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OZET

Bircok iilkede kamu firmalar1 ve 6zel firmalar birbirleri ile rekabet halindedir.
Hem kamu hem de 6zel firmalar1 igeren karma oligopoller, sadece 6zel firmalari igeren
oligopollerden farklilik gosterir. Kamu firmalart hem firmalarin karint hem de sosyal
refahi arttirmak isterken, 6zel firmalar kendi karlarini arttirmak isterler. Bu yiizden
karma oligopollerin rekabet ettigi durumlarda ¢ikan sonuglar ile sadece 6zel firmalarin

rekabet ettigi durumlar arasinda ¢ikan sonuglar farklilik gosterebilir.

Literatiirde yapilmis ¢alismalarin ¢ogunda firmalarin talebi tam olarak bildigi
varsayilirken, gercek hayatta bu varsayimin tutarli olmadigini biliyoruz. Talep
belirsizligi, firmalarin irettigi iriinlere yonelik tiiketici talebini dogru bir sekilde
tahmin edemedigi durumlarda ortaya ¢ikar. Bu ¢alismada, kamu ve 6zel firmalarin
rekabet ettigi karma oligopollerde firmalarin talep belirsizligi durumunda ne
yapacagimi inceliyoruz. Firmalarin talep hakkinda topladigi bilgileri rekabet ettigi
firma ile paylasip paylasmadigini, paylasir ise ne kadarini paylastigini analiz ediyoruz.
Sonuglara baktigimizda, kamu firmas: rekabet ettigi 6zel firma ile her zaman bilgi
paylasiminda bulunurken, 6zel firmanin bilgi paylagimi karar1 tiriinlerin tiiriine gore
degisiklik gosteriyor. Firmalarin tirettigi tirtinler ikame edilebilir mallar ise, 6zel firma
rekabet ettigi kamu firmas: ile bilgi paylasiminda bulunmuyor. Uriinler tamamlayici

mallar oldugunda ise, 6zel firma kamu firmast ile bilgi paylasiminda bulunuyor.

Anahtar Kelimeler: Karma oligopol, talep belirsizligi, bilgi paylasimi, kamu

firmalari, 6zel firmalar



SUMMARY

In many countries, public and private firms are in the same environment with
a strong competition. Mixed oligopolies which include both public and private firms
differ from pure oligopolies which include only private firms. Public firms seek to
maximize firms profit and social welfare while private firms seek to maximize only its
own profit. For this reason, the consequences of mixed oligopoly competition may

differ from the consequences of pure oligopoly.

In the literature, most of the studies assume that demand is fully known. We
know that this assumption does not hold in real life. Demand uncertainty occurs when
firms can not accurately predict consumer demand for products they produce. In this
study, we research the consequences of the competition under demand uncertainty in
mixed oligopolies. When companies collect information about demand, we analyze
whether they share this information with a competitor, and if so, how much they share.
The results show that public firm always shares information with private firm while
private firm’s decision on information sharing depends on the type of the goods. If the
products of the firms are substitutable, private firm does not share information with
public firm. If the products are complements, private firm shares information with

public firm.

Key Words: Mixed oligopoly, demand uncertainty, information sharing, public

firm, private firm
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1. INTRODUCTION

Information plays an important role for firms no matter what business they are in.
Accurate and reliable information helps companies improve their decision making.
Also, information sharing among competitors may lead companies to get a better
knowledge about the market they are competing in. One of the benefits of information
sharing is, companies understand the market better which enables companies to
produce more efficiently. Companies may share every type of information with each
other, for example, information about production cost, sales data, customers demand
and so on. On the other side, there are competitional disadvantages of sharing
information with competitors. It will be easier for companies to monitor each other
when they have more detailed information about their competitors. Increased
transparency in the market can allow collusion among competitors that may lead to
higher pricing.

In a mixed oligopolistic market, there is at least one public and one private firm
that compete with each other. In the last three decades, there has been a worldwide
movement towards (at least partial) privatization of public firms. In many countries,
several sectors of activity are characterized by the presence of both public and private
firms. Some of the examples about mixed oligopolies are network sector
(broadcasting, mail, transportation and telecommunication), service sector (banking,
insurance, healthcare and education) and energy sector (gas and electricity) (Donder
and Roemer, 2009). Public firms are considered to behave different than private firms
where the objective of public firm is maximizing total welfare which is equal to the
sum of consumer and producer surplus. To give an example from Turkey, Ziraat Bank
(banking sector), TOKI (construction sector) and TRT (media sector) are some of the
public firms that are in competition with private firms. The objective of these firms is
not only maximizing their profits but also maximizing social welfare. When there is
an economic slowdown, government may ask banks to decrease the interest rate. As a
result of this demand, public-owned banks may offer a loan with low interest rate to
increase economic activities. Therefore, competition in mixed oligopoly may leads to
quite different conclusions than those found in the pure oligopoly.

Most of the studies in the literature focused on pure oligopolies under cost or

demand uncertainty with homogenous or differentiated product. Differently, this study
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examines the effect of information sharing in mixed oligopolies under demand
uncertainty. In the model, firms compete in quantities (a la cournot competition), and
there is uncertainty on the intercept of each firm’s demand function. Each firm receives
a private signal that provides an estimation about the common price intercept of the
demand functions. Firms may give authority to the agency to reveal their private signal
and make it available for other firms. If a firm decides not to reveal its information,
none of its private information will be put in a common pool. This case represents no
pooling (NP). If a firm decides to partially reveal its information, part of its private
information will be put in a common pool. This case represents partial pooling. If a
firm decides to reveal all of its information, all of its private information will be put in
a common pool. This case represents complete pooling (CP). The game has two stages
in our model. At the first stage, firms inform the agency about how much of their
private information to put in a common pool. At the second stage, each firm chooses
its quantity of output.

The result obtained in our study indicate that the game has a unique subgame
perfect equilibrium at the first stage. Public firm always put all of its private
information in a common pool (Complete Pooling). Private firm’s incentive for
information sharing depends on the type of the goods (substitutes or complements). If
the goods are substitutes, private firm does not put any of its private information in a
common pool (No pooling). If the goods are complements, private firm put all of its

private information in a common pool (Complete Pooling).



2. LITERATURE

Since the late 1970’s, there has been extensive theoretical research about
information sharing in oligopoly. Early contributions to the literature were made by
Ponssard (1979), Novshek and Sonnenschein (1982), Clarke (1983), Fried (1984),
Vives (1984) and Gal-Or (1985). In the following years, many other studies have been

done about information sharing in oligopoly.

Most of the studies have similar basic structure but assumptions and models may

vary from paper to paper. Some of the differences in the literature are as follows:

e Cournot or Bertrand Competition
e Cost or Demand Uncertainty

e Product Differentiation

e Number of Firms

e State of Nature

¢ Noisy or Perfect Signals

e Revelation of Signals

e One or Two Stage Game

Each of the above assumptions may make a significant change about the results
of information sharing in oligopoly. After researching the literature, we see the results
are very sensitive to the assumptions and even making similar but only slightly
different assumptions may cause completely different equilibrium outcomes.

The results of the some researches in the literature on information sharing in
oligopoly are as follows.

Fried (1984) examines a duopoly model about information sharing under cost
uncertainty. The focus of the study is information producing and information sharing.
The results show that producing information is always optimal and information sharing
is generally beneficial for both firms.

Vives (1984) develops a duopoly model about information sharing under
demand uncertainty. In cournot competition, complete sharing is a dominant strategy
if the goods are substitutes and no sharing is a dominant strategy if the goods are

complements. In Bertrand competition, the results are reversed.



