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SUMMARY

In this dissertation, the Wiener-Hopf technique has been widely used to analyse
the scattering of a TEM wave by a finite gap on the outer wall of a coaxial waveguide.
In the first section, it is assumed that inner and outer parts of the waveguide are free
space. As for that second geometry, it is investigated that inner part is dielectric-filled
while the outer part is free space. By applying the direct Fourier transform to
Helmholtz equation, each problem is reduced into the the solution of a modified
Wiener-Hopf equation of the first type which is solved via a set of Fredholm integral
equations of the second type. Also, with the purpose of point to difficulty of
non-conductivity, two different approaches are used for the factorization of the kernel
function. Then, numerical results are used to show the excellent agreement between
the Wiener-Hopf analysis and simple series representation. At the end of the analysis,
the effects of the radii of the walls, relative permittivity, frequency and the gap width

on the scattered fields are illustrated graphically.

Keywords: Wiener-Hopf method, Electromagnetic wave scattering, Circular

waveguide, Circumferential gap, Integral equations.
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OZET

Bu c¢alismada, koaksiyel dalga kilavuzunun dis duvarindaki sonlu bir acikligin
TEM dalgalarin kirmimina etkisi, Wiener-Hopf metodu kullanilarak analiz edilmistir.
IIk boliimde dalga kilavuzunun i¢c ve dis kisminin bos uzay oldugu durum ele
alinmustir. Ikinci boliimde ise icerideki ortamin dielektrik malzeme ile dolu oldugu,
disaridaki ortamin bos uzay oldugu geometri incelenmistir. Her bir probleme iligkin
Helmholtz denklemi dogrudan Fourier doniisiimii uygulanmasi ile birinci tip modifiye
Wiener-Hopf denklemlerine indirgenmis ve bu denklemler ikinci tip Fredholm integral
denklemleri araciligi ile ¢oziilmiistiir. Ayrica, igerideki ortamin dielektrik malzeme
ile dolu olmasinin ortaya cikardig1 zorluga dikkat cekmek amaci ile cekirdek
fonksiyonunun faktorizasyonunda iki farkli yaklagim kullanilmigtir. Daha sonra,
oncelikli olarak Wiener-Hopf metodu ve Simple Series metodu ile elde edilen sonuclar
grafikler aracilif1 ile karsilastirmali olarak gosterilmistir. Buna ilaveten, igerideki
ve disaridaki silindirlerin yarigaplarinin, dis duvardaki sonlu boglugun uzunlugunun,

frekans degerlerinin ve bagil dielektrik sabitinin kirinim olayina etkisi incelenmistir.

Anahtar Kelimeler: Wiener-Hopf metodu, Elektromagnetik dalgalarin sacilimi ,

Dairesel dalga kilavuzu, Cevrel bosluk , Integral denklemler.
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1. INTRODUCTION

The scattering of electromagnetic waves by gaps on the walls of the waveguides
has been an important topic in both theory and application, such as microwave
bandpass filters, measurement devices, and waveguide radiators. Regarding the need of
more accurate modeling of related engineering applications involving electromagnetic
wave scattering, the interest in analytical methods has recently increased. [Seran et al.,
2009],[Buiyiikaksoy et al., 2004], [Melkumyan, [2007], [Lee et al., 2011]], [Sautbekov,
2011]], [Moiola et al., 2011]. [Sheingold and Storer, 1954 analyzed a circular
waveguide with a gap on its wall in the case of TE wave incidence by using a variational
principle. They found good agreement with experiments for narrow gaps ( small gap
width compared to the wavelength ). Later, [Morita and Nakanishi, 1968] investigated
the same problem by means of fictitious equivalent magnetic current for the gap. They
compared the results with the analysis obtained by Bethe’s method and two results
agreed well for narrow gaps. [Chang, |1973] studied the coaxial waveguide with a
narrow gap in the case of TEM wave incidence, where he formulated an exact integral
equation for the aperture field and solved by a quasi-static technique. [Hurd, 1973]] also
studied the same problem and determined the electric field in a narrow circumferential
gap in the outer wall of a coaxial waveguide. [Wait and Hill, |1975a], [Wait and Hill,
1975b] derived field expressions fore a dielectric coated coaxial cable with a narrow
gap in the shield in the case of TEM wave incidence.

The case where the gap on the wall of a waveguide is large compared to the
wavelength is studied by Elmoazzen and Shafai, first for parallel-plate waveguides
and TE wave incidence [Elmoazzen and Shafail, [1973]], then for circular waveguides
and TM wave incidence [Elmoazzen and Shafail, [1974]]. They applied direct Fourier
transform and reduced the problem into solving a modified Wiener-Hopf technique of
the first kind. The resulting Fredholm integral equation of the second type is solved for
large gap width compared to the wavelength. The first problem of TE wave propagation
in a parallel-plate waveguide with a slit is then studied by [Cho, |1987], where he
determined the fields for narrow slits. The second problem of TM wave propagation
in circular waveguides with gaps is then analyzed by [Park and Eom) [2003]] for thick

walls and field expressions are determined by applying a new method based on Fourier

1



transform and mode-matching techniques.

In this thesis, the TEM wave propagation in a two different coaxial waveguide
having a large gap on its outer wall is analysed. In Section 2, it is assumed that the
inner and outer parts of the waveguide are free space. In Section 3, as a continuation
of the previous section, focused on the case where the interior region of the waveguide
is filled with a dielectric material. For each problem, by applying direct Fourier
transform, a modified Wiener-Hopf equation of the first type is determined as in [Polat,
1999], [Tayyar et al., 2008]|], [Cinar and Biytikaksoy, 2004]. Particularly, when there
is a slit/strip type of finite-length scattering mechanisms or discontinuities on the
normal direction like steps, modified Wiener-Hopf equations occur. Slit/strips yield

a Wiener-Hopf equation in the form of
P (a)+ Py (o) + G(a) P (o) = g () (1.1)

which involves an entire function unlike classical Wiener-Hopf equations. These are
called modified Wiener-Hopf equations of the first type. On the other hand, when there
is a step discontinuity, a term with a series appears in the Wiener-Hopf equation to be

in the form of

G (o) P () + Py (a) = g (a) + 3 fun (0) (12)

and such equations are called modified Wiener-Hopf equations of the second type.
Finally, when there is both slit/strip and step discontinuity, the formulation yields
Wiener-Hopf equations involving both an entire function and a series term which
are called modified Wiener-Hopf equations of the third type. A more detailed study
on modified Wiener-Hopf equations can be found in [Kobayashi, [1993]. Then, the
modified Wiener-Hopf equation is reduced to a Fredholm integral equation of the
second type, which is solved in a similar fashion as in [Polat, |1999]. Finally, diffraction
coefficients related to the reflected, transmitted and radiated fields are determined
explicitly. Finally, numerical results are compared with the method described in [Park
and Eom) 2003] and the effects of the cross-sectional area of the coaxial cylindrical

waveguide and the gap width on the radiated field are presented.



