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Abstract

Let D and G be arbitrary Stein manifolds, £ C D and F C G compact sets,
and X = (£ x G)U (D x F). Under certain general hypothesis it is proved that a
function f on X which is separately analytic, i.e. for which f(z,w) is analytic in
z in D for any fixed w € F and analytic in w in G for any fixed z € F, extends to

an analytic function in some open neighbourhood X of X.



HER DEGISKENE GORE ANALITIK FONKSIYONLAR VE HARTOGS
TEOREMININ GENELLESTIRMELERI

Nalan Tagyanar
Matematik, Yiiksek Lisans Tezi, 2009

Tez Danigmani: Vyacheslav Zakharyuta

Anahtar Kelimeler: Degiskene gore analitik, coklu potansiyel teorisi, analitik

fonksiyonlar uzayi, Hartogs Teoremi.

Ozet

D ve G Stein manifoldlari, £ C D ve F' C G kompakt kiimeler, ve X = (E X
G)U (D x F) olsun. Belirlenmis bir hipotez altinda, X kiimesi {izerinde taniml,
degigkene gore analitik (w € F sabit tutuldugunda, z degigkenine gore D’de anal-
itik ve z € F sabit tutuldugunda, w degiskenine gire G’'de analitik) bir f fonksiy-
onunun, X kiimesinin agik bir komgulugunda analitik bir fonksiyona genigletilebile-
cegi ispatlanmigtir.
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CHAPTER 1

INTRODUCTION

Classical theorem of Hartogs’ [2| (cf. also [3]) asserts that a function defined in
a domain D C C" and having the property that it is analytic with respect to
each variable when the remaining variables are held constant is then analytic in
D. Hukuhara [4] raised the question of whether the following strengthening of
Hartogs’ theorem holds.

Problem 1: Let D and G be Stein manifolds. Characterize those compact sets
E C D having the property that every function f(z,w) which is defined on D x G
and analytic in z in D for every fixed w € G and analytic in w in G for every fixed
z € F is then analytic in D x G.

This problem was solved in [16], [20], and [19]. Zakharyuta obtained the solu-
tion as a consequence of a general theorem in [23]. And we will give the solution
to this problem as a corollary in Chapter 5.

Siciak in [17] posed and partially solved the following general problem.
Problem 2: Let D and G be Stein manifolds and £ C D and F' C G. Give
conditions on E and F so that each function which is separately analytic on
X = (ExG)U(Dx F) extends to a function analytic in some open neighbourhood
of X.

In Chapter 5 as a main Theorem 5.1.1 we will present a complete solution to
Problem 2 which was proved by Zakharyuta in [23].

The basis of our considerations is comprised of the methods of extremal plurisub-
harmonic functions (cf. [17|, [24], [21]). Sufficient information about relative ex-

tremal functions can be found in Chapter 4.



We will introduce a method for construction of bases that is based on Hilbert
methods which have been applied to spaces of analytic functions in Chapter 2.
Moreover, information about spaces of analytic functions will be represented in

Chapter 3.



CHAPTER 2

SOME INFORMATION ON FUNCTIONAL ANALYSIS

In this chapter, we will mention some preliminary concepts about functional anal-
ysis. In section 2.1, locally convex space will be introduced ([9]) and definition of
a nuclear space will be given.

In section 2.2, Hilbert scales will be introduced (8], [10]) and some theorems

that construct a common basis for pairs of Hilbert spaces will be discussed [22].

2.1 Locally Convex Spaces

Let X be a non-empty set. We will define a fopology on X as a system 7 of subsets
of X which has the properties:

1. X and () are open.
2. The union of every collection of open sets is open.
3. The intersection of any two open sets is open.

The elements of 7 are called open sets. A topological space (X, 7) is a set X with
a topology .

A topological space X is called a Hausdorff space if for each distinct pair =,y
in X there exist disjoint open sets U, and U, with € U, and y € U,. Later on,
we will assume the topological spaces to be Hausdorff.

By a topological vector space, we will mean a F-vector space E with a topology
7 for which addition + : E x ' — F and scalar multiplication - : F x ' — FE are

continuous in 7.



A collection 7" C 7 is a base for 7 if every member of 7 that is, every open set
is a union of members of 7/. A collection v of neighbourhoods of a point x € X
is a local base at x if every neighbourhood of z contains a member of v. In the

vector space context, the term local base will always mean a local base at 0.

Definition 2.1.1. A topological vector space E, is called a locally conver space if

there is a local base B whose members are convex.

A locally convez topology, on a F-vector space FE, is a topology 7 on E for which
(E,T) is a locally convex space.
We now introduce a special class of locally convex spaces which will be impor-

tant to us.

Definition 2.1.2. Let E and F be Banach spaces and A : E — F be a linear map.
If there exist sequences (X;)jen in E" and (B;)jen in F' such that 3 [| A [|[8;] <

o0, so that

Az = Z)\j(m)ﬁj forall x € E, (2.1)
jEN
then A is called a nuclear operator. And (2.1) is said to be a nuclear representation

of A.

Let E be a locally convex space and p be a semi-norm on E. A norm is defined
on the quotient space E/N, by ||[x+N,|, := p(z), where N, = {z € E : p(x) = 0}.
The space E, = (E//ﬁp, [ll,) is called the local Banach space for the semi-norm p.
We have ||iP(2)]|, = p(z), for all z € E, where (? is the canonical map, /¥ : £ — E,,
’(x) := x + N,. Note that if p and ¢ are semi-norms on £ with ¢ > p, then the
identity map on FE induces a continuous linear map ) : £, — E, between the local
Banach spaces determined by the relation £ o /# = 9. Now, if for each continuous
semi-norm p on F there exists a continuous semi-norm ¢ satisfying ¢ > p, so that
b B, — Ej is nuclear, then E is called a nuclear space. For example, A(2),
C>®(Q).

We shall say that a topological vector space X is imbedded in a topological

vector space Y, if there exists an injective linear continuous mapping i : X — Y.



