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ABSTRACT

PROSPECTIVE TEACHERS’ INTERPRETATION OF MULTIPLICATIVE
SITUATIONS WITH FRACTIONS

KURSAV, MERVE NUR
Master of Science, Mathematics and Science Education
Supervisor: Prof. Dr. Ayhan Kiirsat Erbas
Co-Supervisor: Prof. Dr. Andrew Izsak

September 2019, 135 pages

This study examined middle school prospective teachers’ interpretations of
multiplicative situations—multiplication and division—when solving problems with
fractions. Multiplication situations with fractions are at the heart of middle school
mathematics, so learning and teaching this concept is crucial. To improve learning and
teaching these concepts, there is a need to educate middle school prospective teachers
and design education programs for middle school prospective teachers to support their
reasoning. Through coursework which emphasizes the importance of fraction-as-
number and various interpretation of multiplicative situations with fractions with
various curriculum materials, prospective teachers would be more competent in
operating with fractions.

In this study, middle school prospective teachers’ solutions were examined
through a perspective that connects multiplication and division into a coherent
framework. The analytical framework of this study placed emphasis on multiplication,
partitive division, and quotitive division situations. The data were collected from 13
middle school prospective teachers’ final exam problems completed as part of a
content course at a large university in the Southeastern United States. Findings

revealed that (a) prospective teachers used strategies involving multiplicative



situations after completing a two-semester sequence of mathematics content courses
on fraction tasks (b) this instructional approach supported the development of an
understanding of multiplicative operations with fractions and understanding of the
meaning of multiplication and division for middle school prospective teachers, and (c)
when allowed to choose methods prospective teachers used the partitive division
(PDS) more often than the quotitive division (QDS) and multiplication situation (MS)

correctly and appropriately.

Keywords: Multiplication situation, Partitive division situation, Quotitive division

situation, Middle school prospective teachers
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0z

ORTAOKUL OGRETMEN ADAYLARININ KESIRLER ILE CARPIMSAL
DURUMLARI (CARPMA VE BOLME) YORUMLAMALARI

KURSAV, MERVE NUR
Yiksek Lisans, Matematik ve Fen Bilimleri Egitimi
Tez Danigmant: Prof. Dr. Ayhan Kiirsat Erbas
Ortak Tez Danigsmani: Prof. Dr. Andrew Izsak

Eylil 2019, 135 sayfa

Bu ¢aligma, ortaokul 6gretmen adaylarmin kesirler ile ilgili problemleri
¢cozerken, carpimsal durumlar1 (¢arpma ve bolme) yorumlamalarini incelemistir.
Kesirler ile carpma ve bolme islemleri, ortaokul matematiginin merkezinde yer
aldigindan, bu kavrami 6grenmek ve 6gretmek ¢cok dnemlidir. Kesirler kavramini ve
kesirlerle carpma islemlerini 6grenmeyi ve 0gretmeyi gelistirmek igin, orta okul
O0gretmen adaylarinin egitime ve onlarin bu konu iizerinde fikir yiiriitmelerini
destekleyecek egitim programlarinin tasarlanmasina ihtiyag vardir.

Say1 olarak kesirlerin 6nemini vurgulayan dersler ve c¢esitli miifredat
materyalleri ile kesirler igeren ¢arpimsal durumlarin gesitli yorumlamalar1 sayesinde,
Ogretmen adaylar1 kesirler ile caliyma konusunda daha yetkin olacaktir. Bu ¢aligmada,
ortaokul 6gretmen adaylarinin ¢éziimleri, carpma ve bélmeyi mantikli ve tutarl bir
cergeveye baglayan bir bakis agisiyla incelenmistir. Bu ¢aligmanin analitik ¢ergevesi,
carpma, parcalamali bolme (partitive division) ve gruplamali bélme (quotitive
division) modellerine vurgu yapti. Veriler, Giineydogu Amerika Birlesik
Devletleri'ndeki biiyiik bir tiniversitede bir ders kapsaminda tamamlanan final smavi
problemleri kullanilarak 13 ortaokul 6gretmen adaylarindan toplandi. Bulgular, (a)

Ogretmen adaylarmnm, iki donemlik bir matematik dersleri dizisini kesir gorevleri
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iizerine tamamladiktan sonra, ¢oklayict durumlari igeren stratejileri kullandiklarini (b)
bu o6gretim yaklasimi, O0gretmen adaylarinin kesirler ile c¢arpma islemlerinin
anlamasimi ve ¢arpimsal durumlarmin yorumlarini anlamalarini desteklemistir ve (c)
Ogretmen adaylarinin kullanacaklar1 modeli kendilerinin se¢mesi saglandiginda
Ogretmen adaylarinin parcalamali bolme modellerini gruplamali bélme ve carpim

durum modellerinden daha dogru ve uygun bir sekilde kullandigi goriilmiistiir.

Anahtar Kelimeler: Kesirler, Carpimsal durumlar, Pargalamali bolme modeli,

Gruplamal1 bolme modeli, Ortaokul 6gretmen adaylar1
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CHAPTER 1

INTRODUCTION

“Division of fractions is often considered the most mechanical and least understood
topic.”

Dina Tirosh (2000)
Multiplication and division with fractions are among the most challenging
topics in the middle school mathematics (Tchoshanov, 2011). More studies appear to
be warranted on the multiplication and division with fractions as these concepts
continue to be complicated for prospective teachers (Tirosh, 2000; Simon 1993) . For
example, many prospective teachers exhibit difficulty in understanding division
problems with fractions. As reported by Isik and Kar (2012), some common
difficulties of prospective teachers for division with fractions are as follows

Fraction-as-number, unit confusion, assigning natural number interpretations

to fractions, problems using ratio proportions, being unable to establish part-

whole relationships, dividing by the denominator of the divisor, using
multiplication instead of division, and increasing errors by inverting and

multiplying the divisor fraction (p. 2-7).

The progress of developing knowledge for fractions starts in elementary school
and continues to middle school. The development of fractional concepts in the middle
school helps students to progress from additive to multiplicative reasoning.
Multiplicative reasoning is major topic of middle school (e.g., Greer, 1992; Lamon,
2007) and a basic to multiplication, division, fractions, ratio, proportions, and so on
(e.g., Vergnaud, 1983). It also requires them to foster knowledge for proportional
understanding, and comprehend the relationship between fractions, ratios, and

proportions (Sowder et al., 1998).



When fostering the required knowledge from fundamental level of
understanding through advanced level of understanding of the fractions and
mathematical operations with fractions, teachers play an essential role. To help
students, middle school teachers need to understand how students’ reason when they
are dealing with fractions (Sowder et al., 1998). To provide students with in-depth
understanding of fractional concepts and help them enhance their understanding and
reasoning for fractional relationships and their operations, middle school teachers
should have comprehensive college experiences with a procedural and conceptual
understanding of fractions (Ball, 1993; Siebert, 2002; Taber, 2002). Unfortunately,
most of the prospective teachers have been traditionally educated, and they might not
be well prepared to teach these concepts.

For example, in a study by Ball (1990), when prospective teachers asked to
create word problems or the meaning of fraction multiplication and fraction division
situations, only 26% of them were able create a word problem that shows the meaning
of the division problem appropriately. Similarly, in a different study, when
prospective teachers were asked to make explanations for the meaning of fraction
arithmetic in the given situation, most of prospective teachers could not succeed to
explain the meaning and go beyond invert and multiply algorithm (Li & Kulm, 2008).

Many mathematics concepts like fractions and ratios or multiplication and
division have generally been treated as discrete and unconnected mathematical
concepts. However, according to Vergnaud, ratios are proportional relationships that
are part of the multiplicative conceptual field (as cited in Beckmann & Izsak, 2015).
The multiplicative conceptual field is “a web of interrelated ideas that also include
multiplication and division, fractions, linear functions, and more” (Beckmann & Izsak,
2015, p,18). Students development of a fundamental knowledge for understanding
ratio and rate and the connection of ratio and rate to multiplication and division before
the middle school is vital so that they can be prepared to understand fractions and
fraction arithmetic (National Council of Teachers of Mathematics [NCTM], 2001).

Most curriculum materials, with a few exceptions, do not provide content that

explores the similarities and differences between multiplication and division, fractions



and ratios, or fractions and rates, and so on in a manner that is accessible to learners
(Namkung, Fuchs, & Koziol, 2018). Accordingly, it should not be shocking when
prospective teachers, who were not given the opportunity to develop and create the
required knowledge, make the same errors as middle school students. Additionally, it
is essential to be aware of how slowly learners can develop these ideas (Lamon, 1995;
Mack, 1995; Thompson, 1994). Thus, a learner may not be expected to develop a full
knowledge for fractions in early ages and it can last longer.

In many curriculum textbooks for prospective teachers, multiplication and
division are taught as simple extensions of addition and subtraction. Definition of
multiplication has been taught as repeated addition (CCSSI, 2010); however, this
approach can cause some issues for students. Students think that adding positive
numbers make them to have a larger number than addends and that lead students think
that product is always greater than factors of the multiplication operation. Also, it is

not easy for students to think on the repeated addition when multiplying two fractions;
for instance, when students are asked% X g, they might have difficulties to think about

the repeated addition. Similarly, for division, division is repeated subtraction and fair
sharing is widely used (CCSSI, 2010), but this also might cause some issues. For
instance, when students are sharing 20 pencils equally for 5 people, it is
straightforward, but this sharing might be challenging when they need to use fractions.
It is the fact that these are not the only ways to teach multiplication and division, and
there are alternative ways to represent multiplication and division.

Many studies have shown that prospective teachers do not have a good
comprehension of multiplication and division operations or rational numbers (Ball,
1990; Borko et al., 1992; Depaepe, 2015; Graeber et al., 1989; Olanoff, Lo, & Tobias,
2014; Post et al., 1988; Simon, 1993; Tirosh, 2000). For instance, according to Ball
(1990), some prospective teachers did not answer division problems correctly, and
very few of them provided appropriate mathematical explanations for the underlying
principles and meanings. According to Ma (1999), the combination of multiplicative

operations and fractions is a challenging concept for prospective teachers because



multiplicative operations with fractions connects two difficult concepts and pushes
them to develop mutually procedural and conceptual understanding.

Multiplication and division can be more complex than originally thought, a
fact argued by Greer (1992) and Hiebert & Behr (1988) since multiplication and
division are closely related, and interpretations of multiplication and division is
sometimes not as accurate as it needs to be for multiplicative situations (Vergnaud,
1983).

1.1. Problem Statement and Rationale

Multiplicative situations are psychologically complex (Greer, 1992; Hiebert &
Behr, 1988) and have often been treated in middle school textbooks as discrete and
unconnected (Sowder, Armstrong, Lamon, Simon, Sowder, and & Thompson, 1998).
Fractions are a fundamental foundational skill for future mathematics success (The
National Mathematics Advisory Panel NMAP, 2008). Multiplicative situations with
fractions, the most intricate operation with the most complicated numbers, can be
viewed as a concept at the peak of arithmetic (Ma, 1999). Research showed that a
considerable number of middle school prospective teachers had difficulty with
multiplicative situations (Graeber, Tirosh, and & Glover, 1989).

While much has been written about fractions, there is an absence of literature
which explicitly addresses how prospective teachers interpret multiplicative situation
on fractions (Bradshaw, Izsak, Templin, & Jacobson, 2014). Thus, this study
investigated middle school prospective teachers’ interpretations of multiplicative
situations on a fraction task which had five sub-questions. The data were collected
from the final paper-and-pencil final exam for a mathematics content course offered
to prospective middle school mathematics teachers at a state university in southeastern
United States.

Therefore, the purpose of this study was to explore middle school prospective
teachers’ performance of interpretation of multiplicative situations on paper-and-
pencil test items about fraction on a word problem. Accordingly, the present study

examined the following research questions:



1.

What interpretations do middle school prospective teachers make with fraction
problems that involve multiplicative situations?

To what extent did middle school prospective teachers make explicit use of
specific features from the instruction including the use of equations and
quantitative meanings for multiplication and division in their solution

methods?






CHAPTER 2
LITERATURE REVIEW

This chapter reviews the literature on fractions and fractions arithmetic. The
chapter first discusses key terms used in the literature and then summarizes reports of
fractions, prospective teachers and fractions, conceptual and procedural knowledge
for multiplicative situations with fractions, prospective teachers’ pedagogical content
knowledge for multiplicative situations with fractions, and multiplicative situations
interpretations.

2.1. Concept of the Fraction and Prospective Teachers’ Understanding Fractions

NCTM (2000) states that students should develop a deep understanding for
fractions in the middle school to develop their skills to use fractions in problem
solving. Fractions are relational representations that can be perceived as continuous or
discrete quantities and are a challenging concept. A fraction is composed of a
numerator and a denominator such as %where a is numerator and b is denominator.
For example, to represent the situation of 3 slices of a brownie which has 8 slices, we

can use the figure below.

3
38

Figure 1. Fraction representation

When working with fractions, some operations can be required, and division

operation is one of them. The general rule of division operation with fractions can be



d d
represented as %+ 2 = %x - = % where a, b, ¢, and d €Z where b, ¢, and d #£0

when we consider division operation with two fractions. This is a procedural definition
for fractions. Conceptual definition of fractions should include both general principles
about fractions, as well as knowledge of which principles underlie procedures for
operating on them by connecting fractions to division, multiplying a whole number or
a fraction by a fraction, and understanding multiplication as scaling in preparation for
ratios and proportional relationships, and extending understanding of division to
divide unit fractions by whole numbers and to divide whole numbers by unit fractions.
Fraction arithmetic is a vital part of middle school mathematics. For example, in the
Common Core State Standards Initiative ([CCSSI], 2010), it is stated that fraction
arithmetic is a major topic of middle school, and teaching this concept starts with
fraction addition and subtraction. Instruction of fraction addition and subtraction
begins with the operations with common denominators and then includes operations
with unequal denominators, and then students learn fraction multiplication and
division. Students start to build a fundamental knowledge with the operations and
applications to ratios, rates, and proportions in the fourth grade and then this gradually
helps them be prepared to arithmetic operations with fractions.

According to The National Assessment of Educational Progress reports
(2001), fractions can be accepted as “exceedingly difficult for children to master” (p.
5). According to NMAP (2008), at least 40 percent of middle school students have
struggled with fractions and 50 percent of middle and high school students’ challenges
with elementary level fraction content. This finding indicates that fractions are
considered a fundamental foundational skill for “successful participation in the
contemporary American workforce” (NMAP, 2008, p. 3—11) to be able to accomplish
daily activities (e.g., modifying recipes, ordering supplies) and to make decisions for
assessing risks for medical treatments (Reyna & Brainerd, 2008; Subramaniam &
Verma, 2009).

Siegler and Pyke (2013) conducted a study with sixth and eighth graders who

were given 16 fraction arithmetic problems, four for each of the four arithmetic



operations. Siegler and Pyke (2013) reported that the students’ performance was better
on fraction addition and subtraction as opposed to fraction multiplication and division.
According to Bailey Hoard, Nugent, and Geary (2015), these results are not universal
since they found that Chinese 6'" grade students had a better performance on these 16
fraction arithmetic questions, approximately 90% of problems solved correctly;
however, these results are an indicator for the U.S. children’s fraction arithmetic
performance (Bailey et al., 2012; Siegler, Thompson, & Schneider, 2011).

In some U.S. textbooks, fraction division has far less instruction than other
arithmetic operations. For example, in Everyday Mathematics (2002) which has been
the commonly used middle school curriculum text books and workbooks, there are
250 fraction multiplication questions, whereas there are 54 fraction division questions
(Son & Senk, 2010). In Saxon Math (Hake & Saxon, 2003) textbooks, there are more
questions for the fraction multiplication (#=122) than fraction division
(n=56). Although fraction division is the least mastered arithmetic operation for
students and teachers in the U.S., it is interesting that these very traditional textbooks
do not include enough questions for fraction division (Siegler & Lortie-Forgues, in
press; Siegler & Pyke, 2013). However, in Korean mathematics textbooks, there are
239 fraction multiplication question and 440 fraction division questions. It is the fact
that 440 fraction division questions are 8 times higher than 54 and there are more
questions for fraction division in Korean textbooks as opposed to U.S. textbooks (Son
& Senk, 2010).

The NCTM (1989, 2000, 2006) provides a guide for mathematics curriculum
development in the U.S. and advocates that fractional content integrates understanding
of fractions as part of the number line, understanding of the relationship of fractions
to whole numbers, and proficiency and fluency with addition, subtraction,
multiplication, and especially with division of fractions. By considering the NCTM
standards, NMAP (2008) proposed that students should be fluent in identifying and
representing fractions by the end of grade 4, comparing magnitudes of fractions and

adding and subtracting of fractions by the end of grade 5, multiplication and division



of fractions by the end of grade 6, and all operations with positive and negative
fractions by the end of grade 7.

Research in the literature showed that the concept of the division with fractions
is challenging not only for students (Carpenter, Lindquist, Brown, Kouba, Silver, &
Swafford, 1988) but also for prospective teachers (Ball, 1990; Simon, 1993). The
findings of various studies (Ball, 1990; Simon, 1993) also revealed that providing a
variety of problem-solving situations when teaching this concept, encouraging
students to use multiple representations and to develop an understanding of different
interpretations of divisions is momentous. There should be more emphasis on
understanding and conceptualize division with fractions which would ultimately assist
aspiring teachers and their future students. Prospective teachers and in-service
teachers should understand division situations that utilize various numbers types (e.g.,
whole numbers, fractions, and decimals), combinations of number sizes (e.g., a
smaller number divided by a more substantial number and vice versa), and contextual
settings (e.g., continuous as well as discrete settings) (Izsak, Lobato, Orrill, &
Jacobson, 2011). To spotlight the importance of understanding division with fractions,
more studies are needed because more knowledgeable teachers are necessary to teach
such multifaceted concepts of mathematics.

Both prospective teachers and in-service teachers should be treated as active
learners since they build their understanding for mathematical concepts (Putnam &
Borko, 1997) to scaffold their students’ learning by using their skillset and integrating
it into new situations. Therefore, research about prospective teachers’ knowledge to
teach division of fractions is essential to increase students’ understanding of the
concept since prospective teachers should “develop a sound and deep understanding
of mathematics knowledge for teaching to build their confidence for classroom
instruction” (Li & Kulm, 2008, p.833).

Lee Shulman (1986) stated that “Those who can, do. Those who understand,
teach.” (p.14). As educators in colleges or schools, we need to critique that whether
or not we do teach what we know well and do not teach what we do not know enough.

We need to think what prospective teachers will do when they find themselves in the

10



position of having to teach a fundamental topic like division with fractions that they
struggle. 1 highlight that when prospective teachers are provided learning and
teaching opportunities to conceptualize the mathematical concept of a division with
fractions, they will speak more confidently in their classroom when serving as teachers
in the future.

2.1.Conceptual and Procedural Knowledge of Prospective Teachers for Fractions

According to the NMAP (2008), development of conceptual and procedural
knowledge is essential in a mastery of division with fractions to create links between
discrete pieces of knowledge. To scaffold students for learning fractions and division
with fractions in the elementary and middle schools, effective instructional practices
are essential. This is possible with well-educated prospective teachers who will teach
their future students with an explicit and systematic instruction including step-by-step
explanations.

The psychological complexity of fractions can be overlooked because of its
operational simplicity. The operational aspect of learning fractions and multiplicative
situations with fractions requires procedural knowledge. It is the fact that
“...procedural knowledge is a familiarity with the individual symbols of the system
and with the syntactic conventions for acceptable configurations of symbols” (Hiebert
& Lefevre, 1986, p. 7) and “...procedural knowledge consists of rules or procedures
for solving mathematical problems. Many of the procedures that students possess
probably are chains of prescriptions for manipulating symbols” (Hiebert & Lefevre,
1986, p. 8). Furthermore, the psychologically complex component of fraction and
multiplicative situations with fractions requires conceptual knowledge. Conceptual
knowledge is “...a connected web of knowledge, a network in which the linking
relationships are as prominent as the discrete pieces of information. Relationships
pervade the individual facts and propositions so that all pieces of information are
linked to some network™ (Hiebert & Lefevre, 1986, pp.3-4).

In tasks about multiplicative situations with fractions, connecting aspects of
procedural knowledge (i.e., formulations, definitions, and mathematical operations) to

properties of conceptual knowledge (i.e., linking the all pieces of information) are
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particularly important for academic achievement in middle school mathematics.
Numerous studies have reported prospective teachers and in-service teachers have
conceptual struggles with different aspects of fractions (e.g., Ball, 1990; Borko et al.,
1992; Izsak, 2008; Izsdk, Jacobson, de Araujo, & Orrill, 2012; Ma, 1999; Sowder,
Philipp, Armstrong, & Schappelle, 1998; Tirosh & Graeber, 1990). Research has
determined that teachers’ mathematical knowledge for teaching has an important
impact on student learning (Hill, Rowan & Ball, 2005). Teachers’ both procedural and
conceptual approaches have a crucial impact on students’ outcomes and especially
teachers’ conceptual approach is so critical for students (Watson, Beswick, Brown, &
Callingham, 2007; Cheeseman, 2007; Cooper, Baturo, & Grant, 2006). According to
Van de Walle, Karp, and Bay-Williams (2004), when students are working on the
multiplicative operations with fractions and when their answer should be more than
being able to do a procedure.

Knowing this concept means that students can opine about the examples or
situations for the division with fractions. It also means that students can use various
strategies to solve problems, estimate an answer, represent the circumstances, and
make a meaningful explanation about what happens in the multiplicative operations
with fractions (Sinicrope, Mick, & Kolb, 2002; Yim, 2010). Groff (1996) explored
that students often have difficulties to remember their prior experiences with fractions
and how to use their prior experiences with fractions for new situations. There has
been a rising acknowledgment over the past several decades about students’ having
been taught fraction arithmetic by memorizing steps and numerical procedures instead
of learning these conceptually (Bradshaw et al., 2014). The lack of instructional
support for students’ conceptual understanding of fraction arithmetic results in
students who are prone to make errors, since they can overlook the steps or generalize
inappropriately (National Research Council, 2001).

Although most teachers can use algorithms to calculate the correct quotient of
two fractions, many studies have reported that many prospective teachers and in-
service teachers have struggled with meanings for fraction division (e.g., Ball, 1990;

Ma, 1999; Ponte & Chapman, 2008; Tirosh & Graeber, 1990). It is the fact that
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teachers are guide to help students learn fractions (McDiarmid and Wilson 1991);
however, research showed that teachers have difficulties for the meaning of
multiplicative situations (Azim 1995; Borko et al. 1992; Post et al. 1991; Simon and
Blume 1994; Tirosh 2000). Thus, there is an urgent need to help prospective teachers
and in-service teachers to develop a conceptual understanding for meaning for
operations of fractions so they can teach students why computation methods like
“keep, change, flip” or “invert and multiply” make sense (Borko, Eisenhart, Brown,
Underhill, Jones, & Agard, 1992; Tzur & Timmerman, 1997). For example, when
students have been taught to divide fractions by memorizing to “keep, change, and
flip” or “invert and multiply,” they are usually confused about whether they should
invert, keep, or change the divisor or the dividend. As an example, a student can
struggle to solve g +§ by computing % X % or g X g. Many prospective teachers have
struggled with the fraction arithmetic, especially multiplication and division in middle
grades. One of their main difficulties for fraction arithmetic is to identify the word
problems that call for multiplication or division (Kaasila, Pehkonen, & Hellinen, 2010;
Ma, 1999).

