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ABSTRACT

EXIT PROBABILITIES OF CONSTRAINED SIMPLE RANDOM WALKS

Unlii, Kamil Demirberk
Ph.D., Department of Financial Mathematics

Supervisor : Assoc. Prof. Dr. Ali Devin Sezer

September 2018, [79] pages

Consider a nearest neighbor stable two dimensional random walk X constrained to
remain on the positive orthant. X is assumed stable, i.e., its average increment points
toward the origin. X represents the lengths of two queues (or two stacks in computer
science applications) working in parallel. The probability p,, that the sum of the com-
ponents of this random walk reaches a high level n before the random walk returns to
the origin is a natural performance measure, representing the probability of a buffer
overflow in a busy cycle. The stability of the walk implies that p,, decays exponen-
tially in n. Let Y be the same constrained random walk as X, but constrained only
on its second component and the jump probabilities on its first component reversed.
The present thesis shows that one can approximate p,, with the probability that com-
ponents of Y ever equal each other, with exponentially decaying relative error, if X
starts from an initial point with nonzero first component. We further construct a class
of Y'-harmonic functions from single and conjugate points on a characteristic surface,
with which the latter probability can be either computed perfectly in some cases, or
approximated with bounded relative error in general. We provide numerical exam-
ples showing the effectiveness of the computed approximations and indicate possible
applications of our results in finance and insurance.

Keywords: Approximation of probabilities of rare events, exit probabilities, con-
strained random walks, queueing systems, shared memory management, large de-
viations, credit risk, modeling of insurance and financial systems
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(0Y/

KISITLI BASIT RASTGELE YURUYUSLERIN CIKIS OLASILIKLARI

Unlii, Kamil Demirberk
Doktora, Finansal Matematik Boliimii

Tez Yoneticisi : Dog. Dr. Ali Devin Sezer

Eyliil 2018 ,[79sayfa

X iki boyutta en yakin komsularina gecerek hareket eden, pozitif koordinat diizle-
mine kisith bir rastgele yiiriiyiis olsun. Bu yiiriiyiisiin dengeli oldugu farz edilsin yani,
artiglarinin ortalamasi orijin ((0,0) noktasi) yoniinde olsun. X, iki paralel kuyruk
sistemindeki kuyruk uzunluklarini veya bilgisayar biliminde iki y1ginin uzunlugunu
temsil etmektedir. p,,, rastgele yiiriiyiisiin her iki bileseninin toplaminin orijine geri
donmeden n gibi biiyiik bir degere ulagmasi olasiligini gostersin. p,, olasilig1 bu sis-
temler icin dogal bir performans dl¢iisiidiir ve yogun bir dongiide tagsma olasiligin
ifade etmektedir. Rastgele yiiriiyiisiin dengeli olmasindan dolay1 p,, olasilig1, n art-
tikca iistel hizla sifira yakinsar. Y, X ile aym1 6zelliklere sahip fakat sadece ikinci bi-
leseni kisitli ve birinci bilegeninin artis olasiliklart yer de8istirmis iki boyutlu rastgele
yiiriiylis olsun. Bu tez, X in baglangi¢ noktasinin birinci bileseni 0 dan farkl se¢il-
diginde, p,, olasiliginin, Y rastgele yiiriiyiisiiniin p,,’e karsilik gelen bir olasilifiyla
yaklagik olarak hesaplanabildigini ve bu yaklasik hesapta goreli hatanin iistel hizla
sifira yakinsadigini gostermektedir. Ayrica bu tezde bir karakteristik yiizey izerin-
deki tek ve eslenik noktalardan yola ¢ikarak Y -harmonik fonksiyonlar1 olusturulmus
ve bu fonksiyonlar kullanilarak Y ’nin p,,’e karsilik gelen olasiligi, baz1 durumlarda
miitkemmel sekilde ve genel olarak iistten sinirli goreceli hata ile yaklasik olarak he-
saplanmigtir. Yapilan hesaplamalarin etkinligini gosteren sayisal ornekler verilmis ve
bu hesaplamalarin finans ve sigortacilik sektorlerindeki olasi uygulamalarindan bah-
sedilmistir.

Anahtar Kelimeler: Nadir olaylarin olasiliklarinin yaklagik hesabi, cikis olasiliklari,

X



kisitl rastgele yiiriiylis, kuyruk sistemleri, paylasimli bellek yonetimi, biiyiik sapma-
lar, kredi riski, sigorta ve finansal sistemlerin modellenmesi
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CHAPTER 1

INTRODUCTION

A random walk is said to be constrained if its dynamics force it to remain in a given
set. Constrained random walks can be used to model a great variety of systems from
queueing systems, proccesses using a computer’s memory, computer networks to net-
works of companies. The simplest constrained random walk arises from the modeling

of a single queue depicted in Figure [[L1l

A—» Queue @L»

Figure 1.1: The M/M/1 queue

This is a system modeling the arrival of customers to a system to receive service; the
arrival is Poisson with rate ), the service rate is exponential with rate x. There is no
loss of generality in assuming that the rates add to 1; if not, one can renormalize them
without changing any of the quantities that we will be working with, for this reason
we will always assume that the rates add to 1. If we observe this system at arrivals
and service completions we can model it using a constrained random walk S on the
positive integers (see Figure [L.2). A jump to the right (occurring with probability
M) represents a customer arrival and a jump to the left (occurring with probability 1)
represents a service completion; the walk represents the number customers at jump
k. The constraining boundary for S is 0. When S hits 0 it cannot jump to the left
anymore, i.e., when the system is empty no service can happen. In this discussion we
have used the random walk .S as a model of a queue; it can also be used to model the

reserves or the equity of a single company, for example, as in [67, Chapter 5]. In that



interpretation, hitting O corresponds to the default of the company.

1 A
—_
o ® ® ® ® o
0 1 2 n—2 n—1n

Figure 1.2: The simple random walk

A stability condition associated with S is the following: A < p, i.e., the system
serves on average faster than the arrival rate. Stability is a desirable property, most
systems are designed to be stable so that they can perform predictably and reliably.
Throughout this thesis we will work with stable processes under assumptions similar

to this.

S is mathematically very simple because it is single dimensional. Multidimensional
models constrained random walks arise as models of systems with multiple compo-
nents. The simplest of these are corresponds to two tandem queues (Figure [L3)) and

two parallel queues (Figure [L4]).

. S Queue @L» Queue ”2—>

Figure 1.3: Two tandem network

In the two tandem queues there are two servers. Customer (or jobs / packages / claims
depending on the application) arrive to the first server according to a Poisson process
with rate A then receive service at server 1 and wait for service in the second queue to
receive service at server 2. The service times are exponentially distributed with rates

w1 and ps, respectively.

)\2 H2
———> Queue Server )| ———>

Figure 1.4: Two parallel queues

In two parallel queues, customers arrive at queues 1 and 2 with rates A\; and A\, then

2



they are serviced at Server 1 and Server 2 with the rates ;; and ps.

The state of these systems at the k" jump of the system are represented by a two
dimensional constrained random walk X on the positive orthant Zi; the first [second]

component represents the number of jobs in the first [second] queue. The
O ={reZ:z(1)=0,2(2) >0},0, ={x € Z* : 2(2) = 0,z(1) > 0}

serve as the constraining boundaries; the meaning of the constraints is the same as
in the case of a single queue: when a queue is empty no service can happen in that
queue. The dynamics of the tandem walk is given in Figure the dynamics of the
parallel walk is given in Figure The constrained random walk corresponding to
the two parallel queues is also called a simple constrained random walk. In this thesis

we will focus on this random walk.

Figure 1.5: Two dimensional constrained random walk

The stability assumption for the tandem walk is A < puq, uo; the stability assumption

for the simple random walk is \; < p;,7 =1, 2.
Define the stopping times
T, = 1inf{k > 0: Xi(1) + Xi(2) = n},

3



i.e., the first time the sum of the components of the walk X equals n. A natural

performance measure associated with the walk X is the following probability:
pn(T) = Pp(7 < 10).
This probability can be represented geometrically as follows. Define the region
A, ={reZi z(1)+z(2) <n}, (1.1)

and its boundary
A, ={z €Zi : x(1) + z(2) =n}. (1.2)

pn is then the probability that X hits 0 before hitting the diagonal line 0A,,.

Figure 1.6: Dynamics of X, 0A,, and A,

Its stability implies that X moves, on average, towards the origin. This means that
these systems work in cycles restarting each time X hits 0. The probability p,, has the
following practical interpretation: suppose that the customers (or packets / jobs etc.)
arriving at the system is stored in a joint buffer of size n. p, is the probability that a

cycle starting from point x ends with a buffer overflow, i.e., system failure.

In single dimension (i.e., for the constrained random walk S of Figure [[.2)) the com-
putation of p,, is trivial, one can find explicit formulas to it by solving the single
dimensional recursive equation that it satisfies. As soon as one goes to two dimen-

sions, the problem turns out to be difficult and its solution has received considerable

4



attention over the last three decades. Even the effective computation of p,, via simu-
lation proved difficult [33]. Asymptotically optimal importance sampling algorithms
for it were constructed in [23]]; more details about this study can be found in Chapter
[ see also [25]] for further references on importance sampling for this probability.
Recently [64] developed approximation formulas for p,, and proved that the relative
error of these formulas converge to 0 exponentially for the two tandem walk. The goal
of this thesis to extend these formulas to the simple random walk and prove that the

relative error for these formulas also go to 0 for the simple random walk.

Although the main approach of the present work is parallel to that of [64} [65]], many
new challenges appear in the treatment of the two parallel queues and new ideas and
techniques are required to meet these challenges; there are also differences in the
assumptions made and the results obtained. We make a detailed comparison of these

two cases in Section [6.1] of the Conclusion (Chapter [6).

In the rest of this introduction we explain the approach of this thesis to the approxi-
mation of the probability p,, and lay out our main results. This is done in Section[L.2]
The further notation needed for this is given in the next section. The plan for the rest

of the thesis is given in Section[L3l

1.1 Definitions

Let us begin with a formal definition of the simple random walk. For this we need the

constraining map 7: X € 0; when ith queue is empty. Since server can only serves

v, ifzt+eeZz,
m(x,v) =
0, otherwise,

7 constraints the random walk X on positive quadrant, Z2 . Let I, be an independent
and identically distributed (iid) sequence taking values in {(1,0), (—1,0), (0, 1), (0, —1)}.

X, the constrained random walk, can be written as

Xo=z€Z%, X1 =Xp+m(Xp, Ix), k=1,2,3,...



Figure 1.7: The increments of X and the reflecting boundaries

The utilization rates of the nodes are:

Ai
Pi = _aZ:172'
M

We assume that X is stable, i.e.,
p1 <1 and py, < 1.

The system utilization rate:
A1+ Ay
r =
M+ e

plays a central role in our analysis. Without loss of generality we can assume

p2 <1 < pr (1.3)

If this doesn’t hold, we can rename the nodes so that this holds.

We will make two further technical assumptions:
2

,
p1 # P2, s <1 (1.4)
2

The first of these is needed in the construction of the Y -harmonic functions in Section
2.1] see (2.6). The second is useful both in the computation of P, (7 < oo) (see the
proof of Proposition2.21)) and in the limit analysis (see the proof of Proposition2.§]).

We further comment on these assumptions in the Conclusion (Section [6.2)).

6



Define the linear transformation

-1 0
0 1

and the affine transformation

T, =ne +Z,

where (€1, e5) is the standard basis for R2. Furthermore, define the constraining map

y, fe+yeZx7Z,,
1 (l’, y) -
0, otherwise.

Define Y to be a constrained random walk on Z X Z, with increments

Jp =TI, (1.5)
Vi1 =Y +m (Y, Ji).

Y has the same increments as X, but the probabilities of the increments e; and —e;

are reversed.

Define
BCZxZ,,

B={y:y(1) =y},
and the hitting time
T =inf{k:Y, € B}.

A function h on Z x Z, is said to be Y -harmonic if

Ey[h(Y1)] = h(y),y € Z X Z;.

1.2 Summary of our analysis

[64, Proposition 3.1] asserts, in a more general framework than the model given
above, that for any y € Z2, y(1) > y(2), Pr,)(mn < T0) — P,(T < 00). The

approximation idea connecting these two probabilities is shown in Figure [L8 by

7



applying 7,,, we move the origin of the coordinate system to (n,0) and take limits,
which leads to the limit problem of computing P, (7 < co) where the limit Y process

is the same process as X (observed from the point (7, 0)) but not constrained on 0.

