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SUMMARY

The endomorphism rings of modules and connections between a module and its
endomorphism ring have long been of interest. In recent years, it has been discovered
that various classes of modules (such as, couniformly presented modules [Facchini and
Girardi, 2010], cyclically presented modules over local rings [Amini1 and Facchini,
2008|], kernels of non-zero morphisms between indecomposable injective modules
[Facchini et al., 2010, artinian modules whose socle is isomorphic to the direct sum
of two fixed simple modules [Facchini and Prihoda, 2010], and so on.) have similar
behaviors as having at most two maximal ideals in the endomorphism ring and the
validity of a weak form of the Krull-Schmidt Theorem. In the first chapter of the
thesis, we summarize the recent developments and some important ones. In the second
chapter, we give basic concepts and definitions related to this topic. We add the
results of the previous studies to chapter three. In the last chapter of the thesis we
study the behavior of endomorphism ring of a cyclic, finitely presented module of
projective dimension < 1 over a local ring. This class of modules extends the class of

couniformly presented modules over local rings to arbitrary rings.

Key Words: Couniformly presented module, Semilocal ring, Epigeny class,

Monogeny class.



OZET

Modiillerin endomorfizma halkalar1 ve modiillerle endomorfizma halkalari
arasindaki iliski uzun zamandir literatiirde ilgi ¢ceken bir konu. Son yillarda, bir ¢cok
degisik modiil siifinin (es-diizgiin tanimli modiiller [Facchini and Girardi, 2010],
yerel halka {izerindeki yinelemeli tanimli modiiller [[Amini and Facchini, 2008],
sifirdan farkli indirgenemeyen injektif modiiller arasindaki morfizmalarin ¢ekirdegi
[Facchini et al., 2010], socle’1 iki belirli basit modiiliin dik toplamina izomorf olan artin
modiiller [Facchini and Prihodal [2010]], vb.) endomorfizma halkalarinin en fazla iki
maksimal ideale sahip olmalar1 ve Krull-Schmidt Teoreminin zayif formunun gecerli
olmas1 durumlarinda benzer davraniglara sahip olduklar1 kesfedildi. Biz bu tezin ilk
kisminda, yakin zamanda yapilan ve Onemli gordiigiimiiz gelismelerden bahsettik.
Ikinci kisimda ise, konuyla alakali temel tanimlar ve icerikleri verdik. Uciincii boliime,
daha onceden yapilmis olan ¢alismalardan elde edilen sonuclari ekledik. Tezin son
boliimiinde, yerel halka iizerindeki, projektif boyutu < 1 olan yinelemeli, sonlu taniml
modiillerin endomorfizma halkalarinin davramisim1 ¢alistik. Bu modiil sinifi, yerel

halka tizerinde es-diizgiin tanimli1 modiiller sinifin1 keyfi halkaya genisletir.

Anahtar Kelimeler: Es-diizgiin tanimh modiiller, Yar1 yerel halka, Epijen sinif,

Monojen sinif.
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1. INTRODUCTION

In [Wartfield, 1975]], Warfield described the structure of serial rings and proved
that every finitely presented module over a serial ring is a direct sum of uniserial
modules. When he mentioned about problems that remained open, he said the
outstanding open problem is the uniqueness question for decompositions of a finitely
presented module into uniserial summands (which proved in the commutative case
and in one noncommutative case by Kaplansky [Kaplansky, 1949]]). Facchini solved
Warfiled’s problem completely in [Facchini, |1996].

The two main opinions in his paper were the epigeny class and monogeny class
of a module. Two modules U and V' are said to be in the same monogeny class and
write [U],, = [V]m, if there exist a module monomorphism U — V and a module
monomorphism V' — U and U and V' are said to be in the same epigeny class, written
[Ul]e = [V]e, if there exist a module epimorphism U — V" and a module epimorphism
V' — U. Clearly, these are two equivalence relations. The significance of these
definitions is that uniserial modules U, V" are isomorphic if and only if [U],, = [V]m
and [U]. = [V]. (see Proposition 1.6 in [Facchini, |1996]). He started with the
endomorphism ring of a uniserial module has at most two maximal ideals and modulo
those ideals it becomes a division ring (see Theorem 1.2 in [Facchini, [ 1996]).

He showed (see Theorem 1.9 in [Facchini, |1996]]) that if Uy, ... ,U,, V;,..., Vi
are non-zero uniserial modules, then U; & ... & U, = V) & ... & V; if and only if
n = t and there are two permutations o,7 of 1,2,...,n such that [U,|m = [Vilm
and [U,(i)] = [Vi]e for every i = 1,2,...,n. And he proved that for every
n > 2 there exist 2n pairwise non-isomorphic finitely presented uniserial modules
Uy, Uy, ..., U,, Vi, Vs, ..., V, over asuitable serial ring such that U; $Us ®. ..o U,, =
VieVod...dV, (see Example 2.2 in [Facchini, [1996]).

As author mentioned in [Facchini, |[1996] the weakened form of the
Krull-Schmidt Theorem that serial modules satisfy (see Theorem 1.9 in [Facchini,
1996])) is sufficient to allow one to compute the Grothendieck group of the class of
serial modules of finite Goldie dimension over a fixed ring R. If the Krull-Schmidt
Theorem holds for a certain of modules, its Grothendieck group is a free abelian group.

Though the Krull-Schmidt Theorem does not hold for the class of serial modules of

1



finite Goldie dimension, its Grothendieck group is a free abelian group. Krull-Schmidt
Theorem fails because the Grothendieck group is free as an abelian group, but it is not
order isomorphic to a free abelian group with the pointwise order. (see Section 3.2 in
[[Facchini, (1996]).

There is a uncertain similarity between the behavior of serial modules and that
of artinian modules. For instance, in ([Facchini, [1996]], Section 3) Facchini showed
that endomorphism rings of serial modules of finite Goldie dimension are semilocal
rings, that is, they are semisimple artinian modulo their Jacobson radical. Camps and
Dicks proved that endomorphism rings of artinian modules also are semilocal [Camps
and Dicks, [1993]]. In [Facchini, [1996]], he proved that Krull-Schmidt fails for serial
modules. In [Facchini et al., [1995] Facchini, Herbera, Levy and Vamos proved that
Krull-Schmidt fails for artinian modules, thus answering a question posed by Krull in
1932.

In [[Corisello and Facchini, 2001]], authors showed how properties of local rings
extend to homogeneous semilocal rings. Like local rings, a homogeneous semilocal
ring has a unique maximal two-sided ideal (its Jacobson radical) and a unique simple
module Sk (up to isomorphism). Another resemblance is a homogeneous semilocal
ring has only one indecomposable projective module Pr (up to isomorphism) and all
projective modules are direct sums of copies of this Py like in the case of local rings.
Also they showed that whenever one can localize a right noetherian ring R at a right
localizable prime ideal P, the ring Rp one obtain is homogeneous semilocal ring. Here
Rp denotes the right quotient ring of R with respecttothe setCr(P) = {z € R: z+P
is not a zero divisor in R/ P} of all elements of R regular modulo P.

Since homogeneous semilocal rings generalize local rings and the Krull-Schmidt
Theorem concerns modules whose endomorphism ring is local, Barioli, Facchini,
Raggi and Rios studied whether the Krull-Schmidt Theorem holds for modules
whose endomorphism ring is homogeneous semilocal. Clearly, the Krull-Schmidt
Theorem says that if M = M; & --- & M, is a direct sum of modules M;
with local endomorphism ring, then any two direct sum decompositions of M into
indecomposable direct summands are isomorphic, so that is natural to ask whether the
theorem remains true if one substitute the condition of having local endomorphism

ring with the condition of having homogeneous semilocal endomorphism ring. This



leads naturally to the class of almost semiperfect rings, that is, the rings R with a
complete set ey, ..., e, of orthogonal idempotents with e; Re; homogeneous semilocal
forevery i = 1, ..., n. From that way of thinking, in [Barioli et al.,|2001]], authors firstly
showed that every almost semiperfect ring is semilocal and if M = M; & --- & M, is
direct sum of modules M; with homogeneous semilocal endomorphism ring End(M/;),
then the almost semiperfect endomorphism ring End(M) is necessarily semilocal,
so that M has only finitely many direct sum decompositions (up to isomorphism).
Finally they studied the modules which has a finite direct sum decomposition M =
M;®- - -@® M, such that all endomorphism rings End(/;) are homogeneous semilocal
and found complete results about uniqueness of such decompositions (Krull-Schmidt
Theorem). Moreover they showed that such a module M can have different direct sum
decompositions (up to isomorphism).

In [[Amini and Facchini, [2008|] Babak Amini, Afshin Amini and Alberto Facchini
studied the uniqueness of the diagonal form when it exists. Obviously, the study
of diagonal matrices over a local ring R up to matrix equivalence is the same
as the study of finite direct sums of cyclically presented right R-modules (up to
isomorphism). The case of R commutative local is particularly simple and follows
from the Krull-Schmidt-Azumaya Theorem. So that, assume ay, ..., a,, by, ..., b, are
elements of a commutative local ring R, diag(ay,...,a,) and diag(by,...,b,) are
equivalent matrices. Then R/a;R & ... & R/a,R = R/btR & ... ® R/b,R and
the modules R/a; R, R/b;R are either zero (when a;, b; are invertible), or have local
endomorphism rings. By the Krull-Schmidt-Azumaya Theorem, there is a permutation
oofl,..,nsuchthat R/a; R = R/b,; R for every i = 1,...,n, so that a;R = by R
for every 1, that is, a; and bg(i) are associates, i.e., there exists invertible elements u; in
R with a;u; = b, ;) for every 1.

Their main result is weak form of a Krull-Schmidt type theorem that holds
for finite direct sums of cyclically presented modules over a local ring and it is
unexpectedly similar to the solution given in (Theorem 1.9 in [Facchini, [1996]]) to
the problem posed by Warfield (see p.189 in [Warfield, |1975])) of characterizing (up to
isomorphism) the decomposition of module into uniserial summands.

They proved that the endomorphism ring of a non-zero cyclically presented

module over a local ring has one or two maximal ideals, like the endomorphism of



non-zero uniserial modules. For a uniserial module, the two maximal ideals roughly
correspond to the monogeny class and the epigeny class, respectively. Likewise, for a
cyclically presented module, the two maximal ideals correspond to the epigeny class
and the lower part (see Remark 4.4 in [Amini and Facchini, 2008]). Also they extended
the notion of having the same lower part from cyclically presented modules to arbitrary
finitely presented modules over a local ring. Actually, beside extending it to the class
of finitely presented modules, which is usually properly contains finite direct sums
of cyclically presented modules, they also modified the definition of having the same
lower part a little for the exceptional case of the regular module Rpg.

Several classes of modules and modules described in (Theorem 2.5 and 4.3 of
[Facchini and Girardi, 2010]) act similarly about having at most two maximal ideals in
the endomorphism ring and the validity of a weak form of the Krull-Schmidt Theorem
(such as cyclically presented modules over local rings [[Amini and Facchini, [2008],
kernels of non-zero morphisms between indecomposable injective modules [Facchini
et al., 2010], artinian modules whose socle is isomorphic to the direct sum of two fixed
simple modules [Facchini and Prihoda, 2010] and so on.

In [Facchini and Girardi, 2010]] Facchini and Girardi introduced and studied the
notion of couniformly presented modules, which extend to arbitrary rings the class of
cyclically presented modules over local rings. Direct sums of modules all mentioned
above are described by a pair of invariants: lower part and epigeny class for cyclically
presented modules over local rings, upper part and monogeny class for kernels of
non-zero morphisms between indecomposable injective modules, monogeny class and
epigeny class for uniserial modules, or, more generally, biuniform modules.

The following theorem ([Facchini and Girardi, 2010], Theorem 2.5) of them
describes the endomorphism ring of a couniformly presented module: Let 0 = Cr —
Pr—Mpr — 0 be a couniform presentation of a couniformly presented module Mp.
Let K := {f € End(Mg) | f is not surjective} and I := {f € End(Mpg) | fi :
Cr — CRgis not surjective }. Then K and I are completely prime two-sided ideals of
End(Mg), the union K U [ is the set of all non-invertible elements of End(Mp) and
any proper right ideal of End(Mp) and every proper left ideal of End(Mp) is contained

either in K or in /. Moreover, one of the following two conditions holds:

i) Either the ideals K and I are comparable, so that End(Mp) is a local ring with



maximal ideal the greatest ideal among K and /, or
ii) K and I are not comparable, .J(End(Mp)) = KNI and End(Mpg)/J(End(Mp))
is canonically isomorphic to the direct product of the two division rings

End(Mpg)/K and End(Mg)/I.

In this thesis, we study the behaviour of endomorphism rings of cyclic, finitely
presented module of projective dimension < 1. This class of modules extends the class

of couniformly presented modules over local rings to arbitrary rings.



2. BASIC CONCEPTS AND DEFINITIONS

2.1. Rings

Notations in this chapter are quite standard and may found in many books on
Algebra and Ring Theory. To keep the reader on track, we will introduce them as

required. The following four books are our main references:

1) Rings and category of modules [Anderson and Fuller, 1992].

i) Module Theory: Endomorphism rings and direct sum decompositions in some
classes of modules [Facchini, [1998]].

ii1) Continuous and discrete modules [[Mohamed and Miiller, [1990].

iv) An introduction to homological algebra [Rotman,|1979].

We will use the results in these books whenever we have such a demand. All
the rings considered will be associative rings and assumed to have an identity element.

Rings will be denoted by R or as a triple (R, +, -).

Definition 2.1: An element r of a ring R is said to be:

i) a right zero-divisor if r # 0 and there exists s € R such that s # 0 and sr = 0;
ii) a left zero-divisor if r # 0 and there exists s € R such that s # 0 and rs = 0;
iii) a zero-divisor if it is either a right zero-divisor or a left zero-divisor;
iv) right invertible if there exists s € R such that rs = 1p;

v) left invertible if there exists s € R such that st = 1p;

vi) invertible if it is both right invertible and left invertible.

As we called in previous definition if € R is invertible, it is both right invertible
and left invertible. This means that there exist elements s € R such that rs = 1 and
s' € Rsuch that s'r = 1g. Butthen s’ = ¢ - 1p = §'(rs) = (s'r)s = 1l - s = s.
It follows that an invertible element r has a unique right inverse, a unique left inverse

and the unique right inverse is equal to the unique left inverse, denoted by r 1.

