CREDIT RISK MODELING WITH STOCHASTIC VOLATILITY, JUMPS
AND STOCHASTIC INTEREST RATES

AYHAN YUKSEL

DECEMBER 2007



CREDIT RISK MODELING WITH STOCHASTIC VOLATILITY, JUMPS
AND STOCHASTIC INTEREST RATES

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF APPLIED MATHEMATICS
OF
THE MIDDLE EAST TECHNICAL UNIVERSITY

BY

AYHAN YUKSEL

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE
IN
THE DEPARTMENT OF FINANCIAL MATHEMATICS

DECEMBER 2007



Approval of the Graduate School of Applied Mathematics

Prof. Dr. Ersan AKYILDIZ

Director

I certify that this thesis satisfies all the requirements as a thesis for the degree of

Master of Science.

Prof. Dr. Ersan AKYILDIZ
Head of Department

This is to certify that we have read this thesis and that in our opinion it is fully

adequate, in scope and quality, as a thesis for the degree of Master of Science.

Assoc. Prof. Dr. Azize HAYFAVI Prof. Dr. Ersan AKYILDIZ

Co-Supervisor Supervisor

Examining Committee Members

Assoc. Prof. Dr. Azize HAYFAVI

Prof. Dr. Ersan AKYILDIZ

Assist. Prof. Dr. Kasirga YILDIRAK

Assist. Prof. Dr. Omiir UGUR

Dr. Coskun KUCUKOZMEN




I hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. I also declare
that, as required by these rules and conduct, I have fully cited and referenced all

material and results that are not original to this work.

Name, Last Name: Ayhan YUKSEL

Signature:

il



ABSTRACT

CREDIT RISK MODELING
WITH STOCHASTIC VOLATILITY, JUMPS
AND STOCHASTIC INTEREST RATES

Yiiksel, Ayhan
M.Sc., Department of Financial Mathematics
Supervisor: Prof. Dr. Ersan AKYILDIZ
Co-Supervisor: Assoc. Prof. Dr. Azize HAYFAVI

December 2007, 179 pages

This thesis presents the modeling of credit risk by using structural approach.
Three fundamental questions of credit risk literature are analyzed throughout
the research: modeling single firm credit risk, modeling portfolio credit risk and
credit risk pricing. First we analyze these questions under the assumptions that
firm value follows a geometric Brownian motion and the interest rates are con-
stant. We discuss the weaknesses of the geometric brownian motion assumption
in explaining empirical properties of real data. Then we propose a new extended
model in which asset value, volatility and interest rates follow affine jump dif-
fusion processes. In our extended model volatility is stochastic, asset value and
volatility has correlated jumps and interest rates are stochastic and have jumps.
Finally, we analyze the modeling of single firm credit risk and credit risk pricing
by using our extended model and show how our model can be used as a solution

for the problems we encounter with simple models.

Keywords: Credit risk, Affine jump diffusion models, Stochastic volatility, Jump
processes.
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KREDI RISKININ STOKASTIK VOLATILITE,
SICRAMA SURECLERI VE STOKASTIK FAIZ
ORANLARI ILE MODELLENMESI

Yiiksel, Ayhan
Yiksek Lisans, Finansal Matematik Boltimii
Tez Yoneticisi: Prof. Dr. Ersan AKYILDIZ
Ortak Tez Yoneticisi: Doc. Dr. Azize HAYFAVI

Aralik 2007, 179 sayfa

Bu ¢aligma, kredi riskinin yapisal yaklagim araciligiyla modellenmesini ortaya koy-
maktadir. Calismada kredi riskine iligkin literatiirde ele alinan {i¢ temel problem
incelenmistir: miinferit bir firmanin kredi riskinin modellenmesi, portfoy kredi
riskinin modellenmesi ve kredi riskinin fiyatlanmasi. Ilk olarak, bahsi gecen {i¢
problem, firma degerinin geometrik Brownian hareketi izledigi ve faiz oranlarinin
sabit oldugu varsayimlar1 altinda incelenmistir. Geometrik brownian hareketi
varsayiminin, gergek verilerin ampirik ozelliklerini agiklamadaki zayifliklar: tarti-
silmigtir. Daha sonra, firma varliklarinin, volatilitenin ve faiz oranlarimin afin
sicrama-yayinma siireci izledigi yeni bir genigletilmis model ortaya konulmustur.
Genigletilmig bu modelde volatilite stokastiktir, firma varliklar1 ve volatilite ko-
rele sigrama siireclerine sahiptir ve faiz oranlar1 stokastik ve sicrama siireclerine
sahiptir. Son olarak miinferit bir firmanin kredi riskinin modellenmesi ve kredi
riskinin fiyatlanmasi problemleri genisletilmig model araciligiyla analiz edilmis ve
yeni modelin, daha basit modellerde ortaya ¢ikan problemlerin ¢oziimiinde nasil

kullanilabilecegi gosterilmistir.

Anahtar Kelimeler: Kredi riski, Afin sicrama-yayimma modelleri, Stokastik volati-
lite, Sicrama siirecleri.
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CHAPTER 1

INTRODUCTION

1.1 Definition of Credit Risk

Credit risk is one of the most prominent risks that financial institutions (es-
pecially a bank) are exposed to. Credit risk is defined as the risk of loss caused
by a credit-related event. Credit-related events, for instance, include default of a

counterparty or rating changes.

For classifying credit risk, we can use different classifications using different
criteria. For example, by looking at the party who creates credit risk, we can
classify credit risk into three broad categories. The first category includes unilat-
eral credit risk. This simplest type of credit risk arises if a financial institution has
a claim from a counterparty. The typical example is a bank loan. In the second
category, we have bilateral credit risk, which generally arises in derivative expo-
sures such as an interest rate swap. In this case, depending on the market factors
affecting derivative value, at any time, either party to the contract can have a
claim against each other. This is because some derivatives may have positive or
negative value to a counterparty depending on the level of market factors (e.g.
interest rates, exchange rates). In the third category we have a somewhat differ-
ent type of credit risk, which is called reference credit risk. This type of credit
risk may arise for exposures in securitisation or asset-backed securities. In these

cases, even if the creditwothiness of the counterparty dose not change, a price fall



occurs if the creditworthiness of reference obligors deteriorate. Another impor-
tant classification is made based on the definition of loss. If we define the credit
losses those caused only if a default occurs, we call this approach a default-mode
(DM) approach. Alternatively, beside defaults, we can include losses stemming
from rating downgrades and changes in credit spreads. The latter approach is
called mark-to-market (MtM) approach.

1.2 Sources of Credit Risk

In this section, sources of credit risk (i.e. credit risk factors) are introduced. In
order to determine the factors that affects credit risk, we first define credit loss.
As mentioned in the previous section, credit risk can be defined in a DM or a

MtM environment. First we will analyze credit risk factors in a DM environment.

Let assume a credit card exposure of a bank. In this contract, bank grants a
credit line or limit to its client (i.e. credit card holder). By using credit card,
the customer can borrow and repay any amount of money up to this limit. After
setting the limit by the bank, the exact amount of money borrowed is in the
discretion of the borrower. Assume that we want to asses the riskiness of a credit
card exposure at time t=0. Our risk horizon is 1 year. The credit card limit is $

100, and only $ 40 is used currently. Possible scenarios are given in Figure 1.1.

At the end of the risk horizon, i.e. at t=1, the drawn part can change. In our
example the drawn part increases to $ 70. The increase in the drawn amount
increases credit risk. Therefore the first risk factor we should consider is the
possible increase in the exposure amount. This is captured by exposure at default
(EAD). In our example, EAD amount is $ 70, not $ 40. Generally EAD is
expressed as a ratio which will be applied to the current exposure. For example
in our case EAD ratio is 70 / 40 = 1.75 .

At this time there are two possible events. In the first scenario we may have

no default and the bank collects all its money (i.e. $ 70). In this case there is no
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Figure 1.1: Default Mode Scenarios

credit loss. In the second scenario, our obligor defaults on his credit card claim.
The possibility of default is a source of risk for our claim. This risk is captured
by probability of default (PD). Our credit risk increases with PD.

In the default case, generally banks may not collect all their money back.
Rather a portion of the EAD amount can be recovered. In our example, the bank
can only recovers $ 50, and therefore incurs a credit loss of $ 20. The final loss
incurred on EAD amount is called loss given default (LDG). In our example LGD
amount is $ 20. In general LGD is expressed as a ratio which will be applied to
the EAD amount. In our case LGD ratio is 20 / 70 = 0.29 .

Therefore, in DM environment we have three different risk factors: PD, LGD
and EAD. If we model these risk factors appropriately, we can model credit risk.
There are two additional important issues in modeling credit risk. They are inter-
and intra- dependencies for risk factors. The first term refers to the dependencies

of PDs or LGDs or EADs for different obligors. For instance two firms may have



dependent PDs since they operate in the same sector. Or two loans may have
dependent LGDs because they have a same kind of collateral. Or two swaps
may have dependent EADs because they have the same underlying interest rate.
The intradependencies among risk factors is defined as the dependencies between
PD and LGD, or PD and EAD, or LGD and EAD. For instance if there exists
common factors that both affect PD and LGD of a firm, we should model the

dependence structure between these two risk factors.

In a MtM environment, we should have more risk factors, since credit loss is
caused not only by default, but also by other credit-related events. For example
assume a bank that has an investment in a corporate bond. The current value
for the bond is found, using arbitrage principles, by discounting all cash flows
by the corresponding discounting factor. The discounting factors should include
both risk-free rates for the corresponding maturities and credit spreads for the
corresponding maturities and credit quality (i.e. credit rating). The example is

schematized in Figure 1.2.

~ (1)
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Oé‘a\)
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t=T >
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= (L7, + SE,t)f
Vi = Par x (1 — LGD)
Figure 1.2: Mark-to-Market Scenarios

We can find the current value of the bond by using current term structure for
risk-free yields and credit spreads. At the end of our risk horizon, i.e. t=1, the
first thing that can happen is the change in the expected cash flows. For example

this is more pronounced for interest rate swaps. This risk is captured by EAD.



Then we have two possible scenarios: default or no-default. Similar to the DM
environment, the risk of default is captured by PD. If we have a default case, we
may recover only a portion of the par value and may incur some loss. This risk

is also captured by LGD.

Otherwise, if we have a no-default case, we apply the same procedure for pricing
and discount all the expected cash flows by using market values of risk-free yields
and credit spreads available at time t=1. Therefore, even if we do not have
a default, the value of our credit-risky position may deteriorate if there is an
adverse movement in risk-free yields or credit spreads, or if the creditworthiness
of the obligor deteriorates (i.e. its rating is downgraded). Hence we have three
additional sources of risk. The first one is caused by the risk-free term structure.
However this source of risk is purely related to market interest rates and, rather
than credit risk, it is generally classified within the market risk. The second source
of risk is the credit spreads. This credit spread risk is an important element
of credit risk in a MtM environment. For instance, if the market participants
become more risk averse and credit spreads widens, the values of all credit-risky
securities will decrease. Indeed credit spread risk is at the intersection of market
and credit risks, and sometimes classified under market risk. The final risk factor
is the rating downgrade risk. Even if the credit spreads do not change, a rating
downgrade of an obligor will cause loss because the appropriate credit spreads

are now different (i.e. higher).

To sum up we have five types of credit risk factors in a MtM environment.
These are PD, LGD, EAD, credit spreads and rating downgrade probabilities.
Similar to the DM environment, in modeling credit risk, we should also consider

inter and intra- dependencies for these risk factors.



1.3 Main Problems Dealt within Credit Risk

Literature

We have a huge literature on credit risk, in which different papers attempt
to answer different questions related to credit risk. However, we can classify the
main problems dealt within the whole credit risk literature into three main simple

questions:
1. What is the riskiness of a single claim?
2. What is the riskiness of a portfolio of claims?

3. How can we price a single claim or a portfolio of claims?

The first question is related to estimating individual credit risk factors for a
single claim (or firm). For example estimating PD of a single firm, or estimating
potential recoveries from a certain collateral type (e.g. residential mortgages),
or estimating EAD for an interest rate swap are all research fields related to the
first question. In this category we see a numerous research on credit scoring /
rating. Altman’s Z-score [Alt68] is a popular example in this category. There are
many papers that attempt to estimate PDs from bond prices. Although not as
popular as PD estimation, estimation of LGDs and EADs are also an active area
of research. For example Moody’s LossCalc methodology [GS02] and [GSO05 |

attempts to model LGDs using regression analysis.

The second main question is related to the credit risk of a portfolio. Even if
we estimate all the credit risk factors of each individual claims in the portfolio,
we should additionally model the dependencies to estimate a more realistic port-
folio risk. This is because of diversification effects. Although we generally have
positive correlation between credit risk factors for different obligors, there exists
diversification benefits for a portfolio of claims. The main additional gradient for
the portfolio modeling is the default correlations which are difficult to estimate.

There are many different models that attempt to capture the portfolio risk. For



example popular commercial models include Credit Metrics [GFB97 |, Credit
Risk Plus [CS97] and Credit Portfolio View ( [Wil97a] and [Wil97b]). Also
the new Basel Accord, called Basel-II [BCBS06], which sets the regulatory rules
for bank capital, also assumes a portfolio model for its internal ratings-based
approaches. Estimating portfolio risk can help financial institutions to increase
efficiency in taking investment decisions and allocation capital among business

lines.

The final question is related to pricing. Pricing is somewhat a different problem
than assessing riskiness. Because in pricing problems we use different probability
spaces than we use in risk measurement. The first ground-breaking paper for
credit pricing is the famous paper of Merton [Mer74]. In this paper, Merton
treats credit-risky securities as contingent claims against firm’s assets and uses
option pricing theory to value these securities. This approach used by Merton is
called structural approach to credit risk. After Merton’s paper, many additional
papers were published, each attempt to generalize the simplistic assumptions used
by Merton. Beside structural approach, there are also papers that do not assume
a structural relation between default and firm fundamentals, and treat default as
a surprise event. This approach is called reduced-form approach. The literature
on credit pricing deals with pricing bonds (e.g. corporate bonds) and loans (e.g.
LIBOR market) as well as other more complex instruments such as asset-backed
securities (e.g. mortgage-backed bonds) and credit derivatives (e.g. credit default

swaps, credit linked notes, collateralized debt obligations).

1.4 Credit Risk Modeling Approaches

As mentioned in the previous section, there are two different approaches for

credit risk modeling: structural approach and reduced-form approach.

In structural modeling, the default of a firm is directly related to its market
value of assets. In order to understand this relation, first, let analyze the capital

structure of a simple firm. The firm holds assets (A) and the available funds are



liabilities (L) and capital (C). Therefore we have,

A=L+C

This equation is true for two different cases. In the first case we measure
the assets, liabilities and capital by using accounting principles. Although these
principles do not always yield economically reasonable values for these items, the
equation always holds because the accounting principles are designed to do so.
Additionally this equation also holds if we measure each item by using market
values. Assume, for example, that the firm has issued only one traded zero coupon
bond as a liability, invests in a traded zero coupon bond and the shares of the
firm are also traded in the secondary market. Then the above equation holds
for the capital structure. However, in real life, we generally do not observe the
market values for all items. For example there are sometimes illiquid assets, or
non-traded debt. However the unobservability of these values do not breach the

equality.

Now assume that the market value of assets decreases to the level of liabilities,
i.e. A=L. Then the market value of capital is zero, which means that the firm
bankrupts, and hence defaults. Therefore we can simply define the default event
as the equivalence of assets to liabilities. If we are able to model the evolution of

assets and liabilities, then we can model the default event.

The structural approach uses this idea to model default events. The first struc-
tural model is the famous Merton’s model [Mer74]. In this model the firm value
is assumed to follow a geometric Brownian motion, and the value of liabilities are
fixed. Then we can easily find the probability of default by finding the probability

of the event that the asset value is below the liabilities at maturity.

Indeed the Merton model is simply an application of Black-Scholes option pric-
ing model [BS73| to the firm’s equity and debt. Because we can see firm’s equity

and debt as contingent claims written against firm’s assets. To understand this,



let analyze the payoffs to equity and debt. These payoffs are illustrated in Fig-

ure 1.3.

Payoff for Equity Payoff for Debt
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Figure 1.3: Payoffs for Debt and Equity

The equity holders have the potential to gain from extreme returns, but have
limited liability which is bounded by their investment. Therefore if the asset
values are below the liabilities, the payoff to the equity holders is always zero.
But they take all the upside returns if the asset value is over the liabilities. For
debt holders, the picture is the reverse. They take no upside gain if the firm has
extreme profits (i.e. A > L). The only amount they can obtain is the interest
and principal amount they lent. However, they may incur loss if the asset values

can not meet liability requirements (i.e. A < L).

The payoffs we analyze are actually similar to the option payoffs. Indeed, the
equity payoff is exactly the same with the payoff of a call option. And the payoff
for debt is the same with the payoff of a portfolio with a long position in a risk-free
bond and a short position in a put option. Therefore we can use standard option

pricing framework for pricing credit-related instruments. Actually the isolated



credit risk component of a bond, which is the difference between a risk-free and

a risky bond, is equivalent to a put option on firm assets.

Although the structural approach has a well-grounded explanation for default
event, there are many weaknesses of the simple Merton model. And these yield
extensions to the original work. For example one of the important extensions
to the original model was about the timing of default. In the original Merton
model the default can only be happen at the maturity. But this is not a realis-
tic assumption. [BC76| introduces the first-passage time models, in which the
default occurs at the first hitting time of the asset value to the default barrier.
There are also extensions which deals with the default barrier. In the simple
model the default barrier is equal to the liabilities and it is constant. But we can
assume stochastic default barriers and barrier may be determined endogenously
or exogenously. Studies assuming different barrier specifications include [Le94],
[LT96] and [BVI7].

In the Merton model, the firm’s asset value follows a geometric Brownian mo-
tion which produces gaussian returns and under this setting the default events
become predictable. In order to remove this unrealistic assumption, [Zhou97] in-
troduces jumps in the asset values which creates discontinuities. With the jumps,
the default event becomes unpredictable. Additionally [FSS06] and [FWZ06]
introduce stochastic volatility in the asset values which captures an important

phenomena observed in financial asset prices, that is volatility clustering.

In pricing credit-risky securities, we also use risk-free interest rates as an input
to the model. Merton model assumes constant interest rates. However, fur-
ther studies examine the effects of stochastic interest rates including [STD93],
[KRS93], [LS95], [BVIT7] and [Zhou97].

Contrary to the structural approach, the reduced-form approach do not assume

any explicit relation between the default event and the firm fundamentals. Rather

it takes the default event as an unpredictable (surprise) event. In reduced-form

10



models, the default event is governed by an intensity-based or hazard-rate process.
In these models the default time is an inaccessible stopping time. In this approach

we model directly the distribution of the default time.

[JT95] assumes an exponentially distributed default time with constant haz-
ard rate. Under this specification the default arrival has a Poisson distribution.
[JLT97] extends the simple exponential default time model by assuming a contin-
uous time Markov chain for the default event. In their model, the default occurs
when the K-state Markov chain hits the absorbing state (which is default) with
Markov probabilities are understood to be rating transition probabilities. [DS98|
uses credit risk-adjusted short rates for valuing credit-risky bonds. In their model
the risky short rate includes both risk-free short rate and risk premiums associ-

ated with credit and liquidity risk.

For a well-structured review of different modeling approaches see [Bohn00] and

for a detailed mathematical text see [BR02].

1.5 Structure of the Thesis

This thesis aims at analyzing mathematical aspects of structural credit risk
modeling with two distinct assumptions. The thesis has three main parts. In the
first part, we will present the modeling approaches under the assumption that the
firm value follows a geometric Brownian motion. Models for the three important
credit risk-related questions are presented in chapters 2 to 4. Chapter 2 present
modeling of single firm credit risk. Chapter 3 deals with portfolio credit risk.
And chapter 4 is devoted to the credit pricing. We have chapter 5 in the second
part, which deals with the weaknesses of geometric Brownian motion assumption.
Also in this chapter, possible extensions for the geometric Brownian motion is
discussed. In the third part of the thesis, we introduce stochastic volatility and
jumps in the asset value process and make risk-free interest rates stochastic, and

again analyze the credit risk-related questions. Chapter 6 introduces models for

11



single firm credit risk with our extended assumptions. Chapter 7 deals with credit

pricing with the same assumptions, and chapter 8 concludes.
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CHAPTER 2

MODELING SINGLE FIRM
CREDIT RISK

In this chapter, we analyze the modeling of single firm credit risk with a struc-
tural approach under the assumption of geometric Brownian motion. To serve
our purpose, we first analyze the asset values and its returns. There are dif-
ferent sections devoted to the analysis of pathwise and distributional properties
of returns, algorithms for simulation of returns as well as scaling and addition
properties of returns. Then we will introduce the credit risk factors, PD, LGD
and EAD, as well as correlation among them. And at the end we have the loss

distribution for a single claim and the common risk measures.

2.1 Asset Value Process and Returns

Assume that value of the firm’s assets follows a geometric Brownian motion.
Then we can express asset value by using the following stochastic differential
equation:

dvi
t

where 1 € R, 0 > 0 and W, is a standard Brownian motion.

Solution of asset value process can be found by using Ito Calculus. Let Y; =
f(V;) with f(z) = In(x). Then we have f'(z) = 1/x and f"(z) = —1/2% Then

13



by using Ito Lemma:

1
dY, = f(V)dVi+=f"(V)d <V, V>
2 ————r

=Vi202dt

1 1 /-1
_ thvt +5 (W) Vi2o2dt
1 1
= — (uVidt + oV dW,) — ~o*dt
V; 2

1
= (,u—ﬁaz) dt + odW,
Therefore:
t 1 t
Y, = Yo—i—/ (,u——02>dt+/adVVt
0 2 0
1,

Since Y; = In (V}):

1
In(V;) = In(W)+ (M - 502) t+ oW,

1
Vi = Vyexp { (u — 502) t+ O'Wt} (2.2)

Since the standard Brownian motion has a normal distribution, the asset value
therefore follows a log-normal distribution. Simulated examples for asset values

with different drift and volatility terms are given in Figure 2.1.

The continuously compounding (logarithmic) returns between time 0 and t is
defined as:

Ry :=In(V;/Vp) =In(V;) —In(Vp)
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Figure 2.1: Simulated Asset Values

Therefore:

1
Roy = In(Vp) + (u — 502> t+ oW, —In(Vp)

1
= (M - 502) t+ oW, (2.3)
And the return between time (¢t — At) and ¢ is:
Rtht,t = In (V;e) —In (V;tht)

1 1
= (V) + (u - 502) t+ oW, —In(Vp) — (u - 5) (t— At) — oWy a

1
= (/,L — 50’2) At +o0 (Wt - Wtht)

For R;, the corresponding stochastic differential equation is:

1
dR; = (/L - 502) dt + odW, (2.4)
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And the detrended returns are defined as:

1
RIP = Rt - (,u — 50’2) t= O'Wt (25)

2.2 Pathwise Properties of Returns

In this section we analyze the pathwise properties of returns.

2.2.1 Continuity

Since Brownian motion is, by definition, continuous, the asset value process

and return process are continuous.

2.2.2 Independence

For time intervals (¢t — 2At,t — At) and (¢t — At,t), we have:

1
Ry ontp—nt = (M - 502) At+ o0 (Wiar — Wicons)

1
Ry Aty = (,u — 502) At +o (W, — Wi_ar)

Since the two increments of Brownian motion, i.e. (W;_a; — Wi oa;) and
(Wi — Wi_ae), are, by definition, independent, the two return Ry oas:—a¢ and

Ri_Aty, are also independent.

