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Abstract

In this thesis we consider two problems related to algebraic curves in prime char-
acteristic.

In the first part, we study curves defined over the finite field IF,. We prove that for
each sufficiently large integer g there exists a curve of genus g with prescribed number
of degree r points for r = 1,...,m. This leads to the existence of a curve whose
L-polynomial has prescribed coefficients up to some degree.

In the second part, we consider curves defined over algebraically closed fields K of
odd characteristic. We show that a plane smooth curve which has a K-automorphism
group of order larger than 3(2¢ + ¢)(1/8¢ + 1 + 3) must be birationally equivalent to

a Hermitian curve.
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Tez Danigmani: Prof. Dr. Henning Stichtenoth

Anahtar Kelimeler: Artin-Schreier genisglemesi, otomorfizma, egri, derecesi r olan

nokta, fonksiyonel cisimler, Hurwitz cins formiilii, derece dizisi.

(")zet

Bu tezde asal karakteristikte tanimlanmig cebirsel egriler konusundaki iki problemi
ele aldik.

Ik boliimde sonlu bir cisim olan F, tizerinde tanimli egrileri ¢alistik. Yeteri kadar
biiytik her tamsayi g igin 6ngorillmiiy sayida r dereceli (r = 1,...,m) noktasi olan
cinsi g bir egrinin varhgim gosterdik. Bu sonug, belli bir dereceye kadar 6ngoriilmiis
katsayili L-polinomu olan bir egrinin varlign1 gostermistir.

Ikinci boliimde tek karakteristikli, cebirsel olarak kapali K cismi {izerinde tammbh
egrileri goz oniine alik. Otomorfizma grubunun sayist 3(2¢° + ¢)(v/8g + 1 + 3)’den
biiyiik olan diizlemsel diizgiin bir egrinin Hermitian egrisine birasyonel olarak egdeger
oldugunu gosterdik.
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CHAPTER 1

Introduction

In this thesis we consider two problems related to algebraic curves defined over a field
K of positive characteristic. Throughout this thesis by a curve X we mean a smooth,
projective and absolutely irreducible curve defined over K.

Let K = F, be the finite field with ¢ elements. For a curve X defined over F,
we denote by N(&X) and ¢g(X') the number of rational points and the genus of X,
respectively. Of particular interest is then the question for which non-negative integers
g, N and a power of a prime number ¢ does there exist a curve X over I, of genus
g(X) = g with exactly N rational points. This question represents an attractive
mathematical challenge studied extensively (see [18]). A mnecessary condition for the

existence of such a curve is given by the Hasse-Weil bound which states that

| N —(qg+1)[<29/q . (1.1)

This bound is improved by the Serre bound for non-square g, namely

[N =(¢+1)|<9l2va], (1.2)

where [n] is the integer part of the real number n.

A common approach to the problem is to investigate the set N (g, g) defined by
N(q,g) :={N | there exists a curve over F, of genus ¢ having N rational points}

for a fixed integers ¢ and g. As a consequence of (1.2)) the set N'(q, g) lies in the finite

interval
N(g.9) Clg+1-g2/q],qa+1+g[2v/q]];

however it is not known exactly for which integers N € [¢+1—g¢[2\/q ],¢+14+9[2\/q]]
there exists a curve over F, of genus g with exactly N rational points.

In chapter two we approach the problem differently. Instead of fixing the parameters
q and g, we fix the parameters ¢ and N. In other words, we deal with the question
for which integer values of g there exists a curve over F, of genus g with exactly N

rational points, and we investigate the set &(g, N) defined by

®(q, N) := {g | there exists a curve over I, of genus g having exactly NN rational points} .

1



Again a necessary condition for a non-negative integer g to be in &(g, N) comes from

the Serre bound; i.e.,
| N—(g+1)]

2va]
However, (1.2) is not sufficient; for example 2 ¢ &(2,7) (see Theorem [2.1.1)).

9=

A sufficient condition is given by Stichtenoth [39] stated as follows:

Theorem 1.0.1 For any non-negative integer N, there is a constant gg such that for
all integers g > go, there exists a curve X over F, of genus g(X) = g having exactly N

rational points.

Hence

g0, 00) € &(q, N) C [N - (gt 1) ’,oo),

2v/4q]
which implies that the set N\ &(q, N) is finite for all ¢ and .

In [39] it is noted that the constant gy depends on the parameters ¢ and N. Here
our aim is to estimate how small gy can be and to show that it is possible to give gq
as an explicit function of ¢ and N. More precisely, we show that for given ¢ there are
constants f(q) and h(q) (depending only on ¢) such that for any non-negative integers
g and N with ¢ > f(¢)N + h(q), there exists a curve X over F, of genus ¢g(X) = g¢
having exactly N rational points. In other words, for given ¢ there exist constants a/(q)
and (q) such that the interval [0, a(q)g — B(q)] € N(q, g).

In chapter three we give a proof of a generalization of Theorem [[.0.I, We show
that for any given non-negative integers by, ..., b,, there is an integer gy > 0 such that
for all integers g > go, there exists a curve X’ over F,, of genus ¢g(X') = ¢ having exactly
b, points of degree r, for r = 1,...,m. As a consequence of this result, we see the
existence of a curve defined over [, of sufficiently large genus g whose L-polynomial

has prescribed coefficients up to some degree.

In chapter four we assume that K is an algebraically closed field of odd characteristic
p. Let Aut(&X') be the K-automorphism group of a curve X of genus g > 2. It is well
known that Aut(X) is finite and that the classical Hurwitz bound holds if p 1 |[Aut(X)];
ie.,

Aut(X)] < 84(g — 1) .

If p divides |Aut(X')], then the curve X may have a much larger K-automorphism group
when compared to its genus. This was first pointed out by Roquette [29]. Later on,
Stichtenoth [36,37] proved that if

Aut(X)] > 164 |

then X' is birational equivalent to a Hermitian curve H(n), that is, to a non-singular

plane curve with affine equation Y™ 4+ Y — X"*! = 0, for some n = p"* > 3. Here,
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g = (n* —n)/2, Aut(H(n)) = PGU;z(n), and |Aut(H(n))| = n*(n® + 1)(n? — 1). The
curves X with |[Aut(X)| > 8¢> were classified by Henn [15] and as a corollary of Henn'’s

classification one gets: if
|Aut(X)| > 169> + 24¢* + g , (1.3)

then X is birational equivalent to a Hermitian curve. Here the aim is to improve the
bound ([1.3) in the case that X is a non-singular plane curve. More precisely we show
that if X has a K-automorphism group of order larger than 3(2¢ + ¢g)(v/8g + 1 + 3),

then X is birationally equivalent to the Hermitian curve H(n) for some n = ph.

In the appendix we recall some facts and definitions we used throughout this thesis.



CHAPTER 2

Function Fields with Prescribed Number of Rational Places

As the theory of algebraic curves is essentially the same as the theory of function
fields of one variable, we use the language of functions fields. For detailed information
see [38]. First we fix some notations.

Let F/F, be a function field with full constant field F,. Denote by

p = char [Fy, the characteristic of the field Fy,

g(F) the genus of F,

N(F') the number of rational places (= places of degree 1) of F over F,,
P the set of all places of F/F,,

Op the valuation ring of the place P € Pp,

Op/ P the residue class field of the place P,

x mod P the residue class of an element x € Op in Op/P,

(x) the principal divisor of an element 0 # x € F,

(%) the divisor of poles of z,

(x)o the divisor of zeros of x,

L(A) the Riemann-Roch space associated to the divisor A.

Then for the fixed parameters ¢ and N the set & (g, V) is defined in terms of the
language of function fields as follows.

®&(q,N) :={g | there exists a function field over F, of genus g having

exactly NV rational places}



2.1. &(q, N) for Small Values ¢ and N

We have seen that there is an integer gy (depending on g and N) such that

|IN—(¢g+1)]
[90,00) € &(q,N) C 2./4] ,oo).

It seems difficult to describe the set &(q, N) explicitly for any given values of ¢ and

N. However for some small values, more precise results are obtained by constructing
function fields with prescribed number of rational places. It is worth noting that in
these cases the difference set N\ &(q, N) is smaller compared to the results obtained
by an estimate for the constant gy given in the following sections when ¢ is a prime

number.

Theorem 2.1.1 Given small g and N as below we have the following results on &(q, N).

$(2,0) = [2,00) ®(2,1) = [1,00) $(2,2) = [1,00)
(2,3) = [0, 00) B(2,4) = [1,00) 6(2,5) = [1, 00)
B(2,6) = 2, 00) B(2,7) = [3,00) ®(2.8) = [4, )]
5,00) € 6(2,9) C [4,00)  6(3,0) = [2, 00) &(3,1) = [1, 00)
(3,2) = [1,00) (3,3) = [1,0) ®(3,4) = [0, 00)
&(3,5) = [1,00) &(3,6) = [1,00) &(3,7) = [1,00)
(3,8) = [2, 00) {46} U[8,00) C B(3,9) C [3,00)  &(4,0) = [2,00)
(4,5) = [0, 00) &(5,0) = [2, 00) &(5,6) = [0, 00)
&(7,8) = [0,00)

*3 ¢ &(2,8) comes from [41].

Furthermore,

[51,00) € &(q,q+ 1) for odd values of q;
[1,00) € B(q,q+1) for even values of q;

¢ —1,00) C&(q,2¢+ 1) for even values of q;
[ 00) € B(q,2¢+1)  for odd values of q; and
[

2
%1, o0) € B(q, 1) for odd values of q.

Proof: Here we only give a proof of the more involved cases.

q=2, N=T:
0,1 ¢ &(2,7) comes from the Serre’s bound (1.2)). It is known that a function field F’
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of genus g(F) = 2 is hyperelliptic. So, F' contains a rational function field Fo(z) C F
with [F: Fy(z)] = 2. Since Fo(z) has 3 rational places, the number of rational places
of F' cannot be bigger than 6, that is, 2 ¢ &(2,7).

For g = 3 the existence of a function field over Fy of genus 3 with exactly 7 rational
places is given by Serre in [34, part II p.41] and [33, p. 401].

Now we consider the case ¢ > 4. We need to show that for all integers g > 4 there
exists a function field F'//IFy of genus g with exactly 7 rational places. Let E = Fy(x,y)
be the function field with y*> +y = # + 1. Then (z = o) and (z = 0) are the only
ramified places of Fo(x) in E/Fy(x) with ramification indexes and different exponents
2 (see Theorem [5.0.23)), so by the Hurwitz genus formula g(E) = 1. Furthermore,
(x = 1) splits in E/Fy(z); i.e. N(E) = 4. Denote by R, S the rational places of E over
(x =1) and by P, @ the rational places over (x = o), (z = 0), respectively. From the
defining equation a place of F'is a pole y if an only if it is a zero or pole of z. Hence from
the fact that deg(y)oo = [E : Fa(y)] = 2 we conclude that (y)e = (y + 1)oe = P+ Q.
Since y and y + 1 can not have a common zero divisor and the zeros of y and y 4 1 lie
over the place (x = 1) of Fo(z), (y)o = 25 and (y+1)9 = 2R. As a result, the principal

divisors of x, x + 1, y and y + 1 in F are given as follows.

(r) =2Q — 2P (x+1)=R+S-2P
(y) =25—-P—-0Q (y+1)=2R—P—-Q

Now consider the function field F' = E(z) defined by the equation
24 z=29ylx+1) for g > 3.

Since the principal divisor of 29 3y(x + 1) in F is (29 — 7)Q + 35S + R — (29 — 3)P, P
is the only ramified place with different exponent 2g — 2, and the places @, S, R split
in F/E. Hence F is a function field over Fy of genus g with exactly 7 rational places,
which completes the proof of the case ¢ =2, N = 7 and shows that &(2,7) = [3, c0).

q=4, N =57
0 € 6(4,5) comes from the fact that a rational function field over F, has exactly 5
rational places. Now set Fy := Fy(a), where o® + a = 1; i.e., Fy = {0,1, a0, + 1}. Let
F =TF,(z,y) be a function field with a defining equation

) @M@ +1) ,ifg=0 mod3
Yy t+y=

% (x +a) , otherwise
for g > 0. In the case of ¢ =0 mod 3, the places (z = 0), (x = 1) split, and (z = «),
(r = a+ 1) are inert in F/Fy(z) as y* +y = a+ 1 and y? + y = a are irreducible
polynomials over Fy. In the other case (x = 0), (x = a) split and (z = 1), (r = a+1)

are inert. Furthermore, in both cases (z = o0) is the only ramified place, which is

6



totally ramified, with a different exponent d = 2g + 2. Therefore F' has exactly 5
rational places and as a consequence of the Hurwitz genus formula g(F') = g, giving
that &(4,5) = [0, 00).

N = 2q + 1 for even values of g¢:

For ¢ > 2 and ¢ > ¢ — 1, let h(z) and g(x) be irreducible polynomials over F, of
degree 3 and 2g — (¢ + 2), respectively. Set F' = F,(x,y) with the defining equation

94z

ity = ey 9(@). Then (z = oo) and the zero of h(x) are the only ramified places in

F/F,(x) with different exponents 2¢g — 4 and 2, respectively. So, by the Hurwitz genus
formula ([5.2)

g(F)=—-1+ %degDiff(F/]Fq(x)) =—1+ %(2degh(w) +2g—4)=g

All rational places other than (x = oo) split by Kummer’s Theorem . So, F' has
exactly 2q + 1 rational places.

