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Abstract

In this thesis, we study the lattices Ap associated to a function field F'/F, and a
subset P C P(F'), which are the so-called function field lattices. We mainly explore
the well-roundedness property of Ap.

In previous papers, P is always chosen to be the set of all rational places of F. We
extend the definition of function field lattices to the case where P may contain places
of any degree. We investigate the basic properties of Ap such as rank, determinant,
minimum distance and kissing number.

It is well-known that lattices from elliptic or Hermitian function fields are well-
rounded. We show that, in contrast, well-roundedness does not hold for lattices asso-

ciated to a large class of function fields, including hyperelliptic function fields.
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(")zet

Bu tezde, bir fonksiyon cismi F'/F, ve yerlerinin altkiimesi P C P(F') kullanilarak
olusturulan latisler, Ap, caligildi. Fonksiyon cismi latisleri olarak anilan bu latislerin,
minimal vektorlerinin gerdigi alt latisin mertebesiyle ilgilenildi.

Daha onceki caligmalarda P kiimesi F’in derecesi 1 olan yerlerinden olusuyordu.
Biz fonksiyon cismi latislerinin tanimini P’nin herhangi bir derecedeki yeri icermesi du-
rumuna geniglettik. Bu tanima gore, fonksiyon cismi latislerinin mertebe, determinant,
minimum uzaklik, minimal vektor sayisi gibi bazi temel o6zelliklerini inceledik.

Eliptik ya da Hermitian fonksiyon cisimlerinden elde edilen latislerin minimal vektor-
lerinin gerdigi alt latisin mertebesi tamdir. Ancak, hipereliptik fonksiyon cisimlerini
de igeren, genis bir fonksiyon cismi sinifi ile iligkili latislerin bu 6zelligi tagimadigini
gosterdik.
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CHAPTER 1

Introduction

Let F, be the finite field with ¢ elements and F/F, be an algebraic function field
with full constant field IF,. In this thesis, we study lattices from function fields over I,
by focusing on the well-roundedness property.

Around 1990, M.Y. Rosenbloom and M.A. Tsfasman |10], and independently H.-G.
Quebbemann [9] introduced the notion of a function field lattice. They used function
field lattices in order to obtain asymptotically dense lattice sphere packings. It was
proven that asymptotically good towers of function fields give rise to asymptotically
dense families of lattice sphere packings.

Recently, function field lattices have been studied in terms of well-roundedness
property ( a lattice is well-rounded if its minimal vectors generate a sublattice of full
rank). In 2014, L. Fukshansky and H. Maharaj [5] proved that lattices from elliptic
function fields over F, are generated by their minimal vectors (with one exceptional
case). M. Sha [11], in 2015, improved this result by showing that lattices from elliptic
function fields over [, have a basis consisting of minimal vectors (with one exceptional
case). Lattices from Hermitian function fields over IF, are also found to be generated by
their minimal vectors by Bottcher et al. [3], in 2016. These results imply that lattices
from elliptic and Hermitian function fields over [F, are well-rounded.

In this thesis, we seek an answer to the question whether being well-rounded is a
typical feature of function field lattices. While answering this question, we deal with
function field lattices which are constructed in a more general way than the ones in
the literature. That is to say, in the construction we make use of any subsets of the
set of places of I, rather than only the set of all rational places.

Denote the set of places of F' by P(F).

The organization of this thesis is as follows:

In Chapter 2, after fixing some notations that we use throughout the thesis, we
define lattices Ap associated to F' and P C P(F'), and give some parameters of them.
As a preliminary step, we present some results from the literature on function field

lattices.



In Chapter 3, we consider the lattice Ap from a function field F'/F, with gonality
~v(F) = 7. The minimum distance d(Ap) always satisfies the inequality

d(AP) > \/2_7

and we focus on the case where this lower bound is attained, i.e. d(Ap) = /27. We
determine sufficient conditions on F' and P C P(F') to ensure that the lattice Ap is not
well-rounded. We find the rank of the sublattice generated by the minimal vectors of
Ap. We also give a formula for the kissing number of Ap.

In Chapter 4, we investigate the well-roundedness property of the lattices from
a hyperelliptic function field F/IF,. For a specific subset @ C P(F), we show that
the lattice Ag is well-rounded. We classify the situations in which the lattice Ag is
generated by its minimal vectors.

In Chapter 5, we give some examples illustrating the results obtained in the previous

chapters.



CHAPTER 2

Preliminaries

2.1. Basic Concepts of Function Fields and Lattices

Let [F, be a finite field with ¢ elements, where ¢ is a power of a prime number, and

F/F,

be a function field of one variable over IF,. As a general reference for function

fields, see [14]. Throughout this thesis, we assume that F, is algebraically closed in F.

Let us use the following notations.

g = g(F) and P(F) are the genus of F' and the set of places of F, respectively.

N(F) is the number of rational places (places of degree one) of F' and P!(F) is
the set of rational places of F'.

h:=|CI°(F)| = |Div’(F)/Princ(F)| is the class number of F, where Div’(F) is
the group of divisors of degree zero and Princ(F) is the group of principal divisors
of F.

L(D) is the Riemann-Roch space associated to the divisor D.
supp(D) and deg(D) are the support and the degree of a divisor D, respectively.
vp is the discrete valuation of F/F, associated to the place P.

For a nonzero element z € F, (2) := (2)o — (2)wo is the principal divisor of z,

where (2)g and (z)s are the zero divisor and the pole divisor of z, respectively.



e For a nonzero element z € F'\ F,, the degree of z is

deg(z) := deg((z)o) = deg((z Z lup(z)|degP = [F : F,(2)].

PEIP(IF

o v =~(F):=min{[F : E] : F is a rational subfield, F, C E' C F'} is the gonality
of F.

In the rational function field F,(z), the rational places

(z = a) denotes the zero of z — « € F,[z] and

(z = 00) denotes the pole of z.

For an algebraic extension F'/F, of F/F,, if P'|P, ie. P’ € P(F’) lies over
P € P(F), denote by

e(P'|P) the ramification index of P’ over P and

f(P'|P) the relative degree of P’ over P.

Now, let us define a lattice in R™ and some important notions about lattices. For

detailed information about lattices, see [4].

e A Z-module L = @ Z~; C R™ is a called a lattice if the vectors vy,...,v € R”

are linearly 1ndependent over R.
e Equivalently, lattices can be described as discrete subgroups of R™.

e By using the definition above, we say that the rank of L is k and {v,..., %}

forms a basis for L. We write rank(L) = k.

th

o If {71,...,7} is a basis for L, then the k X n matrix B whose " row vector is

v; € R™, is called a basis matriz.

e Associated to the basis matrix B, the fundamental parallelotope of L is defined

as the set of points
k
P(B) = {ZZEZ%CL’Z eERand 0 < z; < 1} C R".
i=1

e det(L) is the k-dimensional volume of P(B) for a basis matrix B of L.

e det(L) does not depend on the choice of B and it can be calculated by the formula
det(L) := Vdet BBT for any basis matrix B of L.

e The length of a vector v = (vq,...,v,) € R" is given by

ol i= /ot 4+ + 02



e The minimum distance of L is defined as

d(L) := min{||v]| : v # 0,v € L}

e S(L):={veL:l|v|=d(L)}is the set of minimal vectors in L. The number of
elements of S(L) is called the kissing number of L, which is denoted by x(L).

e The sphere packing problem in R™ is to find out how densely identical spheres

can be packed in n-dimensional space.

e The arrangement of open spheres of radius d(L)/2, which are centered at the

points of a lattice L, is called the lattice (sphere) packing associated to L.

e In this packing, the number of spheres that touch a given one is equal to the

number of minimal vectors of L. From this, the term kissing number originates.

e The sphere packing density A(L) of a lattice packing is the proportion of the
space that is occupied by the spheres. Thus,

A(L) = volume of one sphere _d(D)MV
~ volume of a fundamental parallelotope  2*det(L)’

where Vj, is the volume of the k-dimensional unit sphere.

e A lattice L is said to be well-rounded if the set S(L) contains k linearly inde-
pendent vectors over R. Well-roundedness will play an important role in this

thesis.
e S(L) generates a sublattice L' := span;S(L) in L.
e [ is said to be generated by its minimal vectors if L' = L.

e Clearly, if L' = L, then L is well-rounded. However, the converse does not hold

in general.
We illustrate the above notions by an example:

Example 2.1.1 A, _; denotes the following lattice

{(a:l,...,xn) SYAE Zwi:()}.
i=1

Let us list some important properties of this lattice.

