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Yiiksek Lisans Tezi

BAZI RASYONEL FARK DENKLEM SISTEMLERININ PERIYODIiK COZUMLERI

Miijgan KURU
Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dah

Tez Damsmani: Dr. Ogr. Uyesi Melih GOCEN
Temmuz 2019, 61 sayfa

Bu tezde, bazi1 lineer olmayan rasyonel fark denklem sistemlerinin periyodik ¢oziimleri ince-

lenmistir.

Bu tez dort boliimden olugmaktadir.

Birinci boliimde, tez i¢in gerekli olan bazi temel tanim ve teoremler verilmistir.

Ikinci boliimde, literatiirdeki bazi rasyonel fark denklemleriyle ilgili calismalar sunulmustur.

Ugiincii boliimde, ikinci mertebeden bazi rasyonel fark denklem sistemlerinin periyodikligi

incelenmistir.

Son boliimde ise, bazi1 6zel rasyonel fark denklem sistemlerinin periyodik ¢oziimleri elde

edilmistir.
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OZET (devam ediyor)

Ayrica tezde, teorik sonuglarimizi desteklemek icin bazi sayisal 6rnekler verilmistir.

Anahtar Kelimeler: Fark denklemleri, periyodiklik, periyodik ¢6ziimler,denklem sistemleri.

Bilim Kodu: 403.03.01
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ABSTRACT

M. Sc. Thesis

PERIODIC SOLUTIONS OF SOME RATIONAL DIFFERENCE EQUATION
SYSTEMS

Miijgan KURU
Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assist. Prof. Melih GOCEN
July 2019, 61 pages

In this thesis, the periodic solutions of some nonlinear rational difference equation systems

are investigated.

This thesis consists of four chapters.

In the first chapter, some basic definitions and theorems necessary for the thesis are given.

In the second chapter, the studies about some rational difference equations in the literature are

presented.

In the third chapter, the periodicity of some second order rational difference equation systems

are investigated.

In the last chapter, the periodic solutions of some special rational difference equation systems

are obtained.



ABSTRACT (continued)

Furthermore, in the thesis, some numerical examples are given to support our theoretical

results.

Keywords: Difference equations, periodicity, periodic solutions, systems of equations.

Science Code: 403.03.01
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BOLUM 1

TEMEL TANIM VE TEOREMLER

1.1 GIRIiS

Bu boliimde tez boyunca kullanacagimiz bazi temel tanim ve teoremler verilmistir. Bu
kisimda Kocic ve Ladas (1993), Elaydi (1995), Kulenovic ve Ladas (2002) kaynaklarindan

yararlanilmigtir.

Tanim 1.1.1 n bagimsiz degisken ve buna bagily degisken de x olmak iizere, bagimli ve
bagimsiz degisken ile bagimh degiskenin E(x), E*(x), ..., E™(x), ... gibi farklarm i¢ine alan
bagintilara Fark Denklemi denir. Ayrica n’ nin stirekli oldugu halde Diferansiyel Denklem-

ler ile arasinda biiyik benzerlikler vardar.

Tanim 1.1.2 Bir fark denkleminde bilinmeyen fonksiyonun en biiyiik ve en kiigiik argi-

mentlerinin farkina o fark denkleminin mertebesi denir.

Tanim 1.1.3 F (2, Tpi1, .o, Tnik) = 0 seklinde k. mertebeden bir fark denkleminin genel
ifadesinde esitligin sag tarafi 0" ise bu fark denklemine homojen (otonom) fark denklemi

denir. Sifirdan farkl ise homojen olmayan fark denklemi denir.

Tanim 1.1.4 Eger bir fark denklemi x,, ya da herhangi bir fark ifadesinin 2. ya da daha
ytiksek mertebeden kuvvetini iceriyorsa ya da x, ile T,im nin (0 < m < k) carprmin
iceriyorsa bu fark denklemine lineer olmayan fark denklemi denir. Aksi durumda ise lineer

fark denklemi denir.

Genel olarak lineer fark denklemleri

ATk + Ok—1Tnik—1 + ... + Ao, = G(n)

seklinde gosterilir ve lineer fark denklemleri katsayilarinin durumuna goére isimlendirilir:

(a) Eger G(n) =0 ise denkleme Lineer Homojen Fark Denklemi denir.



(b) ag, a1, as, ..., a; katsayilar: sabit iseler, denkleme Sabit Katsayih Lineer Fark Denk-

lemi denir.

(c) ag,a1,as, ..., a; katsayilar1 bagimsiz degiskenin fonksiyonu iseler, denkleme Degisken

Katsayili Lineer Fark Denklemi denir.

Teorem 1.1.5 [ reel saylarin herhangi bir alt aralgy ve f : I — I siirekli tiirevienebilir

bir fonksiyon olsun.(k + 1). mertebeden bir fark denklemi
Tn+1 :f<l'n,l'n,1,...,xn,k), n:0,1,2 (11)
formunda bir denklemdir.

Lemma 1.1.6 z_j,2_(;_1),...,x0 € I baslangi¢ kosullarvmn her kiimest i¢in, (1.1) fark

denklemi bir tek {x,}>2 . ¢ozimiine sahiptir.

Yukaridaki lemmanin bir 6zel durumu olarak, xg,z_1,z_5 € I baglangic kosullarinin her

kiimesi i¢in
Tpr1 = f(Tp, Tp_1,Tpn_2), n=0,1,2... (1.2)
ti¢iincii dereceden fark denklemi bir tek {z,,}7° _, ¢oziimiine sahiptir.

Tamim 1.1.7 (1.1) denkleminin bir ¢ozimi yani her n > —k i¢in sabit olan (1.1) denk-

leminin bir ¢ézimine (1.1) denkleminin bir denge ¢ézimi denir. Her n > —Fk i¢in
Ty =T

ise (1.1) denkleminin bir denge ¢ozimidir, o zaman T bir denge noktasi olarak ad-
landurilar.
Ayrica T noktasina f fonksiyonunun bir sabit noktasy denir.

Dolapsiyla T € I noktast

T=f(z.7,..,T)

ise (1.1) denkleminin bir denge noktast olarak adlandwrilir yani n > —k igin
Ty =T

(1.1) denkleminin bir ¢ozimidiir.



Ornek 1.1.1 z,.1 = — fark denkleminin denge noktasimin £4 oldujunu gésteriniz.
T

Cozim 1 f(7,7) =T = % ise T = 4 dir
Tanim 1.1.8 7, (1.1) denkleminin denge noktas: olsun.
(a) Here >0 igin {z,}22 4, (1.1) denkleminin bir ¢ozimi olacak sekilde
T —T| + |z — T+ ..+ ooy — T <9
oldugunda her n > —k i¢in
|z, —T| < e
ifadesini saglayan bir 6 > 0 sayist varsa, T denge noktasina kararlidir denir.
(b) {zn}2 4, (1.1) denkleminin bir ¢ozimi olacak sekilde
|To — |+ |1 —T|+ ... + |z —T| < v
oldugunda
lm z, =7

n—oo

ifadesini saglayan v > 0 sayst varsa, T denge noktasina lokal asimptotik kararldir

denir.
(c) (1.1) denkleminin her {x,}>° . ¢ozimi igin
lim z, =7

oluyorsa T denge noktasina global ¢ekicidir denir.

(d) Eger T denge noktasi kararl ve bir global ¢ekici ise, T denge noktasina global asimp-

totik kararlidir denir.
(e) Eger T denge noktasi kararly degil ise kararsizdir denir.

Tanim 1.1.9 Eger {z,} dizisi i¢in x,1, = x, olacak sekilde bir p pozitif tam sayist
mevcut ise {x,} dizisine p periyotludur denir ve p sayst bu sartr saglayan en ki¢ik

pozitif tam saydir.



Tanim 1.1.10 Eger {z,} dizisinde sonlu sayida terim hari¢ tutuldugunda, geriye kalan
sonsuz sayidaki terim i¢in Tni, = T, olacak sekilde bir p pozitif tam sayist mevcut ise
{z,} dizisine er ge¢ p periyotludur denir ve p sayist bu sarti saglayan en kiicik pozitif
tam sayrdar.

Ornek 1.1.2 z,.; = — denkleminin periyodunun 2 oldugunu gosterelim. xo baslangi¢
T

sartim = 0,1, 2, ... i¢in iterasyon yontemayle

16 16 16 16
T = —"HT2=—— =20, T3 = —— = — =T
Zo T ) To

olup, bu sekilde iterasyona devam edilirse;

{16 16 }
Ty =< —,To,—,Xo,..-

Zo Zo

seklinde ¢oziimler elde edilir. Béylece soz konusu denklemin 2 periyotlu oldugu gdsterilir.

Tanim 1.1.11 (1.1) denkleminde, f(x,,%,_1,Tn_o) fonksiyonunu f(u,v,w) seklinde alalvm:

_ af(f, m) y (3f(f,x,f) _ (9f(f,x,f)
"= ou y o t = ow
olmak tizere;
Ynt1 = TYn + SYn—1 + tyn—2 (13)

denklemi elde edilir. Bu denkleme (1.2) denkleminin T denge noktasi civarindaki lineer
denklemi ady verilir.

(1.3) denkleminin karakteristik denklemi ise
N —rX— s\ —t=0 (1.4)
dar.

(a) (1.4) denkleminin tiim kokleri mutlak degerce 1’den kiigiik oldugunda, T denge nok-

tas1 lokal asimptotik kararldir.

(b) (1.4) denkleminin koklerinden en az biri mutlak degerce 1’den biiyiik oldugunda,

denge noktasi1 kararsizdir.



BOLUM 2
FARK DENKLEMLERI ILE ILGILI YAPILAN CALISMALAR

Cmar (2004) calismasinda,

_ __ Yn
Tnt1 = y Yn+1 =
Yn Tp—1Yn—1

fark denklem sisteminin pozitif ¢oziimlerini ve periyodikligini ele almigtir.

Cmar ve Yalginkaya (2004) caligmalarinda,

1 1 1
Tn+1 = —H Yn+1 = y An+1 =
Zn Tn—1Yn—1 Tp—1

fark denklem sisteminin pozitif ¢oziimlerinin periyodikligini ele almiglardir.
Douraki ve arkadaglar1 (2006) ¢aligmalarinda A, B € (0, 00) olmak iizere,
A B

+

Tn—k Tn—3k

Tpt1 =

fark denkleminin ¢oziimlerinin periyodikligini incelemiglerdir.

Ozban (2006) calismasinda,

1 Yn
In+1 = — Y1 = ————
Yn—k Tpn—mYn—m—k

denklem sisteminin pozitif ¢oziimlerini incelemistir.

Elabbasy ve arkadaglar1 (2008) galigmalarinda,

. B ar + agyn ” b1zn—1 + bazy
n+l — ) n+l — ’
a3zn + A4Tpn—1%n b3xnyn + b4xnyn—1
C1Zp—1 1+ Ca2zp

C3Tn—-1Yn—1 + C4Tn—1Yn + C5TnYn

Zn+l =
fark denklem sisteminin bir sinifinin ¢oziimlerinin periyodikligini ele almiglardir.
Stevic (2012) ¢aligmasinda,

TnYn—k y - YnTn—k
) n+1 —
Yn—k+1 (an + bnznyn—k) * zn—k+l(cn + dnynajn—k)

Tp+1 =

fark denklem sistemlerinin ¢oziimlerinin periyodikligini ele almiglardir.



Touafek ve Elsayed (2012a) ¢alismalarinda,

Tp_3 _ Yn—3
1ty 1mns T X1t 1y

Tp4+1 =

fark denklem sisteminin ¢oziimlerinin periyodikligini incelemiglerdir.

Ozkan ve Kurbanh (2013) ¢alismalarinda,

Yn—2 Tp—2 Lp—2 + Yn—2

Tnt1 = s Yn+1 = Zn+l =

-1+ Yn—2Tn—1Yn == xanynflxn’

fark denklem sisteminin ¢oziimlerinin periyodikligini incelemislerdir.

Din ve arkadaglar1 (2014) galismalarinda,

Yn—1 Tn—1

Tpn+l = 7 > Yn+r1 = — 57
T s+ ) T s (B ym)

fark denklem sisteminin ¢oziimlerinin periyodikligini ele almiglardir.

Yacine (2016) galismasinda,

1 1

fark denklem sisteminin ¢oziimlerinin periyodikligini incelemigtir.

Touafek ve Elsayed (2012b) galigmalarinda,

Yn B Tn
ta(Fl 2y, T g (E )

Tpy1 =
fark denklem sisteminin ¢oziimlerini incelemislerdir.
T.F. Ibrahim (2009) calismasinda,

LnLn—2

Tp_1(a+ brpz, o)

Tnt1 =

fark denkleminin ¢oziimlerinin davraniglarini incelemistir.

B -1+ Tn—2Yn—1Tn



BOLUM 3

iKiNCi MERTEBEDEN BAZI RASYONEL FARK DENKLEM
SISTEMLERININ PERIYODIKLiGI

3.1 o1 = ;%5 FARK DENKLEMLERININ PERIYODIKLIGI

Bu boliimde x_1, xq baslangi¢ kosullar1 paydayi sifir yapmayacak reel sayilar olmak iizere,

T
Tg1 = ——"  n=0,1,2,.. 3.1
+1 xn_1(1+xn) ( )
ve
Tn 0,1,2 (3.2)
:L‘n == n = sy Ly &y enn .
o Infl(_l +5Un)

fark denklemlerinin ¢oziimleri aragtirilmigtir.