Definition 2.2: A ring R is a division ring if every non-zero element of R is invertible.

Lemma 2.1: The following conditions are equivalent for a ring R:



i) R is adivision ring.

ii) Every non-zero element of R is right invertible.
iii) Every non-zero element of R is left invertible.
iv) The only right ideals of R are O and R.

v) The only left ideals of R are Or and R.

Definition 2.3: Let A be an abelian group written additively, endomorphism of A
means a group homomorphism f : A — A; in other words, if we write our function on
the left, f(a+0b) = f(a)+ f(b) where a,b € A. The set E of all such endomorphisms
of A forms and abelian group with respect to the addition (f,g) — f + g defined by,
(f +9)(a) = f(a) + g(a) where a € A.The identity and the inverse (negative) are

given by, 0(a) = 0 and (—f)(a) = —(f)(a).

Now on FE it also happens that composition of functions is an associative
operation that distributes over the additive operation on E. So if A # 0 (i.e, if F
has at least two elements), then F is actually a ring whose identity is the identity
map 14 : A — A. But note that if f,g € FE, then in general, the product fg in
E depends on whether we consider these as functions operating on the left or on the
right: (f9)(a) = f(9(a)); (a)(f9) = (a(f))s.

In other words, there arise naturally for every (non-zero) abelian group A two
endomorphism rings, a ring of left endomorphisms and a ring of right endomorphisms,

denoted by End'(A) and End" (A), respectively.

2.2. Exact Sequences

From now on, all modules will be right modules over a fixed ring R. We will
denote the zero module with one element by 0.

We will now consider sequences of modules, where by a sequence of modules
o My, TS M 5 M, T we mean a family of modules M, indexed by
integer numbers and a set of module morphisms f;: M; — M, ;. Sequences can be
either finite or infinite on one side or both sides.

A sequence of modules is called a 0-sequence (or a complex of modules, or a

chain complex of modules) if f;(M;) C Kerf;,; for every index i. Equivalently, if



fix1fi = 0 for every 1.

Definition 2.4: A sequence is called exact in M; if fi_1(M;—1) = Kerf,, And a

sequence is called exact if it is exact in M; for every 1.

Lemma 2.2: Let f: M — N be any module homomorphism.

i) The sequence 0 — M Ly N is exact if and only if f is injective.
ii) The sequence M Ly N = 0 is exact if and only if f is surjective.
iii) A sequence 0 — A LB L C = 0is exact if and only if f is injective, g is

surjective and f(A) = Kerg.

Definition 2.5: Exact sequences of the form 0 — A — B — C — 0 are called short

exact sequences (s.e.s., for short).

The followings are some examples,

i) For every submodule N of M, there is a short exact sequence 0 — N —
M 5 M/N — 0, where ¢ denotes the embedding of N into M and 7 denotes
the canonical projection of M onto M /N.

ii) For every pair of modules M and N, there is a short exact sequence 0 — M —
M@ N 5 N — 0, where e(m) = (m, 0) and w(m, n) = n for every m € M and
n e M.

Lemma 2.3: Let f: M — N and g: N — M be homomorphisms with g f = vp;. Then
N = f(M) & Kerg.

Proposition 2.1: The following conditions are equivalent for a short exact sequence

0ALBSC S0

i) There exists a homomorphism f': B — A such that f'f = 14 (i.e, [ is left
invertible).
ii) There exists a homomorphism ¢g': C — B such that g¢' = ¢ (i.e., g is right
invertible).

iii) f(A) = Kerg is a direct summand of B.

Moreover, if these three equivalent conditions hold, then B = A & C.



A short exact sequence satisfying the three equivalent conditions in the statement

of Proposition [2.1]is called a split exact sequence.

2.3. Categories and (Exact) Functors

Definition 2.6: A category C consists of:

i) a class ObC, whose elements called the objects of C;
ii) for each pair (A, B) of objects of C, a set Hom¢(A, B), whose elements called
morphisms of A into B;

iii) for each triple (A, B, C) of objects of C, a mapping
o: Hom¢ (B, C') x Home(A, B) — Home (A, C') (2.1

called composition.

Before stating the axioms for categories, we introduce some notation. Instead
of writing f € Hom¢(A, B), we will often write f: A — B. For the composition
o: Hom¢(B, C') x Hom¢(A, B) — Hom¢(A, C) and morphisms f: A — B, g: B —
C, we will denote the composite morphism by ¢ f or go f. The axioms which a category

must satisfy are:

i) If A,B,C,D are objects of C and f: A — B, g: B — C, h: C — D are
morphisms, then (hg)f = h(gf) (associativity of composition).

ii) For every A € ObC, there exists an element of Hom¢(A, A), which we will
denote 1 4, such that fol, = fand 1409 = g forevery B € ObC, f € Hom¢(A, B)
and g € Hom¢(B, A).

Examples of some categories;

i) The category Set: The objects of Set are all sets. If A, B are sets, the morphisms
f: A — B are all mappings f: A — B, that is, Homge¢(A, B) := B“. The
composition is the composition of mappings. Then Set is a category, in which
14: A — Ais the identity mapping defined by 14(a) = a for every a € A.

ii) The category Grp: The objects of Grp are all groups. If GG, H are groups, the

morphisms f: G — H are the “usual” group morphisms of G into H, that is,

9



the mappings f: G — H such that f(zy) = f(x)f(y) for every z,y € G. The
composition is the composition of mappings. Then Grp turns out to be a category.
ii1) The category Rng: The objects of Rng are all rings with identity. The morphisms
f: R — S are the ring morphisms of R into S. The composition is the composition
of mappings.
iv) The category Ab: The objects of Ab are all abelian additive groups. The
morphisms G — H are the group morphisms G — H. The composition is the

composition of mappings.

Definition 2.7: Let C and D be categories. A functor (or a covariant functor) F': C —
D assigns to every object C € ObC an object F(C) € ObD and to every morphism
f:C — C"inC amorphism F(f): F(C) — F(C") in D and the following axioms

are satisfied:

i) for every morphism f: C — C" and g: C" — C" inC, then F(go f) = F(g) o
E(f);
ii) F(1¢) = 1pc) for every C € ObC.

LetC, D, &€ be categories and F': C — D, G: D — & be functors. The composite
functor GF': C — & is defined in the obvious way: GF(C) = G(F(C)) for every
object C'in C; GF(f) = G(F(f)) for every morphism f: C — C’ in C. Notice
that if ' and G are both covariant or both contravariant, the composite functor G F' is
covariant. If one is covariant and the other is contravariant, the composite functor G F
is contravariant.

An isomorphism of a category C into a category D is a functor F': C — D such
that there exists a functor G: D — C with GF the identity functor 1¢: C — C and F'G
the identity functor 1p: D — D. If there is an isomorphism F': C — D we will say
that the two categories C and D are isomorphic.

In category theory, a commutative diagram is a diagram of objects (also known as
vertices) and morphisms (also known as arrows or edges) such that all directed paths in
the diagram with the same start and endpoints lead to the same result by composition.
Commutative diagrams play the role in category theory that equations play in algebra.

Recall that a morphism f: C' — C” in a category C is an isomorphism if there

exists a morphism g: C’ — C'suchthat go f = 1gand fog = 1¢.
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Definition 2.8: Let C be a category and f: C' — C" a morphism. We say that:

i) fis amonomorphism if, for any object B in C and any two morphisms g,h: B —
C, fog= fohimplies g = h.
ii) f is an epimorphism if, for any object D in C and any two morphisms g, h: C' —
D, go f=ho fimplies g = h.

Definition 2.9: Let C be a category with a zero-object Z. For every objects A and
B in C the zero morphism Z,p € Home(a, py is the unique composition morphism
A — Z — B. The kernel of a morphism f: A — B is the equalizer of f and Z 4 p.

The cokernel of f is the coequalizer of f and Z 4 p.
Clearly when a kernel of a morphism exists, it is unique up to isomorphisms.

Definition 2.10: Let R and let S be rings and I : My — Mg be a covariant functor.

F'is said to be exact (right-left) if for every exact sequence

0— Ap -2 B -2 Cr — 0 (2.2)
in Mg, the sequence
0 — F(Ap) 4 F(Br) 2% P(CR) — 0 (2.3)

is exact (right-left).

Lemma 2.4: (Snake Lemma) Given a commutative diagram of modules with exact rows.

0 - A —- A —= A" = 0
s g L (2.4)

0O - B —- B — B" — 0

there is an exact sequence 0 — Kerf — Kerg — Kerh — cokerf —

cokerg — cokerh — 0.

Lemma 2.5: (Five Lemma) Let
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/B V AR LN VA IO VAN VA
1o 1o 1 s 1 1os (2.5)

N X N = N 2 N BN

be a commutative diagram with exact rows and isomorphisms p;, 1 = 1,2,4,5. Then

w3 is also an isomorphism.

2.4. Projective and Injective Modules and Resolutions

Definition 2.11: A right R-module Py is projective if, for every epimorphism f: Mpr —
Ng and every homomorphism g: Pr — Ng, there exists a morphism h: Pr — Mg

with f o h = g.

The situation in the previous definition is described by the following

commutative diagram in which the row is exact:

Pr

g
NG (2.6)
Mp 5 Np = 0

Definition 2.12: A right R-module M is called free if it has a basis, {m; | i € I},

m; € M such that every element of M can be written uniquely in the form;
m = Z m;T; 2.7)
iel
where r; € R and all but a finite number of r; are 0.

Proposition 2.2: Let M be a right R-module.

i) A right R module M is free if and only if it is isomorphic to a direct sum of copies
Of RR.

ii) Every module M is homomorphic image of a free module.

Lemma 2.6: The followings are some properties of projective modules.

i) Every free module is projective.
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ii) Every direct summand of a projective module is projective.

iii) Every direct sum of projective modules is projective.

Proposition 2.3: The following conditions are equivalent for a right R-module Pp:

i) The module P is projective.
ii) Every short exact sequence of the form 0 — Mpr — Nr — Pr — 0 splits.

iii) The module P is isomorphic to a direct summand of a free module.

Definition 2.13: A right R-module M is said to be finitely generated if there exist
elements my, mo,....m, € M such that every element of M can be written m =

Z?zl myr;. In this case, we say that {my,ma, ....,m,} is a set of generators of M.

Thus projective modules are exactly the modules isomorphic to direct summands
of free modules. Since every free module is projective and every module is a
homomorphic image of a free module, we get that every module is a homomorphic
image of a projective module. Similarly, every finitely generated module is a

homomorphic image of a finitely generated projective module.

Corollary 2.1: A module Py is a finitely generated projective module if and only if it is

isomorphic to a direct summand of R for some n > 0.

Theorem 2.1: Every projective module is a direct sum of countably generated

projective modules.

Fix two modules My and Ni. We already know that there is a covariant functor
Hom(Mpg, —): ModR — Ab and a contravariant functor Hom(—, Ng): ModR — Ab.
Also, we have already seen that these functors Hom are “left exact”, in the sense
that, for every fixed module Mg, it 0 — N — N — N} is exact, then so
is 0 — Hom(Mg, N;) — Hom(Mpg, Ng) — Hom(Mpg, N};) and for every fixed
module N, if M, — Mr — M}, — 0 is exact, then so is 0 — Hom(M}p, Ng) —
Hom (Mg, Ng) — Hom(My, Ng).

In general, these functors Hom(Mpg, —) and Hom(—, Ng) are not exact, that
is, it is not always true that, for every fixed module Mg, if 0 - N — Np —
N7, — 0 is a short exact sequence, then 0 — Hom(Mpg, Ni;) — Hom(Mpg, Ng) —

Hom (Mg, N;) — 0 is necessarily exact and for every fixed module Ng, if 0 —
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My — Mr — M}, — 0is exact, then 0 — Hom(M};, Ng) — Hom(Mpg, Ng) —
Hom(Mpy, Ng) — 0 is necessarily exact. It is easily seen that a module My is
projective if and only if the functor Hom(Mpg, —) is exact, that is, for every exact
sequence 0 — N — Np — Np — 0, the sequence of abelian groups 0 —

Hom(Mpg, Nj,) — Hom(Mg, Ng) — Hom(Mpg, Nj,) — 0 is exact.

Proposition 2.4: The following conditions are equivalent for a right R-module FR:

i) The functor Hom(—, Er): ModR — Ab is exact, that is, for every exact
sequence 0 — My — Mp — M} — 0 of right R-modules, the sequence of
abelian groups 0 — Hom(M},, Er) — Hom(Mpg, Er) — Hom(My, ER) — 0 is
exact.

ii) For every monomorphism My — Mg of right R-modules, Hom(Mpg, Er) —
Hom(Mp, ER) is an epimorphism of abelian groups.

iii) For every submodule M}, of a right R-module Mg, every morphism My, — Epg
can be extended to a morphism Mpr — Ep.

iv) For every monomorphism f: My — Mg and every homomorphism g: My —

Eg, there exists a morphism h: Mr — Eg withho f = g.

A module Ep is injective if it satisfies the equivalent conditions of
Proposition 2.4 Condition (iv) is described by the following commutative diagram,

in which the row is exact:

\9 In (2.8)

Essentially, the unique characterization of projective modules that cannot be
immediately dualized to injective modules is the characterization of projective modules
as direct summands of free modules. In the next proposition we give a further criterion
to recognize injective modules, that is, a further characterization of injective modules,

which does not have an analog for projective modules.

Proposition 2.5: (Baer’s Criterion) A right module M over a ring R is injective if and
only if for every right ideal I of R, every morphism o: I — M can be extended to a
morphism c*: R — M.
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Definition 2.14: An abelian group G is divisible if nG = G for every non-zero integer
n. Equivalently, for every positive integer n. Thus G is divisible if and only if for every

g € G andn > 0 there exists h € G such that nh = g.

For instance, the abelian group Z is not divisible and the abelian group Q is

divisible. Homomorphic images of a divisible abelian groups are divisible.
Proposition 2.6: A Z-module G is injective if and only if it is a divisible abelian group.
Proposition 2.7: Direct summand of an injective module is injective.

Proposition 2.8: Direct product of injective modules is injective.

In particular, a direct sum of finitely many injective modules is an injective

module.

Proposition 2.9: If R is a ring and G is a divisible abelian group, then Hom(Rz, G'z)

is an injective right R-module.

