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SUMMARY

The Hamilton-Waterloo problem with uniform cycle sizes, denoted by
(n,m) — URD(v;r,s), asks for a resolvable cycle decomposition of the complete
graph K,, (for odd v) or K,, minus a 1 —factor (for even v) where r parallel classes

consist of cycles of length n and s parallel classes consist of cycles of length m with
r+s= [”2;1] In this dissertation, firstly, the Hamilton-Waterloo problem with

4 —cycle and m —cycle factors for odd m > 3 is studied and all possible solutions
with a few possible exceptions are determined. Then, all possible solutions for the
m —cycle and 4m —cycle with a few possible exceptions when m is odd are

obtained.

Key Words: Cycle Decompositions, 2 —Factorizations, Resolvable

Decompositions, Oberwolfach Problem, Hamilton—Waterloo Problem.



OZET

Cift dongiilii Hamilton-Waterloo problemi, kisaca (n,m) — URD(v; 1, s), v tek
tamsay1 iken tam g¢izge K,’nin ya da v ¢ift tamsayr oldugunda tam ¢izge eksi

1 —faktor K,, — I’nin, parallel siniflarindan r tanesi n uzunlugunda, s tanesi ise m
uzunlugunda dongiilerden olusan r + s = lv;—lj olacak sekilde bir ¢oziilebilir dongii

parcalanisinin olup olmadigini inceler. Bu tezde ilk olarak, dongli uzunluklarinin
birinin 4, digerinin m > 3 olacak sekilde bir tek tamsay1 oldugu durum igin, bir kag
olas1 istisnai durum disinda, biitiin miimkiin sonuglar elde edilmistir. Daha sonra
dongili uzunluklarinin m ve 4m oldugu durum i¢in, yani bir dongii uzunlugu diger
dongii uzunlugunun dort kat1 oldugunda problem, ¢ift m degerleri i¢in tamamen, tek

m degerleri i¢in bir kag olasi istisnai durum disinda tamamen ¢oziilmiistiir.

Anahtar Kelimeler: Doéngii Parcalamislari, 2 —Faktorizasyon, Céoziilebilir

Parc¢alamislar, Oberwolfach Problemi, Hamilton—Waterloo Problemi.
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1. INTRODUCTION

Combinatorial design theory and graph theory are two of the major branches of
discrete mathematics.

The roots of the combinatorial design theory can be found in the recreational
mathematics of the second half of the nineteen century, statistical theory of
experimental design and geometry of the mid-nineteen century. Since then, the
theory of combinatorial designs rapidly developed and became an active area of
research of discrete mathematics that has connections with graph theory, linear and
abstract algebra and number theory, and with various applications in areas such as
coding theory, cryptography, and computer science.

Although graph theory has a history of more than two centuries, it has received
great interest only recently. The first result on graph theory is Euler’s paper on the
Konigsberg bridge problem [1] and now it is an essential and powerful modeling tool
in mathematical research, computer science, biology, chemistry, social sciences and
many more.

Most of the problems in design theory and graph theory are easy to explain, but
they can be extremely difficult to solve and solutions generally involve innovative
new combinatorial techniques as well as advanced tools and methods of other areas
of mathematics such as algebra, geometry and number theory. The most classical
problems still remain unsolved.

A great number of design theory problems can be viewed in terms of
decomposition of graphs into prescribed subgraph. One of the main problem in
combinatorial design theory is the 2 —factorization problem, that is, whether or not
there exists a 2 —factorization of K,,, where each of the 2 —factors is of a prescribed
type. In this dissertation we will focus on one particular 2 —factorization problem,
so-called Hamilton-Waterloo problem, and we will give solutions to the problem for
the case of two different cycle sizes.

This introduction will first give a number of very general graph and design
theoretic terms and concepts that will be used throughout this dissertation, and then
give a brief history of some well-known problems related to the results in this
dissertation. The remainder of this dissertation will be devoted to proving the results

that have obtained.



1.1. Definitions and Notation

The notation and definitions used here are mostly standard and may be found,
for instance, in [2]-[5].

A graph G is a triple consisting of an edge set E(G), a vertex set V(G), and a
relation that associates with each edge of G either one or two vertices called its
endpoints. A graph in which each edge has distinct endpoints and no two edges have
the same pair of endpoints is called a simple graph. A graph H is said to be a
subgraph of a graph G if V(H) € V(G) and E(H) < E(G) A spanning subgraph or
factor of G is a subgraph that has the same vertex setas G.

A complete graph with v vertices is denoted by K,,. A complete equipartite
graph, denoted by K,.;, is a simple graph whose vertex set can be partitioned into b
parts of size a each such that any two vertices in different parts connected by an
edge, but no edge joining any two vertices in the same part. In particular, K., is
called complete bipartite graph and denoted by K, , as well.

A path is a finite sequence of distinct vertices P = pop;p,. .. px together with
the edges p;p;+1, 0 < i <m— 1. A graph is connected if there is a path between
every pair of distinct vertices. Two endpoints of an edge are said to be adjacent to
each other. The number of edges adjacent to a vertex v in a graph G is called the
degree of v. A k —regular graph is a graph such that every vertex has degree k and a
k —factor is a spanning k —regular subgraph. Besides regular graphs have a long
history, they have nice properties such as having a lot more symmetry than arbitrary
graphs.

A cycle is a 2 —regular connected graph. A cycle with the vertices vy, vy, vy,
..., Uy, and the edges vovy, V1V, ..., V1V IS called an m —cycle and denoted by
Cm = (Vg, V1, V3,...,0). The length of a cycle is the number of edges on the cycle
(equal to the number of vertices). Also, a spanning cycle in a graph is called
Hamilton cycle.

Given two paths P = popip,...px and Q = qoq19,..-q;, We define the
concatenation of paths P and Q by PQ = pop1..-Pxq0q1---qandfor0 <i<j<k

we write

e Ppj = pop1P2---Dj>



* piP = PiDis+1Pit2--- P aNd
* piPp; = PiPi+1Pis2---Dj-

We denote the (k + 1) —cycle obtained from adding an edge between p, and
pr in P by (P). Also P~ will denote the path on the same vertex set as P but the
vertices are listed in reverse order.

Let H be a finite additive group and let S be a subset of H — {0} such that the
opposite of every element of S also belongs to S. The Cayley graph over H with
connection set S, denoted by Cay(H,S), is the graph with vertex set H and edge set
E(Cay(H,S)) ={(a,b)|a,b € Ha—b € S}. Note that the definition is not
ambiguous since S = —S by assumption, and that the degree of each vertex is |S|. As
is also understood from this definition, there are some obvious necessary and
sufficient conditions of Cayley graphs depending on the properties of S. For
example, Cay(H,S) is connected if and only if S is a generator set for H, and
Cay(H,S) is a complete graph if and only if S = H — {0}.

Cayley graphs provides a link between group theory and graph theory with
various applications, especially in computer science. Regularity and underlying
algebraic features of these graphs make them attractive to study.

Example 1.1: Figure 1.1 shows an example of a Cayley graph over the group Zq with
the connection set {+1, +2}.

If G, and G, are two edge disjoint graphs on the same vertex set, then G; @ G,
will denote the graph on the same vertex set with E(G; @ G,) = E(G,) U E(G,).
The union of graphs G, and G, denoted by G, U G, is the graph with V (G, U G,) =
V(G,) UV (G,) and E(G, U G,) = E(G,) U E(G,). If H is a subgraph of G, then G —
H denotes the graph with V(G —H) =V(G) and E(G — H) = E(G)\E(H). Also

aG will denote the vertex-disjoint union of the a copies of G.