For ¢ = 2 the equation y? +y = 2 (x + 1) defines a function field F' = F,(z,y) over F,
of genus g(F) = g and N(F') = 5. Therefore [¢ — 1,00) C &(q,2q + 1) for even values
of q.

N =2q + 1 for odd values of ¢:
Consider the function field F' = F,(z,y) with y* = u(x), where u(z) is a separable

polynomial of degree 2g + 1 such that u(a) =1 for all @ € F;,. By Kummer’s Theorem
all rational places of (v = «) split in F/F (). The ramified places of F,(z)
are exactly the zeros of u(z) and (z = oo) with different exponents 1 (see Theorem
5.0.22)). Therefore the number of rational places of F'is 2¢ + 1, and by the Hurwitz
genus formula, the genus of F' is g. Now we show the existence of such a polynomial
u(z) for all odd integers 2g + 1 > q.

Write 2g + 1 = t(q — 1) + ¢, where t, ¢ are integers with 0 < ¢ < ¢ — 1. Define

(" + )z —1)+1 |ifp|landp|t
u(x) == ;

ar’(z?7t — 1)t + 1 , otherwise

where @ is a non-zero element in F,. Then u(z) is a polynomial of degree 29+ 1. In the
first case, i.e. p | £ and p | ¢, it is clear that u(z) is a separable polynomial satisfying
the desired conditions. For the other case, it is sufficient to show that there exists an
element a € F, \ {0} =: F; such that u(z) is separable. Note that the derivative of
u(z) is

u'(z) = az™ (2T = )TN0 - )T = 1) .

If¢{—¢t=0 modp, t =0 modpor { =0 mod p, then u(x) is separable for any

chosen a € F;. Hence we can assume that £ —¢, ¢ and £ are not congruent to 0 modulo

p.



We give a proof by contradiction. Assume that for all a € F}, u(z) and u'(z) have a
common root in the algebraic closure of F,, say o). This is possible only if o is
a common root of u(z) and (¢ — t)z7 ! — (. As (£ — t)Oz?;)l — ¢ =0 and u(og)) =0,

afa) = —% (%)t In other words, o, is a common root of the polynomials
0 10—\
g7 = and ot=—=(—) .
C—t a t
Denote by ay, ..., a, 1 all distinet roots of 297! = ﬁ
IfF:\{af,...,a._,} is non-empty, then to obtain a contradiction it is enough to choose
* 0—t\1t *
a € F; such that —% (&) e F2 \ {af,....al_4}.
Assume that F; = {of,... a4}, then (ay...0q1)" = —1. Also aq...aq1 = —75

since o;’s are roots of 2971 = /%t As a result, (/%t)é = 1. This shows that ¢ can not
be relatively prime to ¢ — 1. Let m = ged(¢,q — 1), then ¢ — 1 = rm and ¢ = sm for
some 8,7 € Zso. The equality (a471)* = ()" gives that a must be a root of 2" — d,
where d = %. Hence it is enough to choose a € F; \ {3 € F, | " = d} to get
a contradiction.

So we conclude that [, 00) € &(q,2¢ + 1)

2.2. Bound for gy by Riemann-Roch Spaces

In [39] Stichtenoth gave a proof for the existence of the constant gy by using
Riemann-Roch spaces. In this section with the same construction we give gy as a
function of the given number of rational places N and the cardinality g of the finite
field. For this, we need some preliminary results which we also make use of in the

following sections.

Lemma 2.2.2 Let F' be a function field over F, of genus g(F) > 1 and let r be an
integer > 2g(F'). Then there exists a place P of F' of degree r.

Proof: See [6], Lemma 2.1. O
Lemma 2.2.3 Let F be a function field over F, of genus g(F) > 1 and o € F,. For
gwen integers N, r with

0<NZN(F) and r>29+1+ N(F)—N,
set s := N(F)— N and denote by Py, ..., Pn,Q1,...,Qs the distinct rational places of
F'. Then there exist a place P of F' of degree r and an element x € F with the following

properties:



(1) z has simple poles at P, Py, ..., Py, and has no other poles.
(ii)  mod Q; =« fori=1,...,s.

Proof: By Lemma[2.2.2] there exists a place P of I’ of degree r. Asr—s > 2g+1,
the Riemann-Roch theorem gives that there exist non-zero elements z1, ..., xxy,u of F

with
wELP= Q) and z; €LP+P—Y Q)\LP-> Q)
i=1 i=1

i=1
for j=1,...,N (see (5.1)). Set

Zj.vzl T , if P is a pole of Zjvzl zj

u+ EjV:1 x; , otherwise.
Then z := ¥ + « has the desired properties. O

Lemma 2.2.4 Let ¢ = p", where p = charlF,, and let r be a positive divisor of n.
Assume that E/F, is a function field of genus g = g(E) > 1. Then for any non-
negative integers j, N with N < N(E) there exists a function field F/F, with

N(F)=N and g(F)=g(E)+(p" —1)Bg(E) + N(E)) +j(p" - 1).

Proof: Set s := N(FE) — N and denote by Pi,...,Py,Q1,...,Q, the distinct
rational places of E. Choose a € F, \ Im(p), where ¢ is the map from F, to [F, given
by 3 +— 7" — 3. By Lemma there exist x € E and a place P of E of degree
29(F) + 1+ s+ j with pole divisor (2)se = P+ Py + ...+ Py and x mod Q; = «a.
Then by Theorems [5.0.21] and [5.0.23| the equation y*" — y = z defines a function field
F := E(y) over F, such that

(i) F/FE is a Galois extension of degree [F': E] = p",

(ii) P, Py,..., Py are totally ramified in F'/E with different exponents 2(p" — 1), all

other places of F are unramified in F', and

(iii) Q,...,Q; are inert.

Hence N(F') = N and by the Hurwitz genus formula ([5.2)
29(F) —2=p"(29(E) —2)+2(p" = 1)(29(E) + 1+ s+ j+ N) ;

or equivalently g(F) = g(E) + (p" — 1)(3g(E) + N(E)) + j(p" — 1). O

Now we can state the main theorem of this section.



Theorem 2.2.5 Let q be a power of a prime number. Then there exist constants
c(q) >0 and 1 < e(q) < 3 (depending only on q) such that for any integers N,
g with N > 2q and g > c(q)N°9D there exists a function field F over F, of genus
g(F) = g with exactly N rational places. In other words, for sufficiently large integers
N, [e(g)N*9, 00) € &(g, N).

Proof: First fix an integer ¢ in the set {1,---,¢— 1} and consider a function field
Ey/F, of genus g(Ey) = (¢— 1)+ with exactly 2¢+ 1 rational places, which is possible
by Theorem Since g(Ey) < N(Ep), by Lemma [2.2.2] we can choose a place Qg
of Ey of degree g(Ey) + N(Ep). Denote by Pl(o) P2(q %, the distinct rational places
of Ey. According to the Riemann-Roch theorem ([5.1)) there exists a non-zero element
20 € L(Qy — Y2att Pk(o)). Define E; = Ey(y1) by the equation yi — y; = z9. Then by
Theorems [5.0.21] and [5.0.23] ) is the only ramified place with a different exponent
2(¢ — 1) and all rational places split in F;/Ey. So, N(E;) = q(2q + 1) and by the

Hurwitz genus formula we have:

9(Ev) = qg(Ep) + (¢ — 1)(degQo — 1)
= q9(Eo) + (¢ — 1)(9(Eo) + N(Ep) — 1)
=q(g+i=1)+ (g =13 +1)
<q2¢-2)+(g—1Eg—1)
< 9¢*
As N(E,) < g(E1), we can take 2y € L(Q1 — k(2f“ P(1 )\ {0}, where @, is a
degree 2g(E;) + 1 place and for k = 1,--- ,q(2¢g + 1), P,g 's are the distinct rational

places of Ey. Set Ey = E;(y2), where 1y, satisfies the equation y4 — yo = z;. Then
N(E,) = ¢*(2q + 1) and

9(E2) = qg(E1) 4+ 2(q — 1)g(E1) < 27¢° .

Inductively for each n > 3, we can do the same construction as follows:
Denote by Pé"il), e ,Pq(&jg (20+1) the distinct rational places of E,_; and choose a
place @, of E,_; of degree 2g(E,,_1) + 1. Then take a non-zero element

¢™~Y (2¢+1)

1 €LQna— > Pry)
k=1

which is possible as g(E,,_1) > N(E,_1) for all n —1 > 2. The equation y —y,, = 2,1
defines a function field E, = E,_1(y,) over F, such that N(E,) = ¢"(2¢ + 1) and
g(E,) < (3¢)"*!. Since all extensions are of Artin-Schreier type, g(F,) =¢ mod (¢—1)
for all n > 0.

10



In the case N > 2q there exists an integer ¢ > 0 such that ¢' < % < gt Set £ :=E,
and
g = g(E) + (¢ — 1)(3g(E) + N(E)) .

By Lemma [2.2.4] for all integers g > g(()i) with g = g((]i) mod (¢ — 1) there exists a
function field F/F, of genus g(F) = g with exactly N rational places. Hence it is
enough to set

go = max{g\" Y} < 4qg(E) < 49(3¢)"".

Since ¢ < %, go < 6¢>N 38 %, which gives the desired result. O

Remark 2.2.1 In the same way, it can also be shown that [8¢*,00) C &(q, N) for
0< N <2q.

Remark 2.2.2 The result of Theorem 15 improved in Theorem|2.4.15, in partic-

ular the constant go is given as a linear function of N.

2.3. Improvement of g, for Square Constant Fields by Garcia-Stichtenoth

Tower

The Hasse-Weil bound shows that there exists a constant d(q) > 0 depending
on ¢ such that gy > d(q)N. In other words, a lower bound for the constant gg can be
given as a linear function on N. Then the question whether one can improve gy so that
it becomes a linear function on N naturally arises.

In the previous section the genus of an inductively constructed function field grows
much faster than does the number of its rational places. To have a better estimate
for go we need a function field whose number of rational places is sufficiently large
compared to its genus. For this reason we use asymptotically good towers over square
constant fields given by Garcia and Stichtenoth [7]. In addition, instead of g-extensions
we use p-extensions, where p = charF,, so that the constants defined as ¢(q) and e(q)

can be given in terms of the prime number p.

Theorem 2.3.6 [Garcia-Stichtenoth Tower] Let H := (Hy C Hy C Hy C ...) be the

tower over Fp2 recursively defined by

HO = qu(l'o) and HiJrl = Hi(ZiJrl)a

1 : .
where 2} | + ziy1 = v and x4y = Z;“ for all i > 0.

The tower has the following properties, for all i > 0:

11



(1) The extensions H;11/H; are Galois of degree [H;v1 : H;] = q.
(ii) The zero of xg — a splits completely in H;/Hy for all o € Fp2 \ {0}.

(iii) The pole of xq is totally ramified in H;/Hy and the remaining ramified places lie

over the zero of xy.
(vi) The genus g; = g(H;) is given by the following formula

¢ g — g -2+ 1 ,ifi=0 mod 2
gi = ) ) i it1 i—1

¢ g~ LT 3¢ —¢7 41 L ifi=1 mod 2
(v) N(H;) > (¢ —1)g(H;).
For details and the proof of the Theorem, see [7].

From now on we assume that p = charF,. and ¢ = p" for an integer n > 0.

Lemma 2.3.7 Let Hy and H; be the function fields over Fy. as giwen in Theorem
2.5.0. Then there exists a sequence of function fields Fo:= HyC Fy C ... C F,, := H;
with the following properties:

(1) The extensions F; 1/ F; are Galois of degree [Fiyq : F;] =p for0 <i<mn-—1.
(i) g(F;) = 3q(p' — 1) and N(F;) = p'¢> + 1 for 0 < i < n.

Proof: All rational places of Hy except the pole of xy split in H; and the pole of
xg is the only (totally) ramified place. Denote the Galois group of Hy/Hy by G, then
elements of GG can be given by

g H— X9

o= , c€Fpewithc?+c¢=0.
21 — z21+c

Since G is a p-group, it has a normal subseries

Gy=G>G >...>G, ={id} with |Gj|=p"" fori=0,...,n.
Set F; as the fixed field of G, then F; 1 /F; and F,,/F; are Galois extensions of degree
[Fiiy:F]=pand [F,: F;]=p" " fori=0,...,n — 1. Denote the pole of xq in F; by

P;, and j-th ramification group at P, | P; by GZ(»j )t = i—f is a local parameter at P,
and for o € G; \ {id}

vp, (a(t) —t) = vp, (x9) — 2vp,(21) = q+ 2
since vp, (20) = —q and 27 + 2 = zI™! gives that vp, (1) = —(q¢ + 1). Hence a € GV
for j =0,...,9+1 and by Hilbert’s different formula the different exponent d(P, | P;)

can be computed as follows:

q+1

d(P, | P) =Y |GY | 1= (g+2)(IGi| - 1) = (¢ +2) (""" = 1) .

=0

12



Then from the facts that

1 .
o) =MD and 29(,) 2= ' (20(F) ~ 2) + d(P, | P)
we obtain g(F;) = %q(pi —1). Since all rational places of Hy but the pole of xq split in
F;/Hy, N(F;) = p'q> + 1 for 0 <i < n. O

We can refine all steps of the Garcia-Stichtenoth tower into degree p-extensions as in
Lemma to get the following result.

