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Q̅  : Q bölgesinin kapanışı 

ℎ  : Planck sabiti 

𝐿1(Q)  : 𝑄 bölgesi üzerinde Lebesgue ölçülebilir ve integrallenebilir fonksiyonlar 

uzayı  

𝐿2(Q)  : 𝑄 bölgesi üzerinde Lebesgue ölçülebilir ve karesi integrallenebilir 

fonksiyonlar uzayı  

𝐶𝑘(Q)  : 𝑄 bölgesinde tanımlı k. mertebeye kadar sürekli kısmi türevlere sahip 

fonksiyonlar uzayı 

𝐻𝑘(Q)  : Kendisi ve k. mertebeye kadar tüm genelleşmiş türevleri 𝐿2(𝑄) ya ait olan 

fonksiyonlar uzayı 

𝜆, 𝜈  : Büyük Parametreler 

𝑑𝑖 : Divergent terimler,  𝑖 = 1,2,3,4 

𝑤̂  : 𝑤 fonksiyonunun Fourier dönüşümü 

𝑢𝑡  : 𝑢 fonksiyonunun t değişkenine göre kısmi türevi; 𝑢𝑡 =
𝜕𝑢

𝜕𝑡
 

𝑢𝑥𝑖
  : 𝑢 fonksiyonunun 𝑥𝑖 değişkenine göre kısmi türevi; 𝑢𝑥𝑖

=
𝜕𝑢

𝜕𝑥𝑖
 

𝑢𝑦𝑗
                    : 𝑢 fonksiyonunun 𝑦𝑗 değişkenine göre kısmi türevi; 𝑢𝑦𝑗

=
𝜕𝑢

𝜕𝑦𝑗
 

∇𝑥𝑢                : 𝑢 fonksiyonunun 𝑥 vektörüne göre gradienti; ∇𝑥𝑢 = (𝑢𝑥1
, 𝑢𝑥2

, … , 𝑢𝑥𝑛
) 

∇𝑦𝑢                : 𝑢 fonksiyonunun 𝑦 vektörüne göre gradienti; ∇𝑦𝑢 = (𝑢𝑦1
, 𝑢𝑦2

, … , 𝑢𝑦𝑚
) 

𝑖 = √−1           : Sanal birim 
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BÖLÜM 1

ÖN B·ILG·ILER

1.1 G·IR·IŞ

Bu çal¬̧smada bir

Q = f(x; y; t) : x 2 D � Rn; y 2 G � Rm; t 2 Rg

bölgesinde

Lu � iut + ux1x1 +
nX
s=2

ass(x; y)uxsxs �
mX
j=1

bjj(x; y)uyjyj

+
nX
r=1

ar(x; y; t)uxr +
mX
l=1

bl(x; y; t)uyl + a0(x; y; t)u

= f(x; y; t)g(x; y) (1.1)

ultrahiperbolik Schrödinger denklemi

u(0;0 x; y; t) = ux1(0;
0 x; y; t) = 0 (1.2)

koşullar¬ ile birlikte ele al¬nacakt¬r. Burada x = (x1; x2; :::; xn);
0x = (x2; x3; :::; xn) 2

Rn�1; y = (y1; y2; :::; ym); @
2u
@x21

= ux1x1 ;
@2u
@x2s

= uxsxs ;
@2u
@y2j

= uyjyj ;
@u
@xr

= uxr ;
@u
@yl
= uyl gös-

terimleri kullan¬lm¬̧st¬r. Verilen bir ek bilgi yard¬m¬yla (1.1) denkleminin sa¼g taraf¬ndaki

bilinmeyen fonksiyonun bulunmas¬ters probleminin çözümünün tekli¼gi araşt¬r¬lm¬̧st¬r.

Bilindi¼gi üzere kuantum mekani¼ginde, bir parçac¬k  (r; t) dalga fonksiyonuyla karakterize

edilir. Bu fonksiyon, t an¬nda parçac¬¼g¬n uzaysal konumu hakk¬nda bilgi verir. Şimdi m

kütleli ve V (r; t) potansiyelinin etkisi alt¬ndaki bir parçac¬¼g¬düşünelim. Bu durumda

dalga fonksiyonu

i}
@ (r; t)

@t
= � }

2

2m
r2 (r; t) + V (r; t) (r; t) (1.3)

Schrödinger denklemini sa¼glar. Burada } = h
2�
olup h Planck sabitidir. Ayr¬car2 Laplace

operatörünü göstermektedir. Bu denklemin iki önemli özelli¼gi vard¬r:

1



i) Schrödinger denklemi  ye göre lineer ve homojen bir denklemdir.

ii) Schrödinger denklemi zamana göre birinci mertebeden bir denklemdir. Bu nedenle

t0 an¬ndaki durum bütün zamanlardaki alt durumlar¬belirlemektedir (Peleg et al.

1998).

(1.1) denklemi genelleşmi̧s Schrödinger denklemi olarak da adland¬r¬l¬r. (1.3) denklemi ü-

zerine pek çok çal¬̧smamevcut iken (1.1) denklemi ile ilgili s¬n¬rl¬say¬da çal¬̧sma yap¬lm¬̧st¬r.

(1.3) denklemi için çeşitli ters problemler Baudouin ve Puel (2002), Mercado vd. (2008),

Amirov ve Yamamoto (2008), Bellassoued ve Choulli (2009), Yuan ve Yamamoto (2010),

Cristofol ve Soccorsi (2011), Kian vd. (2015), Triggiani ve Zhang (2015) de ele al¬nm¬̧st¬r.

Di¼ger yandan (1.1) denklemi için bir başlang¬ç de¼ger probleminin çözülebilirli¼gi Kenig vd.

(1998, 2006) taraf¬ndan araşt¬r¬lm¬̧st¬r. Gölgeleyen ve Kaytmaz (2019), (1.1) denklemi

için bir ters problemin çözümünün kararl¬l¬¼g¬n¬göstermi̧stir. Bu tür denklemlerin başta

su dalgas¬problemleri olmak üzere farkl¬alanlarda önemli uygulamalar¬vard¬r (Davey

and Stewartson 1974, Djordjevic and Redekopp 1977, Escauriaza et al. 2011, Ichinose

1990, Zakharov and Schulman 1980, Zakharov and Kuznetsov 1986). Ayr¬ca kuantum

kinetik teorisinde de bu denklemler kaŗs¬m¬za ç¬kmaktad¬r.

Bu tezin birinci bölümünde temel tan¬m ve teoremler verilmi̧stir, ikinci bölümünde baz¬

yard¬mc¬önermeler yer alm¬̧st¬r. Son bölümde ise ele al¬nan problemin çözümünün tek-

li¼gine ili̧skin bir teorem sunulmuştur.

1.2 TEMEL TANIM VE TEOREMLER

Tan¬m 1.1 (Direkt Problem) Matematiksel �zikte denklem, bölge ve koşullar verildi-

¼ginde denklemi ve koşullar¬sa¼glayan bir çözümün bulunmas¬na direkt problem denir (Ami-

rov 2001).

Tan¬m 1.2 (Ters Problem) Pratikte karş¬laş¬lan öyle problemler vard¬r ki, bunlar¬n

çözümleri için ayr¬ca ek bilgiye gerek duyulur. Verilen bu ek bilgiye göre denklemin bir

veya birkaç katsay¬s¬n¬n veya sa¼g taraf¬n¬n ya da s¬n¬r koşullar¬ndan bir veya birkaç¬n¬

denklemin çözümü ile birlikte bulmak gerekir. Böyle problemlere ters problem ad¬verilir

(Amirov 2001).
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Tan¬m 1.3 (Fourier Dönüşümü) f 2 L1(R) olmak üzere f fonksiyonunun Fourier

dönüşümü ve eşlenik Fourier dönüşümü s¬ras¬yla

Ff(�) = bf(�) = Z
R

e�i�xf(x)dx;

Ff(�) =

Z
R

ei�xf(x)dx

şeklinde tan¬mlan¬r (Gasquet and Witomski 1999). E¼ger F [f ] 2 L1(R) ise F operatörü,

F�nin tersi olur (F�1 = F). O halde f ve bf fonksiyonlar¬L1(R) uzay¬na ait oldu¼gunda,
hemen hemen her yerde F bf(t) = f(t) yaz¬labilir.

Tan¬m 1.4 (Ck(Q) Uzay¬) Q; Rn uzay¬nda bir bölge olsun. Her negatif olmayan k tam

say¬s¬için j�j � k olmak üzere D�' k¬smi türevleri Q bölgesinde sürekli olacak şekilde tüm

' fonksiyonlar¬n¬n oluşturdu¼gu vektör uzay¬Ck (Q) ile gösterilir (Adams and Fournier

2003). Bu uzayda norm aşa¼g¬daki şekilde tan¬mlan¬r (Mikhailov 1978):

kfkCk(Q) =
X
jaj�k

max
x2Q

jD�f(x)j :

Tan¬m 1.5 (L1 (Q) ; L2 (Q) Uzaylar¬) L1(Q); Q üzerinde Lebesgue ölçülebilir ve integ-

rallenebilir tüm fonksiyonlar¬n oluşturdu¼gu cümle; L2(Q); Q üzerinde Lebesgue ölçülebilir

ve modülünün karesi integrallenebilir tüm fonksiyonlar¬n oluşturdu¼gu cümledir. Bu küme-

lere ait baz¬önemli özellikler aşa¼g¬da verilmiştir (Mikhailov 1978):

i) L1(Q) ve L2(Q) lineer uzayd¬r ve Q s¬n¬rl¬bir bölge ise

C(Q) � L2(Q) � L1(Q);

ii) L1(Q), üzerinde tan¬mlanan

kfkL1(Q) =
Z
Q

jf(x)j dx

normuna göre bir Banach uzay¬d¬r,

iii) L2(Q), üzerinde tan¬mlanan

(f1; f2)L2(Q) =

Z
Q

f1(x)f2(x)dx

3



iç çarp¬m¬na göre bir Hilbert uzay¬d¬r, bu iç çarp¬m ile tan¬mlanan norm

kfkL2(Q) = (
Z
Q

jf (x)j2 dx)1=2

biçimindedir.

Tan¬m 1.6 (Hk (Q) Uzay¬) Hk(Q), kendisi ve k: mertebeye kadar tüm genelleşmiş tü-

revleri L2(Q) uzay¬na ait olan tüm fonksiyonlar¬n oluşturdu¼gu cümledir. Bu cümleye ait

baz¬özellikler aşa¼g¬da verilmiştir:

i) Hk(Q) lineer uzayd¬r ve H0(Q) = L2(Q) olarak tan¬mlan¬r.

ii) Hk(Q) üzerinde tan¬mlanan

(f1; f2)Hk(Q) =
X
j�j�m

Z
Q

D�f1D
�f2dx

iç çarp¬m¬na göre bir Hilbert uzay¬d¬r, bu iç çarp¬m ile tan¬mlanan norm

kfkHk(Q) = (
X
j�j�k

Z
Q

jD�f j2 dx)1=2

biçimindedir (Mikhailov 1978).

Teorem 1.1 E¼ger f 2 C2(R) ve f; f 0; f 00 fonksiyonlar¬ integrallenebilirse bf integral-
lenebilirdir (Gasquet and Witomski 1999).

Teorem 1.2 (Plancherel) R�nin Lebesgue ölçümü sonsuz oldu¼gundan L2(R) kümesi

L1(R)�nin alt kümesi de¼gildir. Bu nedenle yukar¬da verilen Fourier dönüşümü tan¬m¬

her f 2 L2(R) fonksiyonu için direkt olarak uygulanabilir de¼gildir. Ancak, e¼ger f 2

L1(R) \ L2(R) ise yukar¬daki tan¬m¬n kolayca uygulanabilece¼gi aç¬kt¬r. Ayr¬ca bu du-

rumda bf 2 L2(R) dir. Asl¬nda jj bf jjL2 = jjf jjL2 olup bu ba¼g¬nt¬ya Plancherel dönüşümü

ad¬verilir. Böylece L2 uzay¬nda f ve bf ayn¬rolü oynar (Rudin 1987).
Teorem 1.3 Her f 2 L2 fonksiyonuna, aşa¼g¬daki özellikleri sa¼glayan bir bf 2 L2 fonksi-
yonu karş¬l¬k gelir:

i) E¼ger f 2 L1 \ L2 ise bf daha önce tan¬mland¬¼g¬şekliyle f�nin Fourier dönüşümüdür.
4



ii) Her f 2 L2 ise jj bf jjL2 = jjf jjL2 :
iii) f ! bf dönüşümü L2 ! L2 ye olan bir Hilbert uzay¬izomor�zmidir (Rudin 1987).
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BÖLÜM 2

BAZI YARDIMCI ÖNERMELER

Ele al¬nan ters problemin çözümünün tekli¼gini araşt¬rmak için öncelikle baz¬ lemmalar

verece¼giz. Denklemi daha uygun bir hale getirmek için yeni bir de¼gi̧sken dönüşümü tan¬m-

layal¬m:

ex1 = p2x1 � �0; x1 =
1

2
(ex1 + �0)

2; 2�0 � minf�0; 
g; �0 > 0:

Buna göre

u(x; y; t) = u(
1

2
(ex1 + �0)

2; x2; :::; xn; y; t) � eu(ex1; x2; :::; xn; y; t);
ux1 = euex1 dex1dx1

= euex1 1ex1 + �0
; ux1x1 = euex1ex1(ex1 + �0)

�2 � euex1(ex1 + �0)
�3

oldu¼gu görülür. Bu durumda (1.1) denklemi aşa¼g¬daki formlarda yaz¬labilir:

ieut + euex1ex1(ex1 + �0)
�2 � euex1(ex1 + �0)

�3 +
nX
s=2

easseuxsxs � mX
j=1

ebjjeuyjyj
+(ea1(ex1 + �0) + (ex1 + �0)

�2)euex1 1ex1 + �0
+

nX
r=2

eareuxr + mX
l=1

ebleuyl + ea0eu
= ef(x; y; t)eg(x; y);

ieut + euex1ex1(ex1 + �0)
�2 + euex1(ea1 + (ex1 + �0)

�3 � (ex1 + �0)
�3) +

nX
s=2

easseuxsxs
�

mX
j=1

ebjjeuyjyj + nX
r=2

eareuxr + mX
l=1

ebleuyl + ea0eu
= ef(x; y; t)eg(x; y);

(ex1 + �0)ieut + (ex1 + �0)
�1euex1ex1 + (ex1 + �0)ea1euex1 + (ex1 + �0)

nX
s=2

easseuxsxs
�(ex1 + �0)

mX
j=1

ebjjeuyjyj + (ex1 + �0)

nX
r=2

eareuxr + (ex1 + �0)

mX
l=1

ebleuyl + (ex1 + �0)ea0eu
= (ex1 + �0) ef(x; y; t)eg(x; y);

7



(ex1 + �0)
�1euex1ex1 + (ex1 + �0)(

nX
s=2

easseuxsxs � mX
j=1

ebjjeuyjyj + ieut)
+(ex1 + �0)(

nX
r=1

eareuxr + mX
l=1

ebleuyl + ea0eu)
= (ex1 + �0) ef(x; y; t)eg(x; y):

Burada

eass = ass(
1

2
(ex1 + �0)

2; x2; :::; xn; y); s = 2; :::; n;

ear = ar(
1

2
(ex1 + �0)

2;0 x; y; t); r = 2; :::; n;

ea0 = a0(
1

2
(ex1 + �0)

2;0 x; y; t);

ea1 = a1(
1

2
(ex1 + �0)

2;0 x; y; t)(ex1 + �0)
�1 � (ex1 + �0)

�3;

ebjj = bjj(
1

2
(ex1 + �0)

2; x2; :::; xn; y); j = 1; :::;m;

ebl = bl(
1

2
(ex1 + �0)

2;0 x; y; t); l = 1; :::;m;

ef = f(
1

2
(ex1 + �0)

2;0 x; y; t);

eg = g(
1

2
(ex1 + �0)

2;0 x; y)

şeklinde al¬nm¬̧st¬r. Basitlik aç¬s¬ndan ex1; exs; exr; eyj; eyl; eu; eass; ear; ebjj; ebl gösterimlerini
x1; xs; xr; yj; yl; u; ass; ar; bjj; bl gösterimleri ile de¼gi̧stirelim:

eLu � (x1 + �0)
�1ux1x1 + (x1 + �0)(

nX
s=2

assuxsxs �
mX
j=1

bjjuyjyj + iut)

+(x1 + �0)(
nX
r=1

aruxr +
mX
l=1

bluyl + a0u)

= (x1 + �0)f(x; y; t)g(x; y): (2.1)

Şimdi yeni bir bilinmeyen fonksiyon tan¬mlayal¬m:

w = ue�kt
2

;

k � maxfdu; dfg olup du; df say¬lar¬üçüncü bölümde tan¬mlanm¬̧st¬r. Buradan

u = wekt
2

; ut = wte
kt2 + 2ktwekt

2

;

ux1 = wx1e
kt2 ; ux1x1 = wx1x1e

kt2 ;

uxs = wxse
kt2 ; uxsxs = wxsxse

kt2 ;

uyj = wyje
kt2 ; uyjyj = wyjyje

kt2

8



yaz¬labilir. O halde (2.1) denkleminden

(x1 + �0)
�1wx1x1e

kt2

+(x1 + �0)(

nX
s=2

asswxsxse
kt2 �

mX
j=1

bjjwyjyje
kt2 + i(wte

kt2 + 2ktwekt
2

))

+(x1 + �0)(
nX
r=1

arwxre
kt2 +

mX
l=1

blwyle
kt2 + a0we

kt2)

= (x1 + �0)f(x; y; t)g(x; y);

2(x1 + �0)iktwe
kt2 + (x1 + �0)iwte

kt2 + (x1 + �0)
�1wx1x1e

kt2

+(x1 + �0)(
nX
s=2

asswxsxse
kt2 �

mX
j=1

bjjwyjyje
kt2)

+(x1 + �0)(
nX
r=1

arwxre
kt2 +

mX
l=1

blwyle
kt2 + a0we

kt2)

= (x1 + �0)f(x; y; t)g(x; y)

elde edilir. Di¼ger bir şekilde

eLw + 2(x1 + �0)iktw = (x1 + �0)F (x; y; t)g(x; y); (2.2)

w(0;0 x; y; t) = wx1(0;
0 x; y; t) = w(x; y; 0) = 0 (2.3)

olarak yaz¬labilir. Burada

F (x; y; t) = f(x; y; t)e�kt
2

dir. Di¼ger yandan

eLw = (x1 + �0)iwt + (x1 + �0)
�1wx1x1 + (x1 + �0)(

nX
s=2

asswxsxs �
mX
j=1

bjjwyjyj)

+(x1 + �0)(
nX
r=1

arwxr +

mX
l=1

blwyl + a0w)

oldu¼gu göz önünde bulundurularak t = 0 için (2.2) denkleminden

g(x; y) =
1

f(x; y; 0)
(iwt(x; y; 0));

g(x; y) = � 1

2�f(x; y; 0)

Z 1

�1
� bw(x; y; �)d� (2.4)

olarak bulunur. Burada

2�f(x; y; 0) = f0; F(wt) = i� bw; F�1F(wt) = F�1(i� bw) = 1

2�

Z 1

�1
i� bwei�td�
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gösterimleri kullan¬lm¬̧st¬r.

