




GEOHJ~trHICAL APPROACHES TO SOLITON EQUATIONS 

by 

U~urhan M~an 

Thesis 

Submitted in Partial 

Fulfillment of Requirements 

for the Degree of Master of Science 

in Physics 

Illi~~liilf"ij~fIi"j~ Iljfll~lll ~ 
39001100317570 

Bogazi9i University 

Istanbul, Turkey 

February, 1981 



\ 

ACDiOW,LEDGMRNT 

r wish to expres • • Y .1ncere gratitude to my t~b'8i8 

lIupllrvlsor Dr. hahllli liUven tor hi. continued intre.t and 

vklukble comments throu~out thie work. 

1 would alao like to expre~1I my thankll to Prot. Dr. 

At1l1k A~I(Ur wtlo made me get interested 1n this lIu';ject 

iiJld l'ro!. Dr. Yavu", t.UtKU (or his most valuable helps. 

" \ \ i I, > 



ACKNOWLEDGMENT 

L w1.sh to express my eincere gratl tude to my thesis 

fJupervlt:lOr Dr. hahmi lfUVtln for his continued intreat and 

valuaLle COillilH:m ts throu-,J;tll~ut this worlL 

1 would also 1i'{t' to exnretHj my thankl,j to l'rof. Dr. 

I\tillu AI)Kcl1' wno made me get interefJtf~d tn thitl BU';ject 

Wlct fro!. Dr. yuvu~ hutk:u for his UlCt;t valuable helpH. 



i 

A review of aoml rloent geometrioal approachla to 

the aoliton equationa ia preaentld. Thl nonlinear evolution 

equationa Which belong to, the Ablowit.-~aup-Ne .. ll-tiegur 

acheme are deaoribed in tlrma of a linlar conneotion Whoae 

curvat·ure vaniahes. The propertila of thia .oltton connec­

tion are discu.aed uaing exter10r difflrential forma. The 

existlnce of infinite number of conaervation la.. and 

backlund transformations arl conaidered within this frame­

work. It ts shown that a,oliton Iquationa may a180 be viewed 

as embedding problema. A general procedure which a.aociatl. 

wtth the .oliton connection tWo_dimenaional aurfaces Im­

bedded in three-dimen.ional flat apace i. outlined. 

The aurfaces a •• ootated' with the sine-Gordon and the 

Korteweg-deVriea equationa are Ixplicitly oonatructed. 
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1. INTlfODUCTlON 

In thiB thedl we Ihall be intrelted in a claal of , 

nonllnear evolution equationl which has been extenlively 

studied during the last two decadel. The well-Icnown mem­

bers of thi. claal arl the Korteweg-de Yriel (IdY) equation. 

the modified Korteweg-deVriel (MIdV) equation, the line­

~ordon equ~tion and the nonlinear Schr~dinger equation. 

Thil Cl88S of equationladmit particularly interelting 

Ipecial .olution. which are Icnown as 1011 toni and find 

wide applications in various branches of physics and .n­

gineering. Other distinctiv. featurel of this olass are 

the following; 

1. The initial value problem for th.s. nonlinear 

partial differential equations can be solved exactly. This 

is accomplished by using the method of inverse scattering 

transform which may be regarded as the generalisation of 

the Eourier analysis to nonlinear problems. In this method 

one aelociates with each equation a linear soattering prob­

lem in which the unknown variable of the nonlinear equation 

plays the role of the scattering potential. Th1a unlcnown 

variable ie determined by Itnear computations uling the in­

verse scattering theory. The inverse acattering transform 

was first introduced for the 

Greene, Kruskal and Miura(l) 

IdV Iquation by Gardner, 

and wal lubslquently g~nerallz~c 
(2) 

0y Lax ,'::akharov d 'h b (3 ) ., 11 an ~ a at • AbloWitz, Kaup, pewe 

",nd :,,:1 ~~ ( 4) and by Calegero and Degalperies(5). 

2. i'hes8 evolution .quations. have B'cklund transfor. 
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mutlons. A llacklund transformation relatee the lolutlon 

of a given'equation to another solution of the lame equa­

tion or to a lolution of another equation. Historically, 

thil property waa first observed for the aine-Gordon e­

quation in the study of paeudoapherical aurfacea(6). 

3. One can asaociate with each equation an infin_ 

ite number of conservation laws. Under euitable boundary 

condi tions" these conservation laws give riae to an inftn_ 

ite number of constant.of motion. These provide simple 

and efficient methods to stUdy the propertiel of the eo_ 

lutione. The eXistence of luch conserved quantities was 

firet noted by l'aura(7) for the KdV equation. ' 

The purpose of the present thesi. il to give a 

survey of Bowe recent goemetric approaches to this class 

of evolution equations. There are two major reasone for 

undertaking such a study. first, it is desirable to elu~ 

cidate the relationship between the nonlinear equations 

and their associated linear problems. The crucial etep in 

applying the inverse scattering transform to a given equa_ 

tion is the determination of its associated linear probleul. 

Therefore, it ia attractive to consider frameworks Which 

encompass both the nonlinear evolution equationa and their 

associated linear problema. Secondly, it ia also desirable 

to gain more insight into relationship between the inverse 

scattering transform, Backlund transformations and the ex_ 

iat<.lnce of infinite number of conservation laws. With these 

goals in mind, in Chapter II we introduce the class of equa_ 



tiona wbich belong to the Ablowtts, Kaup, Ne .. ll and Sagur 

(AKNS) acheme(4) and outline aome ot their baaio propertiea. 

In Chapter III we t1rat tollow Craap1n, P1ran1 and Roblnaon(~ 
and ahow that the linear acatter1ng problema tor the.e evo_ 

lution equationa may be deacr1bed in terms ot a l1near con_ 

nection. This ao11ton connection 1a repreaented by a matriX 

ot I-torma which takee valuea in the Lie algebra ot SL(2,R). 

1n thia trameworlc. the require.ent that the ourvature ot 

thia connection vaniahas givea 

We then utili.e the 

riae to ,the deaired nonlinear 

worlcs ot Crampin ( 9) and equationa. 

~asalci ( 10) and interpret the Baclclund tranatormation. and 

the existence ot tha 1nt1n1te number ot oonaervation laws. 

1n Chapter IV 'we ahow that the .oliton equationa may alao 

be viewed as embedding problem •• Utilising the obeervatione 

o! Lund and Regge(ll) and GUr.e. and Nutlcu(12) we d1acua. 

how one <1'Hlociates with etlch nonlinear evolution equation 

and i te linelU' problem, a two-dimensional surtace eillbedded 

in a three-dimensional flat apace. Conversely, from such em-

bedding problems, one can conatruct nonlinear aquationa 

which can be aolved uaing the 1nveraa acattering transform. 

We conlude the theaia with a diacuaaion ot thea.e geometric 

frameworlc s. 



4 

·11. iVOLUTION ~~UATIONS S01VABLi BY INV~hSi SCATTIRING 

TltANSrOhM 

1. Particular t~amples 

In this section we present the well-known examples 

ot the nonlinear evolution equations and discuss their sym_ 

wetries. 

a. The Kortweg-deVries (IdV) Iquation: 

( II.l) 

Here the subscripts denote the partial differentiations 

. with respect to the independent variables t and •• The K.dV 

equation is encountered in the theories of shallow water 

waves, anharmonic lattice, longitidunal dispersive waves in 

e latl tic rods and in J>~asm_a physics. This list 18 not exhaus­

ttve; a rather large class of nearly hyperbolic systems has 

been sho.wn to reduce to K.d V equation. There are three dif­

terent transformations Which leave tha K.dV equation invariant 

These are the ~alilean transformations: 

t' ... t , 
the space-tiwe translations: 

"',,,11.+110 , t'.t+t •• 
and the scale transtormations: 

, ,. _,110 , 

b. The Mod1!ied Korteweg-deVries (MXdV) Equation: 

(1l.2) 

(1l.3) 

(1l.4) 

(ll.S) 

This equation has been use'd to describe acustic waves in 
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-certain anharmonielattices and Alfdn waves in collision­

lesa plasma. It can be shown that if ~ is • solution of 

the MKdV equation then (~t +cp') sattst1es the KdV equation. 

