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Abstract

In this thesis, we consider two problems related to the theory of function fields in
positive characteristic.

In the first part, we study the automorphisms of a function field of genus g > 2 over
an algebraically closed field of characteristic p > 0. We show that for any nilpotent

subgroup G of the automorphism group, the order of G is bounded by 16(g — 1) when
4p

(-1’

of function fields attaining these bounds; therefore, the bounds we obtained cannot be

G is not a p-group and by 2 when G is a p-group. Also, there are examples

improved.

In the second part, we focus on maximal function fields over finite fields having large
automorphism groups. More precisely, we consider maximal function fields over the
finite field IF,,» whose automorphism groups have order exceeding the Hurwitz’s bound.
We determine some conditions under which the maximal function field is Galois covered

by the Hermitian function field.



Pozitif karakteristikteki Fonksiyon Cisimleri Teorisine Katkilar

Burcin Giines
Matematik, Doktora Tezi, 2019

Tez Danigmani: Prof. Dr. Cem Giineri
Tez Es Damigmani: Dr. Ogr. Uyesi. Nurdagiil Anbar Meidl

Anahtar Kelimeler: fonksiyon cismi, Galois geniglemesi, Hermitsel fonksiyon cismi,
Hurwitz cins formiilii, maksimal egri, otomorfizma grubu, pozitif karakteristik,

sifirkuvvetli altgrup

ézet

Bu tezde porzitif karakteristikteki fonksiyon cisimleri teorisine iligkin iki problem ele
alinmigtir.

Birinci boliimde, karakteristigi p > 0 olan cebirsel kapali bir cisim tizerinde tanimh
olan ve cinsi g'nin 2’den biiytlik oldugu fonksiyon cisiminin otomorfizmalari ¢aligilmigtir.
Otomorfizma grubunun herhangi bir sifirkuvvetli altgrubu G i¢in G’nin mertebesinin

p’nin bir kuvveti olmadigi durumda bu mertebenin 16(g — 1) ile siirh oldugu ve p’nin
4p

(p—1)

bu smirlart saglayan fonksiyon cisimleri ornekleri verilmistir; boylelikle, elde edilen

bir kuvveti oldugu durumda ise g% ile smirh oldugu gosterilmistir. Ayrica,

sinirlarin geligtirilemeyecegi gosterilmistir.

Ikinci béliimde, sonlu cisimler iizerine genig otomorfizma grubu olan maksimal
fonksiyon cisimlerine odaklamilmigtir. Daha acgik olarak, F,« sonlu cismi tizerinde
tanimh ve otomorfizma grubunun mertebesi Hurwitz sinirin1 gecen maksimal fonksiyon
cisimleri ele alimmigtir. Bazi kogullar altinda Hermitsel fonksiyon cisminin bu maksimal

fonksiyon cisminin Galois genislemesi oldugu gosterilmigtir.
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Introduction

Many deep results on the automorphism group of a function field (of one variable) have
been obtained over the course of the last decades due to demand from applications such
as coding theory and cryptography. In particular, there has been a lot of research on the
automorphism groups of function fields in positive characteristic, see [3, 4, 14, 23, 27]
and references therein.

In this thesis, we consider two problems in this topic:

In the first problem, for a given function field, we study the relation between the
size of its automorphism group and its genus. Let F'//K be a function field of genus
g, where K is an algebraically closed field. We denote by G, the automorphism group
Aut(F/K) of F over K. If F/K is of genus 0 or 1, then G is an infinite group. However,
for g > 2, it is a well-known fact that G is finite. This result is proved by Hurwitz [20]
for K = C and by Schmid [33] for K of positive characteristic. In his paper, Hurwitz
also showed that |G| < 84(¢g — 1), which is called Hurwitz’s bound. This bound is
sharp, i.e., there exists a function field of characteristic zero of arbitrarily high genus
whose automorphism group has order 84(g — 1), see [28]. In positive characteristic p,
Roquette [31] showed that the Hurwitz’s bound also holds if p does not divide |G|. We
remark that Hurwitz’s bound does not hold in general. In the positive characteristic,

the best known bound is
G| < 164

with one exception: the Hermitian function field. This result is due to Stichtenoth
[34, 35].
There are better bounds for the order of special subgroups of automorphism groups.

When K = C and G is a nilpotent subgroup, Zomorrodian proved in [38] that
|Gl < 16(g —1).

He also showed that if the equality holds, then ¢ — 1 is a power of 2; and conversely,

if g — 1 is a power of 2, then there is at least one function field of genus g with an



automorphism group of order 16(¢g — 1). In the case that G is abelian, Nakajima [29]
showed that |G| < 4(g + 1).

In the first part of this thesis, we give a similar bound for the order of the nilpotent
subgroups of the automorphism group of a function field in positive characteristic.

More precisely, our main result is as follows:

Theorem. Let K be an algebraically closed field of characteristic p > 0 and F/K be
a function field of genus g > 2. Suppose that G is a nilpotent subgroup of Aut(F/K).
Then the following holds.

(a) If G is not a p-group, then we have
|G| <16(g9 —1).

Moreover, if |G| = 16(g — 1), then g — 1 is a power of 2.

4
(b) If G is a p-group, then we have |G| < b )292.

(p—1

We remark that Montanucci and Korchmaros proved independently that if G is a
d-subgroup of Aut(F/K'), where d # p, then |G| < 9(g—1). They also showed that the
equality can only be obtained for d = 3, see [22]. Our result agrees with their result
and gives a linear bound in a more general setup, see Theorem 2.2.5 (Case (a)) and
Theorem 2.2.6 (Case (b)-(iv)).

The second problem in the study of function fields over finite fields is the classifi-
cation of maximal function fields.

The most well-known example of a maximal function field over the finite field I,
q = (? for some prime power ¢, is the Hermitian function field. It has genus £(¢ —1)/2,
which is the largest possible genus among all maximal function fields defined over
the same finite field, see [21]. Moreover, Riick and Stichtenoth [32] showed that the
Hermitian function field is the only F,-maximal function field of genus ¢(¢ —1)/2, up
to isomorphism.

It is a nontrivial task to show that a function field is maximal. On the other
hand, any function field covered by a maximal function field is also maximal, see [25,
Propositon 6]. This result is attributed to Serre, and it is one of the main tools to
obtain new genera for maximal function fields by considering the fixed fields of the
subgroups of its automorphism group.

For a long time, all known maximal function fields were Galois covered by the
Hermitian function field. However, Giulietti and Korchméros gave an example of a
maximal function field F for ¢ = ¢5, where ¢ > 2 is a prime power, such that the
Hermitian function field is not a Galois extension of F', see [12]. They also determined

the automorphism group of F', whose order exceeds Hurwitz’s bound 84(g — 1).



Until recently, Giulietti and Korchmaros function field and some of its subfields
were the only known examples of maximal function fields over Fy that are not Galois
covered by the Hermitian function field. In [4], Beelen and Montanucci constructed a
new family of maximal function fields C,, over Fj2» for odd n > 5 and determined the
full automorphism group and its order, which is £(¢* — 1)(¢" + 1). They also showed
that for ¢ > 3, the Hermitian function field is not a Galois extension of C,,.

It is natural to ask whether there exist other function fields that are not Galois
covered, also when ¢ = p? and ¢ = p*, where p is the characteristic of the constant
field. The first open case ¢ = p? is addressed in [2]. The authors proved that a F .-
maximal function field F' of genus at least 2, whose automorphism group has order
exceeding the Hurwitz’s bound, is Galois covered by the Hermitian function field.

In the second part of this thesis, we study the case ¢ = p?, i.e., maximal func-
tion fields over finite fields Fys. This is a joint work with Daniele Bartoli and Maria
Montanucci.

Our main result is as follows:

Theorem. Let F/F . be a mazimal function field of genus g > 2. Suppose that G is a
subgroup of the Fpa-automorphism group such that |G| > 84(g — 1). Then we have the

following results:
(a) G cannot admit exactly two short orbits, which are both wild.

(b) If G has only one short orbit, which is wild, then F is Galois covered by the Her-

mitian function field.
(¢) G cannot admit exactly three short orbits, exactly two of which are tame.

The present thesis is organized as follows: In the first chapter, we introduce some
basic definitions and fundamental facts about function fields and related topics which
will be used in the following chapters. In the second chapter, we investigate the relation
between the order of nilpotent automorphisms of function fields and its genus. More-
over, we present examples which show that the bounds are sharp. In the last chapter,
we study maximal function fields with large automorphism groups. More precisely,
we determine some of the conditions under which the maximal function field is Galois

covered by the Hermitian function field.



Preliminaries

In this chapter we will introduce some preliminaries on algebraic function fields includ-
ing extensions of algebraic function fields, Hilbert’s ramification theory that will be

used in the later sections. For the proofs and further details, we refer to [36].

1.1 Basic Concepts of Function Fields

Definition 1.1.1. Let K be a field. An algebraic function field over K is a field
extension of K such that there exists an element x € F with x is transcendental over
K and [F : K(z)] is finite. The full constant field of F' is the subfield defined by

K={acF : «is agebraic over K}.

K is algebraically closed in F' and F' is also a function field over K.

Throughout F//K will denote a function field such that K is the full constant field.

Definition 1.1.2. We say that a subring O C F is a valuation ring of F/K if the
following properties hold.

(i) KCOCF.
(11) For every z € F, we have z € O or 271 € O.

A valuation ring O of F//K is a local ring with its unique maximal ideal P = O\ O*,
where O* = {z € O : There is an element w € O with zw = 1}. The unique
maximal ideal P is a principal ideal of O and if P = tO, then each 0 # z € F has a
unique representation of the form z = t™u for some m € Z and u € O*. Also, O is a
principal ideal domain. More precisely, if P = tO and {0} # I C O is an ideal, then
I =1t"O for some n € N.

Such a ring with these properties is called a discrete valuation ring (DVR).

4



Definition 1.1.3. The unique maximal ideal P of some valuation ring O of F/K is
called a place of F' and any generator of P is called a prime element for P. We denote
the set of all places of F' by Pr.

Given a place P, the valuation ring O corresponding to P is uniquely determined
by P, namely O = {z € F : 27! & P}. Therefore, we write Op := O.

Definition 1.1.4. Let P € Pr and t be a prime element for P. For z € F*, write
2z =1t"u withm € Z, u € Op. We associate P with a map

vp: F— ZU{oco}
defined as follows: vp(z) =m and vp(0) = co. vp is called the discrete valuation of F
associated with P.

This definition does not depend on the choice of the prime element ¢. Moreover,

vp has the following properties:
(i) vp(zy) = vp(x) +vp(y) for all x,y € F.
(il) vp(z +y) > min{vp(z),vp(y)} for all z,y € F.
(iii) If vp(x) # vp(y), then vp(x + y) = min{vp(x), vp(y)}.
(iv) vp(a) =0 for all a € K*.
Theorem 1.1.5. 30, Theorem 1.1.13] Let F/K be a function field.
(a) If P € Pp and vp is the discrete valuation of F' associated with P, we have
Op={z€F : vp(z) >0},

Op={z€F : vp(z) =0},
P={zeF : vp(z) >0}

(b) An element x € F is prime for P if and only if vp(z) = 1.
Definition 1.1.6. The residue class field of F at a place P is the field Fp :== Op/P.

Since K C Op and K N P = {0}, K can be embedded in Fp; therefore, the following
definition makes sense. The degree of P is defined as the degree of the field extension
Fp over K, i.e.,, deg P = [Fp : K]|. A place of degree one is called a rational place.
Note that if K is algebraically closed, then all places of F' are rational. If P € Pr and
0 # x € P, we have

deg P < [F : K(7)] < 0.

In particular, the degree of a place is always finite.

5



Definition 1.1.7. Let z € F and P € Pg. If vp(z) = m > 0, we say that P is a zero

of z of order m; if vp(2) = —m < 0, we say that P is a pole of z of order m.

Remark 1.1.8. Let 2 € F' be transcendental over K. Then z has at least one zero
and one pole. In particular, Pr # (). In fact, every function field has infinitely many

places. On the other hand, a nonzero element has only finitely many zeros and poles.

Example 1.1.9. An important example of an algebraic function field is the rational
function field, that is, F' = K(z) for some = € F which is transcendental over K. For
an irreducible monic polynomial p(z) € K[z], we have a valuation ring

f(z)

Oy~ {18+ 1.9 Klul, o) 1900

Then

@@Z{%%:fyeKMw@Mﬂ@w@Hﬁ@}

Hence, the place associated to O, is

Py = 0\ O3y = {21 & g € Klol soll@), s o) ). (1)

We denote by (z = a), the place P,_,. It is the zero of z — a.

Another valuation ring of K (x) is given by
x
om:{ﬁg:ﬁgemmd%ﬂmsww@@,

whose associated place is

P, = {% . f,g € K[z}, deg f(z) < degg(x)}. (1.2)

We denote the place P, by (z = 00). It is called the infinite place of K(z) and it is
the only pole of x.

Remark 1.1.10. The places Py;) and P, defined by (1.1) and (1.2), give rise to all
the places of K(x)/K.

Definition 1.1.11. A divisor D of F' is an element of the free abelian group Div(F')
(written additively) generated by the places of F/K, i.e., a divisor is a formal sum

D = Z npP with np € Z, np =20 for all but finitely many P € Pp.

PePp



The support of D s defined as
suppD = {P € Pr : np # 0}.

The addition in Div(F') is coefficientwise, i.e., if D = Z npP and D' = Z mpP
PePp PePr
are two divisors of F' then

D+D'= > (np+mp)P.

PePp

The zero element of the divisor group Div(F') is the divisor

0:= Z rpP, with all rp = 0.

PePp

For Q) € Pr and D = ) npP € Div(F) we define vg(D) := ng, therefore

suppD = {P € Py : vp(D) #0} and D= Y vp(D)P.

PesuppD

A partial ordering on Div(F) is defined by
D1 < DQ e ’Up(Dl) < UP(DQ) fO?” all P € ]PF

If D; < Dy and Dy # D,, we will also write D; < Dy. A divisor D > 0 is called

positive (or effective). The degree of a divisor is defined as

deg D := Z vp(D) - deg P,

PePr

and this yields a homomorphism deg : Div(F') — Z.

Definition 1.1.12. Let 0 # z € F. Let Z and N denote the set of its zeros and poles,

respectively. Then we define

(2)o:= > _vp(2)P,

pez

(2)oo == Y _(~vp(2))P,

PeN

(2) := (2)0 = (2)oo;

which are called the zero divisor, the pole divisor and the principal divisor of z, respec-

tively.

The number of zeros of z is equal to the number of poles of z, both counted with

7



multiplicity; in particular, deg(z)o = deg(2)e = [F' @ K(2)] ([36, Theorem 1.4.11]).
Therefore, (z) has degree zero.

The set of principal divisors of F' form a subgroup
Princ(F) :=={(2) : z € F*}
of Div(F'). The divisor class group of F' is the quotient group
CI(F') := Div(F)/ Princ(F).
The corresponding equivalence relation on Div(F') is given by
Dy~ D; < [Dy]=[Dy] € ClF).

Definition 1.1.13. For a divisor A € Div(F'), the Riemann-Roch space associated to
A (or ZL-space of A) is the following vector space over K:

ZL(A)={z€F : () >—-A}uU{0}.

The dimension of £ (A) over K is denoted by ((A).

Note that an element z € F'is in the Riemann-Roch space associated to a divisor
A if and only if vp(x) > —vp(A) for all P € Pp.

Below we collect some useful properties of Riemann-Roch spaces (see [36, Sec-
tion 1.4]):

Proposition 1.1.14. Let A, B € Div(F'). Then the following holds.

(a) L(A) # {0} if and only if there is a positive divisor B ~ A.

