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SUMMARY

In the present thesis, some stability and boundedness properties for fractional
differential equation (FDE) are considered. In the second chapter, some necessary
definitions and facts on fractional calculus, on initial value problem of FDE are
given. A comparison theorem demand only continuity as an assumption instead of
local Holder continuity or C? continuity used in the literature is presented and
Caputo fractional Dini derivative is given in the third chapter. Then, fractional
extension of comparison method via Lyapunov function and scalar FDE is applied to
obtain sufficient conditions on some stability, boundedness for FDE. However, some
stability and boundedness with initial time difference for FDE are introduced and
studied since it is not possible to keep measurements with the expected initial time in
real world applications. Comparison results for scalar FDE with parameter relative to
ITD are obtained in the fourth chapter. In these framework, sufficient conditions on
some stability and boundedness are obtained. The behavior of solution of perturbed
system that differs in initial position and initial time with respect to original
unperturbed system are investigated in fifth chapter. Finally, obtained results on
some stability and boundedness in previous chapter are generalized by using the

notion of two measures.

Key Words: Stability, Boundedness , Initial Time Difference (ITD), Fractional
Differential Equation (FDE), Lyapunov Function, Comporison Method.



OZET

Bu tezde, kesirli tiirevli diferansiyel denklemler i¢in bazi kararlilik ve sinirlilik
ozellikleri ele almmustir. Ikinci boliimde, fraksiyonel analiz ve kesirli tiirevli
diferansiyel denklemler’in baslangic deger problemi hakkinda gerekli tanimlar
verildi. Ugiincii boliimde literatiirdeki Holder siireklilik ya da C? siireklilik yerine
kosul olarak sadece siireklilik gerektiren mukayese teoremi ve Caputo fraksiyonel
Dini tirev verildi. Kesirli tiirevli diferansiyel denklemler’in bazi kararlilik ve
siirlililig iizerine yeterli kosullar belirlemek i¢in mukayese metodunun fraksiyonel
genislemesi Lyapunov fonksiyonu ve skaler kesirli tiirevli diferansiyel denklemler
araciligiyla uygulandi. Bununla birlikte gergek hayat uygulamalarinda &lgtimleri
beklenen zamanda tutmak miimkiin olmadigindan baslangi¢ zaman farki ile birlikte
baz1 kararlilik ve smirlilik kesirli tiirevli diferansiyel denklemler i¢in tanitildi ve
calisildi. Dordiincii boliimde parametre iceren skaler kesirli tiirevli diferansiyel
denklemler i¢in mukayese sonuglari baslangi¢ zaman farkina gore elde edildi. Bazi
kararlilik ve smmirhilik icin yeterli kosullar bu sonuclar cercevesinde elde edildi.
Orijinal pertérb olmayan sisteme goére hem baslangi¢ pozisyonu hem de baslangig
zamani farkli olan pertorb sistemin ¢oziimiiniin davranist besinci béliimde incelendi.
Son olarak bir dnceki boliimde bazi kararlilik ve smurlilik i¢in elde edilen sonuglar

iki 6l¢li kavrami kullanilarak genellestirildi.

Anahtar Kelimeler: Kararhlhik, Simirhlik, Baslangic Zaman Farki, Fraksiyonel
Diferansiyel Denklemler, Lyapunov Fonksiyonu, Karsilastirma Metodu.
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1. INTRODUCTION

One of the main problems in the qualitative theory of differential equations is
stability of the solutions. It is well known that the theory of stability in the sense of
Lyapunov has been successfully investigated to understand qualitative properties of
dynamic systems for many years [1]-[6]. However, the concept of boundedness has
played a significant role in the existence of periodic and almost periodic solutions
which has many applications in biological population management and control [7]-
[8]. In real world processes, it is realized that a system may be stable or
asymptotically stable in theory, but it is actually unstable in practice because of the
stable domain or domain of attraction may be so small that desired deviation to
cancel out is not allowed. Whereas, the desired state of a system may be
mathematically unstable, but the system may oscillate sufficiently near this state so
that the performance is considered acceptable. To deal with such phenomena, the
concept of practical stability is introduced in [9] and a systematic study is presented
in [10]. Briefly stated, practical stability is essentially based on the pre-specified
bounds for the perturbation of initial conditions response and the allowable
perturbation of the system response [10]. In nonlinear systems, Lyapunov’s direct
method (also called the Lyapunov’s second method) allows us to obtain sufficient
conditions for the stability, practical stability and boundedness of a system without
explicitly solving given equations. The method generalizes the idea which shows that
the system is stable if there are some Lyapunov function candidates for the system
[4]-[6].

Fractional calculus is the theory of integral and derivative of arbitrary non-
integer order, which unifies and generalizes the concepts of integer order derivative
and integral. The subject is as old as the classical calculus and goes back to the 17th
century. Although there are several possible generalizations of ordinary
differentiation and integration of a function, the most commonly used definitions are
Riemann-Liouville (RL), Griinwald-Letnikov (GL) and Caputo fractional
derivatives. For more details on the basic theory of fractional calculus, one can see
the monographs [11]-[16]. In chapter 2, we present some basic definitions and facts,
available in literature [11]-[16], about fractional calculus and fractional differential

equations (FDE) for further development of the work.



Only a few decades ago, it was realized that the fractional differential
equations (FDE) which involves fractional derivative provides an attractive tool for
modelling properly the anomalous dynamics of various processes [17] related to
complex systems in a variety of disciplines from physics, chemistry, biology and
engineering such as viscoelasticity, electrochemistry, diffusion processes, control
theory, heat conduction, electricity, mechanics, chaos and fractals [11], [15], [18]-
[20]. Therefore, the qualitative theory of FDE has received increasingly attentions
[21]. The existence and uniqueness of solutions of initial and boundary value
problems for nonlinear FDE have been extensively studied by monotone iterative
technique or fixed point method [22]-[28] and the references therein. Among them
[16], [22]-[23] have investigated the basic theory of initial value problems (IVP),
including fractional differential and integral inequalities, comparison result, local and
global existence of solutions, for FDE involving RL and the Caputo derivatives of
order 0 < g < 1. They followed the classical approach of the theory of differential
equations of integer order, in order to compare and contrast the differences as well as
the intricacies that might result in development [3]-[4]. In addition to existence and
uniqueness result, the authors have investigated in particular the dependence of the
solution for RL type FDE on the order of the equation and on the initial condition in
[27]. Generalization of Gronwall inequality for the RL type of fractional integral
equation are obtained in [28]. As an application of this result, uniqueness and
continuous dependence of the solution of the RL type FDE are proved.

Recently, fractional calculus was introduced to the stability analysis of FDE
and stability of FDE has attracted increasing interest. In 1996, the author in [29]
firstly studied the stability of linear FDE with the Caputo derivative. Since then,
further studies on the stability of linear FDE have been done [30]-[31]. Whereas, the
stability analysis of the nonlinear FDE is much more difficult and only a few are
available. In the base of Lyapunov’s second method, sufficient conditions on stability
for nonlinear FDE and nonlinear time-delayed FDE has been discussed in several
papers [32]-[38]. Among them in [32]-[33], the authors proposed fractional
Lyapunov’s second method and firstly extended the exponential stability of ordinary
differential equations (ODE) to the Mittag-Leffler stability and generalized Mittag-
Leffler stability of FDE, respectively. The authors in [35]-[36] have applied the
fractional comparison principle to discussing the asymptotic stability and Mittag-

Leffler stability of FDE with RL derivative, respectively. Very recently, a stability
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criterion for autonomous and non-autonomous nonlinear fractional differential
system with Caputo derivative is derived in [37]-[38], respectively. In
aforementioned papers, sufficient conditions are established by application of the
Caputo derivative of continuously differentiable Lyapunov function. Besides, there is
another approach in which the authors [39]-[40] have defined Caputo fractional Dini
derivative of continuous Lyapunov function in an appropriate way. Motivated by the
known fact that the stability or asymptotic stability are neither necessary nor
sufficient to assure practical stability [10] and the concept of boundedness is valid
even the studied FDE has no zero solution, we have investigated practical stability,
boundedness and Lagrange stability for FDE by using fractional comparison method
via Caputo fractional Dini derivative of continuous Lyapunov function in Chapter 3.
The statement of the problem and relation between stability and boundedness is
presented in section 3.2. Then, in section 3.3 natural relationship between the Dini
derivative of Lyapunov function for classical case (q = 1) and Caputo fractional
Dini derivative is given by appropriate examples. Some comparison results demand
only continuity as an assumption instead of local Holder continuity or C¢ continuity
used in the literature [16], [23], [41] is presented in section 3.4. Then, comparison
method via Lyapunov function and a scalar FDE is applied to obtain sufficient
conditions on some stability and boundedness for system of FDE in section 3.5.
Finally some examples are given as an application of the obtained results.

In practical situations, it is possible to have not only a change in initial position
but also in initial time because of all kinds of disturbed factors. So it is reasonable to
study the solutions of the differential equation with variation in the initial time.
When we do consider such a deviation in initial time, it causes measuring the
difference between any two different solutions starting with different initial times.
We call this type of stability analysis, initial time difference stability analysis. An
investigation of IVP of differential equations where the initial time changes with
each solution in addition to the initial position was initiated by [42]-[43]. There are
two ways of comparing and measuring the difference of two solutions. In [44]-[45],
the method of variation of parameters is used to discuss such situations in one
direction. In [46]-[49], the authors have obtained various types of some stability and
boundedness results relative to initial time difference (ITD) for ODE by employing
the construction of various types of Lyapunov functions with differential inequalities

technique.



In Chapter 4, we have investigated stability, practical stability, boundedness
and Lagrange stability with ITD for nonlinear FDE by using fractional extension of
comparison principle. In section 4.2, main definitions and concepts with ITD for
FDE with Caputo derivative are introduced and the differences between classical
notion of stability and the notion of stability with ITD are discussed, respectively.
Then, in section 4.3 natural relationship between the Dini derivative of Lyapunov
function with ITD for classical case (g = 1) and the introduced Caputo fractional
Dini derivative with ITD is shown by appropriate examples. Then, comparison
results relative to ITD are obtained in section 4.4. Comparison method via Lyapunov
function and scalar FDE with parameter is applied to obtain several sufficient
conditions on stability, practical stability, boundedness and Lagrange stability with
ITD for system of FDE in section 4.5. Finally some examples are given as an
application of the obtained results.

Determining which stability properties of a particular differential system are
preserved under sufficiently small perturbations is another important problem in
stability theory. This problem was investigated in several ways in [1]-[6]. The author
in [50] investigated the problem of determining the behavior of the solutions of a
perturbed differential equation with respect to the solutions of the original
unperturbed differential equation. The principal mathematical technique employed is
a modification of Lyapunov’s direct method which is applied to the difference of the
solutions of perturbed and unperturbed system where the initial positions are
sufficiently close. In [51], the authors applied variational Lyapunov method (VLM),
combines the method of variation of parameters and the method of Lyapunov, to
connect the solutions of perturbed and unperturbed system with initial time
unchanged. However, the possibility of making error in initial time as well as in
initial position when we deal with real world problems needs to be considered. So
far, several studies have been made on this problem for ODE to explore the ITD
stability, boundedness, etc. criteria by using generalized variation of parameters and
comparison method via Lyapunov functions in [52], [53] and references therein.
However, there are a few results for FDE. In [52], VLM is applied to connect
between the solutions of system of perturbed and unperturbed FDE that have the
same initial time. On the other hand sufficient conditions on stability with ITD are
obtained in [54]. In chapter 5, we have investigated stability, practical stability,

boundedness and Lagrange stability for system of nonlinear perturbed FDE with ITD
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by using fractional comparison method via Lyapunov function and scalar FDE with
parameter. We begin with section 5.2 which includes the necessary some stability
and boundedness definitions of system of perturbed FDE relative to unperturbed
FDE with ITD and Caputo fractional Dini derivative of Lyapunov function with
respect to the system of perturbed FDE and unperturbed FDE in relation with
definition in [55]-[56]. In section 5.3, firstly we present a comparison result which
uses Lyapunov function to connect the solutions of the perturbed and the unperturbed
systems in terms of solution of a scalar FDE. We have obtained some sufficient
conditions for ITD stability, boundedness and Lagrange stability of nonlinear system
of perturbed FDE.

There are many stability concepts are presented in the literature such as the
partial stability, eventual stability, conditional stability, Lipschitz stability, relative
stability and so on. In 1960, [57] introduced the concept of stability in terms of two
measures which unified the foregoing stability concepts. Then, the theories of the
stability in terms of two measures have been successfully developed in [58] and
some stability and boundedness results are obtained by means of various types of
Lyapunov functions for several kinds of differential equations in [59]-[61] and
references therein. We have investigated some stability and boundedness in terms of
two measures for system of perturbed FDE with ITD in chapter 6. We begin with
section 6.2 which includes the necessary definitions of stability, practical stability,
boundedness and Lagrange stability in terms of two measures with ITD. Then, we
have generalized the main results obtained in previous chapter 5 by using the notion

of two measures.



2. FRACTIONAL CALCULUS: BASIC THEORY
AND RESULTS

Fractional calculus is the branch of mathematics that generalizes the derivative
and the integral of a function to a non-integer (arbitrary) order. The subject is as old
as the classical calculus and goes back to the 17th century. For the first time in a
letter dated 30th september 1695, Leibniz proposed the following question to
L’Hospital: “Can the meaning of derivatives with integer order be generalized to
derivatives with non-integer orders?”. Since then, several mathematicians studied
this question, using their own notation and methodology, among them RL, Caputo,
Weyl, GL and Erdelyi-Kober, etc. The most commonly used definitions are RL, GL
and Caputo fractional derivatives. Fractional derivatives possess memorizing
properties, which makes fractional derivative more suitable than integer-order to
describe the properties of various materials. The physical and geometric
interpretation of fractional integral and derivative was discussed in [62].

Only a few decades ago, it was realized that fractional calculus provides an
attractive tool for modelling the real world problems. The idea of fractional calculus
has been a subject of interest not only among mathematicians, but also among
physicists and engineers. There are many books that provide broad and deep
understanding of the theory and applications of fractional calculus and FDE [11]-
[15], [19]-[21].

In this chapter, we present some basic definitions and facts, available in
literature [12], [14]-[15], [63]-[65], about fractional calculus and FDE for further
development of the work. One can see more detailed information about this chapter
in [12], [14]-[15], [63]-[65]. The organization of this chapter as follows. In 2.1, we
give definitions and the properties of the special functions that are important in
fractional calculus. In 2.2, we give the necessary definitions, some properties of RL,
Caputo and GL fractional derivatives. Then, the initial value problem for FDE and

some basic results on existence and uniqueness from literature are given.



2.1. Special Functions

Here, we give definitions and the simplest properties of some special symbols
and related special functions that are important in fractional calculus. One can see

more detailed information about this part in the book [12], [14].

e The Pochhammer symbol (z),, with integer n is defined by

Dp=2(z+1)...z+n—-1), n=12,..., (2)o=1 (2.1)

It is easy to see that

(@n=(CED"A—n=2)y, (Dp=nl 2.2)

I'(z+n)

(2)n = T@ (2.3)

where I'(z) is given by (2.7). Equation (2.3) can be used for introducing the symbol

(z), with complex n.

¢ Binomial coefficients are defined by the formula

(0!) _ DD D (n— )

= : (2.4)
n n! r'l—ao)f(n+1)

m!

In particular when @ =m, m =12,..,we have (7)= if m>=n and

n!(m—-n)!

(™) = 0if 0 <m < n. We also have the following relations

(—1)/ (j‘) _ (j - ‘;‘ - 1), (2.5)



2 (6= @9

e The Gamma function I'(z) is defined by the integral

oo

rz) = f t? e tdt (2.7)

0

which converges in the right half of the complex plane Re(z) > 0. Indeed, we have

(o] (0]

I'(x +iy) =fe‘ttx‘l”ydt:fe‘ttx‘leiyl”(t)dt
0
(2.8)

0
= f e~ tt* Y cos(yIn(t)) + sin(yln(t))]dt.
0

The expression in the square brackets in (2.8) is bounded for all t and convergence at
infinity. It is provided by e~* and we must have x = Re(z) > 0 for the convergence
at t = 0. The ‘beauty’ of the gamma function can be found in its properties. An

integration by parts yields the functional equation for I"(z) as follow
I'(z+1) =2zI(z), Re(z) > 0. (2.9)
More generally, when n is a positive integer,
r'z+n)=Z+n—-1)(z+n-2)..z2I'(z), Re(z)>0. (2.10)

By putting z = 1 in (2.10), I'(n + 1) = n! is obtained. Therefore, this function is a
generalization of the factorial. The Gamma function is extended to the half-plane



Re(z) <0, z# 0,—1,-2,..., by analytic continuation of the integral (2.7). Then

(2.10) yields the equality

rz+n) I'z+n)
(2)n  zz+1)..(z+n—-1) (2.11)

r(z)=

where Re(z) > —n,n=1,2,.., z # 0,—1,—2, ..., which allows to carry out such an
analytic continuation into the half-plane Re(z) > —n with any n. Figure 2.1

demonstrates the Gamma function at and around zero.

=]
]
=

Figure 2.1: Gamma function.

e The Beta function, Euler integral of the first kind, is defined by

1

B(z,w) = J tZ71(1 - )" 1dt , (Re(z) >0, Re(w) > 0).

0

(2.12)

The Beta function is important in relationship in fractional calculus. In many cases, it
is more convenient to use instead of certain combination of values of the Gamma

function. It is connected with the Gamma function by the relation

3 r'z)yr(w) B

B(Z, W) = m = (213)

B(w, 2).



e The standard definition of the Mittag-Leffler is given in [12]-[15]

o Zk
Ea(Z) = kzzom (a > 0) (214)

The Mittag-Leffler function is an important function that finds widespread use in the
world of fractional calculus. Just as the exponential naturally arises out of the
solution to integer order differential equations, the Mittag-Leffler function plays an
analogous role in the solution of non-integer order differential equations. The
function E,(z) was defined and studied by Mittag-Leffler in the year 1903. It is a
direct generalization of the exponential series i.e. fora = 1, E;(z) = e?.

A two parameter function of the Mittag-Leffler type is defined by

o0 K
Ea’,ﬁ(z) = kzzom (a >0, ﬁ > 0) (215)

The function defined by (2.15) is a generalization of (2.14).

Now, we give the following propositions which include Laplace transform and
monotonicity of the Mittag-Leffler functions. The proofs of the following results can
be found in [14]-[15].

Proposition 2.1: For A > 0, g > 0, we have fort > 0

d -1

EEq_l(—/ltq) = —At97E, ,(—At9). (2.16)
Proposition 2.2: For any q € (0,1) the function E, ; (—t) is completely monotone for

t=>0, ie. (—1)”2—:Eq,1(—t) > 0. In particular, it holds that for any t >0,

E,1(—=t) > 0and E, ,(—t) = 0.

10



Proposition 2.3: Laplace transform of the function tﬁ‘lEa,B(iAt“) iS given

sa=F

Gaon Re) > |A|1/, (2.17)

L{tP1E, g (FAtY)} =

2.2. Definitions and Properties of Fractional Integral and
Derivatives

Although there are several possible generalizations of %, the most commonly

used definitions are RL, GL and Caputo fractional derivatives. The concept of RL
fractional derivative is historically the first and the theory about this concept has
been studied comprehensively very well in [11]-[15]. But applied problems require
definitions of fractional derivatives allowing the utilization of physically
interpretable initial conditions, which contain f(a), f'(a), etc. Unfortunately, the
the initial conditions for FDE with RL derivative contain the limit values of the RL
fractional derivative at the lower terminal. In order to overcome this difficulty
Caputo fractional derivative is defined. The main advantage of Caputo’s approach is
that the initial conditions for FDE with Caputo derivative take on the same form as
for ODE.

2.2.1. Riemann-Liouville Fractional Integral and Derivative

The idea of fractional integration is closely connected with Abel’s integral
equation. Thus, it is reasonable to start from the solution of this equation. In this
context, fractional differentiation is constructed as an operation inverse to fractional
integration. Proceeding from this idea, the corresponding definitions and results are

given from [12]. The integral equation

1 [ o(s)dt
RO RGEDE A (219

11



where 0 < g < 1, is called Abel’s equation. (2.18) may be solved by changing x to t

and t to s; respectively, multiplying both sides (x — t)~? and integrating, it follows

t

B 1 g f(s)ds
f(p(s)ds “Ta=o af (2.19)

(t—s)a’

a

One can see more detailed information and calculations about this part from chapter
1in [12]. Hence after differentiation (2.20) is obtained

1 d [ f(s)de
1-q)dt) (t—9)7

o(t) = I (2.20)

So if (2.18) has a solution, this solution is necessarily given by (2.20) and therefore it

IS unique.

¢ On the solvability of the Abel’s equation in the space of integrable function
Under what conditions on f(t) the Abel’s equation is solvable is needed to be

clarified. In order to formulate the main result, the following notation is introduced

g f(s)ds
ri-qJ (t—9)7

fi—q(©) = (2.21)

Then f(t) € Ly(a,b) implies that f;_, € L;(a, b), see in [12].

Theorem 2.1: Abel’s equation (2.18) with 0 < g < 1 is solvable in L,(a, b) if and
only if fi_4(t) € AC([a,b]) and f;_4(a) = 0.

For proof of Theorem 2.1, please see in [12].
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The criterion of solvability for Abel’s equation is given in Theorem 2.1 in terms of
the auxiliary function f;_,(t). However, the following lemma and corollary give a

simple sufficient condition in terms of the function f(¢t) itself.
Lemma 2.1: If f(t) € AC([a, b]), then f;_,(t) € AC([a,b]).
For the proof Lemma 2.1 see in [12].

Corollary 2.1: If f(t) € AC([a,b]), then Abel’s equation (2.18) is solvable in

L (a, b) and its solution (2.20) may herein be represented in the form

fl@ [ f(s)ds

= 2.22
vO=ra—ple—a ") T=s7 (2:22)
a
e Definition of Fractional Integrals and Derivatives
There is a well-known formula
t t1 th-1 1 t ( )d
p(s)ds

= 2.23
j dtl dtz j (p(tn)dtn (n _ 1)! (t _ S)l_n ( )

a a a a

for an n-fold integral. The right-hand side of (2.23) may have a meaning for non-
integer values of n since (n — 1)! = I'(n). So it is natural to define the integration of

a non-integer order as follows.

Definition 2.1: ([12]) Let ¢(t) € L,(a, b). The fractional integral of order g > 0 is

defined as

1 [ e(9)ds
alfqo(t)—r(q) G_sia > (2.24)
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where a and t limit of the operation. The accepted name for the integral (2.24) is the
RL fractional integral. In some other references [14], [16] the notation ,D; ?¢(t) can

also be used for RL fractional integral. For a = 0, the fractional integral (2.24) can
be written as oI (t) = @(t) * P, (t) where ,(t) = % fort > 0 and y,(t) =0

for t < 0. To simplify the notations we will use I instead of I,

Fractional integration has the semigroup property as follow:
o191 =1%"Fy,  a>0 B>0.
In view of the inversion of Abel’s equation (2.20) which was obtained above, it is
natural to introduce fractional differentiation as an operation inverse to fractional

integration.

Definition 2.2: ([12]) The RL fractional derivative of order q, 0 < q < 1, for an

integrable function f(t) defined on the interval [a,b], is defined as

DEf(O) = e o [ SO

(1-qdt) (t—9s)7 (2:29)

Note that we have defined fractional integral for any g > 0, while fractional
derivative are for now introduced only for order 0 < g < 1. It should be noted that
use of half-order derivative and integral lead to a formulation of certain real world
problems in different areas [11]. Before passing to the case g = 1, we give a simple

and sufficient condition for the existence of fractional derivatives.

Lemma 2.2: ([12]) Let f(t) € AC([a, b]), then DZf(t) exist almost everywhere for

0 < q < 1.Moreover DIf € L,(a,b),1 <1 < %, and

f@ [ fi(s)ds
A-o|t-w ) t-a|

DO =7 (2.26)
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Now we can define fractional derivative for large order g > 1. We will use the
notations: [gq] stands for the largest integer not greater than g and {q} meaning
“fractional’” part, 0 < {q} < 1, so that g = [q] + {q}.