Here the right R-module structure on Hom(Ryz, Gz) is that induced by the
bimodule structure on g R;. Hence, for every f € Hom(Ry, G7) and every r € R,

itis defined by fr := f o A,, where \,: R — R denotes left multiplication by r.
Theorem 2.2: Every right R-module can be embedded in an injective right R-module.

Definition 2.15: A projective resolution of a module My, is a chain complex P such that
P; = 0 for every i < 0, P; is projective for every i € 7 and there is an epimorphism

e: Py — M such that the “augmented chain complex”

.m PP 5P S M-—>P{—Py—Pg—.. (2.9)

Is exact.

Definition 2.16: A projective resolution 0 — P, — ... — Fy — M — 0 of the
R-module M is said to be of lenght n. The smallest such n is called the projective

dimension of M.

Derived functors of Hompg(M, —) and Hompg(—, N): Let Ny be fixed. Then
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there is a contravariant functor Ay := Homg(—, N): ModR — Ab. Let h'; denote
the ¢-th derived functor of hy (obtained starting from a projective resolution). Any
short exact sequence of right R-modules 0 — M’ — M — M"” — 0 induces a long
exact sequence 0 — A% (M") — B& (M) — A& (M') — hy(M") — hi(M) —
Ry (M) = h3,(M") — ...

Moreover hy is left exact, so h?v = hy. Fix Mpg. There is a covariant functor
Hy = Hompg(M,—): ModR — Ab. Consider an injective resolution of Ng, and
apply to it the functor H),, getting a cochain complex whose cohomology groups are
by definition H,(N). As for the tensor product, Hi,(N) = h’,(M) in a natural way.
Denote them by Exty (M, N). Any short exact sequence 0 — N’ — N — N” — 0
induces a long exact sequence 0 — Ext% (M, N') — Ext% (M, N) — Ext% (M, N") —
Extyp(M,N') — Extgp(M,N) — Extp(M,N") — .... Since Hy; = Hom(M, —) is
left exact, Ext% (M, N) = Homg(M, N), as for the tensor product.

The following are equivalent for Mpg:

i) Mp is projective.
ii) Exti(M, Ng) = 0 for every i > 0 and Ng.
iii) Exth(M, Ng) = 0 for every Np.

2.5. Noetherian, Artinian Modules and Rings

Definition 2.17: Mg is a module that has a maximal submodule M, and either My = 0
or it has a maximal submodule M,. Then every such process leads to an infinite
descending chain M > M, > My > .... of submodules, each maximal in its
predecessor, or there is finite chain M > M, > My > ... > M, = 0 with each
term maximal in its predecessor. Observe that if in addition M is artinian, then only
the latter option can occur. Similarly, if M is a non-zero module with the property
that every non-zero factor module has a simple submodule (e.g if M is artinian), then
there is an ascending chain 0 < L, < Ly < ... of submodules of M each maximal in
its successor. Again if M is noetherian the chain terminates at M after finitely many

terms, i.e L,, = M for some n.

Corollary 2.2: If R is a right artinian ring (right noetherian ring) and I is a two-sided
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ideal of R, then R/I is a right artinian ring (right noetherian ring).

The followings are some examples:

1) Simple modules are both noetherian and artinian.

ii) The abelian group Z(p>), where p is a prime, is a Z-module that is artinian, but
not noetherian.

iii) The Z-module Q is neither noetherian nor artinian.

iv) The abelian groups Z is a Z-module that is noetherian, but not artinian.

Corollary 2.3: Let A4, ..., A, be right R-modules. Then A1 ® Ay, & --- B A, is a
noetherian (artinian) module if and only if A; is a noetherian (artinian) module for

everyi=1,...,n.

Corollary 2.4: If R is a right noetherian (right artinian) ring and Mp is a finitely

generated right R-module, then Mpg is a noetherian (artinian) module.

Let Mg be a module. A series for Mg is a finite chain

O0=MyC M, CM,C---CM,=Mpg (2.10)

of submodules of Mg. The factors of the series are the modules M;/M; ; for i =
1,...,n. The length of the series is n. Series is called a composition series for
Mg, if, for every i = 1,...,n, the factor M;/M;_; is a simple module (equivalently,
M;_1 is a maximal submodules of M;). Two series 0 = My C M; C --- C M,, = Mg
and 0 = M) C M] C --- C M) = Mg of Mg are equivalent if n = m and there
exists a permutation o of {1,2,...,n} such that M;/M; 1 = M,;)/My(;)—1 for every
¢ =1,...,n. That is, two series are equivalent if and only if they have the same length
and the same factors up to the order.

The first series is a refinement of the second if, for every 5 = 1,...,m, there
exists i = 1,...,n such that M} = M;.

Thus a series (2.10) is a composition series if and only if it is a series without
proper refinements, that is, all the refinements of are obtain from inserting
submodules that are already in (2.10).

1) Simple modules have a composition series.
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ii) For a fixed prime p, the Priifer group Z(p>) has no composition series.

Theorem 2.3: (Artin-Schreier) Any two composition series of a module have equivalent

refinements.

Theorem 2.4: (Jordan-Hélder) If a module Mp has a composition series of length n,
then all its composition series are equivalent and every series 0 = My C My, C M, C
- C M,, = Mg of Mg can be refined to a composition series. In particular, its

length m is < n.

By the Jordan-Holder Theorem, if a module My has a composition series,
then the length and the (simple) factors of the composition series do not depend on
the composition series itself, but are determined uniquely by the module. They are
called the length (or composition length) and the composition factors of the module,
respectively. Modules that have a composition series are also called modules of finite
composition length (or of finite length).

For instance, the Z-module Z/6Z is a module of finite composition length (it
is a module with finitely many elements) Both 0 = 6Z/6Z C 27Z/6Z C 7Z/6Z and
0 = 6Z/6Z C 3Z/6Z < 7/6Z are composition series, so that Z/6Z is a module
of composition length 2. The two compositions factors of Z/6Z are isomorphic one
to Z/27 and the other to Z /37 and they do not appear in the same order in the two

composition series written above.

Proposition 2.10: Let R be a ring. A module Mgy, is of finite length if and only if it is

both artinian and noetherian.

2.6. The Radical of a Module and a Ring

A submodule N of a module My, is small (or superfluous , or inessential) in Mg
if for every submodule L of My, N + L = Mpg implies L = Mp. To denote that N is
small in Mg we will write N <, Mp.

The followings are some examples:

i) The only small submodule of Zy is 0.
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ii) In Z(p>) all proper submodules are small, because the sum of any two proper

submodules is a proper submodule.

Lemma 2.7: Followings are some properties of small submodule.

i) If K <N < Mg, then N <, M ifand only if K <, M and N/K <, M/K.

ii) If N, N' < Mg, then N + N' <, M ifand only if N <, M and N' <, M.

iii) The zero submodule is always a small submodule of any module Mg, also when
Mpg = 0.

w) If f: M — M’ is an R-module homomorphism and N <; M, then f(N) <; M.
v) K <, M < N implies K <, N.

vi) Assume K1 < My < M, Ko < My < M and M = M, & M,. Then K1 ® Ky <,
My ® Ms if and only if K1 <, My and K5 <, M,.

We will say that an epimorphism ¢g: Mp — Npg is small if Kerg is a small

submodule of Mpg.

Lemma 2.8: For any module Mp, the submodule Rad(Mpg) is the sum of all small
submodules of Mg.

Proposition 2.11: For every right module Mg, over a ring R, Rad(Mg/Rad(Mg)) = 0.
From Lemma [2.7)iv) and Lemma 2.8 we immediately get that:

Corollary 2.5:1f f: Mg — My is a homomorphism of R-modules, then
f(Rad(Mpg)) < Rad(My,). In particular, Rad(Mpg) is a subbimodule of the bimodule

End(Mp) MR-

The radical of the right R-module Ry, is called the Jacobson radical of the ring
R. It is denoted J(R). Thus J(R) := Rad(Rpg) is the intersection of all maximal right
ideals of R. Clearly, J(R) is a right ideal of R, because it is defined an intersection
of right ideals. It is a two-sided ideal, as can be seen applying Corollary [2.5] to the
endomorphism f := A, of Rg given by left multiplication by r (\.(Rad(Rg)) C
Rad(Rpg) simply means that rJ(R) C J(R).

To be more precise, we should call Rad(Rp) the right Jacobson radical of R, but
we will see as a corollary to Proposition 2.13(3) that Rad(Ry) = Rad(rR) for any
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ring R. For every right R-module M, the right annihilator rg(M) of M is the set of all
r € R such that Mr = 0. The right annihilator of any right R-module is a two-sided
ideal of R.

Lemma 2.9: The Jacobson radical J(R) of any ring R is the intersection of the right

annihilators tr(Sg) of all simple right R-modules Sr.

Proposition 2.12: (Nakayama’s Lemma) Let Mg be a finitely generated right module
and let N be a submodule of M. Then N + M J(R) = M implies N = M.

Notice that Nakayama’s Lemma can also be stated as “If Mp is finitely

generated, then its submodule M J(R) is small.”

Proposition 2.13: The Jacobson radical J(R) of a ring R can also be described as:

i) The unique largest small right ideal of R.
ii) The set of all x € R such that 1 — xr is right invertible for every r € R.
iii) The set of all x € R such that 1 — rx is left invertible for every r € R.

iv) The set of all x € R such that 1 — rxs is invertible for every r,s € R.

Notice that condition (iii) is right/left symmetric, so that J(R) can also be
described as the intersection of all maximal left ideals of R (i.e., Rad(Rg) =
Rad(zR)), or the unique largest small left ideal of R, or the set of all x € R such

that 1 — rxz is left invertible for every r € R.

Definition 2.18: Let R be a ring and let x € R. x is said to be right (resp. left)
quasi-regular if 1 — x is right (resp. left) invertible in R. x is quasi-regular if 1 — x
is invertible in R. A subset S C R is (right/left) quasi-regular if every element of S is

(right/left) quasi-regular.

Proposition 2.14: The following are equivalent for a right ideal I of a ring R
i) I isright quasi-regular.

ii) I is quasi-regular.

iii) I <, Rp.

It immediately follows that the Jacobson radical of a ring R is the sum of all

(right) quasi-regular right ideals of R.
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Proposition 2.15: Let R be a ring and I be a two-sided ideal of R and I C J(R). Then
J(R/I)=J(R)/I.

2.7. (Semi)simple, (Semi)local, (Almost) Semiperfect Rings

Definition 2.19: A simple ring is a non-zero ring that has no two-sided ideal besides

the zero ideal and itself.

Proposition 2.16: The following conditions on a ring R are equivalent.

i) R is semisimple ring.
ii) Every left (or right) R-module M is a semisimple module.
iii) Every left (or right) R-module M is injective.
iv) Every short exact sequence of left (or right) R-modules splits.

v) Every left (or right) R-module M is projective.

Lemma 2.10: Let I be a minimal right ideal of a ring R. Then either I*> = 0 or I = eR

for some idempotent e € R.

Proposition 2.17: The following conditions are equivalent for a ring R:

i) The ring R has a unique maximal right ideal.
it) The Jacobson radical J(R) is a maximal right ideal.
iii) The set of elements of R without right inverses is closed under addition.
) JJR)={reR|rR#R}.
v) R/J(R) is a division ring.
vi) J(R) = {r € R |risnot invertible in R }.

vii) Foreveryr € R, either r is invertible or 1 — r is invertible.

Notice that some of these conditions are right/left symmetric, so that right can
be substituted with left in the other conditions. The rings with identity that satisfy the

equivalent conditions of Proposition are called local rings.
Theorem 2.5: Every projective module over a local ring is free.

Proposition 2.18: Let My be a module over an arbitrary ring R and assume that
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End(MRg) is a local ring. Then the right R-module MF, is indecomposable.

Lemma 2.11: Let M be a module and | an endomorphism of M.

i) Ifn is a positive integer such that f*(M) = f"t (M), then Ker(f™) + f*(M) =
M.

ii) If M is an artinian module, then f is an automorphism if and only if f is injective.
Lemma 2.12: Let M be a module and [ an endomorphism of M.

i) If nis a positive integer such that Ker f* = Ker f"*!, then Ker(f™)N f*(M) = 0.
ii) If M is a noetherian module, then f is an automorphism if and only if f is

surjective.

Lemma 2.13: (Fitting’s Lemma) Let M be a module of finite composition length n.
Then;

i) M =XKer(f") @ f*(M) for every endomorphism f of M.
ii) If M is indecomposable, the ring End(Mpg) is local.

Proposition 2.19: If a module M is a direct sum of modules with local endomorphism

rings, then every indecomposable direct summand of M has local endomorphism ring.

Theorem 2.6: (Krull-Schmidt-Remak-Azumaya Theorem) Let M be a module that is
a direct sum of modules with local endomorphism rings. Then any two direct sum
decompositions of M into indecomposable direct summands are isomorphic, that is, if
M = @icM; = ®jec;N; for suitable indecomposable submodules M;, N;, there exists

a one-to-one correspondence p: I — J such that M; = N for every i € 1.

Corollary 2.6: Let R be a ring. The following conditions are equivalent.

i) R is semisimple artinian.
ii) R is semisimple artinian.

iii) R is left artinian and does not have any non-zero nilpotent left ideals.

If R/J(R) is semisimple artinian then R is called semilocal. This is a finiteness
condition on the ring R. For instance, in a semilocal ring R every set of orthogonal

idempotents is finite and R has only finitely many simple modules up to isomorphism
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and only finitely many indecomposable finitely generated projective modules up to
isomorphism. Semilocal rings are exactly the rings of finite dual Goldie dimension
codim(Rp) and codim(Rg) = codim(gR).

A ring R is said to be a homogeneous semilocal ring if R/J(R) is simple
artinian, that is, if R/J(R) = M,(D) for some n > 0 and some division ring
D. The class of homogeneous semilocal rings contains all local rings S and, more
generally, all rings of matrices M, (S) over a local ring S. For example, all local rings
are homogeneous semilocal, all simple artinian rings are homogeneous semilocal and
trivially, all homogeneous semilocal rings are semilocal. Since a simple artinian ring
has only one simple module up to isomorphism, a homogeneous semilocal ring R has
only one simple module S up to isomorphism and the annihilator of Sk in R is J(R).
The notion of homogeneous semilocal ring is a most natural extension of the notion of
local ring. For instance, homogeneous semilocal rings are exactly the semilocal rings
with a unique maximal two-sided ideal (see Proposition 2.1 in [Corisello and Facchinti,

2001]).

