.22% -9.42% 1.43%
(3.19) -63.27% -17.47% -124.02% -7.82% -24.60%

low30-6-bench
Inequalities 1 2 3 4 5

none 563.309 188.263 221.942 129.227 1800
(3.6), (3.7) & (3.8) -219.54% -44.76% 18.85% -20.31% 0.00%

(3.18) 0.00% 4.94% -419.47% -267.50% 0.00%
(3.20) 91.53% 35.47% 83.60% 92.88% 46.47%
(3.17) 38.81% -20.45% 8.54% -71.80% 77.92%

(3.15), (3.24) & (3.25) -0.53% -0.03% -2.36% -2.13% 11.77%
(3.19) 0.89% -6.59 -10.37% -26.60% -20.16%

low30-6-gen
Inequalities 1 2 3 4 5

none 73.31 1800 151.697 132.91 1568.835
(3.6), (3.7) & (3.8) 8.50% 0.00% -12.53% -63.50% -14.73%

(3.18) -2583.52% 0.00% -954.49% -601.84% 0.00%
(3.20) 95.74% 90.55% 98.25% 93.97% 94.13%
(3.17) 23.22% 59.44% -65.84% 72.82% 55.77%

(3.15), (3.24) & (3.25) 5.58% 4.33% 5.86% 4.09% -30.38%
(3.19) -108.57% -33.62% -64.58% -45.98% -17.93%
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Table C.5: Changes in Opt Gap One Vehicle

high50-3-gen
Inequalities 1 2 3 4 5

none 1.69 2.25 0.52 3.25 -
(3.6), (3.7) & (3.8) -20.71% 11.11% 0.00% 15.69% -

(3.18) -23.53% -18.00% -153.85% 31.75% -
(3.20) 100.00% 91.95% 100.00% 59.89% -
(3.17) - -121.05% - 100.00% -

(3.15), (3.24) & (3.25) - 0.00% - - -
(3.19) - 7.14% - - -

low50-3-gen
Inequalities 1 2 3 4 5

none 1.22 4.45 28.50 - 8.77
(3.6), (3.7) & (3.8) -113.93% -6.07% 0.00% - 17.79%

(3.18) -6.51% -13.98% 40.98% - -28.29%
(3.20) 100.00% 85.50% 50.06% - 73.30%
(3.17) - 100.00% 52.86% - -135.63%

(3.15), (3.24) & (3.25) - - -0.25% - -0.17%
(3.19) - - 0.00% - -0,86%
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Table C.6: Changes in BLB One Vehicle

high50-3-gen
Inequalities 1 2 3 4 5

none 19056.48 16947.19 18217.4 16541.94 -
(3.6), (3.7) & (3.8) -0.38% 0.03% 0.02% 0.01% -

(3.18) -0.59% -0.22% -0.71% 0.35% -
(3.20) - 1.76% - 0.81% -
(3.17) - -0.14% - - -

(3.15), (3.24) & (3.25) - 0.00% - - -
(3.19) - -0.01% - - -

low50-3-gen
Inequalities 1 2 3 4 5

none 4819.12 4274.99 3974.29 - 4458.5
(3.6), (3.7) & (3.8) -1.01% 0.43% 0.00% - 0.18%

(3.18) -0.67% -1.09% 2.20% - -1.34%
(3.20) - 4.53% 6.15% - 6.51%
(3.17) - - 3.58% - -1.94%

(3.15), (3.24) & (3.25) - - -0.01% - -0.01%
(3.19) - - 0.00% - -0.05%

92



Table C.7: Changes in Root LB for Three Periods and Two Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none 14382.36 14412.8 14957.57 16287.79 15581.82
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 2.77% 4.11% 2.22% 2.14% 1.28%
(3.20) 0.15% 0.14% 0.10% 0.12% 0.12%
(3.17) 0.93% -0.27% 0.65% 0.02% 0.61%
(3.15) 0.00% 1.43% 0.00% 0.03% -0.02%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

high50-3-gen
Inequalities 1 2 3 4 5

none 18439.34 16651.14 17695.23 16262.27 17396.18
(3.6), (3.7) & (3.8) -0.01% 0.12% 0.00% 0.00% 0.00%

(3.18) 1.44% -0.14% 0.59% 1.50% 1.55%
(3.20) 2.55% 2.03% 1.97% 1.05% 0.24%
(3.17) -0.08% -0.03% -0.15% 0.16% 0.18%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

low50-3-bench
Inequalities 1 2 3 4 5

none 3677.96 4002.98 4207.12 4251.46 4047.81
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 16.04% 11.87% 6.09% 6.77% 6.87%
(3.20) 0.10% 0.22% 0.19% 0.18% 0.19%
(3.17) 3.53% 4.68% 2.61% 0.59% 2.76%
(3.15) -0.01% 0.00% 0.00% 0.06% 0.08%
(3.19) 0.00% 0.00% 0.00% -0.03% 0.00%

low50-3-gen
Inequalities 1 2 3 4 5

none 4366.05 3796.6 3727.41 4288.75 4161.4
(3.6), (3.7) & (3.8) 0.00% -0.76% 0.00% 0.00% 0.00%

(3.18) 2.57% 1.81% 5.37% 1.77% 2.15%
(3.20) 3.14% 7.65% 9.55% 1.12% 5.74%
(3.17) 0.94% 2.76% -0.40% 0.30% 2.93%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

93



Table C.8: Changes in Root LB for Six Periods and Two Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none 22046.25 19168.24 22508.92 17156.75 18111.95
(3.6), (3.7) & (3.8) 0.42% 0.16% 0.04% -0.01% 0.47%