(b) If A~ B, then Z(A) = Z(B).

(¢) If deg A < 0, then £ (A) = {0}.

(d) If A< B, then Z(A) C Z(B) and dim(Z(B)/£L(A)) < deg(B) — deg(A).

Note that, for a positive divisor A, we have ¢(A) < deg A+1 by Proposition 1.1.14 (d).
Thus, for each divisor A € Div(F), the Riemann-Roch space associated to A is a finite

dimensional vector space over K.

Theorem 1.1.15 (Riemann-Roch Theorem). Given a function field F/K, there exist
an integer g and a divisor W € Div(F') such that for all divisors A € Div(F') we have

U(A)=degA+1—g+ LW —A).



Moreover, g and W are uniquely determined by F in the following sense: If g9 and
Wy € Div(F) are such that for all divisors A € Div(F),

((A) =degA+1—go+ (W) —A)

then g = go and W ~ Wj.
Hence, the following definition makes sense.

Definition 1.1.16. The integer g in Theorem 1.1.15 is called the genus of F/K. The

diwvisor W in Theorem 1.1.15 is called a canonical divisor of F'/K.
Corollary 1.1.17. The genus of a function field F/K is a nonnegative integer.

Remark 1.1.18. The rational function field K (x) has genus zero.

1.2 Extensions of Function Fields

Let F/K and F'/K' be function fields where K, K" are the full constant fields. We
say that F’/K' is an algebraic extension of F//K if F' O F and K’ O K with F'/F is
algebraic.

We consider algebraic extensions of functions fields and study the relation between
the places of F' and F’.

Definition 1.2.1. A place P’ € Pgr is said to lie over P € Pr if P C P'. We say that

P’ is an extension of P or that P lies under P', and we write P'|P.

Suppose that P € Pg (resp. P’ € Pr) and Op C F (resp. Opr C F') is the
corresponding valuation ring, vp (resp. vps) the corresponding discrete valuation. The

following are equivalent:
(i) P'|P.
(ii) Op C Op.
(iii) There exists an integer e > 1 such that vp/(x) = e - vp(x) for all z inF.

Moreover, if P’|P, then
P=PNF and O=0pNF

For this reason, P is also called the restriction of P’ to F.

The integer e(P'|P) := e with vp/(x) = e - vp(z) for all x € F is called the
ramification index of P over P. We say that P'|P is ramified if e(P'|P) > 1, and
P’|P is unramified if e(P'|P) = 1. If the characteristic p of K divides we call P’|P is

9



wildly ramified; otherwise it is called tamely ramified. Moreover, we call F'/F a tame
extension if any ramified place is tamely ramified.

For a place P’ € P lying over P € Py, the facts that P’ C P and Op C Op: imply
that there is an embedding of Fp into F}, given by z(P) +— x(P’) for all z € Op. That
is, F, is an extension field of Fip. The extension degree [F}, : Fp] is called the relative
degree of P'|P and denoted by f(P'|P).

The next proposition shows the existence of extensions of places in algebraic exten-

sions of function fields.
Proposition 1.2.2. Let F'/K' be an algebraic extensions of F/K.
(a) For each place P' € Pp: there is a unique place P € Pr such that P'|P.

(b) Given P € Pg, there exists at least one, but only finitely many extensions P' € Pp.

Theorem 1.2.3 (Fundamental Equality). Let F'/K' be a finite extension of F/K, let
P be a place of F/K and let Py, ..., P!, be all the places of F'/K' lying over P. Then

we have the following equality

> e(P|P)f(P/|P) = [F: F].

i=1

Corollary 1.2.4. Let F'/K' be a finite extension of F/K and P € Pr . Then we

have:
(a) {P" € Pp : P’ lies over P} < [F': F].
(b) If P' € P lies over P, then e(P'|P) < [F': F| and f(P'|P) < [F': F].

Definition 1.2.5. Let F'/K’ be an extension of F/K of degree [F' : F] = n and
P e Pr. We say that

(i) P splits completely in F'/F if there are exactly n distinct places of Prr lying

over P.

(ii) P is totally ramified in F'/F if there exists a place P' € Pp lying over P with

ramification index e(P'|P) = n.
For every divisor of F', we can find a divisor of F”’ as follows:

Definition 1.2.6. (i) Let P € Pp, then Conpyp(P) := »  e(P'|P)-P' € Div(F").
PIGIPF/
P'|P

(ii) For A=Y np-P € Div(F), Cong/p(A):=> npConp /p(P) € Div(F’).

10



In particular, for a canonical divisor of F'/K we can find a divisor in F’/K’. This di-
visor may not be a canonical divisor of F'/ K" itself. However, Congr,p(W)+Diff (F'/F)

gives rise to a canonical divisor of F'/K' where W is a canonical divisor of F//K and

Diff(F'/F)= Y _ Y d(P|P)-P,
PePp PIE]PF/
P'|P

see [36, Theorem 3.4.6]. Here d(P'|P) is the different exponent of P’ over P, whose
definition can be found in [36, Definition 3.4.3].

Corollary 1.2.7 (Hurwitz’s genus formula). Suppose that F/K is a function field with
full constant field K, F'/K' is a function field with full constant field K" and F'/F is
finite separable. Let g := g(F) and g’ := g(F"). Then

9 —2 =1 "
g (K K]

(2 — 2) + deg(Diff (F'/F)).

Therefore, we need methods to compute Diff(F’/F) to calculate g(F").

Lemma 1.2.8 (Transitivity of the Different). If F” O F' O F are finite separable

extensions, then the following hold:
(a) Diff(F"/F) = Conpnp(Diff (F'/F)) 4 Diff(F" / F')

(b) d(P"|P) = e(P"|P") - d(P'|P) + d(P"|P"), if P" (resp. P', P) are places of F"
(resp. F', F') with P" O P' O P.

Consider a finite separable extension F'/F where F'/K and F'/K' are algebraic
function fields with constant fields K and K’, respectively.
The following theorem states the relationship between e(P’'|P) and d(P'|P).

Theorem 1.2.9 (Dedekind’s Different Theorem). We have for all P'|P
(a) d(P'|P) > e(P'|P) — 1.

(b) d(P'|P) =e(P'|P) — 1 if and only if char K does not divide e(P'|P).
1.2.1 Galois Extensions of Function Fields
Given a field extension M/L,

Aut(M/L) :={0o: M — M | o is an isomorphism of M and o, = idL}.

We say that M/L is Galois if and only if [M : L] < co and | Aut(M/L)| = [M : L] and
denote the automorphism group Aut(M /L) by Gal(M/L).
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From now on, we assume that K is a perfect field. We say that F'/K’ is a Galois
extension of F'/K if F'/K' is an algebraic extension of F//K and F'/F is Galois.

Suppose that we have two function fields F’/K’ and F)/ K with F'/K’ is an algebraic
extension of F/K. Fix a place P € Pp. Let @ € Pp with Q|P. Consider the image of

() under an automorphism o of F’/F i.e., consider

o(Q) :={o(z) : z€Q}.

Clearly, (@) is the unique maximal ideal of the valuation ring o(Qg), therefore o(Q)
is a place of F' with v,g)(y) = vg(c~*(y)) for all y € F'. Moreover, o(Q) lies over P,

e(o(Q)IP) = e(QIP) and f(o(Q)|P) = F(QIP).

If additionally F'/F is a Galois extension of function fields, set G := Gal(F'/F).
Then G acts on the set of all places lying over P. Moreover, this action is transitive.
In other words, if @1, Q2 € Pp with Q1|P and Q2|P, then there exists a o € G such
that Q2 = o(Q1), see [36, Theorem 3.7.1].

Corollary 1.2.10. Suppose that F'/F is a Galois extension of function fields. Let
Q1,...,Q., be all extensions of a place P € Pr to F'. Then we have:

(a) e(Q;|P) = e(Q;|P) and f(Q:|P) = f(Q;|P) for all i,j € {1,...,m}. Therefore,
we can define e(P) := e(Q;|P) and f(P) = f(Q;|P).

(b) e(P)f(P)m =[F":F].
(c¢) d(Q;|P) = d(Q;|P) for alli,j € {1,...,m}. We define d(P) := d(Q;|P).

In the case of K is algebraically closed, we mainly use the Orbit-Stabilizer Theorem
to decide the type of the ramification. Let F, F” be function fields over K, where K is
algebraically closed and let F’/F be a Galois extension with G = Aut(F’/F). For a
place Q) € P/, we define

G(@Q) = {o(@) : 0 €G}.
Go={oeG : o(Q)=Q}.

G(Q) is called orbit of @ and Gy, is called stabilizer of @ in Aut(F’/F). The orbit is
said to be short if |Gg| > 1. Otherwise, it is called long. A short orbit G(Q) is called
tame (resp. wild) if p1|Ggl (resp. p | |Ggl)-

Lemma 1.2.11. /19, Lemma 11.41] Let G be a finite subgroup of Aut(F/K). Then
two places of F' lie over the same place of FC if and only if they are in the same orbit

under the action of G. That is, there is a one-to-one correspondence between places of

F% and G-orbits of places of F.
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Theorem 1.2.12. /19, Theorem 11.42] Let Q) be a place of F lying over a place P of
FC. Ifn = |G| and m = |Gg|, then the number of distinct places lying over P is n/m

and the ramification index of each of them is e(P) = m.

Remark 1.2.13. If the orbit of @ is long, then @ is unramified in F/F¢. If G has no
short orbits, the extension F//F¢ is unramified. In particular, G' has a finite number
of short orbits.

We finish this section with two special types of Galois extensions, namely Kummer

and Artin-Schreier extensions.

Proposition 1.2.14. /36, Proposition 3.7.3] Let F/K be an algebraic function field
where K contains a primitive n-th root of unity (with n > 1 and n relatively prime to

the characteristic of K). Suppose that uw € F' is an element satisfying
u#w? forallw e F and dn, d>1.

Let F' = F(y) with y* = u. Such an extension F'/F is said to be a Kummer extension
of F. We have:

(a) The polynomial ¢(T) = T" —wu is the minimal polynomial of y over F (in particular,
it is irreducible over F).

The extension F'/F is Galois of degree [F' : F| = n; its Galois group is cyclic, and
the automorphisms of F'/F are given by o(y) = Cy, where ( € K is an n-th root
of unity.

(b) Let P € Pr and P’ € Pp be an extension of P. Then

e(P|P)=—  and  d(P|P)=——1
rp rp
where
rp = ged(n,vp(u)) >0 (1.3)

is the greatest common divisor of n and vp(u).

(c) If K' denotes the constant field of F' and g (resp. ¢') the genus of F/K (resp.
F'/K'), then

, n 1 rp
g =1+ : (g—1+— (1——>degP),
[K'": K] QPE]PF n

where rp is defined by Equation (1.3).
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Proposition 1.2.15. /36, Proposition 3.7.8] Let F'//K be an algebraic function field of
characteristic p > 0. Suppose that u € F' is an element which satisfies the following

condition:
u# wP —w for allw € F. (1.4)

Let F' = F(y) with y» —y = u . Such an extension F'/F is called an Artin-Schreier
extension of F. For P € Pr we define the integer mp by

) m, if thereis z € F satisfying vp(u — (2P — 2)) = —m < 0 and p{ m,
g =1, ifvp(u— (2P —2)) >0 for some 2 € F

(Observe that mp is well-defined by |36, Lemma 3.7.7.]). We then have:

(a) F'/F is a cyclic Galois extension of degree p. The automorphisms of F'/F are
given by o(y) =y +v, withv =0,1,...,p— 1.

(b) P is unramified in F'/F if and only if mp = —1.
(c) P is totally ramified in F'/F if and only if mp > 0. Denote by P’ the unique place

of F' lying over P. Then the different exponent d(P'|P) is given by

d(P'|P) = (p— 1)(mp + 1).

(d) If at least one place Q € Pg satisfies mg > 0, then K is algebraically closed in F'

and

—1
g'zp-g+p—(—2+ Z(mp—l—l)-degP),

2
PePp

where g’ (resp. g) is the genus of F'/K (resp. F/K).

Definition 1.2.16. Let F'/F be a Galois extension of function fields. Suppose that

Py, ..., P, are all the places of Pr, which are ramified in F, with ramification indices
€1,-..,e. and different exponents dy, ..., d,, respectively. We can without loss of gen-
erality assume that e; < ... < e,. In this case, we say that I is of type (e1, e, ..., ¢€,).

We will later analyze the types that function fields with nilpotent automorphism

groups can have.

Remark 1.2.17. Let F'/F be a Galois extension of function fields and G = Gal(F'/F).
Suppose that P, ..., P. are all the places of Pp, which are ramified in F', with ram-

ification indices ey, ..., e, and different exponents dy,...,d,, respectively. Then by
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Corollary 1.2.10, the different divisor Diff(F"/F) of F'/F is given by

Diff(F'/F) = ZZdQ Zd Y@

=1 QePp/ =1 QEP L/
QIP: QIP,
SILDIPES ST
QEPF/
QP

Hence, by the Fundamental Equality (see Theorem 1.2.3), we have

deg (Diff(F'/F)) = |G| - (Z degp> (1.5)

Then Hurwitz’s genus formula and Equation (1.5) yield the following formula.
29(F') — 2 =G|(2g(F) — 2) + deg (Diff (F'/ F))

- |G|<29(F) —2+Zj—zdegPi) (1.6)

The Equation (1.6) will be often used to estimate the order of the Galois group G.

Another tool that is often used in the study of automorphisms of function fields is

the higher ramification groups.

Definition 1.2.18. Let F'/F be a Galois extension of algebraic function fields with
Galois group G = Gal(F'/F). Consider a place P € Pp and an extension Q) of P in
Pri. For every i > —1 we define the i-th ramification group of Q|P by

GQ|P) == {o € G :vg(o(2) —2) >i+1 for all z € Og}.

Clearly, GW(Q|P) is a subgroup of G. For abbreviation we write Gg) = GO(Q|P).
Proposition 1.2.19. With the above notations we have:
0
(a) G| = e(QIP).
(b) Ggl) D Gg) DI Gg) D GSH) D .- and G (m) = {id} for m sufficiently large.

(c) Let o € Gg) , 1> 0 and let t be a Q-prime element, i.e., vo(t) = 1. Then

o€ GY s vgla(t) —t) >i+1.
(d) If char F' = 0, then Gg) = {id} for alli>1, and Gg) is cyclic.
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(e) If char F = p > 0, then GS) 1s a normal subgroup of Gg). The order of G(Ql) s a
power of p, and the factor group Gg)/GS) 1s cyclic of order relatively prime to p.

(f) If char FF = p > 0, then GSH) is a normal subgroup of Gg) (for alli > 1), and
Gg)/GgH) is isomorphic to an additive subgroup of the residue class field F'q.
Hence Gg)/GgH) 1s an elementary abelian p-group of exponent p.

Theorem 1.2.20 (Hilbert’s Different Formula). Consider a Galois extension F'/F of
algebraic function fields, a place P € Pr and a place P’ € Pp: lying over P. Then the
different exponent d(P'|P) is

d(P'|P) = Z(IG(“(P’IP)! - 1).

We remark that since GW(P'|P) = {id} for large i, the above sum is finite.

Remark 1.2.21. Note that if P’ € Pp is wild with ramification index e(P’'|P) = p°E
for some integer a > 1, £ > 1 with (p, £') = 1, then by Hilbert’s Different Formula, we

have
d(P’|P) > e(P'|P) -1+ (p*-1).

In particular, if e(P’|P) = p® for some integer a > 1, we have d(P’'|P) > 2(p® — 1).