Kilic (2013) conducted a study in Turkey and proposed that prospective
teachers have difficulties to understand meaning multiplicative situations with
fractions, and Luo, Lo, and Leu (2011) stated that there is a need to prepare prospective
teachers to make a better sense with both conceptual and procedural understanding on
fraction multiplication or division operations. Research showed that prospective
teachers have difficulties with fraction multiplication (Isik, 2011; Luo 2009) and
fraction division (Isik, 2011; Rizvi 2004). In studies, no prospective teachers could
create word problems for fractions with division (Rivzi, 2004) and for fraction
multiplication (Luo, 2009). Revzi (2004) also found a remarkably interesting fact that
prospective teachers in this research recognized that they have never been asked to
create word problems on multiplicative situations with fractions during their all
education lives. Also, this kind of results make researchers to ruminate about reasons

prospective teachers’ inadequacy of conceptual understanding on the fraction
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multiplication and division concept. In this vein, Chapman (2012) stated that
prospective teachers adequacy on the mathematical knowledge for a specific concepts
is based on their post experiences. Unfortunately, prospective teachers do not have
enough experiences (Tobias, Serow, & Schmude, 2010).

2.2. Pedagogical Content Knowledge (PCK)

Pedagogical content knowledge (PCK) of teachers is related to a specific
mathematics domain, such as proportional reasoning (Watson, Callingham, & Donne,
2008), fractions (Watson, Beswick, & Brown, 2006), or so on. Shulman (1986) said
that PCK provides teachers the ways to represent the mathematical content to students
by using the most powerful appropriate tools in an efficient way. When a teacher who
has a prominent level PCK, this teacher can have the enough knowledge to select the
best tools amongst various options according to the grades and skills of the students
according to the specific mathematical topic. Then students can understand the topic
meaningfully that is possible when students are able to connect the ideas and connect
to their previous knowledge (Hiebert & Carpenter, 1992) and teachers are the guides
to support students to make meaningful connections. Therefore, prospective teachers’
knowledge for the content, noticing the crucial nuances of the content of mathematics
and practicing ways they can teach their students mean a lot for their students. If
prospective teachers recognize what they struggle on when learning, they can
recognize their needs and recoup the missing points.

2.3. Multiplicative Situations Interpretations

Research has shown that prospective teachers and teachers struggle to interpret
multiplicative situations (e.g., Graeber & Tirsoh, 1988; Harel & Behr, 1995; Harel et.
al.1994; Izsak & Jacobson, 2015; Tirsoh & Graeber, 1990). Fischbein, Deri, Nello,
and Marino (1985) proposed that mathematical operations are “attached to the
primitive behavioral models which have an impact on the choice of an operation” (p.
3). Even after students learned far beyond their primitive models for the mathematical
operations, they keep being influenced by primitive models (Simon, 1993). Fischbein

et al. (1985) stated that the primitive model of multiplication is repeated addition and
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the primitive models of division is partitive (fair share) and quotative
(measurement). Simon (1993) also stated that partitive division could be defined “an
object or collection of objects is divided into a number of equal fragments or sub
collections” and with quotitive division the purpose is to determine “how many times

a given quantity is contained in another quantity” (p. 235). For instance, according to
Izsak Jacobson, de Araujo, and Orrill (2012) “if each car can take 5 people and 20
people want to go on a field trip, how many cars are needed (how many 5s are in 20)?
" (p. 391) and this is a quotitive situation. Also, “if 20 people want to go on a field trip
and there are 5 cars, how many people should get into each car (how many people in
each of 5 cars)?” (p. 391) and this is a partitive situation.

In other words, the division operation v + w where v and/or w are fractions can
be thought of as “How many w’s are there in one v?”. Olmez (2014) also defines the
operation v + w as v items divided into w groups. In this division operation, v + w, we
should decide whether “we are looking for the number of groups (how many groups)
or for the size of each group (how many in each group)” (p. 6). A response would
have two interpretations. It can be interpreted as how many groups division when v
items are divided by w (i.e., v = w) in each group to find the number of groups. In
contrast, it can be interpreted as how many in each group division when v items are
shared by w groups equally to find the number of units in one group.

For example, on the one hand, when each brownie of an 8-slice brownie is
sliced in half and each slice are placed on a plate (i.e., 8 + 1/2), we would need 16

plates (the number of groups) (see Figure 2).
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1 eight-slice brownie

OOOO
OOOO
OOO
OOOO

when each slice is divided 16 plates are needed
in half and shared to a
plate

Figure 2. How-many-group division

On the other hand, if we are looking for how many slices in a whole group if
there are 8 slices in half of a group (i.e., 8 + 1/2), there becomes 16 slices on the plate

(the number of units in 1 group) (see Figure 3).

1 eight-slice brownie in half of a group

There are 16 slices brownie in one group

There should be 16 slices constituting the original

slices in one group

Figure 3. How-many-in-one-group division



Merely having an interpretation for multiplication and division (quotitive or
partitive) is not always sufficient to complete a fraction task which requires some
multiplicative operation when numbers are embedded in problem situations (Izsak,
Lobato, Orrill, & Jacobson, 2011). There is a need to be able to understand the

quantities to which numbers refer and to show units and groups in an equation. For

example, for the problem: 4 chocolate factory uses 11—0 of a bag of cacao in each batch

of chocolate. The factory used % of a bag of cacao yesterday. How many batches of

chocolates did the factory make?, there is a need to decide what the number of groups,

number of units, product amount, and the what the question is asking for. First, the
whole amount is g and that is product amount, the amount in each batch is % that is

the number of the units, and the question is asking number of the batches that is the

number of the groups. Therefore, considering the equation in the form of (the number

of units) ¢ (the number of groups)= (product amount), our equation is %-

(the number of groups) = % Thus, the number of groups is § - % = é -10= 2=

the number of groups that gives the number of the batches and concludes the

solution (see Figure 4).

The shaded area represents %

The shaded area represents %
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Question: How many groups of pink shaded area are there in blue shaded area?

Answer: There will be two groups of % in g

Figure 4. Pictorial solution for example question

Understanding various interpretations of multiplicative situations with
fractions and conceptual underpinnings of this concept is crucial since making
reasoning for these foundations takes the understanding division with fractions beyond
memorization of the rules. There has been a rising acknowledgment over the past
several decades that students have been taught fraction arithmetic by memorizing steps
and numerical procedures instead of learning these mathematical concepts
conceptually (Murray, Olivier, & De Beer, 1999).

2.1. Analytical Framework

In this study, the analytical framework developed by Izsak, Jacobson, and
Orrill (2014) was used to explore the prospective teachers’ reasoning about the
fractions. Beckmann and Izsdk (2015) formulized the multiplicative situations
equation representing multiplicative structure in the form of NeM= P., where the
multiplicand (N) is the number of the units in each whole group, the multiplier (M) is
the number of the groups, and the product amount (P) is the total number of units in
all the groups. A key feature is consistently writing multiplicand and the multiplier in
the same order. Following Beckmann and Izsak, in this study, multiplication
expressions are considered in the form of “multiplicand ¢ multiplier” (N*M). I used
this analytical framework in my study because it provides a distinct way to compare
different types of interpretations by using NeM= P equation. According to Izsdk et al.
(2011), interpretation of partitive division requires answering the question “how many

objects (or units) are in each group when A objects (or units) are separated into B
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groups” (p. 17). In contrast, interpretation of quotitive division situations requires
answering the question “how many groups are formed when A objects (or units) are
separated into groups of B objects (or units)” (p. 17). According to both Izsak, et al.
(2011) and Ma (1999), teachers have a better performance with whole numbers with
partitive division (i.e., fair sharing). They also proposed that there are very few
teachers who can recognize multiplicative situations. To better equip teachers to better
understand operations, more research exploring pre-service and in-service teachers’
understanding of multiplicative relationships is needed.

Multiplication/Division NeM=P
(# of units in each/one whole group) ¢ (#of]
groups)

= (# of units in M group)
Multiplication Situations (MS) Ne M= [
where P is the unknown
Partitive Division Situations (PDS) s M=P
where N is the unknown
Quotitive Division Situations (QDS) Ne[J=P
where M is the unknown

Figure 5. The analytical framework used in the study (adapted from Izsék et al., 2011, p. 19)

Figure 5 shows that in an equation in the form of NeM =P,

e when N and M are known and P is unknown, it is a multiplication situation.

e when M and P are known, it is partitive, fair sharing, or how many units in 1

group situation.

e when N and P are known, it is quotitive, measurement, or how many groups

situation.

Figure 6 shows three sample questions from my data and for each question, sample
solutions and their interpretations using the analytical framework (see Figure 5).
According to Figure 6, first question is MS, the second one is PDS, and third question
is QDS.
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Problem Solution Analytical | Interpretation
Framework
If %of a gallon % is number of units in 1 | N M= [] MS
ice cream weighs | group that is N, = is the v}vlhere Pis
1 pound, then 3 the
how man number of the group unknown
ow many ) that is M, and the

gallons a.re 3 of number of units in g
arp oglr})d lce group that is product
cream: amount (P) is unknown.

Thatis>x 2=Pso

3 * 2 3 1

P=ix35%73
If 330f a pint of § is number of groups, | O* M=P PDS
ice cream weighs | the number of the units | Where P is
% of a pound, in 1 group is unknown the
4 . 3. unknown
then how much | thatis N, and —is the
does 1 pint of ice | number of the units in
cream weigh? M group that is product

amount. That is N X

2 3 3.2

-=-sON=-+-=

3 4 4 3

332

472 8
If%ofa gallon Z is number of unitsin 1 | N =P QDS
ice cream weighs | group, the number of | Where N is
1 pound, then the group is unknown the

unknown

how much does
2 .
3 of a gallon ice
cream weigh?

that is M, and g is the

number of the units in %
group that is product
amount. That is % X

2 2 .3

M=>soM=-+-=
3 3 4

2.4 _ 8

373 9

Figure 6. Sample questions with their solutions and interpretations utilizing the analytical

framework
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CHAPTER 3

METHOD

The purpose of this qualitative case study was to investigate middle school
prospective teachers’ performance on paper-and-pencil test items about fractions by
concentrating on their use of the multiplicative situation interpretations. I investigated
to what extent middle school prospective teachers make explicit use of specific
features from the instruction including the use of equations and quantitative meanings
for multiplication and division in their solution methods. In this chapter, first I will
discuss the research method. Then I will describe the data collection and analysis
procedures followed.

3.1. Research Design

The purpose of this study was to explore middle school prospective teachers’
performance of interpretation of multiplicative situations on paper-and-pencil test
items about fraction on a word problem. The focus was on their use of the equation in
the form of N « M= P by determining the number of units and the number of groups
in a fraction word problem. I examined how they interpreted the multiplicative
situation in the fraction task regarding quantities (i.e., units and groups) with an
equation considering N ¢ M= P, various notations, and specific meanings for
multiplication and division (i.e., MS, PDS, and QDS).

To address the research questions: (1) What interpretations do middle school
prospective teachers make with fraction problems that involve multiplicative
situations?; (2) To what extent did middle school prospective teachers make explicit
use of specific features from the instruction including the use of equations and
quantitative meanings for multiplication and division in their solution methods?,

qualitative methods were utilized to examine pre-service teachers’ solutions.
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Qualitative research methods were used to discover the meanings that
participants created in context or an activity (Wolcott, 2009). When reviewing
prospective teachers written work qualitatively, I analyzed features of solutions to
determine what they employed. I also provided frequency tables to reveal additional
information and help clarify the primarily qualitative study. With qualitative approach,
“the researcher builds a complex, holistic picture, analyzes words, reports detailed
views of informants, and conducts the study in a natural setting” (Creswell, 2008, p.
15).

This qualitative case study explored the following question: (a) What
interpretations do middle school prospective teachers make with fraction problems
that involve multiplicative situations? (b) To what extent did middle school
prospective teachers make explicit use of specific features from the instruction
including the use of equations and quantitative meanings for multiplication and
division in their solution methods? Yin (2003, 2009) proposed that in a case study,
participant behavior manipulation is not possible. This methodology can be accepted
as “a phenomenon...bounded by a certain context...in effect [it is] your unit of
analysis” (Miles & Huberman, 1994, p. 25). In this study, the prospective teachers’
classroom represents the unit of analysis. In the data collection and data analysis part,
I explain the qualitative data collection and analysis procedure.

3.2. Participants and Data Collection

Data for the present study were collected from 13 junior middle school
prospective mathematics teachers at a large, public university in the Southeastern
United States during the Spring 2017 semester of a two-semester mathematics content
course. The first semester focused on numbers and operations, and the second
semester focused on topics related to fraction division, ratio, proportional
relationships, and algebra. Both courses emphasized the meaning of multiplicative
situations and included multiplication, division, and fractions. These courses were
designed to help prospective teachers develop practices outlined in the Common Core
State Standards (CCSS) for Mathematics (National Governors Association Center for
Best Practices & Council of Chief State School Officers, 2010).
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These practices are “make sense of problems and persevere in solving them;
reason abstractly and quantitatively; construct viable arguments and critique the
reasoning of others; model with mathematics; use appropriate tools strategically;
attend to precision; look for and make use of structure; and look for and express
regularity in repeated reasoning” (CCSS, 2010). Throughout the course, a textbook
“Mathematics for Elementary Teachers with Activities” (Beckmann, 2014) was
used. It was a routine practice in these courses that the prospective teachers worked
in groups during class and work on tasks collaboratively interpreting the multiplicative
situation in the fraction task regarding quantities considering NeM= P formulization,
using various notations, and specific meanings for multiplication and division;
however, they individually completed homework assignments and examinations.

The timelines below summarize the topics covered in the first and second
semester courses. As shown in Figure 7, number operations were included mainly in

the first course and algebra was included in the second course.
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Figure 7. Timeline of the First Course in Fall 2017

As shown in Figure 8, the second course addressed fraction division, ratio and

proportional relationships, statistics, probability, and number theory.
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Figure 8. Timeline of the Second Course in Spring 2018

Instructor of this course who worked with prospective teachers for years and
allows students think, question, and look for ways to go more deeply into the material.
In the classroom, prospective teachers collaborate with peers and share and generate
knowledge with their groupmates first and classmates later, so prospective teachers
grapple with the ideas together in the groups when working on in class activities.
Instructor of this course is interested in prospective teachers’ reasoning about ratio
and proportional relationships and associated multiplicative ideas. In the class, the
instructor aimed to figure out what is harder for the teachers, what is easier, and how
they think about those tightly intertwined ideas. The instructor of this course thinks
that there are two types of ratios and proportional relationships that fit with the two
types of division. There is a “how many in each group” type of division and a “how
many groups” type of division, and there is a parallel situation for ratios and
proportional relationships. Therefore, the instructor decided to explore how

prospective teachers understand different definitions or versions of ratios and
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proportional relationships. This a two-semester mathematics content course was
designed by considering those purposes. This course helped students make sense of
problems and persevere in solving, reasoning, modeling, arguing, and critiquing them
and develop a fundamental knowledge for fractions, fraction arithmetic, ratio and
proportional relationships, statistics, probability, and number theory.

In this study, I selected a question which comprised of five sub-questions from
the second semester’s final exam to analyze (see Figure 9) since this question allowed
the middle grades prospective teachers to choose their solutions for MS, PDS, or QDS,
as opposed to items that directed them to use a particular one.

2.3

2. Which of the following word problems are problems for £ -+ =?, which are for
3 % =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

group or how-many-groups.

(a) If % of a pint of ice cream weighs Z* of a pound, then how much does 1 pint
of ice cream weigh?

(b) If % of a pint of ice cream weighs % of a pound, then how many pints of ice
cream weigh 1 pound?

(c) If there is % of a pint of ice cream and you eat % of that ice cream, then how
much ice cream did you eat?

(a) If % of a gallon of ice cream weighs 1 pound, then how much does 2 of a

3
gallon of ice cream weigh?

(e) If % of a gallon of ice cream weighs 1 pound, then how many gallons are %
of a pound of ice cream?

Figure 9. The task items used for data collection
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For each sub question, structure of the task and answer key is provided in Figure 9.

Task Usual Usual Quantities | Writing Situation

item Potential Equations Interpretations
Answers

a For the N is number of This The operation is
equation base units in 1 question is | 3/4+2/3 which is asking
NeM=P group, M is the 7¢2/3=3/4 | how many units in one
where N=? number of groups, group. Thus, it is how-
M=2/3,and | and P is the many-units-in-one-
P=3/4. number of base group division or PDS

units in 2/3 group. problem.

b For the N is number of This The operation is
equation base units in 1 question is | 2/3+3/4 which is asking
NeM=P group, M is the ?¢3/4=2/3 | how many units in one
where N=?, | number of groups, group. Thus, it is how-
M=3/4,and | and P is the many-units-in-one-
P=2/3. number of base group division or PDS

units in 3/4 group. problem.

c For the N is number of This The operation is 3/4+2/3
equation base units in 1 question is | which is asking for
NeM=P group, M is the 3/4+2/3=P | multiplication
where number of groups, operation. Thus, it is
N=3/4, and P is the MS problem.
M=2/3,and | number of base
P=? units in 2/3 group.

d For the N is number of This The operation is
equation base units in 1 question is | 2/3+3/4 which is asking
NeM=P group, M is the 3/4eM= how many groups.
where number of groups, | 2/3 Thus, it is how-many-
N=3/4, M=?, | and P is the group division or QDS
and P= number of base problem.

2/3. units in ? group.

e For the N is number of This The operation is 3/4+2/3
equation base units in 1 question is | which is asking for
Ne M=P group, M is the 3/4+2/3=P | multiplication
where number of groups, operation. Thus, it is
N=3/4, and P is the MS problem.

M=2/3, and number of base
P=? units in 2/3 group.
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Data analysis was guided by grounded theory methodology. Charmaz (2006)
defined grounded theory as methods that “consist of systematic, yet flexible guidelines
for collecting and analyzing qualitative data to construct theories ‘grounded’ in the
data themselves” (p. 2). The purpose in grounded theory is for researcher allow what
is relevant to one’s research question to emerge from the data. Hutchinson (1988)
focusses the relevance of grounded theory method to education, noting that grounded
theory allows for the explanation of the everyday world of teachers and students. With
“a focus on lived experience, patterns of experience and judging and appraising the
experience”, grounded theory provides a way to “study the richness and diversity of
human experience” (Hutchinson, 1988, p. 127).

Creativity is crucial in the grounded theory since researcher can “break through
assumptions and create new order out of the old” (p. 27). Being creative helps naming
categories. Grounded theory follows a three-stage process to coding the data. Open
coding involves identifying concepts. Data were compared and sorted according to
themes. In axial coding stage, the researcher looks for relationships between categories
by comparing with each other. Another stage in the coding is the selective coding. In
selective coding the core category in which the final analysis was done is selected.
The words and codes were analyzed and grouped together according to common
theme (Charmaz, 2006). Grounded theory provided a framework to analyze data
through sensitizing the concepts.

In this study, I will use Figure 10 as a coding schema. It has four categories as
category 0, category 1, category 2, and category 3. Having categories was helpful
because it provided me to have a strong organizational structure is paramount to see
how each solution is different than another solution and to understand if prospective
teachers solved problems correctly, completely or if they included any information
about multiplication and division, units and groups, and multiplicative situation
interpretations.. The hierarchy between categories allowed me to identify each
solution for each prospective teacher.

Drawing on the analytical framework, prospective teachers’ solutions were

classified under category 0, category 1, category 2, and category 3 (see Figure 10).
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Those categories were prepared according to steps for grounded theory as open
coding. In a solution, I am looking at three main things: (a) if prospective teachers
use multiplication or division correctly (i.e., use of the multiplication sign x or *, and
mentioning multiplication in a statement), (b) if prospective teachers included any
explicit and correct information about the number of units and groups, and (c) if
prospective teachers interpreted the multiplicative situation correctly. The category
0 included prospective teachers’ solutions that consist of use of incorrect,
incomplete, or not included multiplication or division operations, have incorrect,
incomplete, or not included information about the units and groups, and have
incorrect, incomplete, or not included interpretations of multiplicative situations
altogether. The category 1 comprised of prospective teachers’ solutions that include
incorrect, not completed, or not included information for two of a, b, and c. The
category 2 comprised of prospective teachers’ solutions that include only one
incorrect, incomplete, or not included from a, b, and c. The category 3 comprised of
prospective teachers’ solutions that includes correct solutions for a, b, and ¢
altogether.

3.3. Ethical Considerations

In order for research to be trusted four constructs need to be developed:
credibility, transferability, dependability, and confirmability (Marshall & Rossman,
2006). In this study credibility is addressed by analyzing the data from the classroom
assessments. Credibility is also addressed by analyst triangulation because two
different researchers have reviewed the analysis and the results were carefully
compared. Transferability is demonstrated when researchers “argue that findings will
be useful to others in similar situations, with similar research questions or questions
of practice” (Marshall & Rossman, 2006, p. 201). Confirmability in this research was
addressed through adhering to internal consistency of the data in relation to findings,
interpretations, and recommendations. To address confirmability, I situated the study
in the research literature. Two raters independently worked on the data by looking at

the criteria tables for categories and criteria for each interpretation (which have been
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created and developed by me). This resulted in an interrater reliability (Cohen’s
Kappa) of between .87-.95 on individual questions.

In this study, all of the ethical guidelines of the University’s Institutional
Review Board (IRB) were followed. In order to protect the participants’ privacy, all
of the student’s exam questions were coded using pseudonyms. The data were
password-protected, and the computer was locked when not in use. All of the
participants were made aware that I would be careful to protect their confidentiality
and privacy. As is customary, they were also offered the opportunity to withdraw
from the study at any time without a penalty in the course.

3.4. Data Analysis

In the qualitative data analysis, “a code is a researcher-generated construct
that symbolizes or translate data and thus attributes interpreted meaning to each
individual datum for later purposes of pattern detection, categorization, assertion, or
proposition development, theory-building, and other analytic processes” (Saldana,
2017, p. 1). In this study, after data collection, I used open coding. I read data word-
by-word initially. Then I broke the data up into their component parts or properties,
looked for tacit assumptions, or explicated implicit actions and meanings; crystallized
the significant of the points, and compared data with data. In this process, I checked
if prospective teachers included multiplicative situations (multiplication and division)
and how they represented multiplication and division operations, if they included any
information about groups and base units in their response, if they included
multiplicative situation interpretation explicitly or implicitly by considering definition
and distinctions of interpretations. After detecting all of these, I compared 13
prospective teachers’ responses for five sub-questions on the final exam of the content
course by considering my open coding. With axial coding stage, based on my
comparison of prospective teachers’ responses, I decided to have three categories. I

looked at relationships among categories that allowed making connections among
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prospective teachers’ responses. Table 1 shows structure of the task and potential
answers. The prospective teachers can have different solution methods.

Table 1. Coding Schema

In my analysis, I checked if prospective teachers:

a) Include division or multiplication
o Indicator for multiplication:
= Use of the multiplication sign x or * (e.g., NeM=P)
= Mention multiplication in a statement
o Indicator for division:
= Use of division operation sign +
= Mention division in a statement
= Use the multiplication with a missing factor (e.g., N« 7 =
P)
b) Include quantities and number of units and number of groups
o Showing the number of units and groups for M, N and P correctly
and this can be explicit or implicit
= e.g., for question d, N is the number of units that is 3/4
and M is the number of groups and that is unknown when
P is the number of units in M group and that is 2/3. That is
an explicit demonstration of quantities and number of
units and number of groups.
= e.g., for question ¢, % is pint ice-cream in 1 group, 2/3 is
group, and ? is the pint ice cream in 2/3 group. That is not
an explicit demonstration of quantities and number of
units and number of groups, but it is still correct and this
will be enough for my coding.
¢) Include multiplicative situation interpretations
o Indicators for Multiplicative Situation Interpretations
=  when M and P are known and N is unknown: how-many-
in-one-groups division or partitive division
= when N and P are known: how-many-groups division or
quotitive division
* when M and N are known and P is unknown:
multiplication situation or neither (i.e., neither means it is
not PDS or QDS)
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Table 1 (continued).

