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ABSTRACT

PRICING AND HEDGING OF CONSTANT PROPORTION DEBT
OBLIGATIONS

Iscanoglu Cekic, Aysegiil
Ph.D., Department of Financial Mathematics
Supervisor : Assoc. Prof. Dr. Omiir Ugur

Co-Supervisor : Prof. Dr. Ralf Korn

February 2011, 84 pages

A Constant Proportion Debt Obligation is a credit derivative which has been intro-
duced to generate a surplus return over a riskless market return. The surplus payments
should be obtained by synthetically investing in a risky asset (such as a credit index)

and using a linear leverage strategy which is capped for bounding the risk.

In this thesis, we investigate two approaches for investigation of constant proportion
debt obligations. First, we search for an optimal leverage strategy which minimises
the mean-square distance between the final payment and the final wealth of constant
proportion debt obligation by the use of optimal control methods. We show that the
optimal leverage function for constant proportion debt obligations in a mean-square
sense coincides with the one used in practice for geometric type diffusion processes.

However, the optimal strategy will lead to a shortfall for some cases.

The second approach of this thesis is to develop a pricing formula for constant propor-
tion debt obligations. To do so, we consider both the early defaults and the default on

the final payoff features of constant proportion debt obligations. We observe that a

v



constant proportion debt obligation can be modelled as a barrier option with rebate.
In this respect, given the knowledge on barrier options, the pricing equation is derived

for a particular leverage strategy.

Keywords: Credit Risk, Credit Derivatives, Stochastic Control, Laplace Transforms,

Jump Diffusion Processes



(V4

SABIT ORANLI BORCG YUKUMLULUKLERI FIYATLAMASI VE RISK
MINIMIZASYONU

Iscanoglu Cekic, Aysegiil
Doktora, Finansal Matematik Boltimii
Tez Yoneticisi : Dog. Dr. Omiir Ugur
Ortak Tez Yoneticisi : Prof. Dr. Ralf Korn

Subat 2011, 84 sayfa

Sabit oranl bor¢ yiikiimliiliikleri, piyasada gozlenen risksiz faiz oranmi tizerinde bir
getiri saglama amaci ile piyasaya strilmiis bir kredi tiirevidir. Bu tiirev turiini
yatirimcilarina dagitmakla yiikkiimli oldugu ekstra faizi sentetik olarak yaratmayi
hedeflemektedir. Bu hedef dogrultusunda lineer bir borglanma stratejisi izleyerek
riskini simirlayan bir portfGy olusturur. Sabit oranli borg yiikiimliiliiklerinin karak-

terini temel olarak bu portfoy stratejisi olusturur.

Bu tezde biz, sabit oranh bor¢ yiikiimliiliiklerini iki farkli agidan inceledik. Ilk olarak
sabit oranli borg yiikiimliiliikleri icin optimal bir borclanma stratejisi bulmay1 hede-
fledik. Bu hedefte optimal kontrol metodu kullanarak vade sonu 6demesi ile vade so-
nunda gozlenecek olan portfoy degeri arasindaki farki minimum yapacak bir bor¢lanma
strateji bulduk Oyleki bu strateji geometrik tipte difiizyon siiregleri icin piyasada
uygulanan strateji ile birebir ortiigtii. Fakat, uygulamada optimal strateji kullanarak
olusturulmus portféyler herzaman vade sonu 6demesini karsilayacak miktar: tiretmeyi

bagaramadi.
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Ikinci yaklagim olarak sabit oranh borg yiikiimliiliiklerini icin bir fiyatlama denklemi
gelistirmeyi hedefledik. Bu dogrultuda erken temerriite diisme olasiligini ve vade sonu
o0demesenini karsilayamama kogullarini da modele ekledik. Bazi iglemlerden sonra
sabit oranli bor¢ ytikiimliliiklerinin aslinda bir bariyer opsiyon oldugunu gosterdik ve

belirli bir bor¢lanma stratejisi icin fiyatlama denklemini tiirettik.

Anahtar Kelimeler: Kredi Riski, Kredi Ttrevleri, Stokastik Kontrol, Laplace Donligiimii,

Sicramali Difiizyon Siirecleri
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CHAPTER 1

INTRODUCTION

The main subject that finance has dealt with since the inroduction of the first financial
instrument is the risk. Risk is inherent in all financial instruments due to its nature,
hence, it cannot be avoided completely. It can however be hedged in some respects
with the use of other instruments. In this perspective, everyday some new products,
which may be superior to older ones, are introduced to prevent some sort of risks. The
risk is separated in groups according to its source and products. Main risk groups
are interest rate risk, market risk, operational risk, liquidity risk, currency risk, and

credit risk.

Here we are interested mainly in credit risk due to the underlying credit products
called credit derivatives. First, we give the definition of credit risk in Section 1.1 and
we explain the credit derivatives briefly in Section 1.2. Then, we specialize our subject
on Constant Proportion Debt Obligations in Section 1.2.1. Finally, in Section 1.3 we

give an outline of the present thesis.

1.1 Credit Risk

Credit risk is the possibility that a counterparty will not meet his/her obligations
written on a contract. If this is the case, we say that the counterparty defaults on the
promised payments. As a financial terminology, the default mainly refers to firms or
companies to default on all their obligations and also their future operations because of
country laws and regulations. However, for an individual we can talk about a default

event of a single obligation.



The default event is an important occasion for the financial markets because it loads
extra cost to the creditors so to the market. In financial markets credit is always in
a circulation. Therefore, creditors of defaulters have also some obligations to satisfy.
If creditors have to met an obligation with the counterparties’ payments and if the
counterparty defauts then it may cause creditors to default or force them to lower
their business circles. In other words, a counterparty’s default may start a chain of
defaults or disabilities. Therefore, managing credit risk is very important for creditors.
According to the operation area of creditors the source of credit risk and precautions
taken to deal with credit risk show differences: for example, the credit agencies such
as banks are the institutions that are most likely to face defaults on their loans.
However, other sources of default also exist for banks, namely, interbank transactions,
bonds, equities, options, trade financing and so on. The rules suggested by the Basel
Committee regulate the principles for managing credit risk for banks. Rules suggest
that every bank should have a credit risk strategy that shows the bank’s maximum
risk expectations. Furthermore, all banks should identify the risks on their activities,
portfolios and products [14]. The regulations also state that banks should collect
sufficient information about counterparties which includes at least the necessity of
credit, counterparties’ repayment history on their other credits, risk profile of the

counterparties’ operational areas [14].

On the other hand, in the international area countries face credit risks because of the
possibility of sovereign defaults. Sovereigns usually default on their domestic debts
or international debts. For example, in 1998 Russia defaulted on not the whole but
the crucial part of its domestic debts. Again, at the end of the same year Pakistan
defaulted on both its international and domestic debts. Indeed, there are various
such examples of sovereign defaults. However, the default of Argentine in 2001 should
be considered carefully: this default event is studied in the economic literature as
the largest default which has ever seen in the history of countries [44]. The default
of Argentine and its restructuring process have charged about $74 billion to its in-
ternational lenders and an indirect cost of at least $63 billion to the citizens of the
world [52]. Since sovereign defaults cause worldwide consequences managing and as-
sessing them become an important issue in international lending: The Moody’s, S&P,

and Fitch, are some of the well-known credit rating agencies who try to measure the



risk on debts. They assign credit rating values to each security, investor and country
to indicate the credit worthiness of the counterparty or country. A worldwide look to

a country’s performance is basically achieved by looking at its credit rating.

1.1.1 Measure and Management of Credit Risk

As mentioned above, managing and measuring credit risk are necessary for credit
agencies and even for countries in order to continue their operations. However, credit
risk has many components. A good management process indeed starts with an iden-

tification of the risk before processing it [50].

The main components of credit risk are arrival risk, exposure risk, recovery risk, and
correlated default risk. In reality, the default events are rare and it is hard to predict
the number of defaults in a given period of time. These types of uncertainties are called
arrival risk of a credit risk and they are measured by calculating the probability of
default [50]. Accordingly, it is also uncertain when a default event occurs. If one wants
to predict the time of default, one has to collect all information about the creditor,
and has to transfer it into a suitable probability density function for default time. This
uncertainty on the time of default is defined as exposure risk [50]. Another component
of credit risk is the unpredictability of the size of losses before a default event occurs.
The uncertainty of the recovery rate among the total credits is referred to recovery
risk and it is determined by the severity and the fraction of losses faced in the case
of a default. The basic tool for calculating the recovery risk is to assign a probability

density function to the recovery rate [25,50].

The components of credit risk mentioned until now only concern with a single event
of default. The main measure of the risk is the probability and it is calculated ac-
cording to the historical data without considering the cause of default. However, the
default may be a consequence of other defaults. Therefore, default correlations in the
area of business should also be considered. If correlations exist then the probability
calculation should be made by taking these correlations into account. This type of

risk is regarded as correlated defaults risk [50].

Having identified the risk components, selection of a reliable counterparty or of prod-



ucts among the possible choices comes next for managing credit risk [25]. All the
components of credit risk should then be calculated for each counterparty. Accord-
ingly, with a counterparty satisfying all the requirements of the creditor, the contract

should be signed.

As another management technique, credit agencies can also use some instruments
according to the components of credit risk inherited in the contract. Such instruments
are called credit derivatives. In Section 1.2, we examine such credit derivatives in

detail.

1.2 Credit Derivatives

Credit derivatives are financial hedging instruments which are in fact a commercialized
version of credit risk [33]. Therefore by using them someone can sell his/her credit

risk or buy other parties’ credit risk in return of a premium.

As a formal definition, a credit derivative is a financial derivative that allows one party
(protection buyer) to get a payoff if default occurs on the predefined credit risk of a
company. Here, the protection seller, on the other hand, collects a periodic premium

from the protection buyer for a notional value written on the contract [50].

The first credit derivative, a so-called credit default swap (CDS), was traded in the
mid 1990s in London and NewYork [50] and after the first trades, it became the fastest
developing derivative in the market. In the global size the credit derivative market in
notional value ranges from level of $180 billions to $28 trillions in 10 years (from 1996
to 2006) [19]. Moreover, until the financial crisis in 2008, credit derivative markets
have lived their golden age. Especially, from 2006 to 2008, the market grew three
times in notional value [1]. This increase has caused credit agencies, especially, banks
to loose important amounts of their reserves and has triggered the 2008 financial
crisis [19]. After the crisis, the market’s nominal value decreased to $41 trillions at
the end of the same year and by the end of 2009, the total trade in global size observed
as $32 trillions [2].



1.2.1 Types of Credit Derivatives

A guarantee is the simplest and earliest form of credit derivatives. However, with the
developments in financial sectors it is seen that the use of a simple guarantee does not
have enough potential in supplying user’s needs. Credit derivatives are more complex
tools for guarantees. In contracts users can specify protected asset or portfolio, credit

risk, transaction details, and others. We refer to [33] and the references therein.

Below we introduce some types of credit derivatives.

Credit Default Swap

As mentioned above credit default swap is the first credit derivatives in the market.
Credit default swap is a contract between two parties: the protection seller and the
protection buyer. The protection buyer makes a periodic payment called CDS spread
and the protection seller makes payment for the principal of underlying asset in case

of default specified in the contract [6,33].

Total Return Swap

Total return swap is a contract on the total return of a reference asset. In total return
swap the protection buyer has the asset (e.g., bond financial asset, basket of assets,
etc.) and transfers all the interest and capitals gained from the reference asset to the
protection seller. On the other hand, the protection seller makes fixed or floating rate
payments to the protection buyer and he/she also satisfies the negative price changes

in the asset [6,33].

Collateralised Debt Obligation

Collateralised debt obligations are firstly introduced at the end of 1980s. It is defined
as a form of credit risk transfer tools. Credit debt obligations transfer risks on a pool
of debt instruments to a fixed income securities called tranches. Coupon and principal

payments depend on the performance and priority of tranches. Senior, mezzanine and



equity tranches are names of these tranches and listed according to their priority on
coupon and principal payments. i.e. Holders of senior tranche notes receive payments
prior to the mezzanine tranche note holders. However, equity tranche note holders are
paid if and only if there exists enough cash after all the payments are made. Therefore,

equity tranche exposes the highest risk.

Constant Proportion Debt Obligations

Constant Proportion Debt Obligations are newly introduced structured credit prod-
ucts which have structural properties that are different from other credit derivatives.
Unlike the traditional credit derivatives constant proportion debt obligations restruc-
ture the asset side of the issuer. They are a mixture of credit default swap, investment
and leveraging. In Figure 1.1, the mechanisms of constant proportion debt obligations
are shown: constant proportion debt obligations are issued by means of the Special
Purpose Vehicle (SPV). At issuance, the proceeds are either deposited on a risk free
account or invested in an arranging bank account with regular interest payments.
Then, the arranging bank enters into a credit default swap on a risky reference port-
folio. For this type of transactions, usually, the credit default swap index is taken as
the reference portfolio. The notion of this swap is a multiple of the collateral taken
from note holders. This is called a leverage function of the constant proportion debt
obligations. The arranging bank also enters a total return swap with the SPV on the
risky reference portfolio. The coupons gained from the total return swap and deposit
account are paid to the note holder. Then, the deposit account is rearranged according

to the mark-to-market gains and losses [26].

