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ABSTRACT 
 

 

A STUDY ON THE EFFECT OF PIPE - SOIL RELATIVE STIFFNESS ON THE 
BEHAVIOUR OF BURIED FLEXIBLE PIPES 

 

 

Bircan, Mehmet 

M.Sc., Department of Civil Engineering 

Supervisor: Prof. Dr. M. Yener Özkan 

 
January 2010, 159 pages 

 

 

In this study, the effect of pipe-soil relative stiffness on the behaviour of buried 

flexible pipes was investigated considering the pipe size, material type, 

stiffness, pipe-soil and natural soil-backfill interfaces and geometry of the 

trench using the finite element method. For this purpose, a parametric study was 

conducted to examine the effect of different variables on the resulting earth 

loads and deformations imposed on the buried pipes. Various types of trench 

pipe-soil cases were analysed for a certain natural ground and backfill material 

by the PLAXIS finite element code which allows simulating non-linear soil 

behaviour, the stages of construction as well as the pipe-soil interaction aspects 

of the problem. Loads and deformations obtained by the finite element method 

were compared with those calculated by the conventional approaches for 

different pipe-soil stiffness ratios. The finite element results obtained for the 

deformation of typically flexible Polyethylene pipes were then used to back-

calculate the range of modulus of soil reaction, E', values for various pipe-soil 

relative stiffness and they were compared with the suggested value proposed by 

Howard (1977). 

Keywords: Buried Flexible Pipes, Pipe-Soil Relative Stiffness, Modulus of Soil 

Reaction, Finite Element Method. 
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ÖZ 
 

 

BORU-ZEMİN GÖRECELİ RİJİTLİK ORANININ GÖMÜLÜ ESNEK 
BORULARIN DAVRANIŞINDAKİ ETKİSİ ÜZERİNE BİR ÇALIŞMA 

 

 

Bircan, Mehmet 

Yüksek Lisans, İnşaat Mühendisliği Bölümü 

Tez Yöneticisi : Prof. Dr. M. Yener Özkan 

 
Ocak 2010, 159 sayfa 

 

 

Bu çalışmada, boru-zemin göreceli rijitlik oranının gömülü esnek boruların 

davranışı üzerindeki etkisi boru ölçüleri, malzeme cinsi, rijitliği, boru-zemin ve 

doğal zemin-geri dolgu arayüz elemanları ile kanal geometrisi göz önüne 

alınarak sonlu elemanlar yöntemiyle araştırılmıştır. Bu amaçla, çeşitli 

değişkenlerin gömülü boruların maruz kaldığı toprak yükü ve deformasyonlar 

üzerindeki tesirini inceleyen parametrik bir çalışma yapılmıştır. Belirli bir 

doğal zemin ve geri dolgu malzemesi içinde, değişik tiplerde kanal boru-zemin 

durumları lineer olmayan zemin davranışı, inşaat yapım aşamaları ile 

problemin boru-zemin etkileşim yönünü de modellemeye izin veren PLAXIS 

sonlu eleman programı ile analiz edilmiştir. Sonlu eleman analizlerinden elde 

edilen yük ve deformasyonlar ile geleneksel yaklaşımlardan hesaplanan 

sonuçlar, değişik boru-zemin rijitlik oranları için karşılaştırılmıştır. Daha 

sonra, tipik esnek Polietilen borular için sonlu eleman yönteminden bulunan 

deformasyon sonuçları çeşitli boru-zemin göreceli rijitlik değerlerine karşılık 

gelen zemin reaksiyon modülü, E', değer aralığının geri hesaplanmasında 

kullanılmış ve Howard (1977) tarafından önerilen değerle karşılaştırılmıştır. 

Anahtar Kelimeler: Gömülü Esnek Borular, Boru-Zemin Göreceli Rijitlik Oranı, 

Zemin Reaksiyon Modülü, Sonlu Eleman Yöntemi. 
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CHAPTER 1  

 

 

INTRODUCTION 
 

 

1.1 General 

Underground conduits have served to improve people’s living standards since 

the beginning of civilization. Remnants of such structures from ancient 

civilizations have been found in Europe, Asia, and even the western hemisphere, 

where some of the ancient inhabitants of South and Central America had water and 

sewer systems (Moser and Folkman, 2008). In fact, water, storm water and sewage 

conduits have been constructed below ground by way of installing brick and/or 

mud-lined structures. The function of the brick or masonry lining was to protect 

the conduits against collapse resulting from earth and other loadings. Historical 

examples of such typical infrastructure works were documented in ancient 

Babylon, Athens, and Rome (Bulson, 1985). Further to the development and 

evolution of new infrastructure materials into reliable, practical and economical 

alternatives, brick and mud-lined underground conduits were replaced with 

concrete, steel, cast and ductile iron, followed by more flexible polymer-based 

materials such as polyethylene. Together with the replacement of new materials, 

the requirement for rational design frameworks for the selection of acceptable 

sections and characteristics for an expanding range of applications was clear 

(Szechy, 1973). 

Today, a vast majority of the modern urban infrastructure systems are buried 

below the ground. Water mains, sewer lines,  drainage lines, gas lines,  

telephone and electrical conduits and many other networks are regularly 

laid through underground conduits running below roads and trafficked areas.
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Considering the wide usage, significance and sensitivity of such infrastructure 

systems, behaviour of buried conduits under different circumstances should be 

known and they need to be properly designed and installed to resist the imposed 

stresses, loads and deformations. For this purpose, considerable research efforts 

have been carried out by many engineers and organizations for the 

determination of resulting loads and deformations on buried conduits. It is now 

possible to use engineering science to design these underground conduits with 

a degree of precision comparable with that obtained in designing buildings and 

bridges (Moser and Folkman, 2008).  

1.2 Problem Statement 

The structural integrity of buried flexible pipes mainly comes from the lateral 

support of the soil. Since this lateral support is so critical, a design parameter 

indicating the strength of the soil is essential. This design parameter developed 

by Dr. Spangler and Watkins at the Iowa State College is the soil modulus of 

elasticity, E'. The available methods for the design of buried flexible pipes 

require checking for different performance limits which are directly related to 

the stress, strain, and deflection or buckling. Many of these design checks 

involve the use of modulus of soil reaction, E'. The most widely used E' values 

comes from the empirical data used by Howard (1977). However, when the 

possible E' values are examined and back-calculated based on the data from 

actual pipeline installations on site, a significant degree of error is reached for 

the proposed E' values. This fact was pointed out by the study of Jeyapalan and 

Watkins (2004) and the degree of error was stated as unacceptable. Therefore 

the proposed E' values may not accurately correlate to the project site where 

the pipe will be buried. 

In the paper of Jeyapalan and Watkins (2004), it is also stated that the E' is not 

a fundamental geotechnical engineering property of the soil. This property can 

not be measured either in the laboratory or in the field. This is an empirical 

soil-pipe system parameter, which could be obtained only from back-

calculating by knowing the values of other parameters in the modified Iowa 
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equation. Further to many other variables that should be taken into 

consideration, the pipe-soil relative stiffness has a significant effect on the 

value one uses for E' in design. As a matter of fact, behaviour of buried flexible 

pipes is a function of pipe-soil system and is certainly affected by the relative 

stiffness parameter. In the work presented in this thesis, the focus is on the 

effect of pipe-soil relative stiffness on loads and deformations imposed on 

underground conduits for trench-type installations and the resulting back-

calculated E' values.  

1.3 Objectives of the Thesis 

The objectives of this thesis are (1) to model and analyse different types of 

buried pipe systems considering the effect of pipe size, material, stiffness, 

interface elements and trench geometry using finite element method, and (2) to 

investigate the effect of pipe-soil relative stiffness on the behaviour of buried 

flexible pipes in relation to its impact on the resulting deformations and earth 

loads on pipes, and (3) to back-calculate the range of modulus of soil reaction, 

E' values resulting from the FEA of typically flexible polyethylene pipes in 

order to present the impact of pipe-soil relative stiffness parameter accordingly.  

The finite element analyses were carried out for a number of trench pipe-soil 

cases taking into account the soil-structure interaction aspects of the problem 

and the stages of construction. 

1.4 Scope of the Thesis 

First, a comprehensive literature survey was done to review some familiar 

analytical methods available for underground flexible pipe systems. The available 

methods for the analysis and design of buried pipes are generally based on 

empirical and/or simplified theoretical solutions which tend to ignore a number of 

important parameters related to the soil-structure interaction aspects of the 

problem and the stages of construction. In the study presented in this thesis, the 

effect of pipe-soil relative stiffness on the behaviour of buried flexible pipes 

was studied considering the effect of pipe size, material, stiffness and interfaces 
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and geometry of the trench installation using the finite element method which 

allowed simulating the stages of construction as well. For this purpose, a 

parametric study was conducted to investigate the effect of the different 

variables on the resulting loads and deformations on the pipes in the same 

natural ground and backfill conditions. In total, 45 trench-pipe cases were 

investigated. The finite element analyses were performed with the PLAXIS 

finite element code and the modelling of soil materials was performed using the 

Hardening-Soil constitutive model. The finite element results for the deformation 

of flexible pipes (Polyethylene) were then used to back-calculate the E' values for 

differing pipe-soil relative stiffness. The pipe-soil stiffness ratio (Sr = PS/E50) 

parameter which was defined for the purpose of this study was used in the 

comparison and discussion of results.  

1.5 Outline of the Thesis 

In Chapter 2, a comprehensive review of literature is presented for the 

available analytical methods used to estimate the loads and deformations 

imposed on the buried flexible pipes. Characteristics of buried pipe 

installations, modelling the behaviour of flexible pipes as well as their 

performance limits are discussed. In addition, special emphasis is put on the 

modulus of soil reaction, E' parameter and a detailed review of this design 

parameter is presented. 

Chapter 3 is a presentation of the features and capabilities of the finite element 

code, PLAXIS 2D – Version 8 which is utilized in this thesis. 

Chapter 4 gives detailed information on the Hardening-Soil constitutive model 

which is used to simulate the soil behaviour in all trench pipe-soil cases 

modelled and analysed with the PLAXIS finite element code throughout this 

study.  

Chapter 5 describes the methodology and analysis approach for the two 

dimensional finite element analyses of a number of trench pipe-soil cases 

which are carried out using the finite element code PLAXIS 2D – Version 8. 

The input parameters, details of calculation process and a summary of 
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graphical output presentation are given.   

Chapter 6 presents and discusses the numerical results of analyses in order to 

find out the effect of pipe-soil relative stiffness on the loads and deformations 

developed on the buried pipes. Additionally, some of the conventional methods 

for estimating the loads and deformations are evaluated and the results of these 

methods are compared to those of FEA. The finite element results for the 

deformation of typically flexible polyethylene pipes are then used to back-

calculate the range of modulus of soil reaction, E' values against the proposed 

value of Howard. Hence, the effect of relative stiffness parameter on the values 

of E' is commented as well. 

In Chapter 7, summary and conclusions are presented. 
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CHAPTER 2  

 

 

LITERATURE REVIEW 

 

 

In the early 1900s, Anson Marston developed a method of calculating the earth 

load to which a buried conduit is subjected in service. This method, the 

Marston load theory, serves to predict the supporting strength of pipe under 

various installation conditions. M. G. Spangler, working with Marston, 

developed a theory for flexible pipe design. Their research led to the well-

known Marston-Spangler theory which is still the basis for most current buried 

pipe design. In addition, much testing and research have produced quantities of 

empirical data which also can be used in the design process. Digital computers, 

combined with finite element techniques and sophisticated soil models, have 

given the engineering profession design tools which have produced even more 

precise designs (Moser and Folkman, 2008). 

2.1 General Theories and Discussions on Buried Pipes 

2.1.1 Classification of Underground Conduits 

Marston has classified the underground conduits in two major classes for load 

computation purposes. These classes are ditch conduit and projecting conduit 

and are based on the construction methods that influence the distribution of the 

load on the pipe.  

Ditch conduit: A ditch conduit is defined as a pipe installed in a relatively narrow 

trench in undisturbed soil and then covered with earth backfill. 

Projecting conduit: A projecting conduit is defined as a pipe installed above the 
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natural ground surface or in a relatively narrow and shallow trench, and then 

covered with an embankment fill. The projecting conduit class is further divided 

into two subclasses as positive projecting conduit and negative projecting 

conduit: Positive projecting conduit: This subclass of the projecting conduit is 

installed instead in a shallow bedding with its top projecting above the natural 

ground surface. 

Negative projecting conduit: This subclass of the projecting conduit is installed in 

relatively narrow and shallow trench with its top remaining below the natural ground 

surface. 

Imperfect ditch or induced trench conduit: This is a special case of the negative 

projecting conduit. In fact, it is an artificially constructed negative projecting 

conduit. The conduit is first installed as a positive projecting conduit. Then the soil 

backfill at the sides and over the conduit is compacted up to some specified 

elevation above its crown. Next, a trench of the same width as the outside horizontal 

dimension of the pipe is excavated down to the structure and refilled with very 

loose, compressible material. Finally, the embankment is completed to its final 

height- 

Figure 2.1 below illustrates the general types of installation.  
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Figure 2.1 a) Trench  b)Positive projecting  c) Negative projecting  d) Imperfect 
ditch (Spangler, Handy, 1982) 

2.1.2 Loads on Pipes Buried In Trenches 

2.1.2.1 Earth Loads on Ditch Conduits 

The Marston load theory is based on the concept of a prism of soil in the trench 

that imposes a load on the pipe, as shown in Figure 2.3. A trench (ditch) conduit 

as defined by Marston was a relatively narrow ditch dug in undisturbed soil. In 

fact, the load on a buried pipe is not exactly equal to the weight of the overlying 

soil prism which is given to be the pipe outside diameter times the height of backfill 

above the pipe times the unit weight of the backfill material. The load acting on a pipe 

depends on the movement of the soil prism relative to the soil on the sides which is 

explained with the phenomenon of arching.  
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Arching can be best described as a transfer of forces between a yielding (moving) mass 

of geomaterial and adjoining stationary members. A redistribution of stresses in the 

soil body takes place and the shearing resistance tends to keep the yielding mass in its 

original position resulting in a change of the pressure on both of the yielding part’s 

support and the adjoining part of soil (Terzaghi, 1943). In case the yielding part moves 

downward, the shear resistance will act upward and reduce the stress at the base of the 

yielding mass (Figure 2.2). Contrarily, if the yielding part moves upward, the shear 

resistance will act downward to hinder its movement and cause increase of stress at the 

support of the yielding part. 

 

Figure 2.2 Stress Distribution in the Soil above a Yielding Base (Bjerrum et. al., 
1972; Revised by Evans, 1984) 

In the case of ditch conduit, the backfill material and the pipe tend to settle 

downward relative to the sides of the trench. Therefore, the shearing forces which act 

upward along the sides of the trench reduce the vertical load on the pipe due to the 

effect of arching. 

There have been many experimental studies to examine stress distribution 

and arching, the most famous being conducted by Terzaghi using a 

deflecting trapdoor in the base of a soil bin. In the analyses of Janssen, based on 

the trapdoor experiments, he assumed that the surfaces of sliding (shearing planes) 

that occur when the door is deflected downward are vertical (Bulson, 1985). He also 

assumed that the vertical pressure on the yielding element is equal to the difference 
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between the pressure due to the weight of the soil above the element and the 

frictional resistance along the sides of the element. 

Marston load theory recognizes that the amount of load taken by a pipe is affected 

by the relative movement between the backfill and the natural soil, as settlement of 

both the backfill and pipe occurs (Moser and Folkman, 2008). 

Marston proposed that the weight of the backfill was partly resisted by frictional 

shear forces at the walls of the trench which developed with time. He also 

conservatively assumed that the cohesion of the soil is negligible when developing 

the equilibrium of vertical forces to derive his solution and the formula for vertical 

load on top of the conduit was developed as follows: 

 )/(2
2

1
2

dBhKd e
K
B

V 


 


  (2.1) 

 V : Vertical load on any horizontal plane in the backfill (N/m) 

  : Unit weight of the backfill material (N/m3) 

Bd : Horizontal width of the ditch at the crown (m) 

K : Ratio of active lateral unit pressure to vertical unit pressure (Rankine's ratio) 

h : Distance from the ground surface to any horizontal plane in backfill (m) 

  : Friction angle of the fill material (o)  

  : Coefficient of internal friction of backfill (tan  ) 

 ' : Friction angle between the fill material and the sides of the ditch (o) 

 ' : Coefficient of friction between backfill and sides of ditch (tan  ') 

Rankine’s ratio is expressed with the formula: 

)
2

45(tan
sin1
sin1
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1 2

2
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
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






K  

 In a further study for the value of K, Christensen (1967) proposed the following 

formula: 
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 
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
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K  

It was proposed by Wetzorke that the value of K should be 0.5 for loose fill and 

1.0 for dense fill (Bulson, 1985). 

 

Figure 2.3 Basis for Marston’s theory of loads on buried pipe 

To what extent this vertical load V is imposed on the conduit is dependent upon 

the relative stiffness of the pipe and soil. For very rigid pipe, the sidefills may be 

very compressible in relation to the pipe and the side fills may move downward 

relative to the soil prism causing the pipe to carry the entire load V. For flexible 

pipe, the imposed load will be substantially less than V since the pipe will be less 

rigid than the sidefill soil and the soil prism may move downward relative to the 

side fills, because of the deflection of the pipe.  

Hence, the maximum load acting on a rigid conduit (with relatively compressible 

side fills) in a ditch was defined by Marston with the following formula: 
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2
ddd BCW            
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
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


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dBhK
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1 )/(2

 (2.2) 

The load coefficient, Cd is an exponential function of the coefficient of friction 

( = tan   ) between backfill and sides of ditch and the coefficient of lateral earth 

pressure, K, as well as the depth of soil cover, H and the width of the trench, Bd  (see 

Figure 2.4). The values of K,  ,    were determined experimentally by Marston and 

were found to vary with the types of soil and backfill. Typical values are given in 

below Table 2.1. 

The coefficient of friction   was observed to vary from 0.3 to 0.5, which corresponds 

to values of the angle of friction between the backfill and the natural soil,  ranging 

from 17 to 27o. The lateral earth pressure coefficient, K, was found to present little 

variation with observed values ranging from only 0.33 to 0.37. If K is taken to be 

equivalent to Ko, the lateral earth pressure coefficient at rest, and assuming that Jaky's 

expression for Ko applies, then these prescribed values would be typical for a 

cohesionless material with a friction angle of approximately 40°.  

Table 2.1 Approximate Values of Soil Unit Weight, Ratio of Lateral to Vertical 
Earth Pressure, and Coefficient of Friction against Sides of Trench 
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Figure 2.4 Computational diagram for earth loads on trench conduits completely 
buried in trenches. 

Establishing that the soil parameters,   and K do not vary significantly, it can be 

stated that the load coefficient, Cd is mainly a function of the relative depth of 

cover above the pipe. The coefficient for a rigid pipe, Cd, is approximately 0.85 

at H/Bd equal to 1 and increases to 1.5 for an H/Bd ratio of 2. This implies that the 

proportion of prism load (γ Bd H) transferred to the pipe decreases from 85% to 75% 

as the cover height increases from one times the trench width to twice the trench 

width. The load on the pipe is more dependent on soil type for greater cover 

heights. If the cover height is greater than 10Bd, Cd is almost constant. 

In case the relative stiffness of the pipe to the soil at the side fill is reasonably 

estimated, the load on a flexible pipe can be approximated. If it can be assumed that 

the soil at the side fill has the same degree of stiffness as the pipe itself, then the load 

can be proportioned on the basis of area, i.e. 

c
d

d
c B

B
W

W                       cddc BBCW    (2.3) 
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Wc : Load on flexible pipe 

Bc : Outside diameter of the conduit 

2.1.2.2 Earth Loads on Ditch Conduits with Sloping Sides 

Due to the danger of trench cave-ins, many trenches are now cut with sloping sides 

if the ditches are not too deep and space is available. The width of the ditch (Bd) 

given in the above formulas is the width of a normal trench with vertical sides. In 

case the ditch conduits are placed in trenches with sloping sides, the width of the 

ditch (Bd) must be taken as the width of the trench at the crown of the pipe (Schlick, 

1932). 

2.1.3 Loads on Pipes Buried In Embankments 

2.1.3.1 Earth Loads on Positive Projecting Conduits 

An embankment is where the top of the pipe is above the natural ground. As given in 

the classification of underground conduits, this type of installation is defined as a 

positive projecting conduit. The shear planes at which the shear forces act in a 

positive projecting conduit are assumed to be the vertical planes extending upward 

from the sides of the conduit. Figures 2.5 and 2.6 show two cases of positive 

projecting conduits as proposed by Marston. In the first case, the ground at the sides 

of the pipe settles more than the top of the pipe. In the other case, the top of the pipe 

settles more than the soil at the sides of the pipe.  

The term pBc , is the distance from the pipe's crown to the ground surface where p is 

the projection ratio and Bc is the outside diameter of the conduit. 