(i) The vectors b; := (1,0,...,0,—1,0,...,0), where —1 is positioned at the i-th coor-

dinate fori=2,...,n, form a basis for A,_1. Thus,

rank(A,_1) =n—1.



(ii) Let B be the basis matriz of A,_1 associated to the basis {bs,...,b,}. Then the

determinant of A, _1 is

1/2
2 1 1
1 2 .
det(A,_1) = \/det(BBT) = — (2.1)
AU |
1 1 2

as the size of the matrixz in Equation (2.1)) is (n — 1) x (n — 1).

(iii) The minimal vectors of An_1 have the form £(0,...,0,1,0,...,0,—1,0,...,0).

Thus, the minimum distance in A,_1 i
A(Aner) = I+ (-1 = V2,

and the kissing number of A,_1 is
K(Ap_1) =2 (Z) =n(n—1).

(iv) Since the vectors b; have length ||b;|| = /2, A,_1 has a basis consisting of its

minimal vectors. Hence, it is well-rounded.

2.2. Function Field Lattices

Let F' be a function field over F, with genus ¢g(F') = ¢g. We fix an n-tuple
P=(P,...,P,)

of n distinct places P; € P(F'). By abuse of notation, we will also consider P as a
subset of P(F), i.e. P C P(F). Often, P will consist of all rational places of F. In

order to avoid trivial cases, we will always assume that n > 2. Define the set
05 :={0# z€ F | supp(z) C P},

which is an abelian group with respect to multiplication. Consider the map

O, —R"
op
z > (vp(2) - degPy, ..., vp,(2) - degP,),
and define
Ap = Image(¢p).



Definition 2.2.1 Ap is called the function field lattice associated to F and P.

Let us fix some notations that we use throughout this thesis. For P = (P, ..., B,),
we say that P; is an element of P, P, € P, where ¢ = 1,...,n. For z € 0%, we
sometimes identify the principal divisor (z) with its image ¢p(z) € Ap. In addition,
we define the length of z as the length of ¢p(z) € Ap and denote this length by

121 == ll¢r (2)]-

We recall that a lattice L C R™ is called even, if ||v]|? is an even integer for any
vector v in L .

In Proposition and Proposition [2.2.2] we state some basic facts about the
parameters of function field lattices.

Proposition 2.2.1

(i) For all z € O, ||z]|* =0 mod 2, i.e. Ap is an even lattice.

(ii) Let z € Op \F,. Then ||z|| > /2deg(z), where equality holds if and only if the
zero and the pole of z in Fy(2) split completely in the extension F/F,(z).

(iii) The minimum distance d(Ap) satisfies d(Ap) > /27, where v is the gonality of
F.

Proof:
(i) Take z € O% and let z have the principal divisor
(z)=arPL+---+a, P, a;€Z, i=1,...,n.
The square of the length of z is
12]|* = afdeg(P1)? + - - - + aZdeg(P,)?
= a;deg(Py) + - - + a,deg(P,) mod 2, asc®=cmod?2 Vcc€Z

= 0 mod 2, as the degree of any principal divisor is equal to zero.

(ii) Since z € O3 \ F,, the degree [F' : F,(z)] = deg(z) is finite. Let the zero and the
pole divisor of z be

(2)0 =b1Q1 + - - - + bsQs

(2)oo =c1Ry + - - - + Ry, respectively,



where Q;, R; are distinct places in P, b;,¢; € Z7%fori=1,...,sand j =1,...,t.
Then,

s t
I2]> =) bideg(Qi)* + > cideg(R;)
i=1 j=1

s t
> " bideg(Qi) + Y cjdeg(R;)
i=1 j=1
= 2deg(z2).
Equality holds if and only if
bi—c;—1 and deg(Qy) = deg(Ry) = 1,

for all 4, j, which proves that the zero and the pole of z in F,(z) split completely
in the extension F/F,(2).

(iii) As vy < deg(z) for all z € O \ F,, the result follows from part (ii).

a

Proposition 2.2.2 Let d; := degP; for i = 1,...,n, and k be the greatest common
divisor of dy,...,d,. Let h be the class number of F'. Then the following hold:

(1) Ap is a sublattice of the lattice A,_.
(ii) The rank of Ap is equal to rank(Ap) =n — 1.

(iii) The index (An—1 : Ap) is given by

dydy---d,
(An—l : AP) = : 2]6’ ) ho,
where hg 1s a positive integer that divides h.
(iv) The determinant of Ap is given by
dids -+ d,
det(Ap> = \/ﬁ % : ho,

where hy 15 a positive integer that divides h.



Proof:

(i) The result follows from the fact that any principal divisor has degree zero.

(ii) Since the divisors d; P, — d; P; of F have degree zero for i = 2,...,n, we get
h-(d;P, — dyP;) € Princ(F),

as h = (Div’(F) : Princ(F)) is the class number of F. Corresponding to these

principal divisors, the vectors

(hdody, —hdidy, O ,0,..., 0 ),
(hdsdy, 0 ,—hdids3,0,..., 0 ),
(hdpdy, 0, 0 ,...,0,—hdid,)

are contained in Ap. These vectors provide n — 1 linearly independent lattice
vectors over R. By (i), rank(Ap) < rank(A,_1) = n—1. Hence, rank(Ap) = n—1.

(iii) Note that the index (A, _1 : Ap) is finite since A,_; and Ap have the same rank
by part (ii).

Define the sublattices B C A,,_; and C C Z™ as

B::{(xl,...,xn) €eZ":r;=0mod d;,i=1,...,n, Z:c,-:o} and

=1

C:={(zy,...,0,) €EZ" :2; =0mod d;,i =1,...,n}.

Step 1: Calculate the index (4,1 : B).

By the second isomorphism theorem for modules,
(Ap_1:B) = ‘An_l/(An_l mC)‘ - ‘(An_1 + C)/C‘ (2.2)

as
B=A,1NnC.

Since we have the inclusion
CC(A,1+C)CZ" and
the index of C' in Z" is equal to
(2" :C) = dids - - - d, (2.3)
we focus on computing the index (Z" : (4,1 + C)).

9



Let 7 be the homomorphism defined as
7" — 7 / kZ,
(x1,...,2n) — (v1++--+2,) mod k.

Step 1.a: Show that the kernel of 7 is Ker(7) = A,_; + C to find the index
(Zn . (An—l + O))

Clearly, A,,_; lies in the kernel of 7. Let (z1,...,2,) be an element of C. Then
z; =0 mod d; = z; = 0 mod k&

= le = 0 mod k = C C Ker(7).
i=1
Hence A,,_1+C' is contained in the kernel of 7. Conversely, assume that (x1,...,z,) €

7" satisfies the congruence relation

1+ -+ =z, =0 mod k.

Then
r1+ -+ x, = rk for some r € Z and
14t x, =r(sidy + -+ spdy),
where s1dy + - - - + s,d, = k for some sq,...,s, € Z as k is the greatest common
divisor of dy,...,d,. Thus, an element (x1,...,z,) from the kernel of 7 can be
written as

(1, .. xn) = (x1 — rsydy, ..., Ty — T8pdy) + (rsidy, ..., T8pdy),
which is the sum of two elements from A,,_; and C. Therefore,
Ker(r) = A,-1 +C
and, since 7 is onto,
(Z": (Avr +C)) = |Z/kZ| = k. (2.4)

By Equations 2.2] 2.3 and [2.4] we obtain the index

 dydy--dy,

(An—l : B) ?

(2.5)

10



Step 2: Show that the index hgy := (B : Ap) divides h.
Consider the group homomorphism

B — Div?(F) /Princ(F)

(X1, @) = %Pl 4+ 4 z—:Pn—i-Princ(F).
The kernel of o satisfies

Ker(o) = {(:Bl,...,xn) €eB: Zpt+...+"p e Princ(F)}

dy d,
:{(xl,...,xn)EB: Z—iPl—i—---%—Z—nPn:(z), zEO}B}

Hence the index hq divides the index h = (Div’(F) : Princ(F)).
Therefore, by Equation [2.5| we conclude that
(An—l : A'p) = (An—l o B) : (B o A'p)
_ dydy ... dy
p k

where hg is a positive integer that divides h.