The NKdV equation shares with the KdV equation the invari­

ance under the transformations (11.2) and (II.~). The scale 

transformations: 

I x-1" · 
aleo leaves the 

t/.,~~ . 
MK4V equation unaltered. 

c. The Sine-~ordon Equation: 

(II.6) 

(1I.?) 

If • simple change of the independent variablss 1s performed 

in the sine-vordon equation a180 takes the form 

( II.8) 

This equation ariaes in the study of pseudospherical 8ur­

faces. It has been used to describe the propogation of a 

crystal dislocation, Bloch wall motion of magnetic crystals, 

the propogation of a magnetic flux of Josepheon line. It has 

also been employed in elementary particle theory. The space­

t lme translations (II.~), the two-d illlesional Lorentz trans­

formations: 

.~ = ~ • i'-ti s 6!!.. • ~.t) - ~(C;.T;).t, (II. 9) 
~I_II' r-ur 

as well as the scale transformations: 

I .. ·1111. , ( II.IO) 

leave ';he sine-Gordon equation 1nvar1an t. 

d. The Nonlinear Schr~dinger Equation: 

• (lI.ll) 



6 

SOllie physical applications are atationary two-dilliensional 

self-focusing of a plane wave, one-dimension aelt modula­

t i on of a monochromatic wave. th.e selt trapping phenomena 

of non-linear optio., propogation of a heat pul.e in a 

solid and Langmuir wave. in plaa.a. This equation i. in­

variant under (11.3), the ecale transformation.: 

I 
.... =~Jt , ~"'1:1l , (1l.12) 

and the trans forma tion: 

2. The AKNS System 
• 

\11 ven a field <1>(.,\) in one .pace. I!. and one time t 

dimensions, consider the folloWing Cauohy problem I 

<pt;l(<p) , 

q)(x, b.o):. <Po(") , 

(ll.H) 

(II.15) 

where 1(is a certain nonlinear operator and the aubacript 

l denotes partial differentiation with respect to time. We 

wisll to solve this nonlinear equation by asaociating to it 

a linear scattering problem. For this purpo.e we introduce 

a linear operator L which depends on 4>(11,\) and defines an 

eigenvalue probl •• by the equation 

where 
L" ='1" 

, is the 
• (1l.16) 

eigenvalue. Suppoee the time evolution of 

the e igenfunc t ions " is governed by another operator M so 

that 

t"t~M" . (II.I?) 

By differentiating (11.16) With respect to t and ueing 

(ll.l?) we obtain 
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(I1.18) 

Hence, we see that the eigenvalues will be independent of 

time if the operators satisfy the Lax condition: 

~Lt.=[t-t,L] . 
Following Ablow~tz, Kaup, Ne .. ll and Segur 

(II.19) 

(AIOlS)(4) we 

shall be intereeted only in tne operators having the forll.· 

L .[~ , (II. 20) 

, ( 1I.21) 

and therefore we shall take 

,. [~, I • (II •. 22) 

For the moment ... shall assume that '4-'''. A, tI,e, I) are 

all arbitrary tunctions ot It, t and the eigeDvalue '\. 

lith these choices (11.16) will take the torm 

(II.23a) 

"a .. 1',\",-:&r"l • (II.23b) 

These equations will define us a scattering problell and the 

functions '1-( .. ,\,,) and r( .. ,t,,\) will play the role of a scat­

tering potential. On the other hand, the tille dependence 

of "I and ":I. will be governed by the general lineu eqUations 

"'t_ AVI +f,v1 , (II.24a) 

"al" C v, + D v'- . ( II. 24 b) 

,~o tar nothing guarantees that 1iS indepentent of time. 

Uter dirterenttattng (II.23) with respect to t I (II.24) 

with respect to ~ and setting we tirst note that 
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which implies 
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(1l.25) 

(II.26) 

and without any 1088 of gererati ty we .et d.O. When th i8 

property is taken into aocount in the equations obtained by 

cross differentiation. we find that 1,.0 18 satisfl8d i.f 

the following conditions hold I 

All" ~C-r~ , 

B. - 2.~B;: ~t- 2A,\ ' 
C" +l1C .. rt, + ~Ar • 

(U.27a) 

( 1l.27b) 

(II.27c) 

These equations are the compatibility oondition8 for (11.16) 

and (11.17) and are equivalent to (II.l9). All the nonlinear 

evolution equations that were mentioned in the previous 

section can be identified as the special cases of (11.27). 

For this purpose let us first expand the functions A. B. 
and C in powers of 1; 

A 3 1 
"'Q.3~+QJ1+Q.11+Qo , (11.28a) 

B=bI15t-~1~+b'1+bo , (II.28b) 

e ll. 
=C~1 ... C~1 +C.'1+ e.o , (II. 28c) 

and-8ubstltute (11.28) into (11.27). Comparing the coef-

ficients of powers of ~ we find . 

A& Q1 1?1- Q:l.1-1 ~Q~r'l +QI)1- i Q~,\r 
-«(;pr.-<:\JLr)+Qo , . . (II.29a) 

B=Os'412.- (Q.1.'l- ~Q5c:}11)1 
-(Q,'\+-i Q 5'll.r+I Qa.,\.- ~Q~~,,"), (II.29b) 

C::. Q:tr12.- (Q~r+i Q~r.)1 
-«l,r+i(l,<:\r-i't ~Q~rJf,- ~Q3~1t,). (II.29c) 
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We next substitute (11.29) into (11.27b) and (11.27c) wh1ch 

result 1n the equation. 

~t - t Q 3 (~11'" - 6C~.r~1C) + i Qa. (~-2.~,.) 
- Q I '4,,:-:2.~~ ~O . J 

rt - ~ Q:s (r .. u - 6~rr" ) + t Q2, Cr." - 2.,\r1) 
- Q;rll + 2.Qor = 0 • 

(11.30a) 

(11.30b) 

N ow the choice, QO"Q,-Q1- o. 0,=-4 and r:o-i; '\.~ reduce 

(11.,Oa) to the KdV equation and the coeUicienti A. ~. C, 

take the torm 

(11.31a) 

(11.31b) 

(11. 31c) 

on the other hand, .it we let <le.~.Q:a..O • Q, ..... and r_-,. , .. ~ 
we get the MKdV equation together With the relation. 

(11.32a) 

(II.32b) 

(11.320) 

The nonlinear Sohr~dinger equation 1. obtained by .peci&!-

iaing to ~.a,.Q3"o ,Q:a.--2.t and r..-r(. ~a4> and then 
... "I , J,.a. 
1":. ~1 +"''1' • 

&= t~" +2~1~ •. 
C=~~:-2(~4>' . 

(II.33a) 

(11.~3b) 

(II.33c) 

Similarly. we can also find the eTolution equation. corres-

ponding to the expansion in inverse powers ot ~ • ~or exam­

ple taJdng 

A:. Q(lt,t) , 
y1elds 

, 
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Q,. a i ('I"')~, '\ .... t;. -4Q~, r", .. -4Clr, (11.35) 

and the choice: 

~4 4 ~ r::.~= ;, Q=4 c.o~" b::'C::''4 f1\n'f,(II.36) 

give. u. the .ine-Gordon .quation. It we ohoo.e 

,. .. -~;:~, ~ .. tc.o.h+, b.c..~~inh~,(II.37) 
then we obtain the .iob-Gordon equatioa. 

The nonlinear evolution equation. (11.14) which 

tall in to the AlOKS .cheme are .01 ved by the tollowtn, pro­

cedure: 1) Utilising the initial condition. one tir.t cal­

culatee the scattering dat'a ( .uch a. the retlection coetti­

c 1ente, diecrete eigenvalue •• to.) tor v at \"'\.10, i:,,,O. The 

potentid <+(JI,t:) i. a regular lunction detined tor all real 

value. ot the variable ~ and 1 •. a •• ume4 to van1ah aaymptot1_ 

cally: .6 "_1.00 • , 

2) Using the aeYlllptotic torm ot Mat \,,1 ... and (II. 27) one 

then determines time evolution ot thi •• catt.ring data. 3)', 

the nonliMar tield ~( .. t:) play. the roll ot the .oattering 

potential, one constructe q,<_.t;) trom the Imowled,e ot the 

tlme dependent scattering data u.ing the technique. d.velope 

tor the inverse scattering probleme. 

thia method ot 801ution 18 iliu.trat.d in .iaure I. 

