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ABSTRACT

INVESTIGATION OF FRACTIONAL BLACK SCHOLES OPTION PRICING
APPROACHES AND THEIR IMPLEMENTATIONS

Hergiiner, Ecem
M.S., Department of Financial Mathematics

Supervisor : Assoc. Prof. Dr. Yeliz Yolcu Okur

June 2015, [80] pages

One of the fundamental research areas in the financial mathematics is option pricing.
With the emergence of Black-Scholes model, the partial differential equations (PDE)
for option pricing have started to be used widely. PDEs are adopted for both finding
numerical and analytical solutions and developing new models for option pricing. One
of the significant PDE is fractional Black-Scholes PDE. Essentially, a PDE can become
non-local with fractionalization and this non-localization enables to expand the time
frame of that equation. Several fractional Black Scholes equations are proposed in
literature. The ones relevant to the topic of this thesis are summarized. The main
contribution of this thesis is the development of new fractional Black-Scholes PDE
through fractional heat equation and fractional Brownian motion. The new models are
evaluated for particular cases and correspondence with Black Scholes PDE is noticed.
Moreover, because the valuation of option is as necessary as the derivation of an option
valuation model, the explicit method is expanded to a fractional explicit method. The
new method is to find a numerical solution. The Fractional Black Scholes PDE is
solved by the proposed fractional explicit method and the solutions are compared with
the classical ones.

Keywords : Fractional Calculus, Fractional Brownian Motion, Fractional Black Sc-
holes PDE, Fractional Explicit Method
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0z

KESIRLI BLACK SCHOLES OPSIYON FiYATLANDIRMA
YAKLASIMLARININ INCELENMESI VE UYGULAMALARI

Hergiiner, Ecem
Yiiksek Lisans, Finansal Matematik Bolimii

Tez Yoneticisi : Dog. Dr. Yeliz Yolcu Okur

Haziran 2015, [80| sayfa

Opsiyon fiyatlama, finansal matematikteki en temel arastirma konularindann birisidir.
Black Scholes modelinden sonra kismi diferansiyel denklemlerle opsiyon fiyatlamak
daha yaygin hale gelmistir. Kismi diferansiyel denklemler hem niimerik ve analitik
¢Ozlimle bulunmasina hem de yeni modeller gelistirilmesine olanak saglamaktadir. En
onemli kismi diferansiyel denklemlerden biri kesirli Black Scholes denklemidir. Bir
kismi diferansiyel denklemi zamana gore kesirli hale getirmek onu zaman sinirlamasin-
dan c¢ikartir; bu da denklemin kisith zaman araliini genigletir. Literatiirde, cesitli
metotlar kullanilarak ¢ok sayida kesirli Black Scholes denklemi onerilmistir. Bu oneri-
lerden tez konusuyla ilgili olanlart incelenmis ve Ozetlenmistir. Bu tezin literatiire
katkis1 kesirli 1s1 denklemi ve kesirli Brown hareketinden elde edilen iki yeni kesirli
Black Scholes denklemidir. Onerilen bu modeller, belirli durumlar icin Black Scholes
denklemine karsilik gelmigtir. Diger yandan, opsiyonun degerini bulmak, opsiyon fiy-
atlama modeli elde etmek kadar 6nemli oldugu i¢in, ileri dogru farklar metodu kesirli
metoda genigletilmigstir. Bu yeni metodun amaci niimerik ¢oziimler bulmaktir. Kesirli
Black Scholes denklemi, onerilen bu kesirli ileri dogru farklar metodu ile ¢oziilmiis ve
coziimler, ileri dogru farklar metodu ile elde edilen ¢oziimlerle kargilagtiriimigtir.

Anahtar Kelimeler : Kesirli Ana}iz,Kesirli Brown Hareketi, Kesirli Black Scholes Kismi
Diferansiyel Denklemi, Kesirli Ileri Dogru Farklar Metodu
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CHAPTER 1

INTRODUCTION

In finance, a derivative is a contract whose value is determined according to an under-
lying asset. The derivatives are widely used especially for hedging which is basically
the insurance of the price movements. Options are one of the fundamental derivatives
which are commonly traded in the derivatives market. An option is a contract that its
buyer may buy or sell the underlying asset at an explicit price on or before the explicit
date. According to the expectations of the buyer, call and put options are traded. For
example, if the buyer has an expectation that the stock will go up, the call options are
traded for the right to buy at a specified price. If the buyer has an expectation that the
stock will go down, the put options are traded for the right to sell at a specified price.
According to the expiration date of the option, European and American options are
traded. A European option may be exercised only at the expiration date of the option.
An American option may be exercised at any time before the expiration date.

Option valuation is a topic of ongoing research in the academic and practical finance.
Although the option valuation has been studied since 19th century, the contemporary
approach is still based on the Black Scholes model, which was first published in 1973
and awarded the 1977 Nobel Prize in economics. [6] The Black Scholes model is used
to calculate the theoretical price of European put and call options where the underlying
stock price follows a geometric Brownian motion.

The Black Scholes equation is a second order partial differential equation in financial
mathematics which is fulfilled by the price of the European option.
The Black Scholes PDE for the European call or put on an underlying stock without
paying dividends is:

oV a* ,0°V ov

R —2_ —— pr—
8t+25852+r585 rV =0

where V (.S, t) is the price of European option as a function of stock price S and time
t, r s the risk-free interest rate, o is the volatility of the stock.

For the European call option C'(S,t) for S € (0,00) and ¢ € (0,7), the initial and
boundary conditions of Black Scholes PDE are C'(S,T') = max(S—FE,0), C(0,t) =0
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and C'(5,t) ~ S as S — oo where C(S,T) is the value of option at T when the option
matures.

In this thesis, fractional calculus is used to derive and analyze the Black Scholes
PDE. The fractional calculus is a branch of mathematics which is applicable for non-
integer powers of the differentiation operator. The arbitrary order derivatives are called
differintegrals. The non-integer order of differential operator was first presented by
Leibniz[19]. Later, Abel[l], Fourier[12], Lioville[20] and Riemann[30] made impor-
tant contributions to the literature. They defined and developed fractional integral and
differentiation. Especially, the integer order derivatives and integrals are widely used
for physical and geometric interpretations. But, an acceptable interpretation for differ-
integrals is missing in literature. Podlubny [29] shows that the geometric interpreta-
tion of fractional integration is “shadows on the walls” and its physical interpretation
is “‘shadows of the past.” [4]

Several authors proposed new approaches for derivation of fractional Black Scholes
PDE. In literature, Jafari, Khan, Kmar, Sayevand, Wei, Yildirim [15], Jumarie [16],
Wyss [33] derived fractional Black Scholes PDE.

However, the question is why the fractional derivative is non-local? The fractional or-
der derivatives of a function are based on the values of the function over the entire range
but not on the value of a single point. The space fractional derivate is non-local and
it does not have a local meaning. Therefore, the boundary conditions are necessary to
find a valid interpretation. For time fractional derivatives, non-locality represents that
the properties of the curve should be taken into consideration over a large extend in
time. Hence, the system has a long term memory and the evaluation at a point depends
on the past values of the function. The fractional derivatives can be used for different
physical systems such as, diffusion equations, food engineering, robotics, control the-
ory and econophysics etc.[[10]

Fractional calculus is recently used for the finance and stock market analysis. Because,
the historical information about the market can be included in the analysis. Moreover,
the stochastic calculus for fractional Brownian motion (fBm) has been widely used to
develop financial models for the same reason. fBm is an extension of the classical
Brownian motion.

In brief, the fractional order model is based on the historical data of the system. The
financial variables such as stock market prices need more long-term memory to fore-
cast future fluctuations better based on the past fluctuations. In financial markets, the
main aim is making profit by trading through the right estimations. The motivation
of this research is to build a robust financial model to make the right estimations by
employing long-term memory of the fractional calculus efficiently.



Chapter 2 gives a detailed introduction to fractional calculus. The definitions and prop-
erties of differintegrals are presented in the first two sections. In the third section,
Mittag-Leffler function is discussed, which is a necessary tool to be able to analyze
differintegrals. In the last section, Brownian motion is for following chapters to be
understood in the right context.

Chapter 3 presents five different approaches to derive fractional Black Scholes partial
differential equations. The preliminaries of Black Scholes PDE are given in the first
section, In between five approaches, we propose two new derivations by using frac-
tional heat equation and using fractional Brownian motion in the last two sections.

Chapter 4 provides the finite difference method. The explicit method is the most useful
one to find numerical solutions for Black Scholes PDE. The explicit method is given in
the first section. The consistency, convergence and stability of the explicit method are
discussed. In the last section, a fractional explicit method is proposed. This method
is applied to fractional Black Scholes PDE. Five different examples with the different
values of the variables in PDE are presented and the results are compared.

Chapter 5 concludes the research and gives an outlook of the future work.






CHAPTER 2

PRELIMINARIES

Fractional calculus is a branch of mathematics which studies differintegrals. The sub-
ject of fractional calculus has gained popularity especially in the past decade because
mathematics is needed for engineering and scientific applications. In other words, dif-
ferintegrals can find practical solutions for many modern problems. In this chapter,
different definitions of differintegrals and their properties are given.

In addition, Mittag-Leffler function is needed to understand the usage of differintegrals.
In this chapter, Mittag-Leffler function is discussed.

Fractional Brownian motion is given at the end of chapter in order to make a fractional
and financial basis for the following chapters.

2.1 Definitions for Differintegrals

In this section, the most commonly used definitions of differintegrals are given which
are Griinwald-Letnikov definition, Riemann-Liouville definition, Riemann definition,
Laplace transform for differintegral, Caputo definition of fractional derivative and
Riesz definition. For an extensive discussion of differintegrals, see Bayin [S]] and Old-
ham and Spanier [26].

2.1.1 Notation for Differintegrals

For n is integer, the common notations for n-th order derivative of a function f(z) at =
are as follows:

d" f(x)

T f(n)(x) = Dy f(z).
Similarly, when the integral considered as inverse of derivative, the notations for n-th
integral of a function f(x) at z are as follows:

LI _ pon(a) = D2 f(a),

dxz—"



It is common to use ¢ when the power n is real or complex number. Therefore, com-
bining derivative and integral definitions for arbitrary ¢ gives

d*f(x)

dzd

= f9(z) = Dif(x).

Remark 2.1. Note that when a is lower limit for a < z, the notation for differintegral
is as follows:

dif

aDq =

2.1.2 Griinwald-Letnikov Definition of Differintegrals

Griinwald and Letnikov defined fractional differintegral in 1868 as limit of a sum
which is generalized form of definition of differentiation and successive integration
for arbitrary ¢ numbers.

Definition 2.1. [5] Griinwald-Letnikov g¢-th order differintegral for a continuous func-
tion f(z) is given

o= gt (S (- (55))
(2.1)

Here, the expression a is lower limit for a < x and N represents the number of seg-
ments which the interval (x — a) divided into.

It is worth noting that the number ¢ in the above definition can takes all values. Fur-
thermore, the main property of this definition is consisting only of the values of the
function. There is no need for derivatives and integrals.

Proposition 2.1. The Griinwald-Letnikov definition of differintegral is obtained by ex-
tending integer n to arbitrary q in definitions of derivative and integral.

Proof. Let N be the number of segments which the interval (x — a) divided into by
definition. Then let us define dyx as follows:

Sy = ”3;[“, for N =1,2,3,.....

The following definition of --—- )n is derived from the definition of a derivative and
for the coefficients, bmomlal expansmn is considered as:

%I&E&{W NZ () x—y(aN:c»}

Jj=

(@)



The following definition of d(giz)f_n

integrals and Riemann sum as:

L im x”N_l Jrn=1 x— j(onz
W_]\}aw{(&v ) Z( p )f( J(On ))}-

Jj=0

is derived from the expression for n successive

The Binomial expansions in the above definitions can be expressed as follows using

Gamma functions
(n j+n-—1 I'(j—n)
—1)/ = = ) 2.2
(=1) (y) ( j ) Tl + 1) &2

Note that Equation (2.2) is valid for integer numbers n and noninteger numbers ¢ and
the proof of the equation is in Appendix B.

It follows easily that a unified definition is possible for both positive and negative
integers. The Griinwald-Letnikov definition can be obtained by extending integer n to
real or even complex numbers ¢:

2.1.3 Riemann-Liouville Definition of Differintegral
Riemann and Liouville defined fractional differintegral in 1832 from an integral defi-
nition.