. hOv

(iv) Since the index (A,_; : Ap) is finite by part (iii), the following equality holds:
det(Ap) = det(An_l) . (An—l . Ap)
=/n- (An,l : Ap), by Example [2.1.1
=n- dhdy -~ dn

k
where hy is a positive integer that divides h by part (iii).

: h’O?

2.3. Previous Results about Function Field Lattices

In this section, we give a brief overview over what is known about function field

lattices.

11



2.3.1. Lattices from Rational Function Fields

Let F':=F,(z) be a rational function field over F,. Consider an n-tuple
P = (le"apnflapoo)?

where P, is the pole of z and P; is the place whose prime element is the monic

irreducible polynomial p;(z) € Fy[z], fori =1,...,n — 1. Let
deg(P;) = deg (p;(z)) =: d; for all i.

Then, the vectors

have length
lpi(2)] = div/2.

Special Case: Assume that all places P, ..., P,_; are rational places (different from
Py) of F,(z) with the prime elements z — aq,...,2 — a,_1, respectively (a; € Fy).

Then the vectors

gbp(Z — O./l) = (1,0, 0, e ,O, —1),

op(z —ag) = (0,1,0,...,0,—1),

op(z — ay—1) = (0,0,...,0,1,—1)
are in Ap. Since these vectors generate the lattice A,_1, we conclude that
Ap=A, 1.
Now we can state the following result about lattices from rational function fields.

Theorem 2.3.3 Assume that F' is a rational function field over F, and the n-tuple P
contains at least two rational places of F. Then the lattice Ap is well-rounded if and

only if P contains only rational places.

Proof: Let P = (Py,..., P,), with P;, P, € P1(F). By using the prime elements of P,

and P,, one can obtain vectors in Ap of the form

+(1,-1,0,...,0),

12



which have length v/2. Since this is the smallest possible non-zero length in Ap, the

minimum distance in Ap is

d(Ap) = V2.

Assume that Ap is well-rounded. Then there exist vectors vy, ..., v,_1 in Ap which
are linearly independent over R and of the minimum length in Ap, as rank(Ap) =n—1.
Suppose that, without loss of generality, the degree of P, is greater than 1. Since the
vectors v; have length ||v;]| = v/2, there must be 0 in their n-th components. Then
the vectors vy, ...,v,_1 cannot be linearly independent. Therefore, P contains only
rational places.

Assume that P,..., P, are all rational. Then, as explained in the special case
above, Ap = A,,_1. Hence it is well rounded, by Example [2.1.1]

O

2.3.2. Lattices from Elliptic Function Fields

Lattices from elliptic function fields have been studied in detail in [5] and [11]. We
compile their main results in Theorem 2.3.4 below.

Recall that a function field F'/F, is called elliptic, if it has genus ¢ = 1. We
fix a rational place Qs of F/F, (its existence follows from the Hasse-Weil Bound,
see [14, Theorem 5.2.3]). Then the set

P =P'(F)

of all rational places of F' carries the structure of an abelian group (P, ®, Q) where

() is the neutral element of P, see [12].

Theorem 2.3.4 (See (5], [11].) Let F/F, be an elliptic function field and
P=PF)=(P,...,Pi1, P = Q).

Assume that n > 4. Then the function field lattice Ap has the following properties:

(1) The minimal length of Ap is d(Ap) = 2.

(ii) The minimal vectors of Ap are exactly the vectors P+Q—R—S, where P,Q, R, S €
P are distinct and P& Q =R® S.

(iii) Formn > 5, Ap has a basis of minimal vectors; in particular, Ap is well-rounded.

(iv) The determinant of Ap is det(Ap) = ny/n.

13



(v) The kissing number of Ap is

a(Ap) :%. (n 6)(2 €—2) N (n— %> . n(n4 2)’
where € is the number of 2-torsion rational points of F.

Observe that the structure of Ap is also known for n < 4, see |11]. We remark that
lattices from elliptic function fields attain the lower bound d(Ap) = /27, where v = 2
is the gonality of F. (See Proposition [2.2.1(ii).)

The proof of Theorem [2.3.4] is rather long. Its principal tool is the following obser-

vation which describes the generators of Ap in terms of the group structure ®.

Lemma 2.3.5 (See [5, Theorem 2.3].) (g9 = 1,P = PY(F),n > 4) The lattice Ap is

generated by vectors of the form
P+Q—R— Q. such that P® ) = R,

where P,Q), R € P and Q) s the neutral element of P.

2.3.3. Lattices from Hermitian Function Fields

Let ¢ := (* and H := F,(z,y) be the Hermitian function field with the defining
equation
ot +y = g
over F,. Recall that the genus, the gonality and the number of rational places of H
are given by g(H) = (({ —1)/2, v(H) = ¢ and |P'(H)| = 3 + 1, respectively.

In the following theorem, we assemble some results of [3].

Theorem 2.3.6 (See [3].) Let H/F, be the Hermitian function field and P = P'(H).
Then the function field lattice Ap has the following properties:

(i) The minimal length of Ap is d(Ap) = /2¢.

(ii) Ap is generated by its minimal vectors. Hence, it is well-rounded.
(iii) The determinant of Ap is det(Ap) = VB + 1(0 +1)C~~.

(iv) The kissing number of Ap satisfies k(Ap) > €7 — €5 + (* — (2.

Note that, like lattices from elliptic function fields, lattices from Hermitian ones

also attain the lower bound d(Ap) = \/27y(H) = v/2L.
The proof of Theorem is essentially based on the following fact, which provides

a set of generators for Ap.

14



Lemma 2.3.7 (See (7, Corollary 7.5].) (H = F,(x,y) is Hermitian, P = P'(H))
Every function in OF s the product of functions of the form ax + by + ¢ and their

inverses (a,b,c € F,).

15



CHAPTER 3

A Class of Function Field Lattices which are not Well-rounded

As we noted in the previous section, lattices from elliptic and Hermitian function
fields are found to be well-rounded for a suitable choice of P. These results lead to a
natural question whether being well-rounded is a typical property of all function field
lattices. In this chapter, we answer this question negatively by presenting a class of
function fields providing lattices which fail to be well-rounded.

Recall our notations that F'/F, is a function field with g(F') = ¢g and y(F') = v, and
P is an n-tuple of places of F'; Ap is the function field lattice associated to F, ||z|| is
the length of the vector in the lattice associated to the element z € O} and d(Ap) is

the minimum distance in Ap.

3.1. Function Fields with ‘Short’ Lattice Vectors

We showed that the minimum distance in Ap satisfies d(Ap) > /27, see Proposition
2.2.1] The lattices from elliptic and Hermitian function fields attain this lower bound
and they are well-rounded. (See Theorem and Theorem [2.3.6]) Below, we give a

characterization of function fields F/IF, where

d(Ap) = /27, (3.1)

for an appropriate n-tuple P.

In the next sections, we describe some function fields such that Equation
holds but Ap is not well-rounded (opposite to the lattices from elliptic and Hermitian
function fields).

Let us initially determine the elements z € O} with length ||z|| = /27.
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Proposition 3.1.1 Let F/F, be a function field with y(F) =~ and P C P(F). Let
z € Op* \F,. Then, ||z|| = /27 if and only if the following conditions hold:

(i) [F: Fy(2)] =, and
(ii) the zero and the pole of z in F,(z) split completely in the extension F/F,(z).

Proposition follows immediately from Proposition [2.2.1](ii).
Let E be a rational subfield of F' with [F': E] =y and P be a rational place of E.

Define the following conditions:
P splits completely in the extension F'/FE, and (1)

for all P’ € P'(F) with P’ lying over P, the tuple P contains P’ (2)

The next corollary characterizes the function fields satisfying Equation (3.1)).

Corollary 3.1.2 For a function field F' over F, with v(F') = v and P C P(F), the

following are equivalent:
(i) d(Ap) = V2.

(ii) There exists a rational subfield E C F with [F : E| = v such that the number of

rational places of E satisfying conditions (1) and (2) is at least two.