Proposition 2.20: ([|Corisello and Facchini, 2001], Proposition 3.1) A ring R is
homogeneous semilocal of dual Goldie dimension n if and only if there exists a division

ring D such that R/ J(R) = M, (D).

Proof Let R be a ring and D be a division ring such that R/J(R) = M,(D).
Then R is homogeneous semilocal and codim(R) = dim(R/J(R))by (Proposition
2.43 in [Facchini, |1998]) so that codim(R) = dim(M, (D)) = n. Conversely,
if R is a homogeneous semilocal ring of finite dual Goldie dimension n, then
R/J(R) = M,,(D) for a suitable m > 0 and a suitable division ring D. Moreover
n = codim(R) = dim(R/J(R)) by (Proposition 2.43 in [|[Facchini, \1998]). It follows
that n = dim(M,,,(D)) = m. O

Theorem 2.7: The following conditions are equivalent for a ring R.

i) Every right R-module is projective.
ii) Every right R-module is semisimple.
iii) The ring R is semisimple artinian.

Theorem 2.8: (Artin-Wedderburn Theorem) A ring R is semisimple artinian if and only
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if there exist integers t,ny,...,n; > 1 and division rings k1, ..., k; such that R =
M, (k1) x -+ x M, (k).

Moreover, if R is semisimple artinian, the integers t,n,,...,n; in the
decomposition are uniquely determined by R and k., . . . , k; are determined by R up to

ring isomorphism.
Proposition 2.21: Let R be a semisimple artinian ring. Then J(R) = 0.

Definition 2.20: A ring R is semiperfect in case R/J(R) is semisimple and idempotents
lift modulo J(R).

Local rings and left (or right) artinian rings are semiperfect. It is worthy of note
that in a semiperfect ring the radical is the unique largest ideal containing no non-zero
idempotents.

In ([Facchini, [1998]], Proposition 3.6), it is proved that a ring R is semiperfect if
and only if it has a complete set e, ..., e, of orthogonal idempotents for which every

e;Re; 1s a local ring.

Definition 2.21: In ([Facchini, |1998], Proposition 3.14) A ring R is called almost
semiperfect if it has a complete set e, ..., e, of orthogonal idempotents for which every

e; Re; is a homogeneous semilocal ring.

Thus every semiperfect ring is almost semiperfect.

2.8. (Semi)simple, Cyclic Modules

Definition 2.22: A right R-module M is said to be cyclic if there is an element mg € M
such that every m € M is of the form m = m,r, where r € R. Also my is called the
generator of M and we write M =< m, >. In other words, a module with a simple

element spannnig set.

Definition 2.23: A simple right module is a non-zero right module Mp whose
submodules are only Mg and 0 in other words a simple module has exactly two

submodules.
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Lemma 2.14: A right module Mp, is simple if and only if it is isomorphic to Rg/I for

some maximal right ideal I of R.

Lemma 2.15: (Schur’s Lemma) The endomorphism ring of a simple module is a

division ring.

Definition 2.24: A module My is semisimple if every submodule of My is a direct

summand of Mp.

Every simple module is semisimple. If R is a division ring, every module over

R 1s semisimple.

Lemma 2.16: Submodules and homomorphic images of semisimple modules are

semisimple modules.

Definition 2.25: Let Mg be a right R-module. The socle of Mg (Soc(MRg)) is the sum

of all simple submodules of M.
Thus Soc(M) = 0 if and only if M has no simple submodules.

Theorem 2.9: The following conditions are equivalent for a right R-module M :

i) M is a sum of simple submodules, that is, M is equal to its socle.
ii) M is a direct sum of finitely many simple submodules.
iii) M is semisimple.
iv) S is of finite composition length.

v) S is artinian.

vi) S is noetherian.

2.8.1. Projective Cover and Injective Envelope of a Module

Recall that every module is a homomorphic image of a projective module. Now
we look for the smallest possible representation of Mz as a homomorphic image of a

projective module.
Definition 2.26: A projective cover of a module My, is a pair (Pg,p) where Py is a
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projective right R-module and p: P — M is a small epimorphism.

Lemma 2.17: (Fundamental lemma for projective covers and uniqueness of projective

covers up to isomorphism)

i) Let (P,p) be a projective cover of a right R-module M. If Q) is a projective
module and q: () — M is an epimorphism, then () has a direct-sum decomposition
Q = P’ @® P" where P' = P, P" C Ker(q) and (P', qp': P — M) is a projective
cover.
ii) Projective covers, when they exist, are unique up to isomorphism in the following
sense. If (P, p), (Q, q) are two projective covers of a right R-module M, there is an

isomorphism h: () — P such thatpo h = q.

A submodule N of a module My is essential (or large) in My if, for every
submodule L of Mg, N N L = 0 implies L = 0. In this case, we will write N <., M.
A monomorphism f: Np — Mp is said to be essential if its image f(Ng) is an

essential submodule of Mp.

i) A monomorphism f: N — M is essential if and only if for every module L and
every homomorphism g: M — L, if gf is injective, then g is injective.
ii) Let f: N — M and g: M — P be two monomorphisms. The composite
mapping g f is an essential monomorphisms if and only if f and g are both essential

monomorphisms.

Let M be a right R-module. An extension of M is a pair (N, f), where N is a
right R-module and f: M — N is a monomorphism. An essential extension of M is
an extension (N, f) where f: M — N is an essential monomorphism. An extension

(N, f) is proper if f is not an isomorphism.

Proposition 2.22: A module Mpg is injective if and only if it does not have proper

essential extensions.

Definition 2.27: An injective envelope of a module Mg is a pair (FEr, 1) where Eg is

an injective right R-module and i: M — ER is an essential monomorphism.
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For example, if ¢ is the inclusion of Zz into Qz, then (Qgz, %) is an injective
envelope of Zy. Dualizing the proof of the fundamental theorem of projective covers

we get the following

Lemma 2.18: (Fundamental lemma for injective envelopes and uniqueness of

projective covers up to isomorphism)

i) Let (E,1) be an injective envelope of a right R-module M. If F is an injective
module and j: M — F'is a monomorphism, then F has a direct-sum decomposition
F = F' @& F" where F' 2 E, j(M) C F' and if j: Mp — F' is the mapping
obtained from j restricting the codomain to F', then (F', j') is an injective envelope
of M.
ii) Every right R-module has an injective envelope, which is unique up to
isomorphism in the following sense: if (E, i) and (E', i) are both injective envelopes

of M, then there exists an isomorphism h: E — E' such that hi = 17'.

Like for the tensor product of two modules, the injective envelope of a module
Mg, which is unique up to isomorphism, will not be usually denoted as a pair. We will
usually omit to indicate the embedding of M into the injective module. The injective

envelope of a module My will be usually denoted by E(MEg).

Lemma 2.19: If Ngp <. Mg, then E(Ngr) = E(Mg). More precisely, if (M, f) is an
essential extension of N and (F, ¢) is an injective envelope of M, then (E,co f) is an

injective envelope of N.

Proposition 2.23: An extension (E, <) of a module M is an injective envelope of M if
and only if it is a maximal essential extension of M. More precisely, let ¢: M — FE
be a right R-module monomorphism. Then (E.¢) is an injective envelope of M if
and only if it is an essential extension and, for every monomorphism f: E — N, if

(N, f o€) is an essential extension of M, then f is an isomorphism.

Proposition 2.24: If M = M, & - - - & M, for suitable submodules M, . .., M, of M,
then E(M) = E(M;) @ - -- ® E(M,,).

Proposition 2.25: If N < M, then E(N) is a direct summand of E(M).
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Recall that the radical of a module is the sum of all small submodules. Next
proposition shows the dual result. Recall that the socle is the sum of all simple

submodules, that is, the sum of all minimal submodules.

Proposition 2.26: For every module M, Soc(M) is the intersection of all essential

submodules of M.

2.8.2. (Co)uniform Modules and (Dual) Goldie Dimension

Definition 2.28: A module Uy, is couniform if it has dual Goldie dimension 1, that is, it

is non-zero and the sum of any two proper submodules of Ug is a proper submodule of

Ukg.

Lemma 2.20: (Lemma 8.7 in [Amini and Facchini, 2008]) The following conditions are

equivalent for a projective right module P over an arbitrary ring R:

i) Pgis couniform.

ii) Pgis the projective cover of a simple module.

iii) The endomorphism ring End(Pg) of Pg is local.

iv) There exists an idempotent e € R with Pr = eR and eRe a local ring.
v) Pgis a finitely generated module with a unique maximal submodule.

vi) Pgr has a greatest proper submodule.

Moreover, if these equivalent conditions hold, then Hom(Pg, R) is a couniform

projective left R-module.

Lemma 2.21: The following conditions are equivalent for a non-zero module M :

i) IfN,N' < Mand NN N' =0, then N =00r N = 0.

ii) The intersection of two non-zero submodules of M is non-zero.
iii) Every non-zero submodule of M is essential in M.
iv) Every non-zero submodule of M is indecomposable.

v) The injective envelope E(M) of M is indecomposable.

The modules that satisfy the equivalent conditions of Lemma [2.21] are called

uniform modules.
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Proposition 2.27: The following conditions are equivalent for an injective module E:

i) ERisindecomposable.
ii) ER is uniform.

iii) The endomorphism ring of Eg is local.

Lemma 2.22: Let Mg be a module without uniform submodules. Then Mg has an

infinite independent set of non-zero submodules.

Theorem 2.10: The following conditions are equivalent for a module Mpg.

i) Mpg does not have an infinite independent set of non-zero submodules.

ii) Mg has a finite independent set { Ay, Ay, ..., A,} of uniform submodules and
A @ - DA, is essential in Mpg.

iii) There exists a non-negative integer m such that the cardinalities of all the
independent sets of non-zero submodules of Mp are < m.

iv) If Ag < Ay < Ay < ... is an ascending chain of submodules of Mg, then there

exists © > 0 such that A; is essential in A; for every j > 1.

Moreover, if these equivalent conditions hold and {A;,As,..., A,} is a finite
independent set of uniform submodules and A1 @ --- @ A, is essential in Mg, then

any other independent set of non-zero submodules of Mg has cardinality < n.

Thus, for a module Mg, either there is a finite independent set { Ay, As, ..., A,}
of uniform submodules with A; ® As @ --- ® A,, essential in My and in this case
n is said to be the Goldie dimension of My denoted by dim(Mpg), or My contains
infinite independent sets of non-zero submodules, in which case Mp, is said to have
infinite Goldie dimension. For instance, uniform modules are exactly the modules of
Goldie dimension one. Since a module M is essential in its injective envelope E(M),
dim(M) = dim(E(M)). If a module M has finite Goldie dimension n, it contains an
essential submodule that is the finite direct sum of n uniform submodules Uy, ..., U,
and in this case E(M) = E(U;) @ E(U,) @& --- @ E(U,,) is the finite direct sum of
n indecomposable modules. By the Krull-Schmidt-Azuyama Theorem, if E(M) is a
finite direct sum of indecomposable modules, then the number of direct summands in

any indecomposable decomposition of E(M) does not depend on the decomposition.
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Hence a module M has finite Goldie dimension n if and only if its injective envelope
E(M) is the direct sum of n indecomposable modules.

In the next proposition we collect the most important arithmetical properties of
the Goldie dimension of modules. Some of these properties have already been noticed.

Their proof is elementary.

Proposition 2.28: Let M be module.

i) dim(M) = 0 ifand only if M = 0.

ii) dim(M) = 1 if and only if M is uniform.

iii) If N < M and M has finite Goldie dimension, then N has finite Goldie
dimension and dim(N) < dim(M).

) If N < M and M has finite Goldie dimension, then dim(N) = dim(M) if and
only if N is essential in M.

v) If M and M' are modules of finite Goldie dimension, then M & M’ is a module
of finite Goldie dimension and dim(M @& N) = dim(M) + dim(N).

Note that artinian modules and noetherian modules have finite Goldie dimension.
For an artinian module M, the Goldie dimension of M is equal to the composition
length of its socle (Soc(AM)). In particular, an artinian module M has Goldie dimension

1 if and only if it has a simple socle.

2.8.3. Finitely, Couniformly, Cyclically Presented Modules

Definition 2.29: A module M is finitely presented if it is finitely generated and for every
epimorphism p: Fr — Mpg with Fr a finitely generated free R-module, the kernel of

@ is finitely generated.

Example 2.1: A ring R is right noetherian if and only if every finitely generated right

R-module is finitely presented.
Example 2.2: Every finitely generated projective module is finitely presented.

Lemma 2.23: (Schanuel’s Lemma) Let 0 — K i) EFE— M — 0and 0 —

K L5 B — M’ — 0 be two short exact sequences of right R-modules with E, E'
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injective modules. Then E & M' = E' @& M.

Corollary 2.7: A module MR is finitely presented if and only if it is isomorphic to Pg/S

where P is finitely generated and projective and S is a finitely generated submodule

Of P R
Theorem 2.11: Every right module is a direct limit of finitely presented modules.

Definition 2.30: [|[Facchini and Girardi, 2010] A module My, is couniformly presented
if it is non-zero and there exists short exact sequence 0 — Cr — Pr — Mp — 0 with

Pg projective and both Pr and Cg are couniform modules.

In this case, we will say that 0 - Cr — Pr — Mpr — 0 is a couniform
presentation of Mp. Notice that P — Mpg is necessarily a projective cover of Mg,
because every proper submodule of Pg is small. Without loss of generality, we can
suppose that the monomorphism ¢ : Cr — Py is the inclusion. Clearly, every
couniformly presented module is cyclic. Every cyclically presented module over a
local ring R is either zero, or isomorphic to R, or couniformly presented [Facchini and

Girardi, 2010

Definition 2.31: [Amini and Facchini,|2008] A right module over a ring R is said to be

cyclically presented if it is isomorphic to R/aR for some a € R.

