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1. IN'r;WDUCTION 

1.1 The Historical Development of Weak Intel'action Physics 

Discovery of the neutrino ilad i ts ori,~ins in nuclear' 

physics. The neutl'ino was postulated by Pauli'in 1933. 

in order to account for some mysteries in beta decay. which 

were observed back in 1919. In that year. Clladwick· noticed 

that there was a continuous spectrum of disintegration 

elech'ons as well as a well defined cutoff ener'gy when a 

neutron transformed into a proton durinG a beta process. 

The spectrum extended from zero to a del'ini te maximum ener[~:r' 

corresponding to the total enerGY available in the tr'ansfo.L'matio 

In addition to this apparent violation of the principle 

of conservation of energy. the pi'inciple of conservation 

of both linear and angular' momentum seemed to be violated. 

It looked as though linear momentum was not conser'ved. 

because the trajectory of tHe emerging electl'on was noncollinear 

with the trajectory of the nucleus. Furthermore. the neut~on 

was a fermion with spin one-half'. whel:eas the sum of the 

spins of pI'oton and electron gave one 01.' zero, a composite 

system which was statistically a boson. Only the electrical 

balance of the system needed no modification. Finally, to 

account for these inconsistencies. Pauli postulated the 

existence of an electrically neutral particle with spin 

one-half a.nd mass equal to zero. 

llistorically. beta decay was the iiz'st manifestation 

of the weak inte~'action. In 1934, a year arte:..' Pauli postulated 

the existence of' neutrinos Fe.cr:Ji:& COlhho:uC ted a theo,:'y of 
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beta decaJ', whicH came vel'y close to beine clle COJ.'l'ect olle. 

1,'eJ.'l)Ji hypothesized a vector intel'action in close analOGJ 

with quantuuJ electJ.'odynamics without a Pl'opai:,atoL'. 'file weak 

interaction \'las assumed to be a i'our-fel'mion vel'tex 

interaction \'lith tne transltion wat.L'ix element i'oJ.' beta 

decay given by : 

M • ~ (ii,"'''' 'fI,,)( 'fl. 1'JI' 41.,) (1. 1-1) 

whel'e -('s ar'e the Dirac matI'ices and GIG is tne \leale 

interaction coupling constant with the dimensions of in/eL'se 

mass squax'ed. 

li'el:mi's theory had to be re vised. because unlike quantum 

electrodynamics, it gave onl;/ fil'st order diabl'ams. Ii' this 

we:l.'e true, the electl'on-neutJ.'illO elastic c:L'osssection, for' 

example, would l'ise without lirni t at high neutrino enerbies. 

In addition to a vectoL' intel'action, axial vectol' intel'actions 

of the for'm ii.,. ... 'fl'1f wer'e postulated. 

The picture that emerGed finally has an intermediate 

vector boson to mediate the beta process. The matrix 

element and the diagL'am for it are as follows: 

p 

Fig. 1 

(1.1-2) 
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where Q is the axial vector' coel'ficient apPL'oximatel,y 

equal to 1. 2'). ']1he problem of a liu,i t1ess Cl'osssec tion is 

remedied in this pictuce because as momentum q rises. 

the propagator term suppresses tile crosssection. 

1.2 He11city, Charge ConjuGation and Par.'it.)' 

The beta decay in which an electL'on is PI'od.uced is 

called a beta minus decay to distinguisll it from another 

beta decay in whicJl positrons aI'e produced, Actuall,;, in 

beta minus decays anti-neutL':Lnos al'e pl:oduced. The distinc tion 

between a neut:l.'ino and an anti-neutL'ino can be made as 

follows: 'rhe spin of a neutrino is anti-parallel to its 

momentum. wher'eas the spin of an anti-neutl'ino :l.S parallel 

to its momentum. l'his defines a "handed-ness". vie ,call a 

neutr'ino left-handed and an anti-neutrino l'it;ht-handed. 

Tnis concept is formulated "OJ defining tne helici ty. which 

is 
... ~ the dot pl.'oduct of the spin t:r and momentum p divided 

by the norms 01" tnese vecto:cs. b'or' the neutL'ino helicity 

is -1 and 1'or the anti-neutr'ino it is 1. 'rhis two component 

theory of neutrinos, in which half the states of four 

component f'eL'mions is suppl'essed 1"o,L' a massless pa,l.'ticle 

was developed by Weyl in 1929.* In this scheme, anti-neutL'ino 

and neut.L'ino states appear as '12. ( I:!:. "f's) yJ 
Assuming the validity of the two component neutrino 

theory, parity conser'vation and char'be conjUGation al'e 
/ 

violated sepa,catel.:;. Pal'it:i conservation can be d.efined 

as follows: if tile mirror reflectlon of a phJsical situation 

is another possible phenomenon, this situation conserves 

pal·it.!. r"lathematicall,)'. of' cou.!.'se the miL'l.'OL' iwaGe l,'epresents 

* See Appendu A 
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reversing the dil'ection of the spatial vectoJ:' t. l'aJ.'ity(l') 

is conseL'ved in strong and e lec tJ.'omai~;ilel;ic 111ten).ctions. 

On the othel' uand. cha~_,(: conju,;at.:.Jll(C) e;,' 'I;es a paJ.l;ce·'.c; 

int' 'es anti-pal.'ticle. 1c 'c COllsel'ved in stron~ aLta 

electromaGnetic intel'~ctions also. 

Th~ two component theory postulated for neutrinos 

has two consequences in relation to the C and P operations. 

'rhe P operation reverses the neutrinos linear momentum, 

leaving its spin direction unchanGed. So we ~~et a neutrino 

in a positive helicity state, which is not a physical 

situation according to OUI' h:,'pothesis. 'rhel'e1"oI'e • parity 

is nol; conserved. SimilaJ:ly, cna,q;e conjuGation is violated. 

because when we operate on a neutrino state with C, we E;et 

an anti-neutrino state with negative helicity. However, 

CP is conserved together, since it changes a left-handed 

neutrino into a right-handed anti-neutrino. 

1.3 Quarks and Families 

Until 1936 electrons. neutl'inos and anti-neutrinos were 

the only known so called leptons. In 1936. Andel'son and 

Neddermayer It discovered a cosmic ray particle which acted 

like an electron but had a larger' mass. LateI' it was called 

a muon(jJ). In 194'1. Pmvell f demonstrated the decay of 

a pion into a muon. 

lr :t --t fA t. 'i' III (li,) (1. 3-1) 

The pion had anotheI' decay mode: 

(1. 3-2) 
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It was postulated in the late fifties that the two 

neutrinos were not the same. \I, acted as thou2;h it r'emembel'ed 

being born with a muon. Therefore, it was called a mUOll 

neutrino( \I ..... ). V,a. .however' seemed to couple to an electL'on. 

hence I'las called an electron neutr'ino( Yc). 

Experiments done in the fifties and sixties verified 

that the neutrino did exist ana the electron neutrino was 

distinct from the muon neutrino. In 19:;3, Coy/an and heines' 

performed an experiment in which the dil.'ect inte:caction of 

a free neutrino was clearlj observed. givinG proof of the 

existence of the neutrino. In 1962, l~ederillan.Sch\'lartz. 

Steinbere;er et. al. used muon anti-neutrinos to bombard 

protons; muons not positrons. were formed. Finally. Perl 

l-et. al. found evidence for' a hea\' iel' lepton tau( 1:); a tilL.'d 

pal,ticle acting like electr'ons and muons. 

By that time. the number of so called "elemental'Y particles" 

had l:eached several hundr'ed. '1'[16'; wer'e classified broadly 

into hadrons. leptons and '1ectol' bosons. (mlj' hadl'ons have 

strong interactions as well as electr'oraacnetic and weak 

interactions. In the hadl:on gI'OUp, bal'yons have spin one-half 

and mesons have integ:eal spins. j,eptons include electrons, 

neutr'inos 'and muons. Electl,'oVieak vector bosons consist of the 

proton and the'll$. and c'o of the Iveak inteI'actions. 

In order to reduce the number of eler.lental.'Y' pal,ticles. 

GelUlan and zweic'proposed in 1961+ the existence of Un'ee 

t;/pes of quarks. namely up, dOVin and stl:anic;e qua:;:'ks. 

DUl'ing the same ,year Bjor:I:en and GlaSho\'l' postulated 

anothel.' type 01' fla',or of qua,cl~8, called cila,l'zl. In the quaL']: 

mode 1, three qua,::k:o make a bar',; on; me sons a_e con;poseu. of 
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a quark and an anti-quaL'Y .. 'l'ili~ I:lOuul leu the Via.; to a:..;sociati,l,; 

quad'~ multiplets (late.;,' called wen;: isospi:. : .. ultlplets) 

witn leptollic ones. 

c 

d s 
t. 

b 

:m:. 

• 
• 

I 

(1. 3-3 

Eacll qU8.l:k !!luI tiplet alon" ',;i ttl it~ leptonic cou.:l tel.'pUL'C 

is called a l'ar,tilj. Ii' we define a i'amil;y nUll,l.le~' 

electrons and let it equal ... 1 1'01.' e- an,d Vc and -1 fo_' 

e and "c . these number's aJ.'e consele'ved in all kno'liU 

reactions. l:iimila.cly, the lepton nuubel' Ii" seems to be 

conserved so far. 

iie have seen that the con.eutional theoLJ of neut,L'inos 

rests on two pilla~s. Firstl, tllat the neutrino is massleus 

and there1'ol'e onl,/ the left-handed lleut~'ino anll. tllo L'iGll't-

handed anti-neut:cino exist. BecolldlJ, tnat 1'al[,ilJ lepton 

number's Lc.1 fA etc. and theiL' sums alee Good quantulll 

nUlUOe1.'S conserved in all lmolm _'eactiolls. 

