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ABSTRACT

DISCONTINUOUS GALERKIN METHODS FOR TIME-DEPENDENT CONVECTION
DOMINATED OPTIMAL CONTROL PROBLEMS

Akman, Tugba
M.S., Department of Scientific Computing

Supervisor : Prof. Dr. Biilent Karasozen

July 2011, 89 pages

Distributed optimal control problems with transient convection dominated diffusion convec-
tion reaction equations are considered. The problem is discretized in space by using three
types of discontinuous Galerkin (DG) method: symmetric interior penalty Galerkin (SIPG),
nonsymmetric interior penalty Galerkin (NIPG), incomplete interior penalty Galerkin (IIPG).
For time discretization, Crank-Nicolson and backward Euler methods are used. The discretize-
then-optimize approach is used to obtain the finite dimensional problem. For one-dimensional
unconstrained problem, Newton-Conjugate Gradient method with Armijo line-search. For
two-dimensional control constrained problem, active-set method is applied. A priori error
estimates are derived for full discretized optimal control problem. Numerical results for one
and two-dimensional distributed optimal control problems for diffusion convection equations

with boundary layers confirm the predicted orders derived by a priori error estimates.

Keywords: Transient diffusion convection reaction equation, optimal control, discontinuous

Galerkin method, Crank-Nicolson, a priori error estimates

v



0z

ZAMANA BAGLI KONVEKSIYON AGIRLIKLI ENIYILEMELI KONTROL
PROBLEMLERININ KESINTILI GALERKIN YONTEMLERI

Akman, Tugba
Yiiksek Lisans, Bilimsel Hesaplama Boliimii

Tez Yoneticisi : Prof. Dr. Biilent Karasozen

Temmuz 2011, 89 sayfa

Zamana bagli konveksiyon agirlikli konveksiyon-difiizyon-reaksiyon denklemlerin dagitik
eniyileme kontrol problemi ele alindi. Problem uzayda ii¢ farkli siirekli olmayan Galerkin
yontemiyle ayriklastirildi: Simetrik i¢ ceza Galerkin yontemi (SIPG), simetrik olmayan ic
ceza Galerkin yontemi (NIPG), eksik i¢ ceza Galerkin yontemi (IIPG). Zaman degiskeninin
ayriklagtirilmasinda ise Crank-Nicolson ve geriye doniik Euler yontemi kullanildi. Sonlu
boyutlu problem, ayriklastir-eniyile yaklagimi ile elde edildi. Tek boyutlu kisithi olmayan
problem, Newton eslenik gradyan yontemi ve Armijo dogru arama yontemi ile ¢oziildii. Iki
boyutlu kisitli problem i¢in, aktif kiimeler yontemi uygulandi Tam ayriklastirilmis eniyileme
kontrol problemi igin, a priori hata tahminleri elde edildi. Coziimii katmanlar iceren, tek ve
iki boyutlu dagitik adveksiyon-difiizyon-reaksiyon denkleminin eniyileme kontrol problemi

icin elde edilen sayisal sonuclar, a priori hata tahminleriyle uyusmaktadir.

Anahtar Kelimeler: Zamana bagli konveksiyon-difiizyon problemleri, dagitik kontrol prob-

lemi, siireksiz Galerkin yontemi, Crank-Nicolson, 6nceden hata tahminleri
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CHAPTER 1

INTRODUCTION

Optimal control theory has gained importance during the last few decades. Some applications
can be observed both in the science and the daily life. Optimal control of ordinary differential
equations may be confronted in aviation. In space technology, robotics, movement sequences
in sports, and the control of chemical processes and power plants, while the control of partial
differential equations are required to investigate heat conduction, diffusion, electromagnetic
waves, fluid flows, freezing processes, elastic deformation, option prices, the design of an
airplane wing to achieve the optimal performance, control of pollution in a river, wave prop-

agation, elastic deformation and other phenomena [17, 33, 49, 60].

A optimal control problem consists of an objective function, an ordinary/partial differential
equation, named the state equation, and control constraints depending on the problem. The
state equation establish the relation between the control and the state. The optimal control
problem concerns to find the optimal control so that an adequate state close to the observation

or target is obtained by minimizing the cost or objective function [49].

During this study, we have considered distributed unconstrained and control constrained op-
timal control problem governed by time dependent diffusion convection reaction equation.
Finite element method(FEM) is a tool to obtain the approximate solution of the partial differ-
ential equations by using a variational formulation. The variational formulation is an integral
over the time-space domain. From this point of view, it differs from the finite difference
scheme. By FEM, the domain is divided into elements, which are usually triangles in 2D
and the PDE is approximated on each subdomain [27]. For diffusion convection equations,
the problem with small diffusion terms is singularly perturbed. This small term has a great

influence on the problem that would change the character of the problem. Boundary/interior



layers, which are observed in such problems, results rapid changes of the solution on the
boundary/interior with large derivatives. The region where the boundary/interior layers occur
cannot be determined a priori, this increases the difficulty in estimating the solution. Sin-
gularly perturbed problems can be analyzed by perturbation theory and the regions of the
boundary/interior layers [42]. In case of convection dominated problems, the spatial dis-
cretization by Galerkin FEM is not efficient unless the mesh size % is not sufficiently small
compared to &/||c||. Node-to-node oscillations can be confronted in practice and by mesh and

time-step refinement, this can be dealt with. The scale between the diffusion and the convec-

ch

S It enables us to
E

tion term results in a constant so called the mesh Peclet number Pe =
extract some information about the problem [49]. It can be noted that the large Peclet number
results in the non-physical oscillations. For such cases, stabilization techniques have to be

used [9, 10, 22, 49].

In 1973, the discontinuous Galerkin (DG) methods proposed for hyperbolic problem by Reed
and Hill by [51] and then the solution of hyperbolic and nearly hyperbolic problems by DG
became the main concern. In addition, purely elliptic problems have been tried to be solved
by DG. For singularly perturbed problems, application do DG to elliptic problems has become
very popular [2, 3, 31, 38, 48, 58].

During this study, interior penalty Galerkin methods have been used to perform spatial dis-
tribution and we have used the definitions and theorem given [53]. DGFEMs results in high-
order and stable solutions spite of the boundary or interior layers, and discontinuous parts of
the solution [12]. DG methods are highly preferable due to their locally conservative, stable,
and high-order accurate nature. By DG, irregular meshes, complex geometries can be han-
dled and basis polynomials of several degrees can be used. However, the degrees of freedom
is increased. Thus, many problems of fluid dynamics and Hamilton-Jacobi equations, second-
order elliptic problems, elasticity are the application areas of the method although the latter

ones is not directly to be the purpose of the action [13].

There are two different approaches to solve the optimal control problems: discretize-then-
optimize and optimize-then discretize. We have used the former one to obtain an approximate
solution. For spatial discretization, interior penalty Galerkin methods, SIPG, NIPG and IIPG
have been used, while temporal discretization has been performed by backward Euler and

Crank-Nicolson methods.



In contrast to the continuous FEM, DG does not insert a continuity requirement between the
neighboring elements while the solution is approximated by piecewise polynomials on the
mesh. Similar to the finite volume method, a numerical flux is used to obtain the discontinuous
approximations and boundary fluxes. Discontinuities and steep gradients can be caught. As a
common property, it is necessary to add the fact that higher degree polynomial approximations

of the sought solution is used to increase the accuracy of the solution [20].

The outline of the thesis is as follows: In the next Chapter, we provide the optimal control
problems governed by steady and unsteady diffusion convection reaction equation, discuss the
existence and the uniqueness of the solution. Then, we state the optimality system for each
of the problems. In addition, steady and unsteady diffusion convection reaction equations
are discussed by underlining the necessary conditions for the existence and the uniqueness
of the solution. Chapter 3 is devoted to discontinuous Galerkin method by which the space
variable is discretized. Some definitions, properties and DG (bi)linear forms are introduced.
In Chapter 4, two approaches, optimize-then-discretize and discretize-then-optimize are dis-
cussed. Then, we proceed by temporal discretization by backward Euler and Crank-Nicolson
methods. Optimization methods used during this study is described and some remarks re-
lated to the implementation of the model problems are given in Chapter 5. In Chapter 6, we
discuss the consistency of the DG method. Then, we provide stability and convergence esti-
mates for semidiscrete state equation. In addition, these estimates are proved for full-discrete
state, adjoint and the control, separately. Chapter 7 is devoted to numerical results. We have
obtained approximate solution to distributed optimal control problems: One-dimensional un-
constrained optimal control problem and two-dimensional control constrained optimal control
problem. Then, we have calculated the numerical order for both of the problems which con-

firm theoretically obtained a priori error estimates.



CHAPTER 2

OPTIMAL CONTROL PROBLEM

Optimal control problems arises in science, technology and daily life. While the problem
of obtaining the optimal trajectory of an aircraft is an example of the optimal control, the
problem of roasting a potato up to a pleasant temperature is an optimal control problem, too
[60]. Let us introduce the basic elements of an optimal control problem [23]: A control u of
which minimum is the solution of the problem and it satisfies the constraints of the problem.
A state equation by which the relation between the state y and the control u is constructed. Its
solution uniquely determined. The state of the system y is the solution of the state equation
and depends on the control. Thus, any change in the control causes a change in the state.
Lastly, an objective function is needed and it depends on the state and control variables. The
aim of the optimal control problem is to obtain an admissible control so that a desired state
can be obtained. At the same time, the value of the objective function is minimized. There are
different types of optimal control problems such as distributed control, boundary control and
Dirichlet control problem. For the first one, the control is looked for on the whole domain,
while the control acts on the boundary for the latter one. Dirichlet boundary control problems
are not of variational type. In case of a steady PDE, if the control space is H? for s > 1/2,
very weak form of the state equation must be considered [36, 41]. We present general form

of the optimal control problems governed by steady and unsteady PDE in this Chapter.

It is beneficial to mention the definitions of the vector spaces that we have used during this

study. The vector space L>(Q) is the space of square-integrable functions on Q ¢ R”:
LXQ={f:Q+— R st f(f(x))de < +oo).
Q

Indeed, L*(Q) is a space of equivalence of measurable functions. Indeed, L*(Q) is a Hilbert

4



space with respect to the following inner product and norm:

1/2
(u,v)q = f uv, ||v||L2<Q>=( f 02) -
Q Q

The space L*(Q) is the space of bounded functions:
L¥(Q) = {v : [ll~) < oo},
with
lUllz=) = esssup{lv(x)| : x € Q}.
We introduce the Sobolev space
1 2 ov 2 .
H Q) =Svel(Q): — e L(Q),i=1,...,d;.
8x,-

Similarly, we denote H*(Q) for integer s:

HY(Q) = {v e LX(Q) : VO < |a] < 5, D% € L*(Q)}.

The Sobolev norm associated with H*(Q) is

1/2
llrzscc =[ > IID“vIIiz@] :

0<|al<s

The Sobolev seminorm associated with H5(Q) is

[las@) = IV ll2q) =

1/2
D ||D“v||§2(g)] :

lal=s

We now introduce the space
W _ 20 7. Y <120 7V

We define the Sobolev spaces with fractional indices. By an interpolation between H*(€2) and
H*1(Q), we obtain the space H s+H1/2(Q) with s integer. In [53], the K-interpolation is given

as follows: Given v € H*(Q), the following splitting is defined:
U =v] t+uy,
for vy € H*(Q) and v, € H**1(Q). Then, for a given ¢ € R, the kernel is defined as
. 2 2 2 1z
K. = inf = vl + Flaln )

The space H**'/2(Q) is defined as the completion of all functions in H**!(Q) with respect to

[l gs+1/2() = (f 2K (v, t)dt)
0

Indeed, H**1(Q) c H*1/2(Q) c HY(Q).

the norm:
1/2



2.1 Diffusion-Convection-Reaction Equation

Diffusion convection reaction equations can be used to model so many physical problems re-
lated to the transport of air, flow in oil reservoir, ground water pollutants, air pollution, heat
dissipation [4, 18, 25, 26, 50, 49, 61]. The problematic nature of this problem arises from
the multiscale between the diffusion and convection term. In many practical applications,
diffusion term & is too small compared to convection term. Then, the problem is called a sin-
gularly perturbed equation. Although the perturbation is too small, the nature of the problem
changes completely and boundary layers, which are rapid changes of the solution close to the
boundary, are observed. It becomes harder to obtain stable solutions and more grid points are
required to resolve the boundary layer [42]. Apart from the boundary layers, interior layers
where a rapid change is observed interior of the domain. To overcome this difficulty, perturba-
tion theory can be handled singularly perturbed problems and it facilitates the determination
of the place and width of the layers [42]. Now, let us give some examples of steady and

unsteady diffusion convection reaction equations.

2.1.1 Steady Diffusion-Convection-Reaction Equation

Consider the steady diffusion convection reaction equation with Dirichlet boundary condition

[491)

=V (eVy(x) + c(x) - Vy(x) + r(x)y(x)

y(x) = gp x€0Q. 2.2)

fx) xeq, 2.1

where &, r, ¢, f and ¢ are given functions. In general, it is assumed that € > 0, r € L*(Q)
and r > 0, c € (W(*(Q)))" and fe L*(Q). The weak form of the problem can be stated as

follows:

Find yeV, a(y,v) Fw), VYveYy, 2.3)

where a(y,v) f eVy-Vu+c-Vyv+ryvdx, Vy,vel, 2.4)
Q

(f.v)

‘fgfvdx, YveV. (2.5



2.1.1.1 Existence and Uniqueness of The Solution

We have to guarantee the existence of the solution before trying to find it. Thus, the conditions

of the Lax Milgram lemma must be satisfied. Let me mention the Lax Milgram lemma.

Lemma 2.1.1 Assume that V is a Hilbert space, a(-,-) : VXV — R is a continuous and
coercive bilinear form, F(-) : V. — R a linear and continuous functional. Then, the following

problem admits a unique solution

Find yeV, a(y,v)=Fw), VYveV

By [49], for a(-, -) to be coercive,

1
—Ediv(c) +r>0,a.e €Q,

with the coercivity constant C = 1i_0c where C is the constant coming from Poincaré in-
equality applied to determine a bound for [|v||;2(q). In addition, a(, -) is continuous with the

constant C = ||8||Loo(g) + ||C”L°°(Q) + ||V||LZ(Q).

2.1.2 Unsteady Diffusion-Convection-Reaction Equation

The convection dominated diffusion convection equation gain great importance. Due to the
multiscale between the diffusion and the convection term, to obtain an accurate and effective
numerical approximation becomes a difficult process [39]. Thus, the numerical methods such
as finite difference or finite element method would result in oscillations that are not observed

in the exact solution. Let us mention the general unsteady diffusion convection reaction equa-

tion
% = V- (EVy(x, 1) + c(x) - Vy(x,t) + r(x)y(x, 1) = f(x, 1) (x,1) € Qx(0,T], (2.6)
y(x,t) =gp (x,01) €0Qx[0,T], 2.7
yx,0) =y x€Q, (2.8)

where f € LX0,T; L3(Q)), gp € L*(0,T; H>(0Q)), yo € L*(Q).

Let me give some applications related to the diffusion convection reaction equation. The



general form of the problem can be written in terms of temperature as

aT
5~V VD) +c. VT =S, in Qr,

T=Tp on (0,T)xdQ",
T(x,0) = To(x), onQ, =0.

The term c- VT corresponds to convection. The temperature is transferred by the velocity field
c. Accumulation for the non-steady processes is represented by the term %—f. The diffusion
term is related to V - (¢ - VT'). In general, € can be a full (but symmetric and positive definite)
second order tensor. Indeed, £ can be a diagonal matrix or a scalar [28]. By [50], temporal
changes of the temperature and the speed of the propagation can be modeled the diffusion
convection reaction equation, too. By the unsteady heat equation, temporal changes of the

temperature y of an isotropic and homogenous instrument in Q under the heat source f is

modeled. Firstly, let us consider the following heat equation

Doay =g oo
u = 0 on (0,7T)x09Q,
u = uy, on O, t=0.

Secondly, we consider the speed of propagation denoted by y at any point be a. By the linear
transport equation, the transport of q quantity y is modelled.

dy

o +a-Vy = f in Qr,
u = 1 on (0,T)x0Q,
u = uy, on Q, r=0.

2.1.2.1 Existence and Uniqueness of The Solution

Let us consider the unsteady diffusion convection reaction equation that we have mentioned.

The weak form of the problem can be written as Find y € L*(0, T; L*(Q)) N H'(0, T; L*(Q)),

P
(—y,v) val,v) = F@), Vi>0, YueV,

ot
(»(0),v) Oo,v), YveV.

To guarantee the existence and uniqueness of the solution, the following sufficient condition
must hold [49]. That is, the bilinear form a(:, -) must be continuous and weakly coercive:

2

D) 2 alvll}, YueV.