Lemma 2.3.8 There exists an infinite tower of function fields over I
F=FKCKHCFkKRC...CFC...
with the following properties: For all i > 0,

(i) Fo = Fp(xz0) is a rational function field, and each extension Fi 1/ F; is Galois of

degree [Fiy1 : Fi] = p;
(i) g(F1) = q%=, and g(Fiy1) > pg(F);
(i) pi(¢® — 1) < N(Fir) < pi® + 1; and
(vi) N(F) > (¢ = Dg(F).

Proof: Let H := (Hy € H; C H, C ...) be the Garcia-Stichtenoth tower over F
given in Theorem [2.3.6] For each integer k > 1 divide Hy,/Hjy_; into p-extensions

Hy 1 = Flo—iyn € Flo—iyns1 € Fo—iyng2 © ... € Fiy = Hy,
as in Lemma [2.3.7 and set

Then each extension Fjii/F; is Galois of degree [F;;, : F;] = p for all i > 0. By
Theorem , the pole of xq is totaly ramified in Fj,,/F; with a different exponent
d > 2(p—1). (In fact it can be easily seen that the different exponent is (¢+2)(p—1) by
choosing a local parameter ¢t = “=1 at the pole of x, in Hj, as in Theorem , where

2k

Hy 1 & F;1 C Hy, and applying transitivity of the different.) Hence the Hurwitz

genus formula gives that g(F;1) > pg(F;) for all i > 0. Property (iii) comes from the
fact that the zero of zy — « splits completely in each step for all & € F \ {0}.

To show (iv), let @ > 0 be an integer, then (k — 1)n < i < kn for some positive integer
k. By (ii) and (iii) together with the inequality N(Hy) > (¢ — 1)g(Hy) we get the
following inequalities.

PIN(E) > N(Fiw) = N(Hy) = (0= Dg(Hr) = (g = Da(Fin) > (g = Dp™" g (F)

Hence N(F;) > (¢ — 1)g(F;) for all i > 0. O

13



Lemma 2.3.9 Fiz an integer j € {0,--- ,p—2}. Then thereis a tower £ = (Ey, Ey, Es, . ..)
over F 2 with the following properties: For all © > 0,

(1) Ei11/E; is Galois of degree [Eiy1 @ E;| = p;
(i) g(E;) =7 mod (p—1); and
(ili) g(B:) < 5N(E).

Proof: For p = 2, Lemma [2.3.8 shows the existence of the required tower, that is,
it is enough to take & = F. So from now on we assume that p is an odd prime.
Let F=FyCF, CF C...CF, C...be the tower given in Lemma [2.3.8 and let
Ey = Fy(y) be the function field defined by y? = cf (), where f(x¢) is an irreducible
polynomial over Fp of degree 2j + 2 and ¢ € Fp \ {0} such that for at least <-—
elements a € F2 \ {0} the value ¢f(a) is square in F2. Set

E=(EyCECEyC...), where E;:= EyF; foralli> 1.

As p is an odd prime, E;/F; and E;/FE;_; are Galois extensions of degree [E; : F;] = 2
and [E; : E;_1] = p for all i > 1 (see Theorems and [5.0.23). By Abhyankar’s
Lemma (see Theorem [5.0.24{1)), the ramified places of F; in E; are exactly the places
lying over the zero of f(x() with different exponents 1. Then the Hurwitz genus formula

gives the following equations.

g(E;) =29(F;)+ 1dengff(E /F;) —
= 29(F;) + 3degCong, /i, (f(0)) — 1 (2.1)
= 29(F;) + 5p'(2j +2) — 1

Since g(F;) = 0 or 22 mod (p — 1), g(E;) = j mod (p — 1).
Furthermore by Theorem 5.0.24(ii) there are at least ‘127_1 rational places of Fj that

split completely in both extensions F; and Ej, so we have
p'(q* = 1) < N(E;) <2(0'¢" +1) . (2:2)
By (2.1), (2.2) and Lemma [2.3.8 we obtain the following inequalities.

g(E) < 29(F)+p'(j + 1)

Then & (& )) < (q2+1) gives that g(F;) < %N(E,;). O

Now we can give the main theorem of this section which improves the constant gy in

the case of square constant fields.
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Theorem 2.3.10 Let p = charF .. Assume that N is an integer with N > ¢*>—1 (and
N > 6 in case ¢ = 2). Then for every integer g > 4p(p+11)N there is a function field F
over Fp2 of genus g(F') = g having exactly N rational places. In other words, for given
integer N with N > ¢* — 1 (and N > 6 in case ¢ = 2), [4p(p + 11)N,00) C &(¢* N).

Proof: First we consider the case ¢ > 2. For N > ¢* — 1 there exists an integer
1 > 0 such that
p@®—1) <N <p™i(g-1). (2.3)

For fixed j € {0,...,p — 2}, set
E:=FE;, and g :=g(E)+ (p—1)(3¢(E)+ N(E)),

where F;y; is the function field given in Lemma [2.3.9, Then by Lemma [2.2.4] for
all integers g > max{g(()j) }?;(2), there exists a function field F//F,2 of genus g(F) = ¢
having exactly N rational places. For any j € {0,...,p — 2}, we have the following

inequalities.

9 =(Bp—2)9(E)+(p—1)N

Note that g(E7) = 1 if ¢ = 2; so we need the condition N > 6 for ¢ = 2. However the

same proof works for i +1 > 2. O

Remark 2.3.3 By Lemma|2.3.8, we have seen that g(E) < % forp =2. The same

computation gives the following results:

(i) [34N,00) C B(4,N) if N > 6;
(ii) [11N,00) C &(¢% N) if q is even with ¢ > 2 and N > ¢*> — 1; and
(iii) [4p(p +2)N,0) C &(¢% N) if q is odd with ¢ > p and N > ¢* — 1.

Remark 2.3.4 [2¢*(p — 1) + 3p* — 2,00) C 6(¢* N) holds for an integer N with
0<N<¢g—1.

Proof: For p # 2, let I/ := Ej be the function field over 2 with the same defining
equation as in Lemma for j =2,...,p. Then for any j € {2,...,p}, we have

g = (3p—2)g(E)+(p—1)N(E) < (3p—2)p+2(p—1)(¢*+1) = 2¢*(p— 1) +3p* 2.

15



For p = 2, the same result can be obtained by choosing a function field E/F 2 with
g(E) =2 and N(E) > ¢*> + 1 and applying Theorem [2.3.10} O

2.4. Improvement of g, for Non-square Constant Fields

In this section we give an improvement of the constant gy for non-square constant
fields by using a sequence of function fields (F,/F,)n>o with lim,, .. N(F,)/g(F,) > 0.
First we deal with the case of prime constant fields ¢ = 2 and ¢ = 3, then we consider
q> 3.

2.4.1. The Case ¢=2 and ¢ =3

For these cases we make use of the results in [4] given in Lemmas [2.4.11{and [2.4.13]

Lemma 2.4.11 There exists a sequence of function fields F = (Fy, Fi,...) over Fy
such that g(Fy) =0, g(F1) =2 and for alln >0

N(F,)=32" and g¢g(F,) <d-N(F,) withd=3.1546... .

Proof: See Proposition 5.5 in [4]. O
For an integer N > 3 there exists an integer ¢ > 0 such that 3.2 < N < 3.2¢*!. Set
E :=F,;; and go := 4g(E) + N(E). (Note that g(F) > 2 and N(E) > N.) Then

go < (4d+1)N(E) = (4d +1)32"" < 2(4d + 1)N . (2.4)
Hence from (2.4) and Lemma we have the following result.

Lemma 2.4.12 Let N be integer > 3, then [28N,00) C (2, N).

Now we consider the case ¢ = 3. For this case we need the following lemma.

Lemma 2.4.13 Let H = F3(x,y) with the defining equation y*> = 23 —x + 1. Then
for all m > 0 there is a function field F,, over F3, which is an extension of H of degree
[F,, : H] = 3" with N(F,)) = 7.3" and g(F,) < dN(F,), where d = 2.02890. . ..
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Proof: See Proposition 5.6 in [4]. O

Let f(z) be an irreducible monic polynomial over F3 of degree 6 or 7. The place
of F5(z) corresponding the zero f(x) is not ramified in the sequence of function fields
constructed in the proof of Lemma [2.4.13] Then let K = Fs(z, z) be the function field
with 2% = cf(z) such that at least 2 rational places Fs(x), other than the pole of z,
split in K. Set E, := F, K, then by Theorem [5.0.24(ii), N(E,) > 8.3". Furthermore,
Theorem (1) gives that the ramified places of F}, in F),, are the places lying over

the zero of f(x). As a result of the Hurwitz genus formula we obtain

9(En) = 29(F,) + 3"(degf(x)) — 1. (2.5)

Equation [2.5] implies that

0 mod?2 ,ifdegf(z)=7
1 mod?2 ,ifdegf(z) =06

9(En) =

and
g(En) < 2g(F,) + 3"(degf(x)) < 2dN(F,) +3"7=17(2d + 1)3" <5N(E,),

where d = 2.02890. ... In the last inequality we used the fact that 3™ < N(E,,)/8.
Let N be an integer with 8.3° < N < 8.3""! for some integer i > 0. For a fixed
j €40,1} set F := F;;; and géj) :=Tg(F)+2N(FE). Then we have:

g9 < 3TN(E) =37-7-3"" < 98N
Therefore we have the following result.
Lemma 2.4.14 Let N be integer > 8, then [98N,00) C &(3, N).

Remark 2.4.5 Let N be an integer with N < 3 if p=2 and N <8 if p=3. Then
one can show as in Remark |2.3.4|[14,00) C &(2, N) and [84,00) C (3, N).

2.4.2. The Case ¢ > 3

For the case ¢ > 3 we use a result of Elkies et al. [6] stated as follows:

(*)For every prime power q there is a positive constant ¢, (which depends only on q)
with the following property: for every integer g > 0, there is a function field over

with at least c,g rational places.
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Theorem 2.4.15 For given q there are constants f(q) and h(q) (depending only on
q) such that for any non-negative integers g and N with g > f(q)N + h(q) there ezists
a function field F' over Fy of genus g(F') = g having exactly N rational places.

Proof: Let ¢, be the constant given in (*) and N be a non-negative integer. Define

N
Cq

where [n] is the smallest integer bigger than n; therefore {ds, ..., d,} forms a complete
set of representatives of the factor group Z/(p — 1)Z. As a consequence of (*), for each
Jj €{2,...,p} there exists a function field E;/IF, with ¢g(E;) = d; and

N(E;) > cqd; = ¢, Uﬂ +j) >N .

Set

then we have

g < 3pd; + pN(E;) < 3pd; + p(q + 1+ 2d;1/7) = (3p + 2pv/a)d; + plg + 1) .

Note that the second inequality comes from the Hasse-Weil bound . Moreover,
dj < X+ p+1 gives that g’ < (?”’f—q”\/@N +p(q+ 2p\/G+ 4/G+ 3p+ 7). Then the
result follows from Lemma 2.2.4] |

A restatement of Theorem [2.4.15] is that for given any prime power ¢, there are

constants f(q) and h(q) depending only on ¢ such that for any non-negative integer N

[f(9)N + h(g),00) € &(q,N) .
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CHAPTER 3

Function Fields with Prescribed Number of Places of Certain Degrees and

Their L-polynomials

3.1. Function Fields with Prescribed Number of Places of Certain Degrees

In this section we prove a far-reaching generalization of Theorem [I.0.1] stated as

follows.

Theorem 3.1.1 Let g be a power of a prime number and let by, . .., b,, be non-negative
integers. Then there is an integer gy > 0 with the following property: for every g > go
there exists a function field F/F, of genus g(F) = g such that F' has exactly b, places

of degree r forr=1,...,m.

The proof of Theorem is divided into several steps and in the proof we repeat-
edly use Riemann-Roch spaces and Artin-Schreier type extensions.

From now on for a non-negative integer r, we denote by B,.(F') the number of degree
r places of a function field F/F,.

Lemma 3.1.2 For every { € {0,...,q — 2} there exists a function field F/F, with
g(F) =0 and By(F) > 0.

Proof: In the case of even characteristic, the function field F' = [F,(x, y) defined by the
equation y? 4+ y = x?**! has genus ¢ and B;(F) > 0 as the zero of x splits in F/F,(z).
Now assume that ¢ is a power of an odd prime number. Consider the function field
F =T,(z,y) given by the equation

Pl yr+1 ifp|20+1

R | , otherwise.
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In both cases, the genus of F'is ¢, and the zero of x in F,(x) splits into two rational
places of F.
O

Lemma 3.1.3 For every { € {0,...,q — 2} and every non-negative integer c there
ezists a function field F/F, with g(F) ={¢ mod (¢ — 1) and By(F) > c.