We 8hall not go into detail. ot the inver.e .catt.rin, tran. 

torm a8 there are exten.ive .ourcee(5 >,(13) on thi •• ubJ.ct 

Here 1 t w111 be .uttici.nt tor our purpo.e only to note that 

there.8 a close 8imilarity between thla method ot .olution 

ot the nonlinear evolution equations and the Fouri.r anal. 

Y'ie ot the linear problem •• Con.ider a linear time evolu-
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t10n.quation tor a t1eldU(1I.,l) aattetytng the initial condi­

tion U(1I.,o)= Uo{~)' One may introduce the Fourier trans term 

uOc,t) ot U(-,t). U(k.o) can be calculated trOll the Fourier 

trWlstorm ot U(II,\) tor t.O and the ini tial condition Uo(") • 

Then it we take the Fourier tranetorm ot the giTen partial 

dittreatial equation we obtain the evolution equation in k­

IPIICI tor the t1eld t(~,\) Which can bl i_Idtatly integratld. 

Tlitl last ettlp Which yilldl the eolution u<-,~) ot the given 

linear partial ditterential equation ie the inveree Fourier 

transform. The adventage ot this method ia that the time 

evolution is much simpler in Ie. _epace than in It_lpace. 

'This prooedure may be aummarized Ichematically al 

U(J(,o) - t (k.,o) -Cdk,l\ --..U (1I.,t) 

tollon: 

• 

:;0, tro~ the aimilari ty in the tlature .... lIay oon.idlr 

the AKNS acheme aa an extenaion or the Fourilr analyaia 

to nonlinear problems. 

'1'i.. Evolution 

4(x,t) ot 'cattering 

Inverse Scattering Data 
(at I"\~eo) Tranet01'll 

• 
I 
I 

tIl.H) • (Il.17) 
I 
I 

Problem 
Scattering Data 

40 ()() Direct 

(Il.16) (at \"\:10, bo) 

. 
Figure 1 
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.3. }jack,lund 'l'ranstorDlattonl 

One ot tne balto properttel ot tne nonlinear partial 

ditterenttal equation., Wbi~b can be .ohed by inYlree ecat­

tering tran8form i8 tnat eacb one admite BacklUnd transtor­

mations. houghly epeaking, Bickl~d tranltoraation is a 

pair ot tirst order ditterential equation Whiob relate a 

solution ot a higher order ditterential equation tc anothlr 

8olution ot the same equation, or to a lolution ot anotner 

d1tferential equation. Utilising tne.e t,ir.t order equation. 

one may construct ne •• olution. tro. a glYln solution ot tne 

partial ditterential equation. In many probll •• tne triylal 

solution ~O exl.U and tnl •• 01uUon may bl employed a. 

tbe initial .tep In ooa.truct~i ne •• olutlon •• Moreoyer, 

in certain cases new .olutlon. can eVln be oon.tructed al-

gebraically trom a set ot known lolutloa •• An iaportant 

example ot sucb a procedure 1. tne tnlore. ot perautabllity 

tor tne sine-Gordon equatlon(14). 

Let us introduoe a nl. variable ~ by 

¥- .::!..L 
0- " 2. 

, 

'l'hen tne associated linear proble •• (lI.n) and (11.24) r .. -

peotiv~ly take tbe torm 

't1l"'2~t+'4-r'f~ , 
t~ '" fa 2-' t - C'ta. • 

(1I.39a) 

(1I.39b) 

'l'he.e equations are called tne Rloeati torm ot (11.23) and 

(11.24). ''1'0 obtain tne Blcklund tranltormation., .. tollo. 

Konno and wadati(15) and lntroduoel' Which 1. a •• uaed to 



, ) l' 
Ut18ty (1l.'9a) With • new pot.ntial ,(to). 'rh. n •• pot.n­

tial 18 det1n.d a. 

N.xt 

(II. 40) 

(11.'9) and (11.40). H.r. 

we ahall con.1d.r only the tolloW1nl thr.e 01 ..... , 

When we apply thi. proc.dure, the Riccati 'Quation 

(11. ,9a) b.oc ... 

~II "'2~t + ~ + ¥" • 
It we take the tunCt10D '$' and the D •• ti.ld ~' •• 

I 

~~-~-2.~ • . 

4>/(".):.~(".)+2.~ (-_-lrt), 

(II.n) 

(II.42.) 

(1I.42b) 

t', ip' .. t1aty the Ricc.t1 tora (II.n). By introducing <ps.-w. 
and ~.-w,; , (1I.42b) can b. writt.n .. 

~ (w-~) '" -2. L ('G +2,) t 
~t. ~ 

(1I.4') 
) 

and then we bave 

W-uJ':.-2.('t+l..,)+2.k(t.) , (lI.H) 

Wher. Jdt) comes trom the int.gration. The int.grability 

condition tor (~}1.pl1 •• ttt.t "(~) b • con.tant. Next, 

combining (Il.42b),wbicb can b •• xpr •••• d •• 

l' .. a 'i (W~ - W,.) , (11.45) 

wi th (;,1. 41) we obtain 

• I '" ",2. ( 6) W .. +Wt.=41Q+20. 11.4 

Atter ttJc1ng the .quare ot (ll. 44) and choc.inl the in t.-

gration' conatant ~ a. -~ we no. have 

t (w-w't':. 2 (ta.. 2.~~ + '1~) . (II.47) 

Thi. chOice, r •• ult. in one ot the eQu.tion. ot the 
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llllckiund transformation: 

4IJ .. +Uol~ --214 + (CoI)~w')a. • (n.48a) 

Substitution of 1 fro. (11.47) to the other Riccati torm 

(II.'9b) gives us the other equation ot the pair: 

uJ~ -Wt.~&+4A[ W~W_~]-2C [ w~~ -11.(iI.48b) 

When we lubltitute A,& andC given in (II.'l) theae are 

the hllcklund transformationl tor the 14V equation. 

Hence, we get two equations which relate the partial 

deri vati vee ot w,w'to I.tJ and W', 10 they can be used to cal. 

culate w'(lI..t) trom the knowledgs ot Wt.l,\) without using 

the inverse scatterin', transtora. Another solution w"('A,t) 

can be obtall)ed trom the knowledge ot w'(1l,\) and 10 on. 

(n.49) 

(II.50a) 

(Il.50b) 

and tile notations that are outlined tor clall i, we get 

the BlI.cklund transtormations tor clas's 11; 

w .. 'tW; :-2~ ~:n(w.,w') • (II.5la) 

Wt.W~ a (C-B)- (21+C) co. <W-w') +lA Mn (w-J).( II. 5lb) 

(11.51) are the Bllcklund tranltormations tor the moditied 

KdV equ~tion when A, band. C g1ven 1n (n.'2) are lublt1. 

tuted 1n."'0 the proper placel. The Bllcklund transtormationl 
I 
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tor the sine-Gordon equation can be cbtained by .ub.titu­

ting \AI. t and A, '}, and C given in (II.22). These can be 

wri tten as 

i(~I1+_~:):--2.1 ~:nl ~ <t-4>')) , 
i (~t.-~~):-~ ~inl ~ (~+~'n . 

9.t~!I.~ .. ~.~~.: r':._~~ ~ .. ~ . 
The Riccati torm become. 

til : 2~ ~ + ~ +~. ~ I. • 

It .. choose t and ~ a. 

f=.~ , t· a.. 
'+"_,t 2. ~ (~ .. )-t, 
'¥-\ft 1.-1",4 , 

(II.52a) 

(II.52b) 

(II.54a) 

(II.54b) 

then t' W1~ ~'sati.tie. (11.53) tor 
'+" tl.. t 

real ~. Ie tind that 

'i' + 'f =- - 4 ~ -. """i "';"+"""1 t-:'~:a. ' (II.55) 

Which may be inverted to give 
V' 2. '\ + ..Jr-~-,\l"::'_-I"""CP""" +-~-I-i 1 

0'" - ~'.' + 4>. , 
(II. 56) 

• 

When .. next .ubstitute (11.56) in the Riccatl torme ot 

this C~a .. and use theA, 1> and C ,iTeo in (II.33), the 

Bicklund transtcrmations tor nonlinear SchrGdin,er equation 

are cbtained. 