For 1>0, a>0, a(v,v)+ Al



2.2 Optimal Control Problem For Steady Diffusion-Convection-Reaction Equa-

tion

The distributed unconstrained optimal control problem governed by steady diffusion convec-

tion equation is as follows [31]:

. 1 . a
min J(y, 1) 1= Zlly = 372, + 5 l72q

subjectto  — V- (eVy(x)) + c(x) - Vy(x) + r(x)y(x) = f(x) + u(x) xe€Q,

y(x)=gp xe€0Q.
It is a generalized version of the one given for the heat equation at [60].
The weak form of the state equation (2.9¢) is given by
aly,v) + b(u,v) = (f,v), Vt>0, YveVs= Hé(Q)
with
a(y,v) = L eVy - Vu + c(x) - Vyv + r(x)yvdx,

b(u,v) = —f uvdx,
Q

(f,v):ffvdx, YvueV.
Q

We are interested in the solution of the optimal control problem in variational form

. 1 Al2 @, 2
min J(ye M) = 5”}7 _yan(Q) + E”MHLZ(Q)
subjectto a(y,v) + b(u,v) = (f,v), Yvey,

yeYueU.

wherey € Y = H)(Q),u e U=L*Q),V={ve H(Q:v=0 on Tph

(2.9a)

(2.9b)

(2.9¢)

(2.10)

2.11a)

(2.11b)

(2.11¢)

(2.12a)

(2.12b)

(2.12¢)

Suppose that Q is a bounded domain, @ > 0, & > 0, c(x) € (WH(Q))", r € L¥(Q), f,

$eL*(Q),gp € H? (0Q), r(x)— %V-c(x) >rp>0 ae in Q. With these assumptions, the

bilinear form a(-, -) is continuous and coercive. In addition, the vector c is a given divergence-

free velocity field, that is,

Vieyy=NV-c)y+c-Vy=c-Vy.



2.3 Optimal Control Problem For Unsteady Diffusion-Convection-Reaction Equa-

tion

In the literature, there are many examples and ways to solve the optimal control problems
governed by steady diffusion convection equation. For example, at [19], optimal control
problem with linear advection-diffusion equation is solved by using a stabilization method.
Instead of stabilizing the state and the adjoint separately, a stabilization method is applied
to the Lagrangian. As a different point of view, an optimal control problem governed by
an elliptic PDE can be viewed as a parameter estimation problem in case that the control
can enter the state equation as a variable [40]. In addition, the edge stabilization Galerkin
method is used to solve the state equation of the optimal control problem [35]. In case of
continuous Galerkin method, the stabilization techniques are suggested [6, 16]. One can find
some solution suggestions for the optimal control problems governed by parabolic PDEs, such
as [5, 25, 26]. While continuous finite element discretization are preferable for much of the
studies, studies by DG methods are not very common, although it is known that they are more

suitable for these kind of problem.

The problem we are interested in is the optimal control problem governed by the unsteady
convection diffusion equations. There have been extensive theoretical and numerical studies
for the finite element approximation of various optimal control problems [7, 8, 26, 32, 35,
44]. We discuss the discontinuous Galerkin finite element(DGFE) approximation of optimal

control problem governed by convection-diffusion equations.

Firstly, we consider the unconstrained distributed linear-quadratic optimal control problem

governed by the time dependent diffusion convection reaction equation, formally defined by
. 1 ’ A2 a (T 2
min J(y9 I/l) = 5 0 ”y - yan(g)dt + 5 0 ||M||L2(Q)dt (213)
subject to

% - V- (EVY(x, 1) + c(x) - Vy(x, £) + r(x)y(x, 1) = f(x, 0) +u(x,t) (x,1) € Qx(0,T],

(2.14a)
y(x,t) =gp (x,1) € 0Q x[0,T], (2.14b)
y(x,0)=y9 xeQ. (2.14¢)
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We define

Q=0,1)x(@0,1), 0=(0,T]xQ and X=1[0,T]x0Q for T >0 and itisfixed.

‘We assume that

_ 1
a>0, >0, cx) =(1(x),c(x)eCO,T; C(l)(Q)Q)), r(x) — EV cc(x)2rp=20 ae. in Q
felX0,T;LXQ), $eH'O,T;LXQ), yoeHNQ), gpelLX0,T;H?6RQ),

yeY=L*0,T;V), ueU=L*0,T;L*(Q)), V={veH Q) :v=0 on Ip)

The vector c is a given divergence-free velocity field, that is,

Viey)=(V-¢c)y+c-Vy=c-Vy.

The weak form of the state equation (2.14) is given by

(%, v) +ay,v) +bu,v) = (f,v), V>0, YveV= Hé(Q) (2.15)
GO0)Lv) = (yo,v), YveH)(Q), (2.16)
with
gy \_ (o
(E’U) = B vdx, (2.17a)
a(y,v) = f eVy - Vu + c(x) - Vyv + r(x)yvdx, (2.17b)
Q
b(u,v) = —f uvdx, (2.17¢)
Q
(f,v) = ffvdx, Yu e V. (2.17d)
Q

We are interested in the solution of the optimal control problem in variational form

. Lt a2 a (T
min J(y, u) := 5[} lly —ylle(Q)dt + Efo IIuIILz(Q)dt (2.18a)
B
subject to (a—f v) +a(y,v) + bu,v) = (f,v), YueV, te(0,T], (2.18b)
((0),v) = (yo,v), YveW (2.18c)
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2.4 Existence and Uniqueness of The Solution of The Optimal Control Problem

Let me define U,y = U = L*(0, T; L>(Q)). Consider the operator 8 € L(U; L*(0,T;V")). By

y(v), we denote a solution of

dy(v)

7 A)y(v) = f + By, (2.19a)
YW)i2 = Yo, (2.19b)
y(v) € LX0,T; V). (2.19¢)

Here, y(v) is a function ¢t — y(v)(¢). For simplicity, write it as y(; v). Hence,(2.19b) corre-

sponds to y(0; v) = yg. The state of the system is y(v). The cost functional is given by

JO) = ICy(W) — zall% + Nv, v)y.

where the observation z(v) = Cy(v), C € Lw(O,T);H), N € LU U), Nuuy >

vilul?, v > 0., Uy is a closed, convex subset of U and we are interested in

Infyeqr,, J (V).

Theorem 2.4.1 [43] Assume that a(-,-) is coercive and (Nu,u)y > v|ull? ,for v > 0is

satisfied. Let me write the state of the system as Ay(u) = f + Bu, y(u) € V. Then, there

exist a unique element u € U,y such that J(u) = infyeq,, J().

ad

According to [43], this theorem can be applied to unsteady PDE constraint, too. For our case,
we are interested in the continuity of the affine map v +— y(v) of u — W(0, T'). Hence, there
exist a unique control. Indeed, incase of N' = 0 and U,,; be bounded, there exist a non-empty,

closed, convex set consisting of optimal controls [43].

2.5 Optimality System For Unconstrained Problems

Let me rewrite the optimization problem as

min  J(y,u) over (y,u)eY xU,

subject to e(y,u) =0.

12



Now, we have denoted the PDE constraint e(y, #) = 0 in a weak from. By [55], the spaces
where we seek the state and control variables y and u of the problem are some Banach spaces
Y and U or often even Hilbert spaces. From the optimal control point of view, in case of the
distributed control, Y consists of functions defined on Q or a part thereof positive measure
and in case of the boundary control, a space of functions defined on the boundary 9Q or a part

thereof (boundary control) are considered. A solution operator for e(y, u) = 0 is
Usur— S eyl
We have a reduced problem
min  J(S(u),u) where ue€U.

In order to obtain the Lagrangian, we mention the original problem formulation. Denote a
Lagrange multiplier by p. It is named as the adjoint state which we need to determine during

the optimization part. We define the Lagrangian for the problem above as

L(y,u, p) = f(y,u) + {e(y, u), p)y-y- (2.20)

By setting the partial Fréchet-derivatives of (2.20) with respect to the unknowns state y, con-
trol # and adjoint p and equating to zero, we determine the necessary, and for our problem,
sufficient optimality conditions. Now, we have the following adjoint, gradient and the state

equations, respectively:

Ly(y, u, p)(8y) = f,(y, u)Sy + {e,(y, u)dy, p)y = 0, Voy€Y, (2.21a)
L,y u, p)(ou) = f,(y, w)ou + {e,(y,u)dy,p) =0, VYoueUl, (2.21b)
L,(y,u, p)(op) = (e(y,u),6p) =0, VépeY. (2.21¢)

As in [55], the optimality system corresponds to

KOs u) +ey(y,u)'p =0, (2.22)
Ju@su) + e (y,u)'p =0, (2.23)
e(y,u) =0. (2.24)

Optimality system for the optimal control problem subject to the steady diffusion-convection-

reaction equation is as follows [55, 30]

—eAy(x) + c(x) - Vy(x) + r(x)y(x) = f(x) + u(x) in Q, (2.25a)

y(x)=gp on 09, (2.25b)
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—eAp(x) —c(x)- Vp(x) + (r(x) = V-c(x))p(x) = -y -9 in Q, (2.26a)

p(x)=0 on Z, (2.26b)

p(x) = au(x), in Q. (2.27a)

Optimality system for the optimal control problem subject to the unsteady diffusion-convection-

reaction equation is as follows [26, 55]

% —eNy(x, 1) + c(x) - Vy(x, 1) + r(x)y(x, 1) = f(x, 1) + u(x,t) in Q, (2.28a)
y(x,1)=gp on ZX, (2.28b)
y:,0)=yo in Q. (2.28¢c)

_% —eAp(x,t) — c(x) - Vp(x,t) + (r(x) = V- c(x))p(x, 1) = —=(y =) in Q, (2.29a)
p(x,)=0 on X, (2.29b)
p,T)y=0 in Q. (2.29¢)

au=p, in Q. (2.30a)

The adjoint equations (2.26) and (2.29) are also diffusion convection equations with the con-

vection term —c.

2.6 Optimality System For Constrained Problems

Let me rewrite the constrained optimal control problem governed by steady PDE as follows:

min J(y,u) over (y,u)eY XU, (2.31)
subjectto e(y,u) =0, (2.32)
U, <u<u, on Q. (2.33)
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For pointwise control constraints, the set of admissible control constraints can be written as
Uw=uel* Q) :u,<u<u, ae on Q.

Here, the only difference from the unconstrained problem arise from the variational inequality.

This can be state in two different ways [55]: As the first choice,
(au—p,u—u) =20 VYveUy.

As the second choice, we define the additional Lagrange multipliers &, £” for the inequality
constraints and the complementarity conditions. &, £&” corresponds to the Lagrange multipli-
ers for the control constraints u, — u < 0 and u — u; < 0 for the local optimal solution. Then

we have,

& >0, ug—u<0, Eu—uy) =0, (2.34)

& >0, u—up <0, &y — u) = 0. (2.35)

It can be noted that the variational inequality of the control constrained problem can also be

written as
1
U = Ppu,o,up0] {ap}‘

Let me rewrite the constrained optimal control problem governed by unsteady PDE as follows:

min J(y,u) over (y,u)eY XU, (2.36)
subject to e(y,u) =0, 2.37)
U <u<up, on Q. (2.38)

The only difference from the steady case arises from the time variable. Thus, U,; must be
defined differently. For pointwise control constraints, the set of admissible control constraints

can be written as
Upjg = {ue€ L0, T;L*(Q)) :u, <u<u, ae. on Qx(0,T]}.

Here, the only difference from the unconstrained problem arise from the variational inequality.
This can be state in two different ways [55]: As the first choice, the variational inequality is

written as a projection

T
f (au—p,u—uydt >0 VYve Uy.
0
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As the second choice, we define the additional Lagrange multipliers &, £° for the inequality
constraints and the complementarity conditions. £%, £” corresponds to the Lagrange multipli-
ers for the control constraints u#, — u < 0 and u — u; < 0 for the local optimal solution. Then

we have,

§20,  u-u<0,  &u-uy)=0, (2.39)

& >0, u—uy <0, Eup —u) = 0. (2.40)

It can be noted that the variational inequality of the control constrained problem can also be

written as

1
U = Plu,enupxn {EP}-
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CHAPTER 3

DISCONTINUOUS GALERKIN METHODS

Discontinuous Galerkin(DG) methods was introduced by Reed and Hill [51] in 1973 to solve
the hyperbolic problems. Then, the methods has been applied to hyperbolic, nearly hyper-
bolic, elliptic and parabolic problems [3]. DG methods are highly preferable because stabi-
lization techniques are not needed. Different degrees of polynomials can be used on different
elements and they are mass-conservative and it is allowed to use non-conforming or unstruc-
tured meshes [48, 53, 54]. Up to now, different variants of DG has been improved, such
as Runga-Kutta discontinuous Galerkin (RKDG), local discontinuous Galerkin (LDG), com-
pact discontinuous Galerkin (CDG) and interior penalty discontinuous Galerkin. Nonlinear
diffusion-convection equation are solved by RKDG in [15] by conducting spatial discretiza-
tion by DG and temporal discretization by Runge-Kutta method. The development of RKDG
method is discussed, too. As an extension of RKDG, LDG method is introduced in [14] for
nonlinear convection diffusion systems and common properties with RKDG and advantages
of LDG are provided. A variation of LDG, CG, is discussed in [48] in order to eliminate
the distant connections between the nonneighboring elements for multiple dimension. Apart
from these, some variations of DG can be found in the literature [3]. During the study, we
have used the interior penalty DG methods such as NIPG, SIPG and IIPG to discretize the
diffusion part and the upwind method has been used to discretize the convection term. We

have used the definitions and properties given in [53].
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3.1 1-D Discontinuous Galerkin Methods

3.1.1 Model Problem

Consider the one-dimensional steady diffusion-convection-reaction equation

—ey () +cy () +ry(x)=f(x) in Q=(0,1), (3.1a)
y(0) = yo, (3.1b)
y(1) = y1. (3.1¢)

where f € C%(0, 1). Suppose that y lies between two constants z and 1.

If y € C%(0,1) and (3.1a-3.1c) is satisfied pointwisely, then y is a solution of (3.1a-3.1c).

3.1.2 DG Scheme

Let (0, 1) be divided into N subintervals as 0 = xp < x; < --- < x,, = 1. Let me denote each

partition by &, each subinterval by I, = (x,,, x,+1) and the length of these subintervals by

hyn = Xpt1 = Xp, hn—l,n = max(h,-1,h,), h= max  hy, .
0<n<N-1

The space of piecewise discontinuous polynomials of degree k is

Di(&) ={v:vl, € Pr(Iy) Yj=0,...,N—-1}

Here, Py(1,) corresponds to the space of polynomials of degree k on the interval I,,.

The jump and average of v can be defined for the endpoints of the subintervals as

1
[v(xn)] = v(x;) — v(x)), {v(x,)) = E(U(X,:) +u(x)) VYa=1,...,N-1,

“ I 3
where v(x))) = Hl(l)fléo u(x, + €) and u(x;)) = Elé?g>0 v(x, — €).
These definitions can be extended to the end points of (0, 1) as

[v(x0)] = —v(xp), {v(x0)} = v(xy), [v(xn)] = v(xy), {v(xn)} = vlxy).
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Consider any v in Dy(&,). (3.1a) is multiplied by v and the integration by parts is performed

on each interval I,;:

Xn+1
gy (' (Ddx = &y (K )DU(X,,) + &Y (e)u(xy)
’ Xn+1 Xn+1 Xn+1
+fy'(x)v(x)dx + fry(x)v(x)dx: ff(x)v(x)dx, n=0,...,N—1.

We sum all N equations above and get

N-1 Xn+1 / , N /

Z f &y (Wv (dx  — Z[sy (n)v(xn)]

n=0 X n=0
N—1 Xn+1 N—1 Xn+1 1

+Z f y(x)v(x)dx + Z f ry(x)v(x)dx = f S()u(x)dx.
n=0 n=0 X 0

By the definition of the jump and the average, the following equality holds

[ey (n)v(xn)] = {ey (L) v(x)] + {vx)iey (x)], 1<n<N-1.

[ey (x,)] = 0 for I <n < N — 1, for the exact solution y. Then by substituting (3.1.2) into the

equation above

N—1 Xn+1 N

D f gy (W (dx = Yy (e)lv(e)]

n=0 X n=0

N—1 Xn+1 Xn+1

N-1 1
+ Z f y(x)v(x)dx + Z f ry(x)v(x)dx = f S()u(x)dx.
n=0 X n=0 X 0

The exact solution y satisfies [y(x;,)] = 0, since it is continuous. Therefore, if y is a solution
of (3.1a-3.1c¢), then we obtain the following equality satisfied by y

N-1 Xn+1 N

N-1
D, f ey (U (Mdx = > {ey el +y ) fev )yl
n=0 X n=0 n=0
N-1 Xn+1 N-1 Xn+1 1
3 [yenwar + 3 [ s = [ wuodr=yed (o + ve (s
n=0 X n=0 X

Here, v is any real number. However, we restrict ourselves to the case y € {—1,0, 1} denoting

which primal DG methods is considered.