(3.18) 4.39% 4.20% 2.85% 2.62% 3.42%
(3.20) 0.52% 0.17% 0.25% 0.26% 0.39%
(3.17) 0.90% 1.07% 0.49% 0.45% 0.81%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.01% 0.00% 0.00% 0.01% 0.05%

high30-6-gen
Inequalities 1 2 3 4 5

none 25180.89 25837.21 24021.37 26016.94 25128.08
(3.6), (3.7) & (3.8) 0.16% 0.09% 0.42% -0.37% -0.07%

(3.18) 1.20% 0.83% 4.48% 2.66% 1.90%
(3.20) 0.18% 0.28% -1.48% 0.72% 0.46%
(3.17) 0.15% 0.34% 0.31% 0.43% 0.05%
(3.15) 0.00% 0.00% -0.01% 0.00% 0.00%
(3.19) 0.02% 0.00% 0.04% -0.03% 0.00%

low30-6-bench
Inequalities 1 2 3 4 5

none 7403.39 6923.97 7851.7 7113.13 6731.12
(3.6) (3.7) & (3.8) 0.42% 0.05% -2.55% 0.75% 0.28%

(3.18) 12.85% 12.26% 7.12% 6.39% 8.33%
(3.20) 1.42% 0.53% 1.32% 0.12% 1.18%
(3.17) 2.88% 2.64% 1.35% 1.29% 2.90%
(3.15) 0.00% 0.00% -0.01% -0.01% 0.00%
(3.19) 0.00% 0.00% -0.01% 0.00% 0.00%

low30-6-gen
Inequalities 1 2 3 4 5

none 6198.67 6927.52 6176.79 6925.92 6600.77
(3.6), (3.7) & (3.8) 4.62% -0.31% -0.77% 1.17% 0.32%

(3.18) 6.97% 21.68% 5.20% 3.68% 8.00%
(3.20) 3.88% 1.29% 6.76% 1.98% 1.17%
(3.17) 3.10% 3.05% 2.14% 2.76% 2.19%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.08% 0.01% 0.00% 0.00% 0.02%
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Table C.9: Changes in CPU for Three Periods and Two Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none 1800 1800 1800 285.545 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% -1.84% 0.00%

(3.18) 0.00% 18.03% 0.00% -119.68% 0.00%
(3.20) 0.00% -21.99% 32.07% 28.60% 0.00%
(3.17) 0.00% 0.00% 63.53% 19.70% 0.00%
(3.15) 0.00% 0.00% -20.52% 40.38% 0.00%
(3.19) 0.00% 0.0% 0.16% 0.44% 0.00%

high50-3-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 20.27%

(3.18) 0.00% 0.00% 0.00% 0.00% 95.04%
(3.20) 92.17% 0.00% 56.55% 0.00% -26.74%
(3.17) -37.57% 0.00% 35.05% 62.23% 4.11%
(3.15) 2.33% 0.00% 2.55% -3.52% -1.85%
(3.19) -3.71% 0.00% -3.96% 3.90% 0.60%

low50-3-bench
Inequalities 1 2 3 4 5

none 1800 1800 1800 595.38 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% -1.45% 0.00%

(3.18) 0.00% 0.00% 0.00% -101.91% 0.00%
(3.20) 0.00% 0.00% 14.97% 67.93% 0.00%
(3.17) 0.00% 0.00% 53.32% -24.96% 0.00%
(3.15) 0.00% 0.00% -151.94% 35.63% 0.00%
(3.19) 0.00% 0.00% 0.00% -472.03% 0.00%

low50-3-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.20) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.17) 0.00% 85.35% 0.00% 81.79% 0.00%
(3.15) 0.00% -2.06% 0.00% 0.16% 0.00%
(3.19) 0.00% 1.34% 0.00% -1.90% 0.00%
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Table C.10: Changes in CPU for Six Periods and Two Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.20) 0.00% 0.00% 6.84% 0.00% 0.00%
(3.17) 0.00% 0.00% 92.42% 0.00% 0.00%
(3.15) 0.00% 0.00% -2.95% 0.00% 0.00%
(3.19) 0.00% 0.00% -0.31% 0.00% 0.00%

high30-6-gen
Inequalities 1 2 3 4 5

none 1800 526.00 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% -242.21% 0.00% 0.00% 0.00%

(3.18) 0.00% 90.95% 0.00% 0.00% 0.00%
(3.20) 0.00% 33.78% 0.00% 75.58% 75.11%
(3.17) 0.00% 15.69% 0.00% -15.24% -18.82%
(3.15) 0.00% -0.30% 0.00% -0.85% -3.95%
(3.19) 0.00% -18.82% 0.00% -56.85% -2.31%

low30-6-bench
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.20) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.17) 0.00% 0.00% 91.26% 0.00% 0.00%
(3.15) 0.00% 0.00% -8.42% 0.00% 0.00%
(3.19) 0.00% 0.00% 51.87% 0.00% 0.00%

low30-6-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.20) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.17) 0.00% 91.24% 0.00% 0.00% 0.00%
(3.15) 0.00% 1.55% 0.00% 0.00% 0.00%
(3.19) 0.00% -108.35% 0.00% 0.00% 62.17%
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Table C.11: Changes in Opt Gap for Three Periods and Two Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none 15.51 - 4.81 - 7.35
(3.6), (3.7) & (3.8) 0.00% - -149.90% - -