Proof: Assume that there is an element z € Op with ||z|| = /27. Let E := F,(z).
By Proposition 3.1.1] [F' : E] = v and the rational places (z = 0) and (z = oo) satisfy
condition (1). As z € O3, these two places also satisfy condition (2).

Now assume the part (ii). Let P and @ be distinct rational places of E for which
conditions (1) and (2) hold. There is an element, say z, of E such that the zero and
the pole of z in £ are P and (), respectively. From condition (1), [F' : F,(2)] = v;
hence E = Fy(z). From condition (2), z belongs to O}. Then by Proposition 3.1.1] =
has length ||z|| = v/27. Therefore, d(Ap) = /27.

O

3.2. F/F, with a Unique Rational Subfield of Degree (F)

It is well-known that a hyperelliptic function field F/IF, has gonality v(F") = 2, and
there is a unique rational subfield £ C F with [F : E]| = 2, see [14, Proposition 6.2.4].
This motivates us to consider function fields F'/F, which satisfy the following con-

dition:
There is a unique rational subfield £ C F with [F : E| = v(F). (%)
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Denote by Ap the sublattice of Ap generated by the minimal vectors of Ap. By

definition, Ap is well-rounded if and only if
rank(Ap) = rank(Ap).

In the next theorem, an expression for the rank of Ap is given, when d(Ap) = /27
and condition (*) holds.
Recall that if E' is a rational subfield of F' with [F': E] = ~, for a rational place P

of E, we define conditions (1) and (2) as follows:
P splits completely in the extension F/FE, and (1)
for all P’ € P*(F) with P'|P, the place P’ belongs to P. (2)

Theorem 3.2.3 Let F'/F, be a function field with y(F) =, g(F) > 2 and P C P(F).
Suppose that F/F, satisfies condition (x) and Ap has minimum distance d(Ap) = /2.
Let E C F be the unique rational subfield with [F : E] =~ and consider the set

S :={P € P(E): deg(P) =1 and P satisfies conditions (1) and (2)}.
Let m :=|S|. Then the following hold:
(i) m>2.
(ii) rank(Ap) > my — 1.
(iii) The vectors in Ap of minimal length span a sublattice of rank m — 1, i.e.,

rank(Ap) =m — 1.

(iv) Ap is not well-rounded.
Proof:

(i) Since d(Ap) = /27 and E is the unique rational subfield with [F' : E] = v, the
result directly follows from Corollary [3.1.2]

(ii) By Proposition 2.2.2]
rank(Ap) = |P| — 1.

Since above every place P € S there are v rational places of F', all of which are

contained in P, the cardinality of P satisfies the inequality
P| = my.

Hence, rank(Ap) > my — 1.
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(iii) Let P € S and = € FE be such that P is the pole of x in E. Since P splits
completely in F//E, the degree of F//F,(z)is [F : Fy(x)] = v, and thus E = F,(z).

Then S can be expressed as

S = {(Z’ = OO)? (Z’ = al)? ceey (l‘ = am—l)}a
where the elements ay, ..., a1 € F, are pairwise distinct. We claim:

(a) The elements  — a; belong to O, and the vectors ¢p(x — a;) € Ap are
linearly independent of the minimal length d(Ap) = 1/27.

(b) Every minimal vector in Ap is a Z—linear combination of ¢p(x — a;), i =

1,....m—1.

Proof of (a): Since the elements of S fulfill condition (1), the pole divisor of

and the zero divisor of x — q; in F' are of the form

() = Q1+ -+ Q, and
(@—a)o=P"++ P9,

respectively, where @), P,gi)
condition (2), @, P,Ei) € P. Hence z — a; € O%. Let P be the n-tuple

are pairwise distinct rational places in P!(F). By

P=(Q, Q@ P, ..., PO PV pmeD ),

Y

Then the vectors ¢(x — a;) have the form

(—1,...,-1,0,...,0,1,...,1,0,...,0).
—— — ——
Q]' P(i)

These vectors have length /27, and they are obviously linearly independent.
Proof of (b): Let z € Op" with ||z|| = \/2v, then [F' : F,(2)] = v by Proposition
3.1.1f Thus F,(z) = F,(x) by condition (x). Therefore,

either z = ax — § with a, f € F, and a # 0 (case 1),

ar _f with «, 5,0 € F, and ad # [ (case 2).

or 2 =

Again by Proposition the zero and the pole of z split completely in F'/F,(z).
Since z is an element of O, all places of F' lying over the zero or the pole of z
belong to P. Thus, the zero and the pole of z in F,(z) are contained in the set

S.

In case 1, we can assume that z = z — 8 (since ¢p(z) = ¢p(a™12)). It follows
that (r = ) € S. Hence,

op(2) = ¢p(x — B) = dp(r — a;) (3.2)
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for some i € {1,...,m — 1}.

In case 2, we have to distinguish two subcases: @ = 0 or a # 0. In the first
subcase, we can assume that z = 1/(z — ). Then (z = ) € S. As above, we

conclude that

¢p(2) = —¢p(x —0) = —¢p(z — a;) (3.3)
for some i € {1,...,m — 1}. In the second subcase, without loss of generality,
z=(x—p)/(x —6), and it follows (x = ), (x = §) € S. Therefore,

¢p(z) =¢p(z — B) — ¢p(z — 9)
n(a— )~ (a2 3
for some ¢ # j € {1,...,m —1}.

Consequently, the rank of Ap is

rank(Ap) =m — 1.
(iv) As g(F) > 2, the gonality of F is greater than 1. Then from parts (ii) and (iii),

rank(Ap) > my — 1
>m — 1 = rank(Ap),

which implies that Ap does not contain enough linearly independent minimal

vectors to be well-rounded.

]
In the setting of Theorem we find a formula for the kissing number of Ap.

Corollary 3.2.4 Under the assumptions of Theorem [3.2.3, the kissing number of Ap
15 given by
K(Ap) =m(m —1).

Proof: By the proof of Theorem [3.2.3((iii), we observed that if z € O gives a minimal
vector in Ap, then the vector ¢p(z) must have one of the following forms (using the

same notations as in the proof of the theorem):

e By the Equation (3.2)), ¢p(2) = ¢p(xr — a;), for i = 1,...,m — 1, which is the
vector

(-1,...,—-1,0,...,0,1,...,1,0,...,0).
— —— ——
Qj P

There are m — 1 vectors of this form.
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e By the Equation (3.3), ¢p(z) = —¢p(xr — a;), for : = 1,...,m — 1, which is the
vector

(1,..0,1,0,...,0,—1,...,—1,0,...,0).
—— —_— —
Q; Plii)

There are m — 1 vectors of this form.

e By the Equation (3.4)), ¢p(2) = ¢pp(r—a;)—¢p(r—a;), fori # j € {1,...,m—1},
which is the vector

0,...,0,1,...,1,0,...,0,1—,...,—1,0,...,0).
—— ———
PO PO

There are (m — 1)(m — 2) vectors of this form.
In total, the number of minimal vectors of Ap is
K(Ap) =m(m —1).

|

Now we consider the special case that P consists of all rational places of F'| i.e.

P =PYF).
Corollary 3.2.5 Let F/IF, be a function field with v(F) =~ and g(F) > 2. Let
P =P'(F).

Suppose that F/F, satisfies condition (x) and Ap has minimum distance d(Ap) = /2.
Let E C F be the unique rational subfield with [F : E] =~ and consider the set

S":={P eP(E):deg(P) =1 and P splits completely in the extension F/E}.

Let m :=|S’|. Then the conclusions of Theorem[3.2.5 hold.

Proof: Since P = P!(F), each place in S’ satisfies condition (2). Thus, the hypothesis
of Theorem [3.2.3] is satisfied.
O

The following is a remarkable application of Theorem |3.2.3|

Corollary 3.2.6 Let F/F, be a hyperelliptic function field. Then y(F) = 2 and
g(F) >2. Let P =PYF) and E C F be the unique rational subfield with [F : E] = 2.