Gal-Or (1986) considers a duopolistic market where uncertainty is about
unknown private costs. The result about information sharing depends nature of the
competition (Cournot or Bertrand). Sharing is a dominant strategy with Cournot
competition and no sharing is a dominant strategy with Bertrand competition.

Medin, Rodriguez, & Rodriguez (2003) analyze the information sharing in
oligopoly where firms receive private information about random demand. The study
has two scenarios and each one examines different unknown parameter. The
parameters are either an unknown intercept or an unknown slope of the random
demand. It is shown that if the private signals are accurate enough, information sharing
Is profitable among firms for both of the scenarios.

Our study is also related to the literature analyzing mixed oligopolies. Study of
mixed oligopolies has become significantly popular after privatization of public firms
has spread in many economies around the world. Haraguchi and Matsumura (2015)
compare Cournot and Bertrand competition in a mixed oligopoly. They find that price
competition is better for public firms. For private firms, it depends on the number of
private firms in oligopoly. If the number of private firms are at least five, quantity
competition is more profitable for private firms. Cit¢i and Karakas (2014) analyze
mixed oligopoly where firms choose the capacities and prices sequentially with
differentiated products. If the realized demand is higher than expected demand, both
firms hold under capacity. If the realized demand is lower than expected demand, both
firms hold excess capacity. If the realized demand is medium, firms hold under or
excess capacity according to whether the products are complements or substitutes.
When the products are substitutes, private firm holds under capacity but public firm
holds excess capacity. When the products are complements, both firms hold under
capacity.

Closed to our study, Cit¢i and Hazer (2016) examine the incentives to produce
information and to share information about uncertain cost in mixed oligopoly. They
showed that if the correlation coefficient is equal or less than zero, both public and
private firm share information with each other. This study focuses on information
sharing under cost uncertainty with homogenous products while our study focuses on
information sharing under demand uncertainty with differentiated products.

In the literature, most of the studies on information sharing only include private
firms. Vives (1984), Shapiro (1986), and Sakai and Yamato (1989) have welfare

analysis in their model, however, they also do not include public firms in their studies.

4



To the best of our knowledge, this is the first study to analyze the information sharing
between public and private firms under demand uncertainty. Our findings indicate that

information sharing outcomes are much different under mixed oligopoly than that of
established under private oligopolies.



3. MODEL

We have a non-cooperative mixed duopoly model that includes one public and
one private firm. Each firm producing a differentiated good in the same market. From
now on, the public firm is denoted by 1 and the private firm is denoted by 2.

Demand functions are assumed to be linear.

P1=a—PBq:—vq;

P2 = a—vq1 — Bq;
where « > 0, 8 > |y| = 0. The goods are substitutes, complements or independent
depending on the value of y. If y > 0, the goods are substitutes. If y < 0, the goods
are complements. If y = 0, the goods are independent. If 3 =y, the goods are perfect
substitutes. If B = —y, the goods are perfect complements. « is the demand intercept
and y /B varies from 1 to -1. Also, p; is the price and q; is the quantity of the goods
produced by public firm and p, is the price and g, is the quantity of the goods
produced by private firm.

Each firm’s marginal costs are equal and constant regardless of the units of the
goods they produce. We assume that prices of the goods are calculated after marginal
costs have been deducted. Firms compete in the quantity of output they produce.

Given demand functions, the profit function for the public firm can be
formulated as follows:
Il = p1gs
I =(@—-Bq1—vq2) *
M =aq — Bq:* — vq142
Also, given demand functions, profit function of the private firm can be
formulated as follows:
I, = p2q,
I =(@—vq1 —Bq92) *q2
M, = aq; — Y4192 — Bq°
Both firms are risk neutral. The objective of the public firm is to maximize the
social welfare and the objective of the private firm is to maximize its profit. Welfare

function is described as W = CS + PS, where CS stands for consumer surplus and PS



stands for producer surplus. So, welfare is the sum of consumer surplus and producer
surplus.

Before finding out the objective function of the public firm, we need to explain
consumer surplus and producer surplus.

Consumer surplus can be formulated as follows:
2
CS =U(q1,92) - ZpiQi
i=1

CS = U(q1,92) — P191 — P29
Utility function of the consumer is assumed as the following:

Bai? +2vq1q; + Bgs°
U(CI1:CI2)=6¥*(CI1+612)_( - 21 : : )

Utility function is supposed to be quadratic, strictly concave and symmetric in
the quantity of the goods produced by public and private firm.
Producer surplus is the profit that firms get from involvement in the market.
PS =11, + 11,
PS =p1q1 + P292
Now, we are ready to explain the objective functions of the firms.
Objective function of public firm is (social welfare):
W =CS+PS

(ﬁ‘hz +2yq.q; + ﬁ‘hz)
2

W=ax*(q+qz)— — D1q1 — P2q2 + P141 + D292

(Bq:? + 2vq1qz + Bq2°)
2

Obijective function of private firm is (profit function of private firm):

W= ax(q+qz)—

I, = (a—vq: — Bq2) * q2

We also assume that demand intercept, a, is a random variable in the model.
Following to Vives (1984) we further assume that random variable a is normally
distributed with mean & and variance V («). Each firm observes a private noisy signal
for the random variable a. These signals involve demand intercept and noise. So, the
equation of signals can be shown as s; = a + ¢;, i = 1,2 where s, is the signal that
public firm observes and s, is the signal that private firm observes and &;and ¢, are
the error terms of the signals. We have bivariate, normally distributed error terms in

the model. Error terms are independent and uncorrelated with a. Their mean is zero



and variances of error terms are equal to or greater than their covariance (v; = 0,5, =
0,i = 1,2). All of these are common knowledge.

By having this information, we have the following equations.
E(a|s;)) = (1 —t)a + t;s; and E(sj|si) = (1 —-dya +d;s;, with
ti=V(@)/(V(a) +v;) and d; = (V(a) + 012/(V(a) +v;), i = 1,2,i #j. It can
be seenthat 1 > d; > t; > 0 since v; = g4, = 0.

Signals give more precise information about the demand intercept when the
variance decreases. The conditional expectation formula is as the following:

E(als)) = (1 —t)a + t;s;

If the precision of the signals increase, t; increases because when t; increases
E(a|s;) gets closer to s; than @. Also, t; increases as v; decreases because t; =
V(a)/(V(a) + v;). While the signal goes from being perfectly precise to being
completely imprecise, v; goes from 0 to co and t; goes from 1 to 0. When the signals
are perfectly precise, E(als;) =s;, v; =0 and t; = 1. When the signals are
completely imprecise, E(als;) = &, v; = o and t; = 0.

To model information sharing process, we assume that there is an independent
trade agency that collects the observation samples. The trade agency receives an n
observation sample (t;q,tiz, tis, ..., tin), Where t; =a+ uy and uy’s are
independent and identically distributed random variables. Their mean is zero, variance
a2 and independent with a. Firm 1 (public firm) receives n, observation sample and
allows the trade agency to reveal A;n; observation where 0 < A; < 1. Also, firm 2
(private firm) receives n, observation sample and allows the trade agency to reveal
A,n, observation where 0 < A, < 1. There are A;n, + A,n, observation sample in the
common pool that available for both public and private firm, public firm has n; — A;n;
private observation sample and private firm has n, — A,n, private observation. The
signals firms receive are the best estimation of a that depend on their own observation
sample plus observation sample put by other firm in the common pool. The signal

public firm receives, s, is based on n; + A,n, and the signal private firm receives, s,,
|S based on n, + )\1n1. S1=a + (1/(711 + )\2712))(2211 U1k +Z£2=7;2 qu), S, = a +
(1/(n, +?\1n1))(222_1u2k Y u1k)- We have bivariate, normally distributed

error terms with zero means in the model where, v; = 62/(n; + An, ), v, =



o5/(ny +Any) and 012 = ((7\1"1 + A;n)/(ng + Anp)(n, + 7\1’”1))01%-
Remember that v; > 0,, > 0,i = 1,2.