Teorem 3.1.1 (3.1) denkleminin ¢iziimlerinin {x,}> | oldugunu varsayalim. Bu du-

rumda;

(a) {z,}.12° | coziimleri periyodiktir ve bes periyotludur.

(b)

Tsn—1 = L1,
Tsn =  Zo,

_ xQ
Ton+1 = z_1(14x0)’

_ 1
x5n+2 - x_1(1+$0)+:l?0’
x = Il

A3 T po(l+w_1)°

veya buna es deger olarak,

( i) 1 Tr_1 )
T_1,Tq, , ) y L1, L,
10 $,1(1 + $0) JI,1<]. + .130) + 29 xo(l + Ifl) 10
{ }+OO To 1 Tr_1 T "
Tnfn=—i = ’ ) y U1 )
1 ZL'_l(]_ + Io) I_l(]_ + I‘O) + Zo fL‘Q(l + ZL'_l) ! 0
o 1 Tr_1
L .%',1(1+£C0)’£C,1(1+33'0)+x07l’0(1+x71)’.“ Y,

coziimleri elde edilir.



I spat.

(a) (3.1) denklemi yardimuyla asagidaki esitlikler elde edilir:

Zn

Tntl = 2 T (1dan)’
Tnt2 = ma
Tnt3 = m’
Tp+da = Tp-1,

Tnts = Tp-

(b) n =0 i¢gin sonuglar saglanwr. n > 0 oldugunu ve iddiamizin (n — 1) i¢in saglandigine

varsayalim. Yani,

Ton—6 — T-1,
Tsn—5 = Lo,
_ Zg
Tsn—q4 = z_1(1+z0)’
T _ 1
5n=3 = 7 (I+zo)+zo’
x — S
5n—2 — zo(1+z_1)"

elde edilir ve denklem (3.1)” den,

T—1
T . Tsn—2 . zo(1+z_;) —
5n—1 — - 1 T_1 — 4=1
$5n,3(1 + 1’5n,2) r_1(14+zy)+z (1+$0(1+$_1))
i Tsn—1 — r—1 —
L e — %(Hmfﬂ o,
zo(1+z_,

ve benzer sekilde

Tsn+1 = L1

coziimleri elde edilerek ispat tamamlanar.

—+00

20 | oldugunu farz edelim. Bu du-

Teorem 3.1.2 (3.2) denkleminin ¢ozimlerinin {x,,

rumda;

(a) {z,}12>°, coziimleri bes periyotlu periyodiktir.

n=-—



(b)

Tsp—1 = T-—1,

Tsn =  Zo,

_ o

Ton+1 = z_1(—1tx0)’
T _ 1

on+2 — —z_1(—1+zo)+zo’
x = =1

5n+3 — zo(—1+z_1)°

veya buna es deger olarak,

( Zo 1 T_q 3
T_1,Ty, s ) ’
b0 roq(—14xy) —z_1(=1+2,) + 2, zo(—1+2_1)
{z 37, =14 z_q,2 il L T 3
nn=-1" -b O’Ib,l(—l+ZE0)’—‘T,1(—1+370>+$C07$0(—1+$,1)7
Zg 1 T_1
T_1,%y, ’ ) JREAE
\ 17_1(—1 +I’0) —I’_l(—]_ —f—l’o) —f-fL‘O l‘o(—]_ —f—l‘_l) )

¢oziimleri elde edilir.

Ispat. Teorem 3.1.1 ile benzer yolla ispat1 goriiliir. m

Ornek 3.1.1

T

Tpo1(+1+ )

(3.1)

Tnt1 =

denkleminin xq = 0.1 ve x_1 = 0.2 baslangi¢c kosullarindaki ¢ozimleri asagida verilmisg

ve 5 periyotlu periyodik oldugu gorilmiistiir.

Cizelge 3.1 (3.1) denkleminin periyodik ¢oziimleri

Tn
0.1
0.454
3.125
1.666
0.2
0.1
0.454

S U W N = O3




PERIYODIKLIGi

Bu boliimde x_1, g, y_2, y_1, Yo baslangi¢ kosullar1 payday: sifir yapmayacak reel sayilar

olmak iizere

Yn Ty
Tpy1 = ——F——~,  Ynt1 = ——F——~
i xnfl(l + yn) Yntd ynfl(l + xn)
ve
Yn Tn
T = s =
M (L) T (1t o)

fark denklem sistemlerinin ¢oziimleri aragtirilmigtar.

(3.3)

(3.4)

Teorem 3.2.1 (3.3) denklem sisteminin ¢oziimlerinin {z,, y, },:>° | oldugunu varsayalim.

Bu durumda;

“+o00

(@) n > —1 igin {x,} 2, ve {y,},)=° | ¢oziimleri periyodiktir ve on periyotludur.

(b) n > —1 i¢in Tpy5 = Yn V€ Ynis = T dir.

(c)

Tion—1 = T-1,
Tion = 2o,
_ Yo
Tion+1 = z_1(14+y0)’
x = — 1
10n+2 y_1(1+z0)+x0
x = =1
10n+3 = yo(l4o_1)°
Tion+4 = Y-1,
Tion+5 = Yo,
_ o
L10n+6 = y-1(1+z0)’
x _ 1
10n+7 — $—1(1+y0)+y0’
- Y1
L10n+8 = zo(1+y—1)"

10



ve

Yion—1 = Y-1,

Yion = Yo,
Yion+1 = m,
Yion+2 = m’
Yion+3 = m
Yion+4 = T—1,
Yion+s = To,
Yion+6 = %,
Yion+7 = m,
Yion+s = m

veya buna esdeger olarak,

( 1 T
T_1, Ty, il 3 ) — yY_1,
1'71(1 + yo) y*l(1 + $0) + T yO(l + x71> B
y Lo 1 Y1 .
05 ) ) s V1> )
y_1(1+ 330) vy (1+ yo) T Y zo(1 + yfl) R
Yo 1 T_1
9 9 7y—17y07
(et = Tl +90) ya(1+20) + 20 yo(1 + 1)
n=- Zo 1 Y-1 .
Yy a(l+20) 2 1(1+yo) +yo wo(1+y1) "
. Yo 1 T y
05 ’ ) yY—1»
r_1(1+yo) y—1(1 + o) + o yo(L +2_1) 7"
Y Ty 1 Y-1
0, ) 9 )t
{7y (T+ o) z1(1+yo) + o zo(l+y-1)

( Lo 1 Y-1
-1 ) ) 3 ,L_q,
o (T 20) w11+ 90) + 90 2oL +y 1)
- Yo 1 T_1 Yoy
05 ) ) yY—1» )
w1 (L4 y0) y—1(L+ 20) + mo yo(L +2_1) 7170
Zo 1 Y- " -
{yn} 20 =4 y_1(1+z0) w1 (1 +y0) + yo (L +y—q) " 177"
nin=-1 Yo 1 T y
w1 (L+yo) y—1(1+20) + 20 yo(L +2_1) 7"
Y Zo 1 Y-1 v
0, ) ) y V1>
y_1(1 4 z0) w11+ yo) + yo wo(1 +y-1)"" "
T Yo 1 T_1
0

\ ’I_l(].+y0)7y_1(1+$0)+I0’y0(1+$_1)7.”

coziimleri elde edilir.

ispat .

11




(a) (3.3) denklem sistemi kullanilarak agagidaki esitlikler elde edilir:

Tnt1 =

Yn+1 =

Tn42 =

Yn+2 =

Tn43 =

Yn+3 =

Tptda =

Yn+a =

Tpys =

Yn+s =

Tnt+6 =

Yn+6 =

Tnt7 =

Ynt1 =

Yn
Tn—1(1+yn)’
yn—li(nf“l’xn) :
Tn
Yn+1 _ yn_]-(l + ‘Tn) _ 1
@n(I4ynt1) (1t Ln ) T yn—1(1+zn) T
! yn—l(l + I‘n)
Tnt1 o xn—l(l ;— yn) _ 1
yn(I+znt1) n a1 (yn)yn
n(l+——————)
Y :L’n_1<1 + yn)
1
Yn+2 ':En_l(l + yn) + yn il Tn—1
mn+l(1+yn+2) yn (1 1 ) - yn(1+mn71)’
+
Tn42 yn—l(l + xn) + xn _ Yn—1
yn+1(1+xn+2) .Tn ( 1 ) o -'En(l“l‘ynfl) :
1+
Y11 +z,) yoa(l+z,)+m,
Yn—1
Yn+3 xn(]' + ynfl) —
Znt2(14+ynt3) 1 ( Yn—1 ) = Yn—-1,
14+
yn_l(l +xn) +‘rn ‘T"(l +yn—l)
Tn—1
Tn43 yn(l + xnfl) =1
Yn+2(14+xn43) 1 Tr_1 — dn—-1-
1+ )
:Cnfl(l _'_yn) +yn yn(l +xn71)
Yn+4 Tn—1 _
$n+3(1iyn+4) Tn—1 (1t ) = Yn,
Tn—1
yn(l + xnfl)
Tn44 Yn—1 —
Yn+3(1+Tnta) Yn—1 (Ltyni) = Tn-
n—1
l'n(l + ynfl)
Yn+5 — Tn
Tnta(14+ynts) Yn—1(1+zn)’
Tn+5 — Yn
Ynta(1+Tn15) zn—1(1+yn) "
Yn
Ynt6 T (1 + yn) _ 1
mn+5(1+yn+6) y (1+ y’/l ) o -’Enfl(l“l‘yn)“l‘yn’
‘rn—l(l + yn)
T,
Tn+6 yn—l(l + In) — 1
Yn+5(14+Tn+6) Tn T yn—1(14zn)tTn

en(l+———— )
yn,1 (1 + xn)

12



1
Yn+7 _ yn_l(l + :L‘n) + xn

T — — — Yn—1
n+8 mn+6(1+yn+7) 37” ( 1 ) -'En(l“l‘ynfl)’
1+
Yn-1(1+ ) Z/{H(l +a,)+,
_ Tn47 _ mn—l(l + yn) + Yn — Tn—1
yn+8 o yn+6(1+zn+7) yn ( 1 ) o yn(l“l’xnfl).
1+
Tp—1
_ Yn+8 o yn(l + $n—1) .
Tnto = Tnt7(1+ynts) 1 ( Tp—_1 ) = In-1,
1+
mn—l(l +yn) +yn yn(]- +xn—1)
Yn—1
— Tn48 _ xn(]‘ + ynf]_) _
Ynt0 = yUtans) T ( Un—1 ) = Yn—1-
14+
y’ﬂ_l(l +xn) +$n Z'n(l +yn71)
_ Yn+9 _aill Yn—1 Y
33n+10 - Z‘n+8(1+yn+9) - yn—l (1+y 1) = xn)
Yn+10 = yn+s(fi§fn+9) 4 _dnm1 - (142n_1) — o
yn(l + lﬁ—l)

ve boylece sistemin on periyotlu oldugu goriiliir.

(b) (a) ’daki esitliklerden,

Tn+s5 = Yn
ve
Ynts = Tn

oldugu goriiliir.

(c) n = 0 igin sonuglar saglanir. Iddiamizin n > 0 iken (n—1) i¢in saglandigin varsayalim.

13



ve

Yani,

T10n—-11
T10n—10
T10n—9
T10n—8
T10n—7
T10n—6
T10n—5
T10n—4
T10n—3

L10n—2

Y1on—11
Y10n—10
Y1on—9
Y10n—8
Yion—7
Y10n—6
Yion—>5
Y10n—4
Y1on—3

Y1on—2

Yo
z—1(1+yo)’
1
y—1(14zo)+xzo’
T_1
yo(l+x_1)’

Y1,
Yo,

xo
y—1(1+z0)’
-1
z_1(1+yo)+yo’

Yy—1
zo(l+y—1)"

y—17
Yo,

Zo
y—1(1+wo)’
1
xz—1(14yo0)+¥yo’

Yy—1
zo(1+y-1)’

Tr_1,

Zo,

Yo
z-1(1+yo)’
1
y—1(14z0)+zo’
T_1
yo(I+z—_1)"

esitlikleri elde edilir ve (3.3) denklem sistemi yardimiyla

Tion—1 =

Yion—1 =

Tion =

Yion =

Yion—2

T

Yo(l+2_4)

Tion—3(1+yion—2)

Z10n—2

1

T

1+ )
z_1(1+ o) +go Yo(l+2_1)
-1

wo(1+y_1)

yion—3(1+Tion—2)

1

Y-

(14
y-1(L+mo) + 20 wo(l+y-1)

14

Y10n—1 — Y-1 =7
Z10n—2(1+y10n-1) (V] 05
— 0~ (1+y-1)
zo(1+y-1)
T10n—1 _ T_1 _
yion—2(14+210n—-1) L1 Yo,
— 0 (I+z-1)
yo(l -+ 3771)

)

= x*l)

=Y,



Tion+1 = 1,

Yion+1 = Y1,

¢oziimleri elde edilerek ispat tamamlanir.

Teorem 3.2.2 (3.4) denklem sisteminin ¢oziimlerinin {z,, y, }>° | oldugunu varsayalim.