Figure 1.1: Cay(Z4, {£1, £2}).




2. CYCLE DECOMPOSITIONS

A decomposition of a graph G, is a set # = {H,, H,, ..., H,} of edge-disjoint
subgraphs of G such that U¥,E(H;) = E(G). An H —decomposition is a
decomposition of G such that H; = H for all H; € H. If each H; is a cycle (or a
disjoint union of cycles), then # is called a cycle decomposition. It is easy to see that
if a graph G admits a cycle decomposition, then each vertex of G must be even. The

converse was shown by Veblen [6].

Theorem 2.1: [6] A graph can be decomposed into cycles if and only if every vertex

has even degree.

A parallel class in a decomposition is a set of vertex disjoint graphs that
partitions the vertex set. A cycle decomposition is called resolvable if it has a
partition of the cycles into parallel classes. A resolvable cycle decomposition is also
known as a 2 —factorization and a parallel class can be called a 2 —factor. If a

decomposition of a graph G consists precisely of k; parallel classes isomorphic to F;,

then we say that a {F,*, £, ..., F'} —factorization of G exists.

o L5

a) b)

Figure 2.1: a) A given graph G, b) a 2 —factor in G.

One of the first results in graph theory that obtained by Petersen [7] in 1891 is

the 2 —factor theorem about regular graphs of even degree.

Theorem 2.2: [7] Every (2k) —regular graph has a 2 —factor and hence can be

decomposed into k edge disjoint 2 —factors.



Complete graphs are the most natural graphs to decompose and cycle
decomposition is the one of the most studied family of decompositions. Since there is
no cycle decomposition of K, when v is even by Theorem 2.1, in this case it is
common practice to consider cycle decompositions of K,, — I, the complete graph on

v vertices with a 1 —factor I removed.

Example 2.1: A decomposition of K, into a 7 —cycle, a 6 —cycle, a 5 —cycle and a
3 —cycle is shown in Figure 1.1.

Ty

R4

Figure 2.2: A {C,, C, Cs, C3} —decomposition of K.

Example 2.2: A decomposition of Kg — I into two 8 —cycles and two 4 —cycles is

shown in Figure 1.2.

It should be noted that decomposition of a graph into cycles is an NP-complete

problem in general [8]. Dor and Tarsi [9] proved that if H contains a connected



component with at least three edges, then the problem of deciding whenever a graph
has an H —decomposition is NP-complete. Moreover, it has been shown in [41] that
for every simple graph H and an integer v where v > v,(H) for some integer v, (H),

an H —decomposition of complete graph K, exists if and only if |E(H)| divides

_v(vz—l) and v — 1 is divisible by the greatest common divisor of the vertex degrees in

H.
Ky—1T
Figure 2.3: A {Cg, Cg, C4, C,} —decomposition of Kg — I.
2.1. History

The earliest question concerning cycle decompositions of complete graphs was
posed by Kirkman [11] in 1847 which asks an H —decomposition of K,, where H is
the union of v/3 disjoint 3 —cycles. The problem is known as Kirkman's schoolgirl
problem and it was shown by Ray-Chadhuri and Wilson in [12] that desired



decomposition exists if and only if v = 3 (mod 6). Since then, cycle decomposition
of a graph G has been attracted a lot of interests, particularly the case where G is a
complete graph. In the 1890s, Walecki [13] has constructed a Hamilton cycle
decomposition of K, and K, —1 In 1965, Kotzig [14] showed that 4m —cycle
decomposition of K, exists when v = 1 (mod 8m). One year later, Rosa [15], [16]
proved that K,, can be decomposed into C,, —cycles for m = 2 (mod 4) and v =
1 (mod 2m), also settled the problem for m = 5, 7.

It is obvious that if K, (or K,, — I for even v) has a decomposition into cycles,
then length of each cycle must be greater than or equal to 3 and less than or equal to
v, and the sum of the cycle lengths must equal the number of edges of K,, (or K,, — I
for even v). It was conjectured in 1981 by Alspach [17] that these obvious necessary

conditions are also sufficient.

Conjecture 2.1: Let v > 3 be an odd integer and m,, m,, ..., m; be integers such that

v(v-1)
2

3<m;<v for i=1.2,..,t with m; +my, +--+m, = . Then K, has a

{Cmy» Cmy» e » Cm, } —decomposition.

Conjecture 2.2: Let v >4 be an even integer, I is a 1 —factor in K, and

my, m,, ..., m; be integers such that 3 <m; <wv for i =1,2,...,t with m; + m, +

v(v-2)
2

et m, = .Then K, — I has a {Cp,,, Cn,, ---, Cm, } —decomposition.

In a number of special cases of this problem there are additional obvious
necessary conditions. One of the most studied case is the uniform cycle
decomposition, that is, all the cycle lengths are the same, and in [18], [19] it has been
shown that Alspach's conjecture is true when the cycle lengths are all the same.

Also, a great deal of work has been done for the case where the lengths of the
cycles vary. Finally, Alspach’s Conjecture was verified in 2012 by Bryant et al. [20].

One variation of the cycle decomposition problem is the Oberwolfach problem
was first formulated by Ringel in 1967 at a graph theory conference in Oberwolfach,
Germany and first mentioned in [21]. The problem is related to the possible seating
arrangements at the conference and was inspired by a question of whether v

mathematicians could be seated in such a way that each mathematician sits next to



each other mathematician exactly once over %1 days, where there are k; round tables

with m; seats for 1 < i < ¢ satisfying Y:f_, k;m; = v. In graph theory language, the
problem asks for a decomposition of the complete graph K, into 2 —factors each of
which is isomorphic to a given 2 —factor H. If H consists of k; m; —cycles, 1 <i <

t, then the corresponding Oberwolfach problem is denoted by OP(mfl, m’z‘z,

. mff). As previously mentioned, a decomposition into 2 —factors clearly requires
that the degree of each vertex be even and so v must be odd, in the case when v is
even it is natural to consider a decomposition of the graph K, — I into 2 —factors
instead, where I is a 1 —factor of K,,. The corresponding problem when v is even is
called the spouse-avoiding version of the Oberwolfach problem.

A generalization of the Oberwolfach Problem is the Hamilton-Waterloo
Problem where the conference takes places in two venues; Hamilton and Waterloo,
the first of which has k round tables, each seating n; people for i = 1,2, ..., k, the
second of which has [ round tables each seating m; people for i =1,2,...,1
(necessarily ¥ . n; = ¥!_ m; = v).

If we let n=n; =n, =--=n, and m =my; = m, = --- = my, then each
2 —factor is composed of either n —cycles or m —cycles. This corresponds to the
uniformly resolvable cycle decomposition of K,, (or K,, — I for even v) into n —cycles
and m —cycles. This version of the Hamilton-Waterloo problem, with uniform cycle
sizes, has attracted most of the attention and we use the notation to denote the
problem with r factors of n —cycles and s factors of m —cycles by (n,m) —
URD(v;1,s).

Example 2.3: Figure 2.4 shows a {C%, C3} —factorization of K;, — I.

The obvious necessary conditions for the existence of a solution to (n,m) —

URD(v; 1, s) are given by Adams et al. in [22]:

Lemma 2.1: [22] Let v,n,m,r and s be non-negative integers with m,n> 3. If there

exists a solution to (n,m) — URD(v; r, s), then

i)s > 0forv =0 (modm)



i) r+s ==,

o (¢ o o
a C; —factor a C; —factor a C, —factor
o o0 o & » e
a Cc, —factor a Cc, —factor removed 1 —factor

Figure 2.4: A solution to (3,4) — URD(12; 2, 3).