We denote this imbedding by X <— Y. In addition, a bounded linear operator
T :V — W between normed spaces V and W is said to be a compact or completely
continuous operator, if it maps every set bounded in the norm of V to a set

relatively compact in W.

2.2 Hilbert Pairs and Scales

Lemma 2.2.1. (see e.g. [21]) Let Hy, Hy be a pair of Hilbert spaces with a linear
dense compact embedding Hy — Hy. Then there exists a system {ex} C Hy which

15 a common orthogonal basis in Hy and Hy such that

lexllme =1, e = pw(Ho, Hy) = ||ex|lm, T oo. (2.2)

Proof. Let Hy, Hy be a pair of Hilbert spaces. Define the operator J : H; — H,
as Jr = x for any x € H;. Then J is a linear dense compact imbedding.

For any x € Hy, y € Hy the adjoint operator J* : Hy — H; is defined as

<‘]xvy>H0 = <£L’, ‘]*y>H1
Now, define A := J*J. Then, A is self-adjoint since, A* = (J*J)* = J*J = A. If
both x and y are elements of Hy, then since x = Jx,
<x>y>Ho = <J.I',y>H0 = <JJ}, Jy>Ho = <$a J*Jy>H1 = <x>Ay>H1 = <Ax7y>H17

where the last equality follows since A is self-adjoint.

A is compact since it is the superposition of a continuous and compact operator.
Also, since (x,y) g, = (Az,y)u,, for any x € Hy, (Az,z)g, > 0 as (Az,z)y, =0 if
and only if z = 0.

Therefore, A is a compact, self-adjoint, strictly positively defined operator.

Hence there exists a complete orthonormalized sequence of eigenvectors {g }:
Agr = Megr, k€N, A >0, Ay — 0.
Take the sequence of eigenvalues A\ | 0. Then,

(G, 95) 1y = (AGks 95) 1y = (MkGk» 95) = Al



Thus, ||gkllz, = Ve ||gkllz, = 1 and {gx} is a common orthogonal basis in H; and
Hy. To renormalize this system, let e = ﬁgk. Clearly, {e} is also a common

orthogonal basis in H; and Hj such that

lexllm, =1, llexllm, = px = pe(Ho, Hi) T oo as k — oo (2.3)
where py, = ﬁ O

Definition 2.2.1. A family of Banach spaces X, ag < a < [y is called a scale of

Banach spaces if for arbitrary ag < a < 3 < «ay, the following conditions are met:
(i) Xp— Xa,

(i) [lz|lx, < Cla. B)(ll2llx) O (ll2]lx,) ™ with 7(y) = 35, a <y < 8
for any x € Xz.

Let H, = Hy *HY, a € (—o0,00), be a Hilbert scale generated by Hilbert
spaces with dense imbedding H; — Hy (|8], [10]). If this imbedding is compact,
then the scale {H,} can be described transparently, since in this case there is a
common orthogonal basis {ey} for Hy and Hy, normalized in Hy and enumerated by
non-decreasing of norms in H; as in (2.3). Using this basis the scale is determined
by the norms

lalla, = (Y lali) " 2= 3 G (24)

keN keN

In the case o > 0 the space H, consists of © € Hy with finite norm (2.4) while in

the case a < 0 the space H, is the completion of Hy by the norm (2.4).

Lemma 2.2.2. Let H be a Hilbert space densely and completely continuously em-
bedded in a Banach space X. Then there are Hilbert spaces Hy and Hy with con-
tinuous tmbeddings

ﬁo%X‘%HO

such that there exists a common orthogonal basis {e,} in the spaces H, Hy and H,

which satisfies the conditions

leallto =1, lleallr = tins  lleallz, < Cn2



where {p,} is any nondecreasing sequence of positive numbers and C' is a positive

constant.

Proof. With the help of the natural embedding into H, put the functional z* € X*
(where X* is the dual space of X) into correspondence with the element 2’ € H

such that z*(x) = (z,2")y for x € H. Then we obtain the triple of spaces
X' —H<—X

By a result of Raimi (cf. [14]), there exist an orthogonal basis {g¢,} in H and a

numerical sequence h,, | 0 such that

1
lgnllxr < 5= 1(gn, 2)| < a2 € X
Now set e, = pin gn, where p, = 7-. Then the Hilbert spaces Hy and H, are

obtained as the completion of H with respect to the Hilbert norms

O lew ) = lelm, (O Ien @) Pn) " = ||zl ,.

Clearly, these are the spaces sought. O]



CHAPTER 3

SPACES OF ANALYTIC FUNCTIONS

In this chapter we will define Stein manifolds following [3], then introduce spaces

of analytic functions.

3.1 Stein Manifolds

A Hausdorff topological space €2 is called a manifold of dimension n if any point

in €2 has a neighborhood which is homeomorphic to an open set in R".

Definition 3.1.1. A manifold Q0 (of dimension 2n) is called a compler analytic
manifold (of complex dimension n) if there is a given family F of homeomorphisms
k, called compler analytic coordinate systems, of open sets Q. C €2 on open sets

Q.. C C" such that
(1) If k and k' € F, then the mapping
KE R(Qe N Q) — K (Qe N Q)
defines an analytic mapping,
(if) Uperfls =€,

(iii) If ko is a homeomorphism of an open set Q., C S onto an open set in C"
and the mapping kkg* : ko(Qe N Qwy) — K(Qe N Qy,) and its inverse are analytic

for every k € F, then kg € F.

In fact, the condition (iii) is in a way superfluous. For if F satisfies (i) and (ii),

we can extend F in one and only one way to a family F’ satisfying (i), (ii), (iii).



Indeed, the only such family F’ is the set of all mappings satisfying the condition
(iii) relative to F. A complex analytic structure can thus be defined by an arbitrary
family F satisfying (i) and (ii), but if the condition (iii) is dropped, there are
many families defining the same structure. Such a family is called a complete set
of complex analytic coordinate systems, and two such sets are equivalent if they
define the same structure.