Bu durumda;

(a) n > —1 igin {x, 2 ve {yn} >, ¢oziimleri on periyotlu periyodiktir

(b) n > —1 i¢in Tpi5 = Yo Ve Ypis = T, dir.

Tion—-1 = T-1,
Tion = o,
_ Yo
Tion+1 = z_1(—14yo)’
" S B
10n+2 —y_1(—1+z0)Fz0’
x = —=
10n+3 — yo(—l4z_1)’
Tion+4 = Y-1,
Tion+5 = Yo,
_ zo
T1on+6 = y_1(—1+z0)’
T - 1
10n+7 — ,x_1(71+y0)+y0)
_ Y—1
T1on+8 = zo(—14y_1)°

15



ve

Y1on

Yion =

Yion
Yion
Yion
Yion
Yion

Y1on

Yion+7 =

Y1on+8 =

-1 =

+1 =

+2 =

+3 =

+4 =

+5 —

+6 —

yfla
Yo,

xo
y—1(—1+wo)’

1
—z_1(—1+y0)+yo’
Yy-1
zo(—14y—1)"

T—1,

Zo,

Yo
z_1(—14yo)’
1
—y—1(—14xz0)+z0’
T_1
yo(=1+z-1)"

veya buna egdeger olarak,

{2}

{¥n

“+o00
n=—1 "

“+o00

n=—-1 "

(

Yo

1

xT_q )

T_1,Tg,

Zo

ro(=1+ ?Jo) ’ “?471(_114‘ 930) + "yo(—1 + 37—1)

Y

Y-1

Y-1,Y0,

Yo

y_1(—1+ zg)’ —x_l(—11+ Yo) + Yo zo(—1+y ;)

T

T_1,Tp,

Zo

r_1(—1+ yo)’—?/—l(—lfr xo)+ro Yo(—1 4+ x_1)’

Y1

Y-1,Yo,

Yo

y_1(=14x0) —z_1(—1 ir Yo) + Yo wo(—=1+y_ )’

T

x*lax(b

Zo

r_1(—1+ yo)’—y_l(—ll—i- zo) + xy yo(—14+ 2 _,)

Y

Y-1

Y-1,Y0,

Zo

1

y1(—14+x0) —z_1(1+yy) + 4o wo(—14+y_,;)’

Y-1

Y—-1,Y0,

Yo

y-1(—1+ xo)j_x—l (_11‘1’ Yo) + y()’xo(—l + y_1)7

T

1’_1 IO
Y 7x

Zo

(=14 y0)7—y_1(—11+ zy) +xy Yo(—1+z_,)

)

Y-1

Y-1,Yo0,

Yo

y—l(_l + xo)j_‘r—l(_l "1" yo) + y07130(_1 + y_1)7

T

T—1,Zg,

Zo

v (—1+ yo)’—y_l(—ll—l— zo) + 2y Yo(=1+2z_))

)

Y-1

Y-1,Y0,

Yo

y-1(=1+mzy) —r_1(—1 Ir Yo) + Yo To(—14+y_y)’

T

Y 7x

\

coziimleri elde edilir.

16

(=1 +ye) —y—1 (=14 zp) + 2y yo(—1+z_,)

Y




Ispat. Teorem 3.2.1 ile benzer yolla ispat1 goriiliir. m

Ornek 3.2.1
Un T,
Tpp1 = —2 gy =—"2 3.3
i xn—l(l + yn> Ynt yn—l(l + xn) ( )

denklem sisteminin xo = 0.1 ,x_1 = 0.2 ,yo = —0.5 ve y_; = 1.2 baslangi¢c kosullarindak:

coziimleri asagida verimis ve 10 periyotlu periyodik oldugu gorilmaiistiir.

Cizelge 3.2 (3.3) denkleminin periyodik ¢ziimleri

n Tn Yn
0 0.1 —0.5
1 -5 0.075
2 0.704 —25
3 0.333 5.454
4 1.2 0.2
5 ~0.5 0.1
6 0.075 -5
7 —25 0.704
8 5.454 0.333
9 0.2 1.2
10 0.1 —0.5
11 -5 0.075
12 0.704 —25
13 0.333 5.454
14 1.2 0.2
3.8 Tui = % Yot = = e = 24— FARK DENKLEM

SISTEMLERININ PERIYODIKLiGI

Bu boliimde x_1, xo, ¥_3,Y_2,Y_1, Yo, 22, 2_1, 20 baslangic kosullar1 payday1 sifir yapmay-
acak reel sayilar olmak iizere,

Yn SN TR (3.5)

sy Yn = y ’n -
) Yn+1 Tpo1(1+ 2,) + Yn—1(1 4+ x,,)

Tpp) = ——————

17



ve

y Yn+1 — y An41 =
anl(_l + yn) Ynst $n,1(—1 + Zn) i yn71<_1 + xn)

(3.6)

Tnt1 =

fark denklem sistemlerinin ¢oziimleri aragtirilmigtir.

Teorem 3.3.1 (3.5) denklem sisteminin ¢éziimlerinin {x,, Y, 2, }+2° 1 oldugunu farz ede-

lim. Bu durumda;

() n = —1 dcin {2,172, {yn}S°, wve {2,122, coziimleri periyodiktir ve on bes

periyotiudur.

(b) n > —1i¢in Tpis = Zn, Ynis = Ty VE Znis = Yy dir.

(c) n>=—1 i¢in Tpi10 = Yn, Yni10 = Zn V€ Zpi10 = Tp dir-

(d)

Tisn—-1 = T-1,
Tis5n = Zo,
_ Yo
Tlon+l = ST {1+4y0)”
T _ 1
157‘L+2 - 1‘,1(14’20)4’20’
. Y-1
T15n+3 = Zo(lty_1)’
Tis5n4+4 = Z—1,
Ti5n45 = <0,
_ xQ
L15n+6 v_1(1420)’
T - 1
15n+7 z—1(14yo)+yo’
x = —=t
n+8 =  Zi(14z_1)’
Tisn+9 = Y-1,
T15n+10 = Yo,
_ 20
T15n+11 = 3 (1420)°
T S S
15n+12 y_1(1+zo)+xzo’
T = =1
15n+13 vo(l+z_1)

18



ve

Y15n—1
Y1sn
Y15n+1
Y15n42
Y15n+3
Y15n+4
Y15n+5
Y15n+-6
Y15n+7
Y15n+8
Y15n49
Y15n4+10
Y15n+11
Yi5n+12
Y15n+13

ve

Z15n—1
Z15n
Z15n4+1
215042
215n+3
Z15n+4
215n+5
215n+-6
215n+7
215048
215n4-9
£15n+10
Z15n+11
<15n+12

215n+413

Y1,
Yo,

20
$71(1+z0) )
-1
y—1(14z0)+xz0’

z1
yo(l+z-1)’

T_1,

Zo,

Yo
z—1(14yo)’
-1
x_1(1+z0)+z20"’

Y—1
zo(l+y—1)’

Z-1,

205

xg
y—1(1+wo)’
e
z—1(14+yo)+yo’

r—1
Z0(1+:E_1) .

y—1(14zo)’
-1
z—1(1+yo)+yo’

T_1
zo(1+z_1)’

y717
Yo,

20
.’L',l(l—l-Zo) ’
1
y—1(1+z0)+z0’
z_1
yo(l+z-1)’

xr_1,

Zo,
Yo
z—1(14yo)’

1
x—1(1+20)+20"°

y—1
zo(1+y—1)

19



veya buna esdeger olarak,

( o Yo 1 Y-1
—1, 40, 9 9 )
Z,1<1 + yo) 11371(1 + Zo) + 2o 370(1 + y71>

To 1 T_1
Y-1(1+20)" 2-1(1+yo) + 4o 20(1 +2_1)

20 1 Z_1
1 (1+ 20)" y-1 (1 +30) + 30" yo(1 +2-1)’

Yo 1 Y-1

za(L+yo) 2 1(1+ 20) + 20" 2o(L +y-1)’
i 1 €T

Z—-1, 20,

Y-1, Yo,

T_1,Zo,

2.1, 20, , : ’
{za )i, = v y-1(L+m0) 2-1(1+y0) + %o 20(1+2-1)
20 1 Z_1
Y-1, Yo,

.77_1(1 + Z())7 y_l(l + (L’()) + ZL’O’ yo(l + Z_l),
Yo 1 Y-1

L4 y0) z_1(1+ 20) + 20 2o(1 +y_1)’

o 1 r_1

y-1(14+20)" 2_1 (L + o) +vo 201 +2_1)’
20 1 Z-1

(14 20)" y1(L+20) + 20" yo(1 +2-1)’

x—l? I’O’ Z_l(

Z-1, %0,

Y-1, Yo,

( 20 1 71
vt o z_1(1+20) y_1(1 4+ 20) + 20 yo(1+ 2-1)’
Yo 1 Y-

(1 +yo) w1(1+ 20) + 20 wo(l +y-1)’
To 1 Tr_1

T—_1,Zo0,

Z_ 7Z b M ) b
b0 y1(14+x0) z-1(1+yo) + 4o 20(1 4+ 2_1)
20 1 Z_q
r_1(1+20) " y-1 (L4 20) + 20" yo(1 +2-1)

T " Yo 1 Y-1

—1, 40, ) ) )
{yn a2y = ¢ 211 +yo) wa(1+20) + 20 wo(l +y-1)
n=- Zo 1 xT_q

Y-1(1+20) 221 (1 + o) + 4o 20(1 + 1)’
20 1 Z_1

Y-1, Yo,

Z—1, 20,

Yt T (Ut 20) a1+ 70) + 70 yo(1 + 2.1)

Yo 1 Y—1
za(L+yo) 21(1+ 20) + 20 wo(1 +y-1)’
To 1 T_q

y_1(L+0)" 221 (L +yo) + 9o 20(1+2-1)’

T_1,Zo,

Z—1, 20,

20




( Zo 1 Tr_1 )
Z_1, 20, , 7 7
1 0 y_l(]._’_x()) Z_l(l +y0) +y0 ZO<]_ +33—1)
Y Y 20 1 Z_1
-1, 90, 5 , ,
1’71(1 + Zo) y71(1 + xo) + xo yo(l + Z—l)
T 1,70 Yo 1 Y1
T (o) w1 (1 20) + 20  wo(1+ Y1)
Zo 1 xr_q
Z—1, %0, 5 , ,
y-1(1+20) z1(1 4 y0) + 5o 20(1 +z-1)
Y1,y =0 L A1
-1, 90, 5 , ,
{za}i22, = z-1(1+20) " y-1(1 +20) + 20 yo(1 + 2-1)
- T 1,70 Yo 1 Y1
—1, 72_1(1+y0)71‘_1(1+ZO)+Z07CEO<]—+y—1)’
Zo 1 Tr_q
Z—15 205 s , ,
y-1(1+20) 2-1(1 +yo) + 5o 20(1+ 1)
Y1,y =0 L A1
-1, 90, y , ,
T 1 (1+20) y_1(1 4+ 20) + 0 yo(1+2_1)
T_1,To Yo 1 Y_1
T 2 (T4 yo) w1 (1+ 20) + 20 wo(l +y_1)’
N Vs

coziimleri elde edilir.

ispat .

(a) (3.5) denklem sistemi kullanilarak agagidaki esitliklerin saglandig1 goriiliir:

— Yn

Tl = 55 ()
— Zn
yn+1 - 1'7L—1(1+Zn)’
. Tn
bl T T ()
Zn
T _ Yn+1 _ xn—1<1 + Zn) _ 1
n+2 — zn(1+ynt1) (1+ Zn ) T xp—1(l4zn)tan?
Zn, —_——
xnfl(l + Zn)
.
— Zn41 — ynfl(l + xn) — 1
yn+2 J7n(1“l‘:’3n+1) (1+ xn ) y'nfl(1‘|'l'n)+$'n7
Tp _—
yn—l(]- + xn)
om0
> — Tn+t1 — Zn—l(l + yn) — 1
n+2 Yn(14+Tn41) Yn Zn—1(1+yn)+yn
yn(l+———————