Solving the problem completely for n —cycles and m —cycles means finding a
solution to the problem for all possible r and s satisfying the obvious necessary

conditions.
2.2. Preliminary Results
Let G be a graph and {G,, G4, G5, ..., Gx_1} be vertex disjoint copies of G with

v; € V(G;) for each v € V(G). Then the graph G[k] is a graph with vertex set
V(G[k]) =V(Gy) UV(Gy) ..UV (Gr-1) and edge set E(G[k]) = {uivj UV €

10



E(G)and 0<i,j<k—1}. For example K,[2] = Ky, — I and K,[m] = Ky,
where I isa 1 —factor of K;,,.

It is easy to see that if a graph G has an H —decomposition, then there exists an
H[k] —decomposition of G[k]. Moreover if a graph G has an H —factorization, then
there exists an H[k] —factorization of G [k].

In fact, this graph operation is a generalization of Haggkvist's doubling
construction and it coincides with a special case of a graph product called
lexicographic product. Haggkvist [23] constructed 2 —factorizations containing even

cycles using G[2].

Lemma 2.2: [23] Let G be a path or a cycle with m edges and let H be a 2 —regular
graph on 2m vertices where each component of H is a cycle of even length. Then

G[2] has an H —decomposition.

Example 2.4: Let G be a 6 —cycle. Then G[2] can be decomposed two Hamilton

cycle.

Cel2]

a) b)

Figure 2.5: a) C¢ and C¢[2], b) C;, —decomposition of Cg[2].

11



Baranyai and Szasz [24] have shown that if a graph G can be decomposed into
x Hamilton cycles and if H is a graph with y vertices and can be decomposed into z
Hamilton cycles then their lexicographic product is decomposable into xy + z
Hamilton cycles. So, C,,[n] has a C,,, —factorization. Also Alspach et al. [25] have
shown that for an odd integer m and a prime p with 3 <m < p, C,[p] has a
C, —factorization.

It is known that the solutions to the cases OP(3%), OP(3*), OP(4,5), and
OP(32,5) do not exist [25]-[27]. The Oberwolfach Problem for a single cycle size
OP(mk), for all m > 3 has been solved in two separate cases: odd cycles in 1989 by
Alspach et al. [25] and the even cycle case in 1991 by Hoffman and Schellenberg
[28]. This results will be used in the main construction.

Theorem 2.3: [25],[28] A resolvable m —cycle decomposition of K,, (or K,, — I for

even v) exists if and only if m|v and m # 3 when v = 6,12.

The following theorem summarizes the known results on the Oberwolfach
problem for non-uniform length cycles given in the survey [4] and more recent
results in [29]-[32].

Theorem 2.4: [23],[29]-[34] The following Oberwolfach problems all have
solutions:

. OP(m’fl,mlzcz, ...,mft) for mik, + myk,+... +mik; < 40;

e OP(3%,4) for all odd k > 1;

e OP(3%,5) for all even k > 4;

e OP(m*, v —mk)forv=6km—1,k>1,m=>3;

e OP(m,v — m) for m = 3,4,5,6,7,8,9 and v>m+3;

e OP(m?,v—2m) form =3,4and v > 2m + 3;

e OP(2m,, 2my, ...,2m;) for all m; = 2 and my + m,+... +m, odd;

e OP(m,m + 1) and OP(m, m + 2) for m > 3;

e OP((2s + 1)%,2s + 2) for s > 1;

e OP(3, (4s)?) fors > 1;

12



e OP(4k,25 + 1) OP(4¥,25+1) fors > 1,k > 0;
e OP((4s)%,2s + 1) fors > 1,k > 0;

e OP(m,, m,) for all m;, m, > 3 with m; # m, except (m;, m,) = (4,5).

Also in [35], the Oberwolfach problem is completely solved for an infinite set
of prime orders.

Piotrowski [36] solved the bipartite analogue of the Oberwolfach problem.

Theorem 2.5: [36] There is a 2 —factorization of K,, in which each 2 —factor
consists of vertex disjoint cycles C, , Cy,, ..., Cy, if and only if a is even, n; = 4 is
evenfor 1 <i<landn, +n,+...+n; = 2a, exceptthata =6 andn; = 6 for 1 <

i <L

Moreover, Liu [37] gave a complete solution to the Oberwolfach Problem for
complete equipartite graphs where all cycles have the same length and we will use

this result in our main construction.

Theorem 2.6: [37] The complete equipartite graph K,., has a C; —factorization for
[>3 and a>2 if and only if [|ab, a(b—1) is even, I is even if b =2 and
(a,b,1) # (2,3,3),(6,3,3),(2,6,3), (6,2,6).

The first results on the Hamilton-Waterloo Problem [22], settled the problem
for all wv<17 and in addition solved the ~cases (n,m)E€
{(4,6), (4,8), (4,16),(8,16),(3,5),(3,15),(5,15)} except that a solution to (3,5) —
URD(15; 6,1) does not exist and the case (3,5) — URD(v; ’%3 1) is unresolved for

v = 0 (mod 15) with v > 15. With a few possible exceptions when m = 24 and 48,
Danziger et al. [38] solved the problem for the case (n,m) = (3,4).

Theorem 2.7: [38] For all positive integers r and s, a solution to (3,4) —
v

URD(v;r,s) exists if and only if 12|v, r+s =72 and (v,r) # (12,5) except

possibly when v =24 andr = 5,79 or v =48 and r = 5,7,9,13,15,17.

13



The case n = 3 and m = v, that is triangle-factors and Hamilton cycles, has
attracted much attention and remarkable progress has been made by Horak et al. [23],
Dinitz and Ling [40], [41], Lei and Shen [42]. The following theorem summarizes

the results for this case.

Theorem 2.8: [39]-[42] Let r and s be non-negative integers with r + s = [%1 .

Then, a solution to(3,v) — URD(v; r, s) exists except when

er=5andv =6,12;

er=3andv =09;
except possibly when

ev=18ands=1,v=36ands € {2,4};

ev =6 (mod36)ands = 1;

e v =12 (mod 18) and s € {12, .., =%}

ev €{93,111,123,129,141,153,159,177,183,201,207,213,249} and s = 1;

ev =15 (mod 18)and s € {2,3, ...,17‘%3,1%9}.
In [43], Bryant et al. have settled the Hamilton-Waterloo Problem for bipartite
2 —factors, and in [44] Buratti and Rinaldi studied regular 2 —factorizations leading
to some cyclic solutions to Oberwolfach and Hamilton-Waterloo Problems, and also
in [45], an infinite class of cyclic solutions to the Hamilton-Waterloo Problem is
given.
Fu and Huang [46] solved the case of 4 —cycles and m —cycles for even m,

and also settled all cases where m = 2n and n is even in 2008.
Theorem 2.9: [46] Let r and s be non-negative integers with r + s = ”2;2 Then

e for all even m > 6, a solution to (4,m) — URD(v; r, s) exists if and only if 4|v

and m|v;
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e for all even m > 4, a solution to (m,2m) — URD(v; r, s) exists if and only if

2m|v.

Two years later Keranen and Ozkan [47] solved the case of 4 —cycles and a

single factor of m —cycles for odd m.

Theorem 2.10: [47] For all odd m, a solution to (4,m) — URD(v;r, 1) exists if and

only if 4m|v and r = 1’;—4.