We say that n complex valued functions (z1, ..., z,) defined in a neighborhood
of a point w € () are a local coordinate system at w if they define a mapping of
a neighbourhood of w into C" which is a coordinate system in the sense defined

above.

Definition 3.1.2. A closed subset V' of a complex analytic manifold 2 of dimen-
sion n 18 called an analytic submanifold of dimension m if for each v € V', there

exist a neighborhood U of v and local coordinates fi, ..., fn such that UNV = {z €
Ut fir(2) = oo = ful2) = O,

Note that, the notion of a submanifold is local.
Q is called countable at infinity if there exists a countable family of compact

subsets {K; : i € N} such that each compact subset of Q2 is contained in some K.

Definition 3.1.3. A complex analytic manifold Q2 of dimension n which is count-

able at infinity is called Stein manifold if
(1) Q is holomorphically convex, that is the A(2)-hull

Ko = {z eQ:|f(2)] < sgp{]f] forall f € A(Q)}}
s a compact subset of Q) for every compact subset K of €).

(ii) For given two points z1, zo with zy # z, there exists a function f € A(Q)

such that f(z1) # f(z2).

(iii) For every z € Q, there exist n analytic functions on Q0 fi, ..., f, which form

a coordinate system at z.



Due to the following theorem, a Stein manifold can be represented as a sub-

manifold of CV where N is sufficiently large.

Theorem 3.1.1. ([3]) Any Stein manifold of dimension n is isomorphic to an

analytic submanifold of C?"+1.

In the following definition and theorems (till the end of this section), we re-
quire all manifolds to be connected and countable at infinity without making this
assumption explicitly in every statement. We shall say that a manifold Q is a

holomorphic extension of another manifold €2 if

(i) Q is an open subset of Q.
(ii) The analytic structure of Q is induced by that in €.
(iii) For every f € A(Q) one can find f € A(Q) such that f = f in Q.

Theorem 3.1.2. If Q is a Stein manifold, and Q is a holomorphic extension of

Q, then Q = Q.

Stein manifolds are maximal not only in the sense that they have no holomorphic
extensions, but also in the sense that, if one can find a holomorphic extension

which is a Stein manifold, it contains all natural holomorphic extensions:

Theorem 3.1.3. Let )y and €2y be holomorphic extensions of (2, and assume that
Q4 is a Stein manifold and that functions in A()y) give local coordinates everywhere
in Qo and separate points in Qs. Then there is an analytic isomorphism ¢ of (o
into Q1 which is the identity on € and moreover, if Qs is a Stein manifold it is

an somorphism onto )y.

Hence, there is, apart from isomorphisms, at most one holomorphic extension
of Q which is a Stein manifold. When such an extension exists, it is called envelope
of holomorphy of .

We shall now give a sufficient condition for the existence of an envelope of

holomorphy.

10



Definition 3.1.4. A complex manifold ) of dimension n is called a Riemann

domain if analytic functions separate points in  and there is an analytic map
p:Q—-C"
which is everwhere reqular, that is, locally an isomorphism.

Theorem 3.1.4. Let D be a domain on a Stein manifold ). Then there exists
an envelope of holomorphy D of the domain D, therewith D is a Riemann domain

over ).

3.2 Spaces of Analytic Functions

Let €2 be a complex manifold. A(£2) is the space of all analytic functions on {2 with
the topology of uniform convergence on compact subsets of {2, i.e. with the locally

convex topology generated by semi-norms
|z|k = max{|z(z)| : z € K} (3.1)

where K is any compact subset of 2. If () is countable at infinity, then A((Q2) is

K }Sil

a Fréchet space whose topology is given by the sequence of seminorms {|x
where K, C intKy,1 and U K, = (.

Let E be an arbitrary subset of ). By G(E) = Go(F), we denote the collection
of all open neighborhoods of E in Q. For Dy, D, € G(E), the functions f € A(Dy)
and g € A(D,) are said to be equivalent (f ~ g) if there exists a D € G(F) such
that D C DyND, and f = gon D. A germ of analytic functions, briefly (analytic)
germ, is an eqivalence class obtained by the relation ~ . If z is a germ on F and
f € x then we say that f represents the germ z. We denote by A(F) the locally

convex space of all germs on F endowed with the inductive limit topology
that is, the finest topology on A(F) for which all natural mappings

Jpg:A(D) — A(E) ,D € G(E)

11



are continuous.

Let K be a compact set in Q and J : A(K) — C(K) be the natural homomor-
phism of restriction. We denote by AC(K), the Banach space obtained by the
completion of J(A(K)) in C(K) according to the norm defined in (3.1).

3.2.1 Duality

Let © be a Stein manifold. Elements of conjugate space A'(Q2) = A(Q)*, that is
linear continuous functionals on A(Q2), are called analytic functionals (on Q).
Analytic functionals have a significant part in the investigation of structure of
analytic functions, especially in the basis problem.

If F is an arbitrary subset of Stein manifold €2 then the natural map
J = J(E,Q) : A(E)* — A(Q), (3.2)

that transforms a functional x* € A(E)* to its restriction on A(2), is a linear
continuous map. In the case when £ is a Runge set in 2, that is A(Q) is dense in

A(E), the map in (3.2) is an imbedding.

3.2.2 GKS- Duality

The following result, due to Grothendieck, Kothe, and Silva (see [1, 5, 7, 18]) allows
us to realize the space A(FE)*, for any set £ C C, as the space of analytic functions
A(E*) where E* := C\ E with the assumption that all germs of A(E) are equal

to zero at the point oo if co € E.

Theorem 3.2.1. For any set E C C there exists an isomorphism v : A(E)* —
A(E™*) such that the following formula holds

2*(z) = / #(Oe(Q)dC, = € A(E),

where ' = y(z*), I' = ['(z,2') is a rectifiable contour separating the singularities

of the analytic germs x and x*.

In several complex variables, there is no similar universal representation of

A(E)* as a space of analytic functions.