(2.2) denklemine ve (2.3) koşullar¬na t-ye göre Fourier dönüşümü uygulan¬r ve i =
p
�1

oldu¼gu göz önünde bulundurulursa

�(x1 + �0)� bw + (x1 + �0)
�1 bwx1x1 + (x1 + �0)(

nX
s=2

ass bwxsxs � mX
j=1

bjj bwyjyj)
+(x1 + �0)(

nX
r=1

\arwxr +
mX
l=1

[blwyl +da0w)� 2(x1 + �0)k bw�
= �(x1 + �0) bF 1

f0

Z 1

�1
� bwd� (2.5)

ve

bw(0;0 x; y; �) = bwx1(0;0 x; y; �) = 0 (2.6)

elde edilir. Di¼ger taraftan bw = '1(x; y; �) + i'2(x; y; �); bF = f1(x; y; �) + if2(x; y; �)

şeklinde yaz¬labildi¼gi kabul edilerek aşa¼g¬daki gösterimi tan¬mlayal¬m:

L0' � �(x1 + �0)�'+ (x1 + �0)
�1'x1x1

+(x1 + �0)(
nX
s=2

ass'xsxs �
mX
j=1

bjj'yjyj)� 2(x1 + �0)k'�

= (x1 + �0)
�1'x1x1 + (x1 + �0)(

nX
s=2

ass'xsxs �
mX
j=1

bjj'yjyj � 2k'� � �'): (2.7)

Burada '; bw fonksiyonunun reel veya sanal k¬sm¬n¬göstermektedir. Daha aç¬k olarakbw = '1(x; y; �) + i'2(x; y; �) olmak üzere ' = '1 veya ' = '2 dir.

Aşa¼g¬daki gösterimleri tan¬mlayal¬m:

Q
 = f(x; y) : x 2 Rn; y 2 Rm; x1 > 0; 0 < �x1 +
1

2

nX
j=2

(xj � x0j)
2 +

1

2

mX
s=1

(ys � y0s)
2 < 
g;

 (x; y) = �x1 +
1

2

nX
j=2

(xj � x0j)
2 +

1

2

mX
s=1

(ys � y0s)
2;

� = e� 
��
; a0 > 0; 
 + a0 = � < 1; a0 <  (x; y) < �:

2.1 LEMMA 2.1

Lemma 2.1 Kabul edelim ki jjaiijjC3(D�G) � M; 2 � i � n; jjbjjjjC3(D�G) � M; 1 �

j � m ve 0 < 
 < minf 2
p
2"0

3M
p
n+m�1 ; 1g olsun. Burada "0 bir sabit olup 0 < "0 <

�1
4
;

0 < "0 <
�2
4
şeklindedir. Bu durumda yeterince büyük

�� = ��(�1; �2;M; n;m; 
); �� = ��(�1; �2;M; �; n;m; 
); �� = ��(�1; �2;M; �; n;m; 
)
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say¬lar¬vard¬r öyle ki e¼ger � > ��; � > �� ise tüm ' 2 C2(Q
) ve her � > �� için aşa¼g¬daki

eşitsizlik geçerlidir:

 �+1(L0')
2�2 + 2��(x1 + �0)�

2�'(L0')

� 2��'2x1�
2 + ��(x1 + �0)�

2

nX
i=2

'2xi + ��(x1 + �0)�
2

mX
j=1

'2yj

+4�3�3 �2��3'2�2 +

4X
i=1

di('): (2.8)

Lemma 2.1�i ispatlamak için aşa¼g¬da Lemma 2.2 ve Lemma 2.3 verilecektir.

2.2 LEMMA 2.2

Lemma 2.2 Lemma 2.1�in koşullar¬sa¼glans¬n. E¼ger �; � ve � parametreleri bir pozitif

sabitten büyük ise bu durumda her ' 2 C2(Q
) aşa¼g¬daki eşitsizli¼gi sa¼glar:

 �+1(L0')
2�2 � 2��
�3�'2x1�

2 + ��(x1 + �0)��1�
2

nX
i=2

'2xi

+��(x1 + �0)��2�
2

mX
j=1

'2yj + �3�4�4 �2��3'2�2

+2���(x1 + �0)
2(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj)'
2�2 +

3X
j=1

dj('): (2.9)

·Ispat. ·Ilk olarak yeni bir bilinmeyen fonksiyon tan¬mlayal¬m:

# = �':

Bu durumda

' = #��1; '� = #��
�1;

'xi = ��1(#xi + �� ���1 xi#);

'xixi = ��1(#xixi + �� ���1 xi#xi + �� ���1 xi#xi

+(�2�2 �2��2 2xi � ��(� + 1) ���2 2xi + �� ���1 xixi)#)

= ��1(#xixi + 2�� 
���1 xi#xi + (�

2�2 �2��2 2xi � ��(� + 1) ���2 2xi

+�� ���1 xixi)#);
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'x1x1 = ��1(#x1x1 + 2�� 
���1 x1#x1 + (�

2�2 �2��2 2x1 � ��(� + 1) ���2 2x1

+�� ���1 x1x1)#);

'yjyj = ��1(#yjyj + 2�� 
���1 yj#yj + (�

2�2 �2��2 2yj � ��(� + 1) ���2 2yj

+�� ���1 yjyj)#)

eşitlikleri yaz¬labilir. Yukar¬daki eşitlikler dikkate al¬n¬r ve gerekli hesaplamalar yap¬l¬rsa,

 �+1(L0')
2�2 =  �+1((x1 + �0)

�1'x1x1 + (x1 + �0)(

nX
i=2

aii'xixi �
mX
j=1

bjj'yjyj

�2k'� � �'))2�2

= �2 �+1((x1 + �0)
�1��1(#x1x1 + 2�� 

���1 x1#x1

+(�2�2 �2��2 2x1 � ��(� + 1) ���2 2x1 + �� ���1 x1x1)#)

+(x1 + �0)(
nX
i=2

aii�
�1(#xixi + 2�� 

���1 xi#xi

+(�2�2 �2��2 2xi � ��(� + 1) ���2 2xi + �� ���1 xixi)#)

�
mX
j=1

bjj�
�1(#yjyj + 2�� 

���1 yj#yj

+(�2�2 �2��2 2yj � ��(� + 1) ���2 2yj + �� ���1 yjyj)#)

�2k#���1 � �#��1))2

=  �+1(z1 + z2 + z3 + z4 + z5)
2

=  �+1(z21 + (z2 + z4 + z5)
2 + z23 + 2z1z2 + 2z1z3

+2z1(z4 + z5) + 2z2z3 + 2z3(z4 + z5)) (2.10)

bulunur. Burada

z1 = 2k(x1 + �0)#�;

z2 = �((x1 + �0)
�1#x1x1 + (x1 + �0)(

nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj));

z3 = �2�� ���1( x1(x1 + �0)
�1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj));

z4 = �E0#;

z5 = �(x1 + �0)#;
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E0 = (x1 + �0)
�1(�2�2 �2��2 2x1 � ��(� + 1) ���2 2x1)

+(x1 + �0)(
nX
i=2

aii(�
2�2 �2��2 2xi � ��(� + 1) ���2 2xi + �� ���1 xixi)

�
mX
j=1

bjj(�
2�2 �2��2 2yj � ��(� + 1) ���2 2yj + �� ���1 yjyj))

olarak tan¬ml¬d¬r. Şimdi (2.10) eşitli¼gindeki terimleri tek tek de¼gerlendirelim. Burada

 xixs =

8<: 1; i = s

0; i 6= s
(2 � i; s � n);  yjyk =

8<: 1; j = k

0; j 6= k
(1 � j; k � m);

 xiyj = 0;  x1 = �;  x1x1 = 0

oldu¼guna dikkat edilmelidir.

·Ilk olarak

2 �+1z1z2 = 2 �+12k(x1 + �0)#�(�(x1 + �0)
�1#x1x1

�(x1 + �0)(
nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj))

= �4k �+1(x1 + �0)#�((x1 + �0)
�1#x1x1

+(x1 + �0)(
nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj))

= �4k �+1#�#x1x1 � 4k �+1(x1 + �0)
2#�

nX
i=2

aii#xixi

+4k �+1(x1 + �0)
2#�

mX
j=1

bjj#yjyj

= �2k(2 �+1#�#x1x1)� 2k(x1 + �0)
2

nX
i=2

2 �+1aii#�#xixi

+2k(x1 + �0)
2

mX
j=1

2 �+1bjj#�#yjyj

yaz¬labilir. Aşa¼g¬daki i̧slemlerde  ; aii ve bjj fonksiyonlar¬n¬n � de¼gi̧skeninden ba¼g¬ms¬z

oldu¼gu unutulmamal¬d¬r.

2 �+1#�#x1x1 = ( �+1#�#x1)x1 + ( 
�+1#�#x1)x1 � ( �+1#2x1)�

�(� + 1) � x1#�#x1 � (� + 1) 
� x1#�#x1 + ( 

�+1)�#
2
x1

= 2( �+1#�#x1)x1 � 2(� + 1) � x1#�#x1 � ( 
�+1#2x1)�;
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2 �+1aii#�#xixi = ( �+1aii#�#xi)xi + ( 
�+1aii#�#xi)xi � ( �+1aii#2xi)�

�( �+1aii)xi#�#xi � ( �+1aii)xi#�#xi + ( �+1aii)�#2xi
= 2( �+1aii#�#xi)xi � ( �+1aii#2xi)� � 2( 

�+1aii)xi#�#xi

= 2( �+1aii#�#xi)xi � ( �+1aii#2xi)�

�2(� + 1) � xiaii#�#xi � 2 
�+1(aii)xi#�#xi ;

2 �+1bjj#�#yjyj = ( �+1bjj#�#yj)yj + ( 
�+1bjj#�#yj)yj � ( �+1bjj#2yj)�

�( �+1bjj)yj#�#yj � ( �+1bjj)yj#�#yj + ( �+1bjj)�#2yj
= 2( �+1bjj#�#yj)yj � ( �+1bjj#2yj)� � 2( 

�+1bjj)yj#�#yj

= 2( �+1bjj#�#yj)yj � ( �+1bjj#2yj)�

�2(� + 1) � yjbjj#�#yj � 2 
�+1(bjj)yj#�#yj

eşitlikleri yerine yaz¬l¬rsa

2 �+1z1z2 = �4k( �+1#�#x1)x1 + 4k(� + 1) � x1#�#x1 + 2k( 
�+1#2x1)�

�2k(x1 + �0)
2

nX
i=2

(2( �+1aii#�#xi)xi � ( �+1aii#2xi)�

�2(� + 1) � xiaii#�#xi � 2 
�+1(aii)xi#�#xi)

+2k(x1 + �0)
2

mX
j=1

(2( �+1bjj#�#yj)yj � ( �+1bjj#2yj)�

�2(� + 1) � yjbjj#�#yj � 2 
�+1(bjj)yj#�#yj)

= 4k(� + 1) � x1#�#x1 + 4k(� + 1)(x1 + �0)
2 �

nX
i=2

 xiaii#�#xi

+4k(x1 + �0)
2 �+1

nX
i=2

(aii)xi#�#xi � 4k(� + 1)(x1 + �0)
2 �

mX
j=1

 yjbjj#�#yj

�4k(x1 + �0)
2 �+1

mX
j=1

(bjj)yj#�#yj + d2(#)

= 2 �+1z1((� + 1) 
�1(x1 + �0)

�1 x1#x1 + (� + 1) 
�1(x1 + �0)

nX
i=2

 xiaii#xi

+(x1 + �0)

nX
i=2

(aii)xi#xi � (� + 1) �1(x1 + �0)

mX
j=1

 yjbjj#yj

�(x1 + �0)
mX
j=1

(bjj)yj#yj) + d2(#)

= 2 �+1z1z6 + d2(#)
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oldu¼gu görülür. Burada

z6 = (� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

+(x1 + �0)(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

dir. O halde, (2.10) eşitli¼ginde bulunan birinci, üçüncü, dördüncü ve beşinci terimler için

2ab � �a2 � b2 kullan¬larak

 �+1(z21 + z23 + 2z1z3 + 2z1z2)

=  �+1(z21 + z23) +  �+12z1z3 +  �+12z1z2

=  �+1(z21 + z23) +  �+12z1z3 +  �+12z1z6 + d2(#)

=  �+1(z21 + z23 + 2z1z3 + 2z1z6) + d2(#)

=  �+1(z21 + z23 + 2z1(z3 + z6)) + d2(#)

�  �+1(z21 + z23 � z21 � (z3 + z6)
2) + d2(#)

=  �+1(z23 � z23 � 2z3z6 � z26) + d2(#)

=  �+1(�2z3z6 � z26) + d2(#)

=  �+1(�2z3((� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi

�
mX
j=1

bjj yj#yj)) + (x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj))

�((� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi

�
mX
j=1

bjj yj#yj)) + (x1 + �0)(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj))
2) + d2(#)
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=  �+1(�2z3(� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi

�
mX
j=1

bjj yj#yj))� 2z3(x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�(� + 1)2 �2((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

�2(� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)

=  �+1(�2z3(� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(� + 1)2 �2((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

�2z3(x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�2(� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)

elde edilir. Ayr¬ca

z3 = �2�� ���1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
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oldu¼gu göz önünde bulundurularak

 �+1(z21 + z23 + 2z1z3 + 2z1z2)

�  �+1(�2(�2�� ���1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)))

�(� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(� + 1)2 �2((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

�2(�2�� ���1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)))

�(x1 + �0)(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�2(� + 1) �1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)

=  �+1(4��(� + 1) ���2((x1 + �0)
�1 x1#x1

+(x1 + �0)(
nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

�(� + 1)2 �2((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

+4��(x1 + �0) 
���1((x1 + �0)

�1 x1#x1

+(x1 + �0)(
nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�2(� + 1)(x1 + �0) 
�1((x1 + �0)

�1 x1#x1

+(x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)
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=  �+1((4��(� + 1) ���2 � (� + 1)2 �2)

�((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

+(4�� ���1 � 2(� + 1) �1)

�((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(x1 + �0)(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)

elde edilir. Aşa¼g¬da 2ab � ��0a2 � b2

�0
; �0 = (� + 1) 

�1 > 0 eşitsizli¼gi kullan¬l¬rsa,

2((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

�(x1 + �0)(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)

� ��0((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

� 1

�0
(x1 + �0)

2(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2

bulunur. Böylece

 �+1(z21 + z23 + 2z1z3 + 2z1z2)

�  �+1((4��(� + 1) ���2 � (� + 1)2 �2)

�((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

+(2�� ���1 � (� + 1) �1)

�(��0((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

� 1

�0
(x1 + �0)

2(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2)

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)
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=  �+1((4��(� + 1) ���2 � (� + 1)2 �2 � 2���0 ���1 + (� + 1)�0 �1)

�((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

� 1

�0
(2�� ���1 � (� + 1) �1)(x1 + �0)

2(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2

�(x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)

=  �+1(2�� ���1�0((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))
2

� 1

�0
2�� ���1(x1 + �0)

2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2) + d2(#)

� �2�� (x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2 + d2(#) (2.11)

elde edilir.

·Ikinci olarak, (2.10) eşitli¼ginde alt¬nc¬terim için

2z1(z4 + z5) 
�+1 = 2(2k(x1 + �0)#�)(�E0#+ �#(x1 + �0)) 

�+1

= �4k(x1 + �0)E0##� 
�+1 + 4k(x1 + �0)

2�##� 
�+1

= (�2k(x1 + �0) 
�+1E0#

2)� + (2k(x1 + �0)
2� �+1#2)�

�2k(x1 + �0)
2 �+1#2 (2.12)

yaz¬labilir.

Üçüncü olarak:

2z3z5 
�+1 = 2(�2�� ���1((x1 + �0)

�1 x1#x1

+(x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)))�#(x1 + �0) 
�+1

= �4���#(x1 + �0)((x1 + �0)
�1 x1#x1

+(x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

= �4��� x1##x1 � 4���#(x1 + �0)
2(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)
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= �2��(� x1#
2)x1 � 2��(x1 + �0)

2

nX
i=2

(aii xi�#
2)xi

+2��(x1 + �0)
2�#2

nX
i=2

(aii xi)xi + 2��(x1 + �0)
2

mX
j=1

(bjj yj�#
2)yj

�2��(x1 + �0)
2�#2

mX
j=1

(bjj yj)yj (2.13)

olur. Burada  x1x1 = 0 oldu¼gu göz önünde bulundurulmuştur.

Dördüncü olarak, (2.10) eşitli¼gindeki yedinci terim için

2z2z3 
�+1 = 2(�(x1 + �0)

�1#x1x1 � (x1 + �0)(
nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj))

�(�2�� ���1((x1 + �0)
�1 x1#x1

+(x1 + �0)(
nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))) 
�+1

= 4��((x1 + �0)
�1#x1x1 + (x1 + �0)(

nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj))

�((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

elde edilir. Yukar¬daki eşitlikte çarpma i̧sleminden dolay¬ortaya ç¬kan dört terim aşa¼g¬da

de¼gerlendirilmi̧stir:

Birinci terim:

4��(x1 + �0)
�2 x1#x1#x1x1 = 2�� x1((x1 + �0)

�2#2x1)x1 + 4�� x1(x1 + �0)
�3#2x1

olarak yaz¬labilir.

·Ikinci terim için

4��#x1x1(
nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)

= 2��

nX
i=2

2 xiaii#xi#x1x1 � 2��
mX
j=1

2 yjbjj#yj#x1x1

eşitli¼ginde

2 xiaii#xi#x1x1 = ( xiaii#xi#x1)x1 + ( xiaii#xi#x1)x1 � ( xiaii#
2
x1
)xi

�( xiaii)x1#xi#x1 � ( xiaii)x1#xi#x1 + ( xiaii)xi#
2
x1

= 2( xiaii#xi#x1)x1 � ( xiaii#
2
x1
)xi

�2( xiaii)x1#xi#x1 + ( xiaii)xi#
2
x1
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ve

2 yjbjj#yj#x1x1 = ( yjbjj#yj#x1)x1 + ( yjbjj#yj#x1)x1 � ( yjbjj#
2
x1
)yj

�( yjbjj)x1#yj#x1 � ( yjbjj)x1#yj#x1 + ( yjbjj)yj#
2
x1

= 2( yjbjj#yj#x1)x1 � ( yjbjj#
2
x1
)yj

�2( yjbjj)x1#yj#x1 + ( yjbjj)yj#
2
x1

terimleri yerine yaz¬l¬rsa

4��#x1x1(
nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)

= 2��

nX
i=2

(2( xiaii#xi#x1)x1 � ( xiaii#
2
x1
)xi � 2( xiaii)x1#xi#x1 + ( xiaii)xi#

2
x1
)

�2��
mX
j=1

(2( yjbjj#yj#x1)x1 � ( yjbjj#
2
x1
)yj � 2( yjbjj)x1#yj#x1 + ( yjbjj)yj#

2
x1
)

bulunur.