Let ¢ > 0 be any real number. It is natural to introduce ,D{f(t) by the

relation

[q] [q]+1

D= (5) DU =(%) 1. (2.27)

Definition 2.3: ([12]) The RL fractional derivative of order g, n—1<qg <n , for

f(t) defined on the interval [a,b], is given as
d
DO = (& j =41 (2.29

To simplify the notations we will use DZ instead of ,D/. Now we recall some of the

properties of the RL fractional derivative of order n — 1 < g < n as follow [63]:

_ ra+v9)

* DZ (t- a)ﬁ T r(+9-¢q)

(t—a)?9whereq e R,,9 > —1.

« D (DIF(©) = DE*F(0) - [ DI (0)],_, L, where p, g € R
e DIALF () = F(©).
« LDIF) = f(O) — )a[DET F(D)]

c(t-a)™1
r(i-q)

(t-a)a~J
t=ar(g-j+1)’

eDIC = where C is an any constant.

Also, the Laplace transform of the RL fractional derivative is

o L{DIf ()} = sIF(s) — TiZ osk[Dg_k_lf(t)]t=0'

15



e |\VVP for Fractional Differential Equation with RL Derivative
A fractional differential equation is an equation which contains fractional
derivative. The IVP for FDE with RL derivative of order n — 1 < g < n has the

form

D x(t) = f(t, x(t)
Dfo_kx(t)|t=t0 =b, (k=12,..,n)

(2.29)
where n=[q] + 1 and b, are given constants. The notation Dfo_"x(t)|t t
=tlo

means that the limit is taken at almost all points of the right-sided neighborhood

(to, to + €) of t, as follows

-k . -k
[DE x(f:)]t:t0 = tggh Dix(®), (A<k<n-1)
- : - 2.30
[Dgo nx(t)]t=t0 = tl—1>g}+ IZ; Ix(t) (2.30)

where IZZ_" is the RL fractional integral of order n — q defined by (2.22). IVP (2.29)

is equivalent to the following fractional integral equation

" bo(t—t)T* 1 [ f(s x(s))ds

x(t) = ra—k+D T ) oot (2.31)
k=1 to
In the case when 0 < g < 1, the (2.29) takes the following form
{D?ox(t) = f(t,x(1)) -
1- .
[1¢, qx(t)]tzto =b

And this problem can be rewritten as the weighted Cauchy type problem [11]-[16]
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DY () = £(&,x(8))

lim T'(q)x(t)(t —ty)™9 = x°. (2.33)
t—>t0+
The corresponding Volterra integral equation to IVP (2.33) is
o( ya-r o1 d d
x°(t—1tp)" s,x(s))ds
x(®) = 0 f(s,2(5) 03

r(q) r(q) ; (t—s)t-a

and it is valid for the functions x(t) € C,([t,,T],R), p=1—gq where
Cp([to, TLR) = {x(£): x(t) € C[(to, T], R] and x(£)(t — to)' " € C([to, T], R)}

Definition 2.4: ([16], [41]) A function x(t) is called a solution of (2.33) if
x(t) € Cy([to,to + al,R), Dfox(t) exists and continuous on [t,, t, + a] and x(t)

satisfies (2.33).

As an example we consider linear FDE including homogeneous and non-

homogeneous, respectively [14].

Example 2.1: ([14]) A generalization of an equation solved in [11]

Do*x(t) + ax(t) =0, t>0

[1,2x@®)],_, = ¢ (2:39)

By applying the Laplace transform X(s) =ﬁ is obtained and the inverse

2

transform with the help of (2.17) gives the solution of (2.35) as

x(8) = Ct2Ex 1 (~avD).
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Example 2.2: ([14]) Let us consider the following IVP for a non-homogeneous FDE
under non-zero initial conditions

DIx(t) + Ax(t) = h(t), t>0

{ - (2.36)
[D{ " x®],_, =b  (k=12,..,n)

where A € R is a constant.

Problem (2.36) was analytically solved in [12] by the iteration method. With the help
of Laplace transform and formula the same solution is obtained directly and more
quickly. The Laplace transform of equation (2.36) yields by taking into account

initial conditions

s9X(s) — ) bpsk1 —2AX(s) = H(s)
kZl ‘

(2.37)

n
H(s) sk-1
X(S =Sq—}{+kz_1bksq—){.

The inverse transform by using Proposition 2.3 gives the solution

t

x(t) = z betT™® Ey g i1 (A7) + f(t — )97 Eg (A(t — s)Dh(s)ds.  (2.38)
k=1 0

In the case when 0 < g <1 the solution (2.38) has the following form x(t) =

b1t Eq q(AtT) + fot(t = )77 Eqq(A(t — $)Dh(s)ds.

Applied problems require definitions of fractional derivatives allowing the
utilization of physically interpretable initial conditions, which contain f(a), f'(a),
etc. Unfortunately, the RL approach leads to initial conditions containing the limit
values of the RL fractional derivatives at the lower terminal t = t,. However, the
IVP (2.29) can be successfully solved mathematically [12], [14], their solutions are

practically useless, because there is no known physical interpretation for such types
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of initial conditions. This problem does not exist in the Caputo definition which is

sometimes called smooth fractional derivative in literature.
2.2.2. Caputo Fractional Derivative

The definition (2.28) of the fractional differentiation of the RL type played an
important role in the development of the theory of fractional derivatives and
integrals, so called fractional calculus. However, the demands of modern technology
require a certain revision of the well-established pure mathematical approach. A
certain solution to this demand was proposed by Caputo.

The Caputo fractional derivative of order g > 0 can be written as (Caputo,
1967):

g [d" B 1 x"(s)ds
£Dx(e) = [ [ﬁx(t)] = T =) f eI (2.39)

where n — 1 < g < n. In special case when 0 < q < 1, (2.39) takes the form

t x'(s)ds

q —
D x(t) F(1 q) fto (t-s)a’

Under the natural condition on the function x(t) as q — n, the Caputo derivative
becomes the conventional n-th derivative of x(t) [14]. The main advantage of
Caputo’s approach is that the initial conditions for FDE with Caputo derivative take
on the same form as for ODE.

Now we recall some of the properties of the Caputo fractional derivative below
[63]:

SDUI x(t) = x(¢).
14 cpa _ _ yn—1 =tk e
o 18 £D7x(t) = x(1) — BRTy 20 (1),

o L{LDIx(t)} = s9X(s) — Xpogsih? x® (t,).

£D9C = 0 where C is any constant.
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Also there exist relations between RL and the Caputo fractional derivative:

cna _ nd 1 (t=t)*79
* ;D" x(t) = Dy x(t) — Xk=o I"(k—oq+1) x®)(to).

o If x(t) = x'(to) = - = x™"V(¢y) = 0, then £DVx(t) = D x(t).
cna — 74 x(to) _
einthecase 0 < g <1, ;D" x(t) = Dy, x(t) — r(l——q)(t —t) 9.

o If x(to) = 0, then SDx(t) = D x(2).

Contrary to the Laplace transform of the RL fractional derivative, only integer order
derivatives of function x(t) appears in the Laplace transform of the Caputo fractional

derivative.

o |\VVP for Fractional Differential Equation with Caputo Derivative
The IVP of Caputo FDE is given by

{thq x(t) = f(t,x(t)) (2.40)

x(to) = xo

where 0 < g < 1,f € C[R, X R, R]. The corresponding Volterra integral equation
to IVP (2.40) is

N 1 tf(s,x(s))ds
HONNGEDE

x(t) = x (2.41)

The first result is an existence result on I\VP (2.40) that corresponds to the classical

Peano existence theorem for first order ordinary differential equations.

Theorem 2.2: ([64]) Let the function f:G — R be continuous and bounded by M
where G = {(t,x):to <t <ty+a, |[x—xy| <K}, xo €R, K> 0anda>0.Then

1
there exist a solution x(t) € C[to, to + a] where a« = min|a, (%)5].

Proof of Theorem 2.2, please see in [64].
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Now we will give the basic existence and uniqueness result with the Lipschitz
condition, extension of previous result to vector-valued functions, by using

contraction mapping theorem.
Theorem 2.3: ([16]) Assume that
i) f € C[R,R"]and bounded by M on R where R = {(t,x):ty <t < t,+
a, |lx — xoll < b};
ii) [If(t,x) — f(t,yll < Lllx —yll, L >0, (t,x) € R where the inequalities are

componentwise.

Then there exists a unique solution x(t) = x(t, to, xo) on [to, to + @] where a =

.

min|a, (—br(;[“)

Proof of Theorem 2.3, please see in [16].
We give some sufficient conditions for global existence of solutions.

Theorem 2.4: ([16]) Assume that there exists the function g € C € [R, X R;, R,]

and non-decreasing with respect to second argument such that

If (&, )| < g(t [x]). (2.42)
If the maximal solution of the initial value problem

EDTu(t) = g(t,u(®))
{ u(ty) = g (2.43)

exists in [to, o). Then the largest existence of any solution of (2.40) such that

|x0] < ug is [to, ).

Proof of Theorem 2.4, please see in [16].
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Theorem 2.5: ([65]) Assume that there exists a continuous function F: [ty, ) = R,
such that |f(t,x) — f(t,y)| < F(t)|x —y| for all t > t,, x,y € R™. Then, (2.40)

has a unique solution defined in [t,, o).
Proof of Theorem 2.5, please see in [64].

Example 2.3: ([14]) Let us consider non-homogeneous linear scalar FDE with

Caputo derivative

{gz)q x(t) + Ax(8) = h(t), (t>0) (2.44)

x(0) = x,

where 1 >0 is a constant. The solution of (2.44) was obtained by applying
successive approximations in [16]. With the help of Laplace transform the same
solution is obtained directly and more quickly. The Laplace transform of equation

(2.44) yields by taking into account initial condition

sIX(s) —sTx, —AX(s) = H(s)

H(s) N st (2.45)
si—21 s1-—X

The inverse transform by using Proposition 2.3 gives the solution x(t) =

XoEq(—AtT) + [ (t = $)771 Eq g (=A(t — $)D)h(s)ds.
2.2.3. Other Approach

Unlike the RL approach, which derives its definition from the repeated
integral, the Griinwald-Letnikov formulation approaches the problem from the
derivative side. For this, let us consider the continuous function f(t). Its first

derivative can be expressed as [14]

£t = 4 _ i LO _{l(t_ 2 (2.46)

— = lim
dt h—0
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Applying this definition twice gives the second order derivative,

h—-0

= lim

f—2ft—m+ 70 -20

h—0 hZ

Using (2.46) and (2.47) it follows that

oy B f(0) = 3F(E = h) +3f(£ = 2h) - £(£ = 3R)
f(©) = =5 = lim 4

h—-0

and by induction

F(e) = dtf—llmhnz( 0 (M) ree—rhy

where

(n> _ nn—-1)n-2)..(n—-r+1)

T r!

(2.47)

(2.48)

(2.49)

(2.50)

is the usual notation for the binomial coefficients. Now, consider the following

expression generalizing the fractions in (2.46) - (2.49),

RO = Z( o () ree—rm

(2.51)

where q is an arbitrary integer number and n is also an integer. Because from (2.50)

all the coefficients in the numerator after (Z) are equal to 0, the following
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q . . . g .
;lifé fh(q)(t) =f@ = ‘;—tf; for g < n is obviously satisfied. In the case of negative

value q it follows that

(—rq) _—9(=q-1D(=¢ —T!Z) w(cq-r+1) (—1)" [Z] (2.52)

where [7] is defined as

[q] _q4@+D@+2)..(q+7 - 1)_ (2.53)
r r!

Now replacing g in (2.51) with - g, then £,"? () =ﬁ r=o|7]f (t — rh), where q

IS a positive integer number. If n is fixed, then fh(_")(t) tends to the uninteresting

limit 0 as h — 0. To arrive at a non-zero limit, it is needed to suppose that n — oo as

h - 0.Heren = % can be taken where t, is a real constant, and consider the limit

value, either finite or infinite, of fh(_‘”(t), which will be denoted as
lim £, (8) = D'f (0. (2.54)

Here Dt_oqf(t) denotes a certain operation performed on the function f(t) with t,

and t are the limits relating to this operation. After observing the particular case

q = 1,2,3 ..., following expression is followed

C 1
Dp,'f(&) = lim h z [Z] fe-m=r—5] & f (St))l_q ds. (2.55)
r=0 a

As result [14] obtained general expression which represents the derivative of order m
if g = mand the m-fold integral if g = —m. This observation naturally leads to the
idea of a generalization of the notions of differentiation and integration by allowing

q in (2.48) to be an arbitrary real number.
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Definition 2.3: ([14]) The Griinwald-Letnikov derivative of the function f(t) is given
by

t to
LDl f(6) = lim z - (? N fe-rmy (2.56)
_ I'(1+q)
where (g) = m

Also the following formula was obtained in[14]form —1 < g <m

t
1 FM(s)ds
GLpd f(t) = Z F(k—q-l-l)f(k)( o)+ F—q+m) ) (t—syime (2.57)

under the conditions that the function f(t) is m —1- times continuously
differentiable and £ (¢) is integrable .
In the case when 0 < g <1 i.e. x(t) is continuous and x'(t) is integrable RL and

GL derivatives have the following relation

q GLyq x(to)(t—tg)~1 1 t x'(s)ds
DLf(t) = “DLf(1) = rce T o fto i (2.58)

Finally, Caputo, RL and GL fractional derivatives have the relation

“Dift) = D) = f(ta)] = “DEF () = f(to)]. (2.59)
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3. SOME STABILITY AND BOUNDEDNESS
PROPERTIES FOR FRACTIONAL
DIFFERENTIAL EQUATIONS

3.1. Introduction

Fractional calculus deals with the generalization of differentiation and
integration of non-integer order [11]. It is a mathematical field goes back to the 17th
century almost as old as the calculus itself. It is realized and approved with
experimental studies that various processes with anomalous dynamics in science and
engineering can be more properly formulated by using fractional differential
operators due to its memory and hereditary properties [11]-[15], [18]-[21]. For
instance, the anomalous diffusion (subdiffusion, superdiffusion, non-Gaussian
diffusion) phenomena show many different aspects from classical diffusion processes
[17]-[18].

Stability analysis is one of the most fundamental and important issues for
qualitative theory of differential equations, for instance control systems. Many
different types of stability are defined and studied in the literature. However, the
concept of boundedness has played a significant role in the existence of periodic [7]
and almost periodic solutions [8] which has many applications in biological
population management and control. In real world processes, there is a realization
that a system may be stable or asymptotically stable in theory, but it is actually
unstable in practice because of the stable domain or domain of attraction may be so
small that desired deviation to cancel out is not allowed. Whereas, the desired state
of a system may be mathematically unstable, but the system may oscillate
sufficiently near this state so that the performance is considered admissible. To deal
with such phenomena, the concept of practical stability is introduced in [9] and a
systematic study is presented in [10]. Briefly stated, practical stability is essentially
based on the pre-specified bounds for the perturbation of initial conditions response
and the allowable perturbation of the system response.

Recently, fractional calculus was introduced to the stability analysis of FDE.
However, Lyapunov method in dealing with ODE (g = 1) cannot be simply

extended to FDE since fractional differential operators are nonlocal and have weakly
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singular kernels. In literature there are some approaches to stability analysis of FDE
without or with delay via application of differentiable or continuously differentiable
Lyapunov functions, see [32]-[38]. Sufficient conditions on stability, asymptotical
stability, Mittag-Leffler stability, generalized Mittag-Leffler stability are established
by application of the Caputo derivative of Lyapunov functions in aforementioned
papers. Besides, there is another approach in which the authors [39]-[40] have
defined Caputo fractional Dini derivative of continuous Lyapunov function in an
appropriate way. Motivated by the fact that the stability or asymptotic stability are
neither necessary nor sufficient to assure practical stability [10] and the concept of
practical stability and boundedness are valid even the studied FDE has no zero
solution, we have investigated asymptotically stability, practical stability,
boundedness and Lagrange stability for FDE by using fractional comparison method
via Caputo fractional Dini derivative of continuous Lyapunov function. The
statement of the problem and relation between stability and boundedness is presented
in section 3.2. Then, in section 3.3 natural relationship between the Dini derivative of
Lyapunov function for classical case (¢ = 1) and Caputo fractional Dini derivative
is given by appropriate examples [39]-[40]. Some comparison results demand only
continuity as an assumption instead of local Holder continuity or €9 continuity used
in the literature [16], [23], [41] is presented in section 3.4. Then, comparison method
via Lyapunov function and a scalar FDE is applied to obtain sufficient conditions on
some stability and boundedness for system of FDE in section 3.5. Finally some

examples are given as an application of the obtained results.

3.2. Preliminary Notes and Definitions

3.2.1. Definitions of Some Stability and Boundedness

Consider the following I'\VP for the system of FDE for0 < g < 1

{tﬁbq x(t) = (&,%(0) o

x(to) = xo
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where t, € R,, x, xo € R", f € C[R, X R™, R"]. Denote the solution of (3.1) by
x(t) = x(t; to, x0) € CU([to, ), R™). Some sufficient conditions for global
existence of solutions of (3.1) can be seen in [16], [64]-[65].

The main goal of this chapter is to study the practical stability, boundedness
and Lagrange stability properties for the system of FDE (3.1) via fractional
comparison principle in which Lyapunov function and scalar FDE is employed.
When (3.1) has a zero solution, i.e. f(t,0) = 0 we shall use the following stability

definition.

Definition 3.1: The zero solution x(t) = 0 of (3.1) is said to be:

S1) stable if givene > 0 and t, € R, there exist § = §(t,, €) > 0 such that for any
initial position x, € R™ the inequality |[xo|| < & implies ||x(¢; to, x0)|| < € for
t > t,, Where x(t; to, x,) IS any solution of (3.1);

S2) uniformly stable, if § in S1) is independent of t;

S3) attractive if for given € >0 and t, € R, there exist §, = §,(t,) > 0 and
T = T(ty, €) > 0 such that for any initial position x, € R™ the inequality ||x,|| < o
implies ||x(t; to, xo)|| < efort >ty + T;

S4) uniformly attractive, if 6, and T in S3) are independent of t;

S5) asymptotically stable, if it is stable and attractive;

S6) uniformly asymptotically stable, if it is uniformly stable and attractive.

Definition 3.2: Let a couple of real numbers (41, A) with 0 < A < A be given. The
system of FDE (3.1) is said to be:

PS1) practically stable w.r.t. (4,A) if there exists t, = 0 such that for any initial
position x, € R™ the inequality [|x,|| < A implies ||x(¢; to, xo)|| < A for t > t;

PS2) uniformly practically stable if PS1) holds for all t, € R,;

PS3) practically quasi-stable w.r.t. (1,4, T) if there exists t, = 0 such that for any
initial position x, € R™ the inequality [|xo|| < A implies ||x(t;ty, xoll < A for
t=>ty+T;

PS4) uniformly practically quasi stable w.r.t. (4, A) if PS3) holds for all t, € R,.
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Remark 3.1: Unlike the concept of stability the assumption on the existence of the
zero solution i.e. f(t,0) = 0 is not essential for the concepts of boundedness and
practical stability.

The following Lemma is given for future use.

Lemma3.1: For 0 < g < 1andy > 0, we have

t

1
[ =01 Egyore = DDds == (1= By (v - ) (3.2)

to

Proof 3.1: By applying change of variable in the integral (3.2) and using
Preposition 2.1, we have

f(t — 1) Ey o (—y(t —1)%)ds
to

t—to t—to
) 17 d (3.3)
= ] 2971 Eq o (—yz9)dz = —}—/J 17 (Eq(—=yz%))dz
0 0

1
=, A= Byt =t)h). W

Example 3.1: To illustrate the idea in Remark 3.1, consider the following IVP for
fractional relaxation equation tﬁDq u(t) = —u(t) + psint, u(ty) = a, where
a > u > 0. It is obvious that above FDE has no zero solution and solution is given

by

u(t) = abqg(=(t —te)?) +u J (t = )T E o (—(t — 1)) [sint]dx. (3.4)

to

By Lemma 3.1 with y = 1, we obtain the following estimate for the solution
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[u®)] < aEq(—(t = to)?) + u(1 — Eq(—=(t — t)7)), t =t,. (3.5)

Then we have the following results:

e in view of estimate (3.5) and 0 < E,(—(t —t;)?) <1 the solution satisfies
lu(t)| < a, t = t,, i.e. the solution is bounded, uniformly in t,. Besides, we can
find a better bound N with a« > N > pu, it is called ultimate bound, after a
transient period passed by taking into consideration of the decaying property of

Mittag-Leffler function. Indeed, |u(t;ty, up)| <N for t >ty + T whereT =

1
(—Lq (ZT_Z))E , Lq(2) is the inverse function of the Mittag-Leffler function E,(z)

defined as the solution of the equation L, (Eq (z)) = z (see [66]).

e consider the fractional relaxation equation with u(t,) = u, and let a couple of
real numbers (4,A) with 0 <A <A be given. Then [uy] <A implies

|u(t; to, ug)| < A4, i.e. fractional relaxation equation is uniformly practically
1
stable w.r.t. (1, A). Besides, PS4) holds with (4, A, T) where T = (—Lq(%))ﬁ.

Figure 3.1 shows that the exact solution for classical case (¢ =1) and
approximate solutions of fractional relaxation equation with 4 = 0.5, « = 3 and

different choices of ¢ = 0.5, ¢ = 0.8 and g = 0.9.
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q=0.5
— q=0.8
q=0.9

u(t)

5 10 15 20 25 30 35 40 45 50
t (time)

Figure 3.1: Approximate solutions with u = 0.5, « = 3 and g = 0.5, g = 0.8,
q = 0.9.

Corresponding to different types of stability, the concept of boundedness and
Lagrange stability can be defined [3], [4], [6]-[8].

Definition 3.3: The system of FDE (3.1) is said to be:

B1) equi-bounded, if given « > 0 and t, € R, there exists a § = B(t,, @) > 0 such
that any initial value x, € R™ the inequality ||x,|| < a implies ||x(t; to, xo|| < B for
t > to;

B2) uniformly bounded, if 8 in B1) is independent of ty;

B3) ultimately bounded, if given a« > 0 and t, € R,, there exist N >0 and T =
T(ty, @) > 0 such that any initial value x, € R™ the inequality ||x,]| < a implies
lx(&; to, x| <N, t=tg+T;

B4) uniformly ultimately bounded if T in B3) is independent of t;

Al) attractive in the large if, for each € > 0, a > 0 there exists a T = T (ty, €, a,) >
0 such that any initial value x, € R™ the inequality ||xo|| < a implies
|x(t; to, x)|| < € for t >ty +T;

A2) uniformly attractive in the large, if T in Al) is independent of t;

L1) Lagrange stable if B1) and A1) hold together;

L2) uniformly Lagrange stable if B2) and A2) hold together.
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Proposition 3.1: In the case when (i) f(t,0) = 0 and (ii) § — 0 as a — 0 then the
definitions B1), B2) imply S1), S2).

Proof 3.1: Suppose that the zero solution is not stable. Then there exists a €* > 0
such that V6 > 0 such that ||xo|| < & implies [|x(t; to, xo|| > €* for t = t,. On the
other hand from B1) with the choice of a =§ we get the inequality €* <
|x(t; to, xo]] < B which contradicts the property of . Therefore, zero solution is
stable. H

In order to employ the fractional order extension of Lyapunov method,

following scalar FDE is used

{tﬁﬂq u(t) = G(t,u(t)

u(to) = ug (36)
where u,uy € R, G € C[R X R, R]. We denote the solution of the I\VVP for the scalar
FDE (3.6) by u(t; to, up) € C([ty, ), R). In case of the solution is not unique we
will assume the existence of a maximal one.

Corresponding to the Definitions (3.1) - (3.3) given above, we need to recall
definitions of stability, practical stability, boundedness and Lagrange stability for the
scalar FDE (3.6).

Definition 3.4: The zero solution of (3.6) is called:
S*1) stable if given € > 0 and t, € R,, there exist § = §(t,,€) > 0 such that for
any initial position u, € R the inequality |uy| < & implies |u(t; ty, uy)| < € for

t = to, where u(t; to, up) is a solution of (3.6).

Definition 3.5: Let a couple of real numbers (4, A) with 0 < A < A be given. The
scalar FDE (3.6) is called:
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PS*1) practically stable w.r.t. (1, A) if there exists t, = 0 such that for any initial
position u, € R the inequality |ug| < A implies |u(t; ty, ug)| < A for t > t,, where

u(t; ty, up) is a solution of (3.6).
Definition 3.6: The scalar FDE (3.6) is called

B*1) equi-bounded, if given « > 0 and t, € R, there exist § = B(t,, @) > 0 such
that for any initial position u, € R the inequality |uy| < a implies |u(t; to, ug)| < B

for t > t,, where u(t; ty, uy) is a solution of (3.6);

We note that the definitions S*2) - PS*4) and B*2) - L*2) can be formulated
similarly. It should also be noted that G (¢, 0) = 0 is not required in Definition (3.5) —
Definition (3.6).

