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Abstract

In this thesis, we establish global well-posedness of the Cauchy problem for a par-
ticular higher-order Boussinesq equation.
At the microscopic level this sixth order Boussinesq equation was derived in [11] for
the longitudinal vibrations of a dense lattice, in which a unit length of the lattice
contains a large number of lattice points.

We take the initial data in the Sobolev space H® with s > With smoothness

1
5
assumptions on the nonlinear term, we establish local existence and uniqueness of
the solution. Under further assumptions, we prove the global existence for s > 1.

Finally, we show continuous dependence of the solution on the initial data.



YUKSEK MERTEBEDEN BIR BOUSSINESQ DENKLEMI ICIN CAUCHY
PROBLEMI

Nilay Duruk
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Anahtar Kelimeler: Yiiksek mertebeden Boussinesq denklemi, Global varlik,

Cauchy problemi, Genellestirilmig ¢ift dagilma denklemi.

Ozet

Bu tezde, yiiksek mertebeden 6zel bir Boussinesq denklemi igin yazilmig Cauchy
probleminin global olarak iyi konulmus oldugu gosterilmistir.

Altinci mertebeden olan bu Boussinesq denklemi mikroskobik diizeyde, bir yogun
latisin boyuna titregimlerini tanimlamak i¢in [11]’de tiiretilmigtir. Birim uzunlugunda
¢ok sayida latis noktasi igeren latisler yogun latis olarak adlandirilir.

Baslangi¢ verilerini s > % icin H® Sobolev uzayinda alarak, lineer olmayan ter-
imin yeterince diizgiin oldugu varsayimi altinda ¢éziimiin lokal varligr ve tekligi elde
edilmigtir. Ek varsayimlar altinda s > 1 igin global varlik ispat edilmigtir. Son

olarak, ¢ozlimiin baslangi¢ verileri tizerine siirekli baglilig1 gosterilmigtir.
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Chapter 1

Introduction and Preliminary Concepts

In this thesis, we study a higher-order Boussinesq type equation and the related
Cauchy problem. The higher-order Boussinesq equation models the longitudinal
vibrations of a dense lattice. We prove the existence and uniqueness of the global
solution for the Cauchy problem. For this purpose, we give some definitions and
relations, then we introduce some typical problems and use the ideas in our problem.
As far as we know, the results that we obtained are new.

The rest of Chapter 1 is devoted to the preliminaries. Mainly, we give a brief
overview of nonlinear evolution equations, weak solutions, Fourier transform, and
some special function spaces. We also give some useful theorems and inequalities.
We refer to [6] for the notation and the definitions given. We also use some parts
of [10], [16] to define weak derivatives and Fourier transform.

Before giving the higher-order Boussinesq equation we consider, we describe the
physical model in Chapter 2. We derive the equation using quasi-continuum ap-
proximation for lattice dynamics equations. Moreover, we derive the conservation
laws.

Cauchy problem for the generalized double dispersion equation was studied by Wang
and Chen in [2]. In Chapter 3, we study their methods used to prove the global
existence and uniqueness.

Finally, Chapter 4 contains our own results on the higher-order Boussinesq equa-
tion. Parallel to Chapter 3, we study the linearized problem and obtain the local
existence and uniqueness by contraction mapping principle. Then, we prove the
global existence and uniqueness theorem and show that the solution of the problem

under consideration depends continuously on the initial data.



1.1 Nonlinear Evolution Equations

Partial differential equations with time ¢ as one of the independent variables, namely
nonlinear evolution equations arise not only from many fields of mathematics but
also from other branches of science such as physics, mechanics and material science.
For example, Navier-Stokes and Euler equations from fluid mechanics, nonlinear
reaction-diffusion equations from heat transfer and biological sciences, nonlinear
Klein-Gorden equations and nonlinear Schrédinger equations from quantum me-
chanics are special equations of this type. In particular, the Boussinesqg-type equa-
tion that we study in this thesis describes non-linear vibrations arising in lattice
dynamics.

The first question to ask is whether for a nonlinear evolution equation with given
initial data there is a solution at least locally in time, and whether it is unique in
the considered class. While the initial data are given at ¢ = 0, we want to find
the solution for later time ¢ > 0. This problem has been solved for a wide class
of nonlinear evolution equations by two powerful theorems in nonlinear analysis:
the contraction mapping theorem and the Leray-Schauder fixed-point theorem [16].
Since the 1960’s, much more attention has been paid to the question of global
existence, in other words, whether a solution can be extended to all times. As
we know from the theory of ordinary differential equations, there is a significant
difference between linear and nonlinear equations. For a linear ordinary differential
equation, we can often find a solution defined globally for all ¢ > 0, while for a
nonlinear equation it is not always possible. This is also true for nonlinear evolution
equations which are clearly more complicated than ordinary differential equations.
The standard method for proving global existence and uniqueness is to combine a
local existence and uniqueness result with estimates. A local existence result can be
obtained as follows: First, the linearized problem is solved, then the original problem
is transformed into a fixed point problem using this linearized problem. Finally, a
suitable fixed point theorem will yield the result. Such results are local, because the
fixed point theorems usually work for small time intervals. Obtaining estimates for
global existence is usually a separate step in the proof since the special structure of
nonlinear problem has to be exploited. A typical example of the scheme above is

the existence and uniqueness theorem for ordinary differential equations [9].



We give some basic definitions and some useful inequalities below.

1.2 Classical and Weak Solutions

We say that a given problem for a partial differential equation is well-posed if
e the problem in fact has a solution;
e this solution is unique; and
e the solution depends continuously on the data given in the problem.

By solving a partial differential equation with initial/boundary conditions, we mean
to show that the three conditions above are satisfied. In other words, for a solution,
we want all derivatives involved in the equation to exist and satisfy the equation with
initial/boundary conditions at each point of the domain. Such a solution is called
a classical solution. Certain specific partial differential equations such as the wave
equation can be solved in the classical sense; but if we wish to study conservation
laws and recover the underlying physics, we must allow for solutions which are not
continously differentiable or even not continous. As in the case of conservation
laws, some equations can be described in weaker forms and may be satisfied by
functions that are not sufficiently smooth. Moreover, a solution that starts smooth
may eventually become singular as in the case of shock waves. To overcome this

difficulty, we allow for generalized or weak solutions.
Example 1.2.1 Consider the Cauchy problem:

Uy — gy =0 xE€R, t>0,
u(z,0) =p(x) z€R,

u(z,0) =¢(z) z€R,

where p(z) and ¢ (z) are arbitrary initial value functions. We know from D’Alembert’s
formula that if ¢(z) € C*(R) and ¢(x) € C'(R) then the problem has a unique so-
lution u € C*(R x R™) given by the formula

r+ct

() = %(gp(m bet) 4ol —a) 4o [ u()s

r—C



If the assumptions ¢(z) € C*(R) and ¥ (z) € C'(R) are not satisfied, then u(z,t)
given by this formula is not a classical solution but still describes a wave motion.
For this reason, we define a weak (generalized) solution using approaches involving

weak derivatives [6].

1.3 Weak Derivatives

Let C2°(U) denote the space of infinitely differentiable functions ¢ : U C (R") — R,
with compact support in U, an open subset of R"”. A function ¢ belonging to C°(U)
is called a test function.

Consider a function u € C*(U). Then if ¢ € C°, we see from integration by parts

formula that
/ UGy, dr = —/ Uz, pdx (1 =1,2,...,n), (1.1)
U U
where dx = dxdzsy...dx,. There are no boundary terms since ¢ has compact support

in U and thus vanishes near the boundary OU. If k is a positive integer, u € C*(U),

and a = (ay, @9, ..., ;) is a multiindex of order |a] = a; + as + ... + a,, = k, then

/uDa(bdx: (—1)|a|/Dau¢da: (1.2)
U U

where we use the multiindex notation

8041 aan

D% =
¢ Ox(*t  Oxon

0.

Equation (1.2) is obtained by applying formula (1.1) |«| times. If u is not k& times
continously differentiable, then the expression ” D%u” on the right hand side of (1.2)

has no obvious meaning.

Definition 1.3.1 The linear space of all measurable functions u : U — C, from an

open subset U of R™ to the set of complex numbers C, for which

Il = ([ 1P a0 < o0

where 1 < p < o0, is defined as LP(U).

Definition 1.3.2 A function v : U — C, from an open subset U of R" to the set of
complex numbers C is essentially bounded on U if it is measurable and there exists

a real number M > 0 such that |u(x)| < M for almost all x € U. The infumum of

4



all such numbers M is called essential supremum of u and is denoted by ||ul|_. The

set of all essentially bounded functions on U is denoted by L>(U).
Definition 1.3.3 Let U,V denote open subsets of R". We write

VccU
and say V' is compactly contained in U if V C K C U for some compact set K.