Criteria for Category 0 Criteria for Category 1

e Ifprospective teachers have e Ifprospective teachers have
incorrect solutions for a, b, and ¢ incorrect solution for two of a, b,
altogether, and c,

e Ifprospective teachers have e Ifprospective teachers have
incomplete solutions for a, b, and ¢ incomplete solutions for two of a, b,
altogether, and c,

e [fprospective teachers do not e Ifprospective teachers do not
include a, b, and c altogether in their mention two of a, b, and ¢
solutions, their response for the question is

their response for the question is | categorized in category 1
categorized in category 0

Criteria for Category 2 Criteria for Category 3
e [fprospective teachers have e Ifprospective teachers have correct
incorrect solution for one of a, b, solutions for a, b, and ¢ altogether
and c, their response for the question is
e Ifprospective teachers have categorized in category 3
incomplete solutions for one of a, b,
and c,

e Ifprospective teachers do not
mention one of a, b, and ¢

their response for the question is

categorized in category 2

By using coding schema, [ provide some examples of the use of coding schema
for each category from Figure 10a through Figure 10d. PT 6’s solution for d (see
Figure 10a) was coded as category 0 since PT 6 used multiplication rather than
division, did not include any information about the number of units and groups, and
interpreted this situation as MS instead of PDS. PT 5 for question b (see Figure 10b)
had similar issues for the number of units and groups and interpretation, but PT 5 used
division correctly, so this solution was in category 1. Also, PT 12 for the solution of a
(see Figure 10c), correctly used multiplication, and interpreted situation as MS, but
unfortunately, did not included any information about the number of groups and units,

so I coded this solution as category 2. Unlike these solutions, PT 7 used multiplication
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correctly, included information about units and groups, and interpreted the situation

correctly, so it is in category 3 (see Figure 10d).
PT’s Solution

(d) If § of a gallon of ice cream weighs 1 pound, then how muc} does 2 of a
gallon of ice cream weigh?

it This ' Prob|em ] ]
Mtrec, This 1S MU PlICCHOW .
. - R e

Explanation

Category 0:
a) Multiplication/Division: Incorrect
e PT 6 used the multiplication, but for this question PT 6 should use
division.
b) Groups and base units: Not Included
e PT 6 did not include information about groups and base units.
¢) Multiplicative situation interpretation: Incorrect
PT 6 interpreted this situation as MS not QDS.

Figure 10a. Samples of PTs’ solutions for category 0

PT’s solution

U VY Wt

EaY

% a0
(b) If 2 of a pint of ice cream weighs 3 3 of a pound, then how many pints of ice

crmm weigh 1 pound?

Zone w2, WS WNOW dnar pgier wages Y4\, 5o lhou sk
CY MOONY  AWVPS 3C  2jacink wernang |l —> Wng B = \npw e

? —7l\b ayoops dwision — 2/ = 3],

fotv |

x
o m—— (c) If there is % of a pint of ice cream and you eat % of that ice cream, then how
l\b o much ice cream did you eat?
Al i ie 2 ranllcolisadian Omdem * We nave, S Alnk
.
Explanation

Category 1:
a) Multiplication/Division: Correct
e PT 5 used the division operation sign.
b) Groups and base units: Not Included
e PT 5 did not include information about groups and base units.
¢) Multiplicative situation interpretation: Incorrect
PT 5 interpreted this situation as QDS not PDS.

Figure 10b. Samples of PTs’ solutions for category 1
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PT’s Solution

(a) If § of a pint of ice cream weighs 3 of a pound, then how much does 1 pint
of ice cream weigh?

P, ; Zpt =y by 3 ri-_;_
s ® Y G i = 71507\
14d a tade, we confrd e
A&W\ Bﬁ ‘l“ rél:bj‘l‘ w%ourun\mm WWWMQNHW o‘uyfﬂnﬁv .

(b] lf 2 of a pint of ice cr

Explanatlon

Category 2:
a) Multiplication/Division: Correct

e PT 12 used the division operation sign.
b) Groups and base units: Not Included

e PT 12 did not include information about groups and base units.
c) Multiplicative situation interpretation: Correct

e PT 12 interpreted this situation as PDS.

Figure 10c. Samples of PTs’ solutions for category 2

PT’s Solution

L3 o AT\
me is § of a pint of ice cream and you eat % of that ice cream, then how

much ice cream did you eat? 1 \\“ iy N L\’&\\Qr T\\\S R VA Coud, \|
\'s\\u\\‘o\\ \\m\ W ACakPn DOVARMAY 3

2 -

X = =7

V)'c\\(.\\_\ e’y *Mopias ice cream ?l‘ - ‘R
N, v re < A, A " . 1‘\ 5 “.
\ “rove G UV FARY 713 gid-hat ARA, 3';‘ Pl Y ofvive 4 V:\ \, We Urttuna,
Y1 uf @ iy o ‘7‘___? OToiwa W VAS Avone
[ T A "\ LV )
Explanation

Category 3:
a) Multiplication/Division: Correct
e PT 7 used the multiplication operation sign.
b) Groups and base units: Correct
e PT 7 included information about groups and base units correctly.
c) Multiplicative situation interpretation: Correct
e PT 7 interpreted this situation as MS.

Figure 10d. Samples of PTs’ solutions for category 3
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CHAPTER 4

RESULTS

Middle grades prospective teachers who completed the two-semester sequence
of content courses emphasizing topics related to ratio, proportional relationships,
fraction division, algebra, and the meaning of multiplication were able to interpret the
multiplicative operations appropriately. When working on a task that allowed them to
decide their own choice for multiplication situation (MS), partitive division situation
(PDS), and quotitive division situation (QDS). Results showed that prospective
teachers used strategies involving multiplicative situations after completing a two-
semester sequence of mathematics content courses on fraction tasks. This instructional
approach supported the development of an understanding of multiplicative operations
with fractions and understanding of the meaning of multiplication and division for
middle school prospective teachers.

In Table 2, I used color codes for each PST’s solutions for each sub questions.
The purpose of this table is to be able to explicitly and specifically show the extent
middle school prospective teachers made explicit use of specific features from the
instruction including the use of equations and quantitative meanings for multiplication
and division in their solution methods and interpretations middle school prospective
teachers made with fraction problems that involve multiplicative situations. More
details for each prospective teacher for each question were included in appendices (see
Appendices A-M). Table 1 shows each prospective teachers’ performance for every
sub-question. For example, prospective teacher 1 (PT 1) used division operation sign
for the solution of b correctly and did not include information about units and groups
in her solution. Also, PT 1 interpreted the situation as PDS correctly and explicitly.
Thus, PT 1 is in the category 2 considering the coding schema. According to table

below, green shows these three criteria that use of multiplication and/or division, use
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of groups and base units, and division interpretations are completely correct, red
shows that prospective teachers’ solutions for each sub question is wrong, yellow
shows that in prospective teachers responses for each sub question the criteria was not
included, and blue shows that in prospective teachers’ responses these three criteria
were included but the response was incomplete.

The study showed that six prospective teachers (PT 1, PT 2, PT 4, PT 7, PT &,
and PT 13) used multiplicative situation operation signs correctly and appropriately
for each question, four prospective teachers (PT 2, PT 7, PT 8, and PT 13) included
the necessary information for the number of the groups and base units correctly and
appropriately for each question, seven prospective teachers (PT 1, PT 2, PT 3, PT 4,
PT 7, PT 8, and PT 13) interpreted multiplicative situations correctly and
appropriately for each question. Three prospective teachers (PT 6, PT 9, and PT 11)
used multiplicative situation operation signs in four out of five sub-questions correctly
and appropriately, three prospective teachers (PT 4, PT 9, and PT 11) included the
necessary information for the number of the groups and base units in four out of five
sub-questions correctly and appropriately, and four prospective teachers (PT 1, PT 4,
PT 5, PT 6, and PT 9) interpreted multiplicative situations in four out of five sub-

questions correctly and appropriately.

Table 2. Prospective teachers’ solutions for the five sub questions with color codes

PTs Criteria a b c d e
Multiplication/ | Use of = | Use of = | Use of X | Use of = | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention

PT 1 | Unit unit and | unit and | unit and | unitand | unit and

(NB) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itas PDS |itas MS |itas it as MS
Interpretation or how- or how- or QDSor |or

many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 2 Cat 3 Cat 3 Cat 2
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Table 2 (continued).

Multiplication/ | Use of + | Use of = | Use of X | Use of ~ Use of X
Division
Group/Base Mention | Mention | Mention | Mention Mention
PT 2 | Unit unitand | unitand | unitand | unit and unit and
(MB) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret it | Interpret
Situations itasPDS |itas PDS |itasMS | asQDS or | it as MS
Interpretation or how- or how- or haw- or
many- many- neither many- neither
units-in- | units-in- groups
one-group | one-group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
Multiplication/ | Use of + | Use of + | Use of X | Use of = Use of X
Division
Group/Base Mention | Mention | Mention | Mention Mention
PT 3 | Unit unit and unit and unit and | unit and unit and
(AC) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret it | Interpret
Situations itasPDS |itas PDS |itas MS | as QDS or | itas MS
Interpretation or how- or how- or haw- or
many- many- neither many- neither
units-in- | units-in- groups
one-group | one-group
Category (Cat) Cat 3 Cat 3 Cat 1 Cat 2 Cat 3
Multiplication/ | Use of + | Use of = | Use of X | Use of +~ Use of X
PT 4 | Division
(EE) | Group/Base Mention | Mention | Mention | Mention | Mention
Unit unit and unit and unit and | unit and unit and
group group group group group
(unit is
wrong, but
group is
correct)
Multiplicative | Interpret | Interpret | Interpret | Interpret it | Interpret
Situations itasPDS |itas PDS |itasMS | asQDS or | it as MS
Interpretation or how- or how- or haw- or
many- many- neither many- neither
units-in- | units-in- groups
one-group | one-group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 2 Cat 3
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Table 2 (continued).

Multiplication/ | Use of + | Use of + | Use of X | Use of + | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT 5 | Unit unitand | unitand | unitand | unitand | unit and
JG) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itas PDS |itas MS |itas QDS |itas MS
Interpretation | or how- or how- or or haw- | or
many- many- neither many- neither
units-in- | units-in- groups
one- one-
group group
Category (Cat) Cat 2 Cat 1 Cat 1 Cat 2 Cat 2
Multiplication/ | Use of = | Use of + | Use of X | Use of + | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
Unit unit and | unitand | unit and | unit and | unit and
PT 6 group group group group group
(JH) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itas PDS |itas MS |itas QDS |itas MS
Interpretation | or how- | orhow- | or or haw- | or
many- many- neither many- neither
units-in- | units-in- groups
one- one-
group group
Category (Cat) Cat 2 Cat 3 Cat 3 Cat 0 Cat 2
Multiplication/ | Use of = | Use of + | Use of X | Use of + | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
Unit unit and | unit and | unit and | unit and | unit and
PT 7 group group group group group
(LH) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations it as PDS |itas PDS |itas MS |itas QDS |itas MS
Interpretation or how- or how- or or haw- | or
many- many- neither many- neither
units-in- | units-in- groups
one- one-
group group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
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Table 2 (continued).

Multiplication/ | Use of = | Use of = | Use of X | Use of = | Use of X
PT 8 | Division
(CH) | Group/Base Mention | Mention | Mention | Mention | Mention
Unit unit and | unit and | unit and | unit and | unit and
group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations it as PDS | it as PDS |itas MS | itas it as MS
Interpretation | or how- | orhow- | or QDS or |or
many- many- neither | haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
Multiplication/ | Use of + | Use of + | Use of X | Use of + | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT 9 | Unit unit and | unitand | unit and | unitand | unit and
(&) group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itas PDS |itas MS |itas it as MS
Interpretation | or how- | orhow- | or QDS or | or
many- many- neither haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 3 Cat 0 Cat 2 Cat 3
Multiplication/ | Use of = | Use of = | Use of X | Use of = | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT | Unit unit and | unit and | unit and | unit and | unit and
10 group group group group group
(CM) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS | itas PDS |itas MS | itas it as MS
Interpretation | or how- | orhow- | or QDS or |or
many- many- neither | haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 1 Cat 1 Cat 1 Cat 1 Cat 0
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Table 2 (continued).

Multiplication/ | Use of + | Use of =+ | Use of X | Use of = | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
PT | Unit unit and | unit and | unit and | unit and | unit and
11 group group group group group
(SP) Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations it as PDS |itas PDS |itas MS |itas it as MS
Interpretation | or how- | or how- |or QDS or |or
many- many- neither | haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 0 Cat 1 Cat 3 Cat 2
Multiplication/ | Use of + | Use of = | Use of X | Use of + | Use of X
PT | Division
12 | Group/Base Mention | Mention | Mention | Mention | Mention
(AS) | Unit unit and | unit and | unit and | unit and | unit and
group group group group group
Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
Situations itas PDS |itas PDS |itas MS |itas it as MS
Interpretation | or how- | orhow- | or QDS or |or
many- many- neither | haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 2 Cat 1 Cat 0 Cat 0 Cat 3
Multiplication/ | Use of = | Use of = | Use of X | Use of = | Use of X
Division
Group/Base Mention | Mention | Mention | Mention | Mention
Unit unit and | unit and | unit and | unit and | unit and
PT group group group group group
13 Multiplicative | Interpret | Interpret | Interpret | Interpret | Interpret
(WY) | Situations it as PDS |itas PDS |itas MS |itas it as MS
Interpretation | or how- | or how- | or QDS or |or
many- many- neither | haw- neither
units-in- | units-in- many-
one- one- groups
group group
Category (Cat) Cat 3 Cat 3 Cat 3 Cat 3 Cat 3
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Color Meaning

Done correctly

Done incorrectly

Not Included

Included but incomplete

Also, I provide a different version of the Table 1 for more clarification without
using colors. In the next table PTs’ correct responses are showed with “+”, incorrect
responses are showed with “X”, incomplete solutions are showed with “-”, not
included solutions showed with “N”. According to Table 2, 8% of 65 solutions is
categorized in Category 0 (5 out of 65 solutions), 15% of 65 solutions is categorized
in Category 1 (10 out of 65 solutions), 17% of 65 solutions is categorized in Category
2 (11 out of 65 solutions), and 60% of 65 solutions is categorized in Category 3 (39
out of 65 solutions) (see Table 2). This shows that instruction focusing on definitions
multiplicative interpretations of the situations during a mathematics content course
was helpful for prospective teachers to help their learning conceptually multiplicative
operations with fractions and operate correctly and explicitly what they learned.

According to analysis showed by Table 1 and 2, all solutions categorized in
categories 1-3, so there is no solution was categorized as category 0 for the question
a. However, PT 11°s solution for b was categorized in category 0 since this prospective
teacher used division operation sign incorrectly, included the number of groups and
units incorrectly, and interpreted situations incorrectly. Also, solutions of PT 9 and PT
12 were categorized in category 0 since PT 9 did solve whole problem incorrectly
similar to PT 11 and PT 12 did incomplete arithmetical operation for situation, did not
include any information about the number of units and groups, and interpreted
situations incorrectly.

Solutions of PT 6 and PT 12 were categorized in category 0 since they both
did not use operation sign correctly, did not include any information about the number

of units and groups, and did not interpret correctly (see Table 3).
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Table 3. Prospective teachers’

solutions for the five sub-questions

a
Criteria C1 2 3 Cat C1 2 3 Cat C1 c2 (&} Cat | Cl 2 C3 | Cat | CI C3 | Cat

PT1 + + + 3 + + 2 + + + 3 + + + 3 + + 2

PT2 + + + 3 + 3 + + 3 + + 3 + 3

PT3 + 3 + 3 N N + 1 X + 2 + 3

PT4 + + + 3 + + + 3 + + + 3 + + + 3 + + 3

PTS + N 2 N X 1 N + 1 + N + 2 + 2

PT6 + N 2 + + 3 + + 3 X N X 0 4 2

PT7 + + + 3 3 + 3 + + 3 + 3

PT8 + 3 3 + 3 + 3 + 3

PTY9 + + + 3 + + + 3 X X X 0 + + X 2 + + 3

PT 10 X N + 1 X N + 1 + N N 1 X X + 1 X X 0

PT11 + + + 3 X X X 0 + N N 1 + + + 3 + N 2

PT 12 + N + 2 + N X 1 + N + 2 N X 0 + + 3

PT13 + + + 3 + + + 3 + + + 3 + + + 3 + + 3
Frequencies of Categories in each a b ¢ d e Total
question

Cat0 0 1 1 2 1 5
Cat 1 1 3 4 | T 0|10
Cat2 3 1 1 3 4 | n
Cat3 9 8 7 7 8 39
Total 13 13 13 13 13 65

According to analysis when prospective teachers could choose methods, they

used the PDS more often than the QDS and MS correctly and appropriately. Table 3

shows counts for solution classifications to the fraction problem and its five sub

questions. Recall that the task asked for three interpretations as MS, PDS, or QDS.

The counts in Table 4 shows that solutions were provided by 13 middle grades

prospective teachers and each of them solved five sub-questions question a to question

e. 65 solutions were obtained entirely. 26 of these items would be expected to include

MS, 26 of these items would be expected to include PDS, and 13 of these items would

be expected to include QDS. However, according to prospective teachers’ solutions
77% (20 out of 26) of solutions included MS interpretation, 88% (23 out of 26) of
solutions included PDS (19 out of 26) , and 77% (10 out of 13) of solutions included

QDS correctly.
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Table 4. Frequency of correct interpretation for each task item (n = 13)

Sub- Correct interpretation foreach MS PDS QDS
questions sub-question
a PDS 0 13 0
b PDS 0 10 0
c MS 9 0 0
d QDS 0 0 10
e MS 11 0 0
Total # 20/26 23/26 10/13
Percentage 77% 88% T77%

Table 5 shows the frequency of each interpretation for each student and task
item. According to this table, 8% of 65 solutions were categorized in Category 0, 17%
of 65 solutions were categorized in Category 1, 18% of 65 solutions were categorized
in Category 2, and 57% of 65 solutions were categorized in Category 3. Those results
show that more than half of the students correctly and explicitly used division or
multiplication in their solutions including both the number of groups and units, and

interpreted situations correctly and explicitly for the situations (see Table 5).

Table 5. Frequency of each interpretation as MS, PDS, and QDS for each student and each task item

a b c d e
PDS PDS MS QDS MS Total  Percentage
#
Category PT11 PT9 PT6 PT10 5 8%
0 PT 12 PT 12
Category PT PT5 PT3 PT10 11 17%
1 10 PT10 PT5S
PT12 PT6
PT 10
PT 11
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Table 5 (continued).

a b c d e
Category PT5 PT1 PT3 PT1 12 18%
2 PT 6 PT4 PTS
PT PT5 PT6
12 PT9 PTI11
Category PT1 PT2 PT1 PTI1 PT2 37 57%
3 PT2 PT3 PT2 PT2 PT3

PT3 PT4 PT4 PT7 PT 4
PT4 PT6 PT7 PTS PT 7
pT7 PT7 PT8 PTI1 PTS8
PT8 PT8 PT13 PTI13 PTO

PT9 PTO PT 12
PT PT 13 PT 13
11
PT
13

Table 6 shows counts for solution interpretations of 65 solutions for each
category. The counts in Table 5 shows that 12% of 26 solution items which requires
MS placed in Category 0, 19% of 26 solution items which requires MS placed in
Category 1, 15% of 26 solution items which requires MS placed in Category 2, and
54% of 26 solution items which requires MS placed in Category 3. According to this
result, more than half of 26 solutions which requires MS were interpreted correctly.

Another result concerning Table 5 shows that 4% of 26 solution items which
needs PDS placed in Category 0, 15% of 26 solution items which needs PDS placed
in Category 1, 15% of 26 solution items which requires PDS placed in Category 2,
and 65% of 26 items which requires PDS placed in Category 3. Like MS, more than
half of 26 solutions which requires PDS were interpreted correctly.

Furthermore, the other result according to Table 5 demonstrates that 15% of
13 solution items which requires QDS placed in Category 0, 15% of 13 solution items
which requires QDS placed in Category 1, 31% of 13 solution items which requires

QDS placed in Category 2, and 46% of 13 solution items which requires QDS placed
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in Category 3. In contrast to the first two results according to the Table 5, less than
half of 13 solutions which requires QDS were interpreted correctly. Also, when the
percentages in each category were considered, approximately half of prospective
teachers completely can correctly solve each problem by showing arithmetical
operations and including information quantitates and interpretations of situations.
Instruction that support learners in developing conceptual understanding by extending
their knowledge of multiplicative situations from the context of whole numbers and
exploratory evidence indicates that mathematics instruction of this form can have a
positive impact on student learning (Poon 2014). These results reveal that through
instruction engaging learners to develop a knowledge for multiplicative situation
interpretations with fractions help prospective teachers learn the interpretations with
conceptual understanding.

Table 6. Frequency of each interpretation as MS, PDS, and QDS for each category

Category 0 Category 1 Category 2 Category 3
# % # % # % # %
MS  3/26 12 5/26 19 4/26 15 14/26 54
PDS 1/26 4 4/26 15 4/26 15 17/26 65
QDS  2/13 15 1/13 15 4/13 31 6/13 46

In the next section, I will provide at least one example from prospective teacher
solutions for each interpretation and categories. 1 selected those examples that is
related to the title of the example randomly from the appendix that shows more

detailed explanation for each solution of each prospective teachers.

4.1. Some Examples from Prospective Teachers’ Solutions for Multiplicative
Situation Interpretations

4.1.1. Prospective Teachers’ Interpretations of Multiplication Situations (MS)

There are 65 responses in total from 13 middle school prospective teachers.
Prospective teachers interpreted 77% of multiplication situations in the gives task

items. According to results, only 6 of 26 solutions requires MS prospective teachers
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included incorrect interpretations, so 20 out of 26 solutions requires MS were
interpreted correctly by prospective teachers. For example, PT 2 interpreted the given
situation as MS when N and M are known, and P is unknown. The PT 2’s MS
interpretations for ¢ and e were categorized in Category 3 (see Table 3 and 4) because
PT 2 correctly and appropriately interpreted the situation in ¢ and e as MS by sing
multiplication sign and mentioning this situation as “neither” that means this is not a
PDS or QDS. The solutions also included an equation which mainly has appropriate

values for N, M, and P as it is seen in the task item c and e (see Figure 11).

3

2. Which of the following word problems are problems for 3 + 3 =?, which are for
%+ 3 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
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Figure 11. PT 2’s solution

4.1.2. Prospective Teachers’ Interpretations of Partitive Division Situations
(PDS)

Prospective teachers interpreted 88% of partitive division situations in the
gives task items. Three solution requires PDS were incorrect, so 23 out of 26 solutions

included correct interpretation for PDS. For example, PT 13 interpreted the given
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situation as PDS when M and P are known and N is unknown. PT 13’s PDS
interpretations for a and b were categorized in Category 3 (see Table 2). PT 13
mentioned the division is partitive or how-many-units-in-one-group. The solutions
included an equation which mainly included appropriate values for N, M, and P (i.e.,
N is unknown, M is 2/3, and P is 3/4 or N is unknown, M is 3/4, and P is 2/3) as it is
seen in the task item a and b. The PT 13 correctly and appropriately interpreted the
situations in ¢ and e as MS by mentioning it is how-many-units-in-one-group division

problem (see Figure 12).