The structure of constant proportion debt obligations shows that there is only one asset
that is obtained at issuance. Moreover, constant proportion debt obligations have an
obligation to pay fixed coupons, risk free rate (or LIBOR) plus additional interest
during the life of the note and the principle at maturity. The shortfall between the
asset and obligations of the constant proportion debt obligations is covered from the
leverage function [38]. If the present value of the collateral in the deposit account
is enough in order to pay all future obligations then, the leverage will be reduced

to zero. This situation is referred to as a “cash-in” event for constant proportion
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Figure 1.1: Structure at Closing of a Typical CPDO Transaction [26]

debt obligation. Similarly, constant proportion debt obligation is said to experience a

“cash-out” if the shortfall exceeds a given threshold (level).

The literature on constant proportion debt obligations on one hand is concerned with
the pricing of constant proportion debt obligations and on determining optimal lever-
age functions on the other. An example of pricing is found in [20]. In this paper, Dorn
found a closed form valuation formula for constant proportion debt obligation notes by
using structural approach. Moreover, he investigated the relations between constant
proportion debt obligations and inverse Constant Proportion Portfolio Insurance. He

also specified the inherit risks on constant proportion debt obligations.

In order to determine the optimal leverage functions for constant proportion debt
obligations, Baydar, Di Graziano and Korn [8] used stochastic control methods: op-
timality is defined as maximizing the utility of the final payoff from the constant
proportion debt obligation at maturity while guaranteeing the surplus payments. In
their study leverage changes continuously and the risky reference portfolio is assumed

to follow a Brownian motion with drift.

Later, Cekig, Korn, and Ugur [22] performed the same problem for the geometric
Brownian risky index and make a sensitivity analysis with respect to the parameters
included in the system. Recently, Cont and Jessen [15] included the modelling of de-
fault risk, loss distribution and other risk factors to the problem of constant proportion
debt obligations. They examine all the movements of the credit default swap markets

deeply and they use them in the pricing of constant proportion debt obligations.



In 2010, Ceki¢, Korn and Ugur [23] implemented a study that includes the minimiza-
tion of the mean-square distance between the promissed final payoff and the final
wealth of constant proportion debt obligation by using both the martingale method
and the optimal control method for a geometric Brownian risky index. In the study,
they show that the optimal leverage function for constant proportion debt obligations

in a mean-square sense coincides with the leverage factor used in the industry.

1.3 Outline

In the thesis we only deal with constant proportion debt obligations. In calculations
we use continuous time trading and we take the wealth definition stated in [8]. Ac-
cordingly we denote the wealth at time ¢ by V; and we denote the initial investment
of note holders, which should be paid at maturity, by Fr. In reality, Fr is a constant
principal. At issuance issuers pay some costs therefore we assume that initial wealth

is Vo = v < Fp. Then, wealth is defined as follows
dVy = rVidt + £4dSy — FT(Tt + I/)dt, Vo =w. (11)

In this definition, the first part of (1.1) shows the risk free deposit account of the
constant proportion debt obligations, and r; represents the risk free interest rate at
time t. Moreover, in the second part unlike the definition stated in [15] all the markt-
to-market gains and losses caused from index movements, losses observed because of
the defaults of credit default swaps included in the index, and the changes observed
in the index value caused from rearrangement of the index are all considered with
a single definition of changes denoted by dS;. Here, ¢, is the leverage function of
constant proportion debt obligations, i.e., the position taken in the index. The third
part of (1.1) is the reduction part of the wealth representing coupon payments of
constant proportion debt obligations which are greater than the risk free rate for each

unit of money invested by note holders and v denotes this surplus return.

According to the characteristics of constant proportion debt obligations, the final
payment and coupon payments are all dependent on the observed value of this wealth
equation. Constant proportion debt obligations can default in two possible ways:
Default on the Final Payment and Early Default. Therefore, at this step we classify

constant proportion debt obligations as portfolio based notes with default possibility.



Default on Final Payment. If a constant proportion debt obligation lives until
maturity time 7" and if we define ¢(Vp, T') as the final payment of constant proportion
debt obligations, then

Fp, it Vp > Fr,

e(Vr,T) = (1.2)
Vr, otherwise.

Early Default. If the wealth of a constant proportion debt obligation falls under a
predetermined barrier then the constant proportion debt obligation defaults on all its
future obligations including coupon payments and final payment. We define this case

in the following manner,
If Vi < B4, then, early default occurs. (1.3)

where (; is the predetermined barrier. In applications for easy calculations § is taken
as a constant value, however for some cases it is also assigned as a small multiple of
all future obligations. In other words, if we define F} as present value of all future

obligations including coupons and final payment, where
., T
F, = Fre~Jv ™% 4 pp(r + 1/)/ e ds, By = f, (1.4)
¢
then By = aFy.

As it is seen, constant proportion debt obligations may default according to movements
of the wealth and the main characteristic that affects the continuance of the note is the
leverage factor. This factor keeps the balance between earnings and future obligations.
The usual leverage factor used in industry is given as

U _ (Fr —V4)
4 —max{ VS, X m, 0}, (1.5)

where PV'S; is the present value of the index and m is a constant predetermined
multiple. With this definition of leverage, actually downside risk is preserved because
if the gap between present value of future obligations, F; and the net asset value, V;
increases then the issuer should enter more swap contracts to close this gap, which
means taking more risky positions in the market. However, this situation may add
an advantage to the issuers. By taking more risks, issuers may benefit from upward

movements in the index value.



In Chapter 2, we examine constant proportion debt obligations and the effect of lever-
age in detail. Then, in Chapter 3 we obtain the closed form formulae for the fair price

of constant proportion debt obligations under the Laplace domain.
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CHAPTER 2

HEDGING OF CONSTANT PROPORTION DEBT
OBLIGATIONS WITH DYNAMIC PROGRAMMING
APPROACH

In the literature, the leverage function stated in (1.5) is used in the pricing of constant
proportion debt obligations. The value of m in the formula should be predetermined
according to the issuer’s inside information and the market’s behaviour at the time of
issuance. However, the selection of this factor may not always be optimal. The market
expectations of the issuer may fall and constant proportion debt obligation may face
big losses. Therefore, the optimal selection of m is an important issue for issuers. A
systematic way of selecting an optimal value for m is to solve an optimization problem

by assuming a suitable model for the index.

This chapter introduces the optimization criterion and aims to hedge constant propor-
tion debt obligations by selecting a leverage and a value for m optimally. Specifically,
in Section 2.1 a review of the dynamic programming technique is given for general
portfolio problems. In Section 2.2, the hedging problem for constant proportion debt
obligations is stated in the general form and the Hamilton-Jacobi-Bellmann equation
is derived. In addition, the solution of the problem is shown in Sections 2.2.1, 2.2.2
and 2.2.3 for cases when the risky index follows some special processes: a geomet-
ric Brownian motion with constant parameters, a Vasicek type stochastic differential
equation, a geometric jump diffusion process with normal jump sizes, respectively. To
illustrate the behaviour of some characteristic features corresponding to our optimiza-
tion criterion of the constant proportion debt obligations the application studies are

also given for each model.

11



2.1 Dynamic Programming Technique

Dynamic Programming is one of the popular techniques used for solving continuous
time portfolio optimization problems. The Dynamic Programming technique includes
a powerfull recursive algorithm that selects the optimal policy for the current state
on an optimized path of future policies. For detailied information, one refers to [9,29,
41,43]. In this section we present the theoretical aspect of stochastic optimal control
problems used in financial applications. Following two subsections, we review the
idea of stochastic control applied to diffusion processes and jump diffusion processes,

respectively. We mainly refer to [27,41,43,49,54].

2.1.1 Stochastic Control of Diffusion Processes

Let <Q,]:, {]:t}tzo’P> be a filtered probability space and let B € R™ be a m-
dimensional Brownian motion on this space. Define V; = Yt(c) € Y C RF (“the

state process”) as a stochastic diffusion process of the form
v =b (¥ er) dt+o (V)9 er) By, ¥y =y e RE, (2.1)

where ¢ € C is a control process, b : R¥ x C — R* is a controlled drift function, and
o : RF x C — R*¥™ ig a controlled diffusion function. Then, Y; = Y;(C) is called

controlled diffusion process.

Here,

i. C is the space of control processes which is closed, and compact subset of R¥.

ii. An admissible control ¢, t € [0,T], is a progressively measurable, C—valued pro-

Cess.

iii. b and o are continuous functions of class C!, the class of the first order contin-
uously differentiable functions, for all ¢ € C. Moreover, there exists a constant

M > 0 such that

(0] + [byl < M o] + [oy|
[b(y, )| < M1+ 1y +[c]), oy, c)|

IN

M,
M1+ |yl + |e])

(2.2)

A

12



then (2.1) possesses a unique solution Y;.

We define cost/performance function .J = J(°)(y) of the form

T (y) =Y UOT fi (Yt(C)v cts t) dt + fo (YI(“C)):| : (2.3)

where f; and fo are given continuous functions. Then, optimal control problem is
written as follows
®(y,0) = sup.cc J(y) = T (y),
subject to

av, = b (Y;(C), ct) dt + o (Yt(c), ct) dB,, Y9 =yeRk,
(2.4)

where ®(y,t) denotes the value function and ¢* is the optimal control (for simplicity

we may assume that it exists).

If ®(y,t) € CH2, then the Hamilton-Jacobi-Bellman equation obeyed by the optimal

value function ®(y,t) is

Slelg DC(I)(:U: t) + fl (y7 & t) =0, q)(ya T) - f2(y>7 (25)

where D¢ is the Dynkin operator and has the form

DB(y,) = 1t [0.(5:¢) 07 (5:) By (8] + By 1) + By (D (g ) (26)

The solution of (2.5) gives the solution of the problem (2.4) for some specific diffusion
processes. However, in general a verification theorem is needed. Verification theorem
is a theorem which provides conditions such that the solution of the Hamilton-Jacobi-
Bellman equation with optimal control ¢* is the solution of the optimal control problem

given in (2.4) [49].

Theorem 2.1 (Verification Theorem [49]) Let |o(y,c)||* < M, (1 +llyll? + Hc||2)
and || f1(y, c,t)||* < My, (1 + |lyl* + ||cH2> hold for some nonnegative My and My, ,

where for any © = (v1,72, -+ ,x,)7, 2| := \/o? + 23 + ...+ 22. Then,

i. Assume that 1 € CY? with condition ||¢(y,t)| < My (1 + ||y”2> is continuous
function and satisfies the Hamilton-Jacobi-Bellmann equation with boundary con-

dition given in (2.5). Then for all t € [0,T] and y € R* we write
U(y,t) > B(y, 1) (2.7)

13



ii. Suppose a maximizer, ¢(y,t), of the functional ¢ — DY (y,t) + f1(y,c,t) exits
satisfying c¢* = (cf)icpo,r), and suppose that ¢ = &(Y{",t) is admissible, then

U(y,t) = ®(y,t) for allt € [0,T), y € R* and ¢* is an optimal strategy.

2.1.2 Stochastic Control of Jump Diffusion Processes

In a fixed domain S € R¥ define Y; = Y;(C) as a stochastic jump diffusion process of

the form

dv9 =b (Yt(c),ct) dt +o (Yt“),ct) dB; + /

. Q (Y;(,c), ctf,z) N(dt,dz),
R

(2.8)
}/O(C) =y€ ]Rk,

where ¢ € C is the set of controls, b : R¥ x C — R* is a controlled drift function,

o : RF x C — R¥™ is a controlled diffusion function, Q : R* x C x RF — R**" and

(c)

N(t,z) is a Possion random measure. Then, ¥; = Y, is called a controlled jump

diffusion process.
For the jump diffusion case we also define our cost/performance function as given
in (2.3) and we assume the following conditions:

i. C is the space of control processes which is closed, and compact subset of R¥,

ii. An admissible control ¢, t € [0,T], is a progressively measurable, C—valued pro-

cess,

iii. b and o are continuous functions of class C! for all ¢ € C. Moreover, there exists

a constant M > 0, such that

A

[bel + by | < M, o] + |oy| M,

= (2.9)
b(y, o) < M1+ [yl +c]), oy, )] < M1+ |yl +[c]),

iv. Let us say that the Lévy measure is a positive finite measure on R¥, with a
singularity in 0 satisfying
/ m(dz) < +oo. (2.10)
|z|>0
Then, there exists p : R¥ — Ry with [p, p*(2)m(dz) < 400, such that

|Q($7 ¢, Z) - Q(ya ¢, Z)|
1Q(y; ¢, 2)]

IN

p(2) |z —yl, (2.11)

p(2) lyl

IN
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for all z, y € R¥,

such that (2.8) possesses a unique solution Y;.

Then, the optimal control problem is given as follows:

(I)(yv 0) = SUPcec J(C) (y) = J(C*)(y)7

subject to

v = (v}, ) dt + o (¥ ) B, (2.12)

—i—/ Q <Yt(f),ct7,z) N(dt,dz), YO(C) =y eRF,
Rk
where ®(y,t) denotes the value function and ¢* is the optimal control.

If ®(y,t) € C2, then the Hamilton-Jacobi-Bellmann equation obeyed by the optimal

value function ®(y,t) is written as follows:

Sup DD(y,t) + f1(y,c,t) =0, @(y,T) = fa(y), (2.13)

where D¢ is the Dynkin operator and has the form

DD(y.t) = str[o(y.c)o’ (y.c) Dyy(y. )] + Pe(y, ) + Dy(y, )b (y, )
+ Y o {2 (v + Q7 (v, ey), 25) . t) — By, 1) (2.14)
— Ve(y,t) - Q7 (y,c(y), ) ym;(dz;).
Now, as an example we give the verification theorem for optimal portfolio consumption

problem in the following subsection.