Definition 1.3.4 Let 1 < p < oo. L (U) is the set of locally integrable functions,

loc

LP

loc

U)={u:U—-C | uelLP(V) foreach V CccU},
ie.ue LPifu:U — C satisfiesuw € LP(V) for all V CC U.

Definition 1.3.5 Suppose u,v € L} (U) and « is a multiindex. If the equality

loc
/ uD*¢dx = (—1)1 / vodx (1.3)
U U
is satisfied for all test functions ¢ € C2°, then v is called the weak derivative of order
la| of the function u in the domain U and is denoted by D%u, i.e. v = D%. In
other words, if we are given u and if there exists a function v which verifies (1.3) for
all ¢, we say that D®u = v in the weak sense. If there does not exist such a function

v, then v does not possess a weak a'"-partial derivative.

Fix 1 < p < oo and let k be a nonnegative integer. We define now certain function
spaces, whose members have weak derivatives of various orders lying in various LP

spaces.

Definition 1.3.6 The Sobolev space W*P(U) consists of all integrable functions
u : U — R such that for each multiindex o with |a| < k, D*u exists in the weak
sense and belongs to LP(U).

Similarly we define the space W'ZIZf(U ) using locally integrable functions instead of

integrable ones.

We introduce a natural norm on the Sobolev space:

lullyes = Y I1D%ull -

o<k



We have the following sequence of inclusions of Sobolev spaces:
LP(U) = WO (U) > W (U) > W*P(U) D ...

A sequence (uy,) converges to u in the Sobolev space W*? if and only if D%y — D%u

in LP(U) as k — oo for all multiindices « such that |a| < k.

Theorem 1.3.7 [6] For each & = 1,2,... and 1 < p < o0, the Sobolev space
WHP(U) is a Banach space.

Remark: If p = 2, we write
HYU) =W"(U) (k=0,1,2,..).

The letter H is used since H*(U) is a Hilbert space. Note that H°(U) = L*(U).

Remark: At the end of Example 1.2.1, we mentioned about some approaches for
introducing weak solutions. Omne of them is to use weak derivatives so that the
wave equation is satisfied in a form of integral identity. The other one is to define
a weak (generalized) solution of the problem by approximating (¢, 1) with smooth
data (g, ;) € C*(R) x C*(R) and passing to the L*limit in L? spaces of the

corresponding solutions wuy,.

Example 1.3.1 (Continuation of Example 1.2.1) Following the definition of weak
derivative, a function u € VVZ?)Cl (R?) is said to be a weak solution of the wave equation
Uy — gy = 0 iff

/R uldu — or)dadt =0
for every test function ¢ € C5°(R?).
Another approach to weak solutions is as follows: A function u € VVlicl(R2) is said
to be a weak solution of the wave equation wuy; — c*u,, = 0 iff there exists a sequence

of solutions ug(x,t) € C*(R?) of the wave equation such that for every compact set

K C R27 ||ukz - UHWQJ(K) — 0 as k — oo.

In [14], these two approaches are shown to be equivalent.

1.4 Fourier Transform

The Fourier transform is of basic importance in various areas of analysis, especially

in applications of partial differential equations and in the theory of probability.

6



The general idea for solving various problems (usually a partial or ordinary differ-

ential equation) using the Fourier method consists in the following three steps:

i. to convert the original problem to simpler one (ordinary differential equation

or algebraic equation, respectively) using the Fourier transform;
ii. to solve the new equation;

iii. to obtain the solution of the original problem using the inverse Fourier trans-

form.

Let u € L'(R). Consider the function (¢, z) — e~™u(x) from R x R into C. As for
given £ € R the function z +— e *%y(xz) is integrable on R since its absolute value

equals |u|. Moreover, the function @ : R — C given by the integral

u(§) = /_OO e~y (x)dx

[e.o]

is well-defined.

Definition 1.4.1 The function @ is called the Fourier transform of the function u

and is also denoted by F(u) or Fu.

Definition 1.4.2 For v € L'(R), the function

1 / X e
o(x) = eu(€)dE
0)=mp |
is called the inverse Fourier transform of the function v.

We extend the definition of Fourier and inverse Fourier transform to functions

u € L*(R) by the following theorems( [6], [10]).

Theorem 1.4.3 (Plancherel’s Theorem) Assume v € L'(R) N L*(R). Then 4,1 €
L*(R), and

||a”L2(R) = ||a||L2(R) = ||UHL2(R)- (1.4)
Theorem 1.4.4 Assume u,v € L*(R). Then
i. fRu@dx:fRdgdf,

ii. (D) (&) = (i€)*a(€) for each multiindex « such that (D%u) € L*(R),



here u*v denotes the convolution of u and v (Convolution

i, (u*v) = (2m)200, w
Theorem),
iv. u = (@) (the Inversion Theorem)
where Z denotes the complex conjugate of z € C.

The Sobolev space H*(R) can be related to Fourier transform in the following sense

where we write ||.|| instead of ||.|| 2:
2 2 2
lallzpe = lullynz = D 11Dl

| <k

From Plancherel’s theorem and Theorem 1.4.4 (ii)

S o = 3 ||

la| <k la| <k
Sl = Z/WQ a(©)I" e
la| <k lo| <k
Do | eerde= [ (3 eae) i
|a|<k/ / ol <k
Let
D=4+ + = B(6).
lo| <k
Since
Pk(g) _
and
Pi(§)
vy "

there exists c¢1,co such that
a(l+&)F < P& < 1+

1. Therefore as a weight, Py(€) is equivalent to (1 + &£2)F.

where ¢; > 0 and ¢ =
Using this equivalence, we obtain an equivalent definition of H* as follows

Proposition 1.4.1 The Sobolev space H*(R) can also be defined by

falg) € LA(R) }, (L5)

HYR) = {ue I*(R) | (1+€)

where £ € R, and u is the Fourier transform of u. The usual norm is equivalent to

- /R (1+ € a(6) P d) . (1.6)



We give a scale of Sobolev spaces H*(R) defined for all real numbers s > 0 instead

of integers £ > 0 by:
H*(R) = {u e L*(R) | (1+€&)2u(€) € L*(R)} . (1.7)
Thus, u € H*(R) if and only if u is Lebesgue measurable and
iy = ([ (1€ () dt)? < oo,
For s; < so we have a continuous imbedding
H**(R) C H**(R) (1.8)

and H°(R) = L*(R). We can prove this fact using (1.7). Note that s; < sy and
1+ &% > 1 together imply that (1 + £2)% < (1 + £%)%2. Multiplying this inequality
by ]ﬁ(f)|2, then integrating over R, we obtain

[l

Hs1 S Hul Hs2 * (19)

This means that the imbedding H**(R) — H*®(R) is continuous. Functions from
H*(R) are more differentiable as s increases, where s is the degree of regularity
of functions. On the other hand, the Lebesgue spaces LP(R) do not satisfy this
inclusion property because R is unbounded. Both L'(R)\ L?*(R) and L*(R)\ L'(R)

are nonempty sets.

1.5 Some Special Function Spaces

We define some suitable function spaces for nonlinear evolution equations so that
we can obtain their global solutions using the methods mentioned in Section 1.1.
They are all function spaces involving time .

Let X be a Banach space, 1 < p < 0o, —00 < a < b < 0o. Then LP((a,b); X)
denotes the space of LP functions from (a,b) into X. In other words, a function

f € LP((a,b), X) if f(t) belongs to X for each t € (a,b) and

b 1
TP / ()] )Pde) < oo,

LP((a,b); X) is a Banach space with the norm given above.



For p = oo, L*((a,b), X) is the space of measurable functions from (a,b) into X

which are essentially bounded. It is a Banach space for the norm

”fHLoo((a,b);X) = €88 SUDy¢(q,b) 1 x -

Similarly, when —oo < a < b < oo we can define the Banach spaces C*([a, b]; X)

with the norm k

1 len qapgix) = dtZ H

tE [a b]
They denote the functions which are k times differentiable, and which belong to X

for each t € [a, b)].

Example 1.5.1 When X = L*(R), u € L*([0,T], L*(R)) is actually a function of

two variables u = u(z,t) satisfying

il = [ WOsdi= [ [ 0P dod = ol gy

1.6 Useful Inequalities and Theorems

Lemma 1.6.1 (Minkowski’s Inequality for Integrals) [4] If 1 < p < o0,
u € LY(I, LP(R)) for a.e. t, where I C [0, 00), then

’/u( Dt §/||u(.,t)||Lpdt.
I Lr I

Remark: Obviously, Lemma 1.6.1 also holds for Sobolev spaces, i.e. L'(I, W),

Lemma 1.6.2 (Integral Form of Gronwall’s Inequality) [6]

i. Let ¢(t) be the nonnegative, continuous function on [0, 7] which satisfies al-

most everywhere ¢t the integral inequality

6(t) < Cy /0 o(s)ds + Co

where C and Cy are nonnegative constants. Then,
() < Coe™!

for almost all 0 < ¢ <T.