1.3 Group and Field Theory

1.3.1 Nilpotent Groups

Let G be a group (finite or infinite). We define the following subgroups of G inductively.
(ii) For i > 1, Z;11(G) is the subgroup of G containing Z;(G) such that
Zi(G)/Zi(G) = Z2(G/Zi(G))

(i.e., Z;+1(G) is the preimage in G of the center of G/Z;(G) under the canonical
projection G — G/Z;(G)). Therefore, we obtain a chain of subgroups

1= Zo(G) < Zl<G> < ZQ(G) < ...,

which is called the upper central series of G.

Definition 1.3.1. A group G is called nilpotent if Z,(G) = G for some n € Z and the

smallest such n is called the nilpotency class of G.
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Some examples of nilpotent groups are as follows: abelian groups, finite p-groups. Note
also that every subgroup and every quotient of a nilpotent group are nilpotent.

The following theorem is a well-known characterization of finite nilpotent groups.

Theorem 1.3.2. /5, Theorem 8, Section 6.1] Let G be a finite group, let py,pa, ..., Ds
be different primes dividing its order, let P; be a Sylow p;-subgroup of G for 1 <1i < s.

Then the following are equivalent:
(1) G is nilpotent.

(2) If H < G, then H < Ng(H), i.e., every proper subgroup of G is a proper subgroup

of its normalizer in G.
(3) P, <G forl<i<s, ie., every Sylow subgroup is normal in G.
(4) G§P1XP2X...XPS.

The following lemma will be one of our main tools to give an upper bound for the

order of a nilpotent subgroup of the automorphism group of a function filed.

Lemma 1.3.3. If G is a finite nilpotent group, then G has a normal subgroup of each
order dividing |G|.

Proof. Since G is the direct product of its Sylow p-subgroups, it is enough to show that
the statements is true for a p-group. Let G be a group of order p™. We will proceed by
induction on n. If n = 1 there is nothing to prove. Thus, let n > 1. We first show that
the center Z(G) of G is not trivial. Since G acts on itself by conjugation, the sum of

the orders of its conjugacy classes gives the order of GG. That is, we have the following

equality.
k
G =12(G)[ + ) |G : Ca(g:)]
i=1
where g1, ..., gr are representatives of distinct conjugacy classes of G not contained in

Z(@G). Since Cg(g;) # G for i = 1,...,k, p divides |G : Cg(g;)|. Then |Z(G)| is also
divisible by p. Hence, Z(G) is not trivial. Then let z € Z(G) be an element of order
p and N be the subgroup of G generated by z. Since N < Z(G), N is normal in G.
Therefore, G/N is a group of order p"~!. Hence, G/N has a normal subgroup of order
p® for every b =1,...,n — 1. Then the preimages of these normal subgroups give arise
to normal subgroups of G. of order p* for i = 1,...,n.

Now, if p, ¢ are distinct primes dividing |G|, an element of order p and an element
of order ¢ commute. Therefore, for every divisor m of |G|, G has a normal subgroup

of order m.
O
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1.3.2 (Galois Theory

Consider a Galois extension L/K with Galois group G = Gal(L/K). Let
U:={HCG : H is a subgroup of G}

and
F:={ECL : E isan intermediate field of L/K?}.

For a subgroup H of G we define the fixed field of H by
" :={cel : o(c)=cforaloc H}.
Thus we have a mapping

o: U — F

H+— L7,

Conversely, for an intermediate field E of L/K the extension L/FE is Galois; thus, we
have the mapping

v F—U
E+—— Gal(L/E).

The main results of Galois theory is collected below.

Theorem 1.3.4 (Fundamental theorem of Galois Theory). Let L/K be a Galois ex-
tension with Galois group G = Gal(L/K).

(1) The maps ¢ and v are inverse to each other. Therefore, there is a one-to-one

correspondence between U and F (Galois correspondence).
(2) For U € U, we have [L: LY] =|U| and [LY : K] =[G : U].
(3) For U € U, we have U = Gal(L/LY).
(4) For E € F, we have E = LY with U = Gal(L/E).

(5) Suppose that Ey, Ey are intermediate fields of L/ K corresponding to the subgroups
Hy, Hy of G, respectively. Then Ey C FEy if and only if Hy C Hy.

(6) A subgroup U < G is normal in G if and only if the extension LYV /K is Galois. If
this is the case,

Gal(LV/K) = G/U.
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2

Automorphisms of Function Fields

2.1 Background

Throughout this chapter K is an algebraically closed field of characteristic p > 0 and
F/K is an algebraic function field of one variable with constant field K.
Firstly, we recall the action of K-automorphisms on the set of places of F'.

Let 0 € Aut(F/K) and P € Pp. The image o(P) of P is also a place of F. The action

of K-automorphisms on P is given by
o-P:=0o(P).

This action extends naturally to Div(F') as follows: Let D € Div(F) with D =) npP.
Then

o-D:= ZTLPU(P).

In particular, o acts on the set of positive divisors. Moreover, for any nonzero element

Vo(p)(2) = vp(o7(2)). (2.1)
As a consequence, we obtain o - (2) = (¢71(2)), where (z) is the principal divisor of z.

z € F, we have

More precisely,
c-(2)o=(0""2)o and 0-(2)e = (671(2))s0. (2.2)

Therefore, if A, B € Div(F) with A ~ B, then o(A) ~ o(B).

Lemma 2.1.1. Let 0 € Awt(F/K). If o - (z) = (2) for every nonzero element z of F,

then o s the identity automorphism of F'.

Proof. 1t is enough to show that o(z) = z for any z € F'\ K. By our assumption, we

have



o(2)

since 071 - (z) = (z). Therefore, <—> =0, i.e., 0(z) = cz for some nonzero ¢ € K.
z

Replacing z by z + 1, there exists a nonzero element ¢ € K such that
dz+1)=0(z+1)=0(2) +0(1) =cz+ 1.

Thus, (¢ — )z = ¢ — 1. Since z € F'\ K, this is possible only if ¢ = ¢ = 1. Hence
o(z) =z. O
Corollary 2.1.2. If o € Aut(F/K) and o fizes every place of F', then o is the identity

automorphism of F.

Lemma 2.1.3. The only automorphism of F/K fizing more than 2g + 2 places is the
identity.

Proof. Let 0 € Aut(F/K). Assume that Q,Qq,..., Qa2 are all distinct places of
F that are fixed by 0. By the Riemann-Roch Theorem, there are z,z € F' such
that (2)s = 29Q and (z)oe = (29 + 1)Q. Since the degrees [F' : K(x)] = 2¢g and
[F': K(2)] = 29 + 1 are relatively prime, we get K(z,z) = F. Note that x — o(z) and
z — 0(z) have at least 2g + 2 zeros (namely, @1, ..., Q24+2), but their pole divisor has
degree at most 2g + 1 because @ is their only pole. We conclude that o(x) = x and
0(z) = z, then o is the identity. O

2.1.1 Examples of Automorphism Groups of Function Fields

Example 2.1.4. Let F' = K(z) be the rational function field. The K-automorphism
group of F' has the following properties.

(a) Let 0 € Aut(K(z)/K) and f(x) € Klz|. Write f(z) = a,a™+...+a1x+ag. Then

o(f(x)) =o(az" + ...+ a1x 4+ ag) = o(ay)o(z") + ...+ o(ay)o(z) + o(ag)
=a,0(x)" 4+ ...+ a0(x) + ag = f(o(x)).

- f@) @Y fo@) o
Also, if () € K(x), then O'(g<x)) = So@) Therefore, o(K(z)) = K(o(x)).

Now, let z = o(z) € K(z) \ K. Since K(z) = K(z), we have o(z) = z =
for some a,b,c,d € K with ad — bc # 0.

ar +b
cx+d

Conversely, given a, b, c,d € K with ad — bc # 0, there is a unique automorphism

b
o € Aut(K(z)/K) with o(z) = in -
€T

For A = ( Z ccl > € GL(2,K), denote by o4, the automorphism K (x)/K with

b
oa = am—'—f_—d' The map A — 04 is a homomorphism from GL(2, K) onto
cT
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0
Aut(K(x)/K). Its kernel is the set of diagonal matrices < ¢ ) with a € K*;
a

hence,
Aut(K(z)/K) ~ GL(2,K)/K* = PGL(2, K).

In particular, Aut(K(z)/K) is infinite as K is infinite.

By Lemma 2.1.3, we conclude that the identity of Aut(F/K) is the only K-

automorphism fixing at least three places of F.

Let 0 € Aut(K(z)/K). Then there are a,b,c,d € K with ad — be # 0 such that

b
o(x) = Zji_d. If ¢ # 0 or ¢ =0 but a # d, then the equation aT' + b = T'(cT + d)

has a solution « in K; therefore, the place (x = «) is fixed by 0. If ¢ = 0

and a = d, then P, the pole of x, is fixed by 0. Hence, every automorphism
o € Aut(K(x)/K) fixes a place P € Py ).

Suppose o € Aut(K (x)/K) and p { ord(c). We consider the extension K (z)/ K (x),
which is of degree ord(c); hence, K(x)/K(x)? is a tame extension. Therefore, by
applying Hurwitz’s genus formula with respect to K(z)/K(x)?, we obtain exactly

two tamely ramified places in K (z)?. Hence, o fixes exactly two places.

Suppose ¢ € Aut(K(z)/K) and p|ord(c). Then by classification of subgroups
(see [19, Theorem A.8]) of PGL(2, K'), we conclude that ord(c) = p. By applying
Hurwitz’s genus formula with respect to K(x)/K(x)?, we conclude that ¢ has
exactly one fixed place. In fact, if the fixed place is a pole of z, the map o is
o(z) = cx + b for some ¢,b € K \ {0}. Then the fact ord(c) = p implies that

=1 1e,c=1.

Example 2.1.5. Let E be an elliptic function field. Then the automorphism group of

E/K has the following properties.

(a)

We will show that Aut(£/K) is infinite. To this end, we fix a place Py € Pg. Let
Div'(E) = {A € Div(E) : degA=0}.

Clearly, Princ(E) < Div’(E) < Div(E). The factor Jac(E) := Div’(E)/ Princ(E)

is called the Jacobian of E. There is a bijection ® between Pg and Jac(E) given

as follows:

¢ : Pgp— Jac(F)
P [P — Ry
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Then we can carry the group structure of Jac(E) to the set Py via ® as follows:
for P,Q) € Pg
PoQ:=01o(P)+ 0(Q)).

(Pg,®) is an abelian group, and the zero element of the group Py is the place F.

Moreover,
PoQ=R<P+Q~R+PF.

For P € Pg, it follows from Riemann-Roch that ¢(P + P,) = 2; hence, there exists

an element © € E whose pole divisor is (z)s = P+F. Then [F : K(z)] = deg(z)w = 2.

Now, if 1,29 € L (P + Py) such that (z1)e = P+ Py = (72)00, then <£> =0.
x

2/ 0

x x
Therefore, (—1) = (—1) = 0, i.e.,, x1 = cxy for some ¢ € K. Hence, the
0

) )
following automorphisms are well-defined. Let

op := the nontrivial automorphism of E /K (x) and

Tp = 0pOo0p,.

Note that the definition of op and 7p depend on the choice of the place Fy. On
the other hand, for P # @, we have op # 0¢. Indeed, suppose op = 0. Then
there are z; € L(P+ ) \ K and 2 € Z(Q + ) \ K such that K(z) =

b
K(z9). Therefore, z; = az2j__d for some a,b,c,d € K with ad — bc # 0. Thus,
CZo

azy + b
czo +d

P+PF = (21)0 = ( ) . We investigate in three cases:

- - b
e Suppose that ¢ = 0. Then (z1)s = (@22 +b)o Where a = %, b= p with a # 0.
Since (22)00 = (622+6)00 = Q+ Py, we have P+ Py = Q+ Py. Hence, P = Q.
1 -~ d
e Suppose that a = 0. Then (z1)s = (~ ~> where ¢ = E,d = — with
o+ d/ b b

¢#0. Since P+ Py = (21)00 = (@22 + b)oo = Q + Py, we have Fy is a zero of

(¢z2 4+ d), a contradiction.

aze +b
czo +d
Z‘j—:‘l. However, since (23)00 = Q+Fy, we have vp, (azo+b) = vp, (czo+d) = —1.
Thus, vp,(aze + bezg + d) = 0, a contradiction.

e Suppose that a,c # 0. Then (z1)s = ( ) . Therefore, Py is a pole of

Hence, we conclude that if op = 0¢, then z; = az, + b and P = (). Therefore,
we also have 7p # 7g for P # (). Since there are infinitely many places of E, we
conclude that Aut(£/K) is an infinite group.

For all P,Q € Pg, we have 0p(Q)®Q = P and 7p(Q)) = P® Q. Hence, 7p is called

a translation automorphism. Now, the map P — 7p gives a group monomorphism
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from Pg into Aut(F/K). Its image T' := {rp : P € Pgr} C Aut(E/K) is
isomorphic to the divisor classes Jac(F); hence, an infinite abelian subgroup of
Aut(E/K). T is called the translation group of E/K. The translation group T is
independent of the choice of the place Py; T' is a normal subgroup of Aut(F/K),
and the factor group Aut(E/K)/T is finite.

Example 2.1.6. Let ¢ be a power of the characteristic p of K. Let H be the Hermitian
function field, that is, H = K (z,y) with

yq +y= xq—&-l‘

We will consider H as an extension of K (x) and calculate the genus of ‘H. For further
details, see [35, Satz 1].

We first show that H /K (z) is of degree q. Since y satisfies the equation T + T = 7t
clearly, we have [H : K(z)] < q. Conversely, let P, be the pole of z in K(z) and
Qoo € Py with Q| Ps. Let vy be the valuation with respect to Q.. Then

On the other hand, vy (27!) = (g+1) Voo (2) = —(g+1)e(Qoo| Ps). Thus, q|[H : K(x)],
which demonstrates [H : K(x)] = q. Moreover, Q) is totally ramified.
Next, we will show that H/K (x) is Galois. Note that the irreducible equation for
y over K(x) is
o(T) =TI+ T — 291,

Also, if v € K such that v7 + v = 0, then y + v is also a root of ¢(7T") because
ply+1) =y +7)"+ @+ —a™ =y + T Hy+y -2’ =0

Since T9 + T is separable, ¢(T') splits completely into linear factors over H. In other
words, H/K (z) is Galois.

Let G := Gal(H/K(x)). Now, we will show that all places P € Pg(y) \ {Px} are
unramified in #/K (x). Let P € Py \ {Px}. Notice that the coefficients of the min-
imal polynomial ¢ of y over K|x] lies in Op. Therefore, from [36, Theorem 3.5.10 (a)],
for all Q| P, we obtain 0 < d(Q|P) < vp(¢'(y)) =vp(l) =0, ie., e(Q|P) = 1.

We will now calculate the higher ramification groups G (Qu|Ps). Clearly, ¢ := 5

is a prime element for Q. Also,

Vo (0t — 1) = Vg (i - f) = 0o () + Voo (L _ 1)

o(y) ¥y y+v oy
= —q+20q+1) =q+2
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Thus, for ¢ € G with o(y) = y +v and v # 0, 0 € GV(Qu|Ps) if and only if
q+2 > i+ 1. Therefore, the higher ramification groups G (Qs|Ps) are

G, for 0 <i<gq+1,

G (Quo|Pr) =
(Qoc| o) { {id}, fori > q+2

and, by Hilbert’s Different Formula, we have

d(Quo|Pso) = (¢ +2)(q — 1).

Then by Hurwitz’s genus formula we get

The automorphism group of the Hermitian Function Field:

By [15, Proposition 3.8, Theorem 3.10], we know that any automorphism of H is
actually defined over 2. The automorphism group Aut(#/F,2) is known [34, 35] and
it is described as follows:

For each pair (d,e) € Fp2 x Fp2 with €7 + e = d?*! the map o : H — H given by
04e(r) = v+ d and o4.(y) = y + d?z + e defines an automorphism in Aut(H/Fz).
These automorphisms form a subgroup V' C Aut(H /F,2) of order ¢°.