The endomorphism ring of a non-zero cyclically presented module R/aR is
canonically isomorphic to E/aR, where E := {r € R | ra € aR} is the idealizer
of aR and the right ideal aR of R is a two-sided ideal in the subring £ of 12 [Amini
and Facchini, [2008]].
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3. PRELIMINARY RESULTS

Various classes of modules with a behavior close to the behavior described in
([Facchini and Girardi, 2010], Theorem 2.5 and 4.3) have been studied: cyclically
presented modules over local rings [Amini and Facchini, 2008]], kernels of non-zero
morphisms between indecomposable injective modules [Facchini et al., 2010, artinian
modules whose socle is isomorphic to the direct sum of two fixed simple modules
[Facchini and Prihoda, 2010|] and so on.

In [Facchini and Girardi, |2010] Facchini and Girardi came up with notion of
couniformly presented modules, which extend to arbitrary rings the class of cyclically
presented modules over local rings. Now we will give some important results of them.

Let R be an arbitrary ring. Given any couniformly presented right module Mp
with couniform presentation 0 — Cg 4 Pr—Mp — 0, every endomorphism f of
MR lifts to an endomorphism f; of the projective cover Pg and f; is the restriction of

fo to Cz. Hence one has a commutative diagram.

0 — CR —L> PR — MR — 0
ln 1 fo s (3.1)

0 — OR—L> PR —>MR—>0

The morphisms f, and f; that complete above diagram are not uniquely
determined by f. Nevertheless, it is easily seen that f : Mr — MFg is an epimorphism
if and only if fy : Pr — Pg is an epimorphism, if and only if f; is an automorphism.
It follows that if one substitutes fy and f; with two other morphisms f) and f| making
the diagram analogous to diagram commute, then f, : P — Pg is an epimorphism if
and only if f) : Pr — Pg is an epimorphism. In this notation, they showed the same

holds for Ck, i.e., that

Lemma 3.1: ([Facchini and Girardi, 2010], Lemma 2.3) f; : Cr — Cg is an

epimorphism if and only if f{ : Cr — Cg is an epimorphism.

Proof The commutativity of the two diagrams (one relative to fy, f1, the other relative

to f{, f1) gives, by subtraction, a commutative diagram,
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L

0 — Cr — Pr — Mr — 0
L h-f b o1 Lo (3.2)
0 — CR —L> Pgr — Mp — 0

Hence (fo — f§)(Pr) C Cg. Since Cg is superfluous in Pg, it follows that
(fo = fo)(CRr) is superfluous in ( fo — f3)(Pr), so that (fo — f5)(Cr) = (f1 — f1)(Cr)
is a proper submodule of Cr. Thus f, — f| is not an epimorphism. This and the fact
that Cg is couniform yields that f; : Cr — Cg is an epimorphism if and only if

f1 : Cr — Cg is an epimorphism. O

Recall that, P is called prime if it is proper ideal of an arbitrary ring R and for
any ideal A and B of R the relation AB C P implies A C Por B C P.

P’ is called completely prime if it is proper ideal of an arbitrary ring R and for
any element a and b of R the relation ab C P’ implies a C P’ or b C P’. Trivially,
every completely prime ideal is prime.

For every couniform module Ug, the endomorphism ring End(Uy) has a proper
completely prime two-sided ideal K, consisting of all the endomorphisms of Uy, that
are not surjective (see Lemma 6.26 in [Facchini, |1998]]). The ring End(Ug)/Ky, is
an integral domain, but it is not a division ring in general (for instance, take as Up
the Priifer group Z(p>) viewed as a Z-module). The previous lemma also shows
that for every couniformly presented right module My with couniform presentation
0 = Cr = Pp — Mg — 0, there is a well-defined ring morphism End(Mg) —
End(Cr)/Kc,, defined by f — f1 + Kc,.

By previous lemma the ring morphism ® : End(Mpy) — End(Mg)/Ky,, X
End(Cgr)/Kc,, defined by O(f) = (f + Ky, f1 + K¢y,) for every f € End(Mpg).
Recall that a ring morphism ¢ : S — S’ is said to be a local morphism if, for every

s €S, ¢(s) € U(S") implies s € U(S).

Lemma 3.2: ([[Facchini and Girardi, 2010], Lemma 2.4) Let 0 — Cr — Pr — Mpr —
0 be a couniform presentation of a couniformly presented module Mp. Then the ring

morphism @ is local.

Proof Let f € End(Mpg) be an endomorphism with ®(f) invertible. Consider the

commutative diagram
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0 — CR L) PR — MR - 0
lh 1 5o ls (3.3)

0 — CR L) Pr — Mgr — O.

Then [ + Ky, and f1 + K¢, are invertible in End(Mg) /Ky, and (Cr)/Kc,,
respectively, so that, in particular, f ¢ Ky, and fi ¢ Kc,, that is, the morphisms
f and f, are epimorphisms. Thus fy is also an epimorphism, hence an automorphism
of Pr because Py, is projective and indecomposable. By the Snake Lemma applied to

above diagram , f isomorphism and f, epimorphism imply f monomorphism. O

The following result describe the endomorphism ring of a couniformly presented

module.

Theorem 3.1: ([|[Facchini and Girardi, 2010], Theorem 2.5) Let 0 — Cgp —
Pr—Mp — 0 be a couniform presentation of a couniformly presented module Mp.
Let K := {f € End(Mg) | fis not surjective} and I = {f € End(Mg) | fi1 :
Cr — CRgis not surjective }. Then K and I are completely prime two-sided ideals of
End(Mp), the union K U1 is the set of all non-invertible elements of End(Mpg) and any
proper right ideal of End(Mpg) and every proper left ideal of End(MRg) is contained

either in K orin I. Moreover, one of the following two conditions holds:

i) Either the ideals K and I are comparable, so that End(Mpg) is a local ring with
maximal ideal the greatest ideal among K and I, or

ii) K and I are not comparable, J(End(Mpg)) = KNI and End(Mg)/J(End(MEg))
is canonically isomorphic to the direct product of the two division rings

End(Mpg)/K and End(Mgz)/1.

Proof Let m; and Ty be the canonical projections of End(Mg) /Ky, x End(Cgr)/Kcy,
onto End(Mpg)/ K, and End(CRr)/ K¢, respectively. It is known that K = Ky, is
a completely prime ideal of End(Mpg). Notice that I is the kernel of the composite
morphism mo® : End(Mg) — End(Cgr)/Kc,. As End(Cr)/Kc,, is an integral
domain, it follows that I is a completely prime ideal of End(MRg).

As the ideals K and I are proper, it follows that K U I C End(Mpg)(End(MEg)).
Conversely, if f € End(Mpg) is non-invertible, it is not an auto-morphism, so that it
is either non-surjective or non-injective. If f is not surjective, then f € K. If f is

surjective but not injective, then in diagram from previous fy is surjective, so that f;
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is an automorphism of Pr. By the Snake Lemma applied to the same diagram, fy
automorphism of Pr and f non-injective imply f, non-surjective. Thus | € I.

Every proper right or left ideal L of End(MR) is contained in K'\UI. If there exist
r€Landy € Lythenz+y € L,z € landy € K. Hencex+y ¢ Kandx+y ¢ 1.
Thus x +y ¢ K U I, sothat x +y € L and is an invertible element of End(Mpg), a
contradiction. This proves that L is contained either in K or in I. In particular, the
unique maximal right ideals of End(Mp) are at most K and I. Similarly, the unique
maximal left ideals of End(Mpg) are at most K and 1.

If K and I are comparable, then (i) clearly holds. If K and I are not
comparable, the ring End(Mg) has exactly two maximal right ideals K and I, so
that J(End(Mpg)) = K NI, End(Mg)/K and End(Mpg)/I are division rings and
there is a canonical injective ring homomorphism © : End(Mg)/J(End(Mg)) —
End(Mg)/K x End(Mg)/I. But K + I = End(Mg) because K and I are
indecomposable maximal right ideals of End(MEg), hence 7 is surjective by the Chinese

Remainder Theorem. O]

If Mg and M}, are two couniformly presented modules with couniform
presentations 0 — Cp — Pr — Mp — 0and 0 — Cf — P, — My — 0,
Mpr and M}, have the same lower part and denoted by [Mpg], = [M}];, if there are
two homomorphisms f, : Pr — Py and f{ : P, — Pg such that f,(Cr) = C% and
f{(CR) = Cg. In particular, if Mg and M}, have the same lower part, then Cz and C',
have the same epigeny class.

If Mg and Mj, are two couniformly presented modules with couniform
presentations 0 - Cp — Pr — Mp — 0and 0 — Cf — P, — M, — 0,
then there are idempotents e, e’ € R with Pp = eR and P, = €¢'R. If one assumes
Pr = eRand P}, = eR, C, C' right ideals of R contained in eR, €' R respectively and
Mpr =eR/C, My, =€ R/C", then Mp and M}, have the same lower part if and only if
there exists r, s € R such that rC' = C’ and sC’ = C. Also their definition of having
the same lower part for arbitrary couniformly presented modules over arbitrary rings

extends the definition of having the same lower part given in [Facchini et al., 2010] for

cyclically presented modules over local rings.

Remark 3.1: ([Facchini and Girardi, 2010], Remark 3.1) Let Mpr and Mj, be

couniformly presented modules. It is easily seen that My and My, have the same
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lower part if and only if there exists an endomorphism f € End(Mg) I of Mg that
factors through My, Similarly, Mp and My, have the same epigeny class if and only
if there exists an endomorphism f € End(Mg) K of Mg that factors through M7,
Here I and K are the completely prime ideals of End(MEg) defined in the statement of

previous theorem.

Lemma 3.3: ([Facchini and Girardi, 2010], Lemma 3.2) Let Mp and M}, be
couniformly presented right modules over a ring R. Then Mp = M, if and only if
[Mg]: = [Mg]; and [Mgle = [ME]e.

Proof Let E := End(Mg) and let I and K be the ideals of E as in previous theorem.
Assume that M and M7}, have the same epigeny class and the same lower part. Then
there exists f € E and g € E such that both f and g factor through M7, If either f or
g is an automorphism, it follows that My, is isomorphic to a non-zero direct summand
of My, which is indecomposable, thus Mp = My. Assuming that f and g are not
automorphisms, since f € I and g € K, hence f + g is an automorphism of My that
factors through My, ® M,. By ([Dung and Facchini, |1998)], Lemma 2.3), it follows that
M@, is isomorphic to a direct summand of My, thus also in this case Mg == M. The

converse is obvious. O]

Theorem 3.2: [Facchini and Girardi, |2010] Let M, ..., M,,, N1, ..., Ny be couniformly
presented right R-modules. Then My & ... & M,, = Ny & ... & N, if and only if
n = t and there are two permutations o, T of 1,2, ..., n such that [Ny|; = [M;); and
[N-iy]e = [Mi]e for everyi=1,2,...,n.

In [Corisello and Facchini, 2001]], Corisello and Facchini showed how properties

of local rings extend to homogeneous semilocal rings.

Proposition 3.1: ([Corisello and Facchini, 2001], Proposition 2.1) In a homogeneous
semilocal ring R the Jacobson radical J(R) is the unique maximal proper two-sided
ideal of R, that is, J(R) contains all proper two-sided ideals of R. Conversely, if a
semilocal ring R has a unique maximal proper two-sided ideal, then R is homogeneous

semilocal.

Proof If a proper two-sided ideal of a homogeneous semilocal ring R, then [ +
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J(R)/J(R) is a two-sided ideal of the simple ring R/J(R), so that either [ + J(R) =
RorI C J(R). But I + J(R) = R implies that x + y = 1 for some x € I and some
y € J(R), so that x = 1 — y is invertible in R. Thus I = R, a contradiction.
Conversely, if a semilocal ring R has a unique maximal two-sided ideal I, then
I O J(R), so that 1/J(R) is the unique maximal two-sided ideal of the semisimple
artinian ring R/J(R). A semisimple artinian ring is a direct product of matrices over
division rings, so that if such a ring has a unique maximal two-sided ideal, then the

ring must be simple. Thus R/J(R) is simple and R is homogeneous semilocal. O

In particular, every homomorphic image of a homogeneous semilocal ring
is a homogeneous semilocal ring (see Example(6), p.7 in [Facchini, [1998]). A

commutative ring is homogeneous semilocal if and only if it is local.
Proposition 3.2: ([|Corisello and Facchini, | 2001|], Proposition 2.2)

i) If R is a homogeneous semilocal ring and p is a positive integer, then the ring
M,,(R) of p x p matrices with entries in R is a homogeneous semilocal ring.
ii) If R is a homogeneous semilocal ring and e is a non-zero idempotent element of

R, then the ring eRe is homogeneous semilocal.

Proof If R is homogeneous semilocal, then R/J(R) = M, (D) for some n > 0
and some division ring D. Therefore, M,(R)/J(M,(R)) = M,(R)/M,(J(R)) =
M,(R/J(R)) = M,,(D) is simple artinian. Similarly, if 0 # e¢ = €*> € R, then
eRe/J(eRe) = eRe/eJ(R)e = (e + J(R))(R/J(R))(e + J(R)). Hence it suffices
to show that S is a simple artinian ring and € is a non-zero idempotent of S, then
eSe is simple artinian. Now S = End(Vp) for a finite dimensional vector space Vp
over a division ring D and € corresponds to an idempotent endomorphism of Vp.
If Up and W ate the image and the kernel of this idempotent endomorphism, then

Vp = Up & Wp and eéSe = End(Up) is a simple artinian ring. O

Theorem 3.3: ([Corisello and Facchini, 2001|], Theorem 2.3) Let R be homogeneous

semilocal ring. Then

i) There exists a unique indecomposable finitely generated projective R-module P
up to isomorphism.

i) Every projective R-module is isomorphic to direct sum P for some set X.
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iii) If X, Y are sets, then PX) and PY) are isomorphic if and only if X and Y have

the same cardinality.

Proof Let S be the unique simple R-module up to isomorphism. For every finitely
generated projective R-module ), the module ()/QJ(R) is semisimple because it is
a module over the simple artinian ring R/J(R) and therefore there exists a unique
nonnegative integer ng such that Q/QQJ(R) = S"?. By Nakayama’s Lemma, ng = 0
if and only if Q = 0. Let P be a non-zero finitely generated projective R-module with
np minimal and let () be an arbitrary non-zero finitely generated projective R-module.
Then ng > np, so that there is an epimorphism S™? — S™? = P/P J(R). Since there
exists also an epimorphism ) — Q/QJ(R) = S™<, the composite mapping is an
epimorphism ¢ : (Q — P/PJ(R). As Q is projective, ¢ lifts to a homomorphism
Y Q — P such that »(Q) + PJ(R) = P. Again from Nakayama’s Lemma it follows
that (Q) = P, i.e., ) is surjective. Since P is projective, P is isomorphic to a direct
summand of Q). This shows that every non-zero finitely generated projective R-module
has a direct summand isomorphic to P. In particular, (i) holds.