3.3. Lyapunov Functions and its Caputo Fractional Dini
Derivative

Our aim is to establish the connection between practical stability, boundedness
and Lagrange stability of the scalar FDE (3.6) and given system of FDE (3.1) by
employing the fractional order extension of Lyapunov method. Hence, the class A of

Lyapunov-like functions are given.

Definition 3.7: Let I c R, and 4 c R™. We will say that the function V(t,x): 1 X
A - R, belongs to class A(I, 4) if:

1) V(t,x) is continuous and locally Lipschitzian with respect to its second

argumenton/ X Aand V(t,0) = 0fort € I.

It is convenient to introduce certain class of monotone functions to characterize

Lyapunov-like functions.

Definition 3.8: ([6]) A continuous function ¢:[0,p) — R, is said to belong to the
class K if it is strictly increasing and ¢(0) = 0. It is said to belong to K, if p = o0

and ¢(r) > c0oasr — oo,

33



> 0.

Example 3.2: ([6]) ¢(r) = tan™1(r) is strictly increasing since ¢'(r) =

14712

It belongs to class K, but not to class K, since lim, o, (1) = /2.

Example 3.3: ([6]) ¢ (r) = r¢, for any positive real number c, is strictly increasing

since ¢'(r) = cr°~1 > 0. Moreover lim,_,, ¢ (r) = oo, thus it belongs to class K.

Definition 3.9: ([6]) V(t,x) € A is said to be positive definite if there exists a
function ¢ € K such that ¢ (||x||) < V(t, x).

Definition 3.10: ([6]) V(t,x) € A is said to be decrescent if there exists a function
Y € K such that V(t, x) < ¥(||x|)).

Definition 3.11: ([41]) m(t) is said to be C? continue i.e., m(t) € C1([ty, T], R), if

and only if the Caputo derivative of tgl)q m(t) exists and satisfies thq m(t) =

1 ft m'(s)
r(i-q)’to (t-s)a "

Definition 3.12: ([41]) GL fractional Dini derivative is given by

t—to]
h

. 1 q (3.7)
GLnq — — — — )
EDIm(®) = lim sup - Z( b7 (1) mee—rhy

t—to

where (g) is the Binomial coefficients and [%] means the integer part of —

From the relation between the Caputo, the GL fractional derivative and (3.7),

the Caputo fractional Dini derivative is defined as [39]-[40]

SDIm(t) = EDI[m(t) — m(ty)] (3.8)
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tﬁDﬁm(t) =

! s o9
lim sup - [m(t) —mto) - Zl 07+ () Gmie = i) = m(eo)) J
Remark 3.2: ([39]-[40]) If m(t) € C([to, T], R), then SDIm(t) = £DIm(d).

Lyapunov second method enables us to study some stability and boundedness
properties in which the appropriate definition of the derivative of Lyapunov function
along the studied any type of differential equation is required. In this context, there is
an approach to stability analysis of FDE without or with delay via application of
continuously differentiable Lyapunov functions in literature [32]-[38]. Besides, there
is another approach in which the authors [39]-[40] have investigated stability and
practical stability with ITD via application of continuous Lyapunov function which
could be not continuously differentiable. For this purpose Caputo fractional Dini
derivative of a function m(t) given by (3.9) is used and Caputo fractional Dini
derivative of the function V(t,x) € A(I,4) is defined along the solutions of the
system of FDE (3.1) as follow

(3.1§D$V(t, x; o, Xo)

1 [
= lim sup — |V (t,x) — V(to,xo)
h-0t h
[ (3.10)

t— t
‘] |
z 0+ (1) (e = rhx = R =Vt %))

where t, t, € I, x,x, € A.

In Example 4.5, Corollary 4.2 and Example 4.6, Caputo fractional Dini
derivative relative to ITD, which is a generalization of (3.10), is introduced and
applied to some Lyapunov function. In this context, the following examples from

[39] are special case of it with n = 0 and we omit the details.

35



Example 3.4: Let the Lyapunov function does not depend on the time variable, i.e.
V(t,x) = V(x) for x € R. Then, Caputo fractional Dini derivative for the considered

Lyapunov function by applying formula (3.10) is

V(x) =V(x—hi(f(tx

R hd
hoot (3.11)
(t—to)™ 1

+[V(x) = V(x0)] Ta=q)

Corollary 3.1: Let V(t,x) = V(x) = x* for x € R. According to Example 3.4 the

following expression for the quadratic scalar Lyapunov function is given

(3.1§D$V(t, x; to, Xo)

_ 1 x? — (x — hU(f(t,x))* , (= tp)7?
= msup ha T =%l T (3.12)
2 (t - tO)_q

= 2xf(t,x) + [x? — x&] ri-q)

Remark 3.3: In the case when g — 1 the equality (3.12) coincides with the known
Dini derivative DV (¢, x) = 2xf (¢, x) [3]-[4].

Example 3.5: Let V(t,x) = m?(t)x?* for x € R where m € C}(R,, R). Then, Caputo

fractional Dini derivative (3.10) becomes the following expression

(3.1§D$V(t, x; to, Xo) = 2xm?(t)f(t, x)

m?(to)(t —to)™7  (3.13)
ra—q

+x2 DY [m? (O] + (x? — x{)

It is well known that the Dini derivative of V(t,x) = m?(t)x*> for classical case
(@=1)is

DYV (t,x) = 2xm?(t)f(t, x) + x? % [m2(t)]. (3.14)
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3.4. Fractional Order Extension of Differential Inequalities
and Comparison Results

Lemma 3.2: ([39]-[40]) Let m € C([ty, ty + 0], R), 8 > 0, and there exists t* €
(to, to + 6] such that m(t*) = 0 and m(t) < 0 for t, < t < t*. Then if the Caputo
fractional Dini derivative (3.10) exists for m(t*) then the inequality qu(t )>0
holds.

Proof 3.2: From (3.7), m(t*) = 0 and the inequalitiesr —q > 0 for r = 1,2,..., and
0 < g < 1 follows

t —to

%D m(e)] = lim sup - z -0 ( m(t —rh) = m(t*) +

)

lim sup hlq z (_l)rq(q -1D..(q-r+ 1)m(t* B

ot ’ r! (3.15)
r=
t —to
q(1—q)...(r—1—-gq)
r - *
= hin_f)lfp T Z (-1 _ m(t*—rh) > 0.
From the relation (3.8)
. . m(ty)(t* —ty)™ 4
£D]m ()] = &DIm()] - —— . (3.16)

raa-gq

From inequalities m(t,) <0, t* > ty, '(1—q) > 0 for 0 < q <1 and (3.16), the

claim of Lemma 3.2 is obtained. H

The most commonly used technique in the theory of dynamic equations is
concerned with estimating a function satisfying a dynamic inequality by the extremal

solutions of the related dynamic equation. The assumption with locally Hdolder
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continuity is weakened to C1, C? continuity in [52], [67], respectively. For the sake
of completeness we will present fractional comparison theorem in which assumption
for C* or C9 continuity is weakened to C, i.e. continuity by employing Lemma 3.2.

Here some calculations and steps in the proof are given from [39]-[40].
Lemma 3.3: Assume the following conditions are satisfied:

1) The function G € C[[ty,to + 0] X R,R] and H >0 be such that for any
€ € [0,H] and v, € R the scalar FDE

EDTu(t) = G(tu) +e u(ty) = v (3.17)
has a solution u(t; ty, vo, €) € C1([ty, to + 0], R).
i1) The function m(t) € C([t,, to + €], R;) so that the inequality

EDIm(t) < G(t,m(t)), tE€ [ty to+6] (3.18)
holds.

Then m(t,) < u, implies the validity of inequality m(t) < u*(t) for t € [ty, to + 0]
where u*(t) = u(t; ty, upy) is the maximal solution of IVP for scalar FDE (3.17) for

v0=annd6=O.

Proof 3.3: Consider the IVP for the scalar FDE (3.17) with v, = u, + € where
€ € [0, H] is an arbitrary fixed number. According to i) the IVP for the scalar FDE
(3.17) has a solution u.(t) = u(t; ty, uo + €, €). Note that u.(t) satisfy the following
integral equation corresponding to IVP (3.17)

G(s,x(s)) + €]ds
(t—s)ta

t
u(t) =uy+e+ ! f [ (3.19)
') .

for t € [ty, to + 6]. We now prove that
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m(t) < u.(t) fort € [ty t, + 6]. (3.20)

Note that the inequality (3.20) holds for t = t, since m(ty) < uy < u.(ty). Suppose
inequality (3.20) is not true for t € (t,, ty, + €]. Then there exists a point t* such that
m(t*) = u(t*), m(t) <uc(t) for te€ [ty t*). Applying Lemma 3.2 to the
difference m(t) —u.(t) yields SDI[m(t*) —u ()] >0, ie. SDIm(¢*) >
G(t", uc(t?) + € > G(¢*, m(t*)). The obtained inequality above contradicts with
the 1i) for t = t*. Therefore the inequality (3.20) holds on [ty t, + 8] and any
€ € (0,H]. We now show if 0 < €, < €; < H then

Ue, (£) < ue, (£) for t € [to, to + 6], (3.21)

Since ug, (ty) = uo + €, < up + €1 = ug, (o), the inequality (3.21) holds for t = ¢,.
Assume that inequality (3.21) is not true. Then there exists a t* € (t,, t, + 6] such
that u,, (t") <uc, (t), ue,(t) <wug, (t) for t; <t <t*. According to Lemma 3.2
applied to u, () — u, (t), we obtain D][u,,(t*) — u,, (t*)] > 0. On the other

hand by using Remark 3.2 yields

tﬁﬂi [uez (t") —ue, (t*)]
> 6 (6 ue,(t)) + & — (6 ("1, (1)) + &) (3.22)

=€2_€1<0.

which is a contradiction implies the validity of (3.21). Now 0 < € < H, (3.21) yields
that the the family of solutions {u.(t)}, t € [to, to + 6] of (3.17) is uniformly
bounded i.e. there exists K > 0 with |u.(t)| < K for (t,€) € [ty to + 0] X [0, H].
Let M = sup{|G(t,w)|: (t,u) € [to, ty + 8] X [—K, K]}. Take a decreasing sequence
of positive numbers {ej}}?‘;O, 0 < €y < H such that lim;_,,, €; = 0 and consider the
corresponding sequence of solutions uej(t). Now for t,,t, € [to, to + 0], t; < ty,

using the inequalities a? — b1 < 2(a—b)? for a=b =0, (t; —s)9 < (t, —s)4
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for s €[ty t4] and fttol((tz —5) = (ty =) Dds = %((tz — o) -

—t.\4 .
(t; —t)?—(t, —t)?) < %, we get an estimate for uej(tz) — us]-(t1)| as

uej(tz) - uej(t1)|

< % tf ((t, =) —(t; — )7 D) (G (s, usj(s)) + Ej) ds
0 t2 (3.23)
+ f ((t; =)™ (G (s, ue,-(s)) + ej) ds

2(M + H)

= I"(1—+q) (t, — t))1.

Thus, the family {uej(t)} IS equi-continuous on [ty ty + 8]. The Arzela-Ascoli
Theorem vyields that there exists a subsequence {quk (t)} that is uniformly
convergent in the interval [to, to + 6]. Let limy_,o, Uej, (t) = u(t). By taking limit in
(3.19) with € = ¢;, as k — o, we see u(t) satisfies the IVP (3.18) for ¢t € [ty to +
0], i.e. u(t)is solution IVP for scalar FDE (3.17) for vy, = u, and € = 0. Finally, we
have m(t) < u(t) < u*(¢) for t € [to, to + 0] by taking limit in (3.20) for € = ¢;, as
k— o Nl

Remark 3.4: Note that in the case of m(t) is continuously differentiable, i.e. m(t) is
belong to class €%, Lemma 3.3 generalizes and unifies the comparison results in
[41], [67] in view of Remark 3.2.

The following Lemma 3.4 is a comparison result which establish a relationship
between Lyapunov functions, system of FDE (3.1) and scalar FDE (3.6). The
following Lemma 3.4 and its generalization with ITD are given in [39]-[40],
respectively. We will give the proof of ITD version of Lemma 3.4 in the next

chapter.
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Lemma 3.4: Assume the following conditions are satisfied:

i) The function x(t) = x(t; ty, xo) € CI([to, to + 0], 4) is a solution of (3.1).
ii) The function V € A([ty, to + 0],4), G € C[[ty, to + 6] X R, R] such that for
t € (to, to + 0] the inequality

5DVt x(2); to, %0) < G(t,V (¢t x(2))) (3.24)
holds.

Then V(ty, xo) < uy, implies the validity of inequality V(t, x(t)) <u*(t) for
t € [to, to + 6] where u*(t) = u(t; to, up) Is the maximal solution of IVP for scalar
FDE (3.6).

In the case when G(t,u) =yu, y € R is a constant, we deduce the following

Corollary from Lemma 3.4.

Corollary 3.2: Let the condition i), ii) of Lemma 3.4 be satisfied and the function
V € A([to, to + 6], 4) be such that the inequality (5 SDIV (¢, x(t); to, %) < yV (¢, x)
holds for t € [to, t, + 6].

Then for t € [to,t, + 0] the inequality V (¢, x(t; to, x0)) < V(to, x0)Eq(y(t — to)?)
holds.

Proof 3.2: The proof of Corollary 3.2 follows from the fact that corresponding IVP
for scalar FDE (3.6) with G(t,u) = yu, uy = V(tg, xo), i.e. DY u(t) = yu(t) has

a unique solution u(t) = V(to, xo) Eq(y(t — to)?) for t € [to, tp + 0]. W
In the case when G (t,u) = 0, the following Corollary is deduced from Lemma 3.4.

Corollary 3.3: Let the condition i), ii) of Lemma 3.4 be satisfied and the function
V € A([to, to + 6], 4) be such that the inequality SDIV (¢, x(t); to, o) < 0 holds for
t € [to, to + 6]

Then for t € [t,, ty + 0] the inequality V (t, x(t; ty, X)) < V(to, x) holds.
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Proof 3.3: The proof of Corollary 3.3 follows from the fact that corresponding IVP
for scalar FDE (3.6) with G(t,u) =0, uy = V(to, Xo), i.e. £D?u(t) =0 has a

unique solution u(t) = V(ty, xo) for t € [ty t, +6]. B

The Caputo fractional Dini derivative (3.10), Lemma 3.3, 3.4, Corollary 3.2,
Corollary 3.3 demand just continuity property from the candidate Lyapunov
function. For the sake of completeness it is noted that if Lyapunov function V(t, x) is
continuously differentiable, comparison results in terms of the Caputo fractional

derivative used in the literature [32]-[38] can be given.
Lemma 3.5: Assume the following conditions are satisfied:

I) The condition i) of Lemma 3.4 holds.
i) The function V: [t,,ty, + 8] X 4 = R, is continuously differentiable such that

the inequality
oDV (& x(1) < G(t, V(L x(1))) (3.25)
holds.

Then V(ty, xo) < u, implies the validity of inequality V(t, x(t)) <u*(t) for
t € [ty to + 6] where u*(t) = u(t; to, ug) is the maximal solution of IVP for scalar
FDE (3.6).

Proof 3.5: Let the function m(t) € C([ty,to + 0], R,) be defined by m(t) =
V(t,x(t)). Then, the desired result follows from Lemma 3.4 and Remark 3.2. B

3.5. Main Results

We will obtain sufficient conditions for practical stability, boundedness and
Lagrange stability by using continuous Lyapunov-like functions from A class and
Caputo fractional Dini derivative defined by (3.10). Such a stability result is given in

[39], we give this result for the sake of completeness. Unlike the result on
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asymptotically stability [39], we give the same result with comparison principle, i.e.
using asymptotically stability of scalar FDE.

Theorem 3.1: Assume that f(t,0) =0,t € R, and there exists a function V €
A(R,, R™), V(t,0) = 0 for t € R, such that

b(|lx|]) < V(L x) for (t,x) € R, X R™ (3.26)

and the inequality
.5DIV (x50, %0) < G(t,V (¢, X)) (3.27)

holds for any t, t, € R,, t > t, and x, x, € R™, where G € C[R, X R, R], G(¢t,0) =
0 and b € K. Then,

A) the stability of zero solution of scalar FDE (3.6) implies stability of zero
solution of system of FDE (3.1).

B) the asymptotically stability of zero solution of scalar FDE (3.6) implies
asymptotically stability of zero solution of system of FDE (3.1).

Proof 3.1: A) Let the zero solution of scalar FDE (3.6) be stable. According to
Definition 3.4 for given b(e) > 0 there exists 6, = 8y (ty, €) such that |uy| < &o

implies

[u(t; to, uo)| < b(€) fort = ¢, (3.28)

where u(t;ty, uy) is a solution of scalar FDE (3.6). From the properties of the
function V(t, x), it follows that there exists a 6§ = §(ty, €) > 0 such that if x €
R™: ||x]|| < & then V(ty, x) < §,. Choose an initial position x, € R™: ||x,|| < § and
consider the solution x(t) = x(t; ty, xo) of system of FDE (3.1) with the chosen
initial data (tg, xo). Now let ug = V(ty, x¢). From Lemma 3.4 with 4 = R™* and 6 =

oo it follows that
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V(t, x(t; ty, x0)) < u(t; ty,uy) fort = t,. (3.29)

Then from condition (3.26), inequalities (3.28), (3.29) and ugy = V (ty, xo) < 8, we

get to the inequalities

b(||x(t; to, xo)I1) < V(£ x(8; to, X)) < u(t; to, tg) < b(€) (3.30)

from which it follows that [|x(t; to, x0)|| < € for t = t,. This proves the stability of
the zero solution of system of FDE (3.1).

B) Let the zero solution of scalar FDE (3.6) be asymptotically stable. It follows from
A) that the zero solution of (3.1) is stable. We need to show that S3) holds. Since $*3)
holds, for given b(e) > 0, t, € R, there exists §* = §*(to,€) and T = T(t,, €) such
that |uy| < 6" implies

[u(t; to, uo)| < b(e) for t > t, + T. (3.31)

From the properties of the function V, it follows that there exists a 8, = 6,(t, €)
such that if x € R™ ||x|| <&, then V(t,,x) < §*. Choose an initial position
Xo € R™: ||xo|] < &y and consider the solution x(t) = x(t; ty, x,) of system of FDE
(3.1) with the chosen initial data (ty,x,). Now let uy = V(ty, xo). Then from
condition (3.26), inequalities (3.29), (3.31) and uy = V(ty, x9) < 6™ we get to the

inequalitiesfort >ty + T

b(||x(t; to, xo)|) < V(t, x(t;ty, x0)) < u(t; to,up) < b(e) (3.32)

from which it follows that ||x(t;ty, xg)|| <€ for t=>ty,+T. This proves

asymptotically stability of system of FDE (3.1). &

Theorem 3.2: Suppose that the assumptions of Theorem 3.1 hold except that (3.26) is
replaced by
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b(llx|) < V(t,x) < a(|lx]]) for (t,x) € R, x R™. (3.33)

If the zero solution of scalar FDE (3.6) is uniformly stable (uniformly asymptotically
stable), then zero solution of system of FDE (3.1) is uniformly stable (uniformly

asymptotically stable).

Proof 3.2: Since similar arguments are used from the proof of Theorem 3.1 except

that choosing ug, = a(||x,]||) and § = a~(8,), we omit it. W

Remark 3.5: Let the conditions of Theorem 3.2 be satisfied and the inequality (3.27)
is replaced by (3.1€D$V(t,x; to, xo) < —c(||x|). Then zero solution of system of FDE

(3.1) is uniformly asymptotically stable.

Proof 3.5: By choosing V(t,x) = ||x||, it follows that the corresponding IVP for
scalar FDE (3.6) is tgl)q u(t) =— cu(t). According to Corollary 3.2 zero solution

of scalar FDE is asymptotically stable. Then zero solution of system of FDE (3.1) is

uniformly asymptotically stable from Theorem 3.2. B

Theorem 3.3: Assume that there exists a function V € A(R,, R™) such that

b(|IxID < V(t,x) < a(||x|]) for (¢, x) € R, X R", (3.34)

and the inequality (3.33) holds for any t,t, € R,, t > t, and x,x, € R", where
G € C[R; xR,R] and a, b € K. Then,

A) the practically stability (uniform practical stability) w.r.t. (a(1),b(A)) of
scalar FDE (3.6) implies practical stability (uniform practical stability) w.r.t.
(4, A) of system of FDE (3.1) where the positive constants 4,4: 1 < 4, a(1) <
b(A) are given.
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B) the practically quasi-stability (uniform practically quasi-stability) w.r.t.
(a(1),b(A),T) of scalar FDE (3.6) implies practically quasi-stability (uniform
practically quasi-stability) w.r.t. (1, 4, T) of system of FDE (3.1).

Proof 3.3: A). Let the scalar FDE (3.6) be practically stable with respect to
(a(1),b(A)) with 0 < A1 < A, a(A) < b(A). According to Definition 3.5 there exists
a point t, = 0 such that |u,| < a(4) implies

lu(t; to, uo)| < b(A) for t > t, (3.35)

where u(t; ty,ug) is a solution of scalar FDE (3.6). Choose an initial position
X9 € R™: ||xo|| < A and consider the solution x(t) = x(¢; ty, xo) of system of FDE
(3.1) with the chosen initial data (ty, x). Now let ug = V(ty, x). From the
inequality (3.34) it follows wuy =V (ty, x9) < a(||xol]) < a(d), ie. uy <a(l).
Therefore the maximal solution u*(t) = u(t; ty, ug) € CI([ty, ), R) of FDE (3.6)

satisfies inequality (3.35). From Lemma 3.4 with 4 = R™ and 6 = oo it follows that

Then from condition (3.34) and inequalities (3.35), (3.36) we get to the inequalities

b(||x(t; to, x| SV (t, x(t)) < ult; ty, up) < b(4) (3.37)

from which it follows that ||x(¢; to, xo)|| < A for t > t,. Thus, system of FDE (3.1) is
practically stable. Similarly, uniform practically stability w.r.t. (1, A) of system of
FDE (3.1) can be proved.

We omit the proof of claims B) since similar arguments from the proof of A) are
used. ®

Corollary 3.4: Suppose that the assumptions of Theorem 3.2 and Theorem 3.3 hold
except that the inequality (3.27) is replaced by (3_1C)D1V(t, X; ty, Xg) < 0. Then the
system of FDE (3.1) is uniformly stable and uniformly practically stable w.r.t. (4, 4).
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Proof 3.4: The proof follows directly from the fact that the corresponding scalar

FDE tﬁun(t) = 0 has a constant solution which is uniformly stable and uniformly

practically stable w.r.t. (a(41),b(4)). &

Corollary 3.5: Suppose that the assumptions of Theorem 3.2 and Theorem 3.3 hold
except that the inequality (3.33) is replaced by (3_1C)D2V(t, X; to, Xo) < —yV(t, x),
y > 0. Then the system of FDE (3.1) is uniformly asymptotically stable and
uniformly practically quasi stable w.r.t. (4,4, T).

Proof 3.5: The proof follows directly from the fact that the solution u(t) =
ugEq(—y(t — to)?) of the corresponding scalar FDE tgl)q u(t) =—yu(t), u(ty) =

1
u, Is uniformly practically quasi stable w.r.t. (4,A4,T), where T = (—%Lq (%))E.

According to Corollary 3.4 and u(t) — o as t — oo, zero solution of corresponding

scalar FDE is uniformly asymptotically stable. H

Theorem 3.4: Assume that there exists a function V € A such that
b(||x]) < V(t,x) for (t,x) € R, X R" (3.38)

and the inequality (3.26) holds for any t,t, € R,, t > t, and x,x, € R", where
G € C[Ry X R,R] and b € K with b(r) - o asr — . Then,

A) the equi-boundedness of scalar FDE (3.6) implies equi-boundedness of system
of FDE (3.1).

B) the ultimately boundedness of scalar FDE (3.6) implies ultimately boundedness
of system of FDE (3.1).