2.2.3 Stationarity

Since (Wi—ar — Wi_aat) has the same distribution as (W, — Wi_at), Ri—oati—at

has the same distribution as ;_ ., which means that the returns are stationary.
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2.2.4 Martingale Property

The detrended or unanticipated part of returns has martingale property:

1
RtD = Rt—<,u—502) =W,

E[R]|F,] = E[oW|F,)=E |0 (W, —W,)+ oW, |F,

€Fs

= E|o(W,—=W,) |Fs| + W
—_——
Independent of Fs

= 0+oW,
= oW,
RD

2.2.5 Markov Property

The detrended part of returns has Markov property. To show this, we should
have, for each non-negative Borel-measurable function f, there is another Borel-

measurable function g such that:

E[f(RO)IE] = g(R)
= E[f (oW, |F]
= E [f (U (Wt - WS) + UWS) ‘Fs]

Since (W, — W) is independent of F and Wy € Fy, from Independence Lemma,
we have:

E [f (U (Wt - Ws) + UWS) |Fs] =4 (Ws)

where g () = E[f (o (W, — W) + ox)].

17



Since o (W, — W) ~ N (0,02 (t — s)),

2
fw+ox) 62"2(t ) dw

9 (@) = m/

We may change the variable 7 =t —sand y =w + oz :

1 /Oo —(y— oz>2
g)=—=== [ [flye 27 dy
= ez |
And define the transition density h (7,z,y,0) as
1 —(y—o=)?
h(t,z,y,0) = e 20%r

V2ro?r
Therefore:

=/ f) h(r,z,y,0)dy
At the end, we obtain:
BIF@W)IE] =9 W) = [ @) h(reo)dy

Therefore the detrended part of returns has Markov property.

2.2.6 Quadratic Variation

We analyze the quadratic variation of detrended returns. For any partition
of time interval, [0, 7], 7 = {0 = t,,t1,--- ,t, = T}, with ||7|| = max; (t;+1 —¢;),
the sampled quadratic variation is defined as:

Qv = > (RD 35)2

tj+1



We can find E [QV;] as follows:

E|(Wy., =) = Var[w,

ElQV;] = ZO‘QE [(Wtj+1 — Wtj)Q]

We can find Var [QV;] as follows:

2
Var [(th - Wtjﬂ - B {{ (Wi = Wi)" = (t501 — tj)} }
= B (Wi = W) = 2(ts1 = ) E | (W, = Wy,
+(tjp1 — tj)2]
= 3(tj — ) =201 — )"+ (b1 — 8)°
= 2ty —t;)°

n—1 n—1
= Var[QV:] = Z Var [(Wtj+1 - Wt].)Q} = 2(tj41 — tj)2
§=0 j=0
Additionally, we have:
n—1
Var [QVr] 22 4 20|l (tj1 = t5) = 2=l 7
]:0

The quadratic variation for detrended returns is defined as:

—_

n—

2
Qv = lim > (R, — RP)

[l —0 <

<.
Il
o
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In the limit we have:

n—1

(RE. —RE)

Jj=0

=o’1

EQV]= lim E

[[=ll—0

Additionally since Var [QV,] = Z;:Ol 2(tj41 — t;)* is non-negative, Var [QV;] <

2||7||7, and limy|—o 2||7||7 = 0, we have:

[y

n—

Var[QV] = lim Var

[ =0

(RD

tir1

_ ng)Q

O

Jj=

= lim Var[QV;] =
ll—0

Therefore:
QV = o’r
2.3 Distributional Properties of Returns

In this section we analyze the density, moment generating function and mo-

ments of returns.

2.3.1 Density

For Ry, +,, the cumulative distribution function is:

F(I’) = Pr {Rtl,tz < Jf}

_ Pr{(ﬂ—%ﬁ) (tg—t1)+a(Wt2—Wt1)<:c}
= Pr{Wt2—th<I_('u__a)(t2_tl)}

g
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Since (W, — Wy,) ~ N (0,15 — t1), we have:

F(r)=2® [:z: — (1 —30%) (t2 = 751)]

U\/tg —tl

where ® is the cumulative density function for standardized normal distribution.

FOI‘T:tQ—tl,

F(z) = ® [‘T_(“_%JQ)T]

And the density is:

f(@:dF(x) ¢[x—(u—50)7

dr o\/T

where ¢ is the density for standard normal distribution.

1
Ri 1o ~ N ((u — 502) T, 027)

Therefore:

Examples of return distributions are given in Figure 2.2.
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Figure 2.2: Examples of Return Distributions
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2.3.2 Moment Generating Function

The moment generating function (MGF') of a random variable X is defined as:
MGFx (u) = E [¢"¥]
Then we can define the MGF of returns as follows:

MGFRtlvtz (u) = I [GuRtl’tﬂ = F [eu(u—%UQ)T—i-ua(WtQ_th)
_ ot p [l

Since Wy, — Wy, has the same distribution with W, and using MGF of normal
distribution:
MGFy,,,, (u) = ¢"(37)rero™r

1 1
= exp {u,uT — §u027 + §u2027}

2.3.3 Moments

We can find the moments by using the moment generating function. For any

k

random variable X, the general relation with &“* moment, m*, and moment

generating function is as follows:

k k dk

For the returns, mean, variance, skewness and excess kurtosis is given by:

1
Mean = FE[Ry 4, = (,u — 502> T

Variance = FE [(Rtl,m - F [Rt1,t2])2} =o’1

22



E [(Rtth [Rtl tz])3:|

Skewness = =0

(E [(Rtl,tz — E[Ry tz])QD

EF|(R — F R
Excess Kurtosis = [( tte [ tl’tQD } —-3=0

([(Rtth —FE [Rt17t2])2:|)2

W[w

Therefore the distribution of returns is symmetric and mesokurtic.

2.4 Simulation of Returns

The model for asset value returns is a continuous model. In order to simulate
it, we should use discretized version of the model. For this, we divide the time
interval [0, 7] into discrete intervals, {0 = to,t1,to -+ ,ty = T'}. The discrete in-
tervals need not be equally spaced. Then, by using Fuler Scheme, the discretized

model is given below.

Rt17t2:<,u——0')At+0'\/ tz
where At =ty —t; and Z ~ N (0,1).

There are many different techniques used for the simulation of normal variables

(see for example [Rub81] or [Ross97]). The most popular ones are:

e The inverse transform method
e The Box-Muller method

e The rejection method
In all these three methods, first we need to generate random variables from
uniform distribution. There are different algorithms for generating uniformly

distributed random numbers, called low discrepancy numbers. In the next section

we give one method for generating them.
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2.4.1 Generating Low Discrepancy Numbers

One method that can be used for generating low discrepancy numbers is the
Halton sequence. Haltons low discrepancy sequences are based on a simple idea
[Bre02]:

e Representing an integer number n in a base b, where b is a prime number:

n = (dp - dadsdadydy), = _ dpd*

k=0

e Reflecting the digits and adding a radix point to obtain a number, the nth

number in the Halton sequence, within the unit interval [0, 1]:

h(n,b) = (0.dodydadsdy - - dy,), =y _ dyb™
k=0

2.4.2 The Inverse Transform Method

In this method, we use the following proposition.

Proposition: Let U be a uniform (0, 1) random variable. For any continuous
distribution function F, the random variable X defined by X = F~!(U) has
distribution F' [Ross97].

Then the algorithm for simulating random numbers from normal distribution

is:
e Step 1: Simulate U ~Uniform(0, 1)

e Step 22 X = &1 (U) where @ is the distribution function for standard

normal distribution. Then X has a standard normal distribution.
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2.4.3 The Box-Muller Method

The method uses the fact that the coordinates of a point (x, y) can be expressed

as:
(z,y) = (cose\/m, sin9m>

where 6 is the angle between x-axis and the line (0,0)-(x,y).

The algorithm is:

e Step 1: Generate two independent uniformly distributed random numbers:
Uy ~Uniform(0, 1), Uy ~Uniform(0, 1).

e Step 2: Set R? = —21In (U;) and 0 = 27U,

e Step 3: Set Z; = Rcost and Zy = Rsinf . Then, Z; and Z, are independent

and identically distributed (iid) standardised normal random variables.

2.4.4 The Rejection Method

The method uses the following theorem.

Theorem: Let X be a random variate distributed with the density function

fz (z), which is represented as:

fo(x) = Cg(x) h(x)

where C' > 1,0 < g (z) < 1 and h () is also a density. Let U and Y be distributed
uniformly (0,1) and & (z) respectively. Then:

fy(@|U<g(Y)) = fa(x)
For proof see [Rub81], theorem 3.4.1.

The algorithm is:

e Step 1: Generate U ~ Uniform (0,1)
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e Step 2: Generate Y from the density h(z)

e Step 3: If U < g (Y) deliver Y as the variate generated from f, ()

2.5 Scaling and Addition Properties

In order to analyze the scaling and addition properties, we should determine

the characteristic function for returns.

Define pp = (u — 30%) and o = o such that:

1
Ry, = (M - 502) t+ oWy = pgrt + oWy
Then we can define the characteristic function.

ORro, (u) = Elexp{iuRy,}]
= Eexp{iupupt +iucrW,}]
= ewxp{iuppt} E [exp {iucgW,}]
= exp {iuprt} eam) (1)

1
= exp{iupgt}exp {—§u2012%t}

= e ()
= expqt|iupr 2u o

2.5.1 Scaling Property

We analyze the properties of ¢ Ry; where ¢ € R, by using the scaling property

of characteristic functions, i.e.:

, 1
©eRy, (W) = PRy, (cu) = exp {t (Zcu,uR — §u2c2a?%) }
As can be seen from the above equality, if Ry, follows a geometric Brownian

motion with drift ppr and volatility og, then ¢ Ry, follows a Geometric Brownian

Motion with drift c.ugr and volatility c.og.
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2.5.2 Addition Property

We want to analyze the properties of sum of two independent returns, i.e.

1 2
R+ R

By using the addition property of characteristic functions, if R&) ~ GBM (u1,01)
and R((ft) ~ GBM (12, 03), then we have:

PR RE) (u) = PR (u PR (U)

)
o o ) e (- )
= effp{t( (1 + p2) — ; 2(01+02))}

Therefore, if Ré}t) ~ GBM (u1,01) and R((ft) ~ GBM (u2,02), then we have

R) -+ RG] ~ GBM (j + o, /0T + 03)

2.6 Probability of Default

In this section, we determine the probability that the firm will go into default
within a time horizon. In structural models, the default is assumed to happen,
if the value of firm’s assets is below the firm’s liabilities. Let DP denote the
default point, which is assumed to be the face value of firm’s liabilities. Then the

probability of default is defined as:

PD = Pr{Vy <DP} = P{n(V,)) <In(DP)}
= Pr{ln(V;/Vp) <In(DP/Vy)}
= Pr{Ror <In(DP/V;)}

= pel(n- ) 10w <minp)

In (DP/Vy) — (1 — 30?) T}

g

= PT’{WTS
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Since Wr ~ N (0,T), we have:

PD=¢

In(DP/Vy) — (u— 504 T

2

ovT

(2.7)

Therefore the PD depends on the level of leverage, i.e. DP/Vj, parameters of

asset value process, i.e. pu and o, and the time horizon, i.e. T'. In Figure 2.3, we

see the PDs sketched with respect to leverage, u and o, assuming 7' = 1.
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Figure 2.3: Probability of Default

As seen from the graphs, the PD increases with the volatility of asset values.
This is because the more volatility the more the chance of hitting DP. The op-
posite is true for the asset drift. Because a high drift increases the chance of an
upward sloping asset trajectory, which decreases the PD. And finally PD increases
with leverage since high leverage means that the initial asset value is already so

close to the default point.

Sometimes, a measure called distance-to-default (DD) is defined as:

I (Vo/DP)+ (u— 50T
DD := s

(2.8)
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It measures the distance of the expected value of firm’s assets from the default

point in terms of its standard deviation. Then we have:
PD =®(-DD) = DD =-®"'(PD)

There is also another approach called first-passage time approach to the defi-
nition of PD. Contrary to the classical approach where default can happen only

at maturity, in first-passage time approach, the default happens at the first time

asset value hits DP.

The default time, 7, and the PD in first-passage time approach are defined as

follows.

T = inf{rel0,T]:V; <
PDFPT .= P{r<T}= P{ inf Vt<DP}

<t<T

= { (mf V}) In (D }
0<t<T

Since In (.) is a monotonic function:

PDFFPT = P{ inf ln(Vt)glnDP}

0<t<T

= P{ inf {ln(%)—k(u—%a?)t—f—awt} SIHDP}

0<t<T

_ P {ng [m (Vo) DP) + (M _ %OQ) t+ awt} < o}

If we define:

6, = In(Vy/DP)

1
0y = (u—éaz)

;s = o
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then:
PDFPT — P{ inf ) + Ot + OsW, < 0}
0<t<T

To find this probability, we use the following Lemma.

Lemma: Let Y be given by Y; = yo + 9t + cW;,where ¥ € R, ¢ > 0
and W, is a standard Brownian motion under P. Then the random time 7 :=
inf {t > 0,Y; < 0} has an inverse Gaussian probability distribution under P. More
specifically, for any 0 < t < 0o, we have:

Prir <t} =& (hy (t)) + e 2207 ® (hy (1))

where:
—yo — Ut
hi(t) = —F——
1(®) oVt
—1yo + Ut
ho(t) = —RT%
oVt

For proof see [MRO5].

When we apply this Lemma, we have:

oNT
+6—2(u—%02)1n(Vo/DP)/02(I> —In(Vo/DP) + (M - %02) T
oT

g ((DP/Vo) — (p— 50T
oVT

2(#—%02)/02 n A — 152
) )
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Note that the first term is the PD under the classical approach. Since both DP
and V are non-negative and the last term is a probability (i.e. non-negative),
PDFPT is always greater than the PD in the classical approach. Throughout
the thesis, we use classical approach unless stated otherwise. The sensitivity of

PDYPT with respect to different parameters are shown in Figure 2.4.
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Figure 2.4: Probability of Default in First-Passage Approach

2.7 Loss Given Default

In Merton model, the recovery amount is equal to asset value in the event of
default, i.e. Vp. Therefore in the model LGD is assumed to be stochastic. In
structural modeling, sometimes LGD is assumed to be deterministic. However,
there are substantial empirical findings showing that the LGD ratios are highly
volatile (for example [AK96], [MIS02]). Therefore modeling LGD as a random

variable is a reasonable assumption.

In Merton model, the recovery amount is V- and the recovery ratio, i.e. RR =
1 — LGD, is VTT where F is the face value of debt. We already know that Vi

follows a lognormal distribution. Then we can express the distribution of LGD
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as a truncated lognormal distribution since we can only have a loss if a default
occurs. Therefore:

1
RR = T X Vr given Vp < F (2.10)

Then the expected RR is given by:
Vi 1
E[RR]=E FWTSF :FXE[VT“/TSF]

The expectation of the truncated function is given by [ARS02 ] and for a
formal proof see [LLKMO97]:

P ( In(F)—pe 0*>

Ox

E[Vi|Vp < F] =7 x

where p, = In(V;) + (,u — %2> 7 and 02 = o?7 are the mean and variance of

In (V7). When we put these into the equation:

o <_ln(vpt)a+(i+"f)f)
)W@ <_l”(\g)+(u—‘f)r>

E[Vp|Vp < F] = €

where:

dl ==
g/ T
In (%) + ,u—ﬁ T
L (v-%)
O\/T
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Therefore the expected RR is:

E[RR| = E {—\VT < F}

Therefore, for LGD ratio we have:

Vieh™ & (—dy)

E[LGD] =1~ 3 (dy

(2.11)

The sensitivity of expected LGD ratios to the leverage, drift and volatility is

given in Figure 2.5. The expected LGD increases with volatility and leverage,
and decreases with drift.
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Figure 2.5: Expected Loss Given Default

Modeling recovery rates is an active area of research today. Apart from the
initial setting of Merton model, there are different statistical specifications used

in the literature. For example a widely used specification for recovery rates is the
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beta distribution. The beta distribution has the nice property that its domain is
[0,1] and it has only two parameters. Therefore it is easy to calibrate the distri-
bution if we have data on mean and standard deviation of recovery rates. Beta
distribution is used in Credit Metrics [GFB97 |, Moody’s LossCalc Model [GS02]
and [GS05 | and models of MoodysKMV [CB03]. Other specifications include
a normal distribution [Frye0Oa] and [Frye0Ob], lognormal distribution [Pyk03]

and a logit-normal specification such that:

€Z

RR = 5 o7

where Z is a standard normal distribution.

In the literature, there are three different definitions used for the measurement

of historical LGD ratios. These are:

1. Measuring recovery value as a percentage of face value of debt.

2. Measuring recovery value as a percentage of the debt value just before the

default.

3. Measuring recovery value as a percentage of the value of a risk-free debt

which has similar contract specifications (i.e. maturity, coupon, etc.).

In Merton model, both the occurance of default event and the LGD amount
depends on the final value of assets. Therefore PD and expected LGD have a

positive correlation. This can also be seen from Figure 2.6.

2.8 Exposure at Default

The last risk factor we analyze is the exposure at default (EAD). As mentioned
in the introduction, for some certain types of claims the exposure amounts just
before the default may be uncertain. For example in a revolving loan facility, the
EAD amount can not be known in advance. Or for an interest rate swap, the
swap value may change during the life of the contract, and therefore we can not

exactly know the amount just before the default.
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Figure 2.6: PD- LGD Correlation in Merton Model

For claims with stochastic exposures, EAD amount is defined as the amount
just before the default and EAD ratio is defined as the ratio of EAD amount to
the current exposure. In the simple Merton model, we assume a constant EAD
amount which is equal to the face value of debt. However we can model stochastic

exposures using the following generic model:

EADAmount = CE + PFE (2.12)

where C'E is the non-negative current exposure and PF F is the potential future
exposure which represents the fact that our exposure may increase in the future.

For example, for a revolving line of credit, a generic model can be:
EAD = DT() + (1 — D’f‘g) X 0 (213)

where Drg is the initial draw-down rate and 0 is the stochastic variable repre-

senting stochastic future draw-down rate.

For examples of modeling stochastic exposures, see [GFBI7 |.
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2.9 Loss Distribution of a Single Claim

If we assume a constant LGD, the loss distribution for a single claim from the
firm has a discrete distribution with only two outcomes. If the firm is not in
default, the holder of the claim receives the promised payment, let say F. This
event has probability 1-PD. Otherwise, if the firm is in default, which means that
the asset value is less than the claim, the holder of the claim receives only the

remaining part of the asset, i.e. V. And this event has probability PD.

Therefore the payoff and the loss distribution is given by:

F  with 1-PD
Payoff =
VT with PD

Loss is defined as difference between promised payment and the actual payoff.

Lo with 1-PD
| F—V; with PD

The loss distribution is given in Figure 2.7. The amount F' — Vi is the loss
given default in dollar terms. In general it is expressed as a percentage, i.e.

F—Vr
F

LGD =

2.10 Risk Measures

We can define different risk measures for the loss distribution. The most com-
monly used ones are expected loss, standard deviation, value-at-risk (VaR) and

expected shortfall (ES).

For a single claim, the definitions for four risk measures are given below:
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Figure 2.7: Loss Distribution of a Single Firm

1. Expected Loss
Expected loss is defined as the mean of loss distribution.

uLzEm:/_oo (L - E[L)*dP (L < 1)

[e9]

2. Standard Deviation

(2.14)

Standard deviation of loss is defined as the square root of the variance of loss

distribution.

o1 = /Var (L) = /_oo (L - E[L)dP (L < z)

3. Value-at-Risk (VaR)

(2.15)

One of the most common risk measures is the value-at-risk which is defined as

the a percentile of the loss distribution.

VaR, =inf {¢: Pr{L <{} > a} = F; ' (a)
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4. Expected Shortfall (ES)

Although VaR is a widely used measure of risk, it has an important deficiency.
According to [ADEH99], an efficient measure of risk, p, should be a coherent

one. And coherent measures of risk must satisfy the following four properties:
1. Monotonicity: For all X and Y, if X <Y, then p(X) < p(Y).
2. Translation Invariance: For all X and for alla € R, p(X + a) = p(X) —a.
3. Positive Homogeneity: For all A > 0 and for all X, p (AX) = Ap(X).
4. Sub additivity: For all X and Y, p(X +Y) < p(X) 4+ p(Y).
Although VaR satisfies the first three properties, the fourth property is not

always satisfied. Therefore we need another risk measure which is coherent. A
candidate is the expected shortfall. For a random variable X, ES is defined as:
1
ESa (X) = == X {E[X X Lxggexp] = ¢* (X) x (P{X < ¢" (X) —a})}
(2.17)

where ¢ represents the quantile.

Throughout the thesis we consider only expected loss, standard deviation and

VaR.

Now we turn to the explicit formulas for risk measures. We analyze two cases:

constant and stochastic LGDs.
(i) Constant LGD Case

Under the constant LGD case , we can take LGD out of expectation operator.

The risk measures formulated under this assumption is given below.
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gy = 0x(1—PD)+ LGD x PD = PD x LGD (2.18)

o, = \/(1 — PD)(0— PD x LGD)* + PD (LGD — PD x LGD)?
= LGD+/PD x (1 - PD) (2.19)
{ 0 if o« >PD

VaR, = (2.20)

LGD if a <PD

(ii) Stochastic LGD Case

Under the stochastic LGD case, we should also consider LGD volatility. We
assume zero correlation between PD and LGD. The risk measures formulated
under this assumption is given below, where LG'D represents the mean of LGD

distribution.

pr = E[lp x LGD] = E[lp] x E[LGD] = PD x LGD (2.21)

o2 = \/E[(1D><LGD—PD><LGD)2]

_ \/E [(1p x LGD)?] + PD? x LGD?> —2 x PD x LGD x E [l x LGD]

= \/ E[12] x E[LGD?| + PD? x LGD* — 2 x PD? x LGD’

— (0} + PD?) x (63 + LGD?) — PD? x LG’

= \(PD x (1= PD) + PD?) x (63 + LGD2) — PD? x LG’

= \/L(;D2 x PD x (1 — PD) + PD x 02, (2.22)

In the above formula for standard deviation of losses, the first part in the square
root is equal to the standard deviation in the constant LGD case. Therefore
stochastic LGD increases the standard deviation of loss distribution. For VaR,

since we do not know the distribution of LGD, we do not have explicit formulas.
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CHAPTER 3

MODELING PORTFOLIO
CREDIT RISK

In general, the financial firms (for example banks) that are exposed to credit
risk have many claims from different counterparties. Therefore, beside modeling
single firm credit risk, modeling of credit risk caused by a portfolio of claims is also
very important. Since, in a portfolio, there will be diversification effects caused
by correlations among claims, modeling portfolio credit risk requires additional

assumptions and techniques.

In a generic portfolio model, we do the following steps:

1. Define a factor model for the asset value process of the borrowers. This
model may be a one-factor or a multi-factor model. The following steps for

one and multi-factor models both rely on the same principles.

2. Determine the formula for unconditional default probability. For this we
link the default point to the default probability.

3. Determine the formula for default probability conditional on the realization

of factor(s) which are common to all obligors.