12



3.2.3 The Dual Form of Cartan Theorem

Let M be a closed analytic submanifold of Stein manifold 2. Then according to

Cartan theorem the restriction operator
R:AQ) — AM): Rx =z|M, x € A(Q),

is a surjection. The adjoint operator R* : A(M)* — A(2)* maps any functional
p € AM)* top) =poR € A(Q)*. Using the theorem about dual relation between
endomorphisms and monomorphisms we get the following dual version of Cartan

theorem:

Proposition 3.2.1. The adjoint operator R* : A(M)* — A(Q)* of the restriction

operator R : A(Q) — A(M) is an isomorphic embedding.

13



CHAPTER 4

SOME INFORMATION ON PLURIPOTENTIAL THEORY

In this chapter, we first present some fundamental properties of plurisubharmonic
functions. Then we define the relative extremal function and give some elementary
properties of the function. For further study of plurisubharmonic functions the

reader can consult [6], [12], [11] and [25].

4.1 Plurisubharmonic Functions

Let z = (21,...,2,) € C". The two norms on C" that we shall be using are the

Fuclidean norm
n 1/2
o= (3 1)
k=1

and the maximum norm
|z| = max{|z1|,...,|za|}

Note that these norms are equivalent and |z| < ||z]| < /n|z|.

Let a € C™" and r > 0. The open polydisc, with center at a, and radius r, is the set
Ula,r) ={z€C" : |z —a| <1}

Let 2 be an open subset of C" | and let u : ) — [—00,00) be an upper semicon-
tinuous function which is not identically —oo on any connected component of 2.
The function u is said to be plurisubharmonic if for each a € Q) and b € C", the
function A —— wu(a + Ab) is subharmonic or identically —oco on every component
of the set {A € C:a+ \b € Q}. We denote by PSH(S?) the set of all plurisubhar-

monic functions in §).

14



The following theorem can be taken as an equivalent definition of plurisubharmonic

functions.

Theorem 4.1.1. Let u: Q) — [—00,00) be upper semicontinuous and not identi-
cally —oo on any connected component of Q@ C C". Then u € PSH(QY) if and only
if for each a € Q and b € C" such that

{a+Xb:XeC |\ <1} CQ,
we have

u(a) < % /027r u(a + eb)dt. (4.1)

It should be noted that plurisubharmonicity is a local property and we can
define a plurisubharmonic function on a complex submanifold of C". Indeed, let
M be a complex submanifold of C". A function u : M — [—00,00) is said to be
plurisubharmonic on M if for each a € M there exists a neighbourhood U of a
in C" and a function @ € PSH(U) such that a|U N M = u. It is obvious that
most basic properties of plurisubharmonic functions defined on open subsets of
C" can be easily transferred to the case of plurisubharmonic functions on complex

submanifolds.

Let Q C C" be open. If 2 # C", define
Qe:={2€Q: dist(z,00) > €}

for e > 0. If Q = C", we set 2. = C". The following theorem is known as main

approzimation theorem for plurisubharmonic functions.

Theorem 4.1.2. Let Q) be an open subset of C", and let w € PSH(Y). Then
there exists ue € C*® N PSH(L) such that u. decreases with decreasing €, and

lim, g uc(2) = u(z) for each z € Q.
Theorem 4.1.3. Let Q) be an open subset of C"

(i) If u,v € PSH(QY) then max(u,v) € PSH(S).

15



(ii) The family PSH(SY) is a convexr cone, i.e. if a, 3 are non-negative numbers

and u,v € PSH(S?), then au+ fv € PSH(Q).

iii) If Q is connected and {u;};en C PSH(S2) is a decreasing sequence then u =
(iii) iti

lim; oo u; € PSH(Q) or u = —o0.

(iv) Let {uataca C PSH(Y) be such that its upper envelope u = SUD,c4 Uaq
is locally bounded above. Then the upper semicontinuous reqularization u*(y) =

lim sup=—y u(z), y € Q is plurisubharmonic in €.

Proposition 4.1.1. Let Q be a domain in C*. Let V C Q be an open subset. If
u € PSH(Q), ve PSH(V), and
limsupv(z) < u(y), y € IV N1, (4.2)

zZ—Y

then
max{u,v} nV

u in Q\V

s plurisubharmonic in ).

Proof. The boundary condition (4.2) on v ensures that w is upper semicontinuous
on ). By Theorem 4.1.3 (i) w satisfies the local submean inequality (4.1) at each

z € V, and it does also when z € Q\ V since w > u on . O

4.2 The Relative Extremal Functions

Let D be a Stein manifold of dimension n and F is a compact subset of D. The

relative extremal function for E in D is defined as
W(2) = WD, E,2) = sup{u(z) : u € PSH(D),u|lp < 0,u <1} (4.3)

Note that the function (w°(z))* is plurisubharmonic in D. From now on we will
denote the upper semicontinuous regularization of w°(z) by w(z) = w(D, E, 2) and

the class of all functions u € PSH(D) satisfying the inequalities u|g < 0, u <1

16



by P(E,D).

We also define the functions

w(z)=w(D,E,z) = lim w(D,, E, 2),z € D, (4.4)
w(2) =wO(D, E, z) = lim w°(D,, E, 2),z € D. (4.5)

where D; is a sequence of open sets in D with D; € D1 and D = UFD,.
One of the main notions in our work is that of pluriregularity of compact sets in

Stein manifolds.

Definition 4.2.1. A compact set E in a Stein manifold € is called plurireqular
with respect to its open neighbourhood D C Q if w(G,E,z) = 0 on E for every
open neighbourhood E C G € D. A compact set F is called pluriregular if for any
its open neighborhood D the set E is plurireqular with respect to the holomorphic
hull D of D, that is,

w(f),E,z) =0, z€eF

If a compact set E is holomorphically convex in D, that is, Ep = E then it

is sufficient to verify the condition 4.2.1 in only one pseudoconvex neighbourhood

GeDof E.

Definition 4.2.2. An open set D in a Stein manifold 2 is called pluriregular (or
hyperconvex) if there exists a function v € PSH(D) such that u(z) < 0, z € D
with limu(z) =0 as z — dD.