Assume the following condition:
At least two rational places of E split in F/E. ()

Then, the function field lattice Ap is not well-rounded.
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Proof: Since P = P!(F) and condition (**) holds, Corollary applies; the min-

imum distance of Ap is equal to d(Ap) = /27(F) = 2. Then the result follows by
Corollary [3.2.5]
O

Note that the lattices associated to hyperelliptic function fields are studied in detail
in Chapter 4. Also, a sufficient criterion to obtain condition (xx) for hyperelliptic
function fields is given in Chapter 5 to produce examples of lattices which are not
well-rounded.(See Example in Chapter 5.)

We complete this section by showing that there are many function fields that satisfy

condition (x):

Proposition 3.2.7 Suppose that E C F' is a rational subfield of F' such that r := [F :
E] is a prime number and

g(F) > (r—1)%
Then the gonality of F is v(F) = r, and E is the unique rational subfield of F with
[F:E]=r.

Proof: Assume that there is a rational subfield £ C F of degree [F : E] < r and
E # E. Then F is the compositum of E and F, and by Riemann’s inequality (see |14,
Corollary 3.11.4]) we obtain

g(F) < ([F: E] - 1)([F: E]-1) < (r — 1)%,

a contradiction.

3.3. F/F, with Many Rational Subfields of Degree ~(F)

Now we give a generalization of the results in Section 3.2, by omitting condition
(%), which allows F' to have only one rational subfield £ C F with [F : E] = ~(F).
In Corollary , a class of function fields F'/F, is presented where Ap is not well-
rounded and

d(Ap) = V2v(F).

Our reference for this section is [1].
Let us recall conditions (1) and (2), again for this section. If F is a rational subfield
of F with [F : E] = ~(F), for a rational place P of E, define conditions:

P splits completely in the extension F'/FE, and (1)

for all P’ € P'(F) with P'|P, the place P’ belongs to P. (2)
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Lemma 3.3.8 Let F'/F, be a function field with v(F) = v and P C P(F). Suppose
that Ap has minimum distance d(Ap) = \/2y. Let E C F be a rational subfield with
[F': E] =~ and consider the set

S(E) :={P € P(E) : deg(P) =1 and P satisfies conditions (1) and (2)}.
Assume that |S(E)| =: m > 2. Then the following hold:

(i) The vectors ¢p(z) € Ap of minimal length where z € E N O% span a sublattice of
Ap of rank m — 1.

(ii) The number of the minimal vectors ¢p(z) € Ap where z € E N O% is given by

m(m —1).

Proof: Corollary guarantees the existence of a rational subfield £ C F with
[F: E] =~ and |S(E)| > 2. Let S(E) ={Fy,...,Pn}.

(i) Let z € EN O} with ||z = v/27. By Proposition [3.1.1]
[F:Fy(2)] =y = E=F,2),

and the zero and the pole of z in E satisfy (1). Since z € O3, these two places
also satisfy (2). Thus,

(2)¥ = P, — P; for some i # j with i, € {1,....m},

where (2)F denotes the principal divisor of z in E. Let us denote z by z;; if
(2)¥ = P, — P;. Then,
(25)" = P — P,
= (Zi71)E — (ZjJ)E for ’L,] S {2, ce ,m}.
Thus,
¢p(zij) = ¢p(zi1) — ¢p(z;1), and also
op(215) = —op(z1)-
Hence, the set
{tp(zj1):7=2,...,m}

generates the sublattice of Ap spanned by all ¢p(2), where ||z]] = /27, z €
ENO%. Since (for a suitable ordering of P) ¢p(z;1) has the form

ép(21) = (0,...,0,—1,...,—1,0,...,0,1,...,1,0,...,0),
—_——— ——
above P; above P;
the vectors ¢p(z;1) are linearly independent for j =2,...,m.
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(ii) By part (i), we count the elements z; ;, with 4,5 € {1,...,m} and i # j. Obviously,
there are m(m — 1) such elements.

The next theorem gives an interval in which the rank of Ap lies.

Theorem 3.3.9 Let F/F, be a function field with v(F) =~ and P C P(F). Suppose
that Ap has minimum distance d(Ap) = /2. Let E, ..., Es be all rational subfields
of F with [F : E;] =~ and consider the sets

S(E;) :={P € P(E;) : deg(P) = 1 and P satisfies conditions (1) and (2)},

fori=1,...,s. Let m; :== |S(E;)| and m := max{m; : 1 <i < s}. Then the following
hold:

(i) m>2.
(ii) rank(Ap) > my —1.
(iii) The rank of the sublattice Ap, generated by the minimal vectors of Ap, satisfies

m — 1 <rank(Ap) < s(m —1).

Proof:
(i) The result follows from Corollary [3.1.2]
(ii) See the proof of part (ii) of Theorem [3.2.3]

(iii) If ¢p(2) is a minimal vector, then F,(z) = E; for some ¢ € {1,...,s} such that
m; > 2, by Corollary B.1.2] Thus, z € E; N O3 where m; > 2,1 <4 <s. On the
other hand, if m; > 2, then there are m; — 1 linearly independent vectors ¢p(z) of
minimal length, where z € E; N Of, by Lemma [3.3.8 Therefore, the number of

linearly independent minimal vectors in Ap, rank(Ap), satisfies the inequalities
m — 1 <rank(Ap) < z:(mZ —1) <s(m-—1).
i=1

O
Now we obtain a class of function fields which yields lattices that are not well-
rounded.

Corollary 3.3.10 Under the assumptions of Theorem assume further that g(F') >
0 and s <. Then, Ap is not well-rounded.
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Proof: As g(F') > 0, the gonality of F'is greater than 1. Then,

rank(Ap) < s(m—1) <y(m—1) =ym —~
< ym — 1 < rank(Ap).

Therefore, the number of linearly independent minimal vectors is less than the rank of
Ap, ie. Ap is not well-rounded.
O

The following corollary presents an expression for the kissing number of Ap.

Corollary 3.3.11 Under the assumptions of Theorem|[3.3.9, the kissing number of Ap

15 given by

k(Ap) = Zmz(mZ —1).

Proof: By Corollary any z € Of with minimal length belongs to E; N O% for
some i € {1,...,s} such that m; > 2. Then the result follows from the second part of

Lemma 3.3.8
O

As a final observation, we can discard condition (2) if P consists of all rational

places of F.
Corollary 3.3.12 Let F/F, be a function field with v(F) = ~y. Let
P =PYF).

Suppose that Ap has minimum distance d(Ap) = \/27y. Let Ey, ..., Es be all rational
subfields of F with [F : E;| =~ and consider the sets

S'"(E;) :={P € P(E;) : deg(P) = 1 and P splits completely in the extension F/E;},

for i =1,...;s. Let m; := |S"(E;)| and m := max{m; : 1 < i < s}. Then, the
conclusions of Theorem hold.

Proof: See the proof of Corollary [3.2.5]
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CHAPTER 4

Lattices from Hyperelliptic Function Fields

In the previous chapter we showed that for some natural choice of P, lattices from
hyperelliptic function fields are not well-rounded (see Theorem or Corollary.
In this chapter, we study lattices from hyperelliptic function fields in detail for a dif-
ferent choice of the set P.

4.1. Some Basic Facts about Hyperelliptic Function Fields

We present some preliminary information on hyperelliptic function fields based
on [14, §6.2].
Let K be a perfect field.

Definition 4.1.1 A hyperelliptic function field over K is an algebraic function field
F/K of genus g(F) > 2 which contains a rational subfield K(x) C F with [F : K(x)] =
2.

Lemma 4.1.1

(1) A function field F/K of genus g(F') > 2 is hyperelliptic if and only if there exists
a divisor A € Div(F') where deg(A) = 2 and the dimension of L(A) is at least 2.

(ii) Ewvery function field F/K of genus 2 is hyperelliptic.

If F/K is hyperelliptic and K (z) is a subfield of F' with [F' : K(z)] = 2, then the

extension F/K (x) is separable. Hence F'/K(z) is a cyclic extension of degree 2.

Proposition 4.1.2 Assume that char(K) # 2. Then the following hold:
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(i) Let F/K be a hyperelliptic function field of genus g. Then there exist x,y € F such
that F = K(z,y) and
~ f(x) € Kla (1)

2
with a square-free polynomial f(x) of degree 2g + 1 or 2g + 2.
(ii) Conversely, if F = K(z,y) and y*> = f(z) € K[z] with a square-free polynomial

f(x) of degree m > 4, then F/K is hyperelliptic of genus

(m—1)/2 if m=1mod 2,
g =
(m—2)/2 if m=0mod 2.