Proof: By induction over c¢. For the case ¢ = 1 the assertion is true by Lemma
3.1.2] Now assume that there exists a function field E/F, with g(E) = ¢ mod (¢ — 1)
and B;(F) > c. Denote ¢ distinct rational places of E by Py,. .., P. and choose a place
Q of E of sufficiently large degree so that the Riemann-Roch space £L(Q—(Pi+...+F.))
is non-trivial. Consider the extension F' = E(y) given by the equation y? —y = =,
where z is a non-zero element in £(Q — (P + ...+ P.)). Then by Theorems and
(.0.22 we have:

(i) F/E is Galois of degree [F': E] = g;
(ii) @ is the only ramified place in F//E with different exponent 2(¢ — 1); and
(iii) the places P, ..., P, split completely in F'/E.
Therefore By(F) > qc > ¢ and by the Hurwitz genus formula
29(F) =2 =q(29(E) — 2) + deg Diff (F/ E) = q(29(E) = 2) + 2(¢ = 1) deg Q .
This shows that g(F') = g(E) =¢ mod (¢ —1). O
Now we generalize the result of Lemma to the number of places of any degree.

Lemma 3.1.4 Let ¢ € {0,...,q — 2} and ¢4, ..., ¢, be non-negative integers. Then
there exists a function field F/F, with

g(F)={¢ mod (¢—1) and By(F)>ci, ..., Bu(F)>cp .

Proof: By induction over m. The case m = 1 was established in Lemma [3.1.3]
Now assume that the statement is true for m — 1 > 1. For given ¢y, ..., ¢,, we can
assume that at least one of the ¢; is strictly positive; otherwise the assertion is trivial.
Set ¢ := max{¢ci,...,¢,}. By the induction hypothesis, there exists a function field
E/F, with g(E) =¢ mod (¢ — 1) and B;(E) > cfori=1,...,m — 1. Let

S:={PePs| degP<m-—1},

and @) be a place of F of sufficiently large degree. Consider the extension F/E with
the defining equation

—Yy=,
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where  is a non-zero element in £(Q — Y p.g P). Note that Y?" —Y e F,[Y] factors
into distinct irreducible polynomials over F,. By Kummer’s Theorem for each
P € S there is a one-to-one correspondence between the set of the irreducible factors
of Y9" —Y over F, and the set of places of F' lying over P such that the relative degree
is equal to degree of the corresponding irreducible polynomial. Among them, there are
factors of degree one, so there are places R € Pg lying above P with deg R = deg P.
This shows that B;j(F) > Bj(E) > ¢ > ¢ for j=1,...,m —1. Also Y?" —Y has
irreducible factors of degree m. So each rational place P has an extension R € Pp with
deg R = m; therefore B,,(F) > ¢ > ¢,,. Furthermore g(F) = ¢ mod (¢ — 1) comes

from the Hurwitz genus formula. O

The next result indicates that inequalities in the statement of Lemma [3.1.4] can be
replaced by equalities.

Lemma 3.1.5 Let ¢ € {0,...,q — 2} and ¢4, ..., ¢, be non-negative integers. Then
there exists a function field F/F, with

g(F)=¢ mod (¢q—1) and Bi(F)=c¢1, ..., Bu(F)=cn -

Proof: Let Fy/F, be a function field with ¢g(Fy) = ¢ mod (¢ — 1) and B;(Fy) > ¢;
for 7 =1,...,m, whose existence is known by Lemma[3.1.4] Let S; be a subset of Pg,

consisting of ¢; places of degree 1, ¢, places of degree 2, ..., ¢, places of degree m. Set
Sy :={R€Pg | degR<mand R¢ S} .

As the map from Or/R to Og/R given by o +— a? — « has a non-trivial kernel, for

each R € Sy we can choose an element ap € Og/R such that the equation
T?—T =ag has no solution in Or/R .

Choose a place Q € Pr, of degree deg @ > m such that deg(Q — >_p.q, R) > 29(Fy),
and choose for all P € S, a P-prime element tp € Fj. Then we define an F -linear

map v as follows:

LQ+ D pes, P) —  @pes, Or/P & Dpes, Or/R

(R
U — ((tp~u mod P)

u mod R)

pPesSy ( R€S2>

The kernel of ¢ is the space £(Q — > p.g, I); hence the rank of ¢ is

ranky = ((Q + > pes, P)—0(Q - > Res, R)
= deg(Q + ZPESl P) - deg(Q o ZRESQ R) (31)
= ZPGSl deg P + ZRES2 deg It .
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The second equality comes from the Riemann-Roch theorem and the fact that the
degree of the divisor Q — ), g I is greater than 2g(Fp). Equation (3.1)) shows that 1
is surjective. Let x; be an inverse image of ((0)pes, , (ar)res,). Then for all P € 5,
x1 has a simple pole at P and for all R € S5, 1 mod R = ag. Set x := x; if also @ is
a pole of xy; otherwise set x := x; 4+ z with a non-zero element 2z € Ker 1. Then we

have:
(1) z has simple poles at @) and at all places P € S;, and
(ii) * mod R = ap for all R € S,.
Now consider the extension
Fy:=E(y) with y!—y=ux.

Then by (i) all places P € S; are totally ramified in Fy/Fy giving ¢; places of degree j
in Fy, for j =1,...,m, and by (ii) for any place R; € Pg, lying above a place R € S5,
the degree of Ry is strictly larger than is the degree of R (see Theorems and
5.0.22)). Note that all other places of F} have still degree > m. There may still be
some places of F; of degree < m, lying above places in Sy. However, by repeating this
construction, after finitely many steps we obtain a function field F' with B;(F) = ¢;
for j =1,...,m. As all extensions are of Artin-Schreier type, g(F) = ¢ mod (¢ — 1).
O

Proof of Theorem[3.1.1): Let by, ..., by, be given non-negative integers. It is enough
to show that for all £ € {0,...,q — 2} there exists a positive integer g, congruent to
¢ modulo (¢ — 1) with the following property: for every integer g > ¢, with g = ¢,
mod (¢ — 1), there exists a function field F'//IF, of genus ¢ having exactly b; places of
degree j for j =1,...,m.

We can start with a function field Fy over F, of genus ¢g(Fp) =: go = ¢ mod (¢ — 1)
with B;(Fy) = b; for j =1,...,m. Note that this is possible by Lemma . Choose
ro > 2go + 1 such that for all 1 > ry there is a place Q) € Pg, with deg @) = ry. Let

S:={P€Pp | dgP <m} and D:=> P,
PeS
and set
ge:=go+ (¢ —1)(deg D + go — 1 +10) .

Note that gr = ¢ mod (¢ — 1); then for all » > 0 we need to construct a function field
F/F, of genus g(F) = g, + (¢ — 1)r with B;(F) = b; for j = 1,...,m. This can be
done as follows:

We choose a place () € Pg, of degree m := ro + r. As a result of the Riemann-Roch
theorem for every P € S,

0Q+ P) > Q) > 1.
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Hence we can choose an element xp € £L(Q + P) \ £(Q) and z € L(Q) \ {0}. Set

Y pes TP , if also @ is a pole of » . qwp

Y pes®p + 2 , otherwise.

Note that x has simple poles at () and at all places P € S, and no other poles. Let
F := Fy(y) with the defining equation y? —y = x. Then all places in the set S are
totally ramified in F/Fy; i.e., B;(F) = B;(Fy) = b; for 1 < j < m by Theorem [5.0.23]

Then the Hurwitz genus formula gives that
29 — 2 = q(2gyg — 2) + deg Diff(F/Fy) = q(290 — 2) + 2(q¢ — 1) deg(D + Q) .
This is what we need as

g=go+(q—1)(degD+go—1+(ro+7)) =g+ (¢g—1)r

3.2. Inequalities for the Coefficients of L(t)

In this section we give some inequalities for the coefficients of the L-polynomial
of a function field F' over IF,. First we inductively define some polynomials over Z to

formulate the result. We set

oo:=0 and o.(T4,...,T,) :=7rT, — ZOTJTl,... _j)-T; foral r>1. (3.2)

Then we define

6T T) = Yn()oulTre T+ S +1) . (33

d|r d|r

where p(.) denotes the Mobius function. (3.2), (3.3) give that
(,DT(Tl,...,TT_l) = T’Tr—ﬁr(Tl,...,Tr) (34)

is a polynomial in variables T1,...,T,._1. For example, for » < 4 the polynomials ¢,

are given as follows:

p1=—(¢+1),

po(T) =T+ T = (¢° — q)

o3(T1, Ty) = =T+ Ty + 300/Th — (¢* — q) ,

oa(Ty, Ty, T3) = T — T2 — AT2T, + ATV T + 2T2 + 2T — (¢* — ¢°) .

(3.5)
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Now we can state the main theorem of this section which provides necessary in-

equalities for the coefficient of the L-polynomial of a function field.

Theorem 3.2.6 Let F'/F, be a function field of genus g > 1 with its L-polynomial
L(t) = 1+ ait+...+agy,t® and let o, (T1,...,T._1) be polynomials defined by Equation
(3.4). Then forr=1,...,g

ra, > ¢p(ay, ..., a._1).

Proof: Denote by N, = N,.(F) the number of rational places of the constant field
extension F, := FF, over F -, and set S, = S,.(F) := N, —(¢"+1). Then the following

formulas are well-known, see [38, Chapter 5.

alzN_<Q+1)7

r—1
mr:SerZSr,jaj for r=1,...,9, (3.6)
j=1
rB, = Zu(g) (' +1+Sy) forall r>1. (3.7)

d|r
Note that oy(a;) = a; = Sp, and by induction over r using the definition of o, (3.2)
and Equation (3.6)), it is easy to show that

or(ar,...,a.) =295, for r=1,...,¢g. (3.8)
Then Equations (3.7), (3.8]), (3.3) and (3.4]) gives that for 1 < r < g,
r
rB, = Z,u(a) (¢ + 14 04(a,...,aq0) = B(ar,...,a,) =ra, — olay, ..., a_1) ;
d|r
therefore
ra, = p.(ay,...,a,—1)+7rB, for 1<r<g. (3.9)

As B, being the number of places of degree r is a non-negative integer, Equation (3.9))
gives the desired result.
O

As a consequence of Theorem using the formulas for ¢, given in (3.5), we
obtain (for all g > 4)

ar > —(q+1),
2ay > a4+ a1 — (¢* — q) ,
3az > —a} + a; + 3a1as — (¢° — q) ,

day > af — af — 4afay + daras + 203 + 2a; — (¢* — ¢%) .
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3.3. Function Fields with Prescribed Coefficients of L(t)

Now we consider the following question: For given m-tuple of integers (ay, as, . . ., @)
which satisfy the inequalities of Theorem [3.2.6} i.e., ra, > @.(ai,...,a,_1) for all
r =1,...,m, and for given integer g > m does there exist a function field F'/FF, of

genus ¢g(F) = g whose L-polynomial has the form
Lit)y=1+a1t+...4+aut™+...7

In this section we will show that the above question has an affirmative answer if
g is sufficiently large with respect to m. Let f(t), h(t) be polynomials in Z[t] with
f(t) = h(t) +t™ - u(t) for some u(t) € Z[t] and m € Z>o. Then we use the congruence
notation f(t) = h(¢f) mod t™. With this convention the main result can be stated as

follows.

Theorem 3.3.7 Let ay,...,a, be integers which satisfy the inequalities of Theorem

, that is,

ray Z cpr(a'b s 7a7”—1)

forallr =1,...,m. Then there is an integer gy > m such that for all g > g9, there

exists a function field F'/F, whose L-polynomial satisfies the congruence
Lit)=1+ait+ ...+ ant™ mod t™t .

We need the following lemma whose proof is given together with the proof of The-

orem B.3.71

Lemma 3.3.8 For any given integers ay, ..., Qm_1 with m > 1
oml(al,...,am_1) =0 mod m .

Proof of Theorem [3.3.7 and Lemma [3.3.8: By induction over m. For m = 1,
Lemmatrivially holds. Note that, in case m = 1, ma,, > @m(ai, ..., ay,_1) means
that a; > —(¢+1). Set by := a3 + (¢ + 1) > 0, then by Theorem there is an
integer go > 1 such that for all g > gy there exists a function field F'/FF, with

g(F) =g and By(F)=1b; .

Let L) =1+ alt + {74 + ... be the L-polynomial of F. Then by Equation

(3-9)
" =i+ Bi(F) = —(q+ 1) +b=—(g+ 1) +ar+(g+1)=ay
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which shows that L)(t) = 1+ a;t mod 2. Now assume that Theorem and
Lemma hold for m > 1. First we prove Lemma for m + 1 as follows.
Let aq,...,a, be given integers. Choose integers dy, ..., d,, such that

a, =d, mod (m+1) and rd, > ¢,(dy,...,d,—1) for 1 <r<m.

By the induction hypothesis there exists a function field F*/FF, whose L-polynomial
LI (t) satisfies

LIty =14 dit+ ...+ dpt™ mod t™
By Equation the coefficient d,,,,; of t™*! in L(F") () satisfies the following equality.
Omi1(di, ..., dp) = (m+ 1)dpi1 — (m+ 1) B (FF)
In other words, ¢,,11(d1,...,dy) =0 mod (m + 1), and we conclude that
Omi1(ar, . am) = Pma1(dy, ..., dy) =0 mod (m+1) .