4. Determine the loss distribution conditional on the realization of common

factor(s).
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5. Using the distribution of common factor(s), determine the unconditional

loss distribution.

For banks, credit portfolio models are also important for regulatory purposes.
Because an asymptotic single risk factor model is used in Basel-1I [BCBS06], the
new international regime for bank capital requirements, to determine regulatory

capital requirements against loans.

One factor structural modeling of portfolio credit risk is extensively analyzed
by [Vas87] and [Vas91] and [Gor03], which assume a single systematic factor
affecting all defaults. [Weh03] analyzed loss distributions for a heterogeneous
portfolio with a one-factor model. [Frye00a] and [FryeOOb] extended this frame-
work to assume one-factor models for both PD and LGD. And finally, [Kup07]
extended the framework by assuming one factor models for PD, LGD and EAD.

3.1 One Factor Modeling

In one-factor models, the asset value process is assumed to be driven by one
systemic and one idiosyncratic (i.e. firm-specific) factor. The systemic factor
represents the global factor that affects all firms simultaneously. It can be thought
as an abstract factor that represents the general health of the economy or credit

cycle.

3.1.1 Asset Value Process and Returns

In one-factor models, asset value process for firm ¢ follows the following sto-

chastic differential equation:

d“//g = y'dt + o <\/EdXt +V1- w%lZZ) (3.1)
¢

where ' € R, o > 0, 0 < w® < 1, X, is a standard Brownian motion that

represents the systemic factor (same for all firms) and Z! is a standard Brownian
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motion that represents the idiosyncratic factor. We assume that X, and Z] are

independent.

By applying Ito Lemma to Y; = f (V;) with f () = In (x), we have (we remove

superscript i from pu, o, w to ease notation):

V, =V exp { (u — %UQ) t+o (VuX, + \/ﬂzg)} (3.2)

In general, the linear trend in log-prices, i.e (u — %02) t, is assumed to be zero.
This does not effect the model in a critical manner, since it can be justified as
having a default point with a linear time trend. Under this assumption the model

becomes:

Vt:Voe;Ep{a (\/EXH—\/l—wZZ)}

Throughout the thesis we do not ignore the drift term. This will give us a more
general formula. The continuously compounding returns and detrended returns

are:

Ry; = In(Vi/W) = <,u — %JQ) t+o (VuX+V1—wZ) (3.3)

1 . .
R aey = (,u - 502> At + 0\/5 (Xt - Xt—At) +ovl—w (ZZ - Z—At)

RP = ¢ (\/EXt +v1—- wa)
And the corresponding stochastic differential equation for R; is:
1 A

Indeed this one factor representation of asset returns is closely related to the one
factor equity modeling, i.e. well-known Capital Asset Pricing Model (CAPM).
The CAPM equation for the required return is:

Ti—rf:@?—f-ﬂiX(Tm—?“f)‘i‘Ei
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where r; is the required return for asset i, ry is the return of risk-free asset,
Tm is the return of market index, a? and 3; are constants and ¢; represents the
idiosyncratic risk. Then, by rearranging the equation, we can express the asset

return as follows:

r, = [Oé?—FTfX(l—BZ)]—FﬁlXTm—'—Q

-

~~
&%)

= i+ i Xrmte
The errors of the expected values for the equation are:

Error = r;—oa; — ;i X Erp)
= (a;+ 0 X1+ &) —a; — B X Ery,]
= [ x (rm—E[TmD+€i

When we normalize the errors:

NormalizedError =

i —B%E _E ) .
Note that y = “——x=ml f XEBlrm] g = rm=Elrm] = rml and e = <L are normalized random
k3 m EZ'

variables, and hence have unit variances. Therefore:

If we define py := (ﬁz‘z_—’j
y=+pvr+1-pye
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and the unanticipated changes in returns becomes:

Error = o; [\/pvx +v1- pve]

Therefore the sensitivity factor w in our one factor credit model, corresponds
to the sensitivity factor in a CAPM world:

P 2
o= (0%)

For a detailed discussion see [TWO04].

Indeed factor models are widely used in equity modeling. For stock returns,
we may specify different factors. One alternative is using statistical factor mod-
els using principal component analysis. Or we may specify factor models using
macroeconomic variables such as growth rate, unemployment rate, etc. or using
stock indices like CAPM. We can also use firms’ financial ratios as factors. For a

discussion on the specification of factors, see [HLRO3] .

3.1.2 Unconditional Probability of Default

The unconditional default probability, (PD"¢) is given as:

pPD" = Pr{Vpr < DP}=Pr{ln(Vy) <In(DP)}

= Pr {ln(Vo) + (pn — %OQ)T +o(VwXy +V1 —wZk) < ln(DP)}

2

:1%{J@&AwﬁfiﬁémeﬂMﬂ_w_lﬁﬂ}

g

Since X7 ~ N(0,T) and Zi ~ N(0,T), we have:

(VwXr + VI —wZi) ~ N(0,T)
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Therefore:

In(DP/Vy) — (u— Lo2) T
ppre — g [ PPMV) = (1= 57%) (3.5)
oVT
We can define the unconditional distance-to-default measure:
In(Vy/DP —isT
DD := —&/(PD") = (n( o/DP) + {1~ 30") > (3.6)
oV T

Note that the unconditional PD and the distance to default are equal to what
we obtain in the previous chapter. In general, we assume T=1 which represents

a one-year horizon.

3.1.3 Default Correlation

Before analyzing default correlation in a one-factor model, let us first derive

the general formula.

Let A and B represents to firms and 14 and 1p are indicator functions for firm
defaults defined as:

L 1 if A defaults
4 0 if A does not default

. 1 if B defaults
B 0 if B does not default

And let JPD represents the probability that both firms default. Then we have

the following probabilities for joint events:

Pr{ly=1,15=1} = JPD
Pr{ly=1,15=0 = PD4—JPD
Pr{ly=01=1 = PDy— JPD
Pr{ly=013=0 = 1—PD,— PDy+ JPD
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where PD 4 and PDp represents the individual default probabilities of A and B.

The default correlation, p4 p, is defined as the correlation of two default events:

Cov(14,1
pap = Correl(la,lp) = \/Var(l( ;‘Vai)(l )
A B

(1= PD4)(1 — PDg)JPD
+(1 = PD,)(0 — PDg)(PD4 — JPD)
+(0 — PD4)(1 — PDg)(PDp — JPD)
+(0 = PD4)(0 — PDg)(1 — PD4 — PDg + JPD)
a V/PDA(1— PD4)PDy(1 — PDp)

JPD — PDAPDg (37)
/PDA(l—PDA)PDs(1— PDy) |

Therefore:

JPD = PDsPDg + pap\/PDA(1 — PD4)PDg(1 — PDp) (3.8)

Additionally, we can define default probabilities for a firm conditional on the

default of the second firm.

JPD PDy
PDup = — PD 1—PDA)(1— PD
A|B PD5 A +pA,B\/PDB( A)( B)
JPD PD
PDB‘A = PDA :PDB+pA’B\/PDj<1_PDA)(l_PDB)

where PD 4 p and PDp4 are conditional PD’s.

Now, let us assume that the asset value processes of two firms follows a one-

factor model, with same w:

1
VA = Vitexp {(,uA — o)t + o4 (VuX,+V1-— thA)}

2
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1
V2 = Verp (s = St +om (VX + VI=02) )
Then JPD is given by:

JPD = Pr{ly=11p=1}=Pr{V <DP* V? < DP"}
_ pr { VuXr ++V1—wZs - In(DPA/V) — (ua — %UZ)T
VT B oaVT ’
Vo Xy +vVT—wZf _ W(DPP/V{P) — (up - %)T}
ﬁ N UBﬁ
_ p { VwXr +1—wzi
VT
VXt + 1 —wZB
VT

< ¢ ' (PDY),

< (I)‘l(PDB)}

Since (—ﬁXT%mZ?) and (—\/EXT%H%B)

standard bivariate normal distribution with correlation w, we have:

have a joint distribution which is a

JPD = &y(®~(PDY), d 1 (PD?);w) (3.9)

where ®, is the standard bivariate normal distribution. And default correlation

is:
(I>2(<I>*1(PDA), (Ifl(PDB); w) — PDAPDE

/PDA(1 - PDYPDB(1 — PDP)

PAB = (3.10)

Therefore the default correlation depends on firms’ PDs and the dependence

of their asset values to systematic factor, i.e. w.

3.1.4 Conditional Probability of Default

Let us think a portfolio of n claims from different firms. For all firms, X; is the
common factor effecting their asset value process. Also they each have their firm
specific factors, i.e. Z!,i = 1,--- n. Since X; and (Z)_, are all independent,

conditional on the realization of X;, the asset value processes of all firms become
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independent. And this will give us extremely important advantages in modeling.

This property of factor models is called conditional independence property.

Therefore, determining PD’s conditional on the realization of X, is very im-
portant.
PD{(z) = Pr{Vj;<DP'|Xr=ux}
= Pr{ln(V}) <In(DP")|Xr =z}
) 1 ) .
= Pr {ln(\/g) + (i — =0T + os(Vwiz + V1 — w; Zk) < ln(DPZ)}

971
ln(DPi/Voi)f(#i*%U?)T o \/El'
vV 1-— (1

= Pri 7L< =

and for T=1,

O Y(PD¥) —
PD(z) = pr{zgg (PD) Wm}

o (@—1(13\/)% wix) (3.11)

Sensitivity of PD¢ with respect to the realization of systematic factor X for

different values of PD" and w is shown in Figure 3.1.

3.1.5 Loss Given Default

In one factor modeling of asset values, we model the unexpected movements in
asset value with systematic and idiosyncratic parts. A similar approach is used
in [Frye00a] and [FryeOOb] for modeling recovery rates. In these papers, RR is

modeled as:
RR; = i + o, <\/5X /1o qZZ») (3.12)

where RR; is the recovery rate for the claim i, X is the systematic factor, Z; is
the idiosyncratic factor, ¢ is the sensitivity factor and p and o are the mean and
standard deviation of RR.
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Figure 3.1: Conditional Probability of Default

Assuming that the systematic factor is common to all obligors and X and

(Z;),—, are independent, the correlation between recovery rates of two obligors is:

Corr (RR;,RR;) = Corr (,ui + o0 (@X +4/1— ini> ,
i+ 05 (VG X + /1 -4;Z;))
= Corr (Ji\/@X, aj\/q_jX)
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(3.13)

With this setting, we can express the distribution of unconditional and condi-
tional RR as follows:

FRR (7") = Pr {RRUC < 7’}
PT{Ni+Ui <\/@X+ 1—%‘Z¢> ST}

@(T;M) | (3.14)

49



and

Fip(r) = Pr{RR° <r}

= i = 04/
T{ T ool—g }
TTH T

VI—a
R

(3.15)

If both PD and RR are modeled using the same systematic factor, we will
implicitly assume a negative correlation between PD and RR (i.e. a positive
correlation between PD and LGD).

3.1.6 Exposure at Default

[Kup07] generalizes one factor modeling to include correlated stochastic expo-
sures. The new model can accommodate any distribution and correlation assump-
tion for the LGD and EAD rates and will produce a closed-form approximation

for an asymptotic portfolio’s loss rate.

In the model EAD for a revolving credit is modeled as follows. Assume that a
revolving credit account, i, has a maximum line amount M; and the initial drawn
amount is equal to M;Dr; o where Dr; is the initial draw-down rate. Then we
can express the end of period account exposure, by using a random variable U
such that:

EAD = M;U = M; (Dr;o+ (1 — Dr;) ;) (3.16)

where ¢; € [0,1] is a random variable representing the draw rate. The equation
means that the end of period account exposure has two parts: the initial drawn

amount and the amount that will be drawn within the period.
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[Kup07], using a grid approximation for distribution functions, proposes a one

factor model for the draw rate:

6= F ' o (Vax +1—4Z)]| (3.17)

where F' is the unconditional distribution function for . F' can be found by
fitting a grid approximation to the empirical distribution of draw rates or can be

assumed to be a known distribution like beta distribution.

3.1.7 Conditional Loss Distribution

For each claim, if we assume a constant conditional LGD, LG D¢, the condi-

tional loss distribution is a two-state discrete distribution:

0 with probability 1 — PD*(x)

LGD¢(x) with probability PD¢(x)

For determining conditional loss distribution, we may have different cases. For
example our portfolio may have finite or infinite number of claims, which may be

homogeneous or heterogeneous.
Case 1: Homogeneous Portfolio

Assume that we have a portfolio of n claims (loans). Each loan has a size
of $ 1/n , so the total portfolio value is 1$. Also each borrower have same
LGD¢, p,0,w, DP and V. This means that each has the same PD*(x).

Since, conditional on the realization of X, the firm defaults are independent,

the number of defaults follows a binomial distribution:

Pr{k over n defaults} = ( 1}1 > (PD(z))*(1 — PD¢(x))"* (3.18)

51



Since all loans have the same exposure size and LG D¢, we have the conditional

loss distribution given by:

Pr {Lc(x) = k?}

- ( ) ) (PD*(x)"(1 ~ PD*(a))"*

where L is the total conditional loss of the portfolio and LG D is the common

LGDe.

By using the moments of binomial distribution, the mean and the variance of

the conditional loss distribution are:

E[L¢(z)] = PD%x)LGD (3.19)
Var [L°(z)] = %LG—D2PDC(9U)(1—PDC(m)) (3.20)

Case 2: Large Homogeneous Portfolio (LHP)

Assume that we have a homogeneous portfolio with infinite number of loans,

i.e. n = o00. We want to derive the conditional loss distribution of this portfolio.

By law of large numbers, conditional loss converges to its expectation, i.e.
PD¢(z)LGD, as n — oco. This can be seen from limiting mean and variance of
L(x).

lim E[LY = lim PD%x)LGD = PD(x)LGD (3.21)
1——
lim Var[L(z)] = lim ~LGD PD(z)(1— PD(z)) =0  (3.22)
n—0o0 n—oo M,

Therefore for an infinitely granular portfolio, conditional on the realization of

X, there is no uncertainty for the loss.

Indeed, the LHP approximation, sometimes called as the Asymptotic Single
Risk Factor (ASRF) model, is used in Basel-II for deriving risk weights (see
[BCBS06], [BCBS05], [Vas87] and [Vas9l] and [Gor03]).
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Case 3: Moderately Heterogeneous Portfolio (MHP)

A purely homogeneous portfolio is actually an unrealistic assumption. In prac-
tice we generally encounter heterogeneous portfolios with finite number of oblig-
ors. Therefore analyzing heterogeneous portfolio loss distributions are also im-

portant. Loss distribution of heterogeneous portfolios are analyzed in [Weh03].

In analyzing heterogeneous portfolios, we generally partition the portfolio into
homogeneous sub portfolios. A moderately heterogeneous portfolio H is defined

as the union of homogeneous sub-portfolios, H;, j=1,...h:

where each sub-portfolio H; contains only identical clients with common con-
ditional loss given default LGD;, and parameters w;, o}, u;, DP?, VJ (therefore
common PD{¢ and PD5(x)).

Then for each portfolio, the conditional loss distribution is given by, Vj,j =
1,...h,:

n; k

Pr {Lg(a;) - kLGD”} - ( K > (PDS(x))*(1 — PDS(x))y ™% (3.23)

where n; is the number of exposures in sub-portfolio j. Since the conditional

defaults are independent:
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Case 4: Large Moderately Heterogeneous Portfolio (LMHP)

In a MHP, if we let, Vj,j = 1,...h,1lim,, .., we have infinitely granular sub-

portfolios. Since for each sub-portfolio:

lim E[L(x)] = PDj(x)LGD; (3.25)
lim Var [L§(z)] = 0 (3.26)

the conditional loss distribution of each infinitely granular sub-portfolio converges

to its mean. Therefore total conditional loss distribution becomes:
h
L(z) = > PD5(x)LGD; (3.27)
j=1
as nj — 00,j = 1,...h.

3.1.8 Granularity Adjustment

There is another important concept in credit risk modeling called granularity
adjustment. This adjustment is used to allow one to use ASRF framework for
a portfolio which is not infinitely granular. The main idea is to adjust ASRF
loss distribution by using an adjustment factor which reflects the granularity (i.e.

concentration/diversification) of the portfolio.

There are different methodologies proposed in the literature for granularity
adjustment. The granularity adjustments are beyond the scope of this thesis.
Therefore interested readers are directed to [ET03], [Gor04], [MWO02] and [Wil01].

3.1.9 Unconditional Loss Distribution

Now we want to determine the unconditional loss distribution. From elemen-

tary probability we know:

Pr(A) = E[14] = E[E[14|B]]
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Therefore, the unconditional loss probabilities are given as:

Pr(L=1Y) = / Pr(L(xz) ={) dPr(z) (3.28)
where x is the value of systematic factor X.

The unconditional loss distributions for different cases are analyzed below.

Case 1: Homogeneous Portfolio

Pr{L:kLG—D} = /_Oopr{L(x)C:kLG—D}m(x)

n o n

_ / h ( Z ) (PDe(2))*(1 — PD*(x))" *dd(x)3.20)

where:

PD(z) = ® (@ i \ﬁuc__) \/_x>

Case 2: Large Homogeneous Portfolio
Since L¢(z) = PD(x)LGD, we have:

F (¢t x LGD) = Pr{L<{xLGD}

= Pr{PD%4x)x LGD < {x LGD}

= Pr{PDz) < z}

= Pr{z>(PD) ")} = (—(PD°)'(0))
o (F@ () - ® <PD“C>)

NG (3.30)

The last formula is used in Basel-II. Therefore it is important to analyze its
properties (we assume LGD = 1). For a more extended discussion see [Vas87]
and [Vas91].

1. E[L] = PDw
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2. Var[L] = ®o(®~Y(PD¥), =Y (PD*); w) — (P D")?
3. Lo == F;'(o; PD* w) = Fr(a;1 — PD",1 — w)
4. (Symmetry Property) Fr(¢; PD" w) =1— F(1 —/¢;1 — PD", w)

unimodal if w < 0,5
5. The density is ¢ monotone if w = 0,5

U-shaped if w > 0,5
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Figure 3.2: Cumulative Loss Distribution in Asymptotic Single Risk Factor Model

Case 3: Moderately Heterogeneous Portfolio

For each sub portfolio j, we have:

PT{Lj :kLGDJ}

n

_ / N ( N ) (PD(a))H(1 — PDS(x))" *dd(x)

J

o6



and

LGD LGD
glky, - kp) = Pr{L1=k1 R h}

ni np

h

_ /°° . ( Z] ) (PDY(2))" (1 — PDS(x))" " dd(x)

Case 4: Large Moderately Heterogeneous Portfolio
Since LS(z) = PD$(x)LGD; and Lé(x) = Y.'_, PD$(x)LGD;, we have:

Fr,(t x LGD;) = Pr{L; <{xLGD;} = Pr{PD(z) x LGD; < {x LGD,}
= Pr{PDi(zx) <(} =Pr{z < (PD5)"'(0)}
= ((PD5)"'(0)

o ( T—w;®'(¢) — cb—l(PD;w))

VWi

(3.31)

3.1.10 Risk Measures

In this section,we analyze the risk measures for different cases. We assume
LGD =1

Case 1: Homogeneous Portfolio
We can find expected loss by using expected conditional loss.
up = E[E[L°(z)|X]] = E[PD(x)] = PD** (3.32)

For any random variable, we can express its unconditional variance as a sum
of two parts: variance of conditional mean and mean of conditional variance.

Therefore:

o2 — Var(PD'(x)) + E %PDC(:U)(l—PDC(a;))
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— B[(PD'(x) - E[PD(x)))?] + ~E [PD(x) ~ (PD"(x))’

n

= E[PD'@)] - (B [PDCU2+1{PD“C—E[<PDC<x>>2}}

- )

| ao
~(PD") + { { ( f% \@”ﬂ 2 d@(:p)}
w) —

= {®y("'(PD™),® (PD“C (PD")?}

+%{PD“C—<I>2(<I>‘1(PD“C) O (PD");w)} (3.33)

The first term in the formula represents the variance caused by systemic factor,

i.e. systemic variance. And the second term is the idiosyncratic variance.

Since general conditional loss distribution is not monotone with respect to

systemic factor, we can not derive analytical formulas for VaR,.
Case 2: Large Homogeneous Portfolio
We have the same mean:
up = E[E[L°(z)|X]] = E[PD(x)] = PD** (3.34)

Since, in LHP, we have n — oo, we can derive the formula by using the variance

formula of homogeneous portfolio.

or = lim ®y(® (PD™), d 1 (PD");w) — (PD")?

+% {PD" — &5(®~H(PD"), &~ (PD");w)}
= Oy(d"1(PD™), @ (PD");w) — (PD")? (3.35)

o8



Therefore in the infinitely granular portfolio, the unsystematic variance is com-
pletely removed and we have only systematic variance. Since conditional loss is

a monotonically decreasing function of X, we have:

VaR, = F;'(a)=L(F;'(1-q))
= LY@ (1 —a)) = PD(=9"}(a))

O~(PD™) + wd ' (a)
o ( S ) (3.36)

This VaR figure is used in Basel-II to define the level of required capital for
banks.

Case 3: Moderately Heterogeneous Portfolio

The expected loss is:

pr = E[E[L(z)|X]] = E

h h
> anDj(x)\X] => n;PD} (3.37)
j=1 j=1

We can use the same variance decomposition that we use in previous section.

Since, conditional on X, the sub portfolios are independent:

h
> n;PDi(z)| + E

j=1

o? =Var

h
1 C C
> —PDj(x)(1 - PDj(x))] (3.38)
j=1
For VaR,, we can not derive analytical formulas.

Case 4:Large Moderately Heterogeneous Portfolio

The expected loss is same as the expected loss of the finite portfolio.

pr = E[E[L(z)|X]] = E

h h
> anDg(x)\X] => n;PD} (3.39)
j=1 j=1
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And we can find the variance by limiting the finite portfolio variance:

h h
. c ]‘ c Cc
o2 — lim  Var > nPDj(x)| + E Zn—jPDj(x)(l—PDj(a:))
j=12 ok = -
h
= Var anPDj(x)] (3.40)
j=1

Since conditional loss distribution is monotonically decreasing with respect to

X, we have:

VaR, = F;'(a)=L(F;'(1-a))=L(® (1 -a))

T
h

= [(-97'(a) = Y IGD, PDY(~(a))

j=1

_ Zh: LGD; @ (q)_l(PD;C) +\/w_j¢_1(a)> (3.41)

J—w,

3.1.11 Risk Decomposition

Because of diversification effects, the portfolio risk is generally less than the
sum of risk of each loan (also called stand-alone risk) in the portfolio. Therefore
we need a different metric (than stand-alone risk) for each firm’s contribution to
total risk. This process is called risk decomposition and the metric we obtain is

called the marginal risk.
Assume that we have a portfolio of n assets, A; ¢ =1,2,--- ,n with weights w;:

Then we can find the risk contribution of each asset by using the homogeneity
property of our risk measure. We give the generic form for VaR below. Since

all the risk measures we analyze (expected loss, standard deviation, VaR, ES)
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satisfy the positive homogeneity property defined in page 38, the following steps

are also valid for other risk measures.
We have VaR for our portfolio:
VaR (P) =VaR (wlAl, U)QAQ, s ,wnAn)

From positive homogeneity, if we increase our investment by a factor of A > 0,

we have:
VaR ()\’lUlAl, )\U)QAQ, ety )\wnAn) = ANVaR (wlAl, ngg, s 7wnAn)

When we take derivatives of each side with respect to A, we have:

%VCLR ()\wlAl, )\'LUQAQ, e ,AwnAn) =VaR (wlAl, ’LUQAQ, cee ,wnAn)

By using the chain rule of differentiation:

0 0 O\w;
< A dwgd,) = Y i Ay Awg A
a)\VaR (Aw1 Ay, , AW, Ay) : DY) VaR (A Ay, , AW Ay)

0
= ; wimVaR (AwiAq, - Aw, Ay)

Therefore:

Z Wi 8/\a VaR (Awi Ay, AwaAs, - -+ AwpAy) = VaR (wiAr, wedy, - w, Ay)
- wy

Finally for A = 1, we have:

> wil VaR = VaR
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dVaR
ow;

risk of i"" asset. An important property of marginal risks is that sum of all

The derivative of VaR with respect to asset allocation, i.e. is the marginal

marginal risks weighted by position weights is always equal to total VaR.