Definition 4.2.3. An open set D in a Stein manifold Q) is called strongly plurireg-
ular if there exists a pseudoconvexr open neighbourhood G D and a continuous
plurisubharmonic function u(z) in G such that D = {z € G : u(z) < 0}. Such a

function u is called an exhaustion function for G.

The following monotonicity property of the relative extremal function is a direct

consequence of the definition.
Proposition 4.2.1. If £, C Ey C Dy C D1, then the inequality

wo(Dla El) Z) S wo(D27 E27 Z)
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holds where both functions are defined.

Proposition 4.2.2. Let €2 be an open set in C", and let E C ). Suppose that
M and m are two real numbers such that M > m. If u € PSH() satisfies the
conditions

u<M on Q and u<m onkE,

then
u < M(1l+w)—mw.
Proof. Since the function

u— M
M —m

€ PSH(Q)

as an immediate consequence of the definition of the relative extremal function,

we have
u— M
< W (z) <w(z
L < W(2) S wlz)
and this is equivalent to the desired estimate. O]

There follows an analog of the Hadamard theorem on three surfaces, which is

called also Two Constants Theorem for analytic functions.(|17))

Proposition 4.2.3. Let D be a Stein manifold, E be compact set in D, and [ €
A(D) with |f|lg < My and |f|p < M;y. Then

[flp. < (Mo)' ™(My1)*,  a€(0,1),
where D, ={2 €D : w(D,E,z) < a}.

Proposition 4.2.4. Let Q) be a strongly plurireqular subset of C", and let E be a
compact subset of Q. Suppose that {§;} is an increasing sequence of open subsets

of 2 such that @ = U352, and K C (. Then

lim w’(Q, E,2) =, E,2) 2 €.

J—00
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Proof. Take a point 2y € . We may suppose, without loss of generality, that
E U{z} C Q. Let o < 0 be an exhaustion function (see Definition 4.2.3) for Q
such that p < —1 on E.

Take £ € (0,1) such that o(z) < —e. There exists jo € N for which the open set
A = o7} ((—o0, —¢)) is relatively compact in Q. Take u € PSH(£,,) such that

u < 1on 2 and u <0 on E. Then

max{u(z) —¢e,0(2)} z€ A

v(z) =
o(z) z € Q\A

defines a plurisubharmonic function; moreover, v|E < 0 and v < 1. Thus v(z) <

w®(2p). Since u was an arbitrary member of the family P(E,2;,), we have
w2 (Qyy, B, 20) — e < W, E, 20).
By proposition 4.2.1,
WO, B, 20) —e < W, E, 20) < wW(Qy, E, )
for all 7 > j9. As € can be made arbitrarily small, the result follows. ]

Lemma 4.2.1. Let D be a Stein manifold and E be a compact set in D. Then for

any sequence of compact sets {Eg} in D with Esq € Es
W(D, ES> Z) T wo(Da E> Z)a z€D
where B2 = N{°E.

Proof. Clearly, w(D, Ey, z) < w(D, Ey, z) < ..., hence the limit exists. Set ¢(z) =
limg_oo w(D, Ej, 2). Since w is a plurisubharmonic function in D with w < 1 and
wlp, < 0, hence w|E < 0; w(D, Ey, z) belongs to P(E,D). Then for some s, by
the definition of the relative extremal function we have w(D, FE, z) < w°(D, E, 2),
thus ¢(z) < (D, E, 2).

Now we need to prove the other side of the inequality. Let u be an arbitrary
function in P(E, D). By the upper semicontinuity of u, given any ¢ > 0 the set

U ={z¢€ D:u(z) < e} is an open neighbourhood of E and then there exists
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so = So(g) such that for each s > sy, F; C U. Hence, if s > sg and z € D the

function v(z) = “(f—_);e becomes plurisubharmonic with v(2)|Es; < 0 and v(z) < 1,

therefore, we have

u(z) < (1 —e)w’(D, E,,2) +¢
< (1 - €)M<D7 E87 Z) +e
Taking limits of both sides as s — oo and then as ¢ — 0, we obtain that u(z) <

Y(z) for any u € P(E,D), whence we have w’(D, E, z) < 1(z) which proves the
desired equality. O]

4.3 Pluripolar Sets

In this section we will give the definition of pluripolarity of a set and consider some

properties of pluripolar sets.

Definition 4.3.1. A set A is called pluripolar in an open set D in a Stein manifold
Q if there exists a function v € PSH(D) satisfying ¥(z) = —oo on A but ) £ —o0

on any connected component of D.

Lemma 4.3.1. Let E; be pluripolar sets in D &€ ). Then the set E = UE; is

also pluripolar in D.

Proof. Let ¢; € PSH(D) with 1); # —oo on any connected component D}, of D
but with ¢; = —oo on E;. Take the increasing sequence of open sets {D,} with

Ds € D11 and D = UFD,. Now set

c;s = sup{y;(z) : z € D}

In every connected component D}, of D there exists at least one point ay at which
Y;(ay) # —oo for all j =1,2,.... Since in any coordinate neighborhood U C D
the functions 1; are subharmonic in the corresponding real local coordinates, the
set L ={z€U : ¢j(z) = —o0, j =1,2,...} has Lebesque measure zero in the

local coordinates. Therefore U\ L = (). Now choose a sequence of positive numbers
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{B;} so that both of the series

o Bileisl Y Bilwar)
=1 ik

converges. We will show that the series
D Bit(2) = ¢(z) D
j=1

where 1 € PSH(D). For z € D, we can rewrite the above series as the sum of two

series .
D Bicis — Y Bi(es —15(2)

j=1
where the first one converges by the assumption and the second one is a series of
nonnegative terms which converges in D,. Also, 1 is plurisubharmonic in D, since
it is the limit of the decreasing sequence of its partial sums, which are plurisubhar-
monic. But s was arbitrary, so the series converges in D to a function ¢ € PSH(D).
Moreover, ¥)(z) = —oco on E by construction and ¢(z) # —oc on any component
D}, of D since ¢(ay) = > B1j(ax) # —oo by the assumption.