2. Whlch of the following word problems are problems for 3 + =7, which are for
3+ 3 =7, and which are for neither of those division pl‘ablem.s7 Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
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Figure 12. PT 13’s solution
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4.1.3. Prospective Teachers’ Interpretations of Quotitive Division Situations
(QDS)

Prospective teachers interpreted 77% of QDS in the gives task items. Three of
13 solutions require QDS were interpreted incorrectly by prospective teachers, so 10
out of 13 solutions were correctly interpreted. For example, PT 7 interpreted the given
situation as QDS when N and P are known, the division is quotitive or how-many-
groups. PT 7’s QDS interpretations for d were categorized in Category 3. The
solutions included an equation which mainly included appropriate values for N, M,
and P (i.e., N is 3/4, M is unknown, and P is 2/3 ) as it is seen in the task item a and
b. The PT 4 correctly and appropriately interpreted the situations in d as QDS by

mentioning this is how-many-groups division problem (see Figure 13).
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Figure 13. PT 4’s solution
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In the tables, in the appendix, I present each PST’s work for five sub questions.

In these tables, for each question, prospective teachers’ use of multipli

cation and/or

division, group and base units, and multiplicative situation interpretations have been

reported. Also, in the following part, I provide some analysis examples for category

0-3.

4.2.1. Prospective teachers’ solutions with respect to Category 0

Table 1 and 2 have been useful to see how students have done

for each sub

question with color codes. For example, solution of PT 11 for the sub question b was

categorized in category O since PT 11 did not perform well on the sub

question and

instead of division used multiplication, did not correctly include information for the

number of units and groups and interpreted as MS rather than PDS (see
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Figure 14. PT 11’s solution for b

In the figure 15, PT 9 for ¢ did not solve problem correctly and did not include

any information about units and groups and did not interpret this situation correctly

(see Figure 15). PT 9 used subtraction instead of multiplication that shows PT 9 did

not get if she needs to think multiplicative situations.

(c) If there is _% of a pint of ice cream and you eat 2 of that ice cream, then how

much ice cream did you eat?
3 _2 Not M\Aﬁ/ NUAT) fication
TS o dwtaon,

Figure 15. PT 9’s solution for ¢
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4.2.2. Prospective teachers’ solutions with respect to Category 1

The solution of PT 3 for the sub question ¢ was categorized in category 1 since
PT 3 did not perform well on the sub question. Although PT 3 mentioned “neither”,
PT 3 did not use the multiplication operation sign and did not solve the problem (see

Figure 16).

(c) If there is 3 of a pint of ice cream and you eat "'— of that ice cream, then how
much ice cream did jou eat?

Y\&\U\U Ype ovend 7 A ¥erend
Ny (15 5o WS ned %

Figure 16. PT 3’s solution for ¢

PT 5 solved the problem by using division, but PT 5 did not include
information about groups and base units explicitly and correctly and did not include
correct information about the interpretation about the partitive situation correctly (see

Figure 17).

CAGOAT)
(b) If ¢ ‘ of a pint of ice cream weighs 3 2 of a pound, then how many pints of ice
crenm weigh 1 pound?

W ANOW Phar Hp o Weges /4y sp o whdeh
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APs dwision —» 2[2 = = n

Figure 17. PT 5’s solution for b

4.2.3. Prospective teachers’ solutions with respect to Category 2

The solution of PT 12 for a was categorized in category 2 since PT 12 used the
division correctly, did not include groups and base units in the solution, and interpreted
situation correctly as how many units in one group division”, so it was PDS (see
Figure 18). That is why, PT 12’s first and last criteria are green and second one is

yellow (see Table 2).
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2. Whlch of the following word problems are problems !or + 3 =7, which are for
3 - 3 =7, and which are for neither of those division problems7 Explain how
you can tell from the structure of the problem. For the ones that are division

SO O Lot ar cvision

roblems, say which kind of division problems they are_how-i =
group or how-many-groups.

(a) If § of a pint of ice cream welghs of a pound, then how much does 1 pint /‘(
of ice cream weigh? Sua Fy's
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(b) If 2 of a pint of ice cream weighs $ of a pound, then how many pints of ice

Figure 18. PT 12’s solution for a

The solution of PT 1 for b was categorized in category 2 (see Appendix A and

Table 2) since PT 1 used multiplication operation and included information about

group and base units and interpreted the situation as QDS, but it should be

PDS (see

Figure 19). That is why first and last criteria were shown with green, while the second

one was shown with red (see Table 2).

Al

Figure 19. PT 1’s solution for b

4.2.4. Prospective teachers’ solutions with respect to Category 3
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The solution of PT 9 for a was categorized in category 3 (see Appendix I and

Table 2) since PT 9 used multiplication operation and included group and base units

and interpreted the situation as PDS (see Figure 20). That is why all three criteria

were shown with green (see Table 2).
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2. Which of the following word problems are problems for 3 + ; =?, which are for
2 + 2 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

‘\?l +M:=P (a) "f% of a pint of i ;;e cream weighs § of  pound, then how much does 1 pint
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Figure 20. PT 9’s solution for a

The solution of PT 2 for b was categorized in category 3 (see Appendix B and
Table 2) since PT 2 used multiplication operation and included group and base units
and interpreted the situation as PDS (see Figure 21). That is why all three criteria

were shown with green (see Table 2).

20wy =3 RBese Anik (c) If there is § ToED px& of l(‘e creatn and \%\‘( eat : of that ice cream, then how
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Figure 21. PT 2’s solution for b

The solution of PT 7 for ¢ was categorized in category 3 (see Appendix G and
Table 2) since PT 7 used multiplication operation and included group and base units
and interpreted the situation as MS (see Figure 22). That is why all three criteria were

shown with green (see Table 2).
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Figure 22. PT 7’s solution for ¢

The solution of PT 8 for d was categorized in category 3 (see Appendix H and
Table 2) since PT 8 used multiplication operation and included group and base units
and interpreted the situation as QDS (see Figure 23). That is why all three criteria

were shown with green (see Table 2).
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Figure 23. PT 8’s solution for d

The solution of PT 13 for e was categorized in category 3 (see Appendix M
and Table 2) since PT 13 used multiplication operation and included group and base
units and interpreted the situation as MS (see Figure 24). That is why all three criteria
were shown with green (see Table 2). As well as these examples, in the next part,

solutions of PT 1- 13 with details were provided with all details.
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Figure 24. PT 13’s solution for e
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CHAPTER 5

DISCUSSION AND CONCLUSION

Results of this study revealed that the prospective teachers in this study
correctly interpreted 77% of multiplication, 88% of partitive division, and 77% of
quotitive division situations. 8% of 65 solutions is categorized in Category 0, 15% of
65 solutions is categorized in Category 1, 17% of 65 solutions is categorized in
Category 2, and 60% of 65 solutions is categorized in Category 3.

Multiplicative operations with fractions are at the heart of middle grades
mathematics, so learning and teaching this concept is crucial. Kursav (2017) proposed
that when topics related to fractions, fraction division, fraction multiplication, ratio,
proportional relationships, and algebra were emphasized in a course, middle grades
prospective  teachers were able to interpret multiplicative situations
appropriately. Prospective teachers understanding and awareness of fractions
arithmetic and interpretations of the situations as an essential skill for mathematics
and beyond was limited. The small but representative selection of prospective teachers
provided some evidence of prospective teachers’ developing knowledge for fractions
and fraction arithmetic considering quantities and multiplicative situation
interpretations throughout the content course. This study revealed that through
coursework which emphasized interpreting fraction, multiplicative situations
prospective teachers were more competent in operating with fractions.

This study investigated what interpretations middle school prospective
teachers make with fraction problems that involve multiplicative situations and to
what extent middle school prospective teachers make explicit use of specific features
from the instruction including the use of equations and quantitative meanings for
multiplication and division in their solution methods.

Similar to the finding of Beckmann et al. (2005) who reported that when

prospective teachers were given questions that did not specify the use of division
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they still have used division and incorporated the meaning of division, prospective
teachers in this study used multiplication and division in 53 responses of 65 total
responses for sub questions. In the present study, the use of division was not
specified since the aim was to investigate whether or not the prospective teachers
could use the meaning of division without any direction.

The instructional approach to topics in the multiplicative conceptual field appeared
to support the development of middle grades prospective teachers’ understanding of
multiplicative operations with fractions. This approach also supports prospective
teachers’ understanding of the meaning of multiplication and division and the use of
each interpretation’s (i.e., MS, PDS, and QDS) features. Izsak et al. (2015), this
framework offers prospective teachers an approach to thinking about multiplicative
operations in fraction problems.

To address my research question about what interpretations middle school
prospective teachers, make with fraction problems that involve multiplicative
situations, I can say that in this study, prospective teachers used the PDS more often
than QDS and MS correctly and appropriately. This result represents the first
determination regarding prospective teachers’ tendency when choosing which
appropriate interpretation to work with. According to Fischbein et al. (1985)
“Arithmetical operations were assumed to remain attached to primitive behavioral
models that influence tacitly the choice of an operation even after the learner has had
solid formal-algorithmic training” (p.3). Although in 65 solutions, PDS (88%) is
used more often than QDS (77%), the percentage of use of QDS is not low. This
result is consistent with a considerable amount of research that prospective teachers
attempted to use the PDS rather than the QDS, and prospective teachers found QDS
more difficult than PDS (e.g., Greer 1992; Nillas 2003). One of the main reasons of
finding QDS more difficult is that learners’ intuitive model for division is the
partitive model. However, when the divisor is less than one, PDS may not be
adequate. It is obvious that prospective teachers in this study worked on fraction
problems and so there was the need to QDS. Thus, for this case, the quotitive model

is also helpful like PDS. Fischbein et al. (1985) stated that quotitive interpretation
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was not influential until around age 14 or 15. Research has showed that learners
have difficulties about division and those stem from a lacking view of division
(Fischbein, Deri, Nello, & Marino, 1985; Tirosh & Graeber, 1990).

To address my research questions about the extent middle school prospective
teachers make explicit use of specific features from the instruction including the use
of equations and quantitative meanings for multiplication and division in their
solution methods, I investigated how prospective teachers used groups and units in
their solutions and how they used multiplication and division in their solutions. I
categorized prospective teachers’ solutions according to their performance on each
question considering their use of multiplication and division, units and groups, and
interpretations, 8% of 65 solutions are categorized in Category 0, 15% of 65
solutions are categorized in Category 1, 17% of 65 solutions are categorized in
Category 2, and 60% of 65 solutions are categorized in Category 3. This result
indicates that more than half of solutions of prospective teachers is categorized in
category 3, so those solutions included completely correct answers for use of
multiplication and division, use of units and groups, and multiplicative situation
interpretations. Not only solutions in category 3, but also some other solutions in
category 2 and category 1 included some correct responses for use of multiplication
and division, use of units and groups, and multiplicative situation interpretations (see
Table 1).

All those in mind, I can conclude that prospective teachers can solve
multiplicative situation problems when provided with a learning environment that
encourages them to draw on their intuitive thinking strategies and knowledge of
multiplicative situations within a designed content course similar to in this study.
Given an opportunity to experience a range of structures for multiplicative situations
provides a solid basis for learners’ developing a well conceptual understanding of

the concept.
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5.1. Limitations and Implications for Future Research

As with many qualitative studies, this study is also not without limitations.
First, the sample in this study is only representative of one mathematics education
program at one university and cannot be generalized to a broader context of
prospective teacher education programs. Additionally, the only data source used in
this study were the exam results. Future studies can include additional data sources
such as individual focus group interviews and classroom observations.

While the sample size of the study is small, more participants are needed in
more classes for future work. Also, studies including interviews are required to
further understand prospective teachers’ interpretations of multiplicative situations
with fractions. According to Thanheiser et al. (2014), fractions as numbers is an area
that needs to be investigated genuinely further and that is why there is a need a study
which includes interviews and bigger data sets.

Implications for this study can include theoretical, methodological, and
pedagogical considerations. Although the final exam question consisted of only one
main question, there were five distinct sub questions that asked the PST’s to perform
variety of multiplicative situation interpretations. In future research, different versions
of these questions/tasks can be conducted. This research should also shed light to
teacher education programs in their curriculum interventions for prospective middle
level mathematics teachers specifically for factions with multiplication and division
concepts. Additional research should be conducted in different teacher education

programs to compare and inform different programs
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A. PT 1’s solutions for the five sub questions

APPENDICES

PT 1
NB

2. Whih of the folloving word problems are problems for § + 3 =7, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream wghs 1 of a pound, then how much does 1 plnl
of ice cream weigh?

\ Actwg
\ peurd Xy §1zed 9
®) u}aup.mnmzummweg

o weigh 1 pound?

Y
[C] Il‘thuus]nhp  of"ice cream and yoi nu{’eilhnllcemam then how
uduuuum did you eat?

Ty nr.guum ofice cream weighs 1) b
allon of ice cream

@ o:-;ulon of fce erearm w
ofa pous 1d of ice cream?
Xzt L

2.a.
e Multiplication/Division

o PT 1 used the division operation sign +
3 2

43
e Group and Base units

o PT 1 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation
o PTI1 mentioned this situation as “how-many-units-in-one-
group division problem”
o Thus, PT1 interpreted this situation as PDS.
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A (continued).

PT 1
NB

2. Whh,-h of the following word problems are problems for § + § =7, which are for

=7, and which are for neither of those division problems? Explain how

you can tell from the siructure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream wz.m of a pound, then how much du- 1 pint
of ice cream weigh?

'\{h!

¥ 3
®) n§ ofs pml ol ice. nmm wcghs ofa pound Lllen how mlny pints of ice
cresm wﬂgn 1 pﬂund
AV
Wy

ps oy A base wiit wodl
© Ifthere s H fors I cream and ytu eat § of that ice creamm, then how
much ice cream did you eat?

A e 4
(d) it § of & gallon of ice cream we
gl of oo cugm welgh?

() 11§ nl-;ulon unmmm
oL pousd of s cran?

2.b.

Multiplication/Division

O

PT 1 used the division operation sign +
2 3

34

Group and Base units

O

PT 1 included some information about groups and base
units, but it is not complete and explicit since PT 1 said
that “it gives you # of base units and asks how many
groups only 1 base unit would make”. PT 1 did not
mention which one is base unit or group and the number of
the groups and base units.

Multiplicative situation interpretation

O

O

PT 1 mentioned this situation as “how-many-groups
division problem”

Thus, PT 1 interpreted this situation as QDS, but it should
be PDS
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A (continued).

PT 1
NB

2. Which of the following word problems are problems for § + § =?, which are for
3+3 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs 3 of & pound, then how much does 1 pint.
of ice cream weigh? 0

2

‘ stmetwe |
\ Pourd o exyain  S12¢q Gt
(b) 1f § of a pint of ice cream weighs

cream weigh 1 pound?
2. VXN 2

7 of a gallon of ice cream
lon of ice cceam weigh?

\ b-u- =1 galion

. BUP W
(€) 1f § of a gallon of ice creant weighs 1 pound,
& pound of ice cream?

WS

2.c.
e Multiplication/Division

o PT 1 used the multiplication operation sign X

3 2
Zx =
4 3

e Group and Base units
o PT 1 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation
o PT interpreted this situation as MS
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A (continued).

PT 1
NB

2. Which of the following word problems are problems for § + § =7, which are for
3+ =7, and which are for neither o those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1 § of a pint of ice cream weighs 3 of & pound, then how much does 1 pint
ofice cream weigh? Mis 15 A My

\ pourd

v ot S12¢d
b) ugohp.m n[mn:lﬂmwcg
cream weigh 1| pound?

)\ v-u
of a gallon ol ice cream weiglis 1 pound, then hw mu:h does § of
allon of ice cream weigh?

\ 1. = |
\ bu- =1

2.d.
e Multiplication/Division

o PT 1 used the division operation sign +
2 3

34
¢ Group and Base units
o PT 1 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation
o PT mentioned ‘“how-many-groups division problem”
o PT interpreted it as QDS.
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A (continued).

PT 1
NB

2. Which of the following word problems are problems for § + § =7, which are for
%+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(8) 1 § of a pint of ice cream weighs 3 of & pound, then how much does 1 pint
of ice cream weigh? 4 7 S A M

stmetwe | vl
o ey $12¢d OF ks o 4 D
(b) 16 § of a pint of ice eream weighs § of a pound, then how many pints of

cream weigh 1 pound? wi
2 R 2

I

P
how

yan Ps t
(c) 1f there is § of a piit of ice cream and ytu eat § of that ice cream, then how
much ice cream did you eat?

WOy 1 fhe & b AroATS | ¢ oSy r 4 6y
(d) 1r § of & gallon of ice cream weigls 1 pound, then how much does §
gallon of ice cream weigh? -

Multiplication/Division
o PT 1 used multiplication with multiplication operation
sign X

B w
X
Wl N

Group and Base units
o PT 1 included information about groups and base units but
it is not complete and explicit since PT 1 said that “it gives
you both # of bu in 1 group and asks you to find # bu in a
different sized group”. In PT 1’s statement it is not clear
which one is the number of base units or which one is the
number of groups and not clear with the number of the
groups with “different sized groups”.
Multiplicative situation interpretation
o PT 1 interpreted this situation as MS.
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B. PT 2’s solutions for the five sub questions

PT 2
MB

z

»

W)nch of the following word problems are problems for § + § =?, which are for
1 +1 =7, and which are for neither of those division problems’ Explain how
you cm mll from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

"Moups > Base Uni+s  (a) If § of a pint of ice cream weighs § of a pound, then how much does 1pint 3 . 2 -7
Toups = Fase_Units

: 7 of ice cream we q
Pty 2l WS 18 aﬂm Foy T\ % 27 beaawst t+oq 5% e
fpind = B s i3 asking o VS Kb SF | \a8E Anits */.n“ gt
N B in onc (D‘vow‘?, o ¥ \bs i\ pind Theangey T 0
[T will be VA base wnats o N ¥
X How Many In av«:w(
gy Pousc Unids (b) 11 of a pint of s cream weigh o[npound then how many pints of ce 3. 5,
cream weigh 1 pougd? 5 T =%
Vo7 pind Thas S Lg\u««)« Foc 7 = u : becansa i¢ig X
3o = X ink asking- For The 4? pivdt in | b or, the x/‘,m/uu,
7 a3 3 P vost uts i ,5(0wp The answed will A 546
YR € base wruts, pivis A

* o,
1oups > Base M\ﬂ(c) If there s § 0 DAt of s creRif\afid O eat 3 of that ice cream, then how
| bowl much:cecreamdmyoum'
) 77" Nt YW problem € agking for
T oow\ =2 % it
v 3. 1-. 57
z_ o H e 37
3 % " v in
/‘\,u«» IR ¢
i (d) I § of a gallon of ice cream weighs 1 pound, then how much does § of a & & 2. =
gallon of ice cream wexgh" 7 ~ $ “
B | This ¢ askiner foC 5 = 4 =~ 7 Lecause 14 4T, O
Tl 7‘3‘*""‘ it askingy: fo” the # of arowps, o pounds. in Au L0

b abe
Fx?7:% T anduweer Will be in growps, or pownds

on

— ' Ow waln
7!0\/\93 - &\ ¢ Un \Asu:) u o[ s gallon of oaam dighs 1 pound, then how many gallons are §
TV e of a pound of ice cream? v Foy Ao
& qallon Newhatr, Haig question 8@ vy ¥, 100w M/;'“a
z Zaall 2 3 >
Zlb = 7 qallen Novs  n - /3 \p (4o Of as % 3
3 ¥ o), 3 3

=
Yy x B 7

E —

1 3
Iy i
\\é R 3 \b

2.a.
e Multiplication/Division
o PT 2 used the multiplication with a missing factor

')x—3
T34

o then PT 2 used the division operation sign +
3 2

43
e Group and Base units
o PT 2 included information about the group and units
explicitly and correctly.
=  Groups— Base units
1 pint — ? lbs.
2/3 pint — 3/4 Ibs.
e Multiplicative situation interpretation
o PT 2 mentioned that this situation is “how many in one

group”
PT 2 identified this situation as PDS.
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B (continued).

PT 2
MB

z

»

Which of the following word problems are problems for 3 + § =?, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups

"Moups > Bxase Uni+s  (2) 1f 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint 3. 2 -

PPy wry e of ice cream weigh? = .

pod=r 7 |bs NiS 16 aekina. For YT 7 beawst B 5 e

: > 3y ot

i g s Is mt"“a' for Hae numbac of  bage wndts S(;'“"" /":,\\

2k =2 n _onc ‘b\"’"‘f’vm s | pind Thearsuey, 5 e \
2T 4 will be VA bage \A.r\dx‘of \bs ¥

X How Mang v | aruw(
‘w"—‘ (b) 1f 2 of a pint of ice cream weiglis § of a pound, then how many pints of i€ .3 4

cream weigh 1 pound? %G

Vo7 pind This 1§ asking- Foc 57 Lecansa igig 5? X
o ugkmﬁ for The 3F pivds Tn | lbor, the %apiat™Mib

e Lot i Yyl

3 2
fle =%
2

ts ] - .
5 A wrut in owp. The answes will 7
Y= '/‘ e in bate wruts, o 'p%:f'f& \ﬁ“’
¥, i
: \ o
IOUpy > fo (c) 1F there is §0PA DAY of el creSiaSd B eat 3'of that ice cream, then how
20upy 2 Bese Pk expiimi fontd s 5
3 much ice cream did you eat? )
I oW\ ¥ and- Netr, TS problem € agking foc
) &9 ) [
f2\oou\ 7 7y it
2.2
Ky %29 (5 R R
Wit S T+ r N
o preie UYg o s S
| bow 2 bous
Moyps — Bease s (d) IF § of  gallon of ice cream weighs 1 pound, then how much does 3 of a _12 +% -
] lion of i igh? A
Flo= 3 gllon oS 3 L7 e 1y s
S a3 e
e = Fgallon ic asking: fo” the # o€ arowps, o pounds b TP
e R The ondwes Will be in‘gronps, o pownds
% How wan

—_— DS

STowgs— Base Uriig(e) It § of & gallon ofiocdtscam waighs 1 pound, then how many gallons are §
e of & pound of ice cream? -

| fgallon  Netiatr, s question  sasknyy for how wasg.

o7 3.:&\:.“ zb,.\\cws N 3\ (qreup), OF o e T
IS Q 3

%r,. w3 2 y“' N )T(
haee v

allows

1 lb

in

2.b.
e Multiplication/Division
o PT 2 used the division operation sign +
2 3

3
e Group and Base units
o PT 2 included information about groups and units explicitly
and correctly.
Groups— Base units
pint — ? lbs.
It is asking for # pints in 1 1b. or the # base units in 1
group. The answer will be base units or pints.
e Multiplicative situation interpretation
o PT 2 mentioned this situation as “how many in one group”
Thus, PT 2 interpreted this situation as PDS.
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B (continued).