The flexibility of the pipe has a significant effect on the vertical load applied on the 

pipe. The magnitudes and directions of the relative movements between the soil 

prism ABCD (interior prism) (Figures 2.5 and 2.6) and the side fills (exterior prisms) 

are affected by the settlements of certain elements of the conduit, the settlement of 

natural ground and the settlement of the side fills. Marston combined these 

settlements into an abstract ratio, called the settlement ratio which is defined in 

equation 2.4. The values of settlement ratio for design purposes are presented in 
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Table 2.2. 

m

cfgm
sd S

dSSS
r

)()( 
  (2.4) 

rsd : Settlement ratio 

Sm : Settlement of the side fill of height pBc 

Sg : Settlement of the natural ground surface at sides of pipe 

Sf : Settlement of foundation underneath pipe 

dc : Pipe’s deflection 

 

Figure 2.5 Positive projecting conduit          
- Projection conditions 

Figure 2.6 Positive projecting conduit – 
ditch condition 

Marston also defined a critical plane which is the horizontal plane passing through 

the pipe crown as shown in Figure 2.6. During and after construction of the 

embankment, this plane settles downward. If the critical plane settles more than the 

crown of the pipe, then the settlement ratio, rsd is positive; the shearing forces on the 

soil prism are directed downward and the vertical load on the pipe is greater than the 

weight of the soil prism. This is called ‘projection condition’. On the other hand, if 

the critical plane settles less than the crown, then the settlement ratio, rsd is negative; 
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the shearing forces on the soil prism are directed upward and the vertical load on the 

pipe is reduced. This case is called the ‘ditch condition’. If the settlement ratio, rsd is 

zero, then the load on the pipe exactly equals the weight of the soil prism. 

Table 2.2 Design values of settlement ratio (Spangler and Handy, 1982) 
 

Conditions Settlement ratio 
Rigid culvert on foundation of rock or unyielding soil +1.0 
Rigid culvert on foundation of ordinary soil +0.5 to +0.8 

Rigid culvert on foundation of material that yields with 

respect to adjacent natural ground 
0 to +0.5 

Flexible culvert with poorly compacted side fills -0.4 to 0 
Flexible culvert with well-compacted side fills -0.2 to +0.8 

In the case of projecting conduit, the vertical shear planes may not extend up to the 

top of the embankment (Fig. 2.6). The horizontal plane where the vertical shear 

planes extend is called the plane of equal settlement and the shearing forces are zero 

at this plane. Above this plane, the soil prism above the conduit settles at the same 

rate as the side fills (Spangler and Handy, 1982). In case the plane of equal 

settlement is located within the embankment, i.e. the height of the plane of equal 

settlement above the crown, He is less than the total height of the embankment H, 

then this is called the incomplete projection or incomplete ditch condition. If the 

shear forces extend all the way to the top of the embankment, i.e. He is greater than 

or equal to H, then this is called the complete projection or complete ditch condition. 

Using the above discussed parameters, Marston derived formulas for the vertical load 

on positive projecting (embankment) conduits. For the complete ditch or projection 

condition the formula is: 

2
ccc BCW            
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K
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cBHK

c 2
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


 (2.5) 

Cc : Load coefficient for positive projecting conduit. Figure 2.7 is a typical 

diagram of Cc for the various values of H/Bc and rsdp. 

The load coefficient for the incomplete ditch projection condition is: 
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The plus signs are used for the complete projection condition and the minus signs 

are used for the complete ditch condition. 

The formula developed by Marston for the value of He is: 
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Since the only unknown parameter in this equation is He, the equation can be solved 

by trial and error. Again, the plus signs are used for the incomplete projection 

condition and the minus signs are used for the incomplete ditch condition. Another 

method was proposed by Wastlund and Eggwertz for the evaluation of He (Bulson, 

1985). 

 

Figure 2.7 Diagram for coefficient Cc for positive projecting conduits (Spangler and 
Handy, 1982) 
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2.1.3.2 Earth Loads on Imperfect Ditch (Induced Trench) Conduits 

The imperfect ditch or induced trench method of construction was suggested by 

Marston in order to reduce the load on the conduit under the projection 

condition. In the case of imperfect ditch conduit, demonstrated in Figure 2.8, it is 

aimed to insure that the soil prism above the pipe (interior prism) will settle 

more than the side fills (exterior prisms), hence generating friction forces which 

are directed upward on the sides of the soil prism. The settlement ratio is given by 

the following formula: 

d

cfdg
sd S

dSSS
r

)( 
  (2.8) 

Sd : Settlement of the fill in ditch within height p'Bc 

A different projection ratio, which is designated by p' is referred in the imperfect 

ditch condition. The projection ratio p' is defined as the depth of the trench 

divided by its width. Moreover, the critical plane is now established to be the 

horizontal plane at the level of the compacted backfill surface in the trench 

backfill material. 

The settlement ratio, rsd is always negative in imperfect ditch conduit case, which 

implies that the direction of shear forces at the sides of the interior prism is always 

upward. In other words, the arching effect will always transmit the load on the 

conduit to the side fill.  

The vertical load on imperfect ditch conduits is calculated from the formula: 

2
cnc BCW   (2.9) 

Cn : Load coefficient for imperfect ditch conduit. 

Spangler and Handy (1982) provided several sets of Cn computation diagrams with 

different parameter values. A typical Cn diagram for imperfect ditch conduit and 

negative projecting conduit when p'=0.5 is presented in Figure 2.9.  
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Figure 2.8 Imperfect ditch conduit conditions 

 

Figure 2.9 Diagram for coefficient Cn for imperfect ditch conduits (Spangler and 
Handy, 1982) 
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2.1.3.3 Earth Loads on Negative Projecting Conduits 

The analysis of loads on negative projecting conduits follows the same procedures as 

for the imperfect ditch conduits, but uses Bd (width of shallow ditch in which the 

pipes is installed) as the width factor instead of the width of the imperfect ditch, Bc.  

2.1.3.4 Earth Loads on Conduits in Wide Trenches 

Schlick (1932) found that Marston’s equation, Eq. (2.2), for Wd was valid and 

applicable until the point where the ditch conduit load Wd was equal to the projection 

conduit load Wc. Therefore, for an increasing trench width, the load is calculated 

according to Eq. (2.2) until the ditch load is equal to the embankment load and then it 

is calculated according to Eq. (2.5). The trench width at which this occurs is called 

the transition width. Figure 2.10 is a plot of the values of H/Bc and rsdp that give 

Bd/Bc values that represent the transition width. It is generally suggested that an rsdp 

value of 0.5 be used to determine the transition width (Moser and Folkman, 2008).  

 

Figure 2.10 Curves for transition-width ratio (Spangler and Handy, 1982) 
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2.1.4 Further Theories for the Earth Loads on Pipes 

Although Marston's theory is a very useful tool, it has got limitations as it does not 

properly account for pipe-soil interaction or arching within the backfill for non-rigid 

pipes. It is also not readily amenable to variations in the properties of the backfill or 

natural ground over the depth of the trench. The main limitations of Marston load 

theory, as stated by Sladen and Oswell (1988), are; 

 the simplifying assumptions concerning the geometry of the failure prism,  

 the uniformity of vertical stresses within the prism, 

 the lack of consideration of the stiffness of the backfill soil.  

Kellogg (1993) extended Marston's theory to cover sloping trenches. 

Molin (1981) established that the vertical soil pressure, w, over a pipe buried in an 

infinitely wide trench (e.g. under embankment fill) increased with the pipe stiffness 

and proposed that the average pressure at the top of pipe could be given with the 

formula; 

)136)(112(
)120(36





rr

rr

SS
SSC           w = Cq0 (2.10) 

qo : pressure at crown level without a pipe 

C : load factor (minimum 1) 

Sr : Stiffness ratio=8S/E' 

S : Stiffness of pipe=EI/D3 

E' : Horizontal modulus of soil reaction as defined by the Iowa formula (see 

section 2.3) 

Equation 2.10 for load factor, C is a design approximation of the theoretical cases 

which correspond to full slip between the pipe and the soil and no slip. Maximum C 

values and hence the pressures above pipes are developed in full slip case (Crabb and 

Carder, 1985). The minimum value of 1 for C requires pipe stiffness values 

exceeding common flexible pipes. Therefore, Molin’s expressions have little effect 

on flexible pipes.  
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In the German pipe design method (ATV Code, 1984), pipe loads for all pipe types 

can be calculated considering the effects of pipe stiffness and the variation of soil 

modulus around the pipe. The method is semi-empirical although it is basically 

similar to Marston theory. 

In their study for the comparison of German to Marston Design Method, Jeyapalan 

and Hamida (1988) showed that Marston loads are always greater. While the 

German method was assumed to result correct loads, Jeyapalan and Hamida 

concluded that even for relatively stiff, vitrified clay pipes, Marston theory is mainly 

conservative for ‘small pipes backfilled with well-compacted granular material’. 

Loads may be overestimated by 100%. According to the German design method, the 

load at the pipe crown is: 

BDLCW dGDM   (2.11) 

Cd : Marston load coefficient 

L : load redistribution coefficient 

The load redistribution coefficient, L, depends on soil modulus around the pipe, 

the ratio of pipe stiffness to side fill stiffness and the geometry of the buried pipe 

installation.  

2.1.5 Live Loads (Wheel Loading) 

When the pipes are buried at shallow depths, they will be subjected to the loads 

exerted by traffic. Wheel loads from trucks, airplanes or trains cause concentrated 

loads on buried pipes. Simple load distributions have been applied in the past for 

the purpose of pipe design, based on the assumption of elastic backfill behaviour. 

Certain standards allow load spreading of concentrated road vehicle loads depending 

on the cover height. The surface patch plan dimensions increase at the pipe crown, 

thereby reduces the applied vertical stress. The French mathematician Boussinesq 

also calculated the distribution of stresses in a semi-infinite elastic medium due to a 

point load applied at its surface. This solution assumes an elastic, homogeneous, 

isotropic medium, which is not the case for a real soil. However, as shown by the 
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experiments, the classical Boussinesq solution gives reasonably good results for soil 

when it is properly applied (Moser and Folkman, 2008). Numerical analyses can be 

used to more accurately assess the influence of wheel loading. 

2.1.6 Characteristics of Buried Pipe Installations 

Buried pipe installations have a characteristic nature which leads to the formation of 

soil zones of different strengths and stiffnesses within an initially homogeneous 

backfill material. The application of compaction is restricted by the geometry of the 

trench and the sensitivity of the installed flexible pipe to compaction of material 

around it. Typical zones and the terminology used to describe these zones are given 

in Figure 2.11.  

The zones lead to the definition of the structural zone for a pipe and its backfill. The 

structural backfill extends from the base of the bedding to a maximum of 300 mm 

above the pipe. In this zone, granular material is strongly preferred for easier 

compaction, high earth pressure response and stability when saturated and confined. 

Some other materials have been accepted for use for economic reasons in case 

loads are low to moderate (Molin, 1981, Janson and Molin, 1981). Vertical soil 

support is provided by the bedding. 

The lateral support zone is unlikely to be uniform. Many researchers pointed the 

difficulty in compacting underneath the pipe in the haunch zone and suggested 

using crushed rock backfills which need little compaction (e.g. Webb, McGrath 

and Selig, 1996, Rogers, Fleming, Loeppky and Faragher, 1995, and Rogers, 

Fleming and Talby, 1996) and cementitious slurries.  

The natural soil forming the trench walls has an influence on the lateral soil support. 

This has been addressed by Leonhardt (1973) and will be further explained in Section 

2.3.2. 

The selection of final backfill material depends on the economics of the construction 

which will be influenced mainly by the trench geometry and the suitability of the 

excavated material. Therefore it may or may not be the same as the pipe embedment 

zone material (it is not the same in this study). 
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Zone Description Level of Compaction 

1 Bedding 
Well compacted and usually shaped to receive 

the pipe to distribute the load support. 

2 Haunching 
Poorly compacted, particularly in a narrow 

trench. Rodded or tamped at best. 

3 and 4 "Initial Backfill" Moderately compacted. 

3 Springline to crown 
Moderately compacted by rodding or 

tamping. 

4 
Approx 150 to 300 mm 

above the pipe 

Moderately compacted by rodding or tamping 

or a few passes of a vibrating plate. 
 

Figure 2.11 The zones within a backfill 

2.1.7 Primary Model of the Behaviour 

The primary model for the design of flexible pipes is the 'thin elastic ring' (Prevost 

and Kienow, 1994). The stress tables in structural engineering textbooks present 

solutions for the maximum moments and ring deflection under different loading 

conditions. 

Figure 2.12 below presents a typical stress distribution that is assumed in the soil 
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surrounding a buried pipe.  

 

Figure 2.12 Generally assumed pipe pressure distributions 

The above assumption for stress distribution is an effort to incorporate the effects of 

soil-structure interaction. In case the pipe is buried at shallow depths, the pipe is 

loaded at its crown by the weight of backfill material and live loading due to traffic. 

A uniform vertical pressure is assumed at the pipe crown. Part of this vertical 

pressure at pipe crown is resisted by the soil reaction from the foundation or bedding 

of the pipe. In a flexible pipe system, further support is provided by lateral sidefill 

pressure which develops as the pipe deflects under the vertical load (see Figure 2.13 

below) 

 

Figure 2.13 Pipe deformation 

Lateral earth pressures may reach to passive pressure levels if the pipe deflects 

considerably. As an arbitrary assumption, the distribution of the side reaction is 

generally assumed to be parabolic. 
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The degree of reaction from the lateral earth pressure depends also on the nature and 

degree of compaction of the backfill, as well as the stiffness of the side walls of a 

trench (in case the pipe is installed in a trench rather than in an embankment fill). 

Therefore, the performance of a flexible pipe is significantly affected by the 

backfill and its construction. The designers unfortunately paid too much attention 

on the structural properties of the pipe in the past. The importance of sidefill 

compaction was demonstrated by Crabb and Carder (1985) in their experiments. 

Rogers et al. (1995) stated that soil stiffness rather than the stiffness of the pipe 

dominates the design of profile wall drainage pipe. This statement was supported 

by McGrath, Chambers and Sharff (1990) who designated the design problem as 

‘pipe-soil interaction’ rather than ‘soil-structure interaction’. 

As per the ‘ring behaviour’, the decrease in vertical diameter is compensated by an 

increase of the same magnitude in the horizontal diameter, such that the 

deformed shape is elliptical. Knowing the pressure distribution around the pipe, 

moments, stresses and deformations may be evaluated assuming ‘ring behaviour’ 

is applicable. After Prevost and Kienow (1994), the maximum moment, M in the 

pipe is generally given by the expression: 

mWRM   (2.12) 

m : moment coefficient based on ring theory 

W : transverse uniform load on ring's section at crown level 

R : ring radius 

Marston's theory can be used to derive the transverse uniform load, however the 

resultant load above the pipe may not be uniform and the incorporation of the external 

live load effect in the load term, W, was considered to be uncertain by the authors. 

The pipe deflection may be expressed as follows: 

S
Wd r

i   (2.13) 

i  : Pipe deflection in direction, i 
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W : total transverse load on ring at crown level 

dr : deflection coefficient in the direction being considered 

S : stiffness of pipe, EI/D3 

The deflection coefficient, dr varies with the direction being considered and the 

pressure on the pipe, e.g. for a uniform pressure of w on the pipe, the deflection in 

the x direction,  x is given by; 

S
wd

D
xx 

  (2.14) 

The pipe initially tends to deform as an ellipse as shown in Figure 2.13. Therefore it 

has been a common assumption that the lateral diametric increase of the pipe is equal 

to the vertical diametric reduction. Since the horizontal modulus of soil reaction, E' 

(in Iowa formula), is defined as the force per unit length along the pipe to cause a 

unit displacement, then the side thrust on the pipe may be expressed in terms of the 

lateral deformation. Subsequently, lateral deflections may be determined separately 

for the vertical and lateral load components using the ring equations available in 

structural texts, and the total lateral deflection is estimated by algebraic summation. 

This process leads to the Spangler or Iowa equation. 

2.1.8 Iowa Deflection Formula 

M. G. Spangler, a student of Anson Marston, observed that the Marston theory for 

calculating loads on buried pipe was not adequate for flexible pipe design. A 

conduit that will deflect at least 2% without any sign of failure or cracks in normal 

loading conditions may be defined as a flexible pipe (Uni-Bell, 1993). In fact, the 

ability of a flexible pipe to support vertical soil loads is derived from its flexibility. 

As explained in the previous sections, the capability of the pipe to deflect under load 

causes developing of passive soil support at the sides of the pipe. At the same time, 

the ring deflection relieves the pipe of the major portion of the vertical soil load 

which is picked up by the surrounding soil in an arching action over the pipe.  These 

considerations together with the idea that the ring deflection may form a basis for 

flexible pipe design, leaded M. G. Spangler to study flexible pipe behaviour. 



28 

2.1.8.1 Pipe Stiffness 

The pipe stiffness, PS which relates to the resistance of a flexible pipe to applied 

loads can be determined by conducting parallel-plate loading tests in accordance 

with ASTM D2412, Standard Test Method for Determination of External Loading 

Characteristics of Plastic Pipe by Parallel-Plate Loading. The pipe stiffness (PS) as 

per ASTM D2412 is given as follows: 

3149.0 r
EI

Y
FPS 


  (2.15) 

PS : Pipe stiffness 

F : External load applied over a unit length of the pipe wall 

Y : Vertical change in inside diameter of the pipe wall 

EI : Stiffness factor 

E : Modulus of elasticity 

I : Moment of inertia 

r : Mean radius of the pipe wall 

For a solid pipe wall of unit length, the moment of inertia is: 

12

3tI   (2.16) 

t : Total wall thickness of the pipe 

2.1.8.2 Spangler’s Iowa Formula (1941) 

In order to define the capability of a flexible pipe to resist ring deflection when not 

buried in the soil, Spangler first established the following relationships: 

EI
FrY

3149.0
  (2.17) 

EI
FrX

3136.0
  (2.18) 

YX  913.0  (2.19) 
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ΔX : Change in horizontal diameter 

Afterwards, Spangler incorporated the effects of the surrounding soil on the pipe’s 

deflection. This was accomplished by assuming that Marston’s theory of loads 

applied and that this load would be uniformly distributed at the plane at the top of 

the pipe. He also assumed a uniform pressure over part of the bottom, depending 

upon the bedding angle. On the sides, he assumed the horizontal pressure h on each 

side would be proportional to the deflection of the pipe into the soil (distributed 

parabolically at middle 1000). Based on Figure 2.14, he derived the Iowa formula 

through analysis as follows: 

4

3

061.0 erEI
rKW

DX c
l 

  (2.20) 

X : Horizontal deflection 

Dl : Deflection lag factor 

K : Bedding constant (function of a bedding angle, Table 2.2) 

Wc : Marston's load per unit length of pipe 

r : Mean radius of the pipe 

E : Modulus of elasticity of the pipe material 

I : Moment of inertia of the pipe wall per unit length of pipe 

e  : Modulus of passive resistance of the side fil1 further modified by Watkins 

(2h/X) 

 

Figure 2.14 Basis of Spangler’s derivation of the Iowa formula for deflection of   
buried pipes 
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The original Iowa formula predicts deflections of buried pipe if the three empirical 

constants: K, Dl and e are known. The bedding constant, K, is related to the angle of 

the vertical support of the pipe, ψ or the uniform soil reaction on the pipe, P due to 

the overburden pressure, W. Table 2.3 contains a list of bedding factors which were 

determined theoretically by Spangler (1941). Prevost and Kienow (1994) later 

suggested that the bedding support angle could be taken to be 90° with little danger 

of significant error in determining moments and deflections, giving rise to a value of 

Ks (modified bedding constant) of 0.012. 

The deflection lag factor, Dl, considers the consolidation of the side fills with time. 

The deflection lag factor is unity for short term loading. For sustained loading, Dl 

increases with time due to consolidation effects arising from the lateral soil pressures 

developed beside the deflecting pipe (Howard, 1985). The experience of Spangler 

had shown that deflections could increase by as much as 30% over 40 years (Uni-

Bell, 1993). For this reason, Spangler recommended the incorporation of a 

deflection lag factor of 1.5 as a conservative design practice.  

 

Figure 2.15 Bedding angle 
 

Table 2.3 Values of Bedding Constant, K 

Bedding angle, degree K 

0 0.110 
30 0.108 
45 0.105 
60 0.102 
90 0.096 

120 0.090 
180 0.083 
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2.1.9 Modified Iowa Deflection Formula 

In 1958, Reynold K. Watkins was investigating the modulus of passive resistance, e 

through model studies and examined the Iowa formula dimensionally. Watkins found 

that e could not be a true property of the soil as its dimensions are not those of a true 

modulus. As a result, Watkins defined a new parameter named the modulus of soil 

reaction, E'=er. From the work of Watkins, the modified Iowa formula was written: 

3

3

061.0 rEEI
rKW

DX c
l 

  (2.21) 

Further details and discussions on the modulus of soil reaction, E' parameter will be 

presented in section 2.3. 

2.1.10 Modified Iowa Deflection Formula by Greenwood and Lang 

The Marston-Spangler theory, developed for the prediction of deflections in flexible 

pipes, has been proven to be working further to the experiments of some well-

known researchers like Spangler (1941), Watkins (1958) and Howard (1977). 