It shall be proven now that every non-zero projective right R-module Q) is a
generator (recall that a module Qg is a generator if and only if Rg is isomorphic to
a direct summand of Q%X) for some set X ). Let () be a non-zero projective module.
By (Proposition 2.7 in [Bass, 1960]), Q/QJ(R) # 0. As R/J(R) is simple artinian,
every R/J(R)-module is isomorphic to a direct sum of copies of the unique simple
R/J(R)-module S. Thus Q/QJ(R) = S'X) for some nonempty set X. Hence there
is an epimorphism (Q/QJ(R))"® — S"™t = R/J(R). As in the proof of (i) the
module Rr must be isomorphic to a direct summand of Q"%. This shows that every
non-zero projective right R-module is a generator, that is, R is (right)p-connected in
the terminology of Bass [Bass, [1963|] and of Fuller and Shutters [Fuller and Shutter,
1975]. By (Theorem 1 in [Fuller and Shutter, 1975]) every projective right R-module
is isomorphic to a direct sum of copies of a projective indecomposable cyclic R-module
and from this (ii) follows trivially.

If P = PO then PO /P J(R) = PY)/PY) J(R), that is, (S™F)X) =
(S"7)Y). By (Theorem 2.14 in [Facchini, 1998]) np | X |= np | Y
X |=| Y|

, from which
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]

Corollary 3.1: ([Corisello and Facchini, 2001|], Corrollary 2.4) Let M # 0 be a
module over an arbitrary ring R and suppose that the endomorphism ring End(Mp) is
homogeneous semilocal. Then there exists an indecomposable submodule N of Mg
with End(Ng) homogeneous semilocal and a nonnegative integer t such that Mp =
N}. Moreover, if Mp = My & - - - @& M,, is another direct sum decomposition of My

into indecomposable direct summands, thenn =t and M, = ... = M, = Ng.

Proof There is a category equivalence induced by the functors Homg(Mpg, —) : Mod—
R — Mod — End(Mg) and — ®gna(ri) Mr : Mod — End(Mpz) — Mod — R

between the category add(Mpg) of direct summands of finite direct sums M7}, of copies
of Mg and the category of finitely generated projective right End(Mpg)-modules (see
Theorem 4 in [Facchini, 1998)]). Now apply, (Theorem 2.3 in [|Corisello and Facchini,
2001]]). [

Next theorem shows that whenever one can localize a right noetherian ring R
at a right localizable prime ideal P, the ring Rp is a homogeneous semilocal ring.
Here Rp denotes the right quotient ring R with respect to the set Cx(P) = {z € R :

x + Pis not a zero divisor inR/ P} of all elements of R regular modulo P.

Theorem 3.4: ([|Corisello and Facchini, 2001|], Theorem 4.1) Let R be a right
noetherian ring, P a right localizable prime ideal and Rp the localization. Then Rp

is a homogeneous semilocal ring.

Proof The right R-module R/ P is Cr(P)-torsionfree. Let P¢ = {px~' : p € P,z €
Cr(P)} be the extension of P in Rp. From (Theorems 9.17 and 9.20 in [Goodearl
and Warfield, |1989]) it is known that P° = PRp is an ideal in Rp and P°c = P.
It is easliy checked that R/ P is a right order in R,/ PRp via the canonical mapping
R/P — Rp/PRp. As R is right noetherian, R/ P is a prime right Goldie ring. Since
R/ P is aright order in Rp/PRp, the ring, Rp/PRp is simple artinian.

In order to conclude the proof it suffices to show that PRp = J(Rp). As
Rp/PRp is simple artinian, it has a unique simple module, which is faithful. Thus
Rp has a simple module whose annihilator is PRp. Since J(Rp) is the intersection of

the annihilators of all simple Rp— modules, it follows that PRp O J(Rp). In order
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to prove the opposite inclusion PRp C J(Rp), it shall be shown that every maximal
right ideal I of Rp contains PRp. Assume that I is a maximal right ideal I of Rp
contains PRp. Then I + PRp = Rp, so that there exist a € I°, b € Cgr(P) and
xr € PRp such that ab™ + x = 1. Thena + zb = b, i.e, a —b = zb € (PRp)° = P.
As b is regular modulo P, a € I° must be regular modulo P. Therefore I = Rp,

contradiction. L]

In [Barioli et al., |2001]], Barioli, Facchini, Raggi and Rios firstly, showed that
every almost semiperfect ring is semilocal and if M = M; & --- & M, is direct
sum of modules M; with homogeneous semilocal endomorphism ring End(M/;), then
the almost semiperfect endomorphism ring End(} ) is necessarily semilocal, so that
M has only finitely many direct sum decompositions up to isomorphism. And
finally they studied the modules M with a finite direct sum decomposition M =
M, & - - -@® M, such that all endomorphism rings End(/;) are homogeneous semilocal
and found complete results about uniqueness of such decompositions (Krull-Schmidt
Theorem). Moreover they showed that such a module M can have different direct sum

decompositions up to isomorphism.

Theorem 3.5: ([|Barioli et al.| |2001|], Theorem 2.1) Let ¢4, . . ., e, be a complete set of
orthogonal idempotents of a ring R. If e; Re; is semilocal for every i = 1,...,n, then

R is semilocal.

Proof It is denoted by codim the dual Goldie dimension (see [Facchini, |1998)]).
For a projective module My with endomorphism ring S = End(Mg), it is known
that codim(Mg) = codim(Sgs) (see Corrollary 4.3 in [Garcia Hernandez and
Gomez Pardo, 1987]). In particular, for any idempotent e € R, codim(eRg) =
codim(eRe. Re).

As semilocal rings are exactly the rings of finite dual Goldie dimension (see
Proposition 2.43 in[Facchini, |1998)]), if e; Re; is semilocal for everyi =1, ..., n, then
codim(e; Rg) = codim(e; Re;) < oo for every i = 1,...,n, so that codim(Rg) =

codim(e; Rg) + - - - + codim(e,, Rg) < oo and therefore R is semilocal. N

Corollary 3.2: ([|Barioli et al., 2001)], Corollary 2.2) Let M, . .., M,, be right modules
over aring R. Set M = My @ --- & M,,. Suppose that Endg(M,) is a semilocal ring
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foreveryi =1,...,n. Then Endg(M) is semilocal. In particular, M has only finitely

many direct sum decomposition up to isomorphism.

Proof The first part of the statement follows immediately from (Theorem 2.1 in [Barioli
et al., |2001\]). The second part follows from the first one and (see [[Facchini, 1998,
p.107). [

Theorem 3.6: ([Barioli et al, 2001|], Theorem 3.5) Let My be a module over a
ring R and Mp = N @ N' a direct sum decomposition of Mp. Suppose that
Mr=M @& ---®M,and N = N, @ --- @ N,, are two direct sum decomposition
into indecomposable direct summands of My and N respectively and that all the
endomorphism rings End(M},) and End(N,) are homogeneous semilocal. Then also
N’ has a direct sum decomposition N' = N{ & --- & N/ into indecomposable
direct summands N; such that all the endomorphism rings End(N}) are homogeneous
semilocal and there is an injective mapping p : 1,....m — 1,...,t such that

Ny = My foreveryl =1,...,m.

Theorem 3.7: ([Barioli et al., 2001, Theorem 3.6) (Krull-Schmidt Theorem for direct
sums of modules with homogeneous semilocal endomorphism rings) Let M be a
module over a ring R. Suppose Mr=M & --- &M =N, &---®N,, are two
direct sum decompositions of M g into indecomposable direct summands and that all
the endomorphism rings End(M},) and End(N,) are homogeneous semilocal. Then the

two given direct sum decompositions of M g are isomorphic.

Proof Apply ([Barioli et al., 2001|], Theorem 3.5) with N' = 0, so that there exists

an injective mapping ¢ : 1,...,m — 1,...,t such that Ny = M for every | =
1,...,m. By symmetry there exists an injective mapping ) : 1,...,t — 1,... m such
that My, = Ny, for every k = 1,. .. t. The conclusion follows immediately. [

Corollary 3.3: ([Barioli et al., 2001], Corollary 3.7) Let Mp = My ® --- ® M, =
Ny @ --- @ N,, be two direct sum decompositions of a module M i over an arbitrary
ring R. If all the endomorphism rings End(M},) and End(N;) are almost semiperfect,

then the two given direct sum decompositions of M r have isomorphic refinements.

In [Amini and Facchini, 2008] Authors proved that two matrices diag(a, ..., a,)
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and diag(by, ..., b,) over a local ring R are equivalent if and only if there are two
permutations o, 7 of {1,2,...,n} such that [R/a;R], = [R/b,iR]; and [R/a;R]. =
[R/b.iR)|. for every i = 1,2,...,n. Following results were obtained studying the
direct-sum decompositions of finite direct sums of cyclically presented modules over
local rings. The theory of these decompositions turned out to be incredibly similar to
the theory of direct-sum decompositions of finite direct sums of uniserial modules over

arbitrary rings.

Theorem 3.8: ([Amini and Facchini, 2008|], Theorem 2.1) Let a be a non-zero
non-invertible element of a local ring R, let E be the idealizer of aR and let E/aR
be the endomorphism ring of the cyclically presented right R-module R/aR. Let
I ={reR:ra€alJ(R)}and K = J(R) N E. Then I and K are completely
prime two-sided ideals of E containing aR, the union (I /aR) U (K/aR) is the set of
all non-invertible elements of E /aR and every proper right ideal of E /aR and every
proper left ideal of E/aR is contained either in I /aR or in K/aR. Moreover, exactly

one of the following two conditions hold:

i) Either the ideals I and K are comparable, so that E/aR is a local ring with
maximal ideal (I /aR) U (K/aR), or

ii) I and K are not comparable, J(E/aR) = (I N K)/aR and (E/aR)/J(E/aR)
is canonically isomorphic to the direct product of the two division rings E/I and

E/K.

In particular, cyclically presented modules over local rings have semilocal
endomorphism ring, hence cancel from direct sums (see Corollary 4.6 in [Facchini,

1998]).

Remark 3.2: ([Amini and Facchini, 2008], Remark 2.2) If a is non-zero non-invertible
element of a commutative local ring R, then the idealizer E coincides with R and
I = K. To see it, notice that if r € R, then ra = aj for some j € J(R), so that a # 0
annihilates r — j. Thus v — j € J(R) and from this r € K. Conversely, if r € K, then
r € J(R), hencera € aJ(R) and r € 1. Thus the endomorphism ring E /aR of R/aR
is the local commutative ring R/aR with maximal ideal I /aR = K/aR = J(R)/aR.

Recall the following elementary lemma, which was proved in (Lemma 2.1 in
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[Amini and Facchini, 2008]]).

Lemma 3.4: ([Amini and Facchini, |2008|], Lemma 2.3) Let R be a ring in which all
right zero-divisors are in the Jacobson radical, e.g., let R be a local ring and let
r,s € R. Then rR = sR if and only if there exists an invertible element v of R

such that r = su.

Lemma 3.5: ([Amini and Facchini, 2008], Lemma 2.4) Let R be a local ring and let
r,s € R. Then R/rR = R/sR if and only if there are invertible elements u,v € R

such that urv = s.
From previous lemma, one can immediately get:

Corollary 3.4: (|[Amini and Facchini, | 2008], Corollary 2.5) Let R be a local ring and
letr,s € R. Then R/rR = R/sR if and only if R/Rr = R/Rs.

Remark 3.3: ([Amini and Facchini, 2008], Remark 2.6) If R is a local ring and r, s € R,
then rR = sR if and only if there exists u € U(R) such that r.anng(r) = r.anng(su).
In fact, if u is an invertible element of R such that r.anng(r) = r.anng(su), then
re — sux is a well defined isomorphism rR — suR = sR. Conversely, if f : rR —
sR is an isomorphism, then f(r)R = sR, so that f(r) = su for some unit w € R

Lemma The condition tg(r) = rgr(su) is now obvious.

The followings are some known results necessary for the sequel. Their aim was
the study of the modules that are finite direct sums of cyclically presented modules over
local rings. The following result, due to Warfield (Theorem 1.4 in [Warfield, |1973])), is

therefore fundamental.

Theorem 3.9: ([Amini and Facchini,|2008|], Theorem 3.1) Let M be a finitely generated
module over a semiperfect ring R. Then there is a decompositon M = N & P, where
P is projective and N has no non-zero projective summands. Further, if M = N' & P’

is another such decomposition, then N = N’ and P = P'.

Therefore every finitely presented module A over a local ring R has a
decomposition M = N;@...®& N, D RY, for suitable indecomposable modules Ny, ..., N;

not isomophic to Ry and a suitable integer n > 0. Further, if N{ & ... & N, & R} is

43



another such decomposition, then Ny & ... ® N; = N| @& ... & N.@ and n = m.
Moreover, isomorphism of finitely presented modules is related to equivalence
of matrices. Namely, recall that two (possibly rectangular) m X n matrices A and B
over a ring R are said to be equivalent if there exist an m x n matrix P and an n X n
matrix (), both with two-sided inverses, such that A = PB(). For an arbitrary ring
R, not necessarily local, the following result due to Fitting holds (see Proposition 4 in

[Fittingl [ 1936]).

Proposition 3.3: ([[Amini and Facchini, 2008|], Proposition 3.2) Let R be a ring and let

r,s € R. Then:
i) R/rR = R/sR if and only if the 2 X 4 matrices A’ = 6 (1) 8 8 > and
B = ( 8 (1) 8 8 ) are equivalent.
r 0
ii) R/Rr = R/Rs if and only if the 4 x 2 matrices A" = 8 (1) and B" =
00
s 0
0 1 .
0 o | e equivalent.
00

iii) If r and s are either right or left zero-divisor, then R/Rr = R/Rs if and only if
R/rR = R/sR, if and only if 2 X 2 matrices A* = < 6 ? ) and B* = ( 6 (1) )
are equivalent.