Also, for each element ¢ € F; there is an automorphism 7 € Aut(H/Fg2) with
7.(z) = cx and 7.(y) = c?y. These automorphisms form a cyclic subgroup W C
Aut(H/K), which is of order ¢* — 1.

Now, let U C Aut(H/F,2) be the group which is generated by V and W. Since
V. NW = {id}, we obtain |U| = ¢*(¢*> — 1). Moreover, if 04, € V and 7, € W, then

7 0.7 (2) = 7 0ge(c) = 77 eog(T))
=7 Ye(x+d) =2+ cd,

7o 'aeTe(y) = 7 0ae(cy) = 7 (¢ oae(y))

=7, (N y+d%z +e) =y+ (cd)’z + e,

and (cd)?t! = rtlgett = -leatlgatl — o PHagetl — (eatle)t 4 (¢9t1e). Hence, if
ode € V and 7, € W, then we also obtain 7. 10'd7€7'c € V. This shows that V is

normal in U. Also, since 04, and 7, both stabilize (), every p € U stabilizes Qw, i.e.,

p(Qoo) - p(Qoo)-
We remark that for o € F 2, the place (x = «) of K (x) splits completely into places
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of degree one in H/F 2. Therefore, the number N(H/F,2) of rational places in # is
NH/Fe)=1+¢-q=1+¢"

Note that U acts transitively on the set
S :={Q : Q is a rational place of H/Fp2 and Q # Qw}-
In fact every automorphism A € Aut(H/K) with A\(Qs) = Qu lies in U as the elements
1, 2,y form a K-basis of £ ((q+1)Qw), in particular, A\(Z((¢ + 1)Qx)) = ZL((¢+ 1)Q)-
There is an automorphism g € Aut(#H/F2) with u(z) = x/y and p(y) = 1/y. This
automorphism maps the place (o to the common zero of x and y. Hence, the group

which is generated by U and p acts transitively on the set of all rational places of
H/F,. This implies that Aut(#/F,2) is generated by U and p. By Orbit-Stabilizer

Theorem,

| Aut(H/K)| = | Aut(H/Fpe)l = ¢°(¢* + 1)(¢° — 1) > 169" > 84(g — 1).

2.1.2 Preliminary Results

Let K be an algebraically closed field and let F/K be a function field of genus
g = g(F) > 2 with constant field K. For a subgroup G of the automorphism group
Aut(F/K), we denote the fixed field of G by Fy and genus of Fy by go . Clearly, F/F,
is Galois with the Galois group Gal(F/Fy) = G.

Lemma 2.1.7. If g0 > 1, then |G| < 4(g — 1).

Proof. 1f gy > 2, then by Equation (1.6), we have 2¢g — 2 > 2|G|, i.e., |G| < g — 1.
If go = 1, then by Equation (1.6),

29-2=|G|[ > @

PE]P)FO

Since g > 2, there exists a place P € Pg,, which is ramified in F. Thus,

Hence |G| < 4(g — 1) as e(P) > 2. O

In the following lemma we consider the sequence of extensions Fy C F; C F such

that F//Fy and F/Fy are Galois extensions with Galois groups G and G, respectively.

Gl _ 1Gy

Lemma 2.1.8. If g1 = g(F}) > 2, then < .
g—1 " g —1
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Proof. Note that F'/F) is an extension of degree |G : G]. Then the desired inequality

comes from Hurwitz’s genus formula as follows:

29 —2=[F: F1](2g1 — 2) + deg (Diff(F/F}))

G|
> 2g1 — 2).
- |G1‘< g1 )

O

2.2 Nilpotent Subgroups of Automorphisms of Function Fields

From now on, we assume that G is a nilpotent subgroup of the automorphism group
Aut(F/K). Our aim is to give an upper bound for |G| in terms of g. Let Fy = F©.
Recall that by Lemma 2.1.7, we will always assume g(Fp) = 0. Assume that F' is of
type (e1,...,€.), i.e., Pp,..., P, are all the places of Pg,, which are ramified in I’ with

ramification indices e; < ... < e,, respectively. Set N = |G].

Lemma 2.2.1. Let ¢ be a prime number. Then (N if and only if l|e; for some
ied{l,...,r}.

Proof. Suppose first that £|e; for some ¢ € {1,...,7r}. Since ¢;| N, we have ¢|N. Suppose
that £ 1 e; forany i = 1,...,r and ¢|N. Since G is nilpotent, there is a subgroup H < G
such that [G : H| = ¢. Let F; = F¥. Note that Fy/F, is an unramified extension of
degree ¢, by Corollary 1.2.10-(b). Then by Equation (1.6) we obtain

2g(Fy) — 2 = ((—2+0) = —2¢,

so that g(F1) = —¢ + 1 < 0, which is impossible. m

Lemma 2.2.2. Suppose that ¢ is a prime number which divides exactly one of ey, ..., e,.

Then ¢ = char(K).

Proof. Let H be a subgroup of G such that [G : H| = ¢ and F; = F¥. Then there is
only one place of Fy, which is ramified in Fy/Fj, say P;. Suppose that P; is tamely
ramified; equivalently, ¢ # char(K'). Then by Equation (1.6) we have

2g(F1)—2:£(—2+ﬂ> :£<—2+£_71) ——(—-1<0.

€1

This implies that g(F}) = 0; hence, —¢ — 1 = 2¢g(F}) — 2 = —2, which gives a contra-
diction. O

The next lemma gives a better lower bound on the different exponent than Re-

mark 1.2.21 when there exists a unique wild ramification.
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Lemma 2.2.3. Let K be an algebraically closed field of characteristic p > 0 and F/K
be a function field of genus g > 2. Suppose that G is a nilpotent subgroup of the
automorphism group Aut(F/K) and Fy := FY is rational. Suppose also that there
exists a unique wildly ramified place of Fy, say P, with ramification index e(P) = pn

for some integers a > 1 and n > 1 where (p,n) = 1. Then we have

(1) |G| = p®Ny for some integer Ny > 1 with ged(p, Ny) = 1, i.e., Gg) is the Sylow
p-subgroup of G.

(ii) d(P) > (e(P)—1) 4+ n(p® —1).

Proof. By Lemma 2.2.1, we know that |G| = p'N; for some t > a, where N; is a
positive integer with n|N; and ged(p, N1) = 1. Let H be a normal subgroup of G of
index [G : H] = p' and Fj be the fixed field of H.

(i) Note that F; /Fj is a Galois p-extension of degree p*. That is, P is the only ramified
in F}/Fy with ramification index p®. Then by Deuring—Shafarevic formula for p-

Galois extensions ([1, Corollary 2.2.]), we have

) = 1=p'(y(Fo) = 1) +p' —alp’ = 1) = —p"™".

As v(Fy) > 0, this is possible if and only if ¢ = a and v(F;) = 0, which is the

desired result.

(ii) Let P’ (resp., P”) be a place of F; (resp., of F) lying over P (resp., over P’).
Note that, by Corollary 1.2.8, we have

d(P) = d(P"|P) = e(P"|P")d(P'|P) + d(P"|P") = nd(P'|P) + (n — 1).
By Remark 1.2.21, we have d(P’'|P) > 2(p® — 1); hence,
dlP)>2n(p*—1)4+(n—1) = (np® — 1) + n(p* — 1).

Then the fact that e(P) = np® gives the desired result.

]

Lemma 2.2.4. Suppose that the number of ramified places of Fy is greater than or
equal to 5, i.e., r > 5. Then we have N < 4(g — 1).

Proof. By Equation (1.6) we get

" d; 1 N
zg—zzN(—2+Zi> 2N(—2+5._> =3

X €; 2
1=1
Therefore, we obtain N < 4(g — 1). O

27



From now on, we investigate the cases for which the number of ramified places of
Fy in F/Fy less than or equal to 4. We recall that Fy is the fixed field of G and of
genus 0. We denote the number of ramified places of Fy in F'/Fy by r.

2.2.1 Casel:r=4

In this subsection, we consider F' of type (ey, ey, €3,e4). That is, there are 4 ramified
places of Fy, say Py, Py, P3, Py, with ramification indices ey, es, e3, €4, respectively, such
that e < ey < ez < ey.

Theorem 2.2.5. Let F/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N. If F¢ = F, is rational and there are exactly 4 ramified places of Fy in
F/Fy, then N < 8(g—1).

Case (a): Suppose that eo > 3. We will show that N < 4(g —1).
By Equation (1.6), we have

4
d; 1 .2\ N
%—2=N(—2+§:;>ZN(—2+§+&§):§n

=1

Therefore, N < 4(g — 1).

Case (b): Suppose that e; = 2. We will show that N < 8(g — 1).
In this case, we have e; = e; = 2. Similarly, by Equation (1.6) if e3 > 4, then we again
have N < 4(g — 1). Hence, we suppose that ez < 4.
We first suppose that e = 3. If ¢4 > 6, then
1 2 5 N
20—2>N| —242-—4+-+=|=—
7= < * 2+3+6) 2’
implying N < 4(g —1).
The case e4 = 5 is impossible by Lemma 2.2.2. That is, F' is either of type (2,2,3,4)
or of type (2,2,3,3).

(i) Assume that F'is of type (2,2,3,4). We will show N < 2(g —1).

In this case, by Lemma 2.2.2, char(K) = 3 and by Lemma 2.2.3-(¢) N = 2%3 with
a > 2. Let H be a normal subgroup of G of index [G : H] = 2%, and F} = F  i.e.,
Fy/Fy is a Galois extension of degree 2*. Then P;, P, P, are tamely ramified and P
is unramified in F}/Fy. Thus, by Equation (1.6), we have

1 1 3
2g(F)—2=2"( —24-+-+° .
g(Fy) ( +2+2+4><0
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That is, g(F;) = 0; hence, 2g(F;) —2 = —2 = 2% (—1). This implies that a = 3.
Note that there are 8 places lying over P; and each of them is wildly ramified in F'/F7.

Applying Hurwitz’s genus formula with respect to the extension F'/Fj, we obtain

i.e.,

23— 1 2
29—223(—2+8- (33 )):3(—2+%)>8-3:N,

we have N < 2(g —1).

(ii) Assume that F' is of type (2,2,3,3). We will show that N < 6(g — 1).
Similarly, by Lemma 2.2.1, N = 2%3® where a,b € N with a,b > 1. We will analyze the

cases separately.

(1)

(3)

Assume that char(K) = 2.
Let H be a normal subgroup of G of index [G : H] = 3" and F; = F¥. Then P, P,
are unramified and P3, Py are tamely ramified in F;/F, . Thus, by Equation (1.6),

we have

3 3 3

That is, g(Fy) = 0; hence, b = 1 and N = 3-2% Note that there are 6 places of
F} lying over Py, P,. Moreover, each of them is ramified in F'/F; with a different

2 2 —2
2g(F1)—2:3b(—2+—+—>:3b~—<0.

exponent > 2(2 —1). Then applying Equation (1.6) to the extension F'/F}, we see

that
2(2 — 1)

2g—222“(—2—|—6~ >—4'2“>3-2“—N,

ie, N <2(g—1).

Assume that char(K) = 3.

Let H be a normal subgroup of G of index [G : H] = 2* and Fy, = F; so that
Fi/F, is a Galois extension of degree 2. Then P;, P, are tamely ramified and
P, Py are unramified in F; /Fy. Thus, by Equation (1.6), we have

1
QQ(Fl)—2:2a(—2+2§) :_2a<0.

That is, g(F1) = 0; hence, a = 1 and N = 2 - 3", Note that there are 4 places of
F} lying over Ps, Py. Moreover, each of them is ramified in F'/F; with a different
exponent > 2(3 —1). Then applying Equation (1.6) to the extension F'/F}, we see

that
2(3-1)

1
29—223b(—2+4- )_£.3b>2~3b_N,
ie, N <2(g—1).

Assume that char(K) # 2, 3.
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We will show that N =6 and g =2, i.e, N =6(9 —1).

Let Hy, Hy be a normal subgroups of G of index [G : H,| = 2% and [G : Hy] = 3°.
We set [} = F' and Fy, = F™; so that Fy/Fy and F,/F, are Galois extensions
of degree 2¢ and 3%, respectively. Then P;, P, are tamely ramified and Ps, P, are
unramified in Fy/Fy. Similarly, P;, P, are unramified and Ps, P, are tamely ramified
in Fy/Fy. Moreover, F'is the compositum of F; and F». Thus, by Equation (1.6),
we have

1 1
Qg(Fl)—QZQG(—2+§+§) = 2% < (.

That is, g(F;) = 0; hence, a =1 and N =2 - 3¢,

Now, we consider the extension Fy/Fy. By Equation (1.6) we have

2 2 -2
20(Fy) —2=3" —2+=+=)=3".—= <0.

That is, g(F5) = 0; hence, b = 1. In particular, we have N = 6 and by Equation
(1.6), we obtain that g = 2, since

1 2
20—2=6( —24+2-=4+2-=-) =2.
q ( + 2+ 3)

Note that in this case G is cyclic group of order 6 and N < 6(g — 1).

Now, we consider the case ez = 2.
Write e; = 2°m where s > 0 and m is an odd integer, i.e., F' is of type (2,2,2,2°m).

We investigate into two cases.

(1) Assume that m > 1. We will show that N < 3(g — 1).
Note that m cannot have more than one prime divisor by Lemma 2.2.2. That is,
m = p' for some prime number p > 2, t > 1. Hence, p = char(K) and N = 29p®
for some integers a,b with a > max{1, s}, b > ¢. Note that there is a unique wild
ramification, we get b = ¢ by Lemma 2.2.3—(i). Let H be a normal subgroup of G
of index [G : H] = p' and F; = F so that Fy/F, is a Galois extension of degree
p'. Since Py, P, P3 split in I/ Fy, i.e., there are 3p® places tamely ramified in F'/Fy
ramified with ramification indices 2. Then by applying Equation (1.6) for F'//F; we

obtain the following equalities.
a t 1
=2'(29(F1) —2) +2*7" -3 pf
2 pt . 20, 4 2afl(pt - 4)
=N +2(p' —4). (2.3)
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If p* # 3, then p' > 4. Therefore, by Equation (2.3) we have N < 2(g—1). Suppose
p' =3, then N = 3-2% Thus, by Equation (2.3), we obtain
N

29—22N42W%&—@=2W3—2%%:N—2?

12
which implies N < E(g —1)<3(9g—1).

(2) Assume that m = 1. We will show that N < 8(g — 1).
That is, F' is of type (2,2,2,2%). Then s > 1 and N = 2° for some integer a > s.
If char(K) = 2, then N < g — 1. Suppose that char(K) > 2. Then P, Py, P5, P,
are all tamely ramified in F'/Fp; hence, by Equation (1.6) we have

1 29-1
2—2=N|-2+3 = .
q ( + 2+ 5 )

s+1
251 1

The above calculations gives the desired result stated in Theorem 2.2.5.

Therefore s > 2 since g > 2 and N = (9—1)<8(g—1).

2.2.2 Casell. r=3

In this subsection, we consider F' of type (ej,es,e3). That is, there are 3 ramified
places of Fy, say Py, P5, P3, with ramification indices ey, es, e3, respectively, such that

e1 < ey < es.

Theorem 2.2.6. Let F'/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N. If F¢ = F, is rational and there are exactly 3 ramified places of Fy in
F/Fy, then N < 16(g — 1).