However, the modified Iowa deflection formula does not take into account the 

stages of construction and the pipe-soil interaction aspects of the problem in the 

calculation of the total deflection of a pipe. 

It should be noted that the total deflection of a buried pipe is affected from many 

parameters. Listed below are the governing parameters as stipulated by Greenwood 

and Lang (1990): 

• Pipe stiffness 

• Soil stiffness (soil type, density, modulus and moisture content) 

• Applied loads (vertical and lateral pressure loads due to overburden and applied 

surface loads) 

• Trench configuration (trench geometry, native in situ soil condition and type of 

embedment) 

• Haunch support 

• Construction stages 
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• Non-elliptical deformation 

• Initial ovalization (vertical elongation due to placement of embedment during 

construction) 

• Time 

• Temperature 

• Variability (construction variability due to excavation, soil placement and 

compaction) 

Spangler’s Iowa formula is based on three major limiting assumptions: i) The vertical 

deflection is equivalent to the horizontal deflection; ii) The deformation of the pipe is 

elliptical; iii) The horizontal modulus of soil reaction is constant for the backfill 

material 

The application of a horizontal modulus of soil reaction assumes that there is no soil 

support or soil stresses until deflections commence. However the placement of the 

pipe leads to in-situ soil stresses which increase the lateral resistance available. In 

Sweden, an alternative expression to the Iowa equation has been used, which allows 

for an initial lateral resistance due to the at rest earth pressures in the backfill 

(Molin, 1981). 

The non-elliptical deformation and the initial deformation due to construction stages 

are not taken into account by Spangler's Iowa formula. Initial vertical deflections of 

the pipe are so significant that the earth load on pipe at the completion of the 

backfill may not cause the pipe to extend horizontally. The non-elliptical 

deformation is resulted from the non-uniform earth pressure around the pipe. 

Greenwood and Lang (1990) found out that the non-uniformity is a function of soil 

type, degree of compaction, split embedment and pipe stiffness.  

Greenwood and Lang (1990) also proposed a modified Iowa formula, which is 

more complete than the original formula. Their modified Iowa formula included the 

work of Leonhardt (1972-1979) who developed a factor to consider the influence of 

the natural soil forming the trench walls on the lateral soil support. The effective 

sidefill stiffness is given by  E', where  is Leonhardt's correction factor on the 

modulus of soil reaction, E', as defined in the Iowa formula. A pipe-soil interaction 
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coefficient, Cl which is an empirical factor, is added to the soil resistance term to 

reflect the behaviour of flexible pipes in the field. The modified Iowa formula of 

Greenwood and Lang (1990) is presented below: 

vo
l ECrEI

HKX 







061.0/

)(
3  (2.22) 

ΔX : Horizontal deformation 

K : Bedding factor (Table 2.4) 

γ : Unit weight of the backfill 

H : Height of the backfill above the pipe 

E : Modulus of elasticity of pipe material 

I : Moment of inertia of the pipe wall per unit length of pipe 

r : Mean radius of the pipe 

E' : Modulus of soil reaction in modified Iowa formula (Watkins) 

δvo : Elongation due to compaction of the side fills 

  : Leonhardt’s correction factor 

 
 

3

)1/(361.0662.1)1/(

)1/(639.0662.1

E
EDBDB

DB





   

E3 : Young’s modulus of the natural soil forming the trench 

B : The width of the trench 

D : Pipe diameter 

Cl : Pipe-soil interaction coefficient defined by Greenwood and Lang (1990)  

 
b

l D
EIaC 






 3.1250

 

a,b      : Parameters provided in below Table 2.5 
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Table 2.4 Bedding factor values, K (Greenwood and Lang, 1990) 

Soil group Range of 
fines % 

Backfill standard Proctor density 

>95 85-95 70-84 <70 

Clean grave1 
<5 0.083 0.083 0.083 0.083 
5-12 0.096 0.096 0.083 0.083 

Dirty grave1 12-50 0.103 0.103 0.096 0.083 

Clean sand 
<5 0.103 0.103 0.096 0.083 
5-12 0.103 0.103 0.096 0.083 

Dirty sand 12-50 
0.103 0.103 0.096 0.083 
0.103 0.103 0.096 0.083 

Inorganic clay and 
silt >50 0.103 0.103 0.096 0.083 

Table 2.5 a and b values for pipe soil interaction coefficient (Greenwood and Lang, 
1990) 

Backfill standard Proctor density a b 
>95 1.240 0.180 

85-95 0.938 0.245 
70-84 0.643 0.353 
<70 0.456 0.436 

2.1.11 Watkins’s soil-strain theory 

A number of variations of Spangler and Watkins’s modified Iowa formula have been 

proposed. All can be represented in simple terms as follows: 

stiffness soil (constant)  stiffness Pipe
loadDeflection


  

Watkins (1988) rearranged the Iowa equation to express the ratio of pipe deflection 

to vertical soil strain above the pipe, ε' (= w/E') and wrote the Iowa formula in 

terms of dimensionless ratios as follows: 

BARE
PR

D
y

ss

s







 (2.23) 
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P : Vertical nominal pressure at top of pipe level 

Rs : Stiffness ratio (This is the ratio of soil stiffness Es to pipe-ring stiffness 

S=EI/D3) 

 3

3

12
Et

DE
R s

s    

Es : Slope of stress-strain curve for soil in one-dirnensiona1 consolidation test=P/ε 

ε : Vertical soil strain 

D : Outside diameter 

A, B : Empirical constants including Dl and K of the Iowa formula 

 y : Change in vertical diameter 

The equation can be rewritten as: 

BAR
R

D
y

s

s







 (2.24) 

Assuming the vertical and horizontal deflections at small strains are equal and that 

K is 0.1, the Iowa equation becomes; 

s

s

R
R

D
y

61.080 





 (2.25) 

Watkins argued that the pipe deflection can not exceed the soil deformation, so the 

left hand side of the equation, should not exceed unity. However at values of ring 

stiffness ratios (Rs) greater than 200, this can occur.  Figure 2.16 is a graph based on 

empirical data, which gives the ring deflection factor (ΔY /D)/ε) as a function of 

stiffness ratio. Watkins observed that usually the deflection factor approaches the 

unity because the stiffness ratio is usually greater than 300. As a result, the ring 

deflection becomes about as much as the side fills settlement. It is then possible to 

evaluate the pipe's deflection from the vertical soil main in the fill. Figure 2.17 

presents vertical soil strain values as a function of soil compressibility and soil 

pressure. 
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Figure 2.16 Ring deflection factor as a function of stiffness ratio (Moser and 
Folkman, 2008) 

 

Figure 2.17 Plot of vertical stress-strain data for typical trench backfill (except clay) 
from actual tests (Moser and Folkman, 2008) 

From extensive testing of flexible pipes, Watkins found an alternative and more 

satisfactory, empirical expression: 

s

s

R
R

D
y





30

 (2.26) 

Figure 2.18 provides a visual comparison of equations 2.25 and 2.26. The 
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comparison suggests that the Iowa equation overestimates deflections of more 

flexible pipes (higher Rs values) and may tend to slightly underestimate the 

deflections of less flexible pipes. 

The elliptical pipe deformations assumption in the above equations is reasonable at 

relatively small deflection levels only. The deflection estimates from these 

equations generally become non-conservative as strains increase (Howard, 1985, 

Cameron, 1990 and Sargand, Masada and Hurd, 1996). Rogers (1987) found that 

elliptical deformations were associated only with poor sidefill or surround support. 

The applicability of ring compression theory for flexible pipes buried in trenches 

was tested by Valsangkar and Britto (1978) through centrifuge tests. If ring theory is 

applicable then membrane compression stresses should govern and flexural stresses 

should be unimportant. It was concluded by their study that for pipes in narrow 

trenches, where the side cover is less than or equal to one diameter, the use of 

simple ring theory could not be justified. For this reason, the Iowa equation should 

not be used for ratios of trench width to pipe diameter (B/D) of 2 or less. 

 

Figure 2.18 Comparison of Iowa equation and Watkins’ (1988) empirical expression 

2.1.12 Burns and Richard Elastic Solution 

A theoretical solution was published by Burns and Richard (1964) for an elastic 

pipe buried in an infinite elastic medium and subjected to vertical and horizontal 

load. The Iowa formula is also a linear elastic theoretical solution; however it is 
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based on several field observations. Burns and Richard solution allows for a non-

linear soil modulus correction and is based on the condition of full-bond or free-slip 

at the soil-pipe interface. It was assumed that no gap takes place at the pipe-soil 

interface for both cases. A summary of Burns and Richard solution is given below: 

Extensional flexibility ratio: 
EA
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RMBUF
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Bending flexibility ratio: 
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R : Mean radius of the pipe 

E : Young's modulus for material in cylinder wall 

A : Area of the section of the pipe wall per unit length 

I : Moment of inertia of the pipe 

E* : Young's modulus of the medium 

μ : Poisson's ratio for medium 

K : Rankine’s ratio. 

Pr : Radial stress 

Trθ : Tangential stress 

p : Applied vertical boundary pressure 

r, θ, z : Cylindrical coordinates 

v : Tangential displacement 

w : Radial displacement in medium 

N : Thrust in pipe wall 

M : Bending moment in pipe wall 

2.1.13 Other Methods and Approaches 

Moore (1993) published the design considerations for plastic pipe enveloped in 

uniform soil. He suggested determining the vertical pressure above the pipe, pv, in a 

deep embankment, simply by summation of the product of unit weights of layers 

above the crown by their thickness. In order to determine the same pressure for a 

pipe buried in a trench, the coefficient of friction between the trench wall and 

backfill, μ, was required to apply simple arching theory as below: 
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H and B are the depth and width of the trench, respectively. The backfill material is 

assumed to be uniform in Equation 2.40. 

The horizontal pressure, ph, beside the pipe was based on the coefficient of earth 

pressure ‘at rest’, Ko, and vertical pressure, pv. The soil pressures were determined 

on planes far enough from the pipe, which was suggested to be a minimum of one 

pipe diameter from the circumference (Hoeg 1968). 

The vertical and horizontal pressures around the pipe were converted by Moore to 

isotropic and deviatoric stress components, defined as pm = (pv + ph) /2 and pd = (pv - 

ph)/2, respectively. These stress components are shown in Figure 2.19. Uniform 

circumferential hoop stress takes place under isotropic loading. This stress will 

cause circumferential shortening and may also lead to the development of significant 

flexural stresses. Adequate strength and stiffness should be provided in design to 

resist these stresses. The deviatoric stress set leads to elliptical deformation. This 

combination of deformations indicate that the vertical diametric strain should be 

greater the horizontal diametric strain if pv is greater than ph. 

Based on elastic behaviour and thin ring theory, Moore presented equations for the 

stresses, thrusts and pipe deflections. The radial stress over the pipe for the isotropic 

loading is given as follows: 

rGAE
AEv
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mm 2

)1(2
0 


  (2.41) 

Am : Arching coefficient 

pm : The mean stress, (pv + ph) /2     

νs : Poisson's ratio for the soil  

Ep : The elastic modulus of the pipe 

A : Cross sectional area of the pipe  

Gs : Shear modulus of the soil  

r  : Radius of the pipe  

In case the arching coefficient, Am for the pipe-soil system is less than unity, the pipe 

is considered as flexible and positive arching take place. 
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Hoeg (1968) proposed an elastic solution to analyse the magnitude and distribution of 

static stresses around horizontal cylinders. The solution was based on plane strain 

condition. The soil was assumed to behave like a linearly elastic, isotropic and 

homogeneous material. The pipe is assumed to be elastic as well. 

Two stiffness ratios are used in the mathematical solution: The compressibility ratio, 

C, which is the ratio of compressibility of the structural cylinder to that of a solid soil 

cylinder, and the flexibility ratio, F, which relates the flexibility of the structural 

cylinder to the compressibility of the solid soil cylinder. 
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Ms : The constrained or 1-D modulus of the soil  

νp  : Poisson's ratio of the pipe material  

Ep : Young's modulus of the pipe material  

D : The average pipe diameter  

t : The pipe thickness 

Hoeg's (1968) expression for the arching coefficient for points on the pipe 

circumference is given as follows: 
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The deviatoric stress component around the pipe, pd, causes further radial stress in 

the pipe, σrdθ, and shear stress, τdθ. Both pipe stresses are functions of pd and position 

along the pipe circumference, as given by the angle, θ, which is defined in below 

Figure 2.19.  

The equations for the radial and shear stresses are given as follows: 
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σrdθ = Adσ pd cos2θ (2.45) 

τdθ = Adr pd sin2θ (2.46) 

 

Figure 2.19 The response of a flexible thin pipe to the isotropic and deviatoric 
components of external loading (Moore, 1993) 

In above expressions, Adσ and Adr are functions of the relative stiffness of the pipe to 

the surrounding soil as well as the bond developed between the pipe and the soil. 

Hoeg (1968) provided theoretical solutions for these two factors, for both cases of a 

free slip (smooth) and a full bonding (rough) soil-pipe interface. In case of a 

perfectly rough interface and along the pipe circumference, these two factors are 

expressed with the following equations: 

Adσ = - (1 - 3a2 - 4a3) (2.47) 

Adr = - (1 + 3a2 + 2a3) (2.48) 
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The maximum radial stress, σrd, develops at the pipe springline and the minimum 

stress occurs at both the crown and the bottom of the pipe. The maximum shear stress, 

τd, develops at the crown and the bottom of the pipe, while the minimum shear 

occurs at the pipe springline. 

The moments and thrusts developed due to the pipe stresses for the deviatoric 

and isotropic external stress sets depend on the position of the point 

considered on the pipe circumference. The thrusts at the crown and the springline, 

Ncrown and Nspring, and the corresponding moments attract particular interest. These 

moments and thrusts can be derived from thin shell theory as follows: 
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Deflections may be determined from the pipe stresses by considering the external 

stress components, wo, due to the isotropic loading and wdθ, due to the deviatoric 

loading as follows: 
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The changes in diameter of the pipe in the vertical and horizontal directions, ΔDV 

and ΔDH respectively, may then be formulated as; 

 max02 dV wwD   (2.56) 

 max02 dH wwD   (2.57) 

Moore (1993) demonstrated with a case example that this theory provided far 

superior predictions of deflections than those produced by the Iowa equation and 

gave estimates of radial stresses, which reasonably matched those measured. 

The significance of hoop stiffness on pipe performance was pointed by Webb, 

McGrath and Selig (1996). Low hoop stiffness leads to pipe deformation, which 

helps the distribution of load to the surrounding soil. Hoop stiffness is given as: 

D
AE

H p2
  (2.58) 

2.1.14 Finite element analysis (FEA) 

The finite element analysis technique is a mathematical solution which was primarily 

developed to solve complex structural systems. The technique is also a very useful 

tool in geotechnical engineering as well as other areas such as fluid mechanics, 

thermodynamics, ground water analysis, aerodynamics, etc. 

According to finite element method a continuum is divided into a number of (volume) 

elements. Each element which may be one, two or three dimensions consists of a 

number of nodes and is connected to each other only at their nodes. Shape functions 

relate the displacements in the elements and along the element boundaries to the 

nodal displacements. Displacements may be resulted due to the self weight of the 

elements or the external loads. The prescribed displacements at the boundaries of the 

system must be specified as well. After the continuum is idealised and the boundary 

conditions are specified, an analysis can be performed using the stiffness 

method. Analyses through stiffness method involve the solution of 

equilibrium equations for the unknown nodal displacements. The equilibrium 
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equations in matrix form, consists of a stiffness matrix [K] that relates the 

nodal displacements (d) to the nodal forces (f). The stiffness matrix is a function 

of the geometry and the properties of materials. Once the displacements are found 

from the equilibrium equations, they can be then used to evaluate the element stresses 

and strains. 

One area of development for the use of FEA is in soil-structure interaction 

mechanics. Each element type may be defined with different stiffness properties. The 

modelling of the nonlinear stress-strain properties of soil has been accommodated 

through incremental analysis and an iterative solution scheme. 

A variety of commercial finite element programs are currently available in the 

market. Each of them has advantages and disadvantages depending on the type of 

problem. Examples to these programs are PLAXIS, which is used in this thesis, 

CANDE (Culvert Analysis and Design) (Allgood, 1976) (Katona, 1980), PIPE5, 

which is a version of SAP (Wilson, 1971) modified by the Utah State University 

researchers for the analysis of flexible pipe, SPIDA (Heger, Liepins, Selig, 1985), 

which is used for the analysis of buried concrete pipes and some others such as 

ABAQUS (1998) and ADINA. 

2.2 Performance Limits for Buried Pipes 

The design of buried flexible pipes requires checking for certain performance criteria 

which are related to the performance limits of a specific product. When a capability 

of a product is reached or exceeded, it is stated that a performance limit has been 

reached. For flexible pipes, performance limits are directly related to stress, strain, 

deflection or buckling. The performance limits that are often considered in design of 

flexible pipes will be presented below: 

2.2.1 Wall Crushing (Stress) 

Wall crushing term is used to describe the condition of localized yielding for a 

ductile material or cracking failure for brittle materials. This type of failure occurs 

in case a very stiff pipe is deeply buried in a very stiff embedment material. It is 

characterised by a localised yielding at the pipe's springline as shown in Figure 
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2-20. The ring compression stress has a primary contribution to this 

performance limit (Moser and Folkman, 2008): 

A
D

2
P

ncompressio Ring v  (2.59) 

Pv : Vertical soil pressure 

D : Diameter 

A : Pipe thickness (cross sectional area) per unit length 

The bending stress at the springline can also influence wall crushing (Moser and 

Folkman, 2008): 

I
Mt 2/stress Bending   (2.60) 

M  : Bending moment per unit length 

t : Wall thickness 

I : Moment of inertia of wall cross-section per unit length 

Wall crushing is generally the primary performance limit or design basis for rigid or 

brittle pipe products.  

 

Figure 2.20 Wall crushing at the 3 and 9 o’clock positions. (Moser and Folkman, 
2008) 

2.2.2 Wall Buckling  

Wall buckling is not a strength performance limit; however this failure may occur 

when the pipe has insufficient stiffness. When the flexible pipes are subjected to 

internal vacuum, external hydrostatic pressure or high soil pressures in compacted 

soil, the pipes may buckle as shown in Figure 2.21. For a circular ring in plane 
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stress, subjected to a uniform external pressure, the critical buckling pressure, Pcr is 

given with following equation (Moser and Folkman, 2008): 

32

3

)1(4 Rv
EtPcr 

  (2.61) 

E : Young's modulus of the pipe material 

t : Wall thickness 

v : Poisson's ratio of the pipe material 

R : Pipe radius 

Meyerhof and Baike (1963) developed the following formula for computing 

the critical buckling pressure in a buried circular conduit: 
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E' : Soil modulus 

The Scandinavians have rewritten the above formula for critical buckling 

pressure as follows: 
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Figure 2.21 Localized wall buckling (Moser and Folkman, 2008) 

2.2.3 Overdeflection 

The deflection is a design parameter for flexible pipes. It is rarely considered 

in the design of rigid pipes. Flexible pipe products have design deflection 
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limits based on the maximum deflection of the pipe with a safety factor- For 

instance, PVC pipes will not suffer reversal curvature until about 30 percent 

deflection (Spangler, 1941). Thus, engineers generally consider a 7.5 percent 

deflection limit which is based on a safety factor of 4. For such products which 

require a deflection consideration in design, bending stresses or strains may also 

be a limiting criterion. Figure 2.22 below shows the ring deflection and the reversal 

of curvature due to over-deflection. 

 

    

Figure 2.22 Ring deflection and Reversal of curvature due to overdeflection (Moser 
and Folkman, 2008) 

2.2.4 Strain Limit 

Since the strain is related to deflection, installation techniques for certain pipe 

products are proposed in order to limit deflection and thus limit the strain. Generally 

only brittle, composite, or highly filled materials have installation designs controlled 

by strain. Moser  and Folkman (2008) proposed the following equations to calculate 

the strains: 

Bending strain;         
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Ring compression strain;         
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Poisson’s circumferential strain;         strain) nal(longitudi -v  (2.67) 

t : Wall thickness   

D : Diameter.    

Δy : Vertical deflection   

Pv : Vertical soil pressure 

E : Young’s modulus 

p : Internal pressure 

v : Poisson’s ratio 

2.2.5 Longitudinal stresses 

Longitudinal stresses may be produced by thermal expansion (contraction), 

longitudinal bending, and Poisson’s effect (due to internal pressure). Since the 

flexible pipes are susceptible to temperature changes, thermal stresses develop. 

Expansion or contraction movements of the pipe are restrained by the frictional 

forces caused by the surrounding soil and this may result in a circumferential break. 

Longitudinal bending or beam action in a pipeline may be caused by: differential 

settlement of a structure to which the pipe is rigidly connected (e.g. settlement of a 

manhole), uneven settlement of pipe bedding (e.g. due to erosion of the soil below), 

ground movement due to tidal water, seasonal rise and fall of soils (e.g. expansive 

clays), non-uniformity of the foundation, tree-root growth pressure, etc (Moser and 

Folkman, 2008). Circular and longitudinal split failure modes are presented by 

Rajani et al. (1995) in Figure 2.23. 