In a recent paper [48], a complete solution to the problem for 3 —cycles and
7 —cycles is given.

Uniformly resolvable decompositions of K,, or K, — I into graphs other than
cycles have also been considered in [49]-[54].

Most of the results about uniformly resolvable decomposition of K,, (or K, — I
for even v) involve the cases of even cycles or some graphs other than cycle. Solving
the Hamilton-Waterloo Problem for cycles with different parity is a more difficult
problem and is not studied much.

In this dissertation, firstly 4 —cycle and odd cycle factors is considered, and the
remaining cases in [47] are completed. This result also complements the results of Fu
and Huang [46] and shows that the necessary conditions are sufficient also for odd m
with a few exceptions. Then, the problem for the case of m —cycles and 4m —cycles
is studied, and a complete solution is given for even m as well as all possible
solutions with a few possible exceptions are determined for odd m.

When we give solutions to (4,m) — URD(v;r,s) and (m,4m) — URD(v; r, s),
first we give some cycle decompositions of C,,[4] and C,,,[4] @ mK, — I in Section
3, then we show how to decompose K,, — I into subgraphs including C,,[4]'s and one
Cm[4] @ mK, — I in Sections 4 and 5.
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3. 2-FACTORIZATIONS OF C,,[4]

It is obvious that a 2 —factorization of C,,[4] has exactly four factors. The

following results will be shown:

e C,,[4] has a C, —factorization (Lemma 3.1),

C,,[4] has a C,,, —factorization (Lemma 3.2),

e C,,[4] has a {CZ, C2} —factorization (Lemma 3.3),

e C,,[4] has no {C}, C3} —factorization (Lemma 3.4),

e C,,[4] has a {C2%, C2b} —factorization for a, b € {0,1,2} witha + b = 2
(Lemma 3.5).

Lemma 3.1: For every integer m > 3, C,,,[4] has a C, —factorization.

Proof 3.1: Note that C,,[4] = C,,[2][2]. By Lemma 2.2, C,,[2] can be decomposed
into C,,, —factors, and each C,,, can be decomposed into two 1 —factors. So C,,[2]
has a 1 —factorization. If F is a 1 —factor in C,,[2], F[2] is a C, —factor in C,,[4]

since K,[2] = C,. Hence C,,[4] has a C, —factorization.
Lemma 3.2: For every integer m > 3, C,,[4] has a C,,, —factorization.
Proof 3.2: We can represent C,,[4] as the Cayley graph over V, X Z,, with
connection set V, x {1, —1} where V, is the additive group of F, = {0,1,x, x?}, the
finite field of order 4. Let C = (vy, v1, V3, ..., V;m_1) be an m —cycle of C,,[4] where
v; = (x4,i) for 0 <i <m—1. In the case of m = 1 (mod 3) replace v,,_; with
(x,m —1).Then

F=Cu(x1):-Cux31)-CuU(01)-C (3.1)

is a 2 —factor of C,,,[4]. And also

F ={F,F +(1,0),F + (x,0),F + (x2,0)} (3:2)
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Is a 2 —factorization of C,,,[4].

It is evident that the addition by (1,0) and multiplication by (x,1) are
automorphisms of the above factorization F. These automorphisms clearly generate

AGL(1,4) (the 1 — dimensional affine general linear group over [F,).

Example 3.1: The Figure 3.1 shows a decomposition of Cs[4] into four Cs —factors.

F F + (1,0) F + (x,0) F + (x2,0)

Figure 3.1: A Cs —factorization of C5[4].

Lemma 3.3: For every integer m > 3, C,,[4] has a {CZ, C%} —factorization.

Proof 3.3: We can represent C,,[4] as the Cayley graph I' over Z, X Z,, with
connection set Z, x {1, —1}.
When m is even, let C = (vy, V1, Vs, ..., Um—q) and C' = (v}, V1, V5, ..., Upp_q)

be the m —cycles of I where v; = (2i,i) and v; = (0,i) for0 <i < m — 1. Then

F, =CU(C+(1,0) U (C+(20)U(C+(3,0))and

(3.3)
F{=C"uU(C'+(1,0) U (C’'+(2,0) U (C +(3,0)
are two edge-disjoint m —cycle factors of I'.
Also let C, = ((0,1),(1,0), (2,1),(3,0)) be a 4 —cycle of I'". Then
m-—1
F, = U(c* +(0,0)) (3.4)
i=0

17



is a 4 —cycle factor of I'. Moreover
T = {F1) Flll FZ) FZ + (1F0)} (35)
Is a 2 —factorization of I.
When m is odd, let C,C" and C, be defined as above with v,,_; = (1,m — 1).
Also let ¢ = ((0,0),(2,m—1),(1,m —2),(3,m — 1)) be a4 —cycle of I'. Then
Fi,=CU(C+(1,0)u(C+(20)U(C+(30),

F/ =C'U (C'+ (1,0)) U (C'+ (2,0)) U (C’' + (3,0)) and
(3.6)

m-—3
F, = U ((C. + (0,i)) U CL U (C!+ (2,0))
i=0
are 2 —factors of I. Moreover
F ={F,F,F,,F, +(1,0)} (3.7)

is a 2 —factorization of I".

Example 3.2: The Figure 3.2 shows a {CZ, C2} —factorization of Cs[4].

Fl F]_' F2 F2 + (1, 0)

Figure 3.2: A {CZ, CZ} —factorization of Cs[4].

Lemma 3.4: For every odd integer m > 3, C,,[4] has no {C}, C3} —factorization;
that is, C,,,[4] & mC, @ 4C,, ® 4C,, D 4C,,.

18



Proof 3.4: Consider C,,,[4] as the Cayley graph I' over Z, X Z,, with connection set
Z, % {1,—1} as before.

We prove the Lemma by contradiction. So assume that I" can be decomposed
into three C,,, —factors and a single C, —factor.

Since m is odd, each m —cycle in I" contains one and only one vertex (a, i) of
I for each i € Z,,. When we remove the three C,, —factors, we are left with a
2 —regular graph where each vertex (a, i) is adjacent to only one vertex (b,i — 1)
and only one vertex (c,i + 1) for some b, c € Z,. So, this 2 —regular graph can not
contain any 4 —cycles.

Hence, I has no {C}, C3} —factorization.

Let C,,[4] be the Cayley graph over Z, X Z,, with connection set Z, x {1, —1}
and in the K, —factor of K,,,, each K, consists of vertices (0,i),(1,i),(2,i) and
B,i)foro<i<m-1.

Now, define paths in C,,[4];

Py = poP1 - Pm-1
Qo = 9091 - Gm-1
(3.8)

RO = rorl ---Tm—l

SO = S0S1 -+ Sm-1

where p; = (0,0, q; = (2i,0), 1, = {((2 Ll)) i{ fiiifse:;; s;=(31) 1 for0<i<
m—2,and pp.,=A,m—-1), g1 =02Cm—-2,m—-1), r,_, = (0,m—1) and
Sm—1=(@3,m—1). Also for j =123, P,=Py+(j,0), Q; =Qo+(j,0), R =
Ry + (j,0) and S; = Sp + (4, 0).

For the sake of brevity, we use the following notations to denote the following

four m —cycle factors and three 4m —cycle factors of C,,[4]:
Fp = ((Po) U (P) U (P,) U (P5)) and Fp = (PoP1P;P3), (3.9)
Fr = ((Ro) U (R1) U (R2) U (R3)) and F, = (RoR,RzR3), (3.10)
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Fs = ((So) U (S1) U (S3) U (S3)) and F§ = (S50515,S3), (3.11)
and

Fo = ((Qo) U (@) V(@)U (Qs)) (3.12)

Lemma 3.5: Let a,b € {0,1,2} with a+ b = 2. Then for every integer m > 3,

Cn[4] has a {C24, C2b} —factorization.