Case (a): Assume that e; > 4. We will show that N < 8(¢g — 1).
By Equation (1.6), we obtain

3\ N
2g—2>N( —24+3.2) =2
g=e= ( + 4> A

Therefore, N < 8(g — 1).
Case (b): Suppose that e; = 3. We will show that N < 9(g — 1).

(i) Assume that e; > 6.
By Equation (1.6) we have

2> 5\ N
29— 2>N(-—2+242.2) =2
g9me= ( T3 6) 3
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(iii)

Therefore, N < 6(g — 1).

Assume now that e; = 5.

Thus, F is of type (3,5,e3). By Lemma 2.2.2) e3 can have at most one prime
divisor p # 3,5. We write e3 = 3%5°p° for some prime number p # 3,5 and
a,b,c > 0. Then N = 3*5'p™ for some k > max{1,a}, | > max{1l,b} and m > c.
If ¢ > 0, then both a and b are positive and char K = p. Moreover, as P; is the
unique wildly ramified place, by Lemma 2.2.3 (i), N = 3¥5!p¢. Now, let H be a
normal subgroup of G of index [G : H] = 3" and F; be the fixed field of H; so
that Fy/Fy is an extension of degree 3% and P;, Ps are the only ramified places of

Fy in Fy/Fy. Applying Hurwitz’s genus formula with respect to Fy/Fy, we get

2 301
@@9—2:#<—2+§+ T )<0

Therefore, g(F}) = 0 and & = 1. Similarly, we can show that [ = 1. Hence,
es = 15p°. Thus, by Equation (1.6) and Lemma 2.2.3 (ii), we obtain

2 4
%—22N( 24+ - gt=t

(15p° — 1) + 15(p° — 1))
15p

8 14N
w(Ed By

ie, N <3(g—1).
Now, suppose that ¢ = 0. If a = 0 (resp. b = 0), then char K = 3 (resp.

char K = 5) and b = 1 (resp. a = 1). Thus, there is a unique wild ramification;

hence,

9.2
* 3

29—22N(—2+%i§2- §)>Eﬁ

5
If a,b > 0, then e3 > 15. Then we have

(resp. 29—2>N (—2 + 22 + 2(571)> > %) Hence, N < 3(g —1).

2 4 14 2N
)) ==

2g—2> N[ -2
o= ( HERERET

hence, we obtain N < 5(g — 1).

Assume that ey = 4.

Then F' is of type (3,4,e3). By Lemma 2.2.2; e3 can have at most one prime
divisor p # 2,3. We write e5 = 2%3°p° for some prime p # 2,3 and a,b,c > 0.
Then N = 2*3!p™ for some k > max{2,a}, [ > max{1,b} and m > c. If ¢ > 0,
then both a and b are positive. Then char K = p. Moreover, as Pj is the unique
wildly ramified place, by Lemma 2.2.3 (i), N = 2*3!p°
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Now, let H be a normal subgroup of G of index [G : H] = 3! and F} be the fixed
field of H, i.e., Fy/F} is a Galois extension of degree 3!. Then only P, and Ps are
ramified in F}/Fy. Applying Hurwitz’s genus formula with respect to Fy/Fy we
get

2 31
2(F)—2=3" —-2+= <0.
g(F1) ( T3t )

Thus, g(Fy) = 0 and b = [ = 1. Similarly, we can show that a = k = 2. Hence,
es = 12p°. Thus, by Equation (1.6) and Lemma 2.2.3 (ii), we get

2 3 (12p°— 1)+ 12(p° — 1)
29—2>N[ —24+24°
g —( HERAI 12p°
3

2 3 1 2 3 13
=N|-+-— >N|l-+-——| >N
(3+4 12pc)— <3+4 60) ’
le, N<2(g—1).

Now, suppose that ¢ = 0. If a = 0 (resp. b = 0), then char K = 2 (resp.

char K = 3) and b = 2 (resp. a = 1). Thus, there is a unique wild ramification;
hence,
2 24— 1)) 5N

2g—2>N( —242.2 .
g —< TezT T 6

(resp- 29-2>N (—2 +2-8 + @) = %) Therefore, N < 3(g — 1).
Suppose now that a,b > 0. Then e3 > 6. Moreover, if char K # 2,3, then we

have a = k=2 and b =1 =1, i.e e3 = 12. Therefore,
2 3 11 N
29— 2=N[-—24+-+24 - )=2
g ( +3+4+12) 3
ie., N <6(g—1).
If char K’ = 2 (resp. char K = 3), then we again have b =1 =1 (resp. a = k = 2)

and there are two wildly ramified places Py, P; (resp. P, P3). Therefore, by
Equation (1.6) and Lemma 2.2.3 (ii), we have

2 24-1) (3-20—1)+(20—1)
29— 2>N( 2472
g —< 3T T 3. 2
3 2
SN(2-Z) s N

(resp. 2g—22N(—2+@+%+%> EN(%—%) >N>. There-
fore N < 2(g —1).

Assume that e; = 3.
Then F' is of type of the form (3,3,e3). By Lemma 2.2.2, e3 can have at most

one prime divisor p # 3. We write e5 = 3%’ for some a,b > 0 with e5 > 3.
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Then N = 3*p’ for some k > max{1,a} and [ > b. If b > 0, then char K = p.
Then P; is the unique wildly ramified place. Hence, by Lemma 2.2.3, d(P;) >
(39p° — 1) + 3%(p® — 1) and N = 3¥p®. Applying Hurwitz’s genus formula with
respect to F/Fy, we get

2 (3P —1)+3*(p"—1) 2N
20—2>N| —242- - > —.
gIme= ( M 3apb =73
Hence, N < 3(g —1).
Now, suppose that b = 0. If a = 1, then char K = 3; otherwise g = 1. That is,

all places are wildly ramified; hence,

29—22N<—2—|—3~

Hence, N < g—1.
If a > 1, then

3-1 301\ _ 2
2g—2>N[ -2+2. > =¥
o ( L T >— 9

ie, N <9(g—1).

Case (c): Suppose that e; = 2. We will show that N < 16(g — 1).
Let F be of the form (2, ey, e5). We investigate under two cases according to charac-
teristic of K.

(i) char K = 2: In this case P; is wildly ramified, i.e., d; > 2; hence, by Equation
(1.6), we have

29—22N(—1+%+$).

€2 €3
If e > 3, then
2 2> N 1+2 2 > N
g = 3) =73
i.e., we have N <6(g —1).
Assume that e = 2. Then P; is also wildly ramified, i.e., dy > 2, and we get

2 3

22-1 2 2N
29—221\7(—2—1—2- ( ) )

R
le, N <3(g—1).

(i) char(K) > 2:
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(1) If eo > 6, then we have

1 5\ N
29— 2>N(-—2+-+2.2) =2
g —< ot 6) 6

Therefore, N < 12(g — 1).
(2) If ey = 5, then F is of type (2,5,e3). Then by Lemma 2.2.2, e3 can have at

most one prime divisor p # 2,5. We write e5 = 25°p¢ for some prime p # 2,5
and a,b,c > 0. Then N = 2*5!p™ for some k > max{1l,a}, | > {1,b} and
m > c. Let H be a normal subgroup of G of index [G : H] = 2% and F} be
the fixed field of H, i.e Fy/F, is a Galois extension degree 2*. Note that 2|es
because otherwise char K = 2. Then only P, and P are ramified (tamely) in

Fy/F,. Applying Hurwitz’s genus formula with respect to F;/Fy, we get

1 2¢—-1
2g(Fy) —2=2" -2+ = :
9(F1) ( + 5 9a > <0
Thus, g(F1) =0 and a = k = 1.
If ¢ > 0, then char K = p. Similarly as above, we get b = [ = 1. Hence,
e3 = 10p°. Then Pj is the unique wildly ramified place. Therefore, by
Lemma 2.2.3, d(P3) > (10p° — 1) + 10(p° — 1) and N = 10p°. Thus,

2 5 10pe
S 14N - 2N
- 15 37

1 4 (10p°—1)+10(p° — 1
29—22N(—2+—+——|—( p"— 1)+ 10(p ))

ie, N <3(g—1).
Now, suppose that ¢ = 0. If b = 0, then e3 = 2, which is impossible as e3 > 5.
Thus, b > 0; hence, e3 > 10. Therefore,

4 9 N

1
20 —2> N(—24 -+ - 4 =)=
g=2=N(=2+5+c+75)=5

ie, N <10(g—1).
(3) If eo = 4, then F is of type (2,4,e3). Then by Lemma 2.2.2, e3 can have at

most one prime divisor p # 2. We write es = 2% for some prime number
p# 2 and a,b > 0 with e3 > 4. Then N = 2*p! for some k > max{1,a} and
[ >0b. If b >0, then char K = p and applying Hurwitz’s genus formula with
respect to F/Fy, we get

13 -1+ -1 N
29— 2=N[-2+-+"° >
J ( Totat Qaph =
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Thus, N <8(¢g —1).
Now, suppose that b = 0. Since char K # 2, by Equation 1.6 we have

1 3 2¢-1 1 1
2g—2=N(-—2+-+° =N(--=).
g < U R > (4 w)
Since LHS of the above equality is greater than or equal to 2, we get a > 3.
N
Hence, 2g — 2 > r ie, N <16(9 —1).

If e = 3, then F' is of type (2,3,e3). Then by Lemma 2.2.2, e3 can have
at most one prime divisor p # 2,3 . We write e3 = 293°p°¢ for some prime
number p # 2,3 and a,b,c > 0 with e3 > 3. Then N = 2*3!p™ for some
k > max{l,a}, I > {1,b} and m > ¢. Let H be a normal subgroup of
G of index [G : H] = 2% and F| be the fixed field of H, i.e., F}/F is a
Galois extension of degree 2F. Then only P, and P3 can be ramified in Fy/Fp.

Applying Hurwitz’s genus formula with respect to F;/Fy, we get

1 2¢ —1
2g(F1)—222k(—2+§+ 2a ><0.

Thus, g(F1) =0 and a =k = 1.
If ¢ > 0, then char K = p. Similarly as above, we get b = [ = 1. Hence,

C

es = 06p°.
Lemma 2.2.3, d(P3) > (6p° — 1) + 6(p° — 1) and N = 6p°. Then we get

Then Pj is the unique wildly ramified place. Therefore, by

29—2ZN(—2+%+§+X@f_U£f@R_U)>2g,
ie, N <3(g—1).
Now, suppose that ¢ = 0. If b = 0, then e3 = 2, which is impossible as e3 > 3.
Then b > 0. Suppose that char(K) # 3. Let H; be a normal subgroup of G
of index [G : Hy] = 3" and Fy, = F 50 that Fy/F} is a Galois extension of
degree 3°. Then applying Equation (1.6) to Fy/Fy, we observe that b = 1,

i.e., Fis of type (2,3,6). Since F'/Fy is a tame extension, we have

1 2 5
2g—2=N|—-2+4+-+2+2)=0
g ( +2+3+6> :

which gives a contradiction as g > 2.
Therefore, we conclude that char(K) = 3, i.e., P, Py are wildly ramified with
different exponents dy > 2(3 — 1) and d3 > 5+ 2(3 — 1). Then by Equation
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(1.6), we have

1 23-1 O+203—-1 AN
6D SrA-D) Wy

2 —2>N( —2+=
I72= ( ot 6 3

i.e., we have N < 2(g —1).
(5) If e; = 2, then F is of type (2,2,e3). Then by Lemma 2.2.2, e3 can have at

most one prime divisor p # 2. We write e3 = 2%p® for some prime number
p# 2 and a,b > 0 with e3 > 2. Then N = 2*p! for some k > max{1,a} and
[ > b. Suppose first that b = 0. Since char K # 2, we get

2g—2=N 2+1+1+T_1 <0
g—== 2 792 T oa )

which is not possible as g > 2. Therefore, b > 0. Then char K = p. Applying
Hurwitz’s genus formula with respect to F'/Fy and using Lemma 2.2.3-(ii),

we get

11 @b — 1)+ 29— 1

22 apb
anb _ o9a __ a
:NMZN 1_2+1 Zﬁ-
2apb 3-2a 3

Hence, N <6(g —1).

The above calculations gives the desired result stated in Theorem 2.2.6.

2.2.3 Caselll. r =2

In this subsection we investigate I’ of the form (e, e;). That is, there are 2 ramified

places of Fy, say P;, P,, with ramification indices ey, e5, respectively, such that e; < es.

Theorem 2.2.7. Let F/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N. If F¢ = F, is rational and there are exactly 2 ramified places of Fy in
F/Fy, then N < 10(g — 1).

Let p = char(K). Say e; = p®n, e = p®m for some nonnegative integers a, b and
ged(p,n) = ged(p,m) = 1. Note that a,b cannot be both zero; otherwise F'/Fy is

tame; hence, by Equation (1.6), we have

1 ey—1
2gzg—2:N(—2+e1 + 2 )<Q
€1 ()]

which is a contradiction.
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Case (a): Suppose that G is a p-group.
In this case, P, and P, are wildly ramified with different exponents d; > 2(p® — 1) and
dy > 2(p® — 1), respectively. Then by Equation (1.6) we have

2g—22N(—2+2(pa_1)+2<pb_1)):N(2—3—3>.

p° jd pr PP

If p* = p® = 2 is not the case, then we have

2\ N
29—2>N(2-1-2) ==,
4 2

i.e., we have N <4(g —1).
If p* = p® = 2, then the case d; = dy = 2 cannot hold; otherwise, we would have g = 1.

We without loss of generality suppose that dy > 3. Then we get

3 N
2—2>N|241+- | =—
g z ( + +2> 9

i.e., we have N <4(g —1).

Case (b): Assume that G is not a p-group.

Let |G| = N = p'- Ny, where t > max{a, b} and N; > 1is an integer with ged(p, N;) = 1.
Let H be a normal subgroup of G of index [G : H] = N;. Set F; = F7 and g, = g(Fy).
Note that Fy/F is a tame Galois extension of degree N;. By Equation (1.6), we con-
clude that g; = 0, and P, P, are both totally ramified in F}/Fy. In particular, we
conclude that n = m = Ny, i.e., F'is of the type (p®Ny, p°Ny).

(i) Suppose that F' is of the type (N, NipP).
Then there is only one wildly ramified place of Fjy, namely, P,; hence, by Lemma 2.2.3,
we have |G| = Nyp® and dy > (Nyp® — 1) + Ny(p® — 1). Then by Equation (1.6)

we get

Ni—1  (Nph—1)+ Ny(ph — 1
Zg—QZN(—Z—i—l L W= D) + M ))

N Nypb
1 1 1
=N[1l1—— — —— — — .
( Ny Nlpb pb)

(1) Suppose p® > 5.
Then by the facts that p® > 5 and N; > 2 we have

i.e., we have N < 10(g — 1).
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(2) Suppose p® = 4. Then F is of the type (N;,4N;). Note that char(K) = 2
and N7 > 3. Then by Lemma 2.2.3 (ii) and Equation (1.6), we get

Ny =1 (AN, — 1)+ Ny(4—1
29—22N<—2+ 1 (M — 1) + M )>

4Ny

i.e., we have N <6(g —1).

(3) If p* = 3, then F is of the type (N7, 3N;). Note that char(K) = 3 and N; > 2.
By Lemma 2.2.3 (ii) and Equation (1.6), we get

Ni—1 (3N —1)+Ny(3—1)
2 —2> N[ —2
9-== ( TN T 3N,

2 4
=N|{=-——].
<3 3N1>
Suppose Ny > 2, i.e., Ny > 4. Then we have 2g — 2 > N/3, i.e., we have
N <6(g—1).

Now, we consider the case that F' is of the type (2,6). Hence, we have N = 6.
Applying Hurwitz’s genus formula with respect to F'/F;, we obtain

29 —2>3(—24+2(3—-1)=6=N.