T, n — 00

e 24 B %F) oB
s e A N )32, .
H A1 A1 M1 Al yo
R N e pe

I I I
0 0 ne 0 D) ne O
X > i Yy Y

Figure 1.8: Transformations and the limit problem

A more interesting convergence analysis is when the initial point is given in x coor-
dinates. A convergence analysis from this point of view has only been performed so
far for the two tandem queues in [64} [65]. The goal of the present work is to extend

this analysis to two parallel queues. Our main result is the following theorem:

Theorem 1.1. For any x € R%, z(1) + 2(2) < 1, (1) > 0, there exists C; > 0 and
N > 0 such that

|P$n(7—n < 7—0) - PTn($n)(T < OO)|

—C7n
<e
Pxn(Tn < T()) ’

forn > N, where z,, = |xn|.

Thus, as n increases Pr,(,,)(7 < o0o) approximates P, (7, < 79) very well (with
exponentially decaying relative error in ) if (1) > 0. In the tandem case there is a
simple explicit formula for P,(7 < oo). In the parallel walk case a simple explicit

formula exists under the additional condition

pP1p2 = e (1.6)
The formula for P, (7 < oo) under this condition is

1 —
P,(r < 00) = PyD-y(2) % (pzll(l) _ Ty(l)—y(Q)pll/(Q)> . (1.7)

8



1.3 Plan of the thesis

Chapter[2ldevoted to the approximation of p,,. The formula (L7) is derived in Propo-
sition 2.2T] and is based on the class of Y'-harmonic functions constructed in Section
2.1 from single and conjugate points on a characteristic surface associated with Y.
A generalization of (L7)) can be used to find upper and lowerbounds for P, (7 < o0)
when (LL6) doesn’t hold, see Propositions and Subsection 2.6.T] illustrates
how one can use these results to construct finer approximations of P, (7 < oco) with
diminishing relative error using superposition of Y -harmonic functions defined by

single and conjugate points on the characteristic surface.

Define the stopping times
or = inf{k : Xy € 01}, oy =1inf{k:T,(Yy) € 01 }. (1.8)
If we set the initial position of Y to Yy = T,,(Xj), we have
{T <1} N{m <o1 A1} ={7 < oo} N{r <71 < c0}.

The main argument in the proof of Theorem is this: most of the probability
of the events {7, < 7o} and {7 < oo} come from the events {7, < o1 A 7} and
{T < 01 < oo} respectively, if the initial position X, of X is away from 0;. The full

implementation of this argument will require the following steps:

1. Construction of Y-harmonic functions, Y — z harmonic functions and bounds
on E,[271¢,.o0y] for z > 1 (Sections 2.1and [2.2); (this step is mathematically

one of the most novel aspects of the thesis, see the comparison in Section [6.1)),
2. Large deviations (LD) analysis of P,, (7, < 7o) (Section [2.3)),
3. LD analysis of P,, (07 < 7, < 1) (Section 2.4),

4. LD analysis of P, (07 < 7 < 00) (Subsection [2.4.1)).

These steps are put together in Section2.3l Section 2.6 treats the problem of comput-

ing P,(7 < oo) from the Y-harmonic functions of Section 2.1

9



In computer science the constrained simple random walks are used to model multiple
stacks running on a joint memory; the time 7, represents a memory overflow. A
quantity that is tightly connected to p,, that has been studied in the computer science

context is the following expectation:

E,[max(X,, (1), X,,(2))] (1.9)

This is the expectation of the size of the largest stack when a memory overflow oc-
curs. The analysis of this expectation has received wide attention since [41]] where
the problem is introduced. In Chapter 31 we point out how the methods and approx-
imations methods we develop for p,, can be used to analyze this expectation and we
provide a numerical example that the approach does give accurate approximations for
arange of initial points x. A rigorous analysis of this approximation, including proofs
of convergence, remains for future work. Chapter [3] gives a literature review of some

of the works treating the expectation above.

In insurance and finance applications constraints can represent dividend payments
or short selling restrictions; hitting boundaries can represent default or total reserves
hitting a threshold. Chapter[d] gives two examples from insurance and finance demon-

strating these applications.

Chapter [l is devoted to the literature on analysis of p,. Firstly we summarize [23]
(331136, 160], which are works on importance sampling and large deviations analysis of
constrained random walks with iid increments arising from queueing networks. We
further review [64] [65] whose transformation and approximation techniques we apply
in this thesis to the calculation of p,, for the simple random walk. Lastly we consider
the works [28]] and [68]], which study the expecation (I.9) under various assumptions

on the jump distribution of the underlying walk.

Finally, Chapter[@], the Conclusion of our thesis, compares the analyses of the tandem

and paralel constrained random walks and discusses directions for future research.

10



CHAPTER 2

APPROXIMATION OF THE EXIT PROBABILITIES

2.1 Harmonic functions of YV

Following [64]], introduce the interior characteristic polynomial of Y:

p(ﬁaa) = )\1% + ,ulﬁ + )\2% + Mgg

and characteristic polynomial of Y on 0s:

«

pi(B,a) = All + B+ )\25

3 + pla-

As in [64], we will construct Y'-harmonic functions from solutions of p = 1; the set

of all solutions of this equation defines the characteristic surface

H={(B.a) €C*:p(B,a) = 1},

define, similarly, the characteristic surface for 0s:

Hi={(8,a) € C*: pi(B,0) = 1},

Multiplying both sides of p = 1 by « transforms it to the quadratic equation

1 o?
(1()\1——1‘#15—1) + Xo— + p28 =0, (2.1
B B
Define ,
1
a(f,a) = —5—; (2.2)
[0

if for a fixed 3, a; and « are distinct roots of (2.1)), they will satisfy
Qg = a(ﬁ, Oél),

11



by simple algebra; we will call the points (5, ;) € H and (3, ay) € H arising from
such roots conjugate. Following [64] we refer to the function « as the conjugator. An
example of two conjugate points for the real section of the characteristic surface ‘H
for \y = 0.15, Ay = 0.2, p; = 0.25, pus = 0.4; the end points of the dashed line are
an example of a pair of conjugate points (3, o) and (3, az). Each such pair defines

a Y'-harmonic function, see Proposition[2.3] are shown in Figure 2.11

12 i
1 - -
ol
08 .
0.6 .
o—————— —o
0.4 : : :
0.5 1 1.5 2

Figure 2.1: The real section of the characteristic surface ‘H

For any point (3, a) € H define the following C-valued function on Z?*:

2 [(B,0a), 2],z € 72,

[(B,«),z] = BF=2(2) 2(2)

Lemma 2.1. [(5, @), | is Y-harmonic on 7. X 7, — O when (3, &) € H. In addition
(B, ), T,(2)), x € Z%, is X-harmonic on 73 — & U 0,.

12



Proof. As in [64], the first claim follows from the definitions involved:

Ez[(ﬁ, O[)’ Zl] _ Mlﬁz(l)—z(Q}—l—laz(Q) + )\2/8z(1)—z(2)—1az(2)+1
+ Alﬁz(l)—z(Z)—laz(Q) + uQ/Bz(l)—z(Z)—i-laz(Q)—l

1 Q
= =@ ()\1— + B+ A + Mzé)
s B a

= ﬁnimamp(ﬁva) = [(ﬁvO‘)vz]'

and the second claim follows from the first and the fact that J,, = Z1, (see (1.3)). O

Define

cp.0)= (1-2) Gy e a0

«v

Proceeding parallel to [64], one can define the following class of Y -harmonic func-

tions from the functions [(3, «), -|:

Proposition 2.2. Suppose (3, ) € H N Hy. Then [(5,«), | is Y -harmonic.

Proof. Lemmal2.1lsays that for (5, ) € H, [(3, «), ] is Y-harmonic on Z X Z — 0».
An argument parallel to the proof of Lemma 2.1l given as:
Ez[(ﬁ, ()é)’ Zl] _ Mlﬁz(l)fz(2)+1az(2) + A2B2(1)72(2)71&Z(2)+1
+ )\lﬁz(l)fz@)flaz@) + MQﬁz(l)fz(Z)az@)

B
= 6Z1_Z2&Z2p1(67 a) - [(67 a)? Z]

1 o}
= gF =727 <)\1B + 1B+ A + ,MQ)

[(B, @), -] is Y-harmonic on 0 when (3, «) € H;. These two facts imply the state-

ment of the proposition. (|
The next proposition gives us another class of Y -harmonic functions constructed from
conjugate points on H, it is a special case of [64], Proposition 4.9]:
Proposition 2.3. Suppose (3, 1) # (5, az), are conjugate points on ‘H. Then

hﬁ = 0(67 042)[(6, al)v ] - C(ﬁv al)[(ﬁa al)v ]

13



is Y-harmonic.

For sake of completeness and easy reference, let us reproduce the argument given in

the proof of [64] Proposition 4.9]:

Proof. That hg is Y-harmonic on Z x Z, — 0 follows from Lemma[2.1l For y € 0,

a direct computation gives:

Ey[[(ﬁ, ai)v Y+ 7T1(y, Jl)]] - [(67 ai)a y]
= iy BV L\ YL L\, gDy gy, pYD) — gy

1 «
/~L15+>\1§ +)\2B + p2 — 1)

1 «
/~L15+)\1—+)\2—+M2§—M2é+ﬂ2—1
15} 15} Q Q@

It follows that

E,hs(y + mi(y, J)] = hs(y) = C(8,a1)C (B, ax) (8" — V) = 0,

i.e., hg is Y-harmonic on 0, as well. ]

The intersection of H and #; consists of the points (0, 0), (1, 1) and (p, p1). The last

of these gives us our first nontrivial loglinear Y -harmonic function:

Lemma 24. [(p1, p1), -] is Y-harmonic.
The proof follows from Proposition [2.2] and the fact that (p;, p1) € H N H;. Fixing
$ € C and solving (2.1I) gives us the two conjugate points corresponding to 3. It is

also natural to start the computation from a fixed « and find its 5 and its conjugate.

For this, one rewrites p = 1, now as a polynomial in [3:
H2\ 52 _
/~L1+E B =B+ A+ Xa=0. (2.3)

14



For « fixed, the roots of (2.3)) are

1= /Aa)

= 2.4
2(’;—2+M1)7 4

where
Ala) =14 (% ) (1 + As0),
and for z € C, y/z is the square root of z satisfying R(y/z) > 0.

The function y — P,(7 < 00) takes the value 1 on 0B; therefore, of special signifi-
cance to us is the solution of (2.3)) with & = 1. The roots [2.4) for v = 1 are

1R 2212 20+ N)
Al = 2(pu1 + pi2) T 2w+

1=/ 420 - 1) 2(1— A = N)

A1) = 2(pu1 + ) B 2(p1 + p2) -

That r < p; < 1 implies C(r,1) = (1 — r) # 0. The assumption p; # p, implies

r P2 P2
1) =1- —1-2=1-229
C(r,a(r,1)) 1) T'r’Q . 0

Therefore, by Proposition[2.3] the root 3; = r above defines the Y -harmonic function

hr = C(Tv a(ra 1))[(T7 1)7 ] - C(Tv 1)[(’/‘, Oé(?“, 1))7 ]
= (1 - pQ/T)[(Tv 1)7 ] - (1 - T)[(Tv TQ/pQ)v ]

For this function to be useful in our analysis, we need 7?/p, < 1 (see Proposition

2.20), therefore, we assume:

7‘2

— <1 (2.5)
P2
The scalar multiple of A, is frequently used in the calculations, therefore, we will
denote it in bold thus:
1 1—r

hr:mhrz [(7%1)7']—1_7/)2/7,

[(r 7%/ p2), ; (2.6)
the assumption p; # p, ensures that the denominator 1 — py /r is nonzero.

15



2.2 Laplace transform of 7

To bound approximation errors we will have to argue that we can truncate time with-
out losing much probability. For this, it will be useful to know that there exists z > 1
such that

Ey [z L{r<oo}] < 00. (2.7)

In [64] 25]], bounds similar to this are obtained using large deviations arguments,
which are based on the ergodicity of the underlying chain. In [59], again a similar
bound is obtained invoking the geometric ergodicity of the underlying process. The
process underlying (2.7) is not stationary. For this reason, these arguments do not
immediately generalize to the analysis of (2.7). To prove the existence of z > 1 such
that (2.7) holds, we will extend the characteristic surface an additional dimension
to include a new parameter; points on the generalized surface will correspond to dis-
counted (in our case we are in fact interested in inflated costs) expected cost functions

of the process Y, i.e., points on this surface will give us functions of the form

E, [279(T)L{r<oo}] -

We will use these functions to find our desired z.

2.2.1 1/z-level characteristic surfaces and Y -z-harmonic functions

The development in this subsection is parallel to Section 2.1l with an additional vari-

able z € C. A function hon Z x Z. is said to be Y — z-harmonic if
ZEy[h(V1)] = h(y),y € Z X L.