2.2.6 Shear loadings 

Shear loadings usually accompany longitudinal bending. Therefore, the major causes 

of shear loading are similarly due to non-uniform bending or differential settlement. 

Such reasons which develop shear loading can be large, highly variable, and difficult 

to quantify (Moser and Folkman, 2008). For this reason, shear forces must be 

minimised by proper design and installation. 

2.2.7 Fatigue 

If the buried pipes experience a high number of cyclic stresses, pipe materials will 
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fail at a lower stress (Moser and Folkman, 2008). These cyclic stresses may be 

caused by water hammers or traffic loads. Cyclic stresses due to traffic loading 

usually do not cause failure except the case of shallow burials.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 2.23 Circular and longitudinal split failure modes (Rajani et al., 1995) 

2.3 Modulus of Soil Reaction, E' 

2.3.1 Soil Stiffness 

Since the structural integrity of buried flexible pipes mainly comes from the 

lateral support of the soil, a design parameter indicating the strength of soil is 
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essential. This design parameter developed by Spangler and Watkins is the 

modulus of soil reaction, E'. 

As previously stated in section 2.1.9, the Modified Iowa Formula includes a term 

referred to as the modulus of soil reaction, E', and is defined as an empirical value 

used to express the stiffness of the embedment soil in predicting flexible pipe 

deflection. E' has also been referred to as the soil modulus or soil stiffness.  

The original Iowa formula from Spangler for culvert deflections was as follows: 

dx=DPK/(EI/r3 + 0.06ler) (2.68) 

Spangler (1941) noticed that the ratio of the horizontal pressure acting on the 

culvert and its associated deflection remained essentially constant. Accordingly, 

he defined a constant of proportionality which was called the modulus of passive 

resistance, e. Later, it was noticed by Watkins and Spangler (1958) that e indeed 

was not a constant for a given soil, and that er (modulus of passive resistance of 

embedment times mean radius of the pipe) was observed to be more of a constant. 

Watkins accordingly proposed the use of the current E' as the modulus of soil 

reaction. Hence the modified Iowa formula was presented as follows: 

dx=DPK/(EI/r3 + 0.06l E') (2.69) 

As stated by Watkins and Jeyapalan (2004), this empirical parameter, E', is not a 

function of the soil alone but of the soil-pipe system and it can only be back-

calculated under actual field conditions. Due to its empirical nature, E' parameter, 

alone brings a wide degree of uncertainty into the design of buried pipelines. The 

researchers focused on establishing the E' values in the following years and 

Spangler (1941) was the first one to do this followed by Watkins and Spangler 

(1958), again followed by Spangler (1969). 

The predictions of pipe deflections are sensitive to E'. As stated above, E' is given 

to be the modulus of passive resistance of embedment, e, (units of pressure/length) 

times the pipe radius, r. The maximum soil stiffness at the passive soil condition 

may not be reached in practice since it can only be achieved at high levels of soil 
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strain. In fact, the soil modulus, E' is defined based on circumferential strain of the 

pipe, which is not the usual definition of soil modulus: 


pE   (2.70) 

p : Pressure applied to pipe from the side soil 

εθ : Circumferential pipe strain = Δx/r for axial symmetry 

As cited by Singh and Pal (1990), Watkins and Spangler (1958) proposed that E' 

values are reasonably constant for a given soil and degree of compaction. However 

they noticed that the pipe size also had an effect which leads to different levels of soil 

resistance. This was probably because of the difference in soil side strains developed 

in different pipe installations. 

There has been attempts to correlate E' with other true soil properties. It was stated 

by McGrath et al. (1990) that the semi-empirical modulus of soil reaction, E', was 

not a true material property and that there was no practical test available to 

calculate it. However, the authors together with Watkins (1988), proposed that E' 

could be approximated by the constrained soil modulus of a vertically loaded 

soil in a consolidometer (see Figure 2.24). The constrained or one-dimensional 

modulus of soil, Ms, is defined as follows: 

)21)(1(
)1(
vv

vE
M s

v

v
s 









 (2.71) 

σ'v : Effective vertical stress 

εv : Vertical soil strain 

Es : Young's modulus of soil      

ν : Poisson's ratio of soil 

The secant modulus over the stress range was argued to define the average 

sidefill stiffness. The use of the constrained modulus incorporates the non-linear 

behaviour of the soil subjected to loading. 
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Figure 2.24 Constrained compression test schematic 

2.3.2 Variables on Which E' Depends 

Watkins and Jeyapalan (2004) cited the discussions for the variables on which E' 

depends. In order to establish the relationships between E' and the variables on which 

it depends, researchers used theory of closed-form solutions, finite element studies, 

model experiments, laboratory tests, and field tests. The type of soil and degree of 

compaction was never doubted to affect E' values. However, the E' values obtained from 

various methods ranged several hundred percents. This was making the reliable prediction 

of deflection impossibly difficult and was discussed by the researchers.  

Hartley and Duncan (1987) published their study on steel pipes and established the 

variation of E' with depth of soil over the pipe. However, the values produced by the 

study have not been adopted in most of the standards. Hartley and Duncan's work 

involved finite element analyses and field data collection of the following conditions: 

• Steel pipe only, 

• r = 24-72 in., 

• H = 5-20 ft, 

• PS = 4-136 psi,  

• EI/(0.061 E'r3) = 0.003-0.656. 

As defined in Equation 2.70, E' is conceptually similar to a soil modulus and can be 

expected to behave similarly. In this regard, just like soil modulus which is dependent on 

confining pressure or depth of soil column over it, the E' will vary with height of soil 
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cover above the pipe. Further investigations have been carried out via laboratory and 

model tests by Shafer (1948), Watkins and Nielson (1964), Meyerhof (1966), Nielson 

(1967), Krizek et al. (1971), Allgood and Takahashi (1972) and Chambers et al. (1980). 

Based on the field data, the researchers often concluded that E' did not depend on the 

depth of soil column. However, they did not realize that the data reduction was somewhat 

tainted by many unknowns (Watkins and Jeyapalan, 2004). These field data from a wide 

variety of soil types and installation conditions were compared to carefully controlled 

laboratory tests and model experiments. Shafer (1948), in a careful reduction of data 

from a single site, demonstrated that the values of E' varied significantly with height of 

soil above pipe. The exception for the variation of soil modulus with the depth of soil is 

for the case of saturated clays which have little possibility of drainage. Thus, all backfill 

soils around pipes will have E' values varying with depth of soil cover. Additionally, E' 

values for most native soils will also vary with depth of soil cover. The summary of 

results from the field data analysis of Jaramillo (1989) was published by Jeyapalan and 

Jaramillo (1994) and it was established that the E' values also varied significantly with 

the pipe stiffness and pipe size. Such variation will be studied in the scope of this thesis 

as well. Jaramillo (1989) worked with field data of the following conditions: 

• Plastic pipe only, 

• r = 6-18 in., 

• H = 5-30 ft, 

• PS = 25-200 psi,  

• EI/(0.061 E'r3) = 0.015-2.44. 

In the work of Leonhardt (1973) which was further presented in ATV-A-127 (1984), 

closed-form solutions were used to incorporate the effects of trench width in case the 

native ground conditions are considerably different from the bedding material conditions.  

As cited by McGrath, Chambers and Sharff (1990), the influence of the natural soil 

forming the trench walls on the lateral soil support has been addressed by Leonhardt. 

The effective sidefill stiffness is given by  E', where   is Leonhardt's correction 

factor on the modulus of soil reaction, E', as defined in the Iowa formula: 
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  : Leonhardt’s correction factor 

E3 : Young’s modulus of the natural soil forming the trench 

B : The width of the trench 

D : Pipe diameter 

In case E' is considerably less than E3, it can be stated that the trench walls are 

effectively rigid. If the ratio of trench width to pipe diameter, B/D is 2, then the 

effective modulus for sidefill is 2.3 times E'. The value of   is reduced as E' 

approaches the value of E3 (see Figure 2.25). A wider trench will be affected less 

and the correction factor may be ignored for a trench width to pipe diameter ratio 

of 5 or greater. 

 
Figure 2.25 Leonhardt’s correction factor for different trench geometries  

2.3.3 Howard’s Modulus of Soil Reaction (E') Values 

E' was tried to be measured by many research efforts without much success. The 

most useful method involves the back calculation of effective E' values through 

the Iowa formula using the measured deflections of a buried pipe for which 

installation conditions are known. However, this requires to assume the values for 

the load, the bedding factor, and the deflection lag factor and the inconsistent 
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assumptions have led to a variation in reported values of E'. 

The most popular form of E' values comes from the empirical data published by 

Amster K. Howard of the U.S. Bureau of Reclamation. Howard (1977) reported 

typical values of modulus of soil reaction, which varied with soil type and 

composition, as well as the degree of soil compaction (see Table 2.6). The moduli 

were deduced from laboratory tests by the US Bureau of reclamation on a range of 

pipe diameters and materials, and were complemented by field test data. He 

assigned values to E', K, and Wc and then used the Iowa formula to calculate a 

theoretical value of deflection which was then compared with actual 

measurements. Using the assumed values of E' in Table 2.6 and a bedding 

constant K = 0.1, Howard was able to correlate the theoretical and empirical 

results to within 2  percent deflection when he used the prism soil load. Howard 

used a deflection lag factor Dl = 1.5 in his calculations while using the prism 

load. However, in order to be theoretically correct, a lag factor Dl = 1.0 would 

have to have been used along with the prism load (Moser and Folkman, 2008).  

Although Howard's study provided some useful information to guide designers of 

flexible pipes, it has created more confusion than settling the ongoing discussions 

on E'. Therefore, the engineering community has relied on and misused the 

oversimplified E' values of U.S. Bureau of Reclamation for years. Jeyapalan and 

Watkins (2004) had done a multitude of pipeline projects around the world, 

carefully examined the original data used by Howard (1977) and recalculated 

what E' values are possible. They concluded that the degree of error was totally 

unacceptable and stated that a reasonable value for E' using Howard's work could 

only be reached by luck and not via sound engineering principles. They 

accordingly presented a step-by step methodology in order to build the 

engineering know how needed to establish E' values on a project-specific basis 

allowing for most significant factors. The findings of this valuable paper and the 

step by step methodology will be given in the following section. 
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Table 2.6 Average Values of Modulus of Soil Reaction, E' (for initial flexible pipe 
deflection) (Howard, 1977) 

 

2.3.4 Engineering Know How to Establish E' Values 

Further to the research efforts presented in Section 2.3.2 and based on the reanalysis of 

Howard's original data, Jeyapalan and Watkins concluded that the E' values proposed by 

Howard could result in wrongful estimates of buried pipe deflections. Thus, it was 

proposed that any proper guidance on E' for design practice should include a careful 

consideration of the following factors: 

• Native soil type, 

• Native soil compaction density, 

• Modulus of native soil, 

• Trench material type, 

• Trench material compaction density, 

• Modulus of trench material, 
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• Size of pipe, 

• Pipe stiffness-soil stiffness ratio, EI/(0.061E'r3). 

• Depth of cover, 

• Trench width-pipe diameter ratio, and 

• Location of water table. 

As stated in the article, “The E' is not a fundamental geotechnical engineering property of 

the soil. This property can not be measured either in the laboratory or in the field. This 

is an empirical soil-pipe system parameter, which could be obtained only from back-

calculating by knowing the values of other parameters in the modified Iowa equation.” 

The authors also added that an experienced soil-pipe interaction design engineer would 

expect the pipe-soil stiffness ratio to have an effect on the value one uses for E' in 

design. Such effect of relative stiffness is the subject matter of this thesis. 

To determine E' for a buried pipe, separate E' values for the native soil, E'n and the 

backfill surrounding the pipe, E'b must be determined and then combined using the 

equation: 

E' = Sc E'b (2.73) 

The value of the soil support combining factor, Sc, is given in Table 2.7, as a function 

of E'n / E'b and Bd  /D, where Bd = trench width at pipe spring line. 

Table 2.8 can be used to obtain the values of modulus of soil reaction of the pipe zone-

backfill embedment, E'b, and that of the native soil, E'n. 

Table 2.7 Use of ATV for trench width effects on E' for open-cut trenches 
(Jeyapalan and Watkins, 2004) 
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Table 2.8 Modulus of soil reaction for pipe embedment, (Jeyapalan and Watkins, 
2004) 

 

In summary, the following steps are helpful in establishing reasonable E' values for 

pipeline design: 

• Step 1: Review borings, plans, profiles, and obtain most appropriate standard 

penetration test blow counts, 

• Step 2: Calculate total stress, pore water pressure, effective stress, 

• Step 3: Calculate relative density with some judgment, 

• Step 4: Estimate standard proctor relative compaction density, 

• Step 5: Select E' for native ground conditions using Table 2.8, 

• Step 6: Adjust E' to allow for pipe-soil stiffness ratio, size, and other factors, 

• Step 7: Repeat the procedure for bedding soil to obtain its E', 

• Step 8: Select trial trench width 

• Step 9: Obtain factor Sc allowing for native to bedding variation from Table 2.7,  

• Step 10: Estimate design E' for the pipe-soil system and adjust up or down. 

The design of flexible pipes require checking certain performance criteria such as 

deflection, buckling, stress and strain and most of these design checks involve the 

use of design parameter, E'. Therefore, establishing E' values has utmost 

importance in the design of buried flexible pipes. 
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CHAPTER 3  

 

 

PLAXIS FINITE ELEMENT CODE FOR SOIL AND ROCK ANALYSES 

(PLAXIS 2D VERSION 8) 

 

 

3.1 Introduction 

PLAXIS Version 8 is a finite element program specifically developed for the two-

dimensional analysis of deformation and stability in geotechnical problems such as 

the settlement of foundations, the stability of slopes, or the deformation of buried 

structures. PLAXIS refers to two commonly used idealizations in geotechnical 

engineering, which are plane strain and axisymmetric analysis- The plane strain 

idealization is used for structures having a constant cross-section along a 

significant length (e.g. buried pipes). This model simplifies the problem to two 

dimensions because it is assumed that the displacements normal to the cross-

section are zero. The axisymmetric idealization is used for problems that are 

symmetrical relative to a central axis. This model simplifies the problem due to the 

assumption of identical stresses and deformations in any radial direction. 

Geotechnical applications require to be handled by advanced constitutive models in 

order to simulate the non-linear, time-dependent and anisotropic behaviour of soils 

and/or rock. Additionally, special procedures are required to deal with the pore 

pressures in the soil due to the multi-phase nature of soils. PLAXIS utilizes some 

well known constitutive models that can deal with various aspects of complex 

geotechnical structures. Another capability of the program is that the soil-

structure interaction can be modelled by PLAXIS. A brief summary of the 

important features are given below. 
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3.2 Short Review of Features 

3.2.1 Graphical input of geometry models 

The input of soil layers, structures, construction stages, loads and boundary 

conditions is based on the CAD (computer aided drawing) program available in 

PLAXIS. This convenient drawing program allows the detailed modelling of a 

wide variety of geometry cross-sections. After the structural members, applied 

loads and prescribed displacements are directly entered to the geometry in the 

drawing area, a 2D finite element mesh can be easily generated. 

3.2.2 Automatic mesh generation 

PLAXIS allows automatic generation of unstructured 2D finite element meshes 

which saves a precious time. This feature enables the automatic generation of a 

random mesh of triangular elements. Global and local mesh refinement options are 

available where the stress concentration and large deformations occur. 

3.2.3 High order elements 

There are two types of triangular elements which are available in PLAXIS to model 

the deformations and stresses in the soil (Figure 3.1). The standard quadratic 6-node 

element produces good results. However, the cubic (4th order) 15-node element is 

even more accurate and produces a smooth distribution of stresses in the soil. In case 

a very large number of elements are involved in the problem, it might be practical to 

use the 6-node element since this element type saves computation and time- 

3.2.4 Plates 

In order to model the bending of retaining walls, tunnel linings, shells and other 

slender structures, special beam elements are used by PLAXIS. The behaviour of a 

beam element is defined using a flexural rigidity, a normal stiffness and an ultimate 

bending moment. Three or five nodes may be used for the beam element depending 

on the type of elements previously chosen.  



62 

 

Figure 3.1 a) 15-node triangular elements, b) 6-node triangular element 

Each node has three degrees of freedom, two of which are related to the horizontal 

and vertical displacements, and one related to the rotation. A plastic hinge may also 

develop when the maximum bending moment or maximum axial force is reached. 

The weight of the beam, if necessary, can be taken into account with great care. 

Since the beams are superimposed as a continuum in PLAXIS, they overlap 

with the soil. Therefore, it is required to subtract the soil unit weight from the unit 

weight of the beam when the weight of beam is considered in calculation. 

The sign convention, coordinate system and the indication of positive stress 

components in PLAXIS are demonstrated below in Figure 3.2: 

 

Figure 3.2 Sign convention in PLAXIS 

3.2.5 Interfaces 

Soil-structure interaction can be modelled with joint elements available in 

PLAXIS. For instance, these joint or interface elements may be used to simulate 
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the thin zone of shearing material at the contact between a pipe structure and the 

surrounding soil. Values of interface friction angle and adhesion are generally 

not the same as those of the surrounding soil. Usually, the strength of the interface 

is less than the strength of the soil. Therefore, a reduction factor is applied to the 

friction angle and the cohesion of the soil resulting in the properties of the 

interface. 

3.2.6 Tunnels 

PLAXIS includes a convenient option to create circular and non-circular tunnels 

using arcs and lines. The tunnel lining and the interaction with the surrounding 

soil may be modelled using plates and interfaces. Fully isoparametric elements 

are used to model the curved boundaries within the mesh. The deformations that 

occur as a result of various methods of tunnel construction are analysed by way 

of various methods implemented in the program. The tunnel lining is defined by 

segments of curved beam elements (plates). These curved beam elements may 

also be used to model pipe materials with the input of necessary flexural rigidity 

and normal stiffness parameters.  

3.2.7 Advanced soil models 

PLAXIS offers a variety of advanced soil models as well as some simple models. The 

well-known Mohr-Coulomb model is the simplest model available. This model gives 

a good approximation of the ultimate load in simple problems and should be used 

for a first analysis of the problem considered. In case of more complex problems 

which involve non-linear behaviour, time-dependent behaviour or unloading-

reloading residual strain, more advanced models are required for the simulation. A 

Soft-Soil model which is based on the Cam-Clay model (Burland 1965, 1967) can 

be used to model the primary compression of normally consolidated soft soils. 

Furthermore, secondary compression can also be modelled by the use of Soft-Soil-

Creep model. In addition to the soft soils, the behaviour of stiffer soils can be 

simulated by the Hardening-Soil model of Schanz (1998), which is based on the 

well-known Hyperbolic model (Duncan and Chang, 1970) and gives good results. 

Details of the Hardening Soil Model will be presented in Chapter 4. 



64 

3.2.8 Automatic load stepping 

PLAXIS can be run in an automatic step size and automatic time step selection 

mode. This feature allows optimising the step size to get an efficient and robust 

calculation process. In case the load increments are too small, many steps are 

required and the computation may take a significant time. On the other side, too 

large increments would require an excessive number of iteration to reach 

equilibrium, and the solution could even diverge. There are three possible 

outcomes of the automatic load stepping procedure at which a series of iterations 

are carried out to reach equilibrium. As described in the user manual of PLAXIS, 

these outcomes are: 

Case 1: In case the solution reaches equilibrium within a number of iterations 

that is less than the desired minimum control parameter (the default value is 4, but 

can be changed manually), then the calculation step is assumed to be too small. In 

this case, the size of the load increment is multiplied by two and further iterations 

are applied to reach equilibrium. 

Case 2: In case the solution fails to converge within a desired maximum number of 

iterations (the default value is 10, but can be changed manually), then the 

calculation step is assumed to be too large.   In this case, the size of the 

increment is reduced by a factor of two and the iteration procedure is continued. 

Case 3: In case the number of required iterations lies between the desired 

minimum and the desired maximum, then the size of the load increment is 

assumed to be satisfactory. After the iterations are complete, the next 

calculation step begins. The init ial size of this calculation step is made equal to 

the size of the previous successful step. 

3.2.9 Staged construction 

This powerful feature of PLAXIS allows for a realistic assessment of stress and 

deformation results. The staged construction procedure simulates the construction, 

excavation, and backfill processes by activating, deactivating and changing the 

properties of soil clusters, structural elements and applied loads during the 
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calculation. For example, soil clusters, defined within the geometry, are deactivated 

to simulate the excavation. Structural elements can also be deactivated at the proper 

stages of construction. 

3.2.10 Updated Lagrangian analysis 

PLAXIS has a special option for the analysis of large displacement problems. The 

updated Lagrangian analysis continuously updates the mesh during the calculation. 

This option is available for all types of calculations; however it was not used in the 

finite element analysis of the pipes in this study. 