Definition 2.2. [5] Riemann-Liouville definition of ¢-th order differintegral for a con-
tinuous function f(x) is expressed as follows:

for Vg < 0O:

di f 1

D3 f(z) = d(z — a) - T'(—q) /:(x — &)1 f(&)de,

forqg —n < 0 and Vq > O:

ipy AU d | N
D) = o = e (e [ o).

where the expression a is lower limit for ¢ < x and n is an integer number.




Remark 2.2. Riemann-Liouville definition of differintegral can be derived by extend-
ing Cauchy’s integral formula for n-th order

£ (@) :/j //x /:2f(a:1)dx1...dmn_1dxn: ﬁ/j(:ﬂ—g)"—lf(g)dg.

Theorem 2.2. Riemann-Liouville definition and Griinwald-Letnikov definition of dif-
ferintegrals are equal

e i)
d(.fE - a)q Riemann— Liouville d(ilf - a)q Grunwald— Letnikov .

Proof. See [3l].

It is worth to note that Griinwald-Letnikov and Riemann-Liouville definitions are the
most common and basic definitions in literature. Besides, there are several other defi-
nitions which are stated in following sections.

2.1.4 Riemann Definition of Differintegral

Definition 2.3. Riemann definition of ¢** order differintegral for functions as f(r) =
2P andp > —11is

dar  T(p+1)

dxd Fp—q+1)

Ip_q

Y

where ¢ takes all the values.

Remark 2.3. The Riemann definition of differintegrals is a generalization of the for-
mula for positive integer m and n

d"z™  (m)!

dz™  (m —mn)!

2.1.5 Laplace Transform for Differintegral

Definition 2.4. The ¢ order differintegral of a function f(x) at a point z can be de-
fined by using Laplace Transform as:

forV ¢ < 0:

def
%_‘C 1<S f(S)),



forV.g>0andn —1< g <n:

where f(s) is Laplace transform of f(x).

Theorem 2.3. Riemann-Liouville definition and definition of differintegral by Laplace
Transform are equal

e {7 )
d(x—a)q Riemann— Liouville d(:c—a)q Laplace

Proof. See [3].

2.1.6 Caputo Definition of Fractional Derivative

Caputo defined fractional derivative in 1960s, using Laplace transform. This definition
is widely used, especially for viscoelasticity problems.

Definition 2.5. Caputo definition of ¢ order differintegral of a function f(x) at a
point = for 0 < g < 1:

= r(11— m /Ox(x —4 (d];?) i

Note that since it is valid for 0 < ¢ < 1, this definition is given only for derivative.

Theorem 2.4. The relationship between Riemann-Liouville definition and Caputo def-
inition for 0 < q < 1 is as follows:

BT M T e A

Proof. See [3].

2.1.7 Riesz Definition of Differintegral

Riesz definition of differintegrals is commonly used in applications which is derived
using Fourier transform.



2.1.7.1 Riesz Definition of Fractional Integral

Definition 2.6. Riesz Definition of ¢'" order fractional integral for a function f(x) at
apoint z forqg > 0and ¢ # 1,3,5, ...:
d7f D+ Di
dr=1  2cos ()

f(z),

where _ ., D? and ., DZ are Riemann-Liouville differintegrals for lower limits —oo and
00

2.1.7.2 Riesz Definition of Fractional Derivative

Definition 2.7. Riesz definition of ¢'" order fractional derivative for a function f(z) at
apoint x for0 < g < 2and g # 1:
aif —oo DI+ D

drd 2 cos (%”)

f($)7

where _D? and ., D? are Riemann-Liouville differintegrals for lower limits —oo and
00

Theorem 2.5. /3] If D* f(0) = 0 for k = 0,1,2, ..., n — 1 then definitions of Riemann-
Liouville, Griinwald-Letnikov, Riemann, Laplace, Caputo and Riesz are all agree.

2.2 Properties of Differintegrals

Linearity, homogeneity and scale transformation of differintegrals, differintegral of
a series and composition of differintegrals are the most useful properties and listed
below. Leibniz Rule is a product rule for differintegrals. These properties are widely
used for derivation of new differintegrals.

e Linearity of ¢-th order differintegrals can be expressed as:
di(fr + f2) _ dify n d?fs

dz dx dxd

e Homogeneity of ¢-th order differintegrals can be expressed as:

dq(COf) C ﬁ

dzd Odxa’

e Scale transformation of a function for ¢-th order differintegrals can be expressed
as:
dif(yz) _ ,d'f(yx)

dxd 7 d(yz)r

10



In order to differintegrate ¢-th order of functions with power series, Riemann
definition can be used as:

d PR T(p+L1+41) i
Y gz —a)Th =) 7 (x —a)y
d(x_a) =0 0 F(p+;—q+1)

Composition of ¢-th order differintegrals is as follows:

o (7 —a?) " T

However, it is valid under certain condition that is

f= d(a:d—_j)_Q (d(xdifa)Q) -0

Since the general rule for composition of differintegrals for noninteger ¢ and )
is

d(xcf a)’ (d(zdﬁfa)Q) B d(xd—ﬁ;w

) ﬁ {f ) d(xd_Z)Q (d@difaﬂ) } |

Leibniz Rule is to differintegrate of the ¢'* order of the multiplication of two

functions as:
d(f9) < (q\ () d(g)
d(m—a)q_z<> d(z —a)"™ d(z —a)’

j=0

where ( ) can be calculated by gamma functions as:

T\ _ (g+1)
(j) S T(g—j+1rG+1) (2.3)

2.3 The Mittag-Leffler Function

The Mittag-Leffler function plays an important role for representing solutions of frac-
tional order partial differintegral equations and fractional integral equations. Moreover,
Mittag-Leffler function found widespread usage in applications in many branches of
science.

Definition 2.8. [21] Mittag-Leffler function is defined for o > 0 as follows:

Zf‘ak+1

k=0

11



Remark 2.4. The Mittag-Leffler function turns out to be exponential function for o =
1. So the exponential function is a specific form of an infinite series

x OO':E
Zr k+1) kzk_:

k=0

E, (x)=¢"

150

100

a0k

Figure 2.1: Mittag-Leffler function for o = 1

Figure 2.2: Mittag-Leffler function of (—z) for « = 1,2 and 3.

12



Remark 2.5. Extraordinary differential equations (Fractional order differintegral equa-
tions) can be given as follows:

d*f(x)

dxz

= F(x),

where ¢ is any number, F'(x) is a given function and f(x) is unknown function.
Proposition 2.6. For constant \ and positive integer n the differential equation is

d"z(t)
dtn

= \"z(t), (2.4)
and has the solution

z(t) = By ((AL)"),
where (E,,) is the Mittag-Leffler function.

For constant A and arbitrary number q extraordinary differential equation is

dix(t)
dtd

— A (t) (2.5)
and has the solution
2(t) = 2B, (X)),

Note that Equation is fractional extension of Equation (2.4).

2.4 Brownian Motion

In order to construct a basis for the fractional Brownian motion and It6 process, the
following section will be useful. Since, not only fractional calculus but also stochastic
calculus for the fractional Brownian motion is used for derivation of the new fractional
financial option pricing models, fractional Brownian motion is needed.

2.4.1 Standard Brownian Motion

Weiner process also called standard Brownian motion plays an important role in math-
ematics, economics, and applied mathematics especially in stochastic calculus.

Definition 2.9. [18] A real valued one dimensional Brownian motion (W;):>q is a
continuous time stochastic process with the following properties

o Wy =0,
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e W, has independent increments
Wy —Ws~ N(0,t—s),
where N (u, 0%) denotes the normal distribution with expected value y and vari-

ance o2,

e ¢ — IV, has a continuous path.

Remark 2.6. Standard Brownian motion is a centered Gaussian process. For W, is a
standard Brownian motion expectation and variance of (17);>( are

E(WW,) =0,
Var(Wy) =t.

1000-step version of Brownian mation and its mean

1 1 1 1
0 0.1 p2 03 04 05 OB 07 0g 09 1
Dift O, diffusion coefficient 1

ey 1 1

Figure 2.3: Standard Brownian Motion for drift 0 and diffusion coefficient 1

Stochastic differential equation is a differential equation which has stochastic process.
Also it has a solution which is itself a stochastic process.

Definition 2.10. Let WV, be a standard Brownian motion, X; is an R-valued Ito process
and a (X3, t) is drift coefficient and b( X, t) is the diffusion term.

Then the definition of stochastic differential equation (SDE) is
dXt = G/(Xt, t)dt + b(Xt, t)th

Definition 2.11. (Geometric Brownian Motion)[18] A stochastic differential equation
under risky probability measure P of the form

dSt = /Lstdt + O'Stth. (26)

is called geometric Brownian motion where .S; is stock price and y and o are constants.

14



Remark 2.7. The solution of geometric Brownian motion is

1
Sy = Soexp{<,u— 502) t—i—aWt},

where Sy is the initial value of the asset price.

Remark 2.8. The expectation of a geometric Brownian motion .S; is
E(S;) = Spet.
The variance of a geometric Brownian motion S} is

Var(S,) = So%e*"(e”" — 1).

1000-step geametric Brownian mation and its mean

1 1 1
0 0.1 02 03 04 05 06 07 g 09 1

] 1 1 1

w=1and o=0.1

Figure 2.4: Geometric Brownian Motion for =1 and o = 0.1

Brownian motion Wt under risk neutral probability measure ]?’, where 7 is the risk free
rate, is as follows:

~ —r

Wt - a t + Wt-

g

Therefore, Equation lb under P is
dSt = TStdt + O'Stth.

Lemma 2.7. (Ito Lemma) [18] Let X, be an Ito process where X;, = X,

t t
X =X, +/ K.ds —}—/ H.dWw,,
to to

15



and let f be a twice continuously differentiable function. Then the Ito Lemma is stated
as follows:

F(Xi,t) = £(Xo,0) + /O fu( Xy, 8)ds + /0 (X, 8)dX, 2.7)

1 t 12;
+ 5/ fow(Xsy8)d < X, X >
0

where quadratic variation is

d< X, X >,= H2ds.

2.4.2 Fractional Brownian Motion

Fractional Brownian motion ( f Bm) is a generalization of Brownian motion which has
following definition

Definition 2.12. [14] f Bm; B#)(t), for t > 0 and with Hurst index H € (0,1) is a
centered Gaussian process, and has the following covariance function

E[BY(t)B"(s)] = (]t\ZH + |87 + |t — s]QH) )

N | —

Remark 2.9. [27] For different values of H, properties of f Bm are as follows:

1. If H = 1, fBm is a standard Brownian Motion.

2. It H > % then the increments of the process are positively correlated. In other
words, the times series has persistent behavior. Also, f Bm has long-range de-
pendence, implying that it has long memory.

3.If H < %, then the increments of the process are negatively correlated. In other
words, the times series has antipersistent behavior.

16
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Figure 2.5: Fractional Brownian Motion for H = 0.7
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] 00 200 300 400 0 500 BOO Y00 800 900 1000

Figure 2.6: Fractional Brownian Motion for H = 0.3

Properties of f Bm

o BT(0) =0.
e The expectation of fBm is

E[BH(t)] =0 vt >0.

17



The variance of f Bm is

Var[BY (t)] = t*.

If H# % then fBm is non-Markovian and is not a semimartingale.

The process is self-similar

B (at) =~ |a|" BH(t).

f Bm has stationary increments
BH(t) — B (s) =~ B (t — s).

Proposition 2.8. [27] Fractional stochastic differential equation under P for constant;
x, drift ;w and volatility o is given as with the initial condition S(0) = z > 0

dS(t) = pS(t)dt + o S(t)dB" (t). (2.8)

Then, the solution of Equation is given by
1
S(t) = xexp (UBH(t) + ut — §a2t2H) :

Remark 2.10. Fractional Brownian motion B (t) under risk neutral probability mea-
sure [P where r is the risk free rate is as follows:

By =1 - Lt + BH(1).

The fractional stochastic differential equation 1| under P is

dSt = ?”Stdt + O'StdBH(t)

Theorem 2.9. (Fractional Ito formula)[I4] Let H € (0,1). Let f(S,z) :RxR — R
belongs to C**(RxR) and f(t, B (t)), J%(S,BH(S»dS and fot %(s, BH (s))s2H-1ds
belong to L*(P).

Then fractional Ito formula is presented as follows:

f(t, B (1)) :f(o,o)+/O Z—JSC(S,BH(S))ds+/O g—i(s,BH(s))dBH(s)

i H 2H-1
—I—H/O @(s, (s))s ds.

18



Remark 2.11. For following stochastic differential equation
dSt = /.LStdt + OStdBH(t),
[14] The quadratic variation of S; is given by:

d< 8,8 >=S2Hs**qt.