10



ii. In particular, if
t
o) <Cs [ olsis
0
for almost all 0 <t < T, then ¢(t) = 0 almost everywhere.
Theorem 1.6.3 (Banach Fixed Point Theorem/Contraction Mapping Principle)
Let f be a contraction mapping on a complete metric space. Then there exists

a unique z € F such that f(z) = z. The typical case for this theorem is when

f: F — F where F is a closed subset of a Banach space.

Theorem 1.6.4 (Sobolev Imbedding Theorem) [1] Let 2 be a domain in R", j > 0

and m > 1 be integers and 1 < p < oco.

i. If either mp > n or m =n and p = 1, then
W (Q) = C(9)

where C%(Q) is the space of functions having bounded, continuous derivatives

up to order j on €.

Moreover,

WmP(Q) — LY(Q)
for p < ¢ < o0.

ii. If mp = n, then
WmP(€) — L9()

for p < g < 0o, where ¢ > p is an arbitrary number.

iii. If mp < n, then
WmP(Q) — LY(Q)

for p < ¢ < p* =np/(n —mp).

Remark: In particular, for n = 1, p = 2 and s > %, we have H*(R) C L™ and
moreover, there is some constant d, depending on s, so that ||u| < d|ul/,. for

u € HS.

11



Chapter 2

Physical Model

In this chapter, we show that the motion of dense lattices is modelled by the higher-
order Boussinesq equation when higher order discrete effects are included. It is
well-known that Boussinesq type equations like the Boussinesq equation, the im-
proved Boussinesq equation and the modified improved Boussinesq equations occur
in the continuum limit description of nonlinear lattices. The higher-order Boussinesq
equation to be considered was first derived by Rosenau [11]| using the quasicontin-
uum approximation for dense lattices. In Section 2.1, we rederive the higher-order
Boussinesq equation using a similar approach. In Section 2.2, we present the con-

servation laws.

2.1 Derivation of the Higher Order Boussinesq Equation

In this section, as in [11], we derive a higher order Boussinesq type equation using the
principles of lattice dynamics. We first consider the linear case related to vibrations
of a harmonic lattice in Section 2.1.1. Then, in Section 2.1.2, we introduce the
nonlinear case with vibrations of an anharmonic lattice. In Section 2.1.3, we give
the quasicontinuum approximation of the discrete model. Finally, in section 2.1.4,

we derive the higher-order Boussinesq equation.

2.1.1 Vibrations of a Harmonic Lattice

We now consider a one-dimensional chain of (equally spaced) particles as a simple
model of crystal lattices. We assume that all the particles are identical and that the
particles are interconnected by elastic springs. We denote the mass of the particles

by m and the interparticle separation by h. The nearest neighbor interactions will be

12



considered here. We label the particles by the number n and denote the displacement
of a particle from the equilibrium position by Y,,. Note that Y,, is a function of the
time t.

The kinetic energy of a particle is given by %m(Yn)2 where Y, = %. The elastic

K

75 (Y, — Y,_1)? where & is a constant related

energy stored in a spring is given by
to the interparticle elastic constant (spring constant). The (total) kinetic energy of

the discrete system of particles due to the displacements Y,,(t) is
T=3 im.)2.

— 2
The (total) potential energy, the deformation energy, of the discrete system is

K Yn — Yn—l

V = —(———T)?
22
Then, the Lagrangian of the discrete system of particles,
L=T-YV,

is a function of the time ¢, and of the displacements Y, and velocities Yn of the
particles in the system. The equations of motion for the system of particles can
be derived using the principle of least action, which states that the motion of the

discrete system of particles during the time interval [t1,?s] minimizes the action

to
/ Lt
t1

[7]. The Euler-Lagrange equations associated with the action are given by

functional

d oL  OL

dtoy, 0Y,

(2.1)

A substitution of L into these equations provides the equations describing the dy-
namics of the discrete system
. K

These equations admit plane wave solutions of the type:

Y, = A expli(kz, — wt)],  z, =nh (2.3)

13



where k denotes a wave number and w is the frequency. Substituting the plane wave
solution, (2.3), into the equations of motion, (2.2), we obtain the (exact) dispersion

relation of the harmonic lattice

w4, kh
? = ﬁSll’l (7) (24.)

where ¢ = (%)% is the speed of sound. The phase velocity is defined by ¢, = ¥ and
is the velocity of the propagation of the plane wave. We note that the phase velocity
depends on wave number, that is, lattice waves are dispersive. The long wavelength
limit (i.e. the limit of small wave numbers) implies that kh << 1. If the sine
function in (2.4) is expanded in the limit, we obtain w? = ¢?k* which implies that
¢, = c for long waves. That is, in the long wavelength limit, the wave propagation is
nondispersive and the wave cannot identify the discreteness of the system in which

it propagates.

2.1.2 Vibrations of an Anharmonic Lattice

In the preceeding analysis, the deformation energy involved only the terms of second
degree in the displacements. This results in the linearized equations of motion. The
approximation of the potential energy may not be appropriate for some specific
cases, for instance the cases involving large displacements. Therefore, in this part
we consider the potential energy for the one-dimensional chain with the nearest

neighbor interactions in the form
Yn - Yn—l
V= g
ILUEE

where W is an arbitrary function. Sometimes we use a decomposition of W into

harmonic and anharmonic parts:

W(u) = %uQ + G(u)

in which we recover the linear case G = 0. Then we have

’

W (u) =u+ g(u)

where g(u) = G (u). We assume that the equilibrium potential energy of the discrete

system is zero, i.e. W(0) = 0 which implies
G(0)=0 and G(u)= / g(p)dp.
0
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The first-order derivative of the potential energy with respect to Y,, is the negative
of the net force acting on the n'" particle. We assume that the net force at the
equilibrium position is zero, i.e. W'(0) = 0 which implies g(0) = 0. Therefore, the
first nonnegligible term in the Taylor series expansion of W about the equilibrium
position is the quadratic term from which we obtain the harmonic approximation.

The Euler-Lagrange equations (2.1) obtained from the principle of least action are
also valid for the nonlinear case. A substitution of the Lagrangian L =T — V gives

the equations of motion for the discrete system in the form

e K / Yn - Ynfl rodn4+1l T Yn
Yy=—"W(——"F—) - W (———
¥, = —F [ () (L)
Introducing the notation
o Yn - Yn—l
Yo =

we can rewrite the equations of motion as

2

U = 13 (W (Y1) = 2W (yn) + W' (yn-1)] (2.5)

Note that the dispersion relation for the linearized form of these equations is given

by (2.4).

2.1.3 Quasicontinuum Approximation of the Discrete Model

In this subsection, a quasicontinuum approximation of the dynamics of the lattice
model is developed. Our aim is to incorporate correctly the leading effects of the
discrete system in a continuum description. For this aim, we wish to find a smooth
function u(x,t) as an interpolation of the sampling [z, = nh, y,(t)] such that
w(zn,t) = yn(t). Note that the correspondence between the continuous variables
resulting from the quasicontinuum approximation to be developed below and the
discrete variables of the lattice dynamics will be in the form n = z, Y,,(t) = U(z, t)
and y,(t) = u(x,t) = Uy(x,t).

Consider a dense lattice, a lattice where a macroscopic unit length L of the lattice
contains a large number of particles. This means that A << 1. Taylor series
expansions for (W' (y,1)) near (z,,t) give

! ’ ! 8 ! 1 82 /
w (ynzpl) =W (u(-%n:[:h, t)) =W (U)(xn,t):':[%w (u)](zn,t)h%—i[ww (u)}(mmt)fﬁ—i—...
(2.6)
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If we substitute (2.6) into (2.5) and drop the index n, we obtain the following

equation of motion for the second-order approximation
gy = AW ()]s + O(R?).
The corresponding linearized equation is
Uy = gy + O(h?).

For the plane wave solution u(z,t) = A expli(kx — wt)], the dispersion relation is

obtained as ¢, = ¥ = c. This dispersion relation obtained from the quasicontin-
uum system is exactly the same as that obtained from the discrete system in the
long wavelength. That is, the wave propagation in the present continuum system
is nondispersive as in the long wavelength limit of the discrete system. The dis-
crepancy between the dispersive wave propagation in the discrete system and the
nondispersive wave propagation in the continuum system can be eliminated using a
higher order approximation in the above derivation.

We now substitute (2.6) into (2.5) and drop the index n, thus we obtain

’ C2 h2

Ut = Cz[W (u)]ee + E[W/ (u)]ewea + O(h4>

for the fourth-order approximation. The corresponding linearized equation and its

dispersion relation are in the form

2h2
Ut = gy + g Uswse + O(hY) (2.7)
and
w? h?
- =1-—k 2.
c2k? 127 (2:8)

respectively. As it is expected, the present higher-order approximation provides a
remedy for the above-mentioned discrepancy. In other words, the wave propagation
in the continuum system is dispersive now.