3.2.11 Presentation of results 

PLAXIS has powerful graphical features for the presentation of computational 

results. A view of the deformed mesh is initially presented. Then, it is possible to 

visualise the total, horizontal, vertical and incremental deformations in the form of 

vectors, contour lines, or shaded areas. Additionally, the effective and total stresses 

are shown by principal stresses, mean contour lines, or mean shaded areas. For the 

structural and interface elements, it is possible to visualise deformations, bending 

moments, shear stresses and normal stresses. The output presentation for the 

underground water flow and pore water pressure are also available- In addition, a 

special curve program included in PLAXIS allows to present load or time versus 

displacement, and stress-strain diagrams for special points of interest. This 

presentation is especially practical and useful to analyse the behaviour of soils 

locally. 
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CHAPTER 4  

 

 

MODELLING THE BEHAVIOUR OF SOIL 

 

 

4.1 Introduction  

As explained in previous chapter, PLAXIS is a finite element code for geotechnical 

applications in which soil models are used to simulate the soil behaviour. The 

selection of the most appropriate soil model which adequately defines the soil 

behaviour is important to get the most accurate results. In this study, three certain 

types of soils, i.e. Kanto loam, crushed stone, and basalt aggregate are required to be 

modelled for the analysis of buried pipe installations. The soil model available in 

PLAXIS, which simulates most adequately the behaviour, is the Hardening-Soil 

model. Additionally, the triaxial stiffness parameter, E50 which is an input parameter in 

Hardening-Soil model is of particular interest since the pipe-soil stiffness ratio, Sr = 

PS/E50 which is defined for the purpose of this study refers to its value. Therefore, the 

Hardening-Soil model is explained in detail in this chapter.   

4.2 The Hardening - Soil Model (Isotropic Hardening)  

The Hardening-Soil model is an advanced constitutive model, included in PLAXIS. 

This model takes into account the hardening behaviour of soil and uses a non-

associated flow rule. Some principles of the plasticity theory should be reviewed to 

understand the hardening behaviour and the non-associated flow rule. First, 

elastic and plastic deformations develop in soils when they are subjected to shear 

forces. In case the stress levels are not below a yield surface, only elastic or 

recoverable deformations develop. However, in case the stress levels are equal to 

or higher than the yield surface, then both elastic and plastic deformations develop. 
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Plastic deformation implies that a portion of the deformation is not recoverable. 

Second, a flow rule relates the direction of the vector of plastic strain increment to 

the yield surface. According to an associated flow rule, a vector of plastic strain 

increment is perpendicular to the yield surface. However, according to a non-

associated flow rule, a vector of plastic strain increment is not perpendicular to the 

yield surface. If the yield surface increases in size while the plastic straining 

develops in the soil, hardening behaviour happens. In other words, after 

unloading/reloading, the soil will yield at a higher stress level than the previous 

stress level, which caused yielding. A hardening law relates the magnitude of the 

plastic strain to the magnitude of the stress increment. 

Two main types of hardening can be defined as shear hardening and compression 

hardening. Shear hardening is used to model irreversible strains resulted from the 

primary deviatoric loading; whilst the compression hardening is used to model 

irreversible strains resulted from primary compression in oedometer and isotropic 

loading. Both types are included in PLAXIS (PLAXIS V8, 2002).  

It is advised to use the Mohr-Coulomb model for a quick and first analysis of the 

problem considered. The Mohr-Coulomb model is practical and useful to analyse 

simple problems, or in cases where there is not enough data about the soil 

characteristics. However; it is not capable to simulate the behaviour of soil at 

different stress levels very well and is not realistic. It is also referred as an elastic-

perfectly plastic model since the soil strain can only be elastic before the yield 

surface or perfectly plastic when the stress level exceeds the yield surface. In a 

perfectly plastic model, the yield surface is fixed and is not affected by the plastic 

straining. Therefore, it is not possible to model the hardening behaviour of soils. 

The elastic-perfectly plastic Mohr-Coulomb model is idealised from the standard 

drained triaxial tests as in Figure 4.1. 

The Cam-clay model, which is also included in PLAXIS, was originally developed 

for soft clays. It was later improved and the modified Cam-Clay model was 

proposed by Roscoe and Burland (1968).  



68 

 

Figure 4.1 (a) Results from standard drained triaxial tests, (b) elastic-plastic model 
(PLAXIS V8 Reference Manual, 2002) 

The Hardening-Soil model can be used for simulating the behaviour of different 

types of soils, both soft soils and stiff soils (Schanz, 1998 – PLAXIS V8, 2002). In 

summary, the model was formulated as per the classical theory of plasticity. In the 

model, total strains are calculated using a stress dependent stiffness which is 

different for loading and unloading cases. The plastic strains are calculated by 

introducing a multi-surface yield criterion and isotropic hardening is assumed. The 

model also includes soil dilatancy and has a non-associated flow rule. Some basic 

characteristics of the model are: 

 Stress dependent stiffness according to a power law. 

 Plastic straining due to primary deviatoric loading. 

 Plastic straining due to primary compression. 

 Elastic unloading - reloading condition. 

 Failure according to Mohr-Coulomb theory. 

4.2.1 Hyperbolic relationship for standard drained triaxial test 

Although it is a superior model, the Hardening-Soil model is based on the well-known 

Hyperbolic model by Duncan and Chang (1970). Therefore, the hyperbolic 
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relationship will be first reviewed before presenting the details of Hardening-Soil 

model. 

Over a wide range of stresses, the soil behaviour is non-linear, inelastic, and 

dependent on the degree of the confining pressure. Kondner (1963) found that the 

non-linear stress-strain relationship for both clay and sand can be approximated by 

a hyperbolic curve with a high degree of accuracy. In a standard drained triaxial 

test, the stress-strain relationship, i.e. the relationship between the vertical strain, 1 , 

and the deviatoric stress, q, tends to yield curves described by the following equation 

and shown in Figure 4.2: 
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50E  : The confining stress dependent stiffness modulus for primary loading. 
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refE50  : Reference stiffness modulus corresponding to the reference confining 

pressure, pref. In PLAXIS, the default value of pref is 100 kPa- 

3 ' : Minor principal stress (confining pressure in a triaxial test). Negative for 

compression. 

m : The amount of stress dependency of soils is given by the power m. For soft 

clays, the power should be taken equal to 1.0. Janbu (1963) reports values of 

m around 0.5 for Norwegian sands and silts, whilst Von Soos (1980) reports 

various different values in the range 0.5<m<1.0 (PLAXIS V8, 2002). 

q : Deviatoric stress 

qa : Asymptotic value of the shear strength = qf / Rf. In PLAXIS, the default value 

of the failure ratio, Rf, is 0.9. 

qf  : Utimate deviatoric stress 




sin1
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The relationship for qf  is based on the Mohr-Coulomb failure criterion and involves the 

strength parameters, c and φ . When q is equal to or higher than qf, the failure criterion is 

reached and perfectly plastic yielding accurs. 

For unloading/reloading stress paths, another stress-dependent stiffness modulus is 

used: 
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ref
urE  : The reference Young's modulus for unloading and reloading, corresponding to 

the reference pressure pref. In PLAXIS, the default setting is ref
urE = 3 refE50 . 

 

Figure 4.2 Hyperbolic stress-strain relation in primary loading for a standard 
drained triaxial test (PLAXIS V8, 2002) 

4.2.2 Approximation of Hyperbola by the Hardening-Soil Model 

In this section, the Hardening-Soil model will be described and it will be shown that 

the model gives hyperbolic stress-strain curve of Equation 4.1 while considering the 

stress-strain behaviour of soils in standard drained triaxial tests. For plastic strains, 

the following form yield function is used: 

pff   (4.5) 

where f  is a function of stress and p  is  a function of plastic strains: 
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For stiff soils, the value of the volumetric plastic strain ( p
v ) generally tend to 

be small, therefore the following approximation can be made: p  = p
12  

(PLAXIS V8, 2002). 

Primary loading of a standard drained triaxial test implies that the yield function 

f =0, or p = f . Accordingly, it follows from Equation 4.6 that: 
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Plastic strains develop in primary loading alone. However, the elastic strains 

develop in both primary loading and unloading/reloading. For drained triaxial 

stress paths with 3   = 2   = constant, the elastic Young's modulus for 

unloading/reloading is constant and the elastic strains are given by the following 

equations: 
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vur : Unloading / Reloading Poisson's ratio 

It should be noted that for the first stage of isotropic compression (with 

consolidation), the strain is considered fully elastic according to Hooke's law, and it 

is not included in Equation 4.8. For the deviatoric loading stage of triaxial test, 

the axial strain is given by the summation of the elastic component and the plastic 

component according to equation: 
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It is concluded that the Equation 4.9 above is the hyperbolic equation described 

in Equation 4.1. Therefore, it is made clear that the Hardening-Soil model 

produces hyperbolic stress-strain curves under standard drained triaxial testing 

conditions. 
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4.2.3 Plastic Volumetric Strain for Triaxial States of Stress 

The Hardening-Soil model involves a non-associated flow rule relating an 

increment of volumetric plastic strain to an increment of axial plastic strain: 

p
m

p
v   sin  (4.10) 

m : Mobilised dilation angle 
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cv : Material constant representing the critical state friction angle, and being 

independent of the density. 

m : Mobilised friction angle 
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These equations correspond to the stress-dilatancy theory by Rowe (PLAXIS V8, 

2002).   This theory implies that the material contracts for small stress ratios 

( m < cv ) and dilates for high stress ratios ( m  > cv ). The value of cv  can be 

computed from the previous equations if the user provides input data on the ultimate 

fiction angle and the ultimate dilatancy angle: 
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4.2.4 Parameters of the Hardening-Soil Model  

Failure parameters (as in Mohr-Coulomb model): 

c : (Effective) Cohesion [kN/m2] 

� : (Effective) Angle of internal friction [ 0 ] 

ψ : Angle of dilatancy [ 0 ] 

Basic parameters for soil stiffness: 

refE50  : Secant modulus in standard drained triaxial tests [kN/m2] 

ref
oedE  : Tangent modulus for primary oedometer loading [kN/m2 ] 
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m : Power for stress-level dependency of tangent modulus [dimensionless] 

Advanced parameters: 

ref
urE  : Unloading/Reloading modulus (default ref

urE = 3 refE50 ) [kN/m2] 

urv  : Poisson's ratio for unloading/reloading (default urv  = 0.2) [kN/m2 ] 

refp  : Reference stress for modulus (default pref = 100) [kN/m2] 
ncK0  : K0 value for normal consolidation (default ncK0  = 1 -sin� [-] 

Rf : Failure ratio qf / qa (default Rf = 0.9) [-] 

σtension    : Tensile strength (default σtension=0 stress units) [kN/m2] 

cincrement   : Increase of cohesion with depth (default cincrement = 0) [kN/m2] 

In the elastoplastic Hardening-Soil model, there is no fixed relationship between the 

drained triaxial stiffness E50 and the oedometer stiffness Eoed for one dimensional 

compression modulus for primary oedometer loading. These parameters have to be 

input by the user independently. The tangent stiffness modulus for one-

dimensional compression is given by the following equation and shown in 

Figure 4.3: 

m

ref
ref
oedoed pc

cEE 















sincos
sincos 11  (4.14) 

ref
oedE : Tangent stiffness modulus at a vertical stress of  refp 1  

 

Figure 4.3 Definition of 
ref
oedE  in oedometer test results (PLAXIS V8, 2002). 
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A dilatancy cut-off option which is controlled by an initial void ratio and a 

maximum void ratio is also included in PLAXIS. Extensively sheared soil can not 

dilate indefinitely; therefore, a dilatancy cut-off set the dilation angle to zero 

when the maximum void ratio is reached Figure 4.4 shows a volumetric strain-

axial strain curve for standard triaxial test including a dilatancy cut-off.  

 

Figure 4.4 Resulting strain curve for a standard drained triaxial test when including 
dilatancy cut-off (PLAXIS V8, 2002). 

The void ratio is related to the volumetric strain by the following relationship: 
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where an increment of εv is positive for dilatancy. 

4.2.5 Cap Yield Surface in Hardening-Soil Model 

The yield condition f = 0, at a constant hardening parameter γp, defines a yield 

surface. Successive yield surfaces at different constant hardening parameter are 

shown in Figure 4.5. These yield surfaces explain the plastic strain occurring in 

deviatoric loading. However, they do not explain the plastic volumetric strain 

measured in isotropic compression. Another yield surface is then defined to close 

the elastic region in the direction of isotopic compression. This second yield 

surface is called the cap yield surface, and it makes possible the formulation of a 

model with independent input of the secant modulus in standard drained triaxial tests 

( refE50 ) and the tangent modulus for primary oedometer loading ( ref
oedE ). refE50

 controls 

the plastic strains associated to the shear yield surface, and ref
oedE controls the plastic 
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strains associated with the cap yield surface. 

 

Figure 4.5 Successive yield surfaces for various constant values of the hardening 

parameter 
p  

The definition of the cap yield surface is similar to the equation of an ellipse: 

22
2

2~
pc ppqf 


 (4.16) 

α : Cap parameter related to ncK0  and defining the aspect ratio of the ellipse 

p : -(σ1 + σ2 + σ3 )/3 

q~  : Special stress measure for deviatoric stress = σ1 + (δ-1) σ2 - δ σ3 

δ : (3+sin�)/(3- sin�) 

pp : Isotropic pre-consolidation stress determining the magnitude of the yield cap 

or the ellipse. This parameter is provided by the PLAXIS initial stresses 

procedure 

q~  is a special stress measure for deviatoric stresses and it yields q~ =-(σ1 - σ3) 

for the special case of triaxial compression (-σ1 > - σ2 = - σ3), and yields q~ =-δ(σ1 - 

σ3) for triaxial extension (-σ1 = - σ2 > - σ3). In addition, a hardening law relating pp, to 

volumetric cap strain pc
v  defines the yield cap: 
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β : Cap parameter related to the tangent modulus for primary oedometer loading. 
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The ellipse is used both as a yield surface and as a plastic potential surface: 
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Figure 4.6 shows the two yield surfaces q~ - p plane, and figure 4.7 shows the 

surfaces in principal stress space. 

 

Figure 4.6 Yield surface and cap yield surface in the Hardening-Soil model 
(PLAXIS V8, 2002). 

 

 

Figure 4.7 Yield surface and cap yield surface in principal stress space in the 
Hardening-Soil model (PLAXIS V8, 2002). 

The grain size distribution of the crushed stone as well as the stress-strain curve 

produced in the drained triaxial test on crushed stone at a confining pressure of 100 

kPa and a relative density of 89% are shown in Figures 4.8 and 4.9. 
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CHAPTER 5  

 

 

FINITE ELEMENT ANALYSES 

 

 

5.1 Analysis Approach 

The modulus of soil reaction values proposed in Howard’s E' table (1977) does 

not account for a number of important parameters and may be misleading in 

predicting the deformations of buried flexible pipes in real site conditions. It is an 

established fact that the pipe-soil relative stiffness is an important determining 

factor in the loads and deformations developed on buried pipes and it certainly 

has an effect which should be considered in the selection of modulus of soil 

reaction values. Therefore it was required to conduct a parametric study for a 

number of trench pipe-soil cases with differing pipe-soil relative stiffness in order 

to find out its effect on the loads and deformations on the buried pipes as well as 

its effect on the range of back-calculated E' values for a certain embedment 

condition.  

The work presented in this thesis deals with the trench-pipe installation problem 

by developing reasonable models which include all the key factors in analyses 

and design of buried flexible pipes, using the finite element method (FEM). 

The use of a numerical approach is reasonable, considering the number of 

parameters involved and the complex interaction between the soil and the pipe 

with differing stiffnesses. The reliance on FEM for such problems in 

geotechnical engineering has increased in reliability and practicality as the 

analysis tools and computational capabilities have increased. The results of 

finite element calculations are used to find out the effect of relative stiffness on 

the behaviour of buried flexible pipes and the deformation predictions are used 
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to back-calculate the E' values from the Iowa formula.  

5.2 Description of the Problem and Relative Stiffness Parameters 

In addition to the description of relative stiffness parameter investigated in this 

thesis, the various pipe, soil, and trench dimensions and characteristic properties 

are described in this section. The schematic trench installation geometry and 

associated parameters were shown in Figure 2.11 (the zones within a backfill). 

The trench pipe-soil configurations of the finite element models used in this study 

are presented in Figures 5.1 and 5.2. 

 

Figure 5.1 Finite Element Model of Trench Pipe-Soil System_Model 1 

The main parameter investigated in this study is the pipe-soil relative stiffness. Pipe 

stiffness and soil stiffness concepts are discussed in a previous chapter in detail. In 

order to establish a practical reference for comparison, refE50 defined as ‘the 

reference stiffness modulus corresponding to a confining reference pressure’ is used 

to represent the soil stiffness. This is also reasonable as it is used as an input 

parameter in the Hardening-Soil model of PLAXIS which was explained in detail 
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in previous chapter. Pipe stiffness is kept as it is defined in Equation 2.15. 

Therefore, the pipe-soil stiffness ratio (Sr) defined for the purpose of this study is 

as follows: 

 
 

Figure 5.2 Finite Element Model of Trench Pipe-Soil System_Model 2 

50

3

50

149.0/
E

rEI
E
PSS r   (5.1) 

In case of Model 1, the value of refE50 for the embedment soil (crushed stone) is 

constant to be 5602 kPa as it is adopted from the measurements of standard 

drained triaxial tests by Mohri and Kawabata (1995). For the case of Model 2, the 

value of refE50  for the embedment soil (basalt aggregate) is also constant to be 

42,500 kPa which was measured by Kaya (2004) from the laboratory triaxial tests. 

Since the soil stiffness is assumed to be the same in all cases, the relative stiffness 

can be altered by way of changing the pipe stiffness parameters, i.e. pipe material 

type, diameter and wall thickness.  

Three pipe material types; concrete, polyethylene (PE), and ductile iron with 



82 

significantly different moduli of elasticity, E, were considered in this study. 

Three conduit diameters, D (0.5, 1.0 and 1.5m), were analysed for each material 

type. The corresponding pipe-wall thicknesses, t, were representatively selected to 

conform to the range of general standards. Accordingly, the wall thickness was 

assigned for each diameter D, such that the diameter to thickness ratio D/t ranges 

from 10 to 30 (5 cases) for the concrete pipes, 10 to 20 (5 cases) for the PE pipes, 

and 40 to 100 (5 cases) for ductile iron pipes. The trench widths at the bottom were 

assumed to be 1.0m, 1.5m and 2.0m for D=0.5m, 1.0m and 1.5m respectively based 

on general site applications. The slope of the trenches were assumed to be 1H:2V 

which leaded to varying average trench widths, Bd = 0.9m, 1.4m and 1.9m for 

D=0.5m, 1.0m and 1.5m respectively. The height of fill above the pipe, H, is the 

same with the average trench width, Bd since the fill height to trench width ratio 

H/ Bd =1 is kept constant in all cases. In total, 45 trench pipe-soil cases were 

analysed separately for both Model 1 and Model 2 using the finite element method 

and compared with conventional solutions (3 Material types x 3 Diameters x 5 

Wall Thicknesses). The dimension ratio D/t and the previously defined pipe-soil 

stiffness ratio, Sr, are the main parameters for which the trench-pipe behaviour and 

results will be studied, the deflections will be predicted and the range of E' values 

will be back-calculated for the given embedment material. 

5.3 Two Dimensional Finite Element Analyses by PLAXIS 

The trench-pipe installation cases, including the construction phasing and 

sequences are numerically simulated by the finite element method. The modelling 

and analyses were carried out using PLAXIS 2D Version 8 which is a 

comprehensive soil-structure interaction finite element analysis (FEA) and design 

program. The programme simulates the non-linear nature of the problem 

analysed. Especially, it accounts for large deformation analysis and includes 

the Hardening-Soil constitutive model which is used in this study. PLAXIS is also 

very useful in rationally simulating the interaction between soil and pipe and 

provides for the interface elements described earlier. Furthermore, it allows for 

complex plastic computation procedures such as defining and activating loading 

phases at different stages or steps of the analysis, which is typical in the 
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simulation of trench-pipe installation problems. Further details of above and other 

features of the programme were discussed in a previous chapter. General settings 

and input parameters of the analyses carried out are hereby presented in detail. 

Additionally, some of the graphical presentations of results are given in order to be 

representative for other analyses.  

5.3.1 General Settings and Boundary Conditions 

5.3.1.1 Plane Strain Model 

The aim of the analyses is to predict the deflections and the loads of a buried 

flexible pipe, considering the stages of construction and the pipe-soil interaction. 

In the analyses, only earth loading is considered, which is assumed to be uniform 

along the pipe length. For this type of analysis the pipe will be subjected to loads 

that act only in the x and y direction, and that the trench-pipe system (pipe and 

backfill material) has a cross-sectional area which is constant along an indefinite 

length in the z direction. This nature of the problem allows assuming the state of 

strain normal to the x-y plane εz and the shear strains γxz and γyz to be zero. This 

state of strain is called the plane strain condition and simplifies the calculation to a 

two dimensional analysis. Plane strain model is used for these analyses.  