Let as before p denote the characteristic polynomial of Y'; the set of all solutions of

the equation zp = 1 defines the 1/z-level characteristic surface

H = {(B,a) € C*: 2p(B. ) = 1}.
Similarly, define
Hi={(B,0) € C*:2py(B,0) = 1},
the 1/z-level characteristic surface on 0. These surfaces reduce to the ordinary char-

acteristic surfaces when z = 1.

16



Multiplying both sides of zp = 1 by < transforms it to the quadratic (in o) equation

Oé()qﬁJerﬂ—l)JrOé %Jflhﬁ—o

whose discriminant is

A = )\1 1y’ 4\
z(ﬁ)_<lg+ﬂlﬁ_;> — 4Aglo.

Let ¢ be the conjugator defined in 2.2). If (5, 1) € H. and « # 0 then (3, g, 2) €
H, for ay = a8, q); if AL(B) # 0 (5, 1) and (S, ap) will be distinct points on .,

and we will call them conjugate.

Lemma 2.5. [(§,«),] is Y — z harmonic on Z X 7, — 0y when (3,a) € H,. In
addition x — [(8,a), T,(z)], © € Z3, is X — z-harmonic on Z7. — 0, U 5.

Proof. The proof is parallel to that of Lemma 2.1

2B, (8, @), Y1] = 2puy YO ¥@Hqv@) 4 5y, go(D=v(D=1 (D)
+ A BV @) oy, gy H u(2)+1

1
= gy () (z,ulﬁ + z)\g% + ZMB + zmﬁa)

— By(l)’y(z)ay@)zp(ﬁ,a) = [(8,a),y].

Define

Cz(ﬁ,a)iz<1—£) J(B,a) € C* a #0.

o

Parallel to Section 2.1} the above definitions give us the following class of Y — 2-

harmonic functions.

Proposition 2.6. Suppose (3, «) € H* NHF. Then [(5,«), ] is Y — z-harmonic.

Proof. Lemma [2.3] says that for (5, «) € H?, [(8,«),-] is Y — z-harmonic on Z X

17



Z?, — 0. An argument parallel to the proof of Lemma[R.3] given as:

B, (8, ), Yi] = 2 YOV QUE) 23 g v v
42\ ﬁy(l v@-1v(@ Zhy ﬁy (D)-y(2) ,,y(2)
= py)—v@)+1 u(2) (zulﬁ + z)\gg + z% + z,uQ)
= R p, (5, a) = [(8,a),y).

Proposition 2.7. Suppose (3, a1) # (8, az), are conjugate points on H?. Then

hzﬂ = Cz(ﬁv a2)[<67 a1>7 ] — CZ(/Bu O‘1>K67 042), ] (2.8)

is Y — z-harmonic.

Proof. That h, 3is Y — z-harmonic on Z x Z, — 0, follows from Lemma[2.3] For

y € Oy a direct computation gives:

ZEy[[(Bv ai)a ) + ™ (y7 Jl)]] - [(67 ai)a y]
= 2y BV 42X BV Lo YD gy 4 2, BV — 20

1
= 5y (Zﬂlﬁ +2A—

(@)
3 + 2Ao— + Zlo — 1)

+ 2Ao— + ZNQE — ZﬂQE + zpp — 1
6] « «

B

( a
B

v(D) (1 — zug— + zpo — 1)

o ()

=zC(B, ai)ﬁy(l).

1
2B+ 21—

It follows that

E,lh. 5y + m(y, J)] = hsly) = 2C(8,01)C (B, ag) (8" — V) = 0
i.e., h, g is Y-harmonic on 0, as well. ]

18



2.2.2 Existence of the Laplace transform of

We next use the Y — z harmonic functions constructed in Propositions 2.6l and 2.7]to

get our existence result.
Proposition 2.8. There exist zo > 1 and C such that
Ey (25 1r<oe}] < Ch, (2.9)

forally € Z x Z,,y(1) > y(2).

Proof. Let us first prove the following: if we can find, for some 2, > 1 and C; > 0,
a Y-2zo harmonic function h satisfying h(y) > 1 on 0B and C; > h > 0 on B we are
done. The reason is as follows: that h is Y — zy-harmonic and the optional sampling

theorem imply that i (Y, 1,,) 2" is @ martingale. It follows that
h(y) =By [h(Yrnn)2"™"),
for y € B. Decompose the last expectation to {7 < n} and {7 > n}:
h(y) = Ey[h(Yr) 251 r<m] + By [A(Ya) 25 1 rom -
That h > 0 on B implies

h(y) = By[h(Yrrn) 25 Lir<ny]-

Now limy, o0 A(Y7) 2 1r<ny = M(Y7)21{r<oc}- This and Fatou’s lemma imply

h(y) > Ey [h(yr)zgl{7<oo}]

Finally, h > 1 on 0B and h < C give 2.9). To get our desired h we start from the
points (7, 1) and (p1, p1) on H. The first point gives us the root (1, r) of the equation

zp(3,1) = 1.
That

dzp(B, @)

| A ! + A ! + ! |
r = Z — —_— J— o— J— r
98 (1,m,1) 1 H1 2 Ha ) 1)

5 5
1 1
=AMt — A+
T T
1 1
= _ﬁw + X\o) + ;(Al + A\2)

£ 0.

r—1

= (A1 + A2)

r2
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and the implicit function theorem gives us a differentiable function 3; on an open

interval I; around z = 1 that satisfies

Zp(ﬁ1<2), 1) - 172 € [1,ﬁ1<1) =r

The conjugate of (B;,1) on H? is (31, a(B1,1)) (Whenever possible, we will omit
the z variable and simply write (3;; similarly, we will write o for a(3,1)). These

points give us the Y — z-harmonic function

2051, )[(51, ),] (51, )[(Blaa)a']

:( _%) B 1), - (1- BB ), ]
1- 8

( ) ] 1_p2/61[(ﬁ17a)7']'

That a(B31(1),1) = 0 < 7?/py < 1 (Assumption2Z.3)implies that 0 < a(B1(2),1) <
1 if we choose z > 1 close enough to 1. h, will almost serve as our h, except that it
does take negative values on a small section of B. To get a positive function we will
add to h, a constant multiple of the Y — z-harmonic function defined by the point on
H?* N Hj that is the continuation of (py, p1) on H. This point is (B2(2), B2(z)) where
B2(2) is the root of the the equation

A 1
1+,u15+)\2+,u2 = -
I5; z

satisfying 32(1) = p;. The implicit function theorem (or direct calculation) shows
that 3, is smooth in an open interval I, containing 1. Now (82, 32) € H* N H; and
Proposition 2.6limply that [(32, 32), ] > 0isa Y — z harmonic function. Now define

h' = h, + Co[(B2, B2), |

By its definition &’ is Y — z harmonic. We would like to choose Cj large enough so
that 2’ is bounded below by 1 on 0B and is nonnegative on B. By our assumption
(@3, B1(1) = r < Ba(1) = py; therefore, for z > 1 close enough to 1, we will still
have 31(z) < B2(z); let us assume that /; and /5 are tight enough that this holds. By
definition,

_ 1 -0 1)— 2
() = gV -v@ (1_ o2 )+C y(1)-y(2) gu(2)
) ' 1— pz/ﬁl P2 Pz
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B2 > 31 implies that /' takes its most negative value for y(1) = y(2), i.e., on 9B and
if we can choose Cy > 0 so that A is nonnegative on 0B, it will be so on all of B. On

0B, h/ reduces to
1 -5
1 —pa2/Bn

would imply ' > 1 on dB; a, 31,32 € (0,1)

1— —FL @ 4 BY@.

If a < 35, then setting Cy = 17;2/&
imply
h <14 Co;

then, A’ can serve as our desired Y — z harmonic function ~ with C;, = 1 + (.

Now let us consider the case o > 35 :ordinary calculus implies that if we choose C)

large enough we can make the minimum m, < 0 over y(2) > 0 of

1-05 2)
__ =Pl @ 4 o, 8Y :
1—pa/B 0P
arbitrarily close to 0; then choosing h = %h’ gives us a Y — z harmonic function
that satisfies h > 1 on 9B, h > Oon B and h < C; on B where C; = 1+m (1+
Co). 0

We now use (2.9) to derive an upper bound on the probability that 7 is finite but takes

a too long time:

Proposition 2.9. For any 6 > 0, there exists Cy > 0 such that
P,(nCy <7 < 00) < e, (2.10)

foranyy € Zx Z, y(1) > y(2) and n > 1.

Proof. Let zy > 1 and C be as in (2.9). For any A > 0, Chebyshev’s inequality gives

P,(nCy < 7 < 00) = P,(25* < 2] < 0)

< E,[2) < 00]zy "

S efn(CQ log(z0)—log(C1)/n) .

Choosing Cy = (5 - Loal Cl)) /log(z0) gives @.I0). O
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2.3 LD limit for P, (7, < )

Define
V() = log pr(2(1) — 1) Alog(r) (2(1) + 2(2) — 1) A log pa(a(2) — 1).
Assumption (L3)) implies
—log(p2)(1 —x(2)) > —log(r)(1 — (z(1) + x(2))),
and therefore

V(z) =log(r)(z(1) + x(2) — 1) Alog p1(x(1) — 1). (2.11)

The level curves of V' for for A\; = 0.2, Ay = 0.1, uy = 0.3, o = 0.4 are shown in
Figure 2.2

Figure 2.2: Level curves of Vfor A\ = 0.2, \y = 0.1, 1 = 0.3, o = 0.4

The goal of this section is to prove:
Theorem 2.10. V is the LD limit of P,(7, < 1), i.e.,

1
lim ——log P,z | (1, < 79) = V(). (2.12)
n
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forxz(1)+x(2) <1,z € R

Proof. Propositions2.14] and 2.16] state

1
liminf ——log P,z (7, < 70) > V(7). (2.13)
n
and
1
lim sup —— log Pe| (7 < 70) < V(). (2.14)
n
These imply 2.12). O

Next two subsections prove (2.13) and (2.14)). To prove the first, we will proceed
parallel to [25] 160l [64] and construct a sequence of supermartingales M™ starting
from a subsolution of a limit Hamilton Jacobi Bellman (HJB) equation associated
with the problem. To prove the bound (Z.14) we will directly construct a sequence of

subharmonic functions of the process X.

2.3.1 LD lowerbound for P, (7, < 1)

For a C {0, 1,2} define the Hamiltonian function

H,(q) = —log | Y p(w)e @+ 3" p)e @+ >~ p(v)

veac veEV,W(i)>0,i€a veEV,(i)<0,i€a

We will denote Hy by H. H, is convex in q. For z € Ri, define

b(x) ={i:z(i) =0}.

Following [23] one can represent V" as the value function of a continuous time deter-

ministic control problem; the HIB equation associated with this control problem is

Hyp)(DV (x)) = 0; (2.15)
a function W € C' is said to be a classical subsolution of (Z.13) if

Hy)(DV (x)) > 0; (2.16)
supersolutions are defined by replacing > in (2.16]) with < .
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To prove 2.13) will proceed parallel to [64, Section 7]: find an upperbound on
P.(1, < 79) by constructing a supermartingale associated with the process X. To

construct our supermartingale we will proceed parallel to [25][60] and use a subsolu-

tion of (2.13)), i.e., a solution of (Z.16)).

Define

ro = (0,0), r1 =log(p1)(1,0), ry =log(r)(0,1), r3 =Ilog(r)(1,1) (2.17)

and
Vo(z,€) = —log(pr) — 3¢, Vi(w,€) = —log(p1) + (r1,z) — 2,
Va(w, €) = —log(r) + (ra, ) — ¢,
Vs(w,€) = —log(r) + (rs, ),
and ;
V(z,e) = \Vi(z,e). (2.18)
i=0

A direct calculation gives
Lemma 2.11. The gradients defined in 2.17) satisfy

H(rg) = Hy(ro) = Ha(ro) =0, H(r1) = Ha(ry) =0,
H(ry) > 0,Hi(ry) >0,  H(rs) =0.

Proof.
H(ro) = —log (A€ + Aae” + p1e’ + poe”) = —log(1) = 0.
Hi(ro) = —log (A€ 4+ Xae” + p1e” + pia) = —log(1) = 0.
Hy(rg) = —log ()\160 + Aoe® + g + ,U2€0) =—log(1l) =0
H(r) = —log ()\ e loglp) 4 A\, el + u1€10g(p1) + /~L2€0)

1
== log()‘lp_ + Ao+ pap1 + po)
1

= —log(p1 + A + A\ + p2) = —log(1) = 0.
H(ry) = —log ()\160 + doe "+ e’ + /i2€r)
= —log(A1 + p1 — (A2 — p2)) > 0.
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Hy(ry) = —log ()\160 + Xoe "+ ppel + ug)
= —log(A1 + p1 + po + %) = —log(1l — Xo(1 — %)) > 0.
Hy(r1) = —log (Ale_log(pl) + Aoe? + ,ulelog(pl) + uz)
= - log(Alé + Ao+ pap1 + o)
= —log(p1 + A2 + A + p2) = —log(1) = 0.
H(rs) = —log (Ae™ 08(r) 4 \pe 10800 |y (o) | ,uzelog(r))
= 108;()\1% + )\2% + a7 + pior)

— —log((\ + Az)% + (11 + p2)r) = —log(1) = 0.