Ii' neutrinos ilave nonzex'o Ulass and ii' the mass ei";811-

states and weak interaction ei;::;enstates do not coincide, 

then neutrinos will oscillate. if there 1S such a miumatcl;, 

then we can expect a neutrino DeiHl; p.L'oduced in a weak 

pl.'ocess at t = 0 and thel'eb./ being in a pUl'e weak intel'action 

eigenstate, to have a nonzer'o p:;:obabili t,Y of havinG tur'ned into: 



a) A neutrino f.e'om allotiJel' i'allI.U,/ 

This pL'ocess conser'ves total lepton nUl:lber' L. Le ... L ........ L ~ 

but violates each famil;)" lepton llur;lber' sepal'a tely. 

b) An anti-lleut:C'ino from 'tile same Ol' anotlle.L' familJ 

Vet ~ ('lie,) 
c. 

'\J cr --" (" ~e) " 

whe:c'e C, means chaI'(;e conjut;ation. 'l'his pJ:ocess violates 

total lepton number' bJ Z 2 units. 

'Llbe usual weak intel'action dauill tonian is a suru 01' tlle 

neutl'al curl'ent contribution and a pal'l; 01' the fOL'm 

a hadr'onic CUl'rent te,cm. Clear'l", each te:C'Ia conser'ves 001;11 

the separ'ate famil;/ lepton llumbe __ 's and tile total lepton 

numbe.L'. (i. e. ~'( has -1 and 8, LIas i' 1. tJle;:el'ore the SUJ,l 

vertex 

is zel'O in t:le :;;'t-r" 8t, 

""-......c( 
~"·c 

te~m de9c~ibillG tne 1'ollowinG 

), 'Thus if neutrino oscillations 

are to OCCUi', we need addi t ional te:cUls in the Lae:;.L'ant~ian 

which violate the total L 0":' L i. I '''., 't.)Ao • Ii' we want 

to violate just the family lepton nUlIl-Oe.L' as a good quantum 

nurube.l'. we can acid just a DL'ac te.L'Ill to the above Jiaruil tonian 

of the for'ill ~A M vI. vlher'e "'L.' (~; .. ) and t1 is a 3X3' wass 

"". matl'ix. 'l'liis couplinG obviouslJ Heeds .L'il;ht-ilanded neut,cinos 

which do not exist in the minimal conventional theo.L'ies. 
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Ii' llo'Ne\'el', \,e allow Lile CiJall[';e in bot!. tile fawilj 

and tile total lepton numoeL's to 'be nonzero, tllen 'tie uave 

a t:,ajoiana teL'lll in the :.,allliJ.tonian 01' tl10 ~'Oj.'lli hIL)" M VL 

(o~' (vlI/M"", ). 'l'his te!.'itl wi.ll violate tlle total lepton 

nuwbeL by,:t 2 units). 
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2. G,',AND UNHIED hODELS 

2.1 Intr'oduction 

'rhe basic theory that lies behind "gl:anci unil'ication" 

is tnat there exists a simple local sywmetry ~roup G, 

which unifies stl'ong, vleak and elect.L'Oma6netlc interactions. 

Because it is a simple gl'OUp it has onlj one 1'.L'ee gauge 

coupling co~tant G, vihicil evolve:.; differ'eIltly 1'0.1.' all 

tlu:ee inteL'actions onCE; we come ClU';ll below t::~ '_'and 
Ie 

unii catioJl ecale 01' 10 ) Gev. At tni..: (;XG-'o:!;e1y high 

momentum scale (which is nevertilele~s below 1019 Gev at 

whicn quantum gravitational effects become appreciable), 

G breaks down to SU(3' Y UU(2) X U(l) whiCh 1'ultiler bleaks I, ' 
down to SU(3), X vel) .... at 10>le:::' mOL',enta ('" 100 Gev). 

SV(l) 

SU(2) 

9 

SVCS) 

'---=--____ ../-.-,.-___ .J G.. ( c;..,,) 
100 10" 

]'ig 2.S10w logarithmic variations in tne su(3) .SU(2) and u(l) 
gauge coupling constants 

In Grand Unified 'rheories quarks and leptons share the 

same representations of G. FU1'thermore, electric charge 

operator is a generator of G and when it acts on the multiplet 

Which contains both quarks and leptons. we get a relation 

between quark and lepton chaL'bes. Another consequence of 

makinG quarks and leptons sllar'e the same L'epr'esentation is 
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that we can expect to find some I'elationship between their 

masses and decrease the number of free par'ameters in the 

standard SU(3) color plus Weinberg-salam theories. bince 

gauge bosons link all pru'ticles in a wul tiplet, qUaL'lea and 

leptons , sitting in the same representation, will intel'act 

through these bosons and change into each other. 'rherefore. 

baryon and lepton number· conservation will be violated. 

So far. the only constraints imposed on G were that 

it has to contain SuO) X SU(2) X U(l) as a subgr'oup and 
c; 

after all the symmetry breakinf!; stages as we move down on the 

momentum scale, the unified theor'y must reduce to our low 

energJ standard theory. 1,'1e irr:pose two other' conditions, 

which limit oUr choices as to what specific Group G will be. 

First. G must admit a complex representation in order to 

accomodate the complex repr'esentation of fermions in the 

standal'd theol'Y. Second, G must be renormalizable. This means 

that infinities deriving frOID hi;;>;heL' order terllls can be 

compensated by adding a 1'ini tenumber' of cancelling terms 

and redefinine; only mass terms and coupling constants, so 

that the final J:esul t is a finite physical quantity. 'rhe se 

conditions reduce our possibilities a good deal. Since 

SuO). SU(2) and U(l) have ranks of 2.1 and 1 respectivel.;, 

the smallest l.'ank \'Ie can allow is 4-. and the only Group 

of rank 4 which satisfies these conditions is SU(5). It is 

the minimal grand unified "scenar'io". 



- 11 -

2.2 The Standar'd 'l'heol'Y: QeD and. i,l e inbelT;-,oala!;! GauGe '.L'heol' ie s 

We have seen that the conventional theory of neut~inos 

rests on two assumptions. 1· L.·" t that neutL'illos a~'e 

mas"less ther'efol'e only left-ilBll(;ed neutL'inos and l'iCllt-

handed anti-neutl.'illOS exist. Socond, tnat f'm:;il,y lepton 

numbeL'~ I'IA .1Je' and theil,' SUliJl.; are bOoci quantum nur.lue~'s 

consel'ved in all known l'eactioliS so faJ.'. Le.t us \;J:ltYn, exarilille 

the standar'd gauge theo)."j 01 st~ ong;. vleal, and electJ."omagnetic 

interactions to see how theso pnenomenolObical assumptions 

fit into the the or:! and then sear'cll fOl' wajs 01' modif;yin,~ 

the theory to give us neutx'illO masses and lepton number 

violations. 

'l'he standard theox'y asse:,:ts taat the minimal G:'oup 

needed to describe known phenomena is 

G ~:: SUO)" X SU(2\ .. X li(l) (2.2-1) 

Where SU (3) (color [;roup) is tLe Gau,;e ,;r'oup L'esponsible 

for strong interactions and SU(?)~ X U(1) is the cauGe 

group of Glashow-\'leinber'6-Salam II responsi'ole for' unified 

weale and electromaGnetic interactlons. 

Fer-mions. i. e.. leptons and quarKs, al'e placed in the 

Simplest possible representations of' these gl.'OUpS in the 

minimal theory. Quarks have thl.'ee color's l'ed, yellow, blue, 

and both right-handed and left-handed quaI'les are triplets 

under' SU(3). Leptons do not participate in strong interactions 

so they are SU(3)c,. sinGlets. Under SU(2) ,on the other 

hand left handed quarks and leptons are doublets. ;::tight-

handed quarks and leptons. excluding neutrinos. are singlets. 

Ii ight-handed neutr~.nos do not exist.' So 1'0:' each family, 



u 

c\ d 
I.. 

• 
) (2.2-2) 

In addition to fer'wions ',:hich a~'e spin one half particles, 

the standard theo::;'" includes spin one and spin 2Oe1'O particles . 

These al'e called caul~e bosons and hiE;gs scala1.'s, l'especti" ely. 

Gauge bosons al'e al'Nays in the adjoint l'epJ:esentation of 

the (51'ouP. 'fhis principle deter'mine s the L' number. The nuuibel' 

of generators in the ljl'OUP equals the number' of GauGe bosons 

of the g:r'oup. SU(,) has ,2_1 : b bOSOIlS, called Cluons; 

SU(2) X Vel) mix to give bosons, 

and the massless photon of u(l)e-M . 

Hig(;s particles are intl'oduced in ol'der to b.L'eak tne 

gauge s,;,mmetr:l Vii thout lett in:; tne theo:c,Y acquiL'e un\;anted 

** infinities. i.e. Vlithout spoilinf: "renormali2OabilitJ". 

'file G 1 gl'OUp bJ.'eaks dO'iln into G· a 8lJ (3) c X [j (1) 1_1'\ and 

the existence of these exact local s;,mmetl'ies results in the 

conservation of color and electJ.'ic charGe. lt is belie\ed 

that G a, breaks down to GI 
tl'~'oul';h tne intervention of 

the liiGgs doublet. Other l'epl'esentations of tile Hil~GS 1'iel6.5 

aI'e excluded because this t:leO,L'i pI'edicts cos 9. Mw / M~ 

which has been tested experimentally. 12. 