(iii) Let F = K(x,y) with y* = f(x) as in Equation (4.1). Then the places P €
P(K(z)) which ramify in F/K(x) are the following:
all zeros of f(x), if deg(f(z)) = 0 mod 2,
all zeros of f(x) and the pole of x, if deg(f(z)) =1 mod 2.

Hence, if f(x) decomposes into linear factors, then exactly 2g + 2 places of K(x)
are ramified in F/K(x).

In the case of char(K) = 2, the number r of ramified places in F'/K(x) lies in the
interval
1<r<g+1 (4.2)

Later we will use the following property of hyperelliptic function fields.
Proposition 4.1.3 Consider a hyperelliptic function field F/K of genus g and a ra-
tional subfield K(z) C F with [F : K(x)] = 2. Then, all rational subfields K(z) C F

with [F : K(z)] < g are contained in K(x). In particular, K(x) is the only rational
subfield of F with [F : K(x)] = 2.

4.2. The Group Of for Hyperelliptic Function Fields

We consider a hyperelliptic function field F'//F, with genus g = g(F') and denote by
F,(x) its unique rational subfield of degree [F' : F,(z)] = 2. We assume that the pole of
x is ramified in F'/F,(x) and denote by P, the unique pole of = in P(#"). Throughout
Sections 4.2-4.4, we fix the tuple @ C P(F) as follows:

Q: (P007P27"'7PT7Q17"’7Q8)7 where
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e P, ..., P, are all rational places of F' which are ramified over I (z) and are dif-

ferent from P, and
o ()1,....,Q are all places of F' of degree 2, which are inert over F,(z).
We set, throughout Sections 4.2-4.4,
a; =x(P;) €F, (fori=2,...,r) and 5; == 2(Q;) € F, (for j =1,...,5).
We study the lattice Ag. Clearly the rank of Ag is
rank(Ag) = (9| —1=r+s—1.

In this section we find the form of elements of the group OF, which leads to determine

a generating set for Ag.

Lemma 4.2.4 Let 2z € Oy. Then there exist a;,b; € Z such that the element

t:= zﬁ(:p — ;)" f[(a: — Bj)bj € Og
i=2

j=1

has the divisor
(t) = Voo Poo + 1o Po + -+ + 1, P, with v; € {0,1},i=2,... 7. (4.3)
Proof: The valuations of z — a; and x — f3; are
vp (1 — ;) = vp (. — B) = =2, vp(r—a;) =2 and vg,(z — F;) =1,

for all 7, 7, and zero at all other places. Thus by assigning the values

a; == — V)PT(Z)J and b; := —vg,(2),

t has the principal divisor (¢) given in Equation (4.3)).

O
Lemma 4.2.5 Let z be an element of OF and define the element
t:= zH(x — ;)" H(x — B € OF
=2 j=1
as in Lemma[{.2.4 Then,
(1) t can be written as
g
t=cy+ Z cra®, (4.4)
k=0

where ¢,c,, € Fy, g = g(F) and y is an element of F with the pole divisor
(¥)oo = (29 + 1) P
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(ii) In Equation (4.4), if c =0 then t is a non-zero constant in IF,.

(iii) In Equation (4.4)), if ¢ # 0 then the characteristic of F, is odd and the number of
ramified places in F/F,(z) is 2g + 2.

Proof:

(i) It is clear that ¢ is in the Riemann-Roch space L£((r — 1)P.,) associated to the
divisor (r — 1)P,. By Proposition and Equation (4.2), the number of
ramified places in F'/F,(z) is at most 2g + 2. Then

r <2g+ 2 and

t e L((r—1)Px) C L£((2g + 1)Py).

Note that £((2g + 1)Px) has dimension g + 2 and there exists an element y €
F with pole divisor (¥)e = (29 + 1)Px. (See [14, Theorem 1.5.17] and |14,
Proposition 1.6.6].) Thus, the set

{1,z,2°,...,29 y}
forms a basis for £((2g+1)Ps). Therefore, t can be written as in Equation (4.4)).

(ii) Assume that ¢ = 0. Let the degree of t(x) € F,[z] be deg(t(z)) = ¢ < g. Then the

valuation of ¢ at the place P, is
UVp, (t) = —26,

by the Strict Triangle Inequality for valuations of F'//F, (see |14, Lemma 1.1.11]).
It follows that, without loss of generality, the principal divisor (¢) has the form

(t) = —20Ps + Po+ -+ Pyyyy.

Then the places (v = ag),...,(r = qg41) are the zeros of ¢t in F (x), which
results in that the polynomial ¢(z) has 2¢ zeros, as, ..., a1, in F,. It follows
that

20 < deg(t(z))=( = (=0.

Hence
t=cy € Fq.

(iii) If ¢ # 0, by the Strict Triangle Inequality, the valuation of ¢ at the place Py is
vp (1) = vp (y) = —(29 + 1).
Then, without loss of generality, the principal divisor (¢) has the form
t)=—29+ )P+ Po+---+ Psgio,
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which implies that
r> 29+ 2.

From Proposition and Equation (4.2)), it follows that

char(F,) # 2 and
r=2g+2,

i.e. the number of ramified places in F/F (x) is 2g + 2.

O
In the next theorem, we describe the elements of the group Of on a case by case
basis.

Theorem 4.2.6 Assume that the pole of x is ramified in F/F,(x). Then the set Of
can be described as follows:

(i) In the case of char(F,) = 2,

7 S

0= {(5 : H(a: —a)% [ [(x —B;)% : 6 € Fy, ai,b; € Z},

i=2 j=1

(ii) In the case of char(F,) # 2, assume that F = F,(z,u) where u* = f(z) with a
square-free polynomial f(x) € F,[x]. There are two subcases:

(a) If f(z) does not decompose into linear factors over F,

T S

05 = {5 : H(as — ;)" H(a: —B)% 6 € Fy, a;,b; € Z}.

i=2 j=1

(b) If f(x) decomposes into linear factors over F,

T S

o= {(5 St H(m — ;)" H(x —B)% e {0,1}, 6 €F;, a;,b; € Z}.

i=2 j=1

Proof: Let z be an arbitrary element of OF. Applying Lemma and Lemma ,
z can be written as

S

z = tﬁ(:v — ;)" H(x — B;)%, a;,b; € Z, (4.5)
i=2

j=1

where t € (’)*Q has the form

g
t=cy+ > cpx®, with ¢,c, € Fy, g = g(F) and
k=0 (4.6)
y € F such that (y)s = (29 + 1) Ps.
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i) If char(IF,) = 2 then in Equation (4.6
q
c=0

by the third part of Lemma |4.2.5 It follows that ¢ is a non-zero constant in F,
by the second part of Lemma [4.2.5]

(ii) By Proposition4.1.2] the assumption that the pole of z is ramified in F'/IF, implies
that the degree of f(x) € F,[z] is

deg(f(z)) =29+ 1.

(a) Suppose that f(x) does not decompose into linear factors in F,[z]. Then

the number of ramified places in F'/F (x) is less than 2¢g + 2 by Proposition

4.1.2) Thus, in Equation (4.6)
c=0

by the third part of Lemma [£.2.5] Hence ¢ is a non-zero constant in F,, by
the second part of Lemma [4.2.5]

(b) Suppose that f(x) splits into linear factors over F,. Then by Proposition
4.1.2) the number of ramified places in F//F,(z) is r = 29 + 2 and the set of

roots of f(x) is

{Oég, Ce ,a29+2}.
Then the principal divisor of u is
(u) = =29+ 1)Poc + Po+ - - + Pago,

which stems from the equality u? = f(z).

There are two types of elements in OF, depending on whether c is zero or

not in Equation (4.6]).

e If ¢ =0, by the second part of Lemma {4.2.5, ¢ belongs to Fy.
e If ¢ # 0, then the valuation of ¢ at the place P, is

vp,(t) = vp, (y) = —(29 + 1).
Then, by Equation (4.3)), (¢) has the form
t)=—Qg+ 1P+ P+ + Pyyio.

Hence, the principal divisor of ¢ satisfies the equality

implying that



In all of the cases, Equation (4.5 provides the desired form for z.