The 0-level curve of the Hamiltonians is shown in Figure 2.3l and the gradients r; is

shown in Figure

or ] o i
05 .
&
-] c
1+ -
_1'5 | | |

02 04

O -

-1 0.8 -06 -04 -02
q1

Figure 2.3: The 0-level curves of H and H; (dashed line)
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Define

: 1 : log(p1)
3 log(r)’ 4 0g(p1)Cs log(r) ( )
log(r) < log(p;) < 0 implies
1>C,>0. (2.20)
By equating V5 (x, €) and Vi(z, €)
—log(r) + log(r)zs — € = — log(r) + log(r)z1 + log(r)»,
we find the first component of the intersection point as ; = ———¢, then we equate

log(r)

Vi(z, €) and Vs(z, €)

—log(p1) +log(p1)C3 — 2e = —log(r) + log(r)Cs + log(r)z2,

to find the last component of the intersection point x5 = 1— lffg((pr 1)) +Cs (1 + lfogg((’; 1))> €.

Thus, the functions V;, i = 1,2, 3 meet at
i <03€, 1-— C4 + 03(1 + 04)6) 3 (221)

1.e.,

Vi(z*) = —log(p1) + (r1,x") — 2¢

= —log(p1) + log(p1) (—logl(,,,)€) — 2

E— log(pl) — (2 + 04)6.
IN/Q(:E*) = —log(r) + (re,x*) — €

o) e (1 )L (1 )

:—mm+mm—mmw@§¢W%qgﬂMMk%
= —log(p1) —e— lﬁ)g;(/f)) -

E—— log(pl) — (2 + 04)6.
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Va(z®) = —log(r) + (ra, 2%)

=~ log(r) —log(r) -5
+ log(r) (1 _ log(p1) 17») (1 N log(pl)) 6)

log(r) B log( log(r)

= —log(r) + e + log(r) — log(p1) — e + 1og1<r> log(p1)e

= —log(p1) = (2 + Cy)e.

Vi(a*) = Va(z*) = Va(a*) = —log(p) — (2+ Ci) e (2.22)
We assume that € > 0 is small enough so that z* satisfies
z*(1),2"(2) > 0,z"(1) + *(2) < 1.
V (-, €) equals V;(-, €) in the region

R ={z € R?: V(z,e) = Vi(z,€)},

these regions are shown in Figure 2.4l As in 253} 60], we will mollify V (z, €) with

—

|
|
|
|
TTT N

Figure 2.4: Regions R;

n(@) = Laea(jzf2 — 1)%,0 € R, Cs = /

1
R277($)d$,n5(9€) = 520577(:70/5),5 > 0.

to get our smooth subsolution of (2.13)):
Vi) = [ Vot pdmacs(u)dy 2.23)
R
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Lemma 2.12. The function V (z,€) of @.23) satisfies 2.16) and

62v<'7 6)
&L’i&cj

< Cg/¢; (2.24)
where C is independent of x. Furthermore,

V(z,e) <eforz(l)+z(2) =1,z € RZ. (2.25)
Proof. The proof is parallel to that of [60, Lemma 2.3.2]. V is the minimum of

four affine functions and hence is Lipschitz continuous and has a bounded (piecewise

constant) gradient almost everywhere. This implies

DV(:L’, 8) = DV(J; +y, 6)770.5036<y)dy
R2
3 ) 3
= Z w;(x)DV;, = Z w;(x)rg; (2.26)
i=0 i=1

where

This shows that V (-, &) € C*. To show
Hy)(DV (-,€)) >0, (2.27)

one considers z € R%° = {z € R%,z(1),2(2) > 0}, z € O and x € O, separately.

We will provide the details only for the first two. For z € R?°,
Hy)(DV (-, €)) = H(DV (-, €)).

By Lemma [2.11] we know that all r; satisfy H(r;) > 0. That H is a convex function
and Jensen’s inequality imply that the DV (z, ¢) = S°7_ w;()r; satisfies H(DV (z,€)) >
0; this proves (2.27) for z € R?°.

We know by (2.20) that Cy € (0, 1); therefore, by (2.22)

Vol €) = —log(p1) — 3e < —log(p1) — (2 + Cy)e
= ‘71(£U*,€) = ‘72(1’*,6) = 173(3:*, €).
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This implies that the region R, intersects all of the 17y, Ry and 3 and in particular
that the strip {z € R2 : x(1) < Cse} lies in Ry U Ry. Then, for z € 0y, the ball
B(z, C3¢/2) lies completely in Ry U Ry, which implies

DV (x,€) = wo(x)rg + w1 (), wo(x) + wy(z) = 1.

By Lemma [Z.11] we know that H;(r) = 0 and H;(r2) > 0. These and the convexity
of H; imply 2.27) for z € 0.

The bound ([2.24) follows from the Lipschitz continuity of V (-, ¢), differentiation un-
der the integral sign in (2.23]) and bounds on the first derivative of 7. Finally, (2.23)

follows from

Vs(z,€) < %, for any z € B(y, eC3/2), y such thaty(1) + y(2) = 1,y € RZ,
]
To get our upperbound on the probability P, (7, < 7p) we define
Mén,e) _al e—nV(Xk/n,E)—%’
where Cj is as in (2.24).
Lemma 2.13. M ™) is a supermartingale.
Proof. The Markov property of X implies that it suffices to show
E, [Ml(n,e)} < ean(:v/n,e)
Ex [Ml(n,ﬁ)enV(a:/n,E)} <1
“log (Em [Mf”%w(w/"vf)}) > 0. (2.28)
The expression on the left equals
g S eV Vemaye) - S p) | + Cs
ne
v:w(2)>0,1€b(x) viw(i)=—1,ieb(x)
(2.29)
A Taylor expansion and the bound (2.24) imply
Cs
(V{2 +0)/m,0) = Via/n, ) — (DV(x), v/m)] < o2
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Then, the expression in (2.29) is bounded below by

e
—log Ry () E e S U C) B

v:w(1)>0,i€b(x) viw(i)=—1,i€b(x)
The log term above equals Hy(,)(DV (z,€)), which by Lemma 2.12]is nonnegative.
This proves (2.28). U

Proposition 2.14. Let v € R% with x(1) + z(2) < 1, z, = [nx] and let V be as in
@.I0)). Then for any € > 0 there exists an integer N such that for n > N

P, (1n <) < e V@)=, (2.30)

n

In particular,

1
liminf ——log P,z (7, < 70) > V(). (2.31)
n
The proof is parallel to that of [65, Proposition 4.3].

Proof. The inequality (2.31)) follows from (2.30) upon taking limits. The rest of the
proof focuses on (2.30). Let ¢, > 0 be a sequence satisfying ¢,, — 0 and €,,n — oo.
Let 79,, = 7, A To. The optional sampling theorem ([27, Theorem 5.7.6]) applied to

the supermartingale M = M, ,§"’6"> at time 7 ,, gives
Ea, [My,,] < My = eV n/men),
Restricting the expectation on the left to {7,, < 7y} makes it smaller:
Ea, [Liryaroy M, | < eV im/men),
Expanding M, using its definition gives
E,, [1{Tn<m}e—nv(xm/n,en)6%6,:"} < e~V (@n/nen)

X, € 0A, and the bound (2.23)) reduce the last display to

*Cﬁ"'n

B, [Lpuempe 7] < eVinnedene (2.3
By the definitions involved we have

lim V(z,,€,) = V(z).

n—o0
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This, ne, — oo and taking the lim inf — 1 log of both sides in (2.32)) gives

n

1 _cgra
liminf —— log [l{m<m}e et > V(). (2.33)
n

n—00
Now suppose that (2Z.30) doesn’t hold, i.e., there exists € > 0 and a sequence n;, such
that
Py, (0 < 79) > e V079, (2.34)

for all k; we pass to this subsequence and omit the subscript k. [60, Theorem A.1.1]
implies that there is a C'; > 0 such that

P, (Ton > nCy) < e "V@H+D, (2.35)

for n large. Then

7067'77, 7067—”
Es, [1rn<mye ™n } > K, [1{Tn<70}€ y 1{70”5"02}}
~C6Cy )
> e nen Ea:n [1{Tn<7'0}1{7'0,n§nc2}j|
—CeCo
> e nen " (P, (1 < T0) = P, (10, > nCh))

> e tn (e~nV(©)=e) _ o=(Vi@k4iiny

Now taking lim sup —% log of both sides gives

1 —“6Tn
limsup —— logE,, [1{m<m}6 on ] <V(zx)—e.
n

n—oo

This contradicts (2.33). Therefore, the assumption (2.34) is false and there does exist
N > 0 such that (2.30) holds for n > N. This finishes the proof of this proposition.
[

2.3.2 LD upperbound for P, (7, < 1)

The LD upperbound corresponds (because of the — log transform) to a lowerbound
on the probability P,(7, < 7). To get a lower bound on this probability, it suffices
to have a submartingale of X with the right values when X hits 0A,, U {0}. As op-
posed to the analysis of the previous section (where we constructed a supermartingale
from a subsolution to a limit HIB equation), one can directly construct a subharmonic
function of X to get the desired submartingale. The next proposition gives this ex-

plicit subharmonic function. In its proof the following fact will be useful: if g; and
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go are subharmonic functions of X at a point z, then so is g; V g», this follows from

the definitions involved.

Proposition 2.15.
fal@) = p" =Wy pnmeW)=2@) y pn=d

is a subharmonic function of X on A,, — 0A,

Proof. We note

n—x(1 n—x(l))—x(2) x(2
Pyt = O G5O — (1 py), T ().

Furthermore, (py, p1) € H. It follows from these and Lemma 23] that z — p“"

is X-harmonic for z € Z%° = Z% — {0, U d,}. A parallel argument proves the same
for z + r("=2(1)=22) The constant function 2 ~ p} ' is trivially X -harmonic for

all z € Z2 . 1t follows that their maximum, f, is subharmonic on Z2°.

It remains to prove that f,, is subharmonic on 9; and 0s. f,,(x) = r(==W)=22) v/ pr—1
forx € 0, U{zx € Z2,2(1) = 1}. Both z — r"2W)=2@) and 2 s p~" are

X-harmonic on 0. It follows from these that f,, is subharmonic on 0.

Forz € &, N {z € Z§ : 2(1) < n} we have f,(z) = p{ " v p¢~!. By Lemma

4] and by fact that I, = Z.J;, we know = — p " is harmonic on ds; the same

trivially holds for z — p7~'; therefore, z — p" “) v p"~1 is subharmonic on

8y N {x € Z} : 2(1) < n} Furthermore, by definition f,(z) > p} """ v p~ 1. These
imply that f,, is subharmonic on 9, N {z € Z3 : x(1) < n}. The last three paragraphs
together imply the statement of the proposition. (|

Proposition 2.16.

P:L“<Tn < 7-0) > fn<x> - fn(o) (236)

and in particular

1
limsup ——log P,z (T, < 70) < V(2), (2.37)
n
forz € R, z(1) + x(2) < 1, z(1) > 0.
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Proof. By Proposition 2.15] we know that f,, is a subharmonic function of X. It
follows that f(X,,) is a submartingale. This and the optional sampling theorem imply:

By [fn(Tn A 70)]
fa(@) < Pu(n < 710)(1 = fn(0)) + fa(0)
P.(1, < 10) + fn(0),

IN

where we have used f,,(x) = 1 for 2 € 9A,; this gives (236). Taking —+ log of both
sides and applying lim sup gives (2.37). O

2.4 LD limit of P,(0; < 7, < 7o)

To implement the argument given in the introduction we need an LD lowerbound for
the probability
P.(01 < T < T0). (2.38)

We will obtain the desired bound through a subsolution of the limit HIB equation
associated with X. This is parallel to the construction given in 65, Proposition 4.3]
and the argument of Section 2.3.11 The main difference is in the construction of
the subsolution. Bounding (2.38) requires a subsolution consisting of two pieces,
one piece for before o; and one for after. For the first piece we need the following

additional root of the limit Hamiltonian:

rq = (log(p1/r),log(r)) . (2.39)

Now define

‘74(3j €) = —log(r) + <’f’4,f€>,

O x,€) /\ V
1€{0,2,4}
~ ~ 3 ~
V(l,2,€) = V(z,e) = \Vi(z,e), (2.40)
i=0

and



where the vectors r; are as in (2.17).