Note that Brownian motion is presented in detailed in this section. For further details
on the properties of fBm, see [14].
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CHAPTER 3

FRACTIONAL BLACK SCHOLES APPROACHES

3.1 Preliminaries

Black Scholes equation is a second order partial differential equation in financial math-
ematics which estimates the price of the European option under the Black Scholes
Model (1973). The model is awarded Nobel Prize in Economics in 1997 and widely
used in option pricing and risk elimination since then.

Definition 3.1. For European call or put options on an underlying stock paying no
dividends, Black Scholes PDE is stated as follows:

oV o? 282V oV
Z V= 1
v + 5 S 2 +rS 5 T 0, 3.1

where V' (S, 1) is the price of European option as a function of stock price S and time
t, and r is the risk-free interest rate, o is the volatility of the stock.

The main point of the Black Scholes formula is that there is one price of the option.
One can eliminate risk by hedging by buying or selling the underlying asset.

Remark 3.1. Derivation of Black Scholes PDE by using Ito formula in Equation (2.7)
and geometric Brownian motion (2.6) is on Appendix A

Remark 3.2. For European call option initial and boundary condition of Black Scholes
PDE for S € (0,00) and ¢t € (0,7) is

C(S,T) = max(S — E,0),
C(0,t) =0,
C(S,t)~ S as S — oo,

where E is the strike price, C'(.S, T') is value of the option at T when the option matures.

Proposition 3.1. The solution of Black Scholes PDE in Equation for European
call option C(S, t) with the initial and boundary conditions in Remark[3.2]is

C(S,t) = SN(dy) — Ee" =Y N(d,),
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where

1n(%)+<r+§) (T —t)
= o1 —t ’
1n(%)+<r—§) (T —t)
d = ov1T —t ’

and

I
N(d) = E/ e 2% du.

Example 3.1. For a European call option with an exercise price of 95. The option has
the underlying stock at price 100$ which pays no dividends, and has a volatility of 50%
and the risk-free rate is 10%. For 1" = 0.25. By using MATLAB code in Appendix C,
we obtain the call option price as 13.69538$.

Example 3.2. For a European put option with an exercise price of 95. The option has
the underlying stock at price 100$ which pays no dividends, and has a volatility of 50%
and the risk-free rate is 10%. For 1" = 0.25. By using MATLAB code in Appendix C,
we obtain the put option price as 6.34978$.

In this chapter, different approaches to derive fractional Black Scholes PDE are given.
First of all, definitions of fractional order differintegral were given in previous chapter.
Then in order to fractionalize Black Scholes PDE, the term with time derivative can be
extended to non-integer order q.

Thus one can simply write time fractional Black Scholes PDE as follows

o o? 0V ov

R TRl T
Several authors proposed new approaches for derivation of fractional Black Scholes
PDE. In this chapter, three approaches for derivation of fractional Black Scholes PDE
are given. First approach [33]] is using the equation of evolution for derivation of PDE.
In second approach [15], Laplace transform and homotopy perturbation method is used
to derive fractional Black Scholes PDE. The third approach [[16] use fractional Taylor
series method .

Furthermore, we propose two new derivation of the Black Scholes PDE. First the
derivation of the PDE is by using time fractional heat equation. Second one is deriva-
tion of Black Scholes PDE using fractional Brownian motion and It6 formula.

3.2 Equation of Evolution Approach

In [33]], fractional Black Scholes PDE is derived using equation of evolution. More-
over, the relation between the solutions of the classical and fractional equations is
proposed.
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The equation of evolution of U(x,t) with initial condition U(z,0) = f(z) is as fol-
lows:
oU (x,t)
ot

= (L[z]U)(z, 1), (3.2)
where L(z) is an operator of .

We first take the derivative of Equation (3.2) and then restate the equation as;
t
Uz, ) = Uz, 0) + / (L[]U) (z, 7)dr. (3.3)
0

Equation (3.3) is derived from the classical equation of evolution. Fractional extension
of Equation (3.3)) is proposed in [33] as:

1 t

Ug(,t) = U(x,0) + —/ (t — ) N (L[z]Uy) (2, 7)dr. (3.4)
I'(q) Jo

Theorem 3.2. [33] For A(S,7) = C(S,t) where C(S,t) is European call option, T is

a variable depending on T, o* and t, L(x) is an operator and c. Therefore, ¢'"* order
time fractional Black Scholes PDE is

91A  01A(S,0) = 01 i o1 {2974 0A,
ort  Ord +87-q (/0 (r—2) S 052 +/\OS% MoAq ) (8,2) ) dz.

Proof. The original Black Scholes equation (3.1]) for European call option is restated
with the boundary conditions C'(S,T") = max(S — F,0):

oC  o* ,0°C  OC
E—F?S W—FTS’%—TC—O.

With the transformation t = 7' — 27, C(S,t) = A(S,7) and Xy = 2 the equation of
evolution is obtained with boundary conditions A(S,0) = max(S — F,0):

0A  ,0%A DA

According to Equation (3.3)) A(S,7) can be stated as:

A(S,7) = A(S,0) + /0 "(LISJA)(S, 2)d= (3.6)

T 0?A 0A
— 2 - _
= A(S,0) —|—/0 (S 552 + )\oSaS )\OA) (S, 2)dz.
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According to Equation (3.4) A,(S, 7) is the fractional extension of A(S,7) which can
be stated as

A(S,7) = A(S,0) + /0 " — 2 (LISIAL)(S, 2)d> 37)
_ A(S,0) + ﬁ /0 (= 2t (52 ‘98 ;‘; + )\OS% - )\oAq> (S, 2)dz.

Finally, by taking the fractional derivative of Equation(3.7) we get the fractional Black
Scholes PDE

gq;j _ aqg(::, 0) n ;:q (/OT(T — 2)7Y(L[S)A,)(S, z)) dz

. @QA(S7 0) aq T 1 28214(1 aAq
a or4 T or4 </O (T Z) S 952 + AOS oS /\OAq (S, Z) dz.

O

Corollary 3.3. [33] U(z,t) is solution of Equation which is equation of evolu-
tion and U, (z,t) is solution of its fractional extension in Equation . The relation
between U (x,t) and U,(z,t) is given by

U, (2, 1) = £ / L) U (a, ),
0

where f,(z) is an entire function and can be represented as follows

fo(2) = Z(—l)kmg,

k=0

b

where 0 < q < 1 and z € R,

Remark 3.3. The relationship between A(.S, 7) in Equation (3.6) and A, (S, 7) in equa-
tion (3.7) from Corollary [3.3]is

A(S,7) = 70 /0 I A(S, 7)dr

Proposition 3.4. The solution of Equation is A(S, 7). Since A(S, T) also satisfies
the Black Scholes PDE the solution can be obtained by same transformation as:

A(S,7) = SN(d,) — Ee " N(dy),
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where

dy = (27) 2 :111 (%) + (M4 1),

and

1.2

1 d
N(d) = \/_2_71-/ 6_51j d.ﬁU

3.3 Laplace Homotopy Perturbation Approach

In [15], analytical solution of the fractional Black Scholes equation is calculated via
Laplace homotopy perturbation method, which is combined form of the Laplace trans-
form and the homotopy perturbation method.

Theorem 3.5. [|15] Fractional Black Scholes PDE for 0 < q < 1 for European option
V(z,t) is considered as:

oV RV 1%
= 4 (k—1)=— .
BT, 2T (k )835 kV, (3.8)

where V (x,0) = max(e” — 1,0) and k = 25

Proposition 3.6. [[I5] The analytical solution of the Equation ([3.8)) is found using
Laplace transform and homotopy perturbation method as follows:

Vie,t) = lm 3 pVile, 1) = max(e” — 1,0)E,(—kt?) + max(e*, 0)(1 = E,(—kt),

i=0
where E,(z) is the Mittag-Leffler function.

Remark 3.4. The solution in Proposition [3.6|is closed form solution and for ¢ = 1 we
get the exact solution of the Black Scholes formula of Equation (3.8)

V(z,t) = max(e® — 1,0)e " + max(e®, 0)(1 — e~ *) 3.9

3.4 Fractional Taylor’s Series Method

The Black Scholes equation is derived and it is claimed that in order to get the suitable
Black Scholes equation it is not sufficient to extend the time derivative to fractional
case [16]. Moreover, the solutions of these Black Scholes equations are obtained using
Lagrange technique.
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Theorem 3.7. [|/6|] Fractional Black Scholes PDE is derived using new fractional Tay-
lor’s series of fractional order and Riemann-Liouville fractional derivative definitions.
The fractional Black Scholes PDE for European call option is

ET rC —rS—= —0°S"— (3.10)

oC ac\ 11 g, ,0°C
95 ) T—q! 277 952

with standard boundary conditions C(S,T) = max(S — F,0).
Proposition 3.8. The solution of the fractional Black Scholes equation (3.10)

Clat) = /oo Uz — 0, T — 1)C(v, T)dv, G.11)
where VU(x,T —t) = /00 e E (EX(T — t)9)d¢,

for E,(z) is Mittag-Leffler function.

Proof. In order to find the solution of Equation (3.10) first fractional heat equation is
obtained from fractional Black Scholes PDE
Cil(z,t) = —pChy(x,t), (3.12)

where p? = (q!)"; and C(z,T) = E(e® — 1) for E(x) is Mittag-Leffler function.
Equation (3.11]) is solution of Equation (3.12).

For detailed proof, see [16]. L]

Note that, the theorems in the previous sections are approaches for derivation of frac-
tional Black Scholes PDE in literature. In the following sections, we propose new
fractional Black Scholes PDEs.

3.5 Heat Equation Approach

Derivation of fractional Black Scholes PDE using fractional heat equation is proposed
in this section. The definitions, properties and rules in previous chapter will be used.
First, heat equation is transformed to Black Scholes PDE by change of variables then
fractional Black Scholes PDE is obtained using same transformations.

3.5.1 Classical Heat Equation

The heat equation is a partial differential equation that is used to determine the change
in a function over time where the function is of space and time.
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Theorem 3.9. [28] Black Scholes PDE can be derived from heat equation using suit-
able transformations as:

A G

where V' (S,t) is European option price, v is risk free rate and o is volatility of the
stock.

Proof. The main idea of the proof is transformation of the heat equation to Black
Scholes equation. Thus, let us first state the heat equation for function u(zx, 7)

o _ o
or  0x%

At first, the transformation is applied to the function u(x, 7) as u(z, 7) = e~ (> 5y (x, 7).
Then we get

v % v )

Second change of variables are for coefficients as o = % f=——
Then we obtain

ov 0%v <2r B 1> ov 2r

____|_ - -
or  0x? o2 ox O'ZU

Last transformations are for both the functions and variables v(x, 7) = V<§’“ )
T = U_Q(T—t) and r = ln( ) Then we get

2
v _1oV /i 2
or E ot o2 )’

v SOV
dr  E9S’

v _ SOV 520
02 T E0S | E 5%

Finally, by substitutions and suitable regulations Black Scholes PDE is obtained as in
Equation(3.1])
ov , 0?V ov

E‘F—S W—i‘ S%—T‘/—O

]

Theorem 3.10. Initial and boundary conditions of Black Scholes PDE for European
call option in Remark 3.2 can be obtained from the initial and boundary conditions of
heat equation.
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Proof. The initial and boundary conditions of heat equation for 7 € (O, TT"2> and
z € (—00,00) are

u(z,0) = max (e%m e 0),
u(z,7) = 0 as © — —o0,

u(z, ) & e T () as o - oo
Asin the proof of Theorem[3.9|the first change of variables are u(z, 7) = e~ (“**+y(z, 7),
kg = (Hk and k = 2;. Then, we obtain for z € (—00,00) , T € <0, TT”2>

v(x,0) = max(e” — 1,0),
v(r,7) =0 as r — —oo,

xT

u(x,7) = e’ as r — oo.

Second change of variables are v(z,7) = C(g’t), T = %Q(T —t)and x = In (%)

Then, we get initial and boundary conditions of European call option for S € (0, c0)
and t € (0,7) as in Remark [3.2]

C(S,T) = max(S — E,0),
C(0,t) =0,
C(S,t) ~ S as S — o0,

where C'(S,T') is value of the option at T when option matures. O

3.5.2 Fractional Heat Equation

Fractional Black Scholes PDE can be derived from fractional heat equation by us-
ing Riemann definition of differintegral, Liebniz rule and linearity and homogeneity
properties of differintegrals. Especially, this derivation is inspired from the original
derivation of Black Scholes PDE as in Theorem since same transformations are
used.