An Example: Verification Theorem For Optimal Portfolio Consumption
Problems.
Let us define the dynamics of risky and riskless stock at time ¢ as follows:

dS; = Si- (b(t)dt + o(t)dW; + Q(t)dNy) , (2.15)

and

respectively. Then, the corresponding wealth equation which is a special case of (2.8)

is given in the form of
dY; = Yi[(l — m)r(t) + mb(t)|dt — crdt + Yimpo (6)dW (t) + Vi Q(8)d Ny,  (2.17)
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where the consumption rate is denoted by ¢;, and the proportion of the money invested
in the risky stock at time ¢ is given by m;. Here, X, is the state variable, and ¢;, m

are the control variables.

For optimal portfolio consumption problems the cost/performance function is simi-
lar to function given in (2.3) where f; and fy are utility functions and satisfy the

conditions as follows:

1. f17 f2 € COJ,

2. f1, and fo are strictly monotone and concave,

3. limyoo 201 —

Then, the verification theorem is given as follows:

Theorem 2.2 (Verification Theorem [54]) Suppose there exists a function 1) such

: ‘ g OU(Yt)  9P(y.t) Y (y.t)
that its partial derivatives ==, oy , and 7

exist and are continuous. More-
over, there exist some constants d and g satisfying |(y,t)| < d(1+ |y|?) and let us

assume that ¥ (y,t) obeys the Hamilton-Jacobi-Bellmann equation given as follows

sup ,Dﬂ(I)(y?t) + fl (C,t) =0, (I)(ij) - fQ(y)7 (2‘18)

m,ceC

where D is the Dynkin operator and has the form

DO(y,t) = %bey(y, ty?nlo? + @ (y,t) + Oy (y, )y (m(b—1)+71)
- CDy(y’ t)C + )‘(t) [¢(y + yﬂ-Qv t) - qb(y? t)] .

(2.19)

If (¢*,7*) € ArgmaxD™(y,t) + f1(c,t), then ¥(y,t) = ®(y,t) and (c*,7*) is the

optimal strategy for (2.12).

2.2 Optimizing the Leverage Function of a Constant Proportion Debt
Obligation

As the promissed payments of a constant proportion debt obligation are deterministic
and as their present value at time 0 exceeds the initial capital of Fr, it is clear that

in an arbitrage free market it is not possible that the issuer can hedge the risk of the
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future payments completely. Therefore, we have set up a problem where this shortfall
risk should be minimized. For this problem we select cost/performance function stated
in Section 2.1.1, Section 2.1.2 as in the classic mean-square distance problem. The
idea of the problem is to minimize the squared distance between the promissed final
payment and the final wealth of constant proportion debt obligations by rearranging
leverage. We call it £2— utility criterion. Then, we define f; = 0, and fo = (Fr — 0)2.
For an initial investment V[, = v the optimal leverage ¢* € L(v) solves the problem as
follows:

imise  J(v) = —1E[Fr — Vp]?,
maximise (v) = —3E[Fp — V1]

subject to  (Vi)seo,1) = 0,
dVy = rVidt + 0,dS; — Fr(r+v)dt, Vo=,
dFt = TFtdt — FT(’I" + V)dt, F() = f

(2.20)

In this problem, we do not consider early default and r is assumed to be constant.
Then, we write the value function ¢(v, s,t) as
d(v,s,t) = sup j(g)(v) = jw)(v), (2.21)
LeL(v)

subject to the stochastic differential equation
AV, = rVidt + 0,dS; — Fr(r +v)dt, Vo =w.

In (2.21), s is the initial value of the index and ¢* is the optimal control. The corre-
sponding terminal condition is then,

(0,5, T) = —% (Fr —v)?. (2.22)

To simplify calculations, we continue our calculations with the discounted wealth, 1%
hereafter. We rearrange the optimization problem and the value function according

to the discounted wealth satisfying the stochastic differential equation as follows
dV, = 0,dS; — Fre ™ (r + v)dt, Vo = v, (2.23)

where £ = e~ "/, Then, the optimization problem is

~ 1 a2
maximise JO@) = —-E [FT - eTTVT] , (2.24)
leL(@) 2
with the value function

6@, s.t) = sup JO@) = T (@), (2.25)
leL(v)
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and the terminal condition
- 1 -
o(v,s,T) = 3 (Fr— erTv)Q, (2.26)

where ¢(v, s,t) = ¢(7, s,1).

In accordance with the dynamic programming technique we derive the Hamilton-
Jacobi-Bellman equation of the form

sups. . D v,s,t) = 0,

PicLw) ¢( ) ) (2.27)

o(v,s,T) = —% (FT — erTﬁ) ,

where the form of the Dynkin operator, Dl is given by the chosen dynamics of the in-

dex, S;. Standard verification theorems ensure that a smooth solution to the Hamilton-

Jacobi-Bellman equation yield the value function and the optimal leverage.

Now we give the solution of the problem by solving the Hamilton-Jacobi-Bellman
equation under the different assumptions on the dynamics of the index in order to

make a comparison.

2.2.1 Solution when the Risky Index Follows a Geometric Brownian Mo-

tion

We start with the simplest selection of index dynamics. Let us assume that the index,

S; follows the Markov stochastic differential equation
dSt = St (Hdt + O'thS) s (228)

where W# is the one-dimensional standard Brownian motion, p is the constant drift
parameter and o is the constant volatility. Under this geometric Brownian motion
assumption the index is more suitable to describe stock indexes rather than credit
indexes and actually we can only capture the normal changes in the index. Large
changes caused from defaults in the index and rearrangement movements are not well
represented. However, because of its simplicity it provides exact solutions for most of
the problems. Moreover, since it makes the market complete, the verification of the

solution can easily be given.

Inserting (2.28) into (2.23) we obtain

v, = [stt — Fre " (r +v)| dt + LoS, dWE, Vo = . (2.29)
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Then, the corresponding Dynkin operator, Dt (for our problem it is equal to the

Hamilton-Jacobi-Bellman equation) is of the form

SupZEL(ﬂ) ’Dgﬁb(:lj, 87 t) - %7? + SupZeL(E)) {(ﬁi (Zﬂ/s — FTef’f‘t(,r, + I/))
0w l20%5 + Gupus + S0,,0%57 + olo?s? ), (2:30)
= 0.

Standard verification theorems [30] ensure that a smooth solution to (2.27) indeed
coincides with the value function. Note that v = v; and s = S; are the state variables,
and ¢ = Zt is considered to be the control variable at time ¢. In (2.27), ¢3, ¢ws, Ps,
¢ss and ¢y, denote the partial derivatives of the relevant order with respect to the

discounted wealth v and the risky index s.

Then, the first order optimality condition for (2.30) implies that we have

G—_ M o5 Pus (2.31)

o2s by i

Hence, inserting this optimality condition into the Hamilton-Jacobi-Bellman equation,

the following partial differential equation is obtained:
_ 09 2 42 5 P5s
0 = % 2755 15550
—FPre " (r +v)dy — %SQUQﬁ; + usgs + 3025 Pss.

Proposition 2.3 The closed-form solution of (2.32) with terminal condition (2.26)
s given by

¢(V;575’t7t) = ¢(‘Z7Stat)

2 (2.33)
= R -V,

2
where Fy = Fp (e*”(T*t) + H'T” (1 — e*’”(T*t))) under the assumption of constant in-

terest rate, ry = 1.

Proof. We assume the form of ¢ to be

O(Vi, Sp,t) = — = [Fy — Vi 2T D A, 5),

1
2
where A(t, s) is sufficiently smooth function. By taking partial derivatives, of ¢ above,

with respect to t, v, s, vv, ss, and vs and inserting them into (2.32), we find the partial
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differential equation

= 87 — *0'2821458 + 0—282Z8 + //LSAS + %Ay (234)
g

0
a2

which the function A(¢, s) should satisfy together with the terminal condition A(T, s) =

2
1. Let A= 6%7-9(; -y Where 7 =T — ¢, and z = In(s) + (1 + 302)7. Then, we obtain

the partial derivatives of A with respect to g as follows:

2 o , o : B
% = [_%g(;z) + ( 9((977'_2) + gg;Z) (/“L + %02)) 92(£,z)} 6‘7277
2
i 9 ( ) ) 1 1 LT
A, = _%EW‘”Q 7 2 (2.35)
_ o1g (99’ 1 Pgra) | dgra)y 1
Ass = ?[2 ( 0z ) g(t,2) 922 + 0z }gQ(T,z)eUQT‘

Putting (2.35) into (2.34) we observe a partial differential equation for g(7,z) of the

following form
0g(rz) _  _1,20%9(r:2)
or - 2 0z2 ’ (236)
9(0,2) = 1

The problem given in (2.36) is heat equation and since the final condition is indepen-

dent of the s—variable the solution is simply found as equal to g(7,z) = 1. Then,
A(t, s) is of the form

2

A(t,s) = ez, (2.37)

which completes the proof. |
Proposition 2.3 shows us that the solution does not depend on s-variable. Therefore,
we can conclude that for geometric type index processes the same solution can be
reached by simply assuming ¢; = ¢;/S; and removing partial derivatives with respect

to s-variable from the Hamilton-Jacobi-Bellman equation.

Moreover, using Equation (2.31), Proposition 2.3 has an immediate corollary.

Corollary 2.1 The corresponding optimal leverage is

« M *
t; = 5,02 [Fi = V] (2.38)
Corollary 2.1 states that the optimal leverage preserves the classical form of leverage
factor given in (1.5). This is actually an interesting result. With this form of the
optimal leverage we may say that the constant leverage factor used by investors is a

natural selection when the index follows a geometric Brownian motion and when we

choose an £2— utility criterion. We state this result in the following corollary.
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Corollary 2.2 The optimal leverage strategy £} is of the form given in (1.5) with

m* = . (2.39)

Remark 2.1 Comparing the often proposed form of the leverage strategy given in (1.5)
with our optimal strategy as described in (2.38), we realize that the standard form
uses the present value of the asset price as denominator. This, however, is only a
formal difference as in an arbitrage free market, the price of an asset and its present
value have to coincide. Further, as we will demonstrate below, the wealth process
corresponding to our leverage strategy never exceeds the present value of the future
payments. Therefore, our strategy is always non-negative and thus coincides with its

positive part.

To continue with our considerations, we first derive the stochastic differential equation
for the wealth process and then calculate its first and second moment, together with

the expected shortfall.

Proposition 2.4 Letm* = % be the multiplier in the leverage strategy ¢y . Let further
F; denote the present value at time t of the future obligations of constant proportion

debt obligation. Then we have:

2.43

Vi = Fi+ (vo— Fp) e("*m*/‘*%(m*)%?)t*m*gwf7 (2.40)
E(V7) = Fi+(vg— Fp)el ™", (2.41)
Var (V) = (v — Fy)? 20t (em'et ) (2.42)
(2.43)

E(Vi—FplF) = (Vi —F)er—mmT=,

Proof. Differential equations for V; and F; stated in (2.20) directly lead to
(Vi = F) = (V' = F) ((r — m*p) dt — m*odW) (2.44)

which implies

‘/t* —F = (UO - FO) e(r—m*u—%(m*)202)t—m*0WtS‘ (245)

From this and the well-known properties of geometric Brownian motion all the asser-

tions of the proposition follow. [ |
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Remark 2.2 1. Note first that for a similar leverage strategy, but with an arbitrary
constant multiplier m, we obtain exactly the same results as in Proposition 2.4. In
particular, we obtain the limiting behaviour for the first two moments of the corre-

sponding wealth process as

lin B(V) = i, (2.40
ligl Var (V;) = oc. (2.47)

Thus, Equation (2.46) yields that if m is big enough then the leverage strategy is in the
mean able to generate the necessary income needed for the obligations. However, the
variance will then tends to oo according to (2.47) which, on one hand, demonstrates
the enormous risk of such a big leverage, and, on the other hand, illustrates how
our L2-criterion balances between risk (ewpressed in terms of variance) and return
(expressed in the mean shortfall).
2. Another effect of our results derived so far is that for a given upper bound for the
expected shortfall of

v = (vo — Fp) e(r_m*“)T, (2.48)

the leverage strategy 0 is also mean-variance efficient.

An Application

In the sequel, we illustrate the behaviour of some characteristic features corresponding
to our hedging activities of constant proportion debt obligation via some numerical
examples. They will include dependence of the optimal strategy to the volatility of
the risky index, dependence of the leverage to the volatility, and the dependence of
the expected wealth to the leverage leverage multiplier m. In the analysis, we assume

the following set of parameters:
pw=10.06, r=0.05, T'=10, v = 0.025, Fpr =1, (2.49)

and let o takes on the different values, such as o = 0.025, 0.05, and 0.25. We first look
at the evolution of the expected wealth E (V}*) of the optimal hedging strategy over

time as given by Proposition 2.4 for the three different values of o.

As illustrated in Figure 2.1, using the fact that for a (very) small volatility a high

leverage of m* = 96 can be used to make gains with a high probability, the expected
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wealth increases very fast and ends up with approximately 1. Thus, there is nearly no
shortfall in the end (note that we have shown that the wealth process never exceeds
1 at maturity!). A similar behaviour can be seen for the choice of o = 0.05. On the
other hand, for the high volatility ¢ = 0.25, it seems to be clear from the beginning
that the final wealth does not get very close to 1. Even more, the expected wealth
never gets above 1. This is in particular due to the fact that the optimal multiplier
m™ in this case takes the value of m* = 0.96 which simply is not enough to generate

the required surplus of v = 0.025 for our set of parameters. A higher m* would be

considered as too risky under our £2-criterion.