Generating sets for Ag can easily be derived from Theorem [4.2.6]

Corollary 4.2.7 Under the assumptions of Theorem the function field lattice

Ag can be generated as follows:

(i) In the case of char(F,) = 2,
AQ:<¢Q(£C—OQ), (ﬁg(:{:‘—ﬁﬂ :’i:2,...,7", jZl,...,S>.

(ii) In the case of char(F,) # 2, assume that F = F,(z,u) where u* = f(z) with a

square-free polynomial f(x) € F,[z]. There are two subcases:

(a) If f(x) does not decompose into linear factors over F,
Ao = (dale — i), bz — ) i =2,...,1, j=1,....5).
(b) If f(z) decomposes into linear factors over I,

AQ:<¢Q<I‘_O[Z'>, polr—0B)i=2,...,m, j:l,...,s>+<¢g(u)>.

4.3. Well-roundedness Property of the Lattices from Hyperelliptic
Function Fields

Let F'/F, be a hyperelliptic function field and F,(x) C F be the unique rational
subfield of F with [F': F,(x)] = 2. Recall that, in Chapter 3, we obtained the following

result on well-roundedness property of lattices from hyperelliptic function fields:

Theorem 4.3.8 Suppose that P C P(F') contains all the extensions of at least two
rational places of F,(x) which split in F'/F,(x). Then the lattice Ap is not well-rounded.

Proof: See Corollary and Theorem in Chapter 3.
O

Now, we analyze the case that the extensions of splitting rational places of F,(z)

are excluded from P. In other words, we consider the tuple
Q= (Px,Ps...,P,Q1,...,Q5) CP(F)
which is described in Section 4.2.
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Theorem 4.3.9 Assume that g(F) > 3 and the pole of = is ramified in F/F,(x).

Consider the set of vectors

M :={¢o(r — ), polx —B;):i=2,...,7m, j=1,...,5} C Ag.

Then the following hold:
(1) The minimum distance of Ag is
d(Ao) = V8
and the vectors in M have the minimum length.
(ii) The lattice Ag is well-rounded.
Proof:
(i) The vectors ¢o(x — ;) and ¢g(x — ;) have the form
£(0,...,0,-2,0,...,0,2,0,...,0),

and the length

Iz - aill = llo = Byl = /(=22 + 2° = V5.

(4.7)

In Proposition [2.2.1] we showed that the square of the length ||z]| is an even
integer for any z € O%. Suppose that there is an element z € O} with ||z|| < v/8.

Then we have one of the following cases:
e ||z|| = V6. Then ¢g(2) is either
+(-2,1,1,0,...,0) or
+(1,1,1,-1,-1,-1,0,...,0),

without loss of generality.

In the first case, the degree of the extension F//F,(z) is [F : F,(2)] = 2. By

the uniqueness property of F,(z),

F,(2) = F, ().

If the zero or the pole of z split in F'/F,(z), then z cannot belong to OF, due
to the setting of Q. Thus, the zero and the pole of z are ramified or inert
in F'/F,(x), which implies that ¢o(z) has the form as in Equation (4.7).

In the second case, the degree of the extension F/F,(z) is [F' : F,(z)] = 3.
Then, by Riemann’s inequality (see |14, Corollary 3.11.4)),

F =TF,(z,2) and
g(F) < ([F: Fy(2)] = D([F: Fy(2)] = 1) = 2.
It follows that g(F')

(
2, which is not the case.
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e ||z|| = V4. Then ¢o(z), without loss of generality, has the form
+(1,1,-1,-1,0,...,0).

Hence, z has degree 2 and ¢g(z) must have the form as in Equation (4.7)),

again.
e ||z]| = v/2. Then ¢go(z), without loss of generality, has the form
+(1,-1,0,...,0),
which results in that [F : F,(z)] = 1, i.e. F is a rational function field.
Therefore, the minimum distance of Ag is d(Ag) = V/8.

(ii) Q consists of the extensions of (r = 00), (v = ;) and (z = ;) in F//F,(z). Thus,
the set M consists of
Q-1

vectors of Ag, which have the minimum length of Ag by the first part. Recall
that the rank of the lattice is also rank(Ag) = |Q| — 1 (see Proposition [2.2.2)).
M is clearly a linearly independent set; therefore, the function field lattice Ag is

well-rounded.

|

Corollary 4.3.10 Under the assumptions of Theorem[{.3.9, Ag can be generated by

its minimal vectors in the following cases:
o char(F,) = 2.

e char(F,) > 2, and F = F,(z,u) with the defining equation u* = f(x) € F,[z]

where

f(x) is a square-free polynomial and

f(x) does not decompose into linear factors over F,.

Proof: The results follow from Corollary and Theorem [4.3.9]
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4.4. Relatively ‘Short’ Vectors in Hyperelliptic Function Fields

Let F/F, be a hyperelliptic function field and F,(x) C F be the unique rational
subfield of F with [F': Fy(x)] = 2. Let Q@ C P(F') be the tuple described in Section 4.2.
In the previous section, it was shown that the minimal vectors of Ag are associated
to certain elements of F,(x). Now, we present our result on the smallest length of
z € O5 where z is not an element of F,(z) (which may be useful for future studies on
the successive minima for Ag, see [6, p. 58]).

The following observation holds for any tuple P of places of F.

Proposition 4.4.11 Let g(F') = g and z € O}. If the length of z satisfies the inequal-

1ty
Izl < /29 +2,

then z belongs to F,(x).

Proof: By Proposition [2.2.1}
29 +2 > ||2[|* > 2deg(2)
= deg(z) < g+ 1.

Hence, z € F,(z) by Proposition [4.1.3]
O
In general, the assumption ||z]| < v/2g + 2 in Proposition cannot be relaxed.
We give an example:

Example 4.4.2 Let char(F,) be odd and F = F,(z,u) where u®> = f(z) with a square-
free polynomial f(x) € Fy[z]. Assume that f(x) splits into linear factors in F,[z] and
the pole of x is ramified in F/Fq(x). Then, there exists an element z in OF \ Fy(x)

with length
2]l = /29 + 2.

Proof: Since the pole of x is ramified in F/F,(z), the degree of f(z) is deg(f(z)) =
2g + 1 by Proposition 4.1.2l Let hy(z) and ho(z) be polynomials in F (x) such that

f(z) = hi(x)hy(x), where deg(hi(z)) = g and deg(hs(x)) = g + 1.
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By Proposition the zeros of f(x) and the pole of x are all of the ramified places
in F/F,(x). Since f(x) decomposes into linear factors over IF,, the principal divisors

of u and h; are found to be

2g+2
(1) = —(2g+1)Px + Y _ P, and
1=2
(1) = —29P+ Y 2P,
hilzvalﬁr:eo

respectively. Hence, the element uh;' € 05 \ Fy(z), with the principal divisor

(whi')=-Po— 3 P+ ¥ P,
i where

e i where
hi(o;)=0 ha(a;)=0

attains the length /29 + 2.
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CHAPTER 5

Further Examples of Function Field Lattices

In this chapter, we present several examples which demonstrate some of the results
of the previous chapters.

The first example gives a sufficient criterion to check the assumption in Corollary
0.2.0l

Example 5.0.3 Let F/F, be a hyperelliptic function field with g = g(F') and F,(z) C
F be the unique rational subfield of F with [F : Fy(x)] = 2. Let P consist of all rational
places of F'. Assume that the genus of F satisfies the inequality
g 12>
2+2/q
Then the function field lattice Ap is not well-rounded.

(5.1)

Proof: Recall that N(F') denotes the number of rational places of F.. Then by Equa-
tion and the Hasse-Weil Theorem (see |14, Theorem 5.2.3]), N(F) satisfies the
inequality

N(F)>q+1-29y/q>q+1+ 29— (q¢—5)]=29+6.
By Proposition the number of ramified places in F/F,(x) is at most 2g + 2.
Consequently, there must be at least two rational places of F,(x) which split in F'/F,(z).