Now define the smoothed subsolution:

V(x, €)= / V(x + Y, €,9)N0505e(y)dy, i = 0, 1. (2.41)
RQ

The function V' (0, -, -) is obtained from V (1, -, -) by striking out V; from the minimum
and replacing V3 with V. In particular, the components V; and V5 are common to both
V(1,-,-)and V (0, -, -); this ensures that these functions overlap around an open region

along 0;, which implies in particular that

V(1,z,e) =V(0,z,¢€), (2.42)
for z € 0.
Remark 2.1. The condition 2.42) allows one to think of V (-, -, -) as a subsolution of

the HIB equation on a manifold; the manifold consists of two copies of R?, glued to
each other along {x € R%, z(1) = 0}.

We use V (-, -, -) to construct the supermartingale

Cgk
Mk(:n,e,a) _d e—n\/()(k/n,e,l{k<al})—"—66

I

where (/€ is an upperbound on the second derivative of V'(-,-,-), which can be
obtained by an argument parallel to the one used in the proof of (Z.24) of Lemma
The main difference from subsection 2.3.1]is that the smooth subsolution has
an additional parameter i to keep track of whether X has touched 0;; this appears
as the 1g,.,,) term in the definition of the supermartingale A (m69) A three stage
version of this argument appears in [65, Proposition 4.3] to bound another related

probability arising from the analysis of the two dimensional tandem random walk.

The main result of this section is the following:
Proposition 2.17. For any € > 0, there exists N > 0 such that
P, (01 <7y <1p) < e Ve02)=) (2.43)

forn > N, where x,, = [nz], 0 < z(1) + 2(2) < 1, z € R3.

Proof. Parallel to the proof of Proposition [2.14] we choose a sequence ¢, — 0 with
ne, — oo; (2.44) follows from an application of the optional sampling theorem to

the supermartingale M/ (™) and the bound (2.33). O
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2.4.1 LD limit for P,(; < 7 < 00)

For this subsection and the next section it will be convenient to express the Y process

in = coordinates, we do this by setting, X}, = T},(Y}); X} has the following dynamics:
KXot = Xp + m (K, L),
1 of (L8) in terms of X is o; = inf{k : X}, € O, }.
The processes X and X have the same dynamics except that X is not constrained on
;. By definition, X, = Xj. Note the following: X hits {x € Zx Z, : x(1)+x(2) =
n} exactly when Y hits {y € Z x Z, : y(1) = y(2)}; i.e., if we define
7o = inf{k : X3.(1) + X4 (2) = n},
then 7 = 7,.
Proposition 2.18. For any € > 0, there exists N > 0 such that
P, (61 < T < 00) < e Ve (02)=0) (2.44)

forn > N, where z,, = |nz|, (1) + z(2) < 1, z € R x R}

Proof. The two stage subsolution V' (-, -, -) of (Z.41)) is a subsolution for the X process
as well because, X has identical dynamics as X with one less constraint. Therefore,
the proof of Proposition 2.17] applies verbatim to the current setup with one change:
in the proof of (2.44]) we truncate time with the bound (2.33) for 7,,. We replace this
with the corresponding bound 2.1Q) for 7. (|

2.5 Completion of the limit analysis

We now combine Propositions 2.16 2.17] and 2.18] to get the main approximation

result of this work:

Theorem 2.19. Forany x € R?, z(1) + x(2) < 1, (1) > 0, there exists C; > 0 and
N > 0 such that

| P, (T < T0) — PTn(a:n)(T < 00)| _ ‘Pmn<7—n < TO) - Pxn(%n < OO)|
P, (1, < 7o) P, (1, < 7o)

forn > N, where x,, = |xn|.

< e’cm,

n
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That P,, (7, < 00) = Pr,(2,)(7 < 00) follows from the the definitions in subsection

24Tl

Proof. The definitions (2.11)) and (2.40Q) imply that
2C; =V, (x,0) = V(z) > 0,

forz € R?, z(1) + z(2) < 1, z(1) > 0. Choose ¢ < C+. The processes X and X
follow exactly the same path until they hit 9;. It follows that

| Py, (T < T0) — P, (Th < 0)| < Py, (01 < Ty < 70) + Py, (01 < Ty < 00). (2.45)

By Propositions 2.17] 2.18 and 216 there exists N > 0 such that

P, (01 < Ty < 1) + Py, (51 <7 < 00) < e "Ve(02)=¢/2), (2.46)

and

Py(1n, < 1) > eV (@)=¢/2) (2.47)

for n > N. The bounds (2.43)), (2.46) and @.47) give

| Py, (T, < 70) — Py, (T < 0)]

< e
Pxn<Tn < T())

9

forn > N. [l

2.6 Computation of P,(7 < c0)

Theorem tells us that P,(7 < o0), y = T,(x,), approximates P, (7, < )
with exponentially decaying relative error for x(1) > 0. To complete our analysis, it
remains to compute P, (7 < 00). As a function of y, P,(7 < o00) is a Y-harmonic

function. Furthermore, it is 0 B-determined, i.e., it has the representation

y— E[9<Yf)1{T<OO}]7

for some function g on 9B (for y — 0P, (T < c0), g equals 1 identically). We will try
to compute P, (7 < 00) as a superposition of the Y -harmonic functions expounded

in Section 2.1} because P, (7 < 00) is 1 for y € 0B, we would like the superposition
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to be as close to 1 as possible on 9B. We have two classes of Y-harmonic functions
given in Propositions[2.2] (constructed from a single point on ) and 2.3 (constructed
from conjugate points on /). The first class gives us only one nontrivial Y -harmonic
function, computed in Lemma 2.4t h,, = [(p1, p1),-]. Remember that we have as-
sumed a(r, 1) = r?/py < 1. This implies that, among the functions in the second
class, the most relevant for the computation of P, (7 < 00) is
1 1—r
h, = 1_7/)2/7]%« =[(r,1),] - 1= po)r

because this Y -harmonic function exponentially converges to 1 for y = (k, k) € 0B

[(Tv p2/T2)7 ']7

and £ — oo. A simple criterion to check whether a Y'-harmonic function of the form

ST al(Bi, i) is OB-determined is given in [64]:

Proposition 2.20. A Y -harmonic function of the form Y"+_ ¢;[(B;, )] is OB deter-
mined if |f;| < land |o;| <1,i=1,2,3,...,1.

Our main theoretical result on P, (7 < oo) arises from a linear combination of h,,

and h,:

Proposition 2.21. If
P2P1 = 7“2, (2.48)

then
1—r

Py(T < OO) = hr(y) + m

hoy (1), (2.49)

fory € B.

Proof. The right side of (2.49) is Y-harmonic by construction. Furthermore, pyp; =
r? implies h,.(y) + #_;/rhm (y) = 1fory € OB. Therefore, to prove (2.49) it suffices
to prove that
et ——" (2.50)
T l=p/r .

is 0B-determined. For this we will use Proposition 2.20} in the present case, the (;
are p1,r < 1 and the o; are 1 and p; < 1. It follows that (2.30) is 0 B-determined. [

If (2.48) doesn’t hold, i.e., if 72 # p;p, then one can proceed in several ways. As a
first step, one can use the functions h, and h,, to construct lower and upper bounds

on Py(1 < oo):
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Proposition 2.22. There exists positive constants cg, c1, and Cg
P,(1 < 00) < h*"(y) < CsP,(1 < 0); (2.51)

where

h*? = coh, + c1h,,. (2.52)

In particular, h*° approximates P,(T < 00) with bounded relative error.

Proof. If p; > r? /p2, one can set cg = 1 and ¢; = #_;/r since, for these values
B0 — bt ——" > (2.53)
T Lepfr T .

on dB. Both h*" and y — P, (7 < c0); this and 2Z33) imply h*%(y) > P,(1 < c0)
for y € B. To get the second bound on [2.57)) set

1— r2\*
Cg=14+——— T— | — . 2.54
o=t - () | @59
With this choice of Cg we get the second bound in (Z.31) on dB; that both y
P,(t < oo) and h*? are dB-determined implies the same bound on all of B. If
p1 < 12/ py, first choose Cj so that
1—7r [(r\°
1 in [Cop] — ———— | — >1/2. 2.55
cag et -5 () | 2 v @39
Then
h(w(y) = 2h,(y) +2Cohy,, (y) > 1,

for y € 0B, from which the first bound in (2.31)) follows. To get the second bound,

set

1—r7r r2\"
Cq/2 =1 Copt — —— [ —
8/ +max | Copy " (m) }

and proceed as above. (|

Our choice of the constant 1/2 in (2.53)) is arbitrary, any value between (0, 1) would
suffice for the argument. Therefore, the constants ¢y and ¢; are not unique and they

can be optimized to reduce relative error.
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Proposition 2.23. For z € R?, x(1) + z(2) < 1, (1) > 0, =, = |nx], and for n
large, h®° of @2.32) evaluated at T, (x,) approximates P,, (1, < 7o) with bounded

relative error.

Proof. We know by Theorem 219 that, for € R?, z(1) + z(2) < 1 and (1) > 0,
Pr, (2, (T < 00) approximates P, (7, < 7p) with vanishing relative error. On the
other hand, the above Proposition tells us that h*° of (2.32)) approximates P, (T < o)
with bounded relative error. These imply that 2*%(T,,(z)) approximates P,, (7, < 7o)

with bounded relative error. [l

Proposition 2.7] gives not one but a one-complex-parameter family of Y -harmonic
functions. A natural question is whether one can obtain finer approximations of
P,(T < o0) than what h*? provides. In this, we need 9 B-determined Y -harmonic
functions. The next proposition (an adaptation of [64, Proposition 4.13] to the current
setting) identifies a class of these which are naturally suitable for the approximation

of P,(1 < 00).

Proposition 2.24. There exists 0 < R < 1 such that for all « € C with R < |a| < 1

, max(|fy ()], [a(Bi(a), a)|) < 1;in particular hg, ) is OB-determined.

Proof. We know by [64, Proposition 4.7] that | 51 («)| < r < 1 for all || = 1. Then

2 2
Brla)” < <1,

apy |

| (Bi(a), )| = P

where the last inequality is the assumption (2.3). The functions 3; and « are con-
tinuous; it follows that the inequality above holds also for R < |o| < 1if R < 11is
sufficiently close to 1. That hg, is 0 B-determined follows from these and Proposition

2.20) U

We can now use as many of the 0 B-determined Y -harmonic functions identified in
Propositions 2.3] and 2.24] as we like to construct finer approximations of P, (7 <
00). Once the approximation is constructed upperbounds on its relative error can be
computed from the maximum and the minimum of the approximation on JB- as was

done in the proof of Proposition [2.22
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Proposition 2.25. Let R be as in Proposition 2200 For ¢, € C and R < |ay| < 1

k= 07 1, 2, ceey K deﬁne
K
el = R(h), B = Byt cohg, + Y crhig, (o) (2.56)

i=1
Then h“*¥ is Y -harmonic and O B-determined. Furthermore, for
¢* = max [h*F — 1| < oo, (2.57)

yeOB

he* ¥ approximates P,(T < c0) with relative error bounded by c*.

Proof. We know by Propositions 2.2] and 23] that h**¥ is Y-harmonic. That R <
|| < 1 and Proposition 220 imply that h**¥ is also 9 B-determined, i.e.,

ha*J{(y) = Ey [ha*J((Y:r) ]-{T<OO}] .

Taking the real part of both sides gives:
hE(y) = E, [h*" (V)1 r<oot], (2.58)
i.e, h»¥ is Y-harmonic and 0 B-determined. That ¢* < oo follows from
max |31 (ag), a(Br(ag), ag)| < 1.
(see Proposition 2.20).
The inequality
1—c" < h*®(k k) <1+c, (2.59)

follows from (2.57)), |R(z) — 1| < |z — 1| for any z € C. It follows from (2.39) and
(2.38) that

(1= Ey[1reoy] <R (y) < (14 )Ey[1r<o0y]
(1—c")Py (T <o0) < B (y) < (1 + ") Py(1 < 00),

This implies that h*** approximates P,(7 < oo) with relative error bounded by c*.
(|

One of the key aspects of Proposition[2.23]is that it shows us how to compute an upper
bound on the relative error of an approximation of the form ([2.36)) from the values it
takes on B. We can use this to choose the «a;, and the ¢;, to reduce relative error, the

next subsection illustrates this procedure.
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2.6.1 Finer approximations when > # p;p,

To illustrate how one can use approximations of the form (2.36) to improve on the

approximation provided by Proposition[2.22] let us assign values to the parameters \;
and y; satisfying the assumptions (L3), (L4):

)\1 = 0.1,,&1 = 02, )\2 = 0.2,,&2 = 05,

for these choice of parameters we have
M+ 3
h H = pe 7
We note 7% = 9/49 # 1/5 = py py; therefore, we don’t have an explicit formula for
P,(T < 00). But Proposition[2.22 implies that

1—7r
h°(y) = h, + ————h,,, (2.60)
approximates P, (7 < oo) with relative error bounded by
1—r - o
Cg —1= 1—7p2/7“ (pl — ) = 03607,
2
r *
oz =—, v = log(log(p1)/log(as))/(log(en) = log(p));

where Cy is computed as in (2.34). Then, by Theorem h*°(T,(x,)) approxi-
mates P, (7, > 7o) with relative error converging to a level bounded by Cs — 1 =

0.3607 .