Tn43 =

Yn+3 =

Zn+3 =

Tniq =

Yn+4 =

Zp+d =

Tn4s5 =

Yn+s =

Zn+5 =

Tnt6 =

Yn+6 =

Zn+6 =

Tp47 =

Yn47 =

Zn+7 =

Yn+2

1
yn—l(]- + xn) + Tp

Yn—1

Zn+1(1+yn+2) - xn (1 1 ) mn(l‘i’ynfl)’
+
ynfl(l + xn) %11—1(1 + xn) + Tn
Znt2 Zn—1<1 + yn) + Yn _ Zn—1
mn+1(1+zn+2) yn (1 1 ) _ yn(1+1‘n—1)7
+
zn—l(l +yn) Zln—l(]- +yn) +yn
Tn+2 mnfl(l + Zn) + Zn _ Tn—1
Yn+1(14+xn42) Zn a 1 ) T zn(l4Tn-1)
+
xn—l(]- + Zn) xn—l(l + Zn) + 2zn
Zp—1
Yn+3 yn(l + ajn—l) —
Zn+2(1+yn+3) 1 Zn—1 n=b
1+ )
anl(l + yn) +xn yn(l + xnfl)
n—1
Zn+3 Zn(l + xnfl) =7
Tn42(14+2n+3) 1 Tn_1 — dn—1,
(1+ )
Tn_1(1 4 2,) —l—yzn Zn(l+ 1)
n—1
Tnt3 xn(l + ynfl) _
Yn+2(14+Tn+3) 1 " Yn—1 | = Yn-1-
+
yn—l(l +xn) +xn xn(l +yn—1)
Yn+4 Tn—1 _
Zn+3(1+yn+4) Tn—1 (an_1) = “n
Zn (14 2p_1)
Zn+4 Yn—1 _
Tnt3(14+znia) Un—1 (1) = Tn,
xn(l + ynfl)
Tn44 Zn—1 —
yn+3(1+zn+4) Zn—l (1—‘,—2: 1) - yn'
Yn(1+ Tn1)
Yn+5 xn
2n+44a(1+Yn+s) yn—l(l + xn) )
Zn+5 yn
Tnta(l42n+5) Zn—l(l + yn) ?
Tn+5 Zn
Ynta(1+Tpnts) xn—l(l + Zn)
Yn
Yn+6 Zn—l(l ;‘ yn) _ 1
Zn+5(1+ynt6) n T zZn—1(I4yn)+yn’
n(l——————)
! Zn—1(1 4 Yn)
Zn,
Zn46 xnfl(l j Zn) _ 1
$n+5(1+2’n+6) n - $n—1(1+2n)+2n’
Zn(l+—————
( mn—l(l + Zn))
Tnt6 yn—l(l + x") _ 1
Yn+s(1+Tnt6) on(l I T yn—1(1+zn)+T0

)
Yn—1(1 4+ x,)

22



1

T — Yn+7 — xn—l(l + zn) + Zn — Tpn—1
n+8 Zn+6(1+Yn+7) Zn ( 1 : zn(14+an-1)’
1+
xn71<1 + Zn) ainfl(l + Zn) + 25
_ Znt7 _ yn—l(l + In) + Tp _ Yn—1
Ynts = Tn46(14+2n4+7) Tn ( 1 ) T zn(l4yn—1)’
1+
yn—l(l +xn) yn—l(]- +xn) +xn
1
2 — Tn47 — Zn,1(1 + yn) + yn — Zn—1
nt8 Ynt6(1+Tni7) Yn ( 1 : Yn(1+zn-1)’
1+
Zn—l(l +yn) Zn—l(]- +yn) +yn
Yn—1
T _ Yn+8 — xn(l + yn—l) —
n+9 Znt7(14+Ynt8) 1 ( Yn—1 ) Yn-1,
1+
ynfl(l + xn) + gn . .’13,1(1 + ynfl)
= Zn+8 _ yn(l 5 anl) r
Yn+o = Tni7r(1+2nis) 1 Zn—1 = Zn—1,
1+ )
Zn—l(l 28 yn) +ﬂ? n yn(l + Zn—l)
n—1
_ Tnt8 il Zn(l + xnfl) _
Fnt9 = Ynt7(1+Tnts) 1 Tn—1 = In-1-
1+ )
xn—l(]- ate Zn) + Zn Zn(l aF xn—l)
. Yn+9 _ Zn—1 _
Tnt10 = 2t ynte) Zn—1 (tzm1) = Yn;
yn(l + Zn—l)
Ynt10 = xn+8(;1€;n+9) = Tn_1 = s ) = Zn,
Tn—1
Zn(1 4+ 2p1)
_ Tn+9 _ Yn—1 —
Zn+10 - yn+8(1+$n+9) - yn—l (1+y 1) — l’n.
-In(l + yn—l)
T — Yn+10 — “n
n+11 Zn49(1+Yn+10) In—l(l + Zn) )
— 0 o Pm
Yn+11 g;n+9(1+zn+10) yn—l(l + xn) )
> — Tn410 — Yn
n+11 Yn+9(14+2nt10) Zn_l(l T y_n) .
T,
T _ Ynt1l _ yn—l(l + xn) _ 1
n+12 zn+10(1+Yn+11) (14 Ln ) Yn—1(14+zn)+an’
! nfl(1 + xn)
_ Zn411 _ Zn,1(1 + yn) _ 1
Ynt+12 = Tnt+10(1+2n411) (it Yn ) T zn—1(14yn)Fyn’
! Zn1 (1 + Yn)
Zn
P _ Tn411 _ In—l(l + Zn) _ 1
ntl2 =y oIt Tnr11) Zn, T xp—1(l4zn)tan



1
Ynt12 _ Zn—l(l + yn) + Yn Zn_1

ZL‘n+13 — 2n+11(1+y"+12) - yn ( 1 ) - yn(1+2§n71)7
1+
anl(l + yn) 2171*1(1 + yn) + Yn

_ Zn412 _ xn—l(l + Zn) + 2n _ Tn—1
Yn+13 = Tn+11(I+znt12) Zn 1 T zn(l4zn-1)’
1+
xn—l(l +zn)( Qin—l(l +Zn) +Zn)
> _ Tn412 _ ynfl(l + J;n) + Ty _ Yn—1
n+13 — Ynt11(1+Tnt12) Tn 1 T zn(l4yn—1)"
1+
yn—l(l +5L‘n)( yn—l(l +xn) +xn)
Tp—1
_ Yn+13 _ Zn(l + In—l) _
TIn+14 = Zn+12(1:’yn+13) - 1 Tp—1 = In—1,
1
xn*l(l + Zn) + Zn( +Zn(1 + xnfl))
n—1
- Zn+13 _ xn(l + yn—l) _
Yn+t1a = o tznets) 1 ( Un_1 | = Yn—1,
1+
ynfl(l +xn) +§n xn(l +yn71)
n—1
_ Tn+13 4 yn(l + Zn—l) _
Frtld =y () 1 Zn—1 — “n-l

1+ )
Zoc1(L+yn) + Un yu(1 4 25-1)

ve boylece sistemin on beg periyotlu oldugu elde edilir.

(b) (a)’ daki esitlikler yardimiyla
Tnts5 = Zny Yn+s = Tp V€ Znys = Yn
saglandigr goriiliir.

(c) (a) daki egitliklerden,

Tn+10 = Yns Yn+10 = Zn V€ Zn410 = Tn

elde edilir.

(d) n = 0 igin sonuglar saglanir. n > 0 oldugunu ve iddiamizin (n — 1) igin saglandigim
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varsayalim.

T15n—16 =
T15n—15 =
Ti5n—14 =
T15n-13 =
T15n—-12 =
T15n—-11 =
T15n—-10 =
T15n—9 =
T15n—-8 =
Tisn—7 =
T15n—6 =
T15n—5 =
Ti5n—4 =
T15n—-3 =
Tisn—2 =

ve

Y15n—16 =
Y15n—15 =
Y15n—14 =
Y15n—13 =
Y15n—12 =
Y15n—11 =
Y15n—10 =
Y15n—9 =
Yi5n—8 =
Yi50—7 =
Y15n—6 =
Y15n—5 =
Yi5n—a =
Yi5n—3 =

Y15n—2 =

Yo
z—1(1+4yo)’

1
x_1(1+z0)+z20"’
Yy—1
zo(1+y-1)’

Z_1,

205
zg
y—1(1+wo)’

1
z—1(14+yo0)+yo’

r—1
z0(1+x,1) ’

Y-1,
Yo,

20
1_1(1+ZO) ’
1
y—1(14zo)+xzo’
Z—1
yo(l+z-1)"

Y-,

Yo,

20

x_1(1+20)”’

-1

y—1(14zo)+xz0’
Z—1

yo(1+2-1)’

T_1,

X,

Yo
z—1(1+yo)’
-1
x—1(1420)+20"’

Y-1
zo(1+y-1)’

Z—1,

20,

___ZTo
y—1(1+wo)’
D S
z_1(1+yo)+yo’
T_1
z0(1+x,1) :
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ve

Z15n—16 — <—1,
215n—15 = 20,
_ xo
15014 = T (ta0)’
p _ 1
=13 = % (1+yo)+yo’
z = —=
15n—12 — Zo(lJrZEfl)’
215n—11 = Y-1,
215n—10 = Yo,
_ 20
215n—9 — z_1(1420)’
=~ - 1
15n—8 y,1(1+w0)+l’0’
g === _
15n—7 — yo(l1+z_1)’
215n—6 — T—1,
Z15n—5 — o,
_ Yo
Z15n—4 = z_1(14yo0)’
P — A
15n-3 x_1(1+z0)+z0"’
_ Y—1
215n—2 — xo(1+y—1) .

oldugu goriiliir ve (3.5) denklem sistemi yardimiyla

T_1
B Yism_2 o zo(+ew_q1) _
T15m—1 = - _— -
n 215n—3(1+y15n—2) 171(1_‘_120)4,_10 (1+z0(1+21,1)) ’
.
y15 L= Z15n—2 o 10(1+y71) - y 1
— — - y_ o N
n x15n_3(1+7~'15n—2) y71(1+19:0)+x0 (1+x0(1+y171)) 7
z_1
Zisn_1 = T15n—2 — vo(i+z_1) =2
— — - == o - '
n Y15n—3(1+215n-2) z_1(1+1y0)+yo(1+yo(1+z1—1>)
_ Y15n—1 — Y-1 =
o _ — =X
15n zl5n_2(1+y15n—1) ﬁ(l'i'y*l) 0
. 215n—1 — Z=1 =
Yisn = T a(tzisn1) m(uz,l) Yo,
T15n-1 T-1
Z15n = - — 7
15n Y15n—2(1+T15n-1) ﬁ(1+171) 0

ve benzer sekilde

T15n+1 = 1,
Yisn+1 = Y1,
215n+1 = Z1-

¢oziimleri elde edilerek ispat tamamlanir.
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Teorem 3.3.2 (3.6) denklem sisteminin ¢oziimlerinin {x,, Yn, 2, ;201 oldugunu varsay-

alvm. Bu durumda,

(@) n = —1 dcin {112, {va b1, we {2,122, ¢oziimleri periyodiktir ve on bes

periyotludur.

(b) n > —1i¢in Tpys = Zn, Ynis = Ty VE Znys = Yy dir.

(¢) n = —1 i¢in Tpi10 = Yn, Ynt1o = Zn V€ Zni10 = Ty dir.

(d)

Tisn—-1 = L1,
Tis5n = To,
_ Yo
Ti5n+1 = z_1(—14yo)’
T _ 1
157‘L+2 - 7:13,1(714’20)4’,207
. Y-1
L15n+3 = 30011y 1)
Tis5n4+4 = Z—1,
Ti5n45 = <0,
_ Zo
T15n46 y_1(—1tz0)’
T = —1
15n+7 —z-1(—=1+yo)+¥yo’
x = —=1
1n+8 —  Z(—1+z_,)’
Tisn+9 = Y-1,
T15n+10 = Yo,
_ 20
T15n+11 = 3T (" 1iz)
x _ 1
15n+12 — —y_1(—14zo)+z0’
T = =1
15n+13 yo(—1+z_1)"
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ve

Y15n—1
Y1sn
Y15n+1
Y15n42
Y15n+3
Y15n+4
Y15n+5
Y15n+-6
Y15n+7
Y15n+8
Y15n49
Y15n4+10
Y15n+11
Yi5n+12
Y15n+13

ve

Z15n—1
Z15n
Z15n4+1
215042
215n+3
Z15n+4
215n+5
215n+-6
Z15n+7
Z15n+8
215n4-9
£15n+10
Z15n+11
<15n+12

2150413

Y-1,
Yo,

20
3371(—14—20) ?

1
—y—1(—14=z0)+zo’
zZ_1
yo(—1+2-1)’

T_1,

Zo,

Yo
z-1(—=1+yo)’
-1
—z_1(—1+20)+20"’

y—1
zo(=1+y-1)’

Z-1,

20,
___To
y-1(=1+4=0)’
1
—z-1(=1+yo)+yo’
T_1
Z0(71+.’Z‘_1) .