With the analysis done in this thesis, the effect of the relative permittivity of
the material inside the waveguide on the method of formulation is clarified, and
interestingly, it is found out that when the waveguide is filled with a dielectric material,
the factorization method described in [Seran et al., 2009] lacks accuracy. In order to
overcome this difficulty, we followed the procedure described in [Mittra and Lee,|1971]]
and derived new formal expressions for the split functions of the kernel in Appendix
C.

Throughout the analysis, a time dependence exp (—iwt) with w being the

angular frequency is assumed.



2. SCATTERING OF A TEM WAVE BY A LARGE
CIRCUMFERENTIAL GAP ON A COAXIAL
WAVEGUIDE

Consider a perfectly conducting coaxial cylindrical waveguide whose inner
and outer cylindrical walls are located at S = {p = a,—c0 < z < o0)} and
S ={p=0b(—c0<2z<0)U(l <z<o0)}, respectively as shown in Figure 2.1.
Here, we proposed to study the TEM wave scattering from a large gap on the outer wall
rigorously by applying direct Fourier transform which yields a modified Wiener-Hopf
equation. Then this modified Wiener-Hopf equation reduced to a pair of simultaneous
Fredholm integral equation of the second kind which is solved method of successive
approximation. Finally, the diffraction coefficients related to the reflected, transmitted,
and radiated fields are determined explicitly. At the end of the analysis, numerical
results illustrating the effects of the cross-sectional area of the coaxial cylindrical
waveguide and the gap width on the fields are presented as compared with Simple
series method.

Let the incident TEM mode propagating in the positive z direction be given by

ezkoz

H(p, z) = uip,z) = (2.1
where k is the propagation constant which is assumed to have a small imaginary part
corresponding to slightly lossy medium. The lossless case can then be obtained by
letting Im (ko) — 0O at the end of the analysis. In virtue of the axial symmetry of the

problem, all the field components may be expressed in terms of Hy(p, 2) = u(p, z) as

1 0 1 10
EP - iweg %u(pa Z)v and E, = _iwaoﬁa_p[pu(p’ Z)] (2.2)




PEC PEC
TEM wave
PEC b
z
z=0 z=1

Figure 2.1: The geometry of the problem.

2.1. Formulation of the Problem

For the sake of analytical convenience, the total field ur(p, z) can be expressed

as

_ Juilp,z) tur(p,z) 5 a<p<b
UT(P,Z){ UQ(T,Z); p>b (23)

where u(p,z) and us(p, z) are the scattered fields which satisfy the following

differential equation

? 10 0 1 .
8—[ﬂ+ga—p+@+(k§—ﬁ)]uﬂp,2):0 , =12 (2.4)

in their domains of validity with the boundary conditions

uy(a, z) + a(%ul(a, 2)=0 , z€ (—00,00), (2.5)
9,

uy (b, z) + ba—pul(b, 2)=0 , z€(—00,0)U (l,0), (2.6)
9,

ug (b, z) + b8_pu2(b’ 2)=0, z€(—00,0)U(l,00), (2.7)

continuity relations



9] 0
uy (b, 2) + b8_pu1<b’ z) = ug(b, 2) + ba—pug(b, 2)=0, z€(0,1), (2.8)

eikoz

'U,]_(b,Z)‘" b

=us(b,z), z€(0,1). (2.9)

Additionally, to ensure the uniqueness of the solution, one has to take into account the

radiation condition

0
—(;f — ikous = O(r_l/Q), r=+/p*+ 22 = o0, (2.10)
and the edge conditions
0 _1
ur(b,z) = O(1) and a_p“T(b’ 2)=0(z73), z—0,l. (2.11)

The Fourier transform of the Helmholtz equation satisfied by u; (p, z) with respect to

z, in the range of z € (—o0, 00) gives

0? 10 1
|:a—,02 + ;a_p + (Kg<a) - E)] F(p,a) = 0. (2.12)

Here Ko(«) = \/ki — o is the square-root function defined in the complex a—plane,
cutalong o = kg to v = kg+i0o and o« = —kq to « = —kg—1i00, such that K, (0) = ko

as seen in Figure 2.2, and the Fourier transform is defined by

F(p,a) :F_(p,a/)+F1(p,a)+€ialF+(p,Oz), (2.13)
with
0
F (p,a) = /ul(p, 2)e"**dz, (2.14)
l
Fi(p,a) = /ul(p, 2)e"**dz, (2.15)
0



and

F.(p,a) = /ul(p, z)ei =0y, (2.16)
I

Notice that F, (p, a) and F_(p, «v) are unknown functions which are regular in the

‘r Ima
Cy||Cy
ko
P> - L~
Iie a
> L
> Lt
-k,

Figure 2.2: Complex a — plane.

half-planes I'm (o) > I'm (—ko) and Im () < Im (ko) , respectively, while F(p, «)

is an entire function of . The general solution of equation (2.12) is determined as

F(p, o) = A(a) J1(Kop) + B()Y1(Kop), (2.17)

where A(«) and B(«) are unknown spectral coefficients to be found, and .J; (Kop)
and Y; (Kyp) are the usual Bessel functions of the first and second kinds, respectively.