19



3.1.2.1 DG (Bi)linear Forms

Let me define the DG bilinear form a : Di(é,) X Dp(ép) — R :

N-1 Ml N N-1
ayv) = f &y (U (Ddx = D {ey Calv(x)] +y Y {ev )}yl + Jo(, v) + 1 (312)
n=0 X n=0 n=0

The terms Jo(y, v) and J;(y, v) penalizes the jump of the solution and its derivative:

N 0
Jov) = 3" D),
n=0
N O-l ’ ’
10w = ) b Gl (o)
n=0

where o and o' are two real nonnegative numbers.

Let me define the term coming from the convection part and the reaction part, respectively,

N-1 Xn+1

Do Y @uodx, (3.3)

n=0 X

b(y,v)

N-1 Xn+1

> f Yu(x)dx., (3.4)

n=0
Xn

r(y,v)

and L(v) : Di(¢,) — R is the linear form

1 0 0
’ ’ 0- 0-
Lw) = f Jux)dx = yev (xo)y(xo) + yev (xn)y(xn) + —v(x0)y(xo) + v(xn)y(3pH)
0 ho,1 hn-1n
The problem has been converted into the following one:
Find y e Dy(é,) suchthat Vv e Dp(&p), 3.6)
ac(y,v) + b(y,v) + r(y,v) = L(v). 3.7

3.1.3 Existence and uniqueness of the DG solution

By [53], for NIPG with o® > 0, the solution exists and it is unique. When SIPG and ITPG
methods is preferred, (uniqueness) existence of the solution is guaranteed if some conditions
on the penalty parameters are imposed [53]. Thus, during the study, we have chosen o as 1

for NIPG and IIPG, o as 2 for SIPG, as in [53].
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3.1.4 The Linear System

Let o' = 0. The discontinuous piecewise quadratic polynomials are preferred. We used
P,(1,) the monomial basis functions for the local basis functions. They have been translated

from the interval (-1, 1):
Py(Iy) = spanigy, 41, ¢5}

with
2
X — X X — X,
nel )2 o = 4( n+1/2)

Xn+l — Xn ’ (Xn+1 — xn)2 .

() =1, =2

Define xp41/2 = %(xn + Xxp+1) 1s the midpoint of the interval [,,. To facilitate the computation,

let each subinterval have the same length:

1
X, = Xo + nh, hzﬁ

Now, the local basis and their derivatives can be rewritten as
B0 =1, S = -k DR, B = (12
dp(x) =1, ¢1x—hx n , ¢2x—h2x n

, / 2 , 8
(¢p) (0) =0, (@) (0 = = (¢3) (x) = ﬁ(x —(n+1/2)h).

The global basis functions {®/'} for the space D,(&;) can be extended as follows::

. :{ #. xel,

0, otherwise.

Computing Local Matrices
Computing local matrices arising from the diffusion part

The bilinear form a. consists of three kinds of terms: Involving integrals over I, involving
the interior nodes x,, and involving the boundary nodes xp, x,. Now, let me obtain the local

matrices and then arrange them to obtain the global matrix.

First, we focus on the term arising from the integrals over the intervals ,. Since we have
preferred to use the quadratic polynomials as the basis functions, the solution y to (3.1a-3.1c)

is a quadratic polynomial on each element I,
Vxel, y(x) = agdy + o] + )y (3.8)
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By choosing v = ¢;’ fori=0,1,2,, we obtain

f ¥ (v (dx = f1 Y@ (0dx =

I,

2
@ [ @ codx (3.9)
=0

Hence, this linear system can be written as A,a", where

a,}’l
0
"= o) | Aij= [, @D D@ (dx.
@
Hence,
0 0 O
1
A, =-
A 04 0
00 £

Second, the terms involving the interior nodes x;, is considered.

0
—y ()] + A ) yOo)] + %[y(xn)][v(xn)] = by +cp+dy + ey, (3.10)

The terms are defined as follows:

_ 1 + + Y +\,, (-t o’ + +
bn - zy ('xn )U(xn) - Ey('xn )U (-xn) + Ty(xn )U(xn )9

0

) + Dyt w o)+ o e
Cn =3 (xn)v(x,,)+2y(xn)v (x,) + hy(xn)v(xn),

= L ) - Dt ) = Tyt
d, = _Ey (-xn )U(-xn) - zy(xn v (xn) h y('xn )U(x" );

R L YN o +
en = Ey (x)u(x,) + Ey(xn W (x,) = Iy(x” ().

We use the definition of the DG solution y(x) and choose v = ¢7, the local matrices B, Cy,

D,, and E,, can be rewritten respectively:
1 ny AN any Lt Y vy g gy (ot O-O AN+ AN T
By = @) GD@Hx) = ZECD@ () + @D,
1 , , 0
€y = =5@ @) + @@ () + =@ D@ ).
1 , , 0
D = =5@) @HE! ) = Z@NED@) (@) = T @EHE@! ).
1 , , 0
Eiy = 5@ @) + 2@ @) () - T-@) o).
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Hence, we obtain the local matrices

B,

S| =

S| =

—y =0

S| =

-2y —o?

y + o
0

—2y—-o

1-09

~1+y+0°

1-2y-0o"

-1+
~1+y+0°

1+2y+0°

—1+0°

~1+y+0°

1+2y+0°

0

~1+y+0°

1-2y-0o"

-2+a"

2—')/_0-0 ”

242y +0°

2+00

2+y+0° |,

242y +0°
2-o"

2—-y-0% |,

2-2y-0o"

pR

2+y+0°

2-2y—-o"

Finally, the local matrices obtained from the boundary nodes xg and xy can be computed as:

Jo
v

Y (xo)u(x0) = Yo/ (xo)y(xo0) + %J’(Xo)v(xo),

—y Gon ) + 70 (en)y(xy) + %y(xmv(xm.

3.11)

(3.12)

We substitute the DG solution y?“ and v = ¢”, the terms F and F), are of the form:

Fo

Fy

Then, the matrices Fy and F are obtained:

0

o
1
FOZE -2y -a"
4y + o
o0
1
FN:Z

4y + o0

2-¢"
242y+0°

2 -4y — o

-2+ 00

2+ 4y +0°
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¢ (xo)u(x0) — v (x0)y(x0) + %Y(XO)U(XO),

0

—¢ Gen)uCew) + y (e )y(ay) + %y(xmv(xm.

4 + o
4-2y-0% |,

4 +4y + 00

4+ 0"

2y+0°% 2+2y+0° —4+42y+0°

4 +4y+ 0"



Computing local matrices arising from the convection part

By using the DG solution yDG and choosing v = ¢? fori=0,1,2,, we obtain

I, Iy

I

2
fﬂmww=fﬂmew=Z#IWMmew
=0

Hence, this linear system can be written as C,a", where

o=\ | (€)= [, (@ D@Hx.

Hence,
0 2 0
no_ 16
c=100
0% o0

Computing local matrices arising from the reaction part

Similar to the other cases, use yDG and choose v = qﬁ? fori=0,1,2, we have

1}1 ]n

n

2
jﬁmmwiﬂmwmw=2¢fwmwmw.
=0 Vh

Hence, this linear system can be written as Ra”, where

@ =| ol | "= [, @D,

Hence,
1
101
"=hlo0o 1 0
1 1
5 0 3

Computing the right-side
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Let me mention the linear form obtained from the right-hand side:

1
L) = fo FU(x)dx — yev (xo)y(xo) + yev (xn)y(xn) (3.15)
0 0
+ T uxo)y(x0) + ——u(xn)y(aw). (3.16)
ho.1 hy_1.n

We choose v = @/, and use the given boundary conditions to obtain:

1
L)) = f )@, dx — ye(D)) (x0)yo + ye(D;) (xn)y1
0
O-O . (TO .
+  — D (x0)yo + D) (xn)y1
ho1 hy-1.n

By the definition of the global basis functions®?, the first term can be rewritten as

1 Xn+1
[ sweras= [ roas
0

Xn

If we perform a change of variable, then we obtain

1
1
f f0)®dx = h f f(ﬁz+(n+1 /2)h)idt
0 2 2
0

In order to facilitate the computation of the integral,the Gauss quadrature rule is used. Define

a set of weights (w;)1<j<o., and a set of nodes (s;)1<j<g;- Then,

1
Og
fv(t)dt ~ Z wiu(s;).
j=1

-1

By using above equality, we have

! h  h .
fo fC@]dx ~ ; FGsi+ (n+ 1/ 2h)sids

Then, the vector L can be constructed by taking into account of the order of a7}

NN N N AN AR A
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where the first three components are

0

FGs;+(n+1/2)h) + %J’O

Il
R
>

~
oy
I
NS
OMH OM_ OM_
[\S R

[\

2 oY
FGsj+ (4 1/2)h)s; = w30 = o
0

h 4 o
SGj+ (4 1/2R)s] + €paz-yo + <-Yo

S
Il
NS

the last three components are

1 0
h h o

N-1 _ " o .
Ly =5 EO f(2s]+(n+1/2)h)+ hyl
N1 lfi s e 12hs: + e _a
1 = 5 e 35 j /Jh)’l hyl
N ﬁi s w12 — L7
1 =3 e 35 i ,Uhyl hyl

and the other components are

1
h h .
Vi<n<N-1, VO<i<2, l?=§Zf(§sj+(n+l/2)h)slj.
0

Up to now, the boundary conditions have been imposed weakly, by the terms —yv (xo)y(xo) +
Zy(x0)u(xo) and U (xn)y(xn) + Zy(xn)v(xy). Indeed, boundary conditions can be imposed
strongly by defining

DY) = {v € Di(&) - v(0) = 0, (1) = O}.

Then, define the DG solution as y?¢ = yPS + § where ¥ is a continuous piecewise polynomial

of degree k such that (0) = yg and (1) = y;. In addition, the modified scheme is satisfied by
5¢ € D(én) [53).
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Global Matrices For Steady Diffusion-Convection-Reaction Equation

Up to now, we have introduced how to construct the local matrices on each subinterval I,,.
Now, these matrices need to be assembled by keeping the order of a; to obtain the global

matrices. Let me order al’f as follows:

0 0 0 N-1 _N-1 _N-2
@, @y, Ay, Xy Q) .

Then the global matrices arising from the diffusion, convection and reaction terms are ob-

tained, respectively:

Ry D,
E, R D,
S =
Env> R Dy
Ey-1 Ry
¢’ r°
c! r!
C= R =
N2 N-2
N1 N1

where
R=A,+B,+Cy1, Ro=Ayg+ Fo+Cy, Ry =An_1+ Fy + By_1.
Then (3.1a-3.1c) is converted into a linear system
S+C+Ry=L (3.17)

where y consisting of the coefficients @}, Vi=0,1,2andV 0<n<N-1.
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3.2 2-D Discontinuous Galerkin Methods

3.2.1 Model Problem

We consider the time dependent advection-diffusion-reaction problem with Dirichlet bound-
ary conditions. Let Q be a bounded polygonal in RY, d = 2 or 3, f € LX(Q), g» € H>(0Q)
and yo € L*(Q),

—eAy(x) + c(x) - Vy(x) + r(x)y(x) = f(x) in Q, (3.18a)

y(x)=gp on 0Q. (3.18b)

If f and gp are smooth, then y € C*(Q) is a strong solution of (3.18a-3.18b).

Suppose that we have a mesh &;,. Let me call the set of interior edges (or faces) as I';. A unit
normal vector n, is considered with each edge (or face) e. In case of a boundary edge, unit

outward vector normal to the boundary is used.

For the trace of v along any side of one element E be well-defined, v must be an element of
H'(&,). Two traces of v along e are observed when two elements E{ and EJ are neighbors and
have a common side e. Consider the normal vector 7, in the direction from Ei to E; Then, a

jump and an average are as follows:
— —_ 1 1 — e e
[v] = @lg) - lgp) v} = Sl + S (Wlgy) Ve = 0E} NOE;.
In case of a boundary edge, a jump and an average is given, by convention,:
{v} = [v] = (Ulg2) Ve = OE] N 0Q.
Define the inflow and outflow boundaries I'_, I';. such that

I'_={xel': cx) nx) <0}, I's={xel: cx)- nx) =0}

For any element E, the inflow and outflow parts of OE are defined by
0_E={x€0E: c(x) -ng(x) <0}, 0+E={x€dE: c(x) -ng(x) >0}

respectively, where ng(x) denotes the unit outward vector to dE at x € JE. For each E and
v € H'(E), define v}, the interior trace and vy the exterior trace of v, on JE. Here, jump

depends on the direction of the flow.
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Let us subdivide Q into elements E. Here, E can be a triangle or a quadrilateral in 2D, or a
tetrahedron or hexahedron in 3D. A conforming mesh is preferred, that is, the intersection of
two elements in the mesh is either empty, a vertex, an edge, or a face. Let me call the mesh
and the maximum element diameter, respectively, as &, and h. We are interested in a positive
constant p defined as follows:

h
VE € &, £ <p,
PE

where hg is the diameter of E and pg is the maximum diameter of a ball inscribed in E. Then,

we obtain a regular mesh.

In order apply the DG methods, the broken Sobolev spaces which depend on the partition of

the domain are used. The broken Sobolev space can be defined for any real number s,
H(&,) = {v e LX(Q) : VE € &, vlg € H'(E)},

where the broken Sobolev norm:

1/2
llls e, = [Z ||U||12L1-Y<E>] ’

Ee'fh

and the broken gradient seminorm:

1/2
nwwmww=[2hww@@J :

Eth

Then,
HQ) c H'(&,) and  H*'(&,) c HY(&).

3.2.1.1 The DG (Bi)linear forms

We now define the DG bilinear forms a. : H*(&,) X H*(¢,) — R:

a,v) = ) f eVy-Vudx— > [{eVy-nHvlds (3.19)
Eeé&, E eel,Ul'p Y€
+ oy Z (eVu - nylds + I (v, v). (3.20)
eel,Ul'p ¢

Regarding to [53], for s > 3/2, a bilinear form Jgo’ﬁo(y, v) . H*(&,) X H*(¢;) — R that penal-

izes the jump of the function value:
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0
e = ) |Z|;0 f ylivlds.

eel,Ul'p

¥, a penalty parameter, is a nonnegative real number and 3 is a positive number depending

on the dimension d,

Ve COE, el < hd! < hi .

The DG forms of convection and the reaction parts are, respectively, [38]:

c(y,v) = Z (f cVy- va’x—f (c-n)y" =y H'tds —f (c-no)y*v'ds|,
E O_E\T d_ENI_

Eth
3.21)
r(y,v) = Zfryv, (3.22)
Eeg, VE
such that
A b if ¢c-n>0 _ e if ¢c-n>0
y = y =
Y, if c-n<0, Y, if c-n<0.

Define the following linear form:

0
L) = Z (L fudx — ](;Enr(c . ne)gDU+ds) + Z l(ysVu ‘N, + E?eov)ngS + Z vgnds.

Eeg, e€l’p ecly V¢

(3.23)

If the functions, in the above forms, belong to H*(&;,) for any s > 3/2, then the fact that the
integrals in these forms are suitable to use Cauchy-Schwartz’s inequality and trace inequalities
[53]. The DG variational form of (3.18a-3.18b) is as follows: Find p € H*(&;,) for any s > 3/2

such that

acy,v) +c(y,v) +r(y,v) = L(v). (3.24)

3.2.2 DG scheme

The general DG finite element method is as follows: Find y, € D(&p,) such that

ac(yn, v) + cOn,v) +ryp,v) = L), YV v e Di&p). (3.25)

As in the one-dimensional case, the parameter € in the bilinear form a, can be any real number.

However, we have chosen € as -1, 0, or 1.
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e For e=-1, the method is called symmetric interior penalty Galerkin (SIPG). If a large

0

penalty term o

is used, then the method is convergent.

e For e=1, the method is called nonsymmetric interior penalty Galerkin (NIPG). If a

nonnegative value is chosen for the penalty parameter o0, the method is convergent.

e For €=0, the method is called incomplete interior penalty Galerkin (IIPG). For this

method to be convergent, we choose o large enough.

e An extra stabilization term J?' A (v, w) can be added to the bilinear form a.. The jump

of the derivative is penalized by this term.

1

J‘lrlﬁl (U, C()) — Z & f[ng . ne][(‘-:v(,() . I’I,e]ds-

= et J.

During the study, o'} has been taken zero, for simplicity.

Definition 3.2.1 A bilinear form defined on a normed linear space V with norm || - ||y is

coercive if there exists a positive constant k such that¥ v eV, Kl < a(v, v). [ |

By [53], a4 is coercive for any choice of 0'2. However, for a_; and ag to be coercive, So(d—1)
must be larger than 1 and 00 must bounded below by a constant o that depends only on the

bounds g9 and £ where €y < € < g1; and the constant in the following trace inequality [53]:
V vePE)LY eCIE, |IVu-nlipe < ChyIVull g,
Definition 3.2.2 A bilinear form defined on a normed linear space V with norm || - ||y is con-

tinuous if there exists a positive constant M such thatV v,w €V, a(v,w) < M|v|lv||wlly.