We can reduce this error by using further Y -harmonic functions given by Propositions
2.3land[2.24land constructing an approximation of the form (2.56). We note 51(0.7) =
0.34610 and therefore, by an argument parallel to the proof of Proposition 2.24] we
infer that |5 («)| < 0.34619 , |(Bi(c), )] < 1 for |a] = 0.7. Thus, hg,(a) is Y-
harmonic and 0 B-determined for all |a| = 0.7, and we can use this class of functions
in improving our approximation of P, (7 < o0). Let us begin with using X = 3
additional Y -harmonic functions of this form in our approximation: for the «’s let us
take
ar; = 0.7¢1% j € {1,2,3 = K}.

The resulting harmonic functions are
h51(a1,j)7j € {1, 2,3 = K}
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(see (2.4) and (2.8)).

Our approximation h* will be of the form

K
heK = R(h™E), hE = h, + c10h,, + Z €131 (o )+

j=1
One can choose the coefficients ¢; j, j € {0,1,2,3 = K} in a number of ways, for
example, by minimizing L,, errors. Here we will proceed in the following simple
way: the ideal situation would be h*®(y) = 1 for all y € 9B, which would mean
h*K(y) = P,(t < 00), but this will not hold in general. We will instead require
that this identity holds for y = (k, k), k = 0,1, 2, 3. This leads to the following four

dimensional linear equation:

3
1= h"5(k, k) = by ((k, k) + crohp, (k. k) + > c1jhg, o)k k), (2.61)

j=1

k=0,1,2,3; Solving @.61) gives

c1o = 7.80744 — 0.129747, ¢ = —0.25880 + 1.46155¢,
c12 = —0.26358 — 0.013497, c¢;3 = 0.17597 + 0.01433:.

Once the approximation is computed, following Proposition[2.25lone can easily com-

pute its relative error in approximating P, (7 < 0o) by computing

5 (y) — 1).
max [A*(y) — 1|

That man:1727__7K(7", L1, T2/p1, |a17]~|, |61(a1,j)7 a(ﬁl (OZLJ‘), OzLj)) <1 1mphes
argmax, 5 |h** " (y) — 1 is finite. For h** computed above, the maximizer turns

outtobe y* = (4,4) = (K 4+ 1, K + 1) and the maximum approximation error is

¢ = max |h™5(y) — 1| = [h**((y*)) — 1| = 0.17764. (2.62)
yeOB

The graph of the approximation error |h**% (y) — 1|, y € OB is shown in Figure 2.3
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Figure 2.5: |h® % (y) — 1| as a function of y = (k, k)

By Proposition 2.2

<L @

P, (T < 00) — h*%(y) ‘
P,(T < o0)
Theorem now implies that h**(T,,(z,)) approximates P, (7, < 7o) with rel-
ative error bounded by ¢* = 0.17764 for n large. Therefore, in improving our
approximation from h*° of (Z.60) to h*? by adding three Y-harmonic functions
of the form /g, (4, ;) to the approximating basis, the relative error decreases from
¢ = 0.3607 to ¢f; = 0.17764. FigureZ.6lshows the level curves of —* log h**(T,())
and —% log P.(1, < 7p) (the latter computed numerically via iteration of the har-
monic equation satisfied by P,(7, < 7p)) for n = 60; the level curves overlap com-

pletely except along 0y, as suggested by our analysis.

To illustrate how the approximation error decreases when K increases, let us repeat
the computation above with K = 20. The resulting maximum relative error turns out
to be:

¢ = max [k (y) — 1| = [h*%((21,21)) — 1| = 1.6211 x 107°.
yeOB

The probability P4 ) (760 < 7o), computed numerically, equals 4.6658 x 10717, the
best approximation of this quantity computed above is h%?°(56,0) = 5.2 x 1077,
The discrepancy arises from the proximity of (4,0) to J;. As we move away from

the 0y, these quantities get closer P19,0) (760 < 7o) = 3.3303 x 107, h*2°(50,0) =
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x(1)

Figure 2.6: Level curves of —1 log h®%(T,,(z)) and —2 log P, (7, < 7o), n = 60

3.3358 x 1071°, compatible with the maximum relative error computed above. Figure

shows i — n™ ,U) an 10.0) (760 < 7o) (the flat line), drawn at 10~ scale.
R shows K — h**(50,0) and P10, ) (the flat line), d 10715 scal

3.9

Figure 2.7: K — h®*(50,0) and P10,0)(T60 < To)
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CHAPTER 3

APPROXIMATION OF THE GREATEST COMPONENT OF
THE EXIT POINT

A well studied quantity in computer science is the following expectation:
E,[max(X,, (1), X, (2))], (3.1

this is the expectation of the greatest component of the exit point. If X models two
stacks working in parallel on a shared memory, this is the length of the longest stack
at the time of overflow. The study of this expectation was introduced in [41}, section
2.2.2, exercise 13]; a great amount of literature exists on this expecation, see [16),
28l 46/, 168]]. Some of these works are reviewed in Chapter Bl To the best
of our knowledge the problem of approximating this expectation, in the general case
(i.e., when the jump probabilities are arbitrarily chosen) remains an open problem. In
the present chapter we discuss how the approach of the present work can be used to

construct approximations in the stable case.

The Markov property of X implies

E,[max(X,, (1), X5, (2))]
= Py(10 < 1) Eo[max(X-, (1), X, (2))] + Ea[1{r, <ry max(X, (1), X, (2))].

The same idea applied at x = (0, 0) gives

Eo[maX(Xm(l)a X’rn (2))]
= Py(1o < ) Eo[max(X,, (1), X+, (2))] + Eo[1{r, <z max(X-, (1), X;,(2))].

Therefore, the computation of the expecation (3.1)) can be reduced to the computation

of Py(1, < 79) and E; (1, <y max(X,, (1), X, (2))]. The previous chapters were
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devoted to the approximation of P, (7, < 7y); in this chapter we would like to point

out how the approach of the earlier chapters can be used to approximate

fo(@) = Bo[liz, <my max (X, (1), X7, (2))]. (3.2)
fn takes the value
fo(z) = max(zy, xs)
for x € 0A,,. Note that this is not constant on 0 A,,; it depends both on x and n (e.g.,

fn((n,0)) = n.). This is in contrast to P,(7, < 79) which takes the constant value 1

on JA,,. The graph of f,, on 9A,, is shown in Figure[3.1l This change leads to several

n n
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

n/2

Figure 3.1: f, on A,
difficulties in applying our approach to the approximation of (3.2)):
1. in the approximation of f,,, there is no fixed limit problem; the limit problem

depends on n,

2. the value of f,, on 0A, gives the limit boundary condition on 9B only up to
(n,n); there is no obvious extension of f,, to all of 9 B- the simplest extension

would be to assign the value 0 for (k, k) € OB for k > n,

3. the function f,, is piecewise linear on J A, ; none of the Y-harmonic functions
we have constructed in the earlier chapters have linear behavior on 0A,: we

either have constant values or exponential growth or decay.
We propose to deal with these issues as follows:

1. construct a Y -harmonic function h; that equals approximately function (y1, y2) —

Yo on 0B,
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2. approximate f,(7},(y)) on 0B with (y1,y2) — n — y1,

3. approximate (y1,y2) — n — y; on JB, using h; and the Y'-harmonic functions

constructed in the earlier chapters.

The functions (y1, y2) — n—y; and f,, (7, (y)) equal each other only up to (n/2,n/2)
on 0B (See Figure[3.2)). Therefore, the resulting approximation will be good only for
y € OB with y; = y2 < n/2, and, we expect the resulting approximation, when
extended to all of A, to be good only for points away from the upper half of 0A,
(i.e., for points = below the diagonal line (1) = (2); this indeed turns out to be the

case, see Figure 3.3).

Figure 3.2: The approximation and the error

The next section constructs a Y -harmonic function having linear behavior on 0B. In
Section we use this function and the Y'-harmonic functions of the previous chap-
ters to construct an approximation of f,,; as expected, the approximation performs

well away from the upper section of 0A,,.

47



3.1 Harmonic function resulting from diferentiation

Remember that our Y -harmonic function are of the form

where (5, @) and (3, ) are conjugate points on the characteristic surface. A natural
way to introduce linear (in y) terms into this function is to differentiate it with respect
to . This is what we will do. Let an overbar denote partial differentiation with respect

to a: e.g., a denotes g—o‘. The chain rule gives
(%

] d
il = (1 — 1) BI(B, ), (32, 92)]

+6y1y2<< BB+C< —Z )ay2+y20ay21

B
(8gﬁ+0)a3’2 Ca¥? 1y, ( —l——ﬁ))

To obtain linear behaviour on 0B, it suffices to set & = 1; the last display reduces to

the following for « = 1 on 0B, i.e., for y; = ys:

d
hli%hﬂ( _<<85B+C< +%ﬁ))+y20 3.3)

note that we have a y,C' term here, i.e., a term with linear growth. This was our
aim. In the next subsection we compute all of the partial derivatives listed above and

simplify them. These will be used in the numerical study of Section
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3.1.1 Simplification of the partial derivatives

Formulas for the derivates appearing in the last display are

(0B 00w . B a2
N e B« o pea?’ OB paad)

L L
A :4(}_;()\1 +)\20z) —4>\2( 2 +M1> .

o
Define Ay = A\; + Ao, pts = 1 + p2 and r = Ay /. Substituting o = 1 in these give
A(L) =1 —4(pg + )M+ Ao) =1 — 4p,
=1—4p,(1 = ps) = 1 — dp + i
= (Zﬂs - 1)2 = (2#5 - )\s o ,us)2
— (:us - )\8)2'

gy = Lo VA 1= A
2(p1 + pi2) 2(p1 + pi2)
=g+ Ay (= — o) + (A + Ag)
20 ) 2(p + p2)
A+ X))+ M4+ X)) A+ A
2(p1 + p2) T

s L A(pas — Nop) B2
=5 (g w0 )

_ ,UQ)\S - )\2,us o )\s,us _ _i ,u2)\s - )\2,us _r
(NS - As),us ,ug As s — s 2

_ (u_) _ 2 (M)
Ms ,us_)\s M2 MS_)\S
M2 (7’—/)2 )
=—— —r].
s \ 1 —1r
_ oC r?

C: s A = — ’a:——’
Hel g = I 2
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oo 2r -
— = — A =4( s — Nafis).
86 p27 (:u2 2“)

ac
B

The first term in equation 3.3 we have 95 (r, ) and C' which are evaluted at v = 1 as

2.2

= r r Pox 1%
Clr,a) = po——5 = fo— = fla > ‘ fo=3,
<(1’/)2) p%aQ T a=1 r

The first term in[3.3]is (%

™I
+
Qi
P
Qi
+
)
Q
N
~
<
=3
)
=
o
Ra
o
1)
73
—t
o

A2 - A2, o - - §
= —T—25(1)+ﬁ(—7’ +2rp(1)) = 3 (1) — R

B e 20aB(1) _ MBI N (5“) _ 1) |

r2 r r2 72 T r

The second term is

y2C(6, a) = yz#z(l—g) = Yol (1 - %) = Yojin (1 _ %)

ap2

The third term is

(Gt 0300+ € ) @ = g+ parse = (i) ) ()

The last term is

—C(B, )a” ty, (a + g—gﬁ) = %r(l — 1) (r—2B(1)) a1y,

Then overall, our function at the boundary is:
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%[(73 1), (Y2, 92)] = % <@ - 1) + Yapi2 (1 - %) + (p2B(1) = por) a2

+ %r(l —7r)(r —2B(1))a?> ys.

3.2 Numerical example

In this section we construct, using the Y-harmonic function h; of 3.3] and the Y-
harmonic function hg of the previous chapters to construct an approximation of the

expectation f,,(x) of (3.2)) using the approach outlined at the beginning of this chapter.

Our approximation of f,,(x) will be of the form h**P»%(T;,(x)) where

K
1
heP R = R(APH) = nh, — ————h + cohy, + Y k(o
( ) 1—/)2/7’l 0/tpy ;kﬁl(k)
where
o = R 0 < R < 1,
and the coefficient of &, is chosen so that the 3, term in ———-h; has a —1 coeffient

1—p2/r
on OB. The key difference between h** (used in the approximation of P,(7 < c0))

and he*PK above is the new harmonic function h;, which introduces the 7, term on

the boundary 0B.