Proof 3.5: Note that C,,[4] = C,.,,[2][2]. Since C,,,[2] can be decomposed into two
C,, —factors by Lemma 2.2, C,,[4] has a C,,,[2] —factorization, that is C,,[4] =
Com[2] @ Com[2].

For even m, each C,,,[2] —factor of C,,[4] can be decomposed into two
C, —factors for € {m,4m} by Lemma 2.2. Thus we have the desired
2 —factorizations for even m.

Similarly for odd m, C,,[4] has a C,,, —factorization since each C,,,[2] can be
decomposed into two C,,, —factors. Also by Lemma 3.2, C,,[4] can be decomposed
into four C,, —factors for all integers with m > 3. In addition to these

{Fp, Fy, Fg, Fs}is a{CF, Cin} —factorization of C,,[4] for odd m.
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4. SOLUTION TO (4,m) — URD(v; 1, 5)

In this section, first we decompose K,, — I into subgraphs including C,,[4]’s,
and then we give solutions to the problem for 4 —cycles and m —cycles using

appropriate factorizations of C,,,[4].

By [25] and [28], solutions to OP(4%/4) and OP(m®/™) exist except m = 3
and v = 6 or v = 12. That is a solution to (4,m) — URD(v; r, s) exists for r = 0 or
s = 0 with exceptions (v,m,r) = (6,3,0) and (v,m,r) = (12,3,0). So, we can
assume thatr = 0 and s # 0.

In our case 4|v, m|v and m is odd. Then there exists a t € Z* such that v =
4mt.

Note that;

K4mt = mt [4'] @ th4- (4-1)
or equivalently
K4mt - I E Kmt[4] @ th4_ (4.2)

where V(Kyme) = V(Kme[4]) and I is a 1 —factor in K. Since K,,; has a
C,, —factorization for odd t [25] and by the equivalence (4.1), K, has

{(Cp[4]) =72 K, } —factorization for odd ¢. In short, for odd ¢ we have

(mt-1)/2

Kyt = tC[4] @ tC[4] ... @ tC,[4] B mtK,

(4.3)

Similarly, since K, has {C,(nmt_z)/z,l(z } —factorization for even t [16] and by the

equivalence (4.1), Kym, has a {(Cn[4])™~?/2,K, , K, } —factorization for even t.

In short, for even t, we have
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(mt-2)/2

t
Koy = 101 [4] @ (0 [4] .. @ tC,1[4] ® %KM @ mtK,

(4.4)

with exceptionsm = 3and t = 2 ort = 4.
In our proofs, we will use these decompositions with appropriate factorizations
of C,,[4]s.

4.1. When r is Odd

Now, we can prove that for odd m > 3, a solution to (4,m) — URD(v;r,s)

exists for all odd r (or even s) satisfying the necessary conditions.

Theorem 4.1: For all positive odd integers » and m > 3, a solution to (4,m) —
URD(v;r,s) exists if and only if 4|v, m|v and r + s = ”7_2 except possibly v =

24,48 when m = 3.

Proof 4.1: If a solution to (4,m) — URD(v; r, s) exists, then by Lemma 2.1, m|v, 4|v
andr +s = 1’2;2 since v is even.
For the sufficiency part, assume m > 3 is odd, m|v and 4|v. Then, since

gcd(4,m) = 1, 4m|v. Thus, there exists a positive integer t such that v = 4mt.

We will prove the theorem in two cases; t is odd or even.

e Case 1: Assume t is odd.

By (4.3), Kym: — I has a {(C,,[4])™~V/2, C, } —factorization. Now, let ry, s;
and x be non-negative integers with r; + s; + x = % Placing a C, —factorization

on r; of the C,,[4] —factors by Lemma 3.1, a C,, —factorization on s; of the

C,,[4] —factors by Lemma 3.2 and a {C2, C%} —factorization on the remaining x

Cm[4] —factors by Lemma 3.3 gives us a {C;"*"****, ¢;71+?*} —factorization of the
Kyme — 1. That is, a solution to (4,m) — URD(v; r,s) exists for r = 4r; + 2x + 1

(any positive odd integer can be written in this form for non-negative r; and x) and
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s = 4s; + 2x. It is not difficult to see that r > 1 is odd and s > 0 is even with r +
v—2

s=4r1+2x+1+4sl+2x=2mt—1=7.

Therefore, a solution to (4,m) — URD(4mt; r, s) exists for all odd integers r

andtwithr + s = 2mt — 1.

e Case 2: Now assume t is even, except t # 2,4 when m = 3.
By (4.4), Kyme — I has a {(C,,[4])™=2/2, ¢3 } —factorization. Now, let 1, s,

and x be non-negative integers with r; + s; + x = % Similarly, placing a C; -

factorization on r; of the C,,[4] —factors by Lemma 3.1, a C,,, —factorization on s,

of the C,,[4] —factors by Lemma 3.2 and a {CZ, C2} —factorization on the remaining

x Cp,[4] —factors by Lemma 3.3 gives us a {C,""***%, ¢;****} —factorization of

the Ky — 1.

Since any odd integer r = 3 can be written as r = 4r; + 2x + 3 for non-
negative integers r; and x, we obtain that for even t, a solution to (4,m) —
URD(4mt;r,s) exists for all odd integers r > 3 (or even s > 0) with and m > 3,
except t # 2,4 whenm = 3.

For r =1, since K,,;[4] = K4..,,¢ and by the equivalence (4.2), we can write
Kyme — I = Kyne © mtC,. From [18], K,..: has a C,,, —factorization. So, placing a
C,, —factorization on the K,.,,; —factor yields a factorization of K,,,; — I with s =

2mt — 2.

4.2. \When r is Even

Since C,,,[4] has no {C}, C3} —factorization, we cannot obtain a solution to
(4,m) — URD(4mt; r,s) for even r (or equivalently odd s) using the construction in
the proof of Theorem 4.1. However, we will use a similar construction via switching
the edges of a 1 —factor from K,’s with some edges of C,,[4] in (4.3) and (4.4), then
we will get a {C2, C3} —factorization of the new graph. In short, if we let C;;[4] =
Cn[4] ®© K, and I is a 1 —factor of C,,,[4], then we will show that

Cl4] — 1 = mC, ® mC, B 4C,, D 4C,, B 4C,, (4.5)
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that is, C;;,[4] — I has a {C2, C2} —factorization.

Lemma 4.1: For any odd integer m >3, (Cnp[4]—1)@ mK, has a
{C2, C3} —factorization for some 1 —factor in C,,,[4] where each K, consists of four

copies of the vertex v; for any v; € C,,.

Proof 4.1: Consider C,,[4] as the Cayley graph over Z, X Z,, with connection set
Z, x {1,—1}, so each K, consists of the vertices (0,1i), (1,i),(2,i) and (3,i) fori €
Zm. And let Cqy = (U, Uy, Ug, -+, Um—1), C2) = (Vo, V1, V2,-+, Vm—1) @Nd Cz) =
Yo V1, Y2, -+-»Ym-1) be m —cycles of I' defined by the vertices u; = (0,1), v; =
(i%,0), and y; = (=i%i) for upyp_,=Bm—1), v, =A,m—1), yp_1=

(0,m —1). Then

Fy = Cay U (Cpy + (1,0)) U (Cyy + (2,0)) U (Cy + (3,0))
F; = C) U (Czy + (1,0)) U (Cz) + (2,0)) U (Cpy + (3,0)) (4.6)
F3 = C3) U (C) + (1,0)) U (Cz) + (2,0)) U (Ci3) + (3,0))
are m —cycle factors of I".