Therefore, N < 2(g —1).

(4) If p® = 2, then N < 10(g — 1).
That is, F' is of type (N1,2N;). Note that char(K) = 2 and N; > 3. Then
by Lemma 2.2.3 (ii) and Equation (1.6), we get

29—22N<—2+

(i) »

If N7 # 3, then N7 > 5. In this case, by Equation (2.4), we get 29 —2 > N/5,
ie, N <10(g —1).

Now, we consider the case that F' is of the type (3,6). Then N = 6. Let H
be a normal subgroup of G of index 2 and Fy, = F¥ ie., F,/F, is a Galois

M-1 (2N — 1)+ Ny(2 = 1)
N, 2N,

extension of degree 2. Let Qs be the unique place of Fy lying over P and Q,
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be the place of I’ lying over (). Then by Lemma 1.2.8, we have

d(Q2|Po) = €(Q2|Q2) - d(Qs|Py) + d(Q2]Q2)
=3-d(Qs|P) + 2. (2.5)

By Equations (1.6) and (2.5), we have

29—2=N<—2+§+@>

. (_4_1 L 3-d(@Q|P) +2)

3 6
d(Q2!P2)> '

=N|-1+ —F=
(075

This implies that d(Qz|P) > 3, since 2g — 2 > 2. Therefore,

29—2=N <—1 + —d(Q;|P2)) > %

ie, N <4(g—1).

(ii) Suppose that F is of type (Nip®, Nip®).

Now, let H; be a normal subgroup of G with [G : Hi] = p' and F;, = F1 ie.,
F/F, is an extension of degree p'. Then applying Equation (1.6) to Fy/F,, we
have

2%5)—2:ﬁ(—2+ﬂf”+dqa). (2.6)

p p

Note that we have d(P;) > 2(p® — 1) and d(P,) > 2(p* — 1) by Remark 1.2.21.
Suppose first that p* = 2 = p® is not the case. Then we get

i) | d(Qz))

b

Qg(Fg)—szt(—Z—i-

Pt p
2(p* —1 2(p? —1
Zpt<_2+ (p* —1) (pb ))
p* p
2 2 2pt
PP 3
Therefore,
P < 3(g(F) - 1). (2.7

t
Moreover, since RS 0, g(F») is at least 2. Therefore, by Lemma 2.1.8, we also

have N < 3(g —1).

Suppose now that p® = p® = 2. In particular, char(K) = 2. We will calculate
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Diff(F/Fp) in two different ways using transitivity of different. For i = 1,2,
let di,di be the different exponents of P; in the extensions Fy/Fy and Fi/Fp,

respectively. Then by Lemma 1.2.8, we have

Nldi + (N1 — ].) = 2(N1 — ].) + di,

ie., d; = Ni(d; — 1) + 1. Then applying Equation (1.6) with respect to F'/F}, we
get

Ni(dy—1)+1  Ny(dy—1)+ 1)
2 * 2

-1 di—1 dy—1
=2'N, [ —
1(N1+ 5 + 5 >

where the last inequality comes from the facts that d;,ds > 2 and N; > 3. Thus,
we obtain N < 3(¢g —1).

The above calculations gives the desired result stated in Theorem 2.2.7.

2.24 CaselV.r=1

Theorem 2.2.8. Let F'/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N. If F¢ = Fy is rational and there is a unique place P of Fyy, which is ramified
in F/Fy, then N < (pf—’;)QgQ.

Proof. Note that P is wildly ramified. Let p = char(K). Then e(P) = p®n for some
positive integer n with ged(p,n) = 1. Say |G| = p'N; for some integers ¢t > a > 0 and
N; > 1. Let H be a normal subgroup of G of index [G : H] = N; and F} = F# of
genus ¢g;. Then F}/F, is a tame Galois extension of degree N;. By Equation (1.6), we

have

n

1
2 —2 =N, (—2+" ) (2.8)

Equation (2.8) implies that n = N; = 1. Therefore, G is a p-group, i.e., we have
N = |G| =p" and e(P) = p* for some t > a > 0.
By Lemma 2.2.3-(i), P is totally ramified. In particular, we have vy(F) = 0. Then by

[34, Satz 1], we conclude the desired result.
O]
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2.2.5 Examples

In this section, we will give examples of function fields that attain the bounds we
obtained in Theorem 2.2.5, 2.2.6, 2.2.7 and 2.2.8. This implies that the bounds cannot

be improved, i.e., the bounds are sharp.
The following example shows that the bound given in Theorem 2.2.6 is sharp.

Example 2.2.9. (1) Let p # 2. Consider the function field F' with defining equation
v = x(z* —1).

By Proposition 1.2.14, we conclude that the genus g(F') of F'is 2. Let ¢ be a

primitive 8-th root of unity. We define two maps o, 7 : F' — F as follows:

r— r— —1/z
o and T 5
y = Cy y = y/r

Then

o) = (7 = Cala ~ 1) = o(@)ole) 1) and
=L = 22— oy (rtay - 1),

Therefore, o and 7 define automorphisms of F'/K. Note that ordoc = 8 and 72 = ¢*

so that ordT = 4. Let G be the subgroup of Aut(F/K) generated by o, 7, i.e.,
2
1
G = (0,7). Define z := z* and t := Zrl Since K(t) C F') and K(t) C F{7),
z
we have K(t) C FC. Since 7 ¢ (o), this implies that K(t) = F“. Then we have

the following picture:

2 812 812 e—‘2 e ‘ 2 e ‘ 2 eT2
P K@) (2=0) (r=00)  (x=1) = a= P =(9)
4 elél elél

F9) = K(2) (z=0) (z = 00) (z=1)
: l
|
F¢ = K(t) (t = 00) (t=1)
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(y=0=0 (=0 (y=0 (¥=0) (y=0) (y=0) (y=0)
(z =) (z=¢?%) (z=¢) (z=¢7)
(= -1)
e=2
(t=-1)
Note that
(i) Tik(z) sends the place (x = 0) to the place (x = 00), therefore, (2 = 0) maps
( 00). Also, Tjk () sends the place (z = 00) to the place (x = 0), then

(2 = o0) maps to (z = 0). Hence, (z = 0) and (z = o0) lie over the same
place (t = o00) of K(t). Thus, (t = co) is unramified in K(z)/K(t).

(ii) 71k (s) fixes the places (z = 1) and (2 = —1). Then (2 = 1) and (2 = —1) are
totally ramified in K(z)/K(t). By Hurwitz’s genus formula, we know that
there are no other ramification in K (z)/K(t).

Hence, we obtain a subgroup G = Aut(F/K(t)) of Aut(F/K) of order 16 and the
ramified places of K(t) in F are (t = 00), (t = 1) and (¢t = —1) with ramification
indices 8,4, 2, respectively. Thus, F' is of type (2,4,8). Therefore, N = |G| =
16(g — 1).

Now, we study the group structure of G. Note that the subgroup (o) ~ Cy is
normal in G, since ordo = 8 and |G| = 16. Moreover, we have (07)? = idp and

(o7)o(o7)™! = 3. Therefore,

G = (0,07) ~ Cs X, Cs,

where ¢ : {(o7) — Aut((c)) is given by ¢, (o) = 3.

For any m > 1, F has a unique maximal unramified abelian extension F’ such
that [’ : F] = 2%, see [30, Section 4.7]. Let E' be the Galois closure of F’'/K(t).
We first show that F' = F’. To this end, let v € Aut(F/K(t)). In particular,
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v(t) = t. Then 7%231 = z2z+l. Therefore, either y(z) = z or 7(z) = 1. In
4

the former case, we have z* = ~v(z*) = y(z)
4-th root of unity. Then v(y)* = v(z)(y(z)* — 1) = az(z* — 1) = ay?®. Thus,
v(y) = By with 82 = q, i.e., B is a 8-th root of unity. In the latter case, we have

4 = v(x)* = y(z*). Hence, y(z) = al, where a is a 4-th root of unity. Then

Y(y)? = (@) (v(2)* = 1) = al(L — 1) = =2 = 2. Thus, 1(y) = S, where
% = —1. Therefore, in both cases we have y(z),v(y) € F. Hence, v(F) C F,
i.e., v(F) = F. Moreover, we also have y(F’) = F’ since F’ is the unique maximal
unramified abelian extension F” such that [F” : F] = 24", Therefore, F' = F’. This

means that we obtain a Galois extension F’/K (t) having exactly 3 ramified places

Hence, v(x) = ax, where « is a

of K(t), namely, (¢t = —1), (t = 1) and (¢ = c0) whose ramification indices are 2,
4, 8, respectively. Thus, F' is of type (2,4,8). Moreover, [F : K(t)] = 2™ and
g(F") =2 + 1, that is, [F": K(t)] = 16 - (g(F') — 1).

By using Example 2.2.9-(2), we obtain the following example which shows that the

bound given in Theorem 2.2.5 is sharp.

Example 2.2.10. Let F’/K(t) be the Galois extension given in Example 2.2.9-(2).

Recall that p # 2. We consider the Kummer extension K (w)/K (t) given by w? = ¢—1.
Since w? = (12;41)27 we have w € F’ and F'/K(w) is of degree 29™*3. By Proposi-
tion 1.2.14, we conclude that (¢t = 1) and (t = oo) are the only ramified places of
K(t) in K(w)/K(t). Let Py, P, be places of K(w) lying over (t = —1) and P;, P, be

places lying over (t = 1) and (¢t = o0), respectively. By Abhyankar’s Lemma (see [30,

Theorem 3.9.1]), we conclude that the places P, are the only ramified places of K(w)

in F'/K(w) and the ramification indices are given by

e(P) =e(P,) =e(P;) =2 and e(P)) =4.
Hence, F” is a function field of genus g(F’') = 2% + 1 of type (2,2,2,4) satisfying
N = 8(g(F) — 1)

The following two examples show that both cases, where the bound in Theorem 2.2.7

can be attained, appear.

Example 2.2.11. (1) Let p = 5. Consider the function field F' with defining equa-
tion
y oy =a’

Set z := 2%, Then we have the following picture:
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%w
We consider F' as a Kummer extension over K (y). The ramified places in F'/K (y)

are the pole (y = oo) of y and the places y = « with a® — a = 0. Then by

Hurwitz’s genus formula we obtain

1
%—2:2(—2+®+1y§):z

hence, g = 2. Note that the only ramified places of K(z) in F are (z = 0)
and (z = 0o0) and F' is of type (2,10). Moreover, the automorphism group G of
F/K(z) is generated by automorphisms

x> (x
o:
y—=y+a
where ( is a primitive 2-root of unity and « is a root of y> —y = 0 and G ~
05 X CQ ClO Then N = |G| =10= 10(g — ]_)

Let p = 2. Consider the function field F' with defining equation
v -y =2’
Set z := 2°. Then we have the following picture:

K(z,y)

/\
\/

We consider F' as a Kummer extension over K (y). The ramified places in F// K (y)
are the pole (y = 00) of y and the places (y = 0) and (y = 1). Then by Hurwitz’s

genus formula we obtain

4
@-2:5(—2+&Z):z
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hence, ¢ = 2. Note that the only ramified places of K(z) in F are (z = 0)
and (z = oo0) and F is of type (5,10). Moreover, the automorphism group G of
F/K(z) is generated by automorphisms

x+— (x
o
Yy—=y+a
where ¢ is a primitive 5-root of unity and « is a root of y* —y = 0 and G ~

C5 X CQ ~ CIO- Then N = |G| =10= 10(9 — 1)

The following example shows that the bound in Theorem 2.2.8 holds, for further
details see [35].

Example 2.2.12. Let p > 5 and n,k > 1 be integers. Consider the function field
F := K(z,y) defined by

gy =2t
F can be considered as a Kummer extension over K (y), which is of degree p"* + 1.

The zero of y — a, where o”" + a = 0, and the pole of y in K (y) are the only places

ramified in F' and they are totally ramified by Proposition 1.2.14. Hence, by Hurwitz’s

nk(,n 1
genus formula the genus of F'is g(F') = %

Let G = (Aut(F/K))p, and 0 € G. Then 0(Z(kPy)) = £(kPx). This implies
that o € G is given by

oc: z—x+d

y—y+Q(x)
where d € K and p"deg Q(x) < vp_(y) = p"* + 1. Note that
Q) + Qz) = (x + )" 1 — a7,

Say Q(z) =qo+qz+ ...+ qpn(k_1>xpn(k71). We can write

pn(k72)
Q(CE’) +Q(x)Pn _ Z Gir' + Z (qun +q§7 )I.Jp" + Z q;o 2"
iZ0 mod p" 7=0 I=pn(k=2) 41
Z'Spn(k—l)

On the other hand,

nk nk nk nk nk nk nk
(x4 d)P" T — P = P P P @ — P

= da?"" + &
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Therefore, Q(z) + Q(z)"" = (x + d)?"**+1 — 2#"**+1 if and only if we have the following

equalities.

1) qo + qgn = dpnkJrl7

nk

2) q1 = d? ;
3) qz:(kfl) = d7

4) g =0fori#1andi#0 mod p", i < pr-2).
5) Gipr + qé’n forall j =1,...,p"k 2,
6) ¢ = qfn for all { = pr=2) . prt-1 _q

From 4) and 5) above, we get g;» =0 for 1 < j < p"*=2 and j 0 mod p". Also,
qe = 0 for p"*=2) < | < p*k=1) That is, Q(z) is of the form

Q(z) = qo + Qa + gpra® + Gena?" + . Gran 2+ guiena?
such that
g+ q) =d" !
ql i dpnk
qgn(k_l) — d
Qspn = —¢”foralls=1,... pF=2),

These imply that

g = —q7
G =~ = (V" =,
4y = (~1)'q”

Gt = = (o) = =((=1) 2" = (—1)F g™

That is, d uniquely determines the coefficients qi, gy . . . g,n—1). Moreover, we have

n(k—1)

n n _ nk _ n n
d= gy = (1)) = ()" = ()@ = (-1

2nk

Therefore, d”"™ = (—1)%~'d. There exists p?** distinct such d. For each d, there are
p" distinct gy such that go + ¢& = d”"*+1. Hence, there exist p*™* - p* = p"+1) such

automorphisms. In other words, |G| = pn++1).
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pn(kfl)

Recall that vp_(z) = —p", and vp_(y) = —(p"* + 1). By setting t := , we
Yy
obtain
v (t) = —p"" Vop (2) = v (y) = —p" " Vp" +p" H 1 =1
That is, t is a prime element for P,,. Moreover,
P L N R L
a(y) y y+Q(x) y
B y(xpn(kfl) + dpn(kfl)) . (y i Q(Q:))xpn(kfl)
y(y + Q(w))
B dpn(k—l)y . xpn(k—1)Q($)
y(y + Q(x))
n(k—1)

where Q(z) = go + @& + gpra?” + qu"xp% +...+ qpn<k—2)$pn<k72) + gy a?
If d =0, then ¢; = 0 for i > 0. Thus, Q(z) = qo. Note that if gy = 0, then 0 =id, i.e.,
o€ ngo for all # > 0. Suppose that gy # 0. Then we have

n(k—1)
x? q0

o) —i= y(y + )

Thus,
vp, (a(t) —t) = p"ED (—p™) + 2(p™ +1) = p™* + 2,

ie, o€ ngo for i = 1,...,p"® + 1. Note that there are p" such automorphisms.
If d # 0, then vp_ (Q(z)) = vp (2?"“ ™) = —p"*. Thus,

vp(o(t) —t) = =2p"™ +2(p™ + 1) = 2.

That is, o € Gﬁijo and o & ngo for ¢ > 2. Therefore, we obtain |Gg;| =p".