• See Append~x C 
•• See Appendix B 

• 
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2.3 Ueutrino I'lasses in the Standal.d 'i'heor,> 

'rhe conventional fermion maSGes COliie l'~'oin 1Iir'ac 

couplin[':s to the ""e"rloe",c;-,';alu'" i 1/" J" ' .. , 1-'el(1's 01' , ~ ~ • ~' ~ ~ :. "- J ~ L,:}, '-' ~ 

the i'o~'m : 

(2.,-1) 

In the absence of a right-handed neutrino field. neutrinoG 

can acqui:ce mass from a majo~'ana coupling of' the fOL'm: 

,. H ,c. . (2.3-2) 

A major-ana mass term is absent in the minimal 'Iieinbel'g-

Salam theory, because it onl,: l1as a niGGs douolet and it 

consel'ves lepton nuuoo • .'. 

;,Ol'leV8L-, another theorJ is p~'oposed bj Gelmini and 
,11 

.!oncadelll. which has been ~ecentlJ elaborated by GeoLgi, 

Glashow and Nussinov~ AccoLdin~ to this mouel. a complex 

HiGgs triplet with an electrically neutl'al cowponent, Ilhich 

can develop a vacuum expectation value is i~troduced into 

the standard theory. The tl'iplet has I AL.I =: 2. and gi iI e s a 

majorana mass to neutrinos. 

Denoting the complex triplet b~ a 2 X 2 matrix 

(2.3-3) 

'rhe usual doublet 1> bJ 

= 



The cova.ciant der-i vati ITe b:,' 

D~" liM l' i.A. T· w~ T i.JL s\/JA 
Sill 9 c0f09 (2.3-5) 

.... 
wher'e T is the gener-ator' of the GU(2) and ~ of' V(l); 

And defining the action of' the ,;eneratoX's upon the scalar 

fields jJ. and"f.. as: 
..... .. 
T ¢ .. 9- f/J/2. 

S~ .. -)' 
5', are the Pauli spin matrices 

We can write the most general La,,;:eangian 

tc¢,x,) = CD ... ¢)t D,...¢ t +,.[ (D~X)f'D,..~] - V(ttX) 

whe1'e V includes '/ a:L'bitrar,i par'ameters ":. I I ~ . ". .: ,._" 

V vanishes whenX-° .. V/V'"£ j ¢o .. v/'fi: 

If we take these to be the vacuum expectation values. 

(2.:5-6) 

(2.3-'f) 

V,V. 

(2.3-8) 

then 

Mw 2 e2. (U2 .. .2."~ ) l'4a 
:l e" C u2

t II"") = ) ::-

4Sln~9 It Sill'S ,osae 

(2.3-9) 

But expel'imentally Hw/Ha=CoS9 ther'ef'oL'e we deduce that V <!Co lI. 

The Higgs doublet and triplet together contain ten real 

fields. Of these, th:cee a:ce eaten up by the Higgs mechanism, 

one is the Goldstone boson called Hajoron, and the rest are 

massive. Of these remaining six massive particles. two a~e 

neutral. one is sint;ly and the other' is doublf charc;ed. Of 

course. the coupl ing of 1- to leptons is 01' the for'ITJ 4'~c. -r-'t ljJ~ 



As we have seen, B-L syulIaet.r'" is spon taneousl:; bl'oken 

in the model by a small vacuum expectation ~alue of a hiGGs 

triplet. A rie;ht-handed neutrino is not introduced, but 

the left-handed neutl.'ino obtains a majol.'ana laass. 

Once we leave the realm of standard theories. other 

models and rich possibilities open up; leadinf:; to theoL'ies 

which GO beyond the G2. = SUO), X SU(2) X U(l) p;roup and 

including it as a subgroup. Advocating that G2.. is a low 

energy relic of a bigger' group which Gene:cates all interactions,' 

Grand Unified theol'ists strive to answer questions unsolved 

by standard theories; such as wh", charge is quantized, 

why there are three families and why there is more than one 

coupling constant. 



2.4 
If 

'l'he SUeS) Grand UnHied Hodel 

Let us first analyze the SU(5) gr'and unHied model 

in ter'ms of its gauge boson. Hi(~gs meson and fel'mion content 

atld see how the representations to which these particles 

belong decompose under SUO) X 6U(2) Bubgroups. Gauge 

bosons necessarily belong to the adjoint representation 

24 III 52_1. This representation decomposes under su(3) X SU(2) 

as ~ = (3,2) ... (3.2) ... (8,l)-t (1.3)1' (1.1) (2.4-1) 

The part inside curly brackets is familiar. '1'hese al'e the 

twelve bosons of' the standard theory: Eight gluons. singlet 

under SU(2). and two color singlets combining to for'm w± :2. 0 
I ~ I 

y" ' 'rhe remaining two (3.2) and (3.2) represent 'the 

isodoublets called X and'(, two superheavy bosons which come 

in three colors and have chal'ges of 4/3 and 1/3 ,cespec ti vely, 

SU(5) breaks down to suO) X SU(2) X U(l) tnrough the 

Higgs 24-plet p ; then GUO) X 50(2) X u(l) bl'eaks down to .. 
SUO) X U( 1) thrOUGh the ;.ii~,:s 5-plet H , 'rile vacuum 

expectation values of these mesons al'e 

\I 

o 0 

o 0 
o 0 
--- -1--

o 
I·V" 0 

I 0 .YJ 
I 

(2,4-2) 

0(100) 6-IW 

o 

o 
I) < 01.-110;> • 

Vo 
(2,4-3) 



- 1'/ -

<.01;10> c;i<Jes mass to X and '( bOSOl,b; <OIHlo) \,'es uass to the 

j 

Unde:J: su(3) X SU(2) the :;-plet decomposes as 

5.0,1)1"(1.2). 'l'he (1,2) paL'tis the isospindoublet which -
2;l\res mass to feL'mions in the standar'd theoL',j and acnieves 

the bL'eaking down of SU(3) X 3U(2) X U(l) to Gu(3) X u(l). 

The (3,1) part ilas a zero vacuurfl expectation val ue, because 

it is both colored and chart;ed. It is super'heavy and it 

also lliediates pl'oton deca,I. 

:Fermions aL'e grouped into 12.-dimensional reducible 

:L'epl'esentations l.2:: 5'" 10. 

-d,. 

L. 

o lib - Uy oUr -ell' 

10. 'I'll - 'U" 0 U,. -Uy -d y 

uy -U,. 

U,. 

G .. 

tly 

dy db e.-t 0 L. 

of SU(»lISU(l) 

(2. 4-1j-) 

(2.4-5) 

Ii'ive is the fundamental repr'esentation 01' Sue;·) and teu is 

the antisymmetric part of the product of blo fives: 

5 x 5= 15+10, \<Ihe.l:e 15 is sYl:lwet<['ic and 10 is antisj'llime1;l:ic. 
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Before "Ie go on to examine neut.2ino mallses, we note 

some properties of the minimal g~and unified gL'OUp SU(~). 

Even though 6U(~) is not a safe croup. the anomalies of 

each of the two iJ,reducible rep_esentations "S' and 10 cancel. 

'l'hex'efox'e, this pal'ticular l'educib1e r'ep.cesentation 15 ill 

renormalizable. In SU(~) tne electric charGe operator Q 

is a gener'atoL' of the group. '['heeetore it is traceless and 

the sum of the electromagnetic chaq;es in any L'epresentatron 

-.ust be zero. 'raking :): 

} Qd = - '/3 Qe~ 

Qd 2 - '/3 

Anothex' propert;y of SU (5) is that baL'yon minus lepton 

(2.4-6) 

number,6-L, is conserved. 8-L ~lobal sJm~etrJ is a linear 

combination of two s;jrnmetl'ies V, and 1,(1) ; V, ~;lobal 

symmetl'J is defined b:i the follo\'linG transl'oJ.'L1ations, whic11 

leave the I"a,;ranc;ian invariant. 

} FermiDns 

(2.4-';) 

D(l) symmetry in SU(5) is identified \1iith ti'1e h,ype.cchaq;e 

Y • Gl- i3L wher'e ~ is the charge oper'ator and T31.. is. the 

third component of the weak 8U(2) isospin. hOleJ even thour;h 

V, global symmetrJ is spontaneously broken, tllere are no 

massless C;oldstone bosons around. because a linear combination 

of and U(l) remains unbl'oken.l'o find out what linear 

combination this is, one solves 
.f-

[aV ... bY] I HS') - 0 (2.4-8) 
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since the defini tior! of an unbl'o!een sYlll!:let~'.) gene~'ato.L' L 

is L 11/) = 0 "here I v> is the vacuum state. '.'i~'i tten 

explicitly. 

If 

-.2, 

-,2 0 

-2, 

o -,z 

.. V, .. 

b. 40. then 
, I 

o 

o I 
I 

, I 
-""1 

-l 

o 

o 0 

We note that the,['e is 

-'/3 0 0 

-'/3 0 

b : 
- 'I, 0 

0 '12. 0 

'I. ". 
~ y '? 

0 0 

0 
0 .. 

0 0 

0 0 

Vo 0 

another' r;lobal u(l) sJ'l1lme "CoOt'.Y left 

0 

0 

0 

0 

0 

intact after the spontaneous b~'eakdown. rrhis is tne 8-L 

510 bal symmetr',y. 

