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Bu tezde ultrahiperbolik türden bir kısmi türevli denklem Cauchy başlangıç şartları ile birlikte 

ele alınmıştır. Çözüm hakkında verilen ek bilgi yardımıyla bu denklemdeki bir katsayının 
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BÖLÜM 1

ÖN B·ILG·ILER

1.1 G·IR·IŞ

Bu çal¬̧smada bir


 � fx; y : x = (x1; :::; xn) 2 Rn; y = (y1; :::; ym) 2 Rm; x1 > 0g

bölgesinde

nX
i=1

uxixi � c2 (x; y0)
mX
j=1

uyjyj +
nX
i=1

ai(x)uxi +
mX
j=1

bj(y)uyj + a0(x; y
0)u = f(x; y) (1.1)

ultrahiperbolik denklemi u(0;0 x; y) = u0, ux1(0;
0 x; y) = u1 koşullar¬ ile birlikte ele al¬-

nacakt¬r. Verilen bir ek bilgi yard¬m¬yla (1.1) denkleminin bir katsay¬s¬n¬n bulunmas¬ters

probleminin çözümünün tekli¼gi araşt¬r¬lm¬̧st¬r.

Bilindi¼gi üzere ikinci mertebeden iki de¼gi̧sken içeren bir lineer k¬smi türevli denklem

auxx + 2buxy + cuyy + dux + euy + fu = g (1.2)

formunda yaz¬labilir. E¼ger uxx; uxy, uyy, ux; uy fonksiyonlar¬için s¬ras¬yla �2; ��; �
2; �; �

gösterimleri kullan¬l¬rsa (1.2) denklemi için � ve ��ya ba¼gl¬ikinci dereceden bir polinom

elde edilir:

P (�; �) = a�2 + 2b�� + c�2 + d�+ e� + f:

(1.2) denkleminin çözümünün matematiksel özellikleri büyük oranda P (�; �) polinomu-

nun cebirsel özellikleri taraf¬ndan belirlenir. P (�; �) ve onunla birlikte (1.2) denklemi

b2 � ac diskriminant¬n¬n pozitif, s¬f¬r veya negatif olmas¬na göre s¬ras¬yla hiperbolik,

parabolik veya eliptik olarak s¬n¬�and¬r¬l¬r. Dikkat edilirse (1.2) denkleminin tipi onun

esas k¬sm¬yani u�nun en yüksek mertebeden türevlerini içeren terimler taraf¬ndan belir-

lenir ve bu s¬n¬�and¬rma a, b ve c katsay¬lar¬sabit olmad¬kça xy düzleminde noktaya ba¼gl¬

olarak de¼gi̧sir (Duchateau and Zachmann 1986).
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Daha genel olarak ikinci mertebeden n de¼gi̧skenli bir lineer k¬smi türevli denklem
nX

i;j=1

aij(x)uxixj +
nX
i=1

ai(x)uxi + a(x)u = f(x) (1.3)

şeklinde ifade edilebilir. E¼ger uxixj = uxjxi ise (1.3) denkleminin esas k¬sm¬aij = aji

olacak şekilde düzenlenebilir. Bu nedenle A = [aij]matrisi simetrik olarak kabul edilebilir.

Lineer cebirden bilinmektedir ki her reel simetrik n � n tipindeki matrisin n tane reel

özde¼geri vard¬r. Bu özde¼gerler, I; n�n tipinde birim matris olmak üzere det(A��I) n¬n

yani n.dereceden bir polinomunun kökleridir. Kabul edelim ki x0 çal¬̧s¬lan bölgedeki key�

bir nokta olsun. Pozitif özde¼gerlerin say¬s¬n¬n+ = n+(x
0), negatif özde¼gerlerin say¬s¬n¬

n� = n�(x
0) ve s¬f¬r özde¼gerlerinin say¬s¬n¬n0 = n0(x

0) ile gösterelim. Burada n =

n+ + n� + n0 oldu¼gu aç¬kt¬r.

E¼ger n+ = n veya n� = n ise (1.3) denklemi x0 noktas¬nda eliptik tiptendir denir. Rn de

eliptik denkleme örnek olarak

�u = f

Poisson denklemi verilebilir. Burada � = @2

@x21
+ ::: + @2

@x2n
şeklinde tan¬ml¬olup Laplace

operatörü olarak adland¬r¬l¬r.

E¼ger n+ = n � 1 ve n� = 1, veya e¼ger n+ = 1 ve n� = n � 1 ise (1.3) denklemi x0

noktas¬nda hiperbolik tiptendir denir. Rn de hiperbolik denkleme örnek olarak

ux1x1 + :::+ uxn�1xn�1 � uxnxn = f

dalga denklemi verilebilir. Daha basit olarak xt düzleminde

utt � uxx = f

bir boyutlu dalga denklemi örnek olarak gösterilebilir.

E¼ger n0 = 0 ve 1 < n+ < n� 1 ise (1.3) denklemi x0 noktas¬nda ultrahiperbolik tiptendir

denir. R4 de ultrahiperbolik denkleme örnek olarak

ux1x1 + ux2x2 � ux3x3 � ux4x4 = f(x)

verilebilir.

E¼ger n0 > 0 ise (1.3) denklemi x0 noktas¬nda parabolik tiptendir denir. Bütün Rn de

parabolik olan bir denkleme örnek olarak

ux1x1 + :::+ uxn�1xn�1 � uxn = f(x)

¬s¬denklemi verilebilir.
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Aç¬kt¬r ki aij katsay¬lar¬ndan herhangi biri sabit de¼gil ise (1.3) denkleminin tipi noktaya

ba¼gl¬olarak de¼gi̧secektir (Mikhailov 1978).

Hiperbolik k¬smi türevli denklemler �ziksel olarak bir zaman boyutu içermekte olup

do¼gada cereyan eden bir çok olay¬n matematiksel modelinin oluşturulmas¬nda kullan¬l-

maktad¬r. Bu denklemlerin zamansal olarak çok boyut içeren bir teoriye genelleştirilmesi

ultrahiperbolik denklemlerin ortaya ç¬kmas¬na sebebiyet vermi̧stir. Çok boyutlu zaman

kavram¬günümüze kadar �zikçilerin ve buna ba¼gl¬olarak matematikçilerin genel olarak

uzak durdu¼gu bir kavram olmuştur. Bunun temel nedeni çok boyutlu zaman kavram¬n¬n

klasik �zikteki baz¬temel ilkeleri ihlal etmesidir. Buna örnek olarak belirleyicilik (de-

terminizm) ilkesi verilebilir. Daha aç¬k bir ifade ile zaman¬n çok boyutlu olmas¬matem-

atiksel olarak düzlemde kapal¬bir e¼grinin oluşmas¬na ve böylece zamanda ileri veya geri

gidilebilmesine neden olacakt¬r. Bu durum ise meşhur dede paradoksunda (grandfather

paradox) ifade edildi¼gi gibi geçmi̧s zamanda gelece¼gi etkileyebilecek de¼gi̧siklikler yap¬la-

bilmesine yani neden sonuç zincirinin k¬r¬lmas¬na sebep olacakt¬r.

Di¼ger yandan, başta sicim (string) kuram¬olmak üzere modern �zik kuramlar¬nda ortaya

ç¬kan geli̧smeler klasik mekanik ve kuantummekani¼gini birleştirebilecek ve heŗseyin teorisi

olabilecek (theory of everything) bir teorinin oluşturulabilmesi için ek boyutlara ihtiyaç

oldu¼gunu göstermektedir. Bu ise ultrahiperbolik denklemlere olan ilgiyi artt¬rm¬̧st¬r.

Ultrahiperbolik denklemler için baz¬direkt problemler zaman ve uzay boyutunun özel

durumlar¬ için Kostomarov (2002, 2006) taraf¬ndan incelenmi̧stir. Çözümün tekli¼gine

ili̧skin önemli sonuçlar Burskii ve Kirichenko (2008), Diaz ve Young (1971), Hörman-

der (1976), Owens (1947) taraf¬ndan elde edilmi̧stir. Son olarak, Craing ve Weinstein

(2009) s¬n¬rs¬z bir bölgede ultrahiperbolik denklem için bir direkt problemin yerel olarak

çözülebilir oldu¼gunu göstermi̧stir. Ancak ters problemlerlerle ilgili s¬n¬rl¬say¬da çal¬̧sma

yap¬lm¬̧st¬r. Ultrahiperbolik denklem için baz¬ters problemlerin çözümlerinin tekli¼gi ve

kararl¬l¬¼g¬Klibanov ve Bukhgeim (1981), Amirov (2001) ve Gölgeleyen ve Yamamato

(2014) de araşt¬r¬lm¬̧st¬r.
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1.2 TEMEL TANIM VE TEOREMLER

Tan¬m 1.1 (Cm (
) Uzay¬) 
; Rn uzay¬nda bir bölge olsun. Her negatif olmayan m

tamsay¬s¬için j�j � m olmak üzere D�' k¬smi türevleri 
 bölgesinde sürekli olacak şek-

ilde tüm ' fonksiyonlar¬n¬n oluşturdu¼gu vektör uzay¬Cm (
) ile gösterilir (Adams and

Fournier 2003, s. 10).

Tan¬m 1.2 (Direkt Problem) Matematiksel �zikte denklem, bölge ve koşullar verildi¼ginde

denklemi ve koşullar¬ sa¼glayan bir çözümün bulunmas¬na direkt problem denir (Amirov

2001).

Tan¬m 1.3 (Ters Problem) Pratikte karş¬laş¬lan öyle problemler vard¬r ki, bunlar¬n

çözümleri için ayr¬ca ek bilgiye gerek duyulur. Verilen bu ek bilgiye göre denklemin bir

veya birkaç katsay¬s¬n¬n veya sa¼g taraf¬n¬n ya da s¬n¬r koşullar¬ndan bir veya birkaç¬n¬

denklemin çözümü ile birlikte bulmak gerekir. Böyle problemlere ters problem ad¬verilir

(Amirov 2001).

Tan¬m 1.4 (Hadamard Anlam¬nda ·Iyi ve Kötü Konulmuş Problemler) Frans¬z

matematikçi J. S. Hadamard "·Iyi konulmuş problem" tan¬m¬n¬ 20. yüzy¬l¬n başlar¬nda

aşa¼g¬daki şekilde vermiştir.

Kabul edelim ki U ve F metrik uzaylar, ve A : U ! F bir operatör olsun

Au = f: (1.4)

(1.4) denkleminin aşa¼g¬daki koşullar¬sa¼glayan çözümünün bulunmas¬problemine (U; F )

uzay çifti için Hadamard anlam¬nda iyi konulmuş problem ad¬verilir:

i) Varl¬k: Her f 2 F için U uzay¬nda problemin çözümü vard¬r.

ii) Teklik: Problemin çözümü U uzay¬nda tektir.

iii) Kararl¬l¬k: Problemin koşullar¬F uzay¬nda az de¼gişti¼ginde problemin çözümü de U

uzay¬nda az de¼gişir (kararl¬l¬k koşulu) (Lavrent�ev et al. 1986). Bu şartlardan her-

hangi birinin sa¼glanmamas¬durumunda problem, (U; F ) uzay çifti için Hadamard

anlam¬nda kötü konulmuş problem olarak adland¬r¬l¬r. Bir (U1; F1) uzay çifti için

iyi, başka bir (U2; F2) uzay çifti için kötü konulmuş probleme (U2; F2) uzay çifti için

zay¬f kötü konulmuş problem denir. Tüm uzay çiftlerinde kötü konulmuş probleme

kuvvetli kötü konulmuş problem denir.
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Hadamard�a göre kötü konulmuş problemler, reel �ziksel anlam¬ olan pratik olaylar¬n

tasvirinde kullan¬lamaz. Çünkü pratikte elde edilen veriler her zaman belirli bir hata

pay¬ içerir. E¼ger problemin çözümü kararl¬de¼gil ise bu hatal¬veriler yard¬m¬yla bulu-

nan çözüm, kesin çözümden çok farkl¬olabilir ve bu da yanl¬̧s sonuçlar¬n elde edilmesine

yol açar. Bu nedenle başlang¬çta birçok matematikçi sadece Hadamard anlam¬nda iyi

konulmuş problemlerle ilgilenmi̧stir. Ancak sonraki süreçte do¼gada ortaya ç¬kan birçok

problemin kötü konulmuş problem oldu¼gunun görülmesi matematikçilerin bu problem-

lerle ilgilenmesine sebep olmuştur. Bu çerçeve de Hadamard�¬n kendisinin örnek olarak

gösterdi¼gi Laplace denklemi için Cauchy problemi de kötü konulmuş bir problem olup

elektromanyetik teori de önemli bir model olarak ortaya ç¬kmaktad¬r (Petrovskii 1967).

Tan¬m 1.5 (Tikhonov Anlam¬nda ·Iyi ve Kötü Konulmuş Problemler)

·Ilk olarak Rus matematikçi A. N. Tikhonov, Hadamard anlam¬nda kötü konulmuş prob-

lemlerin gereklili¼gini ortaya koymuştur. (1.4) denkleminin aşa¼g¬daki koşullar¬ sa¼glayan

çözümünün bulunmas¬problemine Tikhonov anlam¬nda iyi konulmuş problem ad¬verilir:

i) U bir metrik uzay olmak üzere, problemin çözümü var ve belirli bir M � U cümlesine

aittir.

ii) Problemin çözümü M de tektir.

iii) Problemin çözümü M de koşullara sürekli ba¼g¬ml¬d¬r (Lavrent�ev et al. 1986).

M cümlesine problemin do¼gruluk cümlesi denir ve M genellikle kompakt bir cümle olarak

seçilir.

Ters ve kötü konulmuş problemler teorisi bilim ve teknolojinin birçok alan¬nda s¬kl¬kla

ortaya ç¬kmaktad¬r. Bu alanlara örnek olarak, astronomi, kuantum mekani¼gi, elektrod-

inamik, t¬bbi ve teknik tomogra�, ultrason, optimal kontrol teorisi ve �nans matemati¼gi

verilebilir (Kabanikhin 2008, Ramm 2010).