Marginal risk statistics are important metrics since they show the contribution
of each asset to the total portfolio risk and are used in economic capital allocation

and risk-adjusted performance measurement.

3.1.12 Estimation

In order to fit a model to portfolio credit loss, we should estimate the model
parameters from historical observations of portfolio losses. In general, we can use

two methods: mazimum likelihood method (MLM) and moment matching method
(MMM).

Maximum Likelihood Method

We can use this method if we know the density function of portfolio losses
for a model. Let f(¢|0) be the density function for portfolio losses with a set of
parameters. Then assume that we historically observe n values of portfolio losses.
Additionally if the losses for each time point is iid, we can write their joint density

as:
n

Flr b, 0a]0) = T] £(6:16) (3.42)

=1

In MLM, we search for best values of 6 that maximizes this joint density.
Therefore, let L define the likelihood function as:

n

Lol0) =[] £(416)

i=1

and LL define the log-likelihood function as:

LL(6]0) := Zln(f(&!@)
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Then the best values that maximizes LL can be found by solving the following

system:
OLL(6]0) .
00 B
O2LL(0)0)
— <
062 =0

For example, for constant LGD, we know the loss distribution for a large ho-

mogeneous portfolio. Its distribution function is:

FL((|PD", w) = @ <mq’l(f) - <I>1(PDUC))

J©

and the density is:

fL(ﬂPDuc’w) = (M@—l(@ — @—1(PDuc)>

Vw

Then, for n observations of portfolio loss, we can write log-likelihood function:

. VI —wd () — <I>—1(PD“C)) (3.43)

LL(PD"™ w|t) =) Ing (
pr vu

The PD" and 1 that maximizes this two-parameter LL function are the max-

imum likelihood estimators for the model.
(PD"™, ) = arg max LL(PD" w|/() (3.44)

Moment Matching Method

In this method, we match the moments of true model with sample moments.
If we want to fit a model with k parameters to the data, we first determine the

first k moments of the true model:
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I

w, = E[X",r=12 ..k

Then we find the first k moments of the sample:

1
"(Sample) P—— ¢:\" =1.2..... k
1, = E ()" r 14y

=1

where n is the number of observations and {/;}._, are the historical observations

for portfolio losses.
Then we solve the following system with k equations, for k parameters:
ph, = pSamPe) =1 2k (3.45)

For example, for constant LGD, the mean and variance of portfolio loss for a

large homogeneous portfolio are:

E[L] = PD"
Var[L] = ®,(®'(PD™), & (PD");w) — (PD")*

Therefore the first two raw moments are:

p, = EI[L]=PD*™
py = E[L?] =Var[L]+ (E[L])* = &(®7"(PD"), & (PD");w)

Let assume that we have n observations for portfolio loss and calculate the

sample moments:

"(Sample 1 a

s = 257, (3.46)
=1

"(Sample 1 .

D D (3.47)
=1
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Then we can find the estimates PD" and o by solving the following two

equations:
PD" = et (3.48)
o(@71(PD"), &7 (PD i) = juy ™ (3.49)

3.2 Multi-Factor Modeling

Although one factor modeling enables us parsimonious closed-form formulas,
generally it has less explanatory power when compared to a multi-factor model.
Representing all the systematic effects with a single random variable is a critical
simplification. Therefore, just like in equity modeling, multi factor models are
extremely used in credit risk modeling. The most popular examples of multi

factor credit modeling are Credit Metrics and KMV models.

In multi factor models, asset values are driven by more than one systematic
factors as well as a single systematic factor for each obligor. For a K-factor model,

the asset value dynamics are:

K

1= w2 (3.50)

k=1

K
. . 1
Vi = Viexp <,uz» — 50?) t+o; Z g XF +

k=1

where (X',---X*) and (Z;)), are all independent and have standard normal

distribution, and wj;; represents the factor loading of claim i to the k-th factor.
Then the unconditional PD is:

PD™ = Pr{Vi < DP}=Pr{in(V;) <In(DP)}
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Rdl b}
~_
~

_ P {ln (Vi) + (ui L

K
+0i Z VwX{ +

= Z\/WX+

ln (DP;V{) — ( i —

Given the realization of systematic factors, (X!,--- X¥) = (z!,---2%), the

conditional PD of the obligor is:

PD (z',---2®) = Pr{V; <DPJ (X", - X") = (a',---2")}
= Pr{in(V}) <In(DP)| (X", - X*) = (2',---2%)}

= Pr {ln (VOZ) + (,u,- — %U?) t

1 —szkz < In(DP)

In (DV_I;)) - (“i - %‘7?) t—o; (Zle \/wikﬂﬂf)

Oi\/ 1- Zli{:l Wik

@ (PD™) — (S, Vet )
\/ 1- Zlf:{:l Wik,

The conditional and unconditional loss distributions can be found by using

= & (3.52)

similar techniques with one factor modeling.
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CHAPTER 4

PRICING CREDIT RISK

In this chapter, we will analyze pricing approaches and derive pricing formulas
for different contingent claims. The instruments analyzed include bonds, stocks

and credit default swaps.

4.1 Pricing Methods

For pricing credit-related contingent claims, we use two different approaches:
equivalent martingale measure (EMM) approach and partial differential equations
(PDE) approach. The connection between two approaches is given by Feynman

Kac formula.

4.1.1 Equivalent Martingale Measure Approach

In EMM approach, we define a new probability measure, for which discounted
asset values are martingales. And then we price the contingent claims using

conditional expectations under this new probability measure.

Let the asset value of the firm satisfies:

v,
7t = pdt + odW,,

t
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and the bank account (or discounting process), By, satisfies:
dBt = —TBtdt
where 1 is the constant interest rate.

Under actual probability measure, P, the discounted asset value process, defined
as V} := V. D, satisfies:

dV; = B,dV;+ V;dB; + dB,dV,
= Bt(,thdt + thth) — T’tBt‘/tdt + 0
= "}:‘,((/-L_Tt)dt +0'th) (41)

which is not a martingale.

Now, define a new probability measure, 15, called the EMM such as:

P(A) = / Zp(w)dP(w), YA€ F (4.2)
A
where Z is the Radon-Nikodym derivative defined as:

t t
Zy = exp {—/ 0., dW, — %/ Gfds} (4.3)
0 0

with 6, = ==, Then from Girsanov Theorem, we have (for proofs see [Shr04]):

1. W, =W, + fg 0,ds is a standard Brownian motion under P

2. E[X] = E[XZy] where the expectations are taken with respect to P and
P, respectively. And equivalently, E [X] = F [X/Z7)].

3. The Radon-Nikodym derivate process is a martingale, i.e.

E[Z|F) = Z,
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4. For 0 < s <t Y € F,, we have

i 1

S

Additionally, under P, the discounted asset values are martingale:

—_ = (,U, — T)dt + O'th

. —r
= (u—r)d +o(dW; — a - dy)
= O'th

Since we have one source of randomness, W;, and one asset other than bank

account, the model is complete (See [Bjo04]).

Therefore, we can use P to price contingent claims written on V. For example,
let C'; denote the price of a contingent claim written on V; and have maturity T.
Since the market is complete and arbitrage-free, there is a unique self-financing

replicating portfolio, 7, whose value is always equal to C}.

Since, under P, discounted C; is martingale:

B,Cy = E[BrCr|F] = E [Brrr|Fy| = Bym

Therefore:

1
Ct = EE [BT7TT|F,5] (44)

t

4.1.2 Partial Differential Equation Approach

The second approach we can use is the partial differential equation approach.
In this approach we form a hedged, i.e. riskless, portfolio and equate its return

to risk-free yield.
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Assume that the asset value of the firm satisfies:

dVvy
7: = Mdt+UWt

And assume we have a contingent claim, Y;, written on V;. This claim can be a

bond, a common stock, an option on common stock or a credit derivative.
Then we can apply Ito Lemma to Y; = f(V, 1)

1
Y = fydV + S fovdVdV + fdt
1
= fu(pVdt+oVdW) + §fVV0'2V2dt + fidt

1
= |\ufvV + = fyvo®V2+ fil dt + o fyV dW
2 N——

~~ - =0y Y

=pyY
= pYdt+o,YdW,

Assume that we form a portfolio from firm’s assets, V;, contingent claim, Y3,
and riskless debt. The weights are wq, ws, w3 = —w; — ws, respectively. Then the

return on portfolio, 7 satisfies:

dv; dy;
dﬂ't = le: + wQTtt + wgrdt

= wy(pdt + odWy) + wa(pydt + o, dWt) + (—wy — wo)rdt
= [wi(p—1)+wa(py — )] dt + [wio + wao,] dW;

Suppose that we apply a trading strategy such that (w0 + wqoy,) is always
zero. Since the market is complete, we can find such a strategy. Then our
portfolio becomes riskless since there is no uncertainty caused by W;. And since
our portfolio requires zero net investment, i.e. w; + ws + w3 = 0, the return on

portfolio must be zero to avoid arbitrage.
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Therefore we have two equations.The first one guarantees a riskless portfolio:
w10 + waoy, =0
and the second one guarantees no arbitrage condition:
wi(p = 1) + wapy —7) =0
Therefore we have:

ﬂ_—ay:—(uy—r):,uy—r n—r

Wy o w—=r oy o

When we substitute the equations for p, and oy:

vav+%fvv02v2+ft—7"f pw—=r
ofyV o

1
= pfvV + §fV\/02V2 +h—rf = phV-riV

1
= §fvvo'2v2 —|—7’va—'r’f—|—ft =0 (45)

This equation is the fundamental PDE for pricing contingent claims. Any
contingent claim should satisfy this equation. For each contingent claim, we have
boundary conditions and initial values. The boundary conditions distinguish

contingent claims from each other.

4.1.3 On the Equivalence of Two Methods

The link between PDE and EMM approaches can be developed by using Feyn-

mann Kac Theorem. The discounted version of the theorem is given below.

(Discounted Feynmann-Kac Theorem) Consider the following stochastic

differential equation.

dXt - Oé(t, Xt)dt + 7(t7 Xt)dVVt
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Let h(y) be a Borel-measurable function and let r be constant. Fix 7" > 0, and

let ¢ € [0,T] be given. Define the new function:
ft,x) = B [e" T Dh(X7)]

where E%* [h(X7r)] < oo for all ¢ and 2. Then f(t, ) satisfies the following partial

differential equation:

fi(t,x) + at, z) fo(t, x) + %’yz(t, T) foe(t,x) = 1f(t, 1)

and the terminal condition is f(7',x) = h(z) for all x. For proof see [LL96].

We can apply the theorem to our contingent claim pricing problem. In previous

sections, we show that the price of contingent claim satisfies:
B,Cy = E[BrCr|F] = ¢ "'Cy = E [e " Cr|F)
Let Cy := f(t,V;) where V; is the asset value process.
Note that e~ f(¢,V}) is a martingale:

B[ fVIR] = E|E[eCrlF] |F,)
= B [eTCH|F)
= (s, V)

Since it is a martingale, we should not have a drift term in its differential. We

have, under P:

dV, = rVidt + oVidW,

Then:

1
de™ f(t, Vi) = —re " fdt+e " fidt + e fydV + efrtifvvdVdV
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1
= e " |—rf+fi+rVfr+ §U2V2fv’v dt +e "o fydW

/

TV
must be zero

1
=0 = 502V2fvv+erV —rf+f

This is exactly the same equation we found in PDE approach.

4.2 Risk-neutral Probability of Default and Mar-
ket Price of Risk

In pricing applications we use risk-neutral PDs, rather than objective PDs.
The risk-neutral PDs includes risk premiums over actual PDs. Let assume that,
by using Girsanov Theorem, we define the risk-neutral probability measure P

with a new standard Brownian motion:

Wt - Wt+ut
o

aw, = aw,+*"—"a
g

Then under P, the asset value process is:

dvy

7t = /Ldt + O'th

= [Ldt‘FU(th—M_Tdt)

o

= T’dt + O'th

Therefore at any time t, we can express the asset value as:

V= %6{(T—%O’2)t+O‘Wt} (4.6)
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We can express the risk-neutral PD, PD, by using a similar approach with
objective PD:

PD = Pr{Vpy < DP} = P{ln(V,) <In(DP)}
= {(r——a)T—i—OWTﬁln(DP/VO)}

Py {W _ (DRI — (r — o) T}

o

Since Wy ~ N (0,T), we have:

In(DP/Vy) = (r — 303 T

PD =& 2
oV T

(4.7)

The formula for PD is similar to the formula for PD, except that the p is

replaced with r. More explicitly we have:

PD =9 [cb (PD) + ] (4.8)

0\/_

We can define explicit relations between actual and risk-neutral PDs, if we use
an explicit pricing model for asset returns. For example assume a perfect CAPM

market, where the expected return on any asset is given by:

pi =1+ Bi (uar — 1)

where (3; =

i — T My — T
= PiM
op) OMm

= piMA

where A = “f—; is the market price of risk. Now we can express risk-neutral PD

in terms of objective PD:

PD = [cb—l (PD) + X pias ﬁ] (4.9)
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As seen from the formula, the objective probability of default is adjusted up-
wards to include a risk premium. The market price of risk is determined by the
entire market and represents the reward per unit of market risk taken (i.e., an
overall market Sharpe ratio). We use a one-factor model, i.e. CAPM, for asset

returns. However different factor models yields different explicit linkages between
PD and PD [Bohn00].

4.3 Contingent Claims Pricing

In this section we derive pricing formulas for bonds and stocks using Gaussian

assumption. We use EMM approach to price these claims.

4.3.1 Bonds

We derive the formulas for zero-coupon bonds. Coupon bonds can be thought

as a portfolio of zero coupon bonds with different maturities.

The payoff for a zero coupon bond is:

L if no default
Payoft =
Vo if default

where L is the par value of bond and V7 is the firm’s asset value at maturity T.
Then, under EMM, the discounted bond value is a martingale. Therefore:
B(t)D(t,T) = E [B(T) (L1{No pefaute} + Vrl{petautt}) | F7]

where D(t,T) is the zero coupon bond price at t, which have maturity T and

B(t) = e~ Jorsds is the bank account, where 7, is the risk-free rate.

We derive pricing formulas for different cases below. See [BR02] for a more

detailed discussion.

75



Case 1: Constant Interest Rate and Default Only at Maturity

Assume that r is constant. Then we can take B(T) outside the expectation

B(T) -
D(t,T) = %E [L1{No Defautty + Vrl{Detauts| F:]

We know that, under EMM, V; satisfies.

1 3
Vi = Vhexp {(r — 502)15 + O’Wt}

and default event is given by:

1{Defau]t} =1- l{No Default} — 0 if Vo> 1L
T =

Then:

Sy

(T
(

E [Ll{VT>L} + VTl{VT<L}’Ft}
_ { (Vi > LIF}+ E [VTl{VT<L}‘Ft]}

S
G
I

bdoa

For the first part:

Pu@zuﬂ}=:ﬁ{Waw{v—éfxT—w+ama—ww}zum}
mmmnv—%wr4q

o

:ﬁ%%—%g

Since, under P, (Wy — W;) ~ N(0,T —t), we have:

PV > LR} = @{IH(WLH(T_%”Q)(T_”}

oVl —1
= (I)(dQ)
_ o In(V;/L)+ (r — %02)(T — 1)
with dy = VT I
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For the second part, define an auxiliary probability measure P* with Radon-

Nikodym density,

dPx ~ 1
g Wy — =0T 3 =:
5 ot dor) o

From Girsanov Theorem, W;* = W, — ot is a standard Brownian motion under
P*. Therefore, under P*,V, satisfies:

AV, = Vi(rdt + odW,)
= Vi((r + o)dt + odW})

1
=V, = %e:vp{(r+§02)t+aWt*}

Therefore:

E Vrly,<pylF] = E|Vye? ,6_%02T+0WT,1{VT<L}‘F1:
constant =Nt
= Vpe''E [nrlve<ry | E
= Voe'"nE* [Lpvpery| F]
= Vo' P*{Vy < L|F)]

1 ~
— er(Tft) ‘/b exrp {(7“ — 50'2)t -+ O'Wt} P {VT < L’Ft}

-~

Vi

= TV, P {Vy < LIF}
We can express the last probability as follows.

P Ve < LR} = P {vt exp{(r + %ﬁ)(T ) 4o (W — W:)} < L|Ft}

In(V;/L) + (r + %02)(T —t) |Ft}

g

= P*{W;—MQ*<—
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Since, under P*, (W; — W}) ~ N(0,T —t), we have:
CW(Vy/L) + (r + 30°)(T — t)

P{Vpr <LIF}} = & T
= ®(—dy)
.  I(Vi/L) + (r+ 50°)(T —t)
with d; := T

To sum up, the price is given by:

D(t,T) = V;(—dy) + LB(t, T)®(d>) (4.10)

where Cm(V/L) + (r+ AT — 1)

di =
! oV —t

_ W(V/L) + (r = 10?)(T — 1

do =
2 oI —t

and B(t,T) is the price of risk-free bond, defined as B(t,T):

_ B
t

- B(®)

In general, instead of price of a risky bond, we use its yield spread over risk-
free yield to define its riskiness. The credit spread is defined as follows. For
B(t,T) = e where 1 is the risk-free yield and D(t,T) = e ¥~ where y is

the risky yield,
In(D(t, T)/B(t,T

Therefore, in our case:

S(T) = _1n(D(t,§)£LtB(t,T)) _ (%@(—Tdi)t—l— ®(dy)) (4.11)

Sensitivity of credit spreads with respect to different parameters are shown in

Figure 4.1.

78



r=5%,0=20%

80 T T T T T
§ — Leverage = 75%
; 60 Leverage = 50% H
5 — — Leverage = 25%
5 40+ i
%)
@ 201 b
(6]
0 | L L 1 L 1 1 1 P S —
0 1 2 3 4 Time to‘rMaturity 6 7 8 9 10
= 0 =50
300 T T T L?verage \75@ T \5/0 T T T
_éi — 0=30%
< 200k 0=20% ||
g 200 — - 0=10% ||
= L
)
£ 100 1
o
(@)
0 1 L 1 P PN E——. 1 1 L 1
0 ! 2 8 4 Time toEI\IIaturity 6 7 8 o 10
Leverage = 75% , 0= 20%
80 T T T T
= - — r=20%
S 60r 7 Tt -—- r=10% H
© 4 Tl r=5%
o 7/
“% 40+ y i
= /
g 20F R
O /
o< 1 I I ! ! I
0 1 2 3 4 5 6 7 8 9 10

Time to Maturity

Figure 4.1: Credit Spreads

Case 2: Constant Interest Rate and First-Passage Approach

Assume that the default time is defined as:

Ti=inf{t>0:V, <L}

Additionally, if default occurs before T, the bond holder receives a constant

fraction of L, §. Then the price is:
DT, T) = B(t,T)E[Llysry + Lolj<r)|F]
— B, T)L [P (r>T|R}+6P{r<T

= B(t,T)L [1 —(1-0P{r< TIFt}]

7}

From section 1.6, we know the formula for P{r < T|F,}. But now we are
working under P. Therefore let define Y; := In(V;/L) where dV, = rV,dt+ oV, dW,
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under P. Then:

11 - 1
dy, = th\/; 377 —dV,dV, = (rdt + odW,) — §a2dt
1 .
= (r— 50 2)dt + odW,
1 ~
=Y, = In(Vy/L)exp {(r — 502)t + O'Wt}

= P{r<T|F} = 15{ inf Ysgom}
t<s<T

Using the same Lemma of section 1.6, we have:

®<1n<L/vt> (r—1o ><T—t>)

P{r <T|F} =

302

VT —t
+( )Tvz ( n(L/Vi) + (r — %az)(T—t)>

O'T—t

Therefore, the pricing formula is:

n(L/Vi) = (r = §o*)(T ~ 1)
( )

1,2 U\/ﬁ
) (%)22 ® (m(L/v;) J;\(;T—__%?? (T — t)> @12)
And the spread is:
sy - DT T) /LB, T)) (@13)

T—1t
Case 3: Stochastic Interest Rates
In the final case we analyze bond pricing with stochastic interest rates. For
this we will use the technique called change of numeraire and define two new

probability measures. Let P, P,PT and PV denote objective probability measure,

risk-neutral probability measure, and newly defined T-forward and V-forward
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probability measures respectively. The new measures are defined as:
PT(A) = / ZI()dP(w), VA € F
A

PY(A) = /AZ}/(w)dP(w), VAe F

where:
D(t)B(t,T
ZT (t) — ( ) ( ) )
B(0,7)
D)V (t)
ZV(t _—
Under P7, B‘?t(t%) is martingale. Similarly under PV, Bé.t(’g) is martingale (For

proofs see [Shr04]). And we have the following relations:

77 (0) D (g)(ﬁ (TO) n_,
20 = ZFan 50D
zZV(0) = %:
2V(T) = D(?(‘g)(T )
ET[X|F] = ZTl (t)E [(XZT(T) |F]
EV[X|F] = Zvl (t)E [(XZV(T)|F,]

We know that, under risk-neutral measure P, discounted prices for both firm’s

asset value and the risk-free zero coupon bond are martingale:
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v (t)

v (t) = rdt + O'th
dD (t) V (t) ~
—— = adW,
pyve — O
dB (t,T .
BT (Sﬁ 7T)) = rdt+ opdW,;
dD (t) B (t,T) ~
= aw,

Dt B(t.T) 7B
Additionally, by using martingale property, we have, for ¢ = ||o — op| =
0% — o],

V(t) V() _ s
d = d
B(tT) Ba M
V(T) V(0) 2 ATET
= —=a°T
= BIT.T) B(07T)e$p ol + oWy
B(tLT) _ B(LT)_ -,
d = aw,
V(1) vy T
B(T,T) B(0,T) T
N = ——a‘T 4%
V(T v (0) exp ol +oWr

where W7 and WV are standard Brownian motions under PT and PV respec-
tively (see [Shr04]).