We can analyze the effect of information sharing. When firms do not share
their information with each other (A; = A, = 0), v; = 62/n,, v, = 62/n, and g;, =
0. When firms share all of their information with each other (A, =2, = 1), v, = v, =
01, = 02 /(ny + ny). As it is seen, if firms share their private information, variance of
the error terms decrease and the correlation of the error terms increase.

Public and private firms play two-stage game. There are simultaneous moves
within each stage but previous stage observed before the next stage begins. Timing of
the game is as follows: in the first stage, both firms receive private noisy signal about
the uncertain demand parameter. Each firm decides the amount of information to share
with its competitor. In the second stage, based on their collected and received
information about uncertain demand, each firm decides how much to produce. At the

end of the second stage, the game ends.



4. RESULTS

4.1. Expected Welfare and Profit Maximization

In this section, calculations will be made to find out the expected production
quantities of public and private firm. As known, the objective of public firm is to
maximize the expected social welfare and the objective of private firm is to maximize

its own expected profit.

4.1.1. Welfare maximization for public firm

To find the expected production quantity of public firm that maximizes the
value of the expected welfare, the first derivative of expected welfare with respect to
q, should be equal to zero. Also, to distinguish the maximum points from minimum

points, the second derivative of expected welfare with respect to g, should be negative.

aw d*wW
E(d—q1 sl)—Oand E(W S1)<0
242 + Bg,>
max lE(W|51) =FE (a « (g1 + qp) — (ﬁéh V‘SCIZ Bq: ) 5y

d<“*(Q1+CI2)— )

dq, /

2 2
d<aq1+aq2—ﬁ%1 —Y(hCIz—B%Z ) \‘
|S1

E

(Ba:% + 2yqiq, + ﬁq22)> w
|51

E

dq,
dw
E (d—q1 Sl) =E((@= B9~ vq2)ls1) = 0
d*w
E (dChz Sl) =k

As known £ > 0, so the second derivative of expected welfare with respect to
q4 1s negative and it shows that the first derivative of expected welfare with respect to

q, is the maximum point of the function.
E((a—pBq1 —vq2)ls1) =0

10



Ba. = E(a— vqz)
The amount of the goods produced by public firm that maximizes the value of
the expected welfare is:

1
q:"(s1) = EE(a — ¥q2ls1)
1

ﬁE(wlsl) — YE(q5"(s2)ls1))

q:"(s1) =

4.1.2. Profit maximization for private firm

To find the expected production quantity of private firm that maximizes the
value of the expected profit of private firm, the first derivative of expected profit of
private firm with respect to g, should be equal to zero. Also, to distinguish the
maximum points from minimum points, the second derivative of expected profit of

private firm with respect to g, should be negative.

dIl, _ d-Il
E(d_qz 52)—0and E(dqzz 52><O

max[E( I,|s,) = E(((a — Y9 — Baqz) * QZ))|52 ]

E (d((a — tii;ZﬁQZ) * q3) 52) =0

2
2

£ (d(aCIz — Y092 = B |, ) =0
dq, 2
dIl
E (d_qz2 52) = E((@ —yq1 —2Bqz)[s;) =0
d?1
E (d‘hzz SZ) =-F

As known g > 0, so the second derivative of expected profit of private firm
with respect to g, is negative and it shows that the first derivative of expected profit

of private firm with respect to g, is the maximum point of the function.
E (((“ — Y4~ 2ﬁ¢12)|52)) =0

20, = E(a — yq1)
The amount of the goods produced by private firm that maximizes the value of

the expected profit of private firm is:

1
q2"(s2) = ﬁE((a - V‘h)lsz)

11



1
q2"(s2) = ﬁE((CﬂSz) - VE(CI1*(S1)|52))

Bayesian equilibrium of the model is q;*(s;) and g,*(s,). Expected welfare is
maximized at q,*(s,) if the private firm produce g,*(s,) and profit of private firm is

maximized at g,*(s,) if the public firm produce q,*(s;).
4.2. Equilibrium Output Strategies

We have the value of q,*(s;) interms of g,*(s,) and we have the value of

q,"(s,) in terms of g, *(sy).

1
q:"(s1) = E (E1(a) - VEl(qZ))

and
y = E E
q2"(s2) _26’( 2(@) -y Z(Ch))
q:°(s1) ==\ E1(a) —yYE1| =5 (Ez(a) —YE;(q
1"(s1) B 1(a) 1 Zﬁ(Z() 2( 1))
q*(S)—‘—l Ei(a) —vE(| 75| E2(a) —YE —1(E (@) —vEi(q )) |
1 (81 'Bkl 1l 28\ “2 2\ g\ 1492

The above equations can be extended infinitely. This is called “I think that he
thinks that | think..." model. The equation seems like diverging to infinity but this
chain can be broken. As long as firms know E («a|s;), E(a|s,), E(s1|s3) and E (s3]s1),

the infinite chain will converge and solution will be found.

4.2.1. Equilibrium output strategy of public firm

The following calculations should be performed to obtain the equilibrium
strategy of public firm. The detailed solution of equilibrium output strategy of public

firm is given in appendix 1.

1
q:7(s1) = EE((Q|S1) - VE(CIZ*(SZ)|S1))

12



1
q2"(sz) = E((“|52) — YE(q," (51)|52))

To make the calculations easier, we will use some notations:
Ei(q2) = E(q2"(s2)ls1)
E>(q1) = E(q1"(s1)ls2)
Ei(a) = E(alsy)
E;(a) = E(als)
EiEy(a) = E((alsy)|sy)
E,E1(a) = E((alsy)ls;)

. 1 y2 V3
q."(s1) = ’EE1(a) Zﬁz —EE(a) + 53 253 E\E;E (a) — 2234 oz E1E2E1E> (@)
A y®
22,85 s E1E2E1E>Eq () — 236 ~37¢ E1E2E1E2E1E> (@) ...

1_ LAY
q1"(s1) = Ea(l togrt <232> + (232> >
~ 222 (1 + 2’/—;2 + <2’;2>2 )
+ tl(slﬁ_ 2 (1 + y"'zc;;zdz + <y2262,1f2>2 + <yzzdﬁlfz>4 )
o0 ra, (ran) (rad) )

. 1_( 2B v (28 \ t(s-a 2p
q."(s1) = E <2ﬁ2 2) - 252 a <2ﬁ2 _ )/2) + B <232 — y2d1d2>

_ ydity(s; — @) 2p?
2p> 2p% —y2d,d,

a2p—v) 2B —yd,

q1 (51) = Zﬁz _yz Z'BZ _y2d1d2 tl(sl - (X)
_aB—-vy)
1= 282 — 2

B. — 20 —yd,
1 2% —y2d,d,

q1"(s1) = Ay + Bity(s; — @)

13



4.2.2. Equilibrium output strategy of private firm

The following calculations should be performed to obtain the equilibrium
strategy of private firm. The detailed solution of equilibrium output strategy of private

firm is given in appendix 2.
1
q:"(s1) = E (E1(a) - VEl(QZ))

1
q2"(sz) = ﬁ (Ez (a) —YE, (‘h))

1 v’ v
q2"(s2) = ’BEz(a) 2,82 5 E2E1(a) + 55— 2253 EyE Ez(a) — 225 ——1 E2E1E2E (@)
v* y®
+ 5355 2335 EyE E5E Eo(a) — 2336 ~37¢ E2E1E2EL E-E(a) ..