Üçüncü terim için

4��(
nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj) x1#x1

= 2��
nX
i=2

2 x1aii#x1#xixi � 2��
mX
j=1

2 x1bjj#x1#yjyj

eşitli¼ginde

2 x1aii#x1#xixi = ( x1aii#x1#xi)xi + ( x1aii#x1#xi)xi � ( x1aii#
2
xi
)x1

�( x1aii)xi#x1#xi � ( x1aii)xi#x1#xi + ( x1aii)x1#
2
xi

= 2( x1aii#x1#xi)xi � ( x1aii#
2
xi
)x1

�2( x1aii)xi#x1#xi + ( x1aii)x1#
2
xi

ve

2 x1bjj#x1#yjyj = ( x1bjj#x1#yj)yj + ( x1bjj#x1#yj)yj � ( x1bjj#
2
yj
)x1

�( x1bjj)yj#x1#yj � ( x1bjj)yj#x1#yj + ( x1bjj)x1#
2
yj

= 2( x1bjj#x1#yj)yj � ( x1bjj#
2
yj
)x1

�2( x1bjj)yj#x1#yj + ( x1bjj)x1#
2
yj
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eşitlikleri kullan¬larak

4��(

nX
i=2

aii#xixi �
mX
j=1

bjj#yjyj) x1#x1

= 2��

nX
i=2

(2( x1aii#x1#xi)xi � ( x1aii#
2
xi
)x1 � 2( x1aii)xi#x1#xi + ( x1aii)x1#

2
xi
)

�2��
mX
j=1

(2( x1bjj#x1#yj)yj � ( x1bjj#
2
yj
)x1 � 2( x1bjj)yj#x1#yj + ( x1bjj)x1#

2
yj
)

elde edilir.

Dördüncü terim için

4��(x1 + �0)
2(

nX
s=2

ass#xsxs �
mX
k=1

bkk#ykyk)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)

= 2��(x1 + �0)
2

nX
s;i=2

2assaii xi#xi#xsxs � 2��(x1 + �0)
2

nX
s=2

mX
j=1

2assbjj yj#yj#xsxs

�2��(x1 + �0)
2

mX
k=1

nX
i=2

2bkkaii xi#xi#ykyk + 2��(x1 + �0)
2

mX
k;j=1

2bkkbjj yj#yj#ykyk

eşitli¼ginde yer alan terimleri aşa¼g¬da de¼gerlendirelim:

2assaii xi#xi#xsxs = (assaii xi#xi#xs)xs + (assaii xi#xi#xs)xs � (assaii xi#
2
xs)xi

�(assaii xi)xs#xi#xs � (assaii xi)xs#xi#xs + (assaii xi)xi#
2
xs

= 2(assaii xi#xi#xs)xs � (assaii xi#
2
xs)xi

�2(assaii xi)xs#xi#xs + (assaii xi)xi#
2
xs ;

2assbjj yj#yj#xsxs = (assbjj yj#yj#xs)xs + (assbjj yj#yj#xs)xs � (assbjj yj#
2
xs)yj

�(assbjj yj)xs#yj#xs � (assbjj yj)xs#yj#xs + (assbjj yj)yj#
2
xs

= 2(assbjj yj#yj#xs)xs � (assbjj yj#
2
xs)yj

�2(assbjj yj)xs#yj#xs + (assbjj yj)yj#
2
xs ;

2bkkaii xi#xi#ykyk = (bkkaii xi#xi#yk)yk + (bkkaii xi#xi#yk)yk � (bkkaii xi#
2
yk
)xi

�(bkkaii xi)yk#xi#yk � (bkkaii xi)yk#xi#yk + (bkkaii xi)xi#
2
yk

= 2(bkkaii xi#xi#yk)yk � (bkkaii xi#
2
yk
)xi

�2(bkkaii xi)yk#xi#yk + (bkkaii xi)xi#
2
yk
;
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2bkkbjj yj#yj#ykyk = (bkkbjj yj#yj#yk)yk + (bkkbjj yj#yj#yk)yk � (bkkbjj yj#
2
yk
)yj

�(bkkbjj yj)yk#yj#yk � (bkkbjj yj)yk#yj#yk + (bkkbjj yj)yj#
2
yk

= 2(bkkbjj yj#yj#yk)yk � (bkkbjj yj#
2
yk
)yj

�2(bkkbjj yj)yk#yj#yk + (bkkbjj yj)yj#
2
yk
:

Buradan dördüncü terim

4��(x1 + �0)
2(

nX
s=2

ass#xsxs �
mX
k=1

bkk#ykyk)(
nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)

= 2��(x1 + �0)
2

nX
s;i=2

(2(assaii xi#xi#xs)xs � (assaii xi#
2
xs)xi

�2(assaii xi)xs#xi#xs + (assaii xi)xi#
2
xs)

�2��(x1 + �0)
2

nX
s=2

mX
j=1

(2(assbjj yj#yj#xs)xs � (assbjj yj#
2
xs)yj

�2(assbjj yj)xs#yj#xs + (assbjj yj)yj#
2
xs)

�2��(x1 + �0)
2

mX
k=1

nX
i=2

(2(bkkaii xi#xi#yk)yk � (bkkaii xi#
2
yk
)xi

�2(bkkaii xi)yk#xi#yk + (bkkaii xi)xi#
2
yk
)

+2��(x1 + �0)
2

mX
k;j=1

(2(bkkbjj yj#yj#yk)yk � (bkkbjj yj#
2
yk
)yj

�2(bkkbjj yj)yk#yj#yk + (bkkbjj yj)yj#
2
yk
)

olarak bulunur. Böylece

2z2z3 
�+1

= 2�� x1((x1 + �0)
�2#2x1)x1 + 4�� x1(x1 + �0)

�3#2x1

+2��(
nX
i=2

(2( xiaii#xi#x1)x1 � ( xiaii#
2
x1
)xi � 2( xiaii)x1#xi#x1 + ( xiaii)xi#

2
x1
)

�
mX
j=1

(2( yjbjj#yj#x1)x1 � ( yjbjj#
2
x1
)yj � 2( yjbjj)x1#yj#x1 + ( yjbjj)yj#

2
x1
)

+

nX
i=2

(2( x1aii#x1#xi)xi � ( x1aii#
2
xi
)x1 � 2( x1aii)xi#x1#xi + ( x1aii)x1#

2
xi
)

�
mX
j=1

(2( x1bjj#x1#yj)yj � ( x1bjj#
2
yj
)x1 � 2( x1bjj)yj#x1#yj + ( x1bjj)x1#

2
yj
))
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+2��(x1 + �0)
2(

nX
s;i=2

(2(assaii xi#xi#xs)xs � (assaii xi#
2
xs)xi

�2(assaii xi)xs#xi#xs + (assaii xi)xi#
2
xs)

�
nX
s=2

mX
j=1

(2(assbjj yj#yj#xs)xs � (assbjj yj#
2
xs)yj

�2(assbjj yj)xs#yj#xs + (assbjj yj)yj#
2
xs)

�
mX
k=1

nX
i=2

(2(bkkaii xi#xi#yk)yk � (bkkaii xi#
2
yk
)xi

�2(bkkaii xi)yk#xi#yk + (bkkaii xi)xi#
2
yk
)

+
mX

k;j=1

(2(bkkbjj yj#yj#yk)yk � (bkkbjj yj#
2
yk
)yj

�2(bkkbjj yj)yk#yj#yk + (bkkbjj yj)yj#
2
yk
)) (2.14)

elde edilir.

Beşinci olarak:

2z3z4 
�+1

= 2(�2�� ���1((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj)))

�(�E0#) �+1

= 4��E0#((x1 + �0)
�1 x1#x1 + (x1 + �0)(

nX
i=2

aii xi#xi �
mX
j=1

bjj yj#yj))

= 4��E0#(x1 + �0)
�1 x1#x1 + 4��E0#(x1 + �0)

nX
i=2

aii xi#xi

�4��E0#(x1 + �0)
mX
j=1

bjj yj#yj

= 2�� x1(E0(x1 + �0)
�1#2)x1 � 2�� x1(E0(x1 + �0)

�1)x1#
2

+2��
nX
i=2

(E0(x1 + �0)aii xi#
2)xi � 2��

nX
i=2

(E0(x1 + �0)aii xi)xi#
2

�2��
mX
j=1

(E0(x1 + �0)bjj yj#
2)yj + 2��

mX
j=1

(E0(x1 + �0)bjj yj)yj#
2

= 2�� x1((x1 + �0)
�1E0#

2)x1 � 2�� x1((x1 + �0)
�1E0)x1#

2

+2��(x1 + �0)(
nX
i=2

((aii xiE0#
2)xi � (aii xiE0)xi#

2)

�
mX
j=1

((bjj yjE0#
2)yj � (bjj yjE0)yj#

2)) (2.15)
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bulunur.

(2.11)-(2.15) kullan¬larak,

 �+1(z21 + (z2 + z4 + z5)
2 + z23 + 2z1z2 + 2z1z3

+2z1(z4 + z5) + 2z2z3 + 2z3(z4 + z5))

� �2�� (x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2 + d2(#)

�(2k(x1 + �0) 
�+1E0#

2)� + (2k(x1 + �0)
2� �+1#2)� � 2k(x1 + �0)

2 �+1#2

�2��(� x1#
2)x1 � 2��(x1 + �0)

2

nX
i=2

(aii xi�#
2)xi

+2��(x1 + �0)
2�#2

nX
i=2

(aii xi)xi + 2��(x1 + �0)
2

mX
j=1

(bjj yj�#
2)yj

�2��(x1 + �0)
2�#2

mX
j=1

(bjj yj)yj

+2�� x1((x1 + �0)
�2#2x1)x1 + 4�� x1(x1 + �0)

�3#2x1

+2��(
nX
i=2

(2( xiaii#xi#x1)x1 � ( xiaii#
2
x1
)xi � 2( xiaii)x1#xi#x1 + ( xiaii)xi#

2
x1
)

�
mX
j=1

(2( yjbjj#yj#x1)x1 � ( yjbjj#
2
x1
)yj � 2( yjbjj)x1#yj#x1 + ( yjbjj)yj#

2
x1
)

+
nX
i=2

(2( x1aii#x1#xi)xi � ( x1aii#
2
xi
)x1 � 2( x1aii)xi#x1#xi + ( x1aii)x1#

2
xi
)

�
mX
j=1

(2( x1bjj#x1#yj)yj � ( x1bjj#
2
yj
)x1 � 2( x1bjj)yj#x1#yj + ( x1bjj)x1#

2
yj
))

+2��(x1 + �0)
2(

nX
s;i=2

(2(assaii xi#xi#xs)xs � (assaii xi#
2
xs)xi

�2(assaii xi)xs#xi#xs + (assaii xi)xi#
2
xs)

�
nX
s=2

mX
j=1

(2(assbjj yj#yj#xs)xs � (assbjj yj#
2
xs)yj

�2(assbjj yj)xs#yj#xs + (assbjj yj)yj#
2
xs)

�
mX
k=1

nX
i=2

(2(bkkaii xi#xi#yk)yk � (bkkaii xi#
2
yk
)xi

�2(bkkaii xi)yk#xi#yk + (bkkaii xi)xi#
2
yk
)

+

mX
k;j=1

(2(bkkbjj yj#yj#yk)yk � (bkkbjj yj#
2
yk
)yj

�2(bkkbjj yj)yk#yj#yk + (bkkbjj yj)yj#
2
yk
))
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+2�� x1((x1 + �0)
�1E0#

2)x1 � 2�� x1((x1 + �0)
�1E0)x1#

2

+2��(x1 + �0)(

nX
i=2

((aii xiE0#
2)xi � (aii xiE0)xi#

2)

�
mX
j=1

((bjj yjE0#
2)yj � (bjj yjE0)yj#

2))

= �2�� (x1 + �0)
2(

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2 � 2k(x1 + �0)

2 �+1#2

+2��(x1 + �0)
2�#2

nX
i=2

(aii xi)xi � 2��(x1 + �0)
2�#2

mX
j=1

(bjj yj)yj

+4�� x1(x1 + �0)
�3#2x1

�2��(
nX
i=2

(2( xiaii)x1#xi#x1 � ( xiaii)xi#
2
x1
+ 2( x1aii)xi#x1#xi � ( x1aii)x1#

2
xi
)

�
mX
j=1

(2( yjbjj)x1#yj#x1 � ( yjbjj)yj#
2
x1
+ 2( x1bjj)yj#x1#yj � ( x1bjj)x1#

2
yj
))

�2��(x1 + �0)
2(

nX
s;i=2

(2(assaii xi)xs#xi#xs � (assaii xi)xi#
2
xs)

�
nX
s=2

mX
j=1

(2(assbjj yj)xs#yj#xs � (assbjj yj)yj#
2
xs)

�
mX
k=1

nX
i=2

(2(bkkaii xi)yk#xi#yk � (bkkaii xi)xi#
2
yk
)

+

mX
k;j=1

(2(bkkbjj yj)yk#yj#yk � (bkkbjj yj)yj#
2
yk
))

�2��( x1((x1 + �0)
�1E0)x1 + (x1 + �0)(

nX
i=2

(aii xiE0)xi �
mX
j=1

(bjj yjE0)yj))#
2

+d1(#) + d2(#)

= 4���(x1 + �0)
�3#2x1

�2��(
nX
i=2

(2( xiaii)x1#xi#x1 � (aii)xi xi#
2
x1
+ �(2(aii)xi#x1#xi � (aii)x1#2xi))

�
mX
j=1

(2( yjbjj)x1#yj#x1 � (bjj)yj yj#
2
x1
+ �(2(bjj)yj#x1#yj � (bjj)x1#2yj)))

+2��

nX
i=2

aii xixi#
2
x1
� 2��

mX
j=1

bjj yjyj#
2
x1
+ I
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�2(x1 + �0)
2(�� (

nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2

+(k �+1 � ���(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj))#
2)

�2��(�((x1 + �0)
�1E0)x1 + (x1 + �0)(

nX
i=2

(aii xiE0)xi �
mX
j=1

(bjj yjE0)yj))#
2

+d1(#) + d2(#) (2.16)

elde edilir. Burada  x1 = � oldu¼gu dikkate al¬nm¬̧st¬r ve

I = �2��(x1 + �0)
2(

nX
s;i=2

(2(assaii xi)xs#xi#xs � (assaii xi)xi#
2
xs)

�
nX
s=2

mX
j=1

(2(assbjj yj)xs#yj#xs � (assbjj yj)yj#
2
xs)

�
mX
k=1

nX
i=2

(2(bkkaii xi)yk#xi#yk � (bkkaii xi)xi#
2
yk
)

+
mX

k;j=1

(2(bkkbjj yj)yk#yj#yk � (bkkbjj yj)yj#
2
yk
));

d1(#) = �(2k(x1 + �0) 
�+1E0#

2)� + (2k(x1 + �0)
2� �+1#2)�

�2��(� x1#
2)x1 � 2��(x1 + �0)

2(
nX
i=2

(aii xi�#
2)xi �

mX
j=1

(bjj yj�#
2)yj)

+2�� x1(((x1 + �0)
�2#2x1)x1 + ((x1 + �0)

�1E0#
2)x1)

+2��(

nX
i=2

(2( xiaii#xi#x1)x1 � ( xiaii#
2
x1
)xi

+2( x1aii#x1#xi)xi � ( x1aii#
2
xi
)x1)

�
mX
j=1

(2( yjbjj#yj#x1)x1 � ( yjbjj#
2
x1
)yj

+2( x1bjj#x1#yj)yj � ( x1bjj#
2
yj
)x1))
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+2��(x1 + �0)
2(

nX
s;i=2

(2(assaii xi#xi#xs)xs � (assaii xi#
2
xs)xi)

�
nX
s=2

mX
j=1

(2(assbjj yj#yj#xs)xs � (assbjj yj#
2
xs)yj)

�
mX
k=1

nX
i=2

(2(bkkaii xi#xi#yk)yk � (bkkaii xi#
2
yk
)xi)

+
mX

k;j=1

(2(bkkbjj yj#yj#yk)yk � (bkkbjj yj#
2
yk
)yj))

+2��(x1 + �0)(
nX
i=2

(aii xiE0#
2)xi �

mX
j=1

(bjj yjE0#
2)yj);

d2(#) = �4k( �+1#�#x1)x1 + 2k( �+1#2x1)�

�2k(x1 + �0)
2(

nX
i=2

(2( �+1aii#�#xi)xi � ( �+1aii#2xi)�)

�
mX
j=1

(2( �+1bjj#�#yj)yj � ( �+1bjj#2yj)�))

olarak tan¬ml¬d¬r. Di¼ger taraftan  xi = (xi � x0i ); j xij = jxi � x0i j �
p
2
; 2 � i � n ve

 yj = (yj � y0j ); j yj j = jyj � y0j j �
p
2
; 1 � j � m dir. Gerçekten de

 (x; y) = �x1 +
1

2

nX
i=2

(xi � x0i )
2 +

1

2

mX
j=1

(yj � y0j )
2 < 
;

jxi � x0i j2 < 
; jxi � x0i j <
p
2
;

j xij = jxi � x0i j �
p
2
;

jyj � y0j j2 < 
; jyj � y0j j �
p
2
;

j yj j = jyj � y0j j �
p
2


oldu¼gu kolayca görülebilir. O halde yukar¬daki eşitsizlikler, jjaiijjC1(D�G) �M(2 � i � n);

jjbjjjjC1(D�G) �M (1 � j � m); 8"0 > 0 için �2ab � � 1
"0(x1+�0)

a2�"0(x1+�0)b2 eşitsizli¼gi

ve

 xixs =

8<: 1; i = s

0; i 6= s
(2 � i; s � n);  yjyk =

8<: 1; j = k

0; j 6= k
(1 � j; k � m);

 xiyj = 0;  yjx1 = 0;  xix1 = 0

yard¬m¬yla
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�4���
nX
i=2

(aii)xi#x1#xi � �4���
nX
i=2

j(aii)xijj#x1#xij

= 2���

nX
i=2

(�2j(aii)xijj#x1#xij)

� �2���
nX
i=2

((x1 + �0)"0#
2
xi
+

M2

"0(x1 + �0)
#2x1)

= �2���((x1 + �0)"0

nX
i=2

#2xi +
M2

"0(x1 + �0)
(n� 1)#2x1); (2.17)

2���
nX
i=2

(aii)x1#
2
xi
� 2��(x1 + �0)��1

nX
i=2

#2xi ; (2.18)

4���
mX
j=1

(bjj)yj#x1#yj � �4���
mX
j=1

j(bjj)yj jj#x1#yj j

= 2���
mX
j=1

(�2j(bjj)yj jj#x1#yj j)

� �2���
mX
j=1

((x1 + �0)"0#
2
yj
+

M2

"0(x1 + �0)
#2x1)

= �2���((x1 + �0)"0

mX
j=1

#2yj +
M2

"0(x1 + �0)
m#2x1); (2.19)

�2���
mX
j=1

(bjj)x1#
2
yj
� 2��(x1 + �0)��2

mX
j=1

#2yj ; (2.20)

�4��
nX
i=2

( xiaii)x1#xi#x1 = �4��
nX
i=2

(aii)x1 xi#xi#x1

� �4��
nX
i=2

j(aii)x1jj xijj#xi#x1j

� �4��
p
2


nX
i=2

j(aii)x1jj#xi#x1j

= 2��
p
2


nX
i=2

(�2j(aii)x1jj#xi#x1j)

� �2��
p
2


nX
i=2

((x1 + �0)#
2
xi
+

1

(x1 + �0)
j(aii)x1j2#2x1)

� �2��
p
2
(x1 + �0)

nX
i=2

#2xi

�2��
p
2


M2

(x1 + �0)
(n� 1)#2x1 ; (2.21)
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2��
nX
i=2

(aii)xi xi#
2
x1
� �2��M

p
2
(n� 1)#2x1 ; (2.22)