PT 2
MB

z

Which of the following word problems are problems for 3 + § =?, which are for
§+1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

B

"Moups > Base Uni+s  (8) If § of a pint of ice cream weighs § of a pound, then how much does 1pint 3 . 2 -
Toups > Fase Units
3

of jce cream weigh?

pat=y ‘7 lb¢ ‘t\ms 1 atking. For % + 'L,> : 7 beaawse it &
fpind =2 s s Q\hh{a,, for Y nmbac of  base walts Flea '/”;,«
R & in one rﬁ‘rw\(), or ¥ lbs piv TNearsuey & e ‘“
374 will be VA base wndts o Nbg \

¥ How Wang in | qrows
Tops— Fonic Units (6) 1§ ofa pint of ice cream weig 1 of a pound, then how many pintsofice 3 5

cream weigh 1 poud? ;
1 o= pind This 15 askng- Foc Z%5°7 becansa itic :_ \
o= 2 ik aSkiner For Tt 4 pivdt T | lbor, the % pint b
P ’L,,w Lot uruts in | grpup. The answer will ' e 106
B 3 e n base wruts, o piviks (A
¥, i
10ups = Base Uinite(c) IF there i T Or8 DAt of it credif'afid B eat 3'of that ice cream, then how
0N T v Tuch oo cream did you eat? )
Y i NOthor, 1S problem € agking for
Teoow\ 2 7% p it g, . 5 ) s
.2 o = (R
Q% s L3 X 7 pink
Y pretie B ol S i
ous 2 bows|
Moups 2 fexs¢ Uty (@) IF § of o gallon of ice cream weighs 1 pound, then how much dows § ofa 2 5 & =
M = 3 aallon gallon of ice cream weigh? _  _ , 4 A )
é\» - i Thag i asking: $oC 5= 5 = 7 because i} g1 R
ot Is askingy fo(~the I of groups, o pounds, a7k Al
Fr7:=% The aundwoes Will be in“growps, or pownds

—_— % How wan (o)
S1ougs = Base Uedhsle) It 3 of a gallon of colrcam Wwighs 1 pound, then how many gallons are §
21ougs > gase Unt

== of a pound of ice cream? . c
1o 3 (J,um WALy, s question \gag\\wfa for how Mpu\\&

2 ~

L\ = 7 qallon Noms i 2/ \ (are e e =

tlo 73 ¥ 13 \e (grewp), o0 =

LR RO )Emn, %
\\é 13\ /3 1b

2.c.

Multiplication/Division

o PT 2 used the multiplication with a multiplication operation

sign x

3.2 3 .. 2 . .
" X 3= ? where met in one bowl, 3 bowl, and ? is ? pint

. 2
in - bowl

Group and Base units

o PT 2 included information about the number of groups and

units explicitly and correctly.
Multiplicative situation interpretation

o PT 2 identified this situation as multiplication situation as

MS.
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B (continued).

PT 2
MB

3

»

Wlnch of the following word problems are problems for 3 + § =?, which are for
1+ 1 =7, and which are for neither of those division pmblema7 Explain how
you un tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

3

Tovps - Base Uni+s  (8) lr§ of a pint of ice cream weighs § of a pound, then how much does 1 pint 3. 2 -7
Toups = Fase Units

of ice cream weil 3
pot=r 21k This 1 aﬂm For H 4% 7 beawse it S s
: 3
fpind = B s is Q‘-“'Na hw s v\wv\\u( of lbase wnits Flowm /u_‘l"‘:\
_— in_oncarong, or # bs | pind. Thearuey % et
105 = u + e
3 q will be VA bage wnats o b
XHow many in | qau
{w (b) 1f 3 of a pint of ice cream weiglis § of a pound, then how many pints of ucz N7
E 7

cream weigh 1 pougd?

=" P|1\+ TS 'S askng- Foc %’%{7 becansa i¢ic T 5
o aSking- For The 40 pvdt i ) b or, the Y piatMib

\a ot uruts in :amw\p The answes will "M 100
A e in base Lruts, o piviks i

|
1\\\0-4»

20322
Y =

*o,,
20ups = Bese Pnuds(© I there s $orapis of s treiaSd vﬁ(nz of that ice cream, then how
T much ice cream did you eat?

1Y
ny\aow\’v Ty gred g\w g P(ob\em [N ag\c.,\% foc
T
X = =
e X.9 H 'S -
Y 3 . Ny, inkin
I««‘mh 1/‘50\:4\ ay
| bos 72 bous!
Moyps — Bese Utr (d) lf, of & gallon of ice cream weighs 1 pound, then how much does § of 0 2 5 T -
b = 3 qollorn  gallon of ice cream weigh? R \
> jl ¢ s askiner For I+ % 2 7 Lecause 14 gl el
'“‘ 7!3"‘ lon  j asking: Fo(the 3 of grones, o pounds WAl g
= Y The ondueesr Will be in growps, or pownds

—_— * H w M(lr\‘r :{t,,
Towgs > fase Uns(e) If § of a gallon of iceCtream waighs 1 pound, then how many gallons are 3
To-% of a pound of ice cream?

it gallon Netatn, g question W asHy for how Mnma
% o

2 7 aall 2 . 2 n =
;\b —: 3ﬁ on K\\nv\s M 3 \b(grewp), oF o =4
0 » e

T
3/4 gallon in 1 allons in
\ \é v ;/3 b

2.d.
e Multiplication/Division
o PT 2 used the division operation sign +
3 4
e Group and Base Units
o PT 2 included information about the number of groups and
units explicitly and correctly.
e Multiplicative situation interpretation
o PT 2 mentioned this situation as “how many groups”
o Thus, PT 2 interpreted this situation as QDS.

77




B (continued).

PT 2
MB

z

B

Which of the following word problems are problems for 3 + § =?, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

"Moups > Base Uni+s  (8) If § of a pint of ice cream weighs § of a pound, then how much does 1pint 3 . 2 -
—__ 03¢ YIS

l ight. :

P T RN for H %7 beanseit 1 %
fpind 2 B | is Q\h'\‘a/ for Y numbac of  bage wits o "u:"
2¢% =3 in_oneTqrong, or F s o\ pind Theargy S N
3T Y will be VA base wndts oc Nbg ¥

¥ How Wang in | growe
Tovps— Fonse Unids (b) 1 3 of a pint of ice cream weigfs § of a pound, then how many pints ofice 5 . 4
! 5y cream weigh 1 pougd? SRS TEh
1 lb=17 pind Twis 15 askng Foc T T 77 Lecawsa i¢is

. 3 T A
o= 2 ik aSkinge For The 3 pivde Tn | lbor, the 1/19‘.‘«1/“'.)

I Lo uuts jn | owp. The answed will e 1l
R l'& e n base wruts, o pivirs (e
FHow, FAANA- L DL o
0Py = eise Yhnig(e) I thereis §OYNDIALof it creRin'aid {3 eat  of that ice cream, then how
D0\ iy g Tuch fce cream did you eat? )
S Neter, WS problem € asking. foc
! 27 )
e \oou\ 7 7 it
. 2.2
2 =
.2 p
L LT‘ 3" "7 X
Y pretie B ol ;e
oyl 2 bows)
Moyps — bese Uty (d) 1F § of i gallon of ice cream weighs 1 pound, then how much does fofa 32 % SE‘ =
/. = 3 aallor gallon of ice cream weigh? . .
Ve % qullen This 18 askine Foc Jr =%« 7 Lecnuce T -,L._"

T = Haellon ¢ asking fo(” e 4 o€ acoups, o pounds, il PN
Ix 7% The ondueer Will be in growps, or pownds

— % tHow wan 0o
S1ougs > Ease Urhsle) It 3 of a gallon of celbrcam wighs 1 pound, then how many gallons are §
Tlos3 of a pound of ice cream?

& (Jallw\ 3 Ny, Hnis question s askwgy for how Mau\xa
e o n x
'}\b -7 30~.“ " %L\\u S I Fa\p LY"‘*P). or _}:\ » = e

%;l ) ¢ T
d YRS TOE I, 2 qallons in
A gl 7P

/3 1b

2.e.
e Multiplication/Division
o PT 2 used multiplication with multiplication operation sign X
e Group and Base Units
o PT 2 included information about the number of groups and
units explicitly and correctly.
e Multiplicative situation interpretation
o PT 2 interpreted this situation as multiplication situation.
o Thus, PT 2 interpreted this situation as MS.
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C. PT 3’s solutions for the five sub questions

PT 3
AC 2

2. Which of the following word problems are problems for § + § =?, which are for
3+ 12 =7, and which are for neither of those division pmblem’ Explain how
ynu csn ull from the structure of the problem. For the ones that are division
problems, say which kind of division pmblems they are, how-many-units-in-one-
group or how-many-grou; \\ ? o M \“

A {q
@1 1‘.}:.0‘ q{;r.u cream weighs /l)‘imnd.!hcn bow o doos]pml or x| 9®
Whou MET 2y = xy 2 D)
| uwdy [ow § X =204

1 il Ie = 2y >

,\-w [LRURT Y 3o ) fstng Fof s [ powrd
(b) u ofa E.m ol ice cream weighs § of a pound, thea how many pints of ice g 10U !
Wheu W o P 2 )(7/»{ 2y

U dS [4peur )
& o= ?/ﬂ ] >

(c) If there s § of a pint of ice cream and you eat 3 of that ice cream, then how
much ice cream did jou eat?

WO, Yhre otent B dif¥ereny
LAH\S So WS nod 5
Al
@1 ij?’a\WA then how much dm”ra ro;fmf( ¢
gallon of ice cream weig] —

Y Mopy, Fu— 1 /‘)‘ \ 7 3/‘( 3”"3
9 s i — 7
/c( = a‘Llj S
(e) Hxllisljmmhmmmmywhmm Y "

nib, T e

s 2y

Shid WO b A muldiPicatia Proplen

2.a.
e Multiplication/Division
o PT 3 used the division operation sign +
4 3
e Groups and base units
o PT 3 included information about the groups and units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 3 mentioned this situation as “how many units/group”
o Thus, PT 3 interpreted this situation as PDS
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C (continued).

PT 3
AC

2

2. Which of the following word problems are problems for 3+ =7, which are for
3+ =7, and which are for neither of those division problems? Explain how
Jou can tell from the structure of the problem. For the ones that are division
problems, say which kind of divsion problems they ar, bow-mazy.-unis-r-one-

group or how-many-groups. 19awd
Ait> sz,\ fet (
(@)1 1‘}[9‘ q‘n{ ico cream wighs /prgm.m-n how o [9°
Whow _MArY 2y =% bl
| s (o ! )("a h{

A T

o0 N e 3 of qen sy For TS [
(b) 1 of a pint o ice cream weighs § of a pound, then how many pints ofice (YUt Fe*
cieam wrigh 1 pound?.

e s
Caly = ?’/«{ )

(c) 1f there is § of a pint of ice cream and you eat 3 § of that ice cream, then how
much ice cream did fou eat?

M\Uur Yo arend 3 dif¥erend
Ut \5 So WS nod 5

yel
@ I;jﬁ;%m. then how much doaesy?(:fa ‘\SZMJ ’/
il of o cram v
W oy Thry, Fu—r 1 2/‘)‘ \(7 }/l{ 3"’"‘
9ot 23
ey 7 313~

; (e o).
01ttt Y s, i B 7

O & B

—

Thid Wond e A ma Pt Praglem

2.b.
e Multiplication/Division

o PT 3 used the division operation sign +
2 3

3 4
e Groups and base units
o PT 3 included information about units and groups explicitly
and correctly.
e Multiplicative situation interpretation
o PT 3 mentioned this situation as “how many units/group”
o Thus, PT 3 interpreted this situation as PDS.
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C (continued).

PT 3
AC

2

2. Which of the following word problems are problems for 3 + 3 =?, which are for
1.+ 12 =7, and which are for neither of those division pmblzms” Explain how
you cnn wll from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

group or how-i mnn) groups. \ paw\ " X
T o awed © o i | 9mt
(a) 163 of a py olmn’um ‘euhsj:_mmd_men How much dotslpml
SR o 23y

| s [’ N
(i 1 { lef = /
Jedal WA\ Yy ol 3 of et pstug, Fof iy [ pord
(6) 1 3 of a pint of ice cream weighs  of a pound, then how many pints ofice g YUl F¥0*
cicam weigh-1 pound?

Jn - N TR
(s 5/4 >

(c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then how
much ice crenm did jou eat?

O Y orend D dif Yeren
Upt \s So WS nod 5
Yor -\I’\“r

(@1 }w&ﬁ(\wd then how much do%ss' o{an po\,mu ¢
gallon of ice cream weig) —
Whoy Moy du— 1 2)y Y 7Yy ® o
9 reurs i~ ?
/4( 23] 3
/ x|
(1§ MMM‘““ how many puon:ﬁlz ;O ¥

of & ponnd of ice cream?

NP R S D SR
LT S

Sy WOy e A mulHiPh@tia Proglem

2.c.

Multiplication/Division

o PT 3 did not show the multiplication
Groups and base units

o PT 3 did not include information about groups and base units
Multiplicative situation interpretation

o PT 3 interpreted this situation as MS.
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C (continued).

(c) If there is § of a pint of ice cresm and you eat ] of that ice cream, then how
much ice cream did jou eat

\U\‘lf -\\lro orent 3 difYerend
Ut \S So WS nod 5

YAl
(@) 11 jwﬁeﬂbi?,’m&nd, then how much do%sy?( :}J‘ ‘va:mu '/
gallon of ice cream weigh?
W\ Y\UV “\0” 3)u— 4 /(5( \[ ’) )/L‘ ola‘ﬁ
9ot A5 F
/z.( - N /3

axp
(e 1 M‘&Mhmhwmwgmom& ,o V Lind

of & pound of ice cream?

M-\)(w 3IL( e 2t 3/L| X3 b
/ — Z.[v)

i WO be A paldiPkcatin Proples,

PT 3 2 2.d.
AC g ey b o * Migiplication/Division
ity b ;f\,’é“g.";”hfy"i.‘."’hi:“mﬂ;’n;il".’ﬁ;": - o PT 3 used the division operation sign + and showed the
B R BT o equation wrongly
e 0 Bxmz 3.2
e W gp g of Qe e Far i (R e Groups and base units
® s g e Lease "mmf'%‘" i o PT 3 included information about units and groups explicitly
! !‘1*.35}21’“"' 5 XW“ 3 and correctly.
Cab = )/“! > e Multiplicative situation interpretation

o PT 3 mentioned this situation as “how many groups” problem
PT 3 interpreted it as QDS.
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C (continued).

PT 3
AC

2

2. \V)uch of the following word problems are problems for § +  =?, which are for
3.+ 2 =7, and which are for neither of those division pmblems" Explain how

you can uell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

group or how-many-groups SAn fowd| i3
ol g NG oo © P gt
(a) 13 of a pist of co cream weighs /L:mud.zhen h%

Whou MeT 2l —2 3y Bl
| s (o = )U 1
‘ 1 ’ I+ l/
Jedal WY g Hod of feaud) st Fof 7wy [ pourd
(b) 1 § of a pint of ice cream weighs  of a pound, then how many pints of ice _f YU [5*
cfeam weigh-1_pound? -
W \ou Thand e ’? ’? XVM = 1Ij

h”-\slql" ~
e 5/‘1

(c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then how
much ice crum did jou eat?

N Y orend D dig¥ereny
upt \5 So WS o4 7
et
(@) LW‘—’%M" then how much d@z ofa $ZWJ '/
jon of ice cream weig —
Wiy ter,  sle— 1 2 YT Yy ® g

v
WS 2 7
9 rduy h— ey Tl
>
(&) f§ofa o kn crollb uLQulpound lhenhawmlnygnllons’idre? et

ohpoundol‘-oenum’
PR e S 0 B
/ T 5y
Jhid WO b A palAi@tia Pragles

2.e.
e Multiplication/Division

o PT 3 used multiplication with multiplication operation sign X

3 9 2
4 3
e Group and Base Units

o PT 3 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 3 interpreted this situation as MS
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D. PT 4’s solutions for the five sub questions

PT 4 2.a.
L ) 2 . . . . . .
EE e Multiplication/Division

2, Which of the following word problems are problems for 3 3+1=1, whlch are for

/33 =7, and which are for neither of those division problems? Explain how o PT4 U.SCd the diViSiOIl operation sign -

you.can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many- gmups o

P —
(a) If § of a pint of ice cre Fteam weighs § orn pound, then how much does 1 lfm 4 .
of g cream weigh! K« The proliem v~e zm ow i~

3= 2 . ‘P .
e e B, TS o g;“v\',"‘m‘;‘{’}g/ e Groups and base units

aHEC SRR W “;,;'ﬁ;‘v\g e 'g“,f,\ff S o PT 4 included information about group and base unit
0 o uﬁfw{#fm,;&_w_: RO At i = explicitly and correctly.
g~ %— ?L ‘ ;”‘; EVSU.‘ZSMJX»SPA %5 pintind. ° Multlphcat1V§ situation 1nt‘erp.retat.1on .
U ,bh,;v;mgw s PirtCn - N7 oy pinfsia | 0?7 1P o PT 4 interpreted this situation as mentioned “how much of a
A Wb of.g.m'?uc, cream and you cat o hat e ream, then b group, total base unit in that group, then asks for ‘how many

much ice cream did you eat?
NEITHER . ”
-2 s s o rfptcation pobom bu are in 1 group alone (N)”.

Voiots in S oW o fing how mami ; L .
UFe vacC Sl e in 3 of a QAP o Thus, PT 4 interpreted this situation as PDS.
that i< M4 buin sizl

gallon_| 165 (@) 163 of a gallon of oo"venm weighs 1 pound, then how much da.q: gf{i
‘5/4/ | g;ll;nnljaugam'wsﬂ M7 *T"\l voblent S \{W ne
?TT’.\ “Sine of [ grvp = 2y gall = b
gofirs giiers 195 ~ 612t of 7 oqvovps = 23 gall - 2 [
i tih - 4 ) g Suvvl\’fngvm- ?Algj
. # how WA :y:?? AVIS R
(¢) 1f 3 of a gallon of ice cream weighs"1 poiind, then how many gallons ar

of a pound of ice cream?

golm [ s NEITHER: §- % =? )E*r\ni)s i a M\AthMMhN

< | / i
gl A gapens :/i'of P b in | @ (n
7 Y3 ‘(b‘fm pILE _ﬂﬂ-b,f(m;\o((m)
Corewp) & \BWAM
buin 1I3 q\' v

3

Whor 2o

Yy | ?
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D (continued).

PT 4
EE

(bv)

s |

/4
74
[

o 3

2. Which of the following word problems are problems for(3 + } =7 which are for
/ §+14 =, and which are for neither of those division prablem:'[ Explain how
you.can Lell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups. 1

2P 2%
() 1f % of a pint of. oo Sream weighs § 3f a pound, then how much does 1 pint
of ige cream #eigh'l %

- :KThL Wl oves Yol Now mut~
it ik 5 A Gy Yot b o TAE
win e osin wy\p TEN ASES Fov Now many’
2y pint A"plAr \pint b U arein | qvw along (N

K "new WAy unitsin |- ﬂwuf' "Awvisier

(0"”: o) 162 of?n pint of ice cream weighs 3 of a pound, then how many pintsof ice
pin créam veigh 1 pound? R PO 0ives Py =
5 < - i ’P - M : grvps : w;/\'
: 5 = P thwin Mgoups= Y3 pintin .
gw fmw“ 195 "‘“*"" = N2 o pintsia | b7
AN

¢ ™
v () If there isdofa mf. of ice cream and you eat § of that ice cream, then how
much ice cream did you eat?
v NEITHER
2

1 +-%5-7 HTNisis & muplication PR

Lo Yoowin ASting You o fing hew vani
o 1397 VasC oS are in 23 of a genp

that i< 2 bun sizl

gallon | 1P5 (@) 1F 2 of a gallon of ice'éream weighs 1 pound, then how much doaf
fabdt

L

2z

gl |
5

I Syl es seuon ek M7 kT problenn gives yow AL

0 o e ~Sine of | gulop = 2y gl = | b

v
v 4 \bs ~Giue of 7 wm»w/bgalr?lb
imS  qallens

T e - 4 1) gvp’s \I\:l\’/hvwr\ = 2|bs

A “AY U
. % how WA/ %vv?? aig M‘f\'\
(¢) If 3 of a gallon of ice cream weighs"1 poiand, then how many gallons ar

of a pound of ice cream? -

‘ ¢ ic A roulh plicatie
g NETHER - ?F R ? i 'PKV?‘%\/UI_VV\\[VKJ&XM%
| / i
. gajens ?/i/oh( BT bl i\ qrvele
) (o 14 4 o) AV ()
s - ning fov
byin 1[3 03" w2

2.b.

Multiplication/Division

o PT 4 used the division operation sign +
2 3

34
Groups and base units
o PT 4 included information about group and base unit
explicitly and correctly.
Multiplicative situation interpretation
o PT 4 mentioned that this question is asking # of base units in
1 group.
o Although PT 4 explicitly did not state if it is PDS, PT 4
included definition for PDS in the solution.
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D (continued).

PT 4
EE

O 2

2 thi\ of the following word problems are problems for§ + § =" which are for

=7, and which are for neither of those division problem:" Explain how

ynn.mn tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups. i

AV
(@) 13 o  a pint of ice cream weighs 3 @ pound, then how much does 1 ;:n
of ige cream weigh? |,
K The pwldem onwes Yo Nuw mud~
’?F_ 3_9 o} i “\z ow  That

QAA)
bsin  hdw 65 in Youp, Ten asu fov ow maV\/(}’
»\1;?"‘* 2"53\:‘ ‘st ?u%fve in | grupatone (N

K oW wany unidsin |- ﬂvwf’ "Awisisy
(b) (V) IHoI?n pint of ice cream weighs 3 of a pound, then how many pints)of ice
pin +  créam wengh 1 POund" x Mbuffﬂ mw! =
AP =M : gous ; wf
= P thvin Mgoups=73 F\Mm‘z
= N2 2 s pntsia ) \b?

o
,(.

)
v () If I.hele is}ofaj mt of ice cream and you eat § of that ice cream, then how

much ice cream dld you eat?
‘,/—“‘A—%. S NEITHER

Ve o mgl.h \bS \7\“"‘ in
AN

3" 5 ication polAL
3 Yoots im * o y‘fg”‘y'm"ﬂ fﬂd b A
Wiop e 79077 VasC oS are in 33 of a oo
L that i< 24 bun sizl
ﬂunw\ b5 (d) 1 3 of a gallon of ice'c cremn weighs 1 pound, then how much do-(: gf’f
,2{/4" | sgllon of ice cream-weigh? ax 7 *The pol yow TIL
2y | ? ’23——TF‘ p\ S\uwl@v&"\; 3y gall= | \b
’ bs - Giee of 7 qvovps = 23 qall = 2 L

‘\Lwl\s }llhm!
A
‘J.nv i = 45} 4MUPS vk < 2|bs
\ A~
. # how Wiy 450 aigioy
(e) If2ofa E,l.llon of ice cream weighs'1 poind, then how many gallons ar
of a pound of ice cream? T

gl [ o5 NETHER:® 3% =? *’*V*g ‘ém“‘hm‘&m
Iy | ! L N gt
4 2 9allons  zjef P36 - in \a&m“‘?("
4% o e -4 o VY ()
) - Wnking fov’

buin 1I%q‘ e

2.c.
e Multiplication/Division

o PT 4 used the multiplication with the multiplication
3 2
4 % 3
e Groups and base units
o PT 4 included information about group and base unit
explicitly and correctly.
e Multiplicative situation interpretation
PT 4 interpreted this situation as MS.
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D (continued).