Continuity of a. on Dy(&;,) depends on 0'8. The bilinear form is continuous for positive 0'8 for

all e with the energy norm || - || [53] :
Vo veDn), acv,w) < Mlullellwlle.
3.2.3 Existence and Uniqueness of The DG solution

Lemma 3.2.3 Let the following conditions be true:
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o In the NIPG case, k > 1 and either r > 0 or 0'8 > 0 forall e;

e In the SIPG case or IIPG case, k > 1 and 0 is bounded below by a large constant for

all e;

e In the NIPG case, k > 2 and 00 = 0 for all e and r = 0.

Then, the DG solution yy, exist and unique [53].

3.2.3.1 Basic Definitions

We consider the finite element space
Di(én) = (v € LXQ) : VE € &, vlp € Pu(E)},

which is a subspace of H*(¢,) for s > 3/2. Pi(E) denotes the space of polynomials of total
degree less than or equal to k, which is a positive integer. The test functions are chosen from
Dy (&1) and they are discontinuous along the edges of the mesh. Mesh elements, that is trian-
gles or quadrilateral for 2D, are named as physical elements. To facilitate the computation,
we map the physical elements to the reference elements £ and perform all computations on

the reference element.

Reference triangular element: Consider a triangle E of which vertices are A 1(0,0), AAZ(l, 0),
A3(0,1). An affine map Fg can be defined from the reference element to the physical one.
Suppose that the vertices A;(x;,y;) for i = 1,2, 3 belongs to a physical element £. Then the

map Fg can be written as

Fr =

<> =
—_—
=

~———

=
Il
M
=
S
=
=
<>
b
<
Il

M
=
S
=
Rl
<>
b

where
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If we arrange the terms, then

X X X
=Fg = Bg + bg
y y y
where
X2 —X] X3 — X| X1
Bg = , bg=
y2=y1 Y3—Jyi V1

In order to compute the integrals, the determinant of Bg, which is twice of the area of an
element, is needed. Then, the fact that Bg is invertible is obvious. In addition, ||Bg|l <
%, ”BEIH < % where 7, p and pg, refer to the diameter of £, diameter of the largest circle
inscribed in £ and the diameter of the largest circle inscribed in E, respectively. Thus, we

derive that the matrix norm (induced by the Euclidean norm) of Br and Bgl are bounded.

Passing to the reference element from the physical elements via the mapping Fg can be seen
as a change of variables. By o = v o Fg, we have 0(X,) = v(x,y). Since the gradients of
the functions are seen in the bilinear forms, they must be defined in terms of the affine map.

Then, Vo the gradient of & with respect to X and J is:

ov

Vo=| &
i)
%

It can be written as Vo = BEVU o Fg in terms of Fg.

Reference triangular element: We have mentioned that the test functions are discontinuous
along the edges. Then, the support of the basis functions of Dy(&;,) is contained in one element.
Consider

Di(&n) = span{d? 1 1 <i < Nige, E € &)
with

o) = $ioFp(x), x€E
’ 0, x¢E.

We define (gﬁi)lgis N,,. on the reference element. If we prefer to use the monomials; for 2D, we

have



k+1)(k+2

refers to the local dimension.

e Piecewise linear monomials:

Numerical quadrature-2D: As we have mentioned before, the integrals obtained by the
(bi)linear forms are computed on the reference element. As in the one-dimensional case, a

quadrature rule can be used. Consider the following approximation:
Op
fﬁdx ~ Z W ;0(syx,j, Sy, j)-
E =
A set of weights w; and nodes (s, j, sy,;) € E for different values of Op can be found [53].

To obtain a better approximation, high order quadrature rule must be used. By the following

equality, we can observe how the map Fg is used to pass to the reference element from the

fvdx = IUOFEdet(BE)dx: 2|E|f:ﬁdx.
E E E

By a quadrature rule, we can approximate this integral as

physical element:

Op
f vdx ~ 2|E| )" w05y, 5y.))-
E -
j=1

In case of a vector function and the gradient, this approximation can be written as

Op
f Vu - wdx = 2|E]| f (B 'V - &odx = 2|E]| Z Wi (BIY WV (sy j, 5y.7) - O(Sx s Sy.))-
E E -
j=1

In addition, if the integral of the gradient of two functions is needed, then we have

9p
f Vu - Vwdx ~ 2|E]| Z Wi (B Vi sy j, sy.7) - (BL) V(s 5y.))-
E -
j=1
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CHAPTER 4

SPACE AND TIME DISCRETIZATION

After having discretized the problem in space by DG method, the problem must be discretized
with respect to time variable. There are some different ways to handle this. In [15], non-linear
convection dominated problems are discretized by a DG method in space and discretized in
time by explicit-high order accurate Runge-Kutta methods. In addition, DG can be used to
perform both of spatial and temporal discretization as in [22, 24]. As a different approach, the
problem, firstly, can be discretized in time by Crank-Nicolson and then spatial discretization
can be performed by usual conforming finite elements [45]. During the study, we have dis-
cretized the problem by DG method in space. Then, we have derived the full discrete problem
by backward Euler and Crank-Nicolson. Since the problem we are interested in is stiff, these
implicit methods are preferable [39]. Consider the following problem

min f(u), 4.1
uelU

where U is a closed convex subset of R™, suchas U = R™ or U = [-1, 1]™, and J:U—R
is a smooth function. To assess the value of J, it is required to solve a system of linear

equations. For given J and e, the problem can be written in detail as follows [17]:
J(w) = J (), ), (4.2)
where y(u) € R™ is the solution of an equation
e(y,u) = 0. (4.3)

We denote the solution of (4.1) as an implicit function y(-) and a vector y in R™. In addition,
the partial Jacobian of the function e with respect to y and the partial gradient of the function

J with respect to u are notated as e (y, u) € R™*" and V,J(y, u)R"™, respectively.
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We have to insert some conditions in order to guarantee the existence of a differentiable func-
tion

y:R"™ — R™ defined by e(y,u) =0 4.4
by the implicit function theorem [17].

Assumption

e e(y,u)=0 for all u € U and a unique y € R™ corresponding to that u € U.

e J and e are twice continuously differentiable on D, where D is an open set of R

with {(y,u) : u € U,e(y,u) =0} C D.

e Forall (y,u) € {(y,u) : u € U, e(y, u) = 0}, existence of e,(y, w) s guaranteed.

Let me mention the unconstrained optimal control problem:

min J(y’ M) = E 0 “y _y”LZ(Q)dt + 5 0 ”M“LZ(Q)dt (45)

subject to

% —eAy(x, 1) + c(x, 1) - Vy(x, 1) + r(x, )y(x, 1) = f(x, 1) + u(x,t) in Qx(0,T], (4.6a)

y(x,f)=gp on AQxI[0,T], (4.6b)

y(x,0)=y9 in Q. (4.6¢)

4.1 Discretize Then Optimize and Optimize Then Discretize Approaches

Optimal control problems can be solved in two different ways [33]: Discretize Then Optimize
and Optimize Then Discretize. If discretize then optimize approach is preferred, then the full
discrete state equation is written and all functions spaces are substituted by the finite dimen-
sional function spaces. Then, Lagrangian for the full discrete problem has been constructed
to extract the optimality system. For optimize-then-discretize approach, we set continuous
necessary optimality conditions which consists of the state, adjoint and the gradient equation.

Then, a finite element method is used to discretize the optimality system [16, 17, 18, 33].
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4.2 Variational Formulation

A strong solution of the PDE lies in C([0, T'] X ). A weak solution of the parabolic problem
is a function of ¥ = H'((0,T); H"'(Q)) N L>((0, T); H'(Q)) [53]. A possible weak formula

for the state equation can be written as follows: For given f, u and yy, find y(«) € Y such that

(6—y,v) +ay,v) = f (f + wvdx 4.7
ot Q
O0G,0,v) = (o,v) Yvey,
where
a(y,v) = f(sVy -Vu+c(x)- Vyu + r(x)yv)dx, YveV
Q
and

V={veH Q) :v=0 on Tp).

4.2.1 Optimize Then Discretize

For this approach, the Lagrangian of the problem is set. Then, by obtaining the partial Fréchet
derivatives of

L=Jy,u)+aly, p) + b, p) - (f,p)
with respect yo y, p, u to zero, we get the necessary and sufficient optimality conditions. We
have stated that the optimal control problem has a unique solution (y,u) € ¥ X U [43]. The
functions (y, u) € Y X U solve the optimal control problem if and only if there exist an adjoint

p € Y such that (y, u, p) satisfies the following optimality conditions [26, 31]:

(% v) +a(y,v) +bu,v) = (f,v), Yvel, (4.8)
y(x,0) = yo; 4.9
dp .

- (E"”) +aW,p) = -O=9¥), YyeV, (4.10)
p(T) = 0; 4.11)

T
f (au+p,w—u) = 0, Vwek, 4.12)

0

where K = {u € L*(0,T;U) : uy < u < up a.e.Q} and inequality is substituted by the
equality in case of pointwise control constraints. Indeed, (4.8)-(4.9) is the weak form the
state equation, (4.10)-(4.11) is the weak form the adjoint equation with with the convection

term —c. (4.12) corresponds to the gradient equation.
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4.2.2 Discretize Then Optimize

Instead of obtaining the solution the the infinite dimensional problem (4.6), we are interested

in the solution of the discretized (4.6).

As we mentioned before, we use monomial basis functions to perform the spatial discretiza-

tion of (4.6) by Discontinuous Galerkin Method.

The state y and the control u are approximated by functions of the form

Nloc

D= Y yEOeF (), VxeQ, Ve (0,T), (4.13a)
Eegy i=1
Nloc

wen= > S ufgf), VxeQ, Vie©T) (4.13b)
Ecgy i=1

yf’s are called as the degrees of freedom which are functions of time [53]. The number of
elements in the mesh is denoted by N,,;. Indeed, the basis functions can be interpreted in detail

as follows:

@F 11 <i<Npe, Ec€en)={¢F :1<j< NipeNet, E € ep),

WFi1<i<Npe, Ecep) =" :11<j<NpNa EE€ey).

We set 5(1) = 3o, . . ., yn(®) and () = (uo(D), . . ., un ().

4.2.2.1 Semi-discretization

The approximate solution Yj(¢) lie in the finite-dimensional space Dk(fh) for all r > 0. The
solution Y}, is called as the semidiscreet solution, or sometimes as the continuous in time
solution [53]. The weak form of the state is discretized by DG method in space and then by

6-method in time. Let
Di&) ={ve Q) : VE € &, Vv, € Py(E))

be the DG conforming finite elements with respect to a triangulation &, of the computational
domain Q and let M}, € RV>Ni and Aj,(f) € RV>Ni ¢ € [0, T] be the associated mass matrix,

the stiffness matrix and the time interval.
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The semi-discreet variational formulation of the state equation is as follows: For all ¢ > 0,

find Y,,(r) € D¥(gy,) such that

(%,u)g + ac(Y(0),v) + c(Yp(D,v)a = L(t0) + (Un(D),v)a,  ¥1>0, Yue DN,
4.14)

(Y(0),v)q = Go.v)a, Vv e D*&).
4.15)

Depending on the value of the parameter v, the method is called SIPG (y=-1), NIPG (y=1),
or IIPG (y=0). The initial condition ¥ can be chosen to be yq if yp belongs to the discrete
space D¥(&;,), or it can be chosen to be 7, where j is an approximation to y to be specified

later.

Let me insert (4.13a), (4.13b) into the DG (bi)linear forms, then we obtain the system of

ordinary differential equations

Mdit)')(t) + Ay(t) + Mu(r) F@)+ My@), t<(0,7), (4.16)

M7y(0) Y. 4.17)

If we insert (4.13a), (4.13b) into (4.6), a semi-discretization of the optimal control problem
(4.6) is given by
T o Tl
f (Ey(t)TMy(t) — (Y20 5(0) + Eﬁ(t)TMlZ(t)dt)dt + f f Eyz(x, 1dx, (4.18a)
0 0 Jo
Mdit)‘)(t) + Ay(t) + Mu(t) = F(t) + My(t), t€(0,T), (4.18b)

M¥(0) = Y. (4.18¢)

The matrices M = (M;;);j, A = (A;j);; are named as the mass and the stiffness matrices,

respectively; ¥V 1 < i, j < Nj,cNe, they are defined by

M= M;pij = (&), P,
A=(A;)ij = D+C+R=adpj,¢)+c(dj,¢i)+r(d; ¢,
(F@) = (L)),
Yo = (Go, o
Yg=Xa®)i = (alx,1),da.
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The matrix M is block diagonal, symmetric positive definite, and thus invertible. The exis-

tence and uniqueness of ¥ is obtained from the theory of ordinary differential equations [53].

4.2.2.2 Full Discretization

We now discretize the time derivative by the -method with respect to a partition

O=ty<ty<---<ty=T

of the time interval [0, T] with time step Ar := T/N, N € N. We also use the following

notation for any function y = y(z, x):

Y n>0, "=nAt y'(x)=y")(x) =y, x).

The full discretized state equation is as follows:

Yl’H—l _ Yn
(" va + @Y + (1= 0)Y]v) +c(OF) + (1= )Y} v)a 4.19)
= 9L(tn+l§v) +(1- O)L(t";v) + 9(UZ+1,U)Q +(1- 9)(Un, Vo VYn>0, VYve Dk(eh),
(4.20)
M5(0) = Yo. 421

We expand the full discreet adjoint solution ¥, using the basis functions of Dk(&)

NlocNel
n __ ~nin
Y n>0, Y, = E Vi#-
j=1

The full discretized state equation is equivalent to a linear system with vector of unknowns

$» = ();. The full discrete optimal control problem:

N

. 1 ~T A g~ T~ Uo7,

min ZO AGY] M = (Ya@)T 5 + Sitf M), (4222)
(M + At6AYSi1 = (M = Ar(1 = B)A)5;

+AH(OF (tis1) + (1 = OF (1)) + At(OM it + (1 - O)Miy;), (4.22b)

M5(0) = Y. (4.22¢)

i=0,...,Nandy(0) is given. We construct the Lagrangian corresponding to (4.22a) to obtain
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the optimality system:

N
- - . N | O .
LG05 s I8 0, - N, Os - PN) = ) At(iy,»TMyi — (Ya(t) 5 + Eu,-TMui)
i=0

=

-1
Pl (M + AtBA)Fi41 — (M — Ar(1 - 0)A)5;

(=]

— A(OF (ti+1) + (1 = O)F (1)) — At(OM ity + (1 — O)Mii;)].
4.23)

We obtain the adjoint equations by setting the partial derivatives with respect to y; of the

Lagrangian to zero:

(M + A16A) py

A
—{(MS»N — (Yal)),

(M + A10A) py (M = At(1 — QA pyo1 — AMF; — Ya(t)), i=N-1,...,0.

Optimize-then-discretize and discretize-then-optimize approaches differ in terms of some as-
pects. Although there is no basic difference between these two approaches, one of them is
applied depending on the application and computational requirements related to the problem
[33]. As we have mentioned, the optimize-then-discretize approach leads to an adjoint equa-
tion with a convection term —c. For the distributed optimal control problems governed by a
steady diffusion convection reaction equation, if symmetric interior penalty Galerkin method
(SIPG) is used for spatial discretization, then the optimize-then-discretize and discretize-then-
optimize approaches results in equivalent formulations. However, this is not the case for NIPG
and IIPG. Indeed, for the distributed optimal control problems governed by an unsteady dif-
fusion convection reaction equation, two approaches do not commute. In addition to the
difference arising from convection term of the adjoint equation, there is a difference for the
adjoint evaluated at the final time. For optimize-then-discretize approach, the adjoint equa-
tion is equal to zero, that is, p(-, T) = 0, while discretize-then-optimize approach results in

the following equality for the final time
T~ At
(M + AtbA)” py = —— (M3 = (Ya(D)w)-
However, in the literature there are some ways to make these two approaches commutative.

In [1], a variant for Crank-Nicolson scheme is suggested for temporal discretization of the

optimal control problem governed by parabolic PDEs. In addition to this, backward Euler is
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used firstly, and then finite element space discretization is applied in [57]. thus, optimize-ten-

discretize and discretize-then-optimize approaches are coincide.