4��

mX
j=1

( yjbjj)x1#yj#x1 = 4��
mX
j=1

(bjj)x1 yj#yj#x1

� �4��
mX
j=1

j(bjj)x1jj yj jj#yj#x1 j

� �4��
p
2


mX
j=1

j(bjj)x1jj#yj#x1j

= 2��
p
2


mX
j=1

(�2j(bjj)x1 jj#yj#x1j)

� �2��
p
2


mX
j=1

((x1 + �0)#
2
yj
+

1

(x1 + �0)
j(bjj)x1j2#2x1)

� �2��
p
2
(x1 + �0)

mX
j=1

#2yj � 2��
p
2


M2

(x1 + �0)
m#2x1 ; (2.23)

�2��
mX
j=1

(bjj)yj yj#
2
x1

� �2��
mX
j=1

j(bjj)yj jj yj jj#
2
x1
j

� �2��M
p
2
m#2x1 (2.24)

eşitsizlikleri yaz¬labilir. Ayr¬ca I�n¬n terimleri için

j(assaii xi)xs j = j(ass)xsaii xi + ass(aii)xs xi + assaii xixs j

� M2
p
2
 +M2

p
2
 +M2 =M2(2

p
2
 + 1);

j(assaii xi)xij = j(ass)xiaii xi + ass(aii)xi xi + assaii xixij

� M2
p
2
 +M2

p
2
 +M2 =M2(2

p
2
 + 1);

j(assbjj yj)xs j = j(ass)xsbjj yj + ass(bjj)xs yj + assbjj yjxs j

� M2
p
2
 +M2

p
2
 = 2M2

p
2
;

j(assbjj yj)yj j = j(ass)yjbjj yj + ass(bjj)yj yj + assbjj yjyj j

� M2
p
2
 +M2

p
2
 +M2 =M2(2

p
2
 + 1);

j(bkkaii xi)yk j = j(bkk)ykaii xi + bkk(aii)yk xi + bkkaii xiyk j

� M2
p
2
 +M2

p
2
 = 2M2

p
2
;
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j(bkkaii xi)xij = j(bkk)xiaii xi + bkk(aii)xi xi + bkkaii xixij

� M2
p
2
 +M2

p
2
 +M2 =M2(2

p
2
 + 1);

j(bkkbjj yj)yk j = j(bkk)ykbjj yj + bkk(bjj)yk yj + bkkbjj yjyk j

� M2
p
2
 +M2

p
2
 +M2 =M2(2

p
2
 + 1);

j(bkkbjj yj)yj j = j(bkk)yjbjj yj + bkk(bjj)yj yj + bkkbjj yjyj j

� M2
p
2
 +M2

p
2
 +M2 =M2(2

p
2
 + 1)

eşitsizlikleri kullan¬larak
nX

s;i=2

(�2(assaii xi)xs#xi#xs)

� �2
nX

s;i=2

j(assaii xi)xs jj#xi#xs j �M2(2
p
2
 + 1)

nX
s;i=2

(�2j#xi#xs j)

� �M2(2
p
2
 + 1)

nX
s;i=2

(#2xi + #2xs) = �M
2(2
p
2
 + 1)(

nX
s;i=2

#2xi +
nX

s;i=2

#2xs)

= �M2(2
p
2
 + 1)((n� 1)

nX
i=2

#2xi + (n� 1)
nX
s=2

#2xs)

= �2M2(2
p
2
 + 1)(n� 1)

nX
i=2

#2xi ;

nX
s;i=2

(assaii xi)xi#
2
xs � �

nX
s;i=2

j(assaii xi)xijj#
2
xs j

� �M2(2
p
2
 + 1)

nX
s;i=2

#2xs

= �M2(2
p
2
 + 1)(n� 1)

nX
s=2

#2xs ;

nX
s=2

mX
j=1

2(assbjj yj)xs#yj#xs � �
nX
s=2

mX
j=1

2j(assbjj yj)xs jj#yj#xs j

� 2M2
p
2


nX
s=2

mX
j=1

(�2j#yj#xs j)

� �2M2
p
2


nX
s=2

mX
j=1

(#2yj + #2xs)

= �2M2
p
2
((n� 1)

mX
j=1

#2yj +m

nX
s=2

#2xs);
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�
nX
s=2

mX
j=1

(assbjj yj)yj#
2
xs � �

nX
s=2

mX
j=1

j(assbjj yj)yj jj#
2
xs j

� �M2(2
p
2
 + 1)

nX
s=2

mX
j=1

#2xs

= �M2(2
p
2
 + 1)m

nX
s=2

#2xs ;

mX
k=1

nX
i=2

2(bkkaii xi)yk#xi#yk � �
mX
k=1

nX
i=2

2j(bkkaii xi)yk jj#xi#yk j

� 2M2
p
2


mX
k=1

nX
i=2

(�2j#xi#yk j)

� �2M2
p
2


mX
k=1

nX
i=2

(#2xi + #2yk)

= �2M2
p
2
(m

nX
i=2

#2xi + (n� 1)
mX
k=1

#2yk);

�
mX
k=1

nX
i=2

(bkkaii xi)xi#
2
yk

� �
mX
k=1

nX
i=2

j(bkkaii xi)xijj#
2
yk
j

� �M2(2
p
2
 + 1)

mX
k=1

nX
i=2

#2yk

= �M2(2
p
2
 + 1)(n� 1)

mX
k=1

#2yk ;

mX
k;j=1

�2(bkkbjj yj)yk#yj#yk � �2
mX

k;j=1

j(bkkbjj yj)yk jj#yj#yk j

� M2(2
p
2
 + 1)

mX
k;j=1

(�2j#yj#yk j)

� �M2(2
p
2
 + 1)

mX
k;j=1

(#2yj + #2yk)

= �2M2(2
p
2
 + 1)m

mX
j=1

#2yj ;

mX
k;j=1

(bkkbjj yj)yj#
2
yk

� �
mX

k;j=1

j(bkkbjj yj)yj jj#
2
yk
j

� �M2(2
p
2
 + 1)

mX
k;j=1

#2yk

= �M2(2
p
2
 + 1)m

mX
k=1

#2yk
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yaz¬labilir. Bunlara ba¼gl¬olarak

I � 2��(x1 + �0)
2(�2M2(2

p
2
 + 1)(n� 1)

nX
i=2

#2xi �M2(2
p
2
 + 1)(n� 1)

nX
s=2

#2xs

�2M2
p
2
((n� 1)

mX
j=1

#2yj +m
nX
s=2

#2xs)�M2(2
p
2
 + 1)m

nX
s=2

#2xs

�2M2
p
2
(m

nX
i=2

#2xi + (n� 1)
mX
k=1

#2yk)�M2(2
p
2
 + 1)(n� 1)

mX
k=1

#2yk

�2M2(2
p
2
 + 1)m

mX
j=1

#2yj �M2(2
p
2
 + 1)m

mX
k=1

#2yk)

= 2��(x1 + �0)
2((�2M2(2

p
2
 + 1)(n� 1)�M2(2

p
2
 + 1)(n� 1)

�2M2
p
2
m�M2(2

p
2
 + 1)m� 2M2

p
2
m)

nX
i=2

#2xi

+(�2M2
p
2
(n� 1)� 2M2

p
2
(n� 1)�M2(2

p
2
 + 1)(n� 1)

�2M2(2
p
2
 + 1)m�M2(2

p
2
 + 1)m)

mX
j=1

#2yj)

= �2��(x1 + �0)
2

�((3M2(2
p
2
 + 1)(n� 1) + 4M2

p
2
m+M2(2

p
2
 + 1)m)

nX
i=2

#2xi

+(3M2(2
p
2
 + 1)m+ 4M2

p
2
(n� 1) +M2(2

p
2
 + 1)(n� 1))

mX
j=1

#2yj) (2.25)

bulunur. (2.16) eşitsizli¼gindeki di¼ger terimler için aşa¼g¬daki de¼gerlendirmeler yap¬labilir:

�(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2

= �(
nX
i=2

(aii)xi#xi)
2 + 2

nX
i=2

mX
j=1

(aii)xi(bjj)yj#xi#yj � (
mX
j=1

(bjj)yj#yj)
2:

Burada (
mX
k=1

ak)
2 � m

mX
k=1

a2k oldu¼gu dikkate al¬narak

�(
nX
i=2

(aii)xi#xi)
2 � �(M

nX
i=2

#xi)
2

� �M2(n� 1)
nX
i=2

#2xi ;
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2
nX
i=2

mX
j=1

(aii)xi(bjj)yj#xi#yj � �2
nX
i=2

mX
j=1

j(aii)xijj(bjj)yj jj#xi#yj j

� M2

nX
i=2

mX
j=1

(�2j#xi#yj j)

� �M2

nX
i=2

mX
j=1

(#2xi + #2yj)

= �M2(m
nX
i=2

#2xi + (n� 1)
mX
j=1

#2yj);

�(
mX
j=1

(bjj)yj#yj)
2 � �(M

mX
j=1

#yj)
2

� �M2m

mX
j=1

#2yj

eşitsizlikleri elde edilir. Bu eşitsizlikler kullan¬larak

�(
nX
i=2

(aii)xi#xi �
mX
j=1

(bjj)yj#yj)
2

� �M2(n� 1)
nX
i=2

#2xi �M2(m
nX
i=2

#2xi + (n� 1)
mX
j=1

#2yj)

�M2m
mX
j=1

#2yj (2.26)

bulunur. Ek olarak

2��
nX
i=2

aii xixi#
2
x1
� �2��#2x1

nX
i=2

jaiij = �2��M(n� 1)#2x1 ; (2.27)

�2��
mX
j=1

bjj yjyj#
2
x1
� �2��#2x1

mX
j=1

jbjjj = �2��Mm#2x1 (2.28)

elde edilir. Böylece (2.17)-(2.28) eşitsizlikleri kullan¬larak

 �+1(L0')
2�2 � E1#

2
x1
+ E2

nX
i=2

#2xi + E3

mX
j=1

#2yj + E4#
2 + d1 + d2 (2.29)

yaz¬labilir. Burada

E1 = 4���(x1 + �0)
�3 � 2��� M2

"0(x1 + �0)
(n� 1)� 2��� M2

"0(x1 + �0)
m

�2��
p
2


M2

(x1 + �0)
(n� 1)� 2��M

p
2
(n� 1)� 2��

p
2


M2

(x1 + �0)
m

�2��M
p
2
m� 2��M(n� 1)� 2��Mm;
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E2 = 2��(x1 + �0)(��1 � �"0

�
p
2
 � (x1 + �0)(3M

2(2
p
2
 + 1)(n� 1) + 4M2

p
2
m+M2(2

p
2
 + 1)m)

�(x1 + �0) (M
2(n� 1) +M2m));

E3 = 2��(x1 + �0)(��2 � �"0 �
p
2


�(x1 + �0)(3M
2(2
p
2
 + 1)m+ 4M2

p
2
(n� 1) +M2(2

p
2
 + 1)(n� 1))

�(x1 + �0) (M
2(n� 1) +M2m)):

E4 = �2��(�((x1 + �0)
�1E0)x1 + (x1 + �0)(

nX
i=2

(aii xiE0)xi �
mX
j=1

(bjj yjE0)yj))

�2(x1 + �0)
2(k �+1 � ���(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj))

şeklinde tan¬ml¬d¬r. Ayr¬ca �0 � 1
2

; � � 4 ve 0 < �x1 < 
 oldu¼gundan

x1 <



�
� 


4
;

�0 � 1

2



eşitsizlikleri taraf tarafa toplan¬rsa (x1 + �0) <
3
4

 olarak bulunur.

Şimdi #2x1�nin katsay¬s¬olan E1 toplam¬n¬düzenleyelim:

E1 = 4���(x1 + �0)
�3 � 2��� M2

"0(x1 + �0)
(n+m� 1)

�2��
p
2


M2

(x1 + �0)
(n+m� 1)� 2��M

p
2
(n+m� 1)

�2��M(n+m� 1)

= 2��(x1 + �0)
�3(2� � (x1 + �0)

2�
M2

"0
(n+m� 1)

�(x1 + �0)
2
p
2
M2(n+m� 1)� (x1 + �0)

3M
p
2
(n+m� 1)

�(x1 + �0)
3M(n+m� 1))

= 2��(x1 + �0)
�3(� + E11 � E12):

Burada

E11 = �(1� (x1 + �0)
2M

2

"0
(n+m� 1));

E12 = (x1 + �0)
2
p
2
M2(n+m� 1) + (x1 + �0)

3M
p
2
(n+m� 1)

+(x1 + �0)
3M(n+m� 1)
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dir. Di¼ger taraftan, e¼ger 0 < 
 < 2
p
2"0

3M
p
n+m�1 al¬n¬rsa

1� (x1 + �0)
2M

2

"0
(n+m� 1) > 1� (3

4

)2

M2

"0
(n+m� 1)

> 1� ( 6
p
2"0

12M
p
n+m� 1

)2
M2

"0
(n+m� 1)

= 1� 72"0
144M2(n+m� 1)

M2

"0
(n+m� 1)

=
1

2

yaz¬l¬r. Böylece

E11 > �(1� (3
4

)2

M2

"0
(n+m� 1)) > 1

2
� (2.30)

bulunur.

Ayr¬ca 0 < 
 < 1 oldu¼gu göz önünde bulundurularak E1 içerisindeki di¼ger terimler için

(x1 + �0)
2
p
2
M2(n+m� 1) + (x1 + �0)

3M
p
2
(n+m� 1)

+(x1 + �0)
3M(n+m� 1)

< (
3

4

)2
p
2
M2(n+m� 1) + (3

4

)3M

p
2
(n+m� 1)

+(
3

4

)3M(n+m� 1)

<
p
2M2(n+m� 1) +M

p
2(n+m� 1) +M(n+m� 1)

= (
p
2(M + 1) + 1)M(n+m� 1)

olur. Burada E 012 = (
p
2(M +1)+1)M(n+m� 1); � � �1 = 2E

0
12 =) � � 2E 012 =) �

2
�

E 012 =) �
2
� E 012 � 0 olarak al¬n¬rsa ve (2.30) eşitsizli¼gi kullan¬l¬rsa

E1 > 2��(x1 + �0)
�3(� +

1

2
� � E 012) � 2��(x1 + �0)

�3� > 2��
�3� (2.31)

bulunur.

Şimdi #2xi�nin katsay¬s¬olan E2 toplam¬n¬düzenleyelim:

Bu amaçla bir "0 say¬s¬n¬0 < "0 <
�1
4
olacak şekilde seçelim. Bu durumda

��1 � �"0 = �(�1 � "0) > �(�1 �
�1
4
) =

3

4
��1 (2.32)

yaz¬labilir. E¼ger

�2 =
4

�1
(
p
2 + 3M2(2

p
2 + 1)(n� 1) + 4M2

p
2m

+M2(2
p
2 + 1)m+M2(n� 1) +M2m)
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olmak üzere � � �2 al¬n¬rsa

1

4
�1� �

p
2 + 3M2(2

p
2 + 1)(n� 1) + 4M2

p
2m

+M2(2
p
2 + 1)m+M2(n� 1) +M2m;

�1
4
�1� � �(

p
2 + 3M2(2

p
2 + 1)(n� 1) + 4M2

p
2m

+M2(2
p
2 + 1)m+M2(n� 1) +M2m)

elde edilir. O halde

E2 = 2��(x1 + �0)(��1 � �"0

�
p
2
 � (x1 + �0)(3M

2(2
p
2
 + 1)(n� 1) + 4M2

p
2
m+M2(2

p
2
 + 1)m)

�(x1 + �0) (M
2(n� 1) +M2m))

oldu¼gundan 0 < 
 < 1 ve 0 <  < 1 oldu¼gu dikkate al¬n¬rsa E2 içerisindeki terimler

aşa¼g¬daki şekilde de¼gerlendirilebilir:

p
2
 + (x1 + �0)(3M

2(2
p
2
 + 1)(n� 1) + 4M2

p
2
m+M2(2

p
2
 + 1)m)

+(x1 + �0) (M
2(n� 1) +M2m)

<
p
2
 +

3

4

(3M2(2

p
2
 + 1)(n� 1) + 4M2

p
2
m+M2(2

p
2
 + 1)m)

+
3

4

 (M2(n� 1) +M2m)

<
p
2 + 3M2(2

p
2 + 1)(n� 1) + 4M2

p
2m+M2(2

p
2 + 1)m+M2(n� 1) +M2m:

Sonuç olarak

E2 > 2��(x1 + �0)(
3

4
��1 �

1

4
��1) = ��(x1 + �0)��1 (2.33)

bulunur.

Şimdi #2yj�nin katsay¬s¬olan E3 toplam¬n¬düzenleyelim:

Bu amaçla bir "0 say¬s¬n¬ 0 < "0 <
�2
4
olacak şekilde seçelim. Bu durumda

��2 � �"0 = �(�2 � "0) > �(�2 �
�2
4
) =

3

4
��2 (2.34)

yaz¬labilir. E¼ger

�3 =
4

�2
(
p
2 + 3M2(2

p
2 + 1)m+ 4M2

p
2(n� 1)

+M2(2
p
2 + 1)(n� 1) +M2(n� 1) +M2m)
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olmak üzere � � �3 al¬n¬rsa

1

4
�2� �

p
2 + 3M2(2

p
2 + 1)m+ 4M2

p
2(n� 1)

+M2(2
p
2 + 1)(n� 1) +M2(n� 1) +M2m;

�1
4
�2� � �(

p
2 + 3M2(2

p
2 + 1)m+ 4M2

p
2(n� 1)

+M2(2
p
2 + 1)(n� 1) +M2(n� 1) +M2m)

elde edilir. O halde

E3 = 2��(x1 + �0)(��2 � �"0 �
p
2


�(x1 + �0)(3M
2(2
p
2
 + 1)m+ 4M2

p
2
(n� 1) +M2(2

p
2
 + 1)(n� 1))

�(x1 + �0) (M
2(n� 1) +M2m))

oldu¼gundan 0 < 
 < 1 ve 0 <  < 1 oldu¼gu göz önünde bulundurulursa E3 içerisindeki

terimler aşa¼g¬daki şekilde de¼gerlendirilebilir:

p
2
 + (x1 + �0)(3M

2(2
p
2
 + 1)m+ 4M2

p
2
(n� 1) +M2(2

p
2
 + 1)(n� 1))

+(x1 + �0) (M
2(n� 1) +M2m)

<
p
2
 +

3

4

(3M2(2

p
2
 + 1)m+ 4M2

p
2
(n� 1) +M2(2

p
2
 + 1)(n� 1))

+
3

4

 (M2(n� 1) +M2m)

<
p
2 + 3M2(2

p
2 + 1)m+ 4M2

p
2(n� 1)

+M2(2
p
2 + 1)(n� 1) +M2(n� 1) +M2m:

Sonuç olarak

E3 > 2��(x1 + �0)(
3

4
��2 �

1

4
��2) = ��(x1 + �0)��2 (2.35)

bulunur.