B-L 0(. = '/r; (II,;. Ij Y ) 

2.5 iieutrino Hasses in the SUe;;) l:odel 

(2.4-'-) 

(2.4-11) 

In the minimal SU(;';) Iilodel i'erlilions acquire mass throug!J 

5 x 10 and 10 x 10 couplings. 

-5 x 10", 5+45 (1) 

10xlO'" 5t'4)t' 50 (2) 

Therelore, the riiCGs multiplet Gi~inG mass to rerwions 

should belong to.2 or Lf;;, 01' SU(;;,). Since dOvlll qua.des and 

charged leptons Get masses thI'()UL~h (1), vlhile up qua,L'lcs Cet 
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masses through (2), we can I'elate the masses of dOl'm qUru.'KS 

and charged leptons for each l' al11 i 1;,; , I.er; uS use the s.i,;,ples~ 

caLe. just a 2ilLGS 2: 1'he pa1-'t or tlie5. L'ang:"a· ',J' ic!, 

denotes t ' . l' .' . It .. H. ,lIa:,;;. 01 el'nnons 1 S 

Lf • '1'1. ('x!)""'(O MI [Hoi ljI,d- H"sr ... J - '1'1 6. .. ~y,;" X,,~M~ I1'(X$£ 

fe.C!oion ., .:::; 

y.. J!? fer'mion 10 

M".t ~ bene~'ato;:' I,mtlices 

( 'l " 1" c, .;;- ) 

Concent"atin,; on tne first tel'Ll oni) alld dia:;onalizing M I 

by r'otating 'fJ and y.. . \'Ie notice that tiw·,acuu[r, expectation 

value of the Higgs 5 f5ives a mass term 

L f ~:2.. I/o (y.. t) SiS yo 0 M? 41 ~ 
~ .1,1,5, 't 

(2.5-2) 

For each family tllis means: 

ms -= m)'- ) 
(2.5-3) 

1'hus, we al.'I'ive at the c,cucial issue 01' neutrino masses 

in SUe'»). In the minimal standard ver'sion of the 8U(<;,) model, 

all neutrino masses are zero. ;:0 lJirac mass term V~ vI. 

is allowed, since there is no rir;ht-handed neutrino ill 

the ~+ 10 representations of fermions. On the other hand, 

the rvlajor'ana mass term v~ Vt. is also forbidden. because 8- L 

is a conserved number in SUe 5). There' aL'e two mechanisms 

used to introduce neutrino mass into SUe'»~ theory. One is 

to put in ~l by hand as an extra singlet of 8U(5). Then, 

the LaSL'angian v/i11 include a tel'ilI propor'tional to V/l H oIljJ'" 

and the vacuum expectation value of the !lit~gs 2. will 

give mass to the neutrinos. 



Another method is to look at the post 0U(7) scale. 

Since the grand unification mass is only a few ol'del's belolY 

the scale wher'e gravit;/ effects become appl'eciable, Vie may I. 
not be able to ii~nOl'e the Planck lilass ccale. We may 

expect terms with two fermions coupled to tViO lligGs particles. 

scaled bJ an inverse poweL" of' the Planck mass. These tel'GIS. 

however. are non-l'enormalizable. 

In addition to equations (1) and (2) l'eJ.'l.i,ion mascec 

can aI'ise f'r'om a coupling 01' the i'oL'm 

0) 
Usinc; the first two equations, lVe have tile allowed fs flO lis 

and f,.f,o Ii S' mass terms. WHich admit tile ,~lobal 1J (1) 

gaube t,('ansf'o:cma tion (2,4-'/) and conser've 8-1.. number. 

Equation (3) would have Given mass to neut".'inoc of the for'm 

if' we had a lIiC:ss 15 in tile minimal Sue:;) 

model. 

U S in'" J'ust a i! i,",""'s ?,A and a ',i j "~s" we consider the l) .. 0 _ ~~~r.JG 4' 

products of pairs of liiGKS rep,esentations : 

5 x 24" ) l' 4:; l' ';0 

:" x'): 10 t 1~) (2.5-4) 

We may have effective interactions of tIle fOI'm 

o (Ymp) ff f,o Hf H ..... 

o ( 'Imp) flO flO Hr t'h, 
o (I/m,) fs fr Hs Hs (2.5-») 

Equation (1) will modii'J (2.5-3) j (2) will lJlodif:; qua:ck 

ma::;ses, but both of these will leaie tl1e Global Cj'litmetl'J 

(2.1+-,/) and theI'eby 6-L conse,-"ation intact. OnlJ (3) will 

generate a r"lajorana neutrino masc of' the order 10-5 e'[ 

and violate the &-L conservation. 
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2.6 'rhe 80(10) Grand Unified [·;odel 

As we have done for SUe')~. we can now examine the next 

smallest ranking Grand unified LlodeL so(10)~o in tel'lilS of 

its gauge boson. Higgs meson and fermion content, J.'eview 

their decomposition under SUe::,,) and 1'inally see what tnis 

the or;) predicts for neutrino masses. 

SO(10) is an orthogonal gJ.'oup of rank') and the 

gauge field associated with it transforms in the 

45. (10 x (10-1» /2 dimensional adjoint .cepl'esentation, 

which tl'ansfor'ms as a second rank antisYlllmetr'ic tensor. 

Under SUe 5)· .:!1 decomposes as 24 T' 10 T' 10 i' 1. 'l'he £.. 

represents the now familiar 8l, (5) [';auGe bosons .rhe 

remaining 21 bosons are super'heav,) ones mediatinb proton 

decay. 

The SO(lO) model is very flexible in terIDS of the 

lliC;l;G meson content, because ther'e al'e wan;) ways of b~'eakin,; 

SOc 10) down to GUO) X SU(2) X U (1). FOi' example: 

. 1:3U(4»( SU(2) ~ 8U(2)~ 

~ SUe 4) X SU(2) ~ JU(1)~ 
80(10) 3 SUC) SuO»)( su(?»)( UCl) 

~SU(3»)( Bl!(?) X SU(2»( U(l)/ 
(2.6-1) 

Concentratinl; on the most familiar path 3, Vie note that 

the minimal set I'ealizinc this chain 01' sJi1l1iletr,,' bJ.·ea.'::inls 

is : 

SO 00) ___ ~) sues) ----r, SUI)))( sub»)( U(I) __ .,--,~S U(3))( UI\) 

10 - (2.6-2) 
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Since ~ decomposes as 24 ... 10 ... 101- 1 as indi cated above, 

and J,Q decomposes as 51'"5 'lie l.ecove~' the ,lii'-,,;S r:leDOlH.> of 

sue 5); namely the 24-plet and :i-plet tnat accomplisil tile 

breakdown of tiU ( ~) . 

l'ennions aL'e all contained in the sixteen dir.lensiollal 

i:1.':L'educible spinoI' representation of 60(10). bince 16 -
decomposes as '5 ... 10 rl. we recover the SUe:;,) 1'el'lliion coutent 

with :;-r 10. 1. is the right-handed neutI'ino. 'rIle HiG(:';s 

particles that can couple to l'el'lilions in tile SO( 10) rr,odel, 

there b;y Si ving mass to fermions. silould appeal' in the 

decomposition of the product 16 x 16 undel' bU (5). - -
16 x 16. 10 ... 1201" 126 

The 10 is a vector, the 120 is a thh'd ranj, antisj'mmetL'ic 

tensor' and the 126 is a fifth ranl, antisyr:lI;Jetr ic tensor. 

Let us analyze these three representations for their 80(5) 

content: 

10-'51'5 

120: 451' 45'" 101'10 1":;'+ ') 

126: ;'0 T 45 to 15 ... 10 .. ., ... 1 (2.6-3) 

We notice that onlJ the .!B.§ contains an'SU() singlJ'lt 

component. 'rhe:L'efox'e, onl;,r the 126 can give the l'ight-handed 

neutrino a mass at the tree level. 

B-1.. operator is a generator' ,of SO(lO) denoted by 8-L.. 

Since it I'epI'esents a gaue;e s;,rmIJetl.',/, 

it has to be bl'oken at least locall;,r .E'ul'thel'UlOL'e. 

belongs to the _ Cartan algebra 01' the gl'OUp. 'j1hel'ei'ore _ we 

cannot break this symmetry b;; tile vacuum expectation value 

of the adjoint U. We can br'eak it eithe:::' tin'ouch some 

Higgs mesons(which also couple to 1'eL'l:iions) or' vie can put 

in some othor Hi~Gs mesons explicitlJ for this purpose. 
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If' we choose the f'il'st wa;y we can use tile pal't 01' 11i6[;S 

126 that transi'O.L'lllS as 1. 01' IS undel' Sue:;). I'nese a_'e the 

ones that couple to left and l'ibllt-ilanded neutl'inos. 

l'espectively.'" l!Ol' the second metl'lOd. we can use a liiDES 

l6-plet. which has both neutl'al entl'ies t~ettinb a nonze.r:'o 
u 

vacuum expectation value. 

will still be conserved. 

Ii' only one doe s, then e- L 

2. 'l Neutrino Hasses in the S0(10) Hodel 

As we have seen. the right-handed neut~ino exists in 

SOc 10). there1'ol'e the iill II .. DiL'ac mass tel'm is allowed. 

Furthermol.'e. because a-I. is a generato.: of tile gl'OUp and 

there are no massless Goldstone bOSOlHl ar'ound, it must be 

violated. If' &-L is b.r:'oken '11 .. 11 .. and '11,,'1111. type I'JajoL'ana 

tel'IDs al'e allo\ved. So, SO(lO) does preaict neut,rino masses 

naturally, unless tile.ce al'e some llecret symmetl'ies p:c'e\entinc:; 

it. We shall GO through two moaels in detail : ~ile Geolgi

Nanopoulos model as aad tne l'ii ttell~~nodel. 