5.3.1.2 Elements 

For the modelling of deformations and stresses in the analyses, the fifteen-node 

triangular element is selected in order to get the most accurate results. This type of 

element provides a fourth order interpolation involving twelve Gaussian integration 

points (stress points). 

5.3.1.3 Geometry 

In addition to the plane strain simplification, the symmetrical nature of the 

problem allows for one half of the pipe-soil system to be modelled. The total area 

of the problem studied has to be wide enough to make sure that the displacements at 

the extreme boundaries would be almost zero. Accordingly, an area of thirty 

meters wide by fifteen meters deep which is large enough to avoid any effect of the 

boundaries on the pipe displacements was selected. In the first analysis of 
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polyethylene pipes (Pipe Analysis_PE1), the horizontal displacements at the ground 

surface are almost zero at about fifteen meters from the centre of the ditch. The 

dimensions are shown in Figure 5.4. 

For the purpose of simulating the staged construction and defining different 

layers of soil, the trench should be divided into several horizontal layers. Therefore, 

5 main soil layers depending on the geometry of the trench pipe-soil system were 

defined. Normally, the dimensions of these layers shall follow the specifications 

provided in the pipe installation standards. Backfill material is required to be 

compacted in layers of specified thicknesses as described by the standards. However, 

for the sake of simplicity and practicality and considering that the effect of 

compaction was not taken into account in this study, the dimensions do not strictly 

follow a certain standard. Three different diameters of pipe sets (D=0.5m, 1.0m and 

1.5m) were analysed in this study. For all three diameters, the trench was assumed to 

be backfilled with crushed stone beginning from 0.3m below the pipe invert level 

(bedding) up to 0.3m above the pipe crown level in Model 1. In case of Model 2, it 

was assumed that the trench was backfilled with basalt aggregate from the bottom of 

trench (0.3m below the pipe invert level) till the natural ground level. Since the ratio 

of fill height to average trench width, i.e. H/ Bd =1 ratio was kept constant in all cases, 

the fill heights were determined depending on to the average trench widths for each 

diameter and the dimensions of the trench pipe-soil systems were modelled 

accordingly. The stages of construction (Table 5.1 and Table 5.2) and the cross 

section of the geometry of the trenches are presented below (Figure 5.3). 

Table 5.1 Stages of Construction_Model 1 

Stage Stage of Construction H (for 
D=0.5) 

H (for 
D=1.0) 

H (for 
D=1.5) 

1 Initial Condition (Natural Ground) 15.0 15.0 15.0 
2 Excavation Phase (Kanto Loam) 11.3 12.3 13.3 
3 Bedding (Crushed Stone) 11.6 12.6 13.6 

4 Installation of pipe with Haunch 
zone (Crushed Stone) 12.35 13.1 13.85 

5 Backfill Phase 1 (Crushed Stone) 13.1 13.6 14.1 
6 Backfill Phase 2 (Crushed Stone) 13.4 13.9 14.4 
7 Backfill Phase 3 (Kanto Loam) 15.0 15.0 15.0 
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Table 5.2 Stages of Construction_Model 2 

Stage Stage of Construction H (for 
D=0.5) 

H (for 
D=1.0) 

H (for 
D=1.5) 

1 Initial Condition (Natural Ground) 15.0 15.0 15.0 
2 Excavation Phase (Kanto Loam) 11.3 12.3 13.3 
3 Bedding (Basalt Aggregate) 11.6 12.6 13.6 

4 Installation of pipe with Haunch zone 
(Crushed Stone) 12.35 13.1 13.85 

5 Backfill Phase 1 (Basalt Aggregate) 13.1 13.6 14.1 
6 Backfill Phase 2 (Basalt Aggregate) 13.4 13.9 14.4 
7 Backfill Phase 3 (Basalt Aggregate) 15.0 15.0 15.0 

 

 

Figure 5.3 Trench geometries for D=0.5, 1.0 and 1.5m 
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5.3.1.4 Pipe 

The curved beam elements available in the tunnel feature of PLAXIS were utilized 

to represent the pipe in the ground. These beams are real plate in the out of plane 

direction and can therefore be used to adequately model the pipe. Five-node beam 

elements, with eight stress points, are used together with the fifteen-node soil 

elements. In PLAXIS, beam elements deflect when they are subjected to both shear 

forces and bending moments.  

5.3.1.5 Mesh Generation 

A sensitivity analysis of the mesh using 15-node triangle elements for the soil and 

for the pipe was conducted. Mesh generation in finite element programmes is often 

cumbersome. Fortunately, PLAXIS automatically creates a random mesh. An option 

is available to refine the mesh where stress concentration and large deformations 

occur. In the case of a buried pipe analysis, the mesh is refined within the trench 

zone and close to the pipe, where most of the stress change and deformation occur. 

A coarser mesh is used away from the trench. Additionally, options are available to 

refine the mesh around lines and points which are of interest. In this study, in order 

to increase the accuracy of results, the mesh around the pipe crown, spring line and 

pipe invert points as well as around the pipe beams were refined locally. The 

meshes for the soil clusters within the trench were individually refined as well. 

5.3.1.6 Boundaries 

Standard boundaries are used in the far field and below the pipe. The vertical 

boundaries at the side allow vertical displacement of the soil while the horizontal 

boundaries at the bottom are assigned fixed. The standard fixities in PLAXIS 

include a horizontal displacement equal to zero for the extreme x-coordinates of the 

total geometry, a vertical and horizontal displacement equal to zero for the lowest y-

coordinate of the total geometry, and a rotation equal to zero for beams that extend 

to the boundary of the geometry. These boundary conditions are suitable for most 

geotechnical problems, and they are also well fitting to the problem analysed in this 

study. 
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5.3.1.7 Interface Elements 

In order to model the pipe-soil interaction between the pipe and the embedment 

material, interface elements are required around the pipe. They are also required 

around the trench cut line to model the soil-soil interaction between the backfill 

material and the natural ground. A strength reduction factor which is thought to be 

suitable is used to model the roughness of the interface. This factor relates the 

friction angle and the adhesion of the interface to the friction angle and the cohesion 

of the soil. When using the fifteen-node soil element, five pairs of nodes and five 

stress points define the interface element. 

As suggested by NCHRP Report 116 (1971), the interface between pipe and soil 

should be properly modelled to simulate the large relative deformations expected 

between two materials of varying stiffnesses. The use of interface elements with a 

strength reduction factor of 0.4 to 0.8 is recommended. In the current analyses, the 

reduction factor is fixed to 0.5 for all trench cases, which implies that the interface 

elements will have half of the strength characteristics of those of the adjacent 

soil clusters. In such case, the elasticity of the interface allows both slipping 

(relative displacement parallel to the interface) and gapping (relat ive 

displacements perpendicular to the interface) to occur which would be expected. 

The interface elements enhance the flexibility of the mesh. A sudden change in soil 

conditions may occur between the layers of backfill material and the side of trench. In 

such cases, it is useful to add an interface which would allow the flexibility of mesh and 

prevent any failure. Therefore, interface elements were added between the backfill 

material and the side of the trench. The reduction factor is the same for all the 

interface elements in a specific type of soil. In this case, the reduction factor for the 

interface between the backfill and the side of the trench is the same as the reduction 

factor of 0.5 for the interface between the pipe and the backfill material.  

The interface soil-soil and pipe-soil elements are indicated by dashed lines in 

Figures 5.1 and 5.2. 
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5.3.1.8 Ground Water Table (Phreatic line) 

The water table is taken at the bottom of the geometry, fifteen meters below the soil 

surface. Therefore the analyses are in dry soil conditions and water does not have an 

effect on the stress distribution around the pipe. 

5.3.2 Input Parameters 

5.3.2.1 Hardening-Soil Model Parameters 

The modelling of the soil materials present in the typical trench installation is 

performed using the Hardening-Soil constitutive model. The Hardening-Soil 

parameters for Model 1 are adopted from a previous study of Mohri and Kawabata 

who used Kanto Loam as the natural ground and Crushed Stone as the embedment 

material in their buried pipe analyses. Stress–strain curves for standard drained 

triaxial tests allow finding the failure envelope and the strength parameters such as 

friction angle and cohesion. The friction angles for Kanto Loam and Crushed Stone 

are 17.860 and 28.190 respectively, and the cohesion values are 13.13 kPa and 40.61 

kPa respectively. Although the value of cohesion seems to be high for crushed 

stone, it provides comparable results in the finite element analysis using the 

Hardening-Soil model. Another set of hardening-soil model parameters for basalt 

aggregate which was studied by Kaya (2004) are also used to run the same 45 

analyses for Model 2. Although the value of cohesion is again recorded to be high, 

i.e. 36 kPa, it is input in the value of 1 kPA (approximately zero) in the analyses 

conducted for Model 2. 

The primary deviatoric loading curve at a confining pressure of 100 kPa is needed 

for the determination of an important parameter for the Hardening Soil Model. This 

parameter is the reference stiffness modulus, refE50  corresponding to a confining 

reference pressure of 100 kPa, and is defined by a slope of a secant line passing by 

the origin and the point on the stress-strain curve where 50% of the failure value is 

reached. It is also called secant modulus, and it is found to be 11554 kPa for the 

Kanto Loam, and 5602 kPa for the Crushed Stone (adopted from Mohri and 

Kawabata, 1995) analysed in Model 1. In case of Model 2, the secant modulus refE50 is 
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taken to be 42,500 kPa for basalt aggregate as measured by Kaya (2004). The 

default value of the reference Young's modulus for unloading and reloading ref
urE in 

PLAXIS, corresponding to the reference pressure of 100 kPa, is used. The default 

elastic unloading/reloading modulus is equal to 3 refE50 . 

The tangent stiffness for primary oedometer loading ref
oedE  is chosen to be equal to 

the secant modulus in standard drained triaxial test refE50 . This is the default value in 

PLAXIS.  

In PLAXIS, it is advised to use a value of m = 0.5 for stress-level dependency of 

stiffness used in the hardening soil model. All the other settings such as the Poisson's 

ratio for unloading-reloading, v, K0 value for normal consolidation (based on Jacky's 

formula, 1-sinφ), and the failure ratio Rf are set to the default value. A summary of the 

input parameters is presented in Table 5.3 below. The input parameters for the basalt 

aggregate which is used in verification analyses are also given in the same table. 

Table 5.3 Summary of the input parameters for the Hardening Soil Model 

 

Parameters Kanto Loam Crushed Stone Basalt Agg. 
Unit weight, γdry (kN/m3) 12.27 16.35 16.87 
Wet unit weight, γwet (kN/m3) 13-72 20.08 16.87 
Friction angle, φo 17-86 28-19 46.50 
Cohesion, c (kPa) 13-13 40.61 1.00 
Dilation angle, ψo 0.0 0.0 0.0 

Secant modulus, refE50  (kPa) 11,632.08 5,604.86 42,500 
Primary compression modulus 

ref
oedE  (kPa) 11,632.08 5,604.86 42,050 

Elastic unloading & reloading 
modulus ref

urE (kPa) 
34,896.24 16,814.40 145,000 

Stress-level dependency, m 0.5 0.5 0.5 
Failure ratio, Rf 0.9 0.9 0.9 
Poisson's ratio for 
unloading/reloading, v 0.2 0.2 0.2 

Ko(l-sinφ) 0.693 0.528 0.296 
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5.3.2.2 Pipe Parameters 

Three pipe material types - concrete, polyethylene (PE), and ductile iron - with 

significantly different moduli of elasticity, E, were considered in this study. 

The parameters of interest describing their response, namely, the Young's 

modulus, E, and Poisson's ratio, v, as well as the material unit weight, γ used for 

the various types considered are listed in Table 5.4. 

Table 5.4 Pipe material properties 

Pipe Material Type γ (kN/m3) E (kPA) v 

Concrete 25 2x107 0.15 

Polyethylene 19 1x106 0.45 

Ductile Iron 78.5 2x108 0.30 

PLAXIS uses curved beam elements based on the Mindlin's theory (PLAXIS V8, 

2002) to simulate a pipe. The input parameters for the beam elements are: Normal 

stiffness, EA, Flexural rigidity, EI, Equivalent thickness, deq, Weight, W and 

Poisson's ratio, v.  

The weight of the beam is not considered in this analysis. From the user manual of 

PLAXIS, the beam thickness deq is calculated from EAEIdeq /12 . Three conduit 

diameters, D (0.5, 1.0 and 1.5m), were analysed for each material type. The 

corresponding pipe wall thickness was assigned for each diameter D, such that 

the diameter to thickness ratio D/t ranges from 10 to 30 (5 cases) for the concrete 

pipes, 10 to 20 (5 cases) for the PE pipes, and 40 to 100 (5 cases) for ductile iron 

pipes. The normal stiffness, EA and flexural rigidity, EI of the pipe is different for 

these cases depending on the wall thickness. As defined previously, the moment of 

inertia is I=t3/12 for a solid pipe wall of unit length. The input parameters for each 

type of material corresponding to their diameters and D/t ratios are given in 

below Tables 5.5 to 5.13. 
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Table 5.5 Input parameters for concrete pipe, D=1.5m 

Parameters D/t=10 D/t=15 D/t=20 D/t=25 D/t=30 

Normal stiffness, EA (kN/m) 3,000,000 2,000,000 1,500,000 1,200,000 1,000,000 

Flexural Rigidity, EI (kNm2/m) 5,625.00 1,666.67 703.13 360.00 208.33 

Equivalent thickness, deq, (m) 0.150 0.100 0.075 0.060 0.050 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.15 0.15 0.15 0.15 0.15 

Table 5.6 Input parameters for concrete pipe, D=1.0m 

Parameters D/t=10 D/t=15 D/t=20 D/t=25 D/t=30 

Normal stiffness, EA (kN/m) 2,000,000 1,333,333 1,000,000 800,000 666,666 

Flexural Rigidity, EI (kNm2/m) 1,666.67 493.83 208.33 106.67 61.73 

Equivalent thickness, deq, (m) 0.100 0.067 0.050 0.040 0.033 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.15 0.15 0.15 0.15 0.15 

Table 5.7 Input parameters for concrete pipe, D=0.5m 

Parameters D/t=10 D/t=15 D/t=20 D/t=25 D/t=30 

Normal stiffness, EA (kN/m) 1,000,000 666,667 500,000 400,000 333,333 

Flexural Rigidity, EI (kNm2/m) 208.33 61.73 26.04 13.33 7.72 

Equivalent thickness, deq, (m) 0.050 0.033 0.025 0.020 0.017 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.15 0.15 0.15 0.15 0.15 
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Table 5.8 Input parameters for polyethylene pipe, D=1.5m 

Parameters D/t=10 D/t=12.5 D/t=15 D/t=17.5 D/t=20 

Normal stiffness, EA (kN/m) 150,000 120,000 100,000 85,714 75,000 

Flexural Rigidity, EI (kNm2/m) 281.25 144.00 83.33 52.48 35.16 

Equivalent thickness, deq, (m) 0.150 0.120 0.100 0.086 0.075 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.45 0.45 0.45 0.45 0.45 

Table 5.9 Input parameters for polyethylene pipe, D=1.0m 

Parameters D/t=10 D/t=12.5 D/t=15 D/t=17.5 D/t=20 

Normal stiffness, EA (kN/m) 100,000 80,000 66,667 57,143 50,000 

Flexural Rigidity, EI (kNm2/m) 83.33 42.67 24.69 15.55 10.42 

Equivalent thickness, deq, (m) 0.100 0.080 0.067 0.057 0.050 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.45 0.45 0.45 0.45 0.45 

Table 5.10 Input parameters for polyethylene pipe, D=0.5m 

Parameters D/t=10 D/t=12.5 D/t=15 D/t=17.5 D/t=20 

Normal stiffness, EA (kN/m) 50,000 40,000 33,333 28,571 25,000 

Flexural Rigidity, EI (kNm2/m) 10.42 5.33 3.09 1.94 1.30 

Equivalent thickness, deq, (m) 0.050 0.040 0.033 0.029 0.025 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.45 0.45 0.45 0.45 0.45 
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Table 5.11 Input parameters for ductile iron pipe, D=1.5m 

Parameters D/t=40 D/t=55 D/t=70 D/t=85 D/t=100 

Normal stiffness, EA (kN/m) 7,500,000 5,454,545 4,285,714 3,529,412 3,000,000 

Flexural Rigidity, EI (kNm2/m) 878.91 338.09 163.99 91.59 56.25 

Equivalent thickness, deq, (m) 0.038 0.027 0.021 0.018 0.015 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.30 0.30 0.30 0.30 0.30 

Table 5.12 Input parameters for ductile iron pipe, D=1.0m 

Parameters D/t=40 D/t=55 D/t=70 D/t=85 D/t=100 

Normal stiffness, EA (kN/m) 5,000,000 3,636,364 2,857,143 2,352,941 2,000,000 

Flexural Rigidity, EI (kNm2/m) 260.42 100.18 48.59 27.14 16.67 

Equivalent thickness, deq, (m) 0.025 0.018 0.014 0.012 0.010 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.30 0.30 0.30 0.30 0.30 

Table 5.13 Input parameters for ductile iron pipe, D=0.5m 

Parameters D/t=40 D/t=55 D/t=70 D/t=85 D/t=100 

Normal stiffness, EA (kN/m) 2,500,000 1,818,182 1,428,571 1,176,471 1,000,000 

Flexural Rigidity, EI (kNm2/m) 32.55 12.52 6.07 3.39 2.08 

Equivalent thickness, deq, (m) 0.013 0.009 0.007 0.006 0.005 

Weight, W (kN/m2) 0 0 0 0 0 

Poisson's ratio, v 0.30 0.30 0.30 0.30 0.30 
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5.3.2.3 Interface Parameters 

As explained previously, the interface reduction factor is fixed to 0.5 for all trench 

cases in this study. This implies that the interface elements will have half of the 

strength characteristics of those of the adjacent soil clusters. In such case, the 

elasticity of the interface allows both slipping (relative displacement parallel to 

the interface) and gapping (relative displacements perpendicular to the 

interface) to occur as would be expected. 

The reduction factor is the same for all the interface elements in a specific type of 

soil. In this case, the reduction factor for the interface between the backfill and the 

side of the trench is the same as the reduction factor of 0.5 for the interface between 

the pipe and the backfill material.  

5.3.3 Trench Pipe-Soil Cases for Analysis 

In total, 45 trench-pipe cases for both Model 1 and Model 2 were analysed using the 

finite element method (3 Material types x 3 Diameters x 5 Wall Thicknesses). 

These 45 analyses classified as per the pipe size, material and stiffness allowed 

investigating the effect of pipe-soil relative stiffness on the loads and deformations 

developed on buried pipes. The general set-up and parameters of these 45 cases are 

tabulated in the results tabulated for Model 1 and Model 2 in Tables 6.1 and 6.3.  

5.3.4 Calculation 

Among the different types of calculation available in PLAXIS, the most suitable type 

for the analyses in this study is the Plastic Calculation, because the analyses include 

elastic-plastic behaviour. Another option which may be chosen in PLAXIS is the 

Load Advancement Ultimate Level algorithm. In this calculation, step size is 

automatically determined and the calculation is terminated when the following 

criteria are satisfied: 

• The maximum specified number of additional calculation steps has been applied- 

• The total specified load has been applied 

• A collapse load has been reached. Collapse is assumed when the applied load 

reduces in magnitude in two successive calculation steps. 
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Table 5.14 below shows the calculation phases used to simulate the staged 

construction in analyses. 

Table 5.14 Calculation phases for Analyses 

Stage of 
Construction 

Phase 
No 

Start 
from Calculation Loading 

Input First Last 

Initial Condition 
(Natural Ground) 0 N/A N/A N/A 0 0 

Excavation Phase 
(Kanto Loam) 1 0 Plastic Staged 

construction 1 2 

Bedding (Crushed 
Stone or Basalt Ag) 2 1 Plastic Staged 

construction 3 4 

Installation of pipe 
with Haunch zone 
(Crushed Stone or 
Basalt Ag.) 

3 2 Plastic Staged 
construction 5 6 

Backfill Phase 1 
(Crushed Stone or 
Basalt Ag.) 

4 3 Plastic Staged 
construction 7 8 

Backfill Phase 2 
(Crushed Stone or 
Basalt Ag.) 

5 4 Plastic Staged 
construction 9 10 

Backfill Phase 3 
(Kanto Loam or 
Basalt Ag.) 