PT 4
EE

o 7

2.-Which, of the following word problems are problems fo 3 + § —" which are for

{3+ =7, and which are for neither of those division problems? Explain how
yaum tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups. W

PR 2
(a) It 3 o _._gﬂu_meam weighs § Fa pound, then how much does 1 pint

b S wldom A ow MU~
?F'*%’? KTV\;? \N\g\ H&‘(bu‘m‘\‘m\f

1bS" 4 o V0Sin angp, mm asu Fov now man/a/
34y pint L“F”J» rpint b.U arein | alont (N)

K ow wany \n‘\\tml avwf’ ‘Awisiey
s @V i ol? int of ice cream weighs 3 of a pound, then how many pintslof ice
(b § of & pint of ice cream weighs § of a pound,

lbs | pint cxenmpwelghlpound" P grives \ﬂﬂﬂ ]
—3— = _:a'*__ ? - M : Qups : |ps -
) = P i hwin Mgowps= %3 memlé
“SWWE‘“ 195 "“"“d" = N7 = o pinsin | \b?
% F [ 1

M
v () If '.here is 3 of a pint of ice cream and you eat } of that ice cream, then how

‘/m_uc_hjmwenh NEITHER
2
1 &%= HThisis & mvmﬁlmﬂm fw A
1 Y ASHng You o find now v
Taop Sine 124°F vasc onits wein 23 of & goup

that i< 24 bun sizl

165 (d) If 3 of & gallon of ice'éream weighs 1 pound, then how much does(]) A

flon
ﬁ;,//q 1 olmleamnata? W7 ey pmbtwwv&ms yon +ne
Uy | ? S “Sine of L guibp = 3y gall = | b
’ golins g 198 ~Gint of 7 quovps = 23 qall = 2 b
.n’ ) b "H“Tb 1 su(\l\chgwﬂv 2|bs
. # how WAy wa" 0\|\I\S’,{,\V"
(e) Io‘r I;L:“%nﬂ}u;c:rc :::,reum weighs"1 poiind, then how meny gallons ar
‘ < & pouth plicatim
golen [ s NEITHER: - % - ?\‘ %mifw‘?w&\?\(za&w
T 1
ks ZI gubs b wm, L8 \%9("
7 | forw, %) A AP ()
Vo) - (ingy fov

buin waq\ we

2.d.
e Multiplication/Division

o PT 4 used the division operation sign +
2 3

3 4
e Groups and base units
o PT 4 included information about group and base unit
explicitly and correctly.
e Multiplicative situation interpretation
o PT 4 mentioned it as “how many groups division” problem
Thus, PT 4 interpreted it as QDS.
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D (continued).

o 2

PT 4 2.e.

2.-Which, of the following word problems are problems fo 3 + § —" which are for

EE Uillomre ::d:ui;;:“:}";:;:;i::“;:?‘:,,:'::L:":‘;.iiz“d;:,:z: e Multiplication/Division
problems, say which kind of division problems they are, how-many-units-in-one- . . . . .
e e o PT 4 used the multiplication operation sign X
(a) "r 2 of a pint of i 5;97 eream weighs § ofa pound, then how much does 1 pint 3 2
of ige cream yei KThe pw eS Yo Vow ML~
'3,"-‘%’? %Pwvy(z\f b i That —X=
15 in o T6Sin Avoup, then nm; fov now ma 4 3
23 pint "-“F”M \pint b v'arein | groupalont (N) .
% H W A Onisin |- Grupdiis (] Group and Base Units
(o) 9000 11 o i o e ram weigh 3 of 8 pound, then bow sy gt o PT 4 included information about group and base unit

pint cxenmeelgh 1 pcund" £ Pabm grives \/“av‘ =

) % . 3= =M : GMups : |ps 1At
; 3 + 'L < =iQis \? u\ﬁ M@‘vﬁ»m s F\nflnlz ' 'eXphCltly al'lq COTI‘eCtly ‘
id ,bw.ww ws IR - N2 oy pintsia | \b? e Multiplicative situation interpretation
? Y . .. .
v © mh:uu!au st of e crom nd you st § g o PT4 1nterpreted this situation as MS.
much _ice cream di )0“”7 EITHEK
¢ ‘?F -3-7 FThisis & mv\hﬂltnﬁm fwb\uﬂ
: Yo Asting You o fingd hew vaan
Mhop Jine 789™f A AT F R e
ad ) Hhat i< ZH pon sizt
qallon | 1b5 (@) 1 L of a pallon of ice's cmlm weighs 1 pound, then how much dm‘ s
5 | | slancliecmmadel? M7 sk Tae problesm gives yom +1L
2y | ? R ?\‘ ~Sie of lgvgg\: Y gall = | b
? ' v 4 - @ s b
AT et Eiys

\1 < (1 (783
v * hvw ““l @v'f‘ awi
() If 3 of a gallon of ice cream weighs 1 pouind, then how many gallons ar

of a pound of ice cream? T

pn (0 NEMIEE % -7 Rl
3 Y4
7)/‘\ Z| Muélns 2/§n( LAY baﬂm \V(YV":?(A
7| e, e 4t APUUYS (4)
© o) 5 UN‘PW\”& fov

buin Maqk v
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E. PT 5’s solutions for the five sub questions

PT 5
IG

2.

3 o=\

EN
Fopton 77

3
fipton = o

2

Which of the following word problems are problems for § + § =?, which are for
%+ § =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.
(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint
of fco cream weigh? % .
We ave given 4he weght o #apint \e argam 1o o
lylo. Wewank to vwow e weignt of |Pn\v of \ce ereom.
TS, dhis 18 O ’/‘Q"-_ya dvision pwblem We want to
Wrew VoW meny 9Ns are o | grove o p\av of \c-

CrRoxn
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice

eream weigh 1 pound?

Wt AnowW thak 25 Pt Wegns 3i\p | 5o hwow whbeh

o S€ Zapint W |l —> Mg 6 S \ipwd e

ayovps dwision —y /37 3y

(c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then how
much ice cream did you eat? .
This 16 o mulkiplicedion HUAEM * WE hove 34 pint

ond %30t Yok ampont 16 coden Thug, we Wantk Yo
Vinow whot 213 o€ 2/ypint is —> /s (3/4 por)

(d) 16 3 of a gallon of ice cream weighs 1 pound, then how much does 3 of a
gallon of ice cream weigh? .
ME 0re Anjing Yo fnd tha weighr of 2/ g~lon
G- Oreown wnen 2/ Gellon weighs one poond,
THLis o View many groups digison , we wont o
trovt o voups of [ 40_nto *(sgallon ty
find Mae wARRE TE "5 golen'=> /353
(e) 1§ ot a gallon of foetream weighs 1'pourd then how many gallons ark §
of a pound of ice cream? | . )
This 18 o moBlitdon problem whieh Vequires
toring 3/ gallon  (we Wnow i& 1\b) gnd. mo\\%o\(in%,

?T\\wﬂ% Tolo vy 213 gk amovat 4o find. 00 Yo gallons 10 23|

Ly 3.2
«

3

2.a

e Multiplication/Division

o PT 5 used the division operation sign +
3 2

4
Groups and base units
o PT 5 did not include information about groups and base units
Multiplicative situation interpretation
o PT 5 mentioned this situation as “how many units are in 1
group or pint of ice cream”
o Thus, PT 5 interpreted this situation as PDS
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E (continued).

PTS5
IG

2.

2 >3
3P gl
\g\m*_?

P&
U

o

ooy
? —7le

21 {ofw
gl

% gin =7 1%

LS
Fgoton 77

3
fgpton =7 o

2

Which of the following word problems are problems for  + 3 =?, which are for
3+ 1 =, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

group or how-many-groups.
() 1f § of a pint of ice cream weighs 3 of a pound, then how much does 1 pint
of ice cream weigh? R )
We axd given e weight of #/3 pint \er aoam o \oa
lylo. Wewank to Pwon Ma weignt of lpak of ice cream.
Thos, dhis s 0 Y4i73  diision pvblem We wank to
Ve oW onony INRS axe In L gvovp oF paak of yeo-

Croxn
(b) 1 § of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound?

Wt Anow wnak 2o P WegRs i\, 50 \ow whseh

LI 5 € Ziggint weqhS e —> Wig & © \ipwd e

ayoups dwisien —y Z/a B

(c) If there is § of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did you eat? 5
This 1s o multiplicedion PUYEM * WE hove 34 pint;
oand /30t Yhok ampont 16 waden Thus, we Wank Yo
Vinow what 213 of 2/ypink is —> 28 (84 o)

(d) It  of a gallon of ice cream weighs 1 pound, then how much does § of a
gallon of ice cream weigh? .
e are dnyjing Yo fnd ‘e weghe of  Z/a E)"'\\Dn
G- Oreowmn whaen 24 Gellon weighs one pond.,
Thisis o \ow many oups diyiSion , we wont- fo
Bnovt \ow voups of *[£'g0_ into Z(zgallon iy
Find. dae wlQWE GF s qolen=> 2/3 3
(€) 1f § of a gallon of ice'cream weighs 1'pount, then how many gallons are §
of a pound of ice cream? . .
This 18 oL Mmool tadon problem whien  requwes
toring 3/4 gallon  (weknow i€ 1\b) gna md\ﬁoh(mca,

?T\\\:\'\SQ/ Polo vy 212 Nnak amevat o find. 00F e gallons 10 25§

Ly 3.2

4§43

2.b

e Multiplication/Division

o PT 5 used the division operation sign +
3

wl N

Groups and base units
o PT 5 did not include information about groups and base units

Multiplicative situation interpretation
o PT 5 mentioned this situation as “how many groups division’
o Thus, PT 5 interpreted this situation as QDS not PDS. That is

wrong.

b
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E (continued).

PT 5
G

2

2. Which of the following word problems are problems for 3 + § =7, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

() 1 § of a pint of ice cream weights 3 of a pound, then how much does 1 pint
of ice cream weigh?

3\1-»\*'%\17 We ave given 4he weght of /3 gint \er eroam o o
? Zlylo. Wewont o vmow M weignt of Igak of ice oveom.
\pior Y Thos, e s 0 4373 diision peblem We want o
Woee oW many IS axe \n | gvovp of piak of -
3-% CrR.axn)
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound? 2 A
LoDy, WS oW har Moo waghs /b, sulow whteh
a MJM_‘L@%_W\, > W B = o) e
? —>\e Ayo0ps dwision —y /37 Iy
z x
2. - (c) If there is § of a pint of ice cream and you eat § of that ice cream, then how
2 o much ice cream did you eat? y 5
3 This 16 6 moliplicadion PRIEM * WE hove 3/ pink
ond /30t ¥not ampont 16 waden Thog, we Wank to
Vinow whot 213 of B/hpint is —> 28, (814 pvor)
(4) 1§ § of a gallon of ice cream weighs 1 pound, then how much does § of a
gallon of ice cream weigh? .
3 WE Y Arying Yo And M weight o /g alon
7 glon -7\ 3 2 ¢!
79 10 Onoom winen 24 Gellon weigns one pond.,
Thtis o \ew many 9oups diyision , we wont o
Y 57 W ow m vo 5%'3(3- /. ?'}“é into *(sqall fo
\on k. fa " sqgall o
Fgplon L 0T s aolen Y 2/or s

F\!}d e wegh o
(€) If § of a gallon of ice"cream weighs 1'poun, then how many gallons are 3
of a pound of ice cream?

Tois 16 A Mmool tedion problem wheh  eauires
toKing 3 gallon  (we know & o) gnd mo\ﬁoh(inc&,
Penttons > T2lb vy 213 Aok axeunt +o find 00F Yha gallons in %3 S
L opllo hl S [

Ly 3.2
@ 3

3
fgpton =7 v

2.c.

Multiplication/Division

o PT 5 used the multiplication with the multiplication operation

sign but PT 5 misplaced numbers
2 3

— X —
3 4
Groups and base units

o PT 5 did not include information about groups and base units

Multiplicative situation interpretation
o PT 5 interpreted this situation as MS.
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E (continued).

PTS5
IG

2

% gullon =7 o

&
Fgoon7?

3
gelon = %

?‘3‘“"“5 > Yol

2

Which of the following word problems are problems for § + § =?, which are for
3+ 1 =?, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ice cream weigh?

We ave given e weght of /s pink \ee eroam 1o oa
lyllo. Wewank to vwon Ma weignt of lpak of ice cream.
Thos, dhis s 0 Y4i7B  diision pwblem We wank o
Wowe oW oony 9ONS axe Wn. | gvovp or poY of -
Craxn
(b) 1  of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound? 2 ;s
W ANOW Whak Hp Pk WEGRs 2i\b, 50 lvow whteh-
0NN IORS OE Zfaeink welqhis |l —> Wag B © \ow e
yops dwision — 2/ Ti/.‘

(<) If there is § of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did you eat?

This 18 o mulkiplicedion PVAEM * WE hoves /4 pink
ond /308 Yrox ampont 16 waden Thug, we Wank Yo
Vinow wihok 213 of Z/gpint s —> 25, (84 por)

(d) 16 § of a gallon of ice cream weighs 1 pound, then how much does § of a
gallon of ice cream weigh?” .
W axe Arying Yo And Yo weighr of /y o alon
1\ Moo wWhen 2[4 gellon weigns one poond.,
Thitis o ow many  Awups diyiSion , we wont to
tnodt \now v voups of ¥ B M)c 1{/53q\hm to

)
find e wlqn€ GF 3 aolen'=> 2/3:3/y
(¢) If § of a gallon of ice"cream weighs 1'pound, then how many gallons are §
of a pound of ice cream?

This 18 A Mmool Godan proolem when veauires
FaKing 3/ gallon  (we know i¢ 1\b) gnd mq\\:\ph(]r\%
vy 213 Yo aevnt to find 00F Yhe gallons in Y |S

Ly 3.2
3

3

2.d.
e Multiplication/Division
o PT 5 used the division operation sign +
2 3

3"
e Groups and base units

o PT 5 did not include groups and base units
e Multiplicative situation interpretation

. o w 3
o PT 5 mentioned this situation as “how many groups of "

gallon go into § gallon” problem
Thus, PT 5 interpreted this situation as QDS.
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E (continued).

PTS
IG

2

2. Which of the following word problems are problems for § + § =?, which are for
3

% gulion =7 1%

S
Jgplon 7

3
Trton = 1o

+ 3 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

group o how-many-groups.
(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint

of fce cream weigh? . o
We G gWen 4ne waght of /3 pint \ee croam 1o ‘e

lyllo. Wewank o vwow M weignt of lpak of ice cream.
TS, e s O 74173 dwision pwblem We wank o
Vanew wam oxe 0 | gvovp o Pv of \co-

a0
(b) If § of a pint of ice cream weighs § of a pound, then how many pints of ice

cream weigh 1 pound?

wehnow dnak Mo Pt WegNs /b, 5o how wbehr

MONN_ShOpS O€_ 2jggint weqns o —> Wi 1 © \hpw mev

2yoops dwision —» 2 /3 '73/1

(¢) IF there s § of a pint of ice cream and you eat 3 of that ice cream, then how
much ice cream did you eat?
This 16 6 molkiplicadion PUAEM * WE hove 34 pint;
ond 2/30¢ Yot ampont 16 waden Ths, we Wank Yo
Vinow whok 213 o€ 2/ypint is —> /s (3/4 por)

(d) If § of a gallon of ice cream weighs 1 pound, then how much does 3 of a

gallon of ice cream weigh? K

ME 0Xe Arjing Yo Ond Mo weighy of =y g ~lon
G- Oreown whaen 24 Gallon weigns ene poond.
THitis o ow many Aoups diyision , we wont o
tinovt iow v voups of *[£'qo into lilf‘aq“h“ to

Find. M wahE 6f 7 Kooy =7 2/3+
(0 ﬂdér R s R Wl A0 1’.;3o.m | ttien how oy {pnllons ey

of a pound of ice cream? 2 ) )
This 1S o molHElGodion problem waieh  Weqpires
foKing 3[4 gallon  (we now & \b) gnd. m\\%ok(}nod,

?‘3{“\“"‘"’ Yl vy 12 aoxk amevat to find oot Yoo gallons 10 25§

Ly 3.2

@3

2.e.
e Multiplication/Division

o PT 5 used the multiplication operation sign X

273

e Group and Base Units

o PT 5 did not include information about groups and base units
e Multiplicative situation interpretation

PT 5 interpreted this situation interpreted it as MS
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F. PT 6’s solutions for the five sub questions

PT 6
JH

2

2. Which ofthe lollowing word problems are problems for § + 3 =7, which are for

7, and which are for neither of those division problems? Explain how

You can tel from the structure of the probiem. For the ones that are division

‘problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups

(a) If § ofa mm. of ice cream weighs § of a pound, then how much does 1 pint
weigh?

%— 2 Wv; is 0 hoU mony i Ohe Groee JiviSion Prokicm.
We Coh tell petayse We ere ik O £T0CHon oF 0 Lvo
(Bemy, o G osiecd 1o 5ind tue. Whote (L pim),

(b) I § of a pint ol ice cyum weighs § of a pound, then how many pints of ice
n weigh 1

Ths is O how ashy iy one gk diViSion ProbiEi,

We o girn o froctien of o 9rece (’;"“"5) cond cr

the Lhote (4 Peendor ),

(c) 1f there is § of a pint of ice cream and you eat § of that ice cream, then how
ice cream did you eat?

3 7
Mertver. This 15 0 MUl BICOHon Vroblem. % ¢ -%~

(ee5my )

@)1 of a gallon of ice cream weighs 1 pound, then bow muc does § of a
gallon of ice cream weigh?

robles M’“ L
\itec, This 5 Mttipicction Problem. "‘ = /’/)b.

(e) 1f  of a gallon of ice cream weighs 1 pound, then how many gallons are §
of & pound of ice eream?

MUK P liccticn PiTbicm,

( fe6r5 F—j
33 Poumdy

2.a.
e Multiplication/Division
o PT 6 used the division operation sign +

e Groups and base units
o PT 6 did not include information about groups and base units
e Multiplicative situation interpretation

o PT 6 mentioned this situation as a “how many in one group
division problem”

o Thus, PT 6 interpreted this situation as PDS
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F (continued).

PT 6
JH

2

2. Which of the following word problems are problems for § +  =?, which are for

+ 1 =, and which are for neither of those division problems? Explain how

you can tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint
i m weigh?

%L_ % This is 0 U mony i Ohe Growe division Prosicm.
;x @h tell betwse We ot Giy O TT0CH oF & Lo
(av""‘), M) GIE 05448 o £ind tue whole (L Pint),
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice
ream weigh 1
Ths is 0 how aehy jjy one gamed diliSion Probiew
We or girn o Froctien of o mx:(':“ oPend) chd on
'545¢d J +ue Whote (4 Prdordf),

(c) If there is 3 of a pint of ice cream and you eat 3 of that ice cream, then how
much ice cream did you eat?

. 3 )
Nestes. Ths 15 O MULKBICOtan Problems 2 . 21
i o i

(ke é,.,,,,
"L')W') ciiny :_,)

(d) 1 } of a gallon of ice cream weighs 1 pound, then how much does § of &
gallon of ice cream weigh? (&)

Meibac. THE icotion Proble kil VAL
Witrer, This 1S et plicchion ProblEm. ?‘h— = Z/U\ 7. le‘

(e) 1f  of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice eream?

Wis 5 0 MUK plicctien Fioblewm,

2.b.
e Multiplication/Division

o PT 6 used the division operation sign +
3

wl N

e Groups and base units
o PT 6 included information about groups and base units.
e  Multiplicative situation interpretation
o PT 6 mentioned this situation as “how many in one group
division” problem
o Thus, PT 6 interpreted this situation as PDS.
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F (continued).

PT6
JH

Mitrec, This &5 pttipiiccHion PrObIEM.

2

2. Which of the following word problems are problems for § + 3 =7, which are for
§+ 1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, soy which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint.
ce.cgeam weigh!

3.

g —3; This is 6 WU mony i One Growe division Prosicm.
Z‘ ©h tell betuse e e ik o 10t ofF 0 Lhe
(3*"*)/ M) Gre 0515cd o Find tue Whole (L rim),
(b) 1f § of a pint of ice cream weighs § of a pound, then how many pints of ice
cream weigh 1 pound?
Ths is 0 how avhy jjy one gee diViSion Probicu,

e ore

th o froction oF o *;fou'(’?; oPand) chd cn
) +ne Whote (L m,d;rf[‘)_

(c) 1f there is § of a pint of ice cream and you cat § of that ice cream, then how
much ice cream did you eat?
: 3 k)
Mestves. Tws 5 O MURUCOHion Problems 2 . 2= b
b i 1

e Crum\ (6 0ues

. )

( Hm’) ciiny ;_,)

(4) 13 of a gallon o ice cream weighs 1 pound, then how uc) does § of a
gallon of ice cream weigh? o P
an Y] 1

RIS CH

(¢) 1f § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice cream?

W5 i5 o MUK plicttien PTblewm,

[ s P
owds ) (;/3 Pounds

2.c.
e Multiplication/Division
o PT 6 used the multiplication

B w
X
wl N

e Groups and base units

o PT 6 included information about groups and base units.
e Multiplicative situation interpretation

o PT 6 interpreted this situation as MS
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F (continued).

PT6
JH

2

2. Which of the fllowing word problems are problems for § + 3 =7, which are for

3+ 1 =7, and which are for neither of those division pmbleml? Explain how

you can tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1£ § of a pint of ice cream weighs § of a pound, then how much does 1 pint
e ream weigh?

222 YThis is o hou Mony in Ohe Groel diviSion Prokicm.

D
We Ch tell betase We e iy G 10t oF O Lo
(Bem), a0 ore o51cd 4o iny e Whole (L ping),

of a pint of ice cream weighs § of a pound, then how many pints of ice

(6) 163 of ( ighs 3 of w pi
m weigh 1 pound?

T is & how Achy i one Gmxl Jivision Probje

We o girn o Froctien of o grece (% @ Pand) cnd op
tild +pe Wore (& W"’“”ﬁ)
(c) If there is § of a pint of ice cream and you eat § of that ice cream, then how
much ice cream did you eat?
Mesthes. THS 15 0 MUK BICOHon ProblEm .LZ . ._A. z

(% oy U::;éw)

(d) 1 3 of a gallon of ice cream weighs 1 pound, then Ew el does § of
gallon of ice cream weigh?

Neiec, This i Problem. ‘__ 9
Wi
his 1S MU PliCOHOW 7|7 / f

(¢) 1f } of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice eream?

Aeitver, This 15 & MUK plicckicn Proviem,
2 )
3 >
2 £ =
‘{ 3

2.d.

Multiplication/Division
o PT 6 used the multiplication, but PT 6 should use division.

Groups and base units

o PT 6 did not include information about groups and base units.
Multiplicative situation interpretation

o PT 6 interpreted this situation as MS not QDS. That is wrong.
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F (continued).

PT 6
JH

2

2. Which of the following word problems are problems for § + 3 =?, which are for
3+ 13 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(8) 1 § of a pint of ice cream weighs  of a pound, then how much does 1 pint
eam weigh?
e

J)This s o WU mony i One Growe diviSion Probicm.
We Ch tell petause We are Siksy G £T0CHsn oF 0 Lyo
(3“"‘) MO G 054cd Ho Find tue Wihore (L Ping),

(b) 1£ § of a pint of ice cream weighs § of a pound, then how many pints of ice
ceam weigh 1 pound?