Geol:c;i and [lanopoulos intL'oduco afi extL'B ne~,GJ.'al lep~oi. 

the Higgs l:~-plet. As we ha,e seen bel'o,:'(; 

has t"oJO neutL'al components whici, "l',e a vacuum expectation 

value and b.ceak S·L symmetry Glo1;all",. '::i' only one neutl'al 

component has a nonzero iac~um expectation value the 

I,ill be broken locally only and EL, and 'lJ/I. IV'ill cain a 

lar'F;e Dil'ac mass and our i'awilial' left-handed neutrino v,ill 

l'emain massless. !lowevel'. if the other neutl'al cOhlponent 

of the iIiGtss l6-plet also Isets a vacuum expectation value • 

then v ... will get a small [,]aj ocana mass in tile form E 1. '\J I. . 



TlIis addition of an extra sin[,;let as in the CU(:;) model 

is a little arbi tr'al'j and tilill defect is l'emedied in VJi tten' s 

model. I'litten's al'~;ument goes liKe tllis; In Su(lO). tlle 

r'i~tlt-hu!lded and lel't-nullded llUutrlnOG vlill couplf: to l:ec 

Dirac masses compaL'able to tue usual quar'k and lepton lilasucs. 

::.lince we knovl that the le1't-hanued neutl'inos aL'e relativel,) 

light. if not massless. then tilis large Dirac lilass term 

must be avoided. This can be done DJ eivin:.: the l.'il';ilt-llanded 

neutrino a lar'l;e f·Jajorana mass. In watrix lO:C'Ll. withou1; 

the HajoI'ana mass. the mass TI,atrix '1iould be : 

"", '" ~ 
o m 

o 
(2. ,/-1) , 

where m has the maf~ni tude of a qual'i: 01' lepton r.;ass. 'lOvleiel', 

,.men we add a lal:ge hajo.::ana IJaSS M ' then the wass fUa\;~'lX 

beCOtleS 

M 

o (2.'1-2) 

The eip;enva1ues are approximate1J M and m"ll1 thesf: 

being the masses of tile riGht and lert~landed neutrinos, 

,cespec ti ve1y. 

As we have seen the on1J :ii,~Gs multiplets tilat can 

couple to l'erwions aL'e those tnat appeaL' in the pI'oduct 

16 x b§,. namel.! 19, ~ and ~. Since onlJ ~ contains 



au 0U(5) slnglet and since tile Ji~lt~landed nout~ino is a 

sinblet, onl./ J2.fI can Give it mass at tile ti.'ee level. 

However. this value of maSt; M v.ill trien be a free pal'araetul'. 

'l'o avoid this IHtten tries othel.' u:ntflO(U';. his proposal 

is that the rii~ht-handed neutl'ino l'eceives a mass at the 

two loop le\ e 1. 

In the minimal forID of tile GG(lO) Qodel only Ili;;c;u 

Ill-plet and gauge field 45 couple directly to ie~lUions. 

Also" i!iGbS 16-plet is neCeSJal',) bOt.1 to br'ear: Gu( 10) dOI'JIl 

to BU (5) and to br'eak s- l. Sir,aue tl'J. l' ul'tael'J,J01'e" in Ol'(J.e~' 

to compensate 1'01' the lIigc;u 12o-plet, '.'inien is a 1'iren l'ank 

tensol', we need a vectol' and t"o seconli l'an"" teuso_'u. ;,0 

we need a 1Q and two 42' s couplinc; to l'e.lla':'olls. II! adrli tiOIl, 

we al'e allOlved to U",e .,i(;Gs 1,,',-plec,Dul; noc in c.i,cect 

cOllpL.ng to i'el·uions. Given t .Cc::e l'ules. c Ie two loop 

(IT. I ) 

(i4,1) 
c. 

A E o 
llb.IO) l To,I) 

1"i ). 1'l!0 two loop diaG::!)." c"at~."es n:ass to t:1O ~'i, .i;-

and SU(5) tl'ansi'ol'J.lat::.oll p",ope~,ties 01' eaci, lield. 



Gause fie Id A)-' 

fermion 

HiGl';s lO-plet 

----
__ ~ Higgs vacuum expectation value 

A 

B 

c 

D 

E 

( SO( 10)) 

( su<s)) 

L ~ 9 ~ .. k .. WII. If' 'i' H.o 

I b )( r.; .:::> I 0 

5 l' I ::>5" 

t :) fA lin Hr. Hii 

I~ )I 45")1 '15 ;) 1L 
5' '1/ 10 )I 10 :> I 

J.. :::> .9 ~ ( (~ . ........ ) H ,. J. [ (t . II,..) H ,.1 
" lC -n ::> Lf 5' 

1 )( 10 ::> 10 

t ::> 9 «f Y ..... (A,.. .. l)ty 

''')I'''~- ::> " 
10 lC 10 :::> 5 ... 
L ?5l/'Y'" (A ..... f) 4' (2. '/-3) 

Let us estimate the mass that the I'iiT,ht-handed neutrino 

receives f.com this diagram. \;Ie let (k) denote tne contribution 

fr'on, the loop intet;;I'al. We consider all the coupling constants 

at the vertices and the vacuum expectation values Qf the 

HiGgs fields. So we write a Geno~al expression 

(2.,/-4) 

Since 9y.k...... is a fr'ee paL'ame1;el'. in oL'de:c' to estimate 



its vallie we note that the Hi""';:; 10 couples to both qual:Ks t.)u _ 

and vector' bosons 

9 '1"k4WA < 91,.> ljJlf IV m, 
91 < ri,.> < <Jill AI" AI" N mw 2 

(2.'1-5) 

where m, is the mass of quad,s and mw is the W boson mass. 

~rom (2.7-5) we get 

(2.'7-6) 

We find the contribution i':com the intet!)rals usini'; the 

following formula 

(Kl,A\( 

k ,. P - Ph) m - n 

(2.'1-'7) 

P ': external lines ( ,. 41 

m :: i'eI'mion lines ( ,.. 2) 

" :: boson lines ( ::.l) 

1\ : cut off' 

We get lu - I . All masses appearing in this diagr'wu 

(vacuum expectation values and cut offs) al'e supe.L'heavy 

masses. I,et us denote this scale as M . USing (2. '7-6) and 

(2.'7-7), (2.7-4 ) becomes 



If we use the followinG numbers 

then we get 

M 'V /O'S &cv 

9 ~ 'V "'/Tr '" ,h 10- 3 

9 '" , oS' 

)A .., I 

Mw tv Jo Go.v (2. '1-9) 

(2. '/-10) 

\~e can estimate the mass that the left-handed neut.l:ino 

gives from this pl'ocess, since we know that mVL = m,'! mVA 

So, 

(2.7-11) 

With our previous numbers this Dleans that foL' each gene:ation 

• OL' explicitly : 

m"t IV /-10 k. V • 

These estimates. although consistent with laboratory 

bounds on these masses, violate cosmological constraints, 

which say that the sum of all neut.L'ino masses must be less 

than 40 eV. lience. the estimated neutrino masses must be 

suppressed by a factol' of 102 . which means tllat tile ribht

handed neutI'ino mass llluSt be larger' by a factor of 102 . 

One obvious way of achieving tnis is by estimating to be 

GeV, i.e .. the Planck Ulass. 



In oL'der to e£.timate cOI'L'ections r'l'Olil lli,;iJer order' 

dia;~l'am<l. we next consider' one possible till'ee loop proce:o;s. 

Since 10 X 10 contains a ~ instead of I;ettin?; an effective 

1?6 1'I'om 10 X 45 X 45, Vie I';et .it L:'om 10 X 10 X 10 X /+~. 

So He consider' the 1'ollo'llill,; pj'ocess : 

(ID,S) 

A F 

(i',1l ( Ib,?) 

Fig 4. The three loop process that gives mass to the riCllt-

handed neutt'ino 

\ole need to check only three vertices this time since tile 

others a:ce just like the two loop process. 

-F 10 l< 14 .J 1 ~ (SO(IO)) 

5,., ::> 10 (sutS'») 

L ::> g..,,,k,,,,, .. lI''fHiD 

G 1 0 'It 10 ::> q5" 

5" '10 ~ :> 10 

L ':> 9 ( CJJ" ¢' (A,...x¢l] (P. 'I-I?) 

Il: 14 "/. Tb :::> 10 

6")11 ::>5" 

"'::> 9 1,,1<""". 41 'I' H;-o 
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, 
We can sst:j.mate tIle I'ignt-tlanded neutL'ino mas" 

Using (2.1-6) and (2.1-1) we get 

Using ou]' previous numbe:cs and le"Ctine; m, be al'ound 

(2. '/-14-) gives 

m"l1 '\I (.OS)")( (f/ ~ lo-q) ')t .OS' )( 10·5" 6-ev 

I\J ;0 Gell 

IV 5'0 m, 

(2. ';-1») 

(2.';-14) 

(2.'1-15) 

CompaL'ing 50 m1"i ttl 10'( m1 \'Ie conclude tllat tne hi,;11er 

ords£' cor-r'ections do not contr'i bute to an,r :;i(onificant del;l'ee. 



3. 1:};U'l\UNO OSCILLATIOHS 

So far we have seen how some theo~ies pl'edict nonzc.'o 

neut.cino Idasses. l,ow let us di.c'ect Oul' attention to one 

possible effect of such a prediction. If neutrinos havD 

mass. theJ may display the phenomenon of neutl'ino 

oscillations~ This phenomenon occu~'s, because maGS ei[,;en-

states and weak interaction eitc;enstates do not coincide. 