6 5 Plastic Staged 
construction 11 12 

5.3.5 Presentation of geometry and output results 

The results in PLAXIS can be presented graphically in different formats. First, a 

view of the deformed mesh is presented. Second, it is possible to visualise the total, 

incremental, horizontal and vertical deformations by vectors, contour lines, or 

shaded areas. Third, the effective and total stresses are shown in the form of 

principal stresses, mean contour lines, or mean shaded areas. It is possible to 

visualise deformations, bending moments, shear stresses and normal stresses for 

structural and interface elements. Underground water flow and pore pressure 

outputs are also available- In addition, PLAXIS includes a special curve program to 

visualise load or time versus displacement, and stress-strain diagrams. This 

information is particularly useful to analyse local behaviour of soils. 
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Figure 5.12 Total, Horizontal and Vertical Displacements for Analysis_PE1_Model 
1 (Plate displacements presentation) 

 
 
 
 
 

 
 

Figure 5.13 Axial forces, shear forces and bending moments for 
Analysis_PE1_Model 1 (Plate forces presentation) 
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Figure 5.14 Total, Horizontal and Vertical Displacements at the Interface for 
Analysis_PE1_Model 1 (Interface displacements presentation) 

 
 
 
 
 

 
 

Figure 5.15 Effective normal stresses, shear stresses and relative shear stresses at 
the Interface for Analysis_PE1_Model 1(Interface stresses presentation) 
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CHAPTER 6  

 

 

RESULTS AND DISCUSSION 

 

 

Numerical results for the trench pipe-soil cases were obtained using the PLAXIS 

finite element code as per the details and methodology described in previous 

chapter. The groups of analyses contain three main pipe types (Concrete, 

Polyethylene, Ductile Iron) and three diameters (D=1,5m, 1,0m and 0,5m). For 

each diameter within a material type, five different D/t ratios which respectively 

correspond to the same pipe-soil stiffness ratios (Sr) were defined to allow the 

comparison of deformations and loads on pipes based on the relative stiffness 

parameter. In order to allow for comparison between the earth load estimates based 

on the conventional method and the analyses conducted using the FEM, the vertical 

stress at the crown is used to obtain an estimate of the vertical earth load, by 

multiplying the stress by the pipe diameter, D. The numerical results obtained from 

FEA for the pipe deformations at the crown, invert and spring line as well as the 

vertical total stresses at the pipe crown level for Model 1 and Model 2 are tabulated 

in Tables 6.1 and 6.3 respectively. 

6.1 Pipe Deformations 

6.1.1 Numerical Results and Discussion 

The deformations of the pipes follow a general trend as per the stages of the 

construction. Since the compaction process is not simulated in this study, the 

deformations are due to the earth loads only. The pipes elongated during the 

placement of the haunch zone because of the lateral earth pressure applied by the 

side fill and then they deflected because of the earth pressure over the pipe’s 

crown. The elongation is defined as an increase in the vertical or horizontal 
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diameter of the pipe and the deflection is defined as a decrease in vertical or 

horizontal diameter. The elongations are considered positive and the deflections are 

considered negative. The deformation results tabulated in Table 6.1 are the final 

values when the backfill reached the ground surface. The deflections in vertical 

direction are measured from the changes in the level of pipe crown (Point A) and 

the pipe invert (Point B). Due to the symmetrical nature of the problem, total 

horizontal elongation is two times the value recorded for pipe springline (Point C). 

Based on these measurements at the reference points on the pipe (Figure 6.1), the 

results for the horizontal and vertical deformations as well as the respective percent 

deflections are tabulated along with the conventional results in Table 6.2. 

 

Figure 6.1 Point A, B, C – Reference points for measurement 

The percent deflections range in 0.02%-0.38% for the concrete pipes, 0.18%-0.61% 

for the polyethylene pipes and 0.09%-0.56% for the ductile iron pipes. This small 

degree of deformations is an expected result since the trench-pipe cases involve a 

shallow burial and the pipes deform only under the earth loads.  

Although the vertical and horizontal deflections are almost equal for small 

deflections, vertical deflection was reported by Watkins, Spangler and others as a 

better predictor of pipe performance (Moser and Folkman, 2008). Accordingly, the 

FEA results of vertical pipe deformations in terms of percent deflections (Δy/D) are 
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compared to the relative stiffness parameter (Sr) as they are plotted in Figures 6.3, 

6.4 and 6.5 for the Concrete, Polyethylene and Ductile Iron pipes respectively. The 

pipe diameter and D/t ratio have contribution to the pipe-soil stiffness ratio, Sr and 

considering the other elements related to the pipe diameter such as trench 

geometry, individual curves are obtained for each pipe size analysed.  

The individual curves for each pipe material type are somewhat parallel and as a 

general trend, the percent deflection at a certain pipe-soil stiffness ratio is higher 

for a larger diameter pipe in all the analyses. It should be noted that the fill height 

is equal to the average trench width (H/Bd=1) in all trench pipe-soil cases which 

implies that the depth of burial for a greater diameter and hence greater trench 

width is higher than a smaller diameter. Therefore, this simple observation is an 

expected result as the depth of burial has a direct effect on the loads applied on the 

pipe. On the other side, whenever the percent deflections are checked as the pipe-

soil stiffness ratio, Sr decreases; it is observed that the deflection differences with 

respect to the diameters increase and the curves start to deviate much more from 

each other. This behaviour leads to the conclusion that the effect of pipe size 

(diameter) is more pronounced in lower degrees of relative stiffness and the pipes 

with greater diameters tend to deflect more than smaller diameter pipes which have 

the same pipe-soil stiffness ratio. 

Another observation in terms of the effect of pipe material type can be drawn when 

the tendency of the curves are checked. It is pointed that the slope of the curves for 

the concrete pipes are initially increasing with the decrease in relative stiffness. 

Contrarily, the curves tend to flatten and their slope decreases in case of 

polyethylene pipes. For the ductile iron pipes, the tendency of the curves is similar 

to polyethylene pipes, however with a higher degree of slope between the concrete 

and polyethylene pipes. This behaviour implies that the deflections of the pipes 

tend to reach a maximum level as the relative stiffness decreases. In this regard, the 

results for the ductile iron pipes which present a case between the concrete and 

polyethylene pipes is justified given the resulting intermediate stiffness. 

In case the results for all pipe types and pipe diameters are rearranged in a 

logarithmic plot as in Figure 6.2, some indicative trends with regard to the pipe 
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material type and pipe size are observed in support of the above results. 

Different types of pipe materials used in the study complement each other to 

form a continuous set of overlapping data, when expressed in terms of pipe-

soil stiffness ratio ranging from 0.5913 to 15.9657. 

The continuous set of data produces three individual curves corresponding to 

each diameter. As an expected result within each curve, the maximum 

deflections are observed for the polyethylene pipes, the minimum deflections 

are recorded for concrete pipes and the deflections for ductile iron pipes 

which have an intermediate stiffness produces in between results. The curves 

are somewhat parallel; however the differences in deflections tend to decrease as 

the pipe-soil stiffness ratio increases (pipes become more rigid). This implies that 

the effect of pipe diameter is less pronounced for relatively stiffer pipes and the 

pipe deflections converge to a minimum value. 

Relative Stiffness vs Percent Deflection
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Figure 6.2 Relative Stiffness vs Percent Deflection (for all pipe types and 
diameters)_Model 1 
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Relative Stiffness vs Percent Deflection
Concrete Pipes
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Figure 6.3 Relative Stiffness vs Percent Deflection (Concrete Pipes)_Model 1 

Relative Stiffness vs Percent Deflection
Polyethylene Pipes
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Figure 6.4 Relative Stiffness vs Percent Deflection (Polyethylene Pipes)_Model 1 
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Relative Stiffness vs Percent Deflection
Ductile Iron Pipes
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Figure 6.5 Relative Stiffness vs Percent Deflection (Ductile Iron Pipes)_Model 1 

The above results and discussion were based on the numerical analyses of the finite 

element Model 1 at which the embedment material was crushed stone and the final 

backfill was kanto loam. The numerical results of the analyses conducted for Model 

2 are tabulated in Tables 6.3 and Table 6.4. Based on these results, the figures 

demonstrating the change of percent deflections with respect to the relative 

stiffness parameter are plotted (Figures 6.6, 6.7, 6.8, 6.9). Again, the results for all 

pipe types and pipe diameters are rearranged in a logarithmic plot and some 

indicative trends with regard to the pipe material type and pipe size are 

observed. Similar to the results of Model 1, different types of pipe materials 

used in the study complement each other to form a continuous set of 

overlapping data with the difference that pipe-soil stiffness ratio ranges at a 

different interval (0.013 to 2.105). The continuous set of data again produces 

three individual curves corresponding to each diameter and the indicative 

trends presented by these curves are in similar nature to those of Model 1. 
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Relative Stiffness vs Percent Deflection
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Figure 6.6 Relative Stiffness vs Percent Deflection (for all pipe types and 
diameters)_Model 2 
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Figure 6.7 Relative Stiffness vs Percent Deflection (Concrete Pipes)_Model 2 
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Relative Stiffness vs Percent Deflection
Polyethylene Pipes
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Figure 6.8 Relative Stiffness vs Percent Deflection (PE Pipes)_Model 2 
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Figure 6.9 Relative Stiffness vs Percent Deflection (DI Pipes)_Model 2 
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6.1.2 Conventional Results and Discussion 

The deflection results from modified Iowa formula of Watkins are essential as the 

modulus of soil reaction, E' which is the subject matter in this study is defined in 

the Iowa formula. The parameters used in the modified Iowa formula for the cases 

dealt within this study are: 

Δx/D=DlPK/(EI/r3 + 0.06l E') 

 Dl : 1.0 (Deflection lag factor)  

 P=γH: Prism load, 36.81 kPa (D=1.5m); 18.40 kPa (D=1.0m); 6.13 kPA 

(D=0.5m) for Model 1. 

 K : 0.1 (Bedding constant) 

 EI : As previously tabulated in Tables 5.4 to 5.12 for each trench-pipe case. 

 r3 : for r=0.75 m, 0.5m and 0.25m  

 E' : 1400 kPa (Howards, 1977) 

 Δx/ Δy : 0.913 (Spangler, 1941) 

The conventional results of Iowa formula tabulated in Table 6.2 are compared to 

those of finite element analyses for Model 1 in below Figures 6.10, 6.11 and 6.12 

which are again demonstrating the change of percent deflections with respect to the 

pipe-soil stiffness ratio. In the application of modified Iowa formula, the modulus 

of soil reaction, E' value was taken 1.4 MPa as proposed by Howard. 

Relative Stiffness vs Percent Deflection
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Figure 6.10 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Concrete Pipes)_Model 1 
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Relative Stiffness vs Percent Deflection
Polyethylene Pipes
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Figure 6.11 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Polyethylene Pipes)_Model 1 

 

Relative Stiffness vs Percent Deflection
Ductile Iron Pipes
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Figure 6.12 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Ductile Iron Pipes)_Model 1 
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In case of the concrete pipes, when the deflection curves obtained from the results 

of FEA and the modified Iowa formula are compared, it is observed that the Iowa 

formula initially predicts smaller deflections compared to that of the FEM at higher 

degrees of pipe-soil stiffness ratio. As the relative stiffness decreases, percent 

deflection curves predicted by the Iowa formula tend to have an increasing slope 

and intersect the FEM curve at a lower degree of relative stiffness. After the 

intersection point corresponding to the pipe-soil stiffness ratio where the two 

methods predict the same deflections is reached, the deflection estimates from the 

Iowa formula become greater than that of FEM estimates with an increasing rate as 

the relative stiffness decreases (pipes become more flexible). When the intersection 

points of the curves are checked, it is observed that the curves intersect at a higher 

stiffness ratio for larger diameter pipes. In the current analyses for concrete pipes, 

the curves intersect around the stiffness ratio values of 1.05, 0.75 and 0.58 for 

diameters D=1.5m, 1.0m and 0.5m respectively. 

When the same is checked for the polyethylene pipes, it is observed that the curves 

obtained from Iowa formula are more of a linear type. Again, the Iowa curves 

which initially predict smaller deflections have greater slopes than the FEM curves 

(increases with a higher rate) and intersect the FEM curves close to the highest 

relative stiffness levels only (within the stiffness range analysed). Once the curves 

intersect each other, the Iowa formula starts to estimate greater deflections than that 

of FEM with an increasing rate at lower degrees of relative stiffness (as the pipes 

become more flexible). The values of pipe-soil stiffness ratios corresponding to the 

intersection points of curves and where the deflection predictions of the Iowa 

formula equals to that of the FEM are 0.79 and 0.75 for diameters D=1.0m and 

0.5m respectively. The curves do not intersect for D=1.5m in the range of relative 

stiffness analysed in this study; however it is obvious that the curves crosses at a 

higher relative stiffness value. 

The deflection curves obtained for ductile iron pipes present behaviour in between 

concrete and polyethylene pipes. The slopes of the Iowa curves increases slightly 

as the relative stiffness decreases and the intersection points are shifted to a lower 

stiffness ratio. Similarly, the deflection predictions of Iowa formula are smaller 
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than that of the FEM for a relative stiffness higher than the intersection value and 

they are greater for a relative stiffness lower than the intersection value. 

As a general comment, it can be concluded that the conventional results obtained 

from Iowa formula are sensitive to the pipe material type and pipe size. It is 

observed in all cases that the Iowa formula which initially predicts smaller 

deflections than that of FEM tends to overestimate the deflections with an 

increasing rate at lower degrees of relative stiffness. This implies that the Iowa 

formula gives more compatible results with FEM in case of relatively stiffer pipes. 

For more flexible pipes, the use of deflection predictions from Iowa formula yields 

conservative results. When the pipe size is considered, it is again observed in all 

cases that as the pipe diameter increases the Iowa formula tends to start 

overestimating the deflections at a higher pipe-soil stiffness ratio. This can be 

interpreted that the flexibility of pipes are more pronounced for larger diameters 

and the use of estimates from Iowa formula yields conservative results for a greater 

range of relative stiffness. 

In addition to Iowa formula, the deflection predictions from the results of Watkins-

soil strain theory are tabulated in Table 6.2 for comparison purposes. The 

importance of Watkins soil strain theory is that it expresses the deflection in terms 

of the Stiffness Ratio, Rs (This is the ratio of soil stiffness Es to pipe-ring stiffness 

EI/D3). As the major concern in this study is the effect of pipe-soil relative stiffness, 

it is worth giving the results from Watkins’ soil strain theory. The parameters are as 

follows: 
s

s

R
R

D
y





30

 

Rs  : Stiffness ratio, Rs= E'/S   ε' : Vertical soil strain, ε' = w/E' 

S : EI/D3 (As tabulated)   w : Vertical soil stress above pipe 

E' : 1400 kPa (Howard 1977) 

As a representative example, the results of Watkins’s soil strain theory for typically 

flexible polyethylene pipes are plotted together with the results of Iowa formula 

and FEA in Figure 6.13. Within the range of relative stiffness analysed in this 

study, the Watkins soil strain theory predicts greater deflections compared to the 
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results of FEA. Similar to the case of Iowa formula, the deflection curve of 

Watkins theory deviates more from FEM curve as the pipe-soil stiffness ratio 

decreases. In case it is compared to the Iowa formula, it is observed that Watkins’s 

soil strain theory overestimates deflections for relatively high stiffness ratios and 

underestimates deflections for more flexible pipes. 

Relative Stiffness vs Percent Deflection
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Figure 6.13 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Polyethylene Pipes)_Model 1 

In Model 2 both the embedment and backfill material are assumed to be formed by 

basalt aggregate. Using the results yielded by conventional method as given in 

Table 6.4, similar figures are reproduced and it is observed that the graphical results 

are of same in nature as those produced for Model 1 (Figures 6.14, 6.15, 6.16 and 

6.17). 
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Relative Stiffness vs Percent Deflection
Concrete Pipes

0.00%

0.10%

0.20%

0.30%

0.40%

0.50%

0.60%

0.70%

2.1055 0.6239 0.2632 0.1348 0.0780

Pipe-Soil Stiffness Ratio, Sr=PS/E50

Pe
rc

en
t d

ef
le

ct
io

n,
 Δ

y/
D

 (%
)

FEA_D=1.5m
IOWA_D=1.5m
FEA_1.0m
IOWA_1.0m
FEA_0.5m
IOWA_0.5m

 

Figure 6.14 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Concrete Pipes)_Model 2 

 

Relative Stiffness vs Percent Deflection
Polyethylene Pipes
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Figure 6.15 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Polyethylene Pipes) _Model 2 

 

 



128 

Relative Stiffness vs Percent Deflection
Ductile Iron Pipes
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Figure 6.16 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Ductile Iron Pipes) _Model 2 

 

Relative Stiffness vs Percent Deflection
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Figure 6.17 Comparison of FEA and Conventional results - Relative Stiffness vs 
Percent Deflection (Polyethylene Pipes) _Model 2 

 



129 

6.2 Loads 

6.2.1 Numerical Results and Discussion 

As noted before, in order to allow for comparison between the earth load estimates 

based on the conventional method and the analyses conducted using the FEM, the 

vertical stress at the pipe crown is used to obtain an estimate of the vertical earth 

load, by multiplying the stress by the pipe diameter, D.  

The numerical results for earth loads on pipes range in the value of 5.142 – 45.401 

kN/m for the concrete pipes, 4.359 – 39.236 kN/m for the polyethylene pipes and 

4.010 – 42.873 kN/m for the ductile iron pipes (Model 1). These results which are 

tabulated in Table 6.5 are graphically presented with curves for each diameter and 

pipe type with respect to the pipe-soil stiffness ratio in Figure 6.19. 

The FEA results indicate that, for a given depth of fill, the load transferred to the 

conduit increases with the increase in pipe wall thickness. The increase in wall 

thickness leads to a corresponding increase in the pipe-soil stiffness ratio. 

Therefore, the degree of loads transferred to pipes is higher for a case of higher 

relative stiffness. 

Regarding the effect of pipe diameter at any given pipe-soil stiffness ratio, it is 

observed that the load transferred to the pipes increases with pipe diameter. 

This is simply due to the fact that the larger diameter pipes analysed in this study 

are buried in deeper levels to keep the H/Bd ratio constant. On the other side, when 

the loads on pipes are checked for a certain diameter, it is observed that the 

maximum loads are developed on relatively stiffer concrete pipes and the minimum 

loads are developed on relatively flexible polyethylene pipes. This is attributable to 

the increasing arching effect due to the higher degree of deflections around 

conduits with a lower degree of stiffness relative to the surrounding soil. As a result 

of this increased arching effect, the loads transferred to the pipes are reduced more 

for more flexible pipes. 

When the results are rearranged in a logarithmic plot as in Figure 6.18, 

indicative trends with respect to the relative stiffness are observed. The various 

material types used in the study complement each other to form a continuous 

set of overlapping data, when expressed in terms of pipe-soil stiffness ratio 
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ranging from 0.5913 to 15.9657. The contribution of the pipe diameter is not 

limited to the pipe-soil stiffness ratio. Additional elements related to pipe 

diameter such as trench geometry, result in individual curves for each pipe size 

analysed. The curves are somewhat parallel, tending to flatten at high values of Sr. 

Such behaviour is expected given the fact that beyond a given relative stiffness 

between the pipe and adjacent soil, the load transfer to the pipe reaches its 

maximum level. The maximum load levels are observed at the minimum pipe 

deflections which develop at the most rigid pipes. 
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Figure 6.18 Relative Stiffness vs Loads on Pipe_Model 1 
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Figure 6.19 FEA Results for Loads on Pipe _Model 1 
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In addition to above results and discussion for Model 1, the numerical and 

conventional results are tabulated in Table 6.6 for Model 2. Again, when the 

results are rearranged in a logarithmic plot as in Figure 6.20, indicative trends 

with respect to the relative stiffness are observed. Similarly, different types of 

pipe materials used in the study complement each other to form a continuous 

set of overlapping data with the difference that pipe-soil stiffness ratio ranges 

at a different interval (0.013 to 2.105). The continuous set of data produces 

three individual curves corresponding to each diameter and the indicative 

trends presented by these curves are in similar nature to those of Model 1. 
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Figure 6.20 Relative Stiffness vs Loads on Pipe_Model 2 
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6.2.2 Conventional Results and Discussion 

As explained previously, the Marston load theory is based on the concept of a 

prism of soil in the trench that imposes a load on the pipe. The weight of the soil 

prism (prism load) is found to be the pipe outside diameter times the height of earth 

above the pipe times the unit weight of the earth. However, due to the arching 

effect, the load on a buried pipe is reduced and is not exactly equal to the prism 

load. As per the Marston’s theory, the loads developed on rigid and flexible pipe 

cases can be determined individually. 

Prism Load:   DHP    

Load on Rigid Pipe:  2
ddd BCW    

Load on Flexible Pipe: cddc BBCW    

Parameters used in previously defined above equations (Eq.2.2 and .Eq.2.3) are as 

follows: 

γ  : Unit weight (kN/m3);  12.27 kN/m3 (kanto loam);  16.35 kN/m3 (crushed   

stone) for Model 1. 