1.25

0=0.025
1.2} - —0=0.05

0.95 T ~a

091 T

0.85 : : : :
0

Figure 2.1: Optimal Wealth over Time for different o

Moreover, in Figure 2.2 this effect is emphasized by the expected amount of money
optimally invested in the risky asset over time for the different volatilities. For small
volatilities the investment of a lot of money in the risky asset at the beginning of the
investment period pays out quickly. The money needed to satisfy all future obligations
can be collected quite fast and the risky positions are (nearly) closed after short time
passes. However, for ¢ = 0.25, the risky position has to be held until maturity as —

due to the small number m* — not enough surplus can be generated.

Finally, Figures 2.3 and 2.4 demonstrate the evolution of the wealth and the amount of

money in the stock (the leverage) corresponding to constant proportion debt obligation
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0=0.025
— —0=0.05
— — —0=0.25

15f

0 2 4 6 8 10

Figure 2.2: Optimal Amount of Money in the Risky Asset over Time for different o

hedging strategy for different values of m and the optimal m* = /o2 for o = 0.025.
Again, we note the importance of selecting an appropriate value m to satisfy the
obligations. Note that we computed the expectations without taking the positive part
in the definition of the leverage strategy. For the non-optimal m values the wealth
can exceed the capital needed to satisfy all future obligations. Note further that only

a sufficiently big multiplier m can ensure that the (mean) final payment is close to 1.

Compared to Figure 2.3, the situation changes completely when the volatility is in-
creased to ¢ = 0.2 as is done in Figure 2.5. In this case, the optimal multiplier
m* = 1.5 is not big enough to generate the necessary surplus to ensure that the final
payment of 1 can be delivered, at least in the mean. To ensure the latter, one has
to use a multiplier of at least m = 10 which bears a far too high risk in terms of the

L2-criterion.
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Figure 2.3: Optimal Wealth over Time for different m
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Figure 2.4: Optimal Amount of Money in the Risky Asset over Time for different m
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Figure 2.5: Optimal Wealth over Time for different m (o = 0.2)
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2.2.2 Solution when the Risky Index Follows a Vasicek Type Stochastic
Differential Equation

The study mentioned above assumes that the risky credit swap index follows a geo-
metric Brownian motion. However, the index is a portfolio of swap rates which are
actually interest rates and so it may be more suitable to use one of the popular inter-
est rate models to explain the dynamics of the credit swap index. For these reasons,
in this section, we find a solution to the minimum mean-square distance problem in
which the index follows

dS; = [p — KS¢] dt + odW}, (2.50)

with W* a one-dimensional standard Brownian motion, p and x are non-negative

constants and o is the constant volatility parameter of the index.

With this index dynamics, the discounted wealth equation of the constant proportion

debt obligation is given by
dv, = |:Zt (n— KSy) — Fre " (r + l/)} dt + LiodWE, Vo =w. (2.51)

By the dynamic programming principle of optimality we derive the Hamilton-Jacobi-

Bellman (HJB) equation for the problem (2.24) as

SUDGe 1) Dlo(v,s,t) = % + SUPG 1 {¢5 [Z(u — ks) — Fre " (r + y)}
F105l202 + ¢ (1 — KS) + 2dss0? + %51702}, (2.52)
= 0,
where 17} =, S; = s are the state variables and Zt = 7 is the control variable at time

t.

When formally solving the optimization problem in (2.52), the first order optimality
conditions imply that a candidate for the optimal leverage is given by

jo_ _H—hs o5 s

t — — 2 - .

o° bw  bw

Inserting (2.53) into the Hamilton-Jacobi-Bellman equation (2.52), and dropping the

(2.53)

supremum operator, we obtain that the value function should satisfy the partial dif-
ferential equation given as follows:

9 —rs)? ¢3 5 Pus
0 = 5 — U gm — (u—ns) G

2
—Fre " (r + )¢y — L0225 4 (1 — ks) ¢y + 202ss.

oo

v

(2.54)

27



Proposition 2.5 The closed-form solution of problem (2.54) with terminal condition

(2.26) is as follows:

(Vi S, t) = ¢(V, Sy, t) = —% [F, — V2 e T=D AL, Sy), (2.55)
where
A(t,St) = +/cos (k(T —t)) —sin (k(T — t2)) (2.56)
x exp {—%(v(t) — DUl 4 k(T - 1))
and
~y(t) = ! + tan(k(T —t)), (2.57)

cos? (k(T —t)) — cos (k(T —t)) sin (k(T — t))
provided that 0 < k(T —t) <

SR

Proof. The form of ¢ in (2.55) includes both an explicit part and an unknown function
A(t,S;). By taking the partial derivatives of ¢ in (2.55) with respect to ¢, w, s, ww,
ss, and ws and inserting them into (2.54) we reach the partial differential equation

for function A(t, Sy),

0A 1 , o A2 (n — ks)?
a2 Age — 02255 _ (1 — gs) Ay — LTI 4 2.
0= 5 + ot o (u— Ks) = (2.58)

satisfying the terminal condition A(7,s) = 1.

To reduce this partial differential equation we define

T= T —t,

S

(2.59)

and we assume that A(t,S;) is of the form

A(t,s) = —9(7_17 3 exp {—% (,u - %)} . (2.60)

By taking the partial derivatives of (2.60) we obtain the corresponding derivatives for

function g(, z) as follows:

o D o5 (1)),

ot or (
= (M ) ) e

1 (0g(1,2) S _69(7,2)2\@ s
Ass = ( 4( ) ol (b — ks)

o2 0z T, 2) 0z o
(1 — rs)? 0?g(, 2) 1 s KS
—9(7.2) < o2 T 2 022 g2(T, 2) P {_ﬁ (’u B ?>} '
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Then putting the derivatives given in (2.61) and the definitions of variables in (2.59)
into (2.58) we find

T, % 2 T, 2 K
89((97’ ) _9 %(22’ ) +3 (1/2k2* — 1) g(7, 2) (2.62)

with the initial condition

g(0,2) = —exp {i <m? - ji) } . (2.63)

Moreover, referring to [45], we introduce

7 =dtan(k7),
i (2.64)
2= cos(kT)”?

and assign

_ 1 )
g(7,2) = h(F, 7)o exp{ (22/2 tan (r7) — T)} (2.65)
|cos (KT)] 2

for the form of g(7, z) where

h(0,2) = ¢(0, z). (2.66)

Henceforth, by plugging the derivatives of (2.65) into (2.62) and replacing 7 and z

with 7 and Zz, respectively; we finally obtain the standard heat problem that has to
be satisfied by h(T,2):

Oh(7z) _ 82h(Tf)

o7 T )

h(0,2) = —exp{1/4( i)}

Then, we obtain the solution of (2.67) as

h(?,%):—llfﬁexp{ 1/2( s - MEQ)} (2.68)

2K KT 2

(2.67)

where 0 < tan(k7) < 1 is assigned to provide a finite solution and refers to the
condition given in proposition. Finally, putting (2.68) into (2.65) and inserting the
form of g(,z) into A(t, s) complete the proof. [ |

Corollary 2.3 The corresponding optimal leverage is

=205 gy (2.69)
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Proof. We obtain the form of £* from /* given in (2.53) as follows:

H— RS éﬁv B %vs
o? o (o8

Hence, inserting ¢, ¢ps and ¢, into (2.70) completes the proof. |

0 =— (2.70)

Remark 2.3 Here are some remarks:

1. Similarly, as in Section 2.2.1, comparing the positive part of the often proposed
form of the leverage strategy given in (1.5) and the optimal strategy for the geo-
metric Brownian case given in (2.38) with the optimal strategy obtained for the
Vasicek case stated in (2.69), we observe that the constant multiplier assump-
tion fails to explain all the movements of the leverage for the Vasicek case. In
other words, the optimal multiplier for the Vasicek case indeed is a function of
the observed index value and time. Then, we define the optimal multiplier as

follows:
St (,U, — /iSt)

m*(t,Sy) = () 5 . (2.71)

g

2. For the Vasicek case we cannot mention the non-negativity of the strategy because

it includes the stochastic variable S;.

An Application

In this section, to figure out the behaviour of constant proportion debt obligations
when the index satisfies the Vasicek type stochastic differential equation, we carry out
a similar numerical analysis as in Section 2.2.1. In the analysis below, we use the set

of parameters assigned to be
©w=0.08, k=0.02, r=0.05, T=10, v =0.025, Fpr =1, (2.72)

which are convenient with the parameters specified for geometric Brownian case and
we assume the same values for ¢ = 0.025,0.05, and 0.25. Within this application we

use the optimal m* as in (2.71) without any positivity constraints.

Figure 2.6 demonstrates the optimal expected wealth over time for different levels

of 0. With this analysis we try to estimate the effect of volatility of the index to
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the optimal wealth. In the figure we see that for small and medium volatilities like
o = 0.025,0.05 hedging works perfect and at maturity there is no shortfall. In fact,
by using the optimal m* at maturity constant proportion debt obligation generates
the obligated amount Fr. However, for high volatility, o = 0.25 the shortfall exists at

maturity but it is not so big.

1.25
0=0.025
- —0=0.05
1.2} - — —0=0.25

1.15

t

11f

E(V)

1.05}

0.95 . . . .
0

Figure 2.6: Optimal Wealth over Time for different o

Moreover, in Figure 2.7 we see the effect of volatility to the optimal expected amount
of money which is invested in the index. For ¢ = 0.025,0.05 large amounts of money
invested in the index at the beginning of the investment period. However, with this
strategy the amount of money needed for paying obligation is earned quickly and
position is closed without putting any positivity constraint on optimal leverage. In
addition, for ¢ = 0.25 amount of money invested to the index is nearly 0 due to the

high risk exposed.

In Figures 2.8 and 2.9, we look at the effect of optimal and arbitrary selections of m*
on the expected optimal wealth and the optimal amount of money in the index over
time. We take o = 0.025. As seen in Figures 2.8 and 2.9, optimal selection of m* has
a purpose of paying obligations only. It preserves the issuer from unnecessary risks

taken to obtain large amounts of money.
On the other hand, in Figure 2.10, for ¢ = 0.2 the optimal multiplier m* is not enough
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Figure 2.7: Optimal Amount of Money in the Risky Asset over Time for different o

for satifying necessary surplus. However, the necessary surplus can be generated by

selecting a multiplier at least m = 10, which seems too risky for our £2-criterion.

32



1.25

—m
- — m=10

1.2

1.15

11f

t

E(V)

1.05

0.95

0.9 . . . .
0

Figure 2.8: Optimal Wealth over Time for different m
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Figure 2.9: Optimal Amount of Money in the Risky Asset over Time for different m
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Figure 2.10: Optimal Wealth over Time for different m (o = 0.2)
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2.2.3 Solution when the Risky Index Follows a Geometric Jump Diffusion

Process

In this part of the study we assume that the index follows
dS; = pSedt + oS dWi + Q(J)S;—-dNy,  So = s, (2.73)

where p and o are drift and volatility parameters, W* is a one-dimensional Brownian
motion, IV is a one-dimensional Poisson process with constant intensity A\ and .J is a

random jump size with probability density function §(.J).

In the previous sections the processes assumed for the index changes had problems
in explaining all the movements of the index. They could only explain normal index
movements. The selection of the jump process provides to capture the jumps caused
from defaults of credit default swaps included in the index and the adaptation of the

index value in the rearrangement periods.

Inserting (2.73) into (1.1), we obtain
d‘/;g == [EtHSt - FT(T‘ + V)] dt + EtO'Stths + +€Q(<])St7dNt, Vb = . (274)

Here, the index follows a geometric type stochastic differential equation. Therefore,
according to results stated in Section 2.2.1 for the geometric type processes we redefine
the leverage factor at time ¢ as ¢4 = ¢;/S;. Then, by applying the Ito formula for jump
processes to 17,; = ¢ "V, and using the new definition of ¢ in its place we obtain the

stochastic differential equation for V; as
AV, = |G — Fre "™ (r + u)} dt + GodWi +0Q(J)dN;, Vo = v. (2.75)
The Hamilton-Jacobi-Bellman equation is as follows:

SUP7e 1(v) Dio(3, t) = % + Supze ;o {% [ZM — Fre~"(r + y)}
+16550%0% + AE [aﬁ (5+ Q(J), t) — 6 (@, t)} . (2.76)
= 0’

where ‘7} =, S; = s are the state variables and Zg = [ is the control variable at time

t.
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Proposition 2.6 The closed-form solution of problem (2.54) with terminal condition
(2.26) is

_ B iy

(Vi Si,t) = ¢(Vi, Spyt) = —= [Fy — Vi)2 T D oZomes Y, (2.77)

1
2

Proof. As in previous solutions we assume the form of ¢ as follows:

3V S1st) = —5 BALVDA() (278)

where A(t) is an unknown smooth function and

B(t,V;) = [Fy — V] "D, (2.79)

By taking the partial derivatives, of ¢, with respect to the ¢, v, vv and inserting them

into (2.76) we find that it holds:

0 =-1B%(tv)A'(t) — LA{t)e > TR (0 + AE(J?)) (250)
FB(t,0) AT (1 + AE(T)) . '
Applying the first order optimality condition to (2.80) we obtain
~ AE(J
7= Bt v)e—T HFAED) (2.81)

o2 + AE(J2)
Putting (2.81) into (2.80) the first order ordinary differential equation for A(t) is found

to be
(1 + AE(J))2
o2 + \E(J?)

with the terminal condition A(T") = 1. The solution of (2.82) is simply given as follows

Alt) = A(t), (2.82)