Then it remains to prove the induction step for Theorem Now suppose that
given m + 1 integers ay, . . ., ;11 satisfy the inequalities ra, > (a1, ..., a,_1) for r =
1,...,m+1. We have seen that ¢,(a,...,a,_1) =0 mod r holds forr =1,... ,m+1;
ie.,
by :=a, —r ‘o.lay, ..., a_1)

are non-negative integers. By Theorem there is an integer go > m + 1 such that
for all integers g > go there exists a function field F'/F, with g(F') = g and B,(F') = b,
for 1 < r < m+ 1. Then Equation gives that the L-polynomial L) (¢) of F
satisfies the congruence

LM =14 ait + ...+ amprt™ mod t™+2
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CHAPTER 4

On Automorphism Groups of Plane Curves

In this chapter our aim is to prove the following result.

Theorem 4.0.1 Let X be a projective, non-singular, algebraic plane curve of genus
g > 2 defined over an algebraically closed field K of positive characteristic p > 2. Let
G be an automorphism group of X. Then either

o X is birationally equivalent to the Hermitian curve H(n) for some n = p", or

o |G| <3(2¢*+9)(/8g+1+3).

First we recall some facts and definitions and then give some preliminary results
that we make use of in the proof of Theorem [4.0.1]

From now on K is an algebraically closed field of characteristic p > 2. For a
finite subgroup G of Aut(X’) let G* denote the associated automorphism group of the
function field K(X), namely G* = {¢* | ¢ € G}, where o* : K(X) — K(&X') denotes
the pull-back of a.

Let K(X)¢" be the fixed field of G* and ) be a non-singular model of K(X)%".
Then there exists a covering 7 : X — Y of degree |G| such that 7(K())) coincides
with K(X)%"; also, two points P,Q € X belong to the same orbit under G if and only
if 7¢(P) = 7¢(Q). Occasionally, ) is called the quotient curve of X by G and denoted
by X/G.

If P is a point of X', then the stabilizer Gp of P in G is the subgroup of G consisting
of all elements fixing P. The orbit of P under GG

Oc(P) ={Q Q=P aeG}

is long if |Og(P)| = |G|; otherwise Og(P) is short.
For a non-negative integer ¢, the ¢-th ramification group of X at P is denoted by
Gg) and defined to be

G = {a | ordp(a*(t) —t) > i+ 1,a € Gp},
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where ¢ is a uniformizing element (local parameter) at P. Here Gﬁf) = Gp, and Gg)
is the unique Sylow p-subgroup of Gp. Moreover, Gg) has a cyclic complement H in
Gp, that is,

Gp=GY % H (4.1)

with a cyclic group H of order coprime with p and not greater than 4g+2 (see Theorem
4.0.2(iv)). Moreover, for sufficiently large 4, Ggi) is trivial.
For any point P of X, let

ep=|Gp| and dp=Y (IGP|-1).

>0

Then dp > ep — 1 and equality holds if and only if ged(p, |Gp|) = 1. Let ¢’ be the

genus of the quotient curve X' /G. Hurwitz’s genus formula states that

29 -2=|G|(29 —=2)+ Y _dp . (4.2)

Pex

Assume that Gg) only ramifies at . Then 1) applied to Gg) gives

29 —2=1GY|(25 - 2) +2(1GY| - 1) + > _ (1G] - 1), (4.3)

i>2
where g denotes the genus of the quotient curve X'/ GSDI).

The following theorem summarizes some of the known upper bounds on the size of
G related to the action of G on the set of points of X.

Theorem 4.0.2 Let r be the number of short orbits of X under the action of G, and
let ¢’ be the genus of the quotient curve X /G. Let Pi,..., P, be representatives from

each short orbit, and let d; = dp, /ep, fori=1,...,r, so that

20 —2=|G|(d}+...+d.+2¢ —2) > |G|(d} + ...+ d. —2). (4.4)
Assume without loss of generality that d; < d; fori < j.
(i) If g > 0, then |G| < 4(g — 1) [16, Theorem 11.56].

(i) |G| < 84(g9—1), with exceptions occurring only in the following cases [16, Theorem
11.116]:

(iia) 7 =1 and the only short orbit is non-tame; here |G| < 8¢3;
(iib) 7 = 2 and both short orbits are non-tame; here |G| < 16¢%;
(iic) r = 3 with precisely one non-tame orbit; here |G| < 24¢°; or

(iid) r =2 and one short orbit is tame; one is non-tame.
(iii) Ifr > 5, then |G| < 4(g — 1) [16, Theorem 11.56].
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(iv) If G = Gp and p does not divide |G|, then |G| < 49+ 2 [36]; see also [16, Theorem
11.60].

Upper bounds on the size of Gg) are provided by the following result due to
Stichtenoth [36, 37].

Theorem 4.0.3 Let X be a non-singular curve of genus g > 1 and let P be a point of
X. Let X; be the quotient curve X/Gg), and let g; denote the genus of X;. Then one
of the following holds:

(i) 91> 0 and |G| < g;
(ii) g1 =0, Gg) has a short orbit other than {P}, and |G§31)| < Eg;or

)
(iii) g1 = g2 =0, {P} is the unique short orbit of Gg), and ]G%)\ < —(é('gf ‘1)2 2
@) _

4.1. Preliminary Results

From now on, (x¢ : z1 : @) are homogeneous coordinates for PG(2,K), with K
an algebraically closed field with positive characteristic p > 2. We also let = = x1/x
and y = x2/x¢ be the corresponding non-homogeneous coordinates. Also, X denotes a
projective, non-singular, geometrically irreducible, plane algebraic curve defined over
K by the equation F(xg,x1,x2) = 0, where F is an irreducible polynomial of degree
d > 3. Let K(X) be the function field of X and denote by Z; and Z, the rational

functions associated to the non-homogeneous coordinates x and y, namely

_m+ (F) oz + (F)
Tt (F) T nr(F)

Let g = (d — 1)(d — 2)/2 be the genus of X. Here and subsequently, G' stands for
an automorphism group of X. By a result due to B. Segre [30] every h € G is the

x

restriction of a projectivity of PG(2,K) preserving X. Therefore, G can be viewed as a
subgroup of PG L3(K) fixing X'. For an element h € GG, we denote by h* the pull-back
of h, that is, the associated automorphism of the function field K(X).

For a point P € X', the order sequence of X at P is the strictly increasing sequence
Jo(P) =0 < ji(P) =1 < jao(P)

such that each j;(P) is the intersection number I(P, X N ¢;) of X and some line ¢; at
P, see [40]. For i = 2, such a line {5 is uniquely determined as the tangent line Tp(X)
to X at P.
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For all but a finite number of points the order sequence are the same and the set
of points of X for which the order sequence differs from the generic order sequence
(0, €1, €3) is denoted by W. Equivalently, W is the support of the ramification divisor
RP when D is the linear series cut out by the lines of PG(2,K). Finally, we denote by

U4 the line with equation zy = 0.

Proposition 4.1.4 Let P be a point of X such that I(P,X NTp(X)) =j > 2. Then
the group Gg) consists of elations with azis Tp(X') (for definition see Section 5.0.3).

Furthermore assume that

(1) G is a p-group such that {P} is the only short orbit of G;

(ii) j=d; and
(iii) ¢(X/G)=0.
Then

|G§32)| =d or |G§)2)| =d—1.

Proof: Without loss of generality we assume that P = (0: 0 : 1) and Tp(X) = (.
Let ¢ € Gﬁf). Since ¢ is a p-element fixing P and /.., by straightforward calculation,
@ is of the form

1 00

=1 b 1 0
c a 1

for some a,b,c € K. Note that z,/Z5 is a local parameter of X at P. Also,

100 1 1
e(LTy,T)=| b 1 0 T [ =] b+m
c a 1 X9 c+ar, + T
and
*(@>_@_. b+T1 T DTy + 7Ty — Ty — aT} — 1Ty DTy — €Ty — a7
Ty) Ty CcHaT 4T, To Ty(c+ aTy + Ty) Ty(c+ aTy +Ty)

Then vp(Z;) =1 — j and vp(T2) = —j implies that
o 21—j)—[—j—jl=2 ,ifa#0
T T
m»(so*(_—l)—_—l): =i —jl=j ifa=0,0%#0 (4.5)
l—j—[-j—Jjl=j+1 ,ifa=0,b=0.

As p € Gﬁf), a = 0; therefore this proves the first assertion. Now assume that G is a

p-group and {P} is an orbit, then
G=Gp=G}. (4.6)
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Since { P} is the only short orbit, by the Hurwitz genus formula and (4.6|) we have the
following equality.

(@=1)d=2) =3 (GFI-1) (4.7)
=2
Furthermore from (4.5 we obtain that
Gg) = Gg’) =...= Ggﬁl_l) and Gg) = {id} for everyi>d+1.

Now we show that either Gg;i) = Gg_l) or Ggﬁl) = {id}. Suppose that Ggf) is a non-
trivial proper subgroup of Ggg_l). Then there exist elements p; € Ggﬁl_l) \ Ggf) and
g € Ggﬁl) \ {id} and they are of the form

1 00 1 00
o= b 10 ]|,02=1]1010 for some b, ¢, € F, with b- ¢ # 0.
c 01 d 01

Both ¢ and ¢, are elations with axes .. The centers of ¢ and ¢y are Q@ = (0: b : ¢)
and P, respectively. Since X is non-strange (see Defition , there exist lines ¢
through @ and ¢ through P such that ¢; and /5 intersect X at d distinct points. Since
elations fix every line through the center, for i = 1,2, ¢; acts on the set X'\ {P}. Then
for i = 1,2, ¢; has order p implies that p|d and p|(d — 1), which is impossible. Hence

Gﬁf) = Gg_l) or Gg) = {id}. Then by Equation 1) we have
. (d) __ ~(d-1)
d  if G = {id} .

|

Lemma 4.1.5 Let P be a point of X. If the genus g’ of the quotient curve X/Gg) 15
positive, then
|Gp| < 6g.

Proof: By , Gp = Gggl) x H, where H is a cyclic group H of order coprime to
p and not greater than 4g + 2. Then H is isomorphic to the automorphism group of
X/Gg) fixing the point lying under P. As ¢’ > 1, the size of H is at most 4¢' + 2 by
Theorem . Also, by for Gg) we have |Gg)| < g/g'. Then

Gp| = |GV|H| < L(4g +2) <49+ 2% <6g.
g g

Lemma 4.1.6 Let P be a point of W. If |Gp| < 6g, then |G| < (12g% + 6g)d.
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Proof: As X is non-singular ¢; = 1 and €, < d. The size of W can be at most degree

of the Ramification divisor, so by Theorem [5.0.26
(W[ < (29 —2)d+3d .

Furthermore automorphisms of X act on the set W. Then the orbit stabilizer theorem
implies that
G| < |Gp|[W] < 6g(2g + 1)d .

|

Lemma 4.1.7 Let P be a point of W. Suppose that for some o € Gg) \ {id}, there
exists Q € W\ {P} with a(Q) = Q. Let A be an orbit under Gp other than {P} and

OGP (Q)
(1) If A is a long or tame short orbit, then |Gp| < (29 —2) + |A].
(ii) If A is a non-tame short orbit, then |Gp| < 2g — 2.

Proof: (i) If A is a long orbit, then |Gp| = |A|. Assume then that A is a short
orbit. Then we have at least three short orbits under Gp, two of which are non-tame.
Let R be a point of A, then by (4.4) for Gp, we have

Gpr|—1
20=22160 (S5, 0)
Also |Gpr| = |Gp|/|A| gives
|GPR|_1
o2t ) — — Al .
Gel( S ) =16 = 1A

Then we obtain the desired result.
(ii) In this case there are three different non-tame orbits under Gp. Hence the
assertion then follows from (4.4]) for Gp. O

Lemma 4.1.8 Assume that ngl) is non-trivial. If Gp has at least three short tame
orbits, then |Gp| < 4(g —1).

Proof: Let ¢’ be the genus of the quotient curve X' /Gp and r be the number of short
orbits. Note that with the assumption that Gg) # {id}, there exists at least one non-

tame orbit of Gp, so r > 4. If ¢ > 0 or r > 5, then the assertion easily comes from
(4.4). Assume that ¢ = 0 and r = 4, then (4.4) gives

29 —2=|Gp|(dy +dy + d3 +dj — 2) ,
where dj > 1 and d} + d,, + d; > 3/2. This proves the assertion. O

Lemma 4.1.9 Assume that Gg) 18 non-trivial, and that Gp has precisely 2 short tame
orbits on X, say Ay and Ay, with |A1| > |As|. Then |Gp| < max{6(g — 1), 2|A,|}.
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Proof: As in Theorem we can assume that the genus of the quotient curve
X /Gp is equal to 0. Then by (4.4) for Gp, we have

29 — 2 = |Gp|(dy +dy+ d3 — 2) ,

with dy > 1 and d), > d} > 1/2. If d} = 1/2, then Gp = 2|A;| as A; is a tame orbit.
If d} > 2/3, then d} + d,, + d; > 7/3. Hence |Gp| < 6(g —1). O

In the rest, we consider the following cases:
(C1) W is the only non-tame orbit of G;
(C2) the size of W is greater than 1;
(C3) every p-element of G fixes precisely one point of W; and

(C4) for each point P in W, the size of Gg) is equal to d — 1.

Lemma 4.1.10 Assume that both conditions (C1) and (C3) hold. Then each Sylow
p-subgroup of G coincides with Gg) for some point R in W. In particular, any two

distinct Sylow p-subgroups of G intersect trivially.