We note that the dispersion relation (2.8) approximates the exact dispersion relation
of the lattice up to O(h?). In other words, the two term Taylor series expansion of
the exact dispersion relation gives (2.8). There exists still a discrepancy between
the exact dispersion relation and (2.8). Recall that the exact dispersion relation is

bounded for every k. However, the dispersion relation (2.8) becomes unbounded for

16



large k. This discrepancy is eliminated by replacing the polynomial function in (2.8)
by a rational function. We rewrite the dispersion relation (2.8) up to O(h?*) in the

form
w? 1
= — . (2.9)
27.2 h2k
kT 1+ 45

Note that the new dispersion relation (2.9) is bounded for every k and that it is
equivalent to (2.8) for small k. The linear wave equation corresponding to the

dispersion equation (2.9) is given by

h2
U = C2uzz -+ Eumtt. (210)

The Cauchy problem for this equation is well posed for all times while the Cauchy
problem for (2.7) is ill posed.

The rest of this is devoted to the extension of the above results obtained for the
linearized equations to the nonlinear case. We now assume that, with the use of
the quasicontinuum approximation, the equations of motion for the discrete system,

(2.5), can be written as

uy = LD*W (u) (2.11)
with
4 hD
2 )

LD = ﬁsmh (T)

0 h? 2ht
D=— L=1+—D?*+=-D"+ ..

oz’ TRttt T

As an application of this approach we first consider the second order approximation.
That is, we restrict our attention to the invertible operators Ly and L; ' as a second-

order approximations of L and L~
h? h?
Ly=1+—D? Lyt =1——D%
2= AR 2 12
An application of Ly " on (2.11) gives

Ly uy = DWW (u)

or explicitly

/ h?
U = C2[W (u)]xx + Eumtt. (212)
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The linearized form of this equation and the corresponding dispersion relation are
given by (2.10) and (2.9), respectively. The above equation (2.12), which can be
also written as

h2

Uy — Cligy — 5 heatt = Alg(u)) e, (2.13)

is the so-called generalized "improved" Boussinesq equation ( [2], [3]). The terms

"improved" and "generalized" can be explained as follows. The equation
2 h2
Ut — CQUxx - Cl_2ux:m:x = Cz[g(u)]:m: (214)
is the so-called generalized Boussinesq equation ( [2], [3]). We have already shown
that the linear dispersion relation for (2.13) leads to a nonphysical instability of
linear waves. The term "improved" means that (2.13) does not admit such an
instability of linear waves. Usually, the above evolution equations appear in the

literature with the quadratic nonlinearities:

2h2
Ugt — CQUmx - C_uxxra: - 62[u2]mz (215)
12
and
h2 27 2
Ugy — gy — g Uaatt = € (U] 2 (2.16)

Equations (2.15) and (2.16) are called the Boussinesq equation (or the "bad" Boussi-
nesq equation or the "ill-posed" Boussinesq equation) and the improved Boussinesq
equation (or the "good" Boussinesq equation or the "well-posed" Boussinesq equa-
tion), respectively [15]. The term "generalized" means that the evolution equation is
not restricted to the quadratic nonlinearity and that it involves an arbitrary function

in the nonlinear term.

2.1.4 The Higher-Order Boussinesq Equation

In this subsection, we derive a nonlinear evolution equation such that its linear
dispersion relation approximates the exact dispersion relation of the discrete system
with a fourth order accuracy for every k. For this aim, we first consider the three-

term Taylor series expansion of the exact dispersion relation (2.4) in the form

w? h2 o, bt
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We approximate this polynomial function by the following rational function

w? 1

= 2.1
02]{72 1 —f- b1k2 + b2k4 ( 8)

where b; and by are constants. The coefficients b; and by are determined by com-
paring the Taylor expansion of the rational function by the polynomial expansion
(2.17). The taylor expansion of (2.18) up to O(h?) is given by

w2

Eigzl—bﬁ?+aﬁ—bg#. (2.19)

A comparison of (2.19) with (2.17) we obtain

h? ht

= T

We now consider the invertible operators Ly and L;' as a fourth-order approxima-

tions of L and L~

h2 B h2 B
L,=1+—D*+ —D* L7'=1—-—D*+ —D*
O T 4 127 T 210

An application of L;' on (2.11) gives
Lzlutt = C2D2WI (U)

or explicitly

/ h? h*
U = 02 [W (u)]x:c + Eumctt - gouxmcxtt'
The linearized form of this equation is
2 4
Uy = C2u]}1‘ + h_u:cxtt - h_u:c:(;xxtt-
12 240

The corresponding dispersion relation which is given by (2.18), is bounded for every
k as in the exact dispersion relation of the discrete system. The above nonlinear

evolution equation can be written as

2 h2 h4 2[ ( )]
Uu C Ugy 2uxm 24 Ugzgatt = C U)| g
tt 1 tt 0 tt g

Henceforth this equation will be called the higher-order Boussinesq equation. If we
introduce the following dimensionless variables

\/ﬁx \/ﬁct
“hn o T T

§
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the higher-order Boussinesq equation takes the following form

+ o ggerr = [o(u)]
Urr ugf u{&TT 240“’565577— = glu &€

Replacing (&, 7) by (z,t), we rewrite the equation in the form

Ut — Upg — Uggtt T ﬁuxmzxtt = g(u):px

144

where § = 535 > 0. Henceforth, the above form of the higher-order Boussinesq

equation will be used in the rest of this study.

2.2  Conservation Laws
We will study the conservation laws for the higher order Boussinesq equation

Upp — Uy — Ugprr + ﬁu:m:mctt = g(u)x:c (220>

We substitute u = U, into (2.20) and then, integrate on R with respect to = with

the assumptions U, U,, U;, Uyy, Uy, Uyy... — 0 as © — Foo, to obtain
Utt - Umx - watt + ﬂUmmmmtt - [g(Um]x (221)

A Lagrangian density function for (2.21) is

L= %(Ut)2 - W(U,) +

where g(u) = —u + W' (u).

The equation is derived as the Euler-Lagrange equation of the functional (action)

to )
t1 —0o0

Our aim is to state Noether’s theorem for (2.22) and then to derive the conservation
laws.

We first introduce the notation
61 = t7 52 =, U1 = U, Vg = U:w V3 = Uxx

Then the above functional becomes

o 0v1 (%2 @1}3 82)1
st el = [ [ 1Ggt 56 Gt g e
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where
1 8’01 2 1 (%2 2 ﬁ 81)3 2 (91)1
= (w7 )+ 252+ S (52 = WA
2(551) 2(061) 2 851) 3

For simplicity, we introduce the vectors,

). (2.23)

f: (51752)7 v = (1)177]27U3)

and interprete Vo as the tensor with components g—?, (1=1,2; 7=1,2,3).

Using the vector notation, we can rewrite the functional in the form

Sl :/QL(S,U,Vv)df (2.24)

where d¢ = d&,d&; and Q is the space-time region, i.e. Q = [0,7] x (—o00,00). Now,

consider a transformation

& =0,(&v, V), (i=1,2) (2.25)
vi = V(& v, Vo), (1=1,2,3) (2.26)

Definition 2.2.1 [7| The functional (2.24) is said to be invariant under the trans-
formation (2.25), (2.26) if S[v*] = S[v], i.e. if

/* L(& 0", V" )dE™ = /S)L(&U,Vv)dé‘.

Theorem 2.2.2 (Noether) [7] Assume (2 is an arbitrary region. If the functional

S :/QL(S,U,VU)df

is invariant under the family of transformations

€ = 06,0, Vise) ~ &+ epi(6,0,V0) (1= 1,2) (2.27)
v; = V(& v, Vose) ~ v+ e(§,0, Vo) (j=1,2,3) (2.28)
then
22:8 Z af b+ L] =0 (2.29)
— 0 T O(5)

on each extremal surface of S[v], where

0
= - Z e (2.30)
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Using equation (2.23), the identity (2.29) can be rewritten in the form

0 81}1 8’1)2

76 g 1 T ﬁmﬁ 96,

If we introduce the notation

0 / a'Ul
2 W(8£2

@/)3+901 )+

ot = €L, oz = €P2, oU = €¢17 5Ux = €¢27 6Ux:c = 6@/13

and write (2.30) in terms of the original variables, we obtain

ey = —U,bt — Upbz + 06U (2.32)
ety = —Uybt — Upydz + 0U, (2.33)
V3 = —Uyyst — Uy + 6Uy. (2.34)

Then the equation (2.31) becomes
P+ Q. =0, (2.35)
where

P = —[(U,)* + (Un)® + B(Usar)® — Lot
— (UiUy + UntUss + U0t Upa) 0
+ U;0U + Upi0U, + BU,040U,s

Q = (U0t + U,ox — U)W (U,) + Léx.