Let Ill,,) be a mass eiL;enstate 01' the llallliltollian, i.o., 

Then we can expresE ~). the weak intoractlon 

eigenstate as a superposition of these: 

I: e.,,,v. .. 

0-1) 

and, 

( ;'-2) 

where U is an ol'tho;sonal n x n l:Jatrix. fo.:.' a theol'Y in 

\'lhic11 the I ac;ran[;ian is C-P inva.l'iant and n is the nun,bel' 

of families existin[!; in natUJ.'e. 

l"et a neutrino. pr'oduced in a ',leak interaction and 

ther'eby in a pure state IVe) at tiEJe 0 . bebiven bJ Ivett) 

at a late:L' time t. ''chen . 

I Vt (t» = e-iHt. 1,1t) • 2.. 
". 

( 3-3) 

Aftel' vie substitute for I lit) in teI'ms 01' Iv ... ) . ho·.·; let us 60 

back and substitute for IV .. ) in te:..'ms of a pl:imed set J "lie') 

'1:he pl'obabili ty amplitude 01' 

afteI' a time t is Civen by : 

• (3-4) 

i'indinr'; lit cltall::;ed into "lI, I 

L. Uttl' u"tt'e-iE".t . 

". 
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And the transition amplitud.e is ,;i,'en b,. tlle Ll:lal Pill't 01' 

the squa.L'e of this tel'm : 

,. L. 
tll~' 

~ow to see what these formulau mean. let us lOOK at a 

simple theor',y with two families onl','. A [':enecal i'Ol'HJ 1'0"' " '-, 

a 2 x 2 orthoe;onal mat;:ix is 

c.os 9 Sin 6l 

- slnB cas6l 

UeOi = cosEl 

VI": -Sln9 

VI''': CDS 9 O-li) 

The transition prooabilitJ i'OL' an elect:'on neutl'ulO to cllanl~e 

into a muon is Given bj : 

2.. Ue& UJI, t?' UU(T LietJ-' cos (cO'- ElY') t 
&, t? J / 

~,t?'= 1,2. 

Writinl~ this out we ~et : 

U~, Up, U~, U/", c.os 0 l' LIe.. Up' Uel LJ",,2 c.os (~,- E ... H: of

Un UfAl We, Li)l' cos (f:1.- c,ll:. of- L1el U)<, Lle2 W"l. cos 0 

Q'OS~eSlnlB -.t C04~6>Sln~e (E,-e~)t 

:: '/2. Slnl~8 (, - COS ( E, - e.,.)l:) 

(?-'/) 

0-8) 

Similarly. tne transition probability 01' find.in~ an elect~on 

neutrino at a time t after I cL'eation" In a lieak p;:ocess is 

1-1/4Sll'l~2e (I-wste,-t'a)l:). 'rhis is equal to 1 only if the mixing 

anGle e is 0 or' E:. = =.a . 1. e .. mass eigenstates are de;;enel'ate. 

For this simple case we can show that: 

( 3-9) 
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For tile oscillations to take place. we need f) f. 0 and m, 

This will happen if m;.c and at least one or tr.e 

paraweteI's mle and mJAJ'A is nonzeL'O. 
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4. CONCI,USION 

We can now br'iefly mention sOllle phenolilenolol;ical 

manifestations of nonzero neutl'ino ma~ses. 1'lJe fir'st ii; 

the famous "solar neutrino puzzle". DavIs and collabo~atols 

bave been conductinG an exper'iment In which sola.L' neu triaos. 

hitting a'detector' tar'get of chlor'ine at a depth of 4400 metr'es 

convert some chlor'ine to arrjon. 

(4-1) 

Extracting argon and countin,~ the number of "events" the 

experimentors found that the sola~ neut~'ino l'lux is much 

smaller than it should be. One possible solution would be 

that solar' neutrinos are cllanl;int; into othe:' neutl'inos 

on theil' wa:; l'I'om the sun to ti;e ear'th. 'l'he~el'ol'e, \'Ie on 

eaJ:th cannot detect tHem all in an expe.l'imen~ ueuil,lleci to 

trace only electJ.'on neutLL,lOC:. 

Of' course, the (;I'eatest loophole in this expe.:imeat 

is that it is ve~.1 hard to p~edict tae intelluity expected 

in tne absence of oDcillations. It tUI'niJ out that in k,i;3 

part icular' Chlo:cille-Arc;on expel:irne.1t, the unceL'taint,:, 

affectinG the flux is quite la1.'(":e, ['0 remed:, this. a Gallium 

expeJ'iment is desiGned. The expected rlux can be calculated 

in a reliable wa:,' if 10", elle~:g./ ( E' <. . It Mev ) neut~'in08 

emitted in the p ... p ~ cJ 1'e'" ... v.:. reaction can be detected. 

'.0he Gallium expe,;:iment is sellsi ti ve to low eneL'I~,j neutr'inos. 

The reactioll ~oes like this : 

Ve l' ,.1 &Q ~ JI(5-e t e- ( 4-2) 
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Gallium replaces chlorine and '.sel'!!laniu!!l replaces arbon. One 

big obstacle against the I'ealization of this experiment ~s 

financial; the amount of gallium l·equi.J:ed is more than the 

annual [!,lobal production. 

In addition to the appa~ent deficit or uolar neutL'inou. 

the existence of substantial amounts of non-luminous mass 

in the univel'se may be an indication 1'01' a nonzel:O neutl'ino 

mass. Of COUI'se. this mass doe;; not have to .ceside in tile 

form of massive neutrinos. However. if the neutrino !!lasses 

explain the "missing mass" in tue universe. this would 

imply that the neutL'ino !:lass is sibnificant enough to 

proy ide sufi'icient mass to stop the explosion of the 

universe and make it collapse back onto itself. 

All this is rather far-fetched. However, it is 

obvious that the neutrino mass problem is closely related 

to some cosmological problems. The most st~ingent bound on 

neutrino mass is of cosmolocical orisin. If the total 

neutL'ino mass remainin(}; h'om the biL bang is not to exceed 

the total cosmic mass densit:. the sum of all neutz'ino 

masses Qust be less than 40 e,'. 'l'hi;; close connec];ion to 

cosmolOGical myster'ies makes the neutr'ino Illass question 

and all possible manifestations of it. like neutl'ino 

oscillations, very intriguing. 



I would like to thank me advisOL' i"ietin AI'l.k 

i'o~' his guidance and patience. 
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APP.t:;blJIX A 

A massive spin 1/2 particle obeys the Di~ac equation 

(iY,u£,. -m) 41 ,,0 
a,,~ 

(A-I) 

where YJ is a four component spinol', describing the two 

spin states of the particle wave function ana the two spin 

states of the anti-particle wave function. 

Using the following Weyl representation 101 the gamma 

matrices 

0 - :t 0 0''' k. 1,2.. '!I 
'(0: - "1'''. -

- I 0 _ er" 0 (A-2) 
'" -

with the wave function ~ written as 

( 
U 

1 lI'= 
1/ (A-j) 

where u and 1/ are two component spinol's. ',Ie can express 

the Dirac equation as two coupled, equations' 

j ~v/1>t ... i&". VI) .. -mY 

i Oy/at iO". <:N • - mLl 
(A-4-) 

If the fermion is ruassless. these two equations aL'e coupled. 

Using ,,_,_, notation: 

< j a/at 7 = E' < i . v) = <. ~> 

For a massless particle < e) .. <.p> (A-5) 

The equations (A-4-) mean that 

< tr· p> :: + <. p) (A-b) 
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for the U spinor and 

(A-I) 

for the ~ spinor. That is, v represents a left-!landed. 

posi ti ve helici ty neutl'ino wi th anti-paralle 1 spia and 

momentum. On the othe.c hand. IJ is a ri;S:J.t-llar"ded lleuL.i:ino 

with pal:allel spin and momentUl:l. 

in the '1leJl ,'epr'esellcuLioll, 

-r~ • l"f 0y I '1",.. a 
'" 

( 
1 0 .. 
0 -I 

", 

So that we ca,l \/1'i te : 

Y1 (\'tV'S) '¥ C (~) S 4'11. 

Y.d 1- "(,) I.j' c ( ~) ;: ljIL. 

Exper'ii!,e~·tal evidence s. c;,;t;,;G;lat the neut.:'i!lo UPPE;UJ.:3 

onl;'/ as ,¥L. in weak inteJ.actions. ln order' to lLiQ tue 

(A-c) 

anti-neutrino wave l'"nction. we note that a i'er'r:lioll l.n an 

electromaGnetic field obeys the .i:olloviinb c4"ation : 

[ 
(i ~. - e A~ ) '(J.I - m J If',. 0 

ol'}' 

Whereas an anti-fermion obejD tne equation 

TakinG the complex conjugate of (A-10) we get 

(A-10) 

(A-ll) 

(A-12) 
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Ope~atin~ with G, we get 

This ~quation will be simila~ to (A-ll). if we let 

(, y.;'4 C;-' : yJA 

G'V' =4'c 

(A-lj) 

(A-l4) 

Solving for G using the Well !'ep~esentation for the Samma 

mat~ices. we get 

G. iV''": 0 
-I 

-I o 

L .4' = G 411. ... = 
o 
o 
V,, 
VA" 

• 

which represents a right-handed particle. 