Uyar¬1.1 Aşa¼g¬daki bölümlerde



 = f(x; y) : x 2 Rn; y 2 Rm; x1 > 0; 0 <  < 
g ;

 (x) = �x1 +
1

2

nX
i=2

�
xi � x0i

�2
+
1

2

mX
j=1

�
yj � y0j

�2
+ �0; � = exp

�
� ��

�
;

�0 > 0; 
 + �0 = n < 1; �0 <  (x) < n tan¬mlamalar¬kullan¬lm¬̧st¬r.
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BÖLÜM 2

BAZI YARDIMCI ÖNERMELER

Bu bölümde, ele al¬nan ters problemin çözümünün tekli¼ginin ispat¬nda kullan¬lacak olan

3 tane lemma verilecektir. (1.1) denklemine ~x1 =
p
2x1 � �0 dönüşümü uygulan¬r ve

basitlik aç¬s¬ndan ayn¬gösterimler kullan¬l¬rsa denklem aşa¼g¬daki forma indirgenebilir:

(x1 + �0)
�1 ux1x1 + (x1 + �0) (

nX
i=2

uxixi � c2 (x; y0)
mX
j=1

uyjyj)

+ (x1 + �0) (

nX
i=1

aiuxi +
mX
j=1

bjuyj + a0(x; y
0)u) = f(x; y):

Lemma 2.1 Kabul edelim ki 8� 2 R ve x 2 
 için

�
mX
k=1

@c2

@x1
�2yk � �1j�j2; �1 > 0 (2.1)

eşitsizli¼gi sa¼glans¬n. E¼ger � ve � parametreleri bir pozitif sabitten büyük ve 
 say¬s¬

0 < 
 <
4

3

�
Mm"�10 + 3mM

�
< 1 (2.2)

şart¬n¬sa¼gl¬yor ise her ' (x) 2 C2 (
) için aşa¼g¬daki eşitsizlik yaz¬labilir:

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!2
�2

� 2��� (x1 + �0)
�3 '2x1�

2 � 2�� (x1 + �0)
2Go(n;m)

nX
i=2

'2xi�
2

+����1 (x1 + �0)

mX
k=1

'2yk�
2 + 2�3�4�4 (x1 + �0)

�2  �2��3'2�2

+G(�; �)'2�2 + d0 ('�) + d1 ('�) (2.3)

Burada 0 < "0 <
a1
4m
;
p
2
 < 1 şeklinde tan¬ml¬d¬r ve

G (�; �) = 2��� (x1 + �0)
�3 ���2�2 2x1 �2��2 � �� (� + 1) 2x1 

���2�
+2�� (x1 + �0)

2Go(n;m)

nX
i=2

�
�2�2 2xi 

�2��2 + �� (� + 1) 2xi 
���2

��� ���1 xixi
�
� ����1 (x1 + �0)

mX
k=1

�
�2�2 2yk 

�2��2

+�� (� + 1) 2yk 
���2 � �� ���1 ykyk

�
;
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d0 (#)

= 2���
�
(x1 + �0)

�2 #2x1
�
x1
+ 4���

nX
i=2

(#x1#xi)xi

�2���
nX
i=2

�
#2xi
�
x1
� 4���

mX
k=1

�
c2#x1#yk

�
yk

+2���
mX
k=1

�
c2#2yk

�
x1

+2���3
�
(x1 + �0)

�2 ��2�2 �2��2 � �� (� + 1) ���2
�
#2
�

+2���
nX
i=2

���
�2�2 �2��2 2xi � �� (� + 1) ���2 2xi

�
+ �� ���1

�
#2
�
x1

�2���
mX
k=1

 ���1
��
�2�2c2 ���1 2yk � �� (� + 1) c2 �1 2yk + ��mc2

�
#2
�
x1

+4��
nX
i=2

�
 xi#xi#x1

�
x1
� 2��

nX
i=2

�
 xi#

2
x1

�
xi

+4�� (x1 + �0)
2

nX
i;j=2

�
 xi#xi#xj

�
xj
� 2�� (x1 + �0)

2
nX

i;j=2

�
 xi#

2
xj

�
xi

+2�2�2�2
nX
i=2

��
�� �2��2 xi � (� + 1) 

���2 xi
�
#2
�
xi

+2�2�2 (x1 + �0)
2

nX
i;;j=2

h
 xi 

���1
�
(n� 1)� (� + 1) 2xj 

�1 + �� 2xj 
���1

�
#2
i
xi

�2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 xi 

���1 �m� (� + 1) 2yk �1 + �� 2yk 
���1�#2�

xi

�4��
mX
k=1

�
c2 yk#yk#x1

�
x1
+ 2��

mX
k=1

�
c2 yk#

2
x1

�
yk

�4�� (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 yk#yk#xi

�
xi
+ 2�� (x1 + �0)

2
nX
i=2

mX
k=1

�
c2 yk#

2
xi

�
yk

+4�� (x1 + �0)
2

mX
k;s=1

�
c4 yk#yk#ys

�
ys
� 2�� (x1 + �0)

2
mX

k;s=1

�
c4 yk#

2
ys

�
yk

�2�2�2
nX
i=2

mX
k=1

�
c2 yk

�
�� �2��2 � (� + 1) ���2

�
#2
�
yk

�2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 yk 

���1( xixi � (� + 1) 
2
xi
 �2 + �� 2xi 

���1)#2
�
yk

+2�2�2 (x1 + �0)
2

mX
k;s=1

�
c4 yk 

���1 � ysys � (� + 1) 2ys �1 + �� 2ys 
���1�#2�

yk
;

8



d1 (�') = �2��� (x1 + �0)
�3 ��

�
 x1 

���1'2�2
�
x1

+2�� (x1 + �0)
2Go(n;m)

nX
i=2

��
�
 xi 

���1'2�2
�
xi

�����1 (x1 + �0)
mX
k=1

��
�
 yk 

���1'2�2
�
yk
:

·Ispat. ·Ilk olarak

# = �' (2.4)

şeklinde yeni bir bilinmeyen fonksiyon tan¬mlayal¬m. Buna göre;

'x1 = ��1
�
#x1 + �� ���1 x1#

�
;

'x1x1 = ��1
�
#x1x1 + 2�� 

���1 x1#x1

��� (� + 1) ���2 2x1#+ �2�2 �2��2 2x1#
�
; (2.5)

'xi = ��1
�
#xi + �� ���1 xi#

�
;

'xixi = ��1
�
#xixi + 2�� 

���1 xi#xi + �� ���1 xixi#

��� (� + 1) ���2 2xi#+ �2�2 �2��2 2xi#
�
; (2.6)

'yk = ��1
�
#yk + �� ���1 yk#

�
;

'ykyk = ��1
�
#ykyk + 2�� 

���1 yk#yk + �� ���1 ykyk#

��� (� + 1) ���2 2yk#+ �2�2 �2��2 2yk#
�

(2.7)

yaz¬labilir. Burada { = e� 
�v
olarak tan¬ml¬d¬r.

(2.5)-(2.7) ba¼g¬nt¬lar¬kullan¬larak

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)

mX
k=1

'ykyk

!!2
�2

=  �+1
�
(x1 + �0)

�1 �#x1x1 + 2�� ���1 x1#x1 � �� (� + 1) ���2 2x1#

+�2�2 �2��2 2x1#
�

+(x1 + �0)

 
nX
i=2

�
#xixi + 2�� 

���1 xi#xi + �� ���1 xixi#

��� (� + 1) ���2 2xi#+ �2�2 �2��2 2xi#
�

�c2
�
x; yp

� mX
k=1

(#ykyk + 2�� 
���1 yk#yk + �� ���1 ykyk#

��� (� + 1) ���2 2yk#+ �2�2 �2��2 2yk#))
�2
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=  �+1
�
(x1 + �0)

�1 �#x1x1 � �� (� + 1) ���2 2x1#+ �2�2 �2��2 2x1#
�

(x1 + �0)

nX
i=2

�
#xixi + �� ���1 xixi#� �� (� + 1) ���2 2xi#+ �2�2 �2��2 2xi#

�
�c2

mX
k=1

�
#ykyk + �� ���1 ykyk#� �� (� + 1) ���2 2yk#+ �2�2 �2��2 2yk#

+2�� ���1

 
(x1 + �0)

�1  x1#x1 + (x1 + �0)
nX
i=2

 xi#xi � c2 (x1 + �0)

mX
k=1

 yk#yk

!#2

� 4��

 
(x1 + �0)

�1  x1#x1 + (x1 + �0)

nX
i=2

 xi#xi � c2 (x1 + �0)

mX
k=1

 yk#yk

!

:

"
(x1 + �0)

�1 #x1x1 + (x1 + �0)

 
nX
i=2

#xixi � c2
mX
k=1

#ykyk

!
+(x1 + �0)

�1 ��2�2 �2��2 2x1#� �� (� + 1) ���2 2x1#
�

+(x1 + �0)

"
nX
i=2

�
�2�2 �2��2 2xi#� �� (� + 1) ���2 2xi#

�
+ �� ���1#

�c2
mX
k=1

�
�2�2 �2��2 2yk#� �� (� + 1) ���2 2yk#

�
+ �� ���1#

#
(2.8)

eşitsizli¼gi elde edilir. Burada

 x1 = �;  x1x1 = 0,  xixi = 1;  xiyk = 0 (2.9)

oldu¼gu göz önünde bulundurulmuştur. Şimdi son eşitsizlikteki her bir terimi aşa¼g¬daki

şekilde de¼gerlendirelim:

Birinci terim:

4�� (x1 + �0)
�1  x1#x1 (x1 + �0)

�1 #x1x1

= 4�� (x1 + �0)
�2 �#x1#x1x1

= 2���
�
2
�
(x1 + �0)

�2 #2x1
�
x1
�
�
(x1 + �0)

�2 #2x1
�
x1
+
�
(x1 + �0)

�2�
x1
#2x1

�2
�
(x1 + �0)

�2�
x1
#2x1

�
= 2���

��
(x1 + �0)

�2 #2x1
�
x1
�
�
(x1 + �0)

�2�
x1
#2x1

�
= 2���

�
(x1 + �0)

�2 #2x1
�
x1
+ 4��� (x1 + �0)

�3 #2x1

= d01 (#) + 4��� (x1 + �0)
�3 #2x1 ; (2.10)
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ikinci terim :

4�� (x1 + �0)
�1  x1#x1 (x1 + �0)

nX
i=2

#xixi

= 2���
nX
i=2

2#x1#xixi

= 4���
nX
i=2

(#x1#xi)xi � 2���
nX
i=2

�
#2xi
�
x1

= d02 (#) ; (2.11)

üçüncü terim:

�4�� (x1 + �0)
�1  x1#x1c

2 (x1 + �0)
mX
k=1

#ykyk

= �2���
mX
k=1

2c2#x1#ykyk

= �2���
mX
k=1

��
2c2#x1#yk

�
yk
�
�
c2#2yk

�
x1
+

�
@c2

@x1
#2yk

�
� 2@c

2

@yk
#x1#yk

�
= �4���

mX
k=1

�
c2#x1#yk

�
yk
+ 2���

mX
k=1

�
c2#2yk

�
x1
� 2���

mX
k=1

�
@c2

@x1
#2yk

�
+4���

mX
k=1

@c2

@yk
#x1#yk

= d03 (#)� 2���
mX
k=1

@c2

@x1
#2yk + 4���

mX
k=1

@c2

@yk
#x1#yk ; (2.12)

dördüncü terim:

4�� (x1 + �0)
�1  x1#x1# (x1 + �0)

�1 ��2�2 �2��2 2x1 � �� (� + 1) ���2 2x1
�

= 2���3 (x1 + �0)
�2 ��2�2 �2��2 � �� (� + 1) ���2

�
2##x1

= 2���3
�
(x1 + �0)

�2 ��2�2 �2��2 � �� (� + 1) ���2
�
#2
�
x1

+4���3 (x1 + �0)
�3 ��2�2 �2��2 � �� (� + 1) ���2

�
#2

�2���3 (x1 + �0)
�2 ��2�2�2 (� + 1) �2��3 x1 + �� (� + 1) (� + 2) ���3 x1

�
#2

= d04 (#) + 4�
3�3�3 (x1 + �0)

�3  �2��2#2 � 4�2�2 (� + 1) �3 (x1 + �0)
�3  ���2#2

+4�3�3�4 (� + 1) (x1 + �0)
�2  �2��3#2

�2�2�2�4 (� + 1) (� + 2) (x1 + �0)
�2  ���3#2; (2.13)
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beşinci terim:

4�� (x1 + �0)
�1  x1#x1 (x1 + �0)#

 
nX
i=2

�
�2�2 �2��2 2xi � �� (� + 1) ���2 2xi

�
+�� ���1

�
= 2���

nX
i=2

��
�2�2 �2��2 2xi � �� (� + 1) ���2 2xi

�
+ �� ���1

�
2##x1

= 2���
nX
i=2

���
�2�2 �2��2 2xi � �� (� + 1) ���2 2xi

�
+ �� ���1

�
#2
�
x1

�2���
nX
i=2

�
�2�2�2 (� + 1) �2��3 2xi x1 + �� (� + 1) (� + 2) ���3 2xi x1

��� (� + 1) ���2 x1
�
#2

= d05 (#) + 4�
3�3�2 (� + 1) �2��3#2

nX
i=2

 2xi

�2�2�2�2 (� + 1) (� + 2) ���3#2
nX
i=2

 2xi + 2�
2�2�2 (� + 1) ���2#2; (2.14)

alt¬nc¬terim:

�4�� (x1 + �0)
�1  x1#x1 (x1 + �0) c

2#

 
mX
k=1

�
�2�2 �2��2 2yk � �� (� + 1) ���2 2yk

�
+�� ���1 ykyk

�
= �2���

mX
k=1

��
�2�2c2 �2��2 2yk � �� (� + 1) c2 ���2 2yk

�
+ �� ���1 ykykc

2
�
2##x1

= �2���
mX
k=1

��
�2�2c2 �2��2 2yk � �� (� + 1) c2 ���2 2yk + �� ���1 ykykc

2
�
#2
�
x1

+2���
mX
k=1

�
�2�2�2 (� + 1) c2 �2��3 2yk x1 + �� (� + 1) (� + 2) c2 ���3 2yk x1

���� (� + 1) c2 ���2 ykyk + �2�2
@c2

@x1
 �2��2 2yk � �� (� + 1)

@c2

@x1
 ���2 2yk

+��
@c2

@x1
 ���1 ykyk

�
#2

= d06 (#)� 4�3�3�2 (� + 1) c2 �2��3#2
mX
k=1

 2yk

+2�2�2�2 (� + 1) (� + 2) c2 ���3#2
mX
k=1

 2yk � 2�
2�2�2 (� + 1)mc2 ���2#2

+2�3�3� �2��2#2
mX
k=1

@c2

@x1
 2yk � 2�

2�2� (� + 1) ���2#2
mX
k=1

@c2

@x1
 2yk

+2�2�2�m
@c2

@x1
 ���1#2; (2.15)
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yedinci terim:

4�� (x1 + �0)

nX
i=2

 xi#xi (x1 + �0)
�1 #x1x1

= 2��
nX
i=2

2 xi#xi#x1x1

= 2��

nX
i=2

��
2 xi#xi#x1

�
x1
�
�
 xi#

2
x1

�
xi
+
�
 xixi#

2
x1

�
� 2 xix1#xi#x1

�
= 4��

nX
i=2

�
 xi#xi#x1

�
x1
� 2��

nX
i=2

�
 xi#

2
x1

�
xi
+ 2��

nX
i=2

�
 xixi#

2
x1

�
= d07 (#) + 2�� (n� 1)#2x1 ; (2.16)

sekizinci terim:

4�� (x1 + �0)

nX
i=2

 xi#xi (x1 + �0)
nX
j=2

#xjxj

= 2�� (x1 + �0)
2

nX
i;j=2

2 xi#xi#xjxj

= 2�� (x1 + �0)
2

nX
i;j=2

��
2 xi#xi#xj

�
xj
�
�
 xi#

2
xj

�
xi
+
�
 xixi#

2
xj

�
� 2 xixj#xi#xj

�

= 4�� (x1 + �0)
2

nX
i;j=2

�
 xi#xi#xj

�
xj
� 2�� (x1 + �0)

2
nX

i;j=2

�
 xi#

2
xj

�
xi

+2�� (x1 + �0)
2

nX
i;j=2

 xixi#
2
xj
� 4�� (x1 + �0)

2
nX

i;j=2

 xixj#xi#xj

= d08 (#)� 2�� (n� 1) (x1 + �0)
2

nX
j=2

#2xj ; (2.17)

dokuzuncu terim:

�4�� (x1 + �0)
nX
i=2

 xi#xic
2 (x1 + �0)

mX
k=1

#ykyk

= �2�� (x1 + �0)
2

nX
i=2

mX
k=1

2c2 xi#xi#ykyk

= �2�� (x1 + �0)
2

nX
i=2

mX
k=1

��
2c2 xi#xi#yk

�
yk
�
�
c2 xi#

2
yk

�
xi
+
�
c2 xi

�
xi
#2yk

�2
�
c2 xi

�
yk
#xi#yk

�
= d09 (#)� 2�� (x1 + �0)

2
nX
i=2

mX
k=1

@c2

@xi
 xi#

2
yk
� 2�� (x1 + �0)

2
nX
i=2

mX
k=1

c2 xixi#
2
yk

+4�� (x1 + �0)
2

nX
i=2

mX
k=1

@c2

@yk
 xi#xi#yk + 4�� (x1 + �0)

2
nX
i=2

mX
k=1

c2 xiyk#xi#yk ; (2.18)
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onuncu terim:

4�� (x1 + �0)
nX
i=2

 xi#xi# (x1 + �0)
�1 ��2�2 �2��2 2x1 � �� (� + 1) ���2 2x1

�
= 2���2

nX
i=2

�
�2�2 �2��2 xi � �� (� + 1) ���2 xi

�
2##xi

= 2�2�2�2
nX
i=2

��
�� �2��2 xi � (� + 1) 

���2 xi
�
#2
�
xi

�2�2�2�2
nX
i=2

�
�2�� (� + 1) �2��3 2xi + �� �2��2 xixi

+(� + 1) (� + 2) ���3 2xi � (� + 1) 
���2 xixi

�
#2

= d10 (#) + 4�
3�3 (� + 1) �2��3�2#2

nX
i=2

 2xi � 2�
3�3�2 (n� 1) �2��2#2

�2�2�2�2 (� + 1) (� + 2) ���3#2
nX
i=2

 2xi + 2�
2�2�2 (� + 1) (n� 1) ���2#2; (2.19)

on birinci terim:

4�� (x1 + �0)
nX
i=2

 xi#xi# (x1 + �0)
nX
j=2

�
�� ���1 xjxj � �� ���2 (� + 1) 2xj

+�2�2 �2��2 2xj

�
= 2�2�2 (x1 + �0)

2
nX

i;j=2

h�
 ���1 xi xjxj � (� + 1) xi 

2
xj
 ���2

+�� xi 
2
xj
 �2��2

�
2##xi

i
= 2�2�2 (x1 + �0)

2
nX

i;;j=2

h
 xi

�
 xjxj 

���1 � (� + 1) 2xj 
���2 + �� 2xj 

�2��2
�
#2
i
xi

�2�2�2 (x1 + �0)
2

nX
i;j=2

( xixi xjxj 
���1 � (� + 1) 2xi xjxj 

���2

� (� + 1) xixi 
2
xj
 ���2 + (� + 1) (� + 2) 2xi 

2
xj
 ���3

�2 (� + 1) xi xj xjxi 
���2 + �� xixi 

2
xj
 �2��2

�2�� (� + 1) 2xi 
2
xj
 �2��3 + 2�� xi xj xjxi 

�2��2)#2

= d11 (#) + 4�
3�3 (� + 1) (x1 + �0)

2  �2��3#2
nX

i;j=2

 2xi 
2
xj

+4�3�3 (x1 + �0)
2  �2��2#2

nX
i=2

 2xi � 2�
3�3 (n� 1) (x1 + �0)

2  �2��2#2
nX
j=2

 2xj

�2�2�2 ���1 (n� 1)2 (x1 + �0)
2 #2 + 4�2�2 (� + 1) (x1 + �0)

2  ���2#2
nX
i=2

 2xi
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+2�2�2 (� + 1) (n� 1) (x1 + �0)
2  ���2#2

nX
i=2

 2xi

+2�2�2 (� + 1) (n� 1) (x1 + �0)
2  ���2#2

nX
j=2

 2xj

�2�2�2 (� + 1) (� + 2) (n� 1) (x1 + �0)
2  ���3#2

nX
i;j=2

 2xi 
2
xj
; (2.20)

on ikinci terim:

�4�� (x1 + �0)
nX
i=2

 xi#xi :c
2# (x1 + �0)

mX
k=1

�
�� ykyk 

���1 � �� (� + 1) 2yk 
���2

+�2�2 2yk 
�2��2�

= �2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 xi ykyk 

���1 � (� + 1) c2 xi 
2
yk
 ��2

+��c2 xi 
2
yk
 �2��2

�
2##xi

= �2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 xi 

���1 �m� (� + 1) 2yk �1 + �� 2yk 
���1�#2�

xi

+2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

(
@c2

@xi
 xi ykyk 

���1 + c2 xixi ykyk 
���1

� (� + 1) c2 2xi ykyk 
���2 � (� + 1) @c

2

@xi
 xi 

2
yk
 ���2

� (� + 1) c2 xixi 
2
yk
 ���2 + (� + 1) (� + 2) c2 2xi 

2
yk
 ���3

�2 (� + 1) c2 xi yk ykxi 
���2 + ��

@c2

@xi
 xi 

2
yk
 �2��2 + ��c2 xixi 

2
yk
 �2��2

�2�� (� + 1) c2 2xi 
2
yk
 �2��3 + 2��c2 xi yk ykxi 

�2��2)#2

= d12 (#) + 2�
2�2m ���1 (x1 + �0)

2 #2
nX
i=2

@c2

@xi
 xi

+2�2�2c2m(n� 1) (x1 + �0)
2  ���1#2

�2�2�2 (� + 1)mc2 ���2 (x1 + �0)
2 #2

nX
i=2

 2xi

�2�2�2 (� + 1) (x1 + �0)
2  ���2#2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk

�2�2�2 (� + 1) (n� 1) (x1 + �0)
2 c2 ���2#2

mX
k=1

 2yk

+2�2�2 (� + 1) (� + 2) (x1 + �0)
2 c2 ���3#2

nX
i=2

mX
k=1

 2xi 
2
yk

+2�3�3 (x1 + �0)
2  �2��2#2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk
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+2�3�3(n� 1) (x1 + �0)
2 c2 �2��2#2

mX
k=1

 2yk

�4�3�3 (� + 1) (x1 + �0)
2 c2 �2��3#2

nX
i=2

mX
k=1

 2xi 
2
yk
; (2.21)

on üçüncü terim:

�4�� (x1 + �0)
�1 #x1x1c

2 (x1 + �0)
mX
k=1

 yk#yk

= �2��
mX
k=1

2c2 yk#yk#x1x1

= �2��
mX
k=1

��
2c2 yk#yk#x1

�
x1
�
�
c2 yk#

2
x1

�
yk
+
�
c2 yk

�
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�
c2 yk

�
x1
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�
= �4��

mX
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�
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�
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�
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@yk
 yk#

2
x1

�2��c2
mX
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2
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+ 4��

mX
k=1
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 yk#x1#yk + 4��c

2

mX
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mX
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@c2

@yk
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2
x1
� 2��c2m#2x1 + 4��

mX
k=1

@c2

@x1
 yk#x1#yk ; (2.22)

on dördüncü terim:

�4�� (x1 + �0) c
2

mX
k=1

 yk#yk (x1 + �0)
nX
i=2

#xixi

= �2�� (x1 + �0)
2

nX
i=2

mX
k=1

2c2 yk#yk#xixi

= �4�� (x1 + �0)
2

nX
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mX
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�
c2 yk#yk#xi

�
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2
nX
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mX
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�
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2
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�
yk
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2
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mX
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@yk
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2
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2
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2

nX
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mX
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2 (x1 + �0)
2

nX
i=2

mX
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 ykxi#xi#yk

= d14(#)� 2�� (x1 + �0)
2

nX
i=2

mX
k=1

@c2

@yk
 yk#

2
xi
� 2��c2m (x1 + �0)

2
nX
i=2

#2xi

+4�� (x1 + �0)
2

nX
i=2

mX
k=1

@c2

@xi
 yk#xi#yk ; (2.23)
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on beşinci terim:

4�� (x1 + �0) c
2

mX
k=1

 yk#ykc
2 (x1 + �0)

mX
s=1

#ysys

= 2�� (x1 + �0)
2

mX
k;s=1

2c4 yk#yk#ysys

= 2�� (x1 + �0)
2

mX
k;s=1

��
2c4 yk#yk#ys

�
ys
�
�
c4 yk#

2
ys

�
yk
+
�
c4 yk

�
yk
#2ys

�2
�
c4 yk

�
ys
#yk#ys

�
= 4�� (x1 + �0)

2
mX

k;s=1

�
c4 yk#yk#ys

�
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� 2�� (x1 + �0)

2
mX

k;s=1

�
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2
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�
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mX
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�
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�
yk
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2
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c4 yk

�
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2

mX
k;s=1

@c4

@yk
 yk#

2
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4m (x1 + �0)
2

mX
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2

mX
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@ys
 yk#yk#ys � 4��c

4 (x1 + �0)
2

mX
k=1

#2yk ; (2.24)

on alt¬nc¬terim:

�4��c2 (x1 + �0)
mX
k=1

 yk#yk (x1 + �0)
�1 (�2�2 �2��2 2x1 � �� (� + 1) ���2 2x1)#

= �2�2�2�2
mX
k=1

�
c2 yk(�� 

�2��2 � (� + 1) ���2)
�
2##yk

= �2�2�2
nX
i=1

mX
k=1

�
c2 yk

�
�� �2��2 � (� + 1) ���2

�
#2
�
yk

+2�2�2
mX
k=1

�
��
@c2

@yk
 yk 

�2��2 + ��c2 ykyk 
�2��2 � 2��(� + 1)c2 2yk 

�2��3

� (� + 1) @c
2

@yk
 yk 

���2 � (� + 1) c2 ykyk 
���2 + (� + 1) (� + 2) c2 2yk 

���3
�
#2

= d16 (#) + 2�
3�3 �2��2

mX
k=1

@c2

@yk
 yk#

2

+2�3�3c2 �2��2
mX
k=1

 ykyk#
2 � 4�3�3 (� + 1) c2 �2��3

mX
k=1

 2yk#
2

�2�2�2 (� + 1) ���2
mX
k=1

@c2

@yk
 yk#

2 � 2�2�2 (� + 1) c2 ���2
mX
k=1

 ykyk#
2

+2�2�2c2 (� + 1) (� + 2) ���3
mX
k=1

 2yk#
2; (2.25)
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on yedinci terim:

�4�� (x1 + �0) c
2

mX
k=1

 yk#yk (x1 + �0)

nX
i=2

(�� ���1 xixi � �� (� + 1) ���2 2xi

+�2�2 �2��2 2xi)#

= �4�2�2 (x1 + �0)
2

nX
i=2
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�
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���1( xixi � (� + 1) 
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�
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2
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�
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�
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@yk
 xixi yk 

���1 + c2 ykyk xixi 
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� (� + 1) c2 xixi 
2
yk
 ���2 � (� + 1) @c

2

@yk
 2xi yk 

���2 � (� + 1) c2 2xi ykyk 
���2

+(� + 1) (� + 2) c2 2xi 
2
yk
 ���3 � 2c2 (� + 1) ���2 yk xi xiyk

+��
@c2

@yk
 2xi yk 

�2��2 + ��c2 ykyk 
2
xi
 �2��2

�2��(� + 1)c2 2yk 
2
xi
 �2��3 + 2��c2 yk xi xiyk 

�2��2�#2
= d17 (#) + 2�

2�2 (n� 1) (x1 + �0)
2  ���1#2

mX
k=1

@c2

@yk
 yk

+2�2�2c2 (n� 1)m (x1 + �0)
2  ���1#2

�2�2�2c2 (� + 1) (n� 1) (x1 + �0)
2  ���2#2

mX
k=1

 2yk

�2�2�2 (� + 1) (x1 + �0)
2  ���2#2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk

�2�2�2 (� + 1) (x1 + �0)
2 c2m ���2#2

nX
i=2

 2xi

+2�2�2c2 (x1 + �0)
2 (� + 1) (� + 2) ���3#2

nX
i=2

mX
k=1

 2xi 
2
yk

+2�3�3 (x1 + �0)
2  �2��2#2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk

�4�3�3(� + 1) (x1 + �0)
2 c2 �2��3#2

nX
i=2

mX
k=1

 2yk 
2
xi

+2�3�3 (x1 + �0)
2 c2m �2��2#2

nX
i=2

 2xi ; (2.26)
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on sekizinci terim:

4��c2 (x1 + �0)

mX
k=1

 yk#yk�� 
���1#c2 (x1 + �0)

mX
s=1

�
 ysys � (� + 1) 

�1 2ys

+�� ���1 2ys
�

= 2�2�2 (x1 + �0)
2

mX
k;s=1

c4 yk
�
 ysys 

���1 � (� + 1) 2ys 
���2 + �� 2ys 

�2��2� 2##yk
= 2�2�2 (x1 + �0)

2
mX

k;s=1

�
c4 yk

�
 ysys 

���1 � (� + 1) 2ys 
���2 + �� 2ys 

�2��2�#2�
yk

�2�2�2 (x1 + �0)
2

mX
k;s=1

�
@c4

@yk
 yk ysys 

���1 + c4 ykyk ysys 
���1

�c4(� + 1) 2yk ysys 
���2 � (� + 1) @c

4

@yk
 yk 

2
ys 

���2 � (� + 1) c4 ykyk 
2
ys 

���2

+(� + 1) (� + 2)c4 2yk 
2
ys 

���3 � (� + 1) c4 yk
@ 2ys
@yk

 ���2

+��
@c4

@yk
 yk 

2
ys 

�2��2 + ��c4 ykyk 
2
ys 

�2��2

�2��(� + 1)c4 2yk 
2
ys 

�2��3 + ��c4 yk
@ 2ys
@yk

 �2��2

!
#2

= d18 (#)� 2�2�2m ���1#2
mX
k=1

@c4

@yk
 yk � 2�

2�2c4m2 ���1#2

+2�2�2c4(� + 1)m ���2#2
mX
k=1

 2yk + 2�
2�2 (� + 1) ���2#2

mX
k;s=1

@c4

@yk
 yk 

2
ys

+2�2�2 (� + 1) c4m ���2#2
mX
s=1

 2ys � 2�
2�2 (� + 1) (� + 2)c4 ���3#2

mX
k;s=1

 2yk 
2
ys

+4�2�2 (� + 1) c4 ���2#2
mX
k=1

 2yk � 2�
3�3 �2��2#2

mX
k;s=1

@c4

@yk
 yk 

2
ys

�4�3�3c4 �2��2#2
mX
k=1

 2yk � 2�
3�3c4m �2��2

mX
s=1

 2ys

�4�3�3(� + 1)c4 �2��3
mX

k;s=1

 2yk 
2
ys (2.27)

şeklinde bulunur.
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O halde (2.10) - (2.27) eşitliklerinden

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)

mX
k=1

'ykyk

!!2
�2
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�3 #2x1 � 2���

mX
k=1
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2

nX
i=2

mX
k=1

@c2

@xi
 xi#

2
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mX
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@yk
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@yk
 yk#

2
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mX
k=1
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 yk#x1#yk � 2�� (x1 + �0)

2
nX
i=2

mX
k=1
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@yk
 yk#

2
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�2��c2m (x1 + �0)
2

nX
i=2

#2xi + 4�� (x1 + �0)
2

nX
i=2

mX
k=1

@c2

@xi
 yk#xi#yk

+2�� (x1 + �0)
2

mX
k;s=1

@c4

@yk
 yk#

2
ys + 2��c

4m (x1 + �0)
2

mX
s=1

#2ys

�4�� (x1 + �0)
2

mX
k;s=1

@c4

@ys
 yk#yk#ys � 4��c

4 (x1 + �0)
2

mX
k=1

#2yk

+K (�; �;  )#2 + d0 (#) (2.28)

elde edilir.