B2

A(t) = e THB0 (2.83)
Hence, inserting (2.83) into (2.78) completes the proof. [
Proposition 2.6 and the use of (2.81) yield the following corollary.
Corollary 2.4 The corresponding optimal leverage is
« 1 p+AEWJ
= L)y (2.84)

t 75,02+ \E(J2)

As stated in Section 2.2.1 the geometric type diffusion processes satisfies the proposed
form of leverage strategy given in (1.5). For this problem, with Corollary 2.4 the

optimal multiplier is written in the following corollary.
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Corollary 2.5 The optimal leverage strategy {; is of the form given in (2.84) with

. B AE()
= 2.85
T G EE() (285)
Here, we can not say anything about the non-negativity of the strategy because of the

jump movements.

pAAE(J)

Proposition 2.7 Let m* = TR

be the multiplier in the leverage strategy (5.
Let further Fy denotes the present value at time t of the future obligations of constant

proportion debt obligation. Then, we have

P A S R e T
Nt
X H (1 - mQZ(‘])) )
i=1
E(V)) = Fi+ (vg— Fp) el umm ABQuINE (2.87)
Var (V) = (v — Fp)? 20 AR@Qu)) (2.88)

% (e(m*)Q(JQJ,_)\]E(Q%(J)))t . 1) ,
E(Vi—FrlF) = (V;— F)elr=m wom ARQUINT=1), (2.89)
Proof. Differential equations for V; and F} stated in (2.20) directly lead to
AV —F) = (V" = Fy) - ((r—m*p) dt — m*cdW; —m*Q(J)dNy) . (2.90)

This implies that

V;* - Ft — (UO - FO) 6(r—m*u—%(m*)QUQ)t—m*JWtS
Ny (2.91)
< [T —mQi())).
i=1
Consequently, for all the assertions of the proposition we refer to [28]. [ |

An Application

To illustrate the effects that the jump risk adds to constant proportion debt obligations
we make a similar analysis as in Sections 2.2.1 and 2.2.2. From the estimation theory

of geometric Brownian motion and geometric jump diffusion we know that since the
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expectation and the variance of the data set are preserved the jump part affects the
estimators of u and o. Therefore, to see the effect of jump part over the geometric
Brownian motion and to make a visual comparision of the model we firstly assume
the additional parameters included in the jump diffusion process given in (2.73) as

follows:

A=017,  6(Q) = N(a, %) = N(-0.006,0.0025). (2.92)

Here, « is the mean and  is the standard deviation of the normal distribution. Then,
to preserve the expectation and the variance of the S; we obtain the drift and the

volatility parameters for the jump diffusion process as stated subsequently:
©=0.06102, ¢ = 0.0139, 0.0455, and 0.2491. (2.93)

Other parameters are as in the geometric Brownian case.

Figure 2.11 presents the optimal wealth over time for three levels of o. Accordingly,
Figures 2.11 and 2.12 depict the same levels of volatility risks. The amount of money
invested in the index shown in Figure 2.12 is also the same with that of geometric
Brownian case. This shows us that the optimal leverage approach preserves the wealth
of constant proportion debt obligation for a given index data by adapting m to the

risks included in the underlying index.
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Figure 2.11: Optimal Wealth over Time for different o
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Figure 2.12: Optimal Amount of Money in the Risky Asset over Time for different o

Then, for Figures 2.13 and 2.14 we assume pu = 0.06 and ¢ = 0.025, for which the
optimal value of m™* is calculated as 56. This is relatively smaller than that of the

geometric Brownian case.

According to Figures 2.13 and 2.14 we can conclude that under our £2-criterion ad-
dition of new risks make the model more conservative with the selection of optimal
m. With this strategy there is no shortfall for constant proportion debt obligations at
maturity. However, for any arbitrary small selection of m we may still fall in trouble

in fulfilling the obligations.

Figure 2.15 demonstrates a similar analysis for higher value of o: ¢ = 0.15. At this
volatility level, with the risk caused by the jumps, our model would not show high
risk; however, it limits the optimal value to m* = 2.57, which is not enough to pay
all the obligations. Therefore, constant proportion debt obligation has a shortfall at

maturity.
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Figure 2.13: Optimal Wealth over Time for different m
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Figure 2.14: Optimal Amount of Money in the Risky Asset over Time for different m
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CHAPTER 3

PRICING OF CONSTANT PROPORTION DEBT
OBLIGATIONS USING LAPLACE TRANSFORM
TECHNIQUES

In Chapter 2, we considered the selection of the optimal leverage factor for constant
proportion debt obligations. However, the fair price of the constant proportion debt
obligations is not mentioned. Also, the early default possibility has not been included
in the model. In this chapter, by considering early default with a particular leverage
strategy given in (1.5) we classify constant proportion debt obligations as a double
barrier option with rebate. For this purpose, we define two stopping times, one for
the early default 740y and one for the closing the strategy 7, for constant proportion

debt obligations, as

Tdef = inf {t € (O,T) ’ ‘/t < Bt}, (31)

T = inf {t € (0,T) | Vi > F}, (32)

where f; is either a predetermined constant or a variable default barrier. In other

words:

(i) If t > 74y, then constant proportion debt obligation defaults in both coupon

payments and final payment.

(ii) If t > 74, then the issuers has enough money to pay all the obligations. There-

fore, 5 = 0 for all s > ¢ and the equation of wealth process turns to be
dVs = rVidt — Fp(r +v)ds, s > t. (3.3)
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In order to obtain the pricing equation for constant proportion debt obligation we
consider two final conditions. The first condition is the final payment, written as
Fr — max {Fp — Vp,0}. Note that with this condition we take into account that the
final payment is guaranteed only when Vi > Fp. The second condition is the coupons
distributed by constant proportion debt obligations if early default does not occur
until maturity. This costs a total amount of FTHT” (1 — e_T(T_t)) units of money
at time ¢. Accordingly, we write the pricing equation for constant proportion debt

obligation as follows: whenever 74,y > T', we have

o(v,t) = FT’"JFT” (1 — e_T(T_t)) + FTe_T(T_t)

(3.4)
—E@ (max {Fpr —Vp,0} e*T(T*t)\}}) ,

together with the final (terminal) and the boundary conditions, respectively, defined

to be

v, 1) = Fpr—max{Fr—v,0},
o(v,T) T {Fr } (3.5)
o, Tqef) = K,

where K is either a constant or a variable rebate.

Remark 3.1 Since the consequence of hitting Ts coincides with the pricing equation

given in (3.4) we do not need to define any boundary condition for it.

Thus, to solve the problem we should investigate the first passage time distribution

of hitting the default barrier,

Prus <0 = P{ inf Vi < ). (3.6)

0<s<t

and the joint distribution of the first passage time and the terminal value
IPj{Tdef < t, ‘/t > CL}, (37)
where a is a realization of the random variable V;.

In cases without jumps, processes are commonly selected as geometric Brownian mo-
tions. Hence, the distributions given in (3.6) and (3.7) are easily obtained by us-
ing both the Girsanov Theorem and the reflection principle or, by applying Laplace
transform technique. However, when processes include jumps, the first passage time

distributions are not easily determined. Because a jump process will either hit at the
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Figure 3.1: Overshoot Problem

boundary or will cross over the default barrier. The latter is generally refered to as

“overshoot” the barrier [36], which is illustrated in Figure 3.1.

Overshoot is not a trivial problem to tackle with in order to derive the first passage
time distribution. From the stochastic renewal theory it is known that the exact
distribution of the overshoot is obtained only when jump sizes follow an exponential

type distribution [35].

Remark 3.2 The renewal theory is a class of the probability theory which mainly deals
with the counting processes. In renewal theory it is assumed that the inter-arrival times

are independently identically distributed with an arbitrary distribution.

In this chapter we mainly focus on solutions of the pricing equation stated in (3.4):
We consider the case for ordinary geometric Brownian motion and the jump diffusion

processes with double exponential jump sizes.

Literature on the use of double exponential jump distribution in option pricing is given
in Section 3.1, in which the contribution of double exponential jump distribution to
the models is also explained and compared to other models in literature. Further, in

Section 3.2 we briefly summarize the Rational Expectation settings that the double
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exponential jump distribution satisfies. The construction of the model for the problem
is outlined in Section 3.3. Furthermore, solutions to the pricing problems in the cases
of geometric Brownian and geometric jump diffusion model with double exponential

jump sizes are given in Sections 3.4 and 3.5, respectively.

3.1 Literature and Contributions to Double Exponential Distribu-

tion on Option Pricing

With the seminal work of Merton on option pricing [40] jump diffusion processes
entered the literature on the theory of derivative pricing. Moreover, because of the
limitations of geometric Brownian motion and, hence, the Black and Scholes option

pricing model [11], jump diffusion processes found great acceptance.

There are enormous amount of studies on the generalization of jump diffusion pro-
cesses. According to the literature these generalizations may either be made by simply
specifying drift and diffusion parameters of the jump diffusion processes or be made
by assuming a different distribution of jump sizes. For example, Andersen and An-
dreasen [7] is one of the researches that investigated the jump processes. In their study,
they formulated a forward Partial Integro-Differential Equation (PIDE) for European
call option prices and performed a numeric study. Duffie, Pan, and Singleton defined
processes in which all parts (drift, volatility, and jump) show affine dependence on
the state variable [21]; such a model is refered to as a affine jump diffusion model.
Furthermore, they derived a closed form formula for a general transform of affine
jump diffusion processes, and they provided examples to validate their methodology

for applications in option pricing.

Double exponential jump diffusion processes were used in option pricing by Kou [35]
in 2002 for the first time. Therein an analytical pricing formulae for European options
on assets as well as futures contracts were given. Main studies on option pricing with
double exponential then followed: Sepp [51] applied the double exponential jump
diffusions to the path dependent options like double barrier options and double touch
options. The closed form pricing formulae for such derivatives in Laplace domain

were also presented. Kou and Wang [37] in 2004 gave an approximation formula
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for pricing American options in the case of double exponential jump processes, and
they derived analytical pricing formulae for lookback, barrier and perpetual American
options. Meanwhile, Cont and Tankov calibrated option prices for various exponential
Lévy models including double exponential jump processes by using a non-parametric
method [16]. In 2009, Cai, Chen and Wan [13] worked on a more complex version of
the double exponential distribution. In their paper, hyper exponential distribution,
which is indeed a mixture of more than two exponential distributions, was used to

provide an analytical pricing equation for the double barrier options.

In short, double exponential distribution is a special form of both affine jump diffu-
sions and Lévy processes. Due to its desirable properties listed below, it has gained

popularity in recent years [18,34,37]:

Leptokurtic property with two sided jumps. Distribution of double exponen-
tial jump diffusion process shows heavier tails and a higher peak than normal
distribution. It is also more skewed. With these properties double exponential
jump processes are more effective on capturing the movements on stock and

index returns in the market.

Volatility smile. Emprical studies indicate that implied volatility curves of the op-
tions show convex nature, which is generally called a volatility smile. Double

exponential jump size processes also enjoy from this feature.

Memoryless property. This is an important feature of the exponential distribu-
tion. In fact, beside its memoryless property, double exponential jump diffusion
processes provide analytical solutions not only for simple European options but

also for more complex, exotic and path dependent options.

3.1.1 Contributions of Double Exponential Jumps to the Models

Referring once again to [34-37], in this section, evaluation of the models with double
exponential jump diffusion processes are discussed. Mainly, the contributions of double
exponential jump diffusion processes to the underlying models are summed in the

following groups.
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Self Consistency. In financial modelling, an arbitrage-free model that satisfies the
equilibrium settings is called self-consistent. Consequently, such a self-consistent equi-
librium modelling allows closed form pricing formulae of derivatives easily. Moreover,
an economy in presence of arbitrage causes infinite demand and supply for securities

which is inconsistent with both preferences of individuals and equilibrium setting [47].

Double exponential jump diffusion process satisfies the rational expectation equilib-
rium setting (which will be explained in Section 3.2), and it does not allow arbitrage

opportunities. Therefore, it is self-consistent [35].

Empirical Efficiency. In modelling another important thing is that the constructed
models should represent and reflect the real world conditions to a certain extent. For
example, most of the option pricing models assume a constant volatility scheme for
options, however, the real world applications and observations prove that options show
volatility smiles. Therefore, models with constant volatility are not considered empir-
ically efficient in option pricing. Similarly, normality is the fundamental assumption
for the models used in pricing. However, beside the considerable advantages, building
models on normality assumption does not capture all movements of the real world.
Having the leptokurtic property with two-sided jumps and satisfying volatility smile
feature, double exponential jump diffusion is empirically efficient in modelling of op-

tions.

Simplicity. Simplicity of the calculations is as important as the efficiency. Consider
a model that explains all emprical indicators of the real world but it is too complex
to attain a closed form solution. The use of such a model in practice is not considered
appropriate. However, double exponential jump diffusion model ensures closed form
solutions not only for plain European options but also for more complex, exotic and

path dependent ones.

Interpretability. This property with empirical efficiency provides models to inter-
pret economic movements. Empirical indicators show that the market components like
stocks and indexes are affected from over- and under-reactions subject to the economic

news [35]. Most models do not cover such reactions of the market. According to em-
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pirical researches such reactions are observed with a large temporary motion. Double
exponential jump diffusion model with leptokurtic property has a good advantage of

interpreting such an economy.

3.1.2 Superiority of Double Exponential Jump Diffusion Model

In this section a comparison of the double exponential jump diffusion model with other
well known models is made. Table 3.1 demonstrates and compares the most widely

used models of option pricing in terms of their fundamental properties.