Proof 3.4: Let « >0 and t, € R,. Consider the solution x(t) = x(t;ty, xo) of
system of FDE (3.1) for which ||x,|| < «. Initially, we consider the first case A) that
is the scalar FDE (3.6) is equi-bounded. From the properties of the function V, it

follows that there exists a constant y; = y;(to, @) such that if x € R™: [|x|| < a then
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V(ty, x) < y;.Since B*1) holds, given y; = y,(ty, @) > 0 and t, € R, there exists a
B1 = B1(ty,¥1) > 0 such that |uy| < y, implies

Choose Uy =V (ty,x9) and B = L (ty,a) > 0 so that b(B) = B, since for the
function b € K with b(r) - o as r —» o. Then from condition (3.38), Lemma 3.4

and inequality (3.39) we get to the inequalities

b([[x(t; to, x0) ) < V (&, x(E; to, x0)) < u(t; to, Up) < B1 < b(B) (3.40)

from which it follows that ||x(¢; to,x)|| < B for t > t,. Thus we deduce that the
system of FDE (3.1) is equi-bounded.
It should be noted that the claim B) is proved by the same arguments used in the

proof of A), so we omit the details here. B
Corollary 3.6: Suppose that the assumptions of Theorem 3.4 hold except that (3.38)
is replaced by (3.26). If scalar FDE (3.7) is uniformly bounded, then the system of

FDE (3.1) is uniformly bounded.

Proof 3.6: Since proofs are essentially repetitions of the arguments used in the proof

of Theorem 3.4 except that choosing ug = a(||x,||) and y; = a(a), we omit it. B

Corollary 3.7: Let G(t,u)=0 in Corollary 3.6, ie. the inequality
(3.1C)D$V(t, X; to, xo) < 0 holds. Then the system of FDE (3.1) is uniformly bounded.

Proof 3.7: The proof follows directly from the fact that the corresponding scalar

FDE D7 u = 0 has a constant solution which is uniformly bounded. m
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The following theorem present the conclusion of Corollary 3.6 with weaker
assumption. Let S¢(p) denote the set S¢(p) = {x € R™: ||x|| = p}.

Theorem 3.5: Assume that there exists a function V € A(R,, R™) such that
b(llxI) = V(t,x) < a(llx])) for (t,x) € Ry x S°(p) (3.41)

and the inequality (3.27) holds for any ¢, t, € R, t > t, and x,x, € R", where
G €C[R, xR,R]anda,b € K.

A) the uniformly boundedness of scalar FDE (3.6) implies uniformly boundedness
of system of FDE (3.1).

B) the uniformly ultimately boundedness of scalar FDE (3.6) implies uniformly

ultimately boundedness of system of FDE (3.1).

Proof 3.5: At first, we consider the first case A) that is the scalar FDE (3.6) is
uniformly bounded . Let « > 0 be given, it can be considered as « > p. Consider the
solution x(t) = x(t; ty, x,) of system of FDE (3.1) for which ||x,|| < a. Since B*1)
holds, given a; = a(a) > 0 there exist §; = B, (a) > 0 such that

We shall prove that ||x(¢; ty, x0)|| < B for t = t,, where g = B(a) > 0 verifying

b(B) = B, since b(r) — o as r — oo. Assume that this is not true. Therefore, there

would exist points t; > t* > t, such that

{IIX(t*,to,xo)II =a,  |lx(ty, to, x|l = B and (3.43)
p<acs|x(tt,x)ll<B for t"<t=<t. '

By using (3.43), condition (3.41) and Lemma 3.4 we obtain the following estimate

V(t,x(t;t5x)) Su(t;thuy), t<t<t (3.44)
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where uy = V(t*, x5) with x5 = x(t*, to, xo) and x(t, t*,xg) is a solution of (3.1)
through (t*, xg). On the other hand, (3.44) is also valid for x(t; t,, x,) because of
the inclusion (¢, x(t)) € S°(p) in the interval t € [t*,t;]. Finally, in view of the
relations (3.42) - (3.44), condition (3.41) and uy = V(t*, x5) < a(||x5]]) = a(a) =

a, We obtain

b(B) = b(|lx(ty, to, xo)ID) <
(3.45)
V(ty, x(ty, to, %)) < ulty, t*,ue) < By < b(B).
The obtained contradiction shows that the claim is right, namely the system of FDE
(3.1) is uniformly bounded. For a < p, we can choose 8 = f(a) = f(p) which also
implies B2). This completes the proof of A).

Next we consider the second case B) that is the scalar FDE (3.6) is uniformly
ultimately bounded, which follows from A) that system of FDE (3.1) is uniformly
bounded. Namely, there exist numbers B, for @ = p such that ||x,|| < p implies
l[x(t, to, x0)|| < By for t = t,. In order to prove B4), let @ > p be such that
p < |lxo|l < a. Since B*4) holds i.e. for a; = a(a) > 0 there exist positive numbers
N, and T = T (@) such that

luo| < ay implies |u(t, ty, up)| < Ny, t =t, +T. (3.46)

Now we will prove that B6) holds with T and N*, where N* = max(B,, N) and
b(N) = N; from b € K,,. Suppose that is not true. Therefore, there exist a sequence
{t™}, t™ > ¢, + T, t™ > was n > oo and a solution x(t, ¢y, xo) of (3.1) with

p < ||xol] £ a such that

|| (¢, t9,x0)|| = N*. (3.47)
Here it should be note that the solutions x(t,ty, xo) With [|xo|| < p satisfy
|x(t, to, x0)|| < N* from the choice of N* above. Finally, in view of the relations

(3.46), (3.47), condition (3.41), the choice of {t™} and uy = a(||x,|]) < a(a) = a4

we obtain

50



b(N*) < V(™ x(t™, t5,x0)) < u(t™, ty, uy) < N; < b(N) (3.48)

which contradicts with the choice of N*. Thus B4) holds, i.e. the system of FDE (3.1)

is uniformly ultimately bounded. W

Theorem 3.6: Assume that there exists a function V € A(R,, R") such that

b(|lx|)) < V (¢t x) for (t,x) € R, X R™ (3.49)

and the inequality (3.33) holds for any t, t, € R,, t > t, and x,x, € R", where
G € C[Ry X R,R]and b € K with b(r) > w0 asr — .
If scalar FDE (3.6) is Lagrange stable, then the system of FDE (3.1) is Lagrange

stable.

Proof 3.6: Let the scalar FDE (3.6) is Lagrange stable which implies that system of
FDE (3.1) is equi-bounded by applying Theorem 3.4. In order to prove L1) holds, we
need to show Al) holds. Let € > 0, « > 0 be given. Consider the solution x(t) =
x(t; ty, xo) of system of FDE (3.1) for which |[|x,|| < @. From the properties of the
function V, it follows that there exists a constant y; = y;(to, @) such that if x €
R™: ||x|| < a then V(ty, x) <y;. Since A*1) holds i.e. for b(e) >0 and y, =

y1(to, @) there exists a T = T(ty, €, @) such that |u,| < y; implies

lu(t, ty, ug)| < b(e), t=>ty+T. (3.50)

Now we claim that Al) holds, i.e. |[x(t;ty, xo)|| < € for t > t, + T provided that
l[xo]] < . In the sequel from (3.50), Lemma 3.4 and choosing U, = V (tq, x0) < 1

we obtainfort > t, + T

b(llx(t; to, x0) ) < V (&, x(t; to, x0)) < u(t; to, Ug) < b(e) (3.51)

from which it follows that [|x(t; to, x0)|| < € for t = t, + T whenever ||x,|| < a. B
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Corollary 3.7: Suppose that the assumptions of Theorem 3.6 hold except that (3.49)
is replaced by (3.33). If scalar FDE (3.6) is uniformly Lagrange stable, then the
system of FDE (3.1) is uniformly Lagrange stable.

Proof 3.7: Since proofs are essentially repetitions of the arguments used in the proof

of Theorem 3.6 except that choosing U, = a(||x,||) and y; = a(«), we omit it. &
3.5. Applications

We consider the following examples as an application of our main results.
Example 3.6: Consider the following FDE with order 0 < g < 1,

1/t

toCqu(t) = (‘m

— sinz(t)> x(t) (3.52)

for t > t, with x(t,) = x,. Consider V(t,x) = x* and choose a,b € K such that
a(s) = 2s, b(s) = %s for the validity of the condition (3.34). From the obtained

formula (3.13) in Corollary 3.1 we have

(3.526)7)3‘/(7:' x; to, Xo)

_ el/t . 2 2 (t - tO)_q
= 2x (- —21_'(1 — q) X —Sin (t)x) + [X - xg] F(l——q) (353)
el/t ) . X el/t )
S<——F(1_q)x — 2sin (t)x >+F(1—_q)x SO

Then, we have following results:

e the zero solution of FDE (3.52) is uniformly stable according to Corollary 3.4.
e the FDE (3.52) is uniformly practically stable with respectto (4,4):0 <1< A
according to Corollary 3.4.

e the FDE (3.52) is uniformly bounded according to Corollary 3.6.
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Figure 3.2 shows that the approximate solutions of the FDE (3.52) with g = 0.5,
q =08, g=09 and u(1) =5 as expected from the analytical analysis already

presented in Example 3.6.

e q=0.5
4 —=0.8

——q=09

i(time)

Figure 3.2: Approximate solutions with ¢ = 0.5,0.8 and g = 0.9.

Example 3.7: Consider the following system of FDE with 0 < g < 1

Tara-o

(o < e/t ) .
EDTx,(8) = = (1 + 5= | 11(6) = sin?(Dx:(t)
J (3.54)

1/t
Lthq x,(t) = — (1 + #_q» x5 (t) + sin?(t)x,(t)

with initial condition x, = (xg1,X02) € R* where x;(ty) = xo; and x,(ty) = Xos.
Consider V(t,x) = x? + x2 for x = (x;,x,) € R? and choose a,b € K such that
a(s) = 2s, b(s) = %s for the validity of the condition (3.34). According to formula

(3.13) in Corollary 3.1, we have
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1/t

m Xl) — sin? (t)x2>

p
(3_54C)D$V(t,x; to, Xo) = 2x1 (‘(1 +
1/t

- - 2
(=0 X,) + sin (t)x1>
(t—tp)™? (3.55)
rid-gq
, , ( o1/t > el/t , ,
< —(xft+x 2+ + x{ +x
= =2(x? +x2) = =2V(t,x)

+2x, (—(1 +

+xf +x7 — x61 — x5,

According to (3.55) the corresponding IVP for scalar FDE is

q —
{tgl) u(t) = —2u(t) (3.56)

u(ty) = ug

where u, € R. The solution of IVP (3.56) is given by u(t) = ugE,(—2(t — t5)?).

Then, we have following results:

¢ in view of Corollary 3.5 the zero solution of system of FDE (3.54) is uniformly

asymptotically stable.

e scalar FDE (3.56) is uniformly practically stable w.r.t. (2/1, %‘) <A< % and

uniformly practical quasi-stable w.r.t. (Zl,g,T), where T = (—%Lq(ﬁ))é .
According to Theorem 3.3 and Corollary 3.5, the system of FDE (3.54) is
uniformly practically stable w.r.t. (4,4) and uniformly practically quasi stable
w.r.t (4, 4,T), respectively.

e scalar FDE (3.56) is uniformly bounded with the choice of f = a and uniformly
attractive in the large with T = (—%Lq (ﬁ))é. According to Corollary 3.7 the

system of FDE (3.54) is uniformly Lagrange stable.
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4. SOME STABILITY AND BOUNDEDNESS
CRITERIA FOR FRACTIONAL DIFFERENTIAL
EQUATIONS WITH INITIAL TIME
DIFFERENCE

4.1. Introduction

The problem of stability of solutions is one of the major problems in the theory
of differential equations. It is well known that the theory of stability in the sense of
Lyapunov has been successfully investigated to understand qualitative properties of
dynamic systems for many years [1]-[5]. In nonlinear systems, Lyapunov’s direct
method (also called the Lyapunov’s second method) allows us to obtain sufficient
conditions for the stability of a system without explicitly solving the differential
equations. The method generalizes the idea which shows that the system is stable if
there are some Lyapunov functions candidates for the system.

It is only a few decades ago, it was realized that fractional calculus provide an
attractive tool for modelling the real world problems. The differentiation and
integration of arbitrary order has found its applications in diverse fields of science
and engineering [11]-[21]. Therefore, the qualitative theory of FDE has received
much attention by many researchers.

Recently, fractional calculus was introduced to the stability analysis of FDE.
Some studies on the stability of linear FDE have been done in [29]-[31]. Whereas,
the stability analysis of the nonlinear FDE is much more difficult and only a few are
available. In the based on Lyapunov’s second method, sufficient conditions on
stability for nonlinear FDE and nonlinear time-delayed FDE has been discussed in
[32]-[38]. Among them in [32]-[33], the authors proposed fractional Lyapunov’s
second method and firstly extended the exponential stability of ODE to the Mittag-
Leffler stability and generalized Mittag-Leffler stability of FDE, respectively. The
authors in [35]-[36] have applied the fractional comparison principle to discussing
the asymptotic stability and Mittag-Leffler stability of FDE with RL derivative,
respectively. Very recently, a stability criterion for autonomous and non-autonomous
nonlinear FDE with Caputo derivative is derived in [37]-[38], respectively. In these

foregoing works, stability of FDE is studied with changing initial position but initial
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time unchanged. In practical situations, it is possible to have not only a change in
initial position but also in initial time because of all kinds of disturbed factors. When
we consider such a deviation in initial time, it causes measuring the difference
between any two different solutions starting with different initial time [42]-[43]. In
this context, we have investigated stability, practical stability, boundedness and
Lagrange stability with ITD for nonlinear FDE by using fractional extension of
comparison principle relative to ITD. In section 4.2, main definitions and concepts
with ITD for FDE with Caputo derivative are introduced and the differences between
classical notion of stability and the notion of stability with ITD are discussed,
respectively. Then, in section 4.3 natural relationship between the Dini derivative of
Lyapunov function with ITD for classical case (g = 1) and the introduced Caputo
fractional Dini derivative with ITD is shown by appropriate examples. Then,
comparison results relative to ITD are obtained in section 4.4. Comparison method
via Lyapunov function and scalar FDE with parameter is applied to obtain several
sufficient conditions on stability, practical stability, boundedness and Lagrange
stability with ITD for system of FDE in section 4.5. Finally some examples are given

as an application of the obtained results.

4.2. Statement of the Problem

4.2.1. Main Definitions and Concepts with ITD for FDE

Consider the following IVP for the system of FDE with order 0 < g < 1,

{tﬁﬂ" x(t) = f(t, x(t))

4.1
x(to) = xo 1)

where t, € R,, x, x, € R", f € C[R, X R", R"]. Denote the solution of (4.1) by

x(t; to, x9) € CY([tg, ), R™). Let 7y € R,, Ty # ty be a different initial time.
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Consider also the IVP (4.1) at a different initial data, i.e. y(ty) = yo

{Tgﬂ" y(®) = F(£,y(6)) w2
y(t0) = ¥o

where y, y, € R™. Denote the solution of (4.2) by y(t; Ty, ¥o) € C1([ty, ), R™).

We give a lemma which is necessary for future use [40].

Lemma 4.1: Let the function x(t) € C9(R,, R™) be solution of the following IVP for
FDE

{2@‘? x(5) = F(£,x(0)) (43)

x(a) = xq

Then the function %(t) = x(t + n) satisfies the following IVP for the FDE

{w #(1) = f(2+7,%(0) @)
X(b) = x,

where a,b € R,n =a — b.

Proof 4.1: The function x(t) is a solution of (4.3) if it satisfies the Volterra integral

equation [63]

t
1 f(s,x(s))ds
M) =sra =0

x(t) = x9 + (4.5)

The function X(t) satisfies the initial condition of (4.4), i.e. X(b) = x,. Change the
variable in the integral (4.5) with s =& +n. Then ds =dé, £ = b for s = a and

& =t —nfors =t. Therefore, from (4.5) we obtain
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-
" PG+ 2 + m)de (4.6)

M=) Tan-o

or

L [fE+nEEE

OV NGO 0

X()=x(t+n)=x

Therefore X (t) satisfies (4.7), i.e. X(t) = x(t + n) is a solution of IVP (4.4). B
The relation between (4.1) and (4.2) is given by the following result.

Corollary 4.1: If y(t) = y(t; 79,¥) IS a solution of (4.2), thenj(t) = y(t +n) isa
solution of IVP for FDE

{tﬁDq?(f) =ft+n3®) 48)
Y(to) = ¥o

where n = 75 — t,.

The main goal of the present chapter is studying the stability, practical stability
[40], boundedness and Lagrange stability with ITD of the system of Caputo FDE
(4.1), i.e. comparing the behavior of two solution with different initial data, both
initial time 7, # t, and initial position y, # x,.

We shall introduce the following definitions of stability and practical stability
with ITD.

Definition 4.1: The solution x*(t) = x(t; ty, x) of (4.1) is said to be:

S1) stable with ITD if given e > 0 there exist § = §(ty,€) > 0 and o = a(ty,€) > 0

such that for any initial position y, € R™ and any initial time 7, € R, the
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inequalities ||y, — xo]| < 6 and |ty — to] < o imply [ly(t +n;T0,y0) — x* (V)| <€
for t > t,, where y(t) = y(t; 7o, yo) is a solution of (4.2) and n = 7o — to;

S2) attractive with ITD if for given € > 0 there exist 6, = 6,(ty) >0, o, =
oo(ty) >0 and T = T(ty,€) > 0 such that if ||y, — xo|| < §o and |7y — to]| < 0
imply [ly(t +m;70,¥0) — x"(O)|| <efort =t, +T;

S3) asymptotically stable with ITD, if S1) and S2) hold simultaneously;

PS1) practically stable with ITD w.r.t. (4,A4), if there exists a number o =
o(ty,4,A) > 0 such that for any initial position y, € R® and any initial time
To € R, the inequalities ||y, — xol| < A and [ty — to| < o imply ||y (t + 1; 7o, Vo) —
x*(t)|| < A for t > t,, where a couple of real numbers (1,4) with 0 < 1 < A be
given;

PS2) attractive practically stable with ITD w.rt. (4,A,T) if there exist o =
o(tg,A,A) >0 and T =T(ty, A, A) > 0 such that the inequalities ||y, — xo]| < A
and [ty — to| < o imply ||[y(t +n; T, v0) — x*(O)|| <Afort >ty + T,

Definition 4.2: The system of FDE of (4.1) is said to be:

US1) uniformly stable with ITD, if givene > 0 there exist § = d(e) > 0 and
o = a(e) > 0 such that for any initial positions x,,y, € R" and any initial times
To, to € R, the inequalities |y, —xoll <8 and |ty —to| <o imply |ly(t+
;T Vo) — X(t;to, x0)ll <€ for t=>t,, where x(t;ty x0), ¥(t;T0,y0) are
solutions of (4.1), (4.2), respectively;

US2) uniformly attractive with ITD, if for given € > 0 there exist §, > 0, 6o > 0
and T =T(e) > 0 such that if |ly, — xoll < &0 and [to —to| < oo Imply ||y(t +
770, Vo) — X(t;tg, xp)|| < efort >ty +T;

US3) uniformly asymptotically stable with ITD, if it is uniformly stable and
uniformly attractive;

UPS1) uniformly practically stable with ITD w.r.t. (4, 4), if there exists a number
o = a(4,A) > 0 such that for any initial positions x,, y, € R™ and any initial times
to,To € Ry the inequalities ||y, —xol| <A and [t —to| <o imply [ly(t+
n; To» Yo) — X(L; to, xo)|l < Afort = ty;

UPS2) uniformly attractive practically stable with ITD w.r.t. (4,4, T) if there exist
o=0(4A)>0and T =T(4,A4) > 0 such that for any initial position x,, y, € R"
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and any initial time t,, 7o € R, the inequalities [y, — xol|l <A and |ty — to| < o

imply ||[y(t +1; T, y0) — x(t;te, x0)|| <Afort >ty +T;

Remark 4.1: The concept of stability, asymptotic stability (practical stability) with
ITD generalizes stability, asymptotic stability of the zero solution [39] (practical
stability of (4.1)) in the literature if x*(¢t) = 0 and 7, = t,.

Corresponding to the different types of stability with ITD we can define the

concepts of boundedness and Lagrange stability with ITD.

Definition 4.3: The system of FDE (4.1) is said to be:

B1) equi-bounded with ITD if given « > 0 and ¢, € R,, there exist ¢ = a(t,, @) >
0 and B = B(ty, @) > 0 such that for any initial position x,, y, € R™ and any initial
times t,, 7o € R, the inequalities ||y, — xo|| < @ and |ty — to]| < o imply [|ly(t +
15 To, Yo) — X(&5 to, x0) || < B, t = to;

B2) uniformly bounded with ITD if B1) holds with § and ¢ independent of ¢,;

B3) ultimately bounded with ITD if given a > 0 and t, € R,, there exist N > 0,
0o = 0o(ty,a) >0 and T =T(ty,a) >0 such that for any initial positions
Xo, Vo € R™ and any initial times to, 7o € R, the inequalities ||y, — xo|| < a and
|To — tol < ap imply lly(t +1;70,¥0) — x(t; to, x| <N, t=t, +T;

B4) uniformly ultimately bounded with ITD, if B3) holds with g, and T independent
of to;

Al) attractive in the large if for each ¢ > 0 and each a > 0 there exist o =
o(tg,€,0,) >0 and T = T(ty,€,a,) > 0 such that ||y, — xo|| < @ and |ty — to| <
o implies ||y(t + 1; 79, ¥0) — x(t;to, x0)|| <€ for t >ty + T;

A2) uniformly attractive with ITD, if ¢ and T in Al) are independent of t;

L1) Lagrange stable if B1) and Al) hold together;

L2) uniformly Lagrange stable if B2) and A2) hold simultaneously.
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We will illustrate the introduced concepts in the following example.

Example 4.1: Consider the following IVP for FDE with 0 < g < 1,

{tg@q x(t) = —x(t) + h(t) (4.9)

x(to) = xo
where h(t) € C(R,, R) and satisfy Lipschitz condition with constant L > 0.

The solution x(t) = x(t;tg, xo) of (4.9) satisfy x(t) = xoE,(—(t —tp)9) +
ftto(t — )97 Ey o (—=(t — 1)) h()dt. Let y(t) = y(t; T, yo) be another solution of
IVP (4.9) at a different data (zq,v,), To # to. According to Corollary 4.1 y(t) =
y(t +n) satisfy SD5(t) = —F(t) + h(t +n), F(to) = yo. Now consider z(t) =
§(t) —x(t) which satisfy D9z(t) = —z(t) + h(t + 1) — h(t), z(ts) = yo — Xo.
Then difference of solutions satisfy 5(t) —x(t) = (yo — x0)Eq(—(t — t5)?) +
ftto(t — )9 Ey (=t = D)D[h(r +n) — h(z)]dr. Then we have the following
estimate |y (t) — x(t)| < |yo — x| + L|n| fort > t,. Then,

e (US1) is satisfied with § = gand o= ;—L.

e (UPS1) is satisfied with ¢ = AT

e (B2) is satisfied with 8 = 2e and o = %.

Figure 4.1 shows that the approximate solutions x(t), ¥(t) = y(t+mn) with
h(t) =sin(t), t, =0,79 = 0.2, xy = 2,y, = 2.3and L = 1.
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Figure 4.1: Approximate solutions with h(t) = sin(t), t, = 0, 7, = 0.2, xo = 2,
yo=23and L =1.

In order to employ the fractional order extension of Lyapunov method with

ITD, following scalar FDE is used

{tgz)" u(t) = g(t, u(t),n) (4.10)

u(ty) = ug

where u,uy ER, g € C[Ry X RX R,R]and n € R is a parameter. We denote the
solution of the I\VP for the scalar FDE (4.10) by u(t; ty, ug,n) € C1([ty, ), R).

Corresponding to the stability with ITD notions given above, we need to
introduce necessary definitions of stability with respect to parameter for the scalar
FDE (4.10). When (4.10) has a zero solution, i.e. g(t,0,0) = 0 we shall use the
following stability definition.

Definition 4.4: The zero solution of scalar FDE (4.10) is said to be
S*1) stable with respect to parameter if given € >0 and t, € R,, there exist
6 = 6(ty,€) > 0 and o = a(ty, €) such that the inequalities |uy| <6 and |n| <o

imply |u(t; to, ug,n)| < € for t > to, where u(t; ty, uy, 1) is a solution of (3.2);

S*2) uniformly stable w.r.t. parameter if $*1) holds with § and o independent of ¢,;
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S*3) attractive w.r.t. parameter, if given ¢ >0 and t, € R,, there exist §, =
So(ty) >0, 09 =0ay(ty) >0 and T =T(ty,€) >0 such that the inequalities
|luo| < 6 and || < o imply |u(t; ty, ug,n)| <efort >ty +T;

S*4) uniformly attractive w.r.t. parameter if &, o, and T in $*3) is independent of
to;

S*5) asymptotically stable w.r.t. parameter if it is stable and attractive;

S$*6) uniformly asymptotically stable w.r.t. parameter, if it is uniformly stable and

uniformly attractive;

Definition 4.5: Let a couple of real numbers (41, A) with 0 < A < A be given. The
scalar FDE (4.10) is said to be

PS*1) parametrically practically stable w.r.t. (4, A), if there exist ¢ = a(ty,4,A) > 0
such that for any |n| < o the inequality |uy| < A imply |u(t; ty, ug,n)| <A for

t > t,.