(3.18) 45.00% - 84.86% - -
(3.20) 83.59% - - - 7.14%
(3.17) 0.71% -1.52% - - 58.65%
(3.15) 65.47% -504.48% - - -311.63%
(3.19) 0.00% 7.16% - - 16.38%

high50-3-gen
Inequalities 1 2 3 4 5

none 9.18 3.58 6.45 7.09 2.56
(3.6), (3.7) & (3.8) 46.30% -7.82% 31.01% 48.24% -

(3.18) 53.75% 16.06% 71.01% - -
(3.20) - 87.96% - - -
(3.17) - -25.64% - - -
(3.15) - 0.00% - - -
(3.19) - 0.00% - - -

low50-3-bench
Inequalities 1 2 3 4 5

none 34.19 - 8.98 - 16.51
(3.6), (3.7) & (3.8) 0.00% - -198.44% - -165.23%

(3.18) 86.17% - 97.28% - 7.81%
(3.20) -159.62% 81.41% - - 60.81%
(3.17) -19.79% -348.10% - - 49.18%
(3.15) 44.46% -0.56% - - 83.58%
(3.19) 3.67% 0.00% 0.00% - 0.00%

low50-3-gen
Inequalities 1 2 3 4 5

none 4.35 8.24 38.40 2.17 -
(3.6), (3.7) & (3.8) -282.30% 5.95% 0.00% -237.79% -

(3.18) 88.03% - - - -
(3.20) 19.60% - - - -
(3.17) -1.87% - -225.00% - 63.48%
(3.15) -1,84% - 0.00% - 0.60%
(3.19) 1.20% - 0.00% - -2.40%
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Table C.12: Changes in Opt Gap for Six Periods and Two Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none - - 1.58 8.39 -
(3.6), (3.7) & (3.8) - - -8.23% -43.62% -

(3.18) - 14.10% 85.38% - -
(3.20) 16.92% 43.36% - - -
(3.17) 19.00% -151.79% - - -18.79%
(3.15) -17,88% 0.78% - - -
(3.19) 31.28% -3.13% - - -

high30-6-gen
Inequalities 1 2 3 4 5

none 9.01 - 4.11 6.76 1.87
(3.6), (3.7) & (3.8) 74.47% - -23.11% - -75.40%

(3.18) 79.57% - 78.66% - 91.77%
(3.20) 10.64% - 70.37% - -
(3.17) 50.00% - -40.63% - -
(3.15) -42.86% - 17.78% - -
(3.19) 40.00% - -51.35% - -

low30-6-bench
Inequalities 1 2 3 4 5

none - - 6.99 - -
(3.6), (3.7) & (3.8) - - -44.21% - -

(3.18) - - 93.65% - -
(3.20) 22.18% - 87.50% - -
(3.17) 36.15% - - - -
(3.15) -19.29% -15.43% - - -
(3.19) - -0.08% - - -

low30-6-gen
Inequalities 1 2 3 4 5

none 9.58 - 8.54 17.54 -
(3.6), (3.7) & (3.8) -91.34% - 25.88% -2.96% -

(3.18) 76.21% - -25.12% 65.12% 80.75%
(3.20) 48.39% 96.60% 70.20% 27.30% 24.40%
(3.17) 23.56% - 73.31% 15.50% 93.62%
(3.15) -0.58% - -1.59% -0.26% -11.11%
(3.19) 34.68% - -265.63% 0.00% -
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Table C.13: Changes in BLB for Three Periods and Two Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none 14640.28 14972.55 15336.41 - 15796.88
(3.6), (3.7) & (3.8) 0.00% 0.00% -0.26% - 0.06%

(3.18) 1.90% 2.46% 0.80% - 0.63%
(3.20) 0.47% -0.33% - - 0.16%
(3.17) 0.33% -0.09% - - 0.33%
(3.15) -0.02% -0.08% - - 0.00%
(3.19) 0.00% 0.00% - - 0.00%

high50-3-gen
Inequalities 1 2 3 4 5

none 18809.4 16925.22 17837.28 16501.54 17596.78
(3.6), (3.7) & (3.8) 0.19% -0.05% 0.84% 0.55% -

(3.18) 0.75% -0.14% 0.67% 0.28% -
(3.20) - 1.93% - 1.11% -
(3.17) - -0.10% - - -
(3.15) - 0.00% - - -
(3.19) - 0.00% - - -

low50-3-bench
Inequalities 1 2 3 4 5

none 4098.54 4451.79 4564.62 - 4331.99
(3.6), (3.7) & (3.8) 0.00% 0.00% -0.81% - -0.25%

(3.18) 8.30% 7.05% 3.26% - 1.46%
(3.20) -0.31% 0.84% - - 0.50%
(3.17) 0.90% -0.87% - - 2.30%
(3.15) 0.56% -0.02% - - 0.50%
(3.19) -0.23% 0.00% 0.00% - 0.00%

low50-3-gen
Inequalities 1 2 3 4 5

none 4709.53 4159.82 3894.49 4464.1 4353.69
(3.6), (3.7) & (3.8) -1.64% 0.41% 0.00% -0.78% 1.14%

(3.18) 3.17% -3.14% 3.54% 0.01% -1.84%
(3.20) 0.40% 10.06% 13.70% 2.02% 7.02%
(3.17) 0.11% - -3.16% - 2.54%
(3.15) -0.03% - 0.00% - 0.00%
(3.19) 0.00% - 0.00% - -0.04%
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Table C.14: Changes in BLB for Six Periods and Two Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none 22741.87 19924.19 23208.54 17642.82 18639.58
(3.6), (3.7) & (3.8) -0.16% 0.39% 0.03% 0.16% -0.60%

(3.18) 2.88% 1.28% 0.64% 0.83% 2.48%
(3.20) 0.41% 0.02% - -0.07% 0.46%
(3.17) 0.59% 0.78% - 0.28% 0.48%
(3.15) -0.02% 0.00% - 0.01% -0.63%
(3.19) 0.02% 0.00% - 0.04% 0.63%

high30-6-gen
Inequalities 1 2 3 4 5

none 25419.16 - 24609.81 26403.33 25544.58
(3.6), (3.7) & (3.8) 0.42% - -0.02% -0.10% -0.23%