Table 3.1: Model Comparison

Analytical Solutions

European Options | Path-Dependent Options | Leptokurtosis | Volatility Smile
GBM-BS X X - -
CEV X X - -
N-JD X - X X
DE-JD X X X X

We briefly describe the deficiencies and advantageous of the models introduced in

Table 3.1 in the sequel.

Geometric Brownian Motion and Black-Scholes Model (GBM-BS). Geo-
metric Brownian motion and the famous model of Black and Scholes [11] have found
great acceptance in literature: Geometric Brownian motion allows analytical solutions

for both basic European and complex options. Furthermore, the model is too simple

to apply.

Black-Scholes model depends basically on normality assumption which does not hold
for options in general. Options show leptokurtosis which generates biases in pric-
ing and generate an implied volatility curve. However, in the Black-Scholes setting,
the implied volatility is assumed to be constant, and hence the associated normal

distribution does not show a leptokurtic behaviour.

The Constant Elasticity of Variance Model (CEV). The CEV model was

first introduced by Cox [17] in 1975. This model is a generalized version of the model
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that uses a geometric Brownian motion. In this setting volatility changes with stock
prices. Under the assumptions of the model, stock price process satisfies a stochastic

differential equation of the form
dS, = pSdt + oS AW, (3.8)
where 8 > 0 is a constant parameter.

For the CEV model analytical solutions for European and path dependent options are
available like the ones in the Black-Scholes setting. However, tails under the CEV
model show differences according to the parameter, 5. If 3 < 1, the left tail of the
return distribution is heavier and the right tail is thinner than those in the normal
distribution. If 8 > 1, tails present totally opposite behavior with thinner left tail and
heavier right tail [46]. Moreover, the CEV model assumes an implied volatility, as a

monotone function of the strike price; but this cannot capture the volatility smile [35].

Normal Jump Diffusion Model (N-JD). Normal jump diffusion model satisfies
leptokuticity and has the implied volatility curve feature for options. However, closed

form solutions cannot be found for path dependent options by using this model.

Due to the features described for each model above, the double exponential jump
diffusion model is superior to other most widely used models in the literature of the
path-dependent options. This is the reason why we select the geometric jump diffusion

process with double exponential jump sizes.

3.2 Rational Expectations Equilibrium Setting

A rational expectation theory is introduced by Muth in 1960s [42]. Then, the idea is
mathematically supported and developed by Lucas in 1978 [39]. The Lucas’s theory
depends on the idea that if expectations of investors in an economy is rational then
the goverment effect cannot change the performance of the economy on average. In
other words, an economy can only have one equilibrium and so the future state of the

economy is equivalent to the investors’ expectations about the equilibrium [3-5,48].
Let U(x,t) be the utility function of an investor which represents all the investors in
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the economy. Then, in a rational expectations economy the investor has an objective
to maximize his/her utility gained from consumptions [35]. In other words, the utility

maximization problem of the investor is defined as follows

maximise < /0 T U(el), t)dt) , (3.9)

where ¢(t) is the consumption process.

In such an economy, it is also assumed that there is an endowment process 6(¢) and
the investors have an opportunity to invest in a security p(t) which does not distribute
dividends. Then, if §(¢) is Markovian, the equilibrium price of the security p(t) in the

rational expectations economy is given by the Euler equation,

E (Uc(0(T), T)p(T) | F2)
Ue(0(t), t) ’

p(t) = VT € [t, To), (3.10)

where U, is the partial derivative of utility function U with respect to ¢ and Tp is a

finite liquidation date [35].

In a rational expectations economy with an equivalent martingale measure (), the
stock price is transformed to a form in which the drift parameter is equal to r, and
other parameters are suitably adapted to the new measure and the pricing equation
is calculated by using the transformed stock price [31]. In order to illustrate this,

suppose that the stock price follows
dSy = pSydt + 0 S dWy + (e/ —1) Si-dNy, Sy = s, (3.11)

where W; is a one-dimensional standard Brownian motion, NV; is a Poisson process
with rate A and J is a random jump size with density

. 1 _4 1 4
fJ(j) =q a e M ]Ijzo + q2 % en2 ]Ij<0, 1>nm >0, n>0, (3.12)

where q1, @2 > 0, ¢1 + g2 = 1. Moreover, Wy, Ny, J are assumed to be independent

processes.

Let us define Hyperbolic Absolute Risk Aversion (HARA) type utility functions as

follows:

Ulz) = 1;” (1‘1_””7 + b)v, (3.13)

satisfying % + b > 0 where a, b and v are constant parameters. Then, referring

to [37] we can write (3.11) under the rational expectations assumptions with HARA
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type utility functions as
Sy = (r — N¢CN)Spdt + oS, dWy + (eJ* - 1) dN?, Sy = 3. (3.14)

where W}* is is a one-dimensional standard Brownian motion, NV} is a Poisson process
with intensity \* and W}, N/, J* are independent processes under (). Moreover, J*

follows a new double exponential distribution

fr(j) = a1 o e " Ij>o+ g5 e e™ <o, I1>nm >0, ny >0 (3.15)
1 p)

where ¢7, ¢5 > 0, ¢{ +¢5 = 1, and (* := E* [eﬁ] —1= 131;;{ + quf;]; — 1. This fact will

be used in Section 3.5 for the pricing problem in the double exponential jump setting.

3.3 Modelling the Problem

In continuous trading, constant proportion debt obligations under the assumption of
a geometric Brownian asset with usual leverage factor given in (1.5) may not be able
to generate additional interest without getting close to default. This is due to the fact

that the constant proportion debt obligation has the wealth equation in the form
Vi=Fi+ (v— Fo)e(“m“*%mzﬁ)t*mgwts. (3.16)

Since we know that v — Fy < 0, future obligations are guaranteed asymptotically if
and only if m grows unboundedly; and such a big selection of m may add other risks

to the investors.

As a consequence of these drawbacks we change the strategy of constant proportion
debt obligations in this chapter. Based on the approach stated in [32] to eliminate
Fr(r 4+ v)dt term in (1.1), the strategy is splited into two parts: (i) the risk free
investment for satisfying coupon payments, and (ii) the investment of the remaining
assets in a portfolio. With this splitted strategy the initial wealth v may be written
in the form

V=040, (3.17)

where v = G @(1 —e ") is the necessary amount of money to guarantee all coupon

payments, and © = v—7o is the remaining part for generating a portfolio strategy. Here,
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we assume that Fpr = G. In order to satisfy v > 0, we also assume that v = G and

—rT

e
V<?”1_67,TT.

Accordingly, the portfolio strategy satisfies the stochastic differential equation
dm = rtf/tdt + 44d Sy, % =, (318)

and the current value of the risk free investment strategy allocated for paying the

coupons is found to be

(1—e T, V=7, (3.19)

YZ:G(T—::V)

with the condition that V; = YN/t + V.

Here, all the coupons are satisfied by ‘N/t, whereas, V; is only responsible in fulfilling
final payment G. Therefore, as in the usual strategy, it is not necessary to subtract
the present value of the future obligations from the wealth. In other words, we assume
that the amount of money invested in the risky asset is only a multiple of the current

wealth over the current index value, namely, ¢; = ms%

Our only problem is then rearranging the definitions of default condition and the
pricing equation of constant proportion debt obligation according to the changes made
in the strategy. In settings of a constant proportion debt obligation, usually a small
proportion « of the present value of the future obligations is taken as a default barrier,
B = aF}. Thus, it is reasonable to take default barrier as aGe "(T=Y) . Consequently,

the default time for constant proportion debt obligation is simply written as
Tdey = inf {t €(0,17)| Vi < aGe_’"(T_t)} ) (3.20)

Since Vi = 0, and hence Vi = V7, the pricing equation given in (3.4) is still valid and

it can be re-expressed as
o(V,t) = Vs + Ge ") _EQ (max (G =V, 0} e T | ]—"t> (3.21)
for 74ey > T, where the terminal condition is given by
e(V,T) =G —max{G —V,0}. (3.22)
However, the boundary condition changes to
o(V,Taer) = Vi + R, (3.23)
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where R is a constant or a variable rebate.

It turns out that the only unknown term in pricing equation (3.21) is the conditional
expectation

o(V,t) :=E? (max {G—-Vr,0} e (T | ]:t> '

This is in fact a barrier option written on a portfolio regarded as a trading asset.
If Vo < G then option pays G — Vp amount of money, otherwise it pays nothing.

r(T=t) _ R amounts of

Moreover, if V; < aGe "= option defaults and pays Ge~
rebate. Therefore, a barrier option problem hidden in the pricing equation of constant

proportion debt obligations is defined as follows:

¢(V,1) = E(max{G—Vp,0}e @D |F),

B B - (3.24)
d‘/}/ == T‘/tdt + EtdSt, Vb == 1_),
subject to the terminal and the boundary conditions
V,T) = max{G—-V,0},
o ) { } (3.25)

OV, Taey) = Ge "T-7aes) — R,
respectively. Solving this problem yields the pricing equation for constant proportion

debt obligation when ¢(V,t) is plugged into (3.21).

The following Sections 3.4 and 3.5 deal with the solution of the problem given in (3.24)
under the assumptions of geometric Brownian and double exponential jump diffusion
processes, respectively. In calculations we refer to the work of Sepp [51] and we use

the following properties of Laplace transformation:

Lw.p) = L(f(x.t)= /0 " fet)edr,

c (D) = i) - 0) (3.26)
p(LLn0) _ 2o
dam B dam

where £ denotes the Laplace transformation.

3.4 Solution of the Hidden Barrier Pricing Problem with Geometric

Brownian Motion

Similarly as in Chapter 2, we begin with the simplest selection of index dynamics: let

the index S; follow a Markov stochastic differential equation as in (2.28). Then the
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corresponding portfolio equation can be written as
dVy = (r + mp)Vidt + moVidWy, Vo = . (3.27)
Furthermore, under the equivalent martingale measure @, dynamics of V; becomes
AV, = rVidt + mUI_/tth, Vo =7, (3.28)

where dW; = dW; + wu/odt is the Brownian motion under ). Consequently, the

discounted value of the portfolio is a martingale under Q.

The value function ¢(V,t) of such a European barrier option therefore satisfies the

partial differential equation

1 _ _ N
0= %f + §m202v2¢>‘7‘7 +rVoy —re, Vi<V <o, (3.29)

with the corresponding terminal and the boundary conditions, respectively,
o(V,T) = max{G-V,0},

_ (3.30)
d(Vyt) = Ge"T-H) _ R,

Here the left boundary Vj is defined to be V; = aGe ™" and ¢y and ¢y stand

for the partial derivatives of ¢(V,t) with respect to V.

To make the partial differential equation (3.29) a constant coefficient one we define
the change of variables, B
7

=T —¢ =In(—=). 3.31
. . 2= ( G) (3.31)
Hence, ¢(x,7) := ¢(V (x),t(7)) satisfies the partial differential equation
oo 1 - 1 _ .
0= —aib + §m202¢m + <r — 2m202> Gr — TP, Tq< T <00, (3.32)
T

where x4 = In (%), and

¢ (r,0) =max{G (1 —€"),0}, o¢(zq,7)=Ge "™ —R. (3.33)

Since V; follows a geometric Brownian motion the default event occurs exactly when

—rT

V; = V. Therefore, it is reasonable to take default rebate as R = aGe

Now, referring to [51] we solve (3.32) together with the initial and boundary condi-
tions (3.33) by applying Laplace transformation. In the Laplace domain, L(z,p) =

L (dg(m, 7')) satisfies the ordinary differential equation given by

1 1
§m202Lm + <r — 2m202> L,—(r+p)L=—-—max{G(1—¢€"),0}, (3.34)
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where L., L., represent, respectively, the first and the second partial derivatives of

L(x,p) with respect to the variable . Moreover, the boundary condition is written

as follows
L(z4,p) =L <(1 —a) Ge*T(T*t)> = (1;_’?2(;. (3.35)
In order to find the solution of (3.34) we assume that it can be expressed as
L(z,p) = L""(2,p) + L*(x,p), (3.36)

where L"?(x, p) is a bounded solution discarding the boundary condition and L°(z, p)
is a solution that takes the boundary condition into account. Thus, we seek the

solution of (3.34) in two steps.

As a first step, we present the solution of the ordinary differential equation (3.34) for

L“’b(az, p), which discards the boundary condition in the following proposition.

Proposition 3.1 Solution of the ordinary differential equation (3.34) is given by

Cyer® — %ew + & if x <0,

LYz, p) = TP’ (3.37)
Coef2?, if x>0,
where
— (r—3m?0?) + \/(r — %m202)2 +2m?0?(r + p)
12 = 33 , & <0<&,  (3.38)
and
G 1—&1 & )
Cio = = 4+ . . 3.39
RS ( D r+p (3.39)

Proof. From the general theory of differential equations, a general solution to (3.34)

is written as

LY (z,p) = L°(z,p) + LP(z, p), (3.40)
where L¢(xz,p) and LP(x,p) are complementary and particular solutions, respectively.
On one hand, we write the complementary solution L¢(z,p) as

Lé(z,p) = Cre®'" + Coe®”, (3.41)
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where C] and Cs are two constants and & and & are two distinct roots of the char-
acteristic equation

%m202§2 + (r — ;m%z) £~ (r+p)=0, (3.42)

for the corresponding homogeneous equation for (3.34). The characteristic roots &;

and & of (3.42) are found to be the ones in (3.38).
On the other hand, the particular solution LP(z,p) assumes the form
LP(z,p) = D1e® + Da, (3.43)

where Dy and D9 are constants to be determined. Indeed, upon plugging the partial

derivatives of (3.43) into (3.34) we obtain the system

—pD1e* — (r+p) Dy =Ge* — G  for x <0,
Y250 ( p) Do (3.44)
—pDie® — (r+p) Dy =0 for x>0,

whose solution is
Dlz—%, Dy=-S . for z<0,

Tt (3.45)

Dy =Dy=0, for x2>0.
Furthermore, to ensure the boundedness of (3.34), Co = 0 if x < 0, and similarly
C1 =0 if x > 0, due to the fact that & < 0 < &;. Therefore, continuous differentia-

bility assumptions of the solution, C; and C5 should satisfy the systems of algebraic

equations

G G —
Qv = (3.46)

Ciér — % = (.
Consequently, this system has the solution as presented in (3.39). Thus, the proof is
completed. |

Towards the solution that also considers the boundary condition, we assume that the

form of L’(z,p) in (3.36) is of the form
LP(z,p) = C3e®?®, (3.47)

Now the problem is to determine the constant C5: we know that when the value of

the portfolio hits the boundary = = x4, solution L° (z,p) should satisfy the equality

LYx4,p) = L(x4,p) — L (24, D). (3.48)
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Hence, using (3.48), (3.35) and (3.37), and considering x4 < 0, we find

G _ Cl€§1wd + geffd

s . ) . (3.49)

Cly = e~ 5274 <—a

Consequently, this, together with Proposition 3.1, proves the following result on the

solution of (3.34).