E¼ger 

 alt bölgesinde kc2kC1(
) � M ,
�� yk�� � p

2
 ve
�� xi�� � p

2
, (1 � i � n),

(1 � j � m) oldu¼gu göz önünde bulundurulursa (2.1) den

�2���
mX
k=1

@c2

@x1
#2yk � 2����1

mX
k=1

#2yk (2.29)

elde edilir. Ayr¬ca

4���

mX
k=1

@c2

@yk
#x1#yk � �4���

mX
k=1

����@c2@yk

���� j#x1#yk j
� �2���

 
(x1 + �0) "0

mX
k=1

#2yk +m
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(x1 + �0) "0
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!

� �2��� (x1 + �0) "0

mX
k=1

#2yk � 2���m
M

(x1 + �0) "0
#2x1 ; (2.30)

20



�2�� (x1 + �0)
2

nX
i=2

mX
k=1

@c2

@xi
 xi#

2
yk

� �2�� (x1 + �0)
2

nX
i=2

mX
k=1

����@c2@xi

���� �� xi�� ��#2yk��
� �2�� (x1 + �0)

2M
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 (n� 1)

mX
k=1

#2yk ; (2.31)

�2��c2 (n� 1) (x1 + �0)
2

mX
k=1

#2yk � �2�� (n� 1) (x1 + �0)
2
��c2�� mX

k=1

��#2yk��
� �2�� (n� 1)M (x1 + �0)

2
mX
k=1

#2yk ; (2.32)
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nX
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mX
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@c2

@yk
 xi#xi#yk � �4�� (x1 + �0)

2
nX
i=2

mX
k=1

����@c2@yk

���� �� xi�� j#xi#yk j
� �2��M

p
2
 (x1 + �0)

2
nX
i=2

mX
k=1

�
#2xi + #2yk

�
� �2��M
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2
 (x1 + �0)

2m
nX
i=2

#2xi

�2��M
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2
 (x1 + �0)

2 (n� 1)
mX
k=1

#2yk ; (2.33)

�2��
mX
k=1

@c2

@yk
 yk#
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x1

� �2��
mX
k=1

����@c2@yk

���� �� yk�� ��#2x1��
� �2��M

p
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mX
k=1

#2x1 ; (2.34)

�2��c2m#2x1 � �2��
��c2��m#2x1 � �2��mM#2x1 ; (2.35)
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mX
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� �2��M
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mX
k=1

�
#2x1 + #2yk

�
� �2��M

p
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mX
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#2yk � 2��mM
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#2x1 ; (2.36)

�2�� (x1 + �0)
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mX
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@yk
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#2xi ; (2.37)
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�2��c2m (x1 + �0)
2

nX
i=2
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2

nX
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#2xi ; (2.38)
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2
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#2yk (2.43)

ba¼g¬nt¬lar¬yaz¬labilir.
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(2.28) eşitsizli¼ginde (2.29)-(2.43) ba¼g¬nt¬lar¬kullan¬larak
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yaz¬labilir. Di¼ger taraftan 0 � "0 � �1
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oldu¼gundan

2��� (�1 � n"0) > 2���
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�1 �
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4

�
>
3

2
����1 (2.45)

bulunur. E¼ger
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; (2.46)

�1 =
4M

p
2


�1
l1; (2.47)
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oldu¼gu göz önünde bulundurulursa � � �1 için
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+2 (x1 + �0) (n� 1) + 2M (x1 + �0)m+ 2M (x1 + �0)
�p

2

��1�

(x1 + �0)

mX
k=1

#2yk

� 2�� (x1 + �0)
�
��1 � �"0 �M

p
2
l1

� mX
k=1

#2yk

�
�
2�� (��1 � n"0�)� 2��M

p
2
l1

�
(x1 + �0)

mX
k=1

#2yk

�
�
3

2
����1 � 2���1

�1
4

�
(x1 + �0)

mX
k=1

#2yk

� ����1 (x1 + �0)

mX
k=1

#2yk (2.49)

elde edilir. Ayr¬ca kabulümüzden
p
2
 < 1,


 <
4

3

�
Mm"�10 + 3mM

��1=2
< 1

eşitsizli¼gi yaz¬labilir. Buradan�
3

4



�2 �
Mm"�10 + 3mM

�
< 1

ve�
3

4



�2�
Mm"�10 +

3

2

mM

p
2
 +

3

4

mM

�
< 1

olaca¼g¬ndan 2� �0 > 1 olur. O halde

�0 =

 �
3

4



�2
Mm"�10 + 2mM

�
3

4



�3p
2
 +mM

�
3

4



�3!
< 1

ve x1 + �0 <
3
4

 (� � 4) için

2� �1 > 2� �0

oldu¼gu görülür.

Burada

�1 =
�
(x1 + �0)

2Mm"�10 + 2mM (x1 + �0)
3
p
2
 +mM (x1 + �0)

3
�
< 1

d¬r. Bu durumda

2�Mm (x1 + �0)
2 "�10 � 2mM (x1 + �0)

3 ��1
p
2
 �mM��1 (x1 + �0)

3

> 2� �1 > 2� �0 > 1
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oldu¼gu görülür. E¼ger � � 4 ve


 � min
�
1

2
;
4

3

�
Mm"�10 + 3mM

��1=2�
oldu¼gu dikkate al¬n¬rsa

2��
�
2� (x1 + �0)

�3 + (n� 1)� �Mm (x1 + �0)
�1 "�10 � 2mM

p
2
 �mM

�
#2x1

= 2��� (x1 + �0)
�3 #2x1

�
2�Mm (x1 + �0)

2 "�10 � 2mM (x1 + �0)
3 ��1

p
2


�mM��1 (x1 + �0)
3�

� 2��� (x1 + �0)
�3 #2x1 : (2.50)

bulunur.

Böylece

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!2
�2

= 2��
�
2� (x1 + �0)

�3 � �Mm (x1 + �0)
�1 "�10 � 2mM

p
2
 �mM

�
#2x1

�2�� (x1 + �0)
2
�
n+ 1 +M

p
2
m+Mm

p
2
 +Mm+M

p
2
m

� nX
i=2

#2xi

+2�� (x1 + �0)
�
��1 � �"0 � (x1 + �0)M

p
2
 (n� 1)� (n� 1)M (x1 + �0)

�M
p
2
 (x1 + �0) (n� 1)�M

p
2
 � (x1 + �0)M

p
2
 (n� 1)

�2 (x1 + �0)M
2
p
2
m� (x1 + �0)mM

2 � 2 (x1 + �0)M
2
p
2
m

�2M2 (x1 + �0)
� mX
k=1

#2yk +K (�; �;  )#2 + d0 (#)

� 2��� (x1 + �0)
�3 #2x1 � 2��

�
1 + 2 (x1 + �0)

2 + 3M
p
2
 (x1 + �0)

2m

+(x1 + �0)
2Mm

� nX
i=2

#2xi + ����1 (x1 + �0)

mX
k=1

#2yk +K (�; �;  )#2 + d0 (#)

� 2��� (x1 + �0)
�3 #2x1 � 2�� (x1 + �0)

2G0(n;m)
nX
i=2

#2xi

+����1 (x1 + �0)
mX
k=1

#2yk +K (�; �;  )#2 + d0 (#) (2.51)

eşitsizli¼gi elde edilir. Burada

G0(n;m) = n+ 1 + 3M
p
2
m+Mm (2.52)

dir.
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Ayr¬ca K(�; �; �) fonksiyonu aşa¼g¬daki şekilde düzenlenebilir:

K = �3�3
�
4�3 (x1 + �0)

�3  �2��2 + 4�4 (� + 1) (x1 + �0)
�2  �2��3

+4�2 (� + 1) �2��3
nX
i=2

 2xi � 4�
2 (� + 1) c2 �2��3

mX
k=1

 2yk

+2� �2��2
mX
k=1

@c2

@x1
 2yk + 4 (� + 1) 

�2��3�2
nX
i=2

 2xi � 2�
2 (n� 1) �2��2

+4 (� + 1) (x1 + �0)
2  �2��3

nX
i;j=2

 2xi 
2
xj
� 4 (x1 + �0)

2  �2��2
nX
i=2

 2xi

�2 (n� 1) (x1 + �0)
2  �2��2

nX
j=2

 2xj + 2 (x1 + �0)
2  �2��2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk

+2(n� 1) (x1 + �0)
2 c2 �2��2

mX
k=1

 2yk

�4 (� + 1) (x1 + �0)
2 c2 �2��3

nX
i=2

mX
k=1

 2xi 
2
yk

+2 �2��2
mX
k=1

@c2

@yk
 yk + 2c

2m �2��2 � 4 (� + 1) c2 �2��3
mX
k=1

 2yk

+2 �2��2 (x1 + �0)
2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk + 2 (x1 + �0)

2 c2m �2��2
nX
i=2

 2xi

�4(� + 1) (x1 + �0)
2 c2 �2��3

nX
i=2

mX
k=1

 2yk 
2
xi
� 2 �2��2

mX
k;s=1

@c4

@yk
 yk 

2
ys

�2c4m �2��2
mX
s=1

 2ys � 4(� + 1)c
4 �2��3

mX
k;s=1

 2yk 
2
ys � 4c

4 �2��2
mX
k=1

 2yk

!
+�2�2

�
�4 (� + 1) �3 (x1 + �0)

�3  ���2 � 2�4 (� + 1) (� + 2) (x1 + �0)
�2  ���3

�2�2 (� + 1) (� + 2) ���3
nX
i=2

 2xi + 2�
2 (� + 1) ���2 + 2�m

@c2

@xi
 ���1

+2�2 (� + 1) (� + 2) c2 ���3
mX
k=1

 2yk � 2�
2 (� + 1)mc2 ���2

�2� (� + 1) ���2
mX
k=1

@c2

@x1
 2yk � 2�

2 (� + 1) (� + 2) ���3
nX
i=2

 2xi

+2�2 (� + 1) (n� 1) ���2 � 2 ���1 (n� 1)2 (x1 + �0)
2

+2 (� + 1) (n� 1) (x1 + �0)
2  ���2

nX
i=2

 2xi

+2 (� + 1) (n� 1) (x1 + �0)
2  ���2

nX
j=2

 2xj

�2 (� + 1) (� + 2) (n� 1) (x1 + �0)
2  ���3

nX
i;j=2

 2xi 
2
xj
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+4 (� + 1) (x1 + �0)
2  ���2

nX
i=2

 2xi + 2m 
���1 (x1 + �0)

2
nX
i=2

@c2

@xi
 xi

+2c2m(n� 1) (x1 + �0)
2  ���1 � 2 (� + 1)mc2 ���2 (x1 + �0)

2
nX
i=2

 2xi

�2 (� + 1) (x1 + �0)
2  ���2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk

�2 (� + 1) (n� 1) (x1 + �0)
2 c2 ���2

mX
k=1

 2yk

+2 (� + 1) (� + 2) (x1 + �0)
2 c2 ���3

nX
i=2

mX
k=1

 2xi 
2
yk

�2 (� + 1) ���2
mX
k=1

@c2

@yk
 yk � 2 (� + 1)mc

2 ���2

+2c2 (� + 1) (� + 2) ���3
mX
k=1

 2yk + 2 (n� 1) (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

+2c2 (n� 1) (x1 + �0)
2m ���1 � 2c2 (� + 1) (n� 1) (x1 + �0)

2  ���2
mX
k=1

 2yk

�2 (� + 1) (x1 + �0)
2  ���2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk

�2 (� + 1) (x1 + �0)
2 c2m ���2

nX
i=2

 2xi

+2c2 (� + 1) (� + 2) (x1 + �0)
2  ���3

nX
i=2

mX
k=1

 2xi 
2
yk

�2m ���1
mX
k=1

@c4

@yk
 yk � 2c

4m2 ���1 + 2c4(� + 1)m ���2
mX
k=1

 2yk

+2 (� + 1) ���2
mX

k;s=1

@c4

@yk
 yk 

2
ys + 2 (� + 1) c

4m ���2
mX
s=1

 2ys

�2 (� + 1) (� + 2)c4 ���3
mX

k;s=1

 2yk 
2
ys

+4 (� + 1) c4 ���2
mX
k=1

 2yk

!
Daha aç¬k olarak yukar¬da verilen K (�; �; �) fonksiyonu

K (�; �; �) = �3�3E1 + �2�2E2 (2.53)

formunda yaz¬labilir.
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Burada

E1 = 4�3 (x1 + �0)
�3  �2��2 + 4�4 (� + 1) (x1 + �0)

�2  �2��3

+4�2 (� + 1) �2��3
nX
i=2

 2xi � 4�
2 (� + 1) c2 �2��3

mX
k=1

 2yk

+2� �2��2
mX
k=1

@c2

@x1
 2yk + 4 (� + 1) 

�2��3�2
nX
i=2

 2xi � 2�
2 (n� 1) �2��2

+4 (� + 1) (x1 + �0)
2  �2��3

nX
i;j=2

 2xi 
2
xj
� 4 (x1 + �0)

2  �2��2
nX
i=2

 2xi

�2 (n� 1) (x1 + �0)
2  �2��2

nX
j=2

 2xj + 2 (x1 + �0)
2  �2��2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk

+2(n� 1) (x1 + �0)
2 c2 �2��2

mX
k=1

 2yk

�4 (� + 1) (x1 + �0)
2 c2 �2��3

nX
i=2

mX
k=1

 2xi 
2
yk
+ 2 �2��2

mX
k=1

@c2

@yk
 yk

+2mc2 �2��2 � 4 (� + 1) c2 �2��3
mX
k=1

 2yk + 2 
�2��2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk

+2c2m �2��2
nX
i=2

 2xi � 4(� + 1)c
2 �2��3

nX
i=2

mX
k=1

 2yk 
2
xi

�2 �2��2
mX

k;s=1

@c4

@yk
 yk 

2
ys � 2c

4m �2��2
mX
s=1

 2ys

�4(� + 1)c4 �2��3
mX

k;s=1

 2yk 
2
ys � 4c

4 �2��2
mX
k=1

 2yk ; (2.54)

E2 = �4 (� + 1) �3 (x1 + �0)
�3  ���2 � 2�4 (� + 1) (� + 2) (x1 + �0)

�2  ���3

�2�2 (� + 1) (� + 2) ���3
nX
i=2

 2xi + 2�
2 (� + 1) ���2

+2�2 (� + 1) (� + 2) c2 ���3
mX
k=1

 2yk � 2�
2 (� + 1)mc2 ���2

�2�2 (� + 1) (� + 2) ���3
nX
i=2

 2xi + 2�
2 (� + 1) (n� 1) ���2

�2� (� + 1) ���2
mX
k=1

@c2

@x1
 2yk � 2 

���1 (n� 1)2 (x1 + �0)
2

+2�m
@c2

@xi
 ���1 + 2 (� + 1) (n� 1) (x1 + �0)

2  ���2
nX
i=2

 2xi

+2 (� + 1) (n� 1) (x1 + �0)
2  ���2

nX
j=2

 2xj
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�2 (� + 1) (� + 2) (n� 1) (x1 + �0)
2  ���3

nX
i;j=2

 2xi 
2
xj

+4 (� + 1) (x1 + �0)
2  ���2

nX
i=2

 2xi + 2m 
���1 (x1 + �0)