~ .. t ~: ~ (~ - ~') ~41a. -14> + ¢' I a. • t 

~t + 4~ ~ H~lI- ~:) V4~a.-1 ~ + cp'll • 
+ ~ (~ t ~') l \ ~ • ~' \3. .. l ~ _ ,'I:l ) 

4. Infinite Humber ot Ccn.ervatioD Law. 

(II.57a) 

• (II.57b) 

By a conservation law we understand an equation 

having the tcr. 
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. , Tt + Nt. .... 0 t ( II. 58 ) 

where T and N are functlon of the .olution +It..\') of the 

nonlinear evolutlon .quation. ~. functionT 1. call.d the 

conaerved den.i ty and N the oon.ened flo. or fiu. Then 

the functional 
+. 

l=.~ Tl~(xlt))J. 
-00 

, (II. 59) 

will be con,tant of aotion prortd.d the lntegral .xl.t. and 

the lntegrand ,atl.fle,.certa1n boundary cond1t1on. at in­

flnl ty. The conaervation la ••••• oclated with a giTen non-

11near equatlon can be generat.d by utl118ing the ... oclated 

11near problem. lor thl.·purpo •• let u. introduo. two Tar. 

lable. 

t, .. ~~ . (II.60a) 

t1 = ~: • ( II. 60b) 

The varlable ~1 has already be.n conslder.d 1n S.ction }. 

The 11near equation. (11.2}) and (11.24) can b. u.ed to 

obtain the equatioDs 

~'" So - 2. ~ ~ t + r - 'l t ." , (II.6la) 

~\::. C - 2. At, - '0 tt • (1l.61b) 

l211 ... 2.1t2. +~-r"~ • (II.62a) 

t1t ::.1> ~2.A""-C~~ • (II.62b) 

1· • 'to \ 

Prom ihe compatlbility condltion. ( ~. i. 2.) and 
~"., ~t .. 

(11.21) one finds the folloW1n, consenation la •• : 

(~'G')t:' (A~"b't,)y. t 

(r "6,\ • (- A + C t 2)". • 

(II.6}a) 

(II.6}b) 
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The ooettiehnte ot cl" 1Ja cl~, ad cl't" alter rupeothely 

multiplying with ,. and r, gin the equationa tor the oon­

served densit1es: 

2~(~t,) = r'l- ('llt,)2. - ~(~)-. • 

21 (rt,2) :-rC:\. + (rtat + r ( ~)" • 

(II.64a) 

(II.64b) 

Let UB seek the power aerie •• 01ut1on ot(lI.64) 111 inverae . .. . 
powers ot 'l 

00 

Q t, = L: f" n-" • 
t "a' I 

(II.65) 

-
Th1.a expansion givea ria. to 'the following reeura10n rela.-

tion 

~. f 1 ( -1. [(rQ ) b -1- {. r - Q ( ~) 
tl'ft+,- ,. 't m,o ..... , '" T",_", "'" ~-. 

,(II.66) 

Which giveB ria. to 

; f :..!:.1 , 2. • "' :.0 

"" = I : f2.=(t)1 r" ~ • 
: f, ~ -(t )) [r2.~1"," 'l"r" - (~r,,)~] • 

:f. ={~y- {rr"'l2.+ll~{'l"r,,),,- (~r,,) ... ~ 
+~" (~r.,). + <ct r1) -. + cfw. r .. n · 

etc. .:n this ... .Y:tb!uleterminationo.! .dena1t,. ,.. '\ 't, 11 

eompltlted. Then the flux t4:A+lt. can e .. i17 be determined 

beeaufo., wtuin T 1& known one may use the relation 

. N:A+tBT . (II.67) 

11nall1", substituting th .. e expressionaback into (II.63a) 



18 

the equating the coetticients ot the same powers ot 'lone 

o bhins ex plici tly the ateromen tioned infini te set of con­

servation laws. Once T is determined the constant of motion 

can bs obtained from (11.59). 
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Ill. THI SOLITO~ CON~~!IOI 

1. Identitication ot the Connection 

La8ic equations ot the a880ciated linear problem can 

be rewritten .in the torm 

t[~J{~ • (llI.l) 

(III.2) I ~ [",]+ [_A -~l ["'].0 · 
~t "a. -C It. ":a. 

i'olloW1ng Crampin I Pirani. and Robinson( 8 ) ... note that 

(111.1) and (III.2) oan be ldentltled .. the two oo.ponents 

ot the equation 

'b...,l r ... ·' - + I."," ::. 0 • 
~IC."' . 

(III.:5) 

1IIt1ere It. S, ..., .. I. ~; m .. n .. I, ~ and the sumaatlon oonvention ls 

employed. Here .. tue ~' .. )( ... :L.t and sst 

-r.~o[~ _~] .. -r.: • [~ ~J · (111.4) 

Theretore (IlI.:5) can b. lnterpreted as the property that the 

vector tleld .. l'18 covarlantly constant: 

'V",,,~ = 0 , (111.5) 

1IIt1ere ~ 18 the covarlant derlvatlve. !bi. interpretatlon 

requlres that the ~~ baldetltled as tbe oo.ponents ot a lin 

ear connection on the Ipaoe on 1IIt11ch " 11 detined. Let us de­

note by r the connection one-f,oru 

r=r.:d".M". (lIl.6)" 

This matrix ot one-torms has three lndependent one-torm 

entrie8: 



r= [9' 9' 1 e1 -ft 
where 

0 

9= -(~dll + A dt) 
91:-(~d)l.+E>Jt) 
e'J.: _ (r~+C Jt) 

• 

• 
• 
• 
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(III.7a) 

(III.7b) 

(III.70) 

W. &ball call th1. oonn.ot10D the .011ton conn.ot10D • 

!lot. that the • 011ton conn.ct10n r .a1 be .xpr •••• d 

r .S"X. • oc.O, 1,1, (III.a) 

Wher. X .. are the 1nt1n1 tea1mal g.n.r~tor. of .1(2,1l). the 

11. algebra of the group 5L(2,R). Con.1der the,2z2 unmodu-

,lar real matr1c •• , 

GC6-pt. I . (III.9) 

S 1. a general element of the group 8L(2,R). Wben we 1ntro. , 

due. the one param.t.r .ubll'0Up of 8L(2 ,R) .. 

we can wr1 t. any element of the Il'0ul! 8L(2,R) .. the product 

,~:; Bo B. 81 • (III.ll) 

assum1ng 6#0. The 1nf1n1te.1mal g.nerator. ot the L1. alg.-

bra ot the group 5L(2,R) are obta1ned .. 

y .~' ... 1:[1 01, X::.i q 1= ~o I]. ":4.. .. 1 .. [0 O],(III.12) 
..... CI~Uo\ 0 -IJ I dQUI 0 0 "& dbCJal 0 I 

,~ .. .. 
and tll:.y have the co_utat10n r.lat10n.: 

b<o,X.]:.2X,. [X.,X.]=-2){~ , [X1,XJ.x.·(III.l:5) 

H.nce 'the so11ton conn.ct1on talce. "alue. 111 the L1 .• al .. -

bra ot the group SL(2,R). 

Having the 1d.nt1f1.d the 8011tOD oonn,ot10n .. can 

now d.fin. the curvatur. two-torm by 
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• (III.l4) 
, 

which also takes value. in the Lie algebra ot SL(2,R). In 

(111.14) a denote. the exter10r der1vative and 1n the .econd 

term matr1x and exterior aul t1plicatione are to be understood, 

Ytben the curvature two-t.ora i. expanded in term. ot the gen­

era tors of the Lie algebra of SL(2,R) a. ia1CX ... have 

i :d.e0 
... al

/\ e~ 

:(-AII+'lC-rB) dltAd~ , (III.15a) 

K::.de'+.29°"al
. 

;. (<:l~ -811 +:2.~&-2.':lA) dx"dt • (III~15b) 
ia.:. de'-.2 ao/\ aa. . 