Recall that any finitely presented R-module can be presented via a matrix.
Namely, let M be a module with a presentation with n generators and m relations.
Then there is an exact sequence Ry — R% — M — 0, that is, M is the cokernel of a
morphism ¢ : R — R}, which must be necessarily left multiplication by an n x m
matrix A (the matrix associated to ( relative to the canonical bases). The morphism ¢

is denoted by the same symbol A used for the matrix. In particular, M = coker(A).

Theorem 3.10: ([Levy and Robson, 1974|], Theorem 4.3), Let R be a semiperfect
ring.Then two m x n matrices A and B with entries in R are equivalent if and only if

the finitely presented right R-modules coker(A) and coker(B) are isomorphic.
Thus two modules My and Ny over a semiperfect ring, both with n generators
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and m relations, described by A and B respectively, are isomorphic if and only if the
matrices A and B are equivalent. This holds, in particular, for local rings and our
Lemma 2.4 is a particular case (for n = m = 1) of Theorem 3.3.

It is already seen that every finitely presented modules over a local ring
decomposes in a unique way as a direct sum of a free part and a part with no non-zero
free summands.

Recall that A and B are two modules, it is said that A and B have the same
epigeny class and write [A]. = [B]., if there exist an epimorphism A — B and an
epimorphism B — A (see [Facchini, [1996]). If R/aR and R/bR are two cyclically
presented right modules over a local ring R, R/aR and R/bR have the same lower
part, denoted by [R/aR), = [R/bR)],, if there exist r,s € R such that raR = bR
and sbR = aR. Note that, by Lemma 2.4, this definition does not depend on the
presentation of the cyclically presented module; that is, R/aR = R/bR implies
[R/aR]; = [R/bR];. Clearly, having the same epigeny class and having the same
lower part are two equivalence relations in the class of all cyclically presented right
R-modules. For cyclically presented left modules, it is said that R/ Ra and R/Rb have
the same lower part and write [R/Ra|, = [R/Rb], if there exist r,s € R such that
Rar = Rb and Rbs = Ra.

Remark 3.4: ([Amini and Facchini, 2008], Remark 4.1) The unique cyclically
presented module, up to isomrphism, with the same epigeny class as 0 is 0, and the
unique cyclically presented module, up to isomorphism, with the same epigeny class

as Rg is Rg. Similarly for the lower part.

Notice that, if a, b are elements of a local ring, then [R/aR]. = [R/bR]. if and
only if there exist u,v € U(R) with ua € bR and vb € aR, if and only if there exist
u,v € U(R) and r, s € R with ua = br and vb = as. Also, for a,b € R,[R/aR], =
[R/bR], if and only if there exist u,v € U(R) and r, s € R with au = rb and bv = sa.

Lemma 3.6: ([Amini and Facchini, 2008], Lemma 4.2) Let a,b be elements of a local
ring R. Then R/aR = R/bR if and only if [R/aR|, = [R/bR], and |[R/aR|. =
[R/bR]e.

Another consequence of Lemma [3.4]is:
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Corollary 3.5: ([Amini and Facchini, 2008|], Corollary 4.3) Let R be a local ring and
let a,b € R. Then:

i) [R/aR), = [R/bR), if and only if [R/aR). = [R/bR).
ii) [R/aR). = [R/bR). if and only if [R/aR), = [R/bR)

Proposition 3.4: ([Amini and Facchini, 2008], Proposition 5.1) Let a, ¢y, ..., ¢, (n > 2)
be non-invertible elements of a local ring R. Suppose that R/aR is a direct summand
of R/eiR®...® R/c, R and R/aR is not isomorphic to R/c;R for everyi = 1,2, ..., n.
Then there are two distinct indices i,j = 1,...,n such that [R/aR], = [R/c;R], and
[R/aR]. = [R/c;R]..

Lemma 3.7: (|[Amini and Facchini, |2008|], Lemma 5.2) Let a,b,c be non-invertible
elements of a local ring R and assume [R/aR];, = [R/bR]; and [R/aR]. = [R/cR)]..
Then:

i) RlaR® D = R/bR & R/cR for some R-module D;
ii) the module D in (i) is unique up to isomorphism and is cyclically presented;

jii) [D); = [R/cR) and [D], = [R/bR)..

Theorem 3.11: ([Amini and Facchini, 2008], Theorem 5.3) Let a4, ..., a,, b1, ..., b, be
non-invertible elements of a local ring R. Then R/a1 R®...®R/a,Rand R/b;RD...®
R /bR are isomorphic right R-modules if and only if n = t and there are permutations
o,7of {1,2,...,n} such that [R/a;R); = [R/bs)R]; and [R/a;R). = [R/b;)R]. for
every 1,2, ....n.

It must be noticed that the two permutations and always preserve the free part
and the part without free summands. That is, let ay, ..., a,, b1, ..., by be non-invertible
elements and assume that a; = O for7 = 1,....mand a; # 0 fori = m + 1,...,n.
Similarly, suppose that b; = Oforj = 1,...,sand b; # O forj = s+1,...,t. If R/a; R®
.®R/a,R= R/b)R®...® R/b.R, then n = t and there are two permutations o, 7 of
{1,2,...,n} such that [R/a;R]|; = [R/b,;R|; and [R/a;R]. = [R/b;¢)R]. for every
i=1,2,...,n. Then m = s and both o and 7 send {1,2,...,m} onto {1,2,...,m}
(hence {m + 1,m + 2,...,n} onto {m + 1,m + 2,...,n} also). This follows from

previous remark.
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Corollary 3.6: ([Amini and Facchini, 2008|], Corollary 5.4) Let aq, ..., a,, by, ..., b, be
elements of a local ring R. The diag(ay, ...,a,) and diag(by,...,b,) are equivalent
if and only if there are two permutations o, T of {1,2,...,n} such that [R/a;R]|, =
[R/bsi Ry and [R/a;R]. = [R/br)Re for every i = 1,2, ..., n.

In [Warfield, 1975] Warfield said the uniqueness question for decompositions
of a finitely presented module into uniserial summands is an open problem which
demonstrated in the commutative case and in one noncommutative case by Kaplansky
in [Kaplansky, [1949]. Then in [Facchini, 1996]], Facchini solved Warfiled’s problem
completely.

Recall that a module is uniserial if its lattice submodules is linearly ordered under
inclusion and is a serial module if it is a direct sum of uniserial modules. A ring is serial
if it is a serial module both as a right modules and as a left module over itself. The
symbol C will denote proper inclusion and if S is a ring, J(S) will denote the Jacobson
radical of S.

A serial module is of finite Goldie dimension if and only if it is the direct sum
of a finite number of uniserial modules. More precisely, a serial module M has finite
Goldie dimension n if and only if it is the direct sum of n non-zero uniserial modules,
so that the number 7 of direct summands of M that appear in any decomposition of M

as a direct sum of non-zero uniserial modules does not depend on the decomposition.

Lemma 3.8: ([[Facchini, [1996]], Lemma 1.1) Let A, C be non-zero right modules over
an arbitrary ring R, B a uniserial right R-module and o : A — B, f : B — C

homomorphisms. Then

i) Bais a monomorphism if and only if B and o are both monomorphisms;

ii) Bais an epimorphism if and only if 5 and o are both epimorphisms.

Proof It must be proven that if fa is a monomorphism, 3 also is a monomorphism.
Now if pa is a monomorphism, then a(A) N Ker(5) = 0. Since B is uniserial,
either a(A) = 0 or Ker() = 0. Now a(A) = 0 implies fa = 0 and this is not a
monomorphism because A # 0. Hence Ker (/) = 0.

It must be proven that if P is an epimorphism, « also is an epimorphism. Now
if B is an epimorphism and C' # 0, then o # 0, so that 5 # 0. Hence Ker(3) C B.
If a(A) C B, then Ker(8) +a(A) C B. Now (3 induces a one-to-one order preserving
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mapping between the set of all submodules of B containing Ker(3) and the set of all
submodules of (B). Hence Ker(5) + a(A) C B implies f(Ker(5) + a(A)) C B(B),
that is, fa(A) C S(B) C C. Hence S« is not an epimorphism, a contradiction. This

proves that o(A) = B and « is an epimorphism. O

Theorem 3.12: ([[Facchini, |1996|], Theorem 1.2) Let Ar be a non-zero uniserial module
and E = End(Ag) its endomorphism ring. Let I be the subset of E consisting of
all the endomorphisms of Ag that are not monomorphisms and J be the subset of E
consisting of all the endomorphisms of Ar that are no epimorphisms. Then [ and J
are completely prime two-sided ideals of E, every right (or left) proper ideal of E is

contained either in I or in J and either

i) the ideals I and J are comparable, so that E is a local ring with maximal ideal
I'yJ,or

ii) the ideals I and J are comparable, I N J is the Jacobson radical J(E) of E
and E/J(FE) is canonically isomorphic to the direct product E /I x E/J of the two
division rings E/I and E/J.

Proof Obviously I and J are additively closed. They are two-sided completely prime
ideals of I/ by previous lemma.

Let K be an arbitrary proper right or left ideal of E. Since I U J is exactly the
set of non-invertible elements of F, it follows that K C I U J. But then either K C [
or K C J.

(Otherwise there exist v € K\l andy € K\J. Thenz +y € K, x € J and
yel. Thusz+y ¢ landx+y ¢ J. Hence x +y ¢ 1 U J. This is a contradiction
because K C ITU J.)

Thus every proper right or left ideal of E is contained either in I or in J.
Therefore the unique maximal right ideals of E are at most I and J and similarly
for left ideals. If I C J or J C I, then E is local ring with maximal ideal 1 U J
and case (i) holds. Otherwise I and J are the two unique maximal right ideals of E.
Therefore I N J is the Jacobson radical of I2 and hence there is a canonical injective
ring morphism E/J(E) — E/I x E/J. Since I + J = R, this ring morphism is onto
by the Chinese Remainder Theorem. [

Corollary 3.7: ([Facchini, 1996|], Corollary 1.3) Uniserial modules cancel from direct
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sums, that is, if A is a serial module of finite Goldie dimension and B, C are arbitrary

modules, then A ® B = A ® C implies B = C.

By previous theorem, if N is a non-zero uniserial module and End(N) is its
endomorphism ring, then either End(N')/J(End(V)) is a division ring (that is, End(V)
is a local ring) or End(V)/J(End(V)) is the direct product of two division rings. It
shall be said that a non-zero uniserial module is of type 1 if its endomorphism ring is
local and of type 2 otherwise. Hence a non-zero uniserial module NV is of type d if and
only if End(N)/J(End(N)) is the direct product of d division rings (and only d = 1
or d = 2 can occur).

For instance, every commutative valuation ring is a uniserial module of type 1 as

a module over itself.

Lemma 3.9: ([|[Facchini, [1996|], Lemma 1.4) Let A, B be non-zero uniserial modules

over an arbitrary ring R.

i) If f,g: A — B are two homomorphisms, f is injective and non-surjective and g
is surjective and non-injective, then f + g is an isomorphism.

ii) Conversely, suppose that fi,...,f, : A — B are n homomorphisms none of
which is an isomorphism. If f1 + ... + f, is an isomorphism, then there exist
two indices i,j = 1,2,...,n such that f; is injective and non-surjective and f; is

surjective and non-injective.

Proof The proof of (i) is elementary. For the proof of (ii), consider the n elements ( f1+
oo+ fu) " fi of End(AR). Their sum is 1,4 and none of them is invertible in End(Ag).
Hence End(Ag) is not local ring. By Theorem 1.2 the ring End(Ag)/J(End(ARg))
is canonically isomorphic to the direct product of two division rings End(Ag)/I and

End(Ag)/J. Now the conclusion follows easily. O

The next proposition reduces the study of the Krull-Schmidt property for serial
modules to the case of a direct sum of two uniserial modules. Its proof was inspired

by the proof in [Stenstrom, |1975].

Proposition 3.5: ([Facchini, |1996]], Proposition 1.5) Suppose A® B =C1®...®C,,

withn > 2 and A is uniserial. Then there are two distinct indices i and j and a direct
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decomposition A’ ® B' = C; & C; of C; ® C; such that A= A" and B = B' & (P, #

The relationship between isomorphism, monogeny and epigeny classes is

described in the next proposition.

Proposition 3.6: ([Facchini, [1996|], Proposition 1.6) Let A and B be uniserial modules.
Then A = B if and only if [A],, = [B]m and [A]. = [B]..

Proposition 3.7: ([[Facchini, [1996|], Proposition 1.7) Let A, Uy, ...,U, be uniserial
modules, n > 2 and A # 0. Suppose that A is isomorphic to a direct summand of
Uy @ ... ® U, and A is a non isomorphic to U; for every i. Then there are two distinct
indices i,j = 1,2, ...,n such that [Al],, = [Ui],, and [A]. = [Uj]..

Conversely, let A, U,V be uniserial modules such that [Al,, = [U],, and [A]. =
[V]e. then A® X =2 U &V for some module X, necessarily uniserial, that is unique

up to isomorphism.

Lemma 3.10: ([Facchini, |1996|], Lemma 1.8) Let Uy, U,, V, Vo be non-zero uniserial
modules and suppose that Uy @ Uy = Vi @ Va. Then {[Ui|m, [Us]m} = {[Vilm, [Va]m}
and {[Ui]c, [Ua]c} = {[Vie, [Va]e }-

Theorem 3.13: ([Facchini, |1996|], Theorem 1.9) Let U, ...,U,, V1, ..., V; be non-zero
uniserial modules. Then Uy & ... d U, = V1 @ ... &V, if and only if n = t and there
are two permutations o, T of 1,2, ...,n such that Uy )|y = [Vilm and [U-p)]e = [Vile

foreveryt =1,2,...,n.
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4. ENDOMORPHISM RINGS OF SOME MODULE
CLASSES

This chapter of the thesis contains the results of [Sahinkaya et al., 2014].
Throughout this chapter all rings will be consider associative with identity and modules
will be unital right modules. And we will assume My # 0 and we describe the
endomorphism ring of cyclic, finitely presented module of projective dimension < 1

over local ring.