Hence E' is also a pluripolar set in D. ]

Lemma 4.3.2. Let D be a Stein manifold and E be a compact subset of D. Then

the following conditions are equivalent:
(i) w(G,E,z)=11in G for any open set G with E C G € D;
(ii) E is pluripolar in D.

Proof. (i)=(ii)Let G be an open pseudoconvex set with £ C G € D. Take a
sequence of pluriregular compact sets {E,}, F,.1 € E,, E = N°E,. Then by
Lemma 4.2.1, w(D, E,, z) T w(D, E, 2); and by hypothesis

limsupw?(G, E,() =w(G, E,2) = 1.

(—z
Therefore, by the theorem of Brelot-Cartan ([15],Chapter 3,Theorem 3.4.2) the
set {z € G : WG, F,z) < 1} has zero capacity (if G is considered to be a 2n-

dimensional real manifold). Consequently there exists a point a; in each connected
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component G; of G such that w%(G, F, a;) = 1. Now choose a sequence of positive
numbers {7;} so that Y oo 75 =00 and Y-, V(1 —w(G, Es, z)) < oo. Then the
function W(z) = > -, 7s(w(G, Es, z) — 1) is plurisubharmonic in G as the sum of a
series with non-positive plurisubharmonic terms, and the condition on the second
series guarantees that U(z) = —oo on E while W(a;) # —oo. Thus E is pluripolar
in G.

(ii)=(i)Let G be an open set with £ C G € D. Take an open set G’ with G €
G' € D. Then by the hypothesis there exists a function ¥ € PSH(D) such that
U(z) = —oo on F and ¥ # —oo on any connected component of D. Now we
consider a function

U(z)+s

a—+s

where a = sup{¥(z) : z € G}. Clearly uy, € PSH(G) and uy < w(G, E, z) for
z € G and for all s > |a|. Thus, taking a point ( € G such that ¥({) # —oo,

US(Z) - z € g, (46)

we obtain by (4.6) that w(D, E,() = 1. Since by the hypothesis we can find such
a point in every connected component of G we have w(D, E,z) = 1 in G by the

maximum principle. O

Proposition 4.3.1. Let D be a Stein manifold and E a compact subset of D such
that END' is not pluripolar in D' for any connected component D' of D. Then
for any f € A(D), f|E = 0 implies that f = 0 i.e. E is a set of uniqueness for
the class A(D).

Proof. Assume that there is a function f € A(D) with f|EF =0 but f # 0 in some
connected component D’. Then the function u(z) = In|f(z)| is plurisubharmonic

in D and u = —oo on END’ but u(z) # —oco in D', i.e. E is pluripolar in D’. [

Proposition 4.3.2. Let D be a strongly pluriregular open set on a Stein manifold
Q and E C D be a pluriregular compact set. Then the function w(D, E, z) extends

to a continuous plurisubharmonic function in an open set D' 5 D.

Proof. Let D' be a pseudoconvex open set with D € D' € Q and u € C(D') N
PSH(D') such that D = {z € D’ : u(z) < 0}. Take v = —sup{u(z) : z € E}.
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Then the function
w(D,E,z) z€D

1+ 2u(z) 2€D\D

is the desired extension.
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CHAPTER 5

SEPARATELY ANALYTIC FUNCTIONS

5.1 Separate Analyticity

Definition 5.1.1. Let D and G be Stein manifolds and E C D, FF C G. We shall
say that a function f(z,w) defined on the set X = (E x G)U (D x F) is separately
analytic on X if it is analytic in z in D for each w € F and analytic in w in G

for each z € E.

The next theorem gives conditions on F and F' providing an answer to Problem

Theorem 5.1.1. Let D and G be Stein manifolds and E C D, FF C G compact
sets with the property that Ep and Fg are plurireqular in D and G, respectively.
Let f(z,w) be a function separately analytic on the set X = (E x G)U (D x F).
Then the function [ extends uniquely to a function f which is analytic in the open

set

X ={(z,w) e (DxG) : wD,E,z2)+w(G Fw) <1}
containing X.

Theorem 5.1.1 will be obtained as a consequence of the following more general

result.

Theorem 5.1.2. Let D, G, E, F and X be as in Theorem 5.1.1, with E 1is not
pluripolar in each connected component of D. Let f(z,w) be a separately analytic

function on X = (E x G)U (D x F) which is locally bounded on E x G. Then there
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is a function f which is analytic in the open set
X ={(z,w) € (DxG) : &(D,E,z)+w(G, Fw) <1}

and agrees with f on XNX. The set X is a neighbourhood of DX F and if, moreover
E satisfies the condition in Theorem 5.1.1 then X is also a neighbourhood of X .

Proof. By Lemma 4.3.2 the hypothesis on E guarantees the existence of an open
set B with Fp C B @ D such that w(B, E,z) # 1 in every connected component
of B.

Set K = ED, L = ﬁ’g and choose two sequences of strongly pluriregular open

sets with smooth boundaries {D®)} and {G®)} such that

KcBepPVe..ePYe...eD, D=U2,DY, (5.1)

LcgVWe..egPe...eg G=uU2G¥, (5.2)

and also such that D) and G have no connected components not intersecting

E and F, respectively. Then by construction, for any s we have
w(D®,E,2) #1 (5.3)

in each connected component of D).