Şimdi #2�nin E4 katsay¬s¬n¬ele alal¬m:

E4 = E41 + E42 + 2(x1 + �0)
2���(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj):
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Burada

E41 = �2�3�3�3((x1 + �0)
�2 �2��2)x1 � 2�3�3�

nX
i=2

(aii 
�2��2)x1 

2
xi

+2�3�3�
mX
j=1

(bjj 
�2��2)x1 

2
yj
� 2�3�3�2

nX
i=2

(aii xi 
�2��2)xi

�2�3�3(x1 + �0)
2

nX
i;s=2

(aiiass xi 
2
xs 

�2��2)xi

+2�3�3(x1 + �0)
2

nX
i=2

mX
j=1

(aiibjj xi 
�2��2)xi 

2
yj

+2�3�3�2
mX
j=1

(bjj yj 
�2��2)yj + 2�

3�3(x1 + �0)
2

mX
j=1

nX
i=2

(aiibjj yj 
�2��2)yj 

2
xi

�2�3�3(x1 + �0)
2

mX
j;k=1

(bjjbkk yj 
2
yk
 �2��2)yj ;

E42 = 2�2�2(�((x1 + �0)
�1E01)x1 + (x1 + �0)(

nX
i=2

(aii xiE01)xi �
mX
j=1

(bjj yjE01)yj))

�2(x1 + �0)
2k �+1;

E01 = (x1 + �0)
�1(� + 1) ���2 2x1

+(x1 + �0)(
nX
i=2

aii((� + 1) 
���2 2xi �  ���1 xixi)

�
mX
j=1

bjj((� + 1) 
���2 2yj �  ���1 yjyj))

olarak tan¬ml¬d¬r.

Şimdi E41 ifadesini de¼gerlendirelim:

 x1 = � oldu¼gu dikkate al¬narak

�2�3�3�3((x1 + �0)
�2 �2��2)x1

= �2�3�3�3(�2(x1 + �0)
�3 �2��2 � 2(� + 1) �2��3 x1(x1 + �0)

�2)

= 4�3�3�4(� + 1)(x1 + �0)
�2 �2��3 + 4�3�3�3(x1 + �0)

�3 �2��2; (2.36)

�2�3�3�
nX
i=2

(aii 
�2��2)x1 

2
xi

= �2�3�3�
nX
i=2

((aii)x1 
�2��2 � 2(� + 1) �2��3 x1aii) 

2
xi

= 4�3�3�2(� + 1) �2��3
nX
i=2

aii 
2
xi
� 2�3�3� �2��2

nX
i=2

(aii)x1 
2
xi
; (2.37)
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2�3�3�
mX
j=1

(bjj 
�2��2)x1 

2
yj

= 2�3�3�
mX
j=1

((bjj)x1 
�2��2 � 2(� + 1) �2��3 x1bjj) 

2
yj

= �4�3�3�2(� + 1) �2��3
mX
j=1

bjj 
2
yj
+ 2�3�3� �2��2

mX
j=1

(bjj)x1 
2
yj
; (2.38)

�2�3�3�2
nX
i=2

(aii xi 
�2��2)xi

= �2�3�3�2
nX
i=2

((aii)xi xi 
�2��2 + aii xixi 

�2��2 � 2(� + 1) �2��3 2xiaii)

= 4�3�3�2(� + 1) �2��3
nX
i=2

aii 
2
xi
� 2�3�3�2 �2��2

nX
i=2

((aii)xi xi + aii xixi); (2.39)

�2�3�3(x1 + �0)
2

nX
i;s=2

(aiiass xi 
2
xs 

�2��2)xi

= �2�3�3(x1 + �0)
2

nX
i;s=2

aiiass xi 
2
xs(�2(� + 1) 

�2��3 xi)

�2�3�3(x1 + �0)
2

nX
i;s=2

(aiiass xi 
2
xs)xi 

�2��2

= 4�3�3(x1 + �0)
2(� + 1) �2��3

nX
i;s=2

aiiass 
2
xi
 2xs

�2�3�3(x1 + �0)
2 �2��2

nX
i;s=2

(aiiass xi 
2
xs)xi ; (2.40)

2�3�3(x1 + �0)
2

nX
i=2

mX
j=1

(aiibjj xi 
�2��2)xi 

2
yj

= 2�3�3(x1 + �0)
2

nX
i=2

mX
j=1

((aii)xibjj xi 
�2��2 + aii(bjj)xi xi 

�2��2

+aiibjj xixi 
�2��2 + aiibjj xi(�2(� + 1) 

�2��3 xi)) 
2
yj

= �4�3�3(x1 + �0)
2(� + 1) �2��3

nX
i=2

mX
j=1

aiibjj 
2
xi
 2yj

+2�3�3(x1 + �0)
2 �2��2

nX
i=2

mX
j=1

((aii)xibjj xi + aii(bjj)xi xi + aiibjj xixi) 
2
yj
; (2.41)
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2�3�3�2
mX
j=1

(bjj yj 
�2��2)yj

= 2�3�3�2
mX
j=1

((bjj)yj yj 
�2��2 + bjj yjyj 

�2��2 � 2(� + 1) �2��3 2yjbjj)

= �4�3�3�2(� + 1) �2��3
mX
j=1

bjj 
2
yj
+ 2�3�3�2 �2��2

mX
j=1

((bjj)yj yj + bjj yjyj); (2.42)

2�3�3(x1 + �0)
2

mX
j=1

nX
i=2

(aiibjj yj 
�2��2)yj 

2
xi

= 2�3�3(x1 + �0)
2

mX
j=1

nX
i=2

((aii)yjbjj yj 
�2��2 + aii(bjj)yj yj 

�2��2

+aiibjj yjyj 
�2��2 + aiibjj yj(�2(� + 1) 

�2��3 yj)) 
2
xi

= �4�3�3(x1 + �0)
2(� + 1) �2��3

mX
j=1

nX
i=2

aiibjj 
2
xi
 2yj

+2�3�3(x1 + �0)
2 �2��2

mX
j=1

nX
i=2

((aii)yjbjj yj + aii(bjj)yj yj + aiibjj yjyj) 
2
xi
; (2.43)

�2�3�3(x1 + �0)
2

mX
j;k=1

(bjjbkk yj 
2
yk
 �2��2)yj

= �2�3�3(x1 + �0)
2

mX
j;k=1

bjjbkk yj 
2
yk
(�2(� + 1) �2��3 yj)

�2�3�3(x1 + �0)
2

mX
j;k=1

(bjjbkk yj 
2
yk
)yj 

�2��2

= 4�3�3(x1 + �0)
2(� + 1) �2��3

mX
j;k=1

bjjbkk 
2
yj
 2yk

�2�3�3(x1 + �0)
2 �2��2

mX
j;k=1

(bjjbkk yj 
2
yk
)yj (2.44)

elde edilir.

Bu durumda (2.36)-(2.44) eşitliklerinden E41 aşa¼g¬daki şekilde yaz¬labilir:

E41 = 4�3�3(� + 1) �2��3(�4(x1 + �0)
�2 + �2

nX
i=2

aii 
2
xi
� �2

mX
j=1

bjj 
2
yj
+ �2

nX
i=2

aii 
2
xi

+(x1 + �0)
2

nX
i;s=2

aiiass 
2
xi
 2xs � (x1 + �0)

2

nX
i=2

mX
j=1

aiibjj 
2
xi
 2yj � �2

mX
j=1

bjj 
2
yj

�(x1 + �0)
2

mX
j=1

nX
i=2

aiibjj 
2
xi
 2yj + (x1 + �0)

2

mX
j;k=1

bjjbkk 
2
yj
 2yk)
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+4�3�3 �2��2(�3(x1 + �0)
�3 � �

2

nX
i=2

(aii)x1 
2
xi
+
�

2

mX
j=1

(bjj)x1 
2
yj

��
2

2

nX
i=2

((aii)xi xi + aii xixi)�
(x1 + �0)

2

2

nX
i;s=2

(aiiass xi 
2
xs)xi

+
(x1 + �0)

2

2

nX
i=2

mX
j=1

((aii)xibjj xi + aii(bjj)xi xi + aiibjj xixi) 
2
yj

+
�2

2

mX
j=1

((bjj)yj yj + bjj yjyj)�
(x1 + �0)

2

2

mX
j;k=1

(bjjbkk yj 
2
yk
)yj

+
(x1 + �0)

2

2

mX
j=1

nX
i=2

((aii)yjbjj yj + aii(bjj)yj yj + aiibjj yjyj) 
2
xi
):

Yukar¬daki eşitlikte pozitif terimler at¬l¬rsa, E4 için aşa¼g¬daki eşitsizlik elde edilir:

E4 � 4�3�3(� + 1) �2��3�4(x1 + �0)
�2

+2�3�3 �2��2�2(2�(x1 + �0)
�3 � 1

�

nX
i=2

(aii)x1 
2
xi
+
1

�

mX
j=1

(bjj)x1 
2
yj

�
nX
i=2

((aii)xi xi + aii xixi)�
(x1 + �0)

2

�2

nX
i;s=2

(aiiass xi 
2
xs)xi

+
(x1 + �0)

2

�2

nX
i=2

mX
j=1

((aii)xibjj xi + aii(bjj)xi xi + aiibjj xixi) 
2
yj

+
mX
j=1

((bjj)yj yj + bjj yjyj)�
(x1 + �0)

2

�2

mX
j;k=1

(bjjbkk yj 
2
yk
)yj

+
(x1 + �0)

2

�2

mX
j=1

nX
i=2

((aii)yjbjj yj + aii(bjj)yj yj + aiibjj yjyj) 
2
xi
)

+E42 + 2(x1 + �0)
2���(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj): (2.45)

Şimdi son eşitsizlikteki terimleri (x1+�0) < 1; � � 4; 0 < 
 < 1; j xij �
p
2
; j yj j �

p
2
;

jjaiijjC1(D�G) � M; jjbjjjjC1(D�G) � M; 2 � i � n; 1 � j � m eşitsizliklerini ve  xixs = 1

(i = s; 2 � i; s � n);  yjyk = 1 (j = k; 1 � j; k � m) oldu¼gunu göz önünde bulundurarak
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de¼gerlendirelim:

2�(x1 + �0)
�3 � 1

�

nX
i=2

(aii)x1 
2
xi
+
1

�

mX
j=1

(bjj)x1 
2
yj

�
nX
i=2

((aii)xi xi + aii xixi)�
(x1 + �0)

2

�2

nX
i;s=2

(aiiass xi 
2
xs)xi

+
(x1 + �0)

2

�2

nX
i=2

mX
j=1

((aii)xibjj xi + aii(bjj)xi xi + aiibjj xixi) 
2
yj

+

mX
j=1

((bjj)yj yj + bjj yjyj)�
(x1 + �0)

2

�2

mX
j;k=1

(bjjbkk yj 
2
yk
)yj

+
(x1 + �0)

2

�2

mX
j=1

nX
i=2

((aii)yjbjj yj + aii(bjj)yj yj + aiibjj yjyj) 
2
xi

= 2�(x1 + �0)
�3 � 1

�

nX
i=2

(aii)x1 
2
xi
+
1

�

mX
j=1

(bjj)x1 
2
yj

�
nX
i=2

((aii)xi xi + aii xixi) +
mX
j=1

((bjj)yj yj + bjj yjyj)

�(x1 + �0)
2

�2

nX
i;s=2

((aii)xiass xi 
2
xs + aii(ass)xi xi 

2
xs

+aiiass xixi 
2
xs + 2aiiass xi xs xsxi)

+
(x1 + �0)

2

�2

nX
i=2

mX
j=1

((aii)xibjj xi + aii(bjj)xi xi + aiibjj xixi) 
2
yj

+
(x1 + �0)

2

�2

mX
j=1

nX
i=2

((aii)yjbjj yj + aii(bjj)yj yj + aiibjj yjyj) 
2
xi

�(x1 + �0)
2

�2

mX
j;k=1

((bjj)yjbkk yj 
2
yk
+ bjj(bkk)yj yj 

2
yk

+bjjbkk yjyj 
2
yk
+ 2bjjbkk yj yk ykyj)

� 2�(x1 + �0)
�3 � 1

�

nX
i=2

j(aii)x1 2xij �
1

�

mX
j=1

j(bjj)x1 2yj j

�
nX
i=2

(j(aii)xi xij+ jaii xixij)�
mX
j=1

(j(bjj)yj yj j+ jbjj yjyj j)

�(x1 + �0)
2

�2

nX
i;s=2

(j(aii)xiass xi 
2
xs j+ jaii(ass)xi xi 

2
xs j

+jaiiass xixi 
2
xs j+ j2aiiass xi xs xsxij)
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�(x1 + �0)
2

�2

nX
i=2

mX
j=1

(j(aii)xibjj xi 
2
yj
j+ jaii(bjj)xi xi 

2
yj
j+ jaiibjj xixi 

2
yj
j)

�(x1 + �0)
2

�2

mX
j=1

nX
i=2

(j(aii)yjbjj yj 
2
xi
j+ jaii(bjj)yj yj 

2
xi
j+ jaiibjj yjyj 

2
xi
j)

�(x1 + �0)
2

�2

mX
j;k=1

(j(bjj)yjbkk yj 
2
yk
j+ jbjj(bkk)yj yj 

2
yk
j

+jbjjbkk yjyj 
2
yk
j+ j2bjjbkk yj yk ykyj j)

> 2� �
nX
i=2

j(aii)x1 2xij �
mX
j=1

j(bjj)x1 2yj j

�
nX
i=2

(j(aii)xi xij+ jaii xixij)�
mX
j=1

(j(bjj)yj yj j+ jbjj yjyj j)

�
nX

i;s=2

(j(aii)xiass xi 
2
xs j+ jaii(ass)xi xi 

2
xs j

+jaiiass xixi 
2
xs j+ j2aiiass xi xs xsxij)

�
nX
i=2

mX
j=1

(j(aii)xibjj xi 
2
yj
j+ jaii(bjj)xi xi 

2
yj
j+ jaiibjj xixi 

2
yj
j)

�
mX
j=1

nX
i=2

(j(aii)yjbjj yj 
2
xi
j+ jaii(bjj)yj yj 

2
xi
j+ jaiibjj yjyj 

2
xi
j)

�
mX

j;k=1

(j(bjj)yjbkk yj 
2
yk
j+ jbjj(bkk)yj yj 

2
yk
j

+jbjjbkk yjyj 
2
yk
j+ j2bjjbkk yj yk ykyj j)

� 2� �M2
(n� 1)�M2
m�M
p
2
(n� 1)�M(n� 1)�M

p
2
m�Mm

�M22

p
2
(n� 1)2 �M22


p
2
(n� 1)2 �M22
(n� 1)2 �M24
(n� 1)

�M22

p
2
(n� 1)m�M22


p
2
(n� 1)m�M22
(n� 1)m

�M22

p
2
(n� 1)m�M22


p
2
(n� 1)m�M22
(n� 1)m�M22


p
2
m2

�M22

p
2
m2 �M22
m2 �M24
m

= 2� � (n� 1)2(M22

p
2
 +M22


p
2
 +M22
)

�(n� 1)(M2
 +M
p
2
 +M +M24
)�m2(M22


p
2
 +M22


p
2
 +M22
)

�m(M2
 +M
p
2
 +M +M24
)

�(n� 1)m(M22

p
2
 +M22


p
2
 +M22
 +M22


p
2
 +M22


p
2
 +M22
)
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= 2� � (n� 1)2(M24

p
2
 +M22
)� (n� 1)(M2
 +M

p
2
 +M +M24
)

�m2(M24

p
2
 +M22
)�m(M2
 +M

p
2
 +M +M24
)

�(n� 1)m(M28

p
2
 +M24
)

> 2� � (n� 1)2(4
p
2M2 + 2M2)� (n� 1)(2M +

p
2M +M + 4M2)

�m2(4
p
2M2 + 2M2)�m(2M +

p
2M +M + 4M2)

�(n� 1)m(8
p
2M2 + 4M2)

= 2� � (4
p
2M2 + 2M2)((n� 1)2 +m2 + 2(n� 1)m)

�(2M +
p
2M +M + 4M2)(n+m� 1)

= 2� � (4
p
2 + 2)M2(n+m� 1)2 � (

p
2 + 3 + 4M)M(n+m� 1):

Burada e¼ger

� � �4 =
1

2
((4
p
2 + 2)M2(n+m� 1)2 + (

p
2 + 3 + 4M)M(n+m� 1))

al¬n¬rsa

2�(x1 + �0)
�3 � 1

�

nX
i=2

(aii)x1 
2
xi
+
1

�

mX
j=1

(bjj)x1 
2
yj

�
nX
i=2

((aii)xi xi + aii xixi)�
(x1 + �0)

2

�2

nX
i;s=2

(aiiass xi 
2
xs)xi

+
(x1 + �0)

2

�2

nX
i=2

mX
j=1

((aii)xibjj xi + aii(bjj)xi xi + aiibjj xixi) 
2
yj

+

mX
j=1

((bjj)yj yj + bjj yjyj)�
(x1 + �0)

2

�2

mX
j;k=1

(bjjbkk yj 
2
yk
)yj

+
(x1 + �0)

2

�2

mX
j=1

nX
i=2

((aii)yjbjj yj + aii(bjj)yj yj + aiibjj yjyj) 
2
xi

> 0 (2.46)

olur. Di¼ger taraftan

�4(x1 + �0)
�2 > �4 (2.47)
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oldu¼gundan

2�3�3�4(� + 1)(x1 + �0)
�2 �2��3 + E42

> �2�2(2���4(� + 1) �2��3

+2(�((x1 + �0)
�1E01)x1 + (x1 + �0)(

nX
i=2

(aii xiE01)xi �
mX
j=1

(bjj yjE01)yj))

�2(x1 + �0)
2 k

�2�2
 �+1)

� �2�2(2���4(� + 1) �2��3

�2j�((x1 + �0)
�1E01)x1 + (x1 + �0)(

nX
i=2

(aii xiE01)xi �
mX
j=1

(bjj yjE01)yj)j

�2(x1 + �0)
2 k

�2�2
 �+1)

> �2�2(4���4

�2j�((x1 + �0)
�1E01)x1 + (x1 + �0)(

nX
i=2

(aii xiE01)xi �
mX
j=1

(bjj yjE01)yj)j

�2(x1 + �0)
2 k

�2�2
 �+1)

� 0;

2�3�3�4(� + 1)(x1 + �0)
�2 �2��3 + E42 > 0 (2.48)

d¬r. Böylece (2.45) eşitsizli¼ginin, (2.46)-(2.48) eşitsizlikleri kullan¬larak

E4 > 2�3�3�4(� + 1) �2��3 + 2���(x1 + �0)
2(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj)

> 2�3�4�4 �2��3 + 2���(x1 + �0)
2(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj) (2.49)

oldu¼gu görülür. Sonuç olarak

 �+1(L0')
2�2 � 2��
�3�#2x1 + ��(x1 + �0)��1

nX
i=2

#2xi

+��(x1 + �0)��2

mX
j=1

#2yj + 2�
3�4�4 �2��3#2

+2���(x1 + �0)
2(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj)#
2

+d1(#) + d2(#) (2.50)
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de¼gerlendirmesi bulunur.

Di¼ger taraftan, aşa¼g¬daki eşitlikler kullan¬larak (2.50) de¼gerlendirmesi ' fonksiyonu için

elde edilir.