Applying the Fourier transform of the boundary conditions, (2.5) and (2.6)) yields

(2.18)



and
F1 (b, Oé) + bFl/ (b, Oé) = K()bA(Oé)J()(Kob) + Kd)B(O&)Yb(K@b), (219)

to give

Yo(Koa) [Fi(b, ) + bF (b, )]

A = R o (Rob) Yo (Koa) — Jo(Koa) Yo (Kob)]

(2.20)

In (2.19), the prime denotes the first-degree derivetive with respect to p. On the
other hand, the Fourier transform of the Helmholtz Equation satisfied by us(p, z) with

respect to z, in the range of z € (—o0, 00) gives

»? 10 ) 1
[8_p2 + 2 0p + (Ko(a) - E)] G(p,a) =0, (2.21)
with
G(p,a) = G_(p,a) + Gi(p,a) + G (p, ), (2.22)

where G_(p, ), G1(p, @) and G (p, ) are defined similar to that of (2.14) - (2.16)
by replacing the function u, (p, z) with us(p, 2). G4 (p, «) and G_(p, ) are unknown

functions which are regular in the half-planes Im () > Im (—ko) and Im (o) <
Im (ko) , respectively, while G (p, ) is an entire function of . The general solution

of (2.21) is determined as
G(p, a) = C(a)H{" (Kop). (2.23)

Applying the Fourier transform of the boundary condition (2.7) yields

[Gl(b7 O[) + bGll (b7 O-/)]
KobH (Kob)

C(a) = . (2.24)

By taking into account the Fourier transform of the continuity relations (2.8)) and (2.9),

one gets



Pi(a) = Gi(b,a) + bG(b,a) = Fy(b,a) + bF; (b, ),

and
i(oc-‘rk‘o)l _

Fi(b,a) + % = G1(b, ),

respectively, to give

-2 M(«) o eilatko)l 1
22 pa)+ P @lp (q) = -
T K2(a) M)+ Pla) e Pa) = s — ey

with

HSY (Koa)

O o e Yo o) — ToFoa Vol Fob)]

(2.25)

(2.26)

(2.27)

(2.28)

Equation (2.27) is nothing but the modified Wiener-Hopf equation of the first kind to

be solved. The first step in solving the modified Wiener-Hopf equation is to factorize

the kernel Function M («). This can be done by following the procedures described in

[Mittra and Lee, [1971]] as

with

= 1
M (ar) = /M(0) 1_:[1(1 /) entb-am

N a+iK(a)
2 ™ & k

271

xexp{%(b—a) {1—C’+log <I<:(b—a)

and

(2.29)

+q(a,a) — q(a, b)} (2.30)

)}

(2.31)



In (2.30), C is the Euler’s constant given by C' = 0.57721566... and ¢(«, p;) is the

integral

04/01

>1|+—‘

b 1 api
P/ [ } log (1 + ) dr (2.32)
A T JE(z) + Yi(x) [(k0p1>2_x2}1/2

Above, the letter P denotes the Cauchy principle value at the singularity x = kgp;.
By standard asymptotics, we have My (a) = O(£a /%) as | a |— oc. In the split
function M (), the poles of M («) are 6,,’s satisfying 6, = \/k — &2, m=1,2, ...

m?

with
Jo(€mb)Yo(&ma) — Jo(€ma)Yo(Emb) =0, m=1,2, ... (2.33)

Now, multiplying all terms of (2.27) by (ko + ) e=! /M () , one gets

—%%H (@) e + eml%L (@) + %U (@) =0 (234
with
Ula) = Pr(a) = = (Oj:d B (2.35)
and
L(a)=P_(a)+ m (2.36)

Obviously, in (2.34), the first and third terms are regular in the lower and upper
half-planes, respectively. However, the second term has singularities in both

half-planes. Because of this, it is compulsory to apply the Wiener-Hopf decomposition

6—iocl (ko + Oé) o
M, (a) L
_ e—irl(k0+7) L(7) T_L e—m(k’o+7) L(r) -
2 S, M, (7_) (7_ — a)d 5 / M+<T) (7_ — a) dr (2.37)

10



Hence, (2.34) can be rearranged as

2M_ () Py (o) et 1 fe ™ (kg+7)L(7T)

_ d
TR (ko —a)  omi) M) (r—a)
J

L fe (ko+T)L(T) (ko +0)Ula)

Comi) M(7) (T a) M, (o)

(2.38)

While the left hand side of the above equation is regular in the lower half-plane, right
hand side of the same equation is regular in the upper half-plane. By performing

analytical continuation principle together with the Liouville’ theorem yields

(ko +a) [ kot T) L(7)
W @) = 27?2'/6 M. (1) (1 — a)dT (2.39)
On the other hand, multiplying all terms of by (ko — ) /M_ («), we get
2 Mi(e) (ko — ) it (ko — a)
ket o) MOy @y U@
L= 40

" ib(ko+a) M_(a)

Similar to the upper case, one has neccessarily to apply decomposition for the third

term and the right hand side of (2.40) as

glal (ko — @)

_ eiTl(kO —7) U(7) - e eiTl(kO —7) U(7) .
= 27?2'/ M) (= a)d 27m'/ M(r) (r— a)d (2.41)

and

1 (ko — )
b (ko + @) M_(a)

= fe (@) F /- (o) 242)

11



with

1 1 (k() — 7')
f—l—(a):% _ib(ko—i_T)M—(T)(T—a)dT,

_ Y o e (L (ko—7)

_27m'{ 2mi X R < b (ko +7) M_(7) (T —a)’ ko)}, (2.43)
_ 2ko
B _ibM+(ko) (ko + )

and
_ 1 (ko — ) 2ko
== = e + a) { M_(a) M+(k0)} | 244)

If we substitute these result in (2.40) and apply the analytical continuation principle

again, one obtains

(ko — CK) . 1 irl (ko — 7') U (7') 2]€0 1
e = o / ’ dr + - . 45)

