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ABSTRACT

BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS AND THEIR
APPLICATIONS TO STOCHASTIC CONTROL PROBLEMS

Nalbant, Hanife Sevda

M.Sc., Department of Financial Mathematics
Supervisor : Assist. Prof. Dr. Yeliz Yolcu Okur

Co-Supervisor : Assoc. Prof. Dr. Azize Hayfavi

May 2013, 64 pages

Backward stochastic differential equations (BSDE) were firstly introduced by Bis-
mut in 1973. Following decades, it has been great interest all over the world and
appeared in numerious areas such as pricing and hedging claims, utility theory and
optimal control theory. In 1997, El Karoui, Peng and Quenez brought together
their brilliant studies in the article Backward Stochastic Differential Equations
in Finance. They considered an adapted solution pair (Y, Z) of the following
BSDE: —dY; = f(t,Y:, Z;)dt — Z;dW, with the terminal value Y = £. Here Z*
corresponds to the transponse of the n x n matrix Z, f is called the generator and
¢ is the terminal condition. In this thesis, we study some chapter of this paper
in detail. We prove the fundamental theorems of backward stochastic differential
equations and associate them with stochastic control problems. After we prove
the existence of unique solution using a Priori estimates under some restrictions,
we show how to choose the optimal stochastic control that achieves the best util-
ity or the least cost. At the end of the thesis, we offer an optimal choice for
the solution of the BSDE in the cases of the standard generator f is concave or
convex. An application for the model with consumption and an application for
hedging claims with higher interest rate for borrowing are provided.

Keywords: backward stochastic differential equation, pricing, hedging portfo-
lios,stochastic optimal control
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Oz

GERIYE DOGRU STOKASTIK DIFERANSIYEL DENKLEMLER VE
STOKASTIK KONTROL PROBLEMLERINE UYGULANMASI

Nalbant, Hanife Sevda
Yiiksek Lisans, Finansal Matematik Bolimiu
Tez Yoneticisi : Yrd. Dog. Dr. Yeliz Yolcu Okur
Ortak Tez Yoneticisi : Dog¢. Dr. Azize Hayfavi

Mayis 2013, 64 sayfa

Geriye dogru stokastik diferansiyel denklemler (GSDD), ilk olarak 1973 yilinda
Bismut tarafindan takdim edilmistir. Ilerleyen yillarda, diinya capmda biiyiik ilgi
uyandirarak, fiyatlama ve riskten korunma, fayda teorisi, optimal kontrol teorisi
gibi bir ¢ok alanda uygulanmaya baglamigtir. 1997 yilinda ise El Karoui, Peng ve
Quenez, bu alandaki calismalarini Finans Alaninda Geriye Dogru Stokastik Difer-
ansiyel Denklemler adli makalelerinde bir araya getirmislerdir. Bu ¢aligmada,
Yr = £ son degerine sahip —dY; = f(t,Y:, Z;)dt — Z;dW, bi¢imindeki GSDD’
nin (Y, Z) uyarlanmig ¢dziim ¢ifti incelenmistir. Burada Z*, n x n boyutundaki
Z matrisinin transpozuna karsilik gelmektedir; f’ ye standart tireten, & ye ise
son deger kosulu denilmektedir. Bu tezde, stz konusu makalenin bazi boliimlerini
detayl bir sekilde caligtik. Geriye dogru stokastik diferansiyel denklemlerin temel
teoremlerini ispat ettik ve stokastik kontrol problemleriyle iligkilendirdik. A Pri-
ort estimates yontemini kullanarak ¢oziimiin varligini ve tekligini belli kogullar
altinda ispatladiktan sonra, en iyi fayda veya en az maliyete tekabiil eden opti-
mal stokastik kontrol degerini nasil sececegimizi gosterdik. Tezin sonunda, stan-
dart tireten olarak adlandirilan f’ nin icbtikey veya digsbiikey olmasi durumunda,
GSDD’ nin ¢6ziimii igin optimal se¢im 6nerisinde bulunduk. Bununla ilgili olarak,
tiiketim siirecini goz oniinde bulunduran model ve yiiksek faizden bor¢lanmayla
riskten korunma ornekleri i¢in birer uygulama yaptik.

X



Anahtar Kelimeler: geriye dogru stokastik diferansiyel denklemler, fiyatlama,
risten korunma portfoyleri, stokastik optimal kontrol
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CHAPTER 1

INTRODUCTION

It has been a great interest to study with backward stochastic differential equa-
tions in various areas in the last decades. Modelling financial assets such as stocks,
interest rate processes, pricing and hedging claims and solving stochastic control
problems could be counted as remarkable examples. Contrary to backward and
forward equations which seem very similar to each other, a stochastic differential
equation with terminal value has an anticipating solution generally.

Backward stochastic differential equations (BSDE in short) were firstly intro-
duced by Bismut [12] in 1973 in the linear case as the equation for the adjoint
process which of the form

dr = f(w,t,z,u)dt + o(w,t,z,u)dw, x(0) = xo,

where w is an m-dimensional Brownian motion, x belongs to an n-dimensional
vector space, w € ), t € [0,00) and u comes from the completion of the o-algebra
of Q x [0, 00) for the measure dP ® dt.

The general case of backward stochastic differential equations was studied by Par-
doux and Peng [4] in 1990. Both cases are related with our study and considered

in the following manner:
The BSDE which has the form

has an adapted solution pair (Y, Z) on the probability space of n-valued Brownian
Motion W, where Y belongs to R and Z is considerable as an n X n matrix. In
addition, f is called generator and £ is called the terminal condition. The integral
form can be written by

T T
}/IEZ§+/ f(S,}/;,ZS)dS—/ Z:dW&
t t

which is equivalent to (1.1).

Fundamental proporties of the backward stochastic differential equations were
aggregated in the article Backward Stochastic Differential Equations in Finance
written by El Karoui et al. [16] in 1997. In this thesis, we closely follow some
chapters of this article and prove basic theorems, for instance the existence and
uniqueness of the solution and the comparison theorem.
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One of our problem is assumed to be constructed in a complete market. The
main target is valuation of a contract which pays an amount £ > 0 at the end
of the time period T'. It is so-called pricing the contingent claim & and used by
firstly Black and Scholes [6] and then Merton [21, 22] and Karatzas et al. [8]. Ac-
cording to El Karoui et al. [16], with a linear generator f, a replicating portfolio
Y associated with a corresponding hedging portfolio Z can be easily constructed
which solves the BSDE (1.1) and attains the value £ at maturity. It is a natural
outcome to think that the price at time t coincides with the value at time t of
the hedging portfolio. On the other hand, there are infinitely many replicating
portfolios associated with the contingent claim & which implies that the price
is not well-defined. Nevertheless, it can be possible to be well-posed with some
restrictions on the integrability of the hedging portfolios, including to change the
existed probability into risk adjusted probability measure. Hence existence and
uniqueness of price and hedging portfolio make senses with the assumption that
admissible strategies are restricted to be square-integrable under the first proba-
bility measure.

Following the articles [16] and [17], the solution of the BSDE (1.1) is consid-
ered as supremum (or infimum) of some related controlled processes. According
to optimal stochastic control theory, the optimality of the solution could be de-
termined in cases of concavity or convexity. As a consequence, constraints for
an incomplete market were extended to convex constraints on the portfolios, in
Cvitanic and Karatzas [10]. An example of a non-linear BSDE was studied by
those authors which solves the hedging problem allows a higher interest rate for
borrowing. It will be associated with our stochastic control problem.

In this thesis, we deeply prove the fundamental theorems in BSDE theory which
are stated in the article [16] and relate them with optimal stochastic control
theory following [13].

We start with a brief introduction to the structure of BSDE theory, in the second
chapter. We prove the existence and uniqueness theorem using a Priori Estimates
of the spread between the solution of two BSDEs. Besides, we derive a unique
solution for the linear BSDE which has the form

AY; = (o iy Zi) de— ZE AW, Yo =&

where some constraints are assumed for ¢, 5 and . Then, we mention and prove
a very useful comparison theorem which is efficiently used in the whole study.
In Chapter 3, we consider a complete market which contains n risky assets (for
instance stocks) and a risk-free asset. After that, we explain the concept of
hedging strategies (superstrategies) and define the fair price (upper price). The
fair price (upper price) is related with a solution to a LBSDE by using a deflator.
The standard work on this subject can be found in [16].

In Chapter 4, we introduce the structure of optimal stochastic control problems.
This construction is adapted from Bjork [26] and was motivated by Quenez [13].
The main idea in this chapter is to obtain an optimal solution. As we closely
follow the main article [16], a state process X is considered as controlled by
control parameters u which are assumed to be chosen from a Polish space U.
We minimize an objective function, that contains a running cost and a terminal



cost, over all admissible controls. Hence, we derive the well-known Hamilton-
Jacobi-Bellman (HJB) equation, which is modified from [13]. We conclude it by
giving a clear example. We also derive HJB equation in order to maximize the
objective function involving a utility function. In the following, we can write
the standard parameter (f,§) of the BSDE as an essential infimum of controlled
standard parameters (f*, &) over all admissible control processes u € U. A
verification theorem is naturally arised and proved using measurable selection
theorem (see [27]). For direct constructions along more classical lines, we refer
to the reader [13]. Finally, we explain how to determine optimization (either
infimum or supremum) in the cases of standard generator. If it is concave, then
the least cost is achieved by taking infimum. On the other hand, if it is convex,
then the best utility is achieved by taking supremum.

In Chapter 5, two applications are provided. At first, we study in a complete
market with a model concerning consumption (see [20]), which is assumed to be
concave. Carroll and Kimball [2] showed that consumption could be concave if
stochastic income is included in the wealth process. We offer an optimal solution
to the model that achieves the least cost. Secondly, we consider a model with
a convex standard generator, in an incomplete market. In literature, the model
is called hedging contingent claims with higher interest rate for borrowing. (see
Cvitanic and Karatzas [10] and Korn [19] for further details). After we explain
the idea of the model, we suggest an optimal solution to the problem that achieves
the best utility.

At the end of the thesis, we conclude all work in Chapter 6.






CHAPTER 2

LINEAR AND GENERAL BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS

The history of backward stochastic differential equations (BSDE in short) begin
with Bismut [12] in 1973 and continue following decades. They are preferable
in matematical finance since they have an anticipating solution in general. In
particular, pricing and hedging a contingent claim is modeled in terms of a linear
BSDE. Numerious studies have been performed in the theory of BSDE by Pardoux
and Peng [4] and El Karoui et al. [17]. Our main article El Karoui et al. [16] is
a great reference for the eminent results of the theory.

In this chapter, we will mention and prove some outstanding results for backward
stochastic differential equations, which are already stated in the main article [16].
For the proofs, we make all steps clear. At the beginning of the chapter, the
terminology will be introduced and then the existence and uniqueness theorem is
proven using a Priori Estimates. In particular, the linear BSDEs are examined
in the next section. Finally, the comparison theorem is given as a consequence.

2.1 Terminology

Consider a probability space (2, F,P) and let W be R™-valued Brownian mo-
tion, where the filtration {F;}o<t<r is generated by the Brownian motion W and
assumed to be augmented. Denote the o-field of predictable sets of  x [0, 7T
by P. We agree on some usual notations: For a d-dimesional vector x € R, |z|
denotes its Euclidian norm and the inner product of two d-dimesional vectors x, v
is denoted by < z,v >. For an n x d matrix y € R"™? its Euclidian norm |y|
calculated by |y| := y/trace(yy*), where * denotes the tranpose, and the inner
product of two n x d matrices y, z is calculated by < y, z >= trace(yz*).

The additional notations are given as follows:

o L2(RY), the space of all Fr - measurable random variables X : Q — R?
such that || X|? := E(|X]?) < +oo.

e HZ(R?), the space of all predictable process ¢ : Q x [0, 7] — R¢ such that
61 =B [y louPdt] < +oo.



o HL(RY), the space of all predictable process ¢ : Q x [0,7] — R? such that
E {\/fOT|¢t|2dt} < +00.

o For 8 > 0 and ¢ € HZ(RY) , ||¢|2 denotes E [fOTeﬁt|¢t|2dt] HZ, ,(RY)
denotes the space H2(R?) endowed with the norm || - ||4.

After we compromised with the terminology, we can introduce the concept of the
BSDE and its associated standard parameter.

2.2 A Priori Estimates

The BSDE appears in the following form
—dY, = f(t, Yy, Zy) dt — ZdW,, Yr=¢ (2.1)

or, equivalently, in the integral form

T T
Vimg+ [ fvizyds— [ zaw, (2.2)
t t

Here, f : QxRT xRIxR™*? — R? is called generator (or sometimes called driver)
and assumed to be P ® B? @ B"*%- measurable. £ is the terminal value and Fp-
measurable random variable such that ¢ : 2 — R?. The following definition gives
the condition for the pair (f,&) to be a standard parameter (see [16]).

Definition 2.1. The pair (f,§) is said to be a standard parameter for the BSDE
in (2.1) if the following conditions hold:

o { cL7(RY).
e f(-,0,0) € HQT(Rd).

e f is uniformly Lipschitz, i.e., for all (yi,21), (y2,22) € R? x R™*? there
exists a constant C' > 0 such that

|f<w7t7y1721) - f(w7t7y27 22>| < O(lyl - y2| + |Zl - Z2|)'

On the other hand, a solution of the BSDE is an ordered pair (Y, 7), where
{Y; }o<i<r is a continuous, R%valued, adapted process and {Z; }o<;<r is an R™*4-
valued predictable process and satisfies the integrability condition

[12)%ds < oc.

Consider that a standard parameter (f,¢) is given. Our aim is to show the ex-
istence and uniqueness of the solution pair (Y, Z) associated with this standard
parameter. Pardoux and Peng [4] firstly proved the existence of a unique so-
lution, but then El Karoui et al. [16] offered a simplier way which is called a
Priori Estimates. We follow a Priori Estimates approach to prove the existence
and uniqueness theorem. Hence, we first examine the approach in the following
proposition.