� = e� 
��
; �2 = e2� 

��
; (�2)xi = �2�� ���1 xi�

2;

# = e� 
��
'; #xi = ��� ���1 xie

� ��'+ 'xie
� �� = ('xi � �� ���1 xi')�

#2xi = ('xi � �� ���1 xi')
2�2

= ('2xi � 2�� 
���1 xi''xi + �2�2 �2��2 2xi'

2)�2

= '2xi�
2 � 2�� ���1 xi''xi�

2 + �2�2 �2��2 2xi'
2�2:

#2xi�nin ifadesi için

�2�� ���1 xi''xi�
2 = ��� ���1 xi('

2)xi�
2;

��( ���1 xi'
2�2)xi = ��(�(� + 1) ���2 2xi'

2�2 +  ���1 xixi'
2�2

+ ���1 xi2''xi�
2 +  ���1 xi'

2(�2�� ���1 xi�
2))

= ���(� + 1) ���2 2xi'
2�2 + �� ���1 xixi'

2�2

+�� ���1 xi2''xi�
2 � 2�2�2 �2��2 2xi'

2�2

��� ���1 xi('
2)xi�

2 = ���(� + 1) ���2 2xi'
2�2 + �� ���1 xixi'

2�2

�2�2�2 �2��2 2xi'
2�2 � ��( ���1 xi'

2�2)xi

eşitlikleri kullan¬l¬rsa  xixi = 1 (2 � i � n) oldu¼gundan

#2xi = '2xi�
2 � �2�2 �2��2 2xi'

2�2 � ��(� + 1) ���2 2xi'
2�2

+�� ���1'2�2 � ��( ���1 xi'
2�2)xi

ve buna ba¼gl¬olarak  x1 = �;  x1x1 = 0 oldu¼gu göz önünde bulundurularak

#2x1 = '2x1�
2 � �2�2�2 �2��2'2�2 � ��(� + 1)�2 ���2'2�2

���(� ���1'2�2)x1

bulunur. Benzer şekilde,  yjyj = 1 (1 � j � m) oldu¼gu dikkate al¬narak

#yj = ('yj � �� ���1 yj')�;

#2yj = '2yj�
2 � �2�2 �2��2 2yj'

2�2 � ��(� + 1) ���2 2yj'
2�2

+�� ���1'2�2 � ��( ���1 yj'
2�2)yj
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elde edilir. Sonuç olarak,

2��
�3�#2x1 + ��(x1 + �0)��1

nX
i=2

#2xi + ��(x1 + �0)��2

mX
j=1

#2yj + 2�
3�4�4 �2��3#2

= 2��
�3�('2x1�
2 � �2�2�2 �2��2'2�2

���(� + 1)�2 ���2'2�2 � ��(� ���1'2�2)x1)

+��(x1 + �0)��1

nX
i=2

('2xi�
2 � �2�2 �2��2 2xi'

2�2 � ��(� + 1) ���2 2xi'
2�2

+�� ���1'2�2 � ��( ���1 xi'
2�2)xi)

+��(x1 + �0)��2

mX
j=1

('2yj�
2 � �2�2 �2��2 2yj'

2�2 � ��(� + 1) ���2 2yj'
2�2

+�� ���1'2�2 � ��( ���1 yj'
2�2)yj) + 2�

3�4�4 �2��3'2�2

= 2��
�3�'2x1�
2 + ��(x1 + �0)��1�

2

nX
i=2

'2xi

+��(x1 + �0)��2�
2

mX
j=1

'2yj + 2�
3�4�4 �2��3'2�2

�2�2�2
�3�(� ���1'2�2)x1 � �2�2(x1 + �0)��1

nX
i=2

( ���1 xi'
2�2)xi

��2�2(x1 + �0)��2

mX
j=1

( ���1 yj'
2�2)yj

�2�3�3
�3�3 �2��2'2�2 � �3�3(x1 + �0)��1 
�2��2'2�2

nX
i=2

 2xi

��3�3(x1 + �0)��2 
�2��2'2�2

mX
j=1

 2yj

��2�2(2
�3�3(� + 1) ���2 + (x1 + �0)��1(� + 1) 
���2

nX
i=2

 2xi

+(x1 + �0)��2(� + 1) 
���2

mX
j=1

 2yj � (x1 + �0)��1 
���1(n� 1)

�(x1 + �0)��2 
���1m)'2�2 (2.51)

bulunur. Ayr¬ca (x1 + �0) <
3
4

;  �1 > 1;

nX
i=2

 2xi � 2
;
mX
j=1

 2yj � 2
 oldu¼gundan

� � �1 = 2
�3��1 + 3
2

2��3(�1 + �2) + 1 olmak üzere (2.51) eşitli¼gindeki dördüncü,
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sekizinci, dokuzuncu ve onuncu terimler için

�3�4�4 �2��3'2�2 � 2�3�3
�3�3 �2��2'2�2

��3�3(x1 + �0)��1 
�2��2'2�2

nX
i=2

 2xi � �3�3(x1 + �0)��2 
�2��2'2�2

mX
j=1

 2yj

= '2�2 �2��2(�3�4�4 �1 � 2�3�3
�3�3 � �3�3(x1 + �0)��1

nX
i=2

 2xi

��3�3(x1 + �0)��2

mX
j=1

 2yj)

> '2�2 �2��2(�3�4�4 � 2�3�3
�3�3 � �3�3
3

4

��12
 � �3�3

3

4

��22
)

= '2�2 �2��2�3�3�4(� � 2
�3��1 � 3
2

2��3(�1 + �2))

� �3�3�4 �2��2'2�2 (2.52)

yaz¬l¬r. Bu sonuç ve onbirinci, onikinci ve onüçüncü terimler birlikte de¼gerlendirilirse her

� � �1 = 2

�3(� + 1) + 3

2

2(� + 1)(�1 + �2); 0 <  < 1 ve � � 1 için

�3�3�4 �2��2'2�2 � 2�2�2
�3�3(� + 1) ���2'2�2

��2�2(x1 + �0)��1(� + 1) 
���2'2�2

nX
i=2

 2xi

��2�2(x1 + �0)��2(� + 1) 
���2'2�2

mX
j=1

 2yj

= �2�3�4 �2��2'2�2(�� 2��1
�3��1(� + 1) �

���1(x1 + �0)�
�3�1(� + 1) 

�
nX
i=2

 2xi � ��1(x1 + �0)�
�3�2(� + 1) 

�
mX
j=1

 2yj)

> �2�3�4 �2��2'2�2(�� 2
�3(� + 1)� 3
4

�1(� + 1)2
 �

3

4

�2(� + 1)2
)

= �2�3�4 �2��2'2�2(�� 2
�3(� + 1)� 3
2

2(� + 1)(�1 + �2))

� 0 (2.53)

olur. O halde yukar¬daki eşitsizliklerden (2.51) eşitli¼gini � � �1 ve � � �1 için

2��
�3�#2x1 + ��(x1 + �0)��1

nX
i=2

#2xi

+��(x1 + �0)��2

mX
j=1

#2yj + 2�
3�4�4 �2��3#2

� 2��
�3�'2x1�
2 + ��(x1 + �0)��1�

2

nX
i=2

'2xi + ��(x1 + �0)��2�
2

mX
j=1

'2yj

+�3�4�4 �2��3'2�2 + d3(') (2.54)
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olarak yazabiliriz. Burada

d3(') = �2�2�2
�3�( ���1�'2�2)x1 � �2�2(x1 + �0)��1

nX
i=2

( ���1 xi'
2�2)xi

��2�2(x1 + �0)��2

mX
j=1

( ���1 yj'
2�2)yj

biçiminde tan¬ml¬d¬r. Böylece

 �+1(L0')
2�2 � 2��
�3�'2x1�

2 + ��(x1 + �0)��1�
2

nX
i=2

'2xi

+��(x1 + �0)��2�
2

mX
j=1

'2yj + �3�4�4 �2��3'2�2

+2���(x1 + �0)
2(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj)'
2�2 +

3X
j=1

dj(')

eşitsizli¼gi bulunur ve ispat tamamlan¬r.

2.3 LEMMA 2.3

Lemma 2.3 Aşa¼g¬daki eşitsizlik Q
 da sa¼glan¬r:

2��(x1 + �0)�
2�'(L0')

� �2���0�2('2x1 +M(x1 + �0)
2(

nX
i=2

'2xi +
mX
j=1

'2yj))

�4�3�3�2 �2��2(�2 +M2
(n+m� 1))�0'2

�C�2�2 ���1�2�2'2 � 2��(x1 + �0)
2�2��'2 + d4('): (2.55)

Burada C > 0; aii; bjj katsay¬lar¬na ve n; m ye ba¼gl¬olup

d4(') = 2��(�2�''x1)x1 � ��((�2�)x1'
2)x1

+2��(x1 + �0)
2(�2�

nX
i=2

aii''xi)xi � ��(x1 + �0)
2((�2�

nX
i=2

aii)xi'
2)xi

�2��(x1 + �0)
2(�2�

mX
j=1

bjj''yj)yj + ��(x1 + �0)
2((�2�

mX
j=1

bjj)yj'
2)yj

�(2��(x1 + �0)
2�2�k'2)�;

� =
nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj ;

�0 = maxf(
p
2
 + 1)M(n+m� 1) +M(n� 1); (

p
2
 + 1)M(n+m� 1) +Mmg

şeklinde tan¬ml¬d¬r.
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·Ispat. ·Ilk olarak aşa¼g¬daki eşitli¼gi ele alal¬m:

2��(x1 + �0)�
2�'(L0')

= 2��(x1 + �0)�
2�'((x1 + �0)

�1'x1x1

+(x1 + �0)(
nX
i=2

aii'xixi �
mX
j=1

bjj'yjyj � 2k'� � �'))

= 2���2�''x1x1 + 2��(x1 + �0)
2�2�'

nX
i=2

aii'xixi � 2��(x1 + �0)
2�2�'

mX
j=1

bjj'yjyj

�4��(x1 + �0)
2�2�'k'� � 2��(x1 + �0)

2�2�'�':

Bu eşitlikteki terimler axibxi = (axib)xi � axixib özdeşli¼gide göz önünde bulundurularak

de¼gerlendirilirse,

2���2�''x1x1 = 2��((�2�''x1)x1 � (�
2�)x1''x1 � �2�'2x1)

= 2��(�2�''x1)x1 � 2��(�
2�)x1''x1 � 2���

2�'2x1 ;

2��(�2�)x1''x1 = ��(�2�)x1('
2)x1

= ��(((�2�)x1'
2)x1 � (�2�)x1x1'2);

2���2�''x1x1 = 2��(�2�''x1)x1 � ��((�2�)x1'
2)x1

+��(�2�)x1x1'
2 � 2���2�'2x1 ; (2.56)

2��(x1 + �0)
2�2�'

nX
i=2

aii'xixi = 2��(x1 + �0)
2�2�

nX
i=2

aii''xixi

= 2��(x1 + �0)
2�2�

nX
i=2

aii((''xi)xi � '2xi)

= 2��(x1 + �0)
2�2�

nX
i=2

aii(''xi)xi

�2��(x1 + �0)
2�2�

nX
i=2

aii'
2
xi
;

2��(x1 + �0)
2�2�

nX
i=2

aii(''xi)xi

= 2��(x1 + �0)
2(�2�

nX
i=2

aii''xi)xi � 2��(x1 + �0)
2(�2�

nX
i=2

aii)xi''xi

= 2��(x1 + �0)
2(�2�

nX
i=2

aii''xi)xi � ��(x1 + �0)
2(�2�

nX
i=2

aii)xi('
2)xi ;
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��(x1 + �0)
2(�2�

nX
i=2

aii)xi('
2)xi

= ��(x1 + �0)
2(((�2�

nX
i=2

aii)xi'
2)xi � (�2�

nX
i=2

aii)xixi'
2);

2��(x1 + �0)
2�2�'

nX
i=2

aii'xixi

= 2��(x1 + �0)
2(�2�

nX
i=2

aii''xi)xi � ��(x1 + �0)
2((�2�

nX
i=2

aii)xi'
2)xi

+��(x1 + �0)
2(�2�

nX
i=2

aii)xixi'
2 � 2��(x1 + �0)

2�2�
nX
i=2

aii'
2
xi
; (2.57)

�2��(x1 + �0)
2�2�'

mX
j=1

bjj'yjyj = �2��(x1 + �0)
2�2�

mX
j=1

bjj''yjyj

= �2��(x1 + �0)
2�2�

mX
j=1

bjj((''yj)yj � '2yj)

= �2��(x1 + �0)
2�2�

mX
j=1

bjj(''yj)yj

+2��(x1 + �0)
2�2�

mX
j=1

bjj'
2
yj
;

�2��(x1 + �0)
2�2�

mX
j=1

bjj(''yj)yj

= �2��(x1 + �0)
2(�2�

mX
j=1

bjj''yj)yj + 2��(x1 + �0)
2(�2�

mX
j=1

bjj)yj''yj

= �2��(x1 + �0)
2(�2�

mX
j=1

bjj''yj)yj + ��(x1 + �0)
2(�2�

mX
j=1

bjj)yj('
2)yj ;

��(x1 + �0)
2(�2�

mX
j=1

bjj)yj('
2)yj

= ��(x1 + �0)
2(((�2�

mX
j=1

bjj)yj'
2)yj � (�2�

mX
j=1

bjj)yjyj'
2);

�2��(x1 + �0)
2�2�'

mX
j=1

bjj'yjyj

= �2��(x1 + �0)
2(�2�

mX
j=1

bjj''yj)yj + ��(x1 + �0)
2((�2�

mX
j=1

bjj)yj'
2)yj

���(x1 + �0)
2(�2�

mX
j=1

bjj)yjyj'
2 + 2��(x1 + �0)

2�2�
mX
j=1

bjj'
2
yj
; (2.58)
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�4��(x1 + �0)
2�2�'k'� = �(2��(x1 + �0)

2�2�k'2)�; (2.59)

�2��(x1 + �0)
2�2�'�' = �2��(x1 + �0)

2�2��'2 (2.60)

elde edilir. (2.56)-(2.60) eşitlikleri kullan¬larak

2��(x1 + �0)�
2�'(L0')

= 2��(�2�''x1)x1 � ��((�2�)x1'
2)x1 + ��(�2�)x1x1'

2 � 2���2�'2x1

+2��(x1 + �0)
2(�2�

nX
i=2

aii''xi)xi � ��(x1 + �0)
2((�2�

nX
i=2

aii)xi'
2)xi

+��(x1 + �0)
2(�2�

nX
i=2

aii)xixi'
2 � 2��(x1 + �0)

2�2�
nX
i=2

aii'
2
xi

�2��(x1 + �0)
2(�2�

mX
j=1

bjj''yj)yj + ��(x1 + �0)
2((�2�

mX
j=1

bjj)yj'
2)yj

���(x1 + �0)
2(�2�

mX
j=1

bjj)yjyj'
2 + 2��(x1 + �0)

2�2�
mX
j=1

bjj'
2
yj

�(2��(x1 + �0)
2�2�k'2)� � 2��(x1 + �0)

2�2��'2

= ��(�2�)x1x1'
2 � 2���2�'2x1 + ��(x1 + �0)

2(�2�
nX
i=2

aii)xixi'
2

�2��(x1 + �0)
2�2�

nX
i=2

aii'
2
xi
� ��(x1 + �0)

2(�2�
mX
j=1

bjj)yjyj'
2

+2��(x1 + �0)
2�2�

mX
j=1

bjj'
2
yj
� 2��(x1 + �0)

2�2��'2 + d4(');

2��(x1 + �0)�
2�'(L0')

= �2����2('2x1 + (x1 + �0)
2(

nX
i=2

aii'
2
xi
�

mX
j=1

bjj'
2
yj
))

+A'2 � 2��(x1 + �0)
2�2��'2 + d4(') (2.61)

bulunur. Burada

A = ��((�2�)x1x1 + (x1 + �0)
2((�2�

nX
i=2

aii)xixi � (�2�
mX
j=1

bjj)yjyj))
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dir. Di¼ger taraftan j�j � �0; jaiij �M; 2 � i � n ve jbjjj �M; 1 � j � m oldu¼gundan

�2����2('2x1 + (x1 + �0)
2(

nX
i=2

aii'
2
xi
�

mX
j=1

bjj'
2
yj
))

� �2��j�j�2('2x1 + (x1 + �0)
2(

nX
i=2

jaii'2xij+
mX
j=1

jbjj'2yj j))

� �2���0�2('2x1 +M(x1 + �0)
2(

nX
i=2

'2xi +

mX
j=1

'2yj)) (2.62)

yaz¬labilir. Ayr¬ca A katsay¬s¬n¬de¼gerlendirmek için

(�2�)x1 = (�2)x1� + �
2�x1 ;

(�2�)x1x1 = ((�2)x1� + �
2�x1)x1

= (�2)x1x1� + (�
2)x1�x1 + (�

2)x1�x1 + �2�x1x1

= (�2)x1x1� + 2(�
2)x1�x1 + �2�x1x1 ;

(�2�aii)xi = (�2)xi�aii + �2�xiaii + �2�(aii)xi ;

(�2�aii)xixi = ((�2)xi�aii + �2�xiaii + �2�(aii)xi)xi

= (�2)xixi�aii + (�
2)xi�xiaii + (�

2)xi�(aii)xi

+(�2)xi�xiaii + �2�xixiaii + �2�xi(aii)xi

+(�2)xi�(aii)xi + �2�xi(aii)xi + �2�(aii)xixi

= �2(�xixiaii + �xi(aii)xi + �xi(aii)xi + �(aii)xixi)

+(�2)xi(�xiaii + �(aii)xi + �xiaii) + (�
2)xixi�aii + (�

2)xi�(aii)xi ;

(�2�aii)xixi = �((�2)xiaii)xi + (�
2)xi(2�xiaii + �(aii)xi)

+�2(�xixiaii + 2�xi(aii)xi + �(aii)xixi);

(�2�bjj)yj = (�2)yj�bjj + �2�yjbjj + �2�(bjj)yj ;

(�2�bjj)yjyj = �((�2)yjbjj)yj + (�
2)yj(2�yjbjj + �(bjj)yj)

+�2(�yjyjbjj + 2�yj(bjj)yj + �(bjj)yjyj)
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ba¼g¬nt¬lar¬yard¬m¬yla

A = ��((�2)x1x1� + 2(�
2)x1�x1 + �2�x1x1

+(x1 + �0)
2(

nX
i=2

(�((�2)xiaii)xi + (�
2)xi(2�xiaii + �(aii)xi)

+�2(�xixiaii + 2�xi(aii)xi + �(aii)xixi))

�
mX
j=1

(�((�2)yjbjj)yj + (�
2)yj(2�yjbjj + �(bjj)yj)

+�2(�yjyjbjj + 2�yj(bjj)yj + �(bjj)yjyj))) (2.63)

bulunur. Ayr¬ca  x1 = � ve  x1x1 = 0 oldu¼gu göz önünde bulundurularak

�2 = e2� 
��
;

(�2)x1 = �2�� ���1 x1e
2� �� = �2�� ���1��2;

(�2)x1x1 = �2��(�(� + 1) ���2 2x1�
2 +  ���1 x1x1�

2

+ ���1 x1(�2�� 
���1 x1�

2))

= 2��(� + 1)�2 ���2�2 + 4�2�2�2 �2��2�2

= 2���2(2���2 �2��2 + (� + 1)�2 ���2);

(�2)xi = �2�� ���1 xie
2� �� = �2�� ���1 xi�

2;

(�2)xixi = �2��(�(� + 1) ���2 2xi�
2 +  ���1 xixi�

2 +  ���1 xi(�2�� 
���1 xi�

2))

= 2���2(2�� �2��2 2xi + (� + 1) 
���2 2xi �  ���1 xixi);