(3.18) 1.00% - 1.33% 2.13% 1.38%
(3.20) 0.09% - 0.52% - -
(3.17) 0.15% - -0.01% - -
(3.15) -0.07% - 0.00% - -
(3.19) 0.10% - -0.04% - -

low30-6-bench
Inequalities 1 2 3 4 5

none 7854.72 7789.66 8178.09 7475.93 7196.66
(3.6), (3.7) & (3.8) -0.37% -3.53% -0.35% 1.11% -0.51%

(3.18) 9.35% 5.53% 2.93% 2.74% 3.79%
(3.20) 1.22% 1.28% 0.57% -0.27% 1.66%
(3.17) 2.13% 1.75% - 1.42% 1.78%
(3.15) 0.00% 0.00% - -0.25% 0.00%
(3.19) -0.04% -0.01% - 0.00% -0.08%

low30-6-gen
Inequalities 1 2 3 4 5

none 7199.77 7421.25 6841.62 7261.57 6807.3
(3.6), (3.7) & (3.8) -1.21% 2.63% 0.58% 0.87% 1.15%

(3.18) 3.32% 14.61% -1.99% 2.80% 6.37%
(3.20) 2.27% 0.91% 4.01% 0.99% 0.60%
(3.17) 0.47% - 1.32% 1.16% 2.48%
(3.15) -0.01% - 0.00% 0.00% -0.02%
(3.19) 0.27% - -0.40% 0.00% -
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Table C.15: Changes in Root LB for Three Periods and Three Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none 14434.55 14412.8 14957.57 16287.79 15526.63
(3.6), (3.7) & (3.8) -0.09% 0.00% 0.00% 0.00% 0.00%

(3.18) 5.62% 6.46% 3.79% 4.16% 4.01%
(3.20) 0.07% 0.12% 0.09% 0.00% 0.05%
(3.17) 1.43% 1.38% 0.86% 0.33% 0.92%
(3.15) 0.02% -0.24% 0.04% 0.01% 0.01%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%

high50-3-gen
Inequalities 1 2 3 4 5

none 18439.34 16651.14 17678.72 16262.27 17396.18
(3.6), (3.7) & (3.8) -0.01% 0.12% 0.00% 0.00% 0.00%

(3.18) 1.96% 0.50% 1.47% 2.57% 2.42%
(3.20) 2.41% 1.97% 1.66% 0.72% 0.06%
(3.17) -0.08% -0.21% 0.43% 0.10% 0.59%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.03% 0.00%

low50-3-bench
Inequalities 1 2 3 4 5

none 3677.96 4002.98 4207.12 4251.46 4083.82
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 28.15% 19.94% 11.69% 13.46% 14.79%
(3.20) 0.26% 0.46% 0.14% -0.01% 0.13%
(3.17) 4.19% 0.99% 3.66% 2.39% 3.44%
(3.15) -0.03% 0.00% 0.00% 0.03% 0.01%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.43%

low50-3-gen
Inequalities 1 2 3 4 5

none 4366.05 3796.6 3727.41 4288.75 4161.4
(3.6), (3.7) & (3.8) 0.00% -0.76% 0.00% 0.00% 0.00%

(3.18) 3.96% 2.72% 8.47% 2.43% 4.76%
(3.20) 2.57% 7.00% 7.63% 1.31% 5.82%
(3.17) 1.22% 2.14% 5.34% 0.67% 1.06%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00% 0.00%
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Table C.16: Changes in Root LB for Six Periods and Three Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none 22125.65 19421.16 22718.05 17160.08 18111.95
(3.6), (3.7) & (3.8) -0.10% -1.24% -0.92% 0.17% 0.47%

(3.18) 8.89% 8.66% 5.43% 6.86% 7.62%
(3.20) 0.46% 0.05% 0.26% 0.10% 0.22%
(3.17) 0.89% 1.14% 0.66% 0.89% 0.79%
(3.15) 0.00% 0.00% 0.01% 0.00% 0.34%
(3.19) 0.00% -0.05% 0.00% -0.10% -0.04%

high30-6-gen
Inequalities 1 2 3 4 5

none 25184.01 25805.79 24021.37 25949.7 25099.74
(3.6), (3.7) & (3.8) 0.21% 0.01% 0.64% 0.18% -0.24%

(3.18) 3.04% 2.17% 3.46% 5.03% 3.92%
(3.20) 0.01% 0.07% 1.18% 0.35% 0.19%
(3.17) 0.38% 0.42% 0.35% 0.50% 0.17%
(3.15) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.19) -0.01% 0.00% 0.01% 0.03% 0.00%

low30-6-bench
Inequalities 1 2 3 4 5

none 7375.06 6943.35 7644.95 7113.21 6735.12
(3.6), (3.7) & (3.8) -2.02% 0.12% 2.85% 0.01% 0.41%

(3.18) 28.94% 23.72% 11.55% 17.37% 19.83%
(3.20) 1.26% 0.21% 0.91% 0.28% 0.79%
(3.17) 2.16% 2.41% 2.42% 1.75% 2.99%
(3.15) 0.00% 0.06% -0.05% 0.00% 0.00%
(3.19) -0.07% 0.00% -0.03% 0.00% -0.09%

low30-6-gen
Inequalities 1 2 3 4 5

none 6398.31 6940.91 6295.29 6924.23 6600.77
(3.6), (3.7) & (3.8) -3.08% -0.42% -2.27% 0.56% 0.45%