Theorem 3.11. Time fractional Black Scholes PDE for European option price V (S, )
which is derived from time fractional heat equation as:

B t+T( —q) a7 I 52 4 9\ T geeiy
Z < > —q+7) (T=1) 2 202 ota—J (13)
J#q




Proof. Time fractional heat equation is basically extending the time derivative to ¢*"
order differintegral

o _ o
or1s  Ox2’

At first, the transformation is applied to function u as before u(z, 7) = e~ (@*+57)y(x, 7).
Then we get:

01

W (6_(a$+57—)v(l’, 7_))
T

82
=52 |

e_(ax+BT)v(x, T)) )

Since, there is a product of functions at the left hand side of the above equation, Liebniz
Rule (2.3) should be used in order to differintegrate. Then we obtain

- q aq_jv a] —az—p3 —az— 2 @’U 82’0
— ax—PT) _ ar—pBT — Qq— e
Z <j> o193 O (e ) € GvT G, + 0x?

=0

N KA AR S PN i
Z()aﬂ—j( By =oa’v 2a8x+(9x2

=0 \/

0 q aQ*jU vy 0 p 8q*jv L @ @
jZO <]> 8T‘1—j( B) +; (]) 87’q—j( 6) = Qv Qan + e
J#4q

o0 q aq—jv _ ; B . ) - @ @
;<1)5T‘11( BY +u(=p)" = a’v — 20— + o3

J#q

Second change of variables are for coefficients such that —2a = k — 1, k = % and
a? — (=B3)? = —k. Then, we get

() (1, T\ _ 0% 2r ov  2r
JZ; (]) ori—i (2 * g2) o\ 1) 5 =¥ (3.14)
J7#4q

Last transformations are for both functions and variables;
v(z,T) = V(Jg’t), 7 =2(T—t)and z = In (£) which can be also written as S = Fe”.
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In order to simplify the calculations let us start with the term g:f? on the left hand
side of Equation (3.14)

pr=iy 1 91V it
971~ E ou ori’ 19

Then, we need to find the term ‘gj;fﬁ on the right hand side of Equation lb Since
t=1T— 3—2 we have

Uit 9 T 27
ori=i  Qra-i o2

H1=J o1
e R e (

T . .
— —2) from linearity
o

0T 27 9T

1 .
O ! 02 0TI (1%) from homogeneity

0+ 1)7’0_q+j 2 T'(1+ 1)7’1_q+j

- — from Riemann formula
[O0—qg+j+1) o?T(1—q+j+1)

791 2 rlmatd

[(1—q+j) o*T(2—q+))

o2 i—q %Q(T—t) e
g (200) -7 ( )

(= (%2<T"f>)j_q (r55)

Therefore, Equation (3.15)) is equal to the following equation

9y 1999V UQ(T—t) i=a 1 t—Tq+Tj
ori=i B ota—i \ 2 Fl—q+j)\ 1—q+35 /)

Since we obtain the left hand side of Equation (3.14) we focus on the right hand side
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which is same as the one in original Black Scholes PDE.

dv _ 1oV 2
or E ot o2 )’

dv SV
or  EJS’
v _Sov o
ox2 FEOS E 05%

Then, we get Equation (3.14) as follows
. 2j
= 0TIV (o’ Tt =Tq+Tj (1 B
()5 () 5 (o)
=\ ot \ 2 '2—q+j)\2 o

J#q
?V 27" ov  2r
2 —_— — —
=552 oS 052 S 05 o2 v

Finally, by multiplying both sides by — %2 we obtain the proposed fractional Black Sc-
holes PDE as:

Remark 3.5. Fractional Black Scholes PDE of Equation (3.13) can be stated using
Gamma functions in Equation (2.3) as

_Z (g +1) TG =) o pya o\ (02 4 2r\ T oIV
(q—j+1DTG+)T(2—qg+7) 2 202 ota=J

J#q

Then for different values ¢ we obtain the following equations;

e For ¢ = 1 we have original Black Scholes PDE of Equation (3.1)

o o,V oV
5 —S@—F S(’?S rV =0.
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e For ¢ = 2 we have:

2r\ oV 0%V oV
(1—1-;)%4——5 w—f— S%—TV—O

2r oV oV o* ,0*V ov

—_—— — —SQ— rS——1rV =0.
2o o 2”9 a5
~——

Extra Term Black Scholes PDE

e For ¢ = ; we have:

i 1 TU=3) (gt (‘7_2)]'_é <02+27")4j 0371V
F ——] (j+1) F(%+j) 2 202 Otz—i

Jj=

+—=S?—— +rS— —rV =0.

Remark 3.6. Initial and boundary conditions of fractional Black Scholes PDE for Eu-
ropean call option are as in Theorem [3.10

C(S,T) = max(S — E,0),
C(0,t) =0,
C(S,t)= S as S — oo.

3.6 Fractional Brownian Motion and Ito Formula Approach

Fractional Black Scholes equation is derived by fractional Brownian motion and Ito
formula with the help of the preliminaries in previous chapter.

Theorem 3.12. Fractional Black Scholes PDE for European option price V (S, t) using
fractional Brownian motion BY (t) with Hurst index H € (0, 1) and Ito formula with
quadratic variation containing H, as follows:

ov oV 2oH1 2V
rV + at+5tras+H ot Stas2_0’

where 1 is the risk free rate and o is the volatility of the stock.

Proof. Initialy, we start derivation by using Ito formula of Equation (2.7)) for V' (.S, t)

V(S,,t) = V(So,0) /a (S, u)du +/ 55 (Swu)d (3.16)

0*V

aS2<S wd < 8,8 >, .
0
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For quadratic variation in Equation (3.16)) the equality d < S, S >;,= S?2Ho?t*"~1dt
in Remark 2.1T]is used
ov 1 0*V

t
_ e - 22H 2 2H—1_ d
Vv Vo—l—/o (8u+23“ ou 532 U+

)%
0 a5 (SwudS,. (3.17)

Fractional stochastic differential equation d.S; = rStdtJraStdBH (t) can be substituted
in Equation (3.17) as

LoV oV o or-120°V bov -

After taking the derivative we obtain

2 ~
v = (%_z T Lt H02t2H‘ISt2%) i + (Z—gsta) aBH().  (3.18)

Since, V is the notation for option value for discounted asset price such that
V =eTt,
dV = —rte "'V + e V.

By substitution of these variables in (3.18) we get
2

- % % 0PV el -
dV =e " (—rv + 5t Srge + Ho?t*H 153@) dt + (e t%Sta) dBH(t).

Note that V is the martingale transform of discounted asset prices. Since S is a mar-
tingale under P, then V' is also martingale under measure P. Hence, by martingale
representation theorem [18]], the Fractional Black Scholes PDE is

ov ov 90H-120°V
TV"‘E"‘S}T’%‘FHU?& Stw—o

Remark 3.7. For H = % we have classical Black Scholes PDE of Equation lb

v 1, ,0%V ov

— + =0?S—— 1S —rV =0.

M TP T

Proposition 3.13. The solution of fractional stochastic differential equation under risk
neutral measure P is

1 .
Sy = Spexp (rt — 502752[{ + OBH(t)> :
where S(t) is price of a stock at time t.
Therefore for 0 < t < T the solution is

S(T) = S(t)exp (T(T —t) — %JQ(TQH —*1) 4 o(B*(T) — BH(t))) :
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Proof. Fractional stochastic differential equation for H € (0, 1) under measure Pis
dS, = rSydt + oS, dB (t).
It6 formula of Equation (2.7) is applied for f(x) = In(z)

In(S(¢)) = In(S(0)) + /O ﬁdsm) _ % /0 SQL(u)d < 5,5 >,

= pH _l/t 1 2 2H—1
—111(5(0))-1-/0 rdu + odB* (u) 2/, SQ(U)U 2Hu" " du

= In(5(0)) +/O (r—o®Hu ") du + /0 odBH (u)
=In(S(0)) +rt — %UZt2H + oBH(t)

SN _ L 2om RH
ln(%>—7"t—§at +oB" ().

Therefore we obtain the solution of fractional stochastic differential equation as:
1 -
S(t) = S(0)exp (rt - 502152}[ + UBH(t)) .
Furthermore for 0 < ¢ < T’ the solution is

S(T) = S(t)exp (r(T —t) — 502(T2H —t*") 4 o(B"(T) — BH(t))) .

Theorem 3.14. For C(t, S(t)) is price of a European call option at time t

C(t,S(t)) = S(t)N(dy) — Ee "M N(d,),
where E is strike price, 'T' is maturity and d, and dy are as follows:
B ln(%) +r(T —t)+ %02(T2H — 2

di = o/ T2H — 2 ’
d2:d1—0'\/T2H—t2H

In(2) 4+ r(T —t) — $o?(T* — ¢2H)

o/ T2H — 2H !

where

s [ (D)
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Proof. See [14].
Remark 3.8. For H = % the solution becomes the one in Proposition

:ln(%)+(r+§) (T —t)

d
! oI —t ’
) )+ (r-g) -y
? oI —t '

Example 3.3. As in Example for a European call option; K = 95%,5 = 1008,
div = 0,0 = 0.5, = 0.1 and T" = 0.25. When we have the Hurst parameter as
H = 0.5, by using MATLAB code in Appendix C, we obtain the same call option
price as 13.6953$.

Example 3.4. As in Example [3.3| for a European call option; K = 95%,5 = 1009,
div = 0,0 = 0.5, = 0.1 and T" = 0.25. When we have the Hurst parameter as
H = 0.7, by using MATLAB code in Appendix C, we obtain the call option price as
11.5116$. Or when we have the Hurst parameter as H = 0.3, we obtain the call option
price as 16.60618.

Example 3.5. As in Example for a European put option; K = 95%,5 = 1009,
div = 0,0 = 0.5, = 0.1 and T" = 0.25. When we have the Hurst parameter as
H = 0.5, by using MATLAB code in Appendix C, we obtain the same put option price
as 6.34978.

Example 3.6. As in Example for a European put option; KX = 95$,5 = 1008$,
div = 0,0 = 0.5, = 0.1 and T" = 0.25. When we have the Hurst parameter as
H = 0.7, by using MATLAB code in Appendix C, we obtain the put option price as
4.16618. Or when we have the Hurst parameter as H = (.3, we obtain the put option
price as 9.26068.

Table 3.1: Comparison of European call and European put option prices for different
H values

H=03|H=05|H=07
European Call | 16.6061 | 13.6953 | 11.5116
European Put | 9.2606 6.3497 4.1661
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CHAPTER 4

FINITE DIFFERENCE METHOD

Finite difference methods for derivatives are used to solve differential equations with
the approximation principle. In 1768, L. Euler studied finite difference methods in one
dimension of space, and in 1908, C. Runge extended it to dimension two. In 1950s,
since computers had become useful tools for complex problems, numerical application
of finite difference methods had developed. The principle of the methods is using
approximations of differential operators instead of differential quotients [13]].

In this chapter, the most common finite difference method which is called the explicit
method is presented in order to solve the Black Scholes equation [3]].

The approximations of differential operator based on Taylor series expansions of deriva-
tives. Suppose that the function f is C? continuous in the neighborhood of z. For i > 0
the Taylor series expansion is

Fla 1) = £(2) + (@) + o @) + O @)

Putting in different order the expansion of Equation gives the forward difference
since the difference is in the forward direction

flx+h)— f(z
Therefore, the forward difference approximation is
0f(@) _ flz+h) — f()
Ox h '

For h > 0, the Taylor series expansion is also written as:

+ O(h?).

fla— )= f(a) ~ b @) + (@) - O(n) “2)

Putting in different order the expansion of Equation (#.2)) gives the backward difference
since the difference is in the backward direction

flz) = flz—h)

fl@) = - +O(h?).
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Therefore, the backward difference approximation is
0f(x) _ f(x) = [l —h)
ox h '
In addition, by combining the forward and the backward difference approximations,
the central difference formula is obtained as

fl@+h)— flz—h)
2h

fllz) = +O®h).

Therefore, the central difference approximation is

0f(x) _ fla+h)—flz—h)

~

ox 2h

Then, Taylor series expansion is used also for higher-order central difference approxi-
mations. Making some rearrangements in (4.1)) and (4.2)) the central difference approx-
imation for second order derivative is

*f(x) _ flx+h)=2f(x)+ f(z=h)
Oz? h? '

Moreover, for functions of two variables as f(x,y) for h = Az, [28] the forward
difference approximation for partial derivative f,(x,y) is

of (x,y) _ fle+hy) — flz,y)

~
~

ox h

The backward difference approximation for partial derivative f,(z,y) is

8f(x,y) f(x,y)—f(x—h,y)

ox ~ h

The central difference approximation for partial derivative f,(x,y) is the combination
of forward and backward difference approximations

8f(x,y) f(l’—l—h,y)-f(!ﬁ-h,y)

~
~

Ox 2h

The central difference approximation for second-order partial derivative f,.(x,y) is

an(HT,y) ~ f(&?-Fh,y) _Qf(xvy) +f<£li'—h,y)
Ox? h?