Now fix s > 2 and consider the Hilbert space G of all functions z(w) analytic

1/2
|zlle, = (/ |x(w)!2d0w)
F0)

where do,, is the volume element in G with a fixed Hermitian metric on Q ([3]).

in G with finite norm

And similarly construct the Hilbert space H; for the domain D). These spaces

are related by continuous imbeddings
AD®) — Hy — AD®), A(GH) — G — AG®). (5.4)

By a result of Pietsch [13], since A(L) is nuclear, there is a Hilbert space Gy with

continuous and dense imbeddings

A(L) — Gy — AC(L). (5.5)
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Then by Lemma 2.2.1 there is a common orthogonal basis {g;} in the spaces Gy

and Gy satisfying

lgilleo =1, llgllec, =nToo €N (5.6)

On the other hand, using Lemma 2.2.2 we choose two Hilbert spaces H, and

H, with continuous and dense imbeddings
Hy — A(D®)) — Hy — AC(K) — Hy (5.7)

and such that there exists a common orthogonal basis {h} for the spaces Hy, Hy

and I:Ig with
Whllme =1, Wil = w100, |hillg, < CK (5.8)

where C' < o0.
Now, let G = {w € G : w(G®, F,w) < a} for 0 < a < 1, be the sublevel
open sets. The continuity of the imbedding G; — A(G®) implies that for any g,

0 < ¢ < 1, there exists a constant C, > 0 such that for any z € G; — A(GY),
2l < G el

In particular,

91lg0 < Cyllalle, = Cqm (5.9)

since ||g1|le; = v. The continuity of the imbedding Gy — AC(L) implies that, for
any r € Gy — AC(L),

2] < Ol
In particular,
gl < llgille, = C (5.10)

since ||gil¢, = 1. For any o < 1 and £ > 0, we choose ¢ with § := a/q¢ < a + ¢.

Then using Proposition 4.2.3 for g; and the relations (5.9), (5.10) we get,

9lgey < (a1l)'™? (lalgp)? < €2 (Cuu)” = C'P Oy
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Therefore
gl ger < Nvi™=, forall 1€N (5.11)

holds with a constant N = N(a,¢). In a similar way we can obtain the following

estimate for the common orthogonal basis {h;},
el o1 < C"K? (ue)®,  for all k€N, (5.12)

where DY) = {z€D¥ : w(D® E,2) <a}for0<a<l.
It is known (see, e.g. [21]) that the asymptotic estimate

Inpp < Y™, Iny, = kY™, k — oo, (5.13)

where n and m are the dimensions of the spaces D and G.

Now fix z € E. By the hypothesis of separate analyticity, the function ¢,(w) :=
f(z,w) belongs to the space A(G) C A(G®) C G;. Therefore it has an expansion
in terms of the basis {¢;}:

fzw) = bi(z)g(w), (5.14)

converging in the norm in G;. By the assumption of local boundedness of f on
E x G together with the orthogonality of the system, we derive the estimate for
the coefficients b;(2):

bi(2)] = % F(zw) @) do
Vi Gg(s)

The estimates (5.11), (5.15) and (5.13) imply that the series (5.14) converges uni-

<% Lepien (5.15)
vV

formly on the set E x GV for 0 < o < 1.

For reasons of symmetry there is an expansion
flzw) =) ar(w)hi(z), weF (5.16)
k=1

but since we are not assuming the local boundedness of f on D x F' the bound on
the coefficients may not be uniform in w. Still, we have the estimate, by Holder’s
Inequality:

1

|ax(w)] = W

M
M) eFken (5.17)
Kk

f(z,w) hg(z) do,

D(s)
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where M(w) < oo.

Below we show that this bound can be replaced by a uniform one.

Consider now a set of functionals {h}} C H{, which constitutes the biorthogonal
system to the system hy, by the continuity of the imbedding Hj < AC(K)* there

exists a constant B such that

1hillacy < B[Rl

H; = B < (518)

where |||z = 1 by (5.8). By Hahn-Banach Theorem, each of the functionals
hi extends with the same norm, from AC(K) to a linear functional b € B(E)*.
Now, applying these functionals to the series (5.14) for any fixed w € GC~, we

obtain an expansion

ag(w) = hi(f) = Zh,’;(bl(z))gl(w) = Zaklgl(w), we GEY ke N. (5.19)

=1

By (5.15) and (5.18) we see that

3 !
lag| = Py (b)) < |1l Beey- 1bil| BE) < 7;6 (5.20)

It follows from (5.20) and (5.11) that the series (5.19) converges uniformly inside
the open set G*). Thus each function a;(w) is also analytic in G, and since

Gt e QC(YS) for some a with 0 < o < 1, we also have that

lax(w)| < C"(f) < o0, we G, (5.21)

Consider the sequence of functions

~ Infag(w)]
Ve = In ()

s—1)

Since for each k the functions aj(w) are analytic in G¢~Y, 4, are plurisubhar-

571)'

monic functions in G Moreover, by (5.13) and (5.21)this sequence converges

uniformly in G¢~Y, and on the other hand,

limsup g (w) < -1, w € F.

k—oo
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Then using Hartogs Lemma on sequences of plurisubharmonic functions, for any

e > 0 there exists a number k() such that
Yp(w) < =1+¢e, k>kole), weF

This shows the existence of a constant C' = C(g) such that

Cl(e

|ak(w)] < F, w e F, k € N. (522)
k

Applying Proposition 4.2.3 with (5.21) and (5.22) we get,

C(f.¢)

£

,0<a<l1, keN (5.23)

|ak(w) &3—1) S

g g—
Consequently, we obtain a uniform estimate on the coefficients of the series (5.16).
Combining this result together with (5.12) and (5.13) we conclude that the series
(5.16) converges uniformly inside the domain X, = Uae(o,l)(D&s) x GU). Thus
its sum defines a function ¢,(z, w) analytic in X,.