20,

I
y—1(—1+wo)’
I S
—z_1(—1+yo)+yo’

T—1
zo(—14z_1)’

y717
Yo,

20
1',1(—1—&-2()) ’
1
—y—1(=1+4z0)+z0’
Z_1
yo(—1+z-1)’

xr_1,

X,
Yo
z_1(=1+yo0)’

1
—x—1(—1+20)+20"’

y—1
zo(—14+y-1)"
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veya buna esdeger olarak,

{70}

{¥n

oo
n=—1 "

oo __
n=-1 "

T_1, o,

Z—-1, 20,

Y-1, Yo,

1, Zo,

Z—1, %0,

Y-1, Yo,

Z_1, o,

Z—-1, %0,

Y-1, Yo,

Y-1, Yo,

T—_1,Zo0,

Z—1, 20,

Y-1, Yo,

T_1, %o,

Z—1, 20,

Y-1, Yo,

xr_1,Zo,

Z—1, 20,

Yo

1

Y-1

Z,1<—1 + yo)’ —$,1(—11—|— Zo) + 207 xo(—l + y71)’

Zo

T_1

y_1(—=1+z0) —2_1(—1 ii" Yo) + Yo zo(—1+4xz_1)

20

Z1

z1(=1+20)" —y-1(-1 f— z0) + 20 yo(—1+2-1)

Yo

Y-1

z1(=1+ o)’ —95—1(—11+ 20) + 20 wo(—1+y-1)’

Zo

T_1

y_1(—=1+xz0) —2z_1(—1 i‘ Yo) + Yo zo(—14x_1)

20

Z-1

.77_1(—1 + 20)7 —y_l(—l i{— $0) st x()’ yo(—l gt Z_l),

Yo

Y-

2_1(—-1 + y0)7 —IL'_l(—11+ Z()) + Zo7 180(—1 + y_1>

Zo

9

T—_1

y_1<—1 + .’I?()), —271(—1 ii— y[)) + yo’ Zo(—l + 3771)’

20

21

(=14 2) —y-1(=1+20) + 70 yo(~1+2-1)’

20

1

21

(=14 2) —y-1(~1 fL x0) + 20 Yo(—1+2-1)’

Yo

Y-1

271(—1 + y())7 —$,1(—11+ Z[)) —+ ZO, 33'0(—1 -+ y71)’

Zo

T—-1

20

y-1(—1+z0)" —2-1(—1 Ir o) + o0 Zo(-1+2_1)

Z-1

z_1(=142) —y-1(—1 il— To) + 2o Yo(—1+ 2-1)’

Yo

Y-1

2_1(—1 + yg)’ —I_l(—ll—f— ZO) + ZO’ Io(—l + y_1)7

Zo

T_1

20

y_1(—=1+x0) —2z_1(—1 IL Yo) + Yo zo(—1+4+ax_1)’

Z-1

(=14 20)" —y-1(~1 ii‘ zo) + 20 yo(—1+2-1)

Yo

Y-1

zo1(=1+ o)’ —:c_l(—11+ 20) + 20 To(—=1+y-1)’

Zo

T_1

y1(—=1+ ) —z1(=14yo) + 50 20(—=1+z_1)
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( Lo 1 r_1 )
Z_1, 20, , : 7
1, 20 y_1(—1+x0) —2z_1(—=14+yo) + vo 20(—142z_1)
20 1 Z_1
Y-15Yo, ) , ,
T-1,T0 o 1 Y1
(=4 o) o (=1 4 20) + 20 To(—1 4 Y1)’
Lo 1 T_q
Z—1, %0, 5 , ,
y1(=1+x0)" —2z_1(=1+ o) + Yo 2o(—1+z_1)
<0 1 2.1
Y—-1,Yo0, s , ,
{Zn}+30_1 = l’,l(—l + zU) _yfl(_l + .730) + 2o yo(—l + 271)
" Yo 1 Y_1
T_1, %o, 5 , ,
2_1(—1 +y0) _fL‘—1<_1 +Zo) + 29 xo(—1+y_1)
Lo 1 T_1
Z—15 205 N , ,
y-1(—=14x0) —zo1(=1+40) + 4o 2o(—1+21)
Y1,y 0 ! 1
-1, 90, 5 , ,
(=14 20) —y_1(—=14+x0) + 20 vo(—1+2_1)
T—-1,T0 o 1 Y1
C (=1 4y0) —zaa(=1+20) + 20 wo(=1+y-1)’
) J

¢coziimleri elde edilir.

Ispat. Teorem 3.3.1 ile benzer yolla ispat1 goriiliir. m

Ornek 3.3.1
Yn Zn, L
Tp41 = y Yn+1 — y Antl = 3.6
i Zn1(—=14y,) Yntl Tpo1(—=1+ 2z,) i Yn_1(—1 4 z,) (36)
denklem sisteminin xo = 1.2 ;o1 = =03 ,yo =04 ,y_ 1 =14 ,2p = —0.1 ve z_; =

0.5 baslangi¢c kosullarindaki ¢éziimleri asagida verilmis ve 15 periyotlu periyodik oldugu

gorilmaistir.

30



Cizelge 3.3 (3.6)

denkleminin periyodik ¢oziimleri

n T Yn Zn
0 1.2 0.4 —0.1
1 —-1.333 —0.303 4.285
2 —2.325 1.086 1.428
3 2.916 —-2.5 —2.307
4 0.5 -0.3 1.4

5 -0.1 1.2 0.4

6 4.285 —1.333 —0.303
7 1.428 —2.325 1.086
8 —-2.307  2.916 —2.5
9 1.4 0.5 -0.3
10 0.4 —0.1 1.2
11 —0.303 4.285 —1.333
12 1.086 1.428 —2.325
13 —2.5 —2.307 2.916
14 —-0.3 1.4 0.5
15 1.2 0.4 —0.1
16 —1.333 —-0.303 4.285
17 —2.325 1.086 1.428
18 2.916 —2.5 —2.307
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BOLUM 4

BAZI OZEL RASYONEL FARK DENKLEM SiSTEMLERININ
PERIYODIKLIiGi

4.1 i? —— FARK DENKLEMLERININ PERIYODIKLIGI

Tntl = Ty—1(—1tanan—

Bu boéliimde x_5, x_1, xg baslangic kogullar1 payday1 sifir yapmayacak reel sayilar olmak

lizere,
TpTp—2
Tpil = 4.1
i 'rn—l(_l + mnxn—Z) ( )
ve
Ty Lp—
Trys = 2 (4.2)

Tp—1 (_1 - xnxn—Z)

fark denklemlerinin ¢oziimleri aragtirilmigtir.

—+o00

Teorem 4.1.1 (4.1) denkleminin ¢ozimlerinin {x, oldugunu varsayalim. Bu du-

n=-—1
rumda;
(a) {zn}f2° | ¢oziimleri dort periyotlu periyodiktir.
(b)
Tin—1 = T-1
Tyn = o
T o TOT_2
dn+1 — £E_1(71+.’Z()m_2)
Tony2 = T2
veya buna esdeger olarak,
T_1,T Lot T_9,T_1,T Lot
-1, 40, y L =2y L —1, L0, )
{z,)}F = (=14 zor_32) T (=14 zor_32)
nhn=—1"" ToT—2

r_2,T_1,To, Tr_2,...

o1 (=14 zor_g)’

coziimleri elde edilir.
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ispat .

(a) (4.1) denklemi kullanilarak agagidaki egitliklerin saglandig1 goriiliir:

T — TnTn—2
n+l — Tn—1(—1+TpTn_2)’
Tnlp—2Tn—-1
T — Tnt1Pn—1 — xn—l(_l + xnxn—2) —
nt2 Tn(—14+Tn41Tn-1) TpTp—2Tn—1 n—=2
Tp1(—14 z,2,_2)
T — Tn+4+2Tn — Tn—2Tn =7
n+3 Tn4+1(—1+Znyoxn) TnLp—2 1+ ) n—1,
—1lTZp—2Tn
Tpo1(—1+ xpxp_o)
Tp—1TpTn—2
T — Tn+3Tn+1 — xn—l(_l + xnxn—2) —r
ntd Tnt2(—14+Tny3Tni1) Tp—-1TpTp—2 n:

In—Q(*l*Fl’n_l(_l + xnl'n_z))

(b) n = 0igin sonuglar saglanir. n > 0 iken iddiamizin (n—1) i¢in saglandigini varsayalim.

Yani,
Tan—5 = T-1,
Lan—a4 = o,
_ ToT_2
Lan—3 = z_1(—14z0z_2)’
Tan—2 = T2

esitlikleri elde edilir ve denklem (4.1) yardimiyla

" - Tgn—2T4n—4 B T 220 —
4n—1 — - Tod_ — 41,
Tan—3(—1 + Tan_2%4n_4) ( 02 )(—1 + x_91)

r_1(—1+wow_9
Lol -2
T
B Tan—1T4n—3 - r_1(—1+ zoz_3) B
Typ = - Lol _9 = To

Tan—2(—1 4 Tap_174n_3) T_o(—1+ x4

(=14 zo2_3)
ve benzer sekilde

Ton+1 = 21,

¢oziimleri elde edilerek ispat tamamlanir.

+o0o

Teorem 4.1.2 (4.2) denkleminin ¢ozimlerinin {x,}, >,

oldugunu farz edelim. Bu du-

rumda;
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(a) {z,},>° | coziimleri periyodiktir ve dort periyotludur.

(b)

Tipn—-1 = T-1
Tan = o
_ ToT_2
Lan+1 = z_1(—1—z02_2)

Tan42 = T2

veya buna egdeger olarak,

ToT_2 ToT—2
y L—2,T_-1, X0,

T-1,Z0,
{ZE foo ZL‘_1<—1 — 1'056_2)
=1 ToT—2

13_1(—1 — Zrol'_g)

T_2,T_1,T0, y L2y ...

¢oziimleri elde edilir.

ispat .

(a) (4.2) denklemi kullanilarak agagidaki esitlikler elde edilir:

T — TnTn—2
ntl Tp—1(=1—2nTn_2)’
TnLp—2Tn—1
T — Tn+1Tn—1 — 'Tnfl(_l _ 'InxVLfZ) =7
nt2 Zn(=1-Tnt12n-1) TpTp—2Tn—1 n—2,
Tn(—1— )
xnfl(_l - xnxan)
o Tn42Tn . Tn—2Tn —
Int3 = Tnt1(—1—Tptoxn) TnTn—2 = Tn-1,
(—1—zp—2zn)
xn—l(_]- - Inxn—2)
LTp—1TpTn—2
T _ Tp43Tnt1 _ xnfl(_l — fﬁnxan) —
ntd Tny2(—1—Tni3Tn41) Tn—1TnTn—2 n:

n— (_1_
S xnfl(_l - xnxnf2)

(b) n = 0 igin sonuglar saglanir. n > 0 oldugunu ve iddiamizin (n — 1) i¢in saglandigim

varsayalim. Yani,

Tan—5 = T-1,
Tan—4 = Lo,

_ ToT -2
Tyn—3 =

z_1(—1—zoz_2)’

Typ—2 = T-2.
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ve denklem (4.2)" den,

Tan—2T4n—4 T—2%0

Lan—1 = Tan—3(—1—Tan—_2Tan—4a) ToT—-2 1 : =T,
—T_2x0
r_1(—1—zoz_3)
Tol -2
z_1
T — Lan—1T4n—3 — I_1<—1 - l’ol’_g) —
4n Tan—2(—1—Tan—1Tan—3) ToT -2 0,

ve benzer sekilde

Tan4+1 = T,

¢oziimleri elde edilerek ispat tamamlanir.

Ornek 4.1.1

TpTn—2
Tp—1 (_1 + mnxn72)

Tntl1 = (41)

denkleminin xg = 0.1 , x_1 = 0.2 ve x_o = 0.3 baslangi¢ kosullarndaki ¢oziimleri asagida

verilmis ve 4 periyotlu periyodik oldugu gorilmaistir.

Cizelge 4.1 (4.1) denkleminin periyodik ¢oziimleri

Tn
0.1

— 0.154
0.3
0.2
0.1

— 0.154

gl W N~ O |3

4.2z, = — U2 = Lndn 2 FARK DENKLEM SiSTEM-

xn—l(*liynyn—Q) ) y7’L+1 yn—l(flixnmn—Q)

LERININ PERIYODIKLIiGi

Bu boliimde x_o, 21, x0,y_2,y_1,y0 baslangi¢c kosullar1 payday: sifir yapmayacak reel
sayilar olmak iizere,

YnYn—2 y o TpTn—2
y Yn+1 —
xnfl(_l + ynynf2) i ynfl(_l + xnxan)

(4.3)

Tnt1 =
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ve

YnYn—2 Y . TnTn—9
y Yn+1 —
mn—l(_]- - ynyn—Z) * yn—l(_]- - In$n—2)

Tp4+1 =
fark denklem sistemlerinin ¢oziimleri aragtirilmigtir.

Teorem 4.2.1 (4.3) denklem sisteminin ¢éziimlerinin {x,, y, }.+2° | oldugunu varsayalim.

Bu durumda;

(a) {z, 1122, ve {y,} 2| céziimleri periyodiktir ve dért periyotludur.

n=— n=—

(b)

Tan—1 = T-1

Tan = Lo
T — Yoy-2

4n+1 z_1(—14+yoy—2)
Tyny2 = T2
ve
Yain—1 = Y-1

Yan = Yo

_ ToT—2

Yan+1 y—1(—1+zoz_2)
Yant+2 = Y-2

veya buna esdeger olarak,

( T_1, %o YoY—2 Ty T 1. T YoY—2

{2,)3° | = (=14 yoy2) T (14 yoy-2)’
nln=-1 T T 1. T YoY—2 v
\ —2y =1 7x_1(_1+y0y_2)7 —2y e
[y 1y ot Yo2,9-1,Y 2
-1, Y0, y Y-25,9-15 90, )
{ya} o = y-1(-1 +§0$f2) Y-1(—=1+ 207 _2)
n=- 0L -2
\ y_2’y_1’y0’y,l(—1+x0x,2)’y_2’

coziimleri elde edilir.
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ispat .