) 1 yz yz 2 yz 4
q2 (52)=23 (1+2_,82+<2ﬁ2> +<2_32> )
Y _ y? %\’
2,32 (1+2_,32+<2,32> )
tr(s; — @) y?did, (v?did, : y?dyd, ¥
P (1+ = +< - ) +< = ) )
_ = 2 2 2 2 4
a0, o, (e (e )
1 _ 2p? Y _ 2p? tr(sp — @) 2?
(52) =250 <2ﬁ2—y2>_232“<232—y2>+ 26 <232—y2d1d2>

_ ydaty (s, — @) 2p?
2p? 2% —y2dqd,

alB-vy) B —ydy

QZ (SZ)=2ﬁ2_y2 Zﬁz_yzdldth(SZ_a)
a(B—v)
4, = 2B2 — 2
Y
B —vd,

By = ———F—
2 2p2 —y2d,d,
q2"(s2) = Ay + Byty(s; — @)
The unique Bayesian equilibrium of the game is g, (s;) and g,*(s5).

a(2p ) _ 28-vd,

q1"(s1) = Ay + Bt (s; — @), where A; = m and By = 2B% — y2d, d,
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alB-vy) _ B-vdy
———and B, = ————
2p2 —y? 2p% —y?d,d,

If public firm produce A; + B;t,(s; — @), the best reply of private firm is to

qZ*(Sz) = AZ + BZtZ(SZ - CY), WheT'e AZ =

produce A, + B,t,(s, — @). If private firm produce A, + B,t,(s, — @), the best reply
of public firm is to produce A, + B;t;(s; — @).

4.3. Expected Welfare and Expected Profit Calculation

Equilibrium output strategies of public and private firm are as follows:

o o a@p-y . 26-vd,
q1"(s1) = Ay + Bty (51 — @), A; = 287 —y2 1= 262 — y2d,d,
. _ alB-v) B —vd,
q2"(s3) = Ay + Byty(s; — @), Ay = 232 —VZ’BZ = 2B% —y?dqd,

Expected welfare function can be calculated with equilibrium output strategies

q." and g,* which are already found in “Equilibrium output strategies”.

4.3.1. Expected Welfare Calculation for public firm

The following calculations should be performed to obtain the objective function

of public firm (social welfare). The detailed solution of expected welfare is given in

appendix 3.
FWls) = (“ «(qy + q2) — (ba,” + 2yq21q2 +az’) 51>
EW|s)) =E <aq1 +aq, — (ﬁ‘hz + 2)/%1‘72 + ,BQZZ) 51>
N 2
EWs;) = E <a<s1>q1*(s1> +als)as (s)ls: — M
—7q1"(51)q2"(s2)[s1 — ﬁ(qz*(?)lSl)z)

EWls;) = E(a(s1)a:" (1) + E(a(s)az" (s2)1s1) — §E ((a:(s0)")

* * B *
—YE(q1"(s1)q2"(s2)|s1) — EE((Qz (s2)151)%)
To calculate expected welfare, we first need to solve the equations,

E(a(s)a" (1)), E(a(s1)dz" (s2)151) E (417 (50)) "), E((a2" (s2)15)2), E @1 (51)g2" (s2)s1)

15



E(a(sl)ql*(sl)) = aA, + 2B;t;V(a)
E(a(s1)qy (s5)|s1) = @A, + 2B,t,d,V(a)
E(ql’“(sl))2 = A%+ B*t,V(a)
E(q;"(sp)Is1)? = Ay° + B, t,%d, *(V (@) + v1)
E(q:"(51)q2"(s2)|s1) = A14; + By Byt dyV(a)

B

E(W|Sl) = &Al + 231t1V(a) + CYAZ + ZthzdIV(a) - E

h

2

a* « (7° — 6B%y — 2By* + 2y°)
2 (287 =)

- §B1Zt1V(a) —¥YByBytyd,V(a) — g (Bzztzzdlz(V(a) + U1))

(42 + B2tV (@)
- V(A1A2 + B1th2d1V(a)) - (Azz + By%t,%d " (V(a) + 171))

E(W|sy) =

+ 2B, t;V(a) + 2B,t,d,V(a)

4.3.2. Expected Profit Calculation for private firm

Expected profit of private firm function can be also calculated with equilibrium
output strategies q;* and g,* which are already found in “Equilibrium output
strategies”.

The following calculations should be performed to obtain the objective function
of private firm (profit of private firm). The detailed solution of expected profit of
private firm is given in appendix 4.

[ =p2*q;
E(Tls;) = E (((a = vq1 — Ba2) * 42)]s2)
E(I,lsy) = E((“|52 —¥q:1" (51|82 — Bqz"(s2)]s7) * Q2*(52))
E(a —vq:"(s1)|s2) = 2Bq,*(s,) according to the first order conditions, so
E(Tls) = B(42"(s2))’
E(I,ls,) = ﬁE(Az + Bty (s, — 57))2
E(s, —a@)? = V(a) + v,
E(M,lsy) = (A% + B*t,2V(a) + v,)
E(I,ls;) = B(Azz + Bzztzv(“))
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4.4. Results

Proposition 1a. In equilibrium, expected welfare
a) increases when the precision of public firm’s information increases.
b) increases when the precision of private firm’s information increases.
c) increases when the correlation of the signals increase.
Proof.
We know from previous section that when the signal gives more precise
information to the public firm, v; decreases.

Figure 4. 1: Effect of v; on Expected Welfare

to
i

0.6
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034

0.11
0 2 4 6 g 10 0 2 4 6 g 10
vl vl

The graph on the left side shows the effect of v, on expected welfare when the
goods are substitutes (y > 0), the graph on the right side shows the effect of v, on
expected welfare when the goods are complements (y < 0). To make the calculations
easier, we assume v, = 1, V(a) = 1,0y, = 1 and f = 2. y is assumed 1 if the goods
are substitutes and y is assumed -1 if the goods are complements. As it is seen,
expected Welfare increases as v, decreases.

We know from previous section that when the signal gives more precise
information to the private firm, v, decreases.

Figure 4. 2: Effect of v, on Expected Welfare
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The graph on the left side shows the effect of v, on expected welfare when the
goods are substitutes (y > 0), the graph on the right side shows the effect of v, on
expected welfare when the goods are complements (y < 0). To make the calculations
easier, we assume v; = 1,V(a) =1, 0y, = 1 and f = 2. y is assumed 1 if the goods
are substitutes and y is assumed -1 if the goods are complements. As it is seen,
expected Welfare increases as v, decreases.

Lastly, effect of correlation of the signals on expected welfare is as the

following.
Figure 4. 3: Effect of o;, on Expected Welfare
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The graph on the left side shows the effect of ,, on expected welfare when
the goods are substitutes (y > 0), the graph on the right side shows the effect of v, on
expected welfare when the goods are complements (y < 0). To make the calculations

easier, we assume v; = 1,v, =1, V(a) = 1 and g = 2. y is assumed 1 if the goods
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are substitutes and y is assumed -1 if the goods are complements. As it is seen,
expected Welfare increases as o;, increases.
Proposition 1b. In equilibrium, expected profit of private firm

a) increases when the precision of private firm’s information increases.

b) increases, decreases or remains the same when the precision of public firm’s
information increases depending on the type of the goods (substitutes,
complements or independent).

c) increases, decreases or remains the same when the correlation of the signals
increase depending on the type of the goods (complements, substitutes or
independent).