After defining these new probability measures, we can know start formulating

our bond pricing formula. We know that the bond price is:

D(t,T) = =—=E[D(T){Llyry +V (T) lvpery } |F]
1

= ——E[D(T) Llj,>n|F] + WE [D(T)V(T) Livp<ryl F2]
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V05 [DOVD

DIGKE A 1{VT<L}'Ft]

)Ll{szL}|Ft} +

)
= LB(t,T)P"{Vp > LIF,} +V (t) PV {Vp < L|F}}
T

= LB{(t, )ﬁT{L2L|Ft}+V(t)PV{ Vr >1F}

B(T,T) B(T,T) Ak

We can easily find the probabilities:

P g 2 1A - pT{l”<BV<t(,t%>>‘iT

pV{B(‘I/;T) - %,Ft} _ v {ln (B(t,T)) %
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~ In
= PV (W’}/ _ th) (LB(t’TOi |F1t
Vit _
In (LB((t,)T)> +50°T
= & —
NG
=1 ®(do)
Therefore the price is:
D, T)=LB(t,T)®(dy)+ V (t) P (ds) (4.14)

where:

di =

dy, —

4.3.2 Stocks
In structural modeling, the common stocks are treated as call options on firms

assets, since their payoff is:

Vr — L if no default
Payoff =
0 if default

Therefore, the corresponding pricing formula is:

(t,T)E [(Vr — L) X Lino efautty + 0 X L{pefauts} | F)

Et - t,
(t,T) E [Vr x Lino petautty| 2] — B (£, T) L x P {No Default}

B
= B
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To derive the pricing formula, we can use similar techniques that we used for
bonds. But there is also an easy way. Since at any time t, the firm’s assets are
equal to its liabilities, and if we assume that the firm’s liabilities are one zero
coupon bond and a common stock, we can derive the price of stock from the

following (put-call parity) equation:
V,=D(,T)+ E, = E, =V, — D(t,T)

By using the formulas for D(t,T") we obtained in previous section, we can find
E;.

E, =V, ®(dy) + LB(t,T)®(ds) (4.15)
where
g m(Vi/L) + (r + 50*)(T))
! oVl —t
dy — In(V;/L) + (r — 502)(T — t)

o1 —t

and B(t,T) is the price of risk-free bond.

4.3.3 Credit Default Swaps

Credit default swaps (CDS) are the simplest type of credit derivatives, but they
are also the basic building block for more complex credit derivatives. In order
to price a CDS, we use a reverse engineering and decompose the cash flows of it.
Under a simple CDS contract on a prespecified underlying such as a bond, the
protection buyer agrees to pay periodic cash flows to the protection seller until a
default occurs before the maturity of CDS. On the other side, the protection seller
agrees to pay a contingent payment if a default occurs before the CDS maturity.
The periodic payment done by the protection buyer is called CDS spread and
is generally a fixed percentage of the notional amount of the underlying. If a
default occurs before CDS maturity, the protection seller compensates the loss of
the protection buyer, i.e. the amount paid to the protection buyer is equal to the

loss given default (or 1 - recovery rate).
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Therefore the cash flows for the protection buyer is:

n

CF = — Z Sl{No default until ¢;} + (]- - RR) 1{Default before ¢, }
i=1
where t;,4 = 1,2,--- ,t, are the times that corresponds to periodic payments and
t,, is the maturity of CDS, s is the CDS spread, RR is the recovery rate. Note
that buyer pays spread at each t; but receives contingent payment at the time of

default, say 7.

The value of CDS is calculated as the risk-neutral expected discounted cash

flows. Assume that the interest rates are constant. Then:

n

VCDS - EQ - Z e_Ttis]‘{No default until ¢;} +e 7 (1 - RR) ]-{Default before tn}

=1
= —s5Y ¢ "E? [Iray] + (1= RR) EC [ 710y,
=1
= —sY B(0.t;)+(1—-RR)E(0,t,) (4.16)
=1

where B (0,t;) is the value of a zero coupon risky bond with zero recovery rate,
and E (0,t;) is the price of a unit contingent payment if a default occurs before

t; where the payment is made at the time of default. Formally:

B(()?tl) = e_rtiEQ [1{T>ti}]
E(0.t;) = E?[e M ran)

By using the first-passage default probabilities, we can define B (0,t;) and
E(0,t;).

B (O,ti) = e THEQ [1{T>t¢}]
= " [1-PD"T(0,1)]
= B(0,t;) [1— PD"""(0,t;)]
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where B (0, t;) is the risk-free zero coupon bond price.
E (O,tl) = EQ [67TT1{7<,§H}]

Z e_Tti 1{ti71 <7’<ti}]

Q

Il
&

=1

NE

et [1— ppFPT (0,t;-1)] PDFPT (4, t;)

. \q J

i=1 g ~ o
Survival Probability Default Probability

\E

B(0,t;) [1 = PD"P"(0,t;21)] PD""T (t;_1,t;)

i=1
where the last conditional probability can be easily derived (by a recursive ap-
proach) from the term structure of PDs by using the following relation:

ppFPT (0,t,) =1— H [1 — pprPT (ti—lvti)]

i=1

Thus we can totally define the value of a CDS by using zero coupon risk-free

bond prices and first passage default probabilities:

VOPS = 4 (1-RR)Y B(0,t;) [L— PD"P"(0,t;-1)] PD"PT (i1, ;)

i=1

—5 Zn: B(0,t;) [1 = PD"T(0,t)] (4.17)

4.4 Model Calibration

Model calibration refers to the inverse problem in asset pricing. In calibration
problem, we have a model for an asset price, we observe prices of some assets
(e.g. liquid ones) and want to price other assets on the same underlying (e.g
illiquid, exotic or over-the-counter ones). Therefore we call the problem an inverse
problem. For instance, in structural models defined in this chapter, the debt price

is a function of five variables: the firm value, its volatility, time to maturity, risk-
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free rate and default point:
D, T)=f(V,,o,7,DP,r)

Therefore the generic problem is solved with a three step procedure:

e First obtain the known/observed values of input parameters. For example
we can easily obtain the risk-free rate from government bond or LIBOR

market. Or we can know in advance the time to maturity of a bond.

e Second, we determine some benchmark assets (bonds, CDSs, etc) which are
liquid. Then we find the unobserved parameters which leads to the observed
prices for these benchmark assets. Indeed this is an optimization problem.
For this step we generally perform a least-square minimization. For the
unknown (6*) and known (6*) parameter sets, we perform the following

minimization:

N
0 = argmmz w;| Py (0";6%) — pMarket)? (4.18)
i=1
where ¢ = 1,2--- N are the benchmark assets, P, (9“; 9’“) is the model price
for i asset and DMkt is the market price of it and w; are the weights
used in the optimization. At the end we obtain market-implied parameters
for the model.

e Then we can price any other asset on the same underlying by using the

market-implied parameters.
Py = Py (0%:6°) (4.19)

The above procedure is a generic one that can be used in any asset pricing
problem. However, for credit risk modeling we have an additional advantage that
we can obtain parameters from equity markets. Since for firms with traded debt

or CDS, we generally have more liquid markets for stocks, we can calibrate our
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model using the stock prices, and then by using stock market-implied parameters,
we can price bonds, CDSs, etc. Procedures for determining model inputs are

explained below.

4.4.1 Risk-free Rate

Theoretically the risk-free rates should be obtained from the Treasury bond
and bill markets. However, if available, LIBOR swap rates are generally used to
estimate risk-free term structures. Because Treasury securities are often assumed
to contain a convenience yield, because they can be posted as collateral and allow

to borrow at special repo rates ( [Eck07]).

4.4.2 Time to Maturity of Debt

In structural models, a single number for time to maturity of debt is used.
This is a consequence of the simplifying assumption that the firm has a single
(zero-coupon) debt. However, this is an unrealistic assumption. Therefore we

can use a weighted-average duration for all long-term liabilities ( [Eck07]).

4.4.3 Default Point

In the original Merton model, the default point is equal to the face value of
debt. This means that the firm will be in default if its assets are below the face
value of debt at maturity. However, we should distinct short-term (i.e. shorter
than the risk horizon) and long-term debt. Because if a firm’s assets can meet
firm’s short-term liabilities but below its long-term debt, there is no reason for
a default. The firm has the chance to increase its assets to meet longer-term
debt until when they become due. Thus, one approach is to choose a value for
default point between short-term debt and total debt ( [Sun 01], [Eli05]). For
example, MoodysKMV, by analyzing its empirical database for defaults, uses a
default point which is equal to the short-term debt plus one half of the long term
debt ( [CBO03)).

89



4.4.4 Market Value of Assets and Its Volatility

Asset value and its volatility are the most critical parameters in structural
credit pricing. However these are also the parameters that are not generally
observed. If all claims of a firm (i.e. bonds and stock) are traded publicly, we

can easily infer the asset value, by using the identity,

Market Value of Assets = Market Value of Debt + Market Value of Equity

But this is generally not the case. A practical solution, if not all the claims are
traded, is to apply a proxy of book-to-market value ratio obtained from traded

debt to the non-traded one. This gives us the total market value of firm’s assets.

If we can obtain asset values by using methods explained above, we calculate
it volatility using historical time series of asset values. But this method has an
implicit assumption. The asset volatility used in structural models is the volatility
that corresponds to the future time period up to the risk horizon. Therefore, even
if effectively estimate the asset value, the volatility calculated form historical
values represents only the historical (i.e. realized) volatility, which may not be a

good estimator for the future risk-neutral volatility.

There is a second approach used for estimating asset values and volatilities
which is a maximum likelihood procedure based on the relationship between the

standard deviation of the return to the firm and the equity (see for example

[RVS6], [ERO5)).

Let firm assets (V) and equity (F) follow the following stochastic dynamics

under risk neutral probability measure:

dV, = rVidt + oV,dW,
dEt = TEtdt —|— O-EEtth
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Since the value of the equity is a function of time and of the value of the assets,
E, = f(V,,t), we can apply Ito Lemma to get:

Therefore: Bt (v
T
opE; fﬁ(‘/;tg )O"/t
Since:
of Vut) _ o (an;/L) (1 +50°) (T~ t))
oV, B oV —t
= ®(dy)
we have: v
op = Eiq) (dy)o

Thus, in order to obtain the asset value and its volatility, we should solve the

following two-equation non-linear system in two unknowns (i.e. V; and o):

EQb Vid(dy) + LB(t, T)®(dy) (4.20)
o Qb Yig (dy) o (4.21)
L

where E% and 09% observed stock value and its volatility respectively.
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CHAPTER 5

PROBLEMS WITH GAUSSIAN
MODEL AND POSSIBLE
EXTENSIONS

In this chapter, we discuss the problems that the Gaussian model creates and
potential extensions. Some of the problems caused by Gaussian model is directly
related to the credit risk and some of them are more general problems that are

common to all asset price modeling.

5.1 Problems with Gaussian Model

5.1.1 Pathwise and Distributional Properties of Asset Val-

ues and Returns

Finance literature is quite rich with regard to papers investigating the em-
pirical properties of financial asset prices and returns in different markets such
as stocks, commodities, exchange rates, interest rates and financial derivatives
derivatives. Different markets, time periods and asset classes may have differ-
ent empirical characteristics that are unique to that market. However, there is
a set of certain properties observed by different studies that are common across

many instruments, markets and time periods. These properties, called stylized
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facts show that seemingly random behavior of different asset prices do share quite

non-trivial statistical properties.

In structural modeling of credit risk, the asset value of the firm is the main
process that should be modeled. In general, the asset value can not be observed
directly. It is simply the sum of market values of all assets that the firm owns.
However, firms generally have some assets that are not traded in a liquid market.
Because of this unobservability, we do not have prior information about the qual-
itative or statistical properties of firms’ asset values. Since the firm’s asset value
is the sum of values of different assets, it seems reasonable to require that the
firm’s asset value should also satisfy the stylized statistical properties for different

financial asset values.

[Cont01] presents a set of stylized facts emerging from the statistical analysis
of price variations in various types of financial markets and lists the stylized

statistical properties of asset returns as follows.

1. Absence of autocorrelations: (linear) autocorrelations of asset returns
are often insignificant, except for very small intraday time scales (around

20 minutes) for which microstructure effects come into play.

2. Heavy tails: the (unconditional) distribution of returns seems to display
a power-law or Pareto-like tail, with a tail index which is finite, higher than
two and less than five for most data sets studied. In particular this excludes
stable laws with infinite variance and the normal distribution. However the

precise form of the tails is difficult to determine.

3. Gain/loss asymmetry: one observes large draw downs in stock prices and
stock index values but not equally large upward movements. This property
is not true for exchange rates where there is a higher symmetry in up/down

moves.

4. Aggregational Gaussianity: as one increases the time scale At over

which returns are calculated, their distribution looks more and more like a
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normal distribution. In particular, the shape of the distribution is not the

same at different time scales.

5. Intermittency: returns display, at any time scale, a high degree of vari-
ability. This is quantified by the presence of irregular bursts in time series

of a wide variety of volatility estimators.

6. Volatility clustering: different measures of volatility display a positive
autocorrelation over several days, which quantifies the fact that high-volatility

events tend to cluster in time.

7. Conditional heavy tails: even after correcting returns for volatility clus-
tering (e.g. via GARCH-type models), the residual time series still exhibit
heavy tails. However, the tails are less heavy than in the unconditional

distribution of returns.

8. Slow decay of autocorrelation in absolute returns: the autocorrela-
tion function of absolute returns decays slowly as a function of the time lag,
roughly as a power law with an exponent 5 € [[0.2,0.4]]. This is sometimes

interpreted as a sign of long-range dependence.

9. Leverage effect: most measures of volatility of an asset are negatively

correlated with the returns of that asset.

10. Volume/volatility correlation: trading volume is correlated with all

measures of volatility.

11. Asymmetry in time scales: coarse-grained measures of volatility predict

fine-scale volatility better than the other way round.

In addition to these properties, different empirical studies found significance ev-
idence of discontinuities (i.e. jumps) in asset prices (e.g. [EJP02], [Lin06], [RS05],
[Bates96]). These jumps corresponds to the sudden events generally caused by

an important news or a crash in the market.
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Therefore any successful model should satisfy the above mentioned properties

as much as it can.

5.1.2 Default Predictability and Short-term Default Prob-
ability

The Gaussian model is a continuous model with a stationary distribution. The
statistical properties of Gaussian distribution creates problems for default pre-

dictability and short-term default probabilities.

By definition of default, we know that the distance from asset value to default
threshold determines how probable the default event is. With Gaussian model,
if the asset value is far from the default threshold, it is very unlikely that the
firm go into default in a short time period. Because the asset value process needs
time to reach the default threshold. This makes default a predictable event, i.e.

default does not come as a surprise ([ELi05]).

The consequence of default predictability in Gaussian model is that short-term
default probabilities tend to go to zero. When we take the limit of PD for a short

time period, we have:

In(DP/V;) — (p— 302) 7
a\/T

lim PD (t,t+7) = lim

7—0 T—0

0 ifV,>DP
1 itV < DP

However default predictability and very low short-term PDs are unrealistic
assumptions and we have many empirical counter examples. Sudden collapse of
seemingly healthy firms, such as Enron, LTCM, WorldCom, within a relatively

short period of time represents important counter-facts to prevailing approaches.

Therefore in a successful model, the default may include predictable and sur-

prise events and short-term PDs may have non-zero values.
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5.1.3 Credit Spreads and Implied Volatility Smiles

The empirical testing of Gaussian structural models in pricing credit risk in
general has not been very successful (see [AS00], [EHHO03] and [ERO05]). One
obvious reason for this poor performance is the unrealistic assumption of default
predictability. This makes short term spreads zero.

In (Y® (—dl) + @ (d2))

lims(t,t+7) = lim — L
7—0 7—0 T

0 ifV,>DP
oo if V; < DP

The difference between market and model prices and marked difference in model
performance among different credit qualities suggest that we may encounter an
implied volatility smile when we use Gaussian model. Additionally, since the
Gaussian model has only two parameters, i.e. p and o, we do not have much
flexibility for fitting the model to different shapes of credit spread curves that
can be observed in the market. Therefore a successful model should have the
capability to capture non-zero short-term spreads, can create different shapes for
credit spread curves and can replicate implied volatility smiles with respect to

the Gaussian model.

5.2 Possible Extensions

5.2.1 Non-constant Volatility Models

In the Gaussian model, volatility is constant. However, as explained in the
previous section, observed volatility is not constant. Additionally it has clustering
property and incorporate leverage effects. Therefore one obvious extension to the

Gaussian model is making volatility non-constant.

The generic form for a non-constant volatility model is as follows:

dVy = pVidt + o Vi dW,
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where o; is non-constant. Different specifications for the function o; leads to
different classes of volatility models. We can classify volatility models into two
general classes: autoregressive conditional heteroskedasticity (ARCH) models and

stochastic volatility models.

ARCH Models

ARCH models, including their generalized version (i.e. generalized ARCH or
GARCH), models the conditional volatility. The generic form for a GARCH

model is:

Ty = et €
€ = 240t , Z¢ N(O,]_)

p q
2 _ 2 2
o; = w+E ozl-et,z-—l—g Bioi_;
i=1 j=1

where 7, is the return, g, is the conditional mean and o, is the conditional volatil-
ity. The above specification is for a GARCH(p,q) model where p and ¢ determines
the degree of model.

Simple GARCH(p,q) models with Gaussian distribution can not account for
leverage effects. But with t-distribution or GED, GARCH models can properly
account for volatility clustering and heavy tails. In practice EGARCH and GJR-
GARCH models are heavily used due to their properties to allow for leverage
effect and asymmetries. There exist so many extensions to GARCH models.

For an excellent review of conditional volatility modeling, interested readers are

directed to [PGO3].

Note that in GARCH models 0,41 € F}, i.e. tomorrow’s variance is a deter-
ministic function of price and variance history up to today. Therefore we have
Var [atzﬂ|Ft} = 0. This is a critical assumption which is the main difference
between GARCH and stochastic volatility models.
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Stochastic Volatility Models

Stochastic volatility models incorporate unpredictable conditional variances by
allowing a stochastic term in the variance equation. The generic form of a sto-

chastic volatility model is:

AV, = udt+ o dW,

o = fW)
dY; = ,uy(t,}/t)dt—f-O'y(t,Y;)dZt

where f is a positive function, Y; is an Ito process, W; and Z; are standard
Brownian motions. Therefore volatility process has its own source of randomness
caused by Z;. The positivity of function f ensures that the volatility is non-zero.
Additionally the generic form includes models with correlated Brownian motions,

i.e. d(W,Z), = pdt. The negative correlation captures the leverage effects.

For process, Y, the most common choices in the literature are:

e Lognormal (LN)
dY, = ¥ Yidt + o¥Y,dZ,

e Ornstein-Uhlenbeck (OU)
dY, = (o =Y, dt + oV dZ,
e Cox-Ingersoll-Ross (CIR)

dY, = B (a —Yy) dt + 0¥ \/YdZ,

Note that the OU and CIR processes have a mean reverting behavior but the
LN does not. The LN and CIR process remain positive.

The following table (from [Tay04 ]) summarizes different models used by dif-

ferent authors.
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Table 5.1: Stochastic Volatility Models

Authors p | Y; Process f(y)
[HWS88] | p =0 | Lognormal ) =y
[Sco87] | p =0 | Mean Reverting OU | f (y) =y, €Y
[Wig87] | p # 0 | Mean Reverting fly) =y
[SS91] | p =0 | Mean Reverting OU | f (y) = |y|
[Hes93] | p#0 | CIR Fw) =y
[BR94] | p=0 | CIR f) =y

5.2.2 Jump Models

A second class of models that can be used for modeling financial asset prices
are jump models. These models attempt to capture the discontinuities observed
in asset prices. Jump processes can be classified as finite activity and infinite

activity jump processes.

Finite Activity Jump Processes

These jump models have finite number of jumps for any finite time period.
The simplest case is the Poisson model. The Poisson process, IV, is a piecewise
constant stochastic process which have finite jumps, and the inter arrival time
for jumps have exponential distribution. Poisson process has a constant intensity
which defines the average number of jumps expected within a unit period of time.
The second example of a finite activity jump model is the compound Poisson
model. In the compound Poisson process, (J;, we have a Poisson process that
determines the number and time of jumps, and a second process that drives the

jump size. Formally, we have:
Ny
Q=>_Y
i=1

where N is a Poisson process with intensity A and Y; is a (stochastic) process
that drives jump sizes. The jumps in ; occur at the same times as the jumps
in Vy, but whereas the jumps in N, are always of size 1, the jumps in (); are of

random size. Therefore compound Poisson process is also a piecewise constant
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stochastic process.

The piecewise constant models, such as Poisson and compound Poisson mod-
els, are alone not good candidates for modeling financial asset values. Thus, in
general, jump models are combined with other stochastic processes. In a jump-
diffusion model, we have a deterministic time trend, a stochastic part governed

by a Brownian motion and a compound Poisson process. Formally,

N
dX; = 0 (Xp t) dt + 0 (Xp t) dW, + Y Y,
i=1
where W; is a standard Brownian motion, /V; is a Poisson process with intensity
Aand Y = (Y;);5, is an i.id. sequence of random variables with probability
distribution F.

Infinite Activity Jump Processes

Second class of jump models are the infinite activity jump models in which we
may have infinite number of small jumps within a finite time period. Contrary
to the finite activity jump models, in infinite activity jump models, jumps are no
longer rare events, the process moves essentially by jumps. Although we require
diffusion parts to complement a finite activity jump process, we can directly model
financial asset values with pure (infinite activity) jump models. For a complete

resource for jump processes with financial applications refer to [CT04].

5.3 Approach Used in the Thesis

After searching for possible extensions, we opt to use a model with stochastic
volatility and finite jumps. We call the model a stocastic volatility correlated
Jumps with stochastic interest rates with jumps (SVCJ-SIJ) model. The selected

model attempts to solve the problems encountered with Gaussian case.
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The selected model is a generalization of different models proposed in the lit-
erature and therefore by setting certain model parameters to zero, we can have
different restricted models. The details of the model is explained in the next

chapter.

101



CHAPTER 6

MODELING SINGLE FIRM
CREDIT RISK: SVCJ-S1J
MODEL

6.1 Model

In this section we find the probability of default for a single firm which has an
asset value process with stochastic volatility and jumps. First assume that the
asset value follows the following stochastic differential equation.

dvy / 1 Yyl 1
t

or equivalently, for 1, ;== InV;

1
dve = (st = Mk — Sho)dt + VhdW, +Y'dN} (6.2)

Thus the asset value process is governed by a diffusion process as well as a
compensated jump process. The jumps are finite and jump sizes are normally
distributed.

Additionally the volatility is also assumed as stochastic and follows a square-
root (or Cox-Ingersoll-Ross - CIR) process with jumps. The jumps in the asset

value and the volatility are caused by the same Poisson process. This means that
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the asset value and the volatility jumps simultaneously, but with different jump

sizes.

The jump size distribution for volatility process is exponential.

dhy = B(o — hy)dt + v/ hdW? + Y2dN} (6.3)

And finally, interest rate is also stochastic and follows a similar process, i.e.

square-root plus jump, with volatility. But the Brownian motion and jump that

drives interest rate is independent from asset value and volatility processes.

dry = n(0 — r,)dt + 6/r{dW} + Y*dN} (6.4)

with the following additional assumptions:

i, 3,a,m,0 € R and v, € RT
k:E[eYl —1}

WL, W2, W? are standard Brownian Motions with the following variance-

covariance matrix:

y =

(=
S =D
—_ O O

N} and N} are Poisson processes with intensities A\; and A

Y2 and Y? are exponentially distributed with parameters uy and us respec-
tively. And the conditional distribution of Y given Y2 is normal.

(YHY? =y?) ~ N + pjy2, 07)

Y? ~ exp(us)

Y3 ~ exp(us)

There is no interdependence between (W1, W2 W3) (Y1, Y2 Y3) and (N, N?).