Proposition 2.1 (a Priori Estimates). Let ((f%,&%);i = 1,2) be two standard
parameters of the BSDE (2.1) and (Y%, Z");i = 1,2) be the related square-
integrable solutions. Put dofy = fY(t, Y2, Z2) — f2(t, Y2, Z2), 6V, = Y, — Y2 and
87y = Z} — Z2. Let C be the Lipschitz constant for f'. For any triple (\, u, 3)
such that ;1> 0,\*> > C and 8 > C(2 + \?) + u?, the following inequalities hold:

1
MH@STFWMMH%+j@mﬂ,

A2 1
16218 < 55 [T BUBYH) + L 15

Proof. Let (Y,Z) € HZ(R?) x H2(R"*%) be a solution of (2.1). Our first aim is
to show that supy<,<p|Y:| € L7 (R). Taking the absolute value of the equation
(2.2) and using the triangle inequality, we obtain

T
+ / Z*dW,
t

T T
<l¢l+ / (s, Yo Z0)| ds + / Z:dw,
t t

T
Hﬂﬂﬂ+/f@nﬂws
t

T T
<lel+ [ v zas+| [ zzaw).
0 t

Taking supremum of the inequality over ¢ € [0, 7], then we get

T
/ Z*dW,
t

Since (f,€) is the standard parameter, by definition ¢ € L2.(R?), which means
E (|£]*) < co. Then |¢| € L2(R). Again by definition, f(-,0,0) € H2(R?¢). The
assumption that (Y, Z) is a solution, i.e., (Y, Z) € HZ(R?) x HZ(R™*?) allows us

to write E [fOT |f(L, Y, Zt)|2dt} < 0. Therefore,

T
swhﬂﬂﬂﬁ/ﬁ@nﬂmﬁ+wp
0<t<T 0

0<t<T

2

T T
B|| [ e zlas | <B[ [ e zopa] <
0 0

which implies fOT |f(s,Ys, Zs)| ds € L4(R). It remains to show that

7



[F Zzaw,

SUPo<y<T belongs to L2.(R):
T 2 T t 2
E | sup / Z:dWs| | =E | sup / Z:dWS—/Z;des
0<i<T |J¢ | 0=t=T"|Jo 0
T 2 t 2
<E | sup 2(/ ZrdWs| + / Z5dW, )]
| 0=t<T 0 0
[| T 27 t 2
=2E /Z:dWs +2E | sup /Z:dVVS]
| 1/0 | | 0=t=T"|.Jo

B T 27 B t 2
< 2E / Z:dw,| | +2E (Sup /Z;*dWS) ]
0 0<t<T |Jo

By Burkholder-Davis-Gundy inequalities in [9], for some constant K,

T
/ Z*dW,
0

T T
<2E U |Zs|2ds}+2K1E U |ZS|2ds]
0 0

T
= (24 2K,)E [/ |25]2ds} < 0.
0

2

T
< 2E + 2K, E [/ |ZS|2ds} ( by isometry)
0

Thus, we have shown supg«,p|Ys| € L4(R).

Next, assume that (V! Z') and (Y2, Z?) are two solutions of two standard pa-
rameters (f1, &) and (f?,£2), respectively. Consider a function g : [0, T] xR — R,
defined by g(s,z) = e®*z?%, where x = |§Y,| = (< §Y5, Y, >)Y2. We can write
the partial derivatives of g as follows:

0 0 o?
a—i(s,x) = Beloa?, a—i(s,m) = 2%z, a—qg(s,x) = 2eP,
or, equivalently,
dg Bs 2 dg Bs
8—(8,|(5}/3|) :ﬁe |5§/s| y 8—(8,‘(5}/3‘) = 2e <5}/37d6}/s >,
s x
g

@(S, ’5%’) = 26’85.

Let us apply the It6’s formula to the function g(s, ) and integrate from s = ¢ to
s =T, then we obtain

T T
eﬁT|5yﬁ|:eﬂt|5n2y+/ 5eﬁS|5ys|2ds+2/ AL A)
t

t

1 T
e / 75 (|8Y4), [0V, (2.3)
t



Here, d (|6Y5], [0Ys|) denotes the quadratic variation of |§Y;| and it equals to
A(|6Y:l, |84} = 0Z.[" ds,
and, in addition, we can rewrite the term 2e°* < §Y;, ddY, > as follows,

2e7% < §Y,,doY, > = 2e%° < 8Yy, (—f (s, Y1, ZH) + f2(s, Y2, Z%))ds + 6 Z:dW, >
=27 <OV, (—f1(s, Y, Z3) + fP(s, Y2, 22))ds >
+ 2e%% < §Y,, 62 dW, > .

Plugging these equailities into equation (2.3),

T
IR = MY+ [ petlavi s
t
T
+ 2/ e’ < Y, — s, Y}, Z) + f(s,Y2, Z2) > ds
t

T T
+ 2/ e < 0Y,, 02 dW, > +/ 5|6 Z,)ds
t t
or, equivalently,

T T
eﬁty(SYEH/ ﬁeﬂS\(SYS\?dH/ 5|6 2, ds
t t
T
=Tl [ et <0V, £ Y2 - s Y22 > ds
t

T
- 2/ e’ < §Y,, 62 dW, > . (2.4)
t

Let us calculate f1(s, Y}, Z1) — f2(s, Y2 Z?) which we need in equality (2.4):

YL ZH = (s, Y2 Z2) < | f (s, Y], Zh) — F2(s, Y2, Z22)|
= |f'(s, Y, Z) = f2(s, Y2, Z2) £ f1(s, Y2, Z2)]
<|fMs. Y Zh) - (s, Y2, Z22))

+ ‘f 87}/527232) - f2(87}/527Zs2>‘
C(Y'=Y? +|2" = 2°|) + |02
C(|0Ys| +16Zs]) + |02 15| -

(since f' is Lipschitz) <
<



Then, the equation (2.4) becomes
T T
e115Y2) +/ 6@65|5Y5|2ds—|—/ e55(57.2ds
¢ ¢

T
= ATSY2| 42 / P15V (C8Y] + 16Z,]) + 6af.) ds

t

T
— 2/ e < 6Y,, 62 dW, >
t

T T
_eﬁT|5yﬁ|+zc/ eﬂS|5Ys|2ds+/ 5595V, | (C|6 7| + 6] ds
t

t

T
— 2/ e’ < 0Y,, 072 dW, > . (2.5)
t

Besides, we must show that the following inequality holds for all C' € RT,
Y, 2, t, A\, p € R, with A #£ 0 and p # 0:

22 t?
2y(Cz +1t) < CF + Cy? A% + = + 2t

Indeed,
2y(Cz +t) = 2yCz +2yt
~——
< s 2 242
0< (X—y)\) :ﬁ—Qyz—i-y A
2 2

= 2yz < v +12\% = 2C0yz < C’% + Cy*\? (since C' is positive)}

2
<COZ 4 0PN+ 2yt
22 U

t 12 t2
{0 < (= —yp)? = el +y’u’ = 2y < 2 +y2u2]

Setting C' = C, y = |0Y5|, z = [0Z,|, t = |02.f5|, we deduce the following inequality
from equality (2.5)

T T
eﬁt|5Yf|+/ Beﬂs|5Ys|2ds+/ 4|67, ds
t

t

T
< eﬁT|5Yﬁ|+2c/ e’|6Y,|2ds
t

T 6232 5 S22
+/ e’ <C| | +C]6Ys!2)\2+—’ 25' + |6Y,?1? | ds
t

)\2

T
— 2/ e < 6Y,, 62X dW, > . (2.6)
t

10



Note that supg<,<7 [0Y;| € L2(IR). For this reason, ¢’*§Z,6Y, belongs to HI.(R™).

It implies that the stochastic integral ftT efs < §Y,,8Z*dW, > is P-integrable
and expectation of it is equal to zero. Now, taking expectation of both sides in
inequality (2.6) yields

T T
E[eﬂt|m2]+EU ﬁeﬁﬂédeS}*EU eﬁslézsde]SE[@‘”WTW
t t

+E

T 2 2
/ s <2C|5Ys|2 + C'éijl + C|oY,]* A2 + |52f;| + |5Ys|2u2> ds]
t H

T
=E [’ |5YT|2} +(C2+X)+ ) E {/ e’ |6Y,)? ds}

t

C 4 2 1 ’ 2
+ ﬁE {/ 107 ds] + EE [/ P |02 f] ds] : (2.7)
t t

By the assumptions on the coefficients, C' < A\? and (C(2 + \?) + p?) < 3,
we finally get

T T
E [* [6Y:]’] + E U BeP |6Y,|° ds] +E [/ e’ |62, ds]
t t

T
<E["|6Y7|*] + BE [/ e’ |5YS|2ds]

t

T 1 T
+E[/ eﬁs\dZs\stlJr—QE [/ eﬁs\(sﬁsﬁds].
t o t

The same terms cancel each other, then

T
E [eﬁt |5}/t|2} <E [eﬁT |5YT|2] + %E [/ e’ |52fs|2d3} . (2.8)

t

In this way, we can derive an upper bound for the S-norm of §Y:

T
[ s =E U " |6Ytl2dt] = {T e |5Ytl2}
0 0<t<T

(assume tp,q, maximizes e’ [§Y;]?)

= TE[¢"m |6Y,,,.17]  (by (28))

1 T
<T {E ("1 16Y7|) + —2/ e Iézfﬁds}
H= S tman
BT L7 s 5 r 02
<T |E (™ |oYr|) + = [ €02/ ds]| .
K= Jo
Now, our aim is to find an upper bound for [[0Z]|3. In order to do this, we need

11



to turn back to inequality (2.7).

T T
E [¢” |6Y,[)] + E [/ e |8Y;|” ds} +E [/ e 0Z,|" ds}
t

t

T
<E [ [6Y7)*] + (C2+ N?) + 1) E U e’ [6Y;|” dS]
t

C T 2 1 T 2
+ EE |:/ 655 |5Zs| d3:| + —2E |:/ BBS |52f5| d8:|
¢ K ¢

(by assumption, (C(2 + A?) + p*) < B)

T
<E[e"” |5YT|2} + BE [/ e’ |5Ys|2ds}

t

C T 2 1 T 2
+ FE |:/ 655 |5Z5| d3:| + —2]E |:/ eﬂs |52f5| d8:| .
t 2 t

The same terms cancel each other, it yields,

. T
E [¢* |5Y;%] + E [/ I |5Z5|2d5} <E ["6Y7|"] + %E [/ e |5Zs|2ds}
t t

+ —E e’ 0o fs|” ds
L

t

or, equivalently,

T
(- 5B| [ zra] <] B ]

A2 ‘
1 T 5
+ EE [/ e ’62fs| ds}

t
1 T

<E [eﬁT |5YT|2] + —E {/ el |52f5|2 ds}
H t

which implies that

g Bs 2 A2 BT 2 1 ! Bs 2
E e’ 1077 ds| < eI E[e |5YT|]+EE e”* 6o fs|"ds | | .

t t

(2.9)
Inequality (2.9) is satisfied for all ¢ € [0,7T]. In particular, for ¢ = 0, we obtain
the final inequality:

g 68 2 )\2 ﬁT 2 1 4 ﬁs 2
E /0 e’ |0Z,|" ds S)\Q—C’ E [e |5YT|]+EE /06 |02 fs|" ds

ie.,

)\2
A -C

1
162]2 < [E 7 6] + Ha2f||§] .
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Hence, we have shown the following inequalities holds:

1
loY]2 <T [E 9] + o Hagfuz]
)\2
pra—e,

which are vital for the proof of the existence and uniqueness of the solution.

1
16z < [E (6T 6%z ] +Ellégf||2}

2.3 The Existence and Uniqueness Theorem

As we mention before, El Karoui et al. [16] offered a shorter proof to the theorem
of existence and uniqueness of the solution. We prove the theorem using a Priori
estimates (Proposition 2.1) and show all steps of the theorem in detail.

Theorem 2.2. Given a standard parameter (f,§) there exists a unique pair
(Y, Z) € HA(R?) x HA(R™4) which solves the BSDE (2.1).

Proof. Consider a mapping ¥ : HZ(R?) x HZ(R™?) — HZ(RY) x Hz(R"*¢). Our
target is to use Banach’s fixed point theorem (see Appendix, [5]) in order to find
a fixed point of the contraction mapping ¥. The mapping ¥ is defined in the
following manner: ¥(y,z) = (Y, Z), where (Y, Z) is the solution of the BSDE
associated with the generator f(¢,y,, z;) and the terminal condition &, which is
equivalent to

T T
Yt=§+/ f(s,ys,zs)ds—/ ZXdWs.
t t

The solution (Y, Z) is defined by considering the square-integrable continuous
martingale M,

T
M, =E </0 f(s,ys,zs)ds+§|]:t> )

By Martingale representation theorem for the functionals of Brownian motion,
there exists a unique integrable process Z € HZ(R™*?), such that

t
0

T t
=E (/0 f(57y57zs)d5 +€) +/0 stWs

t
= M, +/ Z*dW,.
0

Let us define the adapted and continouos process Y by
t
Y, = M; — / f(saysa Zs)ds
0

T
:>Y;52E(/ f(S,ys,zs)ds—i-f]]:t).

13



Let (y',2') and (y?, 2°) be two elements of HF 5(R?) x HF, 5(R?), and let (Y, Z")
and (Y2, Z?) be the images of them, i.e., the associated solutions, respectively.
By Proposition 2.1 with assuming C' = 0 and ;> = 3, we obtain

1
lov|E <T (E (€ ¥el) + HégszZ)

T
=3 162 fsl5,  (since Yy = Y3 = Y72 =€ —€=0)

_Z ’ Bs 1 1y _ 2 _2y]|2 )
—5E(/0 e | f(s, s, 20) = fs,03,22)] " ds ) .

Similarly,
1
16218 < (BT 0% ) + 5 16115
= |62l
1 g Bs 1.1 2 _2y]|2
SBE / € ‘f(s?ymzs)_f(‘s?ysﬂzs” ds
0

Combining these two inequalities, using the inequality (a + b)? < 2(a? + b?) and
the Lipschitz property of f, we have

2 2 T'+1 r Bs 1 .1 2 _2y]|2
I6Y 15+ 16215 < ——E / O | Fsh, =) — fls, o2, 2| ds

T
Il (/ Cebs (|6y] + |5z|)2d3>
B 0
+

%E (/OT ™ (10y|* + 6z|?) ds)

- ([ rapa) o[ )

IN

2C0(T+1
= Z82D (o + 61
20(T+1
= lovIg+ ozl < 20X (a3 + 1sa12). 2a10)

Setting 2C'(1 + T) < S, we conclude that ¥ is a contraction mapping from
HZ 5(R?) x HF 5(R™?) onto itself. By Banach’s fixed point theorem in [5] (see

Appendix), there exists a fixed point, which is the unique continuous solution of
the BSDE in (2.1). O

In the following, we show a related corollary which is stated in [16].