2
nX
i=2

@c2

@xi
 xi

+2c2m(n� 1) (x1 + �0)
2  ���1 � 2 (� + 1)mc2 ���2 (x1 + �0)

2
nX
i=2

 2xi

�2 (� + 1) (x1 + �0)
2  ���2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk

�2 (� + 1) (n� 1) (x1 + �0)
2 c2 ���2

mX
k=1

 2yk

+2 (� + 1) (� + 2) (x1 + �0)
2 c2 ���3

nX
i=2

mX
k=1

 2xi 
2
yk

�2 (� + 1) ���2
mX
k=1

@c2

@yk
 yk � 2 (� + 1)mc

2 ���2

+2c2 (� + 1) (� + 2) ���3
mX
k=1

 2yk + 2 (n� 1) (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

+2c2 (n� 1)m (x1 + �0)
2  ���1 � 2c2 (� + 1) (n� 1) (x1 + �0)

2  ���2
mX
k=1

 2yk

�2 (� + 1) (x1 + �0)
2  ���2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk

�2 (x1 + �0)
2 (� + 1) c2m ���2

nX
i=2

 2xi

+2c2 (� + 1) (� + 2) (x1 + �0)
2  ���3

nX
i=2

mX
k=1

 2xi 
2
yk
� 2m ���1

mX
k=1

@c4

@yk
 yk

�2c4m2 ���1 + 2c4(� + 1)m ���2
mX
k=1

 2yk + 2 (� + 1) 
���2

mX
k;s=1

@c4

@yk
 yk 

2
ys

+2 (� + 1) c4m ���2
mX
s=1

 2ys � 2 (� + 1) (� + 2)c
4 ���3

mX
k;s=1

 2yk 
2
ys

+4 (� + 1) c4 ���2
mX
k=1

 2yk (2.55)

olarak verilmi̧stir.
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Şimdi E1 ve E2 ifadelerini de¼gerlendirelim:

·Ilk olarak

E1 = 4�4 (� + 1) (x1 + �0)
�2  �2��3 + 4�3 (x1 + �0)

�3  �2��2

+4 (� + 1) (x1 + �0)
2  �2��3

nX
i;j=2

 2xi 
2
xj
+ 4�2 (� + 1) �2��3

nX
i=2

 2xi

+2(n� 1) (x1 + �0)
2 c2 �2��2

mX
k=1

 2yk + 2mc
2 �2��2

+2c2m �2��2
nX
i=2

 2xi � E11 (2.56)

olmak üzere

E1 > 4�
4 (� + 1) (x1 + �0)

�2  �2��3 � E11 (2.57)

yaz¬labilir.

E11 = 4�2 (� + 1) c2 �2��3
nX
i=2

 2yk � 2� 
�2��2

nX
i=2

@c2

@x1
 2yk

+2�2 (n� 1) �2��2 + 4 (x1 + �0)
2  �2��2

nX
i=2

 2xi

+2 (n� 1) (x1 + �0)
2  �2��2

nX
j=2

 2xj � 2 (x1 + �0)
2  �2��2

nX
i=2

mX
k=1

@c2

@xi
 xi 

2
yk

+4 (� + 1) (x1 + �0)
2 c2 �2��3#2

nX
i=2

mX
k=1

 2xi 
2
yk
� 2 �2��2

mX
k=1

@c2

@yk
 yk

+4 (� + 1) c2 �2��3
mX
k=1

 2yk � 2 
�2��2

nX
i=2

mX
k=1

@c2

@yk
 2xi yk

+4(� + 1)c2 �2��3
nX
i=2

mX
k=1

 2yk 
2
xi
+ 2 �2��2

mX
k;s=1

@c4

@yk
 yk 

2
ys

+2c4m �2��2
mX
s=1

 2ys + 4(� + 1)c
4 �2��3

mX
k;s=1

 2yk 
2
ys + 4c

4 �2��2
mX
k=1

 2yk (2.58)

olup

E1 > 4�4 (� + 1) (x1 + �0)
�2  �2��3 � E11

= 4�4 (� + 1) (x1 + �0)
�2  �2��3

�
1� 1

�2
E12

�
(2.59)

bulunur. Bu eşitsizlikte

E12 =
1

4�2 (� + 1) (x1 + �0)
�2  �2��3

E11 (2.60)

şeklinde tan¬ml¬d¬r.
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Di¼ger yandan c,  ,  xi,  yk fonksiyonlar¬C
1
�


�
uzay¬nda s¬n¬rl¬oldu¼gundan x 2 

 için

E12 de s¬n¬rl¬d¬r. Yani bir M1 > 0 say¬s¬vard¬r öyle ki jE12j �M1. E¼ger

� � �2 =
p
2M1; M1 =

�22
2

ise�
1� 1

�2
E12

�
� 1

2

olaca¼g¬ndan

E1 > 4�4 (x1 + �0)
�2 (� + 1) �2��3 � E11

= 4�4 (x1 + �0)
�2 (� + 1) �2��3

�
1� 1

�2
E12

�
� 2�4 (x1 + �0)

�2 (� + 1) �2��3 (2.61)

elde edilir.

·Ikinci olarak sabitlenmi̧s � � �2, �; 
 say¬lar¬için E2 ifadesinin de 

 da s¬n¬rl¬oldu¼gunu

söyleyebiliriz. 

 : jE2j �M2, M2 > 0: Buna ba¼gl¬olarak

e¼ger � � �0 =M2 ise � > 1 için

2�3�3�4 (x1 + �0)
�2 (� + 1) �2��3 � �2�2M2 � 0

yaz¬labilir. Sonuç olarak

K(�; �; �) = �3�3E1 + �2�2E2

� 2�3�3�4 (x1 + �0)
�2 (� + 1) �2��3 + �2�2E2

= 2�3�4�4 (x1 + �0)
�2  �2��3 + 2�3�3�4 (x1 + �0)

�2  �2��3 + �2�2E2

� 2�3�4�4 (x1 + �0)
�2  �2��3 +

�
2�3�3 (x1 + �0)

�2  �2��3�4 � �2�2M2

�
� 2�3�4�4 (x1 + �0)

�2  �2��3 (2.62)

oldu¼gu görülür.

(2.44) eşitsizli¼gi (2.49), (2.50), (2.52), (2.62) ba¼g¬nt¬lar¬dikkate al¬narak � � �3,

� � �0, � > 1 için

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)

mX
k=1

'ykyk

!!2
�2

� 2��� (x1 + �0)
�3 #2x1 � 2��Go(n;m)

nX
i=2

#2xi + ����1 (x1 + �0)

mX
k=1

#2yk

+2�3�4�4 (x1 + �0)
�2  �2��3#2 + d0 (#) (2.63)

elde edilir.
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Lemma 2.1 in ispat¬n¬tamamlamak için ' (x) fonksiyonuna geri dönmeliyiz. Bunun için

# = �';

#x1 =
�
'x1 � �� ���1 x1'

�
�;

#2x1 = '2x1�
2 � �2�2 2x1 

�2��2'2�2 � �� (� + 1) 2x1 
���2'2�2

���
�
 x1 

���1'2�2
�
x1
;

#xi =
�
'xi � �� ���1 xi'

�
�;

#2xi = '2xi�
2 � �2�2 2xi 

�2��2'2�2 � �� (� + 1) 2xi 
���2'2�2

+�� ���1 xixi'
2�2 � ��

�
 xi 

���1'2�2
�
xi
;

#yk =
�
'yk � �� ���1 yk'

�
�;

#2yk = '2yk�
2 � �2�2 2yk 

�2��2'2�2 � �� (� + 1) 2yk 
���2'2�2

+�� ���1 ykyk'
2�2 � ��

�
 yk 

���1'2�2
�
yk

eşitlikleri (2.63) eşitsizli¼ginde yerine yaz¬l¬rsa

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!2
�2

� 2��� (x1 + �0)
�3 #2x1 � 2�� (x1 + �0)

2Go(n;m)
nX
i=2

#2xi + ����1 (x1 + �0)
mX
k=1

#2yk

+2�3�4�4 (x1 + �0)
�2  �2��3#2 + d0 (#)
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�3 �'2x1�2 � �2�2 2x1 

�2��2'2�2 � �� (� + 1) 2x1 
���2'2�2

���
�
 x1 

���1'2�2
�
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�
� 2�� (x1 + �0)
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�
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2 � �2�2 2xi 
�2��2'2�2
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2�2 � ��
�
 xi 

���1'2�2
�
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�
+����1 (x1 + �0)

mX
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�
'2yk�

2 � �2�2 2yk 
�2��2'2�2 � �� (� + 1) 2yk 

���2'2�2

+�� ���1 ykyk'
2�2 � ��

�
 yk 

���1'2�2
�
yk

�
+2�3�4�4 (x1 + �0)

�2  �2��3'2�2 + d0 ('�)

= 2��� (x1 + �0)
�3 '2x1�

2 � 2�� (x1 + �0)
2Go(n;m)

nX
i=1

'2xi�
2

+����1 (x1 + �0)

mX
k=1

'2yk�
2 + 2�3�4�4 (x1 + �0)

�2  �2��3'2�2

+G(�; �)'2�2 + d0 ('�) + d01 ('�) (2.64)

elde edilir.
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Burada

d0 (�')

= 2���
�
(x1 + �0)

�2 #2x1
�
x1
+ 4���

nX
i=2

(#x1#xi)xi � 2���
nX
i=2

�
#2xi
�
x1

+4���
mX
k=1

�
c2#x1#yk

�
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k=1

�
c2#2yk

�
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+2���3
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�
#2
�
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+2���
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i=2
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�2�2 �2��2 2xi � �� (� + 1) ���2 2xi

�
+ �� ���1

�
#2
�
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�2���
mX
k=1

��
�2�2c2 �2��2 2yk � �� (� + 1) c2 ���2 2yk + �� ���1mc2

�
#2
�
x1

+4��

nX
i=2

�
 xi#xi#x1

�
x1
� 2��

nX
i=2

�
 xi#

2
x1

�
xi

+4�� (x1 + �0)
2

nX
i;j=2

�
 xi#xi#xj

�
xj
� 2�� (x1 + �0)

2
nX

i;j=2

�
 xi#

2
xj

�
xi

�4�� (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 xi#xi#yk

�
yk
+ 2�� (x1 + �0)

2
nX
i=2

mX
k=1

�
c2 xi#

2
yk

�
xi

+2�2�2�2
nX
i=2

��
�� �2��2 xi � (� + 1) 

���2 xi
�
#2
�
xi

+2�2�2 (x1 + �0)
2

nX
i;;j=2

h
 xi 

���1
�
(n� 1) xi � (� + 1) 

2
xj
 �1 + �� 2xj 

�v�
�
#2
i
xi

�2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 xi 

���1 �m� (� + 1) 2yk �1 + �� 2yk 
���1#2

��
xi

�4��
mX
k=1

�
c2 yk#yk#x1

�
x1
+ 2��

mX
k=1

�
c2 yk#

2
x1

�
yk

�4�� (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 yk#yk#xi

�
xi
+ 2�� (x1 + �0)

2
nX
i=2

mX
k=1

�
c2 yk#

2
xi

�
yk

+4�� (x1 + �0)
2

mX
k;s=1

�
c4 yk#yk#ys

�
ys
� 2�� (x1 + �0)

2
mX

k;s=1

�
c4 yk#

2
ys

�
yk

�2�2�2
nX
i=1

mX
k=1

�
c2 yk

�
�� �2��2 � (� + 1) ���2

�
#2
�
yk

�2�2�2 (x1 + �0)
2

nX
i=2

mX
k=1

�
c2 yk 

���1((n� 1)� (� + 1) 2xi 
�1 + �� 2xi 

���1)#2
�
yk

+2�2�2 (x1 + �0)
2

mX
k;s=1

�
c4 ���1 yk

�
m� (� + 1) 2ys 

�1 + �� 2ys 
���1�#2�

yk
(2.65)
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G (�; �) = �2��� (x1 + �0)
�3 ��2�2 2x1 �2��2 + �� (� + 1) 2x1 

���2�
+2�� (x1 + �0)

2Go(n;m)

nX
i=2

��
�2�2 2xi 

�2��2 + �� (� + 1) 2xi 
���2�

��� (n� 1) ���1
�
+ ����1 (x1 + �0)

mX
k=1

��
��2�2 2yk 

�2��2

��� (� + 1) 2yk 
���2�+ ��m ���1

�
; (2.66)

d1 (�') = �2�2�2� (x1 + �0)
�3
��
 x1 

���1'2�2
�
x1

�
(2.67)

+2�2�2Go(n;m)
nX
i=2

�
 xi 

���1'2�2
�
xi

��2�2��1 (x1 + �0)
mX
k=1

�
 yk 

���1'2�2
�
yk

şeklinde tan¬ml¬d¬r.

Şimdi Problem 3.1 in çözümünün tekli¼gini ispatlamak için gerekli olan ikinci bir lemma

tan¬mlayal¬m.

Lemma 2.2 Aşa¼g¬daki eşitlik her ' 2 C2 (
) fonksiyonu için

�'
 
'x1x1 + (x1 + �0)

2

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!
�2 (2.68)

= '2x1�
2 + (x1 + �0)

2

 
nX
i=2

'2xi�
2 � c2

mX
k=1

'2yk�
2

!
+G2 (�; �)'

2�2 + d02 (')

sa¼glan¬r. Burada

G2 (�; �) =
�
��2�2 �2��2 2x1 + �� ���1 x1 � ��(� + 1) ���2 2x1

� (x1 + �0)
2

nX
i=2

�
��(� + 1) ���2 + 2�2�2 �2��2

�
 2xi

+�� ���1 (x1 + �0)
2 (n� 1) + 1

2
(x1 + �0)

2
mX
k=1

@2

@y2k
c2

���c2m ���1 (x1 + �0)
2

+
�
2�2�2c2 (x1 + �0)

2  �2��2 + �� (� + 1) c2 (x1 + �0)
2  ���2

� mX
k=1

 2yk

�2�� (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

!
'2�2;
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d2 (') = �
�
''x1�

2
�
x1
� ��

�
 ���1 x1'

2�2
�
x1
+
1

2

�
'2�2

�
x1

�
nX
i=2

�
(x1 + �0)

2 �''xi�2 + �� ���1 xi'
2�2
��
xi

+

mX
k=1

(x1 + �0)
2

�
�2
�
c2''yk �

1

2

@c2

@yk
'2 + ��c2 ���1 yk'

2

��
yk

olarak tan¬ml¬d¬r.

·Ispat. (2.68) eşitli¼ginin sol taraf¬için aşa¼g¬daki eşitlikler yaz¬labilir.