(a) (4.3) denklem sistemi yardimiyla agagidaki esitlikler elde edilir:

T — YnYn—2
ntl Tn-1(—1+Ynyn—2)’
— TnTn—2
y’I’L+1 yn—l(_1+xnxn—2) :
TnLp—2
Yn—1
T — Yn+1Yn—1 — yn—l(_l + xnwn—2) =1
n+2 In(_1+yn+lyn71) xnxn—Q n—2;
x’ﬂ(_l+ yn—l)
yn—l(_]- + xnxn—Z)
nYn—2
Tn—1
— Tn4+1Tn—1 — In—l(_l + ynyn—?) —
Yn+2 Yn(—14+Tn41Tn—1) YnYn—2 Yn—2-
yn(_1+ z'nfl)
33”,1(—1 + ynynf2)
T — Yn+2Yn — Yn—2Yn =
n+3 Tn1(—1+Yny2yn) YnlYn—2 n—1,
(=1+yn—2yn)
mn—l(_l + ynyn—Q)
— Tn+2Tn r_ Typ—2Tn —
Yn+3 Ynt1(—14+Tnp22n) TnTp—2 Yn—1-
(—1+37n72$n)
yn—l(_]- + mnxn—Q)
TnTn—2
Yn—1
T — Yn+3Yn+1 — yn—l(_l + xnxn—Q) —
n+4 Tn+2(—1+Yn+3Ynt1) TnTn—2 n
Zl'n72(_1+yn71 )
Yn—1 —1 + xnxn72)
YnYn—2
Tn—1
Y — Tn4+3Tn+1 _ xn—l(_l + ynyn—2) =y
n+4 Ynt2(—14+Tn43Tny1) YnlYn—2 n:

n—2(—14+xp_—
el "To1 (=1 + Ypln2)

(b) n = 0 igin sonuglar saglanir. n > 0 oldugunu ve iddiamizin (n — 1) i¢in saglandigim

varsayalim. Yani,

Tan—5 = T-1
Tyn—q4 = o
_ Yoy—2
Lan-3 = z_1(—14+yoy—2)
Typn—2 = T2
ve
Yan—5 = Y-
Yan—4 = Yo
— __ ®moT-2
Yan-3 = y—1(—1+zoz_2)

Ygn—2 = Y-2
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ve (4.3) denklem sistemi kullanilarak

Yan—2Y4n—4 Yy—2Yo

Lan-1 = Tan—3(—1+Yan—20an—a) YoY—2 =T-1,
(=14+y—2y0)
r_1(—1+ yoy—2)
_ Tan—2Tdn—4 _ 2o _
Yan—1 Yan—3(—14Tan—_2Tan—4a) Lol -2 Y-1-
(—14z_2x0)
y-1(—1+ zor_2)
ol _2
Yy—1
Ta — Yan—1Y4n—3 _ y—l(_l + :L‘gl‘_g) -7
dn Zan—2(—14+Yan—1Yan—3) Lol -2 05
z_2(—1+y—1 )
y_l(—l + Jfolﬁ_g)
YoY—2
z_1
_ Tin—1Tan—3 _ r_1(=1+ yoy-»2) _
Yan Yan—2(—1+Tan—1T4n—3) YolY—2 Yo-
y—o(—14z_1

r_1(—1+ yoy_2)

ve benzer sekilde

Tan+1 = T,

Yan+1 =  Y1.

¢oziimleri elde edilerek ispat tamamlanir.

Teorem 4.2.2 (4.4) denklem sisteminin ¢éziimlerinin {x,, y, }:>° | oldugunu varsayalm.

Bu durumda;

(a) {z, 122, ve {yn} 2| ¢éziimleri periyodiktir ve dért periyotludur.

(b)

Top—1 = T

Tan = Lo
T — Yoy—-2

dn+1 z_1(—1-yoy—2)
Tan42 = T2
ve
Ygn—1 = Y-1

Yan = Yo

— oL —2

Yan+1 = y_1(flfftox_2)

Yn+2 = Y-2
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veya buna esdeger olarak,

(

YolY—2

YoY—2

13—1(—1 - yOy—Q)’

Lol _—2

T—1,Zo, y L—2,T_1, X0,
{2,)3° | = t z1(=1 — yoy—2)
nin=-1 v YoY—2
—2y L —1, 40, sy L9y ...
\ r-1(—1 = Yoy—2)
( Lol —_2
Y—1, Yo, 1 yY-2,Y-1, Yo,
{y foo y—l(— - -76055—2)
nfn=—1 ToT_2
Y—2,Y-1, Yo, y Y—2,
\ y-1(=1—mow_3)

¢coziimleri elde edilir.

ispat .

y-1(—=1—zox_2)’

(a) (4.4) denklem sistemi yardimiyla agagidaki esitlikler elde edilir:

T — YnYn—2
n+l1 xn—l(7]-727’71,yn—2)7
_ InTn—2
YInt1 =y T imnen )
TnTpn—2
Yn—1
T — Yn+1Yn—1 — yn—l(_l _ '/'ETL:'ETL—2) =2
n+2 Tn(—1=Ynt1yn—1) Lnln—2 n—2
Tn(—1- Yn—1)
yn—l(_]- — Inmn—2)
nYn—2
Tn—1
i Tn4+1Tn—1 — xn—l(_l i ynyn—Q) _
Ynt2 = Yn(—l=2ny1zn-1) YnYn—2 = Yn-2-
Yn(—1— Tn—1)
xnfl(_l - ynyn72>
— Yn+2Yn _ Yn—2Yn _
Int3 = Tng1(—1—yntoyn) YnYn—2 = Tn-1,
(=1=Yn—2yn)
Tp—1(—1 = YnYn—2)
. Tn42Tn _ Tn—2Tn _
Yn+s = Ynt1(—1—npoxn) TpnTp—2 = Yn-1-
(=1—zp—_2xn)
ynfl(_l - xn$n72)
TpTp—2
Yn—1
T — Yn+3Yn+1 yn—l(_l - xnxn—Z) —r
ntd Tpt2(—1=Ynt3yYnt1) TpTp—2 n
xn—Q(*]-*yn—l
Yn—1 -1 - xnxn—2)
YnlYn—2
Tn—1
— Tn+3Tn+1 xn—l(_l - ynyn—2) _
Yn+a = Yn+2(—1—Tn3Tnt1) UnYn—2 = Yn-

yn72(_1_zn71

$n,1(—1 - ynynf2)

)

(b) n = 0 i¢in sonuglar saglanir. n > 0 oldugunu ve iddiamizin (n — 1) igin saglandigim

varsayalim. Yani,

Tan—5 = T-1
Tan—4 = To

_ Yoy—2
Lan—3 = z_1(—14+yoy—2)
Typ—2 = T2
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ve

Yan—5 = Y-
Yain—a = Yo

_ TOT—2
Yan-3 = y—1(—1+zoz_2)
Ygn—2 = Y-2

esitlikleri goriiliir ve (4.4) denklem sistemi yardimiyla

Yan—2Y4n—4 Yy—2Yo0

Lan-1 = Tan—3(—1+yin—2van—1) YoY—2 =7-1
(=14+y—2y0)
(=14 yoy—2)
y — T4n—2T4n—4 — T—2X0 — y
4n—1 Yan—3(—14+Tan—224n—4) ToT 2 -1
(—14z_ax0)
yfl(—l =+ LIZ'()iC,Q)
Lol _—2
Y-1
T — Y4n—1Y4n—3 — y*]-(_]‘ + x0$72) =7
dn Tan—2(—14+Yan—1Y4n—3) ToL—2 )
z_2(—14y-1 )
y_l(—l + ZL'()$_2)
YolY—2
x_1
Yan = Tan—1Tdn—3 _ -r—l(_l + y()y—2) =y
dn Yan—2(—14+T4n—1%4n—3) YoY—2 0
y—2(—1+z_1

r_1(—1+ yoy_2)

ve benzer sekilde
Tin+1 = L1,

Yan+1 =  Y1.

¢oziimleri elde edilerek ispat tamamlanir.

Ornek 4.2.1

YnYn—2 y o TpTn—2
y Yn+1 —
xn—l(_l - ynyn—Q) * yn—l(_]- - xnxn—Z)

Tp+l =

(4.4)

denklem sisteminin o =0.3 ,x_1 =12 ;0. 5=0.1 ,y9=0.7 ,y_1 = —1.4 ve
y_o = 1.1 baslangi¢c kosullarindaki ¢oziimleri asagida verilmis ve 4 periyotlu periyodik

oldugu gorilmaigtiir.
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Cizelge 4.2 (4.4) denkleminin periyodik ¢oziimleri

n Ty Yn
0 —-0.3 0.7
1 —0.362 —0.022
2 0.1 1.1
3 1.2 —-1.4
4 —-0.3 0.7
5 —0.362 —0.022
6 0.1 1.1
7 1.2 —1.4
4.3 x4 = %,ynﬂ = %, Znt1 = % FARK DENK-

LEM SISTEMLERININ PERIYODIKLIiGI

Bu béliimde x_o, x_1, xo, Y_2,Y_1, Yo, Z_2, 2_1, 2o basglangi¢ kosullar1 payday1 sifir yapmaya-

cak reel sayilar olmak {izere,

YnYn—2 Znfn—2 TnTn—2

Tptl = y Yn+1 = y Zp+1 = 4.5
* mn—l(_l + ynyn—2) - yn—l(_l + ann—Z) * Zn—l<_1 + xn$n—2) ( )
ve
YnYn—2 ZnRn—2 TnTn—2
Tnt1 = ;yn 1 — ,Zn 1 = 46
* ajn—l(_l - ynyn—Q) - yn—l(_l - ann—2) - Zn—l(_l - xnzn—Q) ( )

fark denklem sistemlerinin ¢oziimleri aragtirilmigtir.

Teorem 4.3.1 (4.5) denklem sisteminin ¢éziimlerinin {z,, Yn, 2, 2> 1 oldugunu varsaya-

hm. Bu durumda;

(@) {122, {yn b2 ve {2,152 ¢oziimleri periyodiktir ve on iki periyotludur.
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(b)

Ti2n—-1 = X1,
Ti2n = o,
. — _ Yoy-2
12n+1 = 3T (“1tyoy_2)’
_ Z0zZ—2
Ti2n4+2 = ~ 7

zor—12—2(—14yoy—2)

L12n+3 = yoy—2(—1+zor_2)
__ ToYoyY—2
Ti2n+d4 = —, 07
. _ z02—2yoy—2(=1+z0z_2)
12n+5 — zox_1@_2(—1+yoy—2)(—14+202-2)"’
__ Z202—2T—2
Ti2n+6 =  ~pou . o
_ zor_1z_2(—14202_2)
3712”4_7 ™ zozfz(—1+$0x72) ’
_ Yoy—2
T12n+8 = "5
= Nl
T12n4+9 = T (C1te07_2)°
Tign+10 = T-2,
ve
Y1on—1 = Y-1,
Yi2n = Yo,
— 22
Y12n+1 = y—1(—14+202_2)"’
__ ToT—2
Yiznt2 = =y
_ yoy—1y—2(=1+202-2)
Yi2n+3 = 202—2(—1+yoy—2)
_ YoROR—2
Yizn+a = "0
. xox_2zOz_2(*1+y0?J—2)
Yion+s = Yoy—1Y—2(—1420z—2)(—14+x0x_2)’
o TOT—2Y—2
Y1on+6 — z0z—2 '
_ yoy—1y—2(=1+zoz_2)
Yion+7 = zoz_2(—1+yoy—2) °’
__ 202-2
Yznts = 7
- __®e2
Y1iont+9 = T (T iraz0r_2)’
Y12n+10 = Y-2,
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ve

212n—1 =

Z12n =
Z12n+1 =
212n+2 =
Z12n43 =
Z12n+4 =
Z12n+5 =
212n46 =
R12n+7 =
Z12n+8 =
212n49 =

Z12n+10 =

21,

20,

Tox_2

z_1(—14zox—_2)’

Yoy—2

zo

202—12—2(—1+xoz_2)

1’0"[,2(—1—&-202,2) )

20X0T —2

Yoy—2 ’
Yoy—2x0r—2(—14+202-2)

z0z—1%2—2(—1+xzoz—_2)(—1+yoy—2)’

Yoy—22—2

xor_o ’

202—12—2(=14+Yoy—2)

Yoy—2(—1+z02-2) ’

Tox_2

z_g

Yoy—2
z—1(—14yoy—2)’

Z-2,

veya buna esdeger olarak,

{xn}j{io—l =

( YolY—2 Z0%—2 ToT_1Z—2(—1 + Yoy—2)
T—-1,To, ) )
v (=1+yoy—2) o Yoy—2(—1 + z01_2)
ToYolY—2 202-2YoY—2(—1 + o7 _3) Z20Z_2T_2
202—2 | ToT_1T_o(—1 4+ yoy—2)(—1+ 202—2) " Yoy—2
ToT_1T_2(—1+ 202_2) Yoy—_2 20%-2
) ) y X—2,T_1,
202,2(—1 -+ 560.77,2) ) .’13',1(—1 -+ 202,2)
. YoY—2 20%—9 XoT_1Z—2(—1 4 Yoy—2)
0, ) )
ro1(—=1+yoy—2) o Yoy—2(—1 + zow_2)
ToYolY—2 207—2YoY—2(—1 + Tor_2
202—2  ToT_1T_o(—1 + yoy_2)(—1 + 202_2)’
20%_28_g ToT_1T_o(—1+ 202_2) Yoy—2 202-2
Yoy—2 = 20z-o(—14moz_g) w9 w_1(—1+ 202_2)
YoY—2 Z0%—2 ToT_1Z—2(—1 + Yoy—2)
T_2,T_1,T, 5 )
v (—=1+yoy—2) o Yoy—2(—1 + zo1_2)
ToYolY—2 20%—2YoY—2(—1 + 20T _2) 2022 _2
202—2  Tox_1T_o(—1 + yoy—2)(—1 4 202-2)"  Yoy—2
ToT_1T—2(—1+ 202_2) Yoy—_2 20%-2 -
\ 202,2(—1 + LU().’Efg) ’ T_9 ’ x,l(—l + 20272)’ B
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{un