H : 1.9m (for D=1.5m);  1.4m (for D=1.0m);  0.9m (for D=0.5m) 

Bd : 1.9m (for D=1.5m);  1.4m (for D=1.0m);  0.9m (for D=0.5m) 

Bc : D=1.5m;  D=1.0m;  D=0.5m 

Cd : 0.85 for H/Bd =1 

The conventional results which are tabulated together with the FEA results in 

Table 6.5 are graphically presented with respect to the pipe-soil stiffness ratio 

in Figures 6.21, 6.22 and 6.23 for comparison purposes. As an expected result, 

the conventional methods do not account for the effect of pipe wall thickness 

(D/t ratio) which is related to the pipe stiffness as the earth load results are 

constant at a given depth. Therefore, regardless of the pipe-soil stiffness ratio, 

the conventional load estimates for rigid and flexible pipes for a given pipe 

diameter are individually constant.  
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When the curves obtained using the finite element methodology are compared 

to the load predictions based on the conventional method for rigid and flexible 

pipes respectively, it is concluded that: the values from rigid pipe analyses at 
any given depth of burial are always greater than those calculated using the 
FEA and the values from flexible pipe analyses under-predict the load on pipes 
for certain ranges of pipe-soil stiffness ratio and over-predicts the loads for 
others. As an example, in Figures 6.24, 6.25 and 6.26 for D=0.5m, the 
conventional method for flexible pipes result a value of 4.69 kN/m, whereas 
values from the FEA are consistently lower for polyethylene and ductile iron 
pipes below the pipe-soil stiffness ratios of approximately 0.30 and 0.33 
respectively. For higher stiffness ratios, FEA results for the whole material 
types are consistently higher than the conventional load estimates for flexible 
pipes. 

As stated above, the conventional rigid conduit analysis appears to always 

yield conservative results, with the values of loads consistently greater that the 

values obtained through FEA. Among the three types of materials, the results 

of Concrete pipes are closer to the load predictions of conventional method for 

rigid pipes as an expected result.  

Ductile Iron pipes represent an intermediate case between Concrete and 

Polyethylene pipes in terms of the loads transferred to the pipes. This result is 

expected given the resulting intermediate stiffness. 

The suggested vertical load estimates based on the conventional method for 

flexible pipe are close to those obtained using the FEA for Polyethylene and 

Ductile Iron pipes. 

The limitations of using the conventional approach, which only accounts for 

the pipe stiffness in terms of either rigid or flexible, are evident in figures 

presented. When compared with the results obtained using the finite element 

models, for equal pipe-soil stiffness ratios, it is clear that for the case of rigid 

pipes, the conventional approach significantly overestimates the transferred 

earth loads, whereas it produces more reasonable results for flexible conduits. 

More rigid concrete pipes appear to have loads near or greater than the prism 
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load for results obtained using the FEA and conventional approach 

respectively. In contrast, the more flexible Polyethylene pipes appear to 

redistribute portions of the earth loads to the surrounding soil with the effect of 

arching.  

When the results for a given pipe-soil stiffness ratio are checked for the effect 

of pipe diameter, it is observed that the FEA results tend to approach to those 

of conventional flexible pipe analyses in case of smaller diameters. This may 

be interpreted as the conventional method for flexible pipes predicts the results 

more in agreement with FEM results in case of small diameters compared to 

the greater diameter pipes.  
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Figure 6.21 Comparison of Loads on Pipe, D=1.5m_Model 1 
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Comparison of Loads on Pipe, D=1.0m
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Figure 6.22 Comparison of Loads on Pipes, D=1.0m_Model 1 
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Figure 6.23 Comparison of Loads on Pipes, D=0.5m_Model 1 
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Comparison of Loads on Concrete Pipes, D=1.5m
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Comparison of Loads on Concrete Pipes, D=1.0m
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Comparison of Loads on Concrete Pipes, D=0.5m
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Figure 6.24 Comparison of Loads on Concrete Pipes (D=1.5m, 1.0m, 0.5m respec.) 
_Model 1 
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Comparison of Loads on Polyethylene Pipes, D=1.5m
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Comparison of Loads on Polyethylene Pipes, D=1.0m
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Comparison of Loads on Polyethylene Pipes, D=0.5m
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Figure 6.25 Comparison of Loads on PE Pipes (D=1.5m, 1.0m, 0.5m respectively) 
_Model 1 
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Comparison of Loads on Ductile Iron Pipes, D=1.5m
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Comparison of Loads on Ductile Iron Pipes, D=1.0m
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Comparison of Loads on Ductile Iron Pipes, D=0.5m
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Figure 6.26 Comparison of Loads on DI Pipes (D=1.5m, 1.0m, 0.5m respectively) 
_Model 1 
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In addition to Model 1 where the embedment material is crushed stone and the final 

backfill is kanto loam, the same study is repeated for Model 2 where both the 

embedment and backfill material is basalt aggregate. Based on the conventional 

results tabulated at Table 6.6, the above figures demonstrating the change of loads 

with respect to the pipe-soil stiffness ratio are reproduced and it is observed that the 

graphical results are mainly similar in nature. (Figures 6.27, 6.28, 6.29). It should be  

is noted that there are some deviations corresponding to extreme values and such   

differences are expected considering the range of variation  of both the material type 

for the backfill and the range of pipe-soil stiffness ratio. 
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Figure 6.27 Comparison of Loads on Pipes, D=1.5m_Model 2 
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Comparison of Earth Loads on Pipe, D=1.0m
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Figure 6.28 Comparison of Loads on Pipes, D=1.0m_Model 2 
 

Comparison of Earth Loads on Pipe, D=0.5m
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Figure 6.29 Comparison of Loads on Pipes, D=0.5m_Model 2 
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6.3 Back-calculated Values of E', Modulus of Soil Reaction 

The horizontal deflections predicted by FEA are used in the back-calculation of 

modulus of soil reaction values through Iowa formula. If the modified Iowa 

formula is solved for E' by inserting the values of other parameters, the 

modulus of soil reaction can be back-calculated from the following equation:  

dx=DPK/(EI/r3 + 0.06l E') 

061.0
)/()/('

3rEIdxDPKE 
  

The parameters used in the modified Iowa formula are: 

 D: Deflection lag factor, D=1.0 

 P: Prism load (γH), 24.54 kPa (D=1.5m);  18.40 kPa (D=1.0m);  12.27 kPA 

(D=0.5m) for Model 1. 

 K: 0,1 

 dx: change in horizontal diameter, Δx/D from FEA 

 EI: As previously tabulated in Tables 5.8 to 5.10 for PE pipe cases. 

 r3: for r = 0.75 m, 0.5m and 0.25m  

The representative results of FEA for differing stiffnesses of polyethylene pipe-

trench cases yield a range of back-calculated E' values in the same embedment 

material. The back-calculation results which are tabulated in Table 6.7 are 

graphically presented and compared to the proposed value of Howard (200 psi 

1,4 MPa) in Figure 6.30. Howard’s proposed value for the current analyses is 

taken from Table 2.6 for the soil type (coarse grained soils with little or no 

fines) and compaction degree (dumped, i.e. no compaction) of the embedment 

material (crushed stone). 

As per the numerical results, the back-calculated E' values ranged in an overall 

interval of 0.1 MPA to 5.42 MPa in the range of pipe-soil stiffness ratio of 

polyethylene pipes analysed in this study. It was demonstrated in the previous 

sections that the relative stiffness significantly affects the behaviour of buried 

flexible pipes both in terms of pipe deflections and the loads transferred to 
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pipes. The individual curves obtained for each diameter demonstrate some 

indicative trends of E' values with respect to the pipe-soil stiffness ratio.  

As a general trend, the modulus of soil reaction values increase with the 

decrease in pipe-soil relative stiffness. In other words, as the flexibility of the 

pipes increase, the capability of the pipe to deflect under load increases which 

leads to the development of greater passive soil support at the sides of the pipe. 

The curves are fairly parallel, tending to flatten at low values of Sr; this is 

expected given the fact that beyond a given relative stiffness between the pipe 

and adjacent soil, the deflection of the pipe reaches to its maximum level. 

When the results are checked for each diameter individually, it is observed that 

the E' values ranged in the intervals of 2.72 – 5.42 MPa, 0.69-4.37 MPa and 0.1-

3.53 MPa for diameters D=1.5m, 1.0m and 0.5m respectively. At a given pipe-

soil stiffness ratio, E' values obtained for larger diameters are greater than those 

obtained for smaller diameters. This can be attributable to the higher degree of 

deflections for larger diameters (flexibility is more pronounced) which leads to 

the development of greater resistance from the side fills. 

Howard’s proposed values are constant for a certain type and compaction degree 

of embedment material, hence they do not account for the effect of pipe-soil 

stiffness ratio. When the back-calculated values of E' obtained from FEA results 

are compared to the proposed value of Howard, it is observed that the E' value is 

over-estimated by Howard beyond a high degree of relative stiffness and is under-

estimated for the rest. 

When the analyses were conducted for the case of Model 2 where the 

embedment and backfill material is composed of basalt aggregate, the back-

calculated E' values ranged in an overall interval of 2.020 MPa to 7.498 MPa in 

the range of pipe-soil stiffness ratio of polyethylene pipes analysed. The back-

calculation results which are tabulated in Table 6.8 are graphically presented 

and compared to the proposed value of Howard (200 psi 1.4 MPa) in Figure 

6.31. When the individual curves produced for each diameter are investigated, 

they indicate the same trends with those of the crushed stone case. 
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Table 6.7 Back-calculated E' Values for PE Pipes_Model 1 

SN Analysis Material Type Diameter  
D (m) 

D/t 
ratio 

Pipe-
Soil 

Stiffness 
Ratio, 

Sr 

Percent 
Deflection, 
Δx/D (%) 

Howard’
s E' 

(MPa) 

E', Back-
calculate

d 

16 Analysis_PE1 Polyethylene 1.5 10 0.7983 0.29% 1.4 2.722 

17 Analysis_PE2 Polyethylene 1.5 12.5 0.4087 0.40% 1.4 4.450 

18 Analysis_PE3 Polyethylene 1.5 15 0.2365 0.48% 1.4 5.080 

19 Analysis_PE4 Polyethylene 1.5 17.5 0.1490 0.55% 1.4 5.294 

20 Analysis_PE5 Polyethylene 1.5 20 0.0998 0.59% 1.4 5.419 

21 Analysis_PE6 Polyethylene 1.0 10 0.7983 0.26% 1.4 0.692 

22 Analysis_PE7 Polyethylene 1.0 12.5 0.4087 0.36% 1.4 2.859 

23 Analysis_PE8 Polyethylene 1.0 15 0.2365 0.43% 1.4 3.774 

24 Analysis_PE9 Polyethylene 1.0 17.5 0.1490 0.49% 1.4 4.140 

25 Analysis_PE10 Polyethylene 1.0 20 0.0998 0.53% 1.4 4.369 

26 Analysis_PE11 Polyethylene 0.5 10 0.7983 0.18% 1.4 0.091 

27 Analysis_PE12 Polyethylene 0.5 12.5 0.4087 0.26% 1.4 2.204 

28 Analysis_PE13 Polyethylene 0.5 15 0.2365 0.32% 1.4 3.015 

29 Analysis_PE14 Polyethylene 0.5 17.5 0.1490 0.37% 1.4 3.368 

30 Analysis_PE15 Polyethylene 0.5 20 0.0998 0.41% 1.4 3.534 
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Figure 6.30 Relative Stiffness vs E' Values for Polyethylene Pipes_Model 1 
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Table 6.8 Back-calculated E' Values for PE Pipes (Updated Model)_Model 2 

SN Analysis Material Type Diameter  
D (m) 

D/t 
ratio 

Pipe-
Soil 

Stiffness 
Ratio, 

Sr 

Percent 
Deflection, 
Δx/D (%) 

Howard’
s E' 

(MPa) 

E', Back-
calculate

d 

16 Analysis_PE1 Polyethylene 1.5 10 0.1053 0.36% 1.4 3.732 

17 Analysis_PE2 Polyethylene 1.5 12.5 0.0539 0.45% 1.4 6.067 

18 Analysis_PE3 Polyethylene 1.5 15 0.0312 0.52% 1.4 6.877 

19 Analysis_PE4 Polyethylene 1.5 17.5 0.0196 0.61% 1.4 7.188 

20 Analysis_PE5 Polyethylene 1.5 20 0.0132 0.62% 1.4 7.498 

21 Analysis_PE6 Polyethylene 1.0 10 0.1053 0.30% 1.4 2.020 

22 Analysis_PE7 Polyethylene 1.0 12.5 0.0539 0.38% 1.4 4.631 

23 Analysis_PE8 Polyethylene 1.0 15 0.0312 0.43% 1.4 5.577 

24 Analysis_PE9 Polyethylene 1.0 17.5 0.0196 0.48% 1.4 5.941 

25 Analysis_PE10 Polyethylene 1.0 20 0.0132 0.50% 1.4 6.193 

26 Analysis_PE11 Polyethylene 0.5 10 0.1053 0.17% 1.4 2.711 

27 Analysis_PE12 Polyethylene 0.5 12.5 0.0539 0.22% 1.4 5.518 

28 Analysis_PE13 Polyethylene 0.5 15 0.0312 0.26% 1.4 6.122 

29 Analysis_PE14 Polyethylene 0.5 17.5 0.0196 0.29% 1.4 6.330 

30 Analysis_PE15 Polyethylene 0.5 20 0.0132 0.31% 1.4 6.402 
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Figure 6.31 Relative Stiffness vs E' Values for PE Pipes_Model 2 
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In fact, the back-calculation results of E' based on the deformation predictions from 

FEA is not totally reliable. As noted previously, E' is not a fundamental 

geotechnical engineering property of the soil. This property can not be 

measured either in the laboratory or in the field. This is an empirical soil-pipe 

system parameter, which could be obtained only from back-calculating by 

knowing the values of other parameters in the modified Iowa equation. 

Therefore, the actual site conditions and deformations should be used in the 

back-calculation process. However, in this study, it was the main aim to present 

the effect of relative stiffness on the values of E' by way of obtaining some 

indicative and comparable trends. In this regard, although the figures are not 

accurate, FEA results indicate comparable trends and results while 

investigating the relation of E' with the pipe-soil stiffness ratio. The wide range 

of back-calculated E' values as well as their deviation from the average value 

proposed in the table of US Bureau of Reclamation clearly pointed out the 

significance of a number of parameters related to the pipe-soil stiffness ratio. 

Therefore, as advised by Watkins and Jeyapalan (2004), it is verified that the 

parameters such as the pipe-soil stiffness ratio as well as the pipe diameter and 

size should be considered in the selection of E' value which is used as an 

important design parameter. 
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CHAPTER 7  

 

 

SUMMARY AND CONCLUSIONS 

 

 

In the study presented in this thesis, the effect of pipe-soil relative stiffness on 

the behaviour of buried flexible pipes was studied considering the effect of pipe 

size, material, stiffness and interfaces and geometry of the trench installation 

using the finite element method which allowed to simulate the stages of 

construction as well as the pipe-soil interaction aspects of the problem. For this 

purpose, a parametric study was conducted to investigate the effect of 

different variables on the resulting loads and deformations on the pipes in the 

same natural ground and backfill conditions. In total, 45 trench pipe-soil cases 

were analysed with the PLAXIS finite element code at which the soil behaviour 

was simulated by the Hardening-Soil constitutive model. The finite element 

results for the deformation of typically flexible Polyethylene pipes were then used 

to back-calculate the range of E' values for differing pipe-soil relative stiffness. 

The pipe-soil stiffness ratio, Sr = PS/E50 which was defined for the purpose of 

this study represented the relative stiffness parameter and was used in the 

comparison and discussion of results. 

The literature review identified the most frequently used analytical methods to 

analyse buried flexible pipes. These methods are the Marston (1913) theory, 

the Iowa formula by Spangler (1941), the modified Iowa formula by Watkins 

(1958), the modified Iowa formula by Greenwood and Lang (1990), the elastic 

solution by Burns and Richard (1964), the elastic solution by Höeg (1968) and 

the finite element method (FEM). The finite element method is proven to be 

more reliable because of its capability to consider non-linear soil behaviour, 

non-homogeneous backfi1l material, stages of construction and pipe-soil
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interaction. Further to the presentation of analytical methods, characteristics of 

buried pipe installations, modelling the behaviour of flexible pipes as well as 

their performance limits were discussed for a comprehensive review of buried 

pipe behaviour. In addition, special emphasis was put on the modulus of soil 

reaction, E' parameter and a detailed review of this design parameter was 

presented. 

Three pipe material types; concrete, polyethylene (PE), and ductile iron (DI) with 

significantly different moduli of elasticity, E, were analysed in this study. 

Three conduit diameters, D (0.5, 1.0 and 1.5m), were considered for each material 

type. The corresponding pipe-wall thicknesses, t, were assigned for each diameter 

D, such that the diameter to thickness ratio D/t ranged from 10 to 30 (5 cases) for 

the concrete pipes, 10 to 20 (5 cases) for the PE pipes, and 40 to 100 (5 cases) for 

ductile iron pipes. The ratio of H/ Bd =1 was kept constant in all 45 trench pipe-soil 

cases (3 Material types x 3 Diameters x 5 Wall Thicknesses) for both Model 1 and 

Model 2. The pipe-soil stiffness ratio, Sr, was set as the main parameter for which 

the buried pipe behaviour and results were studied, the loads transferred to the 

pipes and pipe deflections were predicted and the range of E' values were back-

calculated for the given embedment material. 

As a remarkable and practical outcome of the finite element analyses 

performed, different types of pipe materials used in the study complemented 

each other to form a continuous set of overlapping data, when expressed in 

terms of pipe-soil stiffness ratio. Such set of data revealed some indicative 

trends regarding the effect of relative stiffness altered by the pipe material type 

and pipe size on the resulting loads and deformations. The continuous set of 

data produced individual curves corresponding to each diameter while 

studying both the loads and deformations. 

In the case of deflection results from FEA, the maximum deflections were 

observed for the PE pipes, the minimum deflections were recorded for 

concrete pipes and the deflections for DI pipes which have an intermediate 

stiffness produced in between results as expected. The curves are somewhat 
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parallel, however the effect of pipe diameter is less pronounced for relatively 

stiffer pipes and the pipe deflections converge to a minimum value. On the other 

side, the slopes of the deflection curves decreasing from more stiff concrete pipes 

to more flexible PE pipes reveal that that the deflections of the pipes tend to reach a 

maximum level as the relative stiffness decreases.  

The analytical methods used to predict the pipe deflections were the modified Iowa 

formula by Watkins and Watkins’s Soil-Strain theory. It was concluded that the 

conventional results obtained from Iowa formula were sensitive to the pipe material 

type and pipe size. The Iowa formula gives results more in line with FEM for 

relatively stiffer pipes and it yields conservative results for more flexible pipes. It is 

also observed that the flexibility of pipes is more pronounced for larger diameters. 

Similar to the case of Iowa formula, the results of Watkins soil-strain theory 

deviates more from FEM results as the pipe-soil stiffness ratio decreases. If it is 

compared to the Iowa formula, Watkins’s soil strain theory overestimates 

deflections for relatively high stiffness ratios and underestimates deflections for 

more flexible pipes.  

In the case of load results from FEA, it was observed that the maximum loads were 

developed on relatively stiffer concrete pipes and the minimum loads were 

developed on relatively flexible polyethylene pipes. This is because the arching 

effect is more pronounced and the loads transferred to the pipes are much reduced 

for more flexible pipes. The load curves presented the fact that beyond a given 

relative stiffness between the pipe and adjacent soil, the load transfer to the pipe 

reaches its maximum level. 

The limitations of using the conventional approach, which only accounts for 

the pipe stiffness in terms of either rigid or flexible, were evident. For instance, 

it does not account for the effect of pipe wall thickness (D/t ratio) which in turn 

affects the relative stiffness parameter. When compared with the results of 

FEA, it is clear that for the case of rigid pipes, the conventional approach 

significantly overestimates the transferred earth loads, whereas it produces 

more compatible results for flexible conduits. Another observation is that the 

conventional method for flexible pipes predicts the results more in line with 
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FEM in case of small diameters compared to the greater diameter pipes. 

Further to its impact on the loads and deformations, it was established that the 

relative stiffness parameter had a significant effect on the modulus of soil 

reaction, E' value. As per the numerical results, the back-calculated E' values 

ranged in an overall interval of 0.1 MPa to 5.42 MPa for Model 1 and 2.020 

MPa to 7.498 MPa for Model 2 within the relative stiffness range of 

polyethylene pipe-soil cases analysed in this study. As a general trend, the 

modulus of soil reaction values increase with the decrease in pipe-soil relative 

stiffness (where flexibility of the pipes increase). This is because the flexible 

pipes have an increased deflection capability which leads to the development of 

greater passive soil support at the sides of the pipe. Additionally, the E' values 

tend to reach a maximum value at lower degrees of Sr; which is due to the fact that 

beyond a given relative stiffness between the pipe and adjacent soil, the 

deflection of the pipe reaches to its maximum level. 

When the back-calculated values of E' obtained from FEA results are compared to 

the proposed value of Howard (as in USBR table), i.e. 1.4 MPa for the current 

study, it is observed that the E' value is over-estimated by Howard beyond a high 

degree of relative stiffness and is under-estimated for the rest.  

The wide range of back-calculated E' values as well as their deviation from the 

average value proposed in the table of US Bureau of Reclamation clearly 

pointed out the significance of a number of parameters related to the pipe-soil 

stiffness ratio. Therefore, as advised by Watkins and Jeyapalan (2004), it is 

verified that the parameters such as the pipe-soil stiffness ratio as well as the 

pipe diameter and size should be considered in the selection of E' value which 

is used as an important design parameter. 
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