M_(1) (1 — «) ib (ko + o) M (ko)
(2.39) and (2.45)) are Fredholm integral equations of the second type to be solved. The
paths of integration L nad L~ in these integral equations are depicted in Figure 2.2.
Changing the integration variable 7 by —7 in (2.39) and replacing « by —« in (2.43),

the addition and subtraction of the resulting equations yield

hota)r 1 y(ko—7)7 dr 2k
M, () Ula) = 27TZ.L_e M) (1) =y T —a) 1L ) (2.46)
and
<k0 + O{) 7 — _L iTl (k’o B 7_) ~ dr B 2]{30
M, () L(a) = 2m.Le M) (1) o) iblke — ) Mo (ko) (2.47)
respectively, where U () and IN)(oz) are defined by
[N](a) =U(a) + L(—a) (2.48)

12



and

L(a) = Ula) — L(~a). (2.49)

Hence, the problem is reduced to the solution of two integral equations (2.46) and
which can be solved by using an iterative procedure that produces a Neumann
series expansion of solutions. The asymptotical analysis of this type of integrals has
been done in detail in [Serbest and Biiyiikaksoy, [1993] where it is proved that an
iterative solution is possible when kol >> 1. Following the procedure described in
[Serbest and Biiyiikaksoy, 1993] for large kol, it is found that the first terms lying
in the right-hand sides of equations (2.46) and (2.47) give the first-order solution.

Second-order solutions can then be obtained by replacing the unknown functions
appearing in the integrands by their first-order approximations ngher—order terms
can be obtained by following the same procedure to glve U () =U o (a)+U 2)( )+
Ue (@) + ... and L( ) = Lo )a) + Le )a) + L )(a) + ... Then, the first-order
solutions are determined to be

yw () = —LW(a) = - (2.50)

while the second-order solutions become

~ 2k My (1) dr
U (o) = k:o+a 27rz/ M [ b(ko+7) My (ko) ] (T +a)’
ko M, ()
bm (ko + a) M, (k’o)]l (). @30
and
- 2ko M, (1) dr
L (@) = m 27rz/ M [_ib (ko +7) My (ko) | (T + )’
Ko M, (a)
g 0
with

13



[P 1
Ii(e) _/ M) (ot ) (rta) (253)

By virtue of Jordan’s lemma, L~ can be deformed to the branch-cut integral along

Cyand C5 as

LMo 1 dr

I — ’L’Tl[ + 2.54

1(a) / © M@ (hot71)(rta) 254)
C1—C>

Using properties Jy (—Kob) = Jo (Kob), Yo(—Kpa) = Yy (Kopa) + 2iJy (Kpa),

HY (= Koa) = — Jy (Koa) + Yy (Koa) and making the substitution kg — 7 = te~i™/2,

t > 0, the above integrals can be reduced to

_ irl (M (T)]Z 1
hes 011026 (ko +7) (T +a) M (T)dT7

o0

B /eiwoﬂ‘tﬂ (M. (ko + it)]* 2 [Jy (Kob) Yo (Koa) — Jo (Koa) Yy (Kob)]?
a (2iko — 1) (ko + it + ) [J§ (Koa) + Y (Koa)]

dt, (2.55)
0

el (M. (ko)]”

= i B (a,b,l;a).
with
T et L (Kab) Yo (Kya) — Jo (Koa) Yo (Kb
B (a,b,l;a) = [[t Y 77 (Koa) 112 (Koa) dt (2.56)

is to be evaluated numerically. Above, Ky = /t?> — 2ikt. Finally, the solution of the

modified Wiener-Hopf equation reads

i?Tkob ib ei(a—l—ko)l (ko — a) MJr (ko)

B =5 o @ 2 M (a)

B(a,b ;). (2.57)
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2.2. Analysis of the Fields

The radiated field in the region p > b, —00 < z < oo, namely, us (p, z) can be

solved by the below inverse Fourier transform integral

1 H{" (Kop)

us (p,2) = — | P (« e "% d, (2.58)
2( ) oI / 1( )KObH(()l) (Kob)

where L is the line depicted in Figure 2.2, lying in the strip Im (—ko) < Im (a) <
I'm (ko) . Utilizing the asymptotic expansion of H\" (Kop) — 1/#ﬂpei(}((’p‘?’”/ 4
as p — oo, the asymptotic evaluation of the above integral, using the saddle point

technique, yields

ug (r,0) = D (0) (2.59)

with

D (9) . Zk?() { 1
H (kobsin ) sin @ | M (ko) M_ (ko cos 6)

eikol(1—cos0) (1 + cos 9) M, (kO)

T on M (ko cos 0) 5(a,b,l,—kocose)}. (2.60)

Here, r and 6 are the spherical coordinates defined by p = rsinf and z = rcos#,
which are presented in Figure 2.3. On the other hand, the diffracted field in the region

a < p <b, —00 < z < oo can be determined by the integral

1 [P (a)[Ji (Kop) Yy (Koa) — Jo (Koa) Y1 (Kop)] _ia-
W0 2) = o | R T (ab) Yo (Foa) — Jo (Ioa) Yo (Kob)] © 0 (26D

In order to determine the reflected field, the above integral must be evaluated for z < 0.
Taking into account the asymptotic behaviour of M, (o), (2.61), and the standard
asymptotics related to the Bessel functios of the first and second type, one can show

that the integrand in (2.61)) tends to zero for | a |— oo. This allows the application

15



of the Jordan’s lemma and by virtue of Jordan’s lemma and the application of the

law residues, the above integral becomes equal to the sum of the residues related to

the poles occuring at the simple zeros of K¢ [Jo (Kob) Yy (Koa) — Jo (Koa) Yo (Kob)]

lying in the upper half-plane, namely, at & = ko and o = a/,;s. Defining the reflected

field in this region as

—

3|
N

§ / z
Figure 2.3: Geometrical relations for the radiated field.
—ikoz e )
uy (p,z) = Ry + Z Rybm (p) e % a<p<b, 2<0
m=1
with
T
VY (p) = §Km [J1 (Konp) Yo (Kpa) — Jo (Kma) Y1 (Knp)l,
one gets
m 1
Ry = —
" 2log(a/b) My (ko))
and
Ro_ 2k 1
" My (ko) My (am) {K3 [Jo (Kob) Yo (Koa) — Jo (Koa) Yo (Kob)] Y,