Ths is & how Aeny jp one gl division Probiewm,

We o Girn o froctien of o Grece (F ePand) ond o
< 4+ild +pe ot (4 Perdor )

(c) If there is § of a pint of ice cream and you cat 3 of that ice cream, then how
‘much ice cream did you eat?

Mestwes. This

2t

(\/tc )(4.:7:,,},,,)

(&) 1§ of & gallon of ce cream weighs 1 pound, then how muc) does § of a
gallon of ice cream weigh?

1 U/
_vnu This i Meth PliccHon PrObIEM. _J{__ = [/,)‘ 7 /7]

(¢) 1f § of a gallon of ice cream weighs 1 pound, then how many gallons are §
of a pound of ice cream?

5 O MUBICOtow Problem. 73

Aeitwec, This 15 0 MUK plicetion Piobiewm,

P2l6r5 r«'a‘j

(2, oyt (373 s

2.e.

Multiplication/Division
o PT 6 used the multiplication operation sign X
3.2
173
Group and Base Units
o PT 6 did not include information about groups and base units.
Multiplicative situation interpretation
o PT 6 interpreted this situation as MS
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G. PT 7’s solutions for the five sub questions

PT 7
LH

2

2. Which of the following word problems are problems for § + § =7, which are for
$+§ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

i (a) 1f § of a pint of ice cream weighs § of a pound, then how much does 1 pint.
b of ice cream weigh? | wu= \ poved \ e,

77 | @) g ot pin of ice
il | cream weigh 1 pound
L TWs s & How-d

T of a gallon of ics &
of a pound of ice cream?

Sowtd W xnyy Wwikplicak

2.a.
e Multiplication/Division
o PT 7 used the division operation sign +
3 2

4
e Groups and base units
o PT 7 included information about groups and base units.
e Multiplicative situation interpretation
o PT 7 mentioned this situation as “ how-many-units-in-one-
group” problem.
o Thus, PT 7 interpreted this situation as PDS
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G (continued).

PT 7
LH

2

2. Which of the following word problems are problems for § + § =7, which are for
§+1 =7, and which are for neither of those division problems? Explain how
You can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
§roup or how-many-groups.

() l{’o(lpumolnmmwﬂ‘!ﬂiollpuum then bow much dows 1 pink

o= h iy cmmumghlmnd”
Vo2 2 e | This s B - 4V

ae” 2 4

[t iy Doy

Tc) Wihere is lal-pmoluemmmdwumﬁmnmum lFbo—w\
wdlkvuumdbdyouul? This iy L 2 e
Sewed oy Y W

ver T

{d) 3 3 of a gallon of ice cream weighs 1 pound, lbtnhoum\lchdm}d-
pﬂouohceunmhﬂ‘h.

= 3
of a pound of ice cream? TIA\Y S Wi ng\ Thys Prok

L AUV Coun \ag_
SOWLA W AW yWwikplicaknn probiom -.

'\Uyu

\ a0\
T
wd\ymug

4\\ \ gt \\\\\
N Nas, W AN W 2 6

2.b.
e Multiplication/Division
o PT 7 used the division operation sign +

3
4

wIl N

e Groups and base units
o PT 7 included information about groups and units explicitly
and correctly.
e Multiplicative situation interpretation
o PT 7 mentioned this situation as “ how-many-units-in-one-
group” problem.
o Thus, PT 7 interpreted this situation as PDS.
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G (continued).

PT 7
LH

2

2. Which of the following word problems are problems for § + § =?, which are for
§+1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

() l{‘dlwmolmmw@l‘dnmm then how much does 1 pint
ice cream weigh! \amaty o

a
_po

o S
WIC S (oo
ey L\m\\ eI

Cavowp
3\ Yo = 75 wat
\\b > 2 el |

o D

(c1Imﬁeh{ol-puuoluuummd)wmﬁfm.uum then hiow —
foe cream did you eat? This iy NV Thiy rebiirn (oud, e
Sewed oy \A\ WAk DO

Ray

L€ rtana,

5 Yrovy

vy, Tty *M pus

Ouia-mdum-mnmnd then how much does  of a
~gallon of ice cream weigh? Alon
TAS ) Hosnmanm

Vo —
oownd 73 £

2
2y qay i€

ia Ipowd fjrop

of & pound of fos comm? Ty (o WA
SOV W s wawikplicakn prolen -

\,,.\ This Prabluma Coun \ag_

[
1 qal of it o, &
PUNRd (VR Ol a0 A ovpl powd

W\ a\\u,\-\v el \\un \u\\\.\) T
N ey A0\ W 213 6 o gt oA\

2.c.
e Multiplication/Division
o PT 7 used the multiplication

B w
X
wl N

e Groups and base units
o PT 7 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 7 interpreted this situation as MS
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G (continued).

mnduh:cvumdtdymnﬂ This iy Mver ! Thiy ookl (oud, oo
S oy Y Waikipicakmn 0 o\ARin oy X ?
0 3

@1 3 of a gallon of i cream we
(lllonoh«

U aal i@
(O v\
2 1901 poved

PT 7 2.d.
LH ’ e Multiplication/Division
2. Which of the following word problems are problems for § + § =7, which are for e . . .
e S f e i A e e o PT 7 used the division operation sign +
problems, say which kind of division problems they are, how-many-units-in-one-
oo 2 3
374
e Groups and base units
o PT 7 included groups and base units
" | (b) le i;l: ::: :.(P:n:f.mxw;s!onpow lhenhmllmmy pints of ice
A [ ]

Multiplicative situation interpretation
o PT 7 mentioned this situation as “how many groups” problem
o Thus, PT 7 interpreted this situation as QDS.
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G (continued).

PT7
LH

2

2. Which of the following word problems are problems for § + § =?, which are for

3+ 1 =7, and which are for neither of those division pmbkm!" Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

() l!]nl-pmlnhcemlm'ﬂ(h!
cream weigh? \ wu= \ pu

a pound, then how much does 1 pint
\ oy, x

| m 16§ of a pint of ice cr

v
e cream vm;h 1 pwnd

is 3
mﬂﬁ'k*"mdﬂywﬂﬂ This iy Mdver ! Thiy proviam Coud, \be
)

oy ¥l WeAcakon oA

Tox

e 3
of a pound of ice cream? TIA\y 1 41K
SOVt N s wwikplicakn v, Lo .

2.e.
e Multiplication/Division

o PT 7 used the multiplication operation sign X
32
173
e Group and Base Units
o PT 7 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation

PT 7 interpreted this situation as MS.
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H. 8’s solutions for the five sub questions

PT 8
CH

% 2
29
2. Which of the following word problems are problems for § + 3 =7, which are for
9 3+ 1 =7, and which are for neither of those division problems? Explain how
= ¢ you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 16 § of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ice cream weigh? . g :
: (F+2)-3

(b) 1£ 3 of a pint of ice cream w
cream weigh 1 pound?

N- W 2 et
(¢) If there is 3 of a pit of ice cre
much ice cream did you eat?

e Lo (d) 1f § of a gallon of ice cream weighs 1 pound, then how much does § of
ote
Sheee 7 gallon of ice cream weigh? k1

(¢) 1f § of & gallon of ice cream weighs 1 pound, then how many gal
ofspound of cecream? 1 py - g

o

2.a.
e Multiplication/Division
o PT 8 used the division operation sign +
e Groups and base units
o PT 8 included information about groups and base units.
e Multiplicative situation interpretation
o PT 8 mentioned this situation as “how many units in one
group” problem
o Thus, PT 8 interpreted this situation as PDS.
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H (continued).

PT 8
CH

2
g
2. wmd: of the following word problems are problems for 3 + § =7, which are for
9 3+ % =7, and which are for neither of those division problems? Explain how
- ¢ yml can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1§ of a pint of ice cream weighs § of a pound, then how much does 1 pint
h?

§ri)3: 300 \]
303 - @3]

(®) u}or.pmxormmuum’uwpem then'how
cream weigh 1 pound?

* AR
(<) If there is § of a piiit of ice
much ice cream did you eat?

/l

3 o
W (oo 7 -
(g V

e vy —¥

(;.\\1 (d) 1f 3 of a gallon of ice cream weighs 1 pound, then how much do-i
plhno!hmmwd;h

N m o= f

Syto

(e) 16 § of a gallon of ice cream weighs 1 pound, then how many gallons ase §
of a pound of ice cream? |, 1., 5

bebe N (# Lage w *vl/ or

5D sud o
f gallors gz‘,/m

2.b.
e Multiplication/Division
o PT 8 used the division operation sign +
e Groups and base units
o PT 8 included information about groups and units.
e Multiplicative situation interpretation
o PT 8 interpreted this situation as PDS.
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H (continued).

PT 8
CH

2
P ‘i
2 \Vhldlo[lhelollﬂmnswldmblummpmblem!ur}-‘-i =7, which are for
4 i+1 =", and which are for neither of those division problems? Explain how
T ¢ You can tel from the structure of the problem. For the ones that are division
® problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) n;nf.p-mohcemmwwu of a pound, then how much does 1 pint
of ice cream weigh?

(b) 1 3 of a pint of ice cream weighs 3 ol‘vpo\md‘
cream weigh 1 pousd?

Wy =2y
(c) 1f thereis § of a pint
| v ‘much ice cream did you eat?

e ote ,p‘” (d) If § of a gallon of ice cream weighs 1 pound, Ihmlmmudldoui
galn of o cream eih?

R
(0 lnor...lunluaumwa.mxpmd then how many gallons
ohpoundolw!:rnm .

2.c.
e Multiplication/Division
o PT 8 used the multiplication

B w
X
wiN

e Groups and base units
o PT 8 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 8 interpreted this situation as MS.
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H (continued).

PT 8
CH

9

N-oMz P
¥ 2
29

2. Which of the following word problems are problems for < § =7, which are for
3+1 =7, and which are for neither of those division problems? Explain how

= ¢ you can tell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
r0up or how-many-groups.

(8) 1 § of a pint of ice cream weighs § of & pound, then how much does 1 pint
of ice cream weigh? (z

(F=2)-s

Yq = 3
(c) I there is } of a piit of ice creis
much ice cream did you eat?

(300

3 )
o (gig 7 b Y

(¢) 1f § of a gallon of ice cream weighs 1 pound, then how many gallons ate § ,
of  pound of ice cream? » o P

£

x2)3= 2(3)=

2.d.
e Multiplication/Division
o PT 8 used the division operation sign +
2 3

3
e Groups and base units
o PT 8included groups and base units explicitly and correctly.
e Multiplicative situation interpretation
o PT 8 mentioned this situation as “how many groups” problem
o PT 8 interpreted this situation as QDS.
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H (continued).

PT 8
CH

% 2
29
2. Which of the following word problems are problems for § = § =?, which are for
4 3+1% =7, ond which are for neither of those division problems? Explain how
= ¢ you can tell from the structure of the problem. For the ones that are division
. problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1 § of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ice cream weigh?

N =g

Ny 2

(b) H’olnpmlo{x‘eueomna;
cream weigh 1 pound?

Syie wre ,( 1(d)|(lolngl.llono!mcmmw=)ghllpound then how much d
nllnnol'x:u’nmwu‘h

© l[lollullmoluﬂumwash:lpw:d then how many gallons
of a pound of ice cream?

!)“[[ “w
[oJ) s w
az/dfc W fhere

bettn NV (#

2.e.
e Multiplication/Division

o PT 8 used the multiplication operation sign X
3.2

473
e Group and Base Units
o PT 8 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation

PT 8 interpreted this situation as MS
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I. PT 9’s solutions for the five sub questions

PT9 2.a.
CJ ! e Multiplication/Division
2. Which of the following word problems are problems for 2 +  =?, which are for L . . .
o gl il ol o Jrioesbug o PT 9 used the division operation sign
you can tell from the structure of the problem. For the ones that are division
pmblems,h say which kind of division problems they are, how-many-units-in-one- 3 2
group or how-many-groups. —_ - —
y\?l v M - ‘7 (a) l};‘ i c:lc:\e:::t v::f' ice cream weighs $ of a pound, then how much does 1 1pint 4‘ 3
& w55 3 ‘52 how Wy i | Qrowp - e Groups and base units
P s 1Y 473 | \M(O\d 1< g)wmo }ﬁq The o PT 9 included information about groups and base units.
20\ RS .. . . . . .
& T W\M\W\“ \()Y\ V he S\ ALY s dmn e Multiplicative situation interpretation
of a pint of ice cream weighs oru nund hen how many pints of ice . .
E*M:?Z c,e%mwi‘&mm—( ;amvl; p W&’EL%,'&, it 7 o PT 9 mentioned “how many in 1 group”
o H D i B i i
e T o 37 cuting Wb Iy rowptiplication o PT 9 interpreted it as PDS
L 18 pIotem ugings \ike ACHNS, oW AT
N~ M - P (c) ::.::hu:; :C? {:’“_n ;:I(my:fx l:(a :;enm and you eat 3 of that ice cream, then how bi]’v ‘()%hg
3-2 hﬂ aawy N ipticaton
S 0r divigion,
N % M= P (d) 1f 2 of a gallon of ice cream weighs 1 pound, then how much does 3 of &
:2"_ 7 2 gallon of ice cream weigh? ' 7
ahs gl @‘W how ey 10 GYoups / =7\
TR oo this \u Setting mp The tutipliacion
K e provie V\S\I\Q‘ WKe o
e
N ” \_ (e) If 2 of a gallon of ice cream weighs 1 pound, then how many gallons are 3
Tyl qm\ms of  pound of ice ceam? _ ==
adies
W Y5 s s ki plicahion prilem,
s herney Type ofcivigion,
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I (continued).

PTO
CcJ

2

2. Which of the following word problems are problems for  + § =?, which are for
2+ 3 =, and which are for neither of those division pmbltms? Explain how
you cnn tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

Ny M= F (a) II;’ of a pint of ice cream weighs { of a pound, then how much does 1 pint
7 of ice cream weigh’ w
wf%:% 3.5 how e in | grawp.
s 1Y 97 % Lwsed VI fUms in fhe
T PP\ oj‘l\ on PW me r%?emr\? oy
N¥M: P (9) 13 of a pin oo ceam weighs § ol'apound e many pints of ice def{ufn
2 et s e
L et 2 2 | aow s oney oier 7
e ok smu\rgf wp Yy awttiplication
W e PR ugngs \ike AUNS. \w\"\‘(‘f‘g‘i‘
N M P () :'f“:::rlc c(l::% E‘;STE( F:(my:fl x: :mm and you eat  of that ice cream, then how W
3 -2 Nob anye Nufiptiootion
5 Or divigion.
;‘ i '\:\ =P (@) 12 of  gallon o ce cream weigh 1 pound, then bow much does  of /
2 b 2 gallon of ice cream weigli”
\\ S pls ‘?&)‘m'v how m(m\? N Yonps. ’ = ] 71
Y oMo Kondw this (fler Seting \Ap The W\MﬂP licactiony

—_— P\pvwb\m\ wsinge WKe +orm
*

(e) If 2 of a gallon of ice cream weighs 1 pound, then how many gallons ared [
2y éj . (j-x\\\ns of a pound of ice cream?
ade ! 2
W % s is o mwii plicachion problem,

D 1 is heher Type of clivision,

2.b.
e Multiplication/Division

o PT 9 used the division operation sign +
3

4

wl N

e Groups and base units
o PT 9 included information about groups and units explicitly
and correctly.
e Multiplicative situation interpretation
o PT 9 mentioned “how many in 1 group division”
Thus, PT 9 interpreted this situation as PDS.
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I (continued).

PTO
CJ

2

2. Which of the following word problems are problems for % + § =?, which are for
} + } =7, and which are for neither of those division pmblems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

NyM:=P () n‘ of a pint of ice cream weighs § of a pound, then how much does 1 pint
? oot ot croum we
%c% 3.2 o x\\w n | grwp-
Y s 1Y 472 Lused \iy oo i The
TS W\\\mp\\(m\m\ \7“) %““";%“ ey
N = P fhe sl {ems %, ﬁWn
N«M: P (b) 16 3 of a pint ofice cream weighs 3 ofupnund thcn how many pints of e O} 141
? 3.2 TS| o s oy afier 7
it G- Z:2 fion
oo @ P\Jn 37 7Y chning WP My rowttiplicact
W e proem ugingy |ike G5 e A

n\
. (c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then ho\v ﬂ’y Vi
N % M F P much ice cream did you eat? a

2 -2 Dot oy Wuktiptioation
o divigion, J

N =

N M P (d) If 3 of a gallon of ice cream weighs 1 pound, then how much does 2 of a
2 9 2 gallon of ice cream weigh? -2 _——
1y 3 >

ar o e mom? in grougs. 5+ G:=7\
" R Knwans Kflex Sﬁ’rn\q; Wp The muﬂpnmhon
N M o proviamn wsing \ike +ows.

¥

7 (e) 1f 2 of & gallon of ice cream weighs 1 pound, then how many gallons are f
(}A\\Ins ol‘ a pound of ice cream?

“%‘“ 55 We % s is o mwi phcachion priblem,
D s herher Type efclivigion,

2.c.
e Multiplication/Division
o PT 9 did not use multiplication or division and PT 9’s
solution is incorrect.
e Groups and base units
o PT 9 did not include information about groups and base
units explicitly and correctly.
e Multiplicative situation interpretation
o PT 9 did not interpret this situation as MS
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I (continued).

PT9
Cl

2

2. Wluch of the following word problems are problems for 3 + % =7, which are for

+ 2 =7, and which are for neither of those division pmblems? Explain how
you can te]l from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

‘\?l v M - F (a) lf[ w:fc;z:t wl):. ice cream weighs $ of a pound, then how much does 1 1 pint
R ] , how “\W in | growp.
g fants 1Y 9772  Lused \ife Yums In Fhe
Hap mmwp\\m‘l\on pOBLE ing, M
H{ut’n
NaM- P (b gump r‘:e pint ofﬁncreum weighs 3 ofnpmmd then how many pints of e 0} 47
? &% 2 ) w s oy ocfer
e T 7 2 = :é- \q\
b B P 3.0 9 %%h\ WP My rwftiplicaction
SRR Yol mﬂl ke Ao, now man
W0\ gYow
N~ M - P (c) :::hu:s;c?gli;“_ag;;;:zl::”mm and you eat 3 of that ice cream, then how ﬁ’yﬂgg
3.2 hﬁ e Mthptication
Y% o dinigion, (
;\ * M = ? (d) li]: ofl;gnllon of ice cream weighs 1 pound, then how much does 2 oIA /
= Lo 2 gallon of ice cream weigh ) f')__
n‘\\.Rs oS @\m'( how ey 10 GYOWpS. / L4271\
b Fome  now this (Kfler Seml\q; \AP The W\u,l)np\\amc)n
~__roviem v\s\nod WKe +ums.
N *xM-= P e T

2

- ¥

_ g““ s of a pound of ice cream?

7
5‘)*\.“ Wr (n(’7

(e) If 2 of a gallon of ice cream weighs 1 pound, then how many gallons are 2

This s a mwifi phcahon prblem,
S it s hefther fype of dlivision,

2.d.
e Multiplication/Division
o PT 9 used the division operation sign +

3 4
e Groups and base units
o PT 9included groups and base units explicitly and correctly.
e Multiplicative situation interpretation
o PT 9 mentioned this situation as “how many in groups”
problem
o PT 9 interpreted this situation as PDS not QDS, so it is
incorrect.
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I (continued).

PT9
CJ

2

2. Whl:h of the following word problems are problems for § + § =?, which are for

+ % =7, and which are for neither of those division pmblems" Explain how

you can lell from the structure of the problem. For the ones that are division

problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

NyM:=P (a) ur 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint
b i
w,?m%i% 3.5 how iy in | growp.
s b 973  Lused i Yums in fhe
S msipieion, V\WW“ Fiing gy
N = P -phe S ems 2 drfuen
NAM: P (b) er}n :‘r :’::: ;); foocroam weighs 3 ornpmmd lhen how many pints of ice )
et ST Ko his oy ofier g
i B P 3774 cefinge Wp My W\M“P\k‘w"&;’n
LI 10 prothem ugingy \ike ACHNS, oW MY
N - P (c) :r{“::;rz :C ﬁ:ﬂ: En(n;:‘f] x::; :renm and you eat 3 of that ice cream, then how Z;F Y )S\S
3_2 hu\ Ay Wittiptication
OB o digion.
N T M = F (@) 13 2 of a gallon of ice cream weighs 1 pound, then how much does 2 of a
% 9 2 lllonalwel:lumwelgn B 7 \
me s Fe ‘WM&‘“ gougs: 5+ 7 =

W Kow This (e Seing Wp The Wik plication
) protion wsing \\Ke ik Pl f

N % M P
() 1£ 2 of & gallon of ice cream weighs 1 pound, then how many gallons are 2
5 of o pound of ice cream? =
v Z qm\\ w —_—
t&‘\‘ ‘j fof 7

This 15 o mwifiphicahion priplem,
& it is herther Type of chvIsIon.

2.e.
e Multiplication/Division

o PT 9 used the multiplication operation sign X
3.2

_ x p—
4 3
e Group and Base Units
o PT 9 included information about groups and base units
explicitly and correctly.
e Multiplicative situation interpretation

o PT 9 interpreted this situation as MS
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J. PT 10’s solutions for the five sub questions

PT 10
CM ’

2. Which of the following word problems are problems for 3 + 3 =?, which are for
3+ =7, and which are for neither of those division problems? Explain how
Jou can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1 2 of a pint of ice cream weighs 3 of a pound, then how much does 1 pint
of ice cream weigh? ,,le' o 223 and Yor |
W M * Yo o ;él@., _Eeu»u\ J,J-:
P

,«A—
(b) 1 2 of a pinf o[ ice cream

cream welth 1 pounrl"

= {1
:S of a'pound, then how mnny pints of ice
u.«,,q, _3._2. ,,,o/ H\

./L‘/MM;WJP, It = 7,,%1, ‘M

(c) If there is § of a pint of ice cream and,you eat ¥ ol that ice cream, then how
much ice cream did you eat?

e z
Fady i | * 3 Apepe
() If § of a gallon offi¢ Eream wrighs 1 pound, u'-k how m: yga]lons are 3
ofa pound of ice cream? 3
V R ) ,M7 M
= | A _,4,.0,

H—% ?ﬁu
D Ly

v

2.a.
e Multiplication/Division
o PT 10 used the division operation sign +, but PT 10
misplaced the numbers.

w| N
A w

e Groups and base units
o PT 10 did not include information about groups and base
units.
e Multiplicative situation interpretation
o PT 10 mentioned “how many in 1 group”
o PT 10 interpreted it as PDS
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J (continued).

PT 10
CM ‘

2. Which of the following word problems are problems for 3 + 3 =?, which are for
3+ =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1 3 of a pint of ice cream yweighs § of a pound, then how much does 1 pint
of ice cream weigh?
¢ Ao 223 aud Ha =~

W;”W Vs—a..;tﬁ.% 3‘4,;1‘1—:]09{-”
z =2 =7 !
(b) II}aIAMT jm}c :

pint of ice cream ‘;g;olnpound' then how many pints of ice
cream weigh 1 pound? 0 5 g .
3 F % and #
Yo MWJ::{,LML e pid IMK
e W
Z28 =

(c) If there is § of a pint of ice cream and,you eat 3 of that ice cream, then how
much ice cream did you eat?