We remark that @
A Gp, | 4p

(GEI =1~ -1
Note that for n = 1 and £ > 1 we have the bound stated in Theorem 2.2.8.

|G| = g <

79

Remark 2.2.13. Note that the bound N = 10(g — 1) can only be attained when the
function field is of type (2, 10) and (5, 10), in which case N = 10 or g = 2. In particular,

it is impossible to obtain infinitely many genera for this case as in the other examples.
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3

Maximal Function Fields

3.1 Background

Let F, be the finite field with ¢ elements. The number of rational places of a function

field defined over a finite field F, can be estimated as follows.

Theorem 3.1.1 (Hasse-Weil Theorem). Let F' be a function field of genus g defined
over F, and N(F') be the number of its rational places. Then N(F') satisfies

IN(F) — (¢ +1)] <29/1.

Definition 3.1.2. A function field F' of genus g defined over F, is called mazimal (resp.
minimal) if N(F) attains the upper (resp. lower) bound in the Hasse-Weil Theorem,

i.e.,
N(F)=q+1+29\/4q

(resp. N(F)=q+1—2g,/q).

Remark 3.1.3. If ¢ is not a square and F'/F, is maximal or minimal, this implies that

g = 0. Thus, we will always assume that ¢ is a square, i.e., ¢ = ¢ for a prime power /.

For a function field F//F,, we can consider the constant field extension F,, = FF
of F/F, of degree n. If F/F, is a maximal function field, then the number of rational
places of F,,/Fyn is also known. In particular, if F//IF, is a maximal function field and

n is a positive integer then

N(F,) =q¢"+ 1+ (-1)"""2g\/q". (3.1)

This gives rise to the following result.

Theorem 3.1.4. Let F'/F, be a mazimal function field and n be a positive integer. If

n is odd, then F,/F is also mazimal. If n is even, then F/Fyn is minimal.
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The following theorem is one of the main tools for the classification of maximal

function fields.

Theorem 3.1.5. /25, Proposition 6] Let E,F be two function fields defined over IF,,.

If F' is mazimal over Fy and E is a subfield of F' then E is also mazimal over [Fy.

The following characterization result is one of the useful tools we have, which is
due to Garcia and Tafazolian; see [37, Theorem 4.1] and [11, Theorem 5.2].

Theorem 3.1.6. Let ¢ be a prime power and q¢ = (2. Let F' be a mazimal function field
over F,. Suppose that there exists H < Aut(F/F,) such that H is abelian of order ¢
and F" is rational. Then there exists a divisor m of {+1 such that F is F,-isomorphic
to the function field defined by

Hop i 2t + 2 =9y™.
In particular, the Hermitian function field Hoyq is a Galois extension of F' over [Fy.

The known results on maximal function fields over F, of large genus might be
collected as follows, see [7, 8, 21, 24, 32].

Lemma 3.1.7. Let £ be a prime power and q = (*. Let F/F, be a mazimal function
field of genus g. Then we have the following.

oe—1) (0 - 1)?

(1)9:911: 5 707“9:925:{ 1

q—€+4J

J,Orgéggzz{ G

(2) g = g1 if and only if F is Fy-isomorphic to Heyq.

(3) 1If q is odd then g = gy if and only if F is Fy-isomorphic to Hi1y2-
If q is even then g = gy if and only if ' is F,-isomorphic to the function field
defined by v+ = 2% + ...+ x.
In particular, the Hermitian function field Hey1 s a Galois extension of F over

F,.

3.1.1 Examples of Maximal Function Fields

In this section, we present the Garcia-Stichtenoth (GS), the Giulietti-Korchmaros
(GK) and the Garcia-Giineri-Stichtenoth (GGS) function fields.

The first function field we mention is the Garcia-Stichtenoth function field. In [10],
Garcia and Stichtenoth constructed the function field C3 over Fyr2 defined by

Cs:y' =2° —x
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and proved that C3 is maximal over Fy72. Moreover, they showed that the Hermitian
function field Hog is not a Galois extension of (5. This was the first example of a
maximal function field, which is not Galois covered by the Hermitian function field.

Let ¢ be a prime power and ¢ = ¢*. Consider the function field C;, over F 2 defined
by

02041 — 02

Czi Y T —x.

We collect the results from ([10],[19, Section 12.1], [13]) on the Garcia-Stichtenoth
function field C; below.

Proposition 3.1.8. The function field C; has the following properties:

(1) Cy is mazimal over Fg of genus 3((* — £)(¢* — 1).

(2) Cy is Galois covered by the Hermitian function field Hg.

(3) For £ > 3, the function field C; is not Galois covered by the Hermitian function
field Hyps 1.

The Galois extension &} of the Garcia-Stichtenoth function field C, given by

2 2
v Y Y
4 Yt — ol

is introduced by Giulietti and Korchmaéros in [12]. They showed that A} is also maximal
over Fys and the Hermitian function field Hs, 4 is not a Galois extension of X, for any
¢ > 2. This function field is referred as GK function field.

Proposition 3.1.9. The function field X, has the following properties:

(£341)(£2-2)

(1) Xy is mazimal over Fp of genus g(X,) = 5 + 1.

(2) For { > 2, the function field X, is not Galois covered by the Hermitian function
field Hyps 1.

(3) The full automorphism group Aut(X,) has order ¢3(¢3 +1)(¢* —1)(¢* — £+ 1) and
15 defined over Fys.

(4) Aut(X,) has exactly 2 short orbits on X,. One is wild of size {3 + 1, consists of all
F2-rational places of X,. The other is tame of size £3(¢3 +1)(¢* — 1), consisting of

all Fs-rational places of X, which are not Fyp2-rational.

(5) Aut(AX,) has a normal subgroup of index d = ged(3, 04 1) isomorphic to SU(3, ) X
Cl2—t41)/a, where SU(3,0) is the special unitary group which preserves the set
Xy(Fp2) of Fee-rational places of Xy and C2_gy1ysq is cyclic of order (€2 —0+41)/d.
The subgroup isomorphic to SU(3,¢) is normal in Aut(X,).
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(6) The stabilizer Aut(X,)p, of P, which is the unique pole of x,y,z, has order
G2 —1)(* — € + 1) and contains a subgroup (Qp X Cp_1) X Ciz_gi1)/4, where
Qs is a Sylow p-subgroup of Aut(Xy) and Cp_y is cyclic of order (? — 1.

The next example is called the Garcia-Giineri-Stichtenoth (GGS) function field
which is a generalization of the Giulietti-Korchméros function field. In [9], the authors
showed that GGS function field Xyn is Fp2n-maximal. The automorphism group of X
was determined in [16] and [17].

Let n > 5 be an odd integer. The GGS function field X is defined by

e
Z t+ = —
D

y“t =z'+x

Note that Ay» coincides with X, when n = 3.
Proposition 3.1.10. The GGS function field X has the following properties:
(1) X is maximal over Fpn of genus g(Xpm) = (£ — 1) (0" + 4 — (%) /2.

(2) For € > 3, the function field X is not Galois covered by the Hermitian function
ﬁeld Hﬁn.

(3) The full automorphism group Aut(Xm) has order £3(£ — 1)({™ 4+ 1) and is defined

over Fyzn.

(4) Aut(Xpm) has a unique fized place.

3.1.2 Preliminary Results

Let F' be a function field of genus g = g(F') defined over the finite field F, of charac-
teristic p. Let K be an algebraic closure of F,. In [26], Lehr and Matignon considered
the function fields whose automorphism group G fixes a place of F' with |G| > ﬁ g
and obtained a complete characterization of F'. Their results provide a birational iso-
morphism for F' and an Artin-Schreier function field Xy defined by w? — w = f(x),
which is a priori defined just over K. They also showed that if F//IF, is maximal then
the isomorphism between [’ and Xy in general does not preserve the maximality, but
it preserves both Aut(F/K) = Aut(F/F,) and g, see [15]. We will use these results
to relate Aut(F/K) and Aut(X;/K) and to obtain an upper bound for the order of a
p-subgroup of the automorphism group of a maximal function field over [F .

Using the same notation as in [26] we give the following definition and state their

results, see [26, Proposition 8.5.] and [26, Proposition 8.6.].
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Definition 3.1.11. Let F/K be a function field of genus g. Let G be a p-subgroup of
Aut(F/K). We say that (F,G) satisfies the condition (N) if

2
g>0 and |G|>—pg.
p—1

Proposition 3.1.12. Assume (F,G) with g > 2 satisfies the condition (N). Then
there is a totally ramified rational place, say Q € Pr. Moreover, F¢ is rational and Q

is the only ramified place in F/FC. Let iy be the integer such that

(@) _ o® _ _ alio) 5 lio+)
GY =GY =...=G% 2aht,

where Gg) denotes the j-th ramification group. Then
(1) GS) =+ Gg) and the fized field FOS of GS) is rational.
(2) If H <G with g(F?) > 0, then G/H is a p-subgroup of Aut(F*/K) and

1G] _ |G/H]
g ~ g(FH)

In particular, (F*,G/H) satisfies the condition (N). Moreover, if M < |G|/g? for

some M one gets

(1/M)|G/H|
< .
= =y
(3) If HQG and G 2 H > GY™Y, then g(F¥) = (|G /H| —1)(ip — 1)/2 > 0 and
(FH G/H) satisfies the condition (N).

We continue with a structural result on the short orbits of the automorphism group
of a function field F/K for which the classical Hurwitz bound 84(g — 1) does not
hold. This result is due to Stichtenoth [34] and Henn [18]. Recall that a short orbit of

G < Aut(F/K) corresponds to a unique ramified place of F'“, see Lemma 1.2.11 and
Remark 1.2.13.

Theorem 3.1.13. /19, Thorem 11.56, Theorem 11.126] Let F' be a function field over
K of genus g > 2 and G < Aut(F/K) with |G| > 84(g —1). Then the fived field FC is

rational and G has at most three short orbits on F' as follows:

(1) exactly three short orbits, one wild and two tame such that each rational place in

the tame short orbits has stabilizer in G of order 2;
(2) exactly two short orbits, both wild;

(3) only one short orbit which is wild;
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(4) exactly two short orbits, one tame and one wild. In this case |G| < 8g> with the

following exceptions.

e p = 2 and F 1is isomorphic to the hyperelliptic function field given by the

2k 41

equation y*> +y = x of genus 281,

e p > 2 and F is isomorphic to the Roquette function field given by the equation
y? =27 —1x of genus (¢ —1)/2.

e p > 2 and F is isomorphic to the Hermitian function field given by the equa-
tion yI™ = x? + z of genus (¢* — q)/2.

e p =2 and F s isomorphic to the Suzuki function field given by the equation
Yyl +y = 2% (29 +x) of genus qo(q— 1), where qo = 2™ and q = 2*™*1 for some

positive integer n.

The following lemma guarantees that a Sylow p-subgroup of a wild automorphism

group of an [F,-maximal function field F' fixes exactly one rational place of F'.

Lemma 3.1.14. /15, Proposition 3.8 and Theorem 8.10] The automorphism group
Aut(F/F,) of a mazimal function field F'/F, of genus at least two fizes the set of rational
places of F'. Moreover, automorphisms of F,-mazimal function fields are always defined

over Fy.
As a consequence of this lemma we obtain the following corollary.

Corollary 3.1.15. If S is a Sylow p-subgroup of Aut(F/F,) then S fizes exactly one
rational place Q) of F' and acts semireqularly on the set of the remaining rational places
of F, i.e., the identity automorphism is the only automorphism fixing the remaining

rational places of F'. In particular, if p{ g then every o € S has order at most equal to

NG?

3.2 Maximal function fields over [

Let F' be an Fjs-maximal function field of genus g = g(F) > 2. We denote by G its
full automorphism group Aut(X /F,).

Proposition 3.2.1. Let F//F . be a mazimal function field of genus g = g(F') > 2. If
p divides |G|, then a Sylow p-subgroup of G is of order at most p*; unless F is either
the Hermatian function field Hy2qq or Galois covered by Hpzy,.

Proof. Suppose that F'is not the Hermitian function field. Therefore, by Lemma 3.1.7
g < 7@. Let S be a Sylow p-subgroup of G. Since F/F,. is maximal, S fixes
exactly one rational place @ € Pg, [19, Lemma 11.129], and since it is defined over

F,a from [15, Theorem 3.10], it acts semiregularly on the remaining p* + 2gp? rational
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places of F'. In particular, |S| divides p* + 2gp®. Note that if |S| > p* then p? divides

2g. Also, as p*+2gp* < p* +p?(p* — 1)p? = pb we have that |S| = pF with k =1,...,5.

Now suppose that |S| > p*. Then g(F*) = 0; otherwise from [19, Theorem 11.78]
’(p*—1)

we have |S] < g < =8~ ie., |S] < p*. Applying Hurwitz genus formula to F/F*,

we have
29— 2 = |S|(29(F%) —2) + |5| — 1+ AD = AD — 2,

where Ag) = Z(|Sg)\ — 1) represents the contribution of the higher ramification
12]
groups at @) for j = 1,2. That is,
— A2
29=A7A5".

20,2
—1
M. Moreover, p — 1 divides Ag)

Thus, we have p < |Sg)| < ptsince 2 < g <
implying that 2g is divisible by p*(p — 1), say 29 = rp*(p — 1), where 1 <r <p+1is
an integer. If r = p then g = p*(p — 1)/2 > g3, where g3 is given in Lemma 3.1.7. This
implies that the Hermitian function field H,2,; is a Galois extension of F'. Therefore,
we can assume that 2g = rp?(p — 1) for some 1 < r < p. Then (F,S) satisfies the
condition (N) as

pP’(p—1) _ 2pg

y
S| >pt > = .
S| =p P p—

Hence, from Proposition 3.1.12 (1), we also obtain that the fixed field F' 53’ is rational.

o If |Sé22 )| = p, then there is a normal subgroup H <1.S of order p? containing Sg ),
Therefore, the fixed field F# of H is also rational. Then by Theorem 3.1.6, we

conclude that the Hermitian function field #H,2, is a Galois extension of F/F,.

o If |Sé22 )| = p?, by Theorem 3.1.6, the Hermitian function field H,2,, is a Galois

extension of F/F,.

o If \Sg)] = p?, then from [19, Theorem 11.75 (v)] the integers k such that
Ségk) + Sg ) are all congruent modulo p. Then we get

@ _ B _  _ ok (k+1)
Sg =80 =...=5y #S5
where kK =1 mod p. Hence,

rpi(p— 1) =29 = AY > p(p® — 1),

which implies » > p 4 1, a contradiction.
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From now on, we suppose that G satisfies |G| > 84(g—1). Using Theorem 3.1.13, we
proceed with a case-by-case analysis on the structure of the short orbits of GG according

to the following cases.
(1) G has exactly two short orbits, which are both wild.
(2) G has only one short orbit, which is wild.

(3) G has exactly three short orbits, one wild and two tame such that each rational

place in the tame short orbits has stabilizer in GG of order 2.
(4) G has exactly two short orbits, one tame and one wild.

Remark 3.2.2. Note that Nakajima in [29] proved that if G is an abelian group then
|G| < 4g + 4. Therefore, G cannot be abelian.

We start with the case p = 2. Then by Lemma 3.1.7, the third largest genus g5 is 2.
Therefore, if g > 2, the Hermitian function field H5 is Galois extension of F. If g = 2,
from [6, Theorem 9] we conclude that F' is birationally equivalent to the hyperelliptic
function field defined by 22 + x = y°. Hence, the Hermitian function field H; is again
a Galois extension of F.

From now on, we assume that p > 2.

Theorem 3.2.3. There exists no F,a-mazimal function field F' such that G = Aut(F/F )

admits exactly two short orbits, which are both wild.