Birinci terim:

�''x1x1�
2 = �

h�
''x1�

2
�
x1
�
�
'�2

�
x1
'x1

i
= �

�
''x1�

2
�
x1
+
�
'�2

�
x1
'x1 : (2.69)

(2.69) eşitli¼ginde�
'�2

�
x1
'x1 = '2x1�

2 + '
�
�2
�
x1
'x1

= '2x1�
2 � 2�� ���1 x1''x1�

2

= '2x1�
2 � �� ���1 x1

�
'2
�
x1
�2 (2.70)

dir. Ayr¬ca

��
�
 ���1 x1'

2�2
�
x1

= ��
�
(�� � 1) ���2 2x1'

2�2

+ ���1 x1
�
'2
�
x1
�2 +  ���1 x1x1'

2�2

�2�� �2��2 2x1'
2�2
�

= ���(� + 1) ���2 2x1'
2�2 + �� ���1 x1

�
'2
�
x1
�2

+�� ���1 x1x1'
2�2 � 2�2�2 �2��2 2x1'

2�2 (2.71)

kullan¬larak

��� ���1 x1
�
'2
�
x1
�2 = ���

�
 ���1 x1'

2�2
�
x1
� ��(� + 1) ���2 2x1'

2�2

+�� ���1'2�2 � 2�2�2 �2��2 2x1'
2�2 (2.72)

ve sonuç olarak

�''x1x1�
2 = �

�
''x1�

2
�
x1
� ��

�
 ���1 x1'

2�2
�
x1

+
1

2

�
'2�2

�
x1
+ �2�2 �2��2 2x1'

2�2 + �� ���1 x1'
2�2

+'2x1�
2 � ��(� + 1) ���2 2x1'

2�2 � 2�2�2 �2��2 2x1'
2�2 (2.73)

bulunur.
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·Ikinci terim:

�
nX
i=2

(x1 + �0)
2 ''xixi�

2

= �
nX
i=2

h�
(x1 + �0)

2 ''xi�
2
�
xi
�
�
(x1 + �0)

2 '�2
�
xi
'xi

i
= �

nX
i=2

�
(x1 + �0)

2 ''xi�
2
�
xi
+ (x1 + �0)

2
nX
i=2

�
'�2

�
xi
'xi : (2.74)

(2.74) eşitli¼ginde

(x1 + �0)
2

nX
i=2

�
'�2

�
xi
'xi

= (x1 + �0)
2

nX
i=2

�
'2xi�

2 + '
�
�2
�
xi
'xi

�
= (x1 + �0)

2
nX
i=2

'2xi�
2 � (x1 + �0)

nX
i=1

2�� ���1 xi''xi�
2

= (x1 + �0)
2

nX
i=2

'2xi�
2 � (x1 + �0)

nX
i=1

�� ���1 xi
�
'2
�
xi
�2 (2.75)

dir. Ayr¬ca

�� (x1 + �0)
2

nX
i=2

�
 ���1 xi'

2�2
�
xi

= �� (x1 + �0)
2

nX
i=2

�
(�� � 1) ���2 2xi'

2�2 +  ���1 xixi'
2�2

+ ���1 xi
�
'2
�
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�2 � 2�� �2��2 2xi'

2�2
�

= (x1 + �0)
2

nX
i=2

�
���(� + 1) ���2 2xi'

2�2 + �� ���1 xixi'
2�2

+�� ���1 xi
�
'2
�
xi
�2 � 2�2�2 �2��2 2xi'

2�2
�

(2.76)

kullan¬larak

� (x1 + �0)
2

nX
i=2

�� ���1 xi
�
'2
�
xi
�2

= (x1 + �0)
2

nX
i=2

�
�
�
�� ���1 xi'

2�2
�
xi
� ��(� + 1) ���2 2xi'

2�2

+�� ���1 xixi'
2�2 � 2�2�2 �2��2 2xi'

2�2
�

(2.77)

bulunur
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ve ikinci terim için

� (x1 + �0)
2

nX
i=2

''xixi�
2

= �
nX
i=2

�
(x1 + �0)

2 ''xi�
2
�
xi
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2
nX
i=2

'2xi�
2

�
nX
i=2

�
(x1 + �0)

2 �� ���1 xi'
2�2
�
xi
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2
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�
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�
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= (x1 + �0)
2

nX
i=2

'2xi�
2

�
nX
i=2

�
(x1 + �0)

2 �''xi�2 + �� ���1 xi'
2�2
��
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� (x1 + �0)
2

nX
i=2

�
��(� + 1) ���2 + 2�2�2 �2��2

�
 2xi'

2�2

+�� ���1 (x1 + �0)
2

nX
i=2

 xixi'
2�2 (2.78)

elde edilir.

Üçüncü terim:

(x1 + �0)
2

mX
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c2''ykyk�
2

= (x1 + �0)
2

mX
k=1
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2
�
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�
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�
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2
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�
c2''yk�

2
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�
c2'�2

�
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'yk (2.79)

(2.79) eşitli¼ginde

�
mX
k=1

�
c2'�2

�
yk
'yk

= �
mX
k=1

�
@

@yk
c2'�2'yk + c2'yk�

2'yk � 2��c
2 ���1 yk''yk�

2

�
= �

mX
k=1
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2 �

mX
k=1

@

@yk
c2'�2'yk + ��

mX
k=1

c2 ���1 yk2''yk�
2 (2.80)

dir. (2.80) eşitli¼ginin sa¼g taraf¬ndaki ikinci terim için

�
mX
k=1

@

@yk
c2'�2'yk = �

1

2

mX
k=1

@

@yk
c2
�
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�
yk
�2 (2.81)
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olup

1

2

�
@

@yk
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�
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=
1

2

�
@2
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@
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�
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@
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=
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2

@
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�
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�
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@
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eşitli¼ginden
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2
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@
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�
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@
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@
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c2'2�2 yk (2.83)

bulunur.

(2.80) eşitli¼ginin sa¼g taraf¬ndaki üçüncü terim için
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��c2 ���1 yk2''yk�
2 =

mX
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��c2 ���1 yk
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�
yk
�2 (2.84)
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(2.86)

bulunur.
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(2.83) ve (2.86) eşitlikleri yerine yaz¬l¬rsa;
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olur.

O halde (2.73), (2.78) ve (2.87) eşitlikleri kullan¬larak;
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mX
k=1

@c2

@yk
 yk'

2�2

= '2x1�
2 + (x1 + �0)

2
nX
i=2

'2xi�
2 � c2 (x1 + �0)

2
mX
k=1

'2yk�
2

�
�
''x1�

2
�
x1
� ��

�
 ���1 x1'

2�2
�
x1
+
1

2

�
'2�2

�
x1

�
nX
i=2

�
(x1 + �0)

2 �''xi�2 + �� ���1 xi'
2�2
��
xi

+
mX
k=1

(x1 + �0)
2

�
�2
�
c2''yk �

1

2

@c2

@yk
'2 + ��c2 ���1 yk'

2

��
yk

+
�
�2�2 �2��2 2x1 + �� ���1 x1 � ��(� + 1) ���2 2x1 � 2�

2�2 �2��2 2x1

� (x1 + �0)
2

nX
i=2

�
��(� + 1) ���2 + 2�2�2 �2��2

�
 2xi + �� ���1 (x1 + �0)

2 (n� 1)

+
1

2
(x1 + �0)

2
mX
k=1

@2

@y2k
c2 � ��c2m ���1 (x1 + �0)

2

+
�
2�2�2c2 (x1 + �0)

2  �2��2 + �� (� + 1) c2 (x1 + �0)
2  ���2

� mX
k=1

 2yk

�2�� (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

!
'2�2

= '2x1�
2 + (x1 + �0)

2

 
nX
i=2

'2xi�
2 � c2

mX
k=1

'2yk�
2

!
+G2 (�; �)'

2�2 + d2 (') (2.88)

elde edilir. Burada

d2 (') = �
�
''x1�

2
�
x1
� ��

�
 ���1 x1'

2�2
�
x1
+
1

2

�
'2�2

�
x1

�
nX
i=2

�
(x1 + �0)

2 �''xi�2 + �� ���1 xi'
2�2
��
xi

+

mX
k=1

(x1 + �0)
2

�
�2
�
c2''yk �

1

2

@c2

@yk
'2 + ��c2 ���1 yk'

2

��
yk

;
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G2 (�; �) =
�
��2�2 �2��2 2x1 + �� ���1 x1 � ��(� + 1) ���2 2x1

� (x1 + �0)
2

nX
i=2

�
��(� + 1) ���2 + 2�2�2 �2��2

�
 2xi

+�� ���1 (x1 + �0)
2 (n� 1) + 1

2
(x1 + �0)

2
mX
k=1

@2

@y2k
c2

���c2m ���1 (x1 + �0)
2

+
�
2�2�2c2 (x1 + �0)

2  �2��2 + �� (� + 1) c2 (x1 + �0)
2  ���2

� mX
k=1

 2yk

�2�� (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

!
'2�2

şeklinde tan¬ml¬d¬r.

Lemma 2.3 Aşa¼g¬daki eşitsizlik sa¼glan¬r:

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!2
�2

�2���0'
 
'x1x1 + (x1 + �0)

2

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!
�2

� 2�� (x1 + �0)
2

nX
i=2

'2xi�
2 + 2�� (x1 + �0)

2
mX
k=1

'2yk�
2

+�3�4�4 (x1 + �0)
�2  �2��3'2�2 + d3 (�') (2.89)

·Ispat. (2.68) eşitli¼gi 2���0 ile çarp¬l¬r ve (2.2) eşitsizli¼gi ile toplan¬rsa

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)

mX
k=1

'ykyk

!!2
�2

�2���0'
 
'x1x1 + (x1 + �0)

2

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!
�2

� 2��� (x1 + �0)
�3 '2x1�

2 � 2�� (x1 + �0)
2Go(n;m)

nX
i=2

'2xi�
2

+����1 (x1 + �0)
mX
k=1

'2yk�
2 + 2�3�4�4 (x1 + �0)

�2  �2��3'2�2

+G(�; �)'2�2 + d0 ('�) + d1 ('�)

+2���0

 
'2x1�

2 + (x1 + �0)
2

 
nX
i=2

'2xi�
2 � c2

mX
k=1

'2yk�
2

!
+G2 (�; �)'

2�2

!
�2���0d2 (')
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= 2��� (x1 + �0)
�3 '2x1�

2 + 2���0'
2
x1
�2

�2�� (x1 + �0)
2Go(n;m)

nX
i=2

'2xi�
2 + 2���0 (x1 + �0)

2
nX
i=2

'2xi�
2

+����1 (x1 + �0)

mX
k=1

'2yk�
2 � 2���0 (x1 + �0)

2 c2
mX
k=1

'2yk�
2

+2�3�4�4 (x1 + �0)
�2  �2��3'2�2 +G(�; �)'2�2 + 2���0G2 (�; �)'

2�2

+d0 ('�) + d1 ('�) + 2���0d2 (')

=
�
2��� (x1 + �0)

�3 + 2���0
�
'2x1�

2

+
�
�2�� (x1 + �0)

2Go(n;m) + 2���0 (x1 + �0)
2� nX

i=2

'2xi�
2

+
�
����1 (x1 + �0)� 2���0 (x1 + �0)

2 c2
� mX
k=1

'2yk�
2

+
�
2�3�4�4 (x1 + �0)

�2  �2��3 +G(�; �) + 2���0G (�; �)
�
'2�2

+d0 ('�) + d1 ('�)� 2���0d2 (') (2.90)

bulunur. Burada

�0 = G0 + 1

seçilirse;

(�2��Go(n;m) + 2���0) (x1 + �0)
2

nX
i=2

'2xi�
2

= (�2��G0 + 2�� (G0 + 1)) (x1 + �0)
2

nX
i=2

'2xi�
2

= (�2��G0 + 2��G0 + 2��) (x1 + �0)
2

nX
i=2

'2xi�
2

= 2�� (x1 + �0)
2

nX
i=2

'2xi�
2 (2.91)

elde edilir. Di¼ger yandan

�4 =
1

2
(1 + 3�0M
=�1)

olarak al¬n¬rsa ve

�2���0c2
mX
k=1

'2yk�
2 � �3

2
���0M


mX
k=1

'2yk�
2
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eşitsizli¼gi göz önünde bulundurulursa � � �4 için

�
��� (x1 + �0)�1 � 2���0 (x1 + �0)

2 c2
� mX
k=1

'2yk�
2

�
�
����1 �

3

2
���0M


�
(x1 + �0)

mX
k=1

'2yk�
2

�
�
��
1

2
(1 + 3�0M
=�1)�1 � 2���0M2

�
(x1 + �0)

mX
k=1

'2yk�
2

=
1

2
�� (x1 + �0)

mX
k=1

'2yk�
2 +

�
3

2
���0M
 � 3

2
���0M


�
(x1 + �0)

mX
k=1

'2yk�
2

=
1

2
���1 (x1 + �0)

mX
k=1

'2yk�
2 (2.92)

yaz¬labilir. Son olarak

�
2�3�4�4 (x1 + �0)

�2  �2��3 +G(�; �) + 2���0G2 (�; �)
�
'2�2

terimi için

G (�; �) + 2���0G2(�; �)

= 2��� (x1 + �0)
�3 ���2�2 2x1 �2��2 � �� (� + 1) 2x1 

���2�
�2��Go(n;m)

nX
i=2

�
��2�2 2xi 

�2��2 � �� (� + 1) 2xi 
���2 + �� ���1 xixi

�
+����1 (x1 + �0)

mX
k=1

�
��2�2 2yk 

�2��2 � �� (� + 1) 2yk 
���2 + �� ���1 ykyk

�
+2���0

�
�2�2 �2��2 2x1 + �� ���1 x1 � ��(� + 1) ���2 2x1

� (x1 + �0)
2

nX
i=2

�
��(� + 1) ���2 + 2�2�2 �2��2

�
 2xi

+�� ���1 (x1 + �0)
2 (n� 1) + 1

2
(x1 + �0)

2
mX
k=1

@2

@y2k
c2 � ��c2m ���1 (x1 + �0)

2

+
�
2�2�2c2 (x1 + �0)

2  �2��2 + �� (� + 1) c2 (x1 + �0)
2  ���2

� mX
k=1

 2yk

�2�� (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

!
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= �3�3

"
�2�3 (x1 + �0)

�3  �2��2 + 2Go(n;m) 
�2��2

nX
i=2

 2xi + 2�
2�0 

�2��2

�4�0 (x1 + �0)
2  �2��2

nX
i=2

 2xi + 4�0c
2 (x1 + �0)

2  �2��2
mX
k=1

 2yk

���1 (x1 + �0) 
�2��2

mX
k=1

 2yk

#

+�2�2

"
�2 (� + 1) �3 (x1 + �0)

�3  ���2 + 2Go(n;m) (� + 1) 
���2

nX
i=2

 2xi

�2 ���1 (n� 1)� 2 (� + 1) ��1 (x1 + �0) 
���2

mX
k=1

 2yk

+2��0 
���1 � 2�2�0(� + 1) ���2

�2�0(� + 1) (x1 + �0)
2  ���2

nX
i=2

 2xi + 2�0 (n� 1) (x1 + �0)
2  ���1

�2�0c2m (x1 + �0)
2  �v�2 + 2�0 (� + 1) c

2 (x1 + �0)
2  ���2

mX
k=1

 2yk

�4�0 (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk + ��1m (x1 + �0) 

���1

#

+���0 (x1 + �0)
2

mX
k=1

@2c2

@y2k

eşitli¼gini yazabiliriz. Burada

E3 = �2�3 (x1 + �0)
�3  �2��2 + 2�2�0 

�2��2 + 2Go(n;m) 
�2��2

nX
i=2

 2xi

�4�0 (x1 + �0)
2  �2��2

nX
i=2

 2xi + 4�0c
2 (x1 + �0)

2  �2��2
mX
k=1

 2yk

���1 (x1 + �0) 
�2��2

mX
k=1

 2yk

#
; (2.93)

E4 = �2 (� + 1) �3 (x1 + �0)
�3  ���2 � 2 ���1 (n� 1) + 2��0 ���1

�2�2�0(� + 1) ���2 + 2�0 (n� 1) (x1 + �0)
2  ���1

�2�0c2m (x1 + �0)
2  �v�2 + ��1m (x1 + �0) 

���1

+2Go(n;m) (� + 1) 
���2

nX
i=2

 2xi � 2�0(� + 1) (x1 + �0)
2  ���2

nX
i=2

 2xi

�2 (� + 1) ��1 (x1 + �0) 
���2

mX
k=1

 2yk
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+2�0 (� + 1) c
2 (x1 + �0)

2  ���2
mX
k=1

 2yk � 4�0 (x1 + �0)
2  ���1

mX
k=1

@c2

@yk
 yk

+
1

��
�0 (x1 + �0)

2
mX
k=1

@2c2

@y2k
(2.94)

dir.