(2.62)

(2.63)

(2.64)

(2.65)
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Here, R, corresponds to the reflection coefficient for the fundamental TEM mode.
Similarly, defining the field in the region a < p < b, z > [ as
e’ik‘oz ikoz

uy (p,2) = — ; +Tgep + Zmem (p)e ™ a<p<b z>1 (2.66)
m=1

and evaluating the integral (2.61) in a similar fashion, the transmission coefficients are

found as
ﬁ (Cl, b7 l7 _kO)
T, =222 7 2.67
"= 9 log (a/b) (267)
and
1 etlko—am)l (ko + aum) My (ko)
Tm = — 7b7 l7 —Um
= M, () Blabl—an)
1
(2.68)

*TKZ [Jo (Fob) Yo (Koa) — Jo (Koa) Yo (Kob)]},

a——am

2.3. Numerical Results

For the radiated, reflected, and transmitted fields, some numerical results are

obtained and are shown in Figures 2.4-2.10. The infinite integrals in (2.32)) and (2.56))

are evaluated numerically. In Figure 2.4, the results obtained in this analysis are
compared to a previous study by [Park and Eom| 2000] , where they analyzed TM wave
propagation along an N-slot coaxial line with thick outer wall by applying the simple
series method. In order to make such a comparision available, the wall thickness is
assumed to be zero and the results are used for the limiting case of one slot only. Figure
2.4 shows that the simple series method in [Park and Eom), 2000] and the Wiener-Hopf
analysis in this paper have an excellent agreement. In Figures 2.5-2.7, the variation
of the radiated field pattern, normalized as | D (0) | / | 1/a | with respect to the
observation angle 6 is presented for different values of b/a, kol, and frequency. In these
figures, strong radiation is observed in the forward and backward directions along the

waveguide walls, due to the directive effect of the outer surface of the waveguide walls
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for TEM waves. This characteristic is also seen in the case of a circular waveguide with
a large gap on its wall, which is studied rigorously in [Elmoazzen and Shafai, 1974].
In Figue 2.5, it can be observed that the magnitude of the radiated field increases with
b/a ratio, which means for a larger cross-sectional area in the coaxial waveguide, more
energy will be radiated to the outer space. On the other hand, very little dependence
to kol is observed for the observation angles § < 60°, as shown in Figure 2.6, while
the radiated field seems to be almost totally insensitive to kol for § > 100°. When
the frequency is increased, the magnitude of the radiated field also increases as it is
observed in Figure 2.7. This is expected as decreasing the wavelength or increasing the
cross-sectional area of the waveguide should have a similar effect. The dependences
of the reflection and transmission coefficients of the fundamental TEM mode to the
cross-sectional area of the waveguide are also investigated as seen in Figures 2.8 and
2.9. The frequency range in these figures is 100 MHz-2.5 GHz where there is still
only TEM mode propagating. As expected, when b/a ratio increases, | Ry | decreases,
while | Tg | increases. Figure 2.10 shows the magnitude of the radiated field versus
the truncation number (N) for different values of b/a. It can be seen that radiated field

amplitude becomes insensitive to the increase of the truncation number for N > 4.

0.4 T T T T T T T !
— Wiener-Hopf analysis
-------- Simple series method |]

035}

03¢ 1
&25{ ;
0.2 b/a = 1.5, kol = 6, f = 150 MHz

015}

01k,

Magnitude of the diffraction coefficient

0.05% %

D. 1 -I---__I 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180

Observation angle

Figure 2.4: Comparison of Wiener-Hopf analysis and simple series method.
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0.3H.

0.25
0.2

0.15

Magnitude of the diffraction coefficient

01

0.05

1 1 1
0 20 40 60 80 100 120 140 160 180
Observation angle

Figure 2.5: Radiated field for a = 0.025 m, kol = 6, f = 150 MHz.

0.14

0.12

0.08F

0.06

Magnitude of the diffraction coefficient

004+

0.02

1 1 1 1

0 20 40 60 80 100 120 140 160 180

Observation angle

Figure 2.6: Radiated field for a = 0.025 m, b = 2a, f = 150 MHz.
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0.4 j,] f =250 MHz :
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1

0.3H: !|_
| [
025h, '

Magnitude of the diffraction coefficient

0.5 T T T T T T T T T

I T 1 1
100 120 140 160
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Figure 2.7: Radiated field for a = 0.025 m, b = 2a, kol = 6.

Magnitude of the reflection coefficient

bla=15
0.9} — —bla=2 ||
—-—-bla=3
08}
07t .

Frequency (GHz)

Figure 2.8: Reflected field for a = 0.025 m, kol = 6.
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Figure 2.9: Transmitted field for a = 0.025 m, kyl = 6.
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Figure 2.10: Radiated field versus the truncation number N.




3. TEM WAVE RADIATION FROM A
DIELECTRIC-FILLED COAXIAL WAVEGUIDE
WITH A LARGE CIRCUMFERENTIAL GAP ON
ITS OUTER WALL

In this section, as well as a finite slit of length [ on the outer wall, we will
assume the interior region of the waveguide (a < p < b) is characterized by the relative
permitivity €, (Figure 3.1). The wave numbers for the regions p > banda < p < b
are denoted by ky = w./egpg and k1 = w, /119, respectively,with ; = gpe,.