Corollary 2.3. Assume that B satisfies the inequality that 2C(1 +T) < . Let
(Yk ZF) be the sequence recursively defined with the initial value (Yo = 0; Zy = 0)
and

=AY} = f(4 Y Z7)dt — (Z) AWy, YrT =
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ghen the sequence (Y*,Z*) converges to (Y,Z) in Hj 4(R?) x H 43(R™*?) as
— OQ.

Proof. 1f (Y*, Z¥) defined as above, then by (2.10),
20(T'+1)

Hyk+1 _ YkH; + HZk+1 o ZkH; < 5

(It =y + 12 = 241

20(T +1)\? ~ _ _ _
< (T) (HYk: 1 _yk 2“;"’ [ 2“;)
20(T +1)\"
<. < <(T> \(”Yl _ YOH; +|zt - ZO“Z)}
P4 <o

We have shown that the general term of the sum below is going to zero as k — oo.
For this reason,

Z Hyk—l-l . YkHZ + Z HZk—l-l . ZkHZ < 50
k=0 k=0

which means {Y*}2¢  and {Z*}%°, are Cauchy sequences. Recall that, for all k,
Y* € R? and Z*F € R™4, where R? and R"*¢ are Banach spaces. Hence, {Y*}2°,
and {Z*}%°, becomes convergent and converges to Y, Z, respectively (to put it
in other words, they converge to the unique solution (Y, Z)). O

2.4 The Solution of the Linear Backward Stochastic Differential Equa-
tions

A BSDE which has a linear standard generator is called a linear backward stochas-
tic differential equation and abbreviated by LBSDE. LBSDESs were first appeared
in [12]. The existence and uniqueness theorem could be applicable to LBSDE, as
well (see the following proposition). For direct constructions along more classical
lines, we refer to the reader [16]. In addition, this section can be considerable as
a preparation for pricing and hedging problem in Chapter 3.

Proposition 2.4. Let (3,7) be a bounded (R, R™)-valued predictable process and
¢ be an element of LA4(R). Then, the LBSDE

—dY; = (o + Y+ Zi) dt — Z7 W, Yr=¢ (2.11)

has a unique solution (Y, Z) in H7 3(R) x HF, 3(R™) and Y; is given by the closed
formula

T
V,=E <§F§«+/ Figosds|]:t), P-a.s.,
¢

where T is the adjoint process defined for s >t by the forward linear stochastic
differential equation (LSDE)

AUy =T5 (Bsds +~;dW,),  Ti=1. (2.12)
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In particular, if € and ¢ are nonnegative, then the process Y 1is monnegative.
Moreover, if Yo =0, then Y, =0 a.s., £ =0 a.s. and ¢ =0 dP ® dt-a.s., for all
t.

Proof. We first show that (f,&) is a standard parameter:

|f(w,t, g1, 21) = f(w, t,y2, 22)| = |0r + By + 7721 — 00 — Brya — 7 22
< 1Bl lyr — val + |77 |21 — 22 -

By the assumption that § and ~+ are bounded, say the boundaries K; and Kj,
respectively. Then,

|f(w,t,y1,21) — flw, t,y2, 20)| < Ki|yr — ya| + Kz |21 — 2o
< max{Ky, Ko} (Jy1 — yo| + |21 — 22]).
Setting C' = max{K;, Ky}, which is constant, the generator f becomes Lipschitz
with coefficient C. f(-,0,0) belongs to H2(R), since ¢ € H2(R). £ is already an
element of L2(RY). Therefore (f,€) is a standard parameter. By Theorem 2.2,
there exists a unique solution (Y, Z), which solves the BSDE (2.11).

Now, let us derive the closed formula of Y;. Our aim is to apply Ito product rule
to YT, where Y is defined as in (2.11) and T is given by (2.12):

d(Y,Ty) = Yo dly + Ty dY, +d (Y, T)
= Y;Fi (ﬂs ds + ’7: dWs) + Fi ((_805 - }/sﬁs - ZS*’YS) ds + Z; dWs)
+iyiZ, ds

S

=Y. I B,ds + Y.yt dW, — T, ds — T0Y,Byds — T Z v, ds

+TLZEdW, + TiyiZ, ds
= —Figps ds + FZ(YS% + Z)* dW.

Integrating from s =t to s = T, we obtain

T T
Yr It =Y, T! —/ oy, d +/ T (Yyys + Zs)* dW,
T T t t ] s¥ S ] s( 7 )

T T
Y= €T / D, ds — / T (Vs + Z.)" dW,.
t

t
Taking the conditional expectation with respect to the filtration F;,

T T
E(Y;|F) =E (wﬁ/ rzsosds|ft) _E (/ szwzs)*dwsm) |
t t

Y, is Fi-measurable and the stochastic integral is independent from the filtration
F,, that is, E (ff Tt (Vs + Z5) dW, | ﬂ) —E (ftT Tt (Vs + Z7) dWS>, which

is equal to zero. Therefore,
T
Yi=E (EF%+/ Fiwsdslft) :
t

16



Moreover, I' is nonnegative since the dynamics of it is a Geometric SDE, i.e., its
solution is exponential. In addition, if £ and ¢ are nonnegative, then the process
Y becomes nonnegative, since the structure of Y has nonnegative components.
Furthermore, if additionally Yy = 0 then conditional expectation becomes normal
expectation

T
yo:m:(gm/ rgmsm)
0

T
:]E(§FOT+/ Fggosds>.
0

Expectation of nonnegative variable £ I'). + fOT %, ds is equal to zero. It implies
that ¢ = 0, P-a.s. and ¢ = 0, dP ® dt -a.s., since I' is exponential and never
equals to zero. Hence, Y; = 0 for any t. O]

2.5 The Comparison Theorem

The comparison theorem is obtained as a consequence of the Proposition 2.4 in
the previous section. The theorem was firstly introduced by Peng [24]. We follow
the main article [16] to state the theorem and show all steps of the proof in detail.
It will be efficiently used in many parts of the thesis.

Theorem 2.5 (The Comparison Theorem). Let (f1,&') and (f?,£?) be two stan-
dard parameters of BSDEs, and let (Y, Z') and (Y?, Z?) be the associated square-
integrable solutions. Suppose that

o (1> P—as..

o 0ofy =1tV ZE) — A6, Y2,Z8) >0, dP®dt—a.s..

Then we have Y;' > Y2, almost surely for any time t.

Moreover the comparison is strict; that is, if, in addition, Yg = Y2, then &' = &2,
U Y2, Z2) = 24, Y2 Z2), dP@dt -a.s., and Y =Y? a.s. More generally, if
Y!=Y? on a set A€ F;, then Y} = Y2 almost surely on [t,T] x A, &' = &% a.s.
on A, and f'(t, Y72, Z2) = f2(t, Y2, Z%) on A x [t,T], dP ® ds-a.s.

Proof. Tet 6Y = YL —Y2, 67 = 7' — 22 and 6o fs = f1(t, Y2, Z2) — f2(1, Y2, Z2).
In order to obtain (8Y,d7), we use the solutions (Y, Z!) and (Y2, Z?%) of the
following BSDEs:

—dY} = fULY 20 dt - 27 AW, Yy =Y
—dY? = fA(tL Y2, ZY) dt — ZF AW, Vi =€
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Derive the BSDE of §Y as follows:

—doY; = —d(Y,! = Y}?) = —dY}! +dY}?

= U, Y ZYdt — ZV dw, — f2(t, Y2 Z2) dt + ZF AW,

= (['. Y, 20 = (LY, ZY) dEt— 62 dw,
+ f(t, Y2 Z}) dt

= (1Y, zh — Y2 zh) de+ (U Y2 ZE) — (LY. Z7)) dt
—8ZF AW, & f1(t, Y2, Z2) dt

= (1Y, zZ) — fr Y2 Z)) de+ (U Y2 Z0) — (Y2 Z7)) di
+ (16 Y2 20 — (Y2 Z0)) dt —0Z; dW,

= (U, 20 — fr Y2 Z)) de+ (fU( Y2 Z0) — YR, Z7)) di
+ Oo fy dt — 827 dW,.

Set
1 t Yl Zl) _ fl(t Y2 Zl)
A 1 — f ( ) Tt 0~ ) Tt
yf (t) Y;l —Y? ’
) Lt y2 Zz’—l) . fl<t Y2 Zz)
Az 1, t) = f ( ) St 0t sy Tt 0t

where Z! is a vector such that first components come from the components of 72
and the remainder n—i ones come from Z}i.e., Z¢ = (Z2', -, 2>z o 2™,
Therefore, the equation becomes
—ddY;, = (A, ()0Y, + AL FH ()62, + 0o fy) dt — 627 W,

§Yp =&t — &2, (2.13)
Because of the fact that f! is Lipschitz, A, f1(t) and A, f*(¢) are bounded. Indeed,
(t)‘ o fl(t7 Y?? Ztl) - fl(t7 §/tza Ztl)

- Y = Y?

A,

1
< MC(\Y,} —-Y? |+ |2} - Z}|) =C.

Note that A, f!(¢) is bounded by C in a similar manner. As we proved in Propo-
sition 2.4, there exists a unique solution to the LBSDE (2.13) as follows:

T
oY, = E ((51 — &y +/ 502 fs dSLE) ;

where I' is adjoint process satisfies the forward LSDE
dly =T (A, f(s)ds + AL f(s)" dWy) .

Remember that I' is Geometric Brownian Motion (GBM) and has nonnegative
solution. By hypothesis, we have ! — &2 > 0 and d,f, > 0 and additonally I is
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GBM then §Y; must be greater than or equal to zero almost surely ,i.e., Y1 > Y2
a.s for any time t.

Moreover, if 0Yy = Y3 — Y = 0, then it implies that £' — 2 = 0 and dof; = 0
which exactly means that ' = &2 and f1(¢,Y?, Z2) = f2(t, Y2, Z7), dP®dt -a.s.,
and Y! = Y? a.s. by the Proposition 2.4. More generally, one can say that if
Y,! =Y? on aset A€ F;, then V! = Y2 almost surely on [t,T] x A, £ = £ as.
on A, and f1(t, Y72, Z2) = f2(t, Y2, Z2) on A x [t,T], dP ® ds—a.s. O

After we prove outstanding results of the backward stochastic differential equa-
tions theory, we explain the concept of pricing and hedging contingent claims
in a complete market and obtain the fair price as a unique solution to a linear
backward stochastic differential equation in the following chapter.
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CHAPTER 3

PRICING AND HEDGING CLAIMS WITH THE
LINEAR BACKWARD STOCHASTIC DIFFERENTIAL
EQUATIONS

Backward stochastic differential equations have been efficiently used in mathe-
matical finance since Black and Scholes [6]. For instance, the theory of pricing
and hedging a contingent claim could be modelled by linear BSDEs. Consump-
tion did not take place at the earlies of the theory. In the following years, Merton
[21, 22] considered a consumption process which is increasing, right-continuous
and adapted with null at zero. In this chapter, we closely follow the main article
[16] in order to define the structure of the fair (upper) price and hedging strategy
(superstrategy) for a nonnegative contingent claim in a complete market.

3.1 Terminology

We first introduce the terminology that we use in our model for the financial
market. Assume that the market consists of n + 1 assets. One of them is the
riskless asset, for instance treasury bond, with price per unit P° satisfying the
equation

dP) = Plridt; Py =1, (3.1)

with a short interest rate r; for all t € [0,7]. The remainder n assets are risky
securities (or the stocks) which are allowed to be traded continuously. P! de-
notes the ith stock price process per share and modeled by the linear stochastic
differential equation as follows:

dP! = P} (bjg dt+> af’detj) ,

Jj=1

where n-dimensional column vector W = (W', ... TW")* is a standard Brownian
motion with values in R", defined on a filtered probability space (2, F, { F; }o<i<r, P).
Since we have n risky assets, we model with an n-dimensional standard Brow-
nian motion in order to be in a complete market. Moreover, the probability
measure P is assumed to be objective. The information up to time ¢ is given
by the augmented right- continuous filtration {F;}o<i<r. {F:} is considered as
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o-algebra generated by the Brownian motion W = (W1, ... W")*. In addition,
the following hypothesis are assumed throught this chapter:

e The short rate r is a predictable, bounded and nonnegative process.

e The drift terms (or the stock appreciation rates) b = (b',...,0")* is an n-
dimensional column vector process supposed to be predictable and bounded.

e The volatility matrix o = (¢7) is an n X n matrix process and assumed to
be predictable and bounded.

e There exists an n dimensional predictable and bounded-valued process vec-
tor 0, called a risk premium, such that

bt — Ttl = Ut0t7 dP ® dt a.s,

where 1 is an n-dimensional column vector with all components 1.

The market becomes dinamically complete under these assumptions.

3.2 Concept of Self-Financing Strategies

Assuming the all hypothesis stated in the previous section, consider a small in-
vestor who has wealth V; at any time ¢ € [0,7] and cannot effect the market
prices. Let ! denote the amount of money invested in the ith stock, i = 1,..., n.
His decision can only be based on current information Fy, i.e., 7 = (7!,..., 7™)*
and 7% =V —=>"" | 7’ are adapted. Here, 7° corresponds to the amount of money
that invested in riskless asset with price per unit P°.