{zn

oo __
n=—1 "

+oo
n=—1 "

\

202-2 ToZ—o YoY—1Y—2(—1 + 202_2) )

Y—1, Yo, ) )
y-1(—=1+ 202-2)" o 202—2(—1+ yoy—2)
Yo20Z—2 ToT_220%—2(—1 + Yoy—_2) ToT_2Y—2
ToT_g  Yoy—1Y—2(—1+ 202_2)(—1+ zox_2) " 2oz_2
Yoy-1Y—2(—1+ xx_2) 292_2 ToT_2 Yooy
) ) yY-2,49-1,
ror_o(—1+ yoy—2) Y—2  Y-1(—14 xox_3)
y Z0%—2 ToZT_o YoY—1Y—2(—1+ 202_2)
0, ) )
y_1(—=1+202-2)" o 202-2(—1+ yoy—2)
Yo20Z—2 ToT_220%—2(—1 4 Yoy—2)
ToT_a  YoY-1Y—2(—1 4 202_2)(—1 4+ zox_2)’
ToT_2Y—2 YoY—1Y—2(—1+ Tor_2) 202_2 ToT_2
2072 @oT—2(—1+woy—2) = y—2 y-1(—1+xor_3)’
IR Z0%—2 ToZ—o YoY—1Y—2(—1+ 202_2)
-2, 9-1, Y0, ) )
y-1(—=1+ 202_2)" o 202—2(—1 + yoy-2)
Yo20Z—2 ToT_220%—2(—1 4 Yoy—2) ToT_2Y—2
ToT—2  Yoy-1Y—2(—1+ 202_2)(—1 + zox_2) 20z_2
Yoy—1Y—2(—1+ 2x_2) 2022 ToT_2 y
) ) y Y—2,
zor_o(—1 + yoy—2) Y—o  Y-1(—1+4 xox_2) J

y Tox 2 YoY—2 Z0Z—17—2(—1+ zox_3) )
y 4 271(—1 F 33'03372)’ 20 ’ l’gl’,g(—l ol 202,2)
20T0T—2 YoY—220T—2(—1 + 202_2) YoY—22—2
Yoy—2  20z—17—2(—1 4 zox_o)(—1 + Yoy_2) ToT_o
202-17-2(—1 + yoy—2) ToT_2 YoY—2
) 9 ) R—2y R—1,
Yoy—2(—1 + 202—2) zog zo1(=1+ yoy—2)
p ToT—2 YoY—2 Z0Z—17—2(—1+ 2or_2)
V(14 xora) 20 | Tom_a(—1+ Z9z_s)
20ToT—2 Yoy—220T—o(—1 4 202_3)
YoY—2  Z0Z-17—2(—1 4 20x_2)(—=1 4 yoy_2)’
YoY—22—2 207-17—2(—1 4+ YoY—2) ToT_2 YoY—2
ToT—2 ’ yoy—2(—1 + Zoz—z) - Z—1(—1 + yoy—z)7
s ToT—2 YoY—2 20Z—17—2(—1+ 2oz_3)
—2 bl 271(—1 + .Toxfg)’ 20 ’ (Eo.%,g(—l + 20272)
20ToT 2 YoY—2ToZ_2(—1 + 2o2_2) YoY—22—2
Yoy—2  20z—17—2(—1 4+ zox_o)(—1 + Yoy_2) ToT_9
207-17-2(—1 + yoY—2) ToT_2 YoY—2 ;
) ) g K=y oo
Yoy—2(—1 + 202—2) 2oy zo1(=1+ yoy—2) J

coziimleri elde edilir.

ispat .
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(a) (4.5) denklem sistemi yardimiyla agagidaki esitliklerin saglandig goriiliir:

Tn+41

Yn+1 =

Zn+1 =

Tnt+2 =

Yn42 =

Zn+2 =

Tn43 =

Yn+3 =

Zn+3 =

Tntqa =

Yn+a =

Zp+d =

Tpts =

Yn+s5 =

Zn+5 =

Tnt6 =

Yn+6 =

Zn+6 =

Tn47 =

Ynt1 =

Zp+7 =

Tn48 =

Yn+8 =

Zn+8 =

YnYn—2

xnfl(_l + ynynf2) ,
Znin—2

yn—l(_l + znzn—Z),
TnTn—2

Zn—1<_1 + xnxn—2) .

Znin—2
)

L
TnLn—2

Yn
YnYn—2
Zn
mnx”—1$”—2(_1 + ynyn—Q)
ynyn72(_1 + anL’n,Q)
YnYn—1Yn—2(—1 + 2,20 2)
ann—Q(_l + ynyn_g)
ann—lzn—2(_1 + I’nl‘n_2>
anf,(}n_g(—]_ + ann—2)
TnYnlYn—2

3
Znin—2

YnZnin—2
TnLpn—2 7
ZnTnLn—2
YnYn—2 '
ann—Zynyn—Q(_]- + xnxn—Q)
xnxn—lxn—Q(_l + ynyn—Q)(_]- + ann—2) ’
xn'rn—2znzn—2(_1 + ynyn—Q)
ynynflyn72(_1 + anan)(_l + xnxn72) 7
ynynf2xnl‘n72(_1 + annf2)
ann—lzn—2(_]- + xnxn—Z)(_l + ynyn—Q)
Znin—2Tn—2

YnYn—2
YnYn—22n—2

ZnRn—2
YnYn—22n—2

TnLn—2

Y

)

TpTn—1Tn—2 (_ 1 + annf2)

ann—Z(_l + J:nxn—Q)
ynyn—lyn—Q(_l + xnxn—Q)

xnxn—Q(_l + ynyn—2)
ann—lzn—2<_1 + ynyn—2)

ynyn72<_ 1 + ann,Q)
YnYn—2

Y

)
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Znin—2

Tpyg = R
xnfl(_l + annf2)
Y _ TpTn—2
n+9 — s
yn—l(_l + anl'n_g)
= _ YnYn—2
n+9 — .
Zn1 (=1 + YnYn—2)
Yn+10 =  Yn—2,
Zn+10 = Rn-—2-
Tn+1l = Tp-1,
Yn+11 =  Yn—1,
Zn+11 =  Zp-—1-
In+12 = x’rh
Yn+12 =  Yn,
Zn4+12 =  Zn-

(b) n = 0 i¢in sonuglar saglanir. n > 0 iken iddiamizin (n — 1) igin saglandigim farz

edelim. Yani,

T12n—13 = T-1
T12n—12 = o
T — Yyoy—2
12n—11 Ry G EE——"
— Z0Z—-2
T12n—10 =  ~5 7
T — zoz_17_2(—1+yoy—2)
12n—=9 yoy—2(—1+zoz_2)
— ToYyoy—2
Ti2n-8 = L5 5
T — 20z—2Yyoy—2(—1+zoT_2)
12n—7 zox—12—2(—14+yoy—2)(—1+z02—2)
_ 20%Z-2T_2
P26 = Ty
_ zor_1x—2(—14202_2)
T12n—5 = 207—2(— 14707 _2)
— Yoy-2
Tion—a4 = e
_ 2022
L12n—-3 = 1—1(71+z0z__2)
Tiopn—2 = T—2
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ve

Y12n—13
Y12n—12
Yi2n-11
Y12n—10
Y12n—9
Y12n—s8
Yion—7
Y12n—6
Y12n—5
Yi2n—4
Y12n-3

Y12n—2

ve

£12n—13 —
212n—12 =
Z12n—11 =
212n—10 —
212n—9 =
Z12n—8 =
212n—7 =
212n—6 =
Z12n—5 =
Z12n—4 =
212n—3 =

212n—2 =

Y
Yo

_ *oz-2
y,1(71+202—2)
ToT_2
Yo
Yoy—1y—2(—14+2022)
z0z—2(—14+yoy—2)
Yozoz—2
TOT_2

zox—2202—2(—1+yoy—2)

y0y71y72(—1+20272)(_1+10x72)

oL —2Y—2

202—2
Yoy—1y—2(—1+zor_2)

zor—2(—14+yoy—2)
Z0Z—2

Y2

S
y—1(—14+zoz_2)

Y-2

Z-1

20

ToT_2
Z_1(—1+zor_2)
Yyoy—2
20
20271272(—1“!‘10172)
xor_2(—1+z02_2)
200 —2
Yyoy—2
yoy—2x0r—2(—1+202_2)

202—12—2(—14+z0x—2)(—14+yoy—2)

Yoy—22—2
ToT_o
z0z—12—2(—1+yoy—2)
Yoy—2(—1+202-2)
ToxT_o

Z—2

_ yoy—r
z_1(—14+yoy—2)

Z—2
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elde edilir ve (4.5) denklem sisteminden,

Z0R%—2
Yy—2
T — Y12n—2Y12n—4 _ Y_o —
12n-1 z12n—3(—14+y12n—2Y12n—4) 20%—2 (1t 20R—2 -
—lTYy-2
r_1(—1+ zpz_2) 2
Lol -2
Z_2
y — 212n—2212n—4 _ ) =y
12n-1 y12n—3(—1+2z12n—2212n—4) Lol —2 (1t ToT—-2 -
Aty g2
y-1(=1+ zox_2) Z_9
YoY—2
T_2
P — T12n—2T12n—4 _ T_2 — .
12n-1 z12n—3(—14+T12n—2T12n—4) YolY—2 (14 yoy—Q) -
14wy
z1(=1+yoy-2) T s
Y-1ToT—2
Lo — Y12n—1Y12n—3 _ Y_1(=1 4 zpz_5) g
12n z12n—2(—14+y12n—1Y120—3) Y—1Toxl—2 0,
r_o(—1+4
y_1(—1+ zox_2)
Z-1Y0Y—2
y _ Z12n-1212n—3 _ 271(_1 + y0y72) Y
12n y12n—2(—1+212n—1212n-3) Z—1Y0Y—2 0,
y—2(-1
z1(=1+ Yoy—2)
T_1207—-2
. _ T12n—1%12n—3 _ x—l(_l + 202—2) -
12n Z12n—2(—14+212n—1T120—3) T_1202-2 0,
z_o(—1+4

ve benzer sekilde

T12n+1 = 21,
Y1ion+1 = Y1,
212n+1 = 21,

¢oziimleri elde edilerek ispat tamamlanir.

Teorem 4.3.2 (4.6) denklem sisteminin ¢éziimlerinin {x,, Yn, 2n }12°

1 oldugunu farz ede-

lim. Bu durumda;

(@) {zo 122, {yn b2 wve {2,310 céziimleri on ki periyotlu periyodiktir
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(b)

Ti2n—-1 = X1,
Ti2n = o,
. — Yoy
12041 = T 1 yoy_a)’
_ Z0zZ—2
Ti1on+2 = Tz !

zoz_12—2(—1—yoy—2)

L12n+3 = yoy—2(—1—zor_2) °’
__ ToYoy-—2
Ti2n+d4 = —, 07
T o zoz_zyoy—z(—1—$0$—2)
12045 = Zoz_12_2(—1—yoy—2)(—1—202—2)’
__ Z202—2T—2
Ti2n+6 =  ~pou . o
_ wmoz_1x_2(—1—202_2)
T1on+7 = 202—2(—1—zpx_2)
_ Yoy—2
T12n+8 = "5
= Nl
T12n4+9 = T (C1—207_2)°
Ti2n4+10 = T2,
ve
Yizn—1 = Y-1,
Yizn = Yo,
— 22
Yion+1 = y—1(—1—202_2)"’
__ ToT—2
Yiznt2 = =y
_ yoy—1y-—2(=1-202-2)
Yi2n+3 = 20z—2(—1—yoy—2) ’
_ YoROR—2
Yizn+a = "0
. xox_2zOz_2(*1*y0?J—2)
Yients = 50y S (C1—202—2)(—1—z07_2)’
o TOT—2Y—2
Y12n+6 — z0z—2 '
_ yoy—1y—2(=1-zoz )
Yion+7 = zox_2(—1—yoy—2) °’
__ 202-2
Yznts = 7
- ___ Tor-2
Y12n+9 = (1 2oz 2)°
Yion+10 = Y2,

20



ve

212n—1 =

Z12n =
Z12n+1 =
212n+2 =
Z12n43 =
Z12n+4 =
Z12n+5 =
212n46 =
R12n+7 =
Z12n+8 =
212n49 =

Z12n+10 =

21,
20,

ToT_2
z_1(—1—zox_2)’
Yyoy—2

zo

202—12—2(—1—zox_2)

zox_2(—1—202_2)

20T0T—2

Yyoy—2 ’
Yyoy—220r—2(—1—202-2)

202—12—2(—1—x0x_2)(—1—yoy—2)’

Yoy—2z—2
xor_o ’

20z—12—2(—1—yoy—2)
yoy—2(—1—202-2)
ToT_2

z_g

Yoy—2
z—1(—1-yoy-2)’