(3.18) 23.95% 38.29% 11.91% 12.19% 18.05%
(3.20) 1.93% 0.47% 4.06% 1.50% 0.60%
(3.17) 2.74% 2.96% 2.61% 2.45% 3.65%
(3.15) -0.06% 0.00% 0.00% 0.00% 0.00%
(3.19) 0.30% 0.04% -0.06% -0.97% -0.72%
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Table C.17: Changes in CPU for Three Vehicles

high50-3-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.20) 93.90% 0.00% 84.65% 0.00% 0.00%
(3.17) -146.94% 0.00% 29.68% 0.00% 14.79%
(3.15) 0.25% 0.00% -1.86% 0.00% 0.15%
(3.19) -0.50% 0.00% 0.77% 0.00% 0.96%

low50-3-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 0.00% 0.00% 0.00% 0.00%
(3.20) 0.00% 0.00% 51.75% 78.56% 0.00%
(3.17) 0.00% 0.00% 79.86% 55.90% 0.00%
(3.15) 0.00% 0.00% 1.45% 4.13% 0.00%
(3.19) 0.00% 0.00% -1.86% -0.95% 0.00%

high30-6-gen
Inequalities 1 2 3 4 5

none 1800 1800 1800 1800 1800
(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00% 0.00%

(3.18) 0.00% 39.82% 0.00% 0.00% 0.00%
(3.20) 0.00% 44.56% 0.00% 0.00% 0.00%
(3.17) 0.00% 65.29% 0.00% 0.00% 0.00%
(3.15) 0.00% -3.22% 0.00% 0.00% 0.00%
(3.19) 0.00% -8.38% 0.00% 0.00% 0.00%

103



Table C.18: Changes in Opt Gap for Three Periods and Three Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none - - 11.38 12.66 -
(3.6), (3.7) & (3.8) - - - 0.00% -

(3.18) 54.78% - - 39.81% -
(3.20) - - -40.56% - -
(3.17) - - - - -
(3.15) - - - - -
(3.19) 0.00% 0.00% 0.00% - -

high50-3-gen
Inequalities 1 2 3 4 5

none 5.30 4.83 - 5.82 0.73
(3.6), (3.7) & (3.8) - -17.18% - -201.55% -32.88%

(3.18) - 45.76% 95.68% 61.71% 43.30%
(3.20) - 85.02% - 45.54% -89.09%
(3.17) - -139.13% - 73.22% -
(3.15) - 0.91% - 3.06% -
(3.19) - 0.00% - 44.21% -

low50-3-bench
Inequalities 1 2 3 4 5

none 51.59 - - - -
(3.6), (3.7) & (3.8) 0.10% - - - -

(3.18) - - - - -
(3.20) - - - - -
(3.17) - - - - -
(3.15) - - - - -
(3.19) - - - - -

low50-3-gen
Inequalities 1 2 3 4 5

none 20.66 8.46 - 9.75 11.50
(3.6). (3.7) & (3.8) -5.13% 27.30% - 24.82% -19.04%

(3.18) 67.96% -230.41% - 84.04% 45.14%
(3.20) 92.53% 86.22% - - 67.51%
(3.17) -26.92% 52.50% - - -716.39%
(3.15) 4.55% 19.55% - - 0.10%
(3.19) -1.59% 2.80% - - -0.10%
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Table C.19: Changes in Opt Gap for Six Periods and Three Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none - - - - -
(3.6), (3.7) & (3.8) - - - - -

(3.18) - - - - -
(3.20) - - - - -
(3.17) - - -59.65% - -
(3.15) - 0.12% - - -
(3.19) - 60.19% - - -

high30-6-gen
Inequalities 1 2 3 4 5

none - 0.43 - - 9.13
(3.6), (3.7) & (3.8) - -318.60% - - 29.46%

(3.18) - - - 69.89% 88.04%
(3.20) 26.06% - 49.79% 39.29% 46.75%
(3.17) 18.06% - 32.48% -20.59% 21.95%
(3.15) 0.00% - 0.00% 0.00% 0.00%
(3.19) -23.12% - 2.53% 22.56% -3.12%

low30-6-gen
Inequalities 1 2 3 4 5

none - - - - -
(3.6), (3.7) & (3.8) - - - - -

(3.18) - - - 82.05% -
(3.20) - - 54.04% -72.53% 57.31%
(3.17) 11.05% - - -51.02% 67.05%
(3.15) - - - -130.18% 0.00%
(3.19) - - - 3.44% -22.37%
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Table C.20: Changes in BLB for Three Periods and Three Vehicles

high50-3-bench
Inequalities 1 2 3 4 5

none 14808.2 15192.56 15538.64 16775.5 15970.78
(3.6), (3.7) & (3.8) 2.51% -0.01% 0.20% 0.00% -0.50%

(3.18) 1.28% 2.79% 0.70% 1.57% 2.21%
(3.20) 0.33% 0.12% 0.14% 0.10% -0.02%
(3.17) 1.26% 0.53% 0.71% 3.86% 1.14%
(3.15) -0.01% 0.31% -0.21% -2.92% -0.03%
(3.19) 0.00% 0.00% 0.00% -0.02% 0.00%

high50-3-gen
Inequalities 1 2 3 4 5

none 18881.34 16939.23 18001.34 16534.2 17944.28
(3.6), (3.7) & (3.8) 0.33% -0.04% -0.38% -0.03% -0.24%

(3.18) 0.30% 0.52% 1.54% 1.53% 0.36%
(3.20) - 1.86% - 0.72% -0.11%
(3.17) - -0.58% - 0.45% -
(3.15) - 0.01% - 0.03% -
(3.19) - 0.00% - 0.33% -

low50-3-bench
Inequalities 1 2 3 4 5

none 4355.61 4708.9 4623.23 4763.39 4369.88
(3.6), (3.7) % (3.8) -0.25% -0.02% 2.49% 0.00% 3.11%

(3.18) 12.56% 5.20% 2.84% 3.64% 5.80%
(3.20) 0.22% 2.80% -0.04% 0.68% 0.80%
(3.17) 2.70% -1.31% 2.05% 2.66% 2.74%
(3.15) 0.12% 0,00% 0,07% 0.58% 0.52%
(3.19) 0,00% 0.00% 0.00% 0.00% 0.14%

low50-3-gen
Inequalities 1 2 3 4 5

none 4655.61 4138.29 3865.7 4426 4483.4
(3.6), (3.7) & (3.8) -0.66% 3.37% 0.00% 0.08% -0.63%