Proposition 3.2 Solution of the ordinary differential equation (3.34) that also satis-

fies the boundary condition at x = xq is

& Sox _ G x G ;
Che5t% + Czeb? it if v <0, (3.50)

L(z,p) =
(Cy + C3) €527, if x>0,

where &1 2 are given in (3.38), C12 are given in (3.39), and C3 is given in (3.49).

An Application

We illustrate the risk neutral price of constant proportion debt obligation via some
numerical examples. In the application we use Stehfest algorithm for inverse Laplace
transformation stated in [53]. We examine the dependence of the pricing equation on
the volatility of the risky index and on the leverage multiplier m. In the analysis, we

assume the following set of parameters
w=0.06, r=0.05, T=10, v =0.025, Fpr =1. (3.51)

We first look at the change observed in the price of constant proportion debt obligation
over time under four values of o: the volatility parameter is taken to be ¢ = 0.025,0.05,
and 0.25 in the case when the leverage multiplier is m = 2. Furthermore, the latter is

replaced with ¢ = 0.1 in the case when m = 8.

In Figure 3.2, for small volatilities with a low leverage of m = 2, the price is enough to
pay all coupons until maturity and the final payment. This is due to the fact that the
price of the barrier option hidden in the constant proportion debt obligation goes to
0 when maturity approaches. On the other hand, the hidden barrier option for high
volatility, such as o = 0.25, is in the money, Therefore, it seems to be clear from the
beginning that the final price of constant proportion debt obligation will not get close

to 1, and the shortfall is seen at maturity.
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Figure 3.2: Risk Neutral Price of Constant Proportion Debt Obligation over Time for
different o (m = 2)

Figure 3.3 is a replication of Figure 3.2 for m = 8. Accordingly, for small volatilities
the price shows an increase until some point in time and then it closes with a price
of 1 as in Figure 3.2. For higher volatilities, however, the price shows a decrease even

from the beginning to the end and it closes with a high shorfall at maturity.

Next, we examine the change observed in the price of constant proportion debt obliga-
tion over time under three values of the leverage multiplier m = 2, 10, 25. Figure 3.4
and Figure 3.5 demonstrate the price for small volatility ¢ = 0.025 and a relatively

high volatility o = 0.05, respectively.

Figure 3.4 shows that small values of m yield smoother price curves than those ob-
tained for big values. Furthermore, for big values of m, the price of hidden barrier
option is higher than those for small leverage multipliers. Since there is an inverse
relation between the price of constant proportion debt obligations and the hidden
barrier option, lower prices for constant proportion debt obligation at the beginning.
However, for any values of m, the price of constant proportion debt obligation reaches

to 1 at the end.
In Figure 3.5, for small and moderate values of the leverage multiplier m = 2 and
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Figure 3.3: Risk Neutral Price of Constant Proportion Debt Obligation over Time for

different o (m = 8)

m = 10, the price satisfies the final payment of 1. Unfortunately, however, for higher

leverage multiplier m = 25, the price shows a linear decay within the first aproximately

8 years. Afterwards, althought some improvements occur in the prices, but far away

from being close to 1.
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Figure 3.4: Risk Neutral Price of Constant Proportion Debt Obligation over Time for
different m (o = 0.025)
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Figure 3.5: Risk Neutral Price of Constant Proportion Debt Obligation over Time for
different m (o = 0.05)
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3.5 Solution of the Hidden Barrier Pricing Problem Under Double

Exponential Jumps

As a second model we assume that the index dynamic is of the form
dSy = pSydt + 0S5, dWy + 1/m (e/ — 1) Si=dN,, Sy = s, (3.52)

where W; is one dimensional Brownian motion, Ny is a one-dimensional Poisson process
with constant intensity A and .J is a random jump size. Moreover, Wy, Ny, J are

independent processes.

Furthermore, we assume that J follows a double exponential distribution

. 1 _ i 1 i
f1(4) = ae n L0 + g2 %6"2 Lico, 1>m >0, n2>0, (3.53)

where q1, g2 > 0, ¢1 + g2 = 1. Then, the corresponding portfolio process is given by

AV = (r + mp)Vidt + moVidWy + (e — 1) dN;, Vo = . (3.54)

Referring back to Section 3.2, under the rational expectations economy and equivalent

martingale measure (), we obtain the dynamics for V; as follows
AV, = (r — NC)Vedt + moVedWy + (eJ* - 1) AN}, Vo=7,  (3.55)

where W/ is a standard Brownian motion, N/ is a Poisson process with intensity \*
and W, N/, J* are independent under (). Moreover, J* follows a modified, but a

double exponential distribution

fr-(4) =a el " Iiso + 45 Fe’” I <o, 1>ny >0, n >0, (3.56)
1 2

where ¢7, ¢5 >0, ¢f +¢5 =1, and (" :=E* [e‘]*] —1= 1321: + 1_?;7; —1.

The corresponding Generalized Black Scholes integro-partial differential equation stated

in [12] is therefore

0 1 _ _
0 = Lt S Popg + (= XC) Vo — 16
P Zpe (3.57)
“*/ [0 (Ve?) =0 (V)] [;()dj, Va<V <cc.
Associated terminal and boundary conditions are
V,T) = max{G—-V,0},
o _ : { J (3.58)

¢(Vyt) = Ge"T-H R,
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respectively. Having applied the transformation in (3.31), we find an integro-partial
differential equation for ¢(x,7) of the form
o9 1 - 1 _ _
0 = -2 Lzgeg v (e - Lot 3, - rd,
or 2 2

- ) (3.59)
—i—)\*/_ [qﬁ(:c+j)—¢(:r)] fr(dj, g <z < o0,

where x4 = In (%), and

¢ (x,0) = max{G (1 —¢€%),0}, ¢(zq,7)=Ge "™ —R.
Recall that ¢(z, 7) := ¢(V (x),7(t)).

In case of default constant proportion debt obligation distributes the current value of
the wealth process. For jump processes because of overshoot phenomena the rebate
becomes too close to 0. Therefore, we may regard R as negligible and set R = 0. We
apply the Laplace transformation to (3.59) and, consequently, transform it into an

ordinary differential equation:

—max{G (1 —¢€"),0} = im20%L,,+ (r—\¢* — im?0?) L,
X)L [ L+ g ()
(3.60)
The boundary condition then becomes L(zq4,p) = L(e7"7) = %.

In the solution procedure we apply the same methodology as in Section 3.4. The

solution L"*(z,p) is given in the following proposition.

Proposition 3.3 Solution of the ordinary differential equation (3.60) is given by

Che81% 4 Chefe® — Gt G if g < (),
e,y = O T (3.61)
C3e537 4 Cyetr, if v >0,

where &1, &2, &3, and &4 are four distinct roots of the characteristic equation

Im2o? + (r— X ¢ — im?0?) E— (r+p+ XY)

” p (3.62)
* 1 2 _
+A [1—ni‘f+1+n§£ =0,

and they are ordered as

1 1
—0 << ——<E3<0<Eh < — <& <o
2 m
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Moreover, C1, Co, Cs, and Cy are obtained from the solution of the following system

of equations

i 1T 7] G G
1 1 -1 -1 Cq P Ttp
G
1 2 —&3 —&4 C P
& & -t : )| ; -
1 1 1 1 C G G
nien Tnf&e T T-niéa 3 p(l=ni) TP
1 1 1 1 C G _ G
L 36 THnsée 405 &3 Trnses 1 L V4 | p(14mg) TP
Proof. We write a general solution of (3.60) in the form
LYz, p) = L¢(z,p) + LP(x, p), (3.64)

where L¢(z,p) and LP(x,p) denote, respectively, a complementary and a particular
solution. Note also that a complementary solution can be expressed as

C1e51% + Coe®2®,  if 2 < 0,

C5e83% + Cyesr®,  if x>0,
due to the characteristic equation (3.62). Moreover, the consequent relation

1 1
—0 <Y< ——<EB<0<hH < —<Eg <
2 m

ensures the boundedness of L¢(z,p). Here, C1, Cy, C3, and Cy are four constants that

are to be determined later by imposing the continuity assumption on L.

Having guessed the particular solution LP(x,p) of the form
LP(z,p) = D1e” + Da, (3.66)
where D; and Dy are other two constants; similar to geometric Brownian case, we
first calculate Dy and Ds by inserting derivatives of (3.66) into (3.60):
_ _ G _ G
Dl - T D2 ~ +p’
Dy =Dy=0, for z>0.

for =<0,

Note that these are the same as the ones in (3.45), and they ensures the boundedness

of Lwb,

Now, we use the continuity of the function L™®(x,p) and its derivative at z = 0 in

determination of the contants C,...,C4. These conditions give
' 70,p) = L7 (0,p), (3.67)
(=) ()
ox z=0" ox =0+ '
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from which we obtain
Cl+02_7+r+p = (34 Cy,
C1& + O — 5 = (383 + Cy&y.

(3.69)

Here, we should remark that L@’ (z,p) and Lwb™® (z, p) denote the function L“*(z, p)
for x < 0 and x > 0, respectively. Also, equations in (3.69) correspond, respectively,

to the first and second rows of the system of equations given in (3.63).

However, we have two equations with four unknown terms. Thus, we need to check
whether or not the general form given in (3.61) satisfies the ordinary differential equa-
tion (3.60): since it includes integral term, we calculate the integral terms for both

xz < 0 and x > 0 at first. Below are the collected results.

(i) For x <0,
|1+ dnse G

0 q* j q* e
= / LWb(:B + j,p)—ie”g dj +/ wa(az + 7, p)—i " dj.
0 UA

—00 2

(3.70)

The function L**(z+ j,p) gives two values according to value of x+j. If j < —z,

then L% (z + j,p) = LY (z 4,p) = Cref1@HI) 4 Coefe@ti) — Q et 4+ =

r+p’
otherwise; L (x 4 j,p) = st (z +j,p) = Czes3@ti) 4 04654(90“!‘])‘
Hence,
T wb 0 b(—) g L
[ rtarinmoa = [ e in et
oo e 5
/ h bH( )q* "
+ LY (x+j,p)—e "dj
0. 711 (3.71)
—z 771
= A+ Ay + Az,
where A1, As, and Ag are found to be
2
_ 43 Six G q2 T G *
A = Ci——= ¢ e q 3.72
1 ; 11+77§€i plems r4p” (3.72)
. G qf G
Ay = Cir— e b — L_e” 4 a 3.73
Z - 771 pl—mn r+p (3.73)
ql G ql G *
—6"1 C + q
Z —ni& pl—ny r4p
Ay = e ZC (3.74)
- 771
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(i) Similary for > 0, we write [ L“®(z + j,p) fs+(j)dj as

o0
/ L*(z + j,p)f7+(j)dj = Bi + By + Bs, (3.75)
—0o0
where
. -
Bo= [ 1Bty (3.76)
—00 7’]2
2 % %
Tnx P G ¢ G
= e M C. S +
; Trm& pltm riph
0 g
By = / LY (z + j,p) 2 i dj (3.77)
—x 7’]2
4 q* q*
— 2 §iw T 2
— (& — € 2
; 1 s Z L+ 36
o0 * g
By = / LYY (2 4 jop) e g (3.78)
0 Ui
4 *
- ZC q1 e&x

Since the terms e and e " in calculation of the integral ffooo LYz +4,p) fr-(5)dj

are not relevant with the solution, we assume

ZC 24:@ ai Ca | G ._, (3.79)
*51 i3 1- 771651 pl—ny r+p 7
and
6_% [22: qu; _ 24:0. % G o + G il =0 (3.80)
— T+ e 11—1—775‘& pl—|—772 r+p 2 ’ :

due to the fact that e’ # 0 and e " # 0. These equations, indeed, correspond to

the third and fourth row of the system of equations given in (3.63), respectively.

Consequently, the solution presented in (3.61) satisfies the ordinary differential equa-

tion (3.60), and the proof is completed. |

On the other hand, we solve (3.60) by considering boundary conditions. Since we only

have a single, down barrier, we assume that the solution L?(z,p) is of the form
LP(z,p) = C5e5® 4 Cge®?, (3.81)

where Cy5 and Cg are constants to be determined. We know that the solution consider-

ing the boundary condition should satisfy following system of equations, respectively,
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when process crosses or jumps over the barrier:

L(zg,p) — L¥(z,p), if x < xq,
Lb($’p):{ (zd,p) (z.p) d (3.82)

Csef3% 4 Cyetr®, if 29 < < o0,

where L(xg,p) = %. Similarly as in the geometric Brownian case, by imposing the

first condition we obtain

G
C1€817 | Coef2d 4 Cgebs™d 4 Cgebi®d = — e, (3.83)
p

however, this is not sufficient to find the two unknown constants, Cs and Cg.