::. (rt -CII-~C +2.r~) cl~"dt, (III.15c) 

that 1s, 

R:. dx"cIl {(-AlI+~C+r~) X,+ C'\t-e. +2,~ 
-:-2'4A)~ +(rt, -C.-2'1C+2rA)Xa'l}( III.16) 

We note that van1ehing ot the curvature two-torm g1ves the 

co~patibility conditions (11.21) Which were obtained in the 

prev10us chapter • lor example, when one lubsti tutel the 

vaLues ot A. B. C, ~ and r which are given ill 

(11.'1), (11.'2) and (11.34), (11.'6), on. ,.t., tor the 

KdV squation: 

(III.11) 

lor the mod1fied KdVequat10n the ·curvature two_torm ie 

R:. d""dt { (~t t 6,1 ~II + ~.JlJI) (X.-Xa) } t (III .18) 

and tor the sine-Gordon equation one tinde 

(III.19) 

These results can be summarized al tollo .. : The 11n­

e.ar equat10ns aSlo01ated With the nonlinear evolution equa-



tiona can be written a. the vaniahing ot the oovarlant deriva. 

tlV~ of a r~al two·component vector field. In other words,the 

linear equations may be describsd in terma ot a linear con-

nectlon Wbich take. it. value. 1n .1(2,R). fhe vanishing ot 

the curvature two.tora of thi. connection glve. the nonllnear 

evolution squations~ 

Note'that the conneetlon one-tora r 1. not anlque 

tor a given nonlinear evolutlon equation ... oan obtain new 

torm. ot the connection by ,auge tran.teraatlon. 

r --r' '" S·'r s + S·'dS • (UI.20) 

where S i. an element ot the group 8L(2 ,R). 1I1en the connee­

tion tran.torms as ln (III.20), ourvature two-tora P-. behana 

a. 
D 0' .1 
~~"':: S RS:. 0 • (III.2l) 

The-cerre.pending change ln the vector tleld 1. ,1ven by 

"--"'''I': S·'.., . (III.22) 

The action ot the one.parameter .ubl1'oup, ot 8L(2,a) 

on the connection one-torm. are .. tollo .. : 

(III.2,a) 

(III.2,b) 

(III.2'c) 

(III.24a) 

(III.24b) 

(III. 240) 



2. Interpretati~ nl.Blcklund Transtoraation. 

(III.25a) 

(III.25b) 

(III.25c) 

In ~e previous .ection ft han .een that the VAIl­

i8hing at the curvature two-tora con.truct.d !roa the loli­

ton connection giv •• u. the nonlinear partial diff.rential 

equation •• The condition R.o can be written .. the tol .. 

lowipg three equation.: 

dao + a'l\ e1 
': 0 , 

del + 2. eo ,,8' = 0 , 
del._ 290"e3.=0 . 

(III.26a) 

(III.26b) 

(III. 26c) 

)low con.i4er the lett invariant one-tora. ot 8L(2,a): 

[

We WI] 
L:. X-'dX:. a. • 

W -w 
t (III.27) 

lIbere X i. a general element ot the ,roup 8L(2,a). Th. 

Jolaurer-Cartan .quation. tor 8L(2 ~R) ar.: . . r dwo .. J" ~1. U)I .. 'J..,.,o It. CIt)' ] 

'dL+l.,.\.: L~a.-2.w""J _(dwO~J,,~') :.0, (III.2a) 

IIblch can b. writt.n .. 

d.wllC.+-tC~OCtW~~wt =0 t . (III.29) 

where C~t are the structur. conatant ot 8L(2 ,a). There tore , 

(III.26) are tormally ...... the Maurer-Cartan .quation. 

tor thH lett invariant on.-torma ot 8L(2,a). Boftver it 

.hould be noted that ef( are on.-torm. d.fin.d on the two-4i-
2-

menaional .pace J.:. Ulin, the lrobeniul Th.or •• , on. Call find 
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a SL(2,R) value1 matrix Gauch that 

r =-G-'dG . 
The meQning ot thia atatement 1. 

an open set ot Ir into 5L(2,R): 

that G i •• appin, trom 

'V : m2._.... ( In) ,.. I\. .. 51.. 2, ~ , 
• and thie map induce •.• mapplng ). troll .paoe ot one-tonal on 

SL(2,a) into the .paoe ot one-torm. on~. !heretore 

J,·(WI() =e~ . 
We may write (IIl.}O) &I 

dG=Gr . 
Let"the bottolll row otG be denoted by NL , -".). Then 

dVa="aee-",ea, -J",.""S' +",9°. (III.}2) 

These are equivalent to the associated linear equation. 

(11.23) and (11.24). 

Using the lwasaw. deoompo.ition(16) any element ot 

the ,roup 5L(2,R) oan be written uniquely &I • product ot 

an upper triangular lIIatrix and • rotation matrix. Theretore 

, 
where T 18 an upper trianaular matrix yalued tunction and P.­
ie a rotation lIIatrix yalued function OIl r. Ie aball choose 

them •• 

When .e construct T'dT trolll (III.}}) .. obtain 

T-dT= R:dR+l('rR. . (IlI.}5) 

The lett hand side ot (111.35) i. al.o upper trianaular. So 

it illlplies that the lower lett corner element ot right hand 
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Bide vanishes: 

dl¥ + (e'- 61
) ::: 29° alnq> -to le'+e~) ~'\> . (III. 36) 

This equation can be written as two first order partial dif­

ferential squations tor the rotation angle '¥. hom aO( depen­

dence it contains a solution of the given nonlinear partial 

differential equation and its partial derivatives. if a·con­

tains a known Rolution then (111.36) gives a rslation between 

the known solution and the rotation angle'\J • Thi. observa­

tion suggests that (!I1.36) must be linked to the Bicklund 

trallsforwi.itions associated with the nonlinear evolution equa-

tion·. We shall now show that the Licklund transformations 

can be interprete.d a':l_ the gauge tranatqrmat10n Which makes 

connection one-form ran upper triangular matrix(9). 

It "e rewrite the matrix c:..in (IIl.33) expllicitly, 

G - (Cl cos t -b .:n ~ ,,,In t + b c.oat-J ' (III. 37) 
- 'C06 'iJ_ I .In ~ 

"& ~ Q 2-

the ratio of the elements of bottoll row (v, -~,) of c:. gives 

t t: ta ~ = -::.- • ( I II • 38 ) 

When one t:ee the exterior derivatIve of'U and uses (III.2b) 

one obtai.D 

dtJ ,,2.'060
- \~/e' t-e2. , (IIl.39) 

which 18 equivalent to Riccati form of (rr.23) and (1I.24). 

CrulIlpin ( 9) has observed that Z; 1s a 'pseudopotential for the 

soli ton equation. in the lJ~nse of Wahlquist and Estabroo~l·I). 

Let us sxptlici tly demonstrate this interpretation 

of the NickI und transformations in the two s tandart examples. 

First. ~onsidsr the sine_Gordon equation. Using (III.7) and 

(11.35) the connection one-torm for this squation can sasily , 
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be oonetructed. It is given by 

( ~C:h .... ~ ,",o.~ c:H: 

r: 1: 4>.d ... ~ tln+alt 

L.t us now utilise the gauge treed om ot the soliton oonneo-

tion and perform a transtormation on r with the matrix 

_ ({.;Oat~ .• \n ~~) . 
.5- ,:n ~ 9 co~~ ~ (III.n) 

This transformation brings r into the torm . 

~-~o. t ('ldll ... l- dt) (~ epa"'';''! )d,.- (~ ~l+ ~n .. nl )dl] r = . ~ 'I I' AI) I. ~ I -"') (III.42) 
(-t4l1l+~~"T)d~ ... (t4>t-4ij~lnt C!t; .~.:l. \~ .. "+~ 

Now,-the application of (111.36) givee U8 

d'Y + t (~Il dll+ ~tCn.)=- (~ co. !JII';' ~C06i-dt)~n'Y 
. + (~s\ni d .... ~ ".ni cit) co,"", ,( III. 4') 

which rssults in the toll owing pair ot tir8t order partial 

ditferential equations, 

l¥1I +1:~1I=2~(.;ntCO.,¥_~!61n~) t (III.44a) 

~t· -! 4t :.~ (6!n! CO.'¥ + co.t- .In-.,). (III.44b) 

Wi th the det1ni tion ",at thee •• quatione are I ot oours. I 

eame as the ones given in (11.52). 