Similarly to the Section 2, the incident TEM mode propagating in the positive z

direction be given by

) eikzlz
€0
ai PEC i
PEC — PEC _
z=0 7= z
Figure 3.1: Geometry of the problem.
3.1. Formulation of the Problem
Note that, the total electromagnetic field can be expressed as
wi(p,z)+u(p,z), a<p<b
yZ) = 32
ur (p:2) { us (p,2) p>b G2
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where u; (p,z) and us (p, z) are the scattered fields which satisfy the boundary

conditions and continuity relations in their relevant regions

uy (a, 2) + a%?’z) =0, z€(—00,00), (3.3)
w2+ 070 o, e f(co00) U 1)) (3.4)
ug (b, 2) + b%ﬁ’@ =0, z€ {(—00,0)U(l,00)}, (3.5)

o{un ) 1020 e L0 1070 s, G0

dp ap
eik1z
;T (b,z) =wug (b,2), z€(0,1). (3.7)

Additionally, to ensure the uniqueness of the solution, one has to take into account
the radiation condition and the edge conditions given in the previous section. In

their relevant regions the scattered fields u; (p, z) and uy (p, 2) satisfy the Helmholtz

equations
0? 10 0 5o 1
|:a_p2+;a_p+@+(kl_?)} ui(p,z) =0 (3.8)
and
0? 10 0 5 1
[a_pQ_‘_Ea_p_F@_'—(ko_;)} uz(p, z) = 0 (3.9)

whose Fourier transform yield

? 10 1
{a—p2+;a—p+ <K12(CY)_E)} F(p,()é): (3.10)

and
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9? 10 1
7+ 5 (8@ - 5 )| o0 - o

respectively. Here, Ko(«) = y/k — a? and K;(a) = \/k? — o2 are the square-root

Figure 3.2: Complex o — plane.

function defined in the complex o« — plane cut along as shown in Figure 3.2, such that

Ky(0) = ko and K,(0) = k;. As before in the previous section, the general solutions

of Egs. (3.10) and(3.T1) yield

F(p,a) = A(a)Ji(Kip) + B(a)Yi(Kip), (3.12)

and

G(p, o) = C(a) H{" (Kop). (3.13)

respectively. The Fourier transform of the boundary condition (3.3) gives

F(a,a) + aF,(a,0) =0, (3.14)
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which reads

On the other hand, the Fourier transform of boundary condition (3.4) yields

Yo(Kra) [Fi(b, ) + bFy (b, a)]

A = BB Yo Era) — o Kaa) Vol K]

Taking into account these relations, one can write

[Fi(b, @) + DF (b, a)] [Ji(Kip)Yo(K1a) = Jo(K1a)Yi(Kip)]

F(p,a) = Kb [Jo(K10)Yo(Kia) — Jo(K1a)Yo(K1b))

From equations (3.5) and (3.6), we have

[G1(b, @) + bG (b, )]

G = R b T (Foh)

H11 (KOP)

and

c [Fl(b, a) + bFE. (b, a)] . [Gl(b, a) + bG (b, a)}

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Lastly, incorparating ((3.15}(3.19) into the continuity relation given by (3.7), one

determines the Wiener-Hopf equation

M(«)
Kg(a)b

[ei(a-‘rlﬂ)l _ 1]

Prfa) + P-(a) + € Py 0) = S

with

Pi(a) = Fy(b, o) + bF; (b, a),

Py(a) = Fi(b,a) — G4(b, @),

P_(a)=F_(bya) — G_(b, ),

(3.20)

(3.21)

(3.22)

(3.23)
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and

o K()E()Hll (Kob) Kg [Jl (Klb) Yb (Kla) — JO (Kla) Yi (Klb)]
M(a) = S HE (Kob) Ky [Jo (K1b) Yo (Kra) — Jo (Kra) Yo (K1b)] (3.24)

Following the procedures described in " Appendices B and C " , one can determine
the split functions M, (o) and M_ (). By multiplying both sides of (3.20) by
e~ (o + ko) /M, (a) and (kg — o) /M_ () , respectively, we get

Py (a)e @M () Py (a)(ko+a) e (k+a)

b(o — ) M (@) M)
B eFil (ko + )
"Btk M@ O
and
Py () P_(a) (kg —a) e (ky—a)
bk £ a) (@) M_(a) M) U@
_ (ko — Oé)
=+ )M () (3.26)
with
gkl
Ul(a)=P; () Dot ) (3.27)
and

The third term of (3.25) and the third term and the right hand side of the equation
(3.26) have singularities in both half-planes. After performing the Wiener-Hopf

decomposition procedure and analytical continuation principle, one obtains

(]{7(] + Oé) I 1 G_iTlL (T) (ko + T)

M T T e e (3:29)

and
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(ko—a) . 1 [emU(r)(ko—7) (o + ky)
Lla) =55 D —a) T a0

M_(a) 2mi

I—

Applyig the classical Wiener-Hopf method as in the previous problem, one can obtain

the pair of simultaneous integral equations

(kota)~ 1 [e™(ky—7)U(r) i (ko + k1)
o) W o) e T W —aM Gy O
(kota)~ . 1 [e(ky—7)L(r) (k)

Mo (@) A= ami | M) bl — )Mo (k) (3-32)

where U () and lN}(oz) are defined by

(3.33)

(3.34)

This is the same case as before in the previous problem except with £ replaced by k;.

Thus we can use the method of successive approximation to solve integral equation

system for large k1! and obtain

o (ko + k1) M (o)
Ui@) = i — )M, ) (o £ ) (3-35)

Yoo M () (ko + k1)
Ll(a) N _Zb(k‘o + Oé)(k’l — Of)M+(k’1) (336)

and

~ ~ ko + K

(o) = o) =~ (oo ) 337
with
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m—lM )(kﬂ _ 7_)
/M (T + ) (ky — 7) (ko + T)dT (3.38)

The above integral is calculated by closing the contour in the upper hallf plane and
evaluating the residue contributions from the simple poles occuring at the zeros of

M («) lying in the upper half plane as follows

eikolMi (kO)

I p—
2(@) Qikgrh

B <a7 ba l7 kO? kl? Ck)

"ty N (1)
2 3.39
OV e e e R

where 7. s are the zeros of M («) and

ﬁ (CL, ba l7 k:()y k:la O[)

te” 608142K2 [J[) (Klb) Yb (Kla) — J() (Kla) Yb (Klb)}
= dt (3.40
[ (i (ko + ) (ks — o) F(D) G0
with
F(t) = Kg {[Jo (K1b) Yo (K1a) — Jo (K1a) Yo (K1b)]
x| 21250 (Kb H? (Kob) + 5§K§H(§”(Kob)H[§2)(Kob)} }
—2e021 K1 KG {[ 1 (K1b) Yo (Kha) — Jo (Kqa) Yi (K1D)] (3.41)

X [J1 (Kob) Jo (Kob) + Yo (Kob) Y1 (Kob)|}
to be evaluated numerically. Therefore, one arrives at

M (o) (ko + k1)
(o + a)2mbM, (k) 2 ()

Ua)=— (3.42)
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B M_(a)(ko + k1)
DM (ky) (@ + k) (ko — @)

L ()
and

(k’o + Oé) (k‘o -+ k’l) (k‘o — a) €ial (ko + k‘l)

Py (a):_iM+ (kl) (]{:1—{—01)M+ (a) 2 M, (kl)M— (Of)

Il (Oé) .