Recalling that U;, U, and the higher-order derivatives tend to zero as x — Fo0, this
implies Q — 0 as © — Foo. Then, if we integrate equation (2.35) with respect to z

from —oo to 0o, we obtain a conservation law

d [e.9]
— [ Pdz=0 2.36
a ) T (2.36)

or
/ Pdr =c (2.37)

where ¢ is a constant. Here P is called the density of the conserved quantity. If we

introduce the notation
(o0}

[(t):/_ Pdx

[e.9]

22



for the conserved quantity, the conservation law implies

Noether’s theorem guarantees that if the action is invariant under a transforma-
tion, there exists a conservation law corresponding to the transformation. It also
provides a general method of deriving conservation laws as discussed above for the
higher-order Boussinesq equation. We now derive the three conservation laws of the
higher-order Boussinesq equation which correspond to the conservation of mass, the

conservation of energy and the conservation of momentum.

2.2.1 Conservation of Mass

The action functional of the higher-order Boussinesq equation is invariant under
function translations, i.e. under the transformation U* = U + € where € is arbitrary.
Then we have

0t =0x =0U, =0U,, =0, U =e.
Equation (2.35) reduces to
(P + (@1)e =0
with
P=U, Qi=-W(U,).

Then the conserved quantity related to the mass is

11:/ Pydzx.

2.2.2 Conservation of Energy

The action is invariant under time translations, i.e. under the transformation

t* = ¢+ e. Then we have
ox =0U = o6U, = 0U,, =0, ot = e.

Equation (2.35) becomes
(P2): +(Q2) =0
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with

P, = (Ut)2 + (Ua:t)2 + B(Umt)Q —L
- %[(W + (Uat)® + BUsar)*] + W(Us)
Q2 = ~UW'(U,)

where P, denotes the energy density. Equation (2.35) implies that the energy

IQZ/ Pgdl’

is conserved.

2.2.3 Conservation of Momentum

The action is invariant under space translations, i.e. under the transformation

x* = x 4 €. Then we have
0t =0U =0U, =0U,, =0, dx=e.
We get from equation (2.35) that
(Ps) + (Qs): =0
with

Qs =-UW (U, — L (2.39)

where P3 denotes the momentum density. Then the equation (2.36) corresponds to

the conservation of the momentum defined by

13 = / PgdZE

Note that we can write I3 explicitly in the form

Ig = / Ux(Ut - Uxxt + ﬁUxxzzt>dx

by successive integration by parts. The conserved quantities I, I, I3 derived above

are equivalent to those given in equation (55) of [11].
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Chapter 3

Cauchy Problem for the Generalized Double Dispersion

Equation

In this chapter, we will study the Cauchy problem

Ut — Ugg — Ugatt + Upgazar = g(u)xm YIS Ra t> Oa (31>

u(z,0) = @(x), uz,0)=1(x). (3.2)

Here p(z) and ¢ (x) are the given initial functions and g is a given real-valued
function, satisfying ¢(0) = 0.

This problem has been studied by Wang and Chen [2]. We will present here some
of the results from [2|. This will also serve as a guide for the next chapter, where
we study another Boussinesq type equation with a similar approach.

We introduced nonlinear evolution equations in Chapter 1, and mentioned some
methods for proving global existence and uniqueness of their solutions. In this
chapter, we use the standard method which we have explained. In Section 3.1, we
solve the linear version of this problem, where g(u(x,t)),, is replaced by (h(zx,t)).s,
and give estimates for the solution. We give the proof of existence and uniqueness
of the local H*- solution of the Cauchy problem (3.1), (3.2) by the contraction
mapping principle in Section 3.2. Finally, in Section 3.3, we prove the existence and

uniqueness of the global solution in a certain case.

3.1 Cauchy Problem for the Linearized Equation

The main theorem in this section is given below. Linear version of the Cauchy

problem (3.1), (3.2) is described and the properties of the solution are proved.
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Theorem 3.1.1 ( [2], [12], [13]|) Let s € R. For any T' > 0, suppose that ¢ € H*,
e HVand h € L'([0, T); H*~1), then the Cauchy problem for the linear equation

Ut — Ugy — Ugatt + Uggzr = (h(.r, t))zxy T e R7 t > 07 (33)
u(@,0) = p(x), uy(x,0) = () (3.4

has a unique solution u € C([0,T], H*)NC' ([0, T], H*~!) and there is the estimation

t
[ | g+t (] os < AAFT)(llspl] s +[¢] Hsl+/0 [h(T) | gsadr), 0<t<T.
(3.5)
Proof: Applying Fourier transform in (3.3) with respect to x, we get:
(1+ i + (1 + €% = ~€7h(&. 1).
Dividing by (1 + £?), the problem becomes,
2 £
U + U = —rgh(f,t) (3.6)
a(&,0) = @(&), w(&0)=v(C). (3.7)

We observe that the partial differential equation turns into a non-homogenous ordi-
nary differential equation with parameter £&. The solution of this ordinary differential

equation is of the form:

@<£7 t) = ahmn(&? t) + apart(f, t)

where
ﬁhom(f? t) =0 (5) COS(tg) + C (6) Sm@f)

denotes the solution of the homogeneous equation.

For a particular solution @y, of (3.6), we use the variation of parameters method:
Upart (&, 1) = U1 (&, 1) cos(t€) + Ua(E, t) sin(tE).
Taking derivative with respect to t,
(Upart)e = —EsIn(tE)uy + & cos(t€) s + cos(t&)(wy), + sin(t€)(dz);.
In this method, we set
cos(t&)(t )¢ + sin(t&)(ug), = 0
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and if we use this particular solution in (3.6), we see that

52

—Esin(t€) (i )s + € cos(t) (@) = —7 Tt1e

h(€t).

Solving these equations, we find

(in)e = sint€) > she.)

2

and

(@2)e = —cos(td) =7 h(E, ).

§
1+&2
Integrating them over [0, ],

i = /O sm(Tg)lf 52%(5,T)dr

and

t
. §
Uy = —/0 cos(7'§)1 +§2h(§,7’)d7’
Combining all of these,

b esin((t —1)€) i

i e (&, T)dT.

apart(gvt) = -

So,
b ¢sin((t — T)f)h
0 1+&2

Using the initial conditions (3.7), ¢1(§) = ¢(€), c2(§) = wé and the solution is given
by,

a(8,t) = c1(8) cos(ts) + ca(§) sin(tE) — (&, 7)dr.

“esin((t —7)€) i

(€, 1) = P(E) cos(€) + T

sin(t§) —

¢é§) (&, 7)drT. (3.8)

We obtain the estimation for H® norm of u(z,t) by recalling the norm related to

the Fourier transform:

lwly. = [|(1 + )50 —/ (14 €2)° [ib(e) de.

If we write u = v1 + vy + v3, Where

01 = @) cos(te)
( )

Uy = sin(t€)
. Esin((t —7)§) 5
6= %h(m)dﬁ
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then

ull e < Nvall e + lvall s (3.9)
Hence, we estimate the terms separately.
For the first term,
vl = / (1+€%)° |B(€)[* cos?(t€)dg < / (1+€)° (€)I° dg = |l -
R R
For the second term, we observe that if we use the inequality Smgﬁ‘ < 1 asingu-

Singg) < ‘fg" = t, we lose £ and it affects the

estimate we evaluate. Taking these differences into account, we divide the integral

larity occurs at & = 0 whereas if we use

into two parts:

) R
b= [aeer= i
o 2 sSin2(t§>

- /|;<1(1 +£ ) 52
2 2\s i
§1 Aﬂﬂ+5) &

For |£] < 1,1+ &% <2, and for || > 1, we have 1 <1, so

dg

2
s |

bl

<o [ aveyfief e [ averfie]

1€1>1

~ 2 9
< 2148) [ (147 |50 ds = 21+ ) ol

H* norm of the third term in (3.8) can be evaluated similarly as follows:

e = H /Ot(l IS (Gl

| 1+¢?

From Minkowski’s inequality for integrals [4],

ol < [ [+ €938 e 1y |ar = [ paear
Now,
or = [ aserS D i o o
+/ (1+€2) 525132$t§2_);)5> E(g,f)fdg.
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Similar arguments mentioned before show that

52

o)

h(&,7)| dé

O < [ e e

2 SL . 9
' /|£Zl(1+§) (1+&2)2 ‘h(fﬂ')‘ d¢.

Since % <1,and 0 <7 <t implies (t — 1) < ¢?

A~

IO <2+ 1) [ @+ fage | ae

R
So,
t
ol < V21 +0) / 1) | s d.

From (3.9) and summing up the estimates, we get

(@)l e < Npll e + V2014 8) 1]l s + V2(1+ t)/o 1) groms dr - (3.10)

We now obtain the estimate for u,. Taking derivative with respect to ¢, we derive

from (3.8)

52

(€)= ~EsmUEHE) +coslt©) ) | cos((t = 7))

Now, we consider H*~! norm of u,. Similar to what we did above, since

2

s—

|-+ &) esine)pte)

_ /Ru + €)1 sin® (t€) |(€) [ dé
< / (1+€)° [p(&)[2 de = [l .