Harrison and Pliska [14] introduce the concept of self-financing strategy as follows:
The strategy (V, ) satisfies the following equation

t n ;
(AP}
V, =V, +/0 Zwt Pft (3.2)
=0
is said to be a self-financing strategy. Using the equalities given before:

dp;

B bidt+> o?dWY, i=1,....n

Jj=1
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the linear stochastic differential equation in (3.2) is equal to
"\ .dP}
dVy = ; 0 Ptit

dP)  ~ ;dP}
0 t +Z7Tz t

Ty —— -
t PtU p t Ptl
=mlredt + Yy 7 (b,ﬁ dt+> af’def>
i=1 j=1

= (Vt — Zﬁ) Ty dt + sz (b; dt + ZJ?%WE)
i=1 i=1 j=1

=rVidt+ > m (b —rl) dt+ Y m Y opdWY

i=1 =1 j=1
=rVidt + 7 (by — 1) dt + w0, dW,
=1 Ve dt + w00y dt + m o dW;
= Tt‘/t dt + W:O’t<9t dt + th)
Note that, in the model proposed by Merton [20], he considers a consumption

process C; = fot c; dt, where ¢; is predictable. In this way, the market value
process becomes

d‘/;g = Tt‘/t dt + ﬂ-;fko-t<9t dt + th) — C dt.
Let us summarize the concept of self-financing strategies in the sense of [16].

Definition 3.1. A self financing trading strategy is a pair (V, ) where V' is the

market value and 7 = (7!, ..., 7")* is the portfolio process satisfying

T
d‘/; = Tt‘/t dt"’ﬂ':Ut(et dt+th), / ‘O’: 7Tt‘2dt < 00, P-a.s.
0

Definition 3.2. A self financing superstrategy is a vector process (V, , C') where

V is the market value, 7 = («w!,...,7")* is the portfolio process and C is the

cumulative consumption process satisfying
T
AV, = r Vi dt + w} o (0, dt + dWy) — dCy, / loF m|? dt < o0, P-a.s.,
0

where C'is an increasing, right-continuous, adapted process with the initial value
Co=0.
Definition 3.3. If the nonnegative wealth constraint holds, i.e.,

Vi >0, tel0,T],

then the strategy (either self-financing strategy or superstrategy) is called feasible.

Now, we are ready to define hedging strategies (superstrategies) and the fair price
(upper price).
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3.3 Hedging Strategies and Pricing Contingent Claims

Suppose that we have a contingent claim £ which is nonnegative and Fpr-measurable
random variable. In the sense of arbitrage-free market, we invest the amount of
money as an initial endowment in the n+ 1 assets and then the hedging portfolio
must pay at least £ at maturity. In this section, we give a definition to hedging
strategies (hedging superstrategies) against £. We then classify them to explain
the structures of the fair price (upper price). We closely follow Karatzas and
Shreve [9] for the following definitions.

Definition 3.4. A hedging strategy against a contingent claim £ > 0 is a feasible
self-financing strategy (V,m) such that Vp = £. Let H(§) denote the class of all
hedging strategies against &, then the fair price Xy is defined as follows

Xo=inf{z >0: 3(V.7) e H({) such that V; = z}.

Definition 3.5. A hedging superstrategy against a contingent claim & > 0 is a
feasible self-financing superstrategy (V,m, C') such that Vp = £. Let ‘H'(£) denote
the class of all hedging superstrategies against &, then the upper price X| is
defined as follows

X =inf{z >0: 3I(V,m,C)e H () such that Vj = z}.

Moreover,
Xo' > e TEY(9),

where Q is the risk neutral probability measure.

We deduce that for any square-integrable nonnegative contingent claim &,

H(E) # (). Hence the market is complete.

According to the main article [16], we show that the unique solution of a given
linear BSDE coincides the fair price in the following theorem.

Theorem 3.1. Let & be a nonnegative square-integrable contingent claim. Then
there exists a hedging strategy (X, 7) against £ satisfying the LBSDE

dX; = 1, Xy dt + w700y dt + wio dW,,  Xp =, (3.3)

such that the market value X is the fair price and the upper price of the claim.
Let (HY; s > t) be the deflator started at time t, that is,

dH! = —H! (ryds + 0% dWy), H! =1. (3.4)
Then
X, =E (HLEF), as. (3.5)

Proof. Recall that X, and H!, or more simply say H, satisfy the following dy-
namics:

dXs =rsXsds + w005 ds + w05 dWj
dHs = —H, (rsds + 0% dWy)
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for all t < s < T. Using It0’ s lemma, let us first calculate the product of the
market value process X, and the associated deflator Hy, d(HXy), as follows:

d(H,X.) = Xy dH, + H,dX, + d (X,, H,)
= —X,H; (rsds + 02 dWy) + Hy (rs Xsds + mios0s ds + mios dWs)
— Hyrmlos0,ds
= —X,Hyrods — X H 0, dWs + H X rsds + Hemio,05 ds
+ Hmios dW, — Hymo50, ds
= —-X,H0; dWs+ Hymios dW
= H, (— X0, + oimy)" dW,.

Define Uy = Hg (— X 05 + oi7,) and integrate from ¢ to 7. Then we obtain
T
HTXT — HtXt + / U: dWS
t

Taking the conditional expectation with respect to the filtration F; yields
T
E(HrXr|F) =E(H X,| ) +E (/ Us*dWsl]-"t) .
t

Since H; X; € F;, ftT UrdW; is independent of the history F; and the conditional
expectation of stochastic integral equals to zero, we have

X, =E (HTXT ‘ -7:1:) =E (HTf | ]:t) .

Hence, H;X; is the continuous version of the uniformly integrable nonnegative
martingale E (Hr& | F;). By the Martingale representation property for the func-
tional of Brownian motion (see Appendix), there exists a predictable and bounded
process {V;}o<i<r such that

t
0

t T
:E(HT5)+/ VAW, / Vi[2 dt < oo,
0

0
Here V; is exactly equal to Uy, since the SDE of the last equation is equal to
d(H;X,) = VSdW, = UrdWs.
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Put 7, = (o) (H;'U, + X,0,), then we get

S

H, X, =E (Hr€) + /0 t VAW,
= E (Hr€) +/Ot Ur dw,
~E () + [ H (X0, +oim) W,
=R (Hr€) + /0 t Hy (—X0s + 02 (02) ™ (H U + X05)) dW,
=R (Hp€) + /Ot Hy (—X0s + H;'Us + X,0,)" dW
=E (Hp¢) + /0 t HH;'UF dW,

t
= E (Hré) + / Ur dw,.
0

By It6’s lemma, (X, ) satisfies the linear BSDE (3.3). Moreover, we have to

show that the constraint fOT loFm|?dt < oo holds. After some arrangements of
the choice of m we have:

O';:ﬂ't = (Ht_lUt + tht)
loym|® = [H, Uy + Xo6,? < 2(JH U + 1 X,0,)7)

T T T
/]ajwt|2dt§2(/ \HtlUtIth+/ |Xt0t|2dt>.
0 0 0

Since the continuity of the processes H and X, and the boundness of 6 and U,
fOT |oFm|? dt < oo, which shows (X, ) is a hedging strategy against ¢ with the
initial endowment Xy = E (Hr§).

Furthermore, let (V, ¢, C) be a superhedging strategy against €. The proof is
similar to the hegding strategy case. We first use [t6’ s lemma for the product of
the cddlag semimartingale V' and the continuous semimartingale H.

d(V,H,) = VidH, + HydV, + d (Vs, H,)
=Vi(—=Hs (rsds + 0% dWy)) + Hy (rsVids — dCs + mios(0s ds + dWy))
— Hyrlo0s ds
= —ViHrsds — ViH 0 dWs + Her Vi ds — HodCs + Hymhos0, ds
+ HymlosdW, — Hymlos0, ds
= —VH 0, dWs + Hyrio,dWs — HydCy
= H (Vs + oims)* dWs — HydCs.

Define UY = H,(—V,0, + o*m,) and integrate from ¢ to T,

T T
VTHT:WHt+/ (USV)*dWS—/ H,dC,.
t t
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Take the conditional expectation with respect to the filtration F;,

T T
E(VTHT|ft>:E<tht|ft>+E( / <USV>*dWS|ft)—E( / Hsdosm).
t t

Here, V,H, € F;, LT(U V)*dW, is independent of the history F; and the expecta-
tion of stochastic integral equals to zero. Therefore,

Vit = & (Vettr 7) + & [ Hdc7)
t
< E (VpHr|F) = X H;.
Hence, V,H; becomes a submartingale and X, is the upper price, that is,
Vi < Xy, t€[0,7].

Particularly, for t = 0, Vj < E (Hr&) = X,. O

Remark 3.1. The representation of X in terms of H; and ¢ in (3.5) is associated
with the well-known property that the fair price of a contingent claim & is equal
to the expectation of the discounted value of the claim under the risk neutral
probability measure Q:

X, = Eq (e_ftTTsdsaE) '

Q is called the risk neutral probability measure with Radon-Nikodym derivative
with respect to P on Fr, given by

dQ " e Lo
ﬁ—exp<—/0 QSdWS—/O |05|* ds

and @ is martingale measure, that is, the discounted wealth processes are Q-
martingales.

Up to this point, we explain the theory of backward stochastic differential equa-
tions and pricing and hedging a nonnegative contingent claim modeled by a linear
backward stochastic differential equation. From now on, we introduce the opti-
mal control theory, then we deal with stochastic control problems and associate
them to the backward stochastic differential equation theory.
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CHAPTER 4

STOCHASTIC CONTROL AND BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS

It is remarkable fact that backward stochastic differential equations are consid-
erable as solving stochastic control problems (see for instance the main article
[16]). In this chapter, we give a brief introduction to the optimal control theory
following [26]. Besides, we derive the well-known Hamilton-Jacobi-Bellman equa-
tions. For direct constructions along more classical lines, we refer to the reader
[24] and [25]. After that, we introduce the stochastic control problems. The stan-
dard work on this subject can be found in [13]. Last but not least, we analyse
the optimization of solution in cases of concavity or convexity of the standard
generator.

4.1 Preliminaries

We study with a system such that the state process { X, }+<s<r is finite n-dimensional
Markovian diffusion and satisfies the following dynamics:

dXs = b(s, Xs, us)ds + o(s, X, us)dWs, X, =, (4.1)

where

e 1 is a k-dimensional control process.

e b= (by,bs,...,b,) is an n-dimensional generator such that
b:RT x R x RF — R™
e o is an n X n matrix function defined by
o:RT x R" x RF — R4,

e b and o are supposed to be uniformly Lipschitz with respect to x and u.

b(s,0,0) and o(s,0,0) are uniformly bounded deterministic functions.
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e IV is an n-dimensional Brownian motion.

The control processes {us}i<s<r are supposed to be in a Polish space U. We will
restrict ourselves to a class of control processes which has the form:

us = u(s, Xs).

In other words, u has a connection with the past values of state process X. As a
consequence, u is called feedback control.

Definition 4.1. A control process is said to be admissible if the SDE in (4.1)
has a unique solution. U denotes the class of all admissible control processes.

For a given control process u, a criterion or objective function (more common of
usage) is defined by

T
Y(t,z,u) =E;, {/ L(s, Xs,us)ds + (T, X7)| ,
¢

where [E; , denotes the conditional expectation with respect to the time ¢ and the
state at time ¢ X; = x. The deterministic function L(s,x,u) defines the running
cost accociated with control process u and state x, while W(T', z) corresponds to
the terminal cost. L and ¥ are defined by

L:RT xR" x R* - R,
U:R" — R.
The problem is to minimize the objective function Y (¢, x,u) over all the feedback

admissible control processes and to find (if there exists) a feedback control process
u® which achieves the minimization. The value function Y (¢, ) is defined by

Y(t,x)= min Y (t,z,u).

If for any (¢,z) € RT x R", there exists a control u° such that
Y(t,z)=Y(tz,u°),

then u® is called optimal feedback control process.

4.2 Hamilton-Jacobi-Bellman Equations

After we give a brief introduction to the optimal control theory, we derive the
Dynamic Programming Principle and the Hamilton-Jacobi-Bellman (HJB) equa-
tion which is stated in the following theorem. The theorem is modified from the
article [13].

Theorem 4.1 (Hamilton-Jacobi-Bellman Equation). Suppose that there exists
an optimal control process u® and the optimal value function Y is regular in the
sense that Y € CY2. Then the followings hold:
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1. Y satisfies the Hamilton-Jacobi-Bellman equation

QY (t, Xy) + infyey {L(t,z,u) + L*Y (t,2)} =0, V(t,x) € [0,T] x R"
Y(T,z) =¥(x), Vr e R”,

where the operator L* is defined by

n

- 1
L, = bt u)dy, + 3 S lo0*)(tw,w)d?,, .
=1

i.j=1

2. For each (t,z) € [0,T] x R™ the infimum in the HJB equation above is
attained by u = u°(t, z).

Proof. Suppose that a controller generates a strategy (say Strategy I) which uses
a pairwise control u;(r, z) defined by

wy (r, 7) = u(r,z), ift<r<t+h,
BOS7 Wl z), ift+h<r<T,
where u° is optimal. In other words, the controller uses u(r,z) for r € [t,t + hl;

and u°(r,x) for r € [t + h, T|. In this way,

T
Y(t,z,u1) =Ei / L(s, X,,ul)ds + U(T, XT)]
¢

- itk T
=E;, / L(s, X, us)ds] +E:, [/ L(s, X, u?)ds + U (T, X71)
¢ t+h

t+h
=F, / L(s, X, us)ds] +Y(t+ h,z,u")
t

t+h
=K, / L(s, Xs,us)ds + Y (t + h, x, uo)] )
t

Here, we can also write Y (t + h, X;yp,u°) = Y (t + h, X;41), since u® is optimal
for range [t + h,T).

Let us call the way that the controller choose the optimal control for the whole
interval [0, T as Strategy II. Then by definition, Strategy II is the optimal one.
His expected performance criterion cannot be less than Y (¢, ), that is,

Y(t,x) <Y (t, x,u;). For this reason,
- t+h
Y(t,z) <Y(t,z,u1) = E; [/ L(s,Xs,us)ds +Y(t+ h, x, uo)]
t

t+h
=Ei, U L(s, X5, us)ds + Y (t + h, XHh)} . (4.2)
t

Equality holds for u = u°. We have just derived the Dynamic Programming

Principle in [13] as follows:

t+h
Y(t,l‘) = iIlZEEt@ |:/ L(S,XS,US)dS+Y(t+h,Xt+h):| .
ue t
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Continue from inequality (4.2),
t+h - -
0<E., {/ L(s, Xs,us)ds + Y (t + h, Xeypn) — Y(t,m)] . (4.3)
t

Apply Ito” s formula to Y (s, X,) integrate from s =t to s =t + h,

Y(t+h, Xpn) = Y(t, ) / d,Y (s, X) ds—i—Z/ 0., Y (5, X,)d

/ Y (s, X;) < dX;,dX; >

z]l

n t+h
:Y(t,:r:)+/ E)SY(s,Xs)derZ/ 02,V (s, X,)bi(s, 2, u)ds
! i=1 7t
n t+h B
+Z/ aﬁiY(Saxs)O'i(S,x,U)dWS

iy / v (s, X,)[00" s

1]1

where 0y is the partial derivative of b with respect to s, similarly 0,, is the partial
derivative of b with respect to x; and Giixj is the partial second derivative of b
with respect to x; and z;. o0; denotes the first row of n x n matrix o. Finally,
[0o*];; defines the 7j-th component of the matrix [oo*].