Proof: Let S be a p-Sylow subgroup of G. Since S is a p-group, it has a non-trivial
center. Let h be a central element in S of order p. Then by (C3) there exists R € W
such that h(R) = R. Then for any s € S

s(R) = sh(R) = hs(R) .

The above equation means that h fixes both R and s(R). Hence by (C3), s(R) = R
and therefore s € Gr. This proves that S = Gg). O

Lemma 4.1.11 Assume that both conditions (C1) and (C3) hold. Then the normalizer
of G’g) in G, N(;(G%)), is equal to Gp.

Proof: As Gggl) is a normal subgroup of Gp, we only need to show that if s € G
such that sGUst C G then s € Gp. sGWs' C G implies that sh = I's for
some h,h' € Gg). Hence

s(P) = sh(P) = h's(P) .

Then A’ fixes both P and s(P). By (C3), s(P) = P; therefore s € Gp. O

Lemma 4.1.12 Assume that conditions (C1), (C2), (C3) and (C4) hold. Furthermore
assume that

(i) Wl]>d,

(ii) Gg) is not cyclic,
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(iii) I(P,XNTp(X)) =d, and

(vi) the genus of X/Gg) is equal to 0.

Then the following hold:

(i) W contains 4 points, no three of which are collinear.

(ii) G satisfies all the assumptions of Theorem with M = {id}; in particular,
G acts 2-transitively on W.

(iii) Either Gg) is abelian, or C(Gg)), the center of Gg), is Gg).

Proof:

(1) (C2) implies that there exists an element R € W \ {P}. Let ¢ be the line
passing through P and R. By (C4), i.e. |G§3)| = d — 1, in Proposition (in the
case G = Gp) we have seen that Gg) consists of elations with center P. Therefore,
Gg) acts on X N ¢, implying that OGE?(R) C XN/ Then by (C3) and order of Gg),
we have

XN =(Ogm(R) U{P}.

As |W| > d, there exists a point R’ of W not on ¢. Then, by similar arguments, the

line through R’ and P contains d points of W, and this proves the assertion.

(ii) By Lemma , a Sylow p-subgroup S of G coincides with Gggl) for some point
P in W. Conditions (C2) and (C3) show that S is a proper subgroup of G. Also by
our assumption S is not a cyclic group. Lemma [.1.11]implies that the normalizer of S
in GG is G p, which is isomorphic to a semidirect product of S = Gg) by a cyclic group
H. Furthermore by Lemma , for each h € G\ Gp we have that h™1Sh = Gg) for
some R € W\ {P}, and hence the intersection of S and h~'Sh is trivial.

It remains to show that the center of Gp is trivial. Let h be a central element in
Gp, and let Q € W\ {P}. Since W is an orbit under G, there exists an element m € G
be such that m(P) = Q. By Theorem C(Gp) is a normal subgroup of G. Then
for some h' € C'(Gp) we have

h(Q) = hm(P) = mh/(P) =m(P) =Q .
Therefore h fixes each point in W, and the claim follows by (i).

(iii) As in the proof of Proposition [4.1.4] without loss of generality, we assume that
P=(0:0:1) and that Tp(X) = {. First we prove that Gg) C C(Gg)), that is, for
any A € Gg) and for any B € Gﬁi),

ABA'B ' =id (4.8)
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holds. For convenience denote by M, ; . the lower triangular matrix

1 00
b 1 0 , fora,b,ceK.

c a 1

It has been noticed in the proof of Proposition that A = Moy~ and that B =
M,y for some a,b,c, b, ¢ € K. Also, (C4) implies that &' = 0. Then straightforward
calculations shows that follows.

Suppose now that there exists C' € C(GEDI)) \ Gg). Then C' = My, p, o, With a; # 0;

otherwise C' lies in Gg). By straightforward computation

C Moy, O™ My . = Mo o,a16—aby (4.9)

a,b,c

Then CM,, .C~*M_ ! =id implies that ab; = a;b. Set \ := bi, and then

a,b,c a

GY) < {Myrae | a,c €K} .

The above explanation proves that Gﬁi) is abelian. O

4.2. The Proof of Theorem [4.0.7]

We keep the notation of previous section. In particular, X denotes a projective,
non-singular, geometrically irreducible, algebraic curve defined over K by the equation
F(xzg,x1,22) = 0, where F' is an irreducible polynomial of degree d > 3, and the
genus of X is g = (d — 1)(d — 2)/2 > 2. Here K is an algebraically closed field with
characteristic p > 2.

The proof of Theorem depends on Hilbert’s ramification theory. A key result
of independent interest valid for any non-singular plane curve & is that the higher
ramification groups of G at any inflection point have a faithful action in the projective
plane as elation groups preserving X. This gives heavy restrictions on the possible
structure of the higher ramification groups, and hence it allows us to obtain useful
information on the p-subgrups of the one-point stabilizer of G. In the proof also
the Stohr-Voloch theory on Weierstrass points with respect to a base-point-free linear
series [40] and some deeper results on finite groups, such as the Kantor-O’Nan-Seitz
theorem are used.

From now on, we assume that X" is not birationally equivalent to a Hermitian curve.

We are going to prove that if G is an automorphism group of X', then
|G| < (129 + 69)d . (4.10)
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As g = (d—1)(d—2)/2, (4.10) implies Theorem [4.0.1, The proof is divided into several
steps according to cases (C1), (C2), (C3), and (C4).

Lemma 4.2.13 If G has more than one non-tame orbit, then (4.10) holds.

Proof: The assertion follows from Theorem [.0.2 |

Lemma 4.2.14 If either W is a long orbit, or W contains a short tame orbit under

the action of G, then (4.10) holds.

Proof: The stabilizer Gp of a point P € W has size at most 49 + 2. Then the claim
follows from Lemma [£.1.6] 0

By Lemmas [4.2.13 and [4.2.14} from now on we assume that the condition (C1)
holds.

Lemma 4.2.15 If W = {P}, then (4.10)) holds.

Proof: By Lemmas|4.1.5/and |4.1.6{we may assume that the genus ¢’ of the quotient
curve X/Gg) is equal to 0. Note that W = {P} implies G = Gp.
If jo(P) < d, then there exists an element R € (Tp(X)NX)\ {P}. Since every element
of G fixes P, G acts on (Tp(X)NAX); therefore Og(R) is contained in (Tp(X)NAX)\{P}.
As a result, |Og(R)| < d. As R ¢ W, Og(R) is either a long or a short tame orbit,
whence |Gg| < 4g + 2. Then by the orbit stabilizer theorem we obtain

|G| = |Grl|Oc(R)| < (49 +2)d < 3¢°d .

If on the contrary j(P) = d, then Proposition applies to Gg). Therefore, either
G| = d or |G| =d—1. By Theorem [4.0.3|

2
46,

|G(1)| <Pl 4
T eR -1y

(d—1)(d—2)

holds. By the fact that g = 5

For |GY| =d

, we obtain the following inequalities.

P B A
IGPI_(d_l)Qg 9 < 2dg ;
and for |G| =d —1

4(d - 1) d—1
67 < gt = 2q=a( Vo <3

Then from (4.1)) together with G = Gp we have

|G| < 3dg(4g + 2) < 15dg* .
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As a corollary, from now on we assume that the condition (C2) holds as well.
For any points P, Q) € W, jo(P) = j2(Q) as W is an orbit under GG. Hence for simplicity
in the rest of the proof for any point P € W the value j5(P) is denoted by ja.

In Lemmas [4.2.16} [4.2.17] and |4.2.18 we deal with the case where condition (C3)

does not hold. In other words, we assume that there exists a p-element in G fixing at

least two distinct points of W.

Lemma 4.2.16 Let P and (Q be two distinct points of W such that G%) N GS) 15 not
trivial. Then j, < d.

Proof: As in the proof of Proposition without loss of generality, we assume
that P = (0:0:1) and that Tp(X) = lo. Let o := M, be a non-trivial element in
Gg}.) N GS). Assume that j, = d. Therefore, Tp(X) and Ti(X) are distinct lines both
fixed by a. Then « fixes the the point R := Tp(X) NTo(X). Let R = (0 : ry = 1a),
then «(R) = (0 : 7y : ary +172). As a result, a = 0; i.e. @ = Myp.. On the other
hand, for @ = (qo : q1 : g2) with g9 # 0, (Q) = (qo : ¢1 + bqo : ¢2 + cqo). This gives
that b = ¢ = 0; whence o must be identity element. However this is impossible as « is
assumed to be non-trivial. O

By Lemma [4.2.16, (Tp(X) N X) \ {P} is a non-empty set. In Lemmas |4.2.17] and

we investigate the orbit of an element in this set.

Lemma 4.2.17 Suppose that P and () are distinct points of W such that Gg) N Gg)
is not trivial. If there exists R € (Tp(X) N X)\ {P} such that A := Og,(R) is either
a long or a short tame orbit, then (4.10]) holds.

Proof: Since Gp fixes Tp(X), we have that A C (Tp(X) N X) \ {P}. Therefore,
|A| < d— js. By Lemma [4.1.7]1),

|IGp| <2¢g—2+|A| <2¢g—2+d—js<29+d.
Then ([4.10) follows from Lemma [4.1.6] O

Lemma 4.2.18 Suppose that P and () are distinct points of W such that G%) N Gg)
is not triwial. If for each R € (Tp(X)NX)\ {P} the orbit A := Og,(R) is non-tame,

then (4.10) holds.

Proof: By Lemma [1.2.16) we have j, < d. Also, by (C1); i.e. W is the only non-
tame orbit of G, (Tp(X)NX) C W.
If (Tp(X)N &)\ {P} is not an orbit under Gp, then Gp has at least 3 non-tame
orbits, and |Gp| < 2¢g — 2 holds by (4.4); then follows from Lemma [£.1.6]
Therefore, we may assume that (Tp(X) N X) \ {P} is an orbit under Gp. Write
(Tp(2) N X)\ {P} = {Ry, ..., R}

First assume that there exists ip € {1,...,h} such that Tk, (X) # Tp(X). j2 < d
implies that there exists a point S € (Tg, (X) N &X) \ {Ri,}. As {Ry,..., Ry} is an
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orbit under Gp, for any i € {1,...,h} there exists an element g; € Gp such that
9i(Riy) = R;. Then ¢;(S) € Tg,(X)NX but ¢;(S) ¢ Tr(X); therefore Tg,(X) # Tp(X)
holds for all i = 1,...,h. Let A’ := Og,(5). Then A’ C U (Tg,(X) N X)\{R;}, and
therefore

A < (d—j2)* < (d—3)* < 2g.

The second inequality comes from j, > 3. Without loss of generality we can assume
that A’ is a tame orbit under G p; otherwise G'p would have 3 non-tame orbits. Hence,
|Gp| < 4g by Lemma [4.1.7)i). Then follows from Lemma [£.1.6]

Therefore, we may assume that Tg,(X) = Tp(X) for all i = 1,..., h. We are going
to prove that the size of Gg) is at most d. Since j, > 2, in the proof of Proposition
we have seen that the group Gg) coincides with the group of elations with axis
Tp(X) fixing X and that

GP = =Gy,

Write R; = (0 : a : b) with a # 0, then ”5”1;—1“@ is a local parameter of X at R;. The

same calculations as in Proposition [4.1.4| give Gg) C G%? for k =2,...,750 — 1. This

implies that

Gg) r Ggi) — - G%f*l)
for all i = 1,...,h. Then, by the Hurwitz genus formula for Gg), we have

jo—1
29 —2>|GP|(29' —2) + (h+1) (Z (162 - 1)) :

i=0
where ¢’ is the genus of the quotient curve X'/ Ggf). Therefore,
d
29 =22 |G7129' = 2) + —5a(1G) | = 1) = G129 =2 +d) —d.,
and hence

29 +d—2

GP| <
| P|— d—2

=d . (4.11)

Now we distinguish a number of cases according to the generic order sequence
(0,1,€) of X and the order sequence (0,1, js) at P.

(i) €2 = 2. Suppose there exists S € W\ Tp(X). Let A’ := Og,(S). Since X is
classical and A’ is contained in W\ (Tp(X) N X'), we have

|A']| < deg R” — |Tp(X)NX| =69 —6+3d— (h+1) <6g—8+3d.
Then, by Lemma |Gp| < 8g — 10 + 3d holds. Therefore
|G| = |Gp||[W]| < (8¢ — 10+ 3d)(6g — 6 + 3d) .

Then (4.10) follows from d > 6, which holds as Tp(X) contains at least two points of
w.
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Now we can assume that W coincides with Tp(X)NX. Then clearly |W| = j% holds.
Note that the stabilizer of R; in Gggl) coincides with Gg). Then by the orbit-stabilizer
theorem \Gg)| < h\Gg)] holds. Therefore, taking into account 1} and (4.11)), we
obtain

d d\>
|G| = |Gp||W| < hd(4g + 2)7 < d(4g+2) (7) < d(4g + 2)g < 5dg?> .
2 2

(ii) €2 > 2. Let Dy be the base-point-free linear series cut out on X by the lines
through P. Denote by W, and RP° the set of Weierstrass points and the ramification
divisor of Dy, respectively. Then the following hold:

(i) The (Dy, P)-order sequence is (0, jo — 1).