Meanwhile, the function L°(z, p) should satisfy the ordinary differential equation (3.60).

Thus, we calculate the integral term

(KMLW$+$pﬁﬁUﬁU

0 q j 00 q* s
[ BerinLetigr [T rarine ta
—00 772 0 M

(3.84)

Since L’(x,p) changes its form accordingly with x4, we rearrange (3.84) as

| Pt in e = it s Fa (3.85)

—00

Here, the calculations of F, Fy, and F3 are not too difficult:

ramr @G -) G
F, = — Lwb + } 2263 dj, 3.86
1 /_OO [T+p (x+4,p) 0 lj (3.86)

—= it ) G Q- (1-‘1-%)56(1
— 7. C ( 712) — 2 N9
e M [ Z g 772& + e ,

pl+mn;

0 . X * g
R o= / [05663(:6+J)+06664(x+])} %2 53 gj, (3.87)

4—T 2

6 . (g. 2+;)xd
— C i—2T — e ”2 C - 773
ZZ: 1+ 77251 Z 1+ 77251

and

P o= / {C5ess<xm+c€s4<x+]>} 4,5 g (3.88)
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Because L°(z,p) must satisfy (3.60), the term e " should be omitted. Hence, this

follows that

T 2 * 6 * . 1
T[St o g )
i 7725@ i=5 1+ 772& (3.89)
+€ q2 *@(1+”1§>xd:| = (),
pl4mn
and since e " # 0, we obtain
it 1*) 6 1 (Ei— -‘r%)
A Y
T 251 i Ltmiie (3.90)
G 1 (1—0—77%)“
+7 e 2 =
pl4+mn;

The latter is another equation that C5 and Cg should satisfy.

As a summary of (3.83) and (3.90), we state the following proposition.

Proposition 3.4 Solution of the ordinary differential equation (3.60) that satisfies

the boundary condition L(xq,p) = % is given by
C1€81% + C2e%2% + C5e%3% + Cgett® — Gex—l——, if © <0,
L) =] O TR GG rip Y (391)
(Cs+Cs) ST 4 (Cy + Cg) €547, if x >0,
where &1, ..., &4 are the solutions of the characteristic equation (3.62), C1,...,Cy4 are

the solutions of the system (3.63), and Cs,Cg are calculated from the system

E3w Sax
e53Td eb4%d s
1 i e(fB"F%)l’d 1 i 6(&44—%)% Ce
1+ 1583 1+ 1584
2
gemd B Z Cyobic (3.92)
_ p i=1
G 1 (H—%)led 2 1 (Ez )
e PTAMCLAED WLt
p 1+ 72 =1 1+ 9Gi

An Application

In this section we apply a similar numerical study with Section 3.4. We assume that

the double exponential jump size distribution satisfies the following parameters:
AN =017, ¢i2=05, ni,=02. (3.93)
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Other parameters are taken as in Section 3.4. Figures 3.6 and 3.7 demonstrate the
changes in the price of the constant proportion debt obligation over time for three

levels of o and for two values of leverage multiplier m = 2 and 8, respectively.
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Figure 3.6: Risk Neutral Price of Constant Proportion Debt Obligation over Time for
different o (m = 2)

Figure 3.6 shows that the price curves have peaks for small volatilities but they get
close to 1 at maturity. For relatively higher volatility o = 0.25, the constant proportion

debt obligation is getting close to default until maturity.

In Figure 3.7, the price curves are more smoother for all levels of o. Similarly, the
price satisfies the final payment of 1 for small volatilities, however, for higher volatility

the constant proportion debt obligation defaults at maturity.

In Figures 3.8 and 3.9, changes in the price of the constant proportion debt obligation
over time for different levels of the leverage multiplier m = 2, 10 and 25. For small
values of volatility, such as ¢ = 0.025, Figure 3.8 shows that for all levels of m the
price curves firstly make a peak at first, then get close to 1 at maturity. However, for
o = 0.05 the final price of 1 is only satisfied for m = 2, and 10. See Figure 3.9. For
m = 25 the prices show an increase when time to maturity decreases, but it is not

enough in order to satisfy 1.

68



0.8F ]

0.6} ~_ ]

0.4 RS b

0.2 N b

Figure 3.7: Risk Neutral Price of Constant Proportion Debt Obligation over Time for
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Figure 3.8: Risk Neutral Price of Constant Proportion Debt Obligation over Time for
different m (o = 0.025)
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CHAPTER 4

CONCLUSION

Investors and issuers have to be aware of the fact that in order to obtain greater
returns greater risks need to be taken. These risks sometimes are severe, however in
the light of the recent credit crisis, they have often been hidden behind complex payoff
structures. Some of them even seem to promise arbitrage opportunities and only very
deep study the payoff structures reveal the underlying risks. Omne such example is

constant proportion debt obligation.

In the thesis, constant proportion debt obligation is defined as a type of credit deriva-
tive which promises its owner a continuous coupon stream at a rate of r + v until
maturity 7', and a final payment of 1 for an initial investment of 1 unit of money.
Here, 7 is the riskless rate, v > 0 is the constant surplus rate. However, the final
payment and the continuous coupon streams are at risk. The final payment is only
guaranteed when the hedging portfolio followed by the issuer has a terminal value of
at least 1. Otherwise, he simply receives the wealth of the hedging portfolio at time
T. Moreover, the coupon payments are guaranteed if wealth of the hedging portfolio
is over a predetermined level in whole life of constant proportion debt obligation. This
hedging portfolio usually consists of continuously entering a swap contract position
on a risky index on credit default swaps to get a premium which is then invested in
a risk-free account and paid back at maturity. The position to deal with the shortfall
between earnings and future obligations is called the leverage factor of constant pro-

portion debt obligation and it forms the main characteristic of the hedging portfolio.

We firstly highlight the importance of the selection of the leverage factor optimally.

For this purpose, we investigate the minimization of the mean-square distance between
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the promissed final payoff and the final wealth of constant proportion debt obligation
by using the optimal control method. In this part of the study, we assume that there
is no early default possibility, that is, only the final payment is at risk. For this
study, the main problem is to decide a suitable model for the credit index dynamics
to develop our hedging strategy. According to previous studies and various reasons,
we perform our study for three cases: in which the risky index follows a geometric
Brownian motion, a Vasicek type stochastic differential equation and a geometric jump

diffusion process.

A geometric Brownian motion is selected because it is too simple to apply and it pro-
vides closed form solutions for most of the problems. Moreover, under the geometric
Brownian motion market completeness is satisfied, and the verification theorems can
easily be given. However, it is not a suitable model for credit indexes. Credit indexes
usually do not show a strictly stationary log-normal behaviour. This may be classified
as the main drawback of the solution. On the other hand, it is possible to make the
hedging of the constant proportion debt obligations by using stock indexes rather than
credit indexes and in literature geometric Brownian motion is most widely used model
for stock indexes. Therefore, the use of geometric Brownian motion seems reliable for

modelling.

As a second model we have chosen the Vasicek one because credit indexes like the credit
swap indexes include the credit default swap spreads observed in the market, further,
the literature shows that the use of mean reverting processes is more suitable for
spread dynamics. The main factor in the selection of Vasicek model from various mean
reverting processes is its simplicity in achieving closed form solutions like geometric
Brownian motion for some models. However, Vasicek model also has a drawback: it
does not explain the large movements of the spread caused by defaults observed in

credit default swaps included in index.

The risk of unexpected large movements is included to the solution in the last part
of the study by simply assuming a geometric jump diffusion process for the model of
the index. Usually jump diffusion processes have drawbacks in generating closed form
solutions for optimization problems, hence, numerical approaches are implemented.

However, for our hedging problem geometric jump diffusion process allows us to derive
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an exact solution. This is the reason why we select the geometric jump diffusion

process.

Our main findings in this part of study may be classified into four groups. Firstly,
we show that the theoretically optimal leverage strategy for the geometric type dif-
fusion processes coincides with the one used in practical applications (mostly named
as “usual leverage”), only the leverage multiplier might differ. This conclusion can be
generalized to Vasicek case. However, for Vasicek case we talk about a variable lever-
age multiplier which depends on both time and current index value. This contradicts

to the constant multiplier assumption of the usual leverage factor.

Secondly, the final wealth of the optimal hedging strategy is highly sensitive to the
volatility of the index and this causes a sure shortfall for high volatilies even in the
Black-Scholes setting. In fact, one can reduce or even close the shortfall by simply
selecting higher leverage multipliers without considering our hedging strategy. How-
ever, one should take into account that for higher volatilities large leverage multipliers
are considered as too risky in terms of the £2-criterion. Therefore, the final decison

is left to the issuers.

Thirdly, as an interesting finding our hedging strategy avoids the unnecessary risks
taken to generate large amounts of money. In other words, in applications the strategy
automatically near or equals to 0 even for Vasicek and jump cases without putting any
positivity constraints on the optimal leverage when the necessary money is generated

to satisfy all the future obligations.

Finally, special to geometric Brownian case we also show that the final wealth of the
hedging strategy always leads to a shortfall. Because the limiting behaviour of the first
and the second order moment of the wealth process shows that the hedging strategy is
in the mean able to generate the necessary income needed for obligations if and only if
leverage multiplier is big enough. However, such a big selection of leverage multiplier

causes the enormous risk.

In the thesis, we further emphasize the importance of the fair price of constant pro-
portion debt obligations which has not been considered in the literature as far as we

know until now. As it is mentioned, constant proportion debt obligations have two
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important features: possibility of early default and possibility of closing the risky
investment before maturity. By considering these features and using the usual lever-
age factor for modelling we classify constant proportion debt obligations as a double

barrier option written on a trading portfolio.

At this stage of the thesis we perform a study for cases in which risky index follows
a geometric Brownian motion and a geometric jump diffusion process with double
exponential jump sizes. The reasons we use these dynamics for the index are the same
with the ones explained above. However, as a special feature of this part there are
some special motivations to use double exponential distribution for jump sizes. Main
motivation is that double exponential jump size distribution allows to obtain closed
form solutions for not only European options but also more complex ones such as

path-dependent and barrier options.

In the modelling part of this stage, our first finding is that there is no need to impose
a barrier for closing the strategy because the pricing equation of constant proportion
debt obligations covers this barrier. This may be the reason of the third finding of
the hedging part of the thesis. With this finding constant proportion debt obligation
turns to be a single barrier option with rebate. Moreover, similar to the first part of
the thesis, we also show that geometric Brownian motion with this strategy always
generates a final shortfall. Therefore, we use a constant proportion of wealth strategy

insted of the usual strategy and we develop our model with this strategy.

We realize that the pricing equation is a combination of a pricing problem (conditional
expectation) and a static part that depends only on time. Accordingly, in the light of
the study of Korn and Krekel [32] in 2001 we divide our portfolio into two parts: one
for satisfying coupon payments and one for fulfilling the final payment. By adapting
the model and the barrier conditions to these changes, the hidden pricing problem
turns into a simple European barrier put option with rebate. In the solution part
the completeness of the market is automatically satisfied and a unique risk neutral
measure is found for geometric Brownian case. On the other hand, for geometric jump
diffusion process with double exponential jump size, we use the equivalent martingale
measure under the rational expectations equilibrium setting stated in [35]. The closed

form formulae are found for both cases using the Laplace transformation as described
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in the approach of Sepp [51] in 2004.

For this stage of the thesis our main findings can be listed as follows:

1. It is shown that constant proportion debt obligation can be modelled as a barrier
option with rebate. This provides us an opportunity to find a fair price for

constant proportion debt obligation.

II. The inverse Laplace transform of the solution is easy to implement. This feature

provides us an opportunity to perfom application studies.

III. The sensitivity of the constant proportion debt obligations is also validated with
this model and pricing equation. For higher volatilities the early default is not
observed in applications however decrease in price causes the issuers not to satisfy

the final payment.

As a conclusion, constant proportion debt obligations seem to be not too risky in the
case of low volatility, but carry extremely high risk of a final shortfall for medium to
high sized volatility. The settings in the thesis allow us to obtain explicit forms of
hedging strategies and the corresponding wealth processes. Moreover, the closed form

pricing equations are also generated.

For the first part of the thesis, one might argue that L2-criterion we used is not
appropriate and other criteria such as the one used in [8] might be better suited.
However, for the £?-criterion we obtain an optimal leverage strategy that has exactly
the same structure as of strategies used in practise. There are various generalizations

where one can solve a comparable problem. They are left for future research.

For the second part of the thesis, one might also argue that the use of usual leverage
(leverage used in practice) is more appropriate for pricing constant proportion debt
obligations. However, by dividing the strategy we protect us from big losses that may
be caused by the strategy used. In other words, within this framework we already put a
floor constraint to the wealth invested in the risky index as in the definition of the usual
leverage. On the other hand, various assumptions can be made on the strategies and
various results can be obtained in the pricing of constant proportion debt obligations.

As a suggestion under the assumption of geometric Brownian motion, the fair price
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of the constant proportion debt obligation can easily be found by using Black-Cox

approach stated in [10], and other approaches are also left for future investigations.

Finally, for future research, application of the quantile hedging methodology stated
in [24] to the hedging problem would be another interesting study.
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