Plug the equation derived from It6’ s formula into inequality (4.3),

t+h
O S Et,x |:/ L(Sv Xsaus)ds + Y(t + haXt-i-h) - }7<t7$):|
t

t+h
=E;, / L(s, X,,us)ds + Y (t,x) + / d,Y (s, X,)ds
t t

n t+h n t+h

+ Z / 02, Y (8, Xo)bi(s, z,u)ds + Z/ 02, Y (8, X)oi(s, x, u)dW,
j i=1 7t

+ - Z / X )|oo*]ds — Y (t,z)].

z]l

Note that the expectation of the term with Brownian motion is equal to zero and
Y (t,z) cancels each other. Hence,

t+h t+h
0<E:, / L(s, X5, us)ds +/ 0sY (s, Xs)ds
t t

n_ etth
+ Z/t 02, Y (5, X4)bi(s, z,u)ds —|— / Y (s, Xs)[o0™]i;ds
i=1

2]1
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or, more precisely,
t+h B B
0<Ei, [/ (L(s, Xs,us) + 05Y (s, X,) + L2, Y (s, X)) ds
t

where L}, is an differential operator defined by

n

- 1
L, = Zbi(zﬁ, x,u)0y, + 3 Z [O'U*]j(t,l',u)agﬂj.
i=1

ij=1
Divide both sides by h and take the limit as A — 0, we obtain
0< L(t,r,u) + 0, Y (t, X;) + LY (t, 7).

As we mention before, equality holds for an optimal control u = u°, which derives
the HJB equation:

0=0,Y(t,X;)+ inf {L(t,,u) + LY (t,z)} .

It is an easy consequence that Y (T, z) = ¥(z), Vo € R™. O

Example 4.1. The cost functions are supposed to be propotional to the state
process, which means L(t, z,u) = xk(t,u) and V(T,z) = zK(T), where the state
process X is denoted by H as a one-dimensional process and satisfies the SDE:

dHs = H, (d(s,us)ds + n(s,ug)*dWs) .

Then the value function Y (t,z) becomes also propotional to z which means
Y(t,z) =xY(t) = 2Y (t,1). Indeed,

T
Y(t,z) = inf Y(t,z,u) = inf E;, [/ zk(s,u)ds + v K(T)
uel uel t

T
ue t

since L(s,1,us) = 1k(s,u) and ¥(7T,1) = 1K(T). Moreover HJB equation can

be written as

Y'(t) + inf {k(t,u) +d(t,u)Y (t)} = 0.

We derive the HJB equation for the cost minimization. On the other hand, HJB
equation could be also derived for the best utility. In this case, the objective
function contains utility functions. We derive the associated HJB equation in the
following remark.

Remark 4.1. Consider the same SDE in (4.1). Optimization idea can be expressed
as the supremum of admissible control processes. In this case, the objective
function is written by

T
V(t,z,u) = Ey [/ F(s, Xs,us)ds + &(T, Xr)| ,
¢
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where F' is utility function and ¢ measures the utility of having some money left
at the end of the period. Then the value function appears as

V(t,z) =sup V(t,z,u).
ucl

If the same strategical approach is followed, then the HJB equation becomes

a—V(t, x) + sup {F(t,x, u) + Vt“xf/(t,x)} =0,
8t ueU '

where the differential operator Vy', is the same as L}

n 1 n
Vi =Y bilt,w,u)d, + 5 > oot v, u)d2 , .
=1

4,j=1

We examine HJB equations in the cases of the least cost or the best utility. Be-
sides, we construct stochastic control problems and deal with them using optimal
stochastic control theory and backward stochastic differential equations theory.

4.3 Stochastic Control Problems

In this section, we closely follow the work of Quenez [13] in the context of stochas-
tic control problems. A filtered probability space (2, F,F = {F;}o<i<r,P) with
usual assumptions models the uncertainity of the controlled state process. The
usual assumptions are given by

e Jy contains all the P-null sets of F.
o F, = ﬂu>t]:u7 Vt,0 <t <oo.
e The filtration {F;}o<i<r is supposed to be generated by the n-dimensional

Brownian Motion W.

The laws of controlled process belong to a family of equivalent measures whose
densities are given by

dH" = H* (d(t, u)dt + n(t, ) dW,),  H'=1, (4.4)

where d(t,u;) and n(t,u;) are predictable processes and uniformly bounded by
0 and v respectively. We could pick a feasible control u = {u; }o<t<r valued in
U. Suppose that we have a running cost k(.,t,u;) associated with the control
process u and K (.,ur) as the terminal condition. The problem is to minimize
the following objective function over all feasible control processes w,

J(u) =E UOT H'k(t,u)dt + H}K (ur)
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Here, the processes {k(w,t, us)}o<i<r (respectively the terminal contitions
{K(w, ur)}o<t<r) are assumed to be measurable with respect to P @ B(U)
(respectively F; ® B(U)), where B(U) is the Borelian o-algebra on U. Moreover,
{k(w,t,us) }o<i<r (respectively {K(w,ur)}o<i<r) is supposed to be uniformly
bounded by a square-integrable process {k;}o<i<r (respectively by a square-
integrable variable y).

The control processes act magnificently on the discount factor with bounded rate
d(s,us) in the following manner:

dDY = D}d(s, us)ds
and change of equivalent probability measures with Radon-Nikodym derivatives
given by
dL? = Lin(s,us)*dWs.
Therefore we obtain H;* = D} L}, indeed

d(D{L}) = L}dD; + D{dL} +d < Dy, Ly >
= L¢D¥d(s,us)ds + Dy Lin(s,us)*dWs; d < Dy, L >=0
and if D)Ly = H;' then
dH} = H' (d(t,u)dt + n(t,u)*dWy)

which is exactly the same SDE as the equation (4.4).
The objective function could be written in terms of new probability measure Q“
with density L% on Fr as follows:

T
J(u) = Eqgu [/0 D{k(t, uy)dt + Dy K (ur)

One can easily show that J(u) = Y, where (Y*, Z") is the solution of the linear
BSDE associated with the standard parameter (f*,£") defined as

oty 2) = k(t,w) + dlt )y + n(tu) = € = K(ug),

Indeed, if f* is a linear standard generator, then H; corresponds to the adjoint
process beginning at time ¢ (assumed to be equal to 1 at the beginning time t)
and the solution Y;* could be written as

T
V¢ =E [ﬁthsz —|—/ Hy' (s, us)ds | Ft] ; 0<t<s<T.
t
For t =0,
T
Vi =E FUH&T +/ H&Sk‘(s, ug)ds | ]-"0}
0

—E {H&TK(UT) + /0 ' HY k(s, us)dsl = J(uw).
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For any control u, Y,* becomes objective function at time ¢ as above. The main
idea is to minimize the objective function over the feasible control processes. Let
Y; be the value function at time ¢, we obtain

Y, = ess inf Y}*, t € [0,77.
ueld

If there exists an optimal control u® € U, it achieves the equality that
Y, =Y, telo,T].

Following the same procedure in the previous section, the Dynamic Programming
Principle becomes

t+h
Y, = ess infE[/ Hﬁsk(s,us)ds—f—HZth}_/Hh |ft} : 0<t<t+h<T.
t

ueld

In Markovian case, it could be written that
t+h - -
0<E {/ Hy' (s, us)ds + Hy'y ) Yen — Vi | ]-"t] : (4.5)
t

We aggregate backward stochastic differential equation theory and optimal stochas-
tic control theory in the following proposition.

Proposition 4.2. Let Y be a value function such that
T
Y, = ess inzi; V" = ess inng [SUHt“T —I—/ H{ k(s,us)ds | ]-"t} ; 0<t<s<T
ue u€ ’ t ’
with a deflator H given by
Then (Y, Z) be the solution of the following BSDE
—dY, = f(t, Y, Z)dt — Z;dWy; Vi =€
and corresponds to the standard parameter (f,€):
f(ty,z) = essinf f*(t,y,2), & =essinf £,

where fu(t7 Y, Z) = k<t7 ut) + d<t7 ut)y + n<t> U,t)*Z and éu = K(“’T)

Proof. Assume that Y is a semi-martingale of the form
dY, = —f(t)dt + Z:dW,.
Applying It6 product rule to Hgfs}_/; and integrating from ¢ to ¢ + h, we obtain
- - t+h t+h - t+h -
HipoiVion = Hiot [ Vit [ mpator [ a< i v

t
- t+h
= H4Y, + / Y Hy' (d(s,us)ds + n(s, us)*dWs)
t
t+h

t+h
+ Hgs (—f(s)ds + Z:dW) + / Hgsn(s, ug)* Zyds.
¢

t
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Plugging this equality into (4.5), we have
t+h 3 3
0<E [/ Hy' k(s ,us)ds + Hy'y 1 Yion — Y | .7-}1
t

t+h t+h
=E / H' k(s ug)ds + H}, Y, + / Y HY (d(s, us)ds + n(s, us)*dW,)
t t

t+h t+h -
s [ HL s+ Ziaw) + [ Hen(s,u) Zds i | 7
t t

Conditional expectations of the terms with Brownian Motion is equal to zero.
Thus,

t+h - t+h
0<E / H' k(s,us)ds + H, Y + / Y H,' d(s,us)ds
¢ ’ ~~ t ’
=1
t+h t+h B
— / Hy' f(s)ds + / Hy'n(s,us)* Zeds — Yy | Fy
¢ t
t+h t+h t+h
=E / Hy' k(s us)ds + / Y Hy' d(s, us)ds — / H{ f(s)ds
t ¢ t

t+h
—l—/ Hgfsn(s,us)*sts | Fi
t

=K {/;M H' (k(s,us) + d(s, us)Ys + (s, us)* Zs — f(s)) ds | ]-"t} :

Divide the inequality by h and take the limit as h — 0, Hy, tends to H, =1
and we finally obtain dt ® dP-a.s,

0 < K(t,u) + d(t, Ut)Yt +n(t,w) Z — f(t).
As we mention before, equality holds for an optimal control «° € U, i.e,
0= k(t, u) + d(t, )Y, + n(t, ) Z, — f(t)
= f@) = k(t,ud) + d(t, ud)Y; + n(t,ud)* Z,
S f(t) = ess inf f(t,Y, ).
Therefore, (Y, Z) is the solution of the following BSDE
—dY, = f(t,Y,, Z,)dt — ZFdW,, Yr=¢
and corresponds to the standard parameter (f,¢):

f(ty,z) = essinf f*(t,y,2), €= essinf £
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We extend the previous proposition to the BSDE with consumption.

Proposition 4.3. Assume that (Y,Z) is the solution of the BSDE associated
with the standard parameter (f,§), where

f(t,y.z) = essinf fU(t,y,2), = essinf "

Then, there exists a predictable increasing consumption process C* such that

cy = / (5. Yo Z) — (5. Yo Z2)) ds + Lo (6" — €)

and (Y, Z,C") is the subsolution of the BSDE associated with the standard pa-
rameter (f*, &%), that is,

—dY, = fU(t,Y;, Z,)dt — dCY — Z;dW,,  Yp=¢".

Moreover, H}'Y, +fg HYk(s,us)ds is a uniformly integrable submartingale, for all
uel.

Proof. For a given admissible control process u € U, C" is obtained in the follow-
ing manner: If (Y, Z) is solution of the BSDE associated with standard parameter

<f7 5)7 then
_dYt = f<t7}/;f7 Zt)dt - Zt*tha YT = g

Add and substract the term f“(t,Y;, Z;)dt, we get

—dY, = f(t,Yy, Zy)dt — Z;dWy & (¢, Yy, Zy)dt
= Ut Yy, Zy)dt + (f(t, Y, Ze) — fU(t, Y, Zy)) dt — ZdW,.

Now, we integrate from 0 to ¢:
t t t

it Yo= [ Yazydst [ (fsYaZ) = PV Z) ds— [ Zzaw.
0 0 0

The equation above holds for all ¢ € [0,7]. In particular, if ¢ = T, then the
equation becomes

T T T
yb:/o F (s,Ys,Zs)der/O (f(5,Ys, Zs) — f (S,stZs))dS—/O Z;dWs + &£ ¢

T T
_ / (s, Y, Z0)ds + / (5, Yo Z0) — [*(5, Yo, Z2)) ds + (€ — €9) + €°

T
- / Z*dW,.
0

Putting Cf = [1 (f*(s,Ys, Zs) — f(s,Ys, Z)) ds + 1= (€% — €), then (Y, Z,C")
becomes a subsolution of the BSDE

—dY; = (Y, Z)dt — dCY — Z:dW,, Yy = ¢
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associated with the standard parameter (f*,&").

C" is a predictable and increasing process: Predictability is obvious since all the
components of C" are predictable. Moreover, f(t,Y;, Z;) (respectively &) is de-
fined as essinf of f“(t,Y;, Z;) (respectively £*) over the feasible control processes.
Therefore f(t,Y;, Zy) — f(t,Y;, Z;) > 0 (respectively, £ — & > 0) which implies
that C* is increasing.