During the study, we have solved the state equation forward in time, and solved the adjoint
adjoint equation backward in time. As we have decrease the mesh size to approximate the so-
lution accurately, a memory problem occurs if all data are stored. For large problems, storing
all necessary data is impossible. Thus, as suggested in [17, 21], storage reducing techniques
like checkpointing can be used. Checkpointing suggested in [17] is as follows: Instead of stor-
ing the coeflicients for the state equation for all time steps N, store M of them. Here, N + 1 is
assumed to be a constant multiple of M. It corresponds to storing yo, Vs, - . ., YN+1. 1o com-
pute the coefficients of the adjoint, the coeflicients of the state are needed. Thus, to compute
coeflicients of the adjoint p; fori € {kM+1,...,(k+1)M—1}and some k € {0, ..., (N+1)/M},
y; is needed which is not stored. Thus, yxys is used to recompute ygas + 1,..., 41 M — 1. In

addition, for the state equation, we have the following system of equations

M Y0
-D° ' Vi
-D' C? 2
_DN—Z CN—I yN—l

_DN—l CN j}N

Yo 0
AtOF; + (1 — O)F)) AtM (B + (1 = O)iip)
AH(OF, + (1 — O)F)) AtM(0itz + (1 = O)iiy)
= +
AH(OFN_1 + (1 = 0)Fn_2) AtM(Biin_1 + (1 — O)iiy_o)
AtOF N + (1 = 0)Fn_1) AtM By + (1 = O)iin_1)

where D/ = M — At(1 — 6)A and C7 = M + A16A.
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Equivalently, the adjoint equation can be written a linear system

Co -D
Ci -D,
C
Cno2
M
M
M
= —-At
M
M

where C; = M — At(1 —60)A and D; = M + At6A. The matrices at the right-hand side is of size

NlocNel(NT + 1) X NlocNel(NT + 1)

Apart from this, if one uses discretize-then-optimize approach, then the full discrete optimal
control problem can be solved by all-at-once method. Discretization of the problem and
the solution via first order necessary optimality condition on a Lagrangian results in a linear
system. the system is in the form of a saddle point problem. Due to the high dimension of
this system, iterative methods are preferable. To accelerate the convergence of the method,

a preconditioner is used. Details related to the all-at-once can be found in [52, 56] for PDE

constrained optimization problems.
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CHAPTER 5

OPTIMIZATION METHODS

Consider the following problem
min J(u),s.t. e(y,u) = 0,u € U. (5.1)
uelU

No bounds are inserted on the control u, so this problem is an unconstrained optimization
problem. A general framework of the optimization algorithms is as follows by [47]: Firstly,
an initial value is set. Then, a sequence of iterations is generated. Depending on the method,
the value of the objective function or the previous iterations are needed to obtain the mew
iterate. Then we decide whether accurate solution is reached or not to terminate the algorithm.
Unconstrained optimization methods are line search and trust region method. During the
study, we have used line search methods. Thus, we give detail only about line search methods.
Idea behind the line search methods lies in obtaining a search direction p; and a step length
ay. Values of them are critical for the efficiency of the method. The search direction can be
obtained by using different schemes, but most of the algorithms requires p; to be a descent
direction. For example, p; must be chosen such a way that szﬁ < 0. Another way to
choose it is py = —BEIVZ(. In the steepest descent method, By = I, in the Newton’s method
By = V2J.. It is critical to choose the step size efficiently. Thus, the following Armijo

condition can be used to determine ay
J(ug + apr) < Jug) + c1aVI] py, (5.2)

where ¢ € (0, 1). By this formula, we can say that the step length @; and the directional deriva-
tive kaT Pk plays an important role in the reduction of Jr. However, the sufficient decrease
cannot guarantee the steps to be acceptable. Thus, curvature condition must be satisfied in

order to eliminate the too short step sizes by the following inequality

VI + awp) pre = 2VIT p, (5.3)
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where ¢; € (c1, 1). Apart from the line search method, Newton’s method can be sued in order

to obtain the search direction p; by
V2Tisk = =V (5.4)

We have followed the idea in [17]. Thus, the Newton equation is solved by conjugate gra-
dient(CG) method. Let me state basics of (CG) method. We consider the linear system of
equations Ax = b with a symmetric positive-definite matrix A. Then the linear system can be
written as a minimization problem of %xTAx — bT x. Solution of two problems are the same

and unique. It is necessary to mention a theorem given in [17].

Theorem 5.0.1 Assume that e, (y(u), u) be invertible and sz(u) be symmetric positive semidef-
inite. The solution ofVQ.T(uk)sk = —Vf(uk) is the vector sy if and only if
T T

v, (v, u)" sy s Vo Ly, u,p) V,,LO,u, s
min yJ (v, u) y .l Y WL, u,p)  Vy,L(y,u, p) Y

V. Iy, u)" Su Su Vi Ly, u, p) Vi L(y,u,p) )\ su
is solved for (sy, s,) with s, = e, (y(u), w) e, (y(u), u)s, such that

ey(y,u)sy + c,(y,u)s, = 0, where'y = y(u) and p = p(u).

Thus, the minimization problem in the theorem is equivalent to %xTAx — b x with x;, = sy,

b =VJ;and A = V2J,.

In case of boundaries inserted on the control u, then the space of controls are defined as
U,qa. Then, the problem is converted into an inequality constrained optimization problem.
Active-set methods, gradient based methods and interior-point methods can be used to solve
the inequality constraint problems. Active-set method is an efficient tool to solve small-to
medium scale problems. The method is started by initiating the optimal active set. If this
guess is wrong, then gradient and Lagrange multiplies information is used to updating the

active set by dropping an index from the chosen active-set and by inserting a new index.

5.1 Unconstrained Optimal Control Problem

For this study, we have followed the idea and use the MATLAB programs given [17]. One-

dimensional unconstrained optimal control problem has been solved by Newton-Conjugate
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Gradient method with Armijo line-search. Two-dimensional constrained optimal control

problem has been solved by active-set method.

The Newton-CG Algorithm with Armijo-Line Search

The conjugate gradient (CG) method is used to approximate the Newton equation
VI (u)sk = =VI (). (5.5)
If the Newton system is close to zero, which means that
IV2 TGy sic + VI@ollz < el VI )lla, (5.6)

nr € (0,1), or in case of a direction of negative curvature, the CG method is terminated.
After having computed the direction sx, we apply a simple Armijo line-search procedure to
determine the step-size a. The Newton-CG algorithm is as follows [17, 47]:

Algorithm

1. Given ug and gtol > 0. Initialize k = 0.
2. Evaluate Vf(uk).

3. If [V (ug)l| < gtol, stop.

4. Evaluate VZT(uk).

5. To determine an approximate solution of the Newton equation VzJA(uk)sk = —Vf(uk),

perform the CG method to compute :

(a) Choose 7y € (0,1), s = 0 and pro = reo = —VJI ().
(b) Fori=0,1,2,...do
L If (el < mellreollz go to 5.3.
ii. Evaluate gx; = sz(uk)pi.
iii. If p{ qri <0 goto5.3.
iv. yri = lrill*/ py e
V. Sk = Sk + Yk,iDk,i-
Vi Trivl = ki = Ykidki-
vil. Bri = lreiet P /llrell>.

Vill. pri+l = Fri+l + BriPk.i-

46



(c) If i = 0, set s = —VJ(u).
6. Perform Armijo line-search.

(a) Choose ay = 1 and evaluate f(uy + aysg).
(b) While f(u + axsi) > f(ur) + 104 agsT VI (ug) do
i. Set @y = ay/2 and evaluate f(u + agsi).

(c) Setupy = up + apsi, k «— k+1. Goto 2.

Gradient Computation Using Adjoints
Algorithm
1. Given u, determine the solution of e(y, u) = 0 for y.

2. Determine the solution, p(u), of the adjoint equation ey (y(u), wlp = =V, J(y(u), u) for
p.
3. Evaluate VJA(M) =V, JO(u), u) + e,(y(u), u) p(u).
Hessian-Times-Vector Computation
We compute the Hessian of J because J and e has been assumed to be twice continuously
differentiable. In order to facilitate the computation of the Hessian, the Newton-CG algorithm

has been suggested. Therefore, Hessian-times-vector products V2J(u)v can be evaluated to

lessen the disadvantage of the expensive nature of the Hessian computation.

Algorithm

1. Given u, obtain the solution of e(y, u) = 0 for y. Let me call the solution as y(u).

2. Determine the solution of the adjoint equation e, (y(u), wl'p = =V, J(y(u), u) for p. Let

me call the solution as p(u).
3. Determine the solution e, (y(u), u)w = e,(y, u)v.
4. Determine the solution ey (y(u), w!'p = Vo L), u, pu))w =V, L(y(w), u, p(u))v.
5. Evaluate V2J(u)v = e,(y(w), )" p = Vg L), tt, p))w + Vo, L), 4, p())v.
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Given iy, . . ., iy and Jo, compute 31, ..., ¥y by solving the full discrete state equation. Then,
compute py, ..., Ppo by solving the full discrete adjoint equation. From step 3, the above

algorithm can be adapted to our problem as

1. Compute wy, ..., Wy from
(M + At0(A) Wiy = (M — A1 — 0)A) W; — AtM(69;41 + (1 — 0)¥y),

i=0,---,N—1, where wy = 0.

2. Compute py, ..., po by solving
(M + AtOA) piy = §E M1,
(M + AtOA) p; = (M — At(1 — O)A) piy + AtMv;,
fori=N-1,---,0.

3. Compute Vﬁf(v).

5.2 Constrained Optimal Control Problem

For given J and e, the problem can be formulated as follows:
J(w) = J((w), u), (5.7)
where y(u) € R™ is the solution of an equation

e(y,u) =0, (5.8)

Ug < U< Up. (5.9

We have motivated to apply the active set strategy given in [46]. The algorithm that we have
used is as follows. The vectors p and 11 are obtained by listing the solution of p and i for each
time steps column by column.
Algorithm

1. Initialize u = 0.

2. SetA” = A" =0.

3. SetJ =Q.

48



4. Setn =0.
5. While n < nyqx

e Determine the solution of e(y, u) = O for y.

e Determine the solution, p(u), of the adjoint equation ey (y(u), wl'p = =V J(y(u), u)

for p.

o Determine the solution of

a'Al‘Cl/zfl + Atdiag(Xj)Cgf) = a'C]/z(Ath(— -, + Aleﬁ -Up),

where
1/2
1
1
Cip = ) )
1
1/2
0
(1-06) 0
Cy = (1-6) 6
1-6) 6
e Define A” ={xe Q: -p - aii, <0}.
e Define A* = {x € Q: —p — aii, > 0}.
e Define 7 = Q\ (A NA").
— 205 w112 e w12 = )
L4 Deﬁne 6n = ”u - uaHLz(ﬂ—) +a ”u - ublle(jp-) + ”p - au”[}(g)

Stop if 6, < Ve and 6, = 6,_.
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CHAPTER 6

A PRIORI ERROR ANALYSIS

The state, adjoint and the control can be discretized by using different functions to improve the
accuracy of the method. One way is to use the same order of basis polynomial to approximate
the state, adjoint and the control. The control can be approximated by piecewise constants as
in [26, 34]. The other ways is to use the control u without discretization in order to get rid of
the discretization error and increase the order of accuracy [34]. For the steady-state optimal

control problem, [34] gives the following orders for different approximations

Ch for piecewise constants,
Al — uplly + lly = yallz2@) < {CH3/?  for continuous and piecewise linear uy,

Ch? for variational discretization.

In the literature, there are several ways to define DG bilinear and linear forms. As we men-

tioned before, the bilinear form coming from the diffusion part is as follows by [53]:

ac(y,v) = Z f eVy - Vudx — Z (VY - no)[v]ds 6.1)
Eeg), E ecl’,Ul'p €
+ Z {va-ne}[y]ds+Jgo’ﬁo(y,v). (6.2)
eel,Ul'p ¢

where

00,54 0-0
rew = Y e [l

ecl,Ul'p
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In addition to this, this part can be defined as [38]

a(lw,v) = Z LsVy - Vudx + i (w((eVV) - ) — ((eVv) - pv)ds (6.3)

Ee&y
+ j;([w]{(va)-v}—{(aVa))-v}[v])ds (6.4)
+ fcrwvds+f olwllvlds, (6.5)
IﬂD rinl

where o is the discontinuity penalization parameter and v = u for boundary edges and for

given Dirichlet and Neumann boundary conditions.

For the convection term, we have used the definition in [38]:

c(y,v) = Z (f cVy - vdx — f (c-n)y" =y )Hv'hds - f (c- ne)y+v+ds) , (6.6)
E d_E\T O_ENT_

Eeg),
The convection term is approximated by an upwind discretization by [53]

cy,v) = — Z Lcy - Vudx + A (¢ - n)y"P[vlds + jl: (c - ne)yuds, (6.7)

EE‘fh

where w"? which is the upwind value of the function is written Ye = 0E! N E?

if wu-n,>0

up W, =
W' = ¢

Wi, if u-n,<0

With this definitions, the method is consistent, which will be explained next section, with a

suitable right-hand side

0
Lv) = Z (L fudx - L_Emr_(c . ne)gDvJ’ds) + Z f(yva ‘N, + |;T—|;0U)gpds + Z vgnds,

Eefh eel’p ¢ ecl'y €
(6.8)
while in [59]
L(v) = f fudx. (6.9)
E

For the stability and the convergence estimates, the reaction term can be inserted into the
term coming from the convection part as in [38]. As different from [38, 59], for our case,
(co(x))? = r(x) — 3V - c(x) > 0 in Q as in [49], which is the coercivity condition. (co(x))? is

zero, automatically, because r and ¢ are constants.
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6.1 Consistency of DG method

The interior penalty DG method inserts some terms coming from the penalty parameters,
jump terms and Dirichlet boundary conditions. Thus, each term at the right-hand side of the
DG variational formulation must be matched to the terms the left-hand side. In other words,
we need to confirm the equivalence of the weak form and the PDE. The terms coming from
the ac(-,-) are matches the ones at the right-hand side L(#; v) by [53]. In addition, the terms
of the convection parts are consistent with the ones at the right-hand side by [38]. Thus, the

method is consistent.

6.2 Error Analysis For The State Equation

6.2.1 Stability Estimates For The Semi-discrete State

To make the error analysis easy to understand, it is beneficial to proceed term by term. Firstly,
a priori error analysis for the diffusion equation with Dirichlet boundary condition can be
performed as in [53] in detail. Secondly, a priori error analysis for the convection equation

with Dirichlet boundary condition is derived as in [38].

6.2.1.1 Stability Estimates For Diffusion Equation

Consider the semi-discrete DG variational formulation of the diffusion equation:

0Y,
Vi>0, Vue Dién, (a_th v) +al(Ypv) = L), (6.10)
Q
Yuv € Di(&n), (Yn(0),v)a = (yo,v)a; (6.11)
where the DG bilinear from and the right-hand side are as follows:
awv) = f eV -Vudx— > | {eVw-n)[vlds (6.12)
Eeg, VE eel,Ulp ve
0
oy Y f (eVu-nollwlds + Y Ijlﬁeo f [wlvlds,  (6.13)
eel’,Ul'p eel,Ul'p
) > .
L(v) = ff(t)vdx + (yeVu - ne + —=wv)gp(t)ds. (6.14)
Eeg, Y E eel’p V¢ lefPo
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We choose v = Yy (¢) at (6.11). If Bo(d — 1) > 1 and and 0'8 is bounded below by a constant,
then ac is coercive by [53]. We use coercivity for the left-hand side of (6.11), apply the trace
inequality and the Cauchy-Schwarz’s inequality for the right-hand side of (6.11) to obtain the

following inequality for a constant C independent of A:

1d

2 K 2 2 2 1 2
5 il + S IVAE < 1PN 0 IV DI, + € Z‘ o IOl
ecl p

Then, we apply Young’s inequality to || f (t)lli2 (Q)IIYh(t)IIiZ @ by choosing the Young’s inequal-
ity constant as 1. Then, we multiply the equation by 2 and integrate from O to ¢. In order to
eliminate the term f [1Yn(s)|| at the right-hand side, we apply the continuous Gronwall’s in-

equality to obtain

! !
1
Y4172 ) + & f ||Yh||230[ f 2y + IO + D —|e|,30||gD<r>||5,e :
0 0 eel’p

C increases exponentially in time. The final result follows for a positive constant C indepen-

dent of &:

T
1
2 2 2 2 E 2
||Yh||L°°(O,T;L2(Q)) + \f(; ”Yh”e S C“)’O”Lz(g) + C”f(s)||L2(O,T;L2(Q)) + C |€|ﬁ0 ”gD(t)”LZ(O,T;LZ(e))'

eel’p

6.2.1.2 Stability Estimates For Convection-Reaction Equation

Secondly, we obtain the a priori error estimates for the convection-reaction equation with

Dirichlet boundary condition. Consider the following DG variational formulation

V>0, VYvue D&, (%, , v) + c(Yy,v) L(t;v), (6.15)
Q

Yv € Di(&r),  (Yr(0),v)q

(o, v)a; (6.16)

where the DG bilinear form and the right-hand side are defined as [38]:

c(w,v) = Z (f Low - vdx — f (c-n)(w" —w)vtds - f (c- ne)a)+v+ds),
E O_E\T d_ENT_

Eeép
6.17)

L(t;v) = Z (f fvdx—f (c-ne)gDv+)ds, (6.18)
E O_ENT_

Eth

where Lo = ¢ - Vy + ry. A bound for the semi-discrete solution of the steady convection

equation is given by [38]

1

2 2 2 2 ) 2

> (ucoYhuLz(E) S IV e + 1Y = Y05y + IIY;HMm) < > (g FliZ2qzy + 2lgnl gor )
Eeg, Ee&y
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where || - ||g corresponds to the (semi)norm for the following (semi)inner-product

(v,a))E:flc-nelvwds
E

and co > 0. A similar process is observed at [59],too. For our case, cgp = 0. Thus, the bound
above must be modified to make the fraction 1/co well-defined. In addition, instead of using
the (semi)norm defined above, L2-norm is preferred to be able use the error estimates in given

n [53] with respect to L*-norm.