We note that the definitions PS*2) - PS*4) can be formulated similarly. In
order to avoid repetition we omit it. To the different types of stability with ITD

defined in Definition 4.4, there correspond different types of boundedness.

Definition 4.6: The scalar FDE (4.10) is said to be

B*1) bounded w.r.t. parameter if given a« >0 and t, € R, there exist f =
B(ty,a) >0 and o = a(ty, @) such that the inequality inequalities |u,| < @ and
Inl < o imply [u(t; to, uo,m)| < B for t > ty;

B*2) uniformly bounded w.r.t. parameter if B*1) holds with £ independent of ¢,;
B*3) ultimately bounded w.r.t. parameter if B*1) holds and given « > 0 and t, € R,,
there exist N and T = T(t,,«) > 0 such that the inequality |u,| < a implies
|lu(t; to, ug,m)| < N, t =ty +T;

B*4) uniformly ultimately bounded w.r.t. parameter if B*2) and B*3) hold with T in
B*3) is independent of t,;
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A*1) attractive in the large w.r.t. parameter if for given € > 0,a > 0 there exist
o=o0(ty,e,a) and T =T(ty,6,a) such that |uy|<a and |n| <o imply
|lu(t; to, ug,m)| < €, t =2ty + T,

A*2) uniformly attractive in the large w.r.t. parameter if T and o in A*1) is
independent of t;

L*1) Lagrange stable w.r.t. parameter if B*1) and A*1) hold together;

L*2) uniformly Lagrange stable w.r.t. parameter if B*2) and A*2) hold

simultaneously.

Example 4.2: Consider the scalar FDE (4.10) with g(t, u(t),n) = —uu(t) + Cn,
EDTu(t) = —pu(t) + Cn (4.11)

where C and u > 0 are constants, n is a parameter. The equation (4.11) with initial

condition u(t,) = u, has the following solution

t
u(t) = ugE (—u(t —tp)?) + f(t — 7)1 Eqq(—u(t —1)?)Cndr. (4.12)

to

From (4.12) and Lemma 3.1 we obtain the following estimate
1

Then,

* 572) is satisfied with § = ~and o = T‘C‘l

_ KA

e PS*2) is satisfied with IR

ie. |upl <1 and [n| <o imply
|u(t; to, ug,m)| < A for t > t,, where (4, A) is given with 0 < 1 < A.
e B*2) is satisfied with § = 2a and o = %
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Remark 4.2: For the concepts PS*1)- B*4) to hold, the assumption g(t,0,0) =0 is

not necessary.

Example 4.3: To motivate the idea, consider the following IVP for scalar FDE

EDYu(t) = —u(t) + psint + cost,  u(ty) = ug (4.14)

where g(t,0,0) # 0 and solution of (4.14) is given by

u(t) = ugEq(=(t —to)?)

; (4.15)
+ j(t — )9 E (=t —1)?)[nsin t + cost]dr.
to
The solution has following estimate
[u®)| < JuolEq(—(t = to)®) + (In| + D[1 = Eg(=(t — to)D]. (4.16)

From (4.16) we have |u(t;ty, ug,n)| < |uol +|n|+1 for t >t,. Then B*2) is
satisfied with g = 37“ +1and o= % PS*2) is also satisfied with o =A4A—-1-1

with4A — 1> 1.
4.2.2. Stability versus Stability with ITD

In the real situations, it is often not possible to keep measurements with the
expected initial time. So, when we study the influence of parameters, sometimes we
need to consider two solutions which have not only different initial points, but also
different initial time. The stability with ITD gives us an opportunity to compare
solutions of FDE which both initial time and position are different. As a connected
with Remark 4.1, we will give a brief overview between the introduced stability with

ITD and the known stability of a nonzero solution in the sense of Lyapunov [1]-[6].
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o Stability of a solution in the sense of Lyapunov
Let x(t)=x(t, ty, xo) be the solution of (4.1). To study the stability of x(t) we
consider another solution Y (t) = Y (t, t,y,) of (4.1). The difference between both

solutions z(t) = Y (t) — x(t) is a solution of the following IVP

{thq z=F(t,z2) 4.17)

z(to) = Yo — Xo

with F(t,z) = f(t,z + x(t)) — f(¢ x(t)), which has a zero solution and study of
stability properties of x(t) of (4.1) are reduced to the stability of the zero solution of

transformed system (4.17).

o Stability with initial time difference
Study the stability with ITD of x(t). Consider the solution of (4.1) with
different initial data as y(t) = y(t,7o,y,). Then the difference z(t) = y(t + 1) —

x(t) is a solution of

cna ., — :
{tOD z=F(t,z;n) (4.18)

z(to) = Yo — Xo

where F(t,z;n) = f(t +n,z+x(t)) — f(t,x(£)). In the non-autonomous case,
ie. f(t,x) # f(x), the IVP (4.18) has no zero solution since F(t,0;n) =
f(t+n,x@®) - f(t,x(t)) # 0. Therefore, study of stability with ITD of x(t) could

not be reduced to the study of stability of the zero solution in this case.

Example 4.4: To illustrate the idea presented above, consider IVP (4.9) with
f(t,x(t)) = —x(t) + h(t) in Example 4.1. Difference of solutions z(t) = y(t +
n) — x(t) satisfy D9 z(t) = —z(t) + h(t + n) — h(t), z(ty) = yo — %, Which has

no zero solution.
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4.3. Lyapunov functions and its Caputo fractional Dini
derivative with ITD

Our aim is to establish the connection between the stability, practical stability,
boundedness and Lagrange stability of the scalar FDE (4.10) and given system of
FDE (4.1) via fractional order extension of Lyapunov method relative to ITD. The
concept of stability with ITD requires a new definition of derivative of Lyapunov-
like functions and a new type of comparison results. In this context, we define
Caputo fractional Dini derivative of the function V (¢, x) € A(I, 4) along solutions of
the system of FDE (4.1) relative to ITD as follow [40]:

1

fCD(4 VY (&%, y,1,%0,Y0) = hm sup a [V(t,y —x) = V(ty, Yo — xo)
t— to

) (4.19)
Z 0 (v —rhy —x—hFE+0,9) = F(60)

\ =V (to, Yo — x0))]

where t, ty €I,y — x, Yo — X € A.

Now we will consider the introduced Caputo fractional Dini derivative (4.19),
which is generalization of (3.10) with respect to ITD, for some particular Lyapunov
functions. The following examples are obtained in [40].

Example 4.5: Let the Lyapunov function does not depend on the time variable, i.e.
V(t,x) = V(x) for x € R. Then, applying formula (4.19)
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th&_l)V(t, X, Y, 1N, Xo, xO) =

1
lim sup P [V —x) =V —x0) —
h-o0t

tto

Z( D7+ (N) V(e = rhx = R (e +1,9) = 6 200) = Vo, x0)]

< — lim sup Vy—x) =V —x-hi(ft+ny) - f(t,x)) (4.20)
h—0% h4
, 7]
—V(yy — xo)hm sup 7 Z =T (z) +
=0
. 7] .
sV = = 1) = [ g 2 o (7)
By using limy,eXr—o(—1)7"(¢)=0, where N is a natural number,

t—to -
lzmsup Z[ ]( 1)T(Q) GLDq ] tqu[ ] — (;;lto_)q)q and

t—to
llmsup PO 1]( 1)T(q) = —1, then it follows that the following formula

t€Dg4.1)V(t' X,¥,1, X0, Yo)
i oy L D) VG = R+ 0,9) — f(5))
" ot h1 (4.21)
— —-q
FIV( = 2) = V(3o — x0)] %

Here the expression with limit in the right hand side of (4.21) is coincides with the

fractional derivative of V(t,x) = V(x) used in [55].

Corollary 4.2: Let V(t,x) = V(x) = x* for x € R. Then according to Example 4.5

we obtain the following expression for the quadratic scalar Lyapunov function as
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th&_l)V(t, X,¥,M, X0, Vo)
(t—ty) @ (4.22)

=20 =0 +ny) =~ f60) + [0 =07 = 0o = %)l T — 5

Remark 4.3: In the case when g — 1 the formula (4.22) is coincide with the known
Dini derivative with ITD of V(t,x) =x* i.e. D*V(t,y —x) =2(y —x)(f(t +
n,y) — f(t x)) [62]-[53], [60].

We will compare the introduced Caputo fractional Dini derivative given by

(4.19) and classical derivative (g = 1) with ITD of Lyapunov function.

Example 4.6: Let V(t,x) = m?(t)x* for x € R where m € C'(R,, R). Then, Caputo

fractional Dini derivative of the function V(t, x):

tg@(qzm)v(t' X,¥,1, X0, Yo)
=2(y —0)m2O(f(t +1.9) — fE&0) + (y — 2)? % w29

m?(to)(t — to) ™1
ra-q

5D MO + [ — 0% = (7 — %0)°]

On the other hand, it is well known that the Dini derivative of Lyapunov function

with ITD for classical case (g = 1) is

DV (t,y —x) = 2(y —x)m2(O)(f(t +n,) — f(t, %))
4 (4.24)
+(y =0t 2 [0

It is noteworthy that the derivative of m(t) in (4.24) is replaced by the fractional
derivative in (4.23), which shows that formula (4.19) is a natural generalization of

the classical case (q¢ = 1) to fractional case (0 < g < 1).
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4.4. Comparison Results with ITD for Scalar FDE

Now we will give a comparison theorem which gives us a relationship between

Lyapunov functions, system of FDE (4.1) and scalar FDE (4.10).
Lemma 4.2: Assume the following conditions are satisfied:

i) The function x*(t) = x(t;tg, x9) € CI([to, to +O0],R™) and y(t) =
y(t; T, Vo) € CU([1g,To + 0], R™) are solutions of system of FDE (4.1), (4.2)
respectively, y(t +n*) — x(t) € A where n* = 75 — t,, 4 € R™ and 6 is a given
number.

ii) The function V € A([ty, to + 6],4), g € C[[ty, to + 0] X R X R, R] such that
for t € [t,, to + 6] the inequality

EDE 1V (& (), y(t +1),10", X0, ¥o)

(4.25)
< gt V(tyt+n) —x* @)1

holds.

Then V(ty, yo — xo) < uy implies V(¢t,y(t +n*) — x*(t)) < u*(t) for t € [ty, to +
0] where u*(t) = u(t; to, ug,n"™) is the maximal solution of IVP for scalar FDE
(4.10) withn =n".

Proof 4.2: Let the function m(t) € C([to,to + 8], R,) be defined by m(t) =
V(t,y(t +n") —x*(t)). Then from Remark 3.2 we obtain for t € (t,,t, + 6] the

equality 1121 sup h—lq @ +n7) —x"(@®) — o —x0) — S +n),x*(t),h) =

fE+n"yE+n7) = f(&x" (1),

t—to

where S(y(t+n*),x*(t),h) = ZL"I ](—1)”1(2) [y(t +n* —rh) —x*(t —rh) —
(Yo —x0)]. Therefore  S(y(t +n7),x"(t),h) = y(t +n") —x"(t) = (Yo — Xo) —

hI(fE+n7,y(E+n7) — f(tx" () — €(h?) or y(E+n7) —x"(t) -
hI(f(E+n"y(E+n) — f(&x7 () = S +n7),x" (), h) + o — x0) +
€(h?) with %qq) ash — 0%. Thenforany t € (t,,t, + 6] using (3.9) we obtain
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( [[t hto
m(®) = m(to) -| Y (=17 () (mCe - i) - m(to))|
l r=1
7]
= V(62(0) = Vto2) = ) D (1) x
r=1

[V(t—rh,z(t) — 2o — h? (f(t +n5y(E+n9)) - f(t,x*(t)))
{ (4.26)

tto

—V(t0,20)] lZ( e (1

(Ve = rh, SG/(t +17),2°(0), ) + 20 + €(hD) )|

=2 ]
i Z (- 1)T+1 (V(t —rh,z(t — Th)))J

where z(t) =y(t+n") —x*(t), zo =yo—xo and n* is defined in i). After
arrangement in the expression (4.25) via V is locally Lipschitzian in its second

argument with a Lipschitz constant L > 0 we obtain
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[t to
z (— 1)r+1 )V = rh, SQ/(t + 1), (6), 1) + 20 + €(h)
—V(t —rh,z(t —rh))]
[t to] t to
LD (¢ Z( D+ (1) e = m - z0)
) [52] ] @
- > ot (e - -z + e Y (7) |
r=1 r=1
= 5] |
=1 Y o Z (- 1)J+1( ) G = 1) = 2)
j=0
thto
\ +Le(h?) Z

Substitute (4.26) in (4.25), divide both sides by h9, take a limitas h — 0", use (4.21),

F to

(3.11),ii)and ¥ . " ](q)z = (1+ 2)9 if |z] < 1 we obtain for any t € (t,,to + 6]

the inequality

( thzm(t) < th&,l)V(t, X*(t): y(t + T]*)' T]*' Xo, yO)
t— to [t—hto]

Z — (-1 ( ) e = 1) = 20) Z e ()

+L li
i, sup

t— to
llm sup Z

= tOD(41)V(t X (t) y(t +77 ) 77 » X0y yO)

(4.28)

+L li
i =

\ <gtV(tyt+n)—x"(),n") =g, m(),n).
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Finally, we get m(t) = V(t,y(t +n*) —x"(t)) < u(t; ty,up,n*) for t € [ty, ty +
0] by applying Lemma 3.3. &

Corollary 4.3: Let the condition i) of Lemma 4.2 be satisfied and the function
V € A([ty, ty + 6], 4) be such that the inequality

SDG V(6 x* (1), y(t +1*),n%, %0, ¥0) < 0 holds for ¢ € [to, to + 6].

Then for t € [ty ty + 6] the inequality V(t,y(t +n*) —x*(t)) < V(ty, Yo — Xo)
holds.

Proof 4.3: The proof of Corollary 4.3 follows directly from the fact that
corresponding IVP for scalar FDE tgl)qu =0 with uy =V(ty,yo — x0) has a

unique solution u(t) = V(ty, yo — xo) for t € [ty, to + 6]. A

Corollary 4.4: Let the condition i) of Lemma 4.2 be satisfied and the function
V € A([to, to + 0], 4) be such that the inequality

EDE, V(X (), y(E + 1), 1% %0, ¥0) < —yV (£, y(t +1*) —x*(£)) + Cn*  holds
for t € [ty, to + 0], where y > 0 and C € R are constants.
Then for ¢ € [to, to + 6] the inequality V(t, y(t + 1) — x*(£)) < [V (to, ¥o — Xo) —

1 * 1 *
;Cn JEq(—y(t —t)?) + ;Cn holds.

Proof 4.4: The proof of Corollary 4.4 follows directly from the fact that
corresponding IVP for scalar FDE with g(t,u,n*) = —uu + Cn*, ug = V(to, yo —

xo), i.e. £D%u =—pu+ Cn* has a unique solution wu(t; to, ug,n*) = [V (to, yo —

xo) — iCn*]Eq(—y(t —t)9) + %Cn* for ¢ € [ty to + 0]. W

The result of Lemma 4.2 is also true on the half line.
Lemma 4.3: Let the conditions of Lemma 4.2 are satisfied for 8 = oo, i.e. for t > ¢,

and t =1, respectively. Then V(ty,vo—xo) <uo implies V(t,y(t+n*) —
x*(t)) < u'(t) fort = t,.
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In the case when the Lyapunov function V (¢, x) is continuously differentiable we
also give comparison results in terms of the Caputo fractional derivative used in the
literature [32]-[38].

Lemma 4.4: Assume the following conditions are satisfied:

1) The condition i) of Lemma 4.2 holds.
ii) The function V € A([¢t,, t, + 6], 4) is continuously differentiable such that the

inequality
DTV y(t+n*) —x* (1) < gtV (t,y(t +1") —x* (1)) (4.29)
holds.

Then V(ty,yo — xo) < u, implies the validity of inequality V(t,y(t+n*) —
x*(t)) S u'(t) for t € [ty, to + O] u™(t) = u(t; ty, ug,n*) is the maximal solution of
IVP for scalar FDE (4.10) with n = n*.

Proof 4.4: Let the function m(t) € C([ty, to + 6], R,) be defined by m(t) =
V(t,y(t+n") —x*(t)). Then, the desired result follows from Lemma 3.5 and
Remark 3.2. &

4.5. Main Results

In this part, we will obtain sufficient conditions on stability, practical stability,
boundedness and Lagrange stability with ITD. We will use Lyapunov-like functions
from class A. The proof is based on the fractional order extension of Lyapunov

method combined with comparison result with ITD for scalar FDE with parameter.
4.5.1. Stability and Practical Stability Criteria with ITD

Firstly, we will give sufficient conditions on stability, asymptotically stability
with ITD.
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Theorem 4.1: Let the following conditions be satisfied:

Al) The function x*(t) = x(¢t; to, x9) € CI([ty, o), R™) is a solution of system of
FDE (4.1), where t, € R,, x, € R™ are given points.

A2) The function g € C[[ty, ) X Rx R, R], g(t,0,0) = 0 and for any 7, u, € R,
the IVP for scalar FDE (4.10) has a solution u(t) = u(t;ty, ug,n) €
C([to, ), R).

A3) There exists a function V € A([t,, o0), R™) such that

1) b(||x|]) < V(t,x) < a(||x|]) for (t,x) € Ry x R" where a,b € K.
ii) for any y, y, € R™, t > t, the inequality

DV (& x(6), 7,1, %0, ¥0) < gt V(E,y — x*(£)), 1) (4.30)

holds.

A4) The zero solution of scalar FDE (4.10) is stable (attractive) w.r.t. parameter.

Then the solution x*(t) = x(¢; ty, xo) of the system of FDE (4.1) is stable (attractive)
with ITD.

Proof 4.1: Initially, we consider the first case of A4) that is the zero solution of the
scalar FDE (4.10) is stable w.r.t. parameter. Since S*1) holds, given b(e) > 0, there
exist &, = &,(ty,€) > 0 and o = a(ty, €) such that for |uy| < 8; and |n| <o we

have
|u(t; to, ug, )| < b(e) , t=>t, (4.31)

where u(t; ty, ug,n) is a solution of (4.10). Choose arbitrary points y, € R" and
7o € R, such that ||y, — x0|]| < 8 and |n*| < ¢ where § < a™*(5;) and n* = 7, —
to- Consider a solution y(t) = y(t; 7o, y,) Of system of FDE (4.2) with the chosen
initial data (7, yo). Let Uy = V (to, Yo — xo)- From Condition A3) i) and choice of
it follows Uy =V(ty,yo—x0) < a(llyo—xoll) < a(d) <8,. Therefore, the
maximal solution u*(t) = u(t; ty, Uy, n™) € C([ty, ), R) of FDE (4.10) satisfies
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inequality (4.31). The conditions of Lemma 4.2 are satisfied for 4 = R", 6 = oo.

According to Lemma 4.2 the inequality

V(t,y(t+n"19,y0) —x*(t)) < u(t; ty, Uy, "), t >t (4.32)

is valid. Consequently, in view of the relations (4.30), (4.31), condition A3) and the
choice of U, we obtain

b(y(t+n") —x*@)) <V(t,y(t+n) —x*(t)) <u*(t) < b(e) (4.33)

which implies that ||y (t + %, 79, ¥9) — x*(t)|| < € for t = t,. Therefore, according
to Definition 4.1 the solution x*(t) is stable with ITD.

Secondly, consider the other case of A4) that is zero solution of (4.10) is attractive
w.r.t. parameter. Since S*3) holds, given b(e) > 0, there exists a §, = §y(ty) > 0,

gy = 0o(ty) and T = T(t,, €) such that for |uy| < 8, and |n| < g, we have

|u(t; to, ug,m)| < b(e) , t=>ty+T. (4.34)

Choose arbitrary points y, € R"® and 7, € R, such that ||y, — x,l|| < 6; and
|n*| < o, Where §; < a™*(8,). Consider a solution y(t) = y(t; 79, Vo) Of system of
FDE (4.2) with the chosen initial data (zg,y,). Let Uy = V(ty, Yo — xo). After

applying similar step in previous proof, we have

by(t+n") —x"@t)) <V(t,y(t+n) —x"(t)) <u"(t) < b(e) (4.35)

for t >t,+T. It follows that ||y(t+n* 19, y,) —x"(O)|| <€ for t =ty +T.

Therefore, according to Definition 4.1 the solution x*(t) is attractive with ITD. H

Corollary 4.5: Suppose that the Al) - A3) of Theorem 4.1 hold.

If the zero solution of scalar FDE (4.10) is asymptotically stable w.r.t. parameter,
then the solution x*(t) = x(t; ty, xo) of the system of FDE (4.1) asymptotically
stable with ITD.
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Theorem 4.2: Let the following conditions be satisfied:

Al) The condition A2) of Theorem 4.1 is satisfied.
A2) There exists a function V' € A([t,, ), S(p)) such that
() b(|Ix|) < V(t,x) < a(]|x|]) for (t,x) € R, X S(p) where a,b € K.
(i) for any t >ty € R, ,x,y,%X0,V0 € R™: y—x € S(p), yo — X9 € S(p) the

inequality
5DV (6,2, 7,1, %0,¥0) < gtV (6, y — x),m) (4.35)

holds.
A3) The zero solution of scalar FDE (4.10) is uniformly stable (uniformly

asymptotically stable) w.r.t. parameter.

Then the system of FDE (4.1) is uniformly stable (uniformly asymptotically stable)
with ITD.

Proof 4.2: First consider the first case of A3) that is the zero solution of the scalar
FDE (4.10) is uniformly stable w.r.t. parameter. Let € > 0 be a number, € < p. Since
S$*2) holds, given b(e) > 0, there exists a §; = §1(¢) > 0 and o = a(¢€) such that

for Jue| < &, and |n| < ¢ we have
lu(t; to, ug,m)| < b(e) , t >t (4.36)

Now let points x,,y, € R* and t,,t, € R, be such that ||y, — x,|| <6 and
|n*| <o where n* =15—t, and § < a '(8,;). Consider any solutions x(t) =
x(t;tg,x9) and y(t) =y(t;t9,y,) Of system of FDE (4.1) and (4.2)
correspondingly with the chosen initial data (z4,y,) and (ty, x,) respectively. Let
Uy = a(|lyo — x0]])- From Condition A2) i) and choice of § it follows U, = a(||y, —
Xll) < a(d) < 6;. Therefore, the maximal solution u*(t) = u(t;ty,Uo,n™) €
C([ty, 0), R) of FDE (4.10) satisfies inequality (4.36). Then we claim that
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ly(t+n") —x(t)|| <e fort =t,. (4.37)

If the inequality (4.37) is not true there would exist a t* > t, such that ||y(t* +
n)—x@®)||=€ and |y(t+n") —x@)|| <e for t,<t<t*. Therefore the
inclusion (¢t,y(t +n*) —x(t)) € S(p) is valid for t € [¢t,, t*]. By using (4.35), and

applying Lemma 4.2 for 4 = R", 8 = t* — t, we obtain the following estimate
V(t,y(t+n") —x(t)) <u'(t), to<t<t. (4.38)

In the sequel from the relations (4.36), (4.38), condition A2) and the choice of t*, we

obtain

b(e) < b(lly(t™ +n7) — x(@")ID)
(4.39)
< V(t*,y(t* +n") — x(t*)) <u*(t) <b(e).