Furthermore, Vu € U, H}'Y;+ fot HYk(s, us)ds is a uniformly integrable submartin-
gale. Indeed, apply It6 product rule to H;'Y; and integrate from 0 to 7"

d(H'Y;) = H!'dY; + Y;dH'+ < dH},dY; >
= H! (—f“(t, Y, Zy)dt + dCY + Z7dWy) + Y H' (d(t, ug)dt 4+ n(t, uy)*dWy)
+ Hin(t,u) Zedt
= H' (— (k(t,u) + d(t, u)Y; + n(t,w)* Zy) dt + dCY + Z;dWy)
+ Y H (d(t, ue)dt + n(t, u) dWy) + Hin(t, uy) Zydt
= H"Yn(t, w)*dW, — H'k(t,w,)dt + H* Z}dW, + H"dC,

T T T
HyYr = HiYy + / H (Yin(t,ug) + Zy)" dWy — / HP'k(t, uy)dt + / HdC.
0 0 0
Take the conditional expectation with respect to Fy of both sides, we have

T T
E [H;;YT +/ H"k(t, up)dt | fo] — Y, +E [/ H (Yn(t,w) + Z)* dW, | FO]
0 0

T
+E [/ HdC, | }'0}
0

T
=Yy +E [/ Hgdct]
0
T 0
E [H%YT + / HPk(t, ug)dt | fo] >Y,=E [HgYD + / Ht“k(t,ut)dt}
0 0

which implies that H/"Y;+ f(f HYk(s,us)ds is a uniformly integrable submartingale,
Yuel. O

Let us think on the opposite side. If a standard generator f and a terminal con-
dition £ are given by essential infimum of some standard generators and terminal
conditions, respectively, then we examine the solution of BSDE associated with
the standard parameter (f,£) in the sense of optimality.

4.4 The Verification Theorem

We follow the work of Quenez [13] with assuming that (f,£) is a standard pa-
rameter. In this section, we show that f (respectively £) can be obtained as an
essential infimum of standard generators f* (respectively of terminal conditions
£%). For a given «, let (Y*, Z%) be the solution of the BSDE associated with the
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standard parameter (f,£%). Then by the Comparison Theorem 2.5, the solution
of BSDE associated with the standard parameter (f,§) is less than or equal to
(Y* Z%). The following proposition shows how the equality holds.

Proposition 4.4. Let (f,£) and (f*,£%) be a family of standard parameters, and
(Y, Z) and (Y, Z%) be the solutions of BSDE’s associated with given standard
parameters, respectively. Suppose that there exists a parameter & such that

f(tv Y;fa Zt) = essinf fOl(t? Y;fv Zt) = f&(ta Y;/; Zt)> dP @ dt a.s.
£ = essinf £* = &° dP a.s.. (4.6)
Then, the process Y and Y satisfy:

YV, =essinf Y,* =Y,*,Vt € [0,T],dP a.s.. (4.7)

Proof. By hypothesis, one can easily write the following inequalities:

f(ta}/;fa Zt) S fa(tay;fa Zt)’ dP ® dt a.s, and
& <& dP a.s..

By the first part of the comparison theorem (Theorem 2.5),
Y, <Y, vt € [0, 7).

It implies that Y is a lower bound for the family {Y*}. By definition of essential
infimum,
Y; < essinf Y, vt € [0, T, dP a.s.

Let Y* be the solution of BSDE associated with (f%, £%). From the hypothesis
equalities

f(ta }/;57 Zt) = fd<t7 }/;fu Zt)
{=¢"
and the uniqueness of the solution, we have Y; = Y,* vt € [0,T]. Hence, it is
obtained that
essinf V* > Y, = Y,* > essinf Y,*
which exactly shows what we claim:

Y, =essinf V;* = Y,%, vt € (0,7, dP a.s..

]

We have a related corollary that will be used in the proof of the verification
theorem (see [13] for further details).
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Corollary 4.5. Assume that the standard generators f* are equi-Lipschitz with
the same constant C' and for each € > 0 the following inequalities hold:

f(t,Y;, Zt) = essinf fa(tay;fa Zt) Z fas(tvyta Zt) -5 dP@ dt a.s.;

,S: eSsinffa > faE — € dP a.s..

Then,
Y, = essinf Y;* > Y, — ¢, Vit € [0,T],dP a.s..

Proof. Define 6 ff = f(t,Y:, Z))— f(t, Y, Z4), 0Y, = Y, =Y and 07, = Z,— Z{"
and derive ddY;:
—doY, = —d(Y, = Y,*") = —dY, + dY,*
= f(t,Y,, Z))dt — ZFdW, — fo (£, Y2, Z2%)dt + Z&dW,
+ [ Y, Zo)dt
= [f (.Y, Z) — (Y, Z)7)] dt — 62 dW, + S f7 dt
+ faa (ta Y;ta€7 Zt)
= [Ay f(1)0Y, + AL f(1)6Z: + 6 fi] dt — 6 Z7 Wy,

where
foza (t7 ifta Zt) - f'of (t7 }/;oc":, Zt)
A =
yf(t) Yt- . Yt-aa Y
faa(t’ }/taaa Zt) B faa(tv Y;taav Ztas)
ALf(t) = - .

Here, A, f(t) and A, f(t) are predictable processes and it remains to show that
they are bounded by the Lipschitz coefficient C' of f:

_ fas(ta }/ta Zt) B fa5<t7 }/;CME’ Zt)
Ay f(t)] = Y, Y

1 o
S5 (Vi =Y |+ 12— z)) =C.

Similarly, A, f(t) is bounded by C of f. Therefore, (Y, Z) becomes the solution
of the following LBSDE:

—doY; = (A, f()OY: + AL f(£)0Z + 6 fF) dt — 8Z;dWs,
§Yp =& — &, (4.8)

The standard generator of the LBSDE appears as

We can write the associated adjoint process I' beginning at time ¢ in the following
manner:

'y = Ty (A f(s)ds + AL f(s)dWy),  Ty=1,
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and the solution dY can be written as
T
§Y, =E [WTWT + / Iofids | ;ft] : (4.9)
t

The solution of I' process is

Il = exp ( / ' (Ayﬂs) - %Azﬂs)?) s+ | ' Azf(S)dWs) .

We then calculate the expectations of '} and LT Ids:

E[I%] =E [eftT(Ayf(S)*%Azf(S)Q)dﬁftT Azf(s)dWs]
— ot (Muf(5)=50:4(5))ds [eftT Azf(s)dW5:|
_ o (Buf() =52 f(9)?)ds ] [ A f(s)%ds
_ oS By f(s)ds)

< olo (Byf(s)ds) < €T

For any € > 0,
—¢E [Th] > —ee“". (4.10)

Since the fact that I' is a positive and increasing process, we can write

T T r pT
E U F';ds} <E U F’;ds] <E / F}ds] <E[Te“"] = Te".
t 0 L/ O

For any € > 0,

s
—eE U IMds| > —eTeT. (4.11)
t J

Then equation (4.9) turns out to be

T
Y, =& [5YTFtT + / Iofeds | ft}

t

=K

T
§Yp Th + / I ofe ds] (since F; measurability)
~~ R

>e >e

Vv

T
—¢E U Ids + FtT} by (4.10) - (4.11)
t
> —getT — eTeCT = —e(T + 1)eCT = —¢€;.
Since 0Y; = Y; — Y,*", we have shown that

Y, > Y —ey, vt €10, T, dP a.s..
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Recall that for a given control process u € U, d(t,u;), n(t,u), k(-,t,u;) and
K(-,ur) is bounded by d;, vy, k; and x respectively. Let d, v, k, x be bounded
processes. The verification theorem leads a sufficent condition for a process to
be the value function. Before that, we must prove the following lemma which is
stated in [13].

Lemma 4.6. For each € > 0, there exists a feasible control u® such that
f(t,Y,, Z,) = ess in£ fU Y, Z) > fU (Y, Z,) — ¢, dP ® dt a.s.,
ue
£ =essinf €4 > & —¢ dP a.s.. (4.12)

ueU

Proof. For each (w,t) € Q®][0,T], the sets defined by {u € Ul¢(w) > K(w,u)—e}
and {u € U|f(t,Yi(w), Zi(w)) > k(t,w,u)+d(t, w, u)Y(w)+n(t,w, u)Z(w)—c}are
non-empty, since U is a Polish space. Here, Y and Z are predictable processes
and k,d,n, K are measurable. Therefore, by the measurable selection theorem
in [27] (see Appendix), there exists a predictable process u® € U such that the
inequalities in (4.12) holds. Control process u® becomes an admissible control
process, since (Y%, Z%) solves the BSDE associated with the standard parameter

(f*,€%). O

Now, we are ready to prove the verification theorem. The theorem is stated in
[13], but we offer a different way to prove.

Theorem 4.7 (Verification Theorem). Assume that (f*, &%) are standard param-
eters. The parameter (f,€) defined by

f(t,y.z) =essinf fU(t,y,2)  =essinf &
becomes standard parameter, as well. Let (Y,Z) be the solution of the BSDE
associated with (f,€), then'Y is the value function'Y of the control problem, that
is, Vt € [0, 7],
Y; =Y, = ess inf Y.

ueU

Proof. By hypothesis, f(t,y,z) = essinf,cy f“(t,y, z), where
fu<t7 Y, Z) = k(tv ut) + d(tv ut>y + n(t7 ut)*z

are linear standard generators. The claim is that f is also a standard generator;
measurability, to be an element of HZ(R?) and Lipschitz condition are satisfied.
First of all it must be shown that f is measurable. For given (w,t), consider
a countable dense family{(y,,z,)}. For each n, define a measurable process
f(w,t, Yn, z,) and dP ® dt-null set N such that for (w,t) € N¢,

flw,t, yn, zn) = irelzg{k(w, t,u) + d(w, t,w)yn + n(w, t,u) 2, }.
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For (w,t) € N¢ {f(w,t,Yn,zn)} is a Cauchy sequence. Indeed, for a given control
process u, define a function g(w, t, yn, 2,) := k(w, t,u)+d(w,t, u)y, +n(w, t, u)*z,.
For (w,t) € N¢ and m,n big enough,
|g<w7 t? yn7 Zn) - g(W, tu yn7 Zn)l = |k(w7 t? U) + d(wﬂ t? U)yn + n<w7 t? u)*zn
- k(w7 t, U) - d(wa t, u)ym - n(wa t, U)*Zm‘

< ’d<w>t7 u)Hyn - ym| + Hn<w>t7 u)HHZn - Zm” <ég,
since d and n are assumed to be bounded. We have shown that g is Cauchy, for
the pair (w,t) € N¢ Therefore, f(w,t,yn,2,) = infuey g(w,t,yn, z,) is Cauchy,
for the pair (w,t) € N°. R ® R" is complete space, so we can define f(w,t,y, z)
as the limit of the Cauchy sequence f(w,t,Yn, zn) as (Yn, 2n) — (v, 2). Since the

fact that limit of measurable functions are also measurable, f is measurable.
Secondly, define a set in the following manner:

U:= {a ceU | P{f"(t,y,2) < ft,y,2)} = 0,Yu e U,V(y,z) € RQR",Vt € [O,T]}.

Then, we can write

f(t,y,2) = essinf f%(t,y,z) =sup f*(t,y, 2).
u€U ueld

We have to show the remainder two properties of f in order to be a standard
generator:

1. Is f(+,0,0) a member of HZ(R)?
T T )
B | [ 1rwo.0pe| =& | [ 1w re.0.0pa]
0 0 acl

< 00

_E UOT | sup{k(t, u)} Pt

uel

since k is bounded by assumption.

2. Is f Lipschitz? For any (yi, 21), (y2, 22) € R@ R"

|f(ty1,21) — f(t Y2, 22)| = ’SUE fﬂ<t7y17 21) — sup fﬂ<t7 Y2, 22)|

aeU aeU

< |sup{f“(t,y1, 21) — f“(t, 42, 22) }|
aell

= |sup{k(t, u;) + d(t, u)yr +n(t, u) 2
aell

- k(tv at) - d(ta at)y2 - n<t7 at)*22}|
= [sup{d(t, ;) (y1 — y2) + n(t, @) (21 — 22)}|
ueU V<6 W—<

< max{d, v} (|y1 — yol +[21 — 2.

max{J, v} becomes Lipschitz coefficient of f.
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& must be a standard parameter as a terminal condition. Again, by hypothesis,

¢ = ess inf &

uel

Define a set U in a similar way,
U:= {ﬂ EU|P{E" < £} =0,Vu € L{}.

Then

= ess In = sup &%
f u p U
ue aeld

Calculate E (|¢]?):

E () =E (I sup fﬁ!2> <E (sup |§ﬁ|2) <supE (|¢"]*) < oo,

uel uel uelU

since £" is standard parameter as terminal condition for @ € U satisfying E (|¢%|?) <
0o. From Lemma 4.6, for each € > 0, there exists a feasible control u® such that

f(t,Y;, Z,) = ess in£ fUt, Y Z) > fU (Y Zy) — e, dP ® dt a.s.,
ue

E=essinf "> €Y —¢  dP as..
ueU

It implies that, by the Corollary 4.5,

Y, =essinf ¥, > Y —e,  Vte[0,T)],dP as..
ue

By definition of essential infimum, Y* > essinf,cy Y, since v° € Y. Combine
the last two inequalities, it yields
YV >essinf Y > V" — e
ueU
As € — 0, we obtain
Y =essinf Y
ueU

€ . .
Y™ becomes a value function and u® becomes an optimal control. ]

Remark 4.2. Actually, the theorem still holds if the boundness assumption on the
coefficients d, n, k, x and the Brownian filtration assumption is relaxed to weaker
assumptions which ensure the uniqueness for the BSDE associated with (f, ) and
the comparison theorem. In particular, by the results stated by El Karoui and
Huang [15], the verification theorem still holds under the weaker assumptions:

T kQ
E (/ eﬁAs—;ds) < 00; E (BBATSQ) < 00,
0

Qg

where o? = §; + v? and A; = fot a’ds.
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The main purpose of this chapter is to find a (0)-optimal control which is defined
as follows:

Definition 4.2. (0)-optimal control u° satisfies the value function at time ¢ = 0,
that is,
Yy = ess inf Y = YO“O.

uelU

Furthermore, the comparison theorem (Theorem 2.5) gives a criterion to find
(0)-optimal controls in the following corollary (see [13]).

Corollary 4.8. A control {u?}to<s<r is (0)-optimal if and only if

f(s,Ys, Z) = f“(s,Y,, Z,),  dP®dt a.s. (4.13)

0

E=¢&", dP a.s.. (4.14)

In this case, u® is also optimal for the problem starting at time t, that is, Y, = Y;uo.