(3.18) 0.96% -3.55% 7.77% 2.11% 4.60%
(3.20) 4.21% 5.94% - - 4.32%
(3.17) -0.14% 1.51% - - -1.78%
(3.15) 0.03% 0.26% - - 0.07%
(3.19) 0.00% 0.03% - - -0.07%
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Table C.21: Changes in BLB for Six Periods and Three Vehicles

high30-6-bench
Inequalities 1 2 3 4 5

none 22806.83 19941.65 23285.06 17808.61 18731.9
(3.6), (3.7) & (3.8) -0.08% 0.85% 0.07% 0.25% 0.58%

(3.18) 6.73% 4.47% 2.51% 3.84% 4.64%
(3.20) 0.00% 0.30% 0.19% -0.11% 0.36%
(3.17) 1.03% 0.91% 0.40% 1.12% 1.06%
(3.15) 0.01% 0.01% 0.03% 0.01% 0.10%
(3.19) 0.02% -0.25% 0.00% -0.09% 0.00%

high30-6-gen
Inequalities 1 2 3 4 5

none 25501.66 26555.08 24660.91 26647.12 25713.69
(3.6), (3.7) & (3.8) 0.21% -0.52% 0.91% 0.68% -0.46%

(3.18) 2.41% - 1.85% 2.54% 2.44%
(3.20) 0.23% - 0.51% 0.43% 0.30%
(3.17) 0.13% - 0.27% 0.23% -0.03%
(3.15) 0.00% - 0.00% -0.01% 0.00%
(3.19) -0.06% - 0.00% 0.08% 0.00%

low30-6-bench
Inequalities 1 2 3 4 5

none 7884.89 8017.21 8236.29 7928.37 7240.79
(3.6), (3.7) & (3.8) -1.32% -8.14% 1.53% -1.66% -0.07%

(3.18) 21.28% 18.58% 6.22% 9.01% 13.49%
(3.20) 1.18% 0.06% 0.46% -0.25% 0.80%
(3.17) 2.74% 3.06% 1.86% 2.82% 3.13%
(3.15) 0.00% -0.04% -0.07% 0.00% 0.00%
(3.19) 0.02% 0.00% -0.01% -0.52% 0.04%

low30-6-gen
Inequalities 1 2 3 4 5

none 7316.4 7458.05 6917.18 7617.98 6962.97
(3.6), (3.7) & (3.8) -2.28% 0.93% -0.21% -1.03% 0.63%

(3.18) 9.94% 28.90% 3.00% 6.32% 13.87%
(3.20) 2.05% 0.57% 2.87% 0.35% 0.87%
(3.17) 2.23% 2.52% 2.60% 2.59% 3.56%
(3.15) 0.00% 0.10% 0.00% 0.00% 0.00%
(3.19) -0.10% 0.16% -0.80% -0.75% -0.22%

107



Appendix D

Average Improvements in the

Results with the Inequalities

In Tables D.1-D.3, we report the averages of percentage improvements in the lower

bound at the root node (Root LB), total time spent (CPU), optimality gap (Opt

Gap) and best lower bound (BLB) found in the time limit while valid inequalities are

cumulatively used for different number of vehicles. The numbers in the parenthesis

represent the number of instances for which using the corresponding inequality is

advantageous and the number instances for which using the corresponding inequality

has positive or negative impact. The detailed results for the percentages of the

changes in Root LB, CPU, Opt Gap and BLB can be found in Appendix C.

108



Table D.1: Percentage Improvements in the Results for One Vehicle

Root LB
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00% 0.00%
(3.18) 0.97% (5/5) 0.77% (5/5) 2.45% (5/5) 1.84% (5/5)
(3.20) 0.10% (4/5) 1.55% (5/5) 0.11% (5/5) 4.95% (5/5)
(3.17) 1.00% (4/5) 0.11% (3/5) 2.98% (4/5) 1.66% (4/5)

(3.15), (3.24) & (3.25) 0.02% (1/5) 0.00% 0.05% (3/4) 0.00%
(3.19) 0.00% 0.00% 0.00% 0.00%

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 1.13% (2/3) 0.48% (2/5) 0.21% (3/5) 1.00% (4/5)
(3.18) 1.06% (4/5) 0.46% (5/5) 1.94% (5/5) 1.67% (4/5)
(3.20) 0.59% (5/5) 0.58% (5/5) 1.82% (5/5) 5.29% (5/5)
(3.17) 0.37% (5/5) 0.44% (5/5) 1.20% (5/5) 2.41% (5/5)

(3.15), (3.24) & (3.25) 0.00% (0/2) 0.00% (0/1) 0.01% (1/1) 0.00%
(3.19) 0.02% (1/1) 0.00% (0/1) 0.00% 0.00% (0/1)

CPU
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 11.28% (3/5) 10.92% (1/1) 26.01% (2/5) 0.00% (0/1)
(3.18) 69.82% (4/5) 25.00% (1/1) 34.27% (4/5) 0.00% (0/1)
(3.20) 22.74% (4/5) 47.71% (3/3) 24.90% (2/5) 66.23% (2/2)
(3.17) 51.94% (3/5) 81.34% (2/4) 60.36% (4/5) 71.75% (2/3)

(3.15), (3.24) & (3.25) 14.24% (3/5) 0.00% (0/4) 20.02% (3/5) 0.35% (1/3)
(3.19) 8.71% (1/5) 2.95% (3/4) 0.32% (1/5) 7.65% (2/3)