Our approach to the choice of the constants ¢y, and ¢, will be the same as in the

previous section: choose them so that hexp. K (y2,y2) = n — ys for yo < K. This gives

a (K +1) x (K + 1) linear system to be solved for cg, ¢1,...,Ck .

To see how well this approximation works, let us try it on a numerical example. For
parameter values we use the same parameter values used in the previous chapters:
A = 0.1, Ay = 0.2, gy = 0.2, up = 0.5; as we know from Chapter 2, R = 0.7
ensures that all g, (o, are 0 B-determined with |3;(ay)| < 1; for K we take K = 20,
i.e., we use additional 20 Y-harmonic functions of the form hg, (o) where |a| = 0.7.

For n we take 60.
Figure B3] show the level curves of —+ log f,, and —= log h**»* (T, (-))(thin, curving
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away from the xy-axis near the top corner); to compute f,, numerically, we iterate the
harmonic equation satisfied by f,, until it converges, for n = 60, less than 1000 iter-
ations guarantee convergence. The level curves overlap away from the upper half of
A, (above the line z; = x); this is as expected: by construction, f,, and he*?X (T, ()

overlap only upto (n/2,n/2) on on A, (see Figure[3.2).

T2
]
|

20 | -

Figure 3.3: Level curves of —+ log f,, and — = log h*P*(T,(-))

The graphs of log(f,) and log(h¢*P*X(T,,(-)) along 2o = 0 is given in Figure 3.4
as is clear from the figure, log(h**P*¥(T;,(-)) provides an excellent approximation of

lOg(fn)'

As x5 increases the quality of the approximation deteriorates for smaller values of x4,

see Figure 3.3 which is as expected.

Giving a theoretical proof of the goodness of these approximations and their extension

to 2(2) > x(1) remain for future work.
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Figure 3.4: log(h®?%(n — x,, 1)) (dashed line) and log(f,,) on zy = 0
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Figure 3.5: log(h®®X(n — x,,1,)) (dashed line) and log( f,,) on x5 = 30
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CHAPTER 4

APPLICATIONS TO INSURANCE AND FINANCE

In the last decade research has emerged modeling systems of companies; this corre-
sponds to multidimensional processes, see e.g. , [9,(63] and references in these works.
Constraints to these proceses can model dividend payment or restrictions on short
selling. Therefore, constrained random walks can also serve as models of financial
systems. In this chapter we provide two examples giving financial interpretation to

our results.

4.1 Probability of low total reserves of an insurance system

The simplest possible insurance system consists of of two insurance companies A
and B. One can model the reserves of these two companies as a process X in R?,
the first [second] component representing the reserves of A [B]. X is a discrete
time process, each step representing a single period (a month, quarter, year, etc.). A
common simplification [67, Chapter 5] is to assume the reserves to be integer valued
(where one unit can represent, e.g., total premiums collected in a period) in which
case we get a process in Z?; in the rest of this chapter we will make this assumption;
yet another common simplication ([67, Chapter 5]) is to assume that statistically, the
quarters represented by the increments of X are independent of each other. This
leads to a random walk model for X. In general, the distribution of the increments
will depend on great number of things: the revenues of the companies, the regulatory
environment within which they operate, agreements with them etc. so in general it

can take arbitrary values, an example is given in Figure [4.11
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Figure 4.1: Possible increments of X can in general be arbitrary

So far X is unconstrained. Constraints on X can be introduced to model dividend

payments; suppose that A [B] pays dividends of one unit whenever its reserves hit

ky [k2] at the end of a period; these payments correspond to contraints on the lines

{z:z(i) = k;}, 1 = 1, 2. We implement these constraints using the constraining map
v, ifz(i)+ov(i) <k,i=12,

m(x,v) =
0, otherwise,

and X is defined as the constrained process
Xp = Xp1 + (X, L),

where [}, denotes the iid increments of the process X . The constraining boundaries of
X are {z : (i) = k;}, i = 1, 2; these boundaries play the same role as the boundaries

0; did in the earlier chapters.

The stability of X in this context means that in each period both companies make
money on average, i.e., both components of E[I;] are strictly positive. When X
is stable, i.e., when both companies are profitable on average, (k1, k) becomes a
recurrent point and X moves in cycles that restart each time it hits (k1, k2). As we
recall (kq, k2) plays the same role that the origin (0, 0) shown in the earlier chapters.
Under this stability assumption a natural question about this system is as follows:
what is the probability that in a cycle the system’s total reserves go below a given
thershold n. Let 7, denote the first time X (1) + X (2) equals n and let 75 denote
first time it hits the point (kq, k2); the probability of total reserves going below 7 is
represented by the probability

Py(7n < T0); (4.1)
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geometrically this is the probability of X hitting the line {x : z(1)+2(2) = n} before
hitting the point (kq, ko), see Figure 4.2

Figure 4.2: Constrained Random Walk for Insurance Model

If the increments take values in {(1,0), (—1,0), (0, 1), (0, —1)} with probabilities 11,
A1, 12, A9 the probability (.I) is exactly the probability we have approximated in
Theorem This gives one possible application / interpretation of our results in
insurance. The same framework can also be used to study credit risk; the next section

discusses this possibility.

4.2 Application to Credit Risk

Consider the same setup as above, i.e., two companies A and B whose equity is mod-
eled by the two dimensional random walk X. As before, let J; denote the coordinate
axes and o; the first time X hits 0;. In the present framework, o1 models the default
time of company A and o5 models the default time of company B (see Figure [4.3)
o1 A\ 0o models the first time one of the companies in the system go bankrupt. If there

are no dividend payments,

P.(01 Aoy < 00) 4.2)
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is the probability that this system ever goes bankrupt. The stability assumption
implies that this probability is strictly less than 1, i.e., the problem is nontrivial.
P,(o1 AN o2 < 00) is of the same type as P,(7 < oo) for which we have developed
formulas in Section of Chapter[2l The main difference is that the exit boundaries
are different; in Section the exit boundary 0B is {y : y(1) = y(2)} whereas
in (@.2) the exit boundary is 9; U 0. We think that the type of harmonic functions
constructed in Section can be extended to develop formulas for (4.2)) for the exit

boundary 0; N d,. This is an interesting research problem for future work.

A | | | | | | | |
81 | | | | | | | |
- -r-Aa--r-Aa--"r-Aa--r-Aa- -
| | | | | | | |
Lo _L_o__L_oJo__L_J__vL__
| | | | | | | |
| | | | | | | |
- -r-A--r-g-""r"A-"~r~"--r~--
| | | | | | |
__bL_o__ | _ IR (i
| | | | | | |
| | | | | | |
~Amwdr - ~ 1 e - - CakllE S
| | | | | | | |
Lo _L_o__L_o__L_a__vL__
| | | | | | | |
| | | | | | | |
-~ r-A--r-Aa--"r-"Aa-"-“r~-a--r- -
| | | | | | | |
0_6 1 L 1 L 1 L 1 >I -
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Figure 4.3: X hitting 0; U 0, is the first default time

Similar to the application above, allowing A and B to pay dividends whenever their
equity hits levels k; and k5 respectively corresponds to introducing reflecting bound-

aries at{z : (i) = k;} (see Figure 4.4).

I I I I I
I I | I I I
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Then once again, the stability assumption implies that X travels in cycles which

restart every time it hits (k;, k2), then the probability
PJC(O'l N oy < 7'0)

is the probability that the system goes bankrupt in the current cycle. This is exactly a
problem of the type that we have studied in Chapter 2}, the main difference once again
being the different geometry of the exit boundary (rectangular for the current case,
triangular in Chapter[2)). As also pointed out in [64]], we think that the analysis of the
triangular case can be extended to the rectangular case using similar structures such
as characteristic surfaces and conjugate points on them; an implementation of these

ideas also remain for future work.
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CHAPTER 5

LITERATURE REVIEW

There is a wide literature on the approximation of the probability P,(7, < 79) and
other expectations and probabilities of constrained processes using many techniques

including large deviations analysis and simulation, see, [[I}, 2, 4} 5, 6l [7, [8] (10} 111 12}
(13 1411151 [16] (17, (181 [19, 20} 211, 221, 241 26] 28] 29, 30} 311, 33], 34. 35| 37, 38| [39] 40,
42.,1431144, 145! 146|147, 148, 149 150, [511, 152} (53] 1541 551 (56} 57, 158, 611, 162, (66, [68]].

In this section we review [23], 33, [36], (60, [64], (63| 28], [68]]; for further literature review

we refer the reader to [64]).

[33]] evaluates the performance of an IS estimator of rare event in tandem Jackson net-
work and computes the large deviations decay rate of p,, for the initial points (1, 0).
A popular heuristic in importance sampling is to use a static change of measure im-
plied by large deviations analysis (in the approximation of p,, for two tandem random
walk, this corresponds to interchanging A with the smaller of the y;). It was observed
in this work that this heuristic can perform very poorly in the estimation of p,, in

multidimensional constrained random walks.

The large deviations result in [33]] is as follows: for a d-dimensional constrained

random walk representing a Jackson network, we have

d
1
lim ——log pn((1,0,..,0)) = A\ —log pi, 5.1
im —=log pu(( )=\ —logp (5.1)

n—00 /
=1

where p,, is as before the probability P ... 0)(7, < 79), where

pi = ML = P)7's/ i,

P is the routing matrix of the network and X is the vector of arrival rates. To establish
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this result, [33]] proves
bipin < py < bypll(n+ 1), p. = max p;,
j

using a theorem from [3]], which claims

70
W(aAn) = CalEO (/ 1{X1§E@An}dt) ;
0

where 7 is the stationary measure of 7.
[36] computes the large deviation rate function for constrained random walks

The prior works that thesis has greatest connection to are [23, [60, (64} 63]]. [25} 60]]
shows how to use, design and implement IS algorithms for the simulation of the prob-
ability p,, when the starting point x is near the origin. An Their methodology is based
on subsolutions of the HIB equation arising from the limit analysis of the second
moment of the IS estimator. This equation turns out to be the same that appears in
the large deviations analysis of p,. We have used the simple random walk version
of this equation in Chapter 2] see (2.13)) in our analysis of the relative error of the

approximation as well as obtaining LD lowerbounds on the probability p,,.

The IS estimator of p,, is of the following form:

Tn—1

- k;+ 1))
—tn 1l @" DX (k)

The goal here is to choose the IS measure © so that the second moment of this esti-

mator is minimized, this leads to the optimization problem

Vn(x):infEP(ﬁn):infEP< H oy k:+1 ‘;()2( ))>.

This function satisfies a dynamics programming equation, which , for z in the interior,

V,(2) = infi v, <a; + %v) gEZj;@(”i)'

1=0

. 1 . . . . . . .
Applying —--log to this equation and taking limits reduces this equation to (2.13)).
[25.160] uses subsolutions to this limit equation to construct its asymptotically optimal

IS algorithms.
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The present work is a continuation / extension of [63]], which treats the approximation
of P,(7, < 7o) for the two dimensional tandem walk; [65] derives the following

explicit approximate formula for this probability:

Py(1, < m9) = Py(T < 0)

=) | P2 T ey p@) 2 T A -y )
M2 — M1 — H2

Section gives a detail comparison of the results of this thesis and [65] covering

the tandem walk.
[28]] studies the expectation
Eo[max (X, (1), X-,(2))],

for the simple constrained random walk using combinatorics techniques to count the
trajectories of the walker; note that this work focuses on the initial condition x = 0.
(28] transforms the walk in a triangle to a square, than the walk in a square reduces to
a 1 dimensional simple random walk. For these techniques to work [28] focuses on
two particular cases of the jump probabilities. In the first case authors set p = i, thus

the probability of each increments equal to one over four, that is

P(i= (1,0)) = P = (0,1)) = 1,

P(li = (~1,0)) = P(l; = (0,-1) = 7,

this is called as “metastable case". The second case is the “contracting case”, where

the jump probabilities are taken to be

P(l; = (1,0)) =p < P(I; = (-1,0)) = g, (5.2)

[i —
where p € (0,1). In this case the probability of a positive increment is less than the

probability of a negative increment. Note that in both cases the jump probabilities are

symmetric, i.e., there is no distinction between the queues. [28]] proves that
A(p,n) = Eg[max(X,, (1), X+, (2))] ~ n0.67526...,

for the metastable case and

3
A(p,n) ~ in,
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for the contracting case.

[28] uses the variable m (rather than n as we do above) to denote buffer size (or
equivalently the position of the exit boundary). In the rest of our review of [28] we
will also use m to denote buffer size. Very briefly, the reductions mentioned above are
performed as follows. I',, represents the graph on the integer interval [1, ..., m] with
forward edges {(z,z + 1)|0 < z < m}, backward edges {(z,z — 1)|0 < x < m}
and loops {(0,0) ;(m,m) }.