Then the result follows from Corollary
O

Example 5.0.4 Letr be a prime number with g = 1 mod r, and let f(x) = Hle pi(x)®
with k distinct irreducible monic polynomials p;(x) € Fy[z] such that 1 < e; <r — 1.
Assume that 3% deg(pi(x)) > 2r and there exist at least two elements ay,ay € F,
such that f(a;) # 0 is an r-th power in F,. Let F'/F, be the function field F = F,(z,y)
with defining equation

y" = f(z).
Let P consist of all rational places of F'. Then the lattice associated to F' is not well-

rounded.
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Proof: F/F,(z) is a Kummer extension of degree [F' : F,(z)] = r (see |14, Proposition
3.7.3]). Denote by P; the place of F,(x) with prime element p;(z) and by P/ the place
of F' lying over P;, for ¢ = 1,..., k. Then the following equality

rop(y) = vp(£(2)) = e(P!|P)es,
where e(P/|P;) is the ramification index of P/ over P;, implies that
e(F|P) =r.
Then the degree of P/ is equal to
deg(F;) = deg(P;) = deg(pi(x)).
Applying the Hurwitz Genus Formula (see |14, Theorem 3.4.13]), we get
2g — 2 = —2r 4 deg(Diff(F/F,(x))), (5.2)

where the degree of the different Diff(F/F,(x)) satisfies

deg(Diff(F/Fq(x))) = )  d(F/|P;)deg(F))

M-

1

7

(e(F/|P;) — 1)deg(pi(x))

I

1

r—1)2r.

)

>

—~

Then Equation (5.2) implies that
g > (’I" - 1)2a

and consequently Proposition applies to the function field F//F,. By the Kummer
Theorem, the zeros of the polynomials x —a; and x—ay split completely in the extension
F/F,(z) (see [14, Theorem 3.3.7]). Thus, the minimum distance in Ap is d(Ap) = v/2r
by Corollary [3.1.2]

Then the result follows from Corollary [3.2.5

O

Recall that the Hermitian function field H = F (x,y) is a function field over a finite

field F, where ¢ = (? is a square and z,y € H satisfy the equation

yé +y= l,f-i—l'
Béttcher et al. [3] showed that if P is taken to be the n-tuple of all rational places of
H, then the lattice associated to H is well-rounded. (See Theorem [2.3.6]) It is known
that Hermitian function fields are maximal, i.e. the number of rational places N(H)
attains the upper Hasse-Weil bound N(H) = ¢ + 1 + 2g,/q. The next two examples

illustrate that not all lattices associated to maximal function fields are well-rounded.
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Example 5.0.5 Let g = (2 be a square and let r be a prime number with ¢ = —1 mod r
and r < (£ +1)/2. Consider the function field F = F(u,y) with defining equation

ye—l—y:u.

Let P consist of all rational places of F. Then F/F, is mazimal, and the lattice

associated to it 1s not well-rounded.

Proof: Being a subfield of the Hermitian function field H = F,(x,y) where y* +y =
21 the function field F' is maximal over FF, (see [8]). On the other hand, F/F,(y) is
a Kummer extension of degree [F': F,(y)] = r (see [14, Proposition 3.7.3]). Note that

e (y =00) and (y = ) such that o* + a = 0, a € F,, are the ramified places in
F/F,(y) and

e (y = ) such that o/ + « € Fy \ {0}, a € F,, are the completely splitting places
in F/F,(y)

Then by the Hurwitz Genus Formula (see [14, Theorem 3.4.13]), the genus of F is equal

to

(—1)(r—1)
; .

Now Proposition m applies to the function field F/F,. By Corollary [3.1.2) the

minimum distance in Ap is d(Ap) = v2r. Also by Equation (5.3), the number of

rational places of F' and the rank of Ap are found as follows:

9(F) = (5-3)

N(F) =r(*—0)+{(+1 as F//F, is maximal (this can also be computed directly),

rank(Ap) = N(F) —1=r((*—1{) + (.
Denote the number of completely splitting places in F'/F,(y) by
m:=L0(—1)>2.
By Corollary [3.2.4] we can find the number of the minimal vectors in Ap as
k(Ap) =m(m — 1) = (2 = 0O)(F* — 0 —1).

Then by Corollary [3.2.5 the rank of the sublattice generated by the minimal vectors
of Ap is equal to

rank(Ap) =m — 1 =% —{ — 1 < rank(Ap).

Therefore, the lattice Ap is not well-rounded.
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Example 5.0.6 Let ¢ = (% be a square and let r be a prime number which divides
C+ 1. Asssume that k is another divisor of € + 1 with r 1 k and 2r < k. Consider the
function field F' = F,(u,v) with defining equation

uF 40" =1.
Let P consist of all rational places of F. Then F/F, is mazimal, and the lattice
associated to it 1s not well-rounded.

Proof: F'is a subfield of the Hermitian function field H over F, given by the equation
i+ yt =1, thus it is maximal over F, (see [8]). Note that F//F,(u) is a Kummer

extension of degree [F' : F,(u)] = r, then the genus of F'is calculated as

o(F) = (T—l)Q(k—l)

(see |14, Proposition 3.7.3]). Now Proposition applies to the function field F/F,,.
Due to Corollary [3.1.2] it is found that d(Ap) = v/2r. Then the result follows from

Corollary [3.2.5]
O

In Chapter 3, we observed that if a function field lattice is well-rounded, then the
associated function field F' has sufficiently many rational subfield £ C F of small degree
[F: E]. In the next two examples, we show that elliptic and Hermitian function fields

have that property. This fact explains why their associated lattices are well-rounded

(see Theorem and Theorem [2.3.6)).

Example 5.0.7 An elliptic function field F' over Fy with N rational places has ezactly
N rational subfields of degree 2.

Proof: Fix a rational place O € P!(F). Note that the Riemann-Roch space L(P + O)
has dimension 2 over F, where P € P'(F). Let {1,z} be a basis of this space. Then

L(P+0O)=F,+2F, and
Fo(L(P + 0)) = Fq(a).
Consequently,

the pole divisor of z in F'is (2)s = P + O and

the degree of the extension F/F (x)is [F: Fy(x)] = 2.

Define the map o as follows:

PYF) — {F|FE C F is a rational subfield of F' with [F : E] = 2}

P — F,(L(P + 0)).
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o is a one-to-one map:
Let P,Q € P}(F) such that

for some z,y € F. Then (y)o, = @ 4+ O and the valuations of x and y at the place O
are

vo(x) = =1 =wo(y).
If Fy(x) = F,(y), then y can be written as

b
Yy = Zj—{—i—_d where ad —bc # 0,a,b,¢c,d € F,.

The valuations at the place O are as the following:

0 ifa=0 0 ifc=0
vo(ax +0b) : and vo(cx +d) :

—1 ifa#0 -1 ifc#0.
Since the assumption ¢ # 0 implies that vo(y) > 0, we can write y as
y=ax+b, a#0.

Then vp(y) = —1 and
(Y)o=P+0= P =Q.

o is onto:
Let £ C F be a rational subfield of F' with [F' : E] = 2. Denote by Og := ONE
the rational place of E over which O lies. Let z be an element of E whose pole is Op.

Then one can choose z as the defining element of . i.e.
E =TF,(2).

Then the degree of z is
deg(z) =[F: E] =2,

which implies that there exists a rational place P of F' such that the pole divisor of z
in F'is

(2)ec =0 + P.
Thus we conclude that

E=TF,(z) = F,(L(O + P))

=o(P).
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Example 5.0.8 Let ¢ = (* be a square and H = F,(x,y) be the Hermitian function
field given by the equation y* +vy = 21, Then there are at least (3 +1 rational subfields
E C H with degree [H : E] = y(H). The kissing number of Ap, where P = PY(H),
satisfies the inequality

k(Ap) > (2 = 1) (3 +1).

Proof: The gonality of H is 7(H) = ¢ and the group G of automorphisms of H over
F, has order ¢3(¢? — 1)(¢3 + 1) (see [13]). The degree of the extension H/F,(z) is

[H : Fy(2)] = ¢

and there are (3 + 1 subfields of H conjugate to F,(z) under G. Thus, one obtains at
least ¢3 + 1 rational subfields F of H of degree [H : E] = {. The last assertion in the
example follows from the fact that in each of these extensions H/FE, there are exactly
(% rational places which split completely in H/E. Applying Corollary gives the
result, which was also obtained in [3| Theorem 8.1], by a different method.

O
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