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 29.24% (2/4) 25.04% (3/5) 18.85% (1/4) 8.50% (1/4)
(3.18) 0.00% (0/4) 0.00% (0/5) 4.94% (1/3) 0.00% (0/3)
(3.20) 75.97% (5/5) 75.01% (5/5) 69.99% (5/5) 94.53% (5/5)
(3.17) 17.87% (1/5) 30.11% (3/5) 41.76% (3/5) 52.81% (4/5)

(3.15), (3.24) & (3.25) 4.32% (4/5) 0.83% (2/5) 11.77% (1/5) 4.97% (4/5)
(3.19) 1.00% (1/5) 0.00% (0/5) 0.89% (1/5) 0.00% (0/5)
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Opt Gap
Inequalities high50-3-gen low50-3-gen

(3.6), (3.7) & (3.8) 13.40% (2/3) 17.79% (1/3)
(3.18) 31.75% (1/4) 40.78% (1/4)
(3.20) 87.96% (4/4) 77.22% (4/4)
(3.17) 100.00% (1/2) 50.95% (2/3)

(3.15), (3.24) & (3.25) 0.00% 0.00% (0/1)
(3.19) 7.14% (1/1) 0.00% (0/1)

BLB
Inequalities high50-3-gen low50-3-gen

(3.6), (3.7) & (3.8) 0.02% (3/4) 0.31% (2/3)
(3.18) 0.35% (1/4) 2.20% (1/4)
(3.20) 1.29% (2/2) 5.73% (3/3)
(3.17) 0.00% (0/1) 3.58% (1/2)

(3.15), (3.24) & (3.25) 0.00% 0.00% (0/1)
(3.19) 0.00% (0/2) 0.00% (0/1)
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Table D.2: Percentage Improvements in the Results for Two Vehicles

Root LB
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.00% 0.12% (1/2) 0.00% 0.00% (0/1)
(3.18) 2.73% (5/5) 1.27% (4/5) 9.53% (5/5) 1.84% (5/5)
(3.20) 0.13% (5/5) 1.57% (5/5) 0.18% (5/5) 5.44% (5/5)
(3.17) 0.55% (4/5) 0.17% (2/5) 2.83% (5/5) 1.73% (4/5)
(3.15) 0.73% (2/3) 0.00% 0.07% (2/3) 0.00%
(3.19) 0.00% 0.00% 0.00% (0/1) 0.00%

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.27% (4/5) 0.22% (3/5) 0.38% (4/5) 2.04% (3/5)
(3.18) 3.50% (5/5) 2.21% (5/5) 9.39% (5/5) 9.11% (5/5)
(3.20) 0.32% (5/5) 0.41% (4/5) 0.91% (5/5) 3.02% (5/5)
(3.17) 0.74% (5/5) 0.26% (5/5) 2.21% (5/5) 2.65% (5/5)
(3.15) 0.00% 0.00% (0/1) 0.00% (0/2) 0.00%
(3.19) 0.02% (3/3) 0.03% (2/3) 0.00% (0/1) 0.04% (3/3)

CPU
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.00% (0/1) 20.27% (1/1) 0.00% (0/1) 0.00%
(3.18) 18.03% (1/2) 95.34% (1/1) 0.00% (0/1) 0.00%
(3.20) 30.34% (2/3) 74.36% (2/3) 41.45% (2/2) 0.00%
(3.17) 41.62% (2/2) 33.80% (3/4) 53.32% (1/2) 83.57% (2/2)
(3.15) 40.38% (1/2) 2.44% (2/4) 35.63% (1/2) 0.00% (0/2)
(3.19) 0.30% (2/2) 2.25% (2/4) 0.00% (0/1) 1.34% (1/2)

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.00% 0.00% (0/1) 0.00% 0.00%
(3.18) 0.00% 90.95% (1/1) 0.00% 0.00%
(3.20) 6.84% (1/1) 61.49% (3/3) 0.00% 0.00%
(3.17) 92.42% (1/1) 15.69% (1/3) 91.26% (1/1) 91.24% (1/1)
(3.15) 0.00% (0/1) 0.00% (0/3) 0.00% (0/1) 0.00% (0/1)
(3.19) 0.00% (0/1) 0.00% (0/3) 51.87% (1/1) 62.17% (1/2)
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Opt Gap
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.00% (0/1) 41.85% (3/4) 0.00% (0/2) 0.00% (0/3)
(3.18) 64.93% (2/2) 46.94% (3/3) 63.75% (3/3) 88.03% (1/1)
(3.20) 45.37% (2/2) 87.96% (1/1) 71.11% (2/3) 19.60% (1/1)
(3.17) 29.68% (2/3) 0.00% (0/1) 49.18% (1/3) 63.48% (1/3)
(3.15) 0.00% (0/3) 0.00% 64.02% (2/3) 0.60% (1/2)
(3.19) 11.77% (2/2) 0.00% 3.67% (1/1) 1.20% (1/2)

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.00% (0/2) 74.47% (1/3) 0.00% (0/1) 25.88% (1/3)
(3.18) 49.74% (2/2) 83.33% (3/3) 93.65% (1/1) 74.03% (3/4)
(3.20) 30.14% (2/2) 40.51% (2/2) 54.84% (2/2) 53.38% (5/5)
(3.17) 19.00% (1/3) 50.00% (1/2) 36.15% (1/1) 51.50% (4/4)
(3.15) 0.78% (1/2) 17.78% (1/2) 0.00% (0/2) 0.00% (0/4)
(3.19) 31.28% (1/2) 40.00% (1/2) 0.00% (0/1) 34.68% (1/2)