Theorem 4.1: Let R be a local ring and let Mr := Rg/I be a cyclic, finitely presented
module of projective dimension < 1. Suppose Exty(Mpg, Rr) = 0. Assume 0 # [ # R
and let E be the idealizer of the right ideal I of R, that is, the set of all r € R
with r1 C I, so that End(Mg) = E/I. Set L := {r € R | rI C IJ(R)} and
K := ENJ(R). Lety : E — Endg(I/IJ(R)) be the ring morphism defined by
Y(e)(x + IJ(R)) = ex + IJ(R), for every e € E and x € I. Let n be the dimension
of the right vector space I /1J(R) over the division ring R/J(R). Then:

i) L and K are prime two-sided ideals of E/ containing I and K is a completely prime
ideal of E.

ii) Foreverye € FE, the element e+ 1 of E/I is invertible in E /I if and only if e+ J(R)
is invertible in R/J(R) and 1 (e) is invertible in Endg(I/1J(R)).

iii) The quotient ring E /L is isomorphic to the ring M, (R/J(R)) of all n x n matrices
over the division ring R/ J(R).

iv) Exactly one of the following two conditions holds:

a) Either K C L, in which case E/I is a homogeneous semilocal ring with
Jacobson radical L/1,or

b) L and K are not comparable.

Proof Notice that L is contained in E and is the kernel of 1, so that L is a two-sided
ideal of E. Trivially, I is contained in L. Let us prove that i is onto. Let
f : I/IJ(R) — I/IJ(R) be a morphism. Since Mr := Rg/I is of projective
dimension < 1, the ideal Iy is projective, so that f lifts to a morphism [’ : I — Ig.

Apply functor Hom(—, Rg) to exact sequence 0 — Ir — Rp — Mg — 0, getting
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a short exact sequence 0 — Hom(Mpg, Rgr) — Hom(Rg, Rg) — Hom(Ir, Rg) — 0
because Bxty (Mg, Rr) = 0. Hence f' can be extended to a morphism f" : Rp — Rp,
which is necessarily left multiplication by an element r € R. Since [” restricts to the
endomorphism [’ of I, we get that v € E and 1)(e) = f. This proves that 1 is an onto
ring morphism, so that E/L = E/Ker(y) = Endgr(I/1J(R)) = M, (R/J(R)). This
proves (iii).

As Endg(I/1J(R)) = M,(R/J(R)) is a simple ring, it follows that L is a
prime ideal and a maximal two-sided ideal. Similarly, K is the kernel of the composite
morphism ¢ : E — R/J(R) of the embedding E — R and the canonical projection
R — R/J(R). Since R/J(R) is a division ring, we get that K is completely prime,
two sided ideal of E containing I. This concludes the proof of (i).

(ii) (:=) Since p(I) = 0 and Y(I) = 0, the morphisms ¢ and ) induce
morphisms @ : E/I — R/J(R) and : E/I — End(I/IJ(R)), respectively. Hence
e + I invertible implies p(e) = e + J(R) invertible in R/ J(R) and 1 (e) is invertible
in Endg(I/1J(R)). («<:) Assume that e € E and that ¢(e) and 1(e) are invertible
in R/J(R) and Endg(I/1J(R)), respectively. Then we have a commutative diagram

with exact rows

0 - I — Rp — Rp/I — 0
e Le Le 4.1

0 - I — Rp — Rp/I — 0

Now p(e) = e + J(R) invertible implies that e € R(R),and so e is invertible in
R. Hence the middle vertical arrow is an isomorphism. Since 1 (e) is invertible, it is an
automorphism of I /1J(R) and so e(I/I1J(R)) = I/IJ(R), thatis, el + IJ(R) = I.
By Nakayama’s Lemma, el = I. Hence the deft vertical arrow is an epimorphism. By
the Snake Lemma, the right vertical arrow is a monomorphism, hence an isomorphism.
That is, e + 1 is invertible in E /1.

(iv) We have the three cases L C K, K C L, L g_ Kand K SZ L.

Assume L C K. In this case, L C K C FE implies that 0 C K/L C E/L,
so that E/L = M,(R(R)) has a proper non-zero two-sided ideal. This is impossible,
because M, (R(R)) is a simple ring. Hence this case can not occur.

Assume K C L. From (ii), it follows that an element e + I of E/I is invertible
in E/I if and only if e + J(R) is invertible in R/ J(R) and e + I is invertible in E/ 1.
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Hence, in order to prove (iv) in this case K C L, it suffices to prove that J(E/I) =
L/1.

() Ife+1 € J(E/I), then 1 — zey + I is invertible in E/I for every x,y € E.
Thus 1 — xey + 1 is invertible in E/L for all x,y € E, so thate + L € J(E/L). But
E/L = M,(R(R)) has Jacobson radical 0 so that e € L.

(D) Takel+ I € L/I withl € L. Then 1 — xly + L = 1+ Lin E/L for every
x,y € E. Hence 1 — xly + L is invertible in E /L. In particular, 1 — xly ¢ L. Thus
1 —zly ¢ K, sothat 1 — zly ¢ J(R). As R/J(R) is a division ring, it follows that
1 — zly + J(R) is invertible in R/ J(R). Thus 1 — xly + I is invertible in E /I and
le J(E/I). O

It is known that a finitely presented module over a semilocal ring always has a

semilocal endomorphism ring. Then we have the following natural question.

Question 4.1: Characterize J(E/I). This was done in [Amini and Facchini, | 2008 for

cyclically presented modules.

As far as Question @ is concerned, notice that, in the proof of Theorem @ii),
we have seen that the mapping @ x ¢ : E/J — R/J(R) x End(I/IJ(R)) is local
morphism, so that its kernel K /I N L/I is contained in J(£/I). In particular, when
K C L, we have that L/I = J(E/I) as we have seen in Theorem[4.1j(iv)(a). We are

not able to describe J(E/I) when L and K are not comparable.

Remark 4.1: Let R be a local right self-injective ring. Let Mpr be a cyclic and finitely
presented module of projective dimension < 1. Since Rp is injective, we have that

Exth (Mg, Rp) = 0. Thus Theoremcan be applied.

Theorem 4.2: Let R be a semiperfect ring and let Rr/L be a cyclic uniform right
R-module with L # 0. Let E be the idealizer of the right ideal L of R, that is, the set
ofallr € RwithrL C L, sothatEnd(Rgr/L) = E/L. Similarly, let E' be the idealizer
of the right ideal L + J(R) of R, so that End(Rgr/(L+ J(R))) = E'/(L+ J(R)). Set
I :={e € E | left multiplication by e + L is a non-injective endomorphism of R/ L}
and K := EN (L + J(R)). Then:

i) I and K are two-sided ideals of E containing L and I is completely prime in E.
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ii) For every e € E, the element ¢ + L of E/L is invertible in E /L if and only if
e+ L+ J(R) is invertible in E'/L + J(R) and e ¢ I.

iii) Moreover,

a) If I C K, then every epimorphism Rg/L — Rpg/L is an automorphism of Rr/ L,
b) K ¢ Iifand only if [Rg/L],, = [L + J(R)/L].

Proof We know that End(Rgr/L) = E/L. Every endomorphism e+ L of R/ L extends
to an endomorphism e, of the injective envelope End(Rg/L). Define a ring morphism
o+ B - End(E(Rn/L))/J(End(E(Re/L))) by plc) = ex + J(End(E(Ry/L)
for every e € E. Since Rgr/L is uniform, the injective envelope E(Rgr/L) is
indecomposable, the endomorphism ring End(E(Rg/L)) is a local ring and the
Jacobson radical J(End(E(Rg/L))) consists of all non-injective endomorphisms of
E(Rgr/L). It follows that I, which is equal to the kernel of the ring morphism p, whose
range is the division ring End(E(Rg/L))/J(End(E(Rg/L))), must be a completely
prime two-sided ideal of E. The remaining part of statement (i) is easily checked.

(ii) We have already seen that there is a ring morphism ¢ : E —
End(E(Rgr/L))/J(End(E(Rg/L))) whose kernel is I. Hence if ¢ € FE and
e + L is invertible in E/L, then p(e) must be invertible in the division ring
End(E(Rgr/L))/J(End(E(Rg/L))). Thus p(e) # 0, thatis, e ¢ Kerp = I. Similarly,
we can consider the ring morphism ¢ : E — End(Rgr/(L + J(R))) defined by
v(e)(r + L + J(R)) = er + L + J(R) for every e € E and every r € R. lts
kernel is K, which contains L. Hence e + L invertible in E /L implies 1)(e) invertible
in End(Rg/(L + J(R))). But End(Rgr/(L + J(R))) = E'/(L + J(R)), so that
e + L + J(R) must be invertible in E' /(L + J(R)).

Conversely, assume ¢ € FE, e + L + J(R) invertible in E'/(L + J(R)) and
e ¢ I. We want to show that e + L is invertible in E/L. Since E/L = End(Rg/L),
this is equivalent to showing that left multiplication p. : Rgr/L — Rg/L by e is an
automorphism of Rr/L. Now e ¢ I is equivalent to . is injective by definition of
1. In order to show that . is onto as well, it suffices to prove that i, induces an
onto endomorphism (Rgr/L)/(Rr/L)J(R) — (Rgr/L)/(Rr/L)J(R) by Nakayama’s
Lemma. But (Rr/L)J(R) = (L + J(R))/L, so that (Rg/L)/(Rg/L)J(R) =
Rr/(L+ J(R)). Hence e + L + J(R) invertible in E' /(L + J(R)) = End(Rg/(L +
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J(R))) means that the endomorphism 1 (e) of Rg/(L + J(R)) induced by p. is onto,
as desired.

(iii) (a) Assume I C K. Lete+ L : Rg/L — Rpg/L be an epimorphism with
e € E. Then the induced morphism v(e) : Rr/L + J(R) — Rg/L + J(R) is also
an epimorphism, so that it is an automorphism because Rr/L + J(R) is a semisimple
module of finite Goldie dimension. In this isomorphism End(Rg/L+J(R)) = E'/(L+
J(R), we obtain that e+ L+ J(R) is invertible in the ring E'/(L+ J(R). Thus e ¢ K.
Hence e ¢ 1. It follows from (ii) that e + L is invertible, that is, it is an automorphism
of R/ L.

(b) Assume K ¢ I. Then there is an element f € K, f ¢ I. Thus [ € E induces
an endomorphism f of Rg/L. Now f ¢ I means that f is injective and f € K means
that the image of f is contained in L + J(R)/L. Hence [Rg/L)y, = [L + J(R)/L],.
Conversely, if [Rg/ L)y, = [L+J(R)/ L), then there is a monomorphism f : Rg/L —
L + J(R)/L. If we compose it with the inclusion L + J(R)/L — Rpr/L we get an
epimorphism of Rr/L which is in K but not in I. Hence K ¢ 1. [

We finish the results of this section with the following result.

Theorem 4.3: Let R be a semiperfect ring, let Rr/L, Rg/L’ be two cyclic uniform
modules with L # 0 and L' # 0 proper right ideals of R. Assume that either

i) every monomoprhism Rr/L — Rgr/L is an automorphism of Rgr/L, or
ii) every epimorphism Rg/L — Rpg/L is an automorphism of Rg/L, or
i) [Ra/ Ll = L+ J(R)/ L.

The followings are equivalent.

a) RR/L = RR/L/,
b) [Rr/Llm = [Rr/L')m and [Rp/L]. = [Rr/L..

Proof Assume [Rr/L),, = [Rr/L'|;, and [Rr/L]e = [Rr/L'|.. Then there are
monomorphisms o : Rgr/L — Rgr/L' and 5 : Rg/L' — Rpr/L and epimorphisms
o : Rgr/L — Rgr/L'and ' : Rr/L' — Rgr/L. Then Pa is a monomorphism
Rr/L — Rg/L and ('a/ is an epimorphism Rr/L — Rg/L. If hypothesis (i) holds,
then [a is an automorphism of Rr/L that factors through Rr/L’, so that Rg/L is
isomorphic to a direct summand of Rgr/L'. But Rr/L # 0 and Rgr/L’ is uniform,
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so that Rg/L = Rg/L'. This proves our theorem under hypothesis (i). Dually, one
proves that the theorem holds when hypothesis (ii) holds.

Assume that hypothesis (iii) holds, i.e., [Rr/L],, = [L + J(R)/L|n.
Equivalently, there exists a monomorphism vy : Rg/L — Rg/L whose image is
contained in L + J(R)/L. Now if either o or o' are isomorphism, then the existence
of a or o shows that Rr/L = Rpg/L'. This allows us to conclude. Thus we
can assume that « is not an epimorphism and o' is not a monomorphism. Then

o +avy: Rg/L — Rg/L"is an isomorphism, because:

i) It is injective, because it is the sum of the injective morphism vy : Rr/L —
Rr/L" and the non-injective morphism o' : Rp/L — Rpr/L' and Rr/L is uniform.
ii) J(R) is superfluous in Rp by Nakayama’s Lemma. Considering the canonical
projection R — Rpg/L, it follows that L + J(R)/L is superfluous in Rr/L.
Applying the morphism o : Rp/L — Rg/L’, we get the image of oy is contained
in o(L + J(R)/L), hence is superfluous submodule of R/L'. Thus the sum of
ary and the surjective morphism o' : Rgr/L — Rg/L’ is a surjective morphism

o +ay: Rgr/L — Rgr/L'. Thus o+ o'y is an isomorphism of Rg/L onto Rr/L'.

] -

Remark 4.2: By Theorem 4.2, the only case in which we cannot apply Theorem 4.3 is
when K is properly contained in I. Namely, if K ¢ I, then [Rg/L],, = [L+J(R)/L]m
and we can apply Theorem 4.3; if K C I, then either K [s groperly contained in I,
which is the case still unknown, or K = I, but in the latter case every epimorphism

Rr/L — Rg/L is an automorphism of Rr/L by Theorem 4.2(iii-a).
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5. CONCLUSIONS

It is shown that how is the behavior of endomorphism ring of a cyclic, finitely
presented module of projective dimension < 1 over a local ring. This class of modules
extends the class of couniformly presented modules over local rings to arbitrary rings.
It is seen that we are able to characterize Jacobson radical of the endomorphism ring
of this class of modules whenever L := {r € R | rI C [J(R)} and K := {EN
J(R)} which are defined in the statement of Theorem are comparable. Beside
these we showed that one can also apply Theorem {.1]to the cyclic, finitely presented
module of projective dimension < 1 over a local self-injective ring. Also description
of endomorphism ring of a cyclic uniform module over a semiperfect ring is studied.
Finally, we introduce an elementary property of having the same monogeny class and

having the same epigeny class for cyclic uniform modules over a semiperfect ring.
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