Z-2,

veya buna esdeger olarak,

{xn}j{io—l =

( YolY—2 Z0%—2 ToT_1Z—2(—1 — Yoy—2)
T—-1,To, 5 )
r_1(—1—=yoy—2) o Yoy—2(—1 — wor_3)
ToYoY—2 Zoz—zyoy—z(—l - m096‘—2) 202—2T—2
207—2 Lo 1T—o(—1 — yoy—2)(—1 — 202—2)"  Yoy—2
xoxflez(—l - 2’0272) YoY—-2 202-2
) ) y X—2,T—1,
202,2(—1 — 1'01'72) Tr_9 ‘Tfl(—l — 202,2)
- YoY—2 20%2-2 31?051371115—2(—1 - yoyfz)
0, ) )
r_1(=1—=yoy-2) w0 Yoy—2(—1 — z1_2)
ToYoY—2 ZOZ—2y0y—2(_1 - $01‘—2) 202—2T—2
20%—-2 ’ $0I—1$—2(—1 - yoy—2)(—1 - 202—2), YolY—2 7
xox_lx_g(—l - 202—2) YolY—2 2072
) ) y X—2,T—1,
202,2(—1 — IE()ZC,Q) Tr_9 3771(—1 — 20272)
- YoY—2 20%2—-2 31305571515—2(—1 - yony)
0, ) )
r_1(=1—yoy—2) w0 Yoy—2(—1 — z1_2)
ToYoY—2 ZOZ—z?Joy—z(—l - onfL‘—z) 202—2T—2
207—2 o 17T—2(—1 — yoy—2)(—1 — 202—2)"  Yoy—2
xox—lx—z(—l — 20%-2) YolY-2 2072 T
) ) g L—2y e
\ 202,2(—1 — 370.’1372) T_9 2771(—1 — 20272)
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{yn j;io_l -

{Zn}jz_io—l =

\

2072 ToT—2 Yoy-1Y—2(—1 — 202-2)

Y—1, Yo, ) )
y_l(—l — 202’_2) Yo ZOZ—2<_1 - yOy—2)
Yozp2—2 $0$—2202—2(—1 - yoy—z) ToT—-2Y—2

ToT_g  Yoy—1Y—2(—1 — 20z_2)(—1 — zor_2)" 2o2_2
yoy_1y_2(—1 - $0$—2) 2022 ToT 2
) yY-2,Y-1,

ror_2(—1—wyoy—2) = Y2 y-1(—1— 207
2072 ToT g Yoy—1Y—2(—1— 202 2)

Yo, ) )
yfl(_l - 20272) Yo 20272(—1 - yoyfz)
YoRo<Z-2 $0$—22’02—2(—1 - yoy—z) ToT—-2Y—2

ToT_o YoyY—1Y—2(—1 — 202_2)(—1 — $0$—2)7 R0%—2
yoy—ly—2(—1 — ToT-2) ZpR-2 ToT—2
yY-2,Y—1,

Tor_o(—1 —yoy—2) ~ y—2 y_1(—1— zoz_5)
y 20Z—2 ToT -2 yoy—ly—2<—1 - Z02’72)
(0}

yfl(_l - 20272), Yo ’ 20272(—1 - yoyfz)
YoRo~z-2 930$—22’02—2(—1 - yoy—z) ToT—2Y—2

ToT_o YoyY—1Y—2(—1 — 202_2)(—1 — $0$—2)’ R20%—2
YoyY-1Y—2(—1 — Tox_2) 2o2_2 ToT_2

Tor_o(—1 —yoy—2) = y—2 y_1(—1—zoz_2

)

s Y—2, ...
)

ToT o Yoy-2 20%-12-2(—1 —ToT_2) )
2_1(—1 — .%’0.%'_2)’ 20 ’ iL‘().T_Q(—l — 2'02’_2)
20ToT 2 YoY—2T0T—2(—1 — 202_2) YoY—22—2

Yoy—2  207-12—2(—1 — 2oz 2)(—1 — yoy_2)  ToT_2
202—12—2(—1 r yoy—2) ToT_2 YoY—2
Yoy—2(—1 — 202_2) Czog z1(=1 = yoy—2)

ToT—2 YoY—2 20271272(—1 - 33033'72)
"za(—1—mer_2) 20 = wer_o(—1— 202_9)
20T0T 2 YoY—2T0T—2(—1 — 202_2) YolY—22—2

Yoy—2  207-12—2(—1 — zox_2)(—1 — yoy_2)  ToT_o
202—12—2(—1 - yoy—2) ToT_2 YoY—2

Yoy—2(—1 — 202_2) A z1(=1 = yoy2)

ToT_2 YolY—2 2’0271272(—1 - 55033'72)

271(—1 — iL'Q.Q?,Q)’ 20 ’ (’Eol',g(—l — 2’0272)
20T0T—2 Yoy—2T0T —2(—1 — 202_2) YoY—22-2

Yoy—2  207-12—2(—1 — oz _2)(—1 — yoy_2)  ToT_o

202—12—2(—1 — YoY-2) ToT-—2 YoY—2
) ) g B—2y een
yo?/—2(—1 - 202—2) Z-2 Z—1(—1 - yoy—2) Y,

Z—1, %0,

y B—25 Z—1,

20

I

y B—25 Z—1,

20,

¢oziimleri elde edilir.

ispat .

(a) (4.6) denklem sistemi kullanmlarak agagidaki esitliklerin saglandigi goriiliir:

xT — YnYn—2
n+l1 xn—l(_l_ynyn—Q)’
7 o S
yn+1 o yn—l(*]-*znzn—Z)7
z — _ ZTn%n-2
ntl = T i(—1—Znzn_2)"
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Znfn—2

Tpt2 = o )
_ InTn—2
Ynt2 = Un )
— YnYn-2
Zn+2 = n#
xn+3 — mnxnflxn72(_1_ynyn72)

ynyn72(_1_$nxnf2) )

— ynyn—lyn—Q(*]-*ann—Z)
yn+3 ann—2(_1_ynyn—2) )

Zn2n712n72(*1*xnmn72)

Zn+3 - -'l'nzn72(*1fznzn72)

— ITnYnYn—2
Tntda = nZn—a )

_ YnZnZn—2
Yn+a = TnTn_2 ’

ZnTnTn—2
zZ =
n+4 YnYn—2

_ ann—2y7Lyn—2(_1_zn$n—2)

Tn4+s =

TnTn—1Tn—2(—1=YnYn—2)(—1—2nzn_2)’
e xnxn—2znzn—2(717ynyn—2)
yn+5 ynyn—lyn—2(*1*Z'nzn—2)(_]—‘xn$n—2)’

YnYn—2%nTn—2(—1—2n2zn_2)

z = .
n+5 annflZn72(_1'znxn—2)(*1*ynyn—2)
_ ZnZn—2TLn—2
'Z'TL+6 - YnYn—2 )
_ YnYn—-22Zn-2
Yn+6 = Znin_2
z — YnYn—22n—2
nt6 — TnTrn—2
T E_ mnxn—lzn—Q(_l_znzn—2)
n+7 Znzn_2(—l—Tnan_2)

— yn’yn—lyn—Q(*l*xnmn—Z)
yn+7 xnl'n—2(71*ynyn—2) )

ZnZn—1%n—2(—1=Ynyn—2)

Zn+7 = ynyn72(*1fznzn72)
_ YnYn—2
xn+8 - Tp—2
. ZnZn—2
Yn+s = Yn_z
_ InTn—2
ZTL+8 - Zn—2
_ ZnZn—2
Int9 = 3 T i-202m2)°
_ InTn—2
yn+9 o yn—l(*]-*-'1771,xn—2)7
z — YnYn—2
n+9 Zn—1(—1—Yn¥n—2) "
Tn4+10 = Tp—2,
Yn+10 = Yn—2,
Zn+10 =  “n—2-
Tn4+11 = Tp—1,
Yn+11 = Yn-1,
Zpn4+11 =  Zp-1-
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Tp+12 = Tn,
Yn+12 = Yn,

Zn+12 = Zn-

(b) n = 0 igin sonuclar saglanir. n > 0 oldugunu ve iddiamizin (n — 1) icin saglandigim

varsayalim. Yani,

Ti2n-13 = T-1
Ti12n—-12 = Lo
_ Yyoy—2
T12n—11 = T_1(—1—yoy_2)
_ 202-2
T12n—10 = 57 s
T _ @oz—1z-2(=1-yoy—2)
12n-9 yoy—2(—1—zoz_2)
__ ToYoy—2
Ti2n—-8 =
X — 2022yoy—2(=1-zoz_2)
12n-7 m0171172(—1—y0y72)(—1—20272)
_ 20R—2T_2
Tim—6 = “ygy 5
T _ zoz_1z_2(—1—202_2)
12n—-5 — z0z—2(—1—zoz_2)
. Yoy-2
Ti2n—4 = 7,77
_ 202-2
Ti2n-3 = To1(—1—207_2)
Tiogn—2 = T2
ve
Y12n-13 = Y-1
Y12n—12 = Yo
_ 20%2-2
Yiom—11 = Ty
— oL —2
Y12n—10 = T
_ yoy—1y—2(—1—202-2)
Yion-9 = 20z—2(—1-yoy—2)
_ Yozoz-2
Yien-8 = "0
_ Tor—_2202—2(—1—yoy—2)
Yi2n—7 yoy—1y—2(—1—20z_2)(—1—zor_2)
_ moT_2Y-2
Yion—6 = —
_ yYoy—1y—2(=l-mox_3)
Y1an—5 zoz—2(—1-yoy—2)
_ 202-2
Yen—4 = 7~
- ___ Tor-2
Y12n—-3 = y_1(—1—zoz_2)
Y1on—2 = Y-2

o4



ve

212n—13
212n—12
Z12n—11
Z212n—10
212n—9
Z12n—8
212n—7
212n—6
212n—5
Z12n—4
Z12n-3

212n—2

= Z—l

= ZO

ToT_2
271(—1—:1:01:,2)

__ Yoy-2

20
202—12—2(—1—zox_2)
zox_2(—1—202_2)
20T0T—2
Yyoy—2

Yoy—2x0T_—2(—1—202_2)

YoYy—2z—2
ToT_2
202—12—2(=1—yoy—2)
yoy—2(—1—202—2)
ToT_2

222

— Yoy—2

z-1(—1-yoy—2)

= Z_2

202—12—2(—1—xoz_2)(—1—yoy—2)

esitlikleri elde edilir ve (4.6) denklem sistemi yardimiyla

T12n—-1 =

Y12n-1 =

Z12n—1 =

L12n

Y12n =

Z12n =

Z0R—2
Yy-2
Y12n—2Y12n—4 _ Y_2
z12n—3(—1—Y12n—2Y12n—4) 20%—2 (-1 ZOZ—2)
—1-y-2
I_l(—l - ZOZ_2) _92
ToX_—2
Z—2
212n—2212n—4 — Z_9
y12n—3(—1—2z12n—2212n—4) Lol -2 (1 ToL -2
e —=
y_1(—1 — zox_3) Z_2
YolY—2
T2
T12n—2T12n—4 — T_9
Z12n—3(—1—12n—2T121—4) YolYy—2 ( yOy—2)
1z o
2—1(—1 - yoy—2) T2
Y-1Tox -2
Y12n—1Y12n—3 _ y—l(_l — 33055—2) —
z12n—2(—1—Y12n-1Y12n—3) Y_1Tol—2 0,
$72(—1—
yfl(—l — .YIOIE,Q)
Z-1YoY—2
212n—1%12n—3 — Z*l(_l — yOny) =
y12n—2(—1—212n—1212n-3) Z—-1YoY-2 0>
y—2(—1-
2—1(—1 - ?Joy—Q)
T_1202—-2
Z12n—1%12n—3 — x—l(_l — ZOZ—2) =z
z12n—2(—1—Z12n—1%12n—3) L_1202-2 0,
z_2(—1—

I‘,l(—l — 20272)

5]

—= x_l’

Z—1,



ve benzer sekilde

Tion+1 = 1,
Yi2n+1 = Y1,
Z12n+1 = <1,

¢oziimleri elde edilerek ispat tamamlanir.

Ornek 4.3.1

nYn— Znin— Ty Lp—
Ynln=2 sy Yn+1 = 2 y Rn+1 = 2 (45)
xn—l(_l + ynyn—Z) yn—l(_]- + ann—2) Zn—l(_l + ZlanTn_g)

denklem sisteminin v = 0.1 ;o1 = 0.2 ;2.5 =03 ,yo = —0.5 ,y 1 = 1.2, y o = 1.3,

Tpy1 =

20 =0.8 ;2.1 = 1.1 ve z_9 = —0.1 basglangi¢ kosullarindaki ¢ézimler: asagida verilmis ve
12 periyotlu periyodik oldugu gorilmiistiir.

Cizelge 4.3 (4.5) denkleminin periyodik ¢oziimleri

n Tn Yn “n

0 0.1 —0.5 1.1

1 1.969 0.082 —0.038
2 —-1.1 —0.06 —0.590
3 —0.015  4.770 —2.563
4 0.590 1.833 —0.050
5) —6.311  —0.006 —0.153
6 0.050 —0.354 2.166
7 —0.062 —15.284 0.201
8 —2.166 —0.846 —0.3
9 0.495 —0.025 0.492
10 0.3 1.3 —0.1
11 0.2 1.2 0.8
12 0.1 —0.5 1.1
13 1.969 0.082 —0.038
14 -1.1 —0.06 —0.590
15 —0.015  4.770 —2.563
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