[ ey aosteg) fice) 9] de =l

de < / (142
R

([arertesti-noGa? ien @t < ([arer fien| o
R 1+¢2 ’ ~ Jr 7
= Al e
we get .
e ()] grs=1 < Ml s + [[0]] gra-s +/0 [ ()| e dT- (3.12)
Therefore, estimation (3.5) holds. O
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3.2 Local Existence for the Nonlinear Problem

In this section, our aim is to prove the local existence and uniqueness for the Cauchy
problem (3.1), (3.2). By local existence, we mean the existence of the solution in
small time interval. We first define a suitable function space.

For s > %, o€ H* € H*! and fixed T > 0, we consider the Banach space
X(T)={ueC(0,T],H*)nCY[0,T], H*"")} (3.13)
which is endowed with the norm

= Ol s Ol rrs—1)- 3.14
lellxry = mace (@)l + w1 o) (3.14)

The Sobolev imbedding theorem [1] implies that in R, for s > 4, H® C L* with

I loe < d||.|l s Thus, for u e X(T'), u e C([0,T], L>) and ||u(t)||,, < d||u(t)]] ..
For some constant A > 0 that we will later determine, we let
Y(T) =A{u e X(T) | [Jullxq) < A}. (3.15)
Y (T) is a closed subset of X (7).
For w € Y/(T'), we consider the problem
Ut — Ugy — Ugztt + Uggzs = g(w):m: (316)
u(z,0) = @(x), w(x,0)=1(z). (3.17)

We observe that with g(w(zx,t)) = h(z,t), this problem reduces to the problem given
by (3.3), (3.4). Thus, Theorem 3.1.1 can be applied. We let S(w) = u(x,t), where
u(x, t) is the unique solution of (3.16),(3.17). Here S denotes the map which carries
w into the unique solution of (3.16),(3.17). Our aim is to show that S has a unique
fixed point in Y (T) for appropriately chosen T and A.

For w € Y(T) (ie. |lw|ly) <A ) and u = S(w), we have some problems that have

to be solved:
1. What is the range of Y(T") under the map S(w)?
2. How can we obtain suitable estimates on [|S(w)|| x(7)?

3. Is S(w) a contraction mapping?
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As in [2], we need the following two lemmas to control the non-linear term.

Lemma 3.2.1 [3] Assume that f € C*(R), f(0) =0,u € H*NL® and k = [s] + 1,

where s > 0. Then we have
L ()l e < B (M)l
if ||ul|,, < M, where K;(M) is a constant dependent on M.

Lemma 3.2.2 [3| Assume that f € C*(R), u,v € H*N L>® and k = [s] + 1, where

s > 0. Then we have

1/ () = f(v)]

Hs < K2(M)

if ||ul|, < M, [jv],, < M, where Ky(M) is a constant dependent on M.

Lemma 3.2.3 [2] Assume that s > %, o € H*, ¢ € H ' and g € CFH(R), then

for T sufficiently small S is a contractive mapping from Y (7") into itself .

Proof: Let w € Y(T') be given. Then, for t € [0, T

lw(®)]l < dllw(t)]

e < d ||W||X(T) < dA.
By (1.9) and Lemma 3.2.1,

lg(w(®)]

e < Jlg(w(®))]

e < K1 (dA) lw(@)]

where K;(dA) is a constant dependent on d and A.
Letting h(x,t) = g(w(x,t)), it follows from Theorem 3.1.1 that the solution u = S(w)
of problem (3.16), (3.17) belongs to C'([0,T], H*) N C'([0,T], H*"') and

o / lg(w(n)]

[[u(?)]

et S AL+ T)(lol

we [l (?)] ws + 1] g1 A7)

So,

IS xery = max(llu®)]

t€[0,T]

1)
eet) + 41+ DT (max lg(w(®)

o) + 41+ T)TE(dA) [|w]] )

Ol s + e (®)]
4L+ T)(llell g + [l
A+ TNl s + 1]
AL+ T)llell s + 19l o) + 41+ T)T K1 (dA)A.

IN

He1)

IN

IN
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Call [lll o + [[¥]
IS (@)l x () < A so that S(Y(T')) C Y(T), ie.

ys—1 = a. In order to prove the lemma, we need to show that

A1+ T)a+4(1 + T)TK, (dA)A < A.

We observe that our constant A is related to a. This means that the setting of Y (T)

depends on ||| ;s + ||| s—1. We try to determine A as a multiple of a, i.e. A = ka.
We want

41+ T)a+ 41+ T)TK,(dka)ka < ka
or

da + 4aT'[1 + kK, (dka) + kT K, (dka)] < ka.

By choosing k& = 8 and T small enough to have T[1 + kK (dka) + kT K;(dka)] < 1,
we get [|S(w)| x(r) < 8a = A. Hence, for these values of A and T', S(Y/(T')) C Y/(T).
Now, let w,w € Y(T) and u = S(w), @ = S(©). Set V =u —a,W = w —@. Then
V' satisfies

Vit = Ve = Vaarr + Vazae = (9(w) — 9(@)) 2z (3.18)
V(x,0) = Vi(z,0) = 0. (3.19)

Hence by Theorem 3.1.1 and Lemma 3.2.2,

140l

we Vi)

s dT

g < AT / lo(w(r)) — (@ ()]

IN

4(1+T) / l9(w(r)) — g(@(r)) e dr

dr

IA

41+ T)/0 K5 (8da) |[|w(T) — w(T)]

HS

_ 4(1+T)/0 Ka(8da) ||W ()|, dr

4(14 T)T K (8da) [nax W s -

IN

Hence,

IVl x(ry < 41+ T)TE5(8da) W[ x(r) -
By choosing T small enough once more, so that 4(1+T)TK,(8da) < 3, S becomes
contractive. Thus the lemma is proved. O
As S is a contraction mapping from a closed subset Y (T') of a Banach space X (7T')
into Y (T"), Banach fixed point theorem states that there is a unique w € Y (7") such

that S(w) = w. So, we have proved the local existence result;
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Theorem 3.2.4 [2] Assume that s > 1,0 € H*, ¢ € H*"! and g € CII*!(R), then
there is some T > 0 such that the Cauchy problem (3.1),(3.2) has a unique solution
we C(0, T, HY) 1 CH([0, T, H*Y).

Remark: By (3.1),

If w € H®, then u,, € H* 2. So, by the differential equation u,; € H*~2 . Thus, we
observe that u € C?*([0,T], H*™?).
Summing up, the unique solution in Theorem 3.2.4 is in fact an element of

O([0, 7], H*) N C1([0,T], H*~Y) N C2([0, T], H*~2).

3.3 Global Existence for the Nonlinear Problem

In the previous section, we proved the existence and uniqueness of the local solution
in some interval [0, T]. We now want to study a particular type of nonlinearity and
show that in this case the solution exists for all ¢ € [0,00). For this aim, we must
first think about the extension of the solution to the maximal time interval. We will
sketch below an outline of this standard extension process [9].

Let us consider the problem (3.1),(3.2). We proved that there is a number 77 > 0
such that the solution exists uniquely in [0, 77]. Now, we will look for a solution for

t > T1. We can write a shifted problem as follows:

U — Ugg — Ugptt + Uggzs = g(u)xm YRS R, t> Tl

uz, Th) = ¢i(@),  w(z, 1) = (z)

where ¢; € H® and ; € H*! are obtained from the solution on [0,7;]. Theorem
3.2.4 applied to the shifted problem gives a solution on the interval [T7, T3] for some
Ty > T. Therefore, solution is extended to [0, T3]. Continuing this way, solution can
be extended to [0, T;] as long as u(x, T;) = ¢; € H® and w(x,T;) = 1; € H*~1. This
way we can extend the solution to some maximal interval [0, Th,0z). If Thon < 00,
the solution cannot be extended beyond 7,,,,. The construction above shows that

Thhaz can be characterized as follows:

Theorem 3.3.1 Assume that s > 3, p€ H*, ¢ € H* ' and g € CFHY(R), and the

solution of (3.1), (3.2) is defined on the maximal interval [0, Tyaz). If Thae < 00,
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we have

lim sup, .z (w(@)]] g + e (O] 2] = 00

Remark: Theorem 3.3.1 says that if T},,,, < oo, then the solution blows up at T},4z-
Conversely, if we know that the solution never blows up, then 7;,,,, = oo.
Looking for the conditions that will yield global existence of solutions to the problem

(3.1),(3.2), we first derive an energy identity for the equation:

Ut — Ugz — Ugptt T Uggzr = g(“)mx

Let A=%w = F~[|¢]7* Fw], where F and F'~! denote Fourier transform and inverse
Fourier transform in the z-variable respectively. It follows from Plancherel’s theorem
that A~ is a self-adjoint operator [5] on L?(R). Note that A? is actually the positive
operator —9%. Then

AUy + U+ Uy — Uy = —g(u).