Let Cay = ((1,0),(2,0),(0,1), (3,1)) and C(sy = ((0,0), (1,0), (3,0), (2,0)) be
4 —cycles of I'. Then

m-—1
a=gw@ﬂw»

4.7
m-—1
Fs = | Jees + 00
i=0
are 4 —cycle factors of (I' — I) @ mK,. Then
.7:' = {Fl,Fz,F3,F4,F5} (48)
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is a 2 —factorization of (I — I) @ mK, where I is a 1 —factor of I" with the edges
(0,i)(2,i+ 1) and (3,i)(1,i + 1) for each i € Znm.

Now, we give solutions to the Hamilton-Waterloo Problem for some small

cases and improve the results given in [38].

Theorem 4.2: For all positive integer r, a solution to (4,3) — URD(24; 1, s) exists if

and only if r + s = 11 except possibly when r = 2 and r = 6.

Proof 4.2: All the cases are covered by [22] with possible exceptions when r =
2,4,6. Let the vertex set K, be Z24. Then, let

e F, = (0,1,10,9) U (2,3,17,16) U (4,5,19,18) U (6,7,8,15) U (11,12,21,20) U

(13,14,23,22),

e F, = (0,2,4,6) U (1,3,5,7) U (8,10,12,14) U (16,18,20,22) U (17,19,21,23) U
(9,11,13,15),

e F, = (0,3,4,7) U (1,2,5,6) U (10,11,14,15) U (16,19,20,23) U

(17,18,21,22) U (9,12,13,8),

e F, = (0,4,1,5) U (2,6,3,7) U (11,15,12,8) U (16,20,17,21) U (18,22,19,23) U
(9,13,10,14),

e F: = (0,8,16) U (1,9,17) U (2,10,18) U (3,11,19) U (4,12,20) U (5,13,21) U
(6,14,22) U (7,15,23),

e F, = (0,13,19) U (1,14,20) U (2,15,21) U (3,8,22) U (4,9,23) U (5,10,16) U
(6,11,17) U (7,12,18),

e F, = (0,14,18) U (1,15,19) U (2,8,10) U (3,9,21) U (4,10,22) U (5,11,23) U
(6,12,16) U (7,13,17),

e Fy = (0,15,20) U (1,8,21) U (2,9,22) U (3,10,23) U (4,11,16) U (5,12,17) U
(6,13,18) U (7,14,19),

e Fy = (0,12,23) U (1,13,16) U (2,14,17) U (3,15,18) U (4,8,19) U (5,9,20) U
(6,10,21) U (7,11,22),

e F;y = (0,11,21) U (1,12,22) U (2,13,23) U (3,14,16) U (4,15,17) U

(5,8,18) U (6,9,19) U (7,10,20),
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e F;; =(0,10,17) U (1,11,18) U (2,12,19) U (3,13,20) U (4,14,21) U
(5,15,22) U (6,8,23) U (7,9,16).

Then,

F ={F, F ..., Fi1} (4.9)

is a 2 —factorization of K,, —1I with four C, —factors where I = {(0,22),
(1,23),(3,12),(4,13),(5,14), (6,20),(7,21),(8,17),(9,18),(10,19), (15,16)}. This
completes the case r = 4.

Here we give a sketch of the construction of this result. We assumed that the
vertex set of Ky, iSs AUBUC where A={a; :1=0,12,..,7}, B={b; :i=
0,1,2,..,7}and C = {c; :i=0,1,2,...,7}. Also we let the sets of edges

o (4B), = {(ay by : i=012,..,7}
(] (BC)d = {(bi, Ci+d) : 1 =0,1,2, ,7} and
o (CA)y ={(ci,ai1q) + 1=012,..,7}

for 0<d<27 and E(Ky)=E(A)UEB)UE(C)UU_{(AB)qU (BC)qU
(CD)4} where E(A), E(B) and E(C) are the edges of the complete graphs induced
by the set of vertices A, B and C respectively. Then,

* F5 = (AB)o U (BC)o U (CA),,
* Fg = (AB)s U (BC)g U (CA)s,
* F; = (AB) U (BC)4 U (CA)s,
e Fg = (AB); U (BC)5 U (CA),,
* Fg = (AB), U (BC)3 U (CA),,
e Fio = (AB)3; U (BC), U (CA); and
e F;, = (AB), U (BC), U (CA),

are edge-disjoint 3 —factors of K,,.
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Finally, using the remaining edges (AB),, (BC)4,(CA),,E(A),E(B) and E(C)
we construct four C, —factors F;, F,, F5, F, and 1 —factor I. And at the end we

rename the verticesas x; = i,y; =i+8and z; =i + 16.

Theorem 4.3: For all positive integer r a solution to (4,3) — URD(48;, s) exists if

and only if r + s = 23 wih a possible exception when r = 6.

Proof 4.3: It is known that (4,3) — URD(48;r,s) has a solution with the possible
exceptions when r = 6,8,10,14,16,18 [22]. By (4.1), K,g = K;,[4] @ 12K, and a
solution to (4,3) —URD(12;1,4) has given in the Appendix of [21]. Hence a
{(C5[4])*, C4[4], Ky, Ko} —factorization of K,g exists. Also by Lemma 3.1, C,[4]
can be decomposed into four C, —factors, by Lemma 4.2, (C5[4] — 1) @ 3K, has a
{CZ, €3} —factorization, and it is easy to see that K, , can be decomposed into two
C, —factors. So we now have 8 C, —factors and 3 C; —factors already. For the
remaining three C3[4]’s, decompose r; of them into C, —factors, s; of them into
C; —factors and x of them into two C, —factors and two C; —factors where r; + s; +
x=3 by Lemmas 3.1, 3.2 and 3.3 respectively. Hence, we get r = 4r; + 2x + 8 and
s =4s; + 2x + 3 and this gives us a {C}, C;} —factorization of K,g — I for r =
8,10,12,14,16,18,20.

We would like to note that, in the preparation of this dissertation, we have
discovered that in their preprint [55] Bonvicini and Buratti have given an
independent solution to all of the nine remaining cases from [38]. We include our

independent solutions for six of these cases.

Theorem 4.4: For all positive even r and odd m > 3, a solution to (4,m) —
URD(v; 1, s) exists if and only if 4|lv, m|jvandr + s = ”2;2 except possibly v = 8m

when r = 2, and v = 24,48 when m = 3.
Proof 4.4. We will consider two cases depending on the parity of t.

e Case 1: Assume t is odd.

By (4.3), Kym¢ has a {(Cp,[4]) ™ ~1/2 K, } —factorization.
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Let | be a 1 —factor of K,,,, as defined in Lemma 4.2 and, r;, s; and x be non-
negative integers with r; + s; + x = % Placing a C, —factorization on r; of the

Cnl4]’s by Lemma 3.1, a C,, —factorization on s, of the C,,[4]’s by Lemma 3.2, a
{C2,C2} —factorization on x of the C,[4]l's by Lemma 33 and a

{C2, c3} —factorization on the remaining (C,,[4] —I) &® mK, —factor by Lemma

4.2 gives us a {C;1H¥H2 212X+ _tactorization of the Ky, — tI Where tI gives
4 m

a1 —factor in Kyp;.
Then, since any integer r > 2 can be written as r = 4r; + 2x + 2 for non-

negative integers r; and x, a solution to (4, m) — URD(4mt; r, s) exists

For any even r > 2 and odd t satisfyingr +s =2mt —1 = ”7_2

e Case 2: Let t be even.
By (4.4), Kym: has a {(C,,[4])™~V/2 K, ,, K,} —factorization.