Proof. The proof of this corollary can be found in [13]. For the sake of complete-
ness, we also give the proof here. Assume that the equalities (4.13) and (4.14)
hold. Then, by Proposition 4.4, Y, = Y*",¥s € [0,T]. So, we can say v is an
optimal control. In particular, choose s = 0, then Y, = YO“0 which means «° is
(0)-optimal control.

On the other hand, let u° be (0)-optimal control. By definition, Yy = YO“0

(or = Yp). As an easy consequence of second part of the comparison theorem
(Theorem 2.5), if Yy = Yy on a set A € Fy, then Yy = Y a.s. on [0,7] x A and
¢’ =¢on Aand f(s,Y*,2%) = f*(s,Y*, Z*) on Ax [0,T],dP®ds a.s. [

After we give the verification theorem, we use it to examine the optimization idea
in the choices of standard generator.

4.5 Concavity or Convexity of Generators and Associated Optimality

Consider a standard generator of a given BSDE. In this section, we restrict our-
selves to two cases of standard generators which are concave or convex. The
approaches for two different situations are followed in detail. We refer to the
reader [16] for the definitions, the lemma and the proposition for concave stan-
dard generator, but the rest of this section is firstly examined in this thesis. in
this thesis and arranged in a clear manner. The arrangement is managed in two
cases. In case 1, the optimal solution (the least cost) occurs as infimum of some
related controlled state processes for the concave standard generator. On the
other hand, the optimal solution (the best utility) occurs as supremum of some
related controlled state processes for the convex standard generator in case 2.
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Case 1: Assume that a standard generator denoted by f(t,y, 2z) is concave with
respect to (y, z). Then the polar process associated with f is defined by

F(w7t7577) = sup {f(wat:y,z)—ﬁy—’Y*Z}-
(y,2) ERXR™

The effective domain of F' occurs

Dp = {(w,t,0,7) € A x[0,T] x R x R" | F(w,t,3,7) < +o0}.

Denote the (w, t) section of D by Dgf’t) . The following proposition gives a bound
for Dgf’t).

Proposition 4.9. D%"’t) is bounded by the domain K = [—C,C|"™, where C' is
Lipschitz coefficient of f. More precisely, f € [-C,C] and v € [-C, C]"™.

Proof. On the contrary, if |5 > C, then > C or g < —C'. It follows that

flwt,y,2) =By —v"2 > f(w, t,y,2) = Cly| — By —v*2.

Take supremum of only the components —C|y| — By over y € R. For y € Rt and
B < —C, it is obtained that

sup {—Cly| — By} =sup{-Cy — By} =sup{ — y (C+pB)}=occ.
yER yER y€ER N~ N——
>0 <0
Therefore, we get the equality F(w,t,5,7) = oo which contradicts with the as-
sumption (3,7) € Dp. In the similar way, v € [-C, C]". O

Let us intertwine f and F. F' is derived from concave conjugate of f in the
following manner:

[ B8,y)= inf  {By+~"z— f(t,y,2)}

(y,2)ERXR™

is defined as concave conjugate of f(t,y,2) (see [23]).
Notice that

=t B8,v) = sup  {f(t,y,2) = By ="z} = F(t,5,7).

(y,z)ERxR™

On the other hand, f is derived using concave conjugate of —F"

(=F)"(ty,z) = inf By +~"2+F(t,B,7)} = f(t,y,2).
CRIS I

Hence f and F' are in such a conjugacy relation:

(v
fo=E=R
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Define a family of linear standard generators f%7 as

fﬁ’”(t,y,z) = F(taﬁt,%) + By + ’Y:Za

where (3, 7) is called control parameters and predictable processes. Note that, f
is infimum of f%7. To guarantee that f%7 is a standard generator, it is sufficient
to assume that (3, ) belongs to a set Ap which is defined as

T
Ar = {(5,7) € P, K-valued | E [/ F(t,Bt,%)th] < —1—00} .
0

A member of A is said to be admissible control parameter.
Let (Y,Z) be the unique solution of the BSDE associated with the standard
parameter (f,&), where f is concave and defined by

f(t.Y:, Z,) = essinf { f7(t,Y, Z), (B,7) € Ar} -

Then, the same logic of the lemma which states existence of an optimal control
and proposition that shows the solution as an optimum of related controlled state
processes occurs.

Lemma 4.10. There exists an optimal control (3,7) € Ap such that

F(t,Ys, Z4) = essinf { f5(1, Yy, Z,), (B,7) € Ar} = P11, Y4, Z),  dP®dt a.s.

Proof. Recall that f(-,Y,Z), Y and Z are predictable processes. By the measur-
able selection theorem in [27] (see Appendix), there exists a pair of predictable
(bounded) processes (/3,7) which satisfies the equality

FY Z) = fP(4,Y,, Z2),  dP®dt as..

Moreover, f(-,Y,Z), Y and Z are square integrable by assumption, and we con-
clude that (3,7 are also bounded. Then E [fOT F(-, B, f_yt)2dt} < +00, which means
that (3,7) belongs to Ap. ]

We extend the Proposition 4.4 for optimal control parameters (3,7%), in the fol-
lowing proposition.

Proposition 4.11. Let f be a concave standard generator and %7 be the asso-
ciated linear standard generators. Suppose that f and %7 are linked by

(.Y, Z,) = essinf { f77(t, Y4, Z,), (B,) € Ar}, dP @ dt a.s..

Then, for any time t € [0,T],

Y; = essinf {Ytﬂ"y | (B,7) € AF}, dP a.s..

Proof. Procedure of the proof is similar to the proof of the Proposition 4.4 in the
previous section. ]
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The structure of the standard linear generators f%7 allows us to write the adjoint
process (Ftﬁ 7.t < s < T) which is the unique solution of the following forward
SDE

dl'y = I’y (5sds+7:dws>a I'y=1.

By Proposition 2.4, the solution of the LBSDE can be written as
T
Y/ =E [/ DY F (s, Be,ys)ds + T)7€ | Fi
t

Y#7 turns out to be the objective function which is controlled by the control
processes ((3,7). Here, F(t,[3,7) is the running cost function and ¢ is the the
terminal cost.

Case 2: Suppose that a standard generator denoted by b(t, z, z) is convex with
respect to (z,z). Then, the polar process associated with b is defined by

B(t,8,7)= inf {fz+7"2+0b(t z,2)}.
(z,2)ERXR"™

Effective domain of B is
D ={(w,t,8,7) € A x[0,T] x RxR" | B(w,t,5,7) > —oc}.

D](_;J’t) is defined similar to Dgf’t), that is, bounded by the domain K = [-C, C]"*!
where C' is Lipschitz coefficient of f.

We have a connection between b and B in such a way: B is derived from concave
conjugate of —b

(=b)(t,8,v) = inf {Bx+~"2+0b(t x 2)} = B(05,7)

(z,z) ERXR™

On the other hand, b is derived from the concave conjugate of B
B™(t,x,z) = i(nf) {Bz+~"2— B(t,5,7)},
Dt

—B*(t,x,z) = sup {B(t,B,7) — Bz — "z} = b(t, x, 2).
D"

Hence b and B are in such a conjugacy relation:

B = (_b)**>
b =-—-B*.

Define a family of linear standard generators b7 as

b7 (t,x, z) = B(t, B, ) — Bz — 7, 2,

where (f3,7) is predictable control parameters. To ensure that b%7 is a standard
generator, it is sufficient to assume that (3, ) belongs to a set Ap which is defined
as

T
Ap = {(5,7) € P, K-valued | E [/ B(t,ﬁt,’ytfdt} < —i—oo} )
0
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A member of Ap is said to be admissible, as well. Let (X, Z) be the solution
of BSDE associated with the standard parameter (b,¢), where b is convex and
defined by

b(t, Xy, Zy) = esssup {bﬁﬁ{t, X, Z1), (B,7) € AB} .

Then, the following lemma and proposition occur.

Lemma 4.12. There exists an optimal control (3,7) € Ap such that

b(t, X;, Z,) = esssup {07 (t, Y1, Z,), (B,7) € Ag} = b*7(t, X,, Z,),  dP®dt a.s..

Proof. By the measurable selection theorem in [27] (see Appendix), there exists
a pair of predictable (bounded) processes (3,7 such that

b(t, X, Z) = b7 (t, Xy, Z,),  dP®dt as..

Furthermore, b(-, X, Z), X, Z are square-integrable by assumption and we derive
the fact that /3,7 are also bounded. Therefore, E [ fOT B(t, B, ﬁt)th} < 400 which
implies that (3,7) € Ap. ]

Proposition 4.13. Let b be a convex standard generator and b* be the associated
linear standard generators. Suppose that b and b®7 are related such as

b(t, Xy, Z;) = esssup {bﬁ’”’(t, Yi, Z4), (B,7) € AB} , dP ® dt a.s..

Then, for any time t € [0,T],

X, = esssup {Xtﬁ’7 | (B,7) € AB} : dP a.s..

Proof. Steps of the proof is similar to the proof of the Proposition 4.4 in the
previous section. O

The structure of the standard linear generators %7 implies to write the adjoint
process (@ﬁ3 7t < s < T) which is the unique solution of the following forward
SDE:

dOs = =0, (Bsds + vyidWy), O, =1.

By Proposition 2.4, the solution of the LBSDE can be written as

T
X/ =E U O B(s, By ys)ds + O € | Fil .

t

XP7 becomes the objective function controlled by the control processes (3,7),
where the utility function is B(t, 3,7) and the utility of money left at maturity

is €.

An application for each case is provided in the following chapter.
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CHAPTER 5

APPLICATIONS

We provide two different applications in this chapter, according to studies ex-
amined in Chapter 4. The first application is given for the BSDE with concave
standard generator in a complete market. We study with the model involving
consumption (see [20]). The consumption rate is chosen as a concave function
and this yields to a concave standard generator of the BSDE. We refer to the
reader [2] for the idea of concave consumption rate. After some arrangements,
we obtain the optimal solution as infimum of some related controlled standard
generators. Next, the second application is provided for the BSDE with convex
standard generator in an incomplete market. We study with the model called
hedging contingent claims with a higher interest rate for borrowing. The model
and the structure of related optimal solution are provided in [16], but all details
are shown in this thesis.

5.1 Optimality with Concave Generator

In this section, we study with an application of a BSDE associated with a concave
standard generator f. The model is the same as Merton’s (see [20] as a further
study) and it seems a linear BSDE with a consumption rate of the form:

d}/; = Tt)/;g dt + W:Utet dt + 77:0} th — Ctdt, YT = f,

where Y is the wealth process, o*m = Z corresponds the hedging portfolio and ¢,
is the predictable consumption rate at time ¢. According to Carroll and Kimball
[2], when the wealth process Y contains stochastic income, a concave consumption
arises. Therefore, we work with a concave consumption rate defined by

c = c(t,Y;) = nYs,
where 7 is nonnegative constant. Then, the linear BSDE becomes
dY, = rY, dt + 700y dt + mfo AW, — nY; dt, Yr =€,
or, equivalently,

dY, = 1Y, dt + Z:0,dt + Z; dW, — nY,dt, Yy =¢.
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The pair (f,§) is a standard parameter, where f is obtained by

f(ta Y, Z) =Ty — Z*Qt + ny.

The standard generator f is concave with respect to (y, z), since the consumption
rate ¢ is concave with respect to y. Now, we can write the polar process F' as
follows:

F(t,B8,v)= sup {—ry—2"0,+ny—By— 2"}
(y,2)ERxR™

= sup {-(n+pB-—ny—2(0:+7)}
(y,2)ERXR™

:{ 0, if 3 >n—r, and v = —6;,

oo, otherwise.

The effective domain Dg,f”t) must be less then +o0, therefore we only consider
F =0 for the case v = —6; and § > n — ry.
Remember that f can be written as essential infimum of the family of related
standard generators f%7, which is equal to

fﬁﬁ(tu Y, Z) = F(t, /Bta f}/t) + ﬁty + Z*”}/t = ﬁt’y + Z*’}/t
= By + (Wf)*at% = By — (Wf)*atet = By — 270, = fﬂ(tv Y, Z)

The standard generators f? can be also written by
Pty otm)) = By — (x7) o1
The BSDE associated with the standard parameter (7, ¢) is

—dY/ = (=BY, + (x)) o) dt — (w) o2 d W,
Y — ¢ (5.1)

Hence, the solution Y associated with the standard parameter (f, ) can be writ-
ten as

Y;:essinf{Y;B,ﬁ>n—7‘t},

where Y7 is the solution of the BSDE in (5.1).
Moreover, we rewrite the related standard generator f° as follows:

fﬂ(t7y7z) = ﬂty - 0:2

By Proposition 2.4, the solution of linear BSDE in (5.1) can be written as
T
Y;B —E [/ Ftﬁ’sF(s,ﬁs,%)ds%—nysﬁ | Fil,
t
where {Ff s ht<s<7 is the adjoint process with the following dynamics
dry, =T, (Byds + 0:dW,), T}, =1.
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Furthermore, F'(s, 85, 7s) corresponds the running cost while £ is the the terminal
cost.
Since the fact that F(s, fs,7s) = 0, we can write

Y =E [rﬁsg | ]—“t] . (5.2)
Therefore, the optimal solution can be represented by
Y, = essinf{V, 3 > n—r},

where Y7 is obtained from the equation (5.2).

We apply Theorem 4.7 (the verification theorem) for the Case 1 examined in
Section 4.5 and offer an optimal solution which achieves the least cost. So far, we
obtain the optimal solution in the case of concave standard generator. In the next
section, we follow the similar procedure for the case of convex standard generator
in order to get the optimal solution which achieves the best utility.

5.2 Optimality with Convex Generator

In this section, we have an application for the solution of a non-linear BSDE with
convex standard generator. We study with the model called hedging contingent
claims with higher interest rate for borrowing. The idea in this model is that
interest rate for borrowing is higher than for investing. Cvitanic and Karatzas
[10] and Korn [19] studied this model. Our aim is to apply Theorem 4.7 (the
verification theorem) and obtain the optimal solution for the Case 2 examined
in Section 4.5. In this thesis, we firstly construct the problem and explain the
idea of the model. Then, we show all steps to obtain an optimal solution which
achieves the best utility.