Ae the eecond sxample .. take the KdV equation 

~t""2c1>~.t-~.II"=O. Note that the coeftioient ot t~ 18 dit­

ferent trom -( II.l). The p088ible ditferenoe oOlles trom the 

choice ot r.-~ inetead ot ra.1 in (11.29) and (II.30). With 

th1a difterent choic. I the connection one-torm tor thia equa­

tion can ea8ily be constructed by ueing (111.7) and the new 

torms ot "" Pl, C in (1I.29), It 18 g1ven by 

l
~d ..... (",~Jt-oi-~' ... l~.)alt; _tdlt+(+~~t.+2.~'l+"+a.] r & .. t ... ,,JJt (III.45) 

:Ld,- (8~1t-a4» ~t ~cl",- (4rf"'4+,\+14.)~~ 
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Again, by using the gauge treedoll ot the soliton connection 

one lIay pertorm saquen tial transtol'lllat10ns on r Wi th the lIa-

tri'···~·l~ ~]. s.~~: -~1. S"l~ ~]'(I1l.46) 
Then the new torm ot T'. atter setting ~:''l' 18 

f :2 t,Jt d"-4(++?\)cJt] 
r;; l(~~2~)dH[4(++i\)(2.~-)o.)+2~",Jdt -2+ .. ~ .(III.H) 

Theretore, (111.~9) can.be written al 

t.: 'h-2t-Z," , .' (III.48a) 

tt:: -4 'l;~1I + 4 (4)+?\)'lj:L +4(~+i\)(lf-?\) 
+ 2 ~JU' • (IlI.48b) 

It can be verlt1ed easlly that iti latiltiel the I(dV equa­

tion given in the above torm then 

cP=~-~-z,2. , (III.49) 

is also solution ot the lame equation. Br introducing <l>=-~" 
I ' 

and ~ .. -u.)~ and omitting the conltiUlll ot integration 

(111.49) takes the tamiliar tora 
I (,)2--W" - Wil • -,...- "'-l-w • (III.50a) 

Utilizing (1II.46b) ~e I.oond equation ot tbe pair il 

obtained as 

W; + "'-l-t ~ 4 (f" + ~~' + cpl.) 
+ 2. (w'-&.t.l) (w'lIa - W'II")' (III.50b) 

~. The Conservation Lawl 

In this section WI ahall agaln conlider the variables 

~I and t" that were de tined by (I1.60a) and (II.~Ob). We tirst 

Il ote that the Hiccati .quation. (II.61) tor ~I can be combine. 
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into the Ptattian equation 

f\, .... d'G,-el 't:-:2.8°t, +9:a. =0 • (III.51) 

S iml1arly, trom (II. 62) and tne deflnHlon of the .011 ton 

conneoUon, we can ea.l1y wrlte 

'?\2, =d'6'2, -ttt,.'" +~aOt& +9' = 0 • (III. 52) 

We next 1Dve.tl,ate the integrabillty condition. tor 

(111.51) and (111.52). By takin, the .xterior deriTatiTe. ot 

AI and ?\a. and u.ln, Tanlabin,ot ibe ounaiU. of the 

.011ion connectlcn .. find that, In order to be coapletely 

integrable, )\1 and ~ mu.t .at181'7 the nec ... u1 and 81lftl­

clent condltion. 

d?\1 =-~?\IA. <ao ... t, a') 
d?\J. a 2. ~:a.A (6°_ ta.SI) 

I . 

• 

(IlI.53) 

(III.54) 

Heace we aee that tor the .. lution. of (111.51) and (111.52) 

the one-torllls 

J,:o So+1,91 
• 

Ja. = -9°+ t,. el. t 

mu.t be'clo.ed 

dJ, :00 -, 

dJa.. 0 . 

,->,.\. 
(III.55a) 

(IIl.55b) 

(IlI.56a) 

(Ill. 56b) 

It the,., equation. are expanded ln tera. ot the ba.i. iWo­

Ccrm ~.I\clt one ot cour.e, re,aln. the oon .. rTaUon laws 

(11.63a) and (Il.63b). Theretore, .. ob.erTe that the .oliton 

IlonnecUcn ,llrovide. an ele,lUlt way of expre •• ln, the conser­

vation law •• 
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IV. SOLITON EQUA!IOHS AS &KaiDDliG PROBLIMS 

1. Fundamental .lquationl ot Surtaoe Thlory 

Let .M be & ttlrle-di.ln.ional tlat .paol. At lach 

point 1.11 1ntrod\l.OI ttll orttlonora&l bali. nc1l0r." (4-'."3) 

./it1lty1ng the cond1Uon. - -ei, . ej .~.t.l ' 
,,..,: .. 

(lV.l) 

.oere ttle .etr1c i. g1.ln .. 

~4j • cll.~ ( l. 6, E.' ) t (I V • 2 ) 
• ,. I 

and €.~ • 1 • The 1nd10ator. fit ~ arl introduold in ordlr to 

handll the d1ttlrent choiol. ot ttll .illlature ot ttll IIItrio. 

Obvioualy. the u.ual 11&01141an .pacl oorrl.pond to ttle caal 
, 

6,.4£.,.1. -Let dP bl a .. all di.plaol.lnt. !hi. 41.placlllent 

i8 a .ector .aluld on.-tora.ad .. oan Ixp.ad 1t in,tera • ... 
ot ei. al 

dP.wtet • (IV.:5) 
• 

where 111)" are ttle dual ba.lI onl-tor ..... oan de a .1.11ar 

Ixpan.1on tor ttle d1aplacl.lnt. di~ in thl ba.i •• Ictor. 

the ••• l ••• : 

de4 .,. w'\ e" • (lV.4) 

.u .. arl con.idering only ttll tlat .paoe. I ttle operator J 
can bl 1nterprltld a8 ttll .xterior d.ri.aUn. !aIt1ng thl 

exterior derivative ot (IV.1) and notin, ttla. ~j.O" 
obtain 

W·· +W·· -0 4J J~- • (IV.5) 
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On the other hand, t&k1DI the .xterior deriTatiTe ot (IV.3) 

and d(dl).o iin. 

dwl.. + 0:)" ~ 1\ (J,} :. 0 . ( IV. 6} 

S1milarly, cHdli).o ruul'it iA 1ib •• quUoa 

Et j :. rJwl..J + w'" 4. A wt j • 0 • ( IV. 7) 

1IIh1ch upr ..... 1ibat tor 1ibe tlat .paoe. 1ibe ourTature two­

tona1 ••• ro. (IV.3), (IV.4). (IV.5) an DO ... the 

Cartan' •• tructure equUoa. a4 (n.6) I (IV.7) art 1ib. iA_ 

tegrab111ty cond1t1oa •• 

Now, con.1der a. two-d1aen.10nal .urtace e.bedded 1n 

M •. Choo.e a aOT1nl tru. (ll t l'~, l'.) at .ach p.int" ot 

the .urtac. 1n .uch a way that a. and ~ an tapnt and "i. 
1_ norlllal to the .urtac •• 8illce 11. con.train.d to aOT. 1n 

the .urtaee, dPllu.t 11e in the tanlent plane I .0 '*he .ur-

·1. detined by --.--------.-.­

ul:.o , 
and there tore a. it 1. _tate4 

-p 1-d • w e l +w3.Er. • 

(IV.S) 

When .. d18t1nguish the tanPilt Teetor. and the norlllal 

(IV.4) can b. wr1tten .. 

dea&-Jlle~+w"a&ea. (a(,~.'.~). (IV.10) 

fbi. equat10n 1. DOwn .. 1ibe (lau. equUoa. Iroa lll·e~ .. o 
w. han e~. clts•o eo de;. aut al.o li. in 1ib. tanpilt pla •• 

We thu~ obta1n the We1lllartan .quaUoal 

• 
. (IV .11) 