Forr,+s, +x= %_2 placing a C, —factorization on r; of the C,,[4]’s, a

C,, —factorization on s, of the C,,[4]’s, a {C% C2} —factorization on x of the
Cm[4]’s and two C, —factor on the K, , —factor and a {CZ, C3} —factorization on
the remaining (C,,[4] —I) @ mK, —factor yields a solution to (4,m)—
URD(4mt;r,s) for all even r > 4 exceptt = 2 or t = 4 when m = 3.

Now, we consider the case r = 2 and t is even. Partitioning the vertices of
K,me iNto t sets of size 4m gives the equivalence: Ky — I = t(Kyp — I') D Kyt
where I' is a 1—factor of K,,. By case 1, K,,—1 has a {CZ
C2m-3} —factorization and also from Theorem 2.8, K,,,,.. has a C,, —factorization

for t = 2. Thus, Ky, — I has a {C2, CZ™t~3} —factorization.
4.3. First Main Result

Combining the results of the previous section it is now possible to obtain the

proof of the following Theorem.
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Theorem 4.5: For all positive integers r, s and odd m > 3, a solution to (4,m) —
URD(v; 1, s) exists if and only if 4|v, m|vand r + s = vz;z except possily when r =

2and v =8morv = 24,48 whenm = 3 andr = 6.

Proof 4.5: Odd r follows from Theorem 4.1 and even r follows from Theorem 4.5
with possible exceptions when r = 2 and v = 8m, and v = 24 or v = 48 whenm =
3. Theorem 4.3 and Theorem 4.4 cover some of these exceptions for m = 3 and the

remaining cases are r = 2 when v = 8m, and v = 24,48 and r = 6 whenm = 3.

Although our solution is for odd m, our results in Lemmas are valid for even m
as well and will be used in the forthcoming section. Our result also complements the
result of Fu and Huang [46]; altogether, existence of a solution to (4,m) —
URD(v;r,s) is shown for all integers m = 3 with a few possible exceptions.
Regarding the results of Bonvicini and Buratti, only exception would be » = 2 when
v = 8m, for odd m > 5.

We can then combine these results as follows.

Theorem 4.6: For all positive integers r, sand m > 3, a solution to (4,m) —
URD(v; 1, s) exists if and only if 4|v, mlvandr + s = vz;z except possibly when r =

2 and v = 8m for m > 5 odd.
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5. SOLUTION TO (m,4m) — URD(v;r, s)

In this section, firstly we decompose the C,,[4] & mK, —1I into C,, and
C.m —cCycles, then we show how to decompose K, — I into subgraphs including
Cn[4]’s and one C,,[4] @ mK, — I. Secondly, using these decompositions we will

be able to obtain solutions to the problem for even and odd m.

Lemma 5.1: For all positive integer m >3, C,[4]@® mK,—1 has a
{c%, cb.} —factorization for some 1 —factor I in C,,[4] ® mK,, a = 0,1,2,3 and
also a =4 when m is even, satisfying a + b =5 where each K,consists of four

copies of the vertex v; for any v; € C,,.

Proof 5.1: Let C,,[4] be the Cayley graph over Z, x Z,, with connection set Z, X
{1,—1} and in the K, —factor of K,,,,, each K, consists of vertices (0, i), (1,1), (2,i)
and (3,i) for 0 < i < m — 1. Now define paths in C,,,[4] @ mK,;

X = XoX1X2. .. Xom—1,

Y =yoy1y2---Yom-1
(5.1)

Z = Zozlzz. ‘e sz—I!

W =Y +(1,0)

where X4i = (3,2l), X4i+1 = (O,Zl), X4i+2 = (2,21 + 1), X4i+3 = (1,2l + 1), Voi =
(0' l)’ Yoit1 = (2' l)’ Zyp = (2121)1 Zai41 = (1'21)1 Zgi+2 = (3'Zl + 1) and Zgi+3 =
(0,2i + 1). Then,

e F,DF,DF: P YW1 D (Zx™1) is a factorization with (a, b) = (0,5),
e, DF, P F: P (YW1 D (Zx~1) is a factorization with (a, b) = (1,4),
e Fp, DFR DF P YWD (ZXx™1) is a factorization with (a, b) = (2,3) and
o FL, DF, DFs (YWD (ZX~1) is a factorization with (a, b) = (3,2)

where Fp, Fp, Fg, Fg, Fs and Fg are 2 —factors defined as before.
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Now for even m define paths in C,,,[4] @ mKy;

Yo = Y)’%_l; Y, = Y%YJ’m—p Y, =ymYysm_,, Y3 =ysmVy, s and W; =Y; +
2 2

(1,0) for j=0,1,2,3. Then,

¢ Fp ®Fp ®Fs @ ((oWgHu (Wi Hu (LW Hu (W) @ (Z2x1)
is a factorization with (a, b) = (4,1) for even m.

Example 5.1: Figure 5.1 shows a {C2, C5,} —factorization of C[4] @ 5K, — I.

(Zx™

Figure 5.1: A {C3, C;,} —factorization of Cs[4] @ 5K, — I.

5.1. When m is Even

First we give a well-known result of Walecki [13] for Hamilton cycle
decompositions of complete graph minus a 1 —factor, then using the result we will
obtain solutions to our problems when v = 4m which will be generalized at the end

of this section.

Lemma 5.2: [10] For all even m > 4, K,,, — I has a Hamilton decomposition with
m—4

prescribed cycles{C*,p(C*),pZ(C*), ...,pT(C*)} for some permutation p of

{vo, V1, e, Vm—1} Where C* = (vy,Vq,...,Vm-1) and E(I*) :{vovm/z,vivm_i :

1<i<®_ 1}.
2
By (4.1),
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Kum = K[4] ® mK, (5.2)

where V(Kun) = V(Kp,[4]). Then, by (5.2) and Lemma 5.2, we have a
{(Cr[4D=9/2, (C* @ I")[4], Cp[4] ® mK,} —factorization of K,,, for m > 6.

In short, for even m > 6 we have

(m-4)/2
Kim = Col4] @ Col4] - Col4] @ (C* @ I)[4] @ mK, 3)
or equivalently for some 1 —factor I in C,,,[4] @ K.,
Kym — 1 = C[4] © Cr[4] ... © Cr[4] B (C* D IM)[4] © (5.4)

(Cm[4] ®@ mK, — 1)

Now we give some 2 —factorizations of (C* @ I*)[4] using the following

lemma.

Lemma 5.3: Let m >4 be an even integer and G, =C* @ I[* where C* =

(vo, V1, -, Vm—1) be an m —cycle and I* is a 1 —factor of K,, with E(I*) =

{vovm/z'vivm—i : 1<i<Z ?— 1}. Then G,,[2] has a C,,, —factorization.