(aii(�
2)xi)xi = (aii)xi(�

2)xi + aii(�
2)xixi

= (aii)xi(�2�� ���1 xi�
2)

+aii(2���
2(2�� �2��2 2xi + (� + 1) 

���2 2xi �  ���1 xixi))

= 2���2(aii(2�� 
�2��2 2xi + (� + 1) 

���2 2xi �  ���1 xixi)

�(aii)xi ���1 xi);

(�2)yj = �2�� ���1 yje
2� �� = �2�� ���1 yj�

2;

(�2)yjyj = �2��(�(� + 1) ���2 2yj�
2 +  ���1 yjyj�

2 +  ���1 yj(�2�� 
���1 yj�

2))

= 2���2(2�� �2��2 2yj + (� + 1) 
���2 2yj �  ���1 yjyj);
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(bjj(�
2)yj)yj = (bjj)yj(�

2)yj + bjj(�
2)yjyj

= (bjj)yj(�2�� ���1 yj�
2)

+bjj(2���
2(2�� �2��2 2yj + (� + 1) 

���2 2yj �  ���1 yjyj))

= 2���2(bjj(2�� 
�2��2 2yj + (� + 1) 

���2 2yj �  ���1 yjyj)

�(bjj)yj ���1 yj)

eşitlikleri yaz¬labilir. Bu son eşitlikler kullan¬l¬rsa

A = ��(2���2(2���2 �2��2 + (� + 1)�2 ���2)�

+2(�2��� ���1�2)�x1 + �2�x1x1

+(x1 + �0)
2(

nX
i=2

(�2���2(aii(2�� 
�2��2 2xi + (� + 1) 

���2 2xi �  ���1 xixi)

�(aii)xi ���1 xi)� 2�� 
���1 xi�

2(2�xiaii + �(aii)xi)

+�2(�xixiaii + 2�xi(aii)xi + �(aii)xixi))

�
mX
j=1

(�2���2(bjj(2�� 
�2��2 2yj + (� + 1) 

���2 2yj �  ���1 yjyj)

�(bjj)yj ���1 yj)� 2�� 
���1 yj�

2(2�yjbjj + �(bjj)yj)

+�2(�yjyjbjj + 2�yj(bjj)yj + �(bjj)yjyj))))

elde edilir. Di¼ger taraftan  xixi = 1;  yjyj = 1 ve  xiyj = 0; 2 � i � n; 1 � j � m oldu¼gu

dikkate al¬narak

� =
nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj

=

nX
i=2

((aii)xi xi + aii xixi)�
mX
j=1

((bjj)yj yj + bjj yjyj)

=
nX
i=2

(aii)xi xi +
nX
i=2

aii �
mX
j=1

(bjj)yj yj �
mX
j=1

bjj;

�xi =
nX
i=2

((aii)xixi xi + (aii)xi xixi) +

nX
i=2

(aii)xi

�
mX
j=1

((bjj)yjxi yj + (bjj)yj yjxi)�
mX
j=1

(bjj)xi

=

nX
i=2

(aii)xixi xi + 2
nX
i=2

(aii)xi �
mX
j=1

(bjj)yjxi yj �
mX
j=1

(bjj)xi ;
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�xixi =

nX
i=2

((aii)xixixi xi + (aii)xixi xixi) + 2

nX
i=2

(aii)xixi

�
mX
j=1

((bjj)yjxixi yj + (bjj)yjxi yjxi)�
mX
j=1

(bjj)xixi

=

nX
i=2

(aii)xixixi xi + 3
nX
i=2

(aii)xixi �
mX
j=1

(bjj)yjxixi yj �
mX
j=1

(bjj)xixi ;

�yj =

nX
i=2

((aii)xiyj xi + (aii)xi xiyj) +
nX
i=2

(aii)yj

�
mX
j=1

((bjj)yjyj yj + (bjj)yj yjyj)�
mX
j=1

(bjj)yj

=

nX
i=2

(aii)xiyj xi +

nX
i=2

(aii)yj �
mX
j=1

(bjj)yjyj yj � 2
mX
j=1

(bjj)yj ;

�yjyj =
nX
i=2

((aii)xiyjyj xi + (aii)xiyj xiyj) +
nX
i=2

(aii)yjyj

�
mX
j=1

((bjj)yjyjyj yj + (bjj)yjyj yjyj)� 2
mX
j=1

(bjj)yjyj

=
nX
i=2

(aii)xiyjyj xi +
nX
i=2

(aii)yjyj �
mX
j=1

(bjj)yjyjyj yj � 3
mX
j=1

(bjj)yjyj

bulunur. Aşa¼g¬da j xij �
p
2
; j yj j �

p
2
; jjaiijjC3(D�G) � M ve jjbjjjjC3(D�G) � M;

2 � i � n; 1 � j � m eşitsizlikleri kullan¬lm¬̧st¬r.

j�j �
nX
i=2

j(aii)xi xij+
nX
i=2

jaiij+
mX
j=1

j(bjj)yj yj j+
mX
j=1

jbjjj

� M
p
2
(n� 1) +M(n� 1) +M

p
2
m+Mm

= M(
p
2
 + 1)(n� 1) +M(

p
2
 + 1)m

= (
p
2
 + 1)M(n+m� 1);

j�xij �
nX
i=2

j(aii)xixi xij+ 2
nX
i=2

j(aii)xij+
mX
j=1

j(bjj)yjxi yj j+
mX
j=1

j(bjj)xij

� M
p
2
(n� 1) + 2M(n� 1) +M

p
2
m+Mm

= (
p
2
 + 2)M(n� 1) + (

p
2
 + 1)Mm

= (
p
2
 + 1)M(n+m� 1) +M(n� 1);
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j�xixij �
nX
i=2

j(aii)xixixi xij+ 3
nX
i=2

j(aii)xixij+
mX
j=1

j(bjj)yjxixi yj j+
mX
j=1

j(bjj)xixij

� M
p
2
(n� 1) + 3M(n� 1) +M

p
2
m+Mm

= M
p
2
(n+m� 1) +M(3(n� 1) +m);

j�yj j �
nX
i=2

j(aii)xiyj xij+
nX
i=2

j(aii)yj j+
mX
j=1

j(bjj)yjyj yj j+ 2
mX
j=1

j(bjj)yj j

� M
p
2
(n� 1) +M(n� 1) +M

p
2
m+ 2Mm

= M
p
2
(n+m� 1) +M(n+ 2m� 1)

= (
p
2
 + 1)M(n+m� 1) +Mm;

j�yjyj j �
nX
i=2

j(aii)xiyjyj xij+
nX
i=2

j(aii)yjyj j+
mX
j=1

j(bjj)yjyjyj yj j+ 3
mX
j=1

j(bjj)yjyj j

� M
p
2
(n� 1) +M(n� 1) +M

p
2
m+ 3Mm

= M
p
2
(n+m� 1) +M(n+ 3m� 1)

dir. Di¼ger taraftan

j�j � �0; j�xij � �0; j�yj j � �0;

j�xixij � M
p
2
(n+m� 1) +M(3(n� 1) +m);

j�yjyj j � M
p
2
(n+m� 1) +M(n+ 3m� 1) (2.64)

ba¼g¬nt¬lar¬kullan¬l¬rsa

jAj � ���0(j4�2�2�2�2 �2��2j+ j2��(� + 1)�2�2 ���2j+ j4��� ���1�2j

+(x1 + �0)
2(

nX
i=2

(j4�2�2�2aii �2��2 2xij+ j2��(� + 1)�
2aii 

���2 2xij

+j2���2aii ���1 xixij+ j2���
2(aii)xi 

���1 xij+ j4�� 
���1 xi�

2aiij

+j2�� ���1 xi�
2(aii)xij+ 2j�2(aii)xij+ j�2(aii)xixij)

+
mX
j=1

(j4�2�2�2bjj �2��2 2yj j+ j2��(� + 1)�
2bjj 

���2 2yj j+ j2���
2bjj 

���1 yjyj j

+j2���2(bjj)yj ���1 yj j+ j4�� 
���1 yj�

2bjjj+ j2�� ���1 yj�
2(bjj)yj j

+2j�2(bjj)yj j+ j�2(bjj)yjyj j)))

+��(�2j�x1x1j+ (x1 + �0)
2(

nX
i=2

j�2aiijj�xixij+
mX
j=1

j�2bjjjj�yjyj j))
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ve di¼ger bir şekilde

jAj � 4�3�3�2 �2��2�0(�2 + (x1 + �0)
2(

nX
i=2

jaii 2xij+
mX
j=1

jbjj 2yj j))

+�2�2 ���1�2�2�0(2(� + 1) �1 +
4

�

+
(x1 + �0)

2

�2
(

nX
i=2

(j2aii(� + 1) �1 2xij+ j2aii xixij

+j2(aii)xi xij+ j4 xiaiij+ j2 xi(aii)xij)

+
mX
j=1

(j2(� + 1)bjj �1 2yj j+ j2bjj yjyj j+ j2(bjj)yj yj j

+j4 yjbjjj+ j2 yj(bjj)yj j)))

+���2(
nX
i=2

(j2(aii)xij�0 + j(aii)xixij�0) +
mX
j=1

(j2(bjj)yj j�0 + j(bjj)yjyj j�0)

+j�x1x1j+ (x1 + �0)
2(

nX
i=2

jaiijj�xixij+
mX
j=1

jbjjjj�yjyj j))

elde edilir. E¼ger

� � �2 =
nX
i=2

(j2(aii)xij�0 + j(aii)xixij�0) +
mX
j=1

(j2(bjj)yj j�0 + j(bjj)yjyj j�0)

+j�x1x1j+ (x1 + �0)
2(

nX
i=2

jaiijj�xixij+
mX
j=1

jbjjjj�yjyj j)

olarak al¬n¬r ve � � 1 oldu¼gu göz önünde bulundurulursa

jAj � 4�3�3�2 �2��2�0(�2 + (x1 + �0)
2(

nX
i=2

jaii 2xij+
mX
j=1

jbjj 2yj j))

+�2�2 ���1�2�2�0(2(� + 1) �1 +
4

�

+
(x1 + �0)

2

�2
(
nX
i=2

(j2aii(� + 1) �1 2xij+ j2aii xixij

+j2(aii)xi xij+ j4 xiaiij+ j2 xi(aii)xij)

+
mX
j=1

(j2(� + 1)bjj �1 2yj j+ j2bjj yjyj j+ j2(bjj)yj yj j

+j4 yjbjjj+ j2 yj(bjj)yj j))) + �
2�2�2
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= 4�3�3�2 �2��2�0(�2 + (x1 + �0)
2(

nX
i=2

jaii 2xij+
mX
j=1

jbjj 2yj j))

+�2�2 ���1�2�2(�0(2(� + 1) �1 +
4

�

+
(x1 + �0)

2

�2
(
nX
i=2

(j2aii(� + 1) �1 2xij+ j2aii xixij

+j2(aii)xi xij+ j4 xiaiij+ j2 xi(aii)xij)

+
mX
j=1

(j2(� + 1)bjj �1 2yj j+ j2bjj yjyj j+ j2(bjj)yj yj j

+j4 yjbjjj+ j2 yj(bjj)yj j))) +
 �+1

�2
)

= 4�3�3�2 �2��2�0(�2 + (x1 + �0)
2(

nX
i=2

jaii 2xij+
mX
j=1

jbjj 2yj j))

+C�2�2 ���1�2�2

eşitsizli¼gi elde edilir. Burada

C = �0(2(� + 1) �1 +
4

�
+
(x1 + �0)

2

�2
(
nX
i=2

(j2aii(� + 1) �1 2xij+ j2aii xixij

+j2(aii)xi xij+ j4 xiaiij+ j2 xi(aii)xij) +
mX
j=1

(j2(� + 1)bjj �1 2yj j

+j2bjj yjyj j+ j2(bjj)yj yj j+ j4 yjbjjj+ j2 yj(bjj)yj j))) +
 �+1

�2

dir. O halde mutlak de¼ger tan¬m¬ndan ve jaiij � M; jbjjj � M; j xij2 � 2
; j yj j2 � 2
;

2 � i � n; 1 � j � m kabullerinden

A � �4�3�3�2 �2��2�0(�2 + (x1 + �0)
2(

nX
i=2

jaii 2xij+
mX
j=1

jbjj 2yj j))

�C�2�2 ���1�2�2

� �4�3�3�2 �2��2�0(�2 +M2
(n� 1) +M2
m)� C�2�2 ���1�2�2 (2.65)

yaz¬labilir. (2.62) ve (2.65) eşitsizlikleri kullan¬larak

2��(x1 + �0)�
2�'(L0')

� �2���0�2('2x1 + (x1 + �0)
2M(

nX
i=2

'2xi +

mX
j=1

'2yj))

�4�3�3�2 �2��2(�2 +M2
(n+m� 1))�0'2

�C�2�2 ���1�2�2'2 � 2��(x1 + �0)
2�2��'2 + d4(')
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ispat tamamlan¬r.

Lemma 2.1�in ispat¬. (2.9) ve (2.55) eşitsizlikleri taraf tarafa toplan¬rsa,

 �+1(L0')
2�2 + 2��(x1 + �0)�

2�'(L0')

� 2��
�3�'2x1�
2 + ��(x1 + �0)��1�

2

nX
i=2

'2xi

+��(x1 + �0)��2�
2

mX
j=1

'2yj + �3�4�4 �2��3'2�2

+2���(x1 + �0)
2(

nX
i=2

(aii xi)xi �
mX
j=1

(bjj yj)yj)'
2�2 +

3X
j=1

dj(')

�2���0�2('2x1 +M(x1 + �0)
2(

nX
i=2

'2xi +
mX
j=1

'2yj))

�4�3�3�2 �2��2(�2 +M2
(n+m� 1))�0'2

�C�2�2 ���1�2�2'2 � 2��(x1 + �0)
2�2��'2 + d4(')

=
4X
i=1

di(') + 2��'
2
x1
�2(
�3� � �0) + ��(x1 + �0)(��1 � 2�0M(x1 + �0))�

2

nX
i=2

'2xi

+��(x1 + �0)(��2 � 2�0M(x1 + �0))�
2

mX
j=1

'2yj

+4�3�3 �2��3'2�2(
��4

4
�  �0(�2 +M2
(n+m� 1))� C

��
�2 �+2)

>

4X
i=1

di(') + 2��'
2
x1
�2(
�3� � �0) + ��(x1 + �0)(��1 � 2�0M
)�2

nX
i=2

'2xi

+��(x1 + �0)(��2 � 2�0M
)�2
mX
j=1

'2yj

+4�3�3 �2��3'2�2(
��4

4
�  �0(�2 +M2
(n+m� 1))� C

��
�2 �+2) (2.66)

bulunur. Burada


�3� � �0 � 1) � � (1 + �0)
3;

��1 � 2�0M
 � 1) � � (1 + 2�0M
)=�1;

��2 � 2�0M
 � 1) � � (1 + 2�0M
)=�2
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dir. Di¼ger taraftan

0 <  < 1; � � �3 = C; � � 1;

� � �2 =
4

�4
(1 + �0(�2 +M2
(n+m� 1)) + �2)

oldu¼gundan

��4

4
�  �0(�2 +M2
(n+m� 1))� C

��
 �+2�2

>
��4

4
� �0(�2 +M2
(n+m� 1))� �2

� 1

olur. Burada �; � ve � parametrelerini � > ��; � > ��; � > ��;

�� = maxf4; �1; �2; �3; �4; �5g;

� � �5 = maxf(1 + �0)
3; (1 + 2�0M
)=�1; (1 + 2�
0M
)=�2g;

�� = maxf�1; �2; �3g; �� = maxf�1; �2g

olacak şekilde seçelim. Bu durumda (2.66) eşitsizli¼ginden

 �+1(L0')
2�2 + 2��(x1 + �0)�

2�'(L0')

� 2��'2x1�
2 + ��(x1 + �0)�

2

nX
i=2

'2xi + ��(x1 + �0)�
2

mX
j=1

'2yj

+4�3�3 �2��3'2�2 +
4X
i=1

di(')

elde edilir. Böylece ispat tamamlan¬r.
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BÖLÜM 3

ULTRAH·IPERBOL·IK SCHRÖDINGER DENKLEM·I ·IÇ·IN B·IR TERS

PROBLEM

Problem 3.1 (1.1)-(1.2) ba¼g¬nt¬lar¬ndan

u(x; y; 0) = a(x; y) (3.1)

ek bilgisi yard¬m¬yla (u; g) fonksiyonlar çiftinin bulunmas¬problemini ele alal¬m.

Şimdi aşa¼g¬daki kümeyi tan¬mlayal¬m:

U = fu(x; y; t);u 2 C3(Q); j@�t uj; j@�t uxs j; j@
�
t uxsxj j; j@

�
t uyij; j@

�
t uyiylj � Ku exp(dut

2)g:

Burada 0 � � � 2; @�t = @�

@t�
; s; j = 2; :::; n; i; l = 1; :::;m ve Ku; du > 0 sabitleri u(x; y; t)

fonksiyonuna ba¼gl¬d¬r.

3.1 TERS PROBLEM·IN ÇÖZÜMÜNÜN TEKL·I¼G·IN·IN ARAŞTIRILMASI

Teorem 3.1 Kabul edelim ki

aii 2 C3(D �G); bjj 2 C3(D �G);
nX
i=2

(aii(x; y))x1(�
i)2 � �1j0�j2; �

mX
j=1

(bjj(x; y))x1(�
j)2 � �2j�j2; (3.2)

nX
i=2

aii 
2
xi

� �3

nX
i=2

 2xi ; �
mX
j=1

bjj 
2
yj
� �4

mX
j=1

 2yj (3.2�)

olacak şekilde �1; �2; �3; �4 > 0 sabitleri mevcut olsun.