Finally, the central difference approximation for second-order partial derivative f,,(z, y)
is [13]

Pflr,y)  flethy+k)—fly+k)+ fla+hy+ flry)
dxdy hk

where h = Ax and k = Ay.
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4.1 Explicit Method

This section mainly proposed to find the solution of Black Scholes PDE using finite
difference method. Explicit method is the most popular one within finite difference
methods. For derivation of explicit method backward difference approximation and
central difference approximation are used [3 25, [28]].

As we have stated, Black Scholes PDE is
ov o2 9 0*V oV

where V' (S, t) is the price of European option as a function of stock price S and time
t, and r is the risk-free interest rate, o is the volatility of the stock.

The boundary conditions for European call option can be given as
C(S,T) =max (S — E,0),
O(Sminu t) - 07
O(Smaza t) - Smax - EB_T(T_t)a

where F is a strike price and S,,,;, and S,,,,, represents the minimum and maximum
values of stock price.

For derivation of explicit method, first domain of S and ¢ will be discretized. The
intervals [S,,in, Smaz| and [to, T'] will be divided into M and N parts.

Tt
At = 0

for t,<t<T,

AS = W for Smm S S S Smax-

Then, making some rearrangements the general notation for S and ¢ are obtained as

tz:to—FZAt for iIO,l,...,M,

Sk = Spuin + kAS  for  k=0,1,...,N.

From now on, for the simplicity of the notation for points (S, t;), we denote the ap-
proximation of option price as

V(Sk‘v tz) ~ wk‘,iy

The initial and boundary conditions for European call option in terms of wy, ;, M and
N are
wyr ~ max (S, — E,0),
Wo,; ~ 07

WN ; ~ SN — Ee—T(tM_ti).
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Then, the backward and central difference approximations for the partial derivatives

. . . . 2 : .
W(;’?’m, 8Vé‘§,’; i) and the second-order derivative %‘i’;’t’) in Black Scholes PDE can

be written in terms of wy,;, At and AS as follows

OV (Sk,ti) Wi — Wi
~ ’ 44
ot; At ’ (4.4)

OV (Sk, t;) L Weg1i — We—1
05, 2AS ’

(4.5)

O*V (S, t;) L Wil — 2Wgi + W1

G5a ~ 257 (4.6)

When we put backward and central difference approximations of partial derivatives of
Equations (4.4), (4.5)) and (#.6) in Black Scholes PDE (4.3) we get

2
Wi — Whi—1 0" 4 gWhyli — 2Wk; + We—14 Wit 1,s — We—1,4
9 ) + _S 9y ) ) ,r,S y y
At 2 7 (AS)? TR TS

—rwg,; = 0.

The terms «y, [ and ~; for the simplicity of the notations and the preceding equation
can be written basically as

Whim1 = Wi—1,; + BrWk;i + VWit14- 4.7)

forio=M,M —1,....,1and k = 1,..., N — 1 and where the terms «ay, 55 and 7 are

_1 2 Sk ? Sk
O"“‘im{” (A_S> —u—s}’
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k—1 k E+1

Figure 4.1: Molecules of explicit method

This figure shows the principle of the explicit method. The notation 7 is for time and
k is for stock price. It explains Equation (4.7). Note that on explicit method the
summation of the values of black dots on the i-th row with the coefficients oy, (5, and
vk 1s equal to the value of black dots on the (i — 1)-th row and k-th column.

As in the vector form; wy ;,w2,...,wn—_1,; can be written

W14
w® = : : (4.8)

WN-1i/ N_1x1

When the equation (4.7) has been written for each ¢ = M, M — 1,....1, and k =
1,..., N — 1, M x N equations occur. These can be collected for each 7 and with the
notation in the matrix of Equation(4.8)) as follows:

Wi = Ap® 4 O,

where Aisa (N — 1 x N — 1) matrix consists of the terms «y, x and 7.

b m 0 -~ 0 0
ay By a2 - 0 0
Ao |V e 00 ,
0 0 0 - By_2 YN_2
0 0 0 - anv-1 Bv-1) v junot

and the matrix y is (N — 1 x 1) matrix as:

a1 Wo 4
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Example 4.1. As in Example a European call option has an exercise price of 95.
The option has the underlying stock at price 100$ which pays no dividends and has a
volatility of 50% and the risk-free rate is 10% and 17" = 0.25.

Explicit method is used to obtain the call option price. For valuation, the parame-
ters should be chosen suitably as [28]]:

Smin = 0,Smaz = 150,dS = 2 and dt = 1/1200.

We obtain the call option price by using explicit method is 13.6982$ and closed form
solution is as in example (3.1)) is 13.69538$.

60

% Explicit Method
Closed-Form

S0

40F

0F

V(3,0

a0

L !
50 100 150
S

Figure 4.2: The exact solution and approximate solution in 2D

t 0o

Figure 4.3: Explicit method solution for call option price V' (S, t) in 3D

42



4.1.1 Consistency, Convergence and Stability of Explicit Method

All finite difference approximation of partial differential equations have three proper-
ties

1. Consistency For a finite difference scheme Pa, a0 = f is consistent with a
partial differential equation P, = f if for any smooth function ¢(z, t)

Py — Pragarg — 0 as Az, At =0,
2. Convergence

If v} converges to ug(x) as kAz converges to x, then v}, converges to u(z,t)
as (kAx,iAt) converges to (z,t) as (Az, At) converges to 0 where u(z,t) is
the solution of partial differential equation and v}, is the solution of finite differ-
ence scheme, then the scheme is convergent.

3. Stability

If for a constant C' and some positive integer N and M we have
[[vi|| < Ol|vpl|ae for 0 < Az < N and 0 < At < M,
then finite difference scheme Px,, Atv,i = ( 1s stable.
Note that from now on we use the notation wy, ; for v,i, since V' (Sk, t;) = wy; in Black
Scholes equation.

Proving the stability is hard by using the definition for explicit method for Black Sc-
holes PDE. Then we use Fourier analysis for evolution which is known as Von Neu-
mann Analysis [3, [11} 24, [32]]. the basis of the Fourier analysis is the following as-
sumption for the solution of finite difference scheme as:

Wi = Nkt 4.9)
where 2% = —1, Im(z) = 1 and 6 is arbitrary constant.

The condition for von Neumann criteria for stability is |A| < 1.

Substituting (4.9) into we get

)\i—lezké' _ a}g)\iez(k—l)é’ + Bk)\iezkﬂ + ,ykAiez(k—i-l)Q'

Therefore, using substitutions and rearrangements the sufficient condition for stability
is [24]:




4.2 Fractional Explicit Method

One of the main purposes of this thesis is finding a solution for fractional Black Scholes
PDE. Let us restate the basic derivation of g-th order time fractional Black Scholes
PDE as

o1V 0?V ov

= 0—52 PSSV =0,

ota 05?2 S
where ¢ is arbitrary real or complex number V' (.S, t) is the price of European option
as a function of stock price S and time ¢, and r is the risk-free interest rate, o is the
volatility of the stock with the same boundary condition as in original one.

Since there are partial differences in fractional Black Scholes PDE, finite difference
method can be used for solution. However, it is fundamental to derive a approximation

for fractional derivative £V th .

Therefore, in this section, we propose a new technique for the solution of fractional
Black Scholes PDE. For this purpose, first we derive fractional explicit method in
order to approximate fractional derivatives then we find the Black Scholes equation in
terms of wy, ; as in previous section. Finally, the solutions for different values of ¢ are
presented.

Fractional explicit method consists of backward difference approximation, central dif-
ference approximation and approximation for fractional derivative which is presented
in the following theorem.

Theorem 4.1. [25] The approximation for q-th order time fractional derivative of
V (Sk, t;) can be stated as the sum differences with the coefficients g; as

dtq e At Zg] Whinjs (4.10)

where g; is the function of gamma functions of q and j,

g = I'(j—q)
T T(=T(G+ 1)

(4.11)

Proof. The Griinwald-Letnikov definition of differintegral was stated in Equation (2. 1))

L S (On) I S~ T —a) s
d(x —a)? _J\LOO{ I'(—q) ZF(j+1)f( JoN )}~

Then, this definition of differintegral can be stated as approximation instead of limit
definition and when for a = 0 and g; is as in Equation ({#.TT]):

i f 1 = ,
do ™ ey 20 941 (@ = 0)
j=0
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Then by changing notations for f(x) = V(Sk,t;) and then taking the g-th order time
fractional derivative we have

dif _ dv
dee — dt?”

Moreover, for the right hand side of the equation we need following relations which
are obtained from the change of notations d yz = At as follows:

fx = jona) = V(Si,tiy) = wis.

div
dt!

Finally, modifying the equation appropriate to explicit method for
At and g; we have

in terms of wy, ;,

v o1
7 j=0

[
Proposition 4.2. For ¢ = 1 in equation ({#.10) we have the backward difference in

#4)

v 1 I'(j—1)
wi”(Aw§:r@4ﬂ(¢+nw“ﬁ

J=0

Wk — Wg,i—1

(At)

~

Proof. Using Proposition B.1] in Appendix B, the equation @.10) for ¢ = 1 is as
follows

7

LG -1 s, (1
Z (=1 + 1)w’“’“j N Z(_l) (j> Whi—j

J=0 Jj=0

= (-1)° (;) Wri_o + (1) G) W,i—1

= lwy; + (=) wgi
= Wg,; — Wg,i—1-

Remark 4.1. The properties of gamma function in Remark 4.2|are in Appendix B.
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Therefore substituting the equations; backward difference approximations of Equation
(.5), central difference approximations of Equation (4.6) and approximation of frac-
tional derivative in Equation (4.10) of partial derivatives in Black Scholes PDE (4.3)
we get

7
1 0% o Wpt1i — 2Wh + Wh_1 Wht1i — Wh—1.
2 Wk+41,4 ki k—1,i k+1,i k—1,
E GjWki—j + ?Sk +rS — TWg; = 0.
Jj=0

(At)e 4 (AS)? 2AS

The terms ¢y, ), and v for the simplicity of the notations and the preceding equation
can be written basically as:

Z GiWhi—j = QpWi—14 + BrwWri + TeWei1., 4.12)
j=1

fori=M,M —1,....,1and k =1, ..., N — 1 and where the terms aj, Bk and v are
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E—1 k E+1

Figure 4.4: Molecules of fractional explicit method

This figure shows the principle of the fractional explicit method for Equation (#.12]).
The notation ¢ is for time and k is for stock price as mentioned before. The summation
of the values of black dots on the i-th row with the coefficients ay, Bk and 7 is equal
to the summation of the values of black dots on the (i — 1), (i — 2), ..., 0-th rows and
k-th column with the coefficients g;. Note that on explicit method the summation of
the values of black dots on the i-th row with the coefficients «y, [, and 7 is equal
to the value of black dots on the (i — 1)-th row and k-th column. As mentioned in
the introduction chapter, fractionalization a partial differential equation makes the pde
non-Markovian. In other words, the fractional Black Scholes PDE has memory. As
it can be seen in the figure, the system has memory in other words the system takes
into consideration the values at the entire time range. Since ¢ is for time and in frac-
tional case the summation includes (i — 1), (¢ — 2), ..., 0-th rows, the solution of the
fractional Black Scholes PDE by fractional explicit method has affected by the values
of historical data.
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Smin Smax

M ° 3 ] ® ®
. °

° °

3 ® ®

2 ® ®

1 ® ®
to=20 ® ®
0 1 2 N

Figure 4.5: Fractional explicit method with boundaries

Note that the black dots shows the data for time 7', and stock price S,,;, and S,,4.
which are all given information. We aim to find the data when ¢, = 0 for S = .5
by using the fractional explicit method. Then in order to solve the system we need
matrices. When foreachi = M, M —1,...,1and k = 1, ..., N — 1 the equation
is written, we need a matrix product to collect all the M x (N — 1) equations. The
matrix which consists of coefficients is a block matrix.

g 92 Y3 |0 0 0 w2 ajwo 3 + 51101,3 + Y1wa 3
b1 g g | =71 0 0 w11 A1wWo 2

0 -6 0 | 0 -7 0 wWi,0 dlwo,l
_ _ ‘ - __ _ - - - _ _ __

0 0 0 | 9 9 g Wa,2 QoW 3 + Pawa 3z + Yows3
—ay 0 0 | =B g1 g Wa,1 Yow3 2

0 —a 0 0o - Wa 0 Yol

Qo l B2 1 . ;L %VB’J ,
G w B

Here G is a matrix which contains the coefficients. W is a matrix which contains
unknown values. In Figure W matrix represents the dots inside of black dots. Finally,
B is a matrix which contains known values. In Figure B matrix represents the black
dots.
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Example 4.2. Let a European call option have an exercise price of 95. The option
has the underlying stock at price 100$ which pays no dividends, and has a volatility of
50% and the risk-free rate is 10% and 7' = 0.25 as in Example 3.1

Fractional explicit method is used to obtain the call option price. For valuation, the
parameters should be chosen suitably as

Smin = 0, Spmae = 150, dS = 50 and dt = 0.0833.