Proof. Recall that
E(I,lsy) = B(Azz + BZZtZV(a)),

The slope in question is:

Remember that d; = (V(a) + g, /(V(a) + v)) and t; = V(a)/(V(a) + v;)

a)

Bt:( B—vd )* V(a)
22 7 \2B2 —y2dyd,)  (V(a) +vy)
B, = B —ydy
2 2,32 - V2d1d2

We know from previous section that when the signal gives more precise
information to the private firm, v, decreases.

If v, decreases d, increases, if d, increases denominator of the B, decreases,
if denominator of the B, decreases B, increases.

t, = V(a)
(V(a) +vy)

If v, decreases denominator of the t, decreases, if denominator of the t,

decreases t, increases.

So, both B, and t, increases when v, decreases.

b)
dB; B2 —ydy)(V(a) + 015)y
= —
dvy 4 ([32( V(a) +vy) — V() +2012)d2)/ >
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We know from previous section that when the signal gives more precise
information to the public firm, v, decreases.

When dB,/dv; > 0, the slope of the function is positive. Positive slope tells
us that as v, increases, B, increases or as v, decreases, B, decreases.

When dB,/dv, < 0, the slope of the function is negative. Negative slope tells
us that as v, increases, B, decreases or as v, decreases, B, increases.

Denominator of the dB,/dv, is always positive because the square of every
real number is positive.

B is always positive because g > 0.

2 — yd, is always positive because § =y and 1 > d,.

V(a) + o4, is always positive because v; > a4, = 0 and V(a) = 0.

y can be positive, 0 or negative.

Thus,

If y is positive then dB, /dv; will be positive. In other words, when the goods
are substitutes (y > 0), expected profit of private firm increases as the precision of
public firm’s information increases.

If y is 0 then dB,/dv; will be 0. In other words, when the goods are
independent (y = 0), expected profit of private firm remains the same as the precision
of public firm’s information increases.

If ¥ is negative then dB, /dv, will be negative. In other words, when the goods
are complements (y < 0), expected profit of private firm decreases as the precision of

public firm’s information increases.

dB
signd—v: =signy
c)
dB,
doy,

Y@ +v) ((ﬁ by + %) (V@) + (1 + 2087~y (0 + 0208 + 02272V (@) + Bvyv; — Braoy + %)

2
2 ((ﬁz - ]/2_2) - (V(Ol))z + (1 + v2)B% — 01,¥2 )V (@) + B2y, — W)
Denominator of the dB,/do;, is always positive because the square of every

real number is positive.

(V(a) + v,) is always positive because v; = g,, = 0and V(a) = 0.

2
p? — By + y? is always positive because g = y.
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(vy + v,)B?% —y(vy + 012) B + 01272 is always positive because f >y and
v; = 042 = 0.

p?viv, — Bv,04,Y is always positive f >y and v; > g, = 0.

y can be positive, 0 or negative.

Thus,

If y is positive then dB, /da,, will be negative. In other words, when the goods
are complements (y < 0), expected profit of private firm increases as the correlation
of the signals increases.

If y is O then dB,/dao,, will be 0. In other words, when the goods are
independent (y = 0), expected profit of private firm remains the same as the
correlation of the signals increases.

If y is negative then dB, /da;, will be positive. In other words, when the goods
are substitutes (y > 0), expected profit of private firm decreases as the correlation of

the signals increases.

dB,
SLgndalz— signy

Lemma 1.

a) v; decreases when A; increases and is independent of A;,i = 1,2, j # i.

b) o1, increases when A; increases if A; <1, i =1,2, j #i. Or else gy, is

independent of 2;.
Proof.
a)
__ o
Vi (ni + Ajn; )
If A; increases, denominator of v; increases, if denominator of v; increases v;
decreases.

Since there is no A; in the equation, v; is independent of A;.
b)
012 = ((Mny + 2512) /(g + Any) (g + Agny) ) o
doy; < A, — Dnyn, > 5

dh o\ (ong + n)(Ang + ny)? u
dao,,/dA; is positive when A, < 1.
doy,/dA; isOwhen A, = 1.
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doy _(_ (A1 — Dnyn, 2
da, Ay +ny)2(Nng + 1))
day,/dA, is positive when A; < 1.

Lemma 2a. Expected welfare increases when A; and 2, increase.

Proof.
Table 4. 1: Effect of 1, and A, on Expected Welfare
Public Firm (Firm 1)
Substitutes (y > 0) Complements (y < 0)

v, I W1 v, I W1

MT
o, TWT o, TW?T
v iW?T niWw?t

AT
o, TWT o, TW1T

According to Lemma 1, increase in A, decreases the variance of the error term
of the firm 2 and increases the correlation of the signals (If A, < 1). According to
proposition 1a, both effects (v, | and ag;, T) increase the expected welfare. According
to Lemma 1, increase in A,, decreases the variance of the error term of the firm 1 and
increases the correlation of the signals (If A; < 1). According to proposition 1a, both
effects (v, | and g, T) increase the expected welfare.

Lemma 2b. Expected profit of firm 2 decreases with A, if the goods are
substitutes. Expected profit of firm 2 increases with A, and with A, if the goods are
complements.

Proof.

Table 4. 2: Effect of A; and 1, on Expected Profit of Private Firm

Private Firm (Firm 2)
Substitutes (y > 0) Complements (y < 0)
2 1 vy VI, v LI, T
O-IZTHZ‘L O'lzTnzT
vy, LI, T vy, LI, T
7\1 1 2 2 2 2
O-IZTHZ‘L O'lzTnzT
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According to Lemma 1, increase in A,, decreases the variance of the error term
of the firm 1 and increases the correlation of the signals (If A, < 1). According to
proposition 1a, both effects (v; | and a;, T) increase the expected profit of firm 2 if
the goods are complements. If the goods are substitutes, both effects (v, | and g, T)
decrease the expected profit of firm 2. According to Lemma 1, increase in A;, decreases
the variance of the error term of the firm 2 and increases the correlation of the signals
(If A; < 1). According to proposition 1a, both effects (v, | and ag,, T) increase the
expected profit of firm 2 if the goods are complements. If the goods are substitutes,
the first effect (v, 1) increases the expected profit of firm 2 but second effect (a;, 1)
decreases the expected profit of firm 2. So, the net effect of A; on expected profit of
private firm is not certain if the goods are substitutes.

Proposition 2. The two-stage game has a unique subgame perfect equilibrium
in dominant strategies at the first stage if the goods are not independent. If the goods
are substitutes, public firm chooses complete pooling and private firm chooses no
pooling. If the goods are complements, both firms choose complete pooling. If the

goods are independent, any A; and A, is an equilibrium.

Proof.
Table 4. 3: Sub-game perfect equilibrium
Substitutes (y > 0) Complements (y < 0)
Public Firm Complete Pooling Complete Pooling
Private Firm No Pooling Complete Pooling

In the first stage of the game, each firm decides the amount of information to
share with its competitor. According to Lemma 2a, complete pooling (A; = 1) is a
dominant strategy for the public firm since expected welfare increases when A;
increases regardless of the value of A,. According to Lemma 2b, no pooling is a
dominant strategy (A, = 0) for the private firm since expected profit of firm 2
decreases when A, increases regardless of the value of A, if the goods are substitutes
and complete pooling is a dominant strategy (A, = 1) for the private firm since
expected profit of firm 2 increases when A, increases regardless of the value of A if

the goods are complements.
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5. CONCLUSION

We analyzed a model of mixed duopoly including one public firm and one private
firm. Most of the studies have focused on the pure oligopolies where only private firms
compete with each other. Conflicting results may occur between pure and mixed
oligopoly because objective functions of the public and private firm are different.
Private firms are considered pure profit maximizers while public firms aim to
maximize social welfare and take consumer surplus into account. In our study, we
examined the incentives for public and private firm to share their private information
on uncertain demand when they are competing with each other in the same

environment.