Multiplying both sides with u; and integrating over R with respect to =, we get
(A 2wy +u + Uy — gy + g(u), ) =0,

where (.,.) denotes the inner product of L? space, i.e. (f,g9) = [ rfodz.

Using the self-adjointness of A~!, since A2 = A‘l/\_l7 this equation becomes
(A Mgy, Ay A+ (g, ) 4 (g, ) — (Ug, ug) + (g(u), uy) = 0.

We note that the left-hand side can be expressed as;

1d _ 2 u
S (A ]| (el A+ el + e + 2 / ( / g(p)dp)dz) = 0.
2dt A

Hence we have proved:

Lemma 3.3.2 [2]| Suppose that g € C(R) = [y 9(p)dp, p € H', ¢ € L?,
A=Y € L? and G(p) € L'. Then for the solution u(x,t) of problem (3.1),(3.2), we
have the energy identity

E(t) = ||A—1WH2 Nl + Juel? + J|ual® + 2/ G(u)dz = E(0) (3.20)

—00

for all ¢ > 0 for which the solution exists.
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Theorem 3.3.3 Assume that s = 1, g € C*(R), p € H', ¢ € L?, A € L2,
G(p) € L' and G(u) > 0 for all u € R, then the problem (3.1), (3.2) has a unique
global solution u € C([0,00), H') N C*(]0, 00), L?).

Proof: If G(u) > 0, then from (3.20)
12
A ]| flal® e+ (o | < E(0).

In other words, both H'-norm of u, i.e. ||ul|*+ ||us||*, and L?-norm of u, are bounded

by E(0), and do not blow-up in finite time. More precisely,
lim sup; _p[[[u(®)]| g1 + llue(8)[]] < £(0) < oo.

Therefore, by Theorem 3.3.1, the global solution u(z,t) € C([0, 00), H)NC'([0, >0), L?).
O
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Chapter 4

Cauchy Problem for the Higher-Order Boussinesq Equation

In this chapter, we deal with the higher order Boussinesq equation constructed in
Chapter 2. Our aim is to prove the existence and uniqueness of the global solution
and show that the Cauchy problem is well-posed. For this purpose, we follow the
same procedure used in Chapter 3 and examine how it is applicable to our problem.

Our problem is

Ut — Ugg — Ugatt + ﬁux:ca:a:tt = g(u)xza YRS Ra t> Oa (41>

UJ(CC’ 0) = QO(ZL’), ut($7 0) = ¢($) (42)

Here ¢(z) and (x) are the given initial value functions and g is a given real-valued
function of u, satisfying ¢(0) = 0; and (3 is a positive constant.

In Section 4.1, we solve the linear equation where g(u) is replaced by h(x,t). After
giving the estimates of the solution at the end of Section 4.1, we prove the existence
and uniqueness of the local solution in Section 4.2. In Section 4.3, we prove existence
of the global solution in a certain case as in Theorem 3.3.3. In addition to these,
in Section 4.4, we show that the solution depends continuosly on the given initial

data, so the problem is well-posed.

4.1 Cauchy Problem for the Linearized Equation

We define the linear version of the equation (4.1) and give the estimates to its

solution by the following theorem.

Theorem 4.1.1 Let s € R, T > 0. Suppose that ¢ € H* ¢ € H® and h €
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LY([0,T); H*2), then the Cauchy problem for the linear equation

Ut — Ugy — Ugztt + ﬁuzx:r:a:tt - (h(fE, t))a:a:a T e Ra t > 07 (43)

u(,0) = ¢(z), w(xr,0)= () (4.4)

has a unique solution v € C([0,T], H®) and there is the estimation with some

constant m > 2

t
[ s + el g2 < mA+T) (el g + 190 g +/0 ()| ez dr), 0<E<T.
(4.5)
Proof: We take Fourier transform of (4.3) with respect to .
(1+& + 5 i + = —Eh. (4.6)
Let 1+ &2+ B = N2(€). Since
A*(E)
lim ——>=— =
om0 (1+&2)? p>0
and
A2(€)
—= >0,
i+ ey
there exists aq,a such that
ar (1+87)7 < X%(¢) < ax(1+¢%)° (4.7)

where a; ' > 0, ay > 0. Therefore, as a weight A\?(£) is equivalent to (1 + £2)2.
Dividing (4.6) by A\?(§),

N SIS S
Uy + 2 (E) Y0 h(&,t) (4.8)
W(€,0) = (€),  w(€,0)=1P(E). (4.9)

This is a non-homogenous initial value problem. We find the solution in two steps

as in Section 3.1:

ft(f, t) = ahom(&ﬂ t) + apart(f, t)

U =c CoS i c sin i
uhom(€7t) - 1(5) <t)\(§)) + 2(5) ((t/\<€>>
£, €

Upart(§,1) = —/0 sin((t — T)m)miz(ﬁ,r)dr.
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Using initial conditions (4.9), ¢; = ¢(§), ca = 1@(5)%, and the solution is given by,

D t .
(6.0 = Pl cosltg ) + HO S sintr i) — [ sin((e - gl e
(4.10)
Now, we find the suitable estimates for the H® norm of u(x,t) in a similar manner

to the ones in the proof of Theorem 3.1.1.
First,

2\5 |2 2 2 5 2\s |, 2 _ 2
/R (1+€)°|B(6) costt 3557 < /R (1+ €2 16(6) de = |l glly.

Then,

/R (1+&)

2 N(¢)

2220) , €
52

.9 L 2\s
swiyghe < [0re) g @
< & [averliof e

= .- (4.11)

$(©)| d

b€

Finally for the integrand of the third term,

( /R (1+€2)°sin®((t — r>%><%>2

<(f a+erie=n5g G e

[NIES

e, )| de)

2
)%

AE)" A

< (-7 [ 1+ lhe,m)

N(@©
< ((t— ) /R 1+ ey lie.r)
< (2 / (1+€)2

de)

M=

dg)

2 a%
e
A 2 L

e m)| o) = ant (T e

where we used the inequality A™2(¢) < a;(1 + £2)~2 from (4.7).

So, we obtain the following estimate for |ju(z,t)||.:

t
la(®) e < Nl e + ¢ 0l re + st / 1) | e d. (4.12)

We now estimate for the H® norm of wu,(z,t). For this purpose, we first take the

derivative of (4.10) with respect to t:

(6.1) = g7 Snlt ) AE) +oosli g€~ [ cost(t=m) i) par (e T
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Then we continue with the usual method of estimating the terms separately:
s & _

[0+ @i st OF de < [ 1+ € 12 de = Nl
[+ ey i) (w<> i < / (1€ @(5)) dE= ol (414)
([a+erewc-nsrt

2

1 s—2
<(af [+ fiten)

e, (4.13)

)| deys

d@% = au|h(7)

Hs—2- (415)

These three inequalities imply

[t ()]

| Hs—2 dT. (416)

e < llellgs + 1]

t
e / Ih(r)
0

We see v and wu,; are all in H* since their norms are bounded. This result verifies
that there exists a unique solution in C*([0,T], H*) for 0 < t < T, and by (4.12)
and (4.16), the estimation (4.5) holds for the constant m = max(ay, 2).

([
Remark: In deriving (4.11), the process differs from the one in Theorem 3.1.1.
Here we only use the inequality [sin(w)| < |w]| rather than |sin(w)| < 1 because the
latter would yield a worse estimate.
Moreover, when we consider H® norm of u(x,t), we observe that we could obtain a

better estimate for the first term, but we will not need it for later.

4.2 Local Existence for the Nonlinear Problem

In this section, we use Theorem 4.1.1 and the contraction mapping principle to prove
that the local solution to the Cauchy problem (4.1), (4.2) uniquely exists for data
in H® with s > % We construct a complete metric space similar with the one in
Section 3.2 and adapt Lemma 3.2.3 to our problem.

For s > %, w € H* ¢ € H® and fixed T > 0, consider the Banach space
X(T) = {ue C'([0,T], H")} (4.17)

which is endowed with the norm

lull x(zy = max ([Ju() s + [lue(t)] z)- (4.18)

t€[0,T]

39



We define,
Y(T) ={ue X(T) | lullyz) < A} (4.19)

for some constant A > 0. Y(T) is a closed subset of X (7).

For w € Y(T'), we consider the problem

Ugt — Ugg — Uggrt T 6uxa:m:ctt - g(“‘))xm (420)
u(z,0) = o(x), u(z,0)=1(z). (4.21)

We see that for g(w(x,t)) = h(x,t), this problem reduces to the linearized problem
in Theorem 4.1.1. So, as in Section 3.2, we let S(w) = u(x,t); here u(z,t) is the
unique solution of (4.20), (4.21) and S denotes the map which carries w into the
unique solution of (4.20), (4.21). Our aim is again to show that for appropriately
chosen T and A, S has a unique fixed point in Y(T).