3.2. Analysis of the Fields

(3.43)

(3.44)

Taking into account equations (3.17)), (3.21) and (3.44)), the scattered field for the

region p > b, —00 < z < o0 is given by the inverse Fourier transform

1 / €0P1 (O[) (1) o
Ug (p,z) = — H; " (Kop)e "“da
(:7) 2m ) e KobHD (Kob) (Koe)

Using the asymptotic expansion of [ 1(1) (Kop) for large arguments as follows

Hfl) (K[)p) ~ ﬂ_KUp 67,(K0p—37r/4)

and applying the saddle point technique yields

with

(3.45)

(3.46)

(3.47)
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. €0 (k() -+ /ﬁ)
g1mhbsin HHél)(kob sin )

" —ko (1 — cos )
i(ky — kocos®) My (—kocosO) M, (k)

D(9) =

N (1 + cos@) e’lkol(lfcose)]\/[_?r (ko) B (a,b,l, ko, ki, —ko cos 6)

4
Lin M, (k) M, (kg c0s 0) (3.48)

o0

e~ tholeosOiky (1 + cos ) Z et (ko — vs) L (=vm) M2 (7s)
M, (ko cos ) M (k1) —1 M’ (7s) (ko +7s) (k1 — 7s) (75 — ko cos 0)

_|_

3.3. Numerical Results

For the radiated field, some numerical results are obtained and are shown in
Figures 3.3-3.8, where the variation of the radiated field pattern, normalized as | D (6) |
/ | 1/a | with respect to the observation angle ¢ is presented for different values of b/a,
,, k1l and frequency. In these figures , strong radiation is observed in the forward and
backward directions along the waveguide walls, due to the directive effect of the outer
surface of the waveguide walls for TEM waves. This characteristic is also seen in the
case of a circular waveguide with a large gap on its wall, which is studied rigorously
in [Elmoazzen and Shafai, |1974].

In order to provide a comparision of the analysis done in this paper with
the previous study for hollow coaxial waveguides [Oztiirk and Cinar, 2013], the
normalized magnitude of the radiated field is presented in Fig. 3.3 for ¢, = 1,
b/a = 1.5, kil = 6 and f = 150 MHz and an excellent agreement is observed
between the Wiener-Hopf analysis wih both types of factorization methods and the
analysis by the use of simple series representation. However, when the waveguide
is filled with a dielectric material, it is observed from Fig. 3.4 that the factorization
method matters and the one described in " Appendix C " has a better agreement
with the result obtained by simple series method although with a slight difference
for smaller observation angles ( considering the scale of the vertical axis ). Such a
difference could be expected as there is less information in the analysis done by simple
series method, such as the lack of the use of edge conditions. A similar conclusion

is done for the comparision of Wiener-Hopf analysis and mode-matching technique in
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[Oztiirk and Cinar, 2013] and [Aksimsek et al.,|2013]. In Fig. 3.5, the variation of the
normalized magnitude of the radiated field with respect to b/a ratio is illustrated and it
is seen that the magnitude is increasing with increasing b/a ratio. This characteristic
was also observed in hollow coaxial waveguides as in [Oztiirk and Cinar, 2013]. The
effects of the relative permittivity of the dielectric material inside the waveguide and
the frequency are presented in Figures. 3.6 and 3.7, respectively. The normalized
magnitude of the radiated field is increasing when ¢, is decreasing or the frequency
is increasing. Finally, in Figure 3.8, the variation of the normalized magnitude of the
radiated field with respect to kil is illustrated. As for the hollow coaxial waveguide
case in [Oztiirk and Cinar, 2013], it is observed that k;[ has very little effect on the
radiated field.

0.35— —
— Wiener-Hopf method with factorization due to App. B

— — — Simple series method
-------- Wiener-Hopf method with factorization due to App. A

0.3

— |
I

0.25 k=6
b/a=1.5
f=150 MHz

0.2

0.15 i

0.1

Normalized magnitude of the radiated field

0.05

0 20 40 60 80 100 120 140 160 180
Observation angle 0 (in degrees)

Figure 3.3: Comparison for ¢, = 1.
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Figure 3.4: Comparison for €, = 2.4.
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Figure 3.5: Variation of the radiated field with respect to b/a.
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Figure 3.7: Variation of the radiated field with respect to frequency.
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4. CONCLUDING REMARKS

In this thesis, the TEM wave propagation in an hollow and dielectric-filled
coaxial waveguides having a large gap on its outer wall is analyzed rigorously by
applying direct Fourier transform which yields a modified Wiener-Hopf equation of
the first type. The modified Wiener-Hopf equation is reduced to a Fredholm integral
equation of the second type, which is solved iteratively. Finally, the diffraction
coefficients related to the reflected, transmitted and radiated fields are determined
explicitly for large gap width compared to the wavelength.It is observed that when
the waveguide is filled with a dielectric material, the factorization method described
in " Appendix B " lacks accuracy, which is an important conclusion for future studies.
Besides, the effects of the cross-sectional area of the coaxial cylindrical waveguide,
the gap width and the frequency on the radiated field are presented graphically. The
behaviour of the radiated field has been observed to be similar to that of in [EImoazzen
and Shafai, (1974] and in [Oztiirk and Cinar, 2013] for €,, = 1. This analysis can also be
applied to the case where the medium outside the waveguide is complex. Also, having
coated walls on the waveguide after the gap would also be very interesting problem in

the sense of microwave filters.
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Appendix B: Factorization of M («) with the first procedure

In order to solve the Wiener-Hopf equation (3.20), one must first factorize the

kernel function M («) as follows
M (o) = My (o) M_ («) (B1.1)

which can be done by following the procedures described in [Seran et al., 2009] as

follows
M, (a) = M_(—a) = /M (0)eA+(®)=s (B1.2)
with
1 [In[M(t
Ay (@) = ﬁ/%dt (B1.3)
L+
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and

1 In[M
RN IO
21 t

Lt

Above, the integration contour for A, («) and s can be modified as follows

and

co—1n
1 M (8] 1 [In[M (1)
A (o) = — [ 2 Wiy g — [ 220
+(a) 27m'/ 2 — a? &dt+27i/ t—« dt
kf—in c

(B1.4)

(B1.5)

(B1.6)

respectively, with k] being the real part of k;. The integration path can be seen in

Figure B1.1.