(ii) For a point @) # P the (Dy, @)-order sequence is (0, 1(P, X N{pg)), where {pg is
the line joining P and Q.

(iii) The Dy-order sequence of X is (0, 1) as X is non-strange.

(vi) The degree of the ramification divisor R is

deg(RP") =29 —2+2(d—1) . (4.12)

Note that each point in Tp(X) N X is a point of Wy. Assume that there exists
S eWo\(Tp(X)NX), and let A" := Og,(S). Then A’ is an orbit in W} disjoint from
{P} and O¢g,(Ry) = (Tp(X) N X) \ {P}, which are are non-tame orbits under Gp.

Hence by Lemma |4.1.7| we obtain
|Gp| <29 —2+|A"| <29 — 2+ [Wy| <29 — 2+ deg(R™) < 49+ 2d .
Then follows from Lemma [4.1.6| Therefore, we can assume that
Wo=Tp(X)NX . (4.13)

In particular, (4.13) means that any line passing through the point P other than the
line Tp(X') cannot be tangent at any point of X.

(iia) p1 (j2 — 1). As X is non-classical, by Theorem [5.0.25p | (d — 1) holds. There-
fore, p { jo; otherwise p | d as d = (h + 1)ja. Then Theorem |5.0.26(ii) implies that
vp(RP0) = j, — 2, whereas vg,(RP?) = j, —1 for each i = 1,..., h. Therefore, by (4.13))
we have

deg(R™) = (jo = 2) + h(jo—1) =d —h —2;
but this contradicts (4.12)).
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(iib) p| (j2 — 1). Note that h > 1; otherwise d = 2j, and p divides both 2j, — 1
and j, — 1. We now prove that

Gpa.p, CGY (4.14)

Let a be a non-trivial element in Gpp, g,- As « fixes the line Tp(X) pointwise, « is a
central collineation with axis Tp(&X'). Denote by C the center of a. Suppose that the
center C' does not lie on Tp(X). Let 1 = {pc be the line joining P and C, and let ¢,
be a line through C' such that ¢, is not tangent to X’ at any point and the intersection
point of /5 and Tp(X) does not belong to X'. Note that since Wy C Tp(X), for i = 1,2,
I(Q,xN¥;) =1 for all @ € X N¥¢;. Furthermore, o cannot fix any point on ¢; U ¢,
other than P and C. If C' ¢ X, then « acts semiregularly on both (¢; N X) \ {P} and
ly N X. This is impossible as the former set has size d — 1, whereas the latter has size
d. Similarly, if C' € X, then « acts semiregularly both on a set of size d — 2, namely
(64N X))\ {P,C}, and on a set of size d — 1, that is (le N X') \ {C}. This contradiction
shows that o must be an elation with axis Tp(X). By Proposition a lies in Gg),
proving that G'pr, g, is contained in Gg)
By taking into account of we obtain

G = [W[|Gp| < [W||Gpr,lh < |W||Gpryrsl(h — Dh < [W||GE|h? .

Then by (4.11)) we have the following inequalities.

a < [(1+€2)(2g—2)+3d]% (;i?)

< [(1+e)(29 - 2+d)]29;# (%)

< d(2g+d—2)?
= 4dg* + 6dg+8g* —10g —d +2 .

In the third inequality we have used both ”62 <1 and < 1. As a result,

(d— 2)]
|G| < 4dg® + 6dg + 8g* < 8dg* .
O

As a consequence of Lemmas [£.2.17] and [£.2.18], from now on we assume that the

condition (C3) holds. In other words, we assume that every p-element of G fixes

precisely one point of W.

Lemma 4.2.19 [f j, < d, then (4.10) holds.

Proof: Let Tp(X)NX \ {P} = {Ry,...,Ry}. By condition (C3), GP1 acts semireg-
ularly on Tp(X) N X \ {P}. Then (Tp(X) N &)\ {P} consists of either long or short

tame orbits under G p, and the order of Gg) divides h. Furthermore, in Proposition
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we have seen that an element of Gg) fixes Tp(X') pointwise; therefore Gg) must
be trivial.

If (Tp(X)N X&)\ {P} contains a long orbit of Gp, then |Gp| < d and the claim
follows from Lemma [4.1.6l Hence we can assume that (Tp(X) N X) \ {P} consists of

short tame orbits. Now we distinguish three cases.

(i) (Tp(X)N X)\ {P} is the only short tame orbit of Gp. Let ¢’ be the genus
of X/Gp. Then, by the Hurwitz genus formula

29 —2=|Gp|(2¢' —2) + (|Gp| = 1) + (1G] = 1) + h(|Gpr,| — 1) -
Since h|Gpr,| = |Gp|, we have
29 =2¢'|Gp| + |GV - h .

From the facts that g > 2 and |G§31)| < h, the genus ¢’ must be a positive integer. Then
2g > 2|Gp| — d, implying that |Gp| < g + g. Then (4.10) follows from Lemma m

(ii) (Tp(X)NX)\{P} is one of the s> 2 short tame orbits of Gp. By
Lemma [4.1.6] it is enough to prove that |Gp| < 6(g —1). If s > 3, by Lemma [4.1.§ we
have |Gp| < 4(g — 1). Hence we assume that s = 2. Let A; be the short tame orbit
of Gp different from (Tp(X)NX) \ {P}. If Ay has size less than d, then the assertion
follows from Lemma [£.1.9] Therefore we can assume that |[A;| > d. Arguing as in

Lemma [£.1.9] we have
29 —2=|Gp|(dy +dy+d5 —2),

withdy > 1land d), > d} > 1/2. If d} > 2/3 then d| +d,+d5 > 7/3; s0 |Gp| < 6(g—1).
From now on we may assume dy = 1/2. Note that d, = (|Gpg,|—1)/|Gpr,|- Therefore

Grm| 1 1) (4.15)

29 — 2> (———
g —‘GP| |GP,R1| 2

If |Gpg,| < 6, then |Gp| < 6(d —1) < 6(g — 1); if |Gpg,| > 6, the same inequality
follows from (4.15)).

(iii) Gp acts with at least 2 short orbits on (Tp(X) N X)\ {P}. Clearly, the
size of a short orbit of Gp contained in (Tp(X) N X))\ {P} is less than d — 1. Then by
Lemmas 4.1.8/and 4.1.9|it follows that |Gp| < 6(¢9 — 1). By Lemma (4.10]) holds.

a

Lemma 4.2.20 [f jo = d, then (4.10) holds.

Proof: By 1’ Gp = Gg) x H, where H is a cyclic group of order prime to p. We
consider the quotient curve X'/ GEDI). Let ¢’ be the genus of X'/ Gg). By Lemmas
and {4.1.6] ¢’ = 0 can be assumed. Furthermore, by Proposition either |G§32)| =d

or |G§3) | =d — 1. A number of cases will be considered.
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(i) GS ) is cyclic. As in the proof of Proposition , without loss of generality,
we assume that P = (0: 0 : 1) and that Tp(X) = {. Then a generator « of G%) is
equal to M, . for some a,b,c € K. As p > 2, by straightforward computation we have

aP =M

pa,pb,pP5tab+pe

=1d .

Therefore, \Gg)| = p holds. Since Gg) is non-trivial, Gg) = G%).

Assume that X is non-classical. Then p | (d — 1) by Theorem [5.0.25 therefore
|G§32)| = p = d — 1 holds. By Theorem (iv), €2 = p. Then this contradicts
Theorem [5.0.28] as X is assumed not to be projectively equivalent to a Hermitian

curve.

Then X is classical. By Theorem [5.0.26((ii),

6g —6+3d

Wl <
Wls =7

3d .

Gg) = GS) gives that |G§31)| < d. Hence by the orbit stabilizer theorem we obtain

|G| = |GP || H||IW| < d(4g +2)3d .
If d > 4, then (4.10) holds. If d = 4, then p = d cannot occur; hence, |G§;1,)\ =d-—1,
and (4.10)) is obtained from |G| = (d — 1)|H||W|.

(ii) Gg) is not cyclic. As |G§31)| > |G§32)| >d—1 and Gg) acts semiregularly on

W\ {P}, we have that |W| > d. If |IW| = d, then

Wl =1=1GY| =G| =d—1;
therefore

Gl = [H||GY[W] < (49 +2)(d = 1)d < (12¢° + 69)d..

As a result we can assume that || > d. In addition, assume that |G§32)| = d. Then
p|ld and X is classical by Theorem [5.0.250 Then |[W| < %ﬁd = 3d. Since G}” acts
semiregularly on W\ {P}, d divides |W| — 1. Therefore, |W|<2d + 1 and \Gg)] =d.
Then we have

G| = [H||GD|W] < (4 + 2)d(2d + 1) < (12¢° + 6g)d .

From now on we assume that |GEDQ)| = d—1. Note that all the hypotheses of Lemma
are satisfied, and we can apply Theorem with M = {id}. Moreover, by
the proof of Proposition any non-trivial element of Gg) is an elation with axis
Tp(X) and center P. Therefore, for any point R € W \ {P}, the line {px joining
P and R is fixed by Gg), and as Gg) acts semiregularly on W \ {P}, the d distinct
points of X' in ¢p r all belong to W. By Lemma G acts 2-transitively on W; in

particular the action of GG is primitive on W. Let N be a minimal normal subgroup
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of G. Note that for any point Q) € W, QQ # P, the two-point stabilizer Gp¢ has size
prime to p and is a subgroup of Gp; therefore it is a cyclic group. Then the Kantor-
O’Nan-Seitz Theorem applies to G. If N is abelian, then by Lemma N is
the only minimal normal subgroup of GG, which contradicts Theorem [5.0.29] Therefore,
Theorem together with Theorem [5.0.29] imply that G is one of the following

groups in their natural 2-transitive permutation representations:

1.

2.

PSLy(p®) with p* > 4,
PGLy(p*) with p* > 4,
. 2Go(3% ) with a > 0, and

. PSU;(p*) or PGU3(p®) with p* > 2.

. Suppose that G is PSLy(p®) in its natural 2-transitive permutation representation.

Let ¢ = p*. Then the size of W is ¢ + 1, and the size of the Sylow p-subgroup
Gg) in a 1-point stabilizer Gp is ¢. Moreover, a complement H of GEDI) in Gp is
a cyclic group of order (¢ —1)/2 fixing a point R € W\ {P} and acting with two
long orbits on W \ {P, R}. Note that H acts on ({pp N X)\ {P, R}. Therefore
(¢ —1)/2 = d — 2 holds. Now take a point Q € W \ ¢pg. It has already been
noticed that on fg r there are d — 1 points of W distinct from P. But then
W|>2d—-1=2(d—2)+ 3 > g+ 2, which contradicts |[W| = ¢+ 1.

2. Suppose that G is PGLy(p®) in its natural 2-transitive permutation representation.

Let ¢ = p*. Then the size of W is ¢ 4+ 1, and the size of the Sylow p-subgroup
Gg) in a 1-point stabilizer Gp is ¢q. Unlike the previous case, a complement H
of G}“ in Gp is a cyclic group of order (¢ — 1) fixing a point R € W \ {P} and
acting regularly on W\ {P, R}. Then H acts on ({prNX)\ {P, R}. Therefore
g = d — 1 holds. But this contradicts ¢ + 1 = |W| > d.

3. Suppose that G is 2Go(3%¢T1), p = 3, in its natural 2-transitive permutation repre-

sentation. Therefore the size of W is ¢® + 1, and the size of the Sylow p-subgroup
Gg) in a 1-point stabilizer Gp is ¢3. Moreover, the commutator subgroup of Gg)
has size ¢%, whereas the center of Gﬁi) has order ¢ (see [16, Lemma 12.32]). By
Lemma Gg) is the center of G%), whence \Gg)] = ¢. On the other hand,
in the proof of Lemma [£.1.12{iii) it has been shown that the commutator sub-
group of Gg) is contained in Gg) (see (4.9)). Then ¢ < ]Gg)|, which is clearly

a contradiction.

4. Suppose that G is either PSU3(q) or PGU3(q), ¢ = p® > 2, in its natural 2-transitive

permutation representation. Therefore, the size of W is ¢3 + 1, and the size of

the Sylow p-subgroup G%) in a 1-point stabilizer Gp is ¢°. Moreover, the center
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of G%) has order ¢ (see [16, Example A.9]). By Lemma4.1.12] the center of Gg)

is Gg); thus ]Gg)| = ¢ =d — 1. Then the genus g of X is @. As a result,

G| =

3 3.2
+1 —1
(q )ng(q )>16g3 2492 g.

By [16, Theorem 11.127] the unique curve of genus g with more than 16¢°® +
24¢® + g automorphisms is the Hermitian curve. As we are assuming that X is

not birationally equivalent to a Hermitian curve, a contradiction is obtained.

The proof of Theorem is now complete.
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CHAPTER 5

Appendix

5.0.1. Function Fields

In this section we give some facts related to function fields and for details we refer
to [38].

Let F//K be a function field of genus g with full constant field K. For a divisor D
of F denote by ¢(D) the dimension of £(D), the Riemann-Roch space associated to D,

then Riemann-Roch theorem states that
((D)=degD+1—g+{(W —-D), (5.1)

where W is a canonical divisor of F. (Note that here W is not the same as the one
we used in Chapter 4 for the support of the ramification divisor.) Furthermore if
deg D > 2g — 1, then ¢(D) = deg D + 1 — g; and therefore

L(D+P)\ L(D) %0

holds for any place P of F.