V/ 
_ V,· 

o 
o 

(A-l» 
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APPLNDIX B 

The symmetry of the hamiltonian 01' a quantum lllocllanical 

system is not nece ssal'ily ot" ious from the e;L'ouud s ta te 

of the system. For exwnple, nuclear' fOl'ces al'e l'otationally 

invariant; however, the gl'ound state of a nucleus is not 

necessarily so. i. e.. it is not of spin zero. An example 

of a system which, unlike nuclei, is of infinite spatial 

extent is the Heisenberg fer'l'omagnet. an infinite aLTay 01' 

spin two magnetic dipoles with spin-spin inter'actions 

between neighbouring dipoles. 'rhe total hamiltonian is 

rotationally invariant, but the Ground state is a state 

in which all dipoles ar'e lined up in one ar'bitl'B..l'Y direction. 

Someone living inside such a magnet would never discover 

that the hamiltonian was rotationally invariant. 

Generalizine; to relativistic quantum mechanics, we 

substi tute "vacuum" for the gl'ound state and some "internal" 

symmetry for the rotational invariance. Bo, if we conclude 

that the laws of nature lllay possess symmetL'ies hidden f'I'om 

us because the vacuum is not invariant under them. This is 

called "spontaneous symmetl'./ bl'eakdown". 

Let us investigate spontaneous spymmetry breakdown 

in some systems. For a sinGle ceal scalar field , . the 

Lagrangian densi t;; is 

This Lagrangian has a discrete symmetry 

( 13-1) 
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Let us consider the potential V(~) and find its minimum 

(U-2) . 

+0 b~ a minimum 

There are two cases : 

<. ¢ )min = 0 (B-3) 

< ¢ )"'in :: ± V -IJ~ (B-4) 

v 

We let fo:}. be less than zero. Choosing the positive root 

for conventional reasons, < ¢ /min .. 

Now the vacuum is not at zero anymOl.'e. Therefol'e, we define 

a new field ?I for which the vacuum is at zel'O. 

V 
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¢ I " ~ _ ~ -,uy", l!! ¢-v 

Subati tuting 1'OI' ~ in terms 01' ~ I and V 

Using "IJ1:-.d we get 
It 

(1l-6) 

(13-'() 

Now. ,,1 has a positive mass - 2f12. and because we have a 

¢ '3 term the Lagrangian does not exhibit tile reflection 

symmetry of the oL'iginal Lagran(jian. 

Let us next consicier a complex scalaL' lield ~ 

L~ Y.2{iJ".¢)· (()"9!)-j4%p"¢- N'fl¢"¢)2. 

))1 <.0 

This I,agl'angian is invariant under the transfor'mation 

¢ -. 'tIS 16 ' where e is not a function of the space-

time. 

?Nlaf}' • (.u'IH M. If' ¢) ¢ 

• ( ,ct/.& of "12. rJlI ¢) ¢' (B-':!) 

Since ". is less than zero. 



- ij.j -

)4'/~ + 7'/£ fd- ~ .. 0 

I ¢/a., _ )la,,, !IV' (il-10) 

So the minimum is a ci:!.'cle with radius lJ in tile fJ plane, 

IM¢ 

Since the phase angle e is arbitrary we can take it 

to be zero. We now make the substitution 

(B-ll) 

whel:e f represents perturbations in the anGulal' direction 

and '? represents perturbations in the l:adial dir'ection. DoinG 

perturbation about Rc. 9- \I and .Im r; .. 0 for' small v,alues of 

, and '7 is equivalent to the equation 

(:l-12) 

substituting this value for 

we Let 

in tile oriGinal Lagrangian 
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So we get a mass tel'ln for '? bue not 1'01' 1 ,'I'he wass '7 
gains is due to tl'jing to make displacements in tile radial 

directions against restorinc forces, t has no wass; it 

COl'I'esponds to displacements al'ound the ciL'cle. the miniulul,l 

sur'face where theI'e a:r:e no L'estoL'ing forces, 

~,'e now let ¢ be an n-component real fie Id whose 

equation of motion can be del'ived from the LaGranGian 

(£-14) 

l'his 1ai:\rangian is inva~'iant under the group O(n) 

(ll-l;;) 

We can choose to satisfy (B-l:J) by lettinf; fIJi. for ':.1,1 ... I\~I 

be zero and ¢n be "" , 'Phen the 'Jacuum has a 10>ler symmetL'Y 

than the Lagrangian; the vacuum is invariant undeL' the 

gLOUp O(n-I) 

0(11) Group has 

.:;enera tOl-'S, 'rhe differ'ence in the nUIJbeL' of Generators. 

tl1er'el'ore. is t1~1 , '1'l1ese 0-1 ijenel'atOl'S cOl'l'espond to 

the bl'olCen symmetr'y, We let .L Ij iJ -;n be the O{n~I) genel:atol'S 

and Iq' L'ln be tne (\-\ unbl'oken e;ener'atoL's, where 
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(ll-lG) 

vJe define the .i'ields '? and 1.; l ~. 1.2 .... n~1 

o 

(Ll-l'l) 

'\J+,? 

Up to terms quadr'atic in the fie lds we nave 

o 

(B-18) 

Since kj has a minus i in the j ttl l'O'.v, n th column and 

a plus 

l !~~] 
i in the n th row j til column kj oper'ating on 

.:;ives a vector with the onl.; nonzero component In 

its j til row. So 

i~ (-I (1I'7Jl) 
v 

%, 

rp 
1~ 

N N ... 

v't"J ~"'JJ (:8-1':i ) 
'II.~ 

Substitutinl~ 1,. 1'01' ¢ .. for ~1n and "-") 1'OJ: fJn , in (B-l4-), 

we c;et a J~agI'an[;ian with a mass. term onl,!, i'oI' '? . Since n~' I.: 

have no mass we get n-' massless "Goldstone bosona" 

COI'l'esponding to n~1 b~'okell i~ene~'atOI's. 
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APPK,DIX C 

and if the minimulll 01' our' potential is 1101; at zeJ.'o, Lllen 

is local. then we need to intLoduce a vecto. 1'iela into ou]. 

exec;; ,; JIl to ttw :, ~,!.d" ,;or:e tLeorera. P;:'e ii0L;,1, \IC had as 

ma:.;sless bosons will be eaten up b:J tLe vectol.' field:.; to 

The vectoI' bosons whicll remain massless will correspond to 

the unbroken symmetl' j of' trw Lac'):anr;ian. 

Let us briefly summal'ize sowe l:equiL'enJents fo,L' a local 

gauge invariant theor;y. 

L is tne 

gl'OUp. \'Ie 

vectol: ¢ 

appl'opiate matrix :cepl'esentation 

see that the numbeL' or' cOlaponents 

should equal the dililension of the 

I 

L jk 

Dr 
= 

. ijk 
-Ie. 

(C-l) 

of the sJTjme t"' 

of the column 

matrix 1- . 

(C-2) 

Dj" is the cO\lar'iant del'i'vati've and. AJA is tn.;;;ectoJ.' I'ield. 

vie see that the number' of ben.;;,catols must equal elle nU!llb(;~' 

of components of the vectol lield. 
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L.Af' ~ U(s) L. A~ U- I 
(e) - i/9 (d)A U(9») lr'(9) 

F)lII~ . ...., ~I" A./ - 011 A/ T 9C. Uk A~j Allk 

Let us consider a LagL'antr,ian in,a~L'iant unde:c' a L(l) 

rio~, e- IB rl. t,('ansl'ol'mation of the 1'0~'m '1" 'I' 

(C-3) 

(C-4) 

]'olloViing'the above presc.i.'iptions fo:!.' a local gauge invar'iant 

theoJ.'Y and lettil16 l.. I) 9:: e \'Ie constL'uct 
• 

t. «() ...... ieA,..-) ~ot('~,...-leA,.u) ~_I"l¢.¢ - 11 (¢"¢)2._I/'1 F)'II F)I\I 

fA'J. '" 0 (C-5) 

Under' the loca.l tc.'ansfol'mations of the f'o,;.'m 

¢ ~ e - i at.) ¢ 

AjJ'" A,.u - lie 0,.... 6(x) 

s... is invariant. 

We give a nonzer'o ,'acuum expectation valuefo¢ not ¢' 

= v/V2: v2 = - joN 11 

::I e)Cp ( j 1/\1 ) ()) ... '? ) I VI 

~ 1/1/2 (v+,?ti1) 

substituting into (C-5) \'Ie Get 

(0-6) 

(C-'f) 
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(O-b) 

Because of the .\1 AJA ~f ter'Ul, this result is hal'd to inte~·p.L'et. 

So we let our gauge function S(lI) be J (lI)/-J 

" 
do - j H v ¢ - ,'IN [ii/V ) /'r::"] 
" ~ e ~ e e ( lit 'YJ v 2. 

(0-9) 

Substitutinc into (0-8) we get a mass terlIl Y'2. e.2.)}2 AI"" AI'" 

for the r'edefined vectol.' field. 1'here is not a lllass tel'm 

for 1 t , cOl'I'espondinb to th,e broken sjlilmetrj', has 

disappeared and A,. has crown massive. OI'iginally we had 

¢ I ¢' and two polarizations for AI'. adding up to foul' 

degrees of freedom. Now. we have a massive vector field with 

three degrees of freedom plus '? 
degrees of freedom again. 

leaving us with foul.' 

Gow let us consider a non-abelian example .. We have a 

La[,;l'an[,;ian invar'iant undel' the b1J(2) gl'OUp. Followinp; OUL' 

(~auf;e prescriptions and remembe:'in[; that fo:c 8U(2) 
l' k q. 