Then, we can find as M = 3 and N = 3 and we get following equations for each
1=3,2,1and k =1, 2:

giwi e + gawi1 + gswip = QyWo 3 + 51’601,3 + Y1wa 3,
g1wi1 + Gowip = Qrwo2 + Blw1,2 + Y1wa,2,

Jiwip = Qqwoq + 51201,1 + Y1wa 1,

g1wa 2 + gawa1 + gzwag = Qw1 3 + 52w2,3 + Fows 3,
g1wa1 + gaWa g = Qawy 2 + 52w2,2 + Yows 2,

Giwa o = Qawi1 + Bowa 1 + Yows 1.

When we rewrite these equations as the unknown terms are on the left hand side and
the known terms are on the right hand side we get:

Giwi 2 + gawy 1 + gswip = qwo 3 + Biwi g + V1wa,3,

giw11 + Gowi o — Brwr 2 — V1Wa2 = QW 2,

g1wi0 — 517«01,1 — NW2,1 = Q1Wo 1,

G1Wa2 + GaWa 1 + G3Wa g = QWi 3 + PoWa g + YoWs3,

g1Wa1 + gaWa g — QWi 2 — PaWa s = YoWs.2,

g1Wa o — QW11 — 52102,1 = Y2W3,1-

These equations can be written in matrix form where GG and B matrices are known:

GxW=B
where
9 92 g3 0 0 0 wy 9
6 g g —m 0 0 wy
0O -8 g1 0 -y O w10
G= W= |
0 0 0 g 9 g’ W3 2
—az 0 0 =B g1 9 W21
0 —ay 0 0 —f ¢ W2,0
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and

ajwo 3 + Brwrz + Yiws 3
0717110,2
071100,1

Qw3 + Powa 3 + Yows 3
7210372
’7271)3,1

Then we can find the matrix W as W = G~ ! x B

Remark 4.2. Instead of using inverse of matrix G, one can apply LU decomposition
not to have computational errors.

Remark 4.3. The purpose of this example is to find the matrix W which consists of

unknown values. However, the solution is the value of w at ¢t = ty and S = Sy. In this
example, the solution is wy o for £ = 2 and ¢ = 0 since

S = Spmin + EAS =0+ 2 x 50 = 100 = Sy,
t =ty +iAt =040 x 0.0833 = 0 = .

All the values in the following table and figure are the values of ws .

Sm'm Smaac
Wo,3 wW1,3 W23 w3 3
3 ® ° S ®
Wo,2 Wi,2 W22 w3 2
2 ® ®
Wo,1 W11 W21 wWs,1
1 ® ®
Wo,0 Wi,0 W20 w30
0 3 ®
0 1 2 3

Figure 4.6: Fractional explicit method for M =3 and N = 3
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50

—— Explicit Method (g=1) /
Fractional Explicit g=1.05 /

a0 | —% — Fractional Explicit g=1.1 =

——-Fractional Explicit g=1.15
Fractional Explicit ¢=1.2

4t

20¢

150

Figure 4.7: European call option prices for different values of ¢

This figure shows European Call Option prices which are found by explicit method for
q = 1, fractional explicit method for ¢ = 1.05,¢ = 1.1, ¢ = 1.15, ¢ = 1.2.

Table 4.1: Comparison of solutions for European call option prices for different values
of ¢ and the solution with explicit method and closed form solution for M/ = 3 and
N=3

q=105|q¢q=111]q=115| ¢ =1.2 | PDE Solution | Closed-form
14.9293 | 13.0744 | 11.4792 | 10.1044 11.3842 13.6952

Example 4.3. Let a European call option have an exercise price of 95. The option
has the underlying stock at price 100$ which pays no dividends, and has a volatility of
50% and the risk-free rate is 10% and 7" = 0.25 as in Example

Fractional explicit method is used to obtain the call option price. For valuation, the
parameters should be chosen suitably as

Smin = 0, Spaz = 150, dS = 37.5 and dt = 0.0833.

Then, we can find as M = 3 and N = 4 and we get following equations for each
1=3,2,1land k =1,2,3:
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g1w12 + Gowr1 + gawi o = QA wo 3 + Bles + V1w 3,
J1wi1 + Gowrp = Q1Wo 2 + g1w1,2 + V1w 2,

giwio = Qw1 + 31101,1 + Nwa 1,

g1wa s + gawa 1 + gzwa g = Qw3 + 32102,3 + Yows 3
G1Wa1 + Gatag = Gowr g + Powas + Fows s,

g1Wa o = Qw1 + B2w2,1 + Yows 1,

1wz + gaws 1 + gsws g = Q3Wa3 + Bsw:a,s + Y3W4,3
g1ws 1 + Gowsp = Qzwa 2 + 33"603,2 + Y3Ws 2,

giwsp = Q3Wa 1 + P3Ws 1 + Y3Wa1.

If we rewrite these equations as the unknown terms are on the left hand side and the
known terms are on the right hand side we get:

g1w12 + Gowy1 + g3wio = Q1wo 3 + B1w1,3 + V1w 3,
J1wi,1 + gowi o — 31101,2 — W22 = QW 2,
J1wip — Blwl,l — W21 = QW 1,
Jg1Wa 2 + GoWa 1 + g3Wa o = Qawy 3 + 32102,3 + Yows 3,
J1Wa1 + GoWa g — QaWi g — 621112,2 — Yowsz o =0,
g1 — QWi — Bzwzl — Yowsz 1 =0,
g1ws s + gaws1 + gzwsp = Qzwr 3z + 33@03,3 + Y3ws 3
J1w3 1 + Gows g — 3Wa o — /5)31113,2 = Y3Wy,2,

Giwz o — QaWa 1 — [P3Ws 1 = Y3Wa1.

These equations can be written in matrix form, where G and B matrices are known:

GxW=B
where

gl~ g2 gs 0 0 0 0 0 0 W1 9

6 g g - 0 0 0 0 O Wiy

0O -6 ¢ 0 -y 0 O 0 0 wy o

0 0 0 g1 g2 g3 0 0 0 W3 2
G=|—-a2 0 0 =f g g — 0 0] ,W=/[uw,
0 — ~2 0 0 —52 %51 0 —’)72 0 w2,0

0 0 0 0 0 0 [%1 [') gs w3 2

0 0 0 —d3 0 0 —f5 g g Ws,1

0 0 0 0 —-d3 0 0 =85 ¢ W30
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and

a1wo 3 + frwrz + Yiwa s
1w 2
021100,1
Qw3 + Bowa 3z + Yows 3
B = 0
0
Q3w 3 + Psws3 + V3Wy 3
”73?1)4,2
V3W4,1

Then we can find the matrix W as W = G~! x B

Remark 4.4. Instead of using inverse of matrix G, one can apply LU decomposition
not to have computational errors.

Remark 4.5. The purpose of this example is to find the matrix W which consists of
unknown values. However, the solution is the value of w att = ty and S = Sj. In this
example, the solution is for 7 = 0 as:

t =ty +iAt =040 x 0.0833 = 0 = t,.

However, there is not a suitable k£ value for S = S, thus linear interpolation method
is used in order to find the option price for S = Sj. Linear interpolation method is
commonly used for approximation between two values. In this example, linear inter-
polation method is applied to the values at k = 2 and k& = 3.

sz'n Sma:p
Wo,3 W1,3 W3,3 w3 3 W4q,3
3 ° ® ® °
Wo,2 W12 W2,2 w3 2 W42
2 ® ®
Wo,1 W11 W21 w31 Wy,1
1 ® ®
Wo,0 W10 W20 w30 W40
0 3 °
0 1 2 3 4

Figure 4.8: Fractional explicit method for M = 3and N =4
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S0 | —% — Fractional Explicit g=1.25 / —

—-—-Fractional Explicit g=1.3

Fractional Explicit g=1.35

4t

20F

150

Figure 4.9: European call option prices for different values of ¢

This figure shows European Call Option prices which are found by explicit method for
q = 1, fractional explicit method forq = 1.2, ¢ = 1.25, ¢ = 1.3, ¢ = 1.35.

Table 4.2: Comparison of solutions for European call option prices for different values
of ¢ and the solution with explicit method and closed form solution for M/ = 3 and
N =4

q=12 | qg=125| q¢q=1.3 | ¢ =1.35 | PDE Solution | Closed-form
14.9154 | 13.3843 | 12.0430 | 10.8653 16.8140 13.6952

Example 4.4. Let a European call option have an exercise price of 95. The option
has the underlying stock at price 100$ which pays no dividends, and has a volatility of
50% and the risk-free rate is 10% and 7" = 0.25 as in Example

Fractional explicit method is used to obtain the call option price. For valuation, the
parameters should be chosen suitably as:

Smin = 0, Spmae = 150, dS = 50 and dt = 0.0625.

Then, we can find as M = 4 and N = 3 and we get following equations for each
1=4,3,2,1and k =1, 2:
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g1wi3 + gowi 2 + g3wWi 1 + gaWio
g1wi 2 + goWi 2 + gaWi o

g1w1,1 + goWi o

g1W1,0

g1Wsa 3 + GoWa 2 + g3Wa 1 + gaWa g
J1W2 2 + goWa 2 + gaWa o

g1Wa 1 + goWa o

= ywoq + 51101,4 + Y1wa 4,
= Gywo 3 + Brws s + F1wa s,
= qwo2 + Blwlz + Yiwa 2,
= aqwo,1 + 51101,1 + Yiwa1,
= Qw4 + 52102,4 + Yows 4,
= Gowy 3 + Bowa g + Fows s,

= QoW1 2 + Powa s + Y2w3 2,

giWap = QWi 1 + oW1 + YowWs 1.

If we rewrite these equations as the unknown terms
known terms are on the right hand side we get:

g1w1 3 + gowi 2 + g3wi 1 + gaWi o

g1wi 2 + gowi 2 + gzwip — B1w1,3 — Y1wa 3
g1wi1 + goWip — Blwl,Q — V1w

q1W1,0 — Blwl,l — N Wa

g1Wa 3 + goWa 2 + g3Wa 1 + GaWa o

1wz 2 + GoWa o + gzwa g — Qowy 3 — Baws 3

G1Wa 1 + gaWa g — oWy o — BoWa o

g1Wa o — QW11 — ﬁ2w2,1 =

are on the left hand side and the

a1wo a4 + Srwi g + F1wa 4,

= Wy 3,

QW 2,
QW 1,
Qw4 + Bzwu + Yows 4,
%w&s?
?2?03,2,

YoWws 1.

These equations can be written in matrix form where G and B matrices are known:

GxW=B

g 92 93 91 O 0 0 0 w1 3

- g1 g2 93 —N 0 0 0 Wi 2

0 —5h g 92 0O —-m 0 0 w11

0 0 -8 g1 O 0O - O w10

G — W — ’
0 0 0 0 o 9 g9 o9l wag |’

—ay 0 0 0 =B o 92 g3 Wa,2

0 —a 0 0 0 =5 g ¢ W21

0 0 —d, 0 0 0 =B ¢ 2,0
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and

a1wWo 4 + Srwra + Yiwaa
W 3
O2111)0,2
07~1w0,1

Qw4 + Bowa g + Yows 4
Y2ws3 3
7~2w3,2
Y2ws,1

Then we can find the matrix Was W = G~ ! x B

Remark 4.6. Instead of using inverse of matrix G, one can apply LU decomposition
not to have computational errors.

Remark 4.7. The purpose of this example is to find the matrix W which consists of
unknown values. However, the solution is the value of w at ¢t = ty and S = Sy. In this
example, the solution is wy o for k = 2 and ¢ = 0, since

S = Spin + EAS =0+ 2 x 50 = 100 = Sy,
t =1ty + 1At =040 x0.0625 = 0 = t,.