Di¼ger bir ifade ile

G(�; �) + 2���0G2(�; �) = �3�3E3 + �2�2E4 (2.95)

formundad¬r.

c2;  ;  xi ;  yj fonksiyonlar¬C
�



�
da s¬n¬rl¬oldu¼gundan E31 ifadesi x 2 

 için s¬n¬rl¬

olur: � (� � 4): jE31j �M3.

Burada

E3 = ��2 �2��3E31

şeklinde tan¬ml¬d¬r. O halde

� � �5 =
p
2M3

seçilirse;

�3�4�4 (x1 + �0)
�2  �2��3 + �3�3E3 = �3�4�4 (x1 + �0)

�2  �2��3
�
1 +

1

�4� �2��3
E3

�
= �3�4�4 (x1 + �0)

�2  �2��3
�
1 +

1

�2
E31

�
� �3�4�4 (x1 + �0)

�2  �2��3
�
1� 1

�2
jE31j

�
� �3�4�4 (x1 + �0)

�2  �2��3
�
1� 1

�2
M3

�
= �3�4�4 (x1 + �0)

�2  �2��3
�
1� 1

�2
�25
2

�
� �3�4�4 (x1 + �0)

�2  �2��3
�
1� 1

�2
�2

2

�
= �3�4�4 (x1 + �0)

�2  �2��3
�
1� 1

2

�
=

1

2
�3�4�4 (x1 + �0)

�2  �2��3 (2.96)

oldu¼gu görülür. Benzer düşünce ile sabitlenmi̧s � � �5, � > 1 ve 
 say¬lar¬için E4, 

 da

s¬n¬rl¬d¬r. E¼ger;



 : jE4j �M4: � � �1 =M4:

45



seçilirse;

�3�4�4 �2��3 + �3�3E3 + �2�2E4 � �3�4�4 �2��3 + �3�3E3 � �2�2 jE4j

� 1

2
�3�4�4 �2��3 � �2�2 jE4j

� 1

2
�3�4�4 �2��3 � �2�2M4 � 0 (2.97)

buradan

2�3�4�4 (x1 + �0)
�2  �2��3 +G (�; �) + 2���0G2(�; �)

= �3�4�4 (x1 + �0)
�2  �2��3 + �3�4�4 (x1 + �0)

�2  �2��3 +G (�; �) + 2���0G2(�; �)

� �3�4�4 (x1 + �0)
�2  �2��3 (2.98)

eşitli¼gi bulunur. Sonuç olarak, � � �6 = max f�3; �4; �5g ve � � �2 olmak üzere

 �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!2
�2

�2���0'
 
'x1x1 + (x1 + �0)

2

 
nX
i=2

'xixi � c2 (x; y0)
mX
k=1

'ykyk

!!
�2

� 2��� (x1 + �0)
�3 'x1�

2 + 2�� (x1 + �0)
2

nX
i=2

'2xi�
2 +

1

2
���1 (x1 + �0)

2
mX
k=1

'2yk�
2

+�3�4�4 (x1 + �0)
�2  �2��3'2�2 + d3 (�') (2.99)

de¼gerlendirmesi elde edilir.
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BÖLÜM 3

ULTRAH·IPERBOL·IK DENKLEM ·IÇ·IN B·IR TERS PROBLEM

Bu bölümde aşa¼g¬daki ters problem ele al¬nacakt¬r.

Problem 3.1 (1.1) denkleminden a0(x; y
0) katsay¬s¬n¬n u(x; y0; 0) = g(x; y0) ek bilgisi

yard¬m¬yla bulunmas¬problemi.

Teorem 3.1 Kabul edelim ki (1.1) eşitsizli¼gi sa¼glans¬n. Ayr¬ca g (x; y0) 6= 0 ve c (x; y0)

katsay¬s¬ym de¼gişkeninden ba¼g¬ms¬z olsun. Bu durumda Problem 1�in bir tek a0 (x; y0) 2

C (
) çözümüne sahiptir.

(x1 + �0)
�1 ux1x1 + (x1 + �0)

 
nX
i=2

uxixi � c2 (x; y0)
mX
j=1

uyjyj

!

+(x1 + �0)
nX
i=1

aiuxi + (x1 + �0)
mX
j=1

bjuyj + a0 (x; y
0)u

= f(x; y0)

denklemi

u (0;0 x; y) = u0 (
0x; y) (3.1)

ux1 (0;
0 x; y) = ux1 (

0x; y) (3.2)

koşullar¬ve

u (x; y0; 0) = g (x; y0) (3.3)

ek bilgisi ile birlikte ele al¬nacakt¬r. Burada (1.1) denkleminden a0 (x; y) fonksiyonunu

bulunmas¬problemi ele al¬nacakt¬r.

fxn+m 2 C
�


�
fonksiyonuna kaŗs¬l¬k gelen iki çözüm u(1); u(2) 2 C2

�


�
ve a(1)0 ; a

(2)
0 olsun.
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Ayr¬ca

eu = u(2) � u(1);

ea0 = a
(2)
0 � a

(1)
0

olsun. Bu durumda

(x1 + �0)
�1 u(2)x1x1 + (x1 + �0)

 
nX
i=2

u(2)xixi � c2 (x; y0)
mX
j=1

u(2)yjyj

!

+(x1 + �0)

nX
i=2

aiu
(2)
xi
+ (x1 + �0)

mX
j=1

bju
(2)
yj
+ a0 (x; y

0)u(2)

= f(x; y0) (3.4)

ve

(x1 + �0)
�1 u(1)x1x1 + (x1 + �0)

 
nX
i=2

u(1)xixi � c2 (x; y0)
mX
j=1

u(1)yjyj

!

+(x1 + �0)
nX
i=1

aiu
(1)
xi
+ (x1 + �0)

mX
j=1

bju
(1)
yj
+ a0 (x; y

0)u(1)

= f(x; y0); (3.5)

olup

(x1 + �0)
�1 �u(2)x1x1 � u(1)x1x1

�
+ (x1 + �0)

nX
i=2

�
u(2)xixi � u(1)xixi

�
�c2 (x; y0) (x1 + �0)

mX
j=1

�
u(2)yjyj � u(1)yjyj

�
+ (x1 + �0)

nX
i=1

ai
�
u(2)xi � u(1)xi

�
+(x1 + �0)

mX
j=1

bj

�
u(2)yj � u(1)yj

�
+ a

(2)
0 u(2) � a

(1)
0 u(1)

= 0 (3.6)

yaz¬labilir. Buradan

a
(2)
0 u(2) � a

(1)
0 u(1) + a

(1)
0 u(2) � a

(1)
0 u(2) = a

(1)
0

�
u(2) � u(1)

�
+ u(2)

�
a
(2)
0 � a

(1)
0

�
= a

(1)
0 eu+ u(2) ea0 (3.7)

ba¼g¬nt¬s¬kullan¬larak

(x1 + �0)
�1 ~ux1x1 + (x1 + �0)

nX
i=2

~uxixi � c2 (x; y0) (x1 + �0)

mX
j=1

~uyjyj

+(x1 + �0)
nX
i=1

ai~uxi + (x1 + �0)
mX
j=1

bj~uyj + a
(1)
0 eu

= � ea0u(2) (3.8)

elde edilir.
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Ayr¬ca eu aşa¼g¬daki koşullar¬sa¼glar:
eu (0;0 x; y) = 0, eux1 (0;0 x; y) = 0 (3.9)

ve

eu (x; y0; 0) = 0: (3.10)

Şimdi 

 de yeni bir bilinmeyen fonksiyon tan¬mlayal¬m:

eu = u(2)w:

Buradan

�
u(2)w

�
x1
=
�
u(2)
�
x1
w + u(2)wx1 ;

�
u(2)w

�
x1x1

=
��
u(2)
�
x1
w + u(2)wx1

�
x1

=
��
u(2)
�
x1x1

w +
�
u(2)
�
x1
wx1 +

�
u(2)
�
x1
wx1 + u(2)wx1x1

�
=

�
u(2)
�
x1x1

w + u(2)wx1x1 + 2
�
u(2)
�
x1
wx1 ; (3.11)

�
u(2)w

�
xi
=
�
u(2)
�
xi
w + u(2)wxi ;

nX
i=2

�
u(2)w

�
xixi

=
nX
i=2

��
u(2)
�
xi
w + u(2)wxi

�
xi

=
nX
i=2

��
u(2)
�
xixi

w +
�
u(2)
�
xi
wxi +

�
u(2)
�
xi
wxi + u(2)wxixi

�
=

nX
i=2

�
u(2)
�
xixi

w +
nX
i=2

2
�
u(2)
�
xi
wxi +

nX
i=2

u(2)wxixi ; (3.12)

�
u(2)w

�
yj
=
�
u(2)
�
yj
w + u(2)wyj ;

mX
j=1

�
u(2)w

�
yjyj

=

mX
j=1

��
u(2)
�
yj
w + u(2)wyj

�
yj

=

mX
j=1

��
u(2)
�
yjyj

w +
�
u(2)
�
yj
wyj +

�
u(2)
�
yj
wyj + u(2)wyjyj

�
=

mX
j=1

�
u(2)
�
yjyj

w +

mX
j=1

2
�
u(2)
�
yj
wyj +

mX
j=1

u(2)wyjyj : (3.13)
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(3.8) denkleminde yerine yaz¬l¬rsa:

(x1 + �0)
�1 �u(2)�

x1x1
w + (x1 + �0)

�1 u(2)wx1x1 + 2 (x1 + �0)
�1 �u(2)�

x1
wx1

+(x1 + �0)
nX
i=2

�
u(2)
�
xixi

w + 2 (x1 + �0)

nX
i=2

�
u(2)
�
xi
wxi + (x1 + �0)

nX
i=2

u(2)wxixi

� (x1 + �0) c
2 (x; y0)

mX
j=1

�
u(2)
�
yjyj

w � 2 (x1 + �0) c
2 (x; y0)

mX
j=1

�
u(2)
�
yj
wyj

� (x1 + �0) c
2 (x; y0)

mX
j=1

u(2)wyjyj + (x1 + �0)
nX
i=1

ai

��
u(2)
�
xi
w + u(2)wxi

�
+(x1 + �0)

mX
j=1

bj

��
u(2)
�
yj
w + u(2)wyj

�
+ (x1 + �0) a

(1)
0 u(2)w

= � ea0u(2)
veya daha düzenli olarak

(x1 + �0)
�1 u(2)wx1x1 + (x1 + �0)

nX
i=2

u(2)wxixi � (x1 + �0) c
2 (x; y0)

mX
j=1

u(2)wyjyj

+2 (x1 + �0)
�1 �u(2)�

x1
wx1 + (x1 + �0)

nX
i=1

�
aiu

(2) + 2
�
u(2)
�
xi

�
wxi

+(x1 + �0)
mX
j=1

�
+bju

(2) � c2 (x; y0)
�
u(2)
�
yj

�
wyj + (x1 + �0)

�1 �u(2)�
x1x1

w

+(x1 + �0)

 
nX
i=2

�
u(2)
�
xixi

� c2 (x; y0)
mX
j=1

�
u(2)
�
yjyj

+
nX
i=2

ai
�
u(2)
�
xi

+
mX
j=1

bj
�
u(2)
�
yj
+ a

(1)
0 u(2)

!
w

= � (x1 + �0) ea0u(2) (3.14)

bulunur.

Son eşitlikte
�
u(2)
��1

ile çarp¬l¬rsa;

(x1 + �0)
�1wx1x1 + (x1 + �0)

nX
i=2

wxixi � (x1 + �0) c
2 (x; y0)

mX
j=1

wyjyj

+2 (x1 + �0)
�1 �u(2)�

x1

�
u(2)
��1

wx1 + (x1 + �0)

nX
i=1

h�
aiu

(2) + 2
�
u(2)
�
xi

� �
u(2)
��1i

wxi

+(x1 + �0)
mX
j=1

h�
+bju

(2) � 2c2 (x; y0)
�
u(2)
�
yj

� �
u(2)
��1i

wyj
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+

"
(x1 + �0)

�1 �u(2)�
x1x1

+ (x1 + �0)

 
nX
i=2

�
u(2)
�
xixi

� c2 (x; y0)
mX
j=1

�
u(2)
�
yjyj

+
nX
i=2

ai
�
u(2)
�
xi
+

mX
j=1

bj
�
u(2)
�
yj
+ a

(1)
0 u(2)

!�
u(2)
��1#

w

= � (x1 + �0) ea0u(2) �u(2)��1 (3.15)

elde edilir.

Burada

a0 =

" 
(x1 + �0)

�1 �u(2)�
x1x1

+ (x1 + �0)

nX
i=2

�
u(2)
�
xixi

�c2 (x; y0) (x1 + �0)
mX
j=1

�
u(2)
�
yjyj

+ (x1 + �0)
nX
i=1

ai
�
u(2)
�
xi

+(x1 + �0)

mX
j=1

bj
�
u(2)
�
yj
+ (x1 + �0) a

(1)
0 u(2)

!�
u(2)
��1#

ai =
h�
aiu

(2) + 2
�
u(2)
�
xi

� �
u(2)
��1i

;

bj =
h�
bju

(2) � 2c2 (x; y0) (u(2))yj
� �
u(2)
��1i

olarak al¬n¬rsa, (??) denklemi

(x1 + �0)
�1wx1x1 + (x1 + �0)

nX
i=2

wxixi � (x1 + �0) c
2 (x; y0)

mX
j=1

wyjyj

+2 (x1 + �0)
�1 �u(2)�

x1

�
u(2)
��1

wx1 + (x1 + �0)
nX
i=1

aiwxi

+(x1 + �0)
mX
j=1

bjwyj + a0w = � (x1 + �0) ea0 (x; y0) (3.16)

şeklinde yaz¬labilir. Di¼ger yandan

u(2) 6= 0;

eu (0;0 x; y) = 0 = u(2)w (0;0 x; y) = 0) w (0;0 x; y) = 0;

eux1 (0;0 x; y) = 0 = �u(2)w�x1 = �u(2)�x1 w + u(2)wx1 = 0) wx1 (0;
0 x; y) = 0;

w (x; y0; 0) = 0

koşullar¬bulunur.
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(3.16) denkleminin ym de¼gi̧skenine göre türevi al¬n¬r ve

(x1 + �0)
�1 (wx1x1)ym + (x1 + �0)

nX
i=2

(wxixi)ym

� (x1 + �0) c
2 (x; y0)

mX
j=1

�
wyjyj

�
ym

+2 (x1 + �0)
�1
��
u(2)
�
x1
wx1

�
ym
+ (x1 + �0)

nX
i=1

(aiwxi)ym

+(x1 + �0)
mX
j=1

�
bjwyj

�
ym
+ [a0w]ym = � (x1 + �0) [ ea0 (x; y0)]ym

sa¼g taraf s¬f¬r olaca¼g¬ndan

(x1 + �0)
�1 (wx1x1)ym + (x1 + �0)

nX
i=1

(wxixi)ym � c2 (x; y0) (x1 + �0)
mX
j=1

�
wyjyj

�
ym

+(x1 + �0)
nX
i=1

ai (wxi)ym + (x1 + �0)
nX
i=1

@

@ym
aiwxi

+(x1 + �0)
mX
j=1

@

@ym
bjwyj + (x1 + �0)

mX
j=1

bj
�
wyj
�
ym
+

@

@ym
a0w + a0wym

= 0

bulunur. Türevlerin yerleri de¼gi̧stirilirse

(x1 + �0)
�1 (wym)x1x1 + (x1 + �0)

nX
i=1

(wym)xixi � c2 (x; y0) (x1 + �0)
mX
j=1

(wym)yjyj

+(x1 + �0)

nX
i=1

ai (wym)xi + (x1 + �0)
nX
i=1

@

@ym
aiwxi + (x1 + �0)

mX
j=1

@

@ym
bjwyj

+(x1 + �0)

mX
j=1

bj (wym)yj +
@

@ym
a0w + a0wym

= 0 (3.17)

elde edilir. Burada z = wym gösterimi kullan¬l¬rsa

z = wym ) w = sgn (ym)

Z ym

0

z(x; y0; �)d� ;

Iz =

8<:
R ym
0

z(x; y0; �)d� ; ym � 0R 0
ym
z(x; y0; �)d� ; ym < 0

;

Ixiz =

8<: @
@xi

R ym
0

z(x; y0; �)d� ; ym � 0
@
@xi

R 0
ym
z(x; y0; �)d� ; ym < 0

;
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Iyjz =

8<: @
@yj

R ym
0

z(x; y0; �)d� ; ym � 0
@
@yj

R 0
ym
z(x; y0; �)d� ; ym < 0

elde edilir.