The model is called stochastic volatility correlated jumps with stochastic in-

terest rates with jumps (SVCJ-SIJ) model. By setting certain parameters of the

model, we can have restricted versions of the model such as jump diffusion (JD),

stochastic volatility (SV), stochastic volatility jump diffusion (SVJD), etc.
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6.2 Conditional Characteristic Function

Since under actual probability measure, the risk-free rate does not appear in
the drift term of asset value (or return) process and r; is independent of v, and

hy, we condition the characteristic function only to v, and h;.
Therefore, the conditional characteristic function (CCF) is defined as

QD(Ul,UQ;VT,hT|Vt,ht) - gOt(U1,U2;VT7hT)

= Flexp{iuvr + iushr} vy, hy (6.5)

¢! is, by definition, a conditional expectation. And we also know that every
conditional expectation is a martingale, i.e. for a filtration F' = {F, : ¢ > 0} and

with Fy C F}, we have:
EE[X|R]|F] = E[X]|F]

Thus ¢! satisfies all the properties of a martingale. Additionally we also know

that a martingale has always constant expectation:

E[XJ|F)] = X,
= E[X, - X,JF)] = 0
= E[dX,] = 0

where dX, := X; — X,. When we apply this property to ¢f, we have:
E[de'] =0 (6.6)
To find dy*, we apply Ito to ¢! (we drop ¢ to ease notation):

1
do = @idt + @, dv + ppdh + §(<pw,dydz/ + 2¢,ndvdh + @ppdhdh) (6.7)
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Since the jump parts are independent from the diffusion parts, we can express

the change in ¢ in two parts:

Total change = Change without jumps + Change because of jumps
Thus:

1
Eldy] = El¢tdt+@y{(M—A1k—§h> dt+\/ﬁdW1}

1 1
o { B (@ = By dt +1VRAW? ) + Souhdt + guarhodt + Sm*hdl

+)\1E [SO (u17u2; vr, hT’Vt + Y17 ht =+ Y2) - (ulau2; vr, hT’Vta ht)} dt

Since W' and W? are martingale, we have F [dWW!] = 0 and E[dWV?] = 0.
Thus, in order to obtain E [dy] = 0, we should have:

2
+)\1E [90 (ula U2 VT, hT’Vt + Y17 ht + YQ) "z (u17u2; vr, hT’Vtv htﬂ

1 1 1
0 = o +p (u — Mk — §h) + onf (o = h) §sowh + ounYhp + = onny’h

Following [DPS00] and [RS05], we guess the general form of characteristic func-

tion as follows:

Sot(ul Ug: U hT) — eiulz/tJrA(T;ul,u2)+B(T;u1,u2)ht+J1(T;ul,ug) (6 8)
y W2, VT .

where 7 =1T — ¢
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Then the differentials of ¢ are:

0A OB oJ*

vy = — E—!—Eht*’ﬁ 2
P = Uy
on = By
P = ujp
o = Bp

Pvh = ZUIBQO

For the last term in E [dp], which is caused by jump events, define the jump
transform:

O'(ci, ) = E eclyl+62y2\1/t,ht

where the transform is the joint conditional moment generating function of Y*
and Y?2. Then, with A, B and J! as defined above:

E [gp(ul, ug; vy, hrlve + Y by + Y?) — o(uy, ug; v, hy|vy, ht)]
= F, [exp{iul(ut+Y1)+A+B(ht+Y2)+J1H
—F, [exp {iulut + A+ Bh; + Jl}}
= exp {iull/t+A+Bht+J1}Et [exp {iulYl —|—BY2} — 1}
= i(uy, u9;vr, hr) [@1(iu1,B) — 1} (6.9)

When we input the differentials:

04 _0Bp 0L 4y (u— Mk — Lh) + BB(a — h)
p=0
+3i%ulh + iuy Byhp + 3§ B*y*h + A [ (iuy, B) — 1]
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When we group the terms with h, terms related to diffusion and jump parts,

we have:

(

\

[— 22 + iuyp + BB

+h

|

[—28 — Liuy — BB + Li%u2 + 1 B2y2 + iuy Byp]

or

oJ1!

or

2 2

iul)\lk‘ + )\1 [@1(iu1, B) — 1]}

/

When we equate each group in brackets to zero, we obtain a system of complex-

valued ordinary differential equations (ODE):

0A
or
0B
or
0.J!
or

= iwp+ Bpa

= —iul/\lk + /\1 [@l(iul, B) — ]_]

And the boundary conditions for the system are:

so that

or(ur, ug; vr, hy) = exp {ivavr + iughr}

A(O;up,ug) = 0
B(O;Ul,U2> = ’iUQ

Jl(O;ul,uz) = 0

2

. : 1
§W1(W1 — 1) + B(iuyyp — 3) + =B*y?

(6.10)
(6.11)

(6.12)

(6.13)
(6.14)
(6.15)

(6.16)

In the next step, we derive the conditional characteristic function for returns.

First observe that:

SO(UJ; VT|Vt; ht)

FE [eiwyT ’Vt, ht}

QO(UJ, 07 vr, hT‘I/ty ht)

exp {iwvy + A(T;w,0) + B(r;w,0)hy + J' (15w, 0) }
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And for logarithmic returns defined as R, := vp — 1,

QO(UJ; Rt,T|Vt; ht)

E [eiw(”T*”t)h/t, ht}

E [ vy, hy] e

exp {iwv; + A(T;w,0) + B(r;w, 0)hy + J' (13w, 0) — dwry }
exp {A(T; w,0) + B(t;w,0)h, + J (15w, 0)}

Since the functional form does not depend on v;, there is no need for condi-

tioning on v;. Therefore we can express the conditional characteristic function of

returns as @(w; Ryr|ht).

o(w; Ryr|hy) = exp {A(T;w,0) + B(1;w,0)hy + J* (13w, 0) } (6.17)

6.3 Unconditional Characteristic Function

In the next step, we will derive the unconditional characteristic function (UCF)

of returns, i.e. p(w; Ryr).

The UCF is simply the expectation of CCF. Therefore:

o(w; Ryr)

FE [exp {A(T; w,0) + B(T;w,0)h; + Jl(TJ w, O)H
exp {A(T;w,0) + J'(1;w,0) } E [exp {B(T;w, 0)h}]

The expectation can be derived from the characteristic function of h;. Since,

for hy, the diffusion part which follows a square-root process (also called Cox-

Ingersoll-Ross (CIR) process) and the jump part are independent, the character-

istic function of h; is simply the product of characteristic functions of these two
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parts (see [RS05]).
pe(wihr) = E [T [h] = o (w) o)™ (w) (6.18)

Since the distribution of the square-root process is gamma, the characteristic

function of the diffusion part is (see, for example, appendix in [Jia02]):

. 2\ —2a8/v?
mury
() = (1 — 55 )

Characteristic function of jump part is as follows. By using the independence

property of Poisson events:

N Ny
Jump = Z Y, ~ ZYk
k=1

k=N

i N
O/ () = E |exp {zu Z Yk}
L k=1

' p{zy}w_”

= E|E

Since Ny is independent of {Y}},

exp {zu Z Yk}
k=1

i (u) P{N; =n}

o
n=0

= P{N, =0} +ZE Hexp{iqu} ( e
n=1 k=1 '

{Yx} are independent
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ef)\‘r

AT)"
n!

— M4 Z H E [exp {iuYy}] (

k=1 k=1 Char. fnc. of Yy
9]

— AT n )\T " —A\T
— ¢ A ‘I'Z(SOY) (n'> e A
n=1 ’

— ef)\‘r i (QOY/\T>n

n!
n=>0

= exp{Ar(py(u) — 1)}

where @y (u) is the characteristic function of Y.

Since the jump size distribution is exponential, we have py (u) = where

1
1—dup
1 is the scale parameter, and thus:

1 .
O] (4) = eap {)\T ( — — 1) } = exp{ )\T“,W }
1 —up 1 —up

Therefore, the characteristic function of h; is:

2
A Tiugs juy?\ T2
shr) = —_ 1-— 6.19
pi(u; hr) = exp { — 23 (6.19)

Note that in order to find the unconditional characteristic function for returns,

we should find unconditional characteristic function for h;. Therefore:

z'wa —2a3/~>
20

o (wyhy) = FE [eiwht} = <1 -
for 7 = 0.

By using characteristic function of h; we can express the last term in ¢ (w, Ry 7):

B (1;w,0)

; ht)
)

Elexp{B (t;w,0) y}] = ¢ (
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At the end, we can derive the formula for the UCF of returns:

o(w; Ryr) = exp {A(T; w,0) + J' (73w, 0)} Elexp{B(r;w,0)h;}]

B(7; w, 0)72) e

= exp{A(T;w,0) + J'(T;w,0)} (1 - 2 (6.20)

6.4 Solutions

First,note that the jump transform, ©!(cy, cp), is:
@1(61,02) - E 661Y1+02Y2|Vtaht]

= BB ey )]

= F —eCQYzE [eclyllYZ = @H

Since (Y Y2 =7) ~ N(ui+p;y,0%), by using the moment generating function

of normal distribution we have:

2 V2 1.2 2
@1(01762) = F [(ECQY elutp¥ )Cl+201‘71]

= ematidoip [e(CHPjCl)YZ]

Since Y? ~ exp(us2), by using the moment generating function of exponential

distribution we have:

1
1 — (ca + pjcr)pz
_ e {mer + 507} (6.21)
L — pjcrpe — cafia

O'cr,er) = emertietod
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And for the jump compensator:

ko= E_eYl—l]
— E iﬂ[eYWyﬂ}]-1
[ 2 1 2
= FE|expq i+ p;Y +§01 -1

= e’”+201E [epj } -1

cap {im + 301}

= —1
L —pjpe
o exp {1 + 307} + pjps — 1
L —pjpe

(6.22)

Now we can find the solution for the complex valued ODEs. The details of the

solutions are given in the Appendix A.

1 2
A(T;ur,up) = (im —0;—591)7'+—ﬂ (+—g§)

72 1+ g;
B (7_7 uy, Ug) _ g29s3 2_ g1
v
gs37
J! (T§u17u2) = (98 — A+ —> T
(95 +93)
29697 In (9694 — 95) /1 + 3
92 (92 + 93) (9693 — 95) /1 + g3
where:
g1 (ur,ug) = duyyp — 3
g2 (ur,ug) := \/iul (iug — 1) 72 — ¢}
1
g3 (ug,ug) = tan 5927 + arctan (g4)
g1 -+ iUQ")/2
ga (U1, up) == ———
g2
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gs (Ul, Uz)

e (Uh Uz)

gr (Ub UQ)

gs (ula UQ)

H291
~2

= 11— pjiups +
H29g2
~2

1
= A\exp (uliul — 51@0%)

exp (1 + 50%) + pipi2 — 1

= —iul)\l 1 P
— pjlhe

(6.30)

(6.31)

(6.32)

(6.33)

Since we found solutions for A, B and J!, we can totally define the conditional

and unconditional characteristic function for returns.

6.5 Simulation of Returns

We can simulate returns with the following algorithm. Note that in the algo-

rithm we generate correlated Brownian motions, simultaneous jumps and condi-

tional jump size for the log asset value.

6.5.1 Simulation Algorithm

1. Fix the time horizon 7', and initial values 1y and hyg.

2. Establish an equally spaced time grid with At :=
of grid points and t; =1 At, i =0,1,--

3. First discretize the process for v and h by using the FEuler scheme:

Al/t =

Aht -

M

1
(M — Mk — Eht) At + /I AW} + YTAN]

B (o = he) At + 7/ B AW + Y?AN]

4. Simulate two dimensional Brownian increments

-, M are the time points.

L where M is the number

e First simulate 2 x M dimensional matrix of independent standard nor-
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mal random numbers. Call this matrix as Z?.
ZP G, ) ~N(0,1) ,i=1,2,j=1,2,--- , M

e Find Cholesky decomposition of the covariance matrix of Brownian
increments. Call this matrix as C":

1 1
Z:[ p]:(]: 0]
p 1 p 1

e Then the simulated (correlated )Brownian increments is a 2 x M ma-

trix, AW, given by:
AW = VAt C Z®

5. The number of jumps, N, can be simulated using the Poisson distribution:

N ~ Poisson (\MT)

6. Simulate N jump times. The inter arrival times of a Poisson distribution
is exponentially distributed. However in order to increase efficiency of sim-
ulation algorithm, given the number of jumps, we can simulate jump times
by using uniform distribution (see [CTO04]). Therefore the jump times can

be generated on [0, M| as follows:

t;.]“mp ~Uniform(0,T) , forj=1,2,--- N

Call this 1 x N vector as 177%™,
7. Simulate jump sizes

e First we simulate N jump sizes for volatility. Call this 1 x N vector
as Y2,
Y;'Z NExp(ﬂ2> ) fOTj: 1727"' 7N

e Then we simulate N jump sizes for log asset value, conditional on
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the jump size of volatility. For this, first we simulate NV independent

standard normal random numbers and call this Z(1:
ZW (j) ~N(0,1) , forj=1,2,--- N
Then the jump size vector Y is found as:
V' = 1,0nes (1, N) + p;Y? + 0, ZW

where Ones (i,7) is a ¢ x j dimensional unit matrix and p; is the

correlation parameter for jump sizes.

8. Finally we can simulate variance and log asset value as follows:

Fori=1toM

N
2 .
+ Z Y= () Linserrmme<(ivnyary
j=1

1
Viy1 = Vi + (/JJ — )\1/{7 — §hz) At + \/h_lAW (1,1)

N
1 .
+ Z Y= () 1{1‘At<t;’“m”§(i+1)At}
j=1

Loop
9. We can find log returns from log asset values:
Ri=vip — v

6.5.2 Algorithms for Exponential and Poisson Random

Numbers

In the above algorithm, we should generate random numbers from uniform,

standard normal, exponential and Poisson distributions. Random number gener-

115



ation for uniform and standard normal distributions are given in Chapter 2. Now

we give two additional algorithms for exponential and Poisson distributions.

In order to simulate a random number from an exponential distribution with
parameter u, we can use the following algorithm which depends on the inverse
transform method [Rub81]:

e Step 1: Generate a random number from uniform distribution.

U~ Uniform(0,1)

e Step 2: Find X such that:

X =—pln(U)

e Step 3: X is a exponentially distributed random variable.

The following algorithm simulates random numbers from a Poisson distribution
with intensity A [Rub81]:

e Step 1: Generate a random number from uniform distribution.

U~ Uniform(0,1)

Step 2: Set i =0, p=e*and F =p

Step 3: f U < F', set X =1 and stop.

Step 4: Setp:%,F:F+pandi:i+1.

Step 5: Go to step 3.
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6.6 Statistical Properties of Asset Values and

Returns

In this section we analyze the pathwise and distributional properties of asset
values and returns and show that our extended model can capture stylized facts

of empirical data.

6.6.1 Pathwise Properties

The pathwise properties of the SVCJ-SIJ model is discussed in the following
paragraphs. We simulate a path for the volatility and log asset value processes
in Figure 6.1. In the figure both continuous and jump parts of the processes are
shown. However, note that since we have a recursive relation, the total parts are

not simply sum of continuous and jump parts.
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Figure 6.1: Simulation of SVCJ-SIJ Model

Model Property 1: Non-constant volatility
In SVCJ-SIJ model, the volatility is no longer constant. This is in line with

the empirical findings since realized and implied volatilities are not constant in
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real life.

Model Property 2: Mean reversion in volatility
In SVCJ-SIJ model, the volatility has a mean reversion, i.e. it has a tendency
to go towards its long run (mean) value. The mean reversion is captured by the

drift term, 3 (o — hy), with the jump part, where (3 is the speed of mean reversion.

A1p2
B

integrating the SDE for the variance process, and by using the zero expectation

The long run mean of the volatility is process is « + . This can be seen by

property of integrals against Brownian motion and Fubini theorem:

Elh) = E[h0]+E[/0tﬁ(oz—hs)ds_

¢ N
+E U ’y\/h_desﬂ +E(> Y
0 i=0

NE ]
h = h+B(a—h)t+E|> V?
=0

= h+ 3 (a—h)t+ M\pust
A1fho
s

= a+ (6.34)

The volatility process has a reflecting barrier at zero so that we have non-
negative values for the volatility. If the volatility reaches zero, the Gaussian part
driven by the Brownian motion has zero volatility, and the drift part pulls volatil-
ity upwards and make it non-zero. The jumps in volatility makes it even more
probable to have non-zero (and non-negative) values. The - is called the volatility

of volatility which captures the small symmetric movements in the volatility.

Model Property 3: Volatility clustering
In the model, we have volatility clustering, i.e. volatility process has positive
autocorrelation. This can be seen by a visual inspection of the Figure 6.1. Actu-
ally, the variance process is a continuous time first-order autoregressive process

with disturbances coming from normal and exponential distributions. To see this
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let us take the conditional expectation of the variance within a unit time period:

1
Nt+1

t+1 t+1
E,[hisi] = he+afBr—3 / E, [hy]ds + VE, [ / \/hdef} +E8 Y v?
t t
Nt1

/

Martingale

= Rt B [(a+ Alﬁ’”’) T /tm E, [hy] ds]

which can be solved by solving the following ODE:

[r=ab+ X ps = Bf

The solution is:

A
Et [ht+1] = h,te_ﬁT + (OZ + 1[52) (1 — 6_67)

Therefore we can express h; ;1 as follows:

hiz1 = (a + )\1;2) (1 — 6_57) + e Ph, + Error (6.35)

which is in the first-order autoregressive form.

Model Property 4: Leverage effects
The Brownian motions driving log asset value and volatility has correlation.
This captures an important empirical phenomena called leverage effects. For a
leveraged firm, when value of its assets decrease, the share of equity in total assets
also decreases. Since the equity bears the full risk of the firm, the percentage
volatility of equity rises. This dependence between asset returns and volatility is

captured by correlation among Brownian motions.

Model Property 5: Jumps in returns
The model has jumps in the returns which can capture effects of important
news. The jumps makes the asset value process discontinuous. The jump in-

tensity is constant. This means that we can expect on average same number of
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jumps for two different time periods with same length. This is indeed a simplistic
assumption since there may also be clustering in jump events, e.g. for times of
market stress. The jump sizes are conditionally normally distributed. The sym-
metry property of normal distribution allows both positive and negative jumps.
This means that the asset value may have a sudden decrease or increase. This
feature is very intuitive since in real life asset prices can be affected by good or
bad news and can have negative or positive jumps. Since the change in the log
asset value does not depend on previous values of itself, the jumps in asset value

has a non-persistent effect, i.e. it affects only the current period returns.

Model Property 6: Jumps in volatility
We have also jumps in volatility process which also captures a similar economic
reasoning. Again the intensity is constant. But the jump size is exponentially dis-
tributed. Therefore volatility can only have positive jumps. This is also intuitive,
since a sudden decrease in volatility is far less probable than a sudden increase
in it. Since the change in volatility depends on the current level of volatility, the

jumps in volatility has a persistent effect.

Model Property 7: Correlated jumps in asset value and volatility

The jump processes in asset value and volatility have a two-way dependence:
the jump times are same and jump sizes are correlated. Having identical jump
times captures characteristics of certain events, e.g. news can cause both a sudden
change in asset value and a sudden increase in volatility. As an alternative the
model can be changed by allowing independent jump times. But we opt not to
include such specifications in our model.

In the model, the jump sizes are also correlated. This is also intuitive: the
impact of news on asset values and volatility are correlated. This feature also
adds to the leverage effects caused by diffusive parts. Additionally, if ;1 and p;
have same sign, having a jump in volatility increases the mean of jump size in
asset value in absolute value terms. As an example, if both 1; and p; are negative,

the jump component adds mass to the left tail of the return distribution.
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6.6.2 Distributional Properties

Model Property 8: Conditional non-symmetries and fat tails

In SVCJ-SIJ model, for a small time period dt, the conditional change in
log asset value v, which is equal to the continuously compounded return, has 3
parts: a) a drift part, b) a Gaussian part caused by Brownian motion, which
has zero drift and h;dt variance, ¢) a jump part which is a sum of conditional
normals, but the number of random numbers that are summed is random and the
means are different. Therefore, conditionally, we have a mizture of normals (not
a sum of normals) for the return distribution. Normal mixture distributions have
quite flexible structures that can accommodate skewness and kurtosis. The con-
ditional non-symmetries and fat tails are caused by the jumps in the asset values.
Stochastic volatility (with or without jumps) alone does not cause conditional

non-normalities.

We derive the instantaneous conditional moments for the changes in log asset

value and variance processes in the Appendix B. They are given below.

.1
C}tu_n>0 EEt [dhi] = Bla—h)+ A\pe (6.36)
1
C}tlino EV@?} [dhi] = ~’he+ 250\ (6.37)
" 1
c}tlir{) %Et [dv] = p— §ht + A1 (1 + pipe — k) (6.38)
o1
c}tlg}) EV(M} [dv] = hi+ (13 + 2uapapj + 25005 + 07) Mt (6.39)
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o1
lim —F, [(dv — E;[dV])’] = [+ 6pap3p] + 2 p2p;

dt—0 dt
+3p107 + i pap; + 6psp;
+3p;1207] M (6.40)
lim %Et [(dv — E [dv))'] = [6pio] + dpipap; + 4piusps
Hpjpis0; + 24 15305 + Suiusp’
+307 + i + 2441507 + Spzpion
+11p1p2p07]) M (6.41)

Therefore, with suitable choice of parameters we can have conditional skew-
ness (i.e. non-symmetries) and conditional kurtosis (i.e. fat tails) in SVCJ-SIJ

model.

Model Property 9: Unconditional non-symmetries and fat tails
Since we know the unconditional characteristic function for returns, in prin-

ciple, we can find the density of returns by inverting the characteristic function:

+oo
fr(x) ! / e pdt (6.42)

Additionally, the moments can also be found by taking the derivatives of

characteristic function:

d’l’

dw"

pm = E[R™] = (=1)" —— (W) [w=0 (6.43)

where pi,,, denotes the m-th central moment.

We give three simulation examples for the unconditional density of returns
in Figure 6.2. Note that for small time periods the model can accommodate

skewness and kurtosis. However as the time period increases, by central limit
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theorem, the return distribution approaches to normal distribution.
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Figure 6.2: Examples for Unconditional Density of Returns

6.7 Probability of Default

The probability of default is defined as:
PD = Pr{Vp < DP} = Pr{Rir <In(DP)—u}

Therefore PD can be found from the characteristic function by using the following
inversion formula:
1 T ,—iat _ o—ibt

. (&
FR (b) = Fr(a) = o lim . n

o () dt (6.44)
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Model Property 10: Unpredictability of default events

The main problem with the Gaussian model was the predictability of default
because it has only drift and Gaussian parts. In SVCJ-SIJ model, the stochastic
changes in asset value is driven by two different processes: a Gaussian part and
a jump part. The Gaussian part evolves with small increments and captures
predicted default events. But the jump part is composed of sudden changes and
captures unpredictable default events. Because even if we have a high asset value
relative to the default point (which means a low leverage), we may have a sudden

default caused by the jump part.

Model Property 11: Non-zero short-term default probabilities
The natural result of default predictability in Gaussian model was very low
(if not zero) short term PDs. In SVCJ-SIJ model, the existence of jumps avoids
this problem. To gain an intuition, let us look at instantaneous conditional PD

for a small time period, dt.