Let F'/F be a finite separable extension. Denote by K’ and ¢’ the full constant
field and the genus of F”, respectively. Then the Hurwitz genus formula relates the
genus of F', the genus of F’ and the different of F'/F as follows.

[F': F]

29 — 2 =
g K" K|

(29 — 2) + deg Diff(F'/F) (5.2)

Kummer’s Theorem is useful to determine all extensions of a place P € Pr in F".
For convention denote by F' := Op/P the residue class field of P. If o(T) = > ¢,T" is
a polynomial with coefficients ¢; € Op, we set ¢(T) = > ¢T" € F[T), where ¢ = ¢;
mod P.
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Theorem 5.0.21 (Kummer) Suppose that F' = F(y), where y is integral over Op
with the minimal polynomial (7)) € Op[T] such that ¢(T') is a separable polynomial
over F. Write

o(T) = H%‘(T) ;
i=1
where ;(T') is irreducible for all i = 1,...,r. Choose ¢;(T") € Op[T]| with
@i(T) =¢i(T) and  degp;(T) = degyi(T) ,
then there exists a place P; € Pr such that
Pi| P, ¢i(y) € P and f(P; | P)=degpi(T) .
Furthermore, by the Fundamental Equality, there is no other place of F”’ lying over P.

Now we give formulas for ramification index and different exponent in two special

types of Galois extensions, namely Kummer and Artin-Schreier extensions.

Theorem 5.0.22 (Kummer Extension) Let F//K be a function field, where K con-

tains a primitive n-th root of unity and let u € F' such that
u#2? forallz € Fandd|n,d>1.

Set F' = F(y) with y™ = u. Then F'/F is Galois of degree n. Let P € Pr and let
P' € Pp lying above P, then the ramification index and the different exponent of

P’ | P are given as follows.

e(P’|P):% and d(P'|P)=" 1,

rp

where 7p is the greatest common divisor of n and vp(u).

Theorem 5.0.23 (Artin-Schreier Extension) Let F'//K be a function field of char-
acteristic p > 0. Suppose that there is an element u € F' such that either vp(u) > 0 or
vp(u) is relatively prime to p for any place P of F. Define the integer mp by

m , if vp(u) = —m is relatively prime to p

-1 ,ifvp(u) >0.

In addition suppose that there exists a place @) of F' with mg > 0 and F,» C K. Set
F' = F(y) with y*" —y = u. Then F’/F is a Galois extension of degree p". A place P
of F'is unramified if and only if mp = —1. In the case of mp > 0, P is totally ramified.
Denote the unique place of F’ lying over P by P’, then the different exponent d(P’ | P)
is given by

A(P' | P) = (5 = 1)(mp+1)
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It is worth to note that in an extension F’/F if there exists a total ramification,
then the full constant fields of F' and F” are the same.
The following theorem gives the ramification and splitting behavior of a place in

the compositum of function fields.

Theorem 5.0.24 Let F’/F be a finite separable extension of function fields. Suppose
that F' = F| - F5 is the compositum of two intermediate fields £y, F5 O F.

(i) (Abhyankar’s Lemma) For P’ € Pp lying over P € Pg set P, = P' N F; for
i = 1,2. Assume that at least one of the extensions P, | P or P, | P is tame.
Then the ramification index of P | P is given by

e(P'| P) =lem{e(P, | P),e(Py | P)},
where lecm denotes the least common multiple.

(ii) Suppose that P € P such that P splits completely in F;/F. Then every place
Q € Ppg, lying over P splits completely in F'/F,. In particular, if P splits
completely in both F;/F and Fy/F, then P slits completely in F’/F. In this

case if P is rational, then F” and F have the same full constant fields.

5.0.2. The Stohr-Voloch Theory

The idea to investigate the local properties of a non-singular algebraic curve X
using the intersection numbers I(P, X N1I) of X with hyperplanes II through P € X
was developed for complex curves in the early nineteenth century; see for instance [35,
Section 25]. In [40] the authors extended the classical treatment to curves defined over
a field of positive characteristic. The original motivation was to find an upper bound
for the number of IF -rational points of an algebraic curve defined over a finite field
of order q. Here we use some of their results on ramification divisors of non-singular
plane algebraic curves.

Assume that X" is a non-singular plane curve. For a point P € X, the order sequence

of X at P is the strictly increasing sequence
Jo(P) =0 < ji(P) =1 < j2(P)

such that each j;(P) is the intersection number I(P, X N¢;) of X and some line ¢; at
P, see [40], and [16, Chapter 7.6]. For i = 2, such a line /5 is uniquely determined
being the tangent line Tp(X) to X at P. A point P for which jo(P) > 2 is a flex (or
an inflection point) of X'. The order sequence is the same for all but a finite number

of points.
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Definition 5.0.1 The curve X is said to be classical if the generic order sequence is
(€0, €1,€2) = (0,1,2).

Theorem 5.0.25 (Corollary 2.2 in [28]) Assume that p > 3. If X is a non-classical
curve of degree d, then p|(d — 1).

The concept of order sequence can be given for any linear series. Let D be a
base-point-free linear series with degree d and dimension r. Let 7 : X — PG(r,K),
m = (xo:x :...:x.), be the morphism associated to D. For a point P of X, let vp
be the branch of 7(X) corresponding to P via m. Then the (D, P)-order sequence of

X is the strictly increasing sequence
JR(P) =0 < jP(P) <... < P(P)

such that each jP(P) is the intersection number I (yp, XYNH;) of X and some hyperplane
H; at the branch vp. The (D, P)-order sequence is the same, say €} < ... < €2, for all
but finitely many points of X. This constant sequence is the D-order sequence of X.
The curve is D-classical if € = i for each i.

The ramification divisor RP of D is

RP = div(det(D{ ;) + (€8 + ... + D)div(de) + (r +1) Y epP,
where ep = —min{ordp(zo),...,ordp(z,)} and Dée’p) is the eP-th Hasse derivative
with respect to a separating element & of K(X).

The support of RP is the set of points of X whose (D, P)-orders are different from
(ef,...,€P)

»er

. Some of the properties of order sequences and ramification divisors are
summarized in the following theorem. For a proof, see [16, Chapter 7].

Theorem 5.0.26 Let D be a base-point-free linear series with degree d and dimension

r. Then we have

(i) jP(P) > €P for each P and each i;

(2

(ii) vp(RP) > 3 ,(jP(P) — €P), and equality holds if and only if det((jiigp))) Z 0

(iii) deg(RP) = (29 —2)_,€’ + (r +1)d; and

(iv) if p > r and P =i for each i = 0,1,...,7 — 1, then either € = r, or €? is a

power of p.

Definition 5.0.2 A projective irreducible plane curve X is said to be strange if there

exists a point belonging to every tangent line at any non-singular point of X.

Theorem 5.0.27 ( [25]) A non-singular projective irreducible plane curve X’ is strange

if and only if X' is a conic in characteristic 2.
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The following classification result due to Hefez [14] is a key lemma for Theorem

4.0.1l

Theorem 5.0.28 Let X be a non-singular non-strange plane curve of degree d > 3.

If d = €3 + 1, then X is projectively equivalent to the Hermitian curve.

5.0.3. Central Collineations

In this section we give some notions from Projective Geometry.

A collineation of a projective space PG(r,K) is an isomorphism from PG(r,K) to
itself, that is, a bijection on the point sets mapping any subspace into a subspace. A
collineation is projective if it is induced by a linear map of K™™', that is, if it is an
element of PGL,,(K), viewed as a permutation group acting on PG(r, K).

A collineation ¢ of PG(r,K), r > 2, is a central collineation if there is a hyperplane
H (the azis of ¢) and a point C' (the center of ¢) such that every point of H is a fixed
point of ¢ and every line through C'is a fixed line of ¢.

If H is a hyperplane of PG(r, K) and C, P, P’ are distinct collinear points of PG(r, K)
with P, P’ not in H, then there is precisely one central collineation of PG(r, K) with
axis H and center C' mapping P to P’. In particular, axis and center of a non-identical
central collineation are uniquely determined.

A non-identical central collineation ¢ is an elation if its center is incident with its
axis, and a homology if center and axis are not incident (the identity is considered both
as homology and elation).

A collineation of PG(r,K), r > 2, is an azial collineation if there is a hyperplane H
such that every point of H is a fixed point of ¢. Each axial collineation is central [1,

Lemma 3.1.9]. Each central collineation is a projective collineation [1, Theorem 3.6.1].

5.0.4. Some Results from Group Theory

(i) The projective linear group G = PGLa(p®) has order p*(p* — 1)(p* + 1). It is
the automorphism group of PG(1,p*); equivalently, G acts on the set Q of size
p* + 1 consisting of all Fj.-rational points of the projective line defined over
F,.. For every point P € €, the stabilizer Gp has size p*(p* — 1). The natural

2-transitive representation of PSLy(p®) is obtained when PSLy(p®) is viewed as
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(i)

a subgroup of PGLy(p®), see [20, Chapters I1.7 and I1.8] and [16, Appendix A,
Example A.7]. For p =2, PGLy(p*) = PSLy(p®). For p > 2, PSLy(p®) has order
sp(p* — 1)(p* 4 1). For p* > 4, PSLy(p®) is a simple group and PGLy(p?) is a

non-solvable group.

The projective unitary group G = PGUj3(p?) has order (p** + 1)p3¢(p*® — 1).
It is the linear collineation group in the projective plane PG(2,p?*) preserving
the classical unital © of size p3* + 1 consisting of all absolute points of a non-
degenerate unitary polarity of PG(2, p**), see [19, Chapter I1.8] and [16, Appendix
A, Example A.9]. For every point P € €, the stabilizer Gp has size p3*(p?* — 1).
Furthermore, G is the automorphism group of the Hermitian curve, regarded as
a non-singular plane curve defined over the finite field with p** elements Fza,
acting on the set € of all its F2.-rational points. The special projective unitary
group PSU;3(p®) either coincides with PGU3(p®) or is a subgroup of PGUj3(p®)
of index 3 according as 4 = 1 or y = 3 with g = ged(3,p* + 1). In its action
on Q, PSU;3(p?) is still 2-transitive, see [19, Chapter 11.8] and [17]. For p* > 4,
PSU3(p?) is a simple group and PGUj3(p?) is a non-solvable group.

The Suzuki group G = ?By(n) with n = 2n2, ng = 2% and @ > 1 has order
(n? + 1)n*(n — 1). It is the linear collineation group of PG(3,n) preserving the
Tits ovoid Q of size n?+1 , see [21, Chapter X1.3] and [16, Appendix A, Example
A.11]. For every point P € €, the stabilizer Gp has size n?(n — 1). Furthermore,
G is the automorphism group of the DLS curve, regarded as a non-singular curve
defined over the finite field IF,,, acting on the set €2 of all its [F,,-rational points,
see [10]. 2By(n) is a simple group.

The Ree group G = 2Go(n) with n = 3n3, ng = 3% has order (n®*+1)n3(n—1). It is
the linear collineation group of PG(6,n) preserving the Ree ovoid Q of size n®+1,
see [21, Chapter XI.13] and [16, Appendix A, Example A.13]. For every point
P € Q, the stabilizer Gp has size n®(n — 1). Furthermore, G is the automorphism
group of the DLR curve, regarded as a non-singular curve defined over the finite
field F,,, acting on the set Q of all its [F,-rational points, see [13] and [3], For
n > 3, 2Go(n) is simple, while 2G5(3) = PT'Ly(8).

For each of the above linear groups, the structure of the 1-point stabilizer and its ac-

tion in the natural 2-transitive permutation representation, as well as its automorphism

group, are explicitly given in the papers quoted.

We now give classification results on finite groups with trivially intersecting Sylow

p-subgroups.

Theorem 5.0.29 (Theorem 3.16 in [11]) Let S be a Sylow p-subgroup of a finite
group G with S & G. Set I := Ng(S) and M := C(I). Suppose that p > 2, and
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(i) I = SH, with H cyclic;

(ii) for he G\ I, SNh~'Sh = {id}.
Then

(i) M is a normal subgroup of G;

(ii) G/M has a unique minimal normal subgroup, which is non-abelian simple and
isomorphic to one of the following groups: PSLy(p®) with a > 2, PSU3(p®) with
p® > 2, and for p = 3 the Ree group ?Go(32*™!) with a > 0.

In particular, G acts 2-transitively on the set of Sylow p-subgroups of G.

Theorem 5.0.30 (The Kantor-O’Nan-Seitz Theorem [23]) Let G be a finite 2-
transitive permutation group whose 2-point stabiliser is cyclic. Then either G has an
elementary abelian regular normal subgroup, or G is one of the following groups in their
natural 2-transitive permutation representations: PSLsy(p®), p* > 4, PGLy(p®), p* > 4,
PSU3(p”) with p* > 2, PGU3(p®) with p® > 2, the Suzuki group 2By (n), 2Gy(3%**1)
with a > 0.

We end this section with a classical result on primitive permutation groups. For a

proof, see e.g. [24, Corollary 2].

Lemma 5.0.31 If G is a finite primitive permutation group, then G contains at most
2 minimal normal subgroup and if G has an abelian normal subgroup then it has a

unique minimal normal subgroup.
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