All the values in the following table and figure are the values of ws .

Sm'm Smam
Wo,4 Wi,4 W2 4 W34
4 ® ° S ®
Wo,3 wW1,3 W23 w3 3
3 ® ®
Wo,2 Wi,2 W22 w3 2
2 ® ®
Wo,1 W11 W21 wWs,1
1 ® ®
Wo,0 W10 W20 w30
0 3 ®
0 1 2 3

Figure 4.10: Fractional explicit method for M =4 and N = 3
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4t

20¢

150

Figure 4.11: European call option prices for different values of ¢

This figure shows European Call Option prices which are found by explicit method for
q = 1, fractional explicit method for ¢ = 1.05,¢ =1.1,¢ = 1.15,¢ = 1.2.

Table 4.3: Comparison of solutions for European call option prices for different values
of ¢ and the solution with explicit method and closed form solution for M = 4 and
N=3

q=105|q¢q=111]q=115| ¢ =1.2 | PDE Solution | Closed-form
15.7167 | 13.5481 | 11.7092 | 10.1464 11.3341 13.6952

Example 4.5. Let a European call option have an exercise price of 95. The option
has the underlying stock at price 100$ which pays no dividends, and has a volatility of
50% and the risk-free rate is 10% and T' = 0.25 as in the preceding examples.

Fractional explicit method is used to obtain the call option price. In order to obtain
accurate valuations, the parameters are chosen to have higher M and N values:

Smin = 0, Smaz = 150, dS = 10 and dt = 0.00625.

Then we can find as M = 40 and N = 15.
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20F

Figure 4.12: European call option prices for different values of ¢

This figure shows European Call Option prices which are found by explicit method for
q = 1, fractional explicit method for ¢ = 1.05,¢ = 1.1, ¢ = 1.15, ¢ = 1.2.

Table 4.4: Comparison of solutions for European call option prices for different values
of q and the solution with explicit method and closed form solution for M = 40 and
N =15

q=1.0011{¢g=1.005| q=1.008 | ¢ =1.01 | PDE Solution | Closed-form
10.4853 10.2825 10.1330 | 10.0346 13.7353 13.6952

Example 4.6. Let a European call option have an exercise price of 95. The option
has the underlying stock at price 100$ which pays no dividends, and has a volatility of
50% and the risk-free rate is 10% and T" = (.25 as in the preceding examples.

Fractional explicit method is used to obtain the call option price. In order to obtain
accurate valuations, the parameters are chosen to have higher M and N values:

Smin = 0, Smaz = 150, dS = 5 and dt = 0.0025.

Then we can find as M = 100 and N = 30.
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Figure 4.13: European call option prices for different values of ¢

This figure shows European Call Option prices which are found by explicit method for
q = 1, fractional explicit method for¢g = 1.05,¢ = 1.1, ¢ = 1.15, ¢ = 1.2.

Table 4.5: Comparison of solutions for European call option prices for different values
of ¢ and the solution with explicit method and closed form solution for M/ = 100 and
N =30

q = 0.86
11.0186

q = 0.88
10.1236

qg=20.9
9.2781

qg=091
8.8801

PDE Solution
13.6581

Closed-form
13.6952

To summarize, the following table compare all the European call option values which
are obtained by solution of ¢-th order time fractional Black Scholes PDE using frac-
tional explicit method.

Table 4.6: Comparison of European call option prices for different values of M and N
for different values of ¢

q=090] M=3 | M=4|[¢=09 | M=3] M=4
N =3 | 225812 | 24.9280 || N =3 | 19.6189 | 21.3183
N =4 | 30.3504 | 32.4841 || N =4 | 26.7554 | 28.2423
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=105 M=3 | M=4|[q=11] M=3 | M=14
N =3 | 14.9293 | 15.7167 || N =3 | 13.0744 | 13.5481
N =4 [20.9921 | 21.5463 || N =4 | 18.6784 | 18.9030
=12 M=3 | M=4][¢q=13] M=3 [ M=4
N =3 | 10.1044 | 10.1464 || N =23 | 7.8890 | 7.6794
N =4 | 149154 | 146748 || N =4 | 12.0430 | 11.521

According to the table it can be seen that when ¢ increases, the value of the European
option decreases. When ¢ is in a close neighborhood of 1, European option price is
considerably close to closed-form solution which is 13.6952.

In this chapter, finite difference method is restated and explicit method is reviewed
with example. Fractional Black Scholes PDE is presented. In order to solve frac-
tional Black Scholes PDE, fractional explicit method is proposed and applied to the
PDE. Different examples are solved for different values of variables and the results are

compared with tables and figures.
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CHAPTER 5

CONCLUSION AND OUTLOOK

Investigation and application of fractional Black Scholes partial differential equation
is mainly purposed in this thesis. At first, the problem of how to derive fractional
Black Scholes PDE is considered. For this reason, in chapter 2 a detailed notations
and definitions of fractional order derivatives and integrals, also called differintegrals,
are investigated. Most of the definitions of differintegrals are derived by extending the
definition of derivative or integral. It is also noticed that all the definitions; Griinwald-
Letkinov, Riemann-Liouville, Riemann, Laplace Transform, Caputo and Riesz are all
agree [S)]. It is fundamental to use Mittag-Leffler function for calculations in differ-
integrals. Therefore, properties of Mittag-Leffler function are stated. Moreover, in a
different point of view, stochastic calculus is also used to derive fractional Black Sc-
holes PDE. Therefore, Brownian motion is reviewed in order to construct a basis for
derivation.

Derivation of fractional Black Scholes PDE is investigated in chapter 3. For this rea-
son, first Black-Scholes equation is given in detailed afterwards approaches for deriva-
tion fractional Black-Scholes PDE are stated. At the beginning, equation of evolution
[33] approach is given which is derived by Wyss M. and Wyss W., then Laplace trans-
form and homotopy perturbation method [[15]] is presented, then fractional Taylor series
method [[16] is stated. It is emphasized that there is a wide range of aspects for deriva-
tion of fractional PDEs. After revising approaches in literature, we proposed a new
fractional Black-Scholes PDE using fractional heat equation. In order to derive the
formula first derivation of Black Scholes PDE by classical heat equation is restated
(17, 28]. Then, the definitions and properties of differintegrals are used for derivation.
It is essential to notice that for ¢ = 1 classical and fractional Black-Scholes equations
are agree. Moreover, using stochastic calculus is another way to study fractional PDEs.
First fractional Brownian motion [14] is considered and then by Ito formula we derived
fractional Black-Scholes equation.

On the other hand, we focus on finding the solution of fractional Black Scholes PDE.
Therefore, numerical methods are considered and finite difference method is examined.
One of the finite difference methods; the explicit method is stated which is commonly
used to solve classical partial differential equations. Then, solution of classical Black
Sholes PDE using explicit method is found. It is noticed that, closed form solution and
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the PDE solution are almost equal to each other. Additionally, consistency, conver-
gence and stability analysis of explicit method are discussed. Furthermore, fractional
explicit method is proposed for PDEs which contains fractional order differintegrals.
The fundamental idea of fractional explicit method is adjusting the Griinwald-Letkinov
definition for differintegrals. It is noticed that for ¢ = 1 explicit method and fractional
explicit method agree. Therefore, fractional explicit method is used to solve fractional
Black-Scholes equation. Numerical solutions for fractional Black Scholes PDE are
found for different M, N and q values. Moreover, the solutions of Black Scholes PDE
via explicit method and fractional explicit method for different fractional order ¢ is
compared in tables and figures. It is an undeniable fact that fractional explicit method
is derived using explicit method and Griinwald-Letkinov definition for differintegrals.
It is noticed that for the suitable choice of variables, the solutions of Black Sholes PDE
with the two different methods are found close to each other. However, we proposed
that the solutions with fractional explicit method affected by the contribution of the
previous data.

The future work may be on stability analysis of fractional explicit method and the
choice of variables. Moreover, one can may take the fractional derivative not only
for time but also stock price S. For Black Sholes PDE, one should also consider
the fractional explicit method for higher order, since the PDE contains second order
derivative with respect to stock price. Furthermore, fractional explicit method may be
applied to other fractional PDEs and can be used to find solutions of other problems.
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APPENDIX A

DERIVATION OF BLACK SCHOLES PDE

Theorem A.1. For European call or put options on an underlying stock paying no
dividends, Black Scholes PDE is stated as follows;

oV o? (92V oV

— 5’ rS— —rV =0,

ot "2 95 T as T
where V (S, t) is the price of European option as a function of stock price S and time
t, and r is the risk-free interest rate, o is the volatility of the stock.

Proof. For derivation of Black Scholes PDE Ito formula of Equation is used for
V(S,1);

t t
V (S, t) = V(So,0) +/ é)—V(S,“u)alu—k/ aV(Su,u)dS
0 O 0S
62
552 —(Sy,u)d < S, 8 >,

The quadratic variation is d < S, S >;= S?c?dt, then we have;

Yoo : i LoV

Under risk neutral measure P geometric Brownian motion is d.S; = rS;dt + o S;dW;.
Then by substitution we obtain;

B )% IV 1,0V LoV
V—Vo+/0 (aqﬁsras Sua52)du 55 SurdWW..

Then by taking derivative with respect to ¢, the following equation is obtained;

(v WV 1,0V oV
dv_(at+5tras Stas2)dt+(aSSto>th.
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Since, V is the notation for option value for discounted asset price such that;

—Ttv

V=
V = —rte "'V + e V.

d

By substitution we obtain A% as;

~ oV ov. 1 0*V oV
_ Tt 2 Q2 —rt
AV =e ( V4 or+Siras + St852>dt+( _aSStU)th

~
0

Note that, V is martingale transform of discounted asset prices. Since Sisa martingale
under risk neutral measure P, the V is also martingale under measure P. Hence, by
martingale representation theorem [17]], Black Scholes PDE is;

21/
—rV 4+ — v —|—Stra—v 1 2528

ot oS Losz =0
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APPENDIX B

GAMMA FUNCTION

B.1 Properties of Gamma Function

Definition B.1. The Gamma function is defined for z € C, z # 0, —1, —2, ... and for
x > 0 to be;

['(z) = / " e dr. (B.1)
0
Remark B.1. Properties of Gamma function functions;

1. One of the most important properties of Gamma function is valid for positive
integer n;

['(n+1) =nl(n) =nl (B.2)
Note that, this property can be extended to noninteger values ¢ as;

[(g+1) =ql'(q).

2. Using the property 1, we can obtain the following property for all integers. Note
that, even though Gamma function gives infinity for the values 0, —1, —2, ... their
ratios are finite [5]].

v NI
T(—N) U

(B.3)

3. Binomial coefficients lead us to obtain the following property for integer n;

ny__ ™ _ I(n+ 1)
<kz) S kl(n—k)! Tk+DI(n—-k+1) (B.4)

Note that, for noninteger values ¢ this property can be extended as;

T\ _ (g+1)
<]> B FG+Dl(g—7+1) (B.5)
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For some n values, the values of gamma function are;

M1)=1T12)=103) =1,

() @)1 r ()
T(0) = 200 I(—1) = +oo.
(D) ()

Proposition B.1. Gamma function satisfies the following relation for integer n which
is used to obtain Griinwald-Letnikov definition of differintegral of Equation (2.1)).

() -0 -

Proof. Let us restate Equation (B.4) in property 3 as;

ny\ I'(n+1)
(k) S D(k+DI(n—k+1)

Thus, first applying this relation to (’ +’;_1

of Gamma functions we get the result as;

(j+n—1)zr(r<j—n> _ I(=(n—3)

j =

), then using (B.3) in order to find the ratio

—-n)I'G+1) T(—n)I'(G+1)
_ (_1)(n—j)—(n)L

(n —7)()!
()

Remark B.2. This relation is valid not only for integers n but also non-integers q.