22 é -
wie b L3 0001 ot
W S el

(d) 1£ 3 of a gallon of ice crearp weighs 1 pound, then how muc)
gallon of ice cream wejgh? -

ftes

Facky s ) ?Afﬂfo g ;,’N,;”p—

(¢) If § of a gallon of ié Eream weighs 1 pound, tRen/how mgny gallons are
of a pound of ice cream? R O ) £ o
4'/ /LW 32 %AZLM 5 % ; .
o -

¢

%r'ﬂ»uo =2 -77,,,0!;«4.
3

2.b.
e Multiplication/Division
o PT 10 used the division operation sign + but PT 10

misplaced the numbers.
3 2
43
e Groups and base units
o PT 10 did not include information about groups and units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 10 mentioned “how many in 1 group division”

o Thus, PT 10 interpreted this situation as PDS.
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J (continued).

PT 10
CM

©

2

. Which of the following word problems are problems for 3 + 3 =?, which are for

1+ 3 =7, and which are for neither of those division pmblcms'l Explain how
you can wn from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

() 1£ % of a pint of ice cream weighs 3 of a pound, then how mud| does 1 pint
of ice cream weigh? (
w—

IS f e 170
%M’“MAMMWZ%&
/M_,g?/ —’M’TW— /.._l

(b) 1f % of a pinf of ice cream ofa pound then how many pints of ice

cream weigh 1 pouud? 25 _3_ & /~l

(c) If there is § of a pint of ice cream and,you eat ? of that ice cream, then how
much ice cream did you eat?

oL
wie b LU 3 ,._J,LL_(W,WJ

gallonof Ice Grea v jgh?
Ak Lo

ads g |
@ui fofa iﬂl?:omun ighs 1 pound, e /how mpoy 5allons are 3
of a pound of ice cream? b S
EY .
LA ,L«w Z VZZ: qu»], Mo M,?/M?
g (o) ]

)

|N

2.c.
e Multiplication/Division
o PT 10 used the multiplication
3 2
— X —
4 3
e Groups and base units

o PT 10 did not include information about groups and base
units explicitly and correctly.
e Multiplicative situation interpretation
o PT 10 did not include any information about the
interpretation about the multiplicative situation explicitly.
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J (continued).

PT 10
CM

©

2

3 Whnch ol the following word problems are problems for 3 + § =?, which are for

3+ 3 =7, and which are for neither of those division problems? Explain how
You can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

() 16 & of a pint of ice cream weighs 3 of a pound lhen how much does 1 pint
of ice cream wlgh" b=

2o {Ww mﬁ%ﬁﬂaﬁ A
s e

1 gl 7
(b) 1f 4 of a pinf of ice cream weigh$ ¥ of a'pound, then how rhany pints of ice
cream weigh 1 pound? ES .
‘ M s se Z. M"’/ %”44’7 -
(aus © dondk ;t j;L, ;
/JA/MM —34»«/.1,,

=)

(c) If them isjofa pml of ice cream and,you eat 3 of that ice cream, then how
ojjw M/_/ _

MJZL »{',k,w}_ 2=

>

‘—-——

‘14—1@»["

(e) 1f § of a gallon o 1 Eream yo lghs 1 pound, :Pen how mgny yﬂlor\s are 3
of n pound of ice cream? b SO
o > 53 ,wo7 M
A 2 -1
o = y R~ W

~lw
L
|
\V

2.d.
e Multiplication/Division
o PT 10 used the division operation sign + but PT 10

misplaced the numbers.
3 2

4 3
e Groups and base units

o PT 10 did not include groups and base units correctly.
e Multiplicative situation interpretation
o PT 10 mentioned this situation as “how many groups”
problem
o PT 10 interpreted this situation as QDS.
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J (continued).

PT 10
CM

2

2. Which of the following word problems are problems for 2 + 3 =7, which are for
3+ 1 =7, and which are for neither of those division problems? Explain how
you can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
group or how-many-groups.

(a) 1£ 3 of a pint of ice cream weighs § of a pound, then how much does 1 pint
of ice cream weigh? X 2%:3 ad Yor (
Il e % 2
kTR 1y A1
Ho ol L5 il e k€ (L
3 L3 r = 1
(b) If 1/::;:?;( ice crean ‘S (o

m ‘Wh of a'pound, then huw many pints of ice

fop ML TR M
ﬁywmﬁ-(hm),_ fl—-t; 7M L{M—L

(c) IF there is 2 of a pint of ice cream and;you eat 3 of um ice cream, then how
much ice cream did you eat?

I
‘ﬁiﬁffﬁmﬁ“‘wd

4..-

%
Facds in | '1"‘“"": 7»‘-1—11/,;,4
(6) 1 3 of a gallon e v ihs 1 pound, zam > y.uon.sm}
Z}pnundoncemn;zzw S % &VA*?W
e e

o =2

'W/) sy Z‘fmém)

2.e.
e Multiplication/Division
o PT 10 used the division operation sign + but it should be
multiplication.
2
3

3
4

e Group and Base Units

o PT 10 did not include information about groups and base
units correctly.

e Multiplicative situation interpretation

PT 10 did not interpret this situation correctly.

118




K. PT 11’s solutions for the five sub questions

PT 11
SP

2

2. Which of the following word problems are problems for § +§ =7, which are for
it 3+ 3 =7, and which are for neither of those division problems? Explain how
9"“ e alz o you can tell from the structure of the problem. For the ones that are division
T problems, say which kind of division problems they are, how-many-units-in-one-

T group or how-many-groups.

K o= 3 :( (a) u[ iofa Ein?';?%{ cream weighs 3 of a pound, then how much does 1 pint
of ice cream weigh?
Bl ¢ Ay - X YOl | hecapst we are

ThiS iS o B[4 = 8]3
goen fwe % 0f qrovpS (/3 of o W\r) and e

Vagt ynils i Aine \vm ¥ of ours &3/% % in 23

Pin)Ond wR e Wi sw\j eap unis (n roup.

(b) lkim%mghs of a pound, then how mmm.g‘.-—%&,w
ThiS  question™e “ND- Lecau® A3 pint of i@ Orcmy?"gw
JE 4 Ul e “me)omwirm 4 QWFR& \)NPGSNM’ ar;

( « i

o "m\s e ggpm%s&m)vp JNECIRS 500, wor 1t g
Qrovps foc 1 ba& it (* of pniS for L \b

X (c) If there is § of a pint of lce cream and you eat ? of that ice cream, then how
2 much ice cream did yor

T\”%

A A T roblem 15 ﬁ»r([(" IS b@(a?? o wgm to
A \ i oam o . o
2\? qroup  of Cind Wt avngun of o Yov ok lou bu.wu'd

at i Oream,
awein ¥ | qug 2[z of o 5” int
s (mmw e 213 (grovp) o nu i craam Y hwre(bauumn)

Ay gnits per Gre
vwd (@ lwmn_fﬂgm wqghs\l N thes ot o | Tofa

gallon of ice cmun

2oX= 2% S = 3] problem ecause \ons
i 2 -lrsw%)ur vase \)mts a1 i"” grovps, Wew

Vo3 aglons
Mo W Dy onis (gaens) per 9100p (1) 5 and g Uv\lmoug}_

(165), wnd W8 WO Tt hUmber
ma)?uuqﬂgr?gn\;’oﬂs\lzx 4(0YpS (108 * 1\’\\5 ‘&dlv

(©) n ohcauumwelgh{@ then how o om.nfL

1\,\\5 TS o "Iy x 3 groblem  ecanse 3 314 gion
o W ey onts yer guovp, 310 Rv we baye
33 of « pond ) (213 grop) ond ot foo

2 - X for Ane 4 of gallons in AlB b oF (@

0w s gram (Bax wils TS grows)

) o

2.a.
e Multiplication/Division
o PT 11 used the division operation sign +

173
e Groups and base units
e Multiplicative situation interpretation

o PT 11 mentioned “how many in 1 group”
o PT 11 interpreted it as PDS

119

o PT 11 included information about groups and base units.




K (continued).

PT 11
Sp

2

2. Which of the following word problems are problcms for 3 + 3 =7, which are for

s i 3% =7 and which are for neither of those division problems? Explain how
A% g You can tell from the structure of the problem. For the ones that are division

N pm
o T *‘ problems, say which kind of division problems they are, how-many-units-in-one-
1R group or how-many-groups.

OV
)( * 3 :‘- (a) If3ofa Em?o( ic!mgv\ weighs § of a pound, then how much does 1 pint
of ice cream weigh?

3l Az - X TWS (S o B[4 2 8[3 problem , hecavye we are
qoen fwe 5 of grovps (2[3 of o PiNK) and T
ey uniss i e ?\\Mn ¥ of OUrS &3/“1 o in 23
\

Pin)Ond wR ove Wiking cax oats (n g
(b) lhmwughs 3 of's pouns fhes b maRy pJ\A o Yo

TS question™E Nifke_ecau® > PINF I & Crednes -
e Qrovp (21> of agrm)(‘x\a 314 nP awf“ w\m #
MUI‘ is
pg\\DS’S(\ uniss P alsaqe \m\\S@bs) w1 %‘OW (1 p.m) our Tt qv({hgq
s fo(1 of oows fof 1 lag unit. (v oF pS for 110)

3.0 . X © :::T:“;xﬂnoimmudmm!anm-mm.m then how
4—;’ v qus problem i3 for Fx 3 0O oy want fo
M5 cid W amounl of TQ oream yov gk 5 i oy
¢ (cmlmne Lqe 2[3 of o 3l pint 0F UL Ortam, 4o wowdm)
fraon €00 ™ g 9[3 (grovp) of The TC Cream 300 hawe oateon
\md (d);flmmm_,(n_g‘g;ﬂmwum‘f ‘Pound, then how much does 3 of
y -

h problem pecay SC if  gauons
10 %g\\ms o ourS Gase TS o ] bee. geoy 21

7% Lo s e ﬁ"*“"“:;’m%"mmmw

nmber of grod ps ( e
g o 100y Unt! (mas\..\ 'y gfoups (bs)+ is IS &,
9 @ u n‘lbmx cream weigh{ 1 po\m&then mﬁ%{u n
a pol ice cream?
v,\\ Ts o A4 x Z goblem wecae 5 314 gion

oA W \ag s ver gowp, 310 Rra we baye
3z of « pwd, (213 gop) ond Ot fooung
=X for Ane 4 of gauans in al3 b ofie

!
mS  qowp  of

,\\M\
I3

e %
s &“ﬂ} Qreom (.\503‘2 units i 2 ‘)fO\RS)

2.a.
e Multiplication/Division
o PT 11 used the division operation sign +

43
e Groups and base units
o PT 11 included information about groups and base units.
e Multiplicative situation interpretation
o PT 11 mentioned “how many in 1 group”
o PT 11 interpreted it as PDS
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problems for 3 + 3 =?, which are for
Sin ol Wosin 4% =7 and which are for neither of those division problems? Explain how
P\'ﬂ" £ ol gy you can tell rom the structure of the problem. For the ones that, are division
problems, say which kind of division problems they are, how-many-units-in-one-
15 3 group or how-many-groups.
OV
K3 = % (8) 103 of & pir®of ek cream weighs § of a pound, then how much does 1 pint

. of ice cream weigh?
2 = Q‘/§ =X TS iS a 3[Y - 83 'O‘O‘em,becauy e e
qen Hwe s of grovps (a?s of o pinir) and fie
Vot unisS i T gwven 4 oF groups S,ZH Yo in 33
pin) ond w8 v Wiing ey, oats (n 1oup.
(b) 1€ of a pint of o cemywighs  ofa pound, then m“mmmi——%";’. g in 2 grover),

cream weigh [ pound? = T os
TS auestion™ R NI wauit Aa pint It @ tredyr s -
W Qrovp (31> of & Grow) ondk 3Jq of o PO (3 of

i of o Growp [whr Ibs s |goR VAIK). wi ar
Do vais i als o sy d glop (3 gy, vt Tt quelinin
oS for ¥ of afows fof L ba% uvait. (x of pniS for 1"’)

Q ” 2 5 X (c) If there is § of a pint of ice cream and you eat 3 of that ice cream, then how

i v s problem i3 @r Fx & e oy want fo
nS  qrvp  of

Voo Gind Bt amoun! of T oream you gk 5 if wou
(avoin) 2 que 2[z of o 3l pint

ot W Oream, yoo wovid
Rom (am\%”‘ e 203 (qmvr) of nuu iaig‘f:”?"’%&/ hawre (qumis‘)
wd (@ It} of s galler of il weighs\ ¥ oubd, then how uch does 3 of a

il 2 B e e ovlem pecause i gpions
3 3\(»u 5\\uv\3 f\;WsoU‘FS &1&4 %nus 3&% \\g% ot Q'KPS; WeI 314
M W B onils (gauons) per giovp w\:sa Mn%l an Unkaoion
nambes of gioaps (1), X0 I e s o
03¢ unttS (qatons Y in X 8O9PS (LS) g IS &, A
(o) 16{3 of a gallor) o(icac:umweigh.{@ then %anﬁ]‘

o1 a pound F ice cream? BN

TWe & & M x % gobem e 3y Splion
o W g oS ver giowp, 210 P we vaye
3z of « pwd, (213 qowp) ond o foowng

v % =X for Ane 4 of Gallons in AI3 b oF i@

;r\ 1S I&“i‘[l'} reom (B]}Q unilS n 2'5 qulPS)
4 \ia

—

o

V] 6o

2.b.
e Multiplication/Division
o PT 11 used the multiplication operation sign and this is

incorrect.
3 2
273
e Groups and base units
o PT 11 included information about groups and units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 11 interpreted this situation as MS and this is incorrect.
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K (continued).

PT 11
Sp

2

2. Which of the following word problems are problems for i+ % =7, which are for
S e W 3 +% =7, and which ate for neither of those division problems? Explain how
@ firk oS, gy You can tell from the structure of the problem. For the ones that are division
e problems, say which kind of division problems they are, how-many-units-in-one-
4K A group or how-many-groups.
)( L T % (a) If3ofa Em?f.?ﬁ!’ cream weighs § of a pound, then how much does 1 pint
B ;ll of ice cream weigh?
BH:AS =X TS g o B[Y = 85 provlem  pecapse W are
goen fwe 3 of Grovps (2[3 of o pinir) and fir
Vo uniss i i gen 47 of :?vo 5 (BIM Ve in 23
?S n 1 group.

Pin) Ond w8 vt Wiking cay unis | Yp.
® xgﬁ@mm 1 ol? wumltic;{lw“ml%mriﬁwkﬁu%ﬁ;v
croazs woigh | pound? P Trogs —
NS quesion™S8 Nl ceause 2[5 pint IF i@ Crean s
e Qroup (21> of a Growp) ondt )4 of o FoUNd (5 of
qroup g units
g ynils i als OF o giop e tbs s 1ol WITL, ©F A
aason a4 of voge oniS(fes) W1 @i (1 pint), bud qu
< for ® of oyows for L ba% vait, (# 2f pnis for L 1b)
Q‘ 2 S X (e) u‘:::uu}olagi;tofiumunudyonmgnrmnmcmm,menhw
much ice cream dic eat?
1%y s poblam i3 @r Ax 3 e oy want fo
l‘g "(“" Cind Bt amoun! of 1@ Cream You gk 5 i€ wov
¢ (gw'\‘?“l ae 2[3 of o 1Y pint ot i oream, you wovid
o VMY Sy 3 (grovp) of D (@M 4 hawe (baseoniis)
W (@) I h ol e gl of 0SB weighe e e L s Tofa

LY - 2 plon of iy ceem sty roblemy pecause if  gaions
T 1 s (O D0r VIS G “P”i ur qrops, Wt il
S BV oy onils (gatons) Per G100 Ws) 5 and an Unknoun
N oF 9I0ps (le)-‘ andh W ol ‘MVP\UW\W oF
1003 U1 \'|§(3n\\0ﬂ$\i~\ X grovps (W0s) 1"}‘,} ‘Sﬁv 9
(o) 12 of a gallod of ke ream weigh{ @ thenlwa_n"lg;_ﬁn#
7 61 'a pound ¥ ice cream =

kil TWE (s & M x £ qobem  kecaiRe 3)y 9plion
ajz oM W g s yer giowp, 310 R we vaye
23 0f « qond, (215 qop) ond Ot foousng
iy & =X for Ane 4 of Gallons in AIB b oF i@

o w o oam (Bae wils TS geows))

EovR

2.b.
e Multiplication/Division
o PT 11 used the multiplication operation sign and this is
incorrect.

S W
X
Wl N

e Groups and base units
o PT 11 included information about groups and units
explicitly and correctly.
e Multiplicative situation interpretation
o PT 11 interpreted this situation as MS and this is incorrect.
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problems for 2 3+ § =7, which are for
S 3+ =7, and which are for neither of those division problems? Explain how
p\m e alS e you can ull from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-

T group or how-many-groups.

%= 3
X e T g @ n,ohgm?ormmgnwugmiohpound then how much does 1 pint

5/[{ . 9\/5 X of ice cream weigh?
- ThiS S o B[4 = 85 provlm , pecapsy we are
qien dne # of grovps (313 of o Pinr) and fie
Vag unisS i tie \vm ¥ of '?‘ij M Y in 33
Pm) Ot o a2 Wil $ing ca s (n roup.
() lhmmlghs 3 of'a pound, then how m.ﬁmmt-gu—%%w
This q%hontrvz.%m-;m% e a3 pink To0f i@ OrzaM# g
by o B oSl o S e

\bs
oyt \)m\S w\ aI& ggpm‘\’:s(’ﬁbs) ( 1 (gmup (1 p.m) ot qv(d'hg’\

R
Ml S\Vﬂ fof 1: of Yovps fof 1L la% vnit. ( of pniS for 1\\;)
2 - " x (c) If there is § oh:adnloﬂcemunundyoueutzn[thnu:ecmm then how
much ice cream
d 7’ Y qnis pmb(e;n W er Fx g v,y want fo
L oy 4 Gind Wt amoun! of @ oream Yov gkt ;i€ wou
mS gy of 3 Ui tream, vid
¥ i e qie 2[5 of o M pint 0 hate Coatemiis)
fearn €O §8 e 0[5 (grovp) of rmu i@ cua:yw'gw owe (oases
md (d);fd:old of £ weighs 1 poute DeuSel them biow rhuch doss § or.r
X = {s et 31y problem be(a se i \onS
ey ans o ur5 vase TS a% \by wX Groy 34
o 9“ i 0 O per aioop (WS 5 and an \lelown
¢ powd ax K5 gy \,N|g(5a\\nn ‘5 ) e T i er 0{—
nompe of gioups ( fs), xndt
Ay V! i\§

J 6o

<s,,.;{_—f§”?:ﬁ¢
T‘A:pau \SMKM 3y x :g problem  eCavie 3]y splion
©F W g oS yer govp, 3100 Avg we by
3 0F « pound ) (213 gqowp) ond Ort oo
. % =X for Ane @ of Gallons in &l lb of (@

2,\ 1bs &“;13 oream (bqya wmits n °l% gr0\95)
R \la

2.c.
e Multiplication/Division
o PT 11 used the multiplication
3 2
p— x —
4 3
e Groups and base units

o PT 11 did not include information about groups and base

units explicitly and correctly.
e Multiplicative situation interpretation

o PT 11 did not include any information about the
interpretation about the multiplicative situation explicitly.
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problems for 3 + 3 =7, which are for
s in %3 =7 and which are for neitber of those division problems? Explain how

B0 §I L, guw You can tell from the structure of the problem. For the ones that are division
¢ 1 problems, say which kind of division problems they are, how-many-units-in-one-
1R group or how-many-groups.

b4 o %. (@ nr; ougin??t’_%‘!wwa;m;onpound,menmmuchdm1pin¢
0 of ice cream weigh?

3l : Az - X TS (S o B[4 = 8J3 proolem , pecapse we are
goen e 3 of grovpS (2[3 of o piit) and T
gy unisS i e gwen 4 of Q«mrs &31\4 o in %3
Pim) O W e Wi in9 ey s (n E'M’.

! o ; TS 1S o wHow wamy in up !t

(b) "\51‘:,?,""':{!‘_’9’_“, weighs § of 2 pound, then how maly Pt oF-er— o=~ BAV 70w

NS question ™8™ il wecouse  2J2 eink f @ Orean s

W group (2> of ap‘aﬂw?ow 31:{1:5 &“W"Z; wnite) Lot

- A . :
g nils in ale o Ay (" glop (L g, vt Tt queiien

g

el g (
M for F of oqowps fof L ba% vait, (# of pS for L \o)
ﬁ g 2 X (c) 1f there is § of a pint of ice cream and you eat 3 of that ice cream, then how

2 uch i i ?
715 7% R 8 vy a1

LoV e e noof (@ oream gov gl if v
s‘s (}%’m E*(‘l (icm;/"» O:z‘m:x Y pint ot i(g cvtmm,Y o0 wovid
" : ¢ i
N mw\g,""mu 8(3 mro(r) of .n\\l“h\(;f:dgf:?w’gw haur (oatevniis)
wd (@ IWLM‘&“%M weighs'1 pound, then how much dm:ofur
oY= % TR 1 W 3(5 roblem  pecause | \ons
L\wm )‘(‘) az\\nns -i"bw%)U‘rS \f&y onirs Q \gi wL grovps, Wenﬂ"g} 34
y W%ty onits (gavens) per 9100p (W) 5 and an unkiown
Nt O 9i0ips ( tls), xndk “’2 V‘%.h" e
o t00)_UnttS (qauons Yin X 97095 (L) MiS S gt
P _ (e) 1ff¥ of a gallo) o?i:ea:lmweiglu(lpouni mnﬁ%&d&ff
67§ pound J ice cream? BN
I WS s & M x £ gobiem e 3)q slon
ETES o W \ag onts yer giovp, 30 Avg we by
33 o « pwd, (213> qowp) ond Ort oo

- 25 =X for Ane 4 of gallons in AB b oF (@
Z,\ 1bs —.3\“;]3 oream (base units B gro\P{S)
e \la

2.d.
e Multiplication/Division
o PT 11 used the division operation sign +

3 4
e Groups and base units
o PT 11 included groups and base units explicitly and
correctly.
e Multiplicative situation interpretation
o PT 11 mentioned this situation as “how many groups’
problem
o PT 11 interpreted this situation as QDS.

]
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K (continued).

PT 11
SP

2

2. Which of the following word problems are problems for § + § =?, which are for
(65 in 1+13 =7, and which are for neither of those division problems? Explain how

)gm 4T o gutw ou can tell from the structure of the problem. For the ones that are division
problems, say which kind of division problems they are, how-many-units-in-one-
4 group or how-many-groups.

)( ‘% = % (a) nr?, ol'apin?\;?%rw weighs 1 of a pound, then how much does 1 pint
. of ice cream weigh?
2 = 3/5 =X ThS (S o B[4 =283 ?ro\o\am) pecanst we are
goen dwe 3 of qroves (23 of o PN and fie
oy uniss v e awven i of TOUfs g?}IH Yo in 23
i TOup.
NG 1N

Pin) Ond w8 e Wiking eay oaits (n
(®) l@?@mw 3 urfz poum'ziul{m“mn%m-grn%&
creez weigh T pound? e Trogee —
ThiS  quesHoN™ 16 Nior  Lecause  2» pink é"f’d&mafmm s
e Qrovp (21> of ”}5”"")0@““ a,;qlbof a\razfu VRTHS), Wl dns
i of o gt et § s s
e B R um\S(({tbi)uPW( 1o (1 pint),lur Tt quthin
oS for © o ouows fo¢ L ba% vait, (¥ oF pn