If public and private firms play two-stage simultaneous game under demand
uncertainty, our results show that both firms reveal their private information to their
competitor in most cases. As public firm always share its private information of
demand intercept with its competitor, private firm also shares its information if the

goods are complements.

Some of the results that we find is in line to the results of earlier studies in the
literature. The conclusion in the literature is that generally it may be beneficial for
firms to share their private information about uncertain demand with each other if they
compete in quantities and if the goods they produce are complements. However, many
of the studies in the literature also show that information sharing is not optimal for
private firms when the goods they produce are substitutes. In this study, we establish
that when a private and a public firm compete in quantities and when each receives
noisy signals about uncertain demand, they completely share their private signals with
each other if the goods are complements. However, private firm does not share any
information with the public firm if the goods are substitutes. Yet, the public firm
continues to share its private information with the private firm even though it does not
share. Although, it is possible for firms to share their private information partially with
each other, this case never arises in equilibrium. In other words, the private firm
chooses to share completely or not to share at all its private information with the public
firm depending on whether goods are complements or substitutes. The public firm

always completely share its private information on uncertain demand with the private
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firm even in cases that its competitor private firm does share none of its private
information with the public firm. It shows that the social welfare advantage of reducing

demand uncertainty is larger than the benefit of competitive advantage of the private
information.
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6. APPENDIX

APPENDIX 1. Detailed Solution of equilibrium output strategy of the public firm
1
q:"(s1) = EE((aIsl) — YE(q2"(s2)151))
q2"(sz) = E((“|52) - YE(q:" (51)|52))

To make the calculations easier, we will use some notations;
Ei(q2) = E(q2"(s2)ls1)
Ey(q1) = E(q1"(s1)ls2)
Ei(a) = E(alsy)
E;(a) = E(als,)
EiE,(a) = E((alsy)|s;)
E3E (a) = E((a|51)|52)
Now, we can rewrite the g;*(s;) and g,*(s;)

1
q:"(s1) = E (E1(a) - VE1(CI2))

1
q2"(s2) = ﬁ (Ez (a) —YE; (Ch))

(s = = E(@) = vE: [ = (Ex(@) — vE (D))
Q1S1—ﬁ 1la V123 2la YE2(q,

1
q."(sy) = 3 Ei(a) —VE, <2ﬁ (Ez (a) —VE, ( (Ey(a) — V&(Qz))))))

2 3

Y 14

1
q."(s1) = EEl(a) 232 ——EE(a) + 53 253 E\E;E (a) — 2234 o7 E1E2E1E> (@)
A y®
2235 oz E1E2E1E>E (a) — 2386 ~35¢ E1E2E1E2E1E> (@) ...

Ei(a) =a+t (s, — @)
ElEz(a) =a+ tz((l - dl)(f + d151 - (7) =a+ tz(& - dltf + d151 - @)

=a+ tz(_dlc_l + dlsl) =a+ tz(d1(51 - CY)) =a+ d1t2(5‘1 - C_Z)
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E\E;Ei(a) = @ + dyt; (1 —d)a+ dys; — @) = @ + dyty (@ — dy@ + dys; — @)
=@+ dyt;(—d, @ + dys1) = @+ dyty(dy (s, — @))
=a+ddyti(s; — @)

E\E,E E;(a) = @ + dydqt, (1 — dy)a + dys; — @)
=&+ dydit,(@ — di@ + dy5; — @) = @ + dydyty(—di@ + dysy)
=@+ dydity(di(sy — @) = @+ dy°dyty (s, — @)

E\E,E E;E (@) = @ + dy°dqty (1 — dy)a + dys; — @)
=a+d, dt,(@—d,@+dys; — @) = @+ dy’dity(—d,@ + dysy)
=@ +d, dty(dy(s; — @) = & + dy’dy’t, (51 — @)

E\E,E E-E Ey(a) = @ + dy°dy *t, (1 — d)a + dys; — @)
=a+d,%d,*t,(@ — di@ + dys; — @)
=&+ dy’d, t,(—dy@ + dysy) = @ + dy°dy *ty(dy (s, — @)

=a+ d13d22t2(51 - &)

q:"(s1) = %(CY + t1(s; — 67)) — 2,82 (“ + dqty(s; — a))
V3

(a +dd,t;(s; — a)) 22ﬁ4

233 (a +dy2dyty(s; — C_l))

4 5

Y
22[35 (a+d1 d,’t,(s; — a)) 23[),6 (a+d13d2 tz(sl—a))

1 t,(s; — @ dit,(s; — & 2d,dt (s, — @
0."(s)) = =@ + 1051 )_ VZ_ 1/12(12 )+ _a +)/ 121(31 )
B B 2p 2p 2p 2p
Y Y 3d, d2t2(51 —a) _ytdy d22t1(51 —a)
- 2234 22p4 +22ﬁ5 a+ 225
YS V5d13d22t2(51 - Q)
—23/36a— 2355
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) 1_ yz yz 2 yz 4
q:"(s1) ZEQ<1+2B2+<2,82) +<2,32> >
Y _ LAY
_2_,82a<1+2_,82+<2_,82> )
ti(s; — @) y?d,d, y?d,d, ‘ y?d,d, !
= <1+ % +< % >+< T ))

_Vd1t2(51_67) 1+V2d1d2+ y?did, 2+ y2did, !
232 232 232 232

We know that we can determine the value of the convergent series,

2 4
1+y2+ v + v’ -t 1 = 25°
2'32 Zﬁz 2'32 1 )/2 Zﬁz _ VZ zﬁz _ )/2
_Zﬁz

232
2 4
1+V2d1d2+ V2d1d2 n Y2d1d2 Ly 1 _ 1
267 "\ 2 267 ) 7T _rPdid, 27 —y’did,
232 232
_ 2B
B 2% —y?d,d,

Now, we can solve the equation of g, *(s;),

1 ([ 2p v (28> \, ti-@(  2p°
q1"(s1) = Ea (Zﬁz — Y2> B 232 * <2ﬁ2 - )/2> * B (232 - yzdle)

_ ydity(s; — @) 2p?
2p> 2p% —y2d,d,

“(s1) = 2pa _ 14% n 2pt,(s; — @) _letz(sl —a)
B = e 2 T e — 2 T 2B2 —y2dyd, 262 — y2dyd,

2a —ya 2Pti(s; — @) — ()/dltz(sl - 57))

@) =55y 267 — y2dyd,
dit, = dyty
. _2Ba—ya  ti(s;—a)* (2B —ydy)
ql (51) - 2 _ .2 + 2 _ .2
2p )4 2p y4dqd,
¥ _ ap—y)  ti(s;—a)* (2B —yd,)
ql (Sl) - 2 _ .,2 2 .2
2p Y 2p y4dqd,
e\ _a@2B—v) 2B —yd, _
ql (Sl) - 232 _ yz ZIBZ _ y2d1d2 tl(sl a)
_aB—-vy)
1= 2'32 _ yz
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_ 2 —vyd,
2% —y2d,d,

q1"(s1) = Ay + Byty(s; — @)
APPENDIX 2. Detailed Solution of equilibrium output strategy of the private

B,

firm

1
q:"(s1) = E (E1(a) - VEl(QZ))

1
q2"(sz) = ﬁ (Ez (a) —vE, (‘h))

* _1 E E 1 E E
q2"(s2) —ﬁ 2(a) —VE; E( 1(@) -y 1(q2))
52) = o= | Ba(@ —vE, | =( B (@) — v, 55 (Ba(@) = vEo(a)) \I
CIZSZ—Zﬁ 2\a Yzﬁ 1la Y1232 YE2\q1 /
1 y2 )/3
q2"(s2) = BEZ(a) 2,82 EzE1(a)+22ﬁ,3 EE E>(a) — 22ﬁ4E2E1E2E1(a)
y* y®
+ 53 235 EyE E5E Eo(a) — 2336 ~37¢ E2E1E2E E-E(a) ...