Obtained contradiction proves the validity of (4.37), i.e. the system of FDE (4.1) is
uniformly stable with ITD. Secondly, consider the other case of A3) that is scalar
FDE (4.10) is asymptotically stable w.r.t. parameter. From the first part of the proof
it follows that of system of FDE (4.1) is uniformly stable with 1TD. Consequently,
from the definition US1) there exist §, = §y(p) and g, = g,(p) for € = p such that

{ lyo — xoll < 8o and |ty —to| < 0y imply (4.40)

”}’(t‘l'n:l'o:yo)_x(t;t0:x0)|| < p, tZtO

In order to prove asymptotically stability with ITD, let € > 0 be a number, € < p.
Since $*3) holds, given b(e) > 0, there exists a §; > 0, g, > 0 and T = T(¢) such

that for |uy| < &; and || < o, we have
|u(t; to, ug,m)| < b(e) , t>ty+T. (4.41)

Now let points x,, y, € R™ and 7, t, € R, be such that ||y, — xo|| < d and [n*| < o

where n* =15 —ty, 6 = min(8y,a *(6;)) and o = min(oy, 0,). Consider any
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solutions x(t) = x(t; ty, xo,) and y(t) = y(t; 1o, y,) Of system of FDE (4.1) and
(4.2) correspondingly with the chosen initial data (z,, y) and (t,, x,) respectively.

On the other hand the estimate (4.38) is valid for all t > t, by using (4.40), condition
A2) and Lemma 4.2 with 4 = S(p), 6 = . We will prove that if ||y, — x| <

6 and |ty — ty| < o are satisfied then
ly(t+n") —x(t)|]| <e fort >ty +T. (4.42)

Assume the opposite, i.e. there exist a sequence {t(™},t™ > ¢, + T, t™ — oo as

n — oo such that
ly@™ +n%) —x(t™)]| = € (4.43)

with ||y, — x0|l < 6 and |n*| < a. Finally, in view of the relations (4.41), (4.42),
(4.43), condition A2), the choice of t™ and u, = a(||y, — xol|) < a(6) < &; we

obtain

b(e) >u (t™) =V (t(n),y(t(”) +71) — x(t(”)))

> b(|ly(t™ + 1) —x(t™)]|) = b(e).

(4.44)

The obtained contradiction proves validity of inequality (4.42) which implies US2)
holds. Consequently, system of FDE (4.1) is uniformly stable and uniformly

attractive with ITD i.e. uniformly asymptotically stable with ITD. H

In this part we will give sufficient conditions on practical stability, attractive
practical stability with ITD [40].

Theorem 4.3: Let the conditions Al), A2) of Theorem 4.1 be satisfied and A3), A4)

are replaced by as follow:
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A3) There exists a function VV € A([t,, ), R™) such that
1) b(||x|]) < V(t,x) < a(||x|]) for (t,x) € Ry x R" where a,b € K.
ii) forany y,y, € R* and n € By , t > t, the inequality

EDE V(X (), 7,17, %0, ¥0) < g, V(t,y — x*(8)), ) (4.45)

holds, where g(t,0,0) = 0 is not required.

A4) The scalar FDE (4.10) is parametrically practically stable with respect to
(a(1),b(A)), where the constant A,A are given such that A€ (0,4) and
a(A) < b(4).

Then the solution x*(t) = x(t; ty, x,) of the system of FDE (4.1) is practically stable
with ITD with respect to (4, 4).

Proof 4.3: From condition A3) according to Definition 4.5 there exists a positive
number o = o(ty, A, A) < H such that for uy € R : |uy| < a(d) and n: |n| < o we

have

where u(t; to, ug,n) is a solution of (4.10). Now let points x,, y, € R™ and t,,t, €
R, be such that ||y, — xo|]] < A and |n*| < ¢ where n* = 7, — t,. Consider any
solutions x(t) = x(t; ty, xo) and y(t) = y(t; 1o, y,) Of system of FDE (4.1) and
(4.2) correspondingly with the chosen initial data (t,,y,) and (t,, xo) respectively.
Let @iy = V(tg, yo — Xo). From Condition A3) i) it follows iy = V(to, yo — o) <
a(|lyo — x0ll) < a(4). Therefore, the maximal solution u*(t) = u(t;to, @o,n*) €
C9([ty, ), R) of FDE (4.10) satisfies inequality (4.46). The conditions of Lemma

4.2 are satisfied for 4 = R", 8 = co. According to Lemma 4.2 the inequality
V(t,y(t+n", 19, Y0) —x (1)) < u(t;ty, to,n"), t=>t, (4.47)

is valid. Consequently, in view of the relations (4.46), (4.47), condition A3) and the

choice of i, we obtain
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b(A) > u(t; to, U ,n") 2 V(t,y(t+n") —x"(1)) 2 b(y(t +7n") —x"(t)) (4.48)

which implies that ||y (t + n*, 7o, yo) — x*(t)|| < A for t = t,. Therefore, according
to Definition 4.1 the solution x*(t) is practically stable with ITD. H

Theorem 4.4: Let the following conditions be satisfied:

Al) The conditions Al), A2) of Theorem 4.1 be satisfied

A2) The scalar FDE (4.10) is attractive parametrically practically stable with
respect to (a(d),b(A)), where the constant 4, A are given such that 1 € (0, 4)
and a(1) < b(4).

A3) The condition A3) of Theorem 4.3 is satisfied where inequality (4.45) holds
fort >ty + T with T > 0 from A2).

Then the solution x*(t) = x(t; ty, xo) of the system of FDE (4.1) is attractive
practically stable with ITD with respect to (4, A).

Proof 4.4: The proof of Theorem 4.4 is similar the one of Theorem 4.3 and we omit
it. |

Corollary 4.6: The function g(t,u,n) = 0 is admissible in Theorem 4.4.

Theorem 4.5: Let the conditions of Theorem 4.3 be satisfied and A3), A4) are

replaced by as follow:

A3) There exists a function V € A(R,, S(A)) such that
) b(|lx|l) < V(t,x) < a(]|x]]) for (t,x) € R, x S(A) where a, b € K.
i) for any t >ty € R, x,vy,x0, V9 € R": y—x € S(A), yo —xo € S(A) and
n € By the inequality

th&_l)V(t’ X, y' T], XO, yO) S g (t’ V(t' y - .X), 77) (449)

holds.
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A4) The scalar FDE (4.10) is uniformly parametrically practically stable
(a(1),b(A)), where the constant A,A are given such that A€ (0,4) and
a(1) < b(A).

Then the system of FDE (4.1) is uniformly practically stable with ITD with respect to
4, 4).

Proof 4.5: From condition A4) according to Definition 4.5 there exists a positive

number o = a(4, A) < H such that for uy € R: |uy| < a(4) and n: |n| < o we have

where u(t; ty, ug,n) is a solution of (4.10). Choose arbitrary points y, € R" and
To € R, such that ||y, — xo|| <A and |n*| < ¢ where n* =1, — t,. Consider a
solution y(t) = y(t; to,y,) Of system of FDE (4.2) with the chosen initial data
(T, ¥o)- Let ©ig = V(ty, yo — Xxo). From Condition A3) i) it follows @iy = V (to, Yo —
x0) < a(llyo — Xol) < a(d).

Therefore, the maximal solution u*(t) = u(t; ty, tie,n*) € C([ty, ), R) of FDE
(4.10) satisfies inequality (4.50). Then we claim that

ly(t+n") —x(@)|| <A fort > t,. (4.51)

Assume the opposite, i.e. there exists a point t; > t, such that ||y(t; +7n*) —
x|l =A4 and ||y(t +n*) —x(t)|| < A for t, <t <t,. Therefore the inclusion
(t,y(t+n") —x(t)) € S(A) is valid for t € [t,, t;]. By using (4.49) and applying
Lemma 4.2 for 4 = S(A), 8 = t; — t, we obtain the following estimate
V(t,y(t+n") —x(t)) <u'(t), to <t <t (4.52)

From the choice of t;, condition A3) and inequalities (4.50), (4.51), (4.52) we obtain

b(A) = b(lly(ts +n7) — x(t)ID

(4.53)
S V(t,y(E+n7) —x(t)) S u'(ty) < b(4).
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The obtained contradiction proves the validity of inequality (4.51). Therefore,
according to Definition 4.1 the system of FDE (4.1) is uniformly practically stable
with ITD w.rt. (1,4). &

Corollary 4.7: If the inequality (4.35), (4.49) are satisfied with g(t,u,n) = —uu +
Cn in Theorem 4.2 and Theorem 4.5, then the system of FDE (4.1) is uniformly stable

and uniformly practically stable with ITD.

Proof 4.7: In this case the corresponding scalar FDE (4.10) reduces to thqu =

—uu + Cn, u(ty) = u,. For any parameter 7, u, € R the above scalar FDE has a
solution u(t) = u(t; ty, ug,n) € CI([ty, ), R) which is uniformly stable and
uniformly parametrically stable w.r.t parameter from Example 4.2. Hence, system of
FDE (4.1) is uniformly stable and practically stable with ITD by using Theorem 4.2
and Theorem 4.5. B

4.5.2. Boundedness and Lagrange Stability Criteria with ITD

In this part we will give sufficient conditions on boundedness and Lagrange
stability with ITD.

Theorem 4.6: Let the conditions Al), A2) of Theorem 4.1 be satisfied and A3), A4)

are replaced by as follow:
A3) There exists a function V' € A([ty, o), R™) such that

i) b(||x|) < V(t,x) < a(||x|]) for (t,x) € R, X R™ where a,b € K.
i) forany t > t, € R, and x, y, xo, yo € R" the inequality

th&_l)V(t, XY, Xo, yO) =< g (t' V(t' y— X), TI) (454)
holds.

(A4) The scalar FDE (4.10) is equi-bounded (ultimately bounded) w.r.t.

parameter.
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Then the system of FDE (4.1) is equi-bounded (quasi-ultimately bounded) with ITD.

Proof 4.6: Let « >0 and t, € R,. Consider the solution x(t) = x(t;ty, xo) of
system of FDE (4.1). Initially, we consider the first case of A4) that is the scalar FDE
(4.10) is equi-bounded w.r.t. parameter. Since B*1) holds, given y; = a(a) > 0 and
to € R, there exist 1 = B1(to,v1) > 0 and o = o(t,, y1) such that |u,| < y; and
In| < o imply

Now let point y, € R™ and t, € R, be such that ||y, — xo|| < @ and |n*| < o where
n* =1, — to. Consider a solution y(t) = y(t; Ty, yo) Of system of FDE (4.2) with the
chosen initial data (z, yo). Choose iy = V(tg, ¥o — xo) and g = B(t,, «) > 0 such
that @iy = V(tg, Yo — x0) < a(||yo — xol]) < a(a) = y; and b(B) = B, since for the
function b € K we have b(r) — o as r — oo, respectively. Then from condition (A3),

Lemma 4.2 and (4.54), (4.55) we get to the inequalities

byt +n9) —x(®) <V(t,y(t +m) —x(1) < u'(®) < By <b(B) (4.56)

which implies that ||y (t + n”*, 79, yo) — x(®)|| < g fort > ¢,.

Next we consider the second case of A4) that is the scalar FDE (4.10) is equi-
ultimately bounded w.r.t. parameter. In order to prove B3), let « > 0 and ¢, € R,.
Consider the solution x(t) = x(t; ty, xo) of system of FDE (4.1). Since B*3) holds
i.e. for a; = a(a) > 0 there exist positive numbers N, o = a(t,, @) >0 and
T = T(ty, @) such that |uy| < a; and || < o imply |u(t; ty, ug,n)| < N, t = to +
T. Now let point y, € R™ and t, € R, be such that ||y, — xo|]| < @ and |n*| < o
where n* = 1, — t,. Consider a solution y(t) = y(t; Ty, y,) Of system of FDE (4.2)
with the chosen initial data (z,,y,). We claim that B3) holds with 7,0 and N*,
where b(N*) = N. Suppose that is not true. Therefore, there exist a sequence

{t(n)}, t™ >t + T, t™ - 0 asn — oo such that
ly™ +77) = x(t™)]| = N” (457)
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with ||y, — xo|| < a and |n*| < o. Finally, in view of the relation (4.57), condition

A3), the choice of t™ and fip = a(||y, — %ol]) < a(a) < a; we obtain

BN 2 N > w (e) 2 V (£, y (™ +17) = x(:™))

> b(|ly(t™ +n7) = x(t™@)]||) = b(N").

(4.58)

The obtained contradiction proves that B3) holds. Thus, the system of FDE (4.1) is
ultimately bounded with ITD. H

Corollary 4.8: Let the conditions of Theorem 4.6 hold except A4). If the scalar FDE
(4.10) is uniformly bounded (uniformly quasi-ultimately bounded), then the system of

FDEs (4.1) is uniformly bounded (uniformly quasi-ultimately bounded) with ITD.

Corollary 4.9: If the inequality (4.54) is satisfied with g(t,u,n) = —uu + Cn in
Theorem 4.6, then the system of FDE (4.1) is uniformly bounded with ITD.

Proof 4.9: In this case the corresponding scalar FDE (4.10) reduces to tgl)qu =
—uu + Cn, u(ty) = uy. For any parameter n, u, € R, the above scalar FDE has a
solution u(t) = u(t; ty, ug,n) € C1([ty, ), R) which is uniformly bounded w.r.t
parameter from Example 4.2. Hence, system of FDE (4.1) is uniformly bounded with
ITD by using Theorem 4.6.

Theorem 4.7: Let the conditions of Theorem 4.6 hold except A4). If the scalar FDE
(4.10) is Lagrange stable (uniformly Lagrange stable) w.r.t. parameter, then the

system of FDE (4.1) is Lagrange stable (uniformly Lagrange stable) with ITD.

Proof 4.7: Let the scalar FDE (4.10) is Lagrange stable w.r.t. parameter which
implies that system of FDE (4.1) is equi-bounded with ITD by applying Theorem 4.6.
In order to prove L1) holds, we need to show Al) holds. Let € > 0, @ > 0 be given.

Since A*1) holds i.e. for b(e) > 0 and a; = a(a) > 0 there exists a T = T (ty, €, @)
and o = o(ty, a,€) > 0 such that |uy| < a; and |n| < o imply |u(t; ty, ug,n)| <
b(e), t =ty + T. Now let point y, € R™ and 7, € R, be such that ||y, — xo|| < @

and |n*| < o where n* = 7, — t,. Consider a solution y(t) = y(t; o, yo) Of system
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of FDE (4.2) with the chosen initial data (z,, y,). We claim that A1) holds with T, o.
Suppose that is not true. Therefore, there exist a sequence {t™}, t™ > ¢, + T,

t(™ - o0 asn — oo such that
ly@™ +n*) —x(t™)|| =€ (4.59)

with |lyg — x|l < @ and |n*| < a. Finally, in view of the relation (4.59), condition

A3), the choice of t™ and iy = a(||ly, — %o||) < a(a) < a; we obtain

b(e) >u (t™) =V (t(n),y(t(n) +71) — x(t(n)))

> b(||ly(t™ +n7) = x(t™)|) = b(e).

(4.60)

which implies that A1) holds. Since Theorem 4.6 implies that is equi-bounded with
ITD, then system of FDE (4.1) is Lagrange stable with ITD. l

Theorem 4.1 - Theorem 4.7 require using Caputo fractional Dini derivative
with ITD for Lyapunov functions, i.e. they require only continuity property for
Lyapunov function. In the case of differentiable Lyapunov function V(t,x) we
generalize the stability results of [32]-[38] to stability, practical stability,
boundedness and Lagrange stability with ITD by using Caputo fractional derivative
of Lyapunov functions. The proofs of the next theorems are similar to those in the
proof of Theorem 4.1 — Theorem 4.7 where Lemma 4.4 can be used instead of

Lemma 4.2.

Theorem 4.8: Let the conditions Al), A2) of Theorem 4.1 be satisfied and A3), A4)
are replaced by as follow:

A3) There exists a function V € A([t,, ), R™) such that
i) b(||x]) < V(t,x) < a(||x]]) for (t,x) € R, X R" where a,b € K.
i) for any solution y(t; ty, yo) of system of FDE (4.2) such that n = 7, — ¢, €
By the inequality
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EDMV(L,yt+m —x* () < gt V(e yEt+n) —x*(),n) (4.61)

holds for t > t,+T.
A4) The scalar FDE (4.10) is parametrically practically stable, attractive

practically stable.

Then if T =0 the solution x*(t) = x(t; ty, xo) of the system of FDE (4.1) is

practically stable with ITD otherwise it is attractive practically stable with ITD.

Proof 4.8: The proof is similar to those in the proof of Theorem 4.1 — Theorem 4.7 in
which Lemma 4.2 should be used with replacing Caputo fractional derivative in
Lemma 4.2. &

Theorem 4.9: Let the conditions Al) of Theorem 4.1 be satisfied and A2), A3) are

replaced by as follow:

A2) There exists a function (V € A(R,, S(A))) such that
) b(|lx|l) < V(t,x) < a(]|x]]) for (t,x) € R, x R" where a,b € K.
i) for any solutions x(t; to, xo) and y(t; to, y,) of systems of
FDE(4.1) and (4.2) such that y(t + n) — x(t) € S(A) the inequality

DTV (L y(t+m) —x(@®) < gt V(v +n) —x(©),n) (4.62)
holds for t > t,.
A3) The scalar FDE (4.10) is uniformly stable w.r.t parameter (uniformly

parametrically practically stable).

Then the solution x*(t) = x(t; ty, xo) of the system of FDE (4.1) is uniformly stable,
(uniformly practically stable) with ITD.

Remark 4.4: It should be noted that similar results for other introduced concepts in

this chapter can be stated.
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4.6. Applications

Now we will illustrate the application of the defined concepts with ITD and the

obtained above sufficient conditions on examples [40].

Example 4.7: Consider the following IVP for the system of FDE with 0 < g < 1,

{ D0, (8) = =y (8) = x2(8) + ha (£) (4.63)

thq X2(8) = —x2(8) + x1(t) + hy(t)

for t > t, with x; (t,) = x& and x,(t,) = x2 where the functions h,, h, € C(R,,R)
satisfy Lipschitz condition with L,,L, > 0, respectively. Consider V(t,x) = xTx =
x? +x2 for x = (x1,x,) € R? and choose a, b € K such that a(s) = 2s, b(s) =

%s for the validity of the condition A3) i) of Theorem 4.1.

Let a couple of real numbers (4,4) with 0 < 4 < g be given. Now, let x(t) =

x(t; to,x0) and y(t) = y(t; 1o, ¥o) be solutions of system of FDE (4.1) and (4.2)
respectively such that y(t+n)—x(t) € S(A) where x(t) = (x.(t),x,(t)),

y(®) = (31, y2(0), x0 = (x5, x3) and ¥, = (¥5,¥4). By using Corollary 4.1,
Remark 1 [38], linearity of Caputo derivative, Lipschitz property of h;(t), h,(t) we
get the following inequality for the Caputo fractional derivative of candidate

Lyapunov function V(t, x) = xTx as follow

( EDV(ty(t+m) —x()
<2yt +m) —x(®) EDVy(E+m) — x(8) = —2(y1(t + 1) — x:(D))
1 =202t + 1) = x(0)” + 20+ 1) — 1. (O)) (et + 1) — by () (464)

+2(3’2 (t+n)—x; (t))(hz(t +n)—h; (t))

\ <-2 V(t,y(t +n)— x(t)) + 2ALn
where L = max{L4, L,}. According to (4.64), the corresponding IVP for scalar FDE
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q S
{tgl) u(t) = —2u(t) + Cn (4.65)

u(to) = uop

where u,uy € Rand C = 2AL. According to Example 4.2 with u = 2 scalar FDE
(4.65) is uniformly parametrically stable w.r.t. (Zl,g) and uniformly stable w.r.t.

parameter. Then the system of FDE (4.63) is uniformly practically stable with ITD,
uniformly stable with ITD by using Theorem 4.9. Figure 4.2 shows that the
approximate solutions x(t), y(t +n) with hy(t) = sin(t), h,(t) = cos(t), t, = 0,
7o = 0.2, x0 = (2,3), yo = (2.3,3.2) and L = 1.

251 -

Figure 4.2: Approximate solutions with h; (t) = sin(t), h,(t) = cos(t), t, =0,
7o =02and L = 1.

Example 4.8: Consider the following FDE with 0 < g < 1,

(DT x(t) = x(£)(1 - 0.1¢t) (4.66)

for t > t, with x(t;) = x,. The IVP (4.66) has a zero solution x*(t) = 0 with
x(0) = 0. Consider the quadratic function V(t,x) = x2. The condition A3) i) of

Theorem 4.1 is satisfied for a, b € K such that a(s) = 2s, b(s) = %s. Let a couple of
real numbers (4,4) with 0 < A <% be given. Now, let y(t) = y(t; 7o, y9) be a
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solution of FDE [£D9y(t) =y(t)(1—0.1t), t >7, with y(te) =y, where
n =1, € By, H> 0 is a given constant. According to Corollary 4.1 the function
y(t +n) is a solution of {D7y = y(1—0.1(t + 1)), t > 0 with y(0) = y,. Then
apply Remark 1 [38] and get the following inequality for the Caputo fractional

derivative of the Lyapunov function V(t, x) = x?

DV (t,y(t+n) —x* (D)

, (4.67)

<2yt +m§D? (y(t +m) = gt m(y(t +m))
where the function g(t,n) = 2(1 — 0.1(t + 7)). Then g(t,n) < 0 for t > 11 with
the choice of H = 1. According to Theorem 4.8 the zero solution x*(t) = 0 of FDE
(4.66) is attractive practically stable and the inequality ||y(t + 1) — x*(t)|| < A for
t > 11 holds whenever ||y, — xo|| < A. Now use the Lyapunov function V (¢, x) =

m?(t)x%. From (4.20), Example 4.6 we get

( SDEI4.66)V(t' O, y,n 01 yO)

= 2(y — 0)*m2(D)(f(t + n,y) — £(£,0))

m2(0)t~1 (4.68)

| +0= 0607 [ @1 + (= 02 = 5o = ) T =

m2(0)t™ 9
ra-q

(< y2@m?() ((1- 0.4t +m)) +§DT [m2(0)] +

Choose the function m?(t) such that it satisfy the scalar fractional linear inequalit
q y

t—4q
r(i-q)

Dlu(t) < —2u(®)(1-0.1(t+m) — for t >T, T > 0. Let, for example,

1 | = —4t05,F(1,3;1.5;—t)
(1+6)° r.s)

m(t)zi. Then for g = 0.5, we have §DY[ where

2F1(1,3;1.5; —t) is the hypergeometric function. Then the inequality M(t,n) =

t—O.S

2m?(0)(1 - 0.1(t +n)) + <D [m2 ()] + < 0 is satisfied for t > T where

re.s) —

T > 0 depends on 7, see Figure 4.3. From Figure 4.4 it can be seen T = 5.5 for
n =1y < 1. Therefore, §D{, (o V(t, x*(t),¥,1,0,y,) < 0 for t > 5.5 and according
to Corollary 4.6 the (4.66) is attractive practically stable with ITD, where the
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interval t > 11 is substituted by t > 5.5. Therefore, in this case the application of
the introduced formula (4.20) gives us better result than the application of Caputo

fractional derivative of Lyapunov function.

0.8 T T T

_0.02 | | | |

Figure 4.3: Graph of M(t,n) for various 1.

Figure 4.4: Graph of M(t, 1) for various t,.
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5. STABILITY AND BOUNDEDNESS OF
PERTURBED FRACTIONAL DIFFERENTIAL
EQUATION WITH INITIAL TIME DIFFERENCE

5.1. Introduction

The concept of a Lyapunov function has been employed with great success in a
wide variety of investigations to understand qualitative and quantitative properties of
dynamic systems for many years. Lyapunov' s second method is a standard technique
used in the study of the qualitative behavior of differential systems along with a
comparison result that allows the prediction of behavior of a differential system
when the behavior of the null solution of a comparison system is known. The
application of Lyapunov' s second method in stability and boundedness theory [3]-
[4] has the advantage of not requiring knowledge of solutions.

An important problem in stability theory is to determine which stability
properties of a particular differential system are preserved under sufficiently small
perturbations. This problem was investigated in several ways in [1-6]. The author in
[50] investigated the problem of determining the behavior of the solutions of a
perturbed differential equation with respect to the solutions of the original
unperturbed differential equation. The principal mathematical technique employed is
a modification of Lyapunov’s direct method which is applied to the difference of the
solutions of perturbed and unperturbed system where the initial positions are
sufficiently close. In [51], the authors applied variational Lyapunov method (VLM),
combines the method of variation of parameters and the method of Lyapunov, to
connect the solutions of perturbed and unperturbed system with initial time
unchanged.