Alaill trolD _.peratioa ot the equat1on. tor the .urtae. and 

1 t. normal, the in tegrabil1 ty coadi t1oa. can be wri tt.1l in 

the tOr'll 



• 

dw 0( + wO( ~ 1\ u.} • 0 , 
dw~ I , a a. = W II I\W +. W SA W =0 • 

and vani.bing ot curvatur. two-torm i.pli •• 

d I I S 
Wl, ... W 3 "Wa.. O , 

. d I' I a 
W~"'W2."W" -0 • 

dw'" a. .• 3 ... W ,,,w3=O, 
, 

Which are called the GauI.-Mainardi-Codaaai 

U8 introduce the notation 

nl I 2. a. 
=W~, ll=W~. 

that 
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(IV.12) 

(IV.13) 

(IV.14a) 

(IV.14b) 

(IV .14c) 

equation •• Let 

(IV.15) 

Then (1V.13) and (IV.14) oan be writt.n, a8 tollow8~ 

dna - = Wi 2. " 1f' • 0 • 

(IV .16) 

(IV.17a) 

(rv.17b) 

(rv.170) 

The one-torml IT' and 12. oan be expr .... d .. lin.ar 

cOllbination. ot w' and 11)2.. Beoaul. ot the relaUon (rv.1.6). 

we have a Iymmetry in the coetticientl: 

IT' = "wi ... lw2. , (IV.18a) 

(IV.18b) 

Since there i8 only one linearly independent two-torm on 

the Iw'tace. we must have ", 

IT',, 111:. E.E'}( 1.1)' "IJJ2. , (IV.19) 

Where 

, (IV.20) 

i& a Icalar and call.d the Gaul8ian curvature. Siailarly, 

w&I\IfI_w'l\n2. il a two-torm on the lurtace and 

, (rv.21) 



}2 

det1n.e, a Icalar K callld the lIIean curTatur. ot the aurtaca. 

Ualng (IV.18) the lIIean ourvatur. oan be written aa 

2H=.e.k+e..'n· . (IV.22) 

The charecteriltic rootl ot the aatrix 

[£\ ~) t 

are called the prinoipal curntur .. ~ and ~ ot the aurtace. 

We conaequently haTe 

2.H = ~I + oK:&. • 
K ... e. e..' ~I 06<:~ • 

aeturning back to (IV.17a) .. aee that 

d W'.2. - K l.I.J'I\I.I.J2. • 0 , 
and the Riemannian curTature two torlll 

9
1 d' KIa. l. = I.I.J 20:' C4) A W • 

(IV.2}) 

(IV. 24) 

(IV.25) 

91 
a. ot the aurtace il 

(IV.26) 

The tir,t fundamental torm ot the aurtace 11 detined 

by 

(IV.27) 

Where. denote' the ten lor produot. The tirat fundamental 

torm reter, to the intrinaic propertiea ot the lurtace. The 

intorlllation about how the aurtace ia e.bedded in the three.di. 

Nenaional tlat aanitold ia contained in the aecond fundamental 

l~orlll (the extrinaic curvature). fbia quanti t1 ia detined aa --ds~:.- de
3

.dP ': _ (View' +1I3. ew2.). (IV.28) 

J'inally. let UI note that tha ol.aaioal tora ot the equationl 

ot the ,urtace theory oan be obtained b1 choo.in, 

Wi = vI' du + (FIR) d" , 
w2.: (H/JE) d.., , 

OY.29a) 

(IV.29b) 

lIl:lere \.I • .., are the local coordinate a • E. J: • G are the metric 



tunotiona and Ha.& E<:a- f~ 

lIl: Pdu.+Q cl" 
na.:. R d\,l + Sdll 

t 

• 
the aecond tundamental tora can be expre ... d aa 

d~ = 1. d\la.. 20M c:l~c:lv+ N c:l"a. • 

2. The Sine- Gordon Equation 

(IV.30a) 

(IV.30b) 

(lY.n) 

Conaider a two·d1aenaional aurtace havin, the lin. 

element 
.. 

~2. = $ln:A. e J,r + c:06:l6 dua. , (1V.32) 

where h8{",.,,) and U, v are the local coordinatea on the aur. 

tace. Chooaing the orthonormal baaia one-tor.a aa 

Wi :. t)~n e c:lv t 

lJJ'J.:. co~e d~ t 

(lY.33a) 

(IV.33b) 

the connection one-torm ot the aurtac. and ita curvature 

two.torm can e .. ily be conatructed. In the coordinate baaia 

they are ginn by 

Wi 2. :. au d" + elf d "" , 
8

1
2, : (8w - 9",,) dv" d\,l . 

Let ua demand that the aurtace i. a p •• \1doapberical one 

having the Gauaaian curvatur. Ka-I. hOlD (IV.14) and (1V.19) 

'., we then have _'"'_.''' ___ '''_''''' ...... _. 
~I I ~ 
~.2.::-WAW I (IV.36) 

~d there tore obtain 

auu - eyy :. 6\n8 c:o. e , (lV.37) 

,mich reduce tc the canonioal torm (11.7) ot the aine.Gordon 

41quation by aetting 4>.~. Hence .. aee that the paeudoapher. 

leal aurtacea are in timatell related with the aine-Gordon 
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equation, It ia now natural to a.k it th. aa.ociat.d linear 

scattering probl~1I can be included into thia g.o.etrical 

tramework, Lund and R.gge(ll) haa given a d.tailed dia_ 

cusaion ot this proble., To ahow how the aaaociat.d linear 

problem t1 t. into th. pictur., we ahall a .. ume that the 

p.eudo.ph.rical .urtace i. e.bedded in a thr.e.dillen.ional 
, 

!lat apace having the a1gnature. _ ... -E.al. Let u. again 

cons1der the connection one-torm (111.42) tor the .ine­

~ordon equation. Atter pertoralng a .cale tran.torllation we 

have 

e°:.-(;o:)9 (dll.' + t c:it') , (IV.3Sa) 

al
= ~ (e.,d'll'-a~c:!~)+~·lne (d1.'-tcll.') , (IV.3tlb) 

e2.: _y (a., Jl' - at' d~) ... t.:" e (d~' - t cH:) , (IV. 3Sc) 

where we have uaed 6::f and put primea to 1nd1cata the new 

·coord1natea, WaAU.t··.4.t1Al the coord1natea 

U __ 2.. ( ,c.' ... t to' ) , 
",.2.(,.'-4 t.') , 

(IV.39a) 

(IV.39b) 

and tran.tormat10n with the lIatrix 

(IV,40) 

The new torm ot the conn.ct10n one·torma art given by 

eo' ... ~ (9", elv - 9 ... du) , 

el
' I'e I a '" - bin dv - ~2. e.06 du , ,.2. . 

ff -= L ,.In e ell! + ~ c.o~a du • , .2.. -. 
W. ROW make the toll owing identitication •• 

I • 0'· e ~.2.:' -.2.Le = Su dV + v d~ 
I I' 62.') • e d 11 :. _ (e + = - ~I n " 

112.:. ~ ( e1
'_ 91

' ):- _ ,-0 ~ e du. 

, 
• , 

(IV.41a) 

(IV.41b) 

(IV .41c) 

. (IV.42a) 

(IV .42b) 

(IV.42c) 
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verity that, with W and W'4. given 

nl "Wi + n2. " W2. • 0 t 

• 

in (rv.33), 
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(IV.43) 

(IV.44) 

-e are there tore juatited in taking aa the second tundamen-, 

tal torm ot the surtace the quadratic torm 

d $~ :. :.In~ a dv2.+ c.o.a 9 ~2. • (IV.45) 

This result may bs summarized aa tollowsl Using the aoliton 

connection we have mapp.d the aine-Gordon equation and its 

associated linear problem to the problem ot embedding pseu­

dospherical surtacea in ill certain three-dimeneional flat 

space. It ahould be noted that the nonlinear aine-Gordon 

equation only retera to an intrinaicproperty ot tha two­

dimenaional aurtacea~ to the Ri.mannian curvature. 