We choose v = Y,(¢) in (6.16). There is no need to change anything at right-hand side. The
first difference from [38] arises from the right-hand side. We apply Cauchy-Schwarz’s and

Young’s inequality to the integrals

fth(t) and f(c'ne)gDylz(t)+~

The constants used in Young’s inequality are 1 and 2 for these integrals, respectively. Then,

we obtain

> dt||Yh||Lz(Q)+ > (nco(x)Yhniz(E) Sllie el Y12 por ))
Eeg),

+ Z( lle - nel Yy = Y 2y + |||c nel Y Em)
Eefh

< Z( 1172, + ||Yh||L2(E) |||c nel 2V 12 Emr)+|||c-ne|”2gD||izw_Enr_)).
Eeg,

If we arrange the terms, then we obtain

|| Yill?2o) + Z(wo(x)YhuLz(E) llie - nel Y12 ) por ))
Eeg),

+Z( lle - mel Yy = Y2 iy + IIIc nel Y% Em)
Eeéy

2
< Z( A1) + |Yh||L2(E)+|||c neleplag por ))
Eeg),

Then, we multiply the inequality by 2 and integrate from O to ¢. In order to eliminate the term

f [[Yn(s)|| arising from the right-hand side, continuous Gronwall’s inequality can be applied
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with a constant C increasing exponentially in time:

T T
1
||Yh||iz(g)+2( f L A f |||c-ne|”2Y;||iz(aEmr))
0 0

Eeg,

T T
1/2 -112 1/2 2
+ )] ( fo lle el Yy =Yyl fo e - nel" Yille(am)

Eth

T T
||Yh(0>||§2(g)+2( f 11720 + 2 f |||c-ne|”2gD||iz(am))].
0 0

Ee‘fh

<C

Similar to the diffusion equation, we obtain

1
2 z : 2 Lo 1242
||Yh”L°°(O,T;L2(Q)) + (”CO(X)Yh”LZ(O,T;LZ(Q)) + 2|”C ne| Yh ||L2(Q)(O,T;L2(6_Eﬁr_)))
Eegy

1/2y+ -2 1/2y+)2
+ Z (l”c : nel Yh - Yh ”LZ(O,T;LZ((?,E\F)) + ||IC : nel Yh ||L2(O,T;L2(6,Enl")))
Ee'fh

2 2 o2, 2
S C”)’OHLz(Q) + C Z (||f”L2(O,T;L2(Q)) + 2|||C nEI gDHLz(O,T;Lz(@,EmF,))) .
Eth
Stability Estimates For The Semi-discrete State
Let us provide stability estimates for the semi-discrete state equation by combining the bounds

that we have obtained up to now.

Lemma 6.2.1 Assume that By > (d — 1)~'. There exists a constant C > 0 independent of h
such that

T
2 2 al BTN § 2
”Yh”L""(O,T;LZ(Q)) + Kjo‘ ”Y/’l” S C{HYO”Lz(Q) + ||f”L2(0,T;L2(E))
Ee‘fh

~ 1

§ Ca1/2 2 § 2

+C |||C I’ll gD”LZ(O’T;LZ(a_Emr_)) + |€|‘BO ||gD”L2(O,T;L2(e)) .
Eeéy ecof)

(6.19)

where C increases exponentially in time.

Proof. Choose v = Y,(¢) in the semi-discrete variational formulation of the state equation to

obtain

0Y)
((')_th Yh(l)) +ae(Yp(0), () + c(Y3(0), Yi(1)) = L(t; Y3(0)).
Q

Let me insert r(-,-) into c(:,-) to facilitate the procedure. Then, by [38, 53], the following

bounds can be obtained by using the coercivity of a., Young’s and Cauchy-Schwartz’s in-
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equality:

1d 1
5 7 1ellzz ) * KIYAOlE + > (ncoYh(r)niz(E) + 3llle- n|”2Y;||iz((,_Emr_))
Ee§h

1 . 1

E - . 120+ _ yv—\112 - 122

+ & (2”|C nl (Yh Yh )”LZ(aiE\r) + 2”|C nl Yh ”L2(6+Enl"))
h

1 1 1 1/2 2 1/2 2
<> (Eufniz(m + SN2z, + e el YN gy + lle - 2l @bl gor
Eth

K 1
+SIVIZ+2C Y ——lignllZs, -
(e)
2 e€oQ) |e|ﬁ0 ¢

We arrange the terms and multiply the above inequality by 2 and integrate from O to #:

t t 1 f
Y4172 ) + & f ||Yh<s>||§+2(2 f leoYallzaq, + 5 f lle - nl' Y o0 s
0 0 0

Eefh

t !
20ty 2 /242
+Z( [ e nl 20 = Yy + [ e Yhnmm)

Ee‘fh

! t f
2 2 1/2 2
s||yo||iz@)+2( [ W+ [ IOy +2 [ et gDnLZ(aEmr))
0 0

Eeép

wac Y, o [ el

ecoQ)

We arrange the terms and use the continuous Gronwall’s inequality to get rid of fot 1Y, h(z‘)ll%2 ")

with a constant C increasing exponentially in time.

i3 ! 1 !
2 2 2 - 12y +2
¥l o [ IO+ Z(z [ by + 5 [ el PH g e

Eeg,
! 2 ! 1/2 2
* Z (f “lc'ml/z(Y; - YD“LZ(a_E\F) +f e Y/;L||L2(6+Enl"))
Eeg, WO 0
< & yoll? W w2 [ e nenl? vac S (el
= Yo LZ(Q)+ f I2(E) + c-n 8D [2(0_ENT.) I |ﬁ0 8D 2(e) |
Eeg), 0 0 e€0) € 0

Remark: As we decrease the mesh size A, the last term at the right-hand side of the above
inequality increases rapidly. This occurs because we have inserted the Dirichlet boundary
conditions to the variational from weakly. If the boundary conditions are imposed strongly by

setting the space of the test functions as
DY&) ={ve D& :v=0 on 0Q),

then, the stability bound can be rewritten as follows [53]:

T
A ~ 2
Y0720 * fo Y2 < CllSoll22q) + € D A2 0 7020m)
Eefh
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6.2.2 Error Estimates For The Semi-discrete State
6.2.2.1 Error Estimates For Diffusion Equation

For diffusion equation, let me mention how to obtain error bounds as in [53]. The global error

y — Y}, can be analyzed as
V=Y=0-9)-Qp-y=n+&
. n =y —¥is the elliptic projection, that is,
ac(y—-y,v) =0, Vt=0, VYve D).
The scheme is consistent, then we can write

((9_5’ U) +ac(é,v) = (0_7], v) +ac(n,v), Vt=0, Vuve Dié). (6.20)
ot g ot g

By the elliptic projection, this equation can be rewritten as

o0& 3 @
(E’ v)Q +ac(é,v) = (at , U)Q, Yt >0, VYve D& (6.21)

We choose v = £. We find a bound for the left-hand side by using the coercivity of a. with
the condition Sy(d — 1) > 1. The left-hand side is bounded as in [53] by Cauchy-Schwartz’s

, o . ..
and Young’s inequalities for positive penalty parameters o7

oy - |

el g+ IE1E < SR + 5 |2

2 dt L2(Q) ’

For the right-hand side, we use the error estimates for the elliptic projection given by [53]: If

y e L*(0,T; H*(&)) for s > 3/2, then
Ve >0, [y = (@)lle < CH™™ Lyl rs(e,-
If Q is convex, then the following error estimates are valid
Vi20, |y - 5Oll2q) < CH™ Ny, for  SIPG,

V>0, |y =3Ol < CH™™ 9 y@lllgsg,, for NIPG/IIPG.
Now, we can use the error estimates to bound the right-hand side

K .
- | |g| |2 S Ch2 m1n(k+1,s)—26

“f”LZ(Q) (fh)
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We multiply the inequality by 2 and integrate from O to ¢

QZ

ot

t
€125, oy + Kf €12 < €O, . + CH2mintk+1.9-25 '
o 0 s L2(0,,H (&)

Then, the final result is obtained by the triangle inequality in L? and the energy norm are

respectively,

Iy(@) = Y@l 2@ < 1Ya(0) = 5Ol 2(0) + (YD) = IOl 2(0)

T 1/2 T T 1/2
( fo ||y<r>—Yh<r>||§) s( fo ||Yh<r>—y<r>||§) +( fo ||y<z>—y<r>||§) -

6.2.2.2 Error Estimates For Convection-Reaction Equation

1/2

Let me mention thatnp =y — 3, £ = Y, — J. The scheme is consistent, then we can write

(8_‘5’ v) +c(é,v) = ((9_7]’ U) +c(n,v), Vt=0, Vve Dié&p). (6.22)
ot g ot Jg

Then, we choose v = ¢ and substitute the bounds given by [38] and use L>-norm

1
2 1/2 g+112
2 otz + 2 D Me a2 e g

Eeg), Eeép

1 _ 1
5 2 e nl P E =N gy + 5 D e ml' e g e
Eeéy Eegy

<2 Z fE (co)*én — Z fE nLoé + Z L (c-mén*

Eeé, Eeé, Eeg, YO+ENT

- fm\r(c-n)é’ ey L_E\F(c-n)é’ .

E efh E th

The first term at the right-hand side can be bounded by using the Cauchy-Schwartz’s and
Young’s inequality with the constant 1 while an upper bound for the second term at the right-

hand side can be obtained by [53], and the bounds for the other terms can be found at [38]:

1
D ol + 5 D e nl e g o

Ee:fh Eefh
1 _ 1
5 2 e nl P E =N gy + 5 2 el e g e
Eefh Eth
1 K
<5 D leodliiagey +2 3 lleonlifagg, + SIKIE + Clinlz g
Eefh Eth
1 1/2 2 1/2 2
T2 Z lle - 1'% 2 5. gy + Z lle - n"21* W2, o
Eegy, Ee&y,
1 1/2 — 1/2_ -
+ 7 2 M nl e =l gy + ) llenl Pl e,
Eefh Eeg—‘;,
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We arrange the terms to obtain the following:

1 2 1 1/2 2
5 D2 otz + 5 D Ml PE R oo

Eefh EEf/,
1 1/2 —\[12 1 1/2 2
+ 7 D el PE =Ny iy + 7 D e nlPE N
4 - 4 +
Eegy, Eeé&y
K
<2 ) lleonlys g, + glEIE + Clinlyz g
Eth
+ D Mlle - nl 2 1 ooy + O e a2 iz
Eth E€§h

As one can realize, the term §||§||§ must be eliminated. At [38], this term can be got rid of
by using a special interpolation. For our case, the terms coming from the diffusion equation
are needed. However, it is beneficial to obtain the bounds for the rest for the terms at the
right-hand side by [53] as follows: We have

1 2 1 2 in(k+1
5 2 el < 5 > GChE™ .
Eeglz Eth

We can bound the third term as follows by the error estimates given previously,

Clinll}s g, < CCR™™ 1200yl

2

Lastly, we consider 3 lllc - nl'27*I7,, . - and Eé llle - 277 20 e\r)-
Sh

Ee.fh

In general, for each element E and v € H'(E), the trace of v along any side of one element E
is well-defined [53]. In case of a common side e for the elements E{ and E7, two traces of v
along e are considered, that is, v}, and v|,.. By [38], UE is defined as the interior trace of vg
1 2
on 0E.The trace is taken from within E [37]. Let me mention the definition of vj{: and vy
b if ¢c-n>0 _ e if ¢c-n>0
y = y =
Y, 1if c-n<0, Wy i c-n<O.
Firstly, we consider |||c - n|'/?n*|| 12(9, Enr)- By the definition of the interior trace, this term can

be written as

lle - nl 2all gy, i ¢ n>0

lllc - n|1/277+||L2(a+Em1“) =
lle - al'2yll 22y if  c-n<O.

Then, by the trace inequality as in [53], it can be bounded by

=172y~ . |1/2 . nll/2 i .
< Cl IE, |7 “lllc - nl 77|E;||L2(E$)+h|5glllc n| VmEéIILz(E;) if ¢c-n>0

E21 2l -l Py N2y + By lle - nl 2V llpgy if ¢ -n <0
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By using the previous theorem and the fact that for i = 1,2 |e|'/?|E!|"!/? is bounded below by

a constant C in 2D, we obtain

1/2 .
< Cjymink+1,-1 le -l sy i c-n20

||C'”|1/2)7||HS(E3) if c¢-n<O.

If we add them up, we obtain

1/2 2 2 min(k+1,s)-2 1/2, 112
DMl PG g, < CIEMNE el Ry
Eth

For the term, |||c - n|"/ 277‘|| 12(0_E\T)> & similar argument is applied. For this case, we are inter-
ested in = which is the exterior trace. Then, we obtain
12,12 2 min(k+1,5)-2 172,12

D le - nl' PRy < CHEPEED2 e 2y,

Ee'fh
Error Estimates For The Semi-discrete State
At this part, we determine the bounds for the state equation of which consists of the bounds
that were found for the diffusion and convection-reaction equation separately. In order not to

lose the connection between the terms, the properties and the definitions are mentioned one

more time.

Lemma 6.2.2 Suppose that y € L*(0, T; H*(&,)) and that yo belongs to H%(&) for s > 3/2
and Bo(d — 1) > 1. Let 0¥ is sufficiently large for all e if SIPG and IIPG is preferred. Then,

there exist a constant C independent of h such that

. dy

I(® = Ya®ll 2 < Chmm“‘“’”‘é(n Ollz2@) + IYOllz20,7:82 +H_ )

(@) = YaOll2 Y@ IV G ™ o || 20 reaseny
(6.23)

where § = 0 for SIPG and & = 0 for NIPG and IIPG if By > 3(d — 1)~ and gp € Dy(&).
Otherwise, 6 = 1 for NIPG and IIPG.

Proof. Wesetn =y —73,& =Y, —y where y € Di(£,) can be chosen as an elliptic projection

of y defined below:
Vi>0, VYve Dk(fh)a ae(y(t) - )7(1), v) =0.
Now, we obtain the following for all v € D(&;,) due to the consistent scheme:

0 0
(—;,u) +adé ) +cE ) = (—",v) + acn.n) + (1), (6.24)
t o ot g
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We choose v = ¢ and use coercivity and continuity of a,., bounds given in [38, 37, 53] to

obtain:

1/2
||§||L2(Q)+K||f|| - Z(IICoflle(E) —|||c A" 2E s por ))

Ee‘i:h

+Z( lle - nl' € = ENa gy + |||c al'2E T, Em)

Eeg),

K
< 5”5“2 + _“ LZ(Q) + Z (ZHCOé‘:'LZ(E) ||COU|%2(E))
Eeg,

K2 2
+ SIEIE + Clll

1/2 1/2
> ( e R [ e [ Em)
Ee‘i:h

+ Z( lle - nl'2E" = ENap gy + lle -l P71, E\r))

EE:fh

We use the error estimates satisfied by the elliptic projection [53] and combine the terms that

we found before. Then, we multiply the inequality by 2 and integrate from O to 7 to obtain:

2 1/2
112 + f HEOIZ + > (101220 120y, + Me 1 2E g 126 )

Eegy

1/2 1/2
+ Z (—“lC n| / (é‘: _é: )”Lz(OTLz(@ E\r)) ”lC n| / é.‘ ||L2(0TL2(5+E0F)))
EEf},

f9y

+ Chlmm(k+1 §)—26
ot

< Cthm(k+1 §)— 2(5|”y(0)|”

2
r@ L2(0.T:H (&)

+2Cc 2h2m1n(k+1 $)— 2(5” || +Ch2m1n(k+l $)— 25“ ||

Vi20,7:15@)) Vllr20,7; 156"

The final result can be reached by using the triangle inequality as follows:

Iv(®) = YaOllr2@) < V(@) = 5Oz + (@) = FOllr2(0)-

6.2.3 Stability Estimates For The Full-discrete State (Backward Euler)

For the stability estimates of the full-discrete state, we need to use the full-discrete DG varia-
tional formulation of the state equation. At [37, 38], the problems that are considered are not
time-dependent, while error analysis has been performed for only semi-discrete problem at
[59] after having applied optimize-then-discretize approach. As we have mentioned, we have

used discretize-then-optimize approach. Due to the transient nature of the problem, we need
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to conduct error analysis for the full-discrete problem, too. We start by determining a bound

n+1 n
for ||Y}"|l. The only difference arises from (Y ml ,Y ”“) .
Q

Lemma 6.2.3 Suppose that there exist a constant C independent of h and At such that for all

m > 0,

112, T2y + KA ||Y"||2 < C(”yOHU(Q)) * Atz I ||L2(Q)]

n=1

+ CAI[Z Z lllc - n|1/2g Lz(a Eary T Z Z B |ﬁo||gD||Lz(e)] (6.25)

n=1 E€&) n=1 ecoQ

Proof. We obtain the full discrete state equation by backward euler method and choose v =

n+1.
Y

Yn+1 _yn
(%, Y;;“) +ac(YL Yy + eyt = Lt v, V>0, Y e D&y,
Q

(6.26)

Y = yo. (6.27)