Burada 0� = (�2; :::; �n) 2 Rn�1 ve � = (�1; �2; :::; �m) 2 Rm olarak tan¬ml¬d¬r. Ayr¬ca

f 2 C(Q); j@�t f j � Kf exp(df t
2); f(x; y; 0) 6= 0

olsun. Problem 3.1 en çok bir (u; g) çözümüne sahiptir öyle ki u 2 U ; g 2 C(D �G):
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·Ispat. Kabul edelim ki a(x; y) = 0 ve (u; g) Problem 3.1�in bir çözümü olsun. (2.5)

denklemi, (2.6) koşullar¬ve (2.7) ifadesi kullan¬larak

L0's = ms; s = 1; 2; (3.3)

's(0;
0 x; y; �) = ('s)x1(0;

0 x; y; �) = 0 (3.4)

yaz¬labilir. Burada

L0's = (x1 + �0)
�1('s)x1x1 + (x1 + �0)(

nX
i=2

aii('s)xixi �
mX
j=1

bjj('s)yjyj � 2k('s)� � �'s)

şeklinde olup m1 ve m2 ifadeleri için bF = f1 + if2; bw = '1 + i'2; \arwxr = a1r + ia2r;da0w = a10 + ia20; [blwyl = b1l + ib2l tan¬mlamalar¬kullan¬l¬rsa

� bF 1
f0

Z 1

�1
� bwd� = �(f1 + if2)

1

f0

Z 1

�1
�('1 + i'2)d�

= �(f1 + if2)
1

f0
(

Z 1

�1
�'1d� + i

Z 1

�1
�'2d�)

= �f1
1

f0

Z 1

�1
�'1d� � if1

1

f0

Z 1

�1
�'2d�

�if2
1

f0

Z 1

�1
�'1d� + f2

1

f0

Z 1

�1
�'2d�;

�(
nX
r=0

\arwxr +
mX
l=1

[blwyl) = �(
nX
r=0

(a1r + ia2r) +
mX
l=1

(b1l + ib2l))

eşitliklerinden

(x1 + �0)(� bF 1
f0

Z 1

�1
� bwd� � nX

r=0

\arwxr �
mX
l=1

[blwyl)

= (x1 + �0)(�f1
1

f0

Z 1

�1
�'1d� � if1

1

f0

Z 1

�1
�'2d�

�if2
1

f0

Z 1

�1
�'1d� + f2

1

f0

Z 1

�1
�'2d�

�
nX
r=0

(a1r + ia2r)�
mX
l=1

(b1l + ib2l))

= m1 +m2

oldu¼gu görülür. Burada wx0 = w gösterimi kullan¬lm¬̧st¬r. Böylece

m1 = (x1 + �0)(�f1
1

f0

Z 1

�1
�'1d� + f2

1

f0

Z 1

�1
�'2d� �

nX
r=0

a1r �
mX
l=1

b1l);

m2 = (x1 + �0)(�f1
1

f0

Z 1

�1
�'2d� � f2

1

f0

Z 1

�1
�'1d� �

nX
r=0

a2r �
mX
l=1

b2l)
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olarak bulunur. Di¼ger taraftan

(

Z 1

�1
�'1d�)

2 = (

Z 1

�1
(1 + �2)�1=2(1 + �2)1=2�'1d�)

2

�
Z 1

�1
(1 + �2)�1d�

Z 1

�1
�2(1 + �2)'21d�

� C1

Z 1

�1
(1 + �2)2'21d�;

(

Z 1

�1
�'2d�)

2 � C1

Z 1

�1
(1 + �2)2'22d�; C1 =

Z 1

�1
(1 + �2)�1d�;

(
mX
k=1

ak)
2 � m

mX
k=1

a2k; (a+ b+ c+ d)2 � 4(a2 + b2 + c2 + d2)

eşitsizlikleri kullan¬larak

m2
1 +m2

2 = (x1 + �0)
2(�f1

1

f0

Z 1

�1
�'1d� + f2

1

f0

Z 1

�1
�'2d� �

nX
r=0

a1r �
mX
l=1

b1l)
2

+(x1 + �0)
2(�f1

1

f0

Z 1

�1
�'2d� � f2

1

f0

Z 1

�1
�'1d� �

nX
r=0

a2r �
mX
l=1

b2l)
2

� (x1 + �0)
2(4f 21

1

f 20
(

Z 1

�1
�'1d�)

2 + 4f 22
1

f 20
(

Z 1

�1
�'2d�)

2 + 4(
nX
r=0

a1r)
2 + 4(

mX
l=1

b1l)
2

+4f 21
1

f 20
(

Z 1

�1
�'2d�)

2 + 4f 22
1

f 20
(

Z 1

�1
�'1d�)

2 + 4(
nX
r=0

a2r)
2 + 4(

mX
l=1

b2l)
2)

� (x1 + �0)
2((4f 21

1

f 20
+ 4f 22

1

f 20
)(

Z 1

�1
�'1d�)

2 + (4f 22
1

f 20
+ 4f 21

1

f 20
)(

Z 1

�1
�'2d�)

2

+4(n+ 1)
nX
r=0

(a21r + a22r) + 4m
mX
l=1

(b21l + b22l))

= (x1 + �0)
2(4
(f 21 + f 22 )

f 20
((

Z 1

�1
�'1d�)

2 + (

Z 1

�1
�'2d�)

2)

+4(n+ 1)
nX
r=0

(a21r + a22r) + 4m
mX
l=1

(b21l + b22l))

� (x1 + �0)
2(4
(f 21 + f 22 )

f 20
(C1

Z 1

�1
(1 + �2)2'21d� + C1

Z 1

�1
(1 + �2)2'22d�)

+4(n+ 1)
nX
r=0

(a21r + a22r) + 4m
mX
l=1

(b21l + b22l))

= (x1 + �0)
2(4

C1
f 20
(f 21 + f 22 )

Z 1

�1
(1 + �2)2('21 + '22)d�

+4(n+ 1)
nX
r=0

(a21r + a22r) + 4m
mX
l=1

(b21l + b22l)) (3.5)
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elde edilir. Şimdi Lemma 2.1 de buldu¼gumuz

 �+1(L0's)
2�2 + 2��(x1 + �0)�'s(L0's)�

2

�  �+1(L0's)
2�2 + (L0's)

2�2 + �2�2(x1 + �0)
2�2'2s�

2

eşitsizli¼gin sol taraf¬n¬de¼gerlendirelim. Bu amaçla toplam sembolüde yukar¬daki eşit-

sizli¼ge dahil edilerek:

2X
s=1

( �+1(L0's)
2�2 + 2��(x1 + �0)�'s(L0's)�

2)

�
2X
s=1

( �+1(L0's)
2�2 + (L0's)

2�2 + �2�2(x1 + �0)
2�2'2s�

2)

=
2X
s=1

(( �+1 + 1)(L0's)
2�2 + �2�2(x1 + �0)

2�2'2s�
2)

= ( �+1 + 1)(m2
1 +m2

2)�
2 + �2�2(x1 + �0)

2�2('21 + '22)�
2

� ( �+1 + 1)(x1 + �0)
2(4

C1
f 20
(f 21 + f 22 )

Z 1

�1
(1 + �2)2('21 + '22)d�

+4(n+ 1)
nX
r=0

(a21r + a22r) + 4m
mX
l=1

(b21l + b22l))�
2

+�2�2(x1 + �0)
2�2('21 + '22)�

2 (3.6)

yaz¬l¬r. ·Ikinci olarak Lemma 2.1 deki eşitsizli¼gin

 �+1(L0's)
2�2 + 2��(x1 + �0)�'s(L0's)�

2

� 2���2('s)
2
x1
+ ��(x1 + �0)�

2

nX
i=2

('s)
2
xi
+ ��(x1 + �0)�

2

mX
j=1

('s)
2
yj

+4�3�3 �2��3�2'2s +

4X
i=1

di('s)

sa¼g taraf¬n¬de¼gerlendirelim:

2X
s=1

(2���2('s)
2
x1
+ ��(x1 + �0)�

2

nX
i=2

('s)
2
xi
+ ��(x1 + �0)�

2

mX
j=1

('s)
2
yj

+4�3�3 �2��3�2'2s +
4X
i=1

di('s))

= 2���2
2X
s=1

('s)
2
x1
+ ��(x1 + �0)�

2

2X
s=1

nX
i=2

('s)
2
xi
+ ��(x1 + �0)�

2

2X
s=1

mX
j=1

('s)
2
yj

+4�3�3 �2��3�2
2X
s=1

'2s +
2X
s=1

4X
i=1

di('s): (3.7)
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O halde (3.6) ve (3.7) birleştirilirse

2���2
2X
s=1

('s)
2
x1
+ ��(x1 + �0)�

2

2X
s=1

nX
i=2

('s)
2
xi
+ ��(x1 + �0)�

2

2X
s=1

mX
j=1

('s)
2
yj

+4�3�3 �2��3�2
2X
s=1

'2s +
2X
s=1

4X
i=1

di('s)

� ( �+1 + 1)(x1 + �0)
2(4

C1
f 20
(f 21 + f 22 )

Z 1

�1
(1 + �2)2('21 + '22)d�

+4(n+ 1)
nX
r=0

(a21r + a22r) + 4m
mX
l=1

(b21l + b22l))�
2

+�2�2(x1 + �0)
2�2('21 + '22)�

2 (3.8)

elde edilir. (3.8) eşitsizli¼gini (1 + �2)2 ile çarp¬p (�1;1) aral¬¼g¬nda integralini alal¬m:
2X
s=1

Z 1

�1
(2��('s)

2
x1
+ ��(x1 + �0)

nX
i=2

('s)
2
xi
+ ��(x1 + �0)

mX
j=1

('s)
2
yj

+4�3�3 �2��3'2s)�
2(1 + �2)2d� +

2X
s=1

4X
i=1

Z 1

�1
di('s)(1 + �2)2d�

� ( �+1 + 1)(x1 + �0)
2(4

C1
f 20

Z 1

�1
(f 21 + f 22 )(1 + �2)2d�

2X
s=1

Z 1

�1
(1 + �2)2'2sd�

+4(n+ 1)

Z 1

�1

nX
r=0

(a21r + a22r)(1 + �2)2d� + 4m

Z 1

�1

mX
l=1

(b21l + b22l)(1 + �2)2d�)�2

+�2�2(x1 + �0)
2�2�2

2X
s=1

Z 1

�1
(1 + �2)2'2sd�: (3.9)

Burada

f0 = C1 max
(x;y)2D�G

f 1
f 20
g; (3.10)

C2 =

Z 1

�1
(f 21 + f 22 )(1 + �2)2d� <1 (3.11)

biçiminde tan¬ml¬d¬r. (3.9) eşitsizli¼ginin sa¼g taraf¬ndaki terimler için Parseval eşitli¼gi

kullan¬l¬r ve j@�t arj � C0 oldu¼gu göz önünde bulundurulursaZ 1

�1
(1 + �2)2j\arwxr j2d� =

Z 1

�1
j\arwxr j2d� + 2

Z 1

�1
�2j\arwxr j2d� +

Z 1

�1
�4j\arwxr j2d�

=

Z 1

�1
jarwxr j2dt+ 2

Z 1

�1
j@t(arwxr)j2dt+

Z 1

�1
j@2t (arwxr)j2dt

� 2

Z 1

�1

X
0���2

j@�t (arwxr)j2dt

� 2C 00

Z 1

�1

X
0���2

j@�t wxr j2dt
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= 2C 00(

Z 1

�1
jwxr j2dt+

Z 1

�1
j@twxr j2dt+

Z 1

�1
j@2twxr j2dt)

= 2C 00(

Z 1

�1
jdwxr j2dt+ Z 1

�1
j[@twxr j2dt+

Z 1

�1
j\@2twxr j2dt)

= 2C 00(

Z 1

�1
jdwxr j2d� + Z 1

�1
ji�dwxr j2d� + Z 1

�1
j(i�)2dwxr j2d�)

= 2C 00

Z 1

�1
(1 + �2 + �4)jdwxr j2d�

� 2C 00

Z 1

�1
(1 + �2)2jdwxr j2d�

= 2C 00

Z 1

�1
(1 + �2)2(('1)

2
xr + ('2)

2
xr)d�

elde edilir. Burada C 00; C0�a ba¼gl¬bir sabittir. Ayr¬ca j\arwxr j2 = a21r + a22r oldu¼gundanZ 1

�1
(a21r + a22r)(1 + �2)2d� � 2C 00

Z 1

�1
(1 + �2)2(('1)

2
xr + ('2)

2
xr)d�

yaz¬labilir. Burada r = 0; :::; n için toplam al¬n¬rsaZ 1

�1

nX
r=0

(a21r + a22r)(1 + �2)2d�

� 2C 00

Z 1

�1
(
nX
r=1

(('1)
2
xr + ('2)

2
xr) + '21 + '22)(1 + �2)2d� (3.12)

elde edilir. Benzer şekilde j@�t blj � C0 oldu¼gundanZ 1

�1
(1 + �2)2j[blwylj2d� � 2C 00

Z 1

�1
(1 + �2)2(('1)

2
yl
+ ('2)

2
yl
)d�

yaz¬labilir. Burada j[blwylj2 = b21l + b22l yerine yaz¬l¬rsaZ 1

�1
(b21l + b22l)(1 + �2)2d� � 2C 00

Z 1

�1
(1 + �2)2(('1)

2
yl
+ ('2)

2
yl
)d�

ve l = 1; :::;m için toplam al¬n¬rsaZ 1

�1

mX
l=1

(b21l + b22l)(1 + �2)2d� � 2C 00
Z 1

�1

mX
l=1

(('1)
2
yl
+ ('2)

2
yl
)(1 + �2)2d� (3.13)

bulunur. O halde (3.10)-(3.11) eşitlikleri ve (3.12)-(3.13) eşitsizlikleri (3.9) eşitsizli¼ginde

yerine yaz¬l¬rsa

2X
s=1

Z 1

�1
(2��('s)

2
x1
+ ��(x1 + �0)

nX
i=2

('s)
2
xi
+ ��(x1 + �0)

mX
j=1

('s)
2
yj

+4�3�3 �2��3'2s)�
2(1 + �2)2d� +

2X
s=1

4X
i=1

Z 1

�1
di('s)(1 + �2)2d�
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� ( �+1 + 1)(x1 + �0)
2(4f0C2

2X
s=1

Z 1

�1
(1 + �2)2'2sd�

+8(n+ 1)C 00

Z 1

�1
(
nX
r=1

(('1)
2
xr + ('2)

2
xr) + '21 + '22)(1 + �2)2d�

+8mC 00

Z 1

�1

mX
l=1

(('1)
2
yl
+ ('2)

2
yl
)(1 + �2)2d�)�2

+�2�2(x1 + �0)
2�2�2

2X
s=1

Z 1

�1
(1 + �2)2'2sd�

= ( �+1 + 1)(x1 + �0)
2(4f0C2

2X
s=1

Z 1

�1
(1 + �2)2'2sd�

+8(n+ 1)C 00

2X
s=1

Z 1

�1
(j 5x 'sj2 + '2s)(1 + �2)2d�

+8mC 00

2X
s=1

Z 1

�1
j 5y 'sj2(1 + �2)2d�)�2

+�2�2(x1 + �0)
2�2�2

2X
s=1

Z 1

�1
(1 + �2)2'2sd� (3.14)

elde edilir. Böylece (3.14) eşitsizli¼ginden

E5�
2

2X
s=1

Z 1

�1
('s)

2
x1
(1 + �2)2d� + E6�

2

2X
s=1

Z 1

�1

nX
i=2

('s)
2
xi
(1 + �2)2d�

+E7�
2

2X
s=1

Z 1

�1

mX
j=1

('s)
2
yj
(1 + �2)2d� + E8�

2

2X
s=1

Z 1

�1
'2s(1 + �

2)2d�

� �
2X
s=1

4X
i=1

Z 1

�1
di('s)(1 + �2)2d� (3.15)

oldu¼gu görülür. Burada

E5 = 2�� � 8(n+ 1)C 00( �+1 + 1)(x1 + �0)
2;

E6 = ��(x1 + �0)� 8(n+ 1)C 00( �+1 + 1)(x1 + �0)
2;

E7 = ��(x1 + �0)� 8mC 00( �+1 + 1)(x1 + �0)
2;

E8 = 4�3�3 �2��3 � 4( �+1 + 1)(x1 + �0)
2f0C2

�8(n+ 1)C 00( �+1 + 1)(x1 + �0)
2 � �2�2(x1 + �0)

2�2

olarak tan¬ml¬d¬r.

E¼ger � > 1; � � �3 =
1
2
+ 8(n + 1)C 00; 0 <  < 1 ve (x1 + �0) < 1 eşitsizlikleri dikkate
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al¬n¬rsa

E5 > 2�� � 16(n+ 1)C 00

� 2�(
1

2
+ 8(n+ 1)C 00)� 16(n+ 1)C 00

= �+ 16�(n+ 1)C 00 � 16(n+ 1)C 00

> � (3.16)

olur.

·Ikinci olarak � > 1; � � �4 = 1 + 16(n + 1)C
0
0; 0 <  < 1; (x1 + �0) < 1 eşitsizlikleri ve

(x1 + �0) 6= 0 oldu¼gu göz önüne al¬narak

E6 > (x1 + �0)
2(��

1

(x1 + �0)
� 16(n+ 1)C 00)

> (x1 + �0)
2(�� � 16(n+ 1)C 00)

� (x1 + �0)
2(�(1 + 16(n+ 1)C 00)� 16(n+ 1)C 00)

= (x1 + �0)
2(�+ 16�(n+ 1)C 00 � 16(n+ 1)C 00)

> (x1 + �0)
2� (3.17)

bulunur.

Benzer şekilde � > 1; � � �5 = 1 + 16mC 00; 0 <  < 1; (x1 + �0) < 1 seçilerek ve

(x1 + �0) 6= 0 oldu¼gu dikkate al¬narak

E7 > (x1 + �0)
2(��

1

(x1 + �0)
� 16mC 00)

> (x1 + �0)
2(�� � 16mC 00)

� (x1 + �0)
2(�(1 + 16mC 00)� 16mC 00)

= (x1 + �0)
2(�+ 16�mC 00 � 16mC 00)

> (x1 + �0)
2� (3.18)

elde edilir.

Son olarak � � maxf�4; �5g; �4 = (�0)2; �5 = 8f0C2 + 16(n + 1)C
0
0; 0 <  < 1;

(x1 + �0) < 1; j�j � �0 ve � � 1 al¬n¬rsa

E8 > 4�
3�3 �2��3 � 8f0C2 � 16(n+ 1)C 00 � �2�2(�0)2

�3�3 �2��3 � �2�2(�0)2 > �3�3 � �2�2�4

� �3�3 � �3�3 = 0;
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�3�3 �2��3 � 8f0C2 � 16(n+ 1)C 00 > �3�3 � �5

� �3�3 � �

� �3�3 � �3�3 = 0;

E8 > 2�
3�3 �2��3 (3.19)

bulunur. Yukar¬daki (3.16)-(3.19) eşitsizlikleri (3.15) eşitsizli¼ginde yerine yaz¬l¬rsa ve � >

1; � � 1 oldu¼gu dikkate al¬n¬rsa
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Z 1
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Z 1
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2 �2��3'2s�

2(1 + �2)2d� � � 1

�3�3

2X
s=1

4X
i=1

Z 1

�1
di('s)(1 + �2)2d�

elde edilir. Son eşitsizlikte 2(1 + �2)2 > 1; �2 > 1 al¬n¬r ve 0 <  < 1 oldu¼gu göz önünde

bulundurulursa

2X
s=1

Z 1

�1
'2sd� � �

1

�3�3

2X
s=1

4X
i=1

Z 1

�1
di('s)(1 + �2)2d�

olur. E¼ger �!1 için limite geçilirse '1 = '2 = 0 olur. Böylece g = 0 bulunur ve ispat

tamamlan¬r.
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BÖLÜM 4

SONUÇ

Bu tezde, ultrahiperbolik Schrödinger denklemi için bir ters problem ele al¬nm¬̧s ve

başlang¬ç an¬nda verilen bir ek bilgi yard¬m¬yla çözümün tekli¼gi araşt¬r¬lm¬̧st¬r. Burada

kullan¬lan temel araç Lavrenti�ev vd. (1986) da verilmi̧s olan Carleman tipi bir eşitsizlik-

tir. Bu yöntem, Klibanov ve Timonov (2004) ve Amirov ve Yamamoto (2008) taraf¬ndan

parabolik, hiperbolik ve Schrödinger denklemlerine uygulanm¬̧st¬r. Ayr¬ca tezde ele al¬nan

problem çal¬̧s¬l¬rken Fourier analizinin kavram ve araçlar¬ndan faydalan¬lm¬̧st¬r. Ultra-

hiperbolik Schrödinger denklemleri ek boyutlar içerdi¼ginden başta Sicim teorisi olmak

üzere modern �zik kuramlar¬aç¬s¬ndan önem taş¬maktad¬r.
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