E,(a) =a+ty,(s, — a)
EEy(@) =a+t,((1—dy)@+dys, — @) = T+ t1(& — dp@ + dys, — @)
=a+t;(—d,@ + dysy) = @+ ty(dy(s, — @) = @ + dyty (s, — @)
E,EiEx(a) = @+ dit,(1 — dy)@ + dys, — @) = @ + dyt,(@ — dp@ + dys, — @)
=@+ dyty(—dy@ + dys,) = @ + dyty(dy(s, — @)
=a+d,d t,(s, —a)
E,E\E2E (@) = @ + dqdyty (1 — dy)a@ + dys, — @)
=& + didot; (@ — dy@ + dps, — @) = @ + dydyt,(—dr@ + dys,)
=@ + dydyty (dy(s; — @) = @ + dy’dyty (s, — @)
E,E E,E Ey(a) = @ + dy°dyty (1 — dp)@ + dys, — @)
=a+d,2dyt, (@ — dy@ + dys, — @) = @ + dy2dyty(—dya@ + dysy)
=@ +d, dyty(dy(s; — @) = @+ dy’dy "ty (s, — @)
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E,E E,E E2E (@) = @ + dy°dy t (1 — dp)@ + dys, — @)
=a+d,’d,’t,(a@ — d,@ + d,s, — @)
=@ +d,°dy "t (—d,@ + dysy) = @+ dy°dyty (dy (s, — @)
=a+d,>d,%t,(s, — @)

1
q2"(sz) = ﬁ(@ +t,(s; — @) — 55 (@ + daty (s, — @)

232

3

22ﬁ3 (CZ + dZdltZ(SZ - a)) 22ﬁ4 (a + dz dltl(sz - 0())
]/4 24 2 5 3,2
+ 3 (2 +d d, ty(s, - @) - 2336 (2+dd,*t (s, - @) ..
1 ty(s;,—a@) v _ ydoty(s;—@) yE
q2"(s2) = B a+ 28 2,820!— 252 +22ﬁ3a

y2dydyty(s, — @) y: _ yid, d1t1(52 - a) _
2233 g 2234“ 2234 23’35

_ 3 _
V4d22d12t2(52 —a) Y® _ vd, d12t1(52 - Q)
235 - 23[;6“_ 2336 -

) 1 yz yz 2 yz 4
qz (52)=ﬁa(1+ﬁ+<2—ﬁ2> +<2_,82> )
14 y? %\’
_Z—'BZCZ(1+2—’BZ+<2’BZ> )
tr(s; — @) y?did, (y?*did, ? y?d,d, !
Pl (1+ = +< = ) +< = ) )

_Vd2t1(52—57) 1+Y2d1d2+ y?d,d, 2+ y?d,d, !
232 232 232 232

We know that we can determine the value of the convergent series,

2 4
1+y2+ v + v’ _ 1 25°
2'32 232 2,32 1 )/2 2,82 _ yz 232 _ yz
_2'32

232
1_|_1’2d1dz_|_ V2d1d2 2_|_ V2d1d2 ! _ 1 1
22 22 232 1— Y dldz 2B% —y*d,d,
232 232
_ . 2p
B 2,82 —v%d,d,
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Now, we can solve the equation of g,*(s,),

y )_i_ 2% Y 2% +t2(52_a) 2p?
T T o \apr=y?) T2 \2pr = 26 \2p* —y?did,

_ ydati(s; — @) < 2? )

22 262 —y?d,d,
. pa ya Pty(s, —@)  ydyti(s; — @)
a2 (s2) = T 2 o _ 2t 52 2 T 5p2 _ 2
2p Y 2p Y 2p yedqid, 2P y4dqd,
dltZ == dZtl
. _Pa—ya Pty(s; — @) —ydity(s; — @)
q2 (SZ) - 2 2 2 2
2B —y 2p% —y4dyd,
ey _aB—v) B —vd, _
QZ (SZ) - 232 _ ]/2 232 _ yzdldz tZ(SZ a)
_ap-p
2 232 _ yz
o B —vd
=
2p2 —y*dyd,

q2"(s2) = Ay + Byty(s; — @)
APPENDIX 3. Detailed Solution of Expected Welfare

2 2
EW|s,) =E (a « (qy + q,) — (Ba:? + 2}’%1612 +Baz") Sl)
. 2
EWls) =E <“(51)CI1*(S1) +a(s1)qy (s2)]s1 — M
* 2
—vq:*(51)q5" (s9) |84 — B(q, (;2)|51) )

E(W|s;) = E(a(51)Q1*(51)) + E(a(51)QZ*(52)|51) - gE ((%*(51))2)

* * ﬁ *
—vE(q:"(51)q2"(s2)1s1) — EE((QZ (s2)Is1)?)
To calculate expected welfare, we first need to solve the equations,

E(“(51)Q1*(51))' E(a(51)CI2*(52) |51)' E ((%*(51))2) L E((q27(s2)151)%), E(q1*(51) g2 (52)|s1)

E(a(sﬂ%*(sl)) =E (((1 —t)a+ t151)(A1 + Byt;(s; — &)))
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E(a(s)a" (1))
=E (Al((l —t)a@ + tlsl))
+E((Bita (s, — @)((1 = t)@ + t15,))
E(a(s1)q1"(s1)) = ALE((1 = 6)@ + t151) + E ((Byta (s, — D)(@ + ta (s, — D))
E(a(s)a1*(s1))

= AE(@—t,@ + t;5) + E ((Bltl(sl - &))&)

+E((Bita (51 — @)(ta(s1 - D))
E(a(s1)q1"(s1))
= A, (E(@) — 4,E(@) + 4, E(sy)) + Bit, E(a(s, — @)
+ B1t,?E((s; — @)?)
To calculate E(a(s1)q,"(s1)), we first need to solve E(@) —t,E(a) +
t1E(s1), E(c?(s1 — &)), E((s; —@)?)
E(@) =E(s;)) =a
E(@) — t,E(@) + t;E(s;) = a@ — t,@ + t,&
E(@) —tiE(@) + t1E(s;) = @
E(a(s; — @) = E(s,&@ — &%)
E(a) = E(sy)
E(a(s, — @) = E(a?) — a@?
E(c?(sl — c?)) =V(a)
E(s; —@)?=E(a + & —a)?