The set of all edges is

{(z,z+ D0 <z <m}U{(x,z —1)|0 <z <m}U{(0,0); (m,m)}.

(OO0 i @)

Figure 5.1: The graph I,

Uk n: denotes the set of paths of length n from vertex 0 to k in one-dimensional
random walk containing ¢ loops. Uy (x, u) denotes the generating function of number

of paths.

O—=0== =0
) o

—
B —
—_—

Figure 5.2: The multi-graph A,,

A, shows the multi-graph whose vertices is {[x1, 25| : 0 < 21,29 < m} and the set
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of edges

{([z1, 2], [lz1 4+ 1|7, w2]) } U {([21, 2, [J21 — 1T, 25]) JU
{([z1, 2], [, |22 + 17} U {([21, 22], [21, |22 — 1]T])},

where z € Z? and

xz—1, ifr—1>0
2 — 1 =
0, otherwise
\
.
r+1, ifm>x+1
o +1]" =
m, otherwise

Ok, ko.n+ denotes the set of paths of length n from the point [0, 0] to the point[k, k-] in
two dimensional random walk containing ¢ loops; ékl ks (x, u) denotes the exponential

generating function of numbers of paths

Ty, kst denotes set of paths of length n from the point [0, 0] to the point[ky, ko] in
two dimensional random walk, which t are loops with k; + ko < m. The generating

function of this paths is denoted by T}, 1, (z, u).

Lastly, 7, x, denotes the probability of hitting the absorbing barrier (k;, k2) where
ki + ko = m. [28] estimates this probability by counting the trajectories of the

random walk:

1. Estimate the generating function of triangular walks from walks in square lat-

tice by using the reflection principle i.e.,
Ty e (T, 1) = Qiey o (7, 1) — Qg (7, 1),
when ki + ky < m.
Ty oo (2, 1) = 2(Qpey— 1, (T, ) FQpey ey 1 (T, %) = Qe 1,0 (T, )+ Qy k11 (7, 1)),
when k; + ky = m.

2. Estimate the generating function of two dimensional counting walks in a square

1.e.,

~

—~ " —~
Qk1,k‘2 (.T, u) = Z Qkhk‘z,n,tutg - Ukl (377 u) Ukz (377 u),

n,t>0
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where
~ t:pn
Uk(l’,U) = E Uk’nﬂgu g

n,t>0
3. Transform counting of walks in a square to shuffles of 1 dimensional walks

over an interval i1.e.,

Uk(z,u) = Z Ugnax"u’.

n,t>0
4. Express the generating functions of the walks over an integer in terms of partial

fraction decompostion i.e.,

Up(,u) = — Z : cx(p)

1—2xcosp)’
where
. sin(m—k+1)p—usin(m—k)e .
. 2sin ¥ (m+2) cos(m+2)p—2(m~+1)u cos(m-+1)p+mu? cosme? if ¥ 7& 0
() =

1

L otherwise

The general probability of reaching absorbing state is given as

p 2 1 (q :
Thoy ko = (5) . <(PC])2 (5) ) :

for the metastable case the limiting distribution is

m—0o0

where
sinh nmx

f(z) = Z coshmer—————.
n>1
The expected size of the largest stack can now be approximated by integrating with
respect to f. For the contracting case it is shown that the probability of absorption

converges to the uniform distribution:

lim My, 1-xym = 1.
m—0o0

where A € [«, ] and [, (] is a subinterval of [0, 1]. Again, the expected size of the

largest stack is now found by integrating with respect to the uniform distribution.

An early reference on the approximation of the expectation Eqg[max (X, (1), X+, (2))],

is [68]] treating the symmetric case (3.2]) where the jump probabilities of the first and
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second dimension are the same. As opposed to [28]], [68] considers the unstable case

where p > ¢ and also focuses on the initial condition x = 0.

The main idea in [68]] is that after the first log m step, the probability of returning to
the one of the reflecting boundaries is asymptotically 0, thus the analysis reduces to
simple random walk in 2 dimensions with one absorbing barrier at z(1) + x(2) = n.

Details are given below.

The approximation result in [[68] is the following
n n log(n)
A = — —— 4+ 0 —=~). 5.3
) =5+ mm=n * ( \/ﬁ> (>3)
[68]] proves (5.3) by 1) showing that one may ignore the constraints on the dynamics
of X and 2) computing the same quantity for the unconstrained process (this is [68]

Lemma 1]).

The first step of the argument has itself two steps: 1) a case covering when X, is
sufficiently away from the constraining boundaries (this is [68, Lemma 2]) and 2) and
argument when X, = 0; the second part runs the process for ¢ number of steps and
just uses the law of large numbers (with large deviations estimates) to show that the

process will be in a region where the first part works (this is [68, Lemma 3]).

Figure 5.3: The region R

Define the region R C Z2 : [[Nlogn], [Alogn] + 1], where 0 < X < X are
constants that are chosen based on the parameter p and € > 0 is a small number, again
chosen depending on the parameter p; the region R is shown in Figure 335 \ < A;
so for n large enough R is nonempty and grows linearly with log(n). The dashed line

in Figure 3.3l shows the average dynamics of X.
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Let us give an summary of the above argument using Figure 5.3t

1. Use large deviations bounds to show that starting with X, = 0, with high
probability X will be in the rectangle R at time ¢t = |[Alog(n)] + 1. The
contribution of paths with X; ¢ R to Eq[| max(X,(1), X;(2))|] is negligable.

2. For Xy = a € R, as far as the computation of E,[| max(X,(1), X,(2))]] is

concerned, X can be replaced with the unconstrained process X'.

These two steps give the approximation (3.3).
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CHAPTER 6

CONCLUSION

6.1 Comparison with the tandem case

This section compares the analysis and results of the current work to those of [64} 63]]
treating the approximation of the probability P, (7, < 7) for the constrained random
walk representing two tandem queues, which has the increments (1,0), (—1,1) and
(0, —1). The main idea is the same for both walks: i.e., approximation of P,(7,, < 7o)
by P,(7 < oo) and computing/ approximating the latter via harmonic functions con-
structed out of single and conjugate points on the characteristic surface. However, the
assumptions, the results and the analysis manifest nontrivial differences. Let us begin

with the assumptions:

Assumption r%/p, < 1 In the tandem case 3;(1) = p, and the conjugate point of
(p2, 1) is (p2, p1), therefore, the stability assumption automatically implies a(r, 1) <
1. For the parallel case, (r, 1) can indeed be greater than 1 if 7 and p; are close and
p2 is small; we therefore explicitly assume r?/p, < 1. This assumption appears in
two places: 1) in the convergence analysis, in the derivation of the bound [2.9) and
2) in the computation of P, (7 < o) in Section We think that the use of the
assumption r2/p, < 1 in the first case can be removed without much change from
the arguments of the present and earlier works; the details remain for future work.
We think that the computation of P, (7 < oc) when 7?/ps > 1 presents genuine dif-
ficulties, the treatment of which also remains for future work. Next we point out the

differences in results:
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Region where P,(7 < o0) is a good approximation for P, (7, < 7y) That the
tandem walk involves no jumps of the form (—1,0) implies that Pr, (,,)(T < 00) pro-
vides an approximation of P, (7,, < 7y) with exponentially decaying relative error
for all = away from 0; in contrast, the presence of the jump (—1,0) in the parallel
case, implies that the same approximation works only away from 0, for the parallel
walk case treated in the present work. This difference shows itself in the proofs of

exponential decay of relative error, too, this is discussed below.

Explicit formula for P (7 < oo) In the case of the tandem walk, the probability
P,(t < o0) can be explicitly represented as a linear combination of the harmonic
functions h,, and h,, for all stable parameter values as long as 1i; # ji2; in the paral-
lel case this only happens when r2 = p; p (see Proposition Z.21). When 72 # p; ps,
h, and h,, can only provide an approximation of P, (7 < oo) with bounded rela-
tive error (Proposition 2.22)). This relative error can be reduced by adding into the

approximation further 0 B-determined Y -harmonic functions (Proposition [2.25] and

subsection 2.6.1)).

The changes in argument from the tandem walk to the parallel walk are as follows:

Analysis of P,(7,, < 1) In prior works 60, 611 [64] the LD analysis of P,(,, <
7o) and similar quantities are based on sub and supersolutions of the limit HIB equa-
tion, similar to the analysis given in subsection 2.3.1l In the present work, a novelty
is the use of explicit subharmonic functions (Proposition 2.13)) of the constrained ran-

dom walk X in the proof of the upperbound Proposition [2.16)

Analysis of P,(0; < 7,, < 79) The probability corresponding to P,(0; < 7, < 7) in
the tandem case is P,(0; < 012 < 7, < 7). For the proof of the exponential decay
of the relative error, we need upperbound on these probabilities. Both papers develop
these upperbound from subsolutions to a limit HIB equation. The subsolution con-
sists of three pieces (one for each of the stopping times o4, 0 » and 7,,) for the tandem
walk, and two pieces for the parallel walk (one for each of the times o; and 7,,). In
the tandem case, the pieces of the subsolution are constructed from the subsolution

for the probability P, (7, < 7y), whereas in the parallel case a new piece is introduced
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based on the gradient r4 of (2.39).

Analysis of P,(6; < 7 < 00) The probability corresponding to P,(6; < 7 < 00) in
the tandem case is P, (01 < 012 < 7 < 00). The special nature of the tandem walk
allowed us to find upperbounds on this probability from the explicit formula we have
for P,(7 < 00); this significantly simplified the analysis of the tandem walk case. For
the parallel walk, we extended the analysis of P,(0; < 7,, < 79), based on subsolu-
tions, to P,(61 < 7 < 00). In this, the most significant novelty is the analysis given
Section where we prove the existence of z > 1 such that E.[271(;co0y] < 00.
For this, we introduce what we call Y — z-harmonic functions and provide methods
of construction of classes of them from points on 1/z-level characteristic surfaces,

which are generalizations of characteristic surfaces.

6.2 Conclusion

The probability P,(7 < oo) approximates P, (7, < 7p) well when z is away from
01; as noted in the previous section, this is in contrast to the tandem case, where the
approximation is good away from the origin. How can one extend the approximation
to the region along 0;? A natural idea, already pointed out in [64] is to repeat the
same analysis, but this time taking the corner (0, 7n) as the origin of the Y process,
i.e., to use the change of coordinate y = 7, (z) = (z(1),n — x(2)) to construct
the Y process. Numerical calculations indicate that the resulting approximation will
be accurate (i.e., exponentially decaying relative error) along 0; between the points
(0,n) and (0, [ (1 — Cy)n]) (see @2.19) for the definition of Cy). We believe that
arguments and computations parallel to the ones given in the present work would
imply these results; the details are left for future work. We think that the extension of
the approximation to the region along the line segment between (0, 0) and (0, [ (1 —

c1)n|) requires further ideas and computations.

We expect the analysis linking P,(7,, < 7) to P,(7 < oo0) when p; = p, to be
parallel to the analysis given in the current work. For the computation of P, (7 < 00),

when p; = po, the case \; = Ao, 111 = o appears to be particularly simple. In this
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case, upon taking limits in (2.49) one obtains
By(r < 00) = 002 4 (1= )0 (y(1) ~ y(2),

where r = p; = ps. A complete analysis of the computation of P, (7 < co) when

p1 = po remains for future work.

In subsection 2.6.1] the computation of P,(7 < co) when 72 # p;py proceeds as fol-
lows: 1) we first construct a candidate approximation h®* = R(h**) of P, (1 < o0)
2) we find an upperbound on the relative error of the approximation by finding the

maximum of |p* %

— 1] on OB. A natural question is the following: given a rela-
tive error bound, can we know apriori that an approximation having that maximum
relative error can be constructed? If that is possible, how many Y -harmonic func-
tions of the form given by Proposition 2.3lwould we need? To answer these questions
require a fine understanding of the functional analytic properties of the span of the
0B-determined Y -harmonic functions given by Propositions and This ap-
pears to be a difficult problem because the functions given in these propositions don’t
have simple geometric properties, such as the orthogonality of the Fourier basis in

L?. A study of this problem remains for future work.

The exact formula for P,(7 < oo) for the tandem case has a remarkable extension
to d dimensions; this is derived in [64] and is based on harmonic-systems, a concept
defined in that work. We think that it is also possible, in the case of parallel queues, to
obtain nontrivial harmonic systems in higher dimensions. A complete characteriza-
tion of such systems and the question of under what conditions they would give a rich
class of Y'-harmonic functions to approximate P,(7 < oo) also remain challenging

problems for future research.
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