1
PD (t,t+dt) = Pr{ (u — Mk — §ht> dt + /hydW}
+Y'dN} < in(DP) — ,/t}

As dt — 0, the drift term as well as Gaussian part gets smaller. Additionally
for sufficiently small dt, having more than one jump has an ignorable probabil-
ity. Therefore we can write the probability of having jumps in the time interval
(t,t 4 dt) as follows:

Pr{No jumps} = 1—\dt+O(dt)
Pr{One jump} = \dt+ O (dt)
Pr{More than one jumps} = O (dt)

where O (dt) is the asymptotic order symbol which is defined by v (z) := O (),
if lim, o1 (z) /x = 0.
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And if we a jump in the small time interval (¢, ¢ + dt), the change in the log asset
value will be Y'! which may take large values. Therefore, with suitable parameter
specifications, even for very small dt, we may have probability of defaults that
are not so small. This solves the zero short term PD problem that we encounter

in Gaussian model.
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CHAPTER 7

PRICING CREDIT RISK:
SVCJ-SIJ MODEL

In this chapter we derive the pricing formula for a credit risky bond under
our extended model. For this first we show that our model belongs to a wider
class of stochastic models called affine jump diffusion models, and then by using
the theorems on affine jump diffusion processes we derive pricing formula for the

risky bond. The chapter concludes with a discussion of calibration problem.

7.1 Model

Since we can not observe the firm’s asset value process, we can not simulta-
neously estimate/calibrate the model under actual and risk-neutral process. The
only thing we can do is assuming a model under risk-neutral process. But, for
justification only, we can assume certain functional forms for market prices of risk

such that the asset value, variance and interest rate follow similar process under

actual (P) and risk-neutral (P) processes.

For example, for our model under P:

1
dve = (p= Mk = h)dt + VhedW} + YN}
dhy = B(a— hy)dt + v/ hedW? + Y2dN}

dry = n(0 —r)dt + 0/r{dW? + Y3dN?
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the risk-neutral counterpart is:

1 L
dvi = (i =Nk = She = mhy = m)dt + /hdWE o+ YN
dhy = [Bla— he) — 1 — 7] dt + 7/ FedVV2 + Y2AN?
dr, = [n(0— 1) — 7 — 7] dt + 6T dWP + Y3dN}

where 7’s denote the market prices of risk:
m, : price premium

my, + premium for jumps in log asset value
7, - volatility premium

my, : premium for jumps in volatility

7, : interest rate premium

Ty, ¢ premium for jumps in interest rate

Now following [Bates96] and [Lin06], we assume certain functional forms for
the market prices of risk:
p—r

D
T = )\1k—)\1]€

T, =

m, = moh
Ty, = )\1]€2 — )\1k’2
T, = T3r

Ty, = )\2]{?3 — ):2]{;3

where 71, mo, T3 are constants, \;, Ao are risk neutral intensities and k, k2, k3

are risk neutral mean jump sizes. Then, under P, the model can be expressed as:
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1 . o~ o~ ~ ~ ~
A = (p= ik = Sh - a - " hy 4 Ak — Nk)dt+ /hdWE + V1N
t

= (r— Mk — %ht)dt + /hedW} + Y1dN}

dhy = (aff — Bhy — mohy — MK + M k2)dt + v/ hidWE + Y 2dN?
= B(@— hy)dt + v/ hdW2 + Y2dN?

dry = (00 —nre — msry — Aok® + Xok3)dt + 0\/rdW3 + Y3dN}

(6 — r)dt + 5/redWP + Y3dN}

where @, B, 7 and 6 are newly-defined coefficients:

Oéﬁ — )\1]{?2 + X1]52

B+7T2
B = [B+m
n = n+m7s
é .: 776 + )\2]{73 - )\2]{33
. 1+ 73

Therefore the models under P and P have similar stochastic processes except

that the drift term under P, p, is replaced with r under P.

In order to ease notation, we drop (7) in parameters. And under risk-neutral

probability measure, our model is:

1
dvi = (r =ik = ho)dt + VhdW} + YN} (7.1)
dhy = Bla — hy)dt + v/ hdW? + Y2dN} (7.2)
dry = n(0 —r)dt + 0\/ridW? + Y3dN? (7.3)

where:
e 3,a,n,0 e Rand v,5 € RT

. /{;:E[eyl—l}
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o WL W2 W3 are standard Brownian Motions under P with covariance ma-

trix:
1 p 0
> = |10
001
e N} and N? are Poisson processes under P with intensities A\; and A

The jump size distributions are:

(YHY? = y?) ~ N(p1 + pjyz, 07)
Y? ~ exp(ps) all under P
Y? ~ eap(ps)

There is no interdependence between (W' W2 W3) and (Y!, Y2 Y?) and
(N, N?)

Since, in our extended model, the number of sources of randomness is greater
than the number of risky assets, the market is arbitrage free but not complete (see
[Bjo04]). Therefore there is more than one pricing probability measure. However,
in this chapter, we directly built our model under the risk-neutral probability
measure, and we do not interested in choosing a risk neutral probability measure

among others.

7.2 Affine Jump Diffusion Models

In this section we first define affine jump diffusion models (AJD) and show that
our SVCJ-SIC model is a special case of AJD processes. And then we give an
important theorem on Fourier-Stieltjes transforms of AJDs which we will use in

pricing credit risky bonds. For a general discussion on AJDs and their application
in finance see [DFS| and [DPS00].
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7.2.1 Definition

First we fix a probability space (2, F, P) and an information filtration (F}) =
{F; : t > 0}, suppose that X; is a Markov process in some state space D € R",

following the stochastic differential equation:
dXt = U (Xt) dt +o0 (Xt) th + dZt

where W, is an (F;)-standard Brownian motion in R", p(.) : D — R"™ and
o (.): D — R™ are respectively the drift function and diffusion function, and Z is
a pure jump process whose jumps has a fixed probability distribution on R™ and
arrive with intensity {\ (X;) : ¢ > 0} for some A(.) : D — [0,00). X, is called a
continuous jump diffusion (JD) process. JD processes are widely used in finance
literature to model the dynamics of asset prices, interest and exchange rates, etc.
Intuitively, the drift term p(.) represents an instantaneous deterministic time
trend of the process, the diffusion term o (.)o ()" represents an instantancous
volatility of the process when no jumps occur, and the jump term Z; captures the
discontinuous change of the sampling path with both random arrival of jumps

and random jump sizes.

Now assume that drift and diffusion functions and the jump intensity have

affine structure, i.e.:

W(X) = Ko+ KX
J(Xt)a(Xt)T]u = [Hol;; + [Hi];; X

v

ANX) = o+ 06X,

where K = (Ko, K1) € R" x R H = (Hy, Hy) € R™"™ x R""™*" and ( =
(4o, ¢1) € R x R™. Then the process X, is called an affine jump diffusion process.

Note that our SVCJ-SIJ model is an example of AJD processes. In our model
the state vector is (v, h,r). And we can express our model as an affine structure

on the state vector:
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dv Mk 0 — ; v dt
dh | = af | +1]0 =8 0 h dt
dr no 0 0 —n r dt

[ VE 00 AW} YLdN]

0 wWh 0 dW? | + | Y2dN}

0 0 o/r | | dw? Y3dN?

7.2.2 Theorems
[DPS00] showed that for the function G (.;a,b, X;, T) : R — R, defined as:

T
G(y;a,b, X, T) = E {exp {—/ Tudu} eaXTl{bXt<y}|Xt] (7.4)
t

where X is the state vector which follows an AJD, r is an affine function of X,

a,b € R" and y € R; we can define the Fourier-Stieltjes transform of GG as:

G(w;a,b, Xy, T) = /eiwde(y;a,b,Xt,T) (7.5)
R

T
= E[emp(—/ rudu)e(“’Liwb)XﬂXt}
t

= ¢Y(a+iwb, X, t,T)

where: .
Y(a, X, t,T) = E [exp {—/ Tudu} eaXt]Xt] (7.6)
t

Additionally we can find G by inverting G:

X, t, T
Gly;a,b, X, T) = M

00 : —ijwy
_l/ Im[¢(a + iwb, X;,t,T)e ]dw (77)
0

™ w
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where Im(c) denotes the imaginary part of ¢ € C. For proof, see Appendix in
[DPS00).

Indeed the function G has a flexible form that can be used in many applications.

For instance,

e the function in its original form defines the price of a security that pays a

conditional payoff e**T if the event {bX7 < y} occurs (e.g. options).

e with b = y = 0, the function defines the price of a security that pays an

aXr (

unconditional payoff e e.g. futures).

e with a = b=y = 0, the function defines the risk-free bond price.

e with a = iw, b =y = r = 0, the function defines the characteristic function
of X.

e with a = w, b = y = r = 0, the function defines the moment generating

function of X.

7.3 Fourier-Stieltjes Transform

First note that, for state vector (v, h,r)T, the functional forms for G and G are:

G<<y17 Y2, ?/3); (017 Qg, a3)7 (bh by, b3)7 (Vt, hy, T’t)a (T7 T, T))
B T
=F {exp(— / rydu)exp {avr + ashr + azrr}
t

1{{b1VT§y1}ﬂ{bthSyz}ﬂ{bsTTSw}} ‘ vy, hy, rt]
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and

g((’lU1, wa, w3)? (ab a2, a3)7 (bla b27 bS)a (Vt7 ht7 rt)v <T7 Tv T))
= ¢((a1 + iwlbh a2 + Z.u)Qb27 as + ’L.U)gbg), (Vta ht7 Tt)» (ty ta t)7 (Ta T7 T))
B T
=F [exp(—/ rudu)
t

exp{(ar + iw1by) vy + (ag + iwaby)hy + (az + iwsbs)rr} (v, by, 14

Then, similar with the previous chapter, we guess the functional form of v as:

Uy v t T
(0 up || |, t || T = exp{iuvv + A(T; Uy, ug, us)
U3 r t T
+B(T;uy, ug, ug)hy + C(7; uy, ug, us)ry
+JN T Uy, ug, us)
+J2(T5 U, u2, uz) } (7.8)
with 7 =T —t.

Since 1 is a conditional expectation, by using the martingale property of con-

ditional expectations, we have E[di]=0. When we apply Ito to 1:

1
dip = dt + ), dv + Ypdh + P.dr + 5(@/)Wdyd1/ + Yppdhdh + . drdr)
+,pdvdh + . dvdr 4 Yy,.dhdr
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First note that since r; is independent of v; and h; we have:
dvdr = dhdr =0

Additionally, since the jump parts are independent from the diffusion parts, we

can express the change in v in two parts:

Total change = Change without jumps + Change because of jumps

When we input the differentials into the equation, we have:

Eld)] = E [¢tdt + 1, { (7’ — Mk — %h) dt + \/Edwl}
i { Bla = Bt + AVRAW? |+ i, {n(0 = r)dt + 6/raw*}

1 1 1
+§¢uyhdt + §¢hh72hdt + §¢rr527‘dt + @Z)yh’)/hpdt:|
+ME [P+ Y h+ Y2 ) — (v, h,r)]
+A2 Fy [¢(V7 ha T+ Y3) - 1/’(’/, h7 T)} (79)

Since W1 and W? are martingale, we have dW' = dW? = 0. Thus, in order
to obtain F [di] = 0, we should have:

1

0 = P+, (r— Mk — §h> + UnB(a — h) + 1m0 — )

1 1 1
+§wm/h + §¢hh72h + §¢W527’ + %Whﬂ
+)\1Et W(V + Y17 h + Y27 7“) - 7?(’4 ha T)]
+A By [d)(ya h7 T+ Y3) - ¢(V7 h7 T)}
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Additionally, by using the functional form of v, we can find the differentials :

0A 9B, oC _9J' dJ

Y = - E—l—a—Th—l—Er%—E—i—aT (G
Yy = 1wy
Yn = By
Y = CY
Yo = itul
U = B*)
e = C*
Yo = u1 By

For the last two terms in F [di], define jump transforms ©' and ©? as:

O'(ci,cy) = E[eclyl+c2yz|ut,ht,rt} (7.10)

0%(c) = E[ecylglut,ht,rt} (7.11)
then:

E o+ Y h+Y?r) =, hr)] = Elexp{ivi(v+Y")+A
+B(h+Y?) +Cr+J' + J*}
—exp{ivyv + A+ Bh+ Cr
+J' + J?}]
= exp{iviv+ A+ Bh+Cr+J' + J*}
E; [exp {iulYl + BYQ} — 1}
= (v, h,r) [0 (i, B) — 1]
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and:

E [y, h,r +Y?) = (v, h,r)] = Ei[exp{iviv+ A+ Bh+C(r+Y?)
+J'+ %}
—emp{z’uw+A—l—Bh+C’r+J1+J2H

= exp{iugy+ A+ Bh+Cr+J + J?}
E, [exp {CY3} — 1]
= Y(v,hr) [0%(C) - 1]

From the previous chapter, we already know that:

1 2 1 2
@1(01,02) = F |:601Y teY |I/t, ht,’f’t:| =F |:€CIY +e2V :|

exp {per + 3ot}
L — pjcrpe — cafig

Additionally, by using the moment generating function of exponential distrib-

ution.

©%c) = E [ecyg\ut,ht,rt] =F [ecy:’l

B 1
1 CH3
We put the differentials:
(
04 9By 9C, 0L B 4y (r — Mk — 3h)

+BB(a — h) + Cn(f — r) + 3i%uih + s B*y?h + 1C%6*r p 1 =0

+iuy Byhp + A1 [O(iug, B) — 1] + A\, [0%(C) — 1]
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Then when we group the terms with h, r, and terms related to diffusion and

jump parts, we have:

0 = [—%+aﬁ3+n«90]
or

oB 1. : 1
+h [—E + §ZU1 (zul — 1) + B(zuwp — ﬁ) + 57232]

1
+r {—@ + 1wy —nC + —5202]
or 2

aJt 1/
+ —a— —ZU1>\1]{3+)\1 [@ (Zul,B) — 1}
T

+ [—%—‘f + A2 [0%(C) — 1}}

When we equate each group in brackets to zero, we obtain a system of complex-
valued ODEs:

g—A = afB+niC (7.12)

-

o 1. ‘ L 5o

5 = §zu1(zu1 — 1)+ B(iuyyp — B) + 27 B (7.13)

oc 1 5

0.J" | L

a— = —ZU1>\1]€ + )\1 [@ (zul, B) — 1] (715)
-

d.J?

5 = M [©%(C) —1] (7.16)

The boundary conditions are:

A(0; up,ug,u3) = 0 (7.17)
B(0;uy,ug,uz) = idug (7.18)
C(0;uy, ug,uz) = us (7.19)
JH0; uy, ug,uz) = 0 (7.20)
J2(0;up,ug,u3) = 0 (7.21)
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so that:

3 T
Y(u, X, T,T) = FE {emp(—/ rudu)e“XT|FT]
T

"X = exp {iwvr + iughy + tusry} (7.22)

7.4 Solutions

The solutions for the complex valued ODEs are given below. The details of the

solutions are given in the Appendix C.

Oh
A(T;Ul,UQ,’LLg) = |:_Oéféql - n(s 1:| T (723)
a3 1+g3\  nd 1+ hj
— 1 l 7.24
N n(1+§ T\ e (7:24)
B (T;uy, ug, uz) = w (7.25)
hohs — h
C(T;up,u9,uz) = % (7.26)
JU (1w, us, uz) = [98_A1+ 95972}
96
29697 (9694 — 95) V1 + 93
T (7.27)
92 (93 + 9§) (9693 — 95) \/1—|—g4
hsh
J2 (T;U1,U2,U3) = |:h2j_;l’2 h7:| T
N 2hghy (hahe — hs) /1 + h3 (7.28)
ho (hZ + h2) (hshe — hs) /1 + h2 '
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where:

g1 (Uh Uz, U3)

g2 (ula Uz, Ug)

g3 (Ul, Ug, U3)

g4 (Ul, Uz, U3)
gs (Ul, U, U3)
Je (Uh U2, U3)

gr (Uh Uz, Us)

gs (Ul, U2, Uz)
hl (ula Uz, u3)

ho (uy, ug, us)
hs (u1, uz, us3)
hy (uy, ug, us)
hs (w1, uy, us)

he (Uh Uz, U3)

hy (Ul, Uz, Uz)

iuyyp — 3
\/z'ul (zul — 1) ’}/2 — g%

1
tan [§g27 + arctan (g4)

51 + ’iUQ’YQ
g2
1 — pjiurps + “ii“
H2G2
~2
. Ly,
Aexp | prtug — §u101
o eap (i +507) + e — 1
—zul)\l
L —pjpe
-n

\/ 22’u152 - h%
1
tan |:§h27' + arctan (h4)}

hl + iU352
ho
hips
52
M3h2
52
A2

1+
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7.5 Bond Pricing

The risky bond price is simply the expected payoff under P discounted by

stochastic risk-free rate process. Therefore:

T
D<t7T) = LK |:€:Cp(_/ Tudu)(Ll{NoDefault} + VTl{Default})‘Ft:|
t
5 T
= LFE [exp(—/ Tudu>1{VT21nDP}|Ft:|
t

T
+E {emp(—/ Tudu)eyTl{uT<lnDP}|Ft:|
t

where D(t,T) is the price of a zero-coupon risky bond, r; is the short rate and L

is the par value of risky bond.

We can express the bond price using function G:

—In(DP) 0 -1 v T
D(t.T)=LxG 0 ol o |, |nl.|T
0 0 0 r T

In(DP) 1 1 v T

+G 0 10, {0, R]|.|T

0 0 0 r T

with Fourier-Stieltjes transforms:

—1Uy v t T
G1=19 0 s h|, |t ], T
0 r t T
1+ iy v t T
Gy =0 0 s h, |t | T
0 r t T
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Price can be found by using the Fourier inversion methods explained in the
previous sections. In Figure 7.1 we give an example of a path for log asset value,

variance and interest rate.
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Figure 7.1: Simulation of SVCJ-SIJ Model under Risk Neutral Probability Mea-
sure

For SVCJ-SIJ model, we have two important property regarding bond prices.

Model Property 12: Non-zero short-term credit spreads
The unpredictability of default in SVCJ-SIJ model discussed in previous chap-
ter results in non-zero short term PDs. And this yields non-zero credit spreads
even for small maturities. This solves the problem of zero short term spreads in

Gaussian model.

Model Property 13: Implied volatility smiles
SVCJ-SIJ model, with its large set of parameters can create quite flexible

shapes for implied volatilities with respect to Gaussian model. This solves an
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important empirical problem. We give a simulation example. In the example, we
first calculate risky bond prices by using SVCJ-SIJ model. And then we find the
implied volatility that equates the price we found with the price calculated with
Gaussian model. Given fixed value of parameters, the volatility smile is shown in
Figure 7.2. The line in the figure represents a second-order polinomial fitted to

the smile.

T T T
¢ Implied Volatility
= Fit (Quad Polynom)

095 - t

Implied Volatility

I
5 10 15 20 25 30 35 40 45 50
Debt Level

Figure 7.2: Implied Volatility Smile
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CHAPTER 8

CONCLUSION

In this work we analyze the three fundamental research questions related to
credit risk by using structural approach. These questions are modeling single
firm credit risk, modeling portfolio credit risk and credit risk pricing. First we
present the modeling framework for the three problem by using the assumption
that firm value follows a geometric Brownian motion and interest rates are con-
stant. Regarding the modeling of single firm credit risk, we present the asset
value and return processes and analyze their pathwise and distributional prop-
erties. Additionally we discuss and derive the formulas for firm probability of
default, expected loss given default, exposure at default, loss distribution and
risk measures. For modeling portfolio credit risk, we extensively discuss the one-
factor modeling and derive formulas for unconditional and conditional default
probabilities, default correlation, conditional and unconditional portfolio loss dis-
tributions and risk measures. We also discuss two methods for estimation. Then
we present approaches for pricing credit risky securities and discuss and derive
formulas for pricing stocks, risky bonds and credit default swaps. We also discuss

issues related to calibration.

Although the assumptions for Gaussian asset returns and constant interest
rates yield tractable models, the assumptions are unrealistic. We discuss the
potential problems caused by Gaussian model. The problems are classified as
problems related to pathwise and distributional properties of asset values and

returns, problems related to default predictability and short term default prob-
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abilities, and problems related to credit spreads and implied volatility smiles.
Additionally we discuss the two main possible extensions to the basic model,

namely non-constant volatility models and jump models.

After searching for an extended model, we conclude with a model called sto-
chastic volatility correlated jumps with stochastic interest rates with jumps (SVCJ-
S1J) model. In the extended model, asset value, volatility and interest rates fol-
low affine jump diffusion processes. In the model volatility is stochastic, asset
value and volatility has correlated jumps and interest rates are stochastic and
have jumps. Our extended model is a generalization of many popular models
proposed in the literature, and by restricting certain parameters we may have

restricted simpler models.

After introducing extended model, we analyze the modeling of single firm credit
risk and credit risk pricing by using our extended model and show how our model
can be used as a solution for the problems we encounter with simple models.
We derive the conditional and unconditional characteristic function for returns
which can be used in deriving density for returns as well as default probabilities.
Additionally we derive formulas for instantaneous conditional moments for the
model and propose simulation algorithms. We also discuss the statistical proper-
ties of asset values and returns as well as default probabilities. Regarding credit
risk pricing, we derive the conditional Fourier-Stieltjes transforms for the bond
pricing function, which can be inverted to find bond prices. Additionally we give
a simulation example for the implied volatility smile created by the extended
model. We discuss 13 important properties of the extended model, and conclude
that our extended model can be a solution for the critical problems we encounter

with the Gaussian case.
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APPENDIX A

SOLUTIONS FOR CHARACTERISTIC

FUNCTION

In this section we find the solution for the characteristic function for returns.
The ODE for B (7;u;,us) is a Ricatti equation.

First we solve this Ricatti

equation. Then by using the solution for B (7;u,us), we find A (7;uy,us) and

Jl (T;Ul,UQ).

Before going into the solutions, first define the following transforms:

g1 (Ub UQ)

g2 (Ul, Uz)

g3 (Ul, Uz)

g4 (Uh Uz)
gs (Uh U2)

e (Ub UQ)
gr (Ul, Uz)

gs (Uh U2)

iuyp — 3

it iugy?
92
= 1—pjiupg + M‘gl
_ H2ge !
~2

Aexp (pliul ~ 3

\/iul (iug — 1) 72 — ¢}

1
tan {ﬁgﬁ + arctan (gy4)

1 2 9
U0y

exp (i + 50%) + pipe — 1

—iul)\l

L — pjpz
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A.1 Solution for B (7;uy,us)

The ODE for B is:

0B
o Q1+ BQs + B*Qs
-
where:
Ql = —iul (wl — 1)
Qx = duyp—f3
1
Q3 = 5’72

with the boundary condition:

B (O;Ul, ’LLQ) = iUQ

dB
— = @+ BQy+ B’Qs
dr
dB
dr =

Q1+ BQy + B%Qs

/d dB
T = T=
Q1+ BQs + B2Q)s

Note that, since we have more than one integral, it does not matter where we

put a constant in the equality. Now define the following transforms:

KoV 4Q1Qs — Q3
2vQs
X - 2Q3B + Q)
2VQs3
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Then we have:

11Qs — Q3 " 4Q3B% + Q3 + 4Q2QsB

2 2
B = 0 103
_ QQ 2, Qz
= Q1 — 10, + Q3B 4@3 + Q2B

= Qi+ @B+ Q3B?