Use coercivity of a, the inequality ”j(x2 - yz) < (x — y)x”, bounds for ¢(:,-) and L(:,-) on

[38] and [53], respectively, to obtain:

1 12
_(HY”H’ ”LZ(Q) ||Yn||L2(Q)))+K”Y;Z+ ||e
* Z(||COY"+1||L2(E) —|||c Al P g por ))
Eep

1 _
+ ) (z”'c Al PO = Y By + el 2O s, >)
Eefh

1 1
_“fn+ ||L2(Q) ||Yn+ ||L2(Q)

1/2 1 1/2 1
+ Z( lle - nl 2 12,0 gy + e - nl' gl 2, 0 oo ))
Ee‘fh

SIFE +2C 2 —|| w2
6689

L2(e)
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We arrange the terms to obtain the following:

K
E(HY””MLZ(Q) Y312 + 513
+ Z(||COY"+1||L2(E) —|||c "2 e ))
Eeg,
1
+ (§|||c-n|”2<Y;:”) ~ Y oy * |||c a2 R Em)
Eefh
n+1 n+1
“f ||L2(Q) ”Y ||L2(Q)
1/2 1 1
+ Z lle - nl g 1Psy g ) +2C Z ol [
Eegy, ecoQ)

We multiply the inequality by 2Af and sum fromn =0ton =m — 1:

m
0 2
11200y = 14172 ) + er 17712

+2AIZZ(|ICOY 120 + AtZ|||c Al D T2 per ))

n=1 Eth

+ At llle - a2yt — (v, + Ar llle - nl2(YH*I12,
L?(0_E\IN) L*(0+ENT)
n=1

n=1 Ec&,

< Arz "2 + Arz DA

+ 2ArZ D (e 2ehias g ) + 4CA:Z > Wongbum

n=1 E€é, n=1 ecdQ

We substitute ||Y0|| W2 by the approximate solution ||y0|| @)’ In addition, the term Af Z ||Y”||

at the right-hand side must be eliminated to obtain a stability bound. To do this, dlscreet Gron-

wall’s lemma can be used for a constant C which increases exponentially in time to obtain the

final result.

m
2 2
1Y} + KA D IYRIZ

n=1

+ 2Atz > (ucoY"an(E) + ArZ lle - nl D 2y gor >]

n=1 Ec&,

+ Atz > (mc a2 = (O o + Arz lle - a2V 117 . Em]

n=1 Eefh

m
1/2
C|1boll2: +ArZ||f 220 +2ArZ D le -l ghITa o >]

n=1 E€&;
+4c(cmz > » |ﬁOIIgDIILz(e)]

n=1 ecdQ
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6.2.4 Error Estimates For The Full-discrete State (Backward Euler)

This part is similar to the error estimates for the semi-discrete state equation. Instead of y — ¥

and ¥, — y, weusen =y" —y"and § = Y} — ", respectively.

Lemma 6.2.4 (Backward Euler) For s > 3/2, assume that the exact solutiony € H Lo, T;H* n),

% € L*(0, T; L*(Q)). There exist a constant C independent of h and At such that for allm > 0

2 2

9
ot

&y

”Y;l’n _ ym||2 < Ch2miﬂ(k+1,s)_2(5 (“ly(())”lip(é_‘h) + H 6[2

L2(Q)

) + CAF?

HY(0,T;H5(¢n)) L2(0,T:L2(Q))

m
+ CAthzmln(k+l,‘Y)*25 Z [”lyn+1|”%.1s(§h) + Z |||Coyn+l|||?.1s(§h) + |||C . n|1/2(yn+l)”2 :(fh)] .

n=1 Eeg,

(6.28)

In general, for SIPG, 6 = 0 while for NIPG and IIPG, 6 = 1.

Proof. Let y be the elliptic projection of y, as we mentioned before. Let me write y" = y(t"),
V' = 3("). Define &" = Y} — " and " = y" — 5. As in [53], we subtract the semi-discrete

variational form from the full discrete one to obtain:

§n+1 _ fn
(T’“) +a@v) + e v) (6.29)
Q
ayn+1 yn+l _ yn nn+l _ 77” el il
_ _ o)+ ) & )+ ). 6.30
( 5 A7 vQ o vQ ac(,v) + e, v) (6.30)
We begin with a definition #"*! = %;1 - Z'H;—t’zn. We choose v = &™*!. For the left-hand

side, we use coercivity of a., the elliptic projection y. Cauchy-Schwarz’s and Poincaré’s

inequalities are used for the first product at the right-hand side. Then, we proceed similar to
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the semi-discrete case to obtain:

(||§"“||L2(Q) 11 2 p)) + lIE™ 12

1
n+1,2 - L 1/2ent1N+2
+ Z (”Cof ||L2(E) + 2|||C nl (§ ) ”Lz(ﬁEmF))

Eeg,

+ Z( lle - nl' 2@ = E DM oy + |||c nl' 2@, Em)

Eeg),
12 (Q)]

K
+ I+l Iy + (—ncof"“an(E) * 2||Co?7"+1||Lz(E))
Eeg),

n+1 n

-n

< Clig" e [ne"*‘uLz(Q) e

> (—mc Al A€ 2 gy + e -l PG IR . Em)
Ee,

+ Z( lle -l (@D = €D M2 gy + el 20D I, E\D)

Eeg),

n+l_on

Let me consider the term C||€"*!]|, (||9"+1||L2(g) + | T

Lz(Q)) separately to facilitate the

procedure. As in [53], by Young’s inequality,

. . n+l _ nn : . nn+l _ nn 2
CllE™ e (IIH”+ 2@ + ) e +(||9”+ 7. ]
At ro) 2 @t At 2@
By Taylor expansion, we have
1 tn+l 6 y tn+l an
gl = — ' - dt, gt = f —dt.
A, UG A
Using Cauchy-Schwarz’s inequality, they can be written as
Ar (6| on|P
e I = I Tt PRI N
L@ =3 o2 2@ n T2 p at 2o

We substitute these into the inequality, arrange the terms and multiple the inequality by 2A¢

and sum fromn =0ton =m — 1.
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3 m
16711220y = 167122y + AT D €712
n=1

m
1
+208 ) Y (Encof"nim +lic - n|‘/2<§”>+||i2((,m))

n=1 Ee._f;l

L 1 1
+200 )" (ch Al AE T = EMagopy + e n|”2(f">+||§z(a+m)

n=1 Ec&,
2

T T
< CAF? f dt+C f
0 L2(Q) 0

m

112 1/2 1 2 1/2 1\—12

+ 288 " " (2lleor™ gy + e - nl' P61 Wiy gy * lle -l 2@ D )
n=1 Eefh

Py i

or?

an

ot

L2(Q)

m
dr +2CAr Y |l |2
Q) n=1

Then, we use error bounds given in [53] similar to the semi-discrete case to obtain the follow-

ing:
3 m
161172 + AT D 1"
n=1

- 1
oary Y (Eucof"niz@ +lle- nl”z@”)*lliz(a_m_))

n=1 Ec&,

% 1 1
+200 )Y (Z”"’ Al PRET = E Moy + e n|”2<f">+||izw+m)

n=1 Eth

2
. 0
< Ch?min(k+1,9)-26 (IIIy(O)lII%,&(&) + H—ai

32
) + CAP —g
t

2
HY(0,T:H5 (&) L2(0,T:L2(Q))

m
+ 2AKCK ™20 N R e S oy Wy + e - nl PO DI, ):
n=1 Eefh

The final result is obtained by the triangle inequality.

6.2.5 Stability/Convergence Estimates For The Full-discrete State (Crank-Nicolson)

Without going into details, the full discrete variational formulation by Crank Nicolson is A-

stable [29]. Under the smoothness assumption for the solution, we deduce that [53]

1Y} =yl < OR™EHED70 4 Af?) 6.31)
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6.3 Error Analysis For The Adjoint Equation

6.3.1 Stability Estimates For The Adjoint (Backward Euler)

We have discretized the optimal control by DG in time and by #-method as follows:

N

. | o a_p.
min )" AT MF; - (Ya(0)' 5 + S0 Miiy), (6.32)
0)y..esllN pr 2 2
where  Jp,...,¥n is the solution of

(M + AtO(D + C + R))yir1 = (M — At(1 — 0)(D + C + R))y;
+ AHOF (tiv1) + (1 = O)F (1)) + AlOMiijq + (1 — OMiy;), (6.33)

i=0,...,N-1 and Mjy(0) =Y. (6.34)

The corresponding adjoint equation by Backward Euler has been written as
» Ar o
(M + A6(D + C + R)" py = =—-(M§n = (Ya®)w), (6.35)

(M + Atd(D + C + R)" py = (M = A(1 = 0)(D + C + R) pi+1 — A(M5; — (Ya(1)y),
(6.36)

i=N-1,...,0.

Then, we can obtain the variational from corresponding to the full discrete adjoint equation:

1
(Pg .

—(Y, =Y, v)q, for 0<n<Nr-1, VYveDié),

Y ,v} +ac(Py,v) + c(Py,v)
Q

N
phT PT-

Lemma 6.3.1 There exist constants C independent of h and At such that for 0 < m < Np

IP}IZ2 0y < €

m—1
DY =Y, + Ipriag |- (6.37)
n=0

where C increases exponentially in time.

Proof. We consider the full discrete adjoint equation and choose v = P;}.
Pt n+1
(%, PZ) +ac(Py, P} +c(P), P} =] —Y},PDa, for 0<n<Nr-1, Yve D&,
Q
(6.38)
P’ = pr. (6.39)

67



As in the full discrete state equation, we use the bounds for c(-, -), ellipticity of a., Cauchy-

Schwartz and Young’s inequality to proceed as follows:

(||P"||L2(Q) 1P 122 0)) + KPS

+ Z(HCOP 6 —|||c AP g
Ee,

+ Z( lle - nl'2(P* = P M2 pr + |||c nl' P . Em)
Eefh

< Ellyn Yn”LZ(Q) ”P ||L2(Q)

We multiply the inequality by 2Af and sum from n = m to n = 1 to obtain:

m
P12 = IPT 12 ) + 280 IR

n=1

1 _
+ 2AIZ Z (||c0P” 1||L2(E) §|”C -n|'2(P 1)+||1242(6,Er111)
n=1 Eeg,

+2AtZZ( lle - nl' 2Py = PO oy + |||c nl' 2Py 1, Em)

n=1 EEE;,

< Atz 1Y = Y5 g + Arz P11 2

n=1

We need to eliminate At Z P~ 112 at the right-hand side. Thus, we apply the discrete

LX)
Gronwall inequality to obtaln the final result.

6.3.2 Error Estimates For Adjoint (Backward Euler)

Lemma 6.3.2 (Backward Euler) For s > 3/2, suppose that p € H'(0,T; H*(&), (;275 €
L*(0, T; L*(Q)). There exist a constant C independent of h and At such that for all0 < m < Ny

8_}?2

||PZ1 m|| < Ch2miﬂ(k+l,s)—25 (I”p(T)Hl%‘IY(Eh) +

)+CAt

_P
or?

LX(Q)

HY(0,T;H? (&) L2(0,T;L2())

m
+ 2ACK L2 N R o leop" IBysqe,) + e - 22 (PR,
n=0 EE&,

(6.40)

Proof. Let p be the elliptic projection of p. Denote p" = p(t"), p" = p(t"). Let &" = Py — p"
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and = p" — p". Similar to the convergence proof of the full discrete state equation, we obtain

é: _§n+l
(—, v) + ac(£",v) + c(&",v) (6.41)
At a
5}7" pn _ pn+l Tln _ nn+1
I n n . 42
(At At ’UQ+ At 7UQ+06(77 ’U)+C(77 ’U) (6 )

We choose v = £" and proceed similar to the full-discreet state equation. At the end, we

multiple the inequality by 2A¢ and sum from n = m to n = 0.

3 m

2 2

€712 g + 360 Y 116"
n=0

m
1
+ 2Atz Z (EHCOé:n”iZ(E) +lle - n|1/2(§n)+”%2(6_Em1“_))

n=0 EE{-'/,

m
1 _ 1
Y (Z'”C Al P EY = E Mz + gl n|”2<§">+||iz(a+m)
n=0 Ee€é,

2

2 2

o°p

or?

op

< Ch2 min(k+1,5)-20 (”lp(T)m%P(fh) + ot

) + CAF?

HY(0,T;H? (&) L2(0,T;L2(Q))

m
+ MK L2 (R S lleop g,y + lle -l PPy, )-
n=0 E€é),

The final result is obtained by the triangle inequality.
6.3.3 Stability/Convergence Estimates For The Full-discrete Adjoint (Crank-Nicolson)

Crank-Nicolson method is A-stable [50]. For the convergence, we consider the weak form of

the adjoint equation. Under the smoothness assumption for the solution, we deduce that [53]

1P} = Pl < OR™MHLD70 4 A, (6.43)

6.4 Error Estimates For The Control

6.4.1 Error Estimates For The Unconstrained Optimal Control

Lemma 6.4.1 (Backward Euler) The solutions to continuous and the discrete optimal control

problem satisfy

o Lo _ _
llit = @l 20,70y < P - Prlzzr;0) + 1 = qllz0.r;0)- (6.44)
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Proof. The PDE constraint of the optimal control problem, e(y, u) = 0 give rise to a solution

operator U > u +— S (u) € Y. The reduced cost functional can be written as
Jj) = jSw,u)  uel.

We can rewrite the optimal control problem as one piece
min j(u) ueU,=U.

The fact that the reduced cost functional is continuously differentiable enables us to note the

derivatives as [6]

T T
J (u)(6u) = f (p, ou) - af (u, 6u).
0 0
Since U, is convex, we state the necessary optimality condition for this problem as follows:
) T
j @) (ou—u) = f (p—ait,ou—u)=0 You € Uy,
0
where i is the optimal control. The sufficient optimality condition give rise to

J @6, 6u) 2 alloull} g 7.y YOu € U.

Similar the continuous case, the discrete solution operator can be defined as [6] S : U +—

Dy (&n) to state the cost functional
Tp) = j(S (), u).

We obtain the necessary and sufficient optimality condition for the discretized problem as
follows:

J@Gu -a) =0 Vil € Uug,,
Ji @@y, up) 2 Al6upl g 7y YOUy € Ugay.

Now let me start the proof by choosing any g € U,q = Di(&r). Consider the following

IA

alg = @00y < Jn @G~ g = i)

V(@) g — &) — ¥ (@) — ).
Since U,y = U and U,y = Uy, we obtain by [6]
S @) —E)=0= 7 @h)(g - &)
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Then,

allg = @720 oy < I (@ = B) =  @)g - ).

Now, we use the relation between the solutions of the continuous and the discrete optimal

control problem [21]. Consider

T T
J () = fo ) —aud), W) = fo P - au, @), V€ Una,

Then, we obtain

”]J(M)((b)_jZ,(M)(¢)||L2(O,T;U) = I(p(w)=py W), Dl 20,70y < I(p@)—py @l 20 7:0) 1Dl 200,70

which enables us to write

_nn2 _ _ _
allg - MZ”Lz(O’T;U) < llp(@) = py@llr20.1.0)lg = Wyll20.1:0)-

By cancelation,

_ | _
llg — MZ”LZ(O,T;U) < E”P(”) - PZ(M)”LZ(OJ;U)-
Let g be the pointwise interpolant of i [6]. Then, by the triangle inequality, we have

_ o _ _
iz — MZ||L2(O,T;U) < E”P(u) - pZ(u)”LZ(O,T;U) + la - QI|L2(0,T;U)-

Solutions to continuous and the discrete optimal control problem satisfy for backward Euler

and Crank-Nicolson, respectively

IA

it — @}l 20,70 O(h™ink+1.9)-0 4 Ap), (6.45)

O(hmin(k+1,s)—6 + Atz). (6.46)

IA

it — @yl 12070

6.4.2 Error Estimates For The Constrained Optimal Control

Lemma 6.4.2 (Backward Euler) The solutions to continuous and the discrete optimal control

problem satisfy
o Lo .
ez — @yl 20,7,y < EHP(M) = PL@20.7.0)- (6.47)
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Proof. By [60], for & and p to be an optimal control and a weak solution of the adjoint

equation, respectively; the following variational inequality is satisfied

T
f (p—ai)u—-u)dt >0, VueUyy.
0

A necessary and sufficient conditions for the variational equation to be satisfied for almost

every (x,t) € Q x [0,T] is given by [60]
uz(x,t) if p—auz>0
u(x, 1) = 3 [ug(x, 1), ug(x, 0] if p—an=0

up(x,1) if p—au<0.
An equivalent condition can be written pointwisely in R:
T
f (p—a)v—-—u) =0, VYvelu,x,1),up(x,t)], for ae. xeQx[0,T].
0
Then, one can obtain the weak minimum principle [60]

min  {(p - ai)v} = (p — ai)i,
VE[ua (x,1),up(x.1)]
or the minimum principle

. a - _ a_
min {(pv——v }:pu—au.

velug(x,0),up(x,0)] 2

For @ > 0 and # is an optimal control of the problem if and only if & = P, (x.1),u(x.0] {é p} ,

is satisfied for a.e. x € Q X [0,T]. Indeed, for real a < b, P, (x1).u,(x,n] cOrresponds to the

projection of R onto [a, b],

P51 (#) := min{b, max{a, u}}.