We prove the following lemma for given w € Y(T') and u = S(w).

Lemma 4.2.1 Assume that s > 1, p € H*, 1) € H* and g € CFI*!(R), then for T

sufficiently small, S is a contractive mapping from Y (7") into itself.

Proof: Theorem 4.1.1 says that the solution v = S(w) of problem (4.20), (4.21)
belongs to C'([0,T], H*) and

[ o+ | o < mOAFT) ol s+l o+ / lg(w(m)lgs2dr), 0<E<T.
So,
IS@llxay = tnféa’x(”u<)‘Hs—i_”ut(t)'Hs)
< m(l1 +T)<H<10HHS+“w‘HS>+m(1+T)T(tH%(‘?¥ lg(@ @) g7a-2)-

Since ||w(t)]|, < d|w(t)|| s < A, and Lemma 3.2.1 holds,

9@ o2 < Mgl s < Ki(dA) [lw (O] o < K1 (dA) (|l

where K7(A) is a constant dependent on A. Then,

ISWllxay < m+T)(lellgs + 1Y
< (@+D)ellgs + 19llgs) + (A +T)T K (dA)A.

o) T (L + T)TK (dA) [wllx 7y
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Call |||

e s = a. Since we want S(Y(T')) C Y/(T'), the inequality
IS)llxz <A
must hold. Thus we want
m(l+T)a+m(1+T)T'K,(dA)A < A. (4.22)
As in Section 3.2, letting A = ka, k > 0, (4.22) becomes

m(1+T)a+m(l+ T)TK,(dka)ka < ka.

Equivalently,
ma + mal [l + kK, (dka) + kT K, (dka)] < ka.

By choosing k = 2m and T small enough to have T'[1 + kK (dka)+ kT K, (dka)] < 1,
we get [|S(w)l|x ) < 2ma = A. Hence, S(Y(T')) C Y(T).

Now, let w,w € Y(T') and u = S(w), u = S(w). Set V =u —u,W = w —w. Then
U satisfies

‘/;ft - V;:x - %xtt + ﬁ‘/:m:xxtt = (g(w) - g(U_J)):L‘:m (423)
V(z,0) =V,(z,0) =0. (4.24)

Hence by Theorem 4.1.1,

V@)

we T Vi)l

ps—2 AT

< 1+T/||g — g(@(7)|
< m(l1+T)TKy(2mda) max W ()| 5

So,

IVlix ey <m(+T)TE;(2mda) W] x
If we further choose T' small enough so that m(1 + T)TK»(2mda) < 3, S becomes
contractive. The lemma is proved since S is a contraction mapping from Y (7') into

itself for T" sufficiently small.
O

Hence, by Banach fixed point theorem, we obtain the following theorem which states
local existence and uniqueness. We note that as in the Remark after Theorem 3.2.4,

examining us, we have the extra smoothness.

Theorem 4.2.2 Assume that s > 1, ¢ € H*,¢ € H* and g € CII*!(R), then there
is some T' > 0 such that problem (4.1), (4.2) has a unique solution u € C*([0, 7], H*).
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4.3 Global Existence for the Nonlinear Problem

As we have seen before, looking for the global solution is equivalent to showing that
there is no blow-up.

As a result of the extension process, we obviously have as in Theorem 3.3.1,

Theorem 4.3.1 Assume that s > 1, o € H* ¢ € H® and g € C¥I*!(R), and the
solution of (4.1),(4.2) is defined on the maximal interval [0, T},0z). If Thpaw < 00, we

have

lim sup, - [[lu(®)] s + Jue(t)]] 5] = o0,

max

When we intend to determine the conditions of the global existence of solutions to
the problem (4.1),(4.2) for initial data ¢ € H® and ¢ € H®, we first derive an energy
identity for the problem:

Ut — Uy — Ut + BlUzzzztt = G(U) ga-
As in Section 3.3, we use the operator A=%w = F~![|£|”* Fw]. Then,
Ay + u + gy — Bugen = —g(u).
Multiplying both sides with u; and integrating over R with respect to x, we get
(A + u + Uy — Bgar + g(u), u) =0

or

(A_lum A_lut) + (g, w) + (g, ur) + BUen, Uer) + (g(u), ug) = 0.
The left-hand side can be expressed as;

1d

5 g Al o+ 8 a4 2

R

(/Oug(p)dp)dx) = 0.

Thus, the following lemma has been proved:

Lemma 4.3.2 Suppose that g € C(R), G(u) = [ g(p)dp, ¢ € H', ¢ € H',
A~ € H' and G(p) € L*. Then for the solution u(z,t) of problem (4.1),(4.2), we
have the energy identity

o0

ﬂw=Hwﬂwf+mW+me+ﬁmmW+2/ G(u)de = B(0)  (4.25)

— 00

for all ¢ > 0 for which the solution exists.
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Remark: For u = U,, the identity (4.25) and I5, conserved energy formula shown
in Chapter 2, are the same. This confirms that the energy identity we obtained in

the lemma agrees with the physical structure mentioned in Chapter 2.

Theorem 4.3.3 Assume that s > 1, g € C*TY(R), ¢ € H*, ¢ € H*, A~ € H?,
G(p) € L', and G(u) > 0 for all u € R, then the problem (4.1), (4.2) has a unique
global solution u € C?([0,00), H®).

Proof: We first prove the theorem for the case s = 1. If G(u) > 0, then from (4.25)
A+ [l + el + 8 [l < () < o0,

Hence, H' norm of u, i.e. ||[ug||® +||ug|?, is bounded, and does not blow-up in finite
time. We need an estimate for ||[u(t)| ;1; so we write u(x,t) as an integral equation:

Since u(z,0) = ¢(x),

Then, .
[ < ells + [ )l (4.26)
We had, ||u]l;;; < vE(0), where v = max {1, 37'}. Therefore, it can be easily seen
from (4.26) that
[l g < Il g+ ~TE(0).

Thus, for any finite T > 0,
lim sup,_p- [[lu(@)]| g1 + [lue(®)] 2] < llpll g + (1 +T)E(0) < 0.

So, under the condition G(u) > 0, given ¢ € H', and ¢ € H' imply u € C?([0,00), H')
by Theorem 4.3.1.

We now claim that if ¢,¢ € H*, and g € CFI*Y(R) for some s > 1, then u €
C?([0, 0], H®). By the above, we already know that u € C?([0,00),H"), so all
we need to show is that u(.,t), u(.,t) (and uy(.,t)) are in H°. We will apply an
inductive process.

Suppose that u(.,t), u(.,t) € H" for some r < s — 2. By Lemma 3.2.1,

lg (D < B (A) [[u()]]
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with A = ||u(?)
g(u(x,t)) shows that for 0 <t < T,

< d||u(t)|| 1. Then the estimate of Theorem 4.1.1 with h(z,t) =

loc

[u(®)]

g2 S m(1+T) ([l

gre2 T Hut(t)| gr+2 T ||w| Hr dT)

wa+Armww»|

< m1+T)(||¢] HS+/O Ky (A) [[u(T) | g d7)

ol

which shows that |[w(t)]] ;rre+[|ue(t)]] e < oo forallt € [0,7T]. Since T is arbitrary,
this proves that u € C?([0,00), H""?). The induction process allows us to obtain

u € C*([0,00), H®). O

4.4  Continuous Dependence on Initial Data

We now want to show that the solution of (4.1), (4.2) depends continuously on
the initial data so that the problem is well-posed. For this purpose, we take two
solutions uy, ug of (4.1) with initial data (¢1,%1) and (@9, 1) respectively defined
on some interval [0, 7.

Let v = u; — uy. Then v satisfies

Vit — Vzz — Uzatt T ﬁvmxwmtt - (g(ul) - g(UZ))mm
v(r,0) = p1(x) — w2(x), vi(x,0) =Pi(x) — Pa(2).
By Theorem 4.1.1,

t
lur = usllgpe - < mA+T)(llpr = @a2llgs + 191 = Yol s +/0 lg(ur) = g(ua)ll o2 dT)

< m(1+T)(llpr — @2

a1 — ¥

Hf+A|wwn—gwghpm»

By the Sobolev imbedding theorem, u; and uy are in L*°. Letting M = max {||u1 || , [|uz|| .},

from Lemma 3.2.2, we get

t
|ur — uall s <M1+ T)(|lor — w2l gs + [[P1 — ol s + Kz(M)/ [|lur — s
0

s AT).
Integral form of Gronwall’s inequality implies that

e [[101 — o] g )M HTIERADE

|ur — a7 < m(14T)([|o1 — 2|

for all ¢ € [0,7].
Therefore, the solution depends continuously on the given initial data since it is

bounded by a continuous function related with the difference of the initial data.
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