E(s; —@)? = E((a — @) + (&, — 0))°

E(sy—@)? =E ((a = E(@) + (&1 — E(el)))z
E(s; —@)?=V(a) + v,
Now, we can solve E(a(s;)q:"(s1)),
E(a(s)qi"(s1)) = @A, + BityV(a) + Byt 2(V(a) + vy)

V@
T T@ e

Vi)

E(a(s)a () = @1 + BitaV (@) + B (g 155) V(@ + )
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V(a)?
(V(a) +v1)

E(a(s))q1"(s1)) = @A, + B,t;V(a) + Bty V(a)

E(a(s))q1"(s1)) = @A, + B,t,V(a) + B,

E(a(s1)q1"(s1)) = @Ay + 2BtV ()
E(a(51)QZ*(52)|51)
= B((( - )@ +6:5,) (4 + Bty (1 - d)@ + s, - @)
E(a(51)QZ*(52)|51)

= E(4,((1 - )@ + t;5,))
+E ((thz((]- —d)a+dis, - @) (- t)a+ t151)>

E(a(51)QZ*(52)|51)
= AE((1 = t)a + ty5,)

+E((Bata (51 - @) (@ 4 51— @)

E(a(s1)qz (s2)s1)
= A,E(@ — t;@ + t;51) + E(Byt,(dy(s; — @))@)
+ E (Baty(di (s, — D)ta (s, - @)
E(a(s1)qz (s2)Is1)
= A,(E(@) — 4,E(@) + t,E(s1)) + Bot,d E(a(s, — @))
+ Bty td E((sy — @)?)
Remember that
E(@) — t,E(@) + t,E(sy) = @
E(c?(sl — CY)) =V(a)
E(s; —@)? = V(a) + v,
Now, we can solve E(a(s1)q; " (s2)[s1),
E(a(s1)qz (s2)]s1) = @A, + BotodiV(a) + Botyt dy(V(@) + vy)
- V(a)
LT (V@) +vy)
V(a)
(V(a) +v1)
E(a(sl)qz*(sz)lsl) = aA, + B,t,d,V(a) + B,t,d,V(a)

E(“(51)QZ*(52)|51) = aA; + B,t,d,V(a) + B,t, d;(V(a) +vq)

E(a(51)QZ*(52)|51) = al; + 2B,t,d,V(a)
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E(q:"(s)” = E(A; + Bits(s; — @)
E(qu"(s0)" = E (A% + By*t,% (s, — @)% + 24, Byty (5, - @) )
E(24,Byt,(s; — @) = 24,B1t,E(s; — @)
Since Es; = @,
E(24:Bt,(s; —@)) =0
E(q1*(s))” = E(4:2 + B, 2t,%(s; — @)?)
E(q:"(s)” = (412 + By’ 2E(s; — @)?)
E(q"(s0))” = (As% + Bt 2E((s; - @) )
Remember that
E(si—a)?=V(a) + v,

i 2
E(Ch (51)) = A" + B,*t,%V(a) + v,

V@
LT (V@) +vy)
E(q:"(s)" = A2+ By? ((V%ﬁvl)f V(@) + v,
E(q*(sD)’ = A;® + B,? (%)2 V(@) + vy
E(q:°(s)" = A2 + Blz("%@:vl)

E(CI1*(51))2 = A% + B’ 4V (@)
E(q,"(s1)q2"(s2)s1)
—E ((A1 + Byty(sy — @) (A + Byto (1 = dy)a@ + dys, — a)))
E(q1"(s1)q2"(s2)|s1)
= E(AA) +E (Al(thzdl(sl - a))) +E ((B1t1(51 - a))AZ)
+ E ((Bita (s, — @)(Batads (s, — @)

E (A1 (Bztady (s, — @) = A1 (Bytodi E(sy — @)

Since Es; = @,
E (Al(BZtZdl(Sl - (Y))) =0

E ((B1t1(51 — CY))AZ) = (AzB1t1E(51 - ‘7))
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Since Es; = @,
E ((Bltl(sl - a))Az) =0

E(q:"(s1)q2"(s2)|s1) = E(A14,) + E ((Blt1(51 - @))(thzdl(& - 5)))
E(q1"(s1)q2*(s2)|s1) = A1A, + Bit Byt diE(sy — @)?
Remember that
E(s; —@)?=V(a) + v,
E(q1"(s1)q2"(s2)[s1) = A14z + Bty Bytodi (V(a) + v1)
V@
SNUIOEED!
V(a)
(V(a) +vy)
E(q1"(s1)q2"(s2)[s1) = A14; + By Byt,d V(@)

E(qy*(sp)]s1)* = E (Az + B,t,((1 —dy)a + dys; — 67))2

E(q:"(s1)q2"(s2)|s1) = A1A; + By Bytydi(V(a) + vy)

E(gq.*(s2)ls1)* = E(Az + Byt (@ — dia@ + dys; — 67))2
E(qy'(s)]5:1)? = E(A + Byt (—dy@ + dysy))”
E(qy" (s2)150)? = E (A + Byt (d(s1 = @) )
E(qy"(sp)|s1)? = E (Azz + Bzztzz(d1(51 - 57))2 + 2A;B,t,dq (s — 5))
E(24,B,t,d,(sy — @) = 24,Byt,d4E(sy — @)

Since Es; = @,
E(24;B;3t,d (s, — @) =0
E(q*(s2)|s1)* =E (Azz + Bzztzz(d1(51 - 57))2)
E(q2(sy)151)? = A% + By t,%d, *E (s, — @)?
Remember that
E(si—a)?=V(a) +v,
E(q2"(s2)|s1)? = Ay% + Bo2t6,%d,* (V(@) + vy)

B

E(W|Sl) = CYAl + ZBlt1V(a) + (YAZ + Zthzd1V(a) - E

B
2

(A12 + Blzth(a))

- V(A1A2 + B1th2d1V(a)) - (Azz + By’ t,%d " (V(a) + V1))
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E(W|s,) = @A, + @A, — §A12 - gAZZ —yA1A, + 2Bt V() + 2B,t,d V()
B

- EB1zt1V(a) —yBB,t,d,V(a) — g (Bzztzzdlz(v(a) + V1))
a’« (7° — 6%y — 2By* + 2y°)
2+ (2B =y
B

B
- EBlztﬂ/(a) —¥B1Bt,d,V(a) — ) (Bzzt22d12(V(a) + 171))

E(W|sy) =

+ 2BtV (a) + 2B,t,d,V(a)

APPENDIX 4. Detailed Solution of Expected Profit of the private firm
[ =p2*q;
E(I,|s;) = E (((a —Yq1 — Bqz) * QZ)|52)
E(I,ls,) = E((“|52 —vq1"(s1)[s2 — Bq2"(s2)|s2) * Q2*(52))
E(a —vq:"(s1)|s2) = 2Bq,*(s,) according to the first order conditions, therefore

E(I,|s;) = E ((ZﬁCIz*(Sz) - ﬁQZ*(Sz)) 5 QZ*(Sz))

E(IL1s2) = B(427(s2))°
E(I,ls;) = ,BE(AZ + Bty (s, — CY))Z
E(T,ls2) = BE (A;” + B t,2(s; — @2 + 24,B,t(s, — @)
E(24,B,t,(s; — @) = 24,B,t,E(s; — @)
Since Es, = @,

E(24;B,t,(s, —@)) =0

E(M,lsy) = BE(AL” + By t,%(s, — @)?)

E(M,ls;) = ﬁ(Azz + By’ t,%E (s, — @)?)

VW@
LTV )

E(Mls2) = B (A% + B 26,2E((s; — @)2))
E(s;—@)? =E(a +& —a)? = E((a — @) + (g, — 0)°
E((a = E@) + (e, - E(ez)))z = V(a) + v,
E(I,lsy) = B(A2% + B2 6,2V (@) + v,)

VW@
LT )
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So,

E(M,l|sy) = B <A22 + Bz2 (

EIl, = ﬁ(AZZ + B,*

V(a)

(V(a) +v,)

(V(2)

)2 V(ia) + v,

2
Uz))

V() +

E(I,]sy) = B(Azz + BZZtZV(a))
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