Additionally we have:

dX = d(w) = /QsdB

2V Qs
dX
dB =
Vs

Therefore we have:

dB _/ 1
Q1+ BQ:+ B*Qs \/_K2+X2)

/K2+X2

K
/—K2+X2dX = TVQ3K

—%—dx = arctan ( ) ¢, we have:

dX

Since we know f P
X
arctan (§> — =Ty Q3K
When we solve for X:

X =K tan (KT\/@+5)

Using the definition of X and K:
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2Q3B + @ VAQ1Q3 — Q3 I _
# = 21\/& 2 tan (57 4Q1Q3—Q%+c>

10105~ O3 tan (11110103 — G +¢) - Q2

B =
2Q3

Now we can use the boundary condition, B (0;uy, us) = iusg, to find ¢.

4Q1Qs — Q3 tan (¢) — Q-
2Q3
2iusQ3 + Q2

VA4Q:1Q3 — Q3

¢ = arctan ( 204293 + @ )
V4Q1Q3 — Q3

’iUQ =

tan(¢c) =

Now we can totally define B:

401Q3 — Q3% tan (%7’\/4@1@3 — @3 + arctan (\7%7;@55)) — Q2

B =
203

By using previously defined g1, g2, g3,

B (15u1,uz) = —ggg;;Q— 9 (A1)

A.2 Solution for A(7;uy,us)
We have:

0A . —
or 0

Note that g; and g» does not depend on 7.
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af

dA = (iul — —2g1) dr + %gggng
Y Y

/dA = /(zul _i_?gl) dT—i—/j—ggggng

. (07 o
A = (Zulﬂ—Té}gl) T+7§gg/ggd7

Therefore we should find [ gsdr. For x := %gz and y := arctan (g4), we have:

/gng = /tan (x1 +y)dr

We know that:

1 2tan (z7 + y) z/ cos? (z7 + y)
2 1 + tan? (z7 + y)
tan (7 + y) / cos? (z7 + y)
1/ cos? (z7 + y)
= tan (a7 +y)

—iln (1+ tan® (z7+y)) =

Therefore:

/gng = /tan (xT +y)dr

- % [in (1+ tan® (27 +y)) + ¢]
12
= 50 [in (1+g3) +¢]

1
- [in (1+¢3) +¢]

When we input:

_ af af 1 ~
A = (zulu—?gl)7+?gzg [ln (1+g§)—|—c}

= (iulu — (’);—fgl> T+ (f;—f [ln (1+g3) + ]
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Now by using the boundary condition, i.e. A (0;uy,us) = 0, we will find .

0 = 0+ (f;—fln [1 + tan® (arctan (g4))] + (?;—fé

af af_
= ¥ln [1 +gﬂ + ?c

¢ = —In[l+g]]

Now we can totally define A (7;uy, ug).

. Q o
A(Tyup,up) = (zul —7591) T+7§ [ln (1—|—g§) —In (1—1—92)]
I T af, (1+4
= (zulu 3 gl) T+ - In (1 g (A.2)

A.3 Solution for J!' (7;uy,us)

By using the solution for B and our previous transformations g; to gs, we can

express the ODE for J! as follows:

oJ"
or g5 — 9693
1
/dJl = /(98—>\1)d7'+g7/—d7'
g5 — 9693
1
Jh o= (98—A1)7+97/—d7
g5 — 9693
Since g3 = tan (3g»7 + arctan (g4)), we have:
dg3 1 2 2
22 = Zgy (1 =dr=———d
dr 292 ( + 93) T go (1 "‘932,) g3

Therefore we should find:

1 2 1
4= = ~dgs
95 — 9693 g2 ) (95— 9693) (L + g3)

2 1
- 5 dgs
wn ) (o =) (v g

g
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For the integrand, we have:

1 98 96 (g5 + g693)

2 2 2
(m-2)0+) (E+gd)(n-2) @Gra)l+s

Thus:

/ 1 dr — 296 / 1 dgs + 2 / g5 + geg3 dg
R = — 3 3
95 — 9693 92 (93 +98) ) g3 — 2 92 (92 + 95) 1+ g3

g6

Additionally we have:

1
/ gs dg3 = ln (g3 - %)
gs — - Je

ge

95 + g693 1
/ngdgz = g5 arctan(gs) + 596 In(1+g3)
1

1
= §g5gg7' + g5 arctan (g4) + 596 In (1 + gg)

We put a constant term at this stage.

/ 1 p 206 ] ( 95) N 2 1
————dr = ———In({g— =)+ ———5=0502T
g5 — 9693 92 (9% + 95) 96)  92(92 +95)2
2 2 e 2
+—————¢5 arctan (g4) + ————1In(l+g
92 (9% + g3) 92 (g2 + g3) 2 (1+93)
2%
92 (9% + 9¢)
)

92 (93 + 9¢)
{ — g6 In (93 — %) + %7’ + g5 arctan (gs)
6

+2in(1+4) +c}
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Note that:

/ 2
%zn(ugg)—ln(gg—@) = In M)

_ 9
93 = 4

\/1 I sin2(592+arctan(g4))

cos? (%gg +arctan(g4))

ge

= In

sin(%gg—&—arctan(g@) g5
cos(%gg +arctan(g4)> g6

. 1
= —In (sm (§g2 + arctan (g4)>

1
— 95 cos (—92 + arctan (g4)>>
e 2

By using the definition of gs:

Therefore:

Thus:

/ 1
gs — G693

i 1
sin (592 + arctan (g4)) = —

V1+ g3

1
cos (592 + arctan (g4)) e

V1+ g2

g3
1

g3 — &
= —goln | ——2=
v1+g3
— —gln 9693 — 95
g6/ 1+ g3

9
92 (9% + 95)

_95927_ + g5 arctan (g4) — g6 In 9693 — 95 +¢
2 g6/ 1+ g3

dr =

160



At the end we obtain the expression for J*:

J' = (98—)\1)7'

297 9592 9693 — G5 _
+ T+ g5 arctan (g4) — g In | ——= | + ¢
92 (93 + 95) { 2 2

By using the boundary condition J* (0;uy,us) = 0 and noting that for 7 = 0,
g3 = g4, we have:

2
0 = ——HIT arctan (gy) —

92 (92 + 9¢)

29697 i [ 9o =95 \ | 297 .
92 (93 + 9¢) g6vV1+g2)  92(93+38)

9694 — g5

¢ = gsln| ——— | — g5 arctan (g4)
<96\/ 1+ 93)

When we input ¢:

JHmuue) = (gs—M)T

2 — 1 2
g7 {9592T+96 n ( 9694 — g5 9o/ +93)}

+
92 (92 +98) | 2 g6/ 1+ g3 9693 — g5

gs97
= |gBs—M+ —> T
( (93 + 93)

29697 In ((9694 —95) V1+ 9§> (A.3)

92 (93 + 9§) (9693 — g5) V1 + g3
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APPENDIX B

INSTANTANEOUS CONDITIONAL

MOMENTS

For a random variable, the first central moment, i.e. mean, and the moments

around the mean are given by:

E[X]
E[(X —p)’] = E[X?] + (E[X])*
E[(X-p’] EX*-3E[X}E[X]+2(E[X])’°

E[(X -] E[X']-4E[X*|E[X] +6E [X*(E[X])* - 3(E [X))*

o

EX] = p

E[X?] = o*+ 7
E[X3] = s0° +3uc? +u?
E[X7]

= kot +4spo® + 6p*o? — 5ut

Additionally for two independent random variables X and Y, we have:
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EX+Y] = E
E[(X+Y-p? = E
E[(X+Y-p’] = E

E[(X+Y-p' = E[XY+

B.1 Instantaneous Conditional Moments for Vari-

ance Process

We want to find the first two conditional moments of the variance process which

are valid instantaneously. Formally we want to find:

1
Instantaneous Conditional Mean := C}tirr{] %E [dh| F3]
1
Instantaneous Conditional Variance := C}tirr%] EV(LT’ [dh| FY]

The variance process h; satisfies the following SDE:

dhy = B(a — hy)dt +~y\/hdW? + Y?dN}
gla — fu)db =7 TN ,

=P :2Q =R

Note that we have:

dN} ~ Pois(\dt)
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Then:

ﬁ(Oé—ht)dt
0
’Ythdt
B N
E|E Z}ﬂN;t:N” = Ay p1odt
L =0
[/ N, ?
E|[> v
i 1=0
- . )
B (zyf) N

Therefore instantaneous conditional mean and variance of the variance process

are:

E [dh|Fy]

.1
}gl}o EE [dhy| F]

Var [dht‘Ft]

o1
c}tlHl»O EVCLT [dhy| Fy]

E [Pl + E; [Q] + E; [R]
Bl — hy)dt 4+ 0 + Aqpadt

Bla = hy) + Aipia (B.1)

0+ 2hedt + pi3 [2\1dt + (Aidt)’] — (M padt)?
Y hedt + 2u3 )\ dt

V2 hy + 203\ (B.2)
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B.2 Instantaneous Conditional Moments for Log

Asset Value Process

Before going forward to the moments of log asset value process, note that the
conditional moments of the jump process as well as the jump sizes are given as

follows (W represents a standard normal random variable):

EY?] = p
E|(Y?)? = 24
E:(Y2)3: = 63
E:(Y2)4: — Uyl
E[NY] = Mt
(NL)?| = ndt+ (\dt)
E :(N;t)?’: = (Adt)® + 3 (\dt)? + Aydt
:(N;t)“: = (Md)* + 6 (Mdt)® + 7 (Adt)? + Ayt
EW] = 0
E[W? =1
EW? =0
EW' =3
B = BB =]

E|

E [Ml + ,ij2 + 01W} = 1 + pjl2

E[0)] = B[E[(n+ps+ o)yt =)
= i+ 2pp5 + 2 piap; + 07
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E [E [(ul +piy? + 01W)3 Y2 = y2”
15+ 248305 + 2pipiapy + paoy

i3 prapy + 603155 + dpapzps

+p;1207} + 2pn07% + 2p2p;07

E [E [(,ul +piy? + 01W)4 V2 = y2H
py + 243 sy + 248 piap; + 11307

+203 1305 + 2411507 + 1241155
+2p;1507 + 20 pap; + 12 3
+8N§N§P? + [ 112p507

o] + 250,07 + 2 f12p0

+307 + 4ot + A piop;o?

i popiot + 8pispioy

The SDE for the log asset value is:

1
dvy = ( — Mk — =hy)dt + /hdW}! + Y dN}
o 2 L, S~ =

- =:Q =R

The conditional moments for P, () and R are:

E [P = (u—)\lk—%ht)dt
EQ = 0

E [Q*] = hat

E Q] = 0

E [Q'] = 3hjdt?
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E; R

E; [R?]

E, [R*]

E|E|E

N
S+ gy + Y2 =y2] N =N”

L =1

At (1 + pjpa) dt

ElE [(Yf +o YA NG, = NH
(M% + 2p1 p2pj + P?M%) L [(N1)2]
(2u5p; — pp3 + 07) E [N']

(17 + 2pap2pj + 20513 + 07) Aidt
+ (3 + 1305 + 2 prp;) (Mdt)”
BB+ -+ V) N} = V]|

EINE[(Y'))'] +3N (N -1 E[(v')*] B[V"]
N (N =1)(N=2) (B[Y'])’]

(165 + 201 18305 + 21 p12pj + paoy

S papy + 6507 + A piap;

+ pj,uwf + 2u10% + 2u2pjaﬂ A dt
+ (905 + 273 pop; + 18 115
+1813p7 + 1814307 + a0y
+9pa0ip;] (Midt)?

+ (45 + 1203 pjua + 6 i
+6p5 185 + 91 p3p7 + Bpao;
+3p2pi07 + 11507 (Adt)?
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B[R] = E|E[(% + - +Y3) NG = N]]
= B{NE|)]+av (V-1 E[(v)] B[v"]

3N (N — 1) (E [(Y1>2D2
H6N (N = 1) (N =2) E|(v!)*] (B[Y])

2

(
N(N=1)(N=2) (N -3) (B [y1)"}

= [43pap; + 4uipzp; + 4p; 1507
+24pn 1135 + Buiuze; + 8p; 507
+6piot + 11 popjo; + 301

+24u§p§ + uﬂ Ardt

+ [Buipipe + A8 s + 403 3

+12p;0507 + 24135 + 1203 13p;
+12p5p307 + 8uip3p’ + 2014 112
+307 + 12/1%,0? + 18pu20? + 24,0?,11%
+36p 1120507 + Tpif] (Madt)?

+ (12000303 + 24118307 + 12443 115 p;

+303 1157 + 2443 paps + 693 507

+12pn p12p; 07 + 12035 + 6pfot

+6p1] (Mdt)”
+ (4305 + 6153 507 + 43 pap;

it + pips] (Mdt)*

Now we can find the conditional moments of the log asset value process. The

instantaneous conditional mean and variance are:

1
Et [dl/] = ([1, — )\1]€ — iht) dt
A1 (e + pjpg) dt

.1 1
lim T [dv] = p— §ht + A1 (1 + pjpe — k) (B.3)
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Vary[dv] = hdt
2 2 2
+ (15 + 2pa piapy + 2p5105 + 07) Madt
+ (43 + 3] + 2pappap;) (Madt)’
=X (i1 + pypn)” dt?
= hydt + (11 + 2u1p2p; + 2p5105 + 07) Ardt

.1
dlt1£n>0 EV(M} [dv] = he+ (1 + 2u1p0p; + 25005 + 07) Mt (B.4)

The third conditional moment around mean is:

By [(dv — E[dv])’] = [6p1p3p] + 3pspact + 9puipiap;
+6p1 11305 + 30} + Bpsp;
+3u7] Aldt?

+ [6p007 + 120507 + 18uipap;
F12p 4305 + 1201157 + 611}
+6p;1007 | Adt?

+ [ + 6papiapd + 24 piap;
+3p107 + (i3 pap; + 6pisp;
+3pju20ﬂ Apdt

Therefore instantaneous conditional third moment around mean is:

o1
lim =By [(dv = Bi[dv])’] = [} + i} + 24 p02p;
+3p07 + (i pap; + 655

+3p;207] M (B.5)
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The fourth conditional moment around mean is:

E;[(dv— B [dv)'] = [6pi0] + 4pduap; + 43 ups

+Ap;j 507 + 24401855 + 8113 s 3

+301 + 4y + 24#2% + 8#30320%
+11p papior) Mdt
+ [12pj,u§ + 1241 pop; + 67 + 60%] hy A dt?
+ (12011207 + 12p;507% + 24 1155
+1203 pap; + 670t + 12uip3p);
1205 papj + 24p; 5 + 241155
+307 + 3#1 + 12#203 - 24M2P]M1
—24p3p5] Nidt* + 3njdt?
[ 48#1#20301 24(i307
—24p3p507 — 2441 — 4841 )
—96p1 15307 — 48t ap; — 120443 1155
—9643 pap; — 48p° 3] Adt?
+ [ =24 p3p; — 60pT 35
— 48413 pap; — 127 — 124307 — A8y i
24M1N2PJ - 24%‘#2 - 24M1M2Pj01
—12u§p§0f] Adt*

Therefore instantancous conditional fourth moment around mean is:

lim — LB, [(dv— B av])'] = [60% + 4udap; + duude;
+Apj 307 + 24401835 + 8113 153
+301 + iy + 24#2% + 8#31050%
+11p papiot] M (B.6)

170



APPENDIX C

SOLUTIONS FOR FOURIER

TRANSFORM

In this section we find the solution for the fourier transform that we used for

bond pricing. For this, first we solve the Ricatti equations for B (7;uy, ug, u3) and

C (7;u1, ug, uz), and then find A (7; u1, ug, uz) ,J* (7;u1, us, uz) and J? (7; uy, us, uz).

Before going into the solutions, in addition to the transforms g; to gs that we

define in the previous section, define the following additional transforms:

hl (ula Uz, Ug)

hy (u1, uz, us3)
hs (u1, uz, us)
hy (u1, uz, us3)
hs (u1, uz, u3)

he (Ub Ug, U3)

hy (Uh Ug, Us)

-n
\/ 2iu152 - h%
1
tan |:§h27' + arctan (h4)]

hl + iU352
ho
hapes
52
psha
52
A2

1+
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C.1 Solution for B (7;uq,us, us)

Since the ODE for B is same with the one we have in the previous section with

the same boundary condition, we have the same solution:

9293 — N
B (75 u1,uz,u3) = T (C.1)
Note that g;, g2 and g3, and hence B do not involve any term with ws. This
is because of the assumption that interest rate process is independent from asset

value and variance processes.

C.2 Solution for C (7;uq, us, u3)
The ODE for C is:

o¢ = R, + CRy+ C?R;4
or

where:

R1 = iul

Ry = —n
1

Rg = 5(52

with the boundary condition:

C (0, Uy, Uy — Ug) = iU3

d
R L CR,+CR,
dr

o ac

Ry + CRy+ C%Ry

/d B _/ ple.
T = 77 ) R £ CR,+ C?Rs
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Note that, since we have more than one integral, it does not matter where we

put a constant in the equality. Now define the following transforms:

w . VAR R

2v/R3
2R;C + Ry

2VR;

Then we have:

AR\Ry — R} | ARSC® + RS + ARy RsC

K2 X2 —
+ 1R, 1R,
_ R | I3
= R1—4—R3+R30 —|-4—RB+RQC

= R+ R:B+ R302

Additionally we have:

2R3C + Rs

dX = d| ———— | =V R3dC
( 2v/ R3 > ’
dX

dc =
VI3

Therefore we have:

/ ac __/ 1 X
Ri+CRy+C2R; | VR;(K?+ X?)
dX =71

1 1
\/Rg/K2+X2
K
| X = VK

Since we know [ —%dx = arctan (£) — ¢, we have:

2+.’£2
X
arctan (?> —c=T7v/ R3K
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When we solve for X:

X = K tan (KT\/E—FE)

Using the definition of X and K:

2 \/ 4 — R? 1
—RSC + I = il — I tan (—7’ 4R R3 — R3 + é)
2/ Rs 2V R 2"V

4R1R3 - R% tan (%T 4R1R3 - R% + E) - R2

C =
2R3

Now we can use the boundary condition, C' (0; uy, ug, us) = iug, to find ¢.

4R1R3 - R% tan (5) - RQ
2R;
Q'iU3R3 + R2

VAR R; — 2

_ ( 2iU3R3+R2 )
¢ = arctan

VAR R; — 2

Now we can totally define C:

mer%wGT4&&—@+mm(ﬁﬂwi»—32

\/ 4R1R3*R§
C =

2R3
By using previously defined hq, hs, h3,

hahs — hy
52

C (75 u1, ug, ug) =
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C.3 Solution for A (7;uy,us, us3)

We have:

A
oA = afB+noC
or

9293 — g1 hohs — hy
= b

Note that g1, g2, hy and hy do not depend on 7. Therefore:

a5gs nohs aBgr nbhy
dA = (72 g3+ 52 hs — N2 g2 dr

afgr  nbh afgs nOhs
/dA = |:— ,}/2 — (52 :|T—|— 72 gng—F? hng

Therefore we should find [ gsdr and [ hsdr. In the previous section, we already
found [ gsdr:

1
/gng - [In (1+g3) + ]
2

In a similar manner, we have:

/hng = hi [In (14 h3) +¢]

2

When we input these results, we have the following equality. Note that it is

unimportant where we put the constant term.

[ aBg nbh]
/dA:A = —721— 521 T
afgs 1 4 nbhy 1
[ aBgr nohy]
- 2 Tz |7
P 1t @) v+ Y (142
72 g3)+C]+52n(1+ 3)
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Now, by using the boundary condition, A (0;u,us,u3) = 0, we will find €.

0 = i—g[zn(1+gi)+é]+g—fzn(1+hi)
2
c = —ln(l—l—gi)—ﬂln(lehi)

a 362

When we input ¢ :

Oh
Ay, ug) = [_oﬂgl_ﬁ 11 af

T+?ln(1+g§)+n—eln(1+h§)

72 52 (')‘2
af no
7 In(1+g5) — =5 In (1+13)
_ aBgr nbhy
- 2 sz |7
af 1+g3\  no 1+h3
— 1 — C.3
e n(1+gi T 1+ hj (€3)

C.4 Solution for J!(7;uy,us, u3)

Since the ODE for J! is same with the one we have in the previous section

with the same boundary condition, we have the same solution:

9597 } -
g2 + g2
29697 (9694 — 95) /1 + 3
5 5 in (C4)
92 (95 + 95) (9693 — 95) /1 + 93

J! (T;u1,ug,uz) = [98 — A+

C.5 Solution for J? (7;uy, us, u3)

With the transforms h; to hg, we can express the ODE for J?:
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oJ*? hr

= —h
87’ h5 — hﬁhg !
1
dJ? = h ———dt— | h-d
U/J 7/%—%@7 /77
1
J? = —h hy | ———d
”*7/m—%m7
h 1
= —hyr - —dT
Since: X
hs = tan <§h27 + arctan (h4)>
we have: o | )
3 2
— =_hy(1+h dr = —————dh
g — g (LH15) = dr = g dhs

Therefore we should find:

1 2 1
/ hs dr = h_/ dh3
hy — 12 2 (= 22) (14 13)
For the integrand we have:

1 h? he (hs + hehs)

2 2 2
(ha—12) (1 +m) (24 hd) (hy—l2)  (h+hE)(L+RS)

Thus:

1 2h2 1 2hg hs + hehs
dr = 6 / dhs — / dh
/hg—’ﬁ " (21 h2) (hg_@> S hy (B2 4k ) 14m2 P

he s
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Additionally we have:

1 hs
dhs = In|hs— —
/hs—Z—Z ’ n<3 h6>

hs + hgh 1
/51+—h6§3dh3 = hs arctan (hs) + §h6 In (1 + hg)

1 1
= §h2h5r + hy arctan (hy) + §h6 In (1 + hg)

We put a constant term at this stage.

1 1 2hg hs 2 1

— dr = ————In(hy— =) — ————~hoh

he ) hy— 1" h2(h§+h§)n(3 h6) hy (3 +h3)2"*"
2 2

g tn (14 12)

————————hs arctan (hy) — mg
5 6

ho (h + hg)

2
= — bl
h2<h§+h§>{ o

—hs arctan (hy) — ¢

—hs arctan (hg) — c}

Now we can obtain J?:

J = —hyT
2hy hohs hshg — hs _
+ T+ hs arctan (hy) —hgIn | ———— | + ¢
ha (1 + 1g) { 2 7 () = (hm/l +h§) }
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By using the boundary condition, J? (0;uy, us, u3z) = 0, and noting that the for

7 =0 we have hsy = hy:

2hy; hyhg — hs _
0 = ————<hs arctan(hy) —hgln| ——— | +¢
ho (h§+h2){ i () = (h6\/1+h§> }

hahe — h
¢ = hgln <M> — hs arctan (hy)

her/1+ h2

When we input ¢:

2h; hahs
hy (h2 4+ hZ) 2

J? (T;u1,ug,u3) = —hem+

2hghy I hshg — hs 4 hahg — hs
_— B — n B —
ha (h3 + hi) hey/1+ 13 he\/1+ h2
hshs
= | —h
{hz 13 } "

2hghs i ((h4h6 —hs) /1 + h§> (C.5)

_|_
ho (h% + R2 (hshg — hs) \/1 + h2
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