Suppose that the individual is allowed to borrow money at time ¢ at a predictable
and bounded interest rate R, > r;, where r, is the bond rate (risk-free rate).
Because of the reason that there is no point to borrow money and invest money
in bond at the same time, we decide the amount borrowed at time ¢ as follows:

(7)™ = (V}—Zﬁ) = max{— (%—Zﬂ;) ,O}.

To be more clear, if the total amount of money invested in n stocks does not
exceed the wealth at the same time ¢, there is no point to borrow money and
investor naturally invest the amount of money which equals to the difference
Vi — >0, m in the riskless asset at the risk-free rate r;. Then the BSDE of the
strategy (V,7) is the same as in Section 3.2:

AV, = r Vi dt + wf o0, dt + 7} op AWy, Vp =¢. (5.3)

On the other hand, if the total amount of money invested in n stocks exceeds the
wealth at the same time ¢, investor has to borrow money which exactly equals
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to the difference > )"  m — V; at a higher rate R;. Then, the term came from
borrowed money is negative and subtracted from the wealth SDE which is of the
following form:

=0
dP’ <~ .dP!
0\— t 7 t
_< t ) Pto E : Trt Pti

i=1

— <_ (v; _ Zwi)) Rydt+» (b;’dt + Zoﬁd‘de)
i=1 i=1 j=1

ol dWi + Z iy dt

i=1  j=1 i=1

= RV, dt — zn:ngthzn:ﬂibidHiﬂ
i=1

=1

=RVidt = wj(Ry—r)dt+ > wi(b, —rd)dt+ Y m > op’dW}
=1

i=1 i=1  j=1

= R\V,dt = w{(R, — i) dt + 706, dt + 7} oy AW, £ 1,V dt

=1

= Tt‘/t dt + (Rt - 7})‘/;5 dt — ZT(Z(Rt — Tt) dt + ’/TZ‘Uth dt + 7T;O't th

i=1
= Tt‘/t dt + W:Utet dt + ﬂ-;fko-t th —+ (Rt — Tt) (‘/t - Z 7TZ> dt. (54)
i=1
From the equations (5.3) and (5.4), we obtain
i=1

The fair price of a contingent claim £ is still defined as the minimal endowment
which guarantees £ at time T'. According to the results of Pardoux and Peng [4]
and El Karoui et al. [16], there exists a unique square integrable strategy (X, )
which solves the nonlinear BSDE. The nonlinear term depends on both wealth
and portfolio;

dXt = TtXt dt"’ﬂ':(jtet dt+7T£kO't th — (Rt —'I"t>(7TE)7, XT = 5, (55)

with E <fOT |75 o |2 dt) < 00. Moreover, X, is the fair price of £ at time ¢.

Here, we consider the solution X as an supremum of some related controlled state
processes X?7 over the pair of control process (/3,v) which belong to a Polish
space. The solution pair (X, 7) is the hedging portfolio and the unique solution
of the BSDE (5.5).

Defining Z = o*x, the equation (5.5) becomes

dXy = Xedt+Z; 0, dt + Z AW, — (Ry — 1) (Xt - Z((a:)th)Z) , Xr=¢

=1
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The pair (b, €) is a standard parameter, where b is obtained by

b(t,z,2) = —rw — 20, + (R — 1) (z — ((0])7'2)*1)

Here, 1 denotes the n dimensional column vector with all components is equal to
1.

The standard generator b is a convex function. Indeed, for any A € [0, 1] and
(21, 21), (2%, 22) € R x R,

Ab(t, b, 2Y) + (1 = N)b(t, 22, 2%) = A( —rt — 2170,
(R 7) (2 = ((0))7'21) )
+(1- /\)< —ra? — 220,
(Re=r) (2 = () 7'2)1) ).
Define a function ¢ such that
o(z.2) = (z — ((07)2)"1)
where g(z, z)” is convex with respect to x and z. Therefore,
Ab(t, 2t 2Y) (1= A)b(t, 2%, 2%) = —r(Azt + (1 — N)z?) — (A2t + (1 — N)2H)*6,
+ (Ry — 1) [/\g(xl, 27 4 (1= N)g(a?, z2)7]

> —r(Art + (1= N)z?) — Azt + (1= N)2H)* 0,

+ (R —re) [Mg(ah, 2") + (1 = N)g(a?,2%)]
=b(t, Azt 4+ (1 = N2, Azt + (1= N)2?)
=b(A(t, 2, 2Y) + (1 = \)(t, 2%, 22)).

Recall that z = o*m, hence m* = z*¢~!. For simplicity, let us rewrite b in the
following manner:

bt,z,z) = —rw — 20, + (R, — 1) (z — ((0]) 7 '2)*1)
=—rx— 20, + (R — 1) (x — z*at_ll)_
Then, we can obtain the associated polar process B as follows:

B(t,3,v)= inf {b(t,z,2) + fxr+~ 2}

(xz,z) ERXR™

. z)lél]foR” { rex — 20, + (Ry — 1) (a: — z*a{ll)_ + Bx + ’y*z}
. z)lélI[gX]R" {x — 1)+ (v —0) 2+ (R — 1) (x—2"0, 1) }
. z)lg]l{XR” {3: —r)+2°(y—0) + (R — 1) (w — z*at_ll)*} :
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Put v = 6, — 0; ' (8 — r,)1, then it yields

B(t,8,7) = inf {(5—7%) (x—2%0,"1) + (R — 1) (x—z*at_ll)_}.

(z,z)ERXR"
If v — z*0;'1 < 0, then (v — z*0;'1)” = —(x — 2*0, '1) and the polar process
becomes
B(t.5.7) = inf ({5 =) - 20D — (R =)l — 270, ')
o . . S |
B (a:,z)lg]l{x[[{” {(6 Rt)(x = 0 1)}
o —0Q, if B > Rt,
B 0, if 5 < R;.

If x — 2*0;'1 > 0, then (z — 2z*0; '1)” = 0. By the  — z*0; '1 > 0 assumption,
the polar process becomes

B<t7577): inf {(ﬁ_rt)(:E_Z*U;ll)}

(z,2) ERXR"™

o —0Q, if 6 < Tt

o { 0, if 8 >ry.
Hence ,

0, ify=60,—0; (8 —r)land r, < B < Ry,
oo, otherwise.

B.s ={

The effective domain Dj(;’t) must be greater than —oo, therefore, we only consider
B =0 for the case y =0, — o, (8 — ;)1 and r, < 8 < R,.

Recall that b can be written as essential supremum of the family of related stan-
dard generators which is equal to

b (t, 2, 2) = B(t, By, v) — Ber — 7} 2
= —fix — 2"y
=B -0 —0, (B—1)1), =70,
= —fur — w0y + (B — 1)1
= 0P (t,z, 0" 7).

The BSDE associated with the standard parameter (b°,¢) is
~dX] = (=BX] = (7)) 01t + ()Y (B = ro)1) dt = () 02dW,,
Xl =¢ (5.6)

Finally, the solution X associated with the standard parameter (b,£) can be
written as

Xt = esssup {Xtﬁart S Bt S Rt} )
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where X7 is the solution of the BSDE in (5.6).
Moreover, we rewrite the related standard generator b° as follows:

V(t,xz,2) = =P — (0, — o, (B — )1)" 2.

By Proposition 2.4, the solution of linear BSDE in (5.6) can be written as
T
Xf =K {/ @ESB(S,BS,%)ds + @,’fsf | Fil,
¢

where {@f s t<s<r 1s the adjoint process with the following dynamics
A5 = =6/, (Buds + (O — o (B = r)1)"dW,), O, = 1.

Furthermore, B(s, fs,7s) corresponds the utility function while £ is the utility of
money left at maturity.
Since the fact that B(s, fs,7s) = 0, we can write

X/ =E[00& | F. (5.7)
Therefore, the optimal solution can be represented by
X, = ess sup{Xtﬁ,rt < B < Ry},
where X7 is obtained from the equation (5.7).

Hence, we offer an optimal solution that achieves the best utility for the model
called hedging contingent claims with a higher interest rate for borrowing.
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CHAPTER 6

CONCLUSION

This thesis fundamentally deals with the theory of backward stochastic differential
equations (BSDESs) and stochastic control problems. By this thesis, we aggregate
these two theories. The idea is that we use BSDE in order to obtain an optimal
solution to stochastic control problems. We study the article [16] for backward
stochastic differential equations theory and the article [13] for stochastic control
problems in detail.

First of all, we mention and prove the fundamental theorems of BSDE theory.
Following [16], we show that there exists a unique solution pair (Y,Z) to the
following BSDE

—dY; = f(t,Y, Z)dt — ZFdW,,  Yp=¢,

where (f,¢) is a standard parameter. We use a method called a Priori Estimates.
The existence and uniqueness theorem is also applied to a linear BSDE of the
form

—dYi = (o + Yib + Ziy) dt = ZFdWs, - Yr =

under some restrictions on the coefficients ¢, 8 and 7. In addition, we give the
comparison theorem as a consequence.

In the following, we construct a complete market including n risky assets and
a riskless asset. We define the fair price (upper price) with the help of hedging
strategies (superstrategies). Thanks to the existence and uniqueness theorem,
the fair price can be written as a unique solution of a linear BSDE associted with
a given standard parameter.

We also closely study [13], [24] and [26]. After a brief introduction to optimal
control theory, we derive the Hamilton-Jacobi-Bellman equation in the cases of
the objective function. Optimization idea differs with respect to its components.
If it contains cost functions, then it turns out to be minimization. On the other
hand, if the components are utility functions, then maximization approach arises.
To construct stochastic control problems, we follow the work of Quenez [13].
Given a standard parameter (f,£), we can write the standard generator f as
essential infimum of some related f¢, so as the terminal condition £. Then, we
show that the solution of BSDE associated with the standard parameter (f,¢)
can be written as essential infimum of the solution of BSDE associated with the
standard parameter (f<,£%) by the verification theorem. As an application of the
verification theorem, we first examine the optimization problem in two choices
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of standard generator. If the standard generator is concave, we minimize the
related controlled parameters which corresponds the least cost. However, if it
is convex, we maximize the related controlled parameters which corresponds the
best utility.

At the end of the thesis, an application is provided for each situation. In the
first application, we consider the model with consumption. We assume that
the consumption rate concave in order to obtain a concave standard generator,
as well. It is possible since the fact that the wealth process including stochastic
income yields concave consumption (see [2]). Therefore, we can write the optimal
solution as the infimum of the solution associated with some related controlled
standard parameters. Secondly, we consider a model with higher interest rate for
borrowing. For direct results, we refer to the reader [16]. We explain the idea
of that model and show all steps to get the solution. In this way, the standard
generator is convex and the optimal solution can be represented by the supremum
of the solution associated with some related controlled standard parameters.
More applications could be modeled in a similar way. Note that, the optimization
problem can be also examined in terms of objective functions and the derivation
of Hamilton-Jacobi-Bellman (HJB) equations could be constructed for the given
cost or utility functions. As a result, the optimal solution can be found by
two approaches: using the standard generator of BSDE and using the objective
function. Combining these two approaches and comparing the results of them is
left as a further study.
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APPENDIX A

DEFINITIONS AND THEOREMS

A.1 Definitions

Martingale Definitions:

An adapted sequence (My)o<i<r of real-valued random variables is
e a martingale if E(M;,|F;) = M, for allt <T —1,
e a supermartingale if E(M;1|F;) < M, for all t <T — 1,
e a submartingale if E(M;,|F;) > M, for all t <T — 1.

(Reference: [3])

Concavity and Convexity:
Let X and Y be integrable real random variables and let f be continuous function
on R?. Then,

e f is said to be concave if and only if for any (X', Y1), (X2 Y?) € R? and
A€ [0,1],
AFCXLYY 4+ (L NFXA YY) < FAXL YY) + (1 (X2 YY)
e f is said to be convex if and only if for any (X!, Y1) (X2 Y?) € R? and
A€ [0,1],
ALY 4 (1- A Y > PO YY) + (1 - AKX ¥2).

(Reference: [7])

Polish Space:

According to descriptive set theory, a space is said to be Polish space if and only
if it is seperable and complete metrizable.

(Reference: [1])

Let ¥ : X +— Y be some mapping. For every point y € ¥(X), we can pick an
element z = ((y) = ¥~!(y). Thus, we obtain a mapping ¢ such that ¥ o ( is the
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identity mapping on the range of W. The mapping ( is called a selection of the
mapping ¥. One can easily take for ( a mapping with measurability properties.
This is the content of the following measurable selection theorem.

A.2 Theorems

Theorem A.1 (Measurable Selection Theorem). Let X be a Polish space and let
U be a mapping on (2, B) with values in the set of nonempty closed subsets of X.
Suppose that for every open set U C X, we have

U= {w]|¥(w)NU # 0} € B.

Then, ¥ has a selection ¢ that is measurable with respect to the pair of o-algebras

B and B(X).

(Reference: [27])

Theorem A.2 (Martingale Representation Theorem). Let (My)o<i<r be a square-
integrable martingale, with respect to the filtration (F;)o<i<r. There exists an

adapted process (Z;)o<i<r such that E (fOT Zfds) < 400 and

t
vt € [0, 7], Mt:MO+/ Z,dW, a.s..
0

It follows that if X is an F;-measurable, square-integrable random variable, it can
be written as

T
X =E(X) +/ ZsdWs a.s.,
0
where (Z;) is an adapted process such that E (fOT Zfds) < 400

(Referance: [3])

Theorem A.3 (Banach Fixed Point Theorem). Consider a metric space

X = (X,d), where X # (). Suppose that X is complete and & : X — X be a
contraction on X. Then @ has precisely one fized point.

(Contraction mapping: Let X = (X,d) be a metric space. ¢ : X — X is said to
be contraction mapping on X if there is a positive real number o < 1 such that
for all (z,y) € X, d(®(z),P(y)) < ad(x,y).)

(Reference Number: [5])

Theorem A.4 (Burkholder-Davis-Gundy Inequalities). Assume that M is con-
tinuous random variable and local martingale. Let M = maxo<s<i|Ms|. For
every m > 0, there exists a universal positive constants ky,, K,, (depending only
on m), such that

knE (< M > <E ((M7)*") < KRE (< M >T).

(Reference: [9])
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