Furthermore, ¢,(z,w) = f(z,w) for all (z,w) € (D x F)U (E x G&=Y),
Indeed, if (z,w) € (D) x F) then from the representation of f(z,w) as the series
(5.16) it follows. On the other hand, if (z,w) € (E x G*~V) by the absolute and

uniform convergence of the series we obtain,

which gives the desired equality.
For any fixed w € G& ™ since F is a set of uniqueness for the class A(D) by

Proposition 4.3.1, the equality

f(sz) :@s<sz) :903+1(Z>w)7 ZGE,

implies (2, w) = ps1(2z,w) in D?)a. Therefore,

QDS(Z,’LU) = 908+1(27w) (Zaw) € XS> seN
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Since, X = U, X, by the definition of &, there is an analytic function ¢(z,w) in
X agreeing with f(z,w) on X N X.
By the pluriregularity of the set Fy we have the inclusions F C G¥ for 0 <

a < 1, s € N. Hence,
DY XxFcDY <GV 0<a<l, seN (5.24)

Furthermore, by the observation (5.3), D) = Uae(ogl)D&s), which together with
(5.24) implies that,

D X F C Ugil UO‘E(O,I) ’D(()[S) X F C Ugil Uae(o,l) D&s) % g§i;1) _ )"('—

If in addition, the compact set E satisfies the hypothesis of the theorem, i.e.
if Ep is pluriregular, then F and F' play symmetric roles, thus £ x G C X, and
hence X C X. O]

Now, with the lemma below we show that the assumption about boundedness

of f can be removed.

Lemma 5.1.1. Let D and G be Stein manifolds and E C D, F C G compact sets
with the property that E is not pluripolar in each connected component of D and
Fg is plurireqular in G. Let f(z,w) be a function separately analytic on the set
X =(ExG)U(D x F). Then there exists a function p(z,w) analytic in an open
neighbourhood of the set D x F' and agreeing with f(z,w) on D x F. In particular,
f(z,w) is locally bounded in D x F.

Proof. Let G; be any open pseudoconvex neighbourhood of the compact set I’ with
g1 € G and such that every connected component of GG; intersects F. For each
m € N we introduce the set
En={z€E : sup|f(z,w) <m}
wegi
Since by hypothesis the function f is analytic in G for any fixed z € F, we have
sup {|f(z,w)| 1w € G1} <C < ocandso E = UPE,,, E,, C Eppiform=1,2,...

30



By Lemma 4.3.1 there exists an m € N such that the compact set F,, is not
pluripolar in D. By the construction of £, the function f is locally bounded on
E,, x G;. Thus all of the hypothesis of Theorem 5.1.2 are satisfied if we put FE,,
and G in place of E and G, respectively. Therefore there exists a function ¢(z,w)

on the set
Y ={(z,w) e DxG : &(D,E,,z)+wG,F,w) <1},

which is an open neighbourhood of D x F with ¢(z,w) = f(z,w) on D x F. In

particular, the local boundedness of f(z,w) on D x F has been proved. O

Proof. (of Theorem 5.1.1) Observe that by the pluriregularity of the compact set
ED, the set E is not pluripolar in every connected component of D. Interchang-
ing the roles of D and F with G and F, Lemma 5.1.1 implies that f is locally
bounded on E x G. Then by applying Theorem 5.1.2 we complete the proof since
O(D,E,z) = w(D,E, z) by the hypothesis and X is an open neighbourhood of
X. O

Below, as a corollary we give the solution to Problem 1.

Corollary 5.1.1. Let D and G be Stein manifolds. Let E C D be a compact
set which is not pluripolar in every connected component of D. Let the function
f(z,w) be defined on D x G, analytic in z in D for every fized w € G, analytic in
w in G for every fized z € E. Then f(z,w) is analytic in D x G.

Proof. Without loss of generality we may assume that G is connected. Choose a
sequence of domains {G,} with G; € G,.; and G = UG, such that Fy = G, are
pluriregular compact sets. Applying Lemma 5.1.1, we see that f(z,w) extends
analytically to a neighbourhood of the set D x F and is analytic in D x G, in the

variables (z,w). Since s is arbitrary it follows that f(z,w) is analyticin Dx G. O

It has been proved in [20] and [19] that the hypothesis on F is essential. If the
hypothesis is not satisfied, there exists a function f(z,w) satisfying the hypothesis

of the corollary which is not analytic in D x G.
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Definition 5.1.2. A Stein manifold D is called pluricopolar if w(D, K,z) = 0 in
D for any compact set K C D.

Corollary 5.1.2. If in the hypothesis of Theorem 5.1.1 at least one of the manifolds
D or G is pluricopolar, then f(z,w) extends to an analytic function @(z,w) in

D x q.

Proof. Without loss of generality assume that D is copolar, i.e. w(D, E,z) =0 for
all z € D. Then,

X={(z,w)eDxG :w(G,Fw) <1} DDxG.
Therefore, X = D x G. O]

Theorem 5.1.3. Let D and G be Stein manifolds at least one of which is pluri-
copolar. Let E be a compact set in D which is not pluripolar in any connected
component of D and F be a similar set in G. Then any separately analytic func-
tion f on X = (D x F)U (E x G) extends uniquely to a function analytic in
D x g.

For the proof of the theorem we give a stronger version of Theorem 5.1.2 which

has an analogous proof.

Lemma 5.1.2. Let D and G be Stein manifolds, and assume that E C D and
F C G are compact sets satisfying the hypothesis of Theorem 5.1.3. Let f(z,w) be

a separately analytic function on X = (D x F)U (E x G) which is locally bounded
in B x G. Let

X ={(z,w) eDxG : &(D,E,z)+&(G,F,w) < 1}.
Then there exists a unique function ¢ € A(X) which agrees with f on X N X.

Proof. (of Theorem 5.1.3) Without loss of generality assume that D is pluricopolar.
Let G, be a sequence of open sets as in (5.2). For fixed s, by a similar construction
as in the proof of Lemma 5.1.1 there exists a compact set £’ C E which is not

pluripolar in every connected component of the set G, and such that f is locally
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bounded on E’ x G,. Using Lemma 5.1.2 we obtain a function ¢, € A(XS) which
agrees with f on X N X, where

X,={(z,w) €D xG, : o(D,F,2)+&(G,F,w) <1}.

Since D is pluricopolar, we have @(D, E’, z) = 0; on the other hand, &(Gs, F,w) # 1
on any connected component of G. Therefore, X, = D x G,. Finally, the function
¢ € A(D x G) defined by (2, w) = ¢,(z,w) for (z,w) € X, is the desired function
which completes the proof of the theorem. n
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