3. GUXses-Nutku Construction 

.l.t has been recently abown(l2) that tha aboTe geo. 

metrical construction can be .xtende' to all nonlinear ev_ 

olu.tion equations belonging to the AKIIS sche ••• General pre­

cription 1s to take 
I 2.4 eO 

c.tJ .2. :. - ~ , 

wi:. .. & (91+92
) , 

n2.:. Vee" (-a'+92.) • 

(IV.46a) 

(IV.46b) 

(IV .46c) 

It can be eas11~ shown that with thes. identitications 

(.I. V .17) ia nothing but the Maurer-Cartan .quationa 

deo(+t CptAt a'+elf:O , (IV.47) 

which was previously considered in Section 2 ot Chapter Ill, 

lIence given a nonlinear equation and its associated linear 

problem one may tirat conaruct the aoliton connection and 
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where we have. omitted the primes on the tran.tormed vari_ 

ables. Then the gauge transt,ormation by the matri%~. given 

in (111.10) tor 

e~ = '1-Ya 
t ' (Iv. 51) 

give. the ~ independent OAe.torm •• 'or later oonvenienoe, 

one can simplify the 'l independent one-torm. by another 

gauge transtormation With the matrix ~I which is also given 

in (IlI.1o), tor Q~-l. Theae transtormations bring the ele_ 

ment. ot th~ soliton oonnection into the tora 

eO = 4>" dt , (IV. 52a) 

9
1
: (1-~)dlC + (~"1C+.2~+ If-4)clt, (IV.52b) 

e1:dlC - (4+2~) d-l:. , (IV.52c) 

Utilizing the invariance property of the KdV equation under 

the Galilean transformation. ,iTen in (II. 2) and performing 

yet another gauge transformation Wi th the ma tri% 

, (IV.53) 5: [~- ~t. 
obtains the elements ot the one soliton connection as tollows: 

Let u. 

eO = _ ~"dt , 
e':. dlC - 2 ~ dt: t 

ff=- ~dlC+ (2.~2.+~)(,,)dt . .. 
chocse the basi. one-torm. U) aa 

W';(,i ... 1)Jt: +. ~ JIC t 

Wi. :. (: 1- I ) dt + ..L dlt . 
'2. 4 

(IV.54a) 

(IV.54b) 

(IV.54c) 

(IV.55a) 

(IV.55b) 

Then 'the ccnnection one-form 1.1)'1 can be tound by using 

(lV.12). It is given by 

(IV. 56) 



If one compar .. th1a connection one-tora with the identitica­

tion (IV.46a) obtain. that 

E. -I (IV.57) 

The identification. (IV.46b) and (IV.46c) and the Gau.s­

Mainardi_Codaz.i equation. tor the ba.i. giyen in (IV.55) 

lead to 
I 

6.::.-1 (IV.58) 

Hence the metric ot the .pace i. determined. Irom (II.46b) 

a.nd (II. 460) one-can-Ilnd-,,1-- and I a. a •. 

n~(I-4>)cI\l.+(2.¢a.-2<P+ <i> ... }dt • 

lTl:-('+CP)d\l.+(2.~1+2.~+q, ... )dt . 

(IV.59) 

(IV. 60) 

Therefore, the tir.t and .econd funde.ental tora. ot the 

surface Which is related to the IdV equation are giyen by 

d~~ ::. 2¢de + c:H:d~ , (IV.6l) 

d~~ -::. - t d·l- 2. (~ .. + ~".) JP' + 2.~ d\l.dt • (Iv .62) 

Finally. the lIau.sian curvature ot the .urtace 1. 

(IV.6}) 

The.~~bedding problem of a surtace with the tirst and .econd 

fundemental tOrlllS given by (lV.61) and (IV.62) 1s equivalent 

to the KdV equation and i.ts aaaociated linear problem. 
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V. Dl~CU~~lON 

In this thesis we have given a survey ot some re_ 

cent geometrical approaches to a class ot nonlinear evolu­

tion equations. These equations were called solitonequa_ 

tlons because ot their physically interesting soliton solu_ 

tions. The geometrical approaches were found attractive be­

cause they encomposs both the nonlinear equations and their 

associated linear problems. In our discussion ot the aoliton 

equations two gedmetrical notions played important roles. 

~irst ot these was the introduction ot a connection and 

the Second was the association ot two-dimensional aurfaces 

embedded in three-dimensional flat spaces. Batore the dis­

cussiQn of these approaches well-mown examples ot theev­

olution equations were eXhibited in Chapter II. Some ot 

their physical applications and their invariance proper 

ties were also mentioned. In the aame Chapter a summary 

of the AKNS scheme was gi"en and Bicklund transtormatione, 

conservation laws were discussed. In Chapter III the evo­

lution equa,tions were interpreted at the le"el ot a connec­

tiOD. -At this level the linear eigenvalue problem associ­

eted WiUl a given nonlinear equation was shown to be equiv_ 

alent to the vanishing ot the covariant derivative ot a 

two-component vectortield.'This enabled us to identity 

"the soli ton connection Which was reprssented by a SL(2 t R) 

1ie algl?bra valued one-torm. In this tramework the non-
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linear evolution'.quation ... r. obtalned by d.aandlng 

that the curyature con.truct.d trom the .ollton ~onnec_ 

tlon v&Dishe •• It .hould b. noted that the .... costruc­

tion could be carried out by 'pecltying the gauge group 

1. 51(2,0) rather then SL(2,1). In fact, in (IV.40) .. 

had as.um.d thl. gen.rallaatlen. Th. gauge tr •• do ... 

• ociated With the .oliton conn.ction wal .mploy.d in 

the di.cu •• ion of the Blcklund tran.for.atlon •• Blcklund 

transtormations .. r. interpret.d as the lau,. tran.tor_ 

111& ti"1)~1 whlch bring the loll ton connection into the tora 

ot an upp.r triangular matrix. !h •• xietene. ot the con­

.ervation law. aleo found a .impl. ,xplanationl th.y 

were the con.equ.nce of th'e .x1at.nc. ot two 01.oe.4 on.-

torma. 

, In Chapter IV it wu aho_ that the .011ton .qua­

tione aay alternativ.ly vi.wed as embedding prcbl •••• 'or 

thiB purpose the tunduentiLl. .quation. ot the eurtac. the 

ory(lR) (19) .. re given in t.ra. of exterior dift.rentlal 

torm. ,. Then a g.neral proc.dur. wh lch ... oeiat •• With the 

eollton connection two-dimensional surface ••• bedded in 

three-dimensional flat .pao •• wer. outlined. Thi. proce­

dure was explicitly applied to the line-Gordon and the 

KdV .quation and the corr •• pondlng eurtacee wer. construc. 

led. Hel~e it 11 intr .. tin, to noh that there 11 another 

ipproach, due to Saeakl (10) _lch interpret .. all the eo­

liton equations .. de.cribin, only the pe.udo.pherioal 



surfaces in three-dimensional flat space. In our notation, 

Sasaki's prescription is to take 

eO::. - t u.l , 
el 

I (I 1 ) :1:' w 2.+~' (V. 2) 

e2. I (I I) 
~-2: 1J.J1.- W • (V.3) 

, 
and aSlume t .... -I. As can be .,er1t1ad eaaily, th1a approach 

has the undesirable teature that the e.,olution equations 

have to be assumed in the construction ot the connection 

one:torms ot the surtaces. !bis is in contrast to the 

Gtirses t/utlcu prescription where the ev.olution equations 

reter only to the curvatures ot the two-dimensional sur-

faces, 

An attractive teature ot the e.bedding approach 

is that it enables us to obtain simple generalisations ot 

the well-known evolution equations, lor exampl., applica­

ble surtaces to the 14V surtacea ar. r.cently con':' 

structed (12). Theae are surtac.a hacing the sam. intrinaic 

geometry us the KdV surtacea but a ditterent •• bedding 

i~ the three dimensional tlat space. Thia gi.,.s rise to a 

pair ot coupled nonlinear .quations which generalises the 

Kd V equation and talls into the llNS ach .... On the other 

hand, a generalization ot the sine-Gordon equation has been 

obtained by considering the surtaces ot Guiohard(12). The 

surfaces ot Guiohard are a generalization ot the pseudo­

spherical surfaces and provide a completely integrable 
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systelll Which again falla into the ADS schelile. It is an 

interesting problem to seek s1a11ar ganeralizations ot 

the other .. ll-known eYolution equatione. It ie aleo an 

intereeting problem to con.ide~ in detail the Bicklund 

transforlilations and con.eryation la •• within the •• bedding 

approach. 

I' 

---'-"'---,'- --.- .... 
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