G~ = e U 

we have 

(0-10) 
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}lere each 10 is a matrix acl;ilL~ on a,ecto., 

So usiul:; Li.. a -I 6 mIll. 'Ne bet 

0", ¢i. = C>", ~i. - ig L;'k A; ~k 

.. d)l ¢;. - 9 Cmik A; rpk 
.. of' ¢. l' 9 61mk A;' ~k 

'rhe potential V has a minimum at ¢s • v 

< ¢)mln = o 
o 

-" 

1> 

Vie also write our thl'ee eene.'atol's explicitly 

0 0 0 00 .. 0 -I 0 

1- 1= 0 o -i L:a." 0 c) 0 '-s· .. 0 0 

0 I 0 -I 00 0 0 D 

Vie see that 
...... ... 

k, I V and 0.11 aJ .. ·e nonzero and !:;;311 is zero; 

(C-ll) 

(C-l?) 

(C-13 ) 

(C-14) 

(C-lj) 

so only b ~ L'emains as an unb~'ol(en S.filllaetr'J ii;enerator'. !vI 
and L2 are ou].' broken symmetJ.',i ,;enel'ato.'s and. we del"ina ~, 

'" 
and 1J. ,associated 'with t;'le unb:'oken s,ynu;,et.cy. 'rIe pu.'arnete~'ize 

¢ as 
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~ ... p ~ if. (I,~, I.L')\( ~ \ ( 
- 1. ... 

1 
(0-16) 

~ I, 
'\)+'1] '\J+'Y) 

'tie malce our gaw"e u transformation 

LJ .. e10p \ ·;Iv (i,LI-tl~L~)) 

'1' = u 9 • \ ~ I 
v+'Y) 

[L.A;J~'= [UL.A,...U·'- i/9(Cl ..... u)Lr '] u.¢ (C-1'1) 

rEnor-inc; terms hiGher than quad.L-atic in tile fields, we fL-st 

calculate (lJ L. A,...l.r') u ¢ te~-ID 

j I\;U (Vt?J) - i AjA3 I, 

-/ A)4,(Vt'Y))- j A""31~ 

i A,lJ1 3, . T i A j':l. ~.z 

(0-18) 

(0-19) 

( 0-20) 



j Af' (",']) - iA"I, 

- i AI" (v, ?)- i AI" 11 - i!J. 
V 

- ;,;] ~ 

o 

"/",1, T A)l212 

A~, (".'1/). 1<1" 
I, 

Afi2 b)t'l]) - .AI,...., 1, 

: i 9 ( UL.AfA U-') U¢ # 9 _ Af' (".,) _ Afls 1" 

o 

1101'1 \'Ie calculate i J 9 (O}l U)( v-' ) u ¢ . 

- 1/ l" (~,u 1, L, -T d,.... 12 L 2) - 1,2 0 , -
I, -iI, -1 (vt'1) 

" 1H'Yj i 1, 

:. '/9v Opl,L,. ~P11L1) 0 

o 

-" 

(C-?2) 

( 0-2:5) 

Vt~ (C-24) 

j hit'}) 

_ it. 0 
-;; 

i12 

(C-2~) 

(C-26) 
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0 j( lI~")) 

- 1'9lJ (»)I~ .i (v't7)) + o ..... 'i~ 0 -
0 0 

()~iJ (VtT)) 

;'9" .q".l, ('11+')) 

0 

ofll~ (Vt"l) 

19 ( iJ9 (3.uu)(u-') W)::: - I/v - d}4 I, (lit,?) 

o 

Putting (C-29) and (C-22) together, we find 

0 A}4~ ('lit']) - A)lIl . 8p12 (h"'J) 

(c-?,/) 

(., "0' V-c.. ) 

.. , 
- AlA' ("+'1)-1.a" -C>)l1, ('\It')) DpfJ :: 0 + 9 _J. 

'1/ 

~I' 'I} .0 0 

(0-30) 

Uoing (C-30) Vie can noVi calculate the 1,aGl'anf';ian in tel'ms 01' 

the tl'ansformed variables 

s.,.. Ya dl' "plA"),, 'k d .... i ''aM j I .. 'la &/,., 12 a'" f2 -to 

'/ .. ,1)/.1 (AlA" -to AfAAJ) -!p (11;1' 0 ..... i, T At'I.l ".M 1',i,) (C-31) 
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,,' I"'g"'a.( .. a A ') , ., l'lom the '. " "~I T)AI teJ.'U1 lie GOO thut tliO ,l.:otOl" lilCSOrlG 

cO.l.'L'esponding to tho bL'o,:on s"lllmet','j GOlloL'ato"'s Lu.e acquL'cd 

mass. 

We al'e now read,/ to discuss tile ,::cncl'al ea:;o. ',\0 hu','o a 

LagranGian invariantlindoL' a l;l'OUP G, 'l'hc-,:c a~:c N c;ene.J:atOL'CI. 

theL'ei'o"'o tiler'o al'e also N l;au;;e L10sons AlA'" "'= 1._._ N 

We choose an n-dimensional l.'epl'esentatioll i'o,c' tllo:;e [!,encl.'atol::";, 

So we ha,'e n scalar fields i.,. 1..- n. 

Let ue suppose tllat there is a subgr'oup of 

M genel:ators that leave tile "aeuml in,al'iallc, .,:0 \'IC l1a,o N-M 

gene.::ato,.'G 1'01' \-Ihieh h" V is nonze.l'O, V '-" tl,u iaOUULI. 

It is an n component vectol' "Ihieh I"al~eil Y(~') a llLilliruuUI. 

We paJ.'auetel'ize , 

(C-32) 

~ '? repeesents the n- (N-M) field:;. :,ext vie mal:e the rollO'\lin,; 

gau(;o trauGi'orrnation 

LJ .. e~p (3=1 .... N-1'1 (C-jj) 

A It t .. I. M 0D,'au~l .. -<e l,Je~Onp, .c:ainin:,': mass b,",' eatin.,'-: s a resu ,we ge "'j . - - _. . 

up 111-1'1 Goldstone bosons. M l:emaininr; 'veetoL' bosons sta:, 

massless. 

Let us now check the overall deG~ees of r~eedom. We 

started out with n scalar particles and tJ massless vecto'c' 

me sonG . (l'herei'ore I/e had n -t 2.N deijl'ees of i'l'eedor;J. After' 

the spontaneous sJmUlet:;,'y bl'ea~inG we are left "ith 

massive. M r:JasslessiectOI' bOGons and (l -(N-H1 

I'J-M 

'? fields. 
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WritinG explicitly 

2.N + n :: (N - M) + M + n - I: N - M J (G-j't) 

We see tHat the ovel'all deCl'ces of i'i'eedollJ I'emain ullchanl;eu., 

as expected. 

• 

• 
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APPENDIX D 'l'WU FAHILY OoCILLA'l'IO!.o 

In order to make allowance tOL' the leptoll number violation, 

the weak interaction 1,af:)L'anr:;ian mUGt have ad additional pa:'t 

of the form 

Here we shall consideI' only ~Iajorana fields, We define 

"II ... , vu,' (m .. m,..c 
", I. :r '\J It :0 M. 

",,., .. ", pll C m)lc fVljA)A 

we can IH'i te the full LaCJ:an,';ian, includinc: tile standaL'Q 

interaction terms as follows: 

. ( ).(:: ) 
In order to diagonalize tlle mass matrix, we let 

t 1 ,. ')(. M~ ,. ~ UTMU?' 

.. ¢ Mo 1> 

(lJ-2) 

(D-3) 

(D-4) 
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Mo is tne dia[;ollal mass matrix 

MD· 

11' we assume that the Lat;.::'an:!;lan is C P in. a:ciant, 

then U is an ol'tnoconal matrix I'Inicll lias the I'ollowinG 

general for'm 

LJ ( c.os9 

.. -Sin" 

U sin,; ')(.. U ¢ • 
and CD-3) we ~et 

""ln9 

'l'aking onl:; the left components \'Ie Get 

VeL. = (.059 ¢/I .. T Sin9 15,2.1. 

V}l1. :: .. Sin 9 9l'L t CO,9 ¢:l.L. 

CD-a) 

CD-I) 

CD-b) 

9 denotes the de[;x'ee of mIxing of the j·jajOlana i'ields and 

¢ 1,30 'S ax'e the mass eicenstates I',ith masses rn, and ma , 

respectively, Using (D-4). we i~et 

... ('0$8 Sin") ( /VI, 

-51n9 c.oS9 0 
(D-9) 

o . .. SiO") 
cos 9 



:;) = 

- ~'/ -

( 

c.~·6)m, +sin·6)IYI. 

GD$661n IH ma-I'I\,) 

We note from (D-9) that 

SinSc.oS6 (m .. -m,) ) 

S'n~6m, t c.o&l8m~ 

mpJA - m 1& ::: c.o~~6) (m,-IYI,) - sin~l9lm .. -m,) 

-= lma -m,) ((05l e - Sin~e) 

: (ml-m,) c.o~~8 

UsinG the value we found .t'o~ in (D-';) ,lie lse t 

• = 2 (m1-IYI,) Sln8c.os9 

(rna-m,) c.o~B 

vie now try to sal,e for m, and rna usint_: (D-';). 

-- (rnjA,IA - mze)2+ It (m)A&)~ 

::: [ (m)i;c - m!:c ) 2. of' 't (mjo& )2. ] '/.& 

UsinL (D-12) and (D-15) 

(D-':!) 

(D-10) 

(D-ll) 

(D-12) 

) 
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