(3.17) denklemininde z = wym yaz¬l¬rsa

(x1 + �0)
�1 zx1x1 + (x1 + �0)

nX
i=1

zxixi � c2 (x; y0) (x1 + �0)
mX
j=1

zyjyj

+(x1 + �0)

nX
i=1

aizxi + (x1 + �0)
mX
j=1

bjzyj + (x1 + �0) a0z

+(x1 + �0)
nX
i=1

@

@ym
aiIxiz + (x1 + �0)

mX
j=1

@

@ym
bjIyjz

+(x1 + �0)
@

@ym
a0Iz

= 0 (3.18)

elde edilir ve

z (0;0 x; y) = zx1 (0;
0 x; y) = 0

koşullar¬bulunur.

Şimdi, e¼ger z (x; y) fonksiyonu (3.18) denklemini sa¼gl¬yor ise 

 da z (x; y) = 0 oldu¼gu

gösterilecektir. Bu amaçla aşa¼g¬daki ba¼g¬nt¬lar kullan¬l¬r:Z




(Iz)2 �2d

 � 


Z
z2�2d

;Z





(Ixiz)
2 �2d

 � 


Z
z2xi�

2d

;Z




�
Iyjz

�2
�2d

 � 


Z
z2yj�

2d

:

Di¼ger taraftan (3.18) denkleminden 
(x1 + �0)

�1 zx1x1 + (x1 + �0)
nX
i=2

zxixi � c2 (x; y0) (x1 + �0)
mX
j=1

zyjyj

!2

= (x1 + �0)
2

 
nX
i=1

(�aizxi +
@�ai
@ym

Ixiz) +

mX
j=1

(�bjzyj +
@

@ym
�bjIyjz) + �a0z +

@�a0
@ym

Iz

!2

� 3 (x1 + �0)
2

0@ nX
i=1

(�aizxi +
@�ai
@ym

Ixiz)

!2
+

 
mX
j=1

(�bjzyj +
@

@ym
�bjIyjz)

!2

+

�
�a0z +

@�a0
@ym

Iz

�2
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� 3 (x1 + �0)
2

 
(2n

nX
i=1

((�aizxi)
2 + (

@�ai
@ym

Ixiz)
2) + 2m

mX
j=1

((�bjzyj)
2 + (

@

@ym
�bjIyjz)

2)

+2(�a0z)
2 + 2(

@�a0
@ym

Iz)2
�

� 3 (x1 + �0)
2

 
2n

nX
i=1

((�aizxi)
2 + (

@�ai
@ym

Ixiz)
2) + 2m

mX
j=1

((�bjzyj)
2 + (

@

@ym
�bjIyjz)

2

+2(�a0z)
2 + 2(

@�a0
@ym

Iz)2)

�
� 3M5 (x1 + �0)

2

 
2n

nX
i=1

z2xi + 2n
nX
i=1

(Ixiz)
2 + 2m

mX
j=1

z2yj + 2m
mX
j=1

(Iyjz)
2

+2z2 + 2(Iz)2
�

� 6M5 (x1 + �0)
2

 
n

nX
i=1

(z2xi + (Ixiz)
2) +m

mX
j=1

(z2yj + (Iyjz)
2) + z2 + (Iz)2

!

� 6M5max fn;mg (x1 + �0)
2

 
nX
i=1

(z2xi + (Ixiz)
2) +

mX
j=1

(z2yj + (Iyjz)
2) + z2 + (Iz)2

!

� 6M5max fn;mg (x1 + �0)
2 (1 + 
)

 
nX
i=1

z2xi +
mX
j=1

z2yj + z2

!
(3.19)

eşitsizli¼gi yaz¬labilir. Ayr¬ca (3.18) denklemini (x1 + �0) ile çarp¬larak, yukar¬daki benzer

düşünce ile 
zx1x1 + (x1 + �0)

2
nX
i=2

zxixi � c2 (x; y0) (x1 + �0)
mX
j=1

zyjyj

!2

= (x1 + �0)
4

 
nX
i=1

(�aizxi +
@�ai
@ym

Ixiz) +

mX
j=1

(�bjzyj +
@

@ym
�bjIyjz) + �a0z +

@�a0
@ym

Iz

!2

� 3 (x1 + �0)
4

0@ nX
i=1

(�aizxi +
@�ai
@ym

Ixiz)

!2
+

 
mX
j=1

(�bjzyj +
@

@ym
�bjIyjz)

!2

+

�
�a0z +

@�a0
@ym

Iz

�2
� 3 (x1 + �0)

4

 
(2n

nX
i=1

((�aizxi)
2 + (

@�ai
@ym

Ixiz)
2) + 2m

mX
j=1

((�bjzyj)
2 + (

@

@ym
�bjIyjz)

2)

+2(�a0z)
2 + 2(

@�a0
@ym

Iz)2
�

� 3 (x1 + �0)
4

 
2n

nX
i=1

((�aizxi)
2 + (

@�ai
@ym

Ixiz)
2) + 2m

mX
j=1

((�bjzyj)
2 + (

@

@ym
�bjIyjz)

2

+2(�a0z)
2 + 2(

@�a0
@ym

Iz)2)

�
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� 3M5 (x1 + �0)
4

 
2n

nX
i=1

z2xi + 2n

nX
i=1

(Ixiz)
2 + 2m

mX
j=1

z2yj + 2m
mX
j=1

(Iyjz)
2

+2z2 + 2(Iz)2
�

� 6M5 (x1 + �0)
4

 
n

nX
i=1

(z2xi + (Ixiz)
2) +m

mX
j=1

(z2yj + (Iyjz)
2) + z2 + (Iz)2

!

� 6M5max fn;mg (x1 + �0)
4

 
nX
i=1

(z2xi + (Ixiz)
2) +

mX
j=1

(z2yj + (Iyjz)
2) + z2 + (Iz)2

!

� 6M5max fn;mg (x1 + �0)
4 (1 + 
)

 
nX
i=1

z2xi +
mX
j=1

z2yj + z2

!
(3.20)

yaz¬labilir. Burada M5 > 0 sabiti, M ve ku2kC1(

) büyüklüklerine ba¼gl¬d¬r.

Lemma 2.3 kullan¬larak 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
j=1

'yjyj

!!2
�2

+�2�2�20'
2�2 +

 
'x1x1 + (x1 + �0)

2

 
nX
i=2

'xixi � c2 (x; y0)
mX
j=1

'yjyj

!!2
�2

�  �+1

 
(x1 + �0)

�1 'x1x1 + (x1 + �0)

 
nX
i=2

'xixi � c2 (x; y0)
mX
j=1

'yjyj

!!2
�2

�2���0'
 
'x1x1 + (x1 + �0)

2

 
nX
i=2

'xixi � c2 (x; y0)
mX
j=1

'yjyj

!!
�2

� 2��� (x1 + �0)
�3 '2x1�

2 + 2�� (x1 + �0)
2

nX
i=1

'2xi�
2 +

1

2
���1 (x1 + �0)

mX
j=1

'2yj�
2

+�3�4�4 �2��3 (x1 + �0)
�2 '2�2 + d4 (') (3.21)

eşitsizli¼gi elde edilir. Son eşitsizlikte z � ' al¬n¬r ve (??), (??) ba¼g¬nt¬lar¬kullan¬l¬rsa

6M5max fn;mg (x1 + �0)
2 (1 + 
)

 
nX
i=1

z2xi +

mX
j=1

z2yj + z2

!
+ �2�2�20'

2�2

+6M5max fn;mg (x1 + �0)
4 (1 + 
)

 
nX
i=1

z2xi +

mX
j=1

z2yj + z2

!

= 6M5max fn;mg (x1 + �0)
2 (1 + 
)

 �
1 + (x1 + �0)

2� nX
i=1

z2xi +
mX
j=1

z2yj

!
+z2

�
1 + �2�2�20 (x1 + �0)

2���2
� 2��� (x1 + �0)

�3 z2x1�
2 + 2�� (x1 + �0)

2 �2
nX
i=2

z2xi +
1

2
���1 (x1 + �0)�

2

mX
j=1

z2yj

+�3�4�4 (x1 + �0)
�2  �2��3z2�2 + d4 (z) (3.22)

bulunur.

55



O halde

= 6M5max fn;mg (x1 + �0)
2 (1 + 
)

 �
1 + (x1 + �0)

2� nX
i=1

z2xi +
mX
j=1

z2yj

!
+z2

�
1 + �2�2�20 (x1 + �0)

2���2
� 2�� (x1 + �0)

�3 z2x1�
2 + 2�� (x1 + �0)

2
nX
i=2

z2xi�
2 +

1

2
���1 (x1 + �0)

mX
j=1

z2yj�
2

+�3�4�4 �2��3 (x1 + �0)
�2 z2�2 + d4 (z) (3.23)

ve buna ba¼gl¬olarak

0 � 2�� (x1 + �0)
�3 z2x1�

2 + 2�� (x1 + �0)
2

nX
i=2

z2xi�
2 +

1

2
���1 (x1 + �0)

mX
j=1

z2yj�
2

+�3�4�4 �2��3 (x1 + �0)
�2 z2�2 + d4 (z)

�6M5max fn;mg (x1 + �0)
2 (1 + 
)

 �
1 + (x1 + �0)

2� nX
i=1

z2xi +

mX
j=1

z2yj

!
+z2

�
1 + �2�2�20 (x1 + �0)

2���2 (3.24)

yaz¬labilir.

(3.24) eşitsizli¼gini de¼gerlendirmek için,

� � �5 = max f�2; �3; �4g ;

�3 = max

�
6M5 (1 + 
)max fn;mg ;

1

4
�1

�
ve

v2 = 1 + �0

al¬n¬rsa

2�� (x1 + �0)
2

nX
i=1

z2xi�
2

�6M5max fn;mg (x1 + �0)
2 (1 + 
)

�
1 + (x1 + �0)

2� nX
i=1

z2xi�
2

=
�
2�� � 6M5max fn;mg (x1 + �0)

2 (1 + 
)
�
1 + (x1 + �0)

2�� (x1 + �0)
2

nX
i=1

z2xi�
2

� [2�� � ��] (x1 + �0)
2

nX
i=1

z2xi�
2

= �� (x1 + �0)
2

nX
i=1

z2xi�
2;
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1

2
���1 (x1 + �0)

mX
j=1

z2yj�
2

�6M5max fn;mg (x1 + �0)
2 (1 + 
)

�
1 + (x1 + �0)

2� nX
i=1

z2xi�
2

=

�
1

2
���1 � 6M5max fn;mg (x1 + �0) (1 + 
)

�
1 + (x1 + �0)

2�� (x1 + �0)

mX
j=1

z2yj�
2

�
�
1

2
���1 �

1

4
�3��1

�
(x1 + �0)

mX
j=1

z2yj�
2

�
�
1

2
���1 �

1

4
�3��1

�
(x1 + �0)

mX
j=1

z2yj�
2

=
1

4
���1 (x1 + �0)

mX
j=1

z2yj�
2;

ve

�3�3 � �3�2 � �� � 0

oldu¼gu dikkate al¬narak

�3�4�4 (x1 + �0)
�2  �2��3z2�2

�
�
6M5max fn;mg (x1 + �0)

2 (1 + 
)
�
1 + �2�2�20 (x1 + �0)

2�� z2�2
�

�
�3�4�4 �2��3 � �� � �3�2 (v2 � 1)2

�
z2�2

�
�
�3�4�4 �2��3 � �� � �3�2 (v � 1)2

�
z2�2

�
�
�3�4�4 �2��3 � �3�4�4 �2��3 + 2�3�3 � �3�2 � ��

�
z2�2

� �3�3z2�2

eşitsizli¼gi elde edilir.

Bu durumda (3.24) eşitsizli¼gi aşa¼g¬daki şekilde bulunur:

0 � 2�� (x1 + �0)
�3 z2x1�

2 + 2�� (x1 + �0)
2

nX
i=2

z2xi�
2 +

1

2
���1 (x1 + �0)

mX
j=1

z2yj�
2

+�3�4�4 �2��3z2�2 + d4 (z)

�6M5max fn;mg (x1 + �0)
2 (1 + 
)

 �
1 + (x1 + �0)

2� nX
i=1

z2xi +
mX
j=1

z2yj

!
+z2

�
1 + �2�2�20 (x1 + �0)

2���2
� ��z21�

2 + �� (x1 + �0)
2

nX
i=2

z2xi�
2 +

1

4
���1 (x1 + �0)

mX
j=1

z2yj�
2

+�3�3z2�2 + d4 (z) :
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Buradan

��z21�
2 + �� (x1 + �0)

2
nX
i=2

z2xi�
2 +

1

4
���1 (x1 + �0)

mX
j=1

z2yj�
2

+�3�3z2�2 + d4 (z) � 0

ve sonuç olarakZ




z2d

 � �
1

�3�3

Z




d4 (z) d



elde edilir.

Son eşitsizlikte �!1 için limit al¬n¬rsaZ




z2d

 � 0

bulunur. Böylece 

 da z = 0 oldu¼gu görülür. ·Ispat tamamlanm¬̧s olur.
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3.1 SONUÇ

Bu tezde, ultrahiperbolik denklem için bir ters problem ele al¬nm¬̧s ve verilen bir ek

bilgi yard¬m¬yla çözümün tekli¼gi araşt¬r¬lm¬̧st¬r. Burada kullan¬lan temel araç Carleman

eşitsizlikleri olup Lavrenti�ev vd (1986), Amirov ve Yamamoto (2006) ve Gölgeleyen ve

Yamamoto (2019) çal¬̧smalar¬nda verilen yöntemler kullan¬lm¬̧st¬r. Bu denklemler �ziksel

olarak çok boyutlu zaman kavram¬n¬içerdi¼ginden modern �zik kuramlar¬aç¬s¬ndan önemli

bir hale gelmi̧stir.
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