Then, by [33]

1 _ _
< EHP(M) = p@llr20.7:0)»

1 1
HP[M(, (x,0),up(x,1)] ( —P) - IP)[ua (x,0),up(x,1)] ( —PZ)
(64 a L2(0,T;U)

we obtain the desired inequality.

In addition, as in the unconstrained case, solutions to continuous and the discrete optimal

control problem satisfy for Backward Euler and Crank-Nicolson, respectively,

O(W™nk+1.9=0 4 Ap). (6.48)

IA

it — @yl r20.70)

O(W™nk+1.9-6 4 Af2), (6.49)

IA

i — @yl 2070

72



CHAPTER 7

NUMERICAL RESULTS

7.1 Unconstrained optimal control problem

We consider the unconstrained optimal control problem on Q = (0,1). This problem is a
modified version of a steady diffusion convection equation given by [31] which is solved by
SIPG. At [30], a similar problem with & = 107, & = 1072 is solved by SUPG. If Dirichlet
boundary conditions are imposed strongly, a boundary layer at x = 1 is observed for the
solution of the state equation with u = 0. The weak treatment of the boundary conditions are
suggested. In addition, the error between the exact solution, which is obtained by a mesh size
h = 1/(5 - 219), and the approximate solution is computed by narrowing the spatial interval
in order to eliminate the boundary layer. We have constructed the following problem, an
unsteady diffusion convection equation. The only difference is the diffusion parameter which

is 107 at [30].

Example 7.1.1 We specify the source function f, the desired state yq and the data
f=1y,=1 =001, c=[1,1], r=0, a =0.1.

We don’t know analytical solution of the optimal state, adjoint and control of this problem.
Thus, we have just analyzed the order of the optimal control problem for decreasing time
subintervals by fixing Ax = 1/400. We have used piecewise quadratic polynomials. We show
the evolution of the values of the cost functional J(¥;, ii;) for a sequence of uniformly refined
temporal interval 7, At tending to zero. From this sequence, we compute the approximative

order of convergence with respect to time by the formula

og |JGansit2n) = Gnoitn)
[ (Van-itan)—J (Yan,ion)|

log 2

order =
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The maximum number of Newton iterations and tolerance have been set as 20 and le — 8,
respectively. The penalty parameters have been chosen as in the [53]: 1 for NIPG and IIPG, 2
for SIPG. At the tables, Iy and I- denotes the number of Newton iterations and the maximum

number of CG iterations, respectively.

SIPG NIPG 1IPG
At Iy Ic  JOpuy) order | Iy Ic Jy(yp,up) order | Iy Ic  Jp(yp,up)  order
1/100 3 39 0.1716519 - 3 39 0.1716666 - 3 39 0.1716639 -
1/200 3 32 0.1708871 - 3 32 0.1709018 - 3 32 0.1708991 -
1/400 3 35 0.1705129 1.03 3 34 0.1705276 1.03 3 34 0.1705249 1.03
1/800 2 31 0.1703279 1.02 2 31 0.1703426 1.02 2 31 0.1703400 1.02
1/1600 | 3 37 0.1702359 1.02 | 4 37 0.1702506 1.01 4 37 0.1702480 1.01
Table 7.1: Piecewise Quadratic Elements - Backward Euler - Newton-CG
SIPG NIPG 1IPG
At Iy Ic  JwOp,up) order | Iy Ic Jy(yp,up) order | Iy Ic  Jp(yp,up)  order
1/100 2 24 0.1701756 - 2 24 0.1701902 - 2 23 0.1701876 -
1/200 2 28 0.1701523 - 2 28 0.1701669 - 2 27 0.1701643 -
1/400 2 27 0.1701464 1.98 2 27 0.1701611 2.01 2 27 0.1701584 1.98
1/800 2 28 0.1701449 1.98 2 27 0.1701596 1.95 2 27 0.1701569 1.98
1/1600 | 2 28 0.1701446 2.32 2 24 0.1701592 191 2 24 0.1701566  2.32

Table 7.2: Piecewise Quadratic Elements - Crank Nicolson - Newton-CG

For this problem, we have observed the temporal changes of the optimal control problem.
As we decrease the size of the temporal subinterval, we could have obtained a smaller value
of the optimal control problem as expected. We have used piecewise quadratic polynomials.
The solution profiles show that the gradient equation au = p is satisfied for both of the
solutions with @ = 0.1. The boundary layer at x = 1 is properly resolved. For backward
Euler and Crank-Nicolson, we have obtained the solution profiles. As one can observe by
the solution profiles, the results for SIPG, NIPG and IIPG are almost the same. These DG
methods are different from each other in terms of order and symmetry. Indeed, SIPG gives
the optimal solution, while NIPG and IIPG are the suboptimal methods. After having observe
the approximate solutions for 2D problem, some details are given related to the efficiency of

the DG methods.

The numerical order of the objective function is related to the order of the state and the control,
because the objective function is the sum of two terms: The difference between the state and
the desired state, and the control. The average order of backward Euler is 1.02 for for SIPG,

NIPG and IIPG. In case of Crank-Nicolson, average order is 2.09 for NIPG and IIPG, 1.96 for
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Figure 7.1: State solution, t=0.5, Ax = Ar = 1/400, Backward Euler
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Figure 7.2: Adjoint solution, t=0.5, Ax = Ar = 1/400, Backward Euler
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Figure 7.3: Control solution, t=0.5, Ax = Ar = 1/400, Backward Euler
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Figure 7.4: State solution, t=0.5, Ax = At = 1/400, Crank-Nisolson
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Figure 7.5: Adjoint solution, t=0.5, Ax = Ar = 1/400, Crank-Nisolson
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Figure 7.6: Control solution, t=0.5, Ax = Ar = 1/400, Crank-Nisolson
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SIPG which match with the orders of backward Euler and Crank-Nicolson. In addition, the
number of Newton and conjugate gradient equation for the backward Euler is more than the
ones for Crank-Nicolson. In Chapter 5, we have given details how to obtain Hessian-times-
vector Computation. To obtain the Hessian-Times-Vector, one needs to compute the state and
the adjoint. As we check the condition number of the matrices at the right-hand side of the
state and the adjoint, we see that the condition number for backward Euler methods is larger
than the one for Crank-Nicolson. Since, the number of iterations for CG method is related
to the condition number of the system matrix [47], we can deduce that the number of CG

iterations are affected by the mentioned condition numbers.
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7.2 Control constrained optimal control problem

We consider the constrained optimal control problem which is given [26]. At the article,
optimize-then-discretize approach has been preferred. The problem has been discretized by

characteristic finite element method in space and by backward Euler method in time in [26].

Example 7.2.1 The data has been set as ¢ = [1,0],r = 0, = 1, u > 0. The source function
f(x, 1) and yq (x,t) has been chosen to satisfy the optimize-then-discretize scheme given in the

[26]. The analytical solutions of state, adjoint and control solutions are as follows:

y(x, 1) = exp(—t) sin(27x1) sin(27xy),
p(x, 1) = exp(—H)(1 — ¢) sin(2mrx;) sin(2mxy),

u(x, t) = max(—p,0).

The maximum number of iterations and the tolerance have been set as 100 and 1e — 16. We
have fixed Ax = 1/40 and the temporal subintervals have been divided by half successively.
We show the profiles of the solutions for € = 0.001 for linear piecewise basis polynomials.
The penalty term is defined as 200 SIPG and IIPG, while it is used as o for NIPG. Indeed,
o has been chosen as 1 for NIPG, while 3k(k + 1) has been used for SIPG and IIPG for.
The following solution profiles have been obtain by SIPG method in space and backward
Euler(left-hand side) or Crank-Nicolson(right-hand side) in time. In addition, we provide
the error between the exact and the numerical solutions for the state, adjoint and the control.
The solutions obtained by NIPG and IIPG are similar to the ones that we have attached to
the following pages. Although SIPG, NIPG and IIPG gives similar results, they differ in
some respects. In case of an steady diffusion convection reaction equation, if one discretizes
the problem in space by SIPG, then optimize-then-discretize and discretize-then-optimize
approaches commute. To explain this, let me mention the discretized weak formulation of

steady diffusion convection reaction equation for y, € Y;, and uy, € Uy,.

ae(yn,v) + cp,v) + r(yp,v) + b(up,v) = L(v).

To simplify the notation, let me insert the convection and the reaction term into the bilinear
form ay(-,-). By discretize-then-optimize approach, the necessary and sufficient optimality

conditions are given as follows.
ayn,v) +  bp(u,v) = (), Yv € V).
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ayWnpn) = —On = Ya¥n) Yy, € Vy,

bp(wn, pp)  +  w(up,wp) =0 Ywy, € Uy,
By optimize-then-discretize approach,

a,nv) + bpGup,vp) = L),  Yue V.

ay(pn¥n) = ~On=Ya:¥wn Y € Ap,

bwp, pr) +  wlup, wyp) =0 Ywy € Uy,

For SIPG, a‘;l(vh, pr) 1s equal to aZ(ph, v). However, for NIPG and IIPG, two methods are

not equivalent since

a,(n, pr) # ay,(Ph> Up).

If the problem is analyzed in space, then it can be seen that SIPG results in optimal conver-
gence, while suboptimal convergence is attained by NIPG and IIPG. To deal with this subop-
timal nature of the methods, superconvergence can be used. Inconsistency of the adjoint can
restated by using large penalty parameter. But then the condition number of the DG matrices
increases. By the superpenalization, optimize-then-discretize and discretize-then-optimize
approach lead to similar results when compared to the standart penalization. Thus, the ap-
proach in [11], different types of DG methods are compared for the elliptic model problem
with Dirichlet boundary conditions in terms of the spectral condition number of the stiffness
matrix, cost of storage, convergence rates and accuracy. In the article, traces are changed by
the fluxes and different numerical fluxes results in variations of DG methods. Thus, the ap-
proach in the article differs from our approach since we have used the trace values to connect

the neighboring elements in the mesh.
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Figure 7.7: State solution at t=0.5 with Ax = Ar = 1/40, Piecewise Linear Elements, Back-

ward Euler versus Crank-Nicolson
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Figure 7.8: Adjoint solution at t=0.5 with Ax = At = 1/40, Piecewise Linear Elements,
Backward Euler versus Crank-Nicolson
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Figure 7.9: Control solution at t=0.5 with Ax = Ar = 1/40, Piecewise Linear Elements,
Backward Euler versus Crank-Nicolson
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Figure 7.10: Error in the state solution at t=0.5 with Ax = Ar = 1/40, Piecewise Linear

Elements, Backward Euler versus Crank-Nicolson
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Figure 7.11: Error in the adjoint solution at t=0.5 with Ax = Ar = 1/40, Piecewise Linear

Elements, Backward Euler versus Crank-Nicolson
Error for Control at t=0.5 Error for Control at t=0.5
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Figure 7.12: Error in the control solution at t=0.5 with Ax = Ar = 1/40, Piecewise Linear
Elements, Backward Euler versus Crank-Nicolson
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SIPG NIPG IIPG
At Iy JnOn,up) order | Iy Jy(yn,up) order | Iy Jp(yn,up) order
1/10 | 7 1.243731 - 8 1.243724 - 6 1.243730 -
1/20 | 8 1.226632 - 7 1.226623 - 7  1.226632 -
1/40 | 7 1221406 1.710 | 8 1.221395 1.708 | 8 1.221406 1.710
1/80 | 8 1.219645 1.569 | 8 1.219632 1.569 | 8 1.219645 1.569
1/160 | 8 1.218983 1410 | 7 1.218968 1.410 | 9 1.218983 1.410
Table 7.3: Piecewise Linear Elements - Backward Euler - Active Set
SIPG NIPG IIPG
At Iy JnOp,up) order | 1y  Jy(yp,up) order | Iy Jp(yp,up) order
1/10 | 7 1.237547 - 9 1.237530 - 7 1.237547 -
1/20 | 6 1.223427 - 7 1.223412 - 7 1.223428 -
1/40 | 8 1.219801 1961 | 9 1.219785 1961 | 7 1.219801 1.961
1/80 | 8 1.218848 1928 | 9 1.218832 1928 | 8 1.218848 1.928
1/160 | 8 1.218586 1.866 | 8 1.218571 1.867 | 10 1.218586 1.867
Table 7.4: Piecewise Linear Elements - Crank-Nicolson - Active Set
SIPG NIPG IIPG
At Iy JnOn,up) order | Iy Jy(yn,up) order | Iy Jy(yn,up) order
1/10 | 7 1.243718 - 7 1243718 - 7 1.243718 -
120 | 7 1.226617 - 7 1.226615 - 6 1.226617 -
1/40 | 7 1221386 1.709 | 8 1.221384 1.709 | 7 1.221386 1.708
1/80 | 8 1.219620 1.567 | 7 1219618 1.567 | 8 1.219620 1.565
1/160 | 7 1.218954 1408 | 9 1.218952 1.407 | 10 1.218954 1.408
Table 7.5: Piecewise Quadratic Elements - Backward Euler - Active Set
SIPG NIPG IIPG
At Iy JyOp,up) order | Iy Jy(yp,up) order | Iy Ju(yp,up) order
1/10 | 8 1.237501 - 8 1.237498 - 7 1.237501 -
1/20 | 6 1.223386 - 9 1.223384 - 6 1.223386 -
1/40 | 7 1219764 1962 | 8 1.219761 1962 | 7 1.219764 1.962
1/80 | 8 1.218813 1930 | 9 1.218810 1.930 | 8 1.218813 1.930
1/160 | 8 1.218553 1.868 | 9 1.218550 1.868 | 10 1.218553 1.868

Table 7.6: Piecewise Quadratic Elements - Crank-Nicolson - Active Set
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For this problem, we have observed the temporal changes of the optimal control problem,too.
As we decrease the size of the temporal subinterval, we could have obtained a smaller value
of the optimal control problem as expected. We have used piecewise linear and quadratic
polynomials. The numerical order of the objective function is related to the order of the state
and the control, because the objective function is the sum of two terms: The difference between
the state and the desired state, and the control. For the results obtained by using piecewise
linear polynomials, average order of backward Euler is approximately 1.563 for SIPG and
IIPG, 1.562 for NIPG. These orders are affected by the temporal subinterval Ar and the mesh
size h. For Crank-Nicolson, orders are approximately 1.918 for SIPG and 1.919 for NIPG
and IIPG. As one can observe that, the numerical order of backward Euler is little larger than
the expected one. Actually, the a priori error analysis we have derived is valid for a general
unsteady diffusion convection reaction equation. For the convection dominated problems, the
solution contains boundary or interior layers and this may lead to pollute solution. However,
if we decrease the length of the temporal subinterval, then the orders tend to decrease as
expected. Our theoretical results confirm the numerical orders. The orders for piecewise
quadratic polynomials are similar to the ones obtained by the piecewise linear polynomials.
Indeed, the solution profiles are more similar to the exact solution in terms of the smoothness
as expected. The accuracy of this kind of problems can be increased by hp-adaptivity. We
have obtained valid numerical orders for both of the problem. The solution procedure with
hp-adaptivity is more meaningful and there are many examples in the literature that are solved

by hp-adaptivity.
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CHAPTER 8

CONCLUSION AND FUTURE WORK

In this work, we have considered the linear-quadratic distributed optimal control problem
governed by the unsteady diffusion convection reaction equation. We have discussed the ex-
istence and uniqueness of the optimal control problem and the diffusion convection reaction
equation. Discontinuous Galerkin methods for one and two-dimensional problems have been
introduced. We have performed spatial discretization by three types of discontinuous Galerkin
method: nonsymmetric interior penalty Galerkin (NIPG) method, symmetric interior penalty
Galerkin (SIPG) method and incomplete interior penalty Galerkin (IIPG) method. For tem-
poral discretization, two implicit methods, backward Euler and Crank-Nicolson have been
used to discretize the semi-discrete problem in time. Then, we have converted the infinite-

dimensional problem into a finite-dimensional one.

We have analyzed the the problem by conducting the stability and convergence estimates for
the semi-discrete state equation. In addition, these estimates are provided for the full-discrete
state, adjoint equation and the control. We have determined the order of the methods in space

and in time.

We have solved a one-dimensional unconstrained distributed optimal control problem and a
two-dimensional constrained distributed optimal control problem. Solution profiles of the
state, adjoint and the control have been given and numerical orders of the optimal control
problem have been computed for both of the problems and they are confirmed by a priori

error analysis.

As a future work, we are going to focus on optimize-then-discretize and discretize-then-
optimize approaches and try to make these two approaches commutative. Two studies for

parabolic PDEs and Stokes flow problem are recently online [1, 57]. In these articles, a vari-

84



ant of time integration techniques can enable these approaches to commute. Nicolson scheme
is suggested in [1] for temporal discretization of the optimal control problem governed by

parabolic PDE:s.
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