However, the possibility of making error in initial time as well as in initial
position when we deal with real world problems needs to be considered. We call this
type of stability analysis, initial time difference stability analysis [42]-[49], [52]-[56].
A significant difference between ITD stability of perturbed system and the classical
notions of stability is that the classical notions of stability are with respect to the null
solution, but ITD stability of perturbed system is with respect to the unperturbed

differential system. So far, several studies have been made on this problem for ODE
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to explore the ITD stability, boundedness, etc. criteria by using generalized variation
of parameters and comparison method via Lyapunov functions in [52], [53] and
references therein. However, there are a few results for FDE. In [52], VLM is applied
to connect between the solutions of system of perturbed and unperturbed FDE that
have the same initial time. On the other hand sufficient conditions on stability with
ITD are obtained in [54]. In chapter 5, we have investigated stability, practical
stability, boundedness and Lagrange stability for system of nonlinear perturbed FDE
with ITD by using fractional comparison method via Lyapunov function and scalar
FDE with parameter. We begin with section 5.2 which includes the necessary some
stability and boundedness definitions of system of perturbed FDE relative to
unperturbed FDE with ITD and Caputo fractional Dini derivative of Lyapunov
function with respect to the system of perturbed FDE and unperturbed FDE in
relation with definition in [55]-[56]. In section 5.3, firstly we present a comparison
result which uses Lyapunov function to connect the solutions of the perturbed and
the unperturbed systems in terms of solution of a scalar FDE. We have obtained
some sufficient conditions for ITD stability, boundedness and Lagrange stability of

nonlinear system of perturbed FDE.
5.2. Statement of the problem

Consider the following IVP for the system of FDEfor0 < g < 1

{tﬁzf’ x(®) = F(&,x(1)) 6.

x(to) = xo

where t, € R,, f € C[R, x R™, R™]. Denote the solution of (5.1) by x(t; ty, x,) €
Cl([ty, ), R™). Let 7y € R,, T¢ # t, be a different initial time. In addition to (5.1),

we also consider the associated system of perturbed FDE with different initial data

{Tgﬂq y() = F(t,y(®) 62
y(To) = Yo .
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where F(t,y(t) = f(t,y(®)) + R(t,y(t)) and R € C[R, x R, R"] is called the
perturbation term.
We shall introduce the following definitions of stability, practical stability of

system of perturbed FDE (5.2) relative to unperturbed system (5.1) with ITD.
Definition 5.1: The solution y(t, 7, y,) of system of perturbed FDE (5.2) is said to be

S1) equi-stable with ITD relative to (5.1) if given € > 0, there exist § = §(ty,€) > 0
and o = o(ty, €) > 0 such that the inequalities ||y, — xoll < § and |ty —ty| < @
imply ||y (t, 7o, Vo) — x(t — 1, to, xo) |l < € for t = 1, where x(t, t,, x,) is @ solution
of (5.1) and n = 1y — ty;

S2) uniformly stable with ITD, if § and o in S1) is independent of 7;

S3) attractive with ITD if for given € > 0 and there exist §, = §,(7y) > 0, 0, =
0o(t9) >0 and a T = T(ty,€) > 0 such that the inequalities ||y, — xo|| < §, and
|To — tol < oo IMply [ly(¢, 7o, ¥0) — x(t — 1, to, x0)|| <e€fort =7, +T;

S4) uniformly attractive if 6o, o, and T in S3) is independent of z,;

S5) asymptotically stable with ITD if S1) and S3) hold simultaneously;

S6) uniformly asymptotically stable with ITD, if S2) and S4) hold simultaneously;
PS1) practically stable with ITD w.r.t. (4,A), if there exists a number o =
o(ty, 4, A) > 0 such that the inequalities ||y, — xol| < A and |tg — to| < o imply
ly(t, o, vo) — x(t —n,to, x0)|| < € for t = 1, where a couple of real numbers
(4, A) with 0 < 1 < A be given;

PS2) uniformly practical stable with ITD w.r.t. (4, A4) if 6 = 6(4, A) > 0 in PS1);
PS3) attractive practical stable with ITD w.rt. (1,4,T) if there exist o=
o0(tg,4,A) >0 and T = T(zy,4,A) > 0 such that the inequalities ||y, — xo]| < 4
and |ty — to| < o imply ||y (t, to, Yo) — x(t — 1, to, xo)|| < Afort >ty + T;

PS4) uniformly attractive practically stable with ITD w.r.t. (1,4) if 6(1,4) > 0 and
T =T(4,A) > 0inPS3);

Remark 5.1: It should be note that the definitions S1) - PS4) are equivalent to the
statement that a solution of system of perturbed FDE (5.2) which start sufficiently
close to the initial data of the unperturbed solution respectively remain close to it or

eventually approach it.
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Remark 5.2: All of the above definitions are independent of the behavior of the
solutions of the system of unperturbed FDE (5.1).

In connection with Remark 5.2, we specifically indicate that the solution of the
system of unperturbed FDE (5.1) may be stable, asymptotically stable or even
unstable. To motivate the idea, we give the following example.

Example 5.1: Consider the following fractional differential equation

(50 = a0, a0 3

x(to) = xo

It can be seen from Example 3.7 that solution of (5.3) is given by x*(t) =
x(t,to, x9) = xoEq(—a(t —t5)?). We also know that solution x*(t) is uniformly
asymptotically stable and uniformly practically stable in the sense of Lyapunov

studied in Chapter 3. On the other hand, consider the associated perturbed FDE

{ng)q y() = —(a+ b)y(d), (5.4)
y(To) = Yo

whose solution is y(t,7o,y0) = yoEq(—(a + b)(t —70)9). Under the idea of

Definition 5.1 we are interested in the difference of solutions as follow

y(t, To, yO) - x(t -1 tleO) =

YoEq(—(a + b)(t — 76)7) — xoEq(—a(t — 10)0)). D)

Now we consider the cases that is possible here.
e Case-1

Let a + b > 0. Then the difference of solutions (5.5) approaches 0 as t — co.
Thus the perturbed FDE (5.4) is asymptotically stable relative to (5.3) with ITD.
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e Case-2
Let a + b < 0. Then the perturbed FDE (4.4) is unstable relative to (4.1) with
ITD.

Corresponding to the different types of stability defined above, we can define
the concepts of boundedness and related Lagrange stability of system of perturbed
FDE (5.2) relative to unperturbed system (5.1) with ITD.

Definition 5.2: The system of perturbed FDE (5.2) is said to be

B1) equi-bounded with ITD if given a > 0, there exist ¢ = o(ty, @) > 0 and
B = B(ty,a) > 0 such that ||y, — xo|| < @ and |ty — to] < o imply ||y (¢t, o, yo) —
x(t =1, to, x0)|| < B, t = 7o;

B2) uniformly bounded with ITD, if B1) holds with § and ¢ independent of z;

B3) ultimately bounded with ITD if for each a > 0 there exist N >0, o =
o(te,a) >0 and T =T(ty,a) >0 such that inequalities [y, — xo]| < a and
|To — tol < aimply [ly(t +1,70,¥0) = x(t, to, X))l <N, t =70+ T;

B4) uniformly ultimately bounded with ITD, if ¢ and T in B3) is independent of 7;
B5) ultimately bounded with ITD, if B1) and B3) hold simultaneously;

B6) uniformly ultimately bounded with ITD, if B2) and B4) hold simultaneously;

Al) attractive in the large with ITD if for each € > 0, a > 0 there exist o =
o(tg,€,a) >0and T = T(ty, €, a) > 0such that ||y, — xol| < @ and |ty — to| < o
imply ||y (t + 1, T, y0) — x(t, to, x0)|| < €for t >ty +T;

A2) uniformly attractive with ITD, if ¢ and T in Al) are independent of 7;

L1) Lagrange stable if B1) and A1) hold together;

L2) uniformly Lagrange stable if B2) and A2) hold together.

In our further investigations we will use scalar FDE (4.10) and related
Definition (4.4) — Definition (4.6) as in Chapter 4. We will study the connection
between stability, practical stability, boundedness and Lagrange stability of the scalar
FDE (4.10) and corresponding stability, practical stability, boundedness and
Lagrange stability of system of perturbed FDE (5.2) relative to unperturbed system
(5.1) with ITD. The principal mathematical technique employed is a fractional order
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extension of Lyapunov’s method which is applied to the difference of the solutions
studied. In this context, we define Caputo fractional Dini derivative of the function
V(t,x) € A(I,4) with ITD along solutions of the system (5.1) and (5.2) ITD as

follow

( _ 1
SDIV (L, x,y,1, %0, ¥0) = lim sup - [V(t,y —x) = V(zo,¥o — Xo0)

t—To
]|
\

|
a (5.6)
O™ ()W E—Thy —x = hIF@Y) - f(E=n,%)

=V (70, Y0 — %0))]

h
r=1

where F(t,y) = f(t,y) + R(t,y), t,To €1,y — x, Yo — X, € 4.

Now we will apply the introduced Caputo fractional Dini derivative (5.6) for some
Lyapunov functions with generalization relative to perturbed system and ITD. In
order to avoid repetitions of arguments used in Example 4.5, Corollary 4.2 and

Example 4.6 we state the formulas directly.

Example 5.2: Let the Lyapunov function does not depend on the time variable, i.e.

V(t,x) = V(x) for x € R. Then, applying formula (5.6) we obtain

DIV (L, X,y,1, X0, Yo)
— Jim sup V(y—x)=V(y—x—hiF(y) - f(t—nx))
oot ha (5.7)
(t —T19)71
rd—q)

[V —x)— V(o — x)]

Corollary 5.1: Let V(t,x) =V(x) =x* for x € R. We deduce the following

expression from Example 5.2

LDV (t, x,y,1m, %0, ¥0) = 2(y — ) ((F(t,y) — f(t —1,%)))
(t — 1)1 (5.8)

Hy—x)2= (- xO)Z]F(l——q)'
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Remark 5.3: In the case when g — 1 the equality (5.8) is coincide with the known

Dini derivative DYV (t,y —x) = 2(y — x)(F(t,y) — f(t — 1,x)).

Example 5.3: Let V(t, x) = m?(t)x* for x € R where m € C1(R,, R). Firstly, using
the definition (5.6) we obtain Caputo fractional Dini derivative of the function
V(t, x):

=DV (t,x,y,1, %0, Y0)
=2y —0m*(O)(Ft,y) — ft—n,2)) + ((y —x)* x 5.9

m? (7o) (t — 79) 71
raa-q

DI m*OD + [ (7 — 0% = (o — x0)?]

In the case m(t) = 1, the formula (5.9) is reduced to (5.8). On the other hand the

Dini derivative of Lyapunov function with ITD for classical case (g = 1) is

DYV (t,y —x) = 2(y — x)m?(t)(F(t,y) — f(t — n, %))
,d (5.10)
+(& —x)? = [m*(©)].

Notice that first derivative of m(t) in (5.10) is replaced by the fractional derivative
in (5.9).

5.3. Main Results

In this part, we give a comparison theorem which establish a relation between
the solutions of (5.1), (5.2) and scalar FDE with parameter (4.10). Then, we will
obtain sufficient conditions for some stability and boundedness of system of
perturbed FDE (5.2) relative to unperturbed system (5.1) with ITD. The proof is
based on the second method of Lyapunov which is applied to the difference of the
solutions of (5.1) and (5.2) where not only initial position but also initial time are
different.
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5.3.1. Comparison Results with ITD for Scalar FDE

Now we give a comparison theorem which establishes a relation between the
solutions of (5.1), (5.2) and scalar FDE with parameter (4.10).

Lemma 5.1: Assume the following conditions are satisfied:

i) The function  x(t) = x(t; ty, x0) € CI([ty, To + 6],R") and y(t) =
y(t; Ty, ¥o) € CU([ty, To + 6], R™) are solutions of system of FDE (5.1), (5.2)
respectively, y(t) — x(t —n*) € A where n* =ty — t,, 4 € R™ and 6 is a given
number.

i1) The function V € A([ty, T + 0],4), g € C[[to, 7o + 6] X R X R, R] such that
for t € (7o, 7o + 6] the inequality

DIV (t, x(t — "), y(®), 1", %0, ¥0) < g(&, V(6 y() —x(t—n9)),n")  (5.11)
holds.

Then V(tg, yo — Xo) < uq implies V(t,y(t) — x(t —n*)) < u*(t) for t € [ty, 7o +
0] where u*(t) = u(t; Ty, ug,n*) is the maximal solution of IVP for scalar FDE
(4.10) withn = n".

Proof 5.1: Let the function m(t) € C([ty, 7o + 0], R;) be defined by m(t) =
V(t,y(t) —x(t —n*)). Then from Remark 3.2 we obtain for t € (7,, 1y + 8] the

equality ling jg‘Ph_lq @) —x(@E—n") — o —x0) — S, x(t —n"),h)) =

F(t,y(®) — f(t—n"x(E—n)),

where Sy, x(t — 1), b) = 52y (=1 (%) [y (e — ) — x(e — 7 = rh) =
(Vo —x0)].  Therefore  S(y(t),x(t —11°), k) = y(£) = x(t = 1) = (¥o — %o) =
RICF(t,y(D) = f(t =", x(t = 1)) — €(h)

or y(@© —x(t=n") = hI(F@Ey®) = f(t=n"x(—n"))) = Sy®),x(t—

n"),h) + (o — %) + e(h?) with <22 as h - 0*. Then for any t € (7,70 + 6]

using (3.9) and (3.10) we obtain
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=
m(®) = m() ~| . 0 () (me = ) - m(x)|
L |
7]

=V(t2(0) -V ) - ) 0 (1) x

<
1l

< [V(t —rh,z(t) — 25 — hA (F(t, y@®) = f(t —n"x(t - n*))) (5.12)

[
LV (%o, 20)] +Il Z (- 1)T+1 ) (V(t = rh, S@(), h) + 20 + €(hD)) Jl

_I

152 1
i Z (— 1)r+1 (V(t —rh,z(t — Th)))J

where z(t) = y(t) —x(t—n"), zo=yo—x, and n* is defined in i). After
arrangement in the expression (5.12) via V is locally Lipschitzian in its second

argument with a Lipschitz constant L > 0 we obtain
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tTo

Z (— 1)r+1 ) [Vt = rh, S0, x(t = 17), h) + 20 + €(h?))
—V(t —rh,z(t —Th))]
[t—‘ro] [t To
Z Z 0 (1) et =i~ z)
=] =]

] - Z (—1)T+1(z) (2(t — h) — zo)|| + Le(r®D) Z (z) (.13)
r=1 r=1
"[t_hTO] [t =] I

Ll ), o (D) D e () et =~ z)
Jj=0 Jj=1
[t h‘ro
+Le(hq)

Substitute (5.13) in (5.12), divide both sides by h?, take a limit as h — 0%, use (5.6),

t—19

i) and ¥ " ](q)z =(1+2)?if |z| <1 we obtain for any t € (t,, 7o + 0] the

inequality
( 5 Dim(t) < DIV (L, x(t —n"),y(), 1", X0, Yo)
=] 5]
+L lim,sup Z — (- 1)1“( Jee-m-z) Y oY)
h—0t 0 -
j=1 r=0
) [£=7o) (5.14)

+L ,}L%L sup llm sup

= T((;‘D-?-V(t’ X(t - 77*), J’(t)' n*"xO’ yO)

\ < g V(L y(t) —x(t —n"),n") = g(t, m(®),n").
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Finally, we get m(t) =V(t,y(t) —x(t —n") < u*(t) for t € [1y, 1o+ O] by
applying Lemma 3.3. &

The result of Lemma 5.1 is also true on the half line.

Lemma 5.2: Let the conditions of Lemma 5.1 are satisfied for 8 = oo, i.e. for t > ¢,
and t > 1, respectively. Then V(ty,yo — xo) < uo implies V(t,y(t) — x(t —n*)) <

u*(t) for t = t,.

Corollary 5.2: Let the conditions of Lemma 5.2 be satisfied and the inequality
SDIV(E,x(t — 1), y(8),17, %0, ¥o) < 0 holds for ¢ > .
Then the estimate V(t, y(t) — x(t —n*)) < V (7o, ¥y — X) holds for t > t,.

Proof 5.2: The proof follows directly from the fact that corresponding IVP for scalar
FDE  £D%u(t) =0, u(ty) =V(t,¥o —%,) has a unique solution u(t) =

V(tg,yo —xo) fort >7,. B

Corollary 5.3: Let the condition of Lemma 5.2 be satisfied and the inequality
Tgl)ffV(t,x(t —1"),y(0), 1% x0,¥0) < —yV(t,¥(t) —x(t —1*)) + Cn* holds for

t > 1y, Wwherey > 0 and C € R are constants.

Then the inequality V(t,y(t) — x(t —n*)) < [V (o, Yo — Xo) —iCn*]Eq(—y(t -

70)%) + iCn* holds for t > t,.

Proof 5.3: The proof of Corollary 5.3 follows directly from the fact that
corresponding IVP for scalar FDE Tquu =—pu+ Cn*, uy = V(t9,yo — xo) has

a unique solution u(t) = [V (79, Yo — X0) — %Cn*]Eq (vt —19)D +%Cn* for

tZTo..
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5.3.2. Some Stability and Boundedness Criteria
Theorem 5.1: Let the following conditions be satisfied:

Al) The function g € C[R, X R X R, R], g(t,0,0) = 0 and for any n, u, € R,
the IVP for scalar FDE (4.10) has a solution u(t) = u(t;to,up,n) €
C([7o, ), R).

A2) There exists a function V € A([R,, S(p)) such that

i) b(||x|]) < V(¢t,x) < a(]|x|]) for (t,x) € Ry X S(p) where a, b € K.
ii)for any t>1ty€R,, x,y,%,y0 ER"™ y—x€S5(p), yo— X0 €S(p)
the inequality

Tng_V(t, xX,Y,1M, X, yO) < g(t,V(t,y - X), 77) (515)
holds.

Then the stability properties of zero solution of the scalar FDE (4.10) imply the
corresponding stability properties of system of perturbed FDE (5.2) relative to
unperturbed system (5.1) with ITD.
Proof 5.1: Initially, we assume that the zero solution of scalar FDE (4.10) is
uniformly stable w.r.t parameter. Let € > 0 be a number, € < p. Then by definition
S$*1) for given b(e) > 0 there exist 8, = §,(¢) > 0 and o = a(€) > 0 such that

lu(t; t9, ug, )| < b(e) fort = 1, (5.16)

where u(t, o, ug,n) is any solution of (4.10). From the condition i) of A2) the

inequalities

Iyo = xoll =8, a(llyo — %oll) = 61 (5.17)
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holds together with § = a™*(8;). Now let points x,, v, € R™ and 7,,t, € R, be
such that ||y, — xo|| < 6 and |n*| < o where n* = 79 — to. Consider any solutions
x(t) = x(t; ty, x9) and y(t) = y(t; Ty, yo) Of system of FDE (5.1) and (5.2) with the
chosen initial data (ty, yo) and (t,, xo), respectively. Let uy = V (tq, yo — xo). From
condition A2) i) and choice of § it follows uy = V (74, v — x0) < a(|lyo — Xoll) <
a(d) < 6;. Therefore, the maximal solution u*(t) =u(t;7y, ugpn*) €
C9([ty, ), R) of FDE (4.10) satisfies inequality (5.16). We claim that

|y (t; 7o, Vo) — x(t = 1%, to, x0)|| < € fort = t,. (5.18)

Suppose inequality (5.18) is not true. Therefore, there would exist a point t; > 1,

and a solution y(t, 7o, y,) of (5.2) such that

{ ly(t1, To, Yo) — x(t1 — 1%, to, Xo)|| = € and

. 5.19
|y (t, 7o, ¥o) — x(t =17, to, x)|l < € for 1o <t <t;. ( )

After now in order not to repeat, we use y(t), x(t —n™) instead of y(t, 7y, yo),
x(t —n*, to, xo) respectively. In view of (5.20), the inclusion (t,y(t) — x(t —n)) €
S(p) isvalid for t € [1y, t; ]. By using (5.15) and applying Lemma 5.1 for 4 = S(p),

0 =t, — 1, we have

V(t,y(t) = x(t =n")) < u(t;to,up,n"), t € [To, 11 ]. (5.20)

Consequently, in view of the relations (5.16), (5.18), (5.20), condition A2), the choice

of t; and u; we obtain

b(e) < b(lly(t1) —x(ts =0

5.21
<V(ti,y(t:) —x(t, = 1)) S u'(t) < b(e). 20
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The obtained contradiction proves the validity of inequality (5.18) which proves that
system of perturbed FDE (5.2) is uniformly stable with ITD relative to unperturbed
system (5.1).

Secondly, we assume that the scalar FDE (4.10) is uniformly asymptotically
stable w.r.t parameter. From the first part of the proof it follows that system of
perturbed FDE (5.2) is stable with ITD relative to unperturbed system (5.1).
Therefore, from the definition S1) there exist 6, = 6,(p) and g, = g4(p) fore = p
such that

{”3’0 — xoll < 6pand |ty —tol < oy imply (5.22)

ly@® —x@t-mli<p, t=1

In order to prove S3), we let 0 < € < p. Since $*3) holds under assumption, given
b(e) > 0 there exist §; >0, of >0 and T =T(e) > 0 such that |u,| < §; and

In| < o1 imply
|u(t; to, ug,m)| < b(e) , t=>10+T. (5.23)

Now let points x,,y, € R®™ and t,,t, € R, be such that [y, — xo|| < & and
|n*| < o where n* = 15 — to, § = min(8,,a *(8;)) and o = min(ay, o;). Consider
any solutions x(t) = x(t; ty, xo) and y(t) = y(t; Ty, yo) of system of FDE (4.1) and
(4.2) with the chosen initial data (7, yy) and (t,, x,) respectively.

On the other hand the estimate (5.20) is valid for all t > 7, by using (5.22),
condition A2) and Lemma 5.1 with 4 = S(p), 8 = co. We will prove that

ly(®) —x(t —n*)|| <€ fort>1y+T. (5.24)

Assume the opposite, i.e. there exist a sequence {t™},t™ >1,+ T, t™ - w0 as

n — oo such that

ly(t®) = x(e™ = n7)

> e. (5.25)
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Finally, in view of the relations (5.23) - (5.25), condition A2), the choice of t™ and
uy = a(|lyo — xol]) < a(d) < 87 we obtain

b(e) > u'(t™) > v (t(n)’y(t(n)) —x(t® — n*))

> b(ly(e™) = x(: - )

(5.26)

) > b(e).

The obtained contradiction proves validity of inequality (5.24) which implies S4)
holds, i.e. system of perturbed FDE (5.2) is asymptotically stable with ITD relative to
unperturbed system (5.1). &

Theorem 5.2: Let the conditions A1) of Theorem 5.1 be satisfied and A2) is replaced
by as follow:

A2) There exists a function V € A([R,, S(A4)) such that
i) b(||x]) < V(t,x) < a(||x]]) for (t,x) € R, X S(A) where a,b € K.
ii)for any t>1y € Ry, x,y,%0,Y0 ER™ y—x€S(A), yo—xy €S(A)
the inequality

DIV, x,y,m,%0,Y0) < g(&,V (&, y —x),71) (5.27)

holds.
Then the parametrically practically stability properties of the scalar FDE (4.10) with
respect to (a(1),b(A)) imply the corresponding practical stability properties w.r.t.

(4, A) of system of perturbed FDE with ITD relative to unperturbed system (5.1).

Proof 5.2: From condition A2) according to Definition 4.5 there exists a positive

number ¢ = a(4, A) > 0 such that for uy € R: |uy| < a(4) and n: |n| < o we have
|u(t, to, uo,n)l < b(A) , t > Tp- (528)

Now let points x,,y, € R® and 7,,t, € R, be such that |y, — x| < a(4) and

In*| < o where n* =1, —t,. Consider any solutions x(t) = x(t;ty x,) and
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y(t) = y(t; Ty, ¥o) Of system of FDE (5.1) and (5.2) correspondingly with the chosen
initial data (7q,y,) and (to, x,) respectively. Let i, = V(tg,y9 — xp). From
condition A2) i) it follows iy, = V (74, ¥o — x0) < a(|lyo — Xoll) < a(1). Therefore,
the maximal solution u*(t) = u(t; g, fg,n*) € CY([1y, ), R) of FDE (4.10)
satisfies inequality (5.28). Then we claim that ||y(t) —x(t —n")|| < A for t = 1,
Assume the opposite, i.e. there exists a point t; > 1, such that ||y(t;) — x(t; —
)|l =A and ||y(t) —x(t —n")|| < A for 1y <t <t,. Therefore the inclusion
(t,y(t) —x(t —n*)) € S(A) is valid for t € [t,, t;]. By using (5.27) and applying
Lemma 5.1 for 4 = S(A4), 6 =t; — 1, we obtain (5.20). From the choice of t;,
condition A2) and (5.18), (5.20) we obtain

b(A) = b(|ly(t1) = x(t1 —n")ID

(5.29)
< V(ty,y(t) —x(ty — %) < u'(ty) < b(A).