() =017 = ey
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APPENDIX C

MATLAB CODES

1. MATLAB code for Figure The plot of E/(z) [8l;

function f = ml_func(aa, z,n,eps0)
aa=laa,1l,1,1]; a=aa(l); b=aa(2);c=aa(3); g=aa(4);
£f=0; k=0; fa=1l; aa=aa(l:4);
if nargin<4, epsO=eps; end
if nargin<3
n=0
end
if n==0
while norm(fa,l)>=epsO
fa=gamma (k+xg+c) /gamma (c) /gamma (k+1) /. ..
gamma (axk+b) xz. k
f=f+fa; k=k+1;
end
else
aa(2)=bt+nx*a; aa(3)=c+tg*n;
f=gamma (g+nxc) /gamma (c) *ml_func (aa, z, 0, eps0)
end
end

t=0:0.1:5;
al=ml_func(l,t)

plot (t,al)
title("E_{1} (x)=e"x")
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2. MATLAB code for Figure2.2] The plot of E;(—z), Es(—x) and E3(—x) [8];

t=0:0.1:5;
bl=ml_func(l, -t
b2=ml_func (2, -t
b3=ml_func(3,-t);
plot (t,bl, 'm-x’), hold on,

plot (t,b2), hold on, plot(t,b3,’c-d’"),hold on

14

)
) .
)

~

legend ('E_1(-x)",'E_2(-x)", "E_3(-x)',’Location’,’southwest’)

hold off

3. MATLAB code for Figure The plot of Standard Brownian Motion[34];

function [B] = brownian(N,b,sigma,T)
t (0:1:N)’/N;

W = [0; cumsum(randn(N,1))]/sqgrt (N);
t = t«T;

W = Wxsgrt (T);

B = bxt + sigmaxW;

plot (t,B);

hold on

plot (t,b*xt,’:");

axis ([0 T min(-sigma, (b—-2*xsigma) xT)

max (sigma, (b+t2xsigma) *T) ])
title([int2str (N) ’'—-step version of
Brownian motion and its mean’])

xlabel (['Drift ’ num2str(b) ',

diffusion coefficient ’ num2str(sigma)])
hold off

brownian (1000,0,1,1)
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4. MATLAB code for Figure The plot of Geometric Brownian Motion[34];

function [X] = geometric_brownian (N, r,alpha,T)
t = (0:1:N)’/N;

W = [0; cumsum(randn(N,1))]/sqgrt (N);

t = t«+T;

W = Wxsgrt (T);

Y = (r—(alpha®2)/2)+*t + alpha * W;

X = exp(Y);

plot (t,X);

hold on

plot (t,exp(rxt),’ :");

axis ([0 T 0 max(l,exp((r—(alpha”2)/2)*T+2+alpha))l])
title([int2str (N) ’'-step geometric Brownian

motion and its mean’])

xlabel (['r = ' num2str(r) ' and
alpha = ’ num2str (alpha)])
hold off

geometric_brownian(1000,1,0.1,1)

5. MATLAB code for Figure[2.5|and[2.6] The plot of Fractional Brownian Motion;

function [deltafBm, Sigma]=fBm(H,N)
Sigma=zeros (N, N) ;
for i=1:N
for j=1:N
Sigma (i, 3)=0.5* (abs (i-j+1) " (2+H) +abs(i-j-1)"...
(2+xH) —2*abs (1i—-73) " (2*«H) ) ;
end
end
mu=zeros (N, 1) ;
deltafBm=mvnrnd (mu, Sigma); fBm(1l)=0;
for i=1:N-1
fBm(i+1)=fBm(i)+deltafBm (i) ;

end
t=0:N-1;
plot (t, £Bm)

fBm(0.7,1000)
fBm (0.3,1000)
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6.

e MATLAB code for Example

[Call, Put] = blsprice (100, 95, 0.1, 0.25, 0.5)

e A more detailed MATLAB code for Example [3.1] [3.2]28];

function [C, P] = CallPut_Delta(S,K,r,tau, ...

sigma,div) % tau
if nargin < 6
div = 0.0;

end

if tau > O

time to expiry (T-t)

dl = (log(S/K) + (r + 0.5+sigma”2)* (tau)*...
ones (size(S)))/ (sigma*xsqgrt (tau)) ;

d2 = dl - sigmax*sqgrt (tau);

N1 = 0.5* (1l+erf(dl/sqrt (2)));

N2 = 0.5« (l+erf(d2/sqrt(2)));

C = exp(—-div*tau) * S.x*N1-Kxexp(—rx(tau)) *N2;
P = C + Kxexp(-rxtau) - exp(-divxtau) *S;

else
C = max(S-K, 0);
P = max (K-S, 0);
end

[C, P]= CallPut_Delta (100,
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7. MATLAB code for Examples and

function [C, P] = CallPut_Delta_Frac(S,K,r,...
tau, sigma,div, H)

% tau = time to expiry (T-t)

if nargin < 7

div = 0.0;
end

if tau > 0

dl = (log(S/K) + (r + 0.5xsigma”2)*(tau” (2+H))*...
ones (size(S)))/ (sigma*xsqgrt (tau” (2xH)));

d2 = dl - sigma*sqgrt (tau” (2%H));

N1 = 0.5+ (1l4+erf(dl/sqrt(2)));

N2 = 0.5« (l+erf (d2/sqgrt(2)));

C = exp(-divxtau) * S.xNI1-Kxexp(—-r*(tau)) *N2;
P = C + Kxexp(—-rxtau) - exp(-div=*tau) *S;

else

C = max(S-K,0);

P = max (K-S,0);

end

[C, P]= CallPut_Delta_Frac(l100, 95, 0.1, 0.25,
[C, P]= CallPut_Delta_ Frac(100, 95, 0.1, 0.25,
[C, P]= CallPut_Delta_Frac(l100, 95, 0.1, 0.25,

O O O
o1 01 U1

’

4

’

8. MATLAB code for the solution of explicit method and the plots of Explicit

Method 2D and 3D in Figure d.2)and 4.3] can be found in detailed in [28].

75

0.5
0.7)
0.3



9. MATLAB code for Example 4.2]and Figure

Note that the first part of the MATLAB code is for calculating the solution of
fractional Black Scholes price.

function[N, M, price,B]=BlackScholes_fExplicit (SO, ...
K, r, div, sigma, T, f, alpha, beta, Smin, Smax, ...

ds, dt ,q)

N = round( (Smax—Smin) /dS) ;
M = round(T/dt);

Nv=0:N;

Mv=0:M;

S = Smin + dS*Nv;

t = dtxMv;

Timet = feval(f,S,K); %$ t =T
StockSmin = (feval (alpha, t,T,r,K,Smin,div))’;

% S = Smin

StockSmax = (feval (beta, t,T,r,K,Smax,div))’;
% S = Smax

for j=1:M

g (j)=(gamma (j-q) / (gamma (-q) *rgamma (j+1))) ;
end

mS = S/dS;

a = -0.5%x(dt"qg)*(mS.* (sigma”"2+mS - r));

b = (dt"g)*( sigma”2xmS." 2 + r)-1;

c = —-0.5%x(dt"g)* (mS.*x (sigma”"2*mS + r));
p=Mx* (N-1);

G=zeros (p) ;
G=diag(g(1l) xones(1l,p));

beta=zeros(l,p-1);
J=1;
for i=1:M: (p—-2)
if(3-1)«M < 1 <j*M
beta(i:1+(M-2))=-b(j) *ones (1,M-1);
J=3+1;
end
end
G=Gt+diag (beta,-1);
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alpha=zeros (l,p-M-1);
j=1;
for i=1:M:p-(M+1)
if(3-1)«M < i <jxM
alpha(i:i+(M-2))=-a(j)~ones (1,M-1);
J=3+1;
end
end
G=Gt+diag (alpha, - (M+1));

gammaZ=g (M) xones (1, p—M+1) ;
j=1;
for i=2:M: (p—-M+1)
if(3-1)*M < 1 <j*M
gamma2 (i:i+ (M-2))=-c(]j)xones (1,M-1);
J=3+1;
end
end
G=G+diag (gammaz, M-1);

for k=2:M-1
gam=zeros (1,p-k+1);
j=1;
for i=1:M:p-k+1
if(3-1)«M < 1 <j*M
gam (i:i+ (M-k))=g (k) *xones (1,M-k+1);
J=3+1;
end
end
G=G+diag(gam, k-1) ;
end

K=zeros (p,1);

J=1;

for i=1:M:p-M+1
K(i)=a(j)*Timet () +b (J) *Timet (J+1) +c (J) *Timet (J+2);
J=3+1;

end

3=0;

for i=2:M
K(i)=a(l)*StockSmin (M-7j);
J=3+1;

end
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3=0;

for i=p-M+2:p
K(i)=c(end) *StockSmax (M-7) ;
J=3+1;

end

[L U] =
A =TU \

B=zeros (N+1,1);
B(l)=StockSmin (1) ;
B (end)=StockSmax (1) ;

J=M;

for i=1:N-1
B(i+1l)=A(]);
J=J+M;

end

%linear interpolation
down = floor ((S0-Smin)/dS); up = ceil ((S0-Smin) /dS);

if (down == up)
price = B(down+l);
else
price = B(down+1l)+ (B(up+tl) — B(down+1l))x*...
(SO0-Smin - down=xdS) /dS;
end

Note that, the second part of the MATLAB code is for presenting and plotting
the solutions for different ¢ values. Therefore, except from the beginning part of
the code, it is same for each example.

clear all, close all,

SO0 = 100; K = 95; sigma = 0.5; r = 0.1; T = 0.25;
Smin = 0; Smax = 150; div=0;

ds = 50; dt = 0.0833;

gl=1.25; g2=1.35; g3=1.2; qg4=1.5;

f = @BlackScholes_Payoff;
alpha = @BlackScholes_LeftBoundary;
beta = @BlackScholes_RightBoundary;
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[a,b,cl,dl] = BlackScholes_fExplicit (S0, K, r,...
div, sigma, T, f, alpha, beta, Smin, Smax, ...
ds, dt ,qgql);

fprintf (' Solution: %$f\n for: %$f\n’,cl,gl);
[a,b,c2,d2] = BlackScholes_fExplicit (S0, K, r,...
div, sigma, T,f, alpha, beta, Smin, Smax, ...
das, dt ,g2 );

fprintf (' Solution: %$f\n for: %$f\n’,c2,g2);
[a,b,c3,d3] = BlackScholes_fExplicit (S0, K, r,...
div, sigma, T, f, alpha, beta, Smin, Smax, ...
ds, dt ,g3 );

fprintf (' Solution: %f\n for: %$f\n’,c3,g3);
[a,b,c4,d4] = BlackScholes_fExplicit (S0, K, r,...
div, sigma, T, f, alpha, beta, Smin, Smax, ...
das, dt ,g4);

fprintf (' Solution: %$f\n for: %$f\n’,c4,gd);

fprintf (/N...........: &d\n’, a);
fprintf ('M...........: %d\n’, b);

S = Smin + dSx[0:a];

[call, Cdelta, P, Pdelta] = .

CallPut_Delta(S,K,r,sigma, T,div);

[w,p] = BlackScholes_Explicit (S0, K, r,...
div, sigma, T, f, alpha, beta, Smin,...
Smax, dS, dt);

[m,n] = size(w);
S = linspace (Smin, Smax,m) ;
t = linspace(0,T,n);

plot (S, w(:,1), 'm—-x"), hold on,

plot (S, call),hold on, plot(S,dl,’c-d’),hold on,
plot (S,d2,"r--0o’),hold on, plot(S,d3,’k-."),
hold on, plot(S,d4,’g:’"),hold on
xlabel ('S’ ,’'FontSize’, 12),

ylabel ("V(S,0)’,’FontSize’, 12),

legend ({"Explicit Method (g=1
"Fractional Explicit g=1
"Fractional Explicit g=1.1",...
"Fractional Explicit g=1
"Fractional Explicit g=1
"northwest’)

hold off
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10. MATLAB code for Example [4.3|and Figure

clear all, close all,

S0 = 100; K = 95; sigma = 0.5; r = 0.1; T = 0.25;
Smin = 0; Smax = 150; div=0;

ds = 37.5; dt = 0.0833;

gl=1.25; g2=1.35; g3=1.2; g4=1.5;

11. MATLAB code for Example 4.4 and Figure #.10]

clear all, close all,

S0 = 100; K = 95; sigma = 0.5; r = 0.1; T = 0.25;
Smin = 0; Smax = 150; div=0;

dS = 50; dt = 0.0625;

gl=0.9; g2=0.95; g3=1.05; qg4=1.1;

12. MATLAB code for Example 4.5 and Figure 4.10]

clear all, close all,

S0 = 100; K = 95; sigma = 0.5; r = 0.1; T = 0.25;
Smin = 0; Smax = 150; div=0;

dS = 10; dt = 0.00625;

gl=0.9; g2=0.95; g3=1.05; g4=1.1;

13. MATLAB code for Example [4.6|and Figure #.10]

clear all, close all,

SO0 = 100; K = 95; sigma = 0.5; r = 0.1; T = 0.25;
Smin = 0; Smax = 150; div=0;

ds = 5; dt = 0.0025;

gl=0.9; g2=0.95; g3=1.05; qg4=1.1;
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