Proof 5.3: Let the vertex set of G,, be Z, X Zn and define a cycle and two paths in

G, as follow:
C = (uO'ull ""uZm—l)
A= (ayay ...am_1) (5.5)
B = (bObl "-bm—l)
_(G,i) for 0<i<m-1 _ _
where u; = {(i +1,0) for 0<i<2m—1 a; = (0,1) and b, = (1,0), and for

1<i<m-—1ifm =0 (mod4), then
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) for i =0,3 (mod4)
. , and if m = 2 (mod 4), then
— lE ) for i =1,2(mod 4)

for i =1,2(mod 4)
. Then C and (AB) are two edge-

1,—— B) for i =0,3(mod 4)

disjoint 2m —cycles in G,;,[2]. Also it can be checked that C' = G;;, — (C @ (AB)) is
an 2m —cycle. Thus {C, C’, (AB)} is a C,,,, —factorization of G,[2].

Corollary 5.1: Let m >4 be an even integer and G,, = C* @ I* where C* =
(Vo V1, -, V;m—1) be an m —cycle and I* is a 1 —factor of K, with E(I*) =
{vovm/erivm—i 1< s%— 1}. Then G;,[4] has a {C2%, C2b} —factorization

for all non-negative integers a and b with a + b = 3.

Proof 5.1: By Lemma 5.3, G,,,[2] can be decomposed into three C,,,, —factors, that is,
G [2] = Com @ Copmy @D Com. S0 We have G[4] = Com[2] D Com[2] D Com[2],
since Gy, [4] = G, [2][2]. Also by Lemma 2.4, each C,,,[2] — factor of G, [4] can be
decomposed into two C; —factors for [ € {m,4m}. Hence G,,[4] has desired

2 —factorization.

Ge

Figure 5.2: a) G¢ and G¢[2], b) C,, —factorization of G;[2].
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In our proofs, we will use these decompositions with appropriate factorizations
of C,,[4] @ mK, — I, (C* @ I")[4] and C,,[4]’s.

Lemma 5.5: For all positive integers r, s and even m > 4, a solution to (m,4m) —

URD(4m;r,s) existsifand only if r + s = 2m — 1.

Proof 5.5: Since the problem has a solution for m = 4 in [30], we may assume that
m>4. Also by (10), a {(Cn[4)™9/2,(C* @ I")[4], Cnl4] ® mK, — I} —
factorization of K,,, — I exists. Let r; and s; be integers for i = 1,2,3 withr; + s, =
m—6, rn+s,=3, y+s3=5and 0<rnn<m-6, 0<rn,<3, 0<r;<4.

Now, factor mT_6 many C,,[4] —factors of K,.,, into a {C*, Cia} —factor by Lemma

3.5, and (C* @ I*)[4] into a {C2?, C252} —factor by Corollary 5.4. Then, factoring
Cnl4l ®mK, —1 into a {C;3 C,%}—factor by Lemma 5.1 gives us a {Ch,
C;} —factorization of K,,,, — I where r = r; + 2(r, + ;) and s = s3 + 2(s, + s1)

It can be checked that r + s = 2m — 1 with1 <r,s < 2m — 2.
Now, we give some general solutions to our problem for even m.

Theorem 5.1: For all non-negative integers r, s and even m > 4, a solution to

(m,4m) — URD(v;r,s) existsifand only if r + s = 172;2 and 4m|v.

Proof 5.1: The cases where one of the r and s is zero and other is non-zero have
been
solved in [28]. So, we can assume that r # 0 and s # 0.

In our case, m|v and 4m|v. Then there exists a t € Z* such that v = 4mct.

Since K,,—1 has a 1—factorization, Kyn,—I has a {t(Kum—1),

(tKam2m)?t ™2} —factorization where I' is a 1 —factor in K, and I = tI'. That is,

2t—2
Kot =1 =2 t(Kgpy — I') @ tKopmom DO tKomam - D tKamom

(5.6)
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Then by Theorem 2.4, factor r; of the K, »,,, into C,, —factors and s; of the
Komom N0 Cyyp, —factors with 0 < 7y, 51 < 2t — 2 and r; + s; = 2t — 2. Also by
Lemma 5.5, K,,,, — I has a {C,?2, C,2,} —factorization for all r, and s, satisfying r, +
S, =2m—1with0 < ry,5, <2m—1.

Thus, {C},, Cs,,} —factorization of K,,,,; — I exists where r = r, + mr; and

s = s, + ms;. It can be checked that r + s = 2mt — 1 with 0 < r,s < 2mt — 1.

5.2. When m is Odd

For a given odd integer t, we have

(mt=3)/2
5.7
Kyme — I = tC,,[4] @ tC[4] ... B tC,,[4] D tC,, [4] ® mK, — 1. (5.7)
And for even t, we have
mt—4
: mt
K4mt —I= tCm [4] @ tCm[4] @ tCm[4‘] @ 71(4,4 @ tCm[4] @ (58)

mK4 - I
with exceptionsm = 3and t = 2, 4.

Theorem 5.2: For all positive integers r, s and odd m > 3, a solution to (m, 4m) —
URD(v;r,s) exists if and only if 4m|v and r + s = 1’2;2 except possibly when v =

0 (mod 8) or v =4 (mod 8) and s = 1.

Proof 5.2: Since 4m|v, there exists a t € Z* such that v = 4mt. Assume that t be an
odd integer, that is v = 4 (mod 8). Also r; and s; be integers for i = 1,2 with r; +
s;=mt—3,p,+s,=5and0<r, <mt—3,0<r, <3.By((57), Kym: — I has

{(¢C[4]) =312 tC, [4] @ mtK, — I} —factorization. Now, factor (mt—3)/2

251

many Cp[4] —factors of K, into a {C.*, Ci:} —factor by Lemma 3.5 and

tCm[4] ® mtK, — I into a {C;2, C,2, } —factor with s, # 1 by Lemma 5.1. Then, we

m
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have {C},, Cs,,} —factorization of K,,,, —I where r = r, + 2r; and s = s, + 2s;. It

can becheckedthatr+s =2mt—1withl <r<2mt—2and1<r < 2mt — 2.

5.3. Second Main Result

Combining the results of the previous section it is now possible to obtain the

following result.

Theorem 5.3: For all non-negative integers r, s and m > 3, a solution to (m, 4m) —
URD(v;r,s) exists if and only if r + s = vz;z and 4m|v except possibly when m is

odd and

e v =0 (mod 8), or
ev=4(mod8)ands = 1.
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6. CONCLUSION

In this dissertation, we gave solutions to the Hamilton-Waterloo problem for
two different cycle sizes.

In section 3, we gave some 2 —factorizations of C,,[4] which are also
generalizations of cycle decompositions of Cayley graphs given in [23]-[25]. Then

using these results, we obtained the following result in section 4.

Theorem 4.5: For all positive integers r, s and odd m > 3, a solution to (4,m) —
URD(v; 7, 5) exists if and only if 4|v, m|v and r + s = = except possily when r =

2andv =8morv = 24,48 whenm = 3 andr = 6.

In section 5, we decomposed the graph C,,[4] & mK, — I into C,, and
C.m, —factors. Then using these results and results of Walecki [13], we gave a
complete solution to the problem for m and 4m —cycle factors when m is even. At
the end of the section 5, we determined all possible solutions to the problem for the
odd case with a few possible exceptions. The following theorem summarizes these

results:

Theorem 5.3: For all non-negative integers r, s and m > 3, a solution to (m, 4m) —
URD(v;r,s) exists if and only if r + s = 1’2;2 and 4m|v except possibly when m is

odd and

e v =0 (mod 8), or
ev=4(mod8)ands = 1.

The lemmas proved in section 3, 4 and 5 provide some powerful methods
which we used in our main construction and can be used in different constructions
such as generalization of the Hamilton-Waterloo problem for three or more different

cycle sizes.
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