BLB
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.06% (1/2) 0.53% (3/4) 0.00% (0/2) 0.78% (2/4)
(3.18) 1.45% (4/4) 0.57% (3/4) 5.02% (4/4) 2.24% (3/5)
(3.20) 0.32% (2/3) 1.52% (2/2) 0.67% (2/3) 6.64% (5/5)
(3.17) 0.33% (2/3) 0.00% (0/1) 1.60% (2/3) 1.33% (2/3)
(3.15) 0.00% (0/2) 0.00% 0.53% (2/3) 0.00% (0/1)
(3.19) 0.00% 0.00% 0.00% (0/1) 0.00% (0/1)

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.19% (3/5) 0.42% (1/4) 1.11% (1/5) 1.31% (4/5)
(3.18) 1.62% (5/5) 1.46% (4/4) 4.87% (5/5) 6.78% (4/5)
(3.20) 0.30% (3/4) 0.31% (2/2) 1.18% (4/5) 1.76% (5/5)
(3.17) 0.53% (4/4) 0.15% (1/2) 1.77% (4/4) 1.36% (4/4)
(3.15) 0.01% (1/3) 0.00% (0/1) 0.00% (0/1) 0.00% (0/2)
(3.19) 0.23% (3/3) 0.10% (1/2) 0.00% (0/3) 0.27% (1/2)
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Table D.3: Percentage Improvements in the Results for Three Vehicles

Root LB
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.00% (0/1) 0.12% (1/2) 0.00% 0.00% (0/1)
(3.18) 4.81% (5/5) 1.78% (5/5) 17.61% (5/5) 4.47% (5/5)
(3.20) 0.08% (4/4) 1.36% (5/5) 0.25% (4/5) 4.87% (5/5)
(3.17) 0.98% (5/5) 0.37% (3/5) 2.93% (5/5) 2.07% (5/5)
(3.15) 0.02% (4/5) 0.00% 0.02% (2/3) 0.00%
(3.19) 0.00% 0.03% (1/1) 0.43% (1/1) 0.00%

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.32% (2/5) 0.42% (4/5) 0.85% (4/5) 0.51% (2/5)
(3.18) 7.49% (5/5) 3.52% (5/5) 20.28% (5/5) 20.88% (5/5)
(3.20) 0.22% (5/5) 0.36% (5/5) 0.69% (5/5) 1.71% (5/5)
(3.17) 0.87% (5/5) 0.36% (5/5) 2.35% (5/5) 2.88% (5/5)
(3.15) 0.18% (2/2) 0.00% 0.06% (1/2) 0.00% (0/1)
(3.19) 0.00% (0/3) 0.02% (2/3) 0.00% (0/3) 0.17% (2/5)

CPU
Inequalities high50-3-gen low50-3-gen high30-6-gen

(3.6), (3.7) & (3.8) 0.00% 0.00% 0.00%
(3.18) 0.00% 0.00% 39.82% (1/1)
(3.20) 89.28% (2/2) 65.16% (2/2) 44.56% (1/1)
(3.17) 22.24% (2/3) 67.88% (2/2) 65.29% (1/1)
(3.15) 0.20% (2/3) 2.79% (2/2) 0.00% (0/1)
(3.19) 0.87% (2/3) 0.00% (0/2) 0.00% (0/1)

113



Opt Gap
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 0.00% 0.00% (0/3) 0.10% (1/1) 26.06% (2/4)
(3.18) 47.30% (2/2) 61.61% (4/4) 0.00% 65.71% (3/4)
(3.20) 0.00% (0/1) 65.28% (2/3) 0.00% 82.09% (3/3)
(3.17) 0.00% 73.22% (1/2) 0.00% 52.50% (1/3)
(3.15) 0.00% 1.99% (2/2) 0.00% 8.07% (3/3)
(3.19) 0.00% 44.21% (1/1) 0.00% 2.80% (1/3)

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.00% 29.46% (1/2) 0.00% 0.00%
(3.18) 0.00% 78.97% (2/2) 0.00% 82.05% (1/1)
(3.20) 0.00% 40.47% (4/4) 0.00% 55.68% (2/3)
(3.17) 0.00% (0/1) 24.16% (3/4) 0.00% 39.05% (2/3)
(3.15) 0.12% (1/1) 0.00% 0.00% 0.00% (0/1)
(3.19) 60.19% (1/1) 12.55% (2/4) 0.00% 3.44% (1/2)

BLB
Inequalities high50-3-bench high50-3-gen low50-3-bench low50-3-gen

(3.6), (3.7) & (3.8) 1.36% (2/4) 0.33% (1/5) 2.80% (2/4) 1.73% (2/4)
(3.18) 1.71% (5/5) 0.85% (5/5) 6.01% (5/5) 3.86% (4/5)
(3.20) 0.17% (4/5) 1.29% (2/3) 1.13% (4/5) 4.82% (3/3)
(3.17) 1.50% (5/5) 0.45% (1/2) 2.54% (4/5) 1.51% (1/3)
(3.15) 0.319% (1/5) 0.02% (2/2) 0.32% (4/4) 0.12% (3/3)
(3.19) 0.00% (0/1) 0.33% (1/1) 0.14% (1/1) 0.03% (1/2)

Inequalities high30-6-bench high30-6-gen low30-6-bench low30-6-gen

(3.6), (3.7) & (3.8) 0.44% (4/5) 0.60% (3/5) 1.53% (1/5) 0.78% (2/5)
(3.18) 4.44% (5/5) 2.31% (4/4) 13.72% (5/5) 12.41% (5/5)
(3.20) 0.28% (3/4) 0.37% (4/4) 0.63% (4/5) 1.34% (5/5)
(3.17) 0.90% (5/5) 0.21% (3/4) 2.72% (5/5) 2.70% (5/5)
(3.15) 0.03% (5/5) 0.00% (0/1) 0.00% (0/2) 0.10% (1/1)
(3.19) 0.02% (1/3) 0.08% (1/2) 0.03% (2/4) 0.16% (1/5)
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