The obtained contradiction proves the system of perturbed FDE (5.2) is uniformly
practically stable with ITD relative to (5.1) w.r.t. (1,4). &

Now we give boundedness and Lagrange stability criteria for system of
perturbed FDE (5.2) with ITD relative to unperturbed system (5.1).

Theorem 5.3: Let the conditions of conditions Al) of Theorem 5.1 be satisfied and
A2) is replaced by as follow:

A2) There exists a function V € A([R,, R™) such that
) b(||lx|) < V(t,x) < a(]|x]]) for (t,x) € R, x R" where a, b € K.

i) forany t > 7, € R, x,y, %0,y € R" the inequality

EDIV(E,x,y,m,%0,¥0) < g(&,V(t,y —x),7) (5.30)

holds.

107



If scalar FDE (4.10) is uniformly equi-bounded (uniformly Lagrange stable) w.r.t.
parameter, then the system of perturbed FDE (5.2) is uniformly equi-bounded

(uniformly Lagrange stable) with ITD relative to unperturbed system (5.1).

Proof 5.3: Initially, we consider the first case of our assumption that is the FDE
(4.10) is uniformly equi-bounded w.r.t. parameter. Let « > 0 be given. Since B*1)
holds, given a; = a(a) > 0 there exist 8; = f1(a;) > 0 and ¢ = a(a;) > 0 such
that |uy| < a; and |n| < o imply

|u(t, to,UO,n)l < ’81 fOI’ t > Tp- (531)

Choose uy = a(l|lyo — x0l]) and 8 = B(a) > 0, where b(f) = S, since b € K.
Consider solutions x(t) = x(t; ty, xo) and y(t) = y(t; to,y,) Of system of FDE
(5.1) and (5.2) such that ||y, — xo|]| < a and |n*| < ¢ where n* =ty — t,. With
B = B(a) > 0 we claim that B2) holds i.e. ||y(t) —x(t —n")|| < B, t = 1, holds.
Assume the claim is not true. Therefore, there exist a point t* > 7, such that
ly (") = x(&* =)l = B. Since ug = a(llyo — xol) < a(a) = ay, we get by (5.30),
(5.31), condition A2) and Lemma 5.1

b(B) =V, y() —x(t" —m) s u'(t") < p1 = b(p). (5.32)

This contradiction shows that the perturbed system (5.2) is uniformly equi-bounded
with ITD relative to unperturbed system (5.1).

Next we consider the second case of the assumption of Theorem 5.3 that is the FDE
(4.10) is uniformly Lagrange stable w.r.t. parameter, which implies that perturbed
system (5.2) is uniformly equi-bounded with ITD relative to unperturbed system (5.1)
from the first part. In order to prove L2), we need to show A2) holds. Let € > 0,
a > 0 be given. Since A*1) holds, given a; = a(a) > 0 and b(e) > 0 there exist
oc=o(c,a) and T =T(e,a) such that |uy|<a; and |n| <o imply
|u(t; 79, up, )| < b(€), t = 145 + T. Now let points x,,y, € R" and 7,,t, € R, be
such that ||y, — xo|| < a@ and |n*| < o where n* = t, — t,. Consider any solutions
x(t) = x(t;tg,x9) and y(t) = y(t;t9,yo) Of system of FDE (5.1) and (5.2)
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correspondingly with the chosen initial data (zy,y,) and (t,, x,) respectively. We

claim that A2) holds with T,oa. Suppose that is not true. Therefore, there exist a

sequence {t™}, t® > 7, + T, t™ - oo asn - oo such that

ly(£®) = x(e™ = n7)

> ¢, (5.33)

Finally, in view of the relation (5.33), condition A2), the choice of t™ and u, =

a(|lyo — xoll) < a(a) < a; we obtain

b(e) > u'(t™) > v (t(n),y(t(n)) —x(t® - n*))

> b(ly(e) = 2(: — 1)

(5.34)

) = b(e)

which implies that A2) holds. Then system of perturbed FDE (5.2) is Lagrange stable
with ITD relative to (5.1) since B2) and A2) holds together. l
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6. SOME STABILITY AND BOUNDEDNESS OF
SYSTEM OF PERTURBED FRACTIONAL
DIFFERENTIAL EQUATION WITH INITIAL
TIME DIFFERENCE IN TERMS OF TWO
MEASURES

6.1. Introduction

There are many stability concepts presented in the literature such as the partial
stability, eventual stability, conditional stability, Lipschitz stability, relative stability
and so on. In 1960, [57] introduced the concept of stability in terms of two measures
which unified the foregoing stability concepts. Then, the theories of the stability in
terms of two measures have been successfully developed in [58] and some stability
and boundedness results are obtained by means of various types of Lyapunov
functions for several kinds of differential equations in [59]-[61] and references
therein. We have investigated some stability and boundedness in terms of two
measures for system of perturbed FDE with ITD relative to system of unperturbed
FDE in this chapter. We begin with section 6.2 which includes the necessary
definitions of stability, practical stability, boundedness and Lagrange stability in
terms of two measures with ITD. Then, we have generalized the main results

obtained in previous chapter 5 by using the notion of two measures.
6.2. Main Definitions and Concepts with Two Measures

Consider the following I'\VP for the system of FDE for 0 < g < 1,

x(to) = xo
where t, € R,, f € C[R,; X R™ R"]. Denote the solution of (6.1) by x(t; ty,x) €
Ci([ty, ), R™). Let 4 € R,, T # t, be a different initial time. In addition to (6.1),

we also consider the associated system of perturbed FDE with different initial data
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{Tﬁﬂ" y(t) = F(t,y(t)) 6.2)

y(To) = Yo

where F(t,y(t)) = f(t,y(t)) + R(t,y(t)), R € C[Ry x R*,R"] is called the
perturbation term.

We give the following set of measures for future use.

Definition 6.1: ([58]) A function h € C[R, X R", R, ] is said to belong to the class I
if inf,cgn h(t,x) =0 forallt € R,.

Before giving our main definitions on stability, practical stability, boundedness and
Lagrange stability in terms of two measures with ITD, we recall the definition of
stability in terms of two measures for (6.1) which can be found in literature [16],
[58].

Definition 6.2: Let h, hg € I'. Then system (6.1) is said to be

S1) (hy, h)-equistable if for each € > 0 and t, € R, there exists § = &§(ty,€) > 0
such that hy(ty, xo) < & implies h(t,x(t, ty, x0)) <€, t=ty;
S2) (ho, h)-uniformly stable, if S1) holds with § independent of t, € R,.

Remark 6.1: ([58]) Stability in terms of two measures enable us to unify a variety of
stability notions found in the literature. When we endow hy, h with explicit form, the

(ho, h)-stability reduces to the other stability such as:

1) set ho(t,x) = h(t,x) = ||x]||, then (ho, h)-stability means the corresponding
Lyapunov stability of the zero solution;

2) set ho(t,x) = h(t,x) = [|x — x™||, then (ho, h)-stability means the corresponding
Lyapunov stability of solution x*;

3) set ho(t,x) = ||x]||, h(t,x) = |x|g, 1 <s <mn, then (ho, h)-stability means the
corresponding partial stability of the trivial solution;

4) set ho(t,x) = h(t,x) = d(x,A), where A c R", then (hy, h)-stability means the

corresponding stability of an invariant set 4;
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5) set ho(t,x) = d(x,A), h(t,x) =d(x,B), where Ac B c R", then (ho,h)-
stability means the corresponding stability of a conditionally invariant set B with

respect to A.

We shall introduce the following definitions of stability, practical stability in
terms of two measures (ho, h), in short (ho, h)-stability, of system of perturbed FDE
(6.2) with ITD relative to unperturbed system (6.1).

Definition 6.3: The solution y(t, 7y, y,) of system of perturbed FDE (6.2) is said to
be:

S1) (hg, h)-equistable with ITD relative to (6.1) if givene > 0 and 7, € R, there
exist § = 6(1g,€) >0 and o = a(ty,€) > 0 such that hy(ty, yo —x9) <6 and
|To —to]l < o imply  h(y(t,To,¥9) — x(t — 1, t,x0)) <€ for t=>1, where
x(t, ty, xo) is asolution of (6.1) and n = 7y — to;

S2) (hy, h)-uniformly stable with ITD, if S1) holds with § and o independent of
To €E Ry;

S3) (hy, h)-asymptotically stable with ITD, if S1) holds and given € >0 and
7o € Ry, there exist §; = 6¢(1o) > 0, gy = 0o(79) > 0and T = T(zy,€) > 0 such
that ho(To, Y0 —x0) <6y and |to—to|l <oy, imply h(y(t, T, yo) — x(t —
N, te, X)) <€efort >ty +T;

S4) (hg, h)-uniformly asymptotically stable with ITD, S2) and S3) hold with §,, g,
and T in S3) are independent of 7,;

PS1) (hy, h)-practically stable with ITD w.rt. (4,4), if there exists a o=
o(ty,A4,A) > 0 such that the inequalities hy(tg, yo —Xxp) <A and |ty —ty| <o
imply h(y(t, o, Vo) — x(t —1n,t9,x9)) <A for t =1, where a couple of real
numbers (1, A) with 0 < A < A be given;

PS2) (hg, h)-uniformly practically stable with ITD if 6 = 6(4,A) > 0 in PS1) is
independent of 7,;

PS3) (hy, h)-attractive practically stable with ITD w.rt. (A, A, T) if there exist
0 =0(ty,A4,A) >0 and T = T(zy, 4, 4) > 0 such that the inequalities hy(ty, ¥y —
Xg) <A and |ty — to]| < o imply h(y(t, o, yo) —x(t — 1, to, %)) < A fort = 1y +
T;
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PS4) (hy, h)-uniformly attractive practically stable with ITD if o(4,4) >0 and
T =T(A,A) > 0in PS3) is independent of 7.

Remark 6.2: We note that in the case when hy(t, x) = ||x]|| the (ho, h)-stability and
practically stability properties with ITD reduces to stability and practically stability
properties with ITD studied in previous chapter 5.

Corresponding to the different types of (hg, h)-stability with ITD defined
above, we can define the concepts of (hy, h)-boundedness and related (hg, h)-

Lagrange stability with ITD.

Definition 6.4: The system of perturbed FDE (6.2) is said to be:

B1) (ho, h)-equi-bounded with ITD if given @ > 0 and 7, € R, there exist ¢ =
o(tg,@) >0 and B = B (1, @) > 0 such that hy(tg, Vo — Xo) < @ and |ty — to] <
o imply h(y(t, Ty, ¥o) — x(t — 1, to, x0)) < p fort = 7y;

B2) (hy, h)-uniformly bounded with ITD, if (B1) holds with § and ¢ independent of
To €E Ry;

Al) (hy, h)-attractive in the large with ITD, if for each € > 0, a > 0 there exist ¢ =
0(tg,6,0) >0 and T =T(ty, €, @) > 0 such that hy(ty,yo —x0) < a and |7y —
to] < aimply h(y(t, t9,y0) —x(t — 1, ty, %)) <€ for t =15+ T;

A2) (hy, h)-uniformly attractive with ITD, if ¢ and T in Al) are independent of
To €E R,;

L1) (hy, h)- Lagrange stable if B1) and A1) hold;

L2) (ho, h)- uniformly Lagrange stable if B2) and A2) hold simultaneously.

Remark 6.3: We note that in the case when hy(t, x) = ||x]|| the (ho, h)-boundedness
and Lagrange stability with ITD reduces to boundedness and Lagrange stability with
ITD studied in previous chapter.

In our further investigations we will use scalar FDE (4.10) and related
Definition 4.4 — Definition 4.6 as in Chapter 5. We will study the connection
between stability, practical stability, boundedness and Lagrange stability of the scalar
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FDE (4.10) and corresponding (hy, h)-stability, (h,, h)-practical stability, (hg, h)-
boundedness and (hg, h)-Lagrange stability of system of perturbed FDE (6.2)
relative to unperturbed system (6.1) with ITD.

It is convenient to give following definition from [58] to characterize

Lyapunov functions.

Definition 6.5: Let h € I". The function V (¢, x) € A is said to be

i) h-positive definite if there exists a p >0 and a function b € K such that
h(t,x) < p implies b(h(t,x)) < V(t, x);
ii) h-descrescent if there exists a p>0 and a function a € K such that

h(t, x) < p implies V(t,x) < a(h(t, x));

We will use a property of the functions from class I' in the following definition from
[58].

Definition 6.6: Let ho, h € I'. Then hy is called uniformly finer than h if there exists a
p > 0 and a function ¢ € K such that ho(t, x) < p implies h(t,x) < @(ho(t, x));

6.3. Main Results

In this part, we will obtain sufficient conditions for (ho, h)-stability, practical
stability, boundedness and Lagrange stability of system of perturbed FDE (6.2) with
ITD relative to unperturbed system (6.1). The obtained results generalize the main

results in chapter 5.

Theorem 6.1: Let the following conditions be satisfied:

Al) The function g € C[R X R X R,R], g(t,0,0) = 0 and for any n, u, € R, the
IVP for scalar FDE (4.10) has a solution u(t) = u(t; 7y, ug, ) € C1([1y, ), R).

A2) hy, h € I and hy is uniformly finer than h.

A3) There exists a function V € A([R,, S(h, p)) such that

1) V is h-positive definite, hy-decrescent.
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i) for any t > 15 € R, x,¥,%0, Y0 € R™: y—x € S(h,p), Yo — xo € S(h, p)
the inequality

DIV (t,x,y,m,%0,¥0) < gtV (t,y —x),m) (6.3)

holds, where S(h, p) = {(t,x) € R, X R™: h(t,x) < p}.
Then the stability w.r.t parameter properties of the zero solution of scalar FDE
(4.10) imply the corresponding (ho, h)-stability properties of system of perturbed

FDE (6.2) with ITD relative to (6.1).

Proof 6.1: Since V is h-positive definite from condition i) of A3), there exist a
A € (0,p] and b € K such that

b(h(t,x)) <V(t,x), (tx) € S(hA). (6.4)

Let € > 0 be a number, € < A. Initially, we assume that zero solution of the scalar
FDE (4.10) is uniformly stable w.r.t. parameter. Then, given b(e) > 0 and 7, € R,,
there exist a §; = §;(€) > 0 and o = g(e) > 0 such that |uy| < 8; and |n| <o
imply that
lu(t, 7o, ug,n)| < b(e) for t = t,. (6.5)
On the other hand, there exist a A, = ¢~*(1) > 0 and a function a € K such that
h(to,yo — %) < 4 and V(zq,yo — %) < a(ho(7o, Yo — Xo)) (6.6)
for (g, ¥ — xo) € S(hy,Ay) by using V is hy-decrescent and h, is uniformly finer

than h in view of condition A3). Then we have the following inequality from (6.4)-
(6.6)
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b(h(To, Yo — x0)) < V (70, ¥0 — Xo) < a(ho(To, Yo — X0)) (6.7)

for (tg,y0 — x0) € S(hy, 49). Now, choose § = &(e) satisfying 6 € (0,4,] and
a(8) < 6;. Consider any solutions x(t) = x(t;ty, xo) and y(t) = y(t; Ty, yo) Of
system of FDE (6.1) and (6.2) such that hy (g, yo — xo) < 6 and |n*| < o where
n* = 1o — to. Then from the inequality (6.5), (6.7) and the choice of § follows that

b(h(To,¥0 — X0)) < a(h(zo, Yo = %)) < a(d) <&, < b(e) (6.8)

i.e. we get h(ty, Yo — Xxo) < €. We claim that h(t,y(t) — x(t —n*)) < € holds for

t = 7,. Assume that the claim is not true, then there exists a point t; > t, such that

h(t,y(t) —x(t —n") = € and h(t,y(t) —x(t —n")) <e (6.9)

for o <t < t; in view of the fact that h(zy, yo — xo) < € Whenever hy(tg, vy —
Xo) < 8. Therefore the inclusion (t,y(t) —x(t—n")) € S(h,A) is valid for
t € [t,, t1]. Hence, by using (6.3), A1) and Lemma 5.1, we have

V(t,y(t, o, Vo) —x(t —1" tg,x0)) S u(t, 7o, Ug,N"), To<t<ty (6.10)

where u, = V(tq,yo — Xo). Consequently, in view of the relations (6.4), (6.9),
(6.10), condition A4), the choice of t; and uy, =V (tg, vy — x0) < a(h(to, yo —
Xo)) < a(6) < 6; we obtain

b(e) = b (h(ty, y(t) — x(t; = 1))

S V(t,y(t) = x(t = 1) S u'(ty) < b(e).

(6.11)

The obtained contradiction proves the validity of the claim which implies that system
of perturbed FDE (6.2) is (hg, h)-uniformly stable with ITD relative to unperturbed
system (6.1).
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Secondly, we assume that the zero solution of scalar FDE (4.10) is uniformly
asymptotically stable w.r.t. parameter. From the first part of the proof it follows that
system of perturbed FDE (6.2) is (hy, h)-uniformly stable relative to unperturbed
system (6.1) with ITD. Therefore, from the definition S1) there exist §, = §,(4) and
0y = ay(A) for € = A4 such that hy(zg, vy — x9) < 6o and |ty — to| < gy Imply
h(t,y(t) —x(t—n)) <A, t = 14. In order to prove S4), we let 0 < € < A. Since
S*4) holds under assumption, given b(e) > 0 there exist 6; = 8;(e) >0, o, =
o;(e) >0and T =T(e) > 0suchthat|uy| < 67 and |n| < a7

lu(t, 79, ug,n)| < b(e) for t =15 +T. (6.12)

On the other hand the estimate (6.10) holds for t > 7, because of the inclusion
(t,y(t) —x(t —n)) € S(h,A) is valid for all t > t,. Now choose § = min(6,, 67)
with a(83) < 87 and o = min(o,, a;). Consider any solutions x(t) = x(t; ty, xo)
and y(t) = y(t; Ty, yo) Of system of FDE (6.1) and (6.2) such that hy(tq, yo — Xo) <
6 and |n*| < o where n* =15 — t,. We claim that h(t,y(t) — x(t —n")) < € for
t > 1o+ T. Assume the claim is not true. Therefore, there exist a sequence

{tM},tM > 7,4+ T, t™ - o0 asn — oo such that

h(y(t™) —x(t™ —n*)) > €. (6.13)

Finally from the choice of t™), condition A2), inequalities (6.12), (6.13) and
Uy = V(t9, Yo — x0) < a(h(tg, ¥y — %)) < a(d) < &7 we obtain

b(e) < b(h(y(t™) — x(t™ —y*
(€) = b(h(y(t™) — x( n") (6.14)
SV, yE™) —x(t™ —1%)) < u(t™,70,u,n7) < b(e)
which proves that the claim is right, namely system of perturbed FDE (6.2) is
(ho, h)-uniformly asymptotically stable with ITD relative to unperturbed system
(6.1). m
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Theorem 6.2: Let the conditions Al) of Theorem 6.1 be satisfied and A2), A3) are
replaced by as follow:

A2) hy, h € I" and hy is uniformly finer than h, i.e. h(t,x) < @(hy(t, x)), ¢ € K,
whenever hy(t, x) < A.
A3) There exists a function V € A([R,, S(h, A)) such that
1) V is h-positive definite, hy-decrescent.
i) for any t > 175 € Ry, x,y,%0, Y9 €ER™: y—x € S(h,A), yo —x9 € S(h,A)
the inequality

rgD:z-V(t: X, ¥, 1, X0, yO) < g(t' V(t'y - X), 7]) (615)
holds, where S(h, A) = {(t,x) € R, X R™: h(t,x) < A}.

Then the parametrically practically stability properties of scalar FDE (4.10) with
respect to (a(d),b(A)) imply the corresponding (ho, h)-practically stability
properties w.r.t. (4, A) of system of perturbed FDE (6.2) with ITD relative to (6.1),
where the constants (4, A) are given such that ¢ (1) < A.

Proof 6.2: We assume that the scalar FDE (4.10) is uniformly parametrically
practically stable w.r.t. (a(4), b(A)). Then, there exists a ¢ = a(4, A) > 0 such that

for uy € R: |uy| < a(d) and n: |n] < o we have
lu(t, 7o, ug,n)| < b(4), t = 1,. (6.16)

Consider any solutions x(t) = x(t; ty, xo) and y(t) = y(t; Ty, yo) Of system of FDE
(6.1) and (6.2) such that hy(tq,yo — xo) < A and |n*| < o where n* = 1y — t,. Let
Ty = V (7o, y0 — Xo). From condition i) of A3) i.e. hy-decrescent it follows i, =
V (T, Yo — x0) < alhy(tg, yo — %)) < a(d). We claim that h(t,y(t) —x(t—
n")) < A holds for t > 7,. We have h(tq, o — x0) < @(ho(to, Y0 — %)) < p(1) <
A i.e. desired inequality above holds at t = 7,. Assume that the claim is not true,

then there exists a point t; > t, such that
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h(ty,y(t) —x(t; =n") = A and h(t,y(t) — x(t —n")) <A (6.17)

for 7o <t < t; in view of the fact that h(zy, yo — x9) < A whenever hy(tg, vy —
Xg) < A. Therefore the inclusion (t,y(t) —x(t—n")) € S(h,A) is valid for
t € [to,t1]. Hence, by using (6.15), (6.17), Al) and Lemma 5.1, we have (6.10).
Consequently, in view of the relations (6.10), (6.15)-(6.17), condition A3), the choice

of t; and i, we obtain

b(4) = b (h(ts, y(t,) = x(t: = 1))
< V(6 y(6) = x(t = 0") S w'(t) < b(A).

(6.18)

The obtained contradiction proves the validity of the claim which implies that system
of perturbed FDE (6.2) is (ho, h)-uniformly practically stable with ITD relative to
unperturbed system (6.1). The proof of attractive practical stability of system (6.2)
can be done with arguments used in the proof of Theorem 6.2. H

Theorem 6.3: Let the conditions Al), A2) of Theorem 6.2 be satisfied and A3) is
replaced by as follow:

A3) There exists a function V € A([R,, R™) such that

i) V is h-positive definite and h,-decrescent with a, b € K, respectively.

i) forany t > 7, € R, x,y, %0,y € R" the inequality
DIV (%, y,1,%0,¥0) < g(t,V(t,y —x), 1) (6.19)
holds.
Then Lagrange stability w.r.t parameter of the scalar FDE (4.10) imply the

corresponding (ho, h)- Lagrange stability with ITD of system of perturbed FDE (6.2)
relative to (6.1).

119



Proof 6.3: Assume that the scalar FDE (4.10) is Lagrange stable w.r.t. parameter i.e.
B*1) and A*1) are satisfied. Let @ > 0 be given. Since B*1) holds, given a; =
a(a) > 0 there exist §; = f1(a;) > 0 and ¢ = a(a;) > 0 such that |uy| < a; and

Inl < o imply
|u(t, 7o, g, n)| < By fort = 1. (6.20)

Consider any solutions x(t) = x(t; ty, xo) and y(t) = y(t; to, yo) Of system of FDE
(6.1) and (6.2) such that hy(tq,yo — x0) < a and |n*| < o where n* =1y — t,.
From the condition i) of A3) and ho(to,¥o — xo) < a it follows that b(h(zy, yo —
x0)) < a(a) = a; < B;. Then we get h(zo, yo — x,) < B by choosing 8 = b™*(By).
We will prove that h(t,y(t) —x(t —n*)) < B for t > 7,. Assume the opposite, i.e.
there exists a point t; > 7, such that h(ty,y(t;) — x(t; —n*)) = B. We also have
(6.10) for t = Ty with ug = V (74, y9 — x0). Consequently, in view of the relations
(6.10), (6.20), condition A3), the choice of t; and uy, =V (1, ¥y —xp) <

a(h(ty, ¥o — %0)) < a(a) = a; we obtain

b(B) = b (h(t,y(t) = x(t; = 1)) < V(ts, y(t) — x(ty = "))

< u(ty, To, V(T0, Yo — %0), %) < B1 = b(B).

(6.21)

The obtained contradiction proves the validity of the claim which implies that system
of perturbed FDE (6.2) is (hy, h)-equi-bounded with ITD relative to (6.1), i.e. B1)
holds. On the other hand, the proof of Al) can be done with the arguments used
above, we omit it. Hence, L1) holds, i.e. system of perturbed FDE (6.2) is (ho, h)-
Lagrange stable with ITD relative to (6.1). H
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