A Ima
. 5 = (ko+a)/2
—ky+in _k0+11'"|+5 n>0
v
ke ¢ o b,
Re a
ko~ +d g —h—in

Figure B1.1: Path of integration.
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Appendix C: Factorization of M/ () with the second
procedure

New formal expressions for the split functions M («) and M_ («), satisfying
M (o) = My («) M_ (o) can also be derived by the following procedure described in
[Mittra and Lee, [1971]] defining

My () = &1 K7 [Jo (K1b) Yo (Kqa) — Jo (Kqa) Yo (Kib)] (CLI)
1
M. - -
2 (05) Hél) (Kob)
x {sOKOKle(l) (Kob) [Jo (K1) Yy (Kia) — Jo (Kia) Yo (K1b)] (C1.2)
e K K2HDY (Kb ) (K1b) Yo (Kra) — Jo (Kia) Y (Klb)]}
and
_ My, (cv)
M, (a) = M_(—a) = i () (C1.3)
to give
M1+ (Oé) = \/6_1 (k?l + OZ) \/J() (k’lb) Y() (k‘la) — JO (k1a> Yb (k’lb)
< [T (1 + /o) eeCaim (C1.4)
m=1

xexp{%(b_a) {1—C+log (%)H

with o/ s being the zeros of Jy (k1b) Yo (kia) — Jo (k1a) Yo (k1b) and
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May (@) = /My (0) [ (1 +/7m)

m=1

X exp {—iko (a=b)  Kola)la=b),, (O‘ i (a)ﬂ (CL5)
2 m ko
x exp [q (a)]
with C' = 0.57721..., 7/, s being the zeros of M, («) and
B by (a—0b) {B(w)+ B(we™)} «
q(a) = P/ |: - — o7 } log (1 + W) dw (C1.6)
0

In the above expressions, P notation denotes the Cauchy principle value at the

singularity w = ko and B (w) can be written as follows

B(w) = = {A; (w) Cy (w) + Ay (w) Cs (w)

B (w)

— {Hgn (wb)rw?’aAg (w) (C1.7)

+ (6027)w2aH§1) (wb) H(()l) (wb)) Ay (w)}

with

B (w) = H((]l) (wb) {50w17)2H§1) (wb) [JO (&)b) Yo (@a) —Jo (ﬂ)&) Yo (&b)}

—eyaw?HY (wb) [Jl <ﬂ)b> Yo (@Nua) —J (m) Y, (fub)] } . (C1.8)

A (w) = :Jo <E)b> Yo (E;a) ~J (&}a) Yo (f&b) , (C1.9)

Ay (w) = :Jl <ﬂ)b) Y, <1Nua> ~ Jo (ﬂ;a) Y, (&b) , (C1.10)
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Ay (w) = :Jl (m) Y, (ﬂ)b) — (ab) Y, (&a) , (C1.11)

Ay (w) = :Jl (&m) Y, <17)b> ~Jo (ﬂ;b) Y, (17)@) , (C1.12)
¢y (w) = eHY (wb) HY (wb) 2w?
teqwin b {(H(()l) (wb))2 + (H§1> (wb)ﬂ (C1.13)

—€ (H(()l) (wb))3 w>b,

~ 2 ~
Oy (w) = —eoHY (wb) HY (wh) wiob — &, (Hg” (wb)) 2w, (C1.14)

and

w= /w2 +k? — k3. (C1.15)

Appendix D: Convergence of the 3 (a, b, [; )

Let’s split the integral in a sum of two terms:

1

L et [Jo (Kb) Yy (Ka) — Jo (Ka) Yy (KD)]
6(a7b’l’a)_[[t—i(k’+a)] Jg (Ka) + Y (Ka) dt
°r —tl [Jo (Kb) Yy (Ka) — Jo (Ka) Yy (Kb))
+/t—z k+ )] Jg (Ka)+YE (Ka) d¢¢ (DL

1

Since the integrand is continuous for ¢ € [0, 1], the first integral is convergent. For the

second integral, by utilizing the following asymptotic expansions as t — oo,

[Jo (Kb) Yy (Ka) — Jo (Ka) Yy (Kb))* ~ sin? (t (a — b)), (D1.2)

m2t2ab
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2
J2 (K Y2 (Ka) ~ — D1.3
o (Ka) +Yq (Ka) . ( )

it is appropriate to use limit comparison test with g(¢) = fbet—;j; sin? (t (a — b)) , which

is continuous except 0. Fot ¢ > 1 holds

2€—ﬂ

: 1
Wsm2 (t(a—10)| < =5 (D1.4)

$3/2

o0 o0
Since [ 5dt converges, fft—;jlg sin® (¢ (a — b)) dt is absolutely convergent.
1 1

Moreover,

et [Jo(Kb)Yy(Ka)—Jo(Ka)Yy(Kb)]?
[t—i(k+a)] J2(Ka)+YZ (Ka)

t—00 ij sin? (¢ (a — b))

=0. (D1.5)

o
Since [ 73;—;72 sin? (t (a — b)) dt is absolutely convergent, we conclude that
1

[ee]
J“[ e”tt  [Jo(Kb)Yo(Ka)—Jo(Ka)Yo

. t—i(k+a)] JE(Ka)+YZ(Ka)

(K0 gy :
dt is convergent.  Therefore, the improper

integral 3 (a, b, [; o) isconvergent.
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