Proof. Suppose that G has two wild short orbits, say O; and O,. Since G has a wild
short orbit, its order is congruent to 0 modulo p. From Lemma 3.1.14, we know that
the fixed rational places of the Sylow p-subgroups of G lie on the set of all rational
places of F(F,), and hence Oy and O, are contained in F'(F,4). Moreover, the size of
each wild short orbit of GG is congruent to 1 modulo p as a p-group fixing a rational
place @ in O; act semiregularly on O; \ {Q} for i = 1,2.

The size of the set F'(Fy) \ O; is congruent to 0 modulo p. As also Oy C F(F4)
has length congruent to 1 modulo p, and |G| is congruent to 0 modulo p we have a

contradiction. O

Theorem 3.2.4. Let F'/F 4 be a mazimal function field. Suppose that G = Aut(F/F )
has only one short orbit, which is wild. Then the Hermitian function field H,24+1 is a

Galois extension of F.

Proof. Let S be a Sylow p-subgroup of G and O be the short orbit of G. By Corol-
lary 3.1.15, S fixes exactly one place ) € O. We consider the stabilizer G¢ of @) in G.
Note that the extension F€Q over F¢ is unramified [36, Theorem 3.8.2], and therefore
we obtain Diff(F/F%) = Diff(F/F%Q) from the transitivity of the different divisor.
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Now, let ¢’ be the genus of the function field F'“e. Applying Hurwitz genus formula
to F/FY and F/F%e we have

2g — 2 = —2|G| + deg(Diff(F/F%))
= |Gol(2¢' — 2) + deg(Diff(F/FC%2)).

Hence —2|G| = |Gg|(2¢' — 2), which is true only if ¢’ = 0 and G = G as —2|G| < 0.
This implies that |O| = 1, i.e., O = {Q}. Then |G| = p*h, where k € {1,2,3}, h is
relatively prime to p and G is a semidirect product of its unique Sylow p-subgroup S
of order p* and a cyclic group H of order h. From the Hurwitz’s genus formula applied
to F/FY, we have

29 —2=—2p"h + (PFh — 1) + A,

where Ag) = Zi21(|58)| — 1) represents the contribution of the higher ramification
groups at Q. Applying now the Hurwitz genus formula to F'/F*, we obtain

29 — 2 = p"(29(F®) — 2) + (" — 1) + Ay
=p*29(F%) = 2)+ (0" = 1) + 29— 2+ 20'h — p*h — 1),  (3.2)

and hence
2g(F%) =14+ h =0,

If h > 1, then 2g(F®) — 1+ h > 0, a contradiction. Hence h = 1 and g(F"°) = 0.
Thus, G = S is a p-group of order p* where k = 1,2,3 from Proposition 3.2.1.
Since the groups of order p and p? are abelian, by Remark 3.2.2 this cannot be the
case. Hence, we should only consider |S| = p® and S is not abelian. Note that S satisfies
the condition (N) by our assumption p* > 84(g — 1) > 2pg/(p — 1). From Proposition
3.1.12, the second ramification Sg ) of G does not coincide with 5’8 ) = § and the fixed
field 5 is rational. If ]5’8 )| = p2, then the claim follows from Theorem 3.1.6. Hence,
we can assume that |Sg)| = p. Since Sg) < S, we can find a normal subgroup H of S
containing Sg ) of order p?. Then F is rational, and by Theorem 3.1.6, F is Galois
covered by the Hermitian function field H2, . n

Theorem 3.2.5. There exists no F,a-mazimal function field F' such that G = Aut(F/F )
admits exactly one wild short orbit, and two tame short orbits whose stabilizers have
order 2 with p > 3.

Proof. Suppose that G has exactly one wild short orbit, say O, and two tame short
orbits whose stabilizers have order 2. Since G has a wild short orbit, |G| has order
congruent to 0 modulo p and a Sylow p-subgroup S of G is nontrivial.

From Lemma 3.1.14, we know that the fixed rational places of the Sylow p-subgroups
of G lie on the set F(F,4) of rational places of F//F 4, and hence O is contained in
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F(F,4). Moreover, |O| is congruent to 1 modulo |S| (and hence modulo p) as S fixes a
unique rational place @ in O and acts semiregularly on O \ {@Q}, i.e., |O] = n|S| +1
for some n > 0.

From the Hurwitz’s genus formula applied to F//F'¢ we have

29 — 2 = —2|G| + |0|(|Gq| — 1 + AY)) +|G|/2+ |G /2
= —|G| +[0|(|Gql — 1+ AY)) = [0](AY) - 1),

where A(Ql) = Z(|Gg)| — 1) represents the contribution of the higher ramification
i>1
groups at . Therefore, we obtain that |O| divides 2g—2 since AS)—l > |S|—1>p—1.
Suppose that S is the Sylow p-subgroup of Gg. From the Hurwitz genus formula
applied to F//F*, we obtain

29 — 2 = |S|(29(F5) — 2) + |S| -1+ AY)

— |S|(20(F5) —2) + 18| -1+ (% . 1).

Hence,
(29 —2)(|0] = 1) + |Sl|O}
2[S|0]

g(F®) = (3.3)

Since g(F®) is a nonnegative integer, we get that |O| > 1 and g(F"®) > 0. Moreover,
|O| is even as p is odd, and hence |S] is odd.

Call the ramified places of F¢ in F' corresponding to the tame short orbits as 17, Tb.
Note that the ramification indices e(7}) = e(7») = 2 in this case, [36, Proposition 3.8.5].

Now, we consider the stabilizer G of () in G. There are three cases:

[. Ty and Ty are both unramified in F¢e /F G
This case is impossible; otherwise we would have Diff(F/F¢) = Diff(F/F%),
and as before, this is only possible if g(F¢?) = 0 and |G| = |Gg|. This implies

that |O] = 1, which is a contradiction.

I1. Only one of T}, Ty is ramified in 92 /FY say Tj.
Since T is ramified in F€e/FY and e(T}) = 2, all places in F9@ lying over T}

are unramified in F'/F%2. Therefore, we have

deg(Diff(F/F%2)) + @ = deg(Diff(F/F%)).
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Applying Hurwitz genus formula to F//F¢ and F/F%?, we have

2g — 2 = —2|G| + deg(Diff (F/F%))
= |Gol(29(F9?) — 2) + deg(Diff (F/ F?)).

Hence, =9 — |Gg|(2¢(F%@) — 2), which is true only if g(FEe) = 0 and

2
=3|G
0] = 1G1/|Go| = 4/3 as =1

< 0; therefore, this case also cannot occur.

III. T} and T; are both ramified in F% /F¢.
As in the second case, the places lying above T} and Ty are unramified in F//F¢e.
Thus,
deg(Diff(F/F%)) = deg(Diff(F/F?)) + |G|.

Then —|G| = |Gg|(29(F%2)—2), which holds only if g(F©Q) = 0 and |G| = 2|Gg|,

i.e., |O| =2, a contradiction.

Therefore, an [F,«-maximal function field whose full automorphism group admits ex-

actly three short orbits, two tame and one wild, does not exist. O

We remark that the only remaining case is the one that G admits exactly one wild
short orbit, say Oy, and one tame orbit, say O,. Even though we could not the settle
the case, we have some partial results on this case.

Note that |G| has order congruent to 0 modulo p as G has a wild short orbit. In
particular, a Sylow p-subgroup of G is nontrivial. As before, O; lies in the set F'(IF,4) of
rational places of F.. Let ()1 € O7 and Q)3 € O5. We denote by S the Sylow p-subgroup
of the stabilizer G, of Q.

The following lemma will be our main tool.
Lemma 3.2.6. The genus of the fixed field of S is given as follows:

(20— 2)(01] — 1) + [0]1S] - [0s]

F9) = 3.4
o) AT 34
Proof. From the Hurwitz’s genus formula, we have the following equalities.
G| Wy, |Gl
29 —2==2|G|+ 7 (G| =1+ Ag)) + (IGg.| —1)
Ga,l W Ga,l
Gl A |G|
— (A —1) - (3.5)
Gl @ lerH
=[01l(Ag) — 1) = |04, (3.6)

where Agl) = Z(|Gg)1] — 1) represents the contribution of the higher ramification
i>1
groups at Q1. Note that Ggl) = S, and hence Agl) > |S| — 1. Also, from the Hurwitz’s
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genus formula applied to F//F®, we obtain

29 — 2 = |S](29(F%) — 2) + 5] — 1+ AY). (3.7)
Multiplying both sides of Equation (3.7) by |O;| and replacing \Ol\(ASE —1) by 2g —
2 + Oy, we get the desired result. O

Proposition 3.2.7. Let F(F,1) = O1UO,. Then F' is Galois covered by the Hermitian
function field if

(a) g(F®) =0,
(b) g(F%) >0 and |S| > p>.

Proof. Note that if |O;| = 1, since g(F°) is a nonnegative integer, we get |0y = ||
and g(F®) = 0. Therefore, we conclude that |O;] > 1. Using Equation (3.6) and
Equation (3.7), we get

(101] — (* +1)AY)

Sy 2 _
1SI(29(F%) = 1) +» R

(3.8)

(a) Suppose that g(F*) = 0.

o If |S| = p, then from [19, Theorem 12.5] (recalling that every function field
admits a plane model, possibly singular) we know that a plane model of our
function field is given by separated polynomials. Note that applying [19,
Theorem 12.11] we have that either the automorphism group of our function
field fixes a place (we know that it is not our case since |O;] > 1) or it is one

of the following function fields:

(i) y* +y = 2™, where m divides p 4+ 1 or

(i) y* +y = a?*.

Since these function fields are both Fj-maximal, they are F,s-minimal, a
contradiction.

o If |S| = p?, then H,2,, is a Galois extension of F/F,: from Theorem 3.1.6.

o If |S| = p3, then LHS of (3.8) is negative. Thus, |O;| < 1 + p?, which is
impossible as |01 > 1+ |S].

(b) Suppose that g(F¥) > 0 and |S| > p®. By Proposition 3.2.1, we can without loss of
generality consider the case that |S| = p3. Then RHS of Equation (3.8) is divisible
by p— 1 and as (p? + 1,p — 1) = 2 we get that g(F"®) > (p — 1)/4. Therefore,
g >p*(p—1)/4 > g3, which proves the claim.
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Proposition 3.2.8. Let F(F,.) = Oy. Then F is Galois covered by the Hermitian
function field if

(a) g(F%) =0,
(b) g(F®) >0 and |S| > p*.
Proof. By Equation (3.5), we have

_ 29— DIGo/llCal
Ga,|(AY) — 1) — |G, |

|Gl

Since ]GQ2|(A83 —1) —|Gg,| > 1, we have

1)
AQl —1 1

> .
|GQ1|+1 |GQ2|

This yields

oo 1 W1 aB-1 a1 af-d
G| 1GQ,| Go,| — |Gol+1  |Gol G, |(1Gg, | + 1)

and hence .
L 2g-1) 291 Ag-1
P’lGo,| T 2p%91Go,| T |Gl T G (IGg, | + 1)

(3.9)
From Equation (3.9), we get 1+ |Gg,| > pQ(ASI) — 1) and |Gg,| > p*. Hence,

G _ Il

|GQ2| b

|Os| =

(a) Suppose that g(F°) = 0. Using Equation (3.4), we have

G| > p?|Oa] = p*((29 — 2)(|01] — 1) + |O1]1S])
= p*(29(|01] = 1) + 01|(IS| = 2) + 2)
= 2gp*(|O1| = 1) + p*|O1|(|S] = 2) + 2p°
> (29)(29)(29) + p*(20°g + p*)(p — 2) + 2
> 8g3.

Using Henn’s classification [19, Theorem 11.126], we conclude that F' is Galois

covered by the Hermitian function field.

(b) Suppose that g(F®) > 0 and |S| > p?. Let |Gg,| = h|S|, where h is relatively
prime to p. By [19, Theorem 11.60], we have h < 4g(F¥) +2, as h is the order of a
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cyclic group H =~ G, /S of order relatively prime to p. From Equation (3.9) and
using h < 4g(F°) + 2, we get

(4g(F5) +2)[S| +1 > |Go,| +1 > pA(AY) — 1),

and hence

R o T R | 1 ) e WO B
g = 418] = 4[8] 418] ’
81 = 2) = 2* — 1

) |

while g >

o If |S| > p* > 11, then we get g > g3 = LM#J. Hence, F' is Galois covered
by Hp241.

o If |S| > p? =09, then g > (p* — 4p> — 1)/4 = 11. This implies that g = 11
or g = 12 or that F is Galois covered by the Hermitian function field (indeed
the first, the second and the third largest genera in this case are 36, 16 and
12, respectively). Using |Oq| = |F(F,4)|, we have

280, if g = 11,
04| = N
298, if g =12.

In particular, 9|0 | divides the order of G.
Using Equation (3.4), the genus g(F®) is given by

20 - 279 + 280 - |S| — |0y

if g =11
(F5) — 2280 |S] » BI=
g ) 22-2974+298-|S| — |Oq] .
, if g =12.
2.208-|9|

Note that |S| divides |Os| since Os is a tame short orbit. Hence, |S| divides
279, if g = 11 and |S| divides 297, if g = 12. Also, |O,] is even as g(F®) is an
integer.

We analyze further the cases ¢ = 11 and g = 12 separately.

(i) Suppose that g = 11. Therefore, |S| = 9 as 27 1 279. Since 9 divides |Os|

and |Oy| is even; hence, |Os] is at least 18. Using this fact we obtain that

20 - 279 + 280 - |S| — |0y

F%) =
9UE") 2280 |S]

<1

Therefore, g(F°) = 1 and |O,| = 3060. Since both |Oy| and 90| divide
|G|, we have that lem(3060,9|0;|) = 42840 divides |G|, where lcm denotes
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the least common multiple. In particular, |G| > 8¢®. Therefore, we get the
claim.
(ii) Suppose that g = 12. If |S| = 27, then g(F°) =

we have |S| =9, and hence

14580 — O] _  opy
16092 ‘ !
9216 — O] _

F%) =
9(F”) TR

Therefore, g(F¥) = 1 and |O,| = 3852. As before, since lem(9-298,3852) > 8¢°,

we get the claim.

]

We remark that the question of whether all Fj«-maximal function fields are Galois
covered by the Hermitian function field remains open for the following cases: The
automorphism group G admits exactly one tame short orbit and one wild short orbit
such that

o F(F,1) =0;UO;y, g(F°) >0 and |S| < p?
o F(F,1) =0y, g(F°) >0 and |S| = p,
o [(F,4) contains O; and a long orbit G.

A through investigation on these cases might result in new values of the genus spectrum

of Fpi-maximal function fields.

Remark 3.2.9. Let F' be a Fj2-maximal function field of genus g := g(F) > 2 and
let G = Aut(F) with |G| > 84(¢g — 1). Suppose that p divides |G|. Then similarly as
in Proposition 3.2.1, we see that a Sylow subgroup of G, is of order at most p; unless
F' is either the Hermitian function field H,; or a Galois subcover of H,;,. Hence,
it remains to consider the case that a Sylow p-subgroup S of G is of order p. By
Corollary 3.1.15, S fixes exactly one rational place ) of F' and S acts semiregularly
on the remaining set F'(IF,2) \ {Q} of rational places of F'. As in F,-maximal function

fields, we continue with a case-by-case analysis on the short orbits structure of G.

(1) Suppose that G has exactly two short orbits O;, Oz, which are both wild. This

case cannot occur as in Lemma 3.2.3.

(2) Suppose that G has only one short orbit O, which is wild. Following the same
steps in Lemma 3.2.4, we get |O| = 1. Therefore, G = S. However a group of
order p is abelian, by Remark 3.2.2 it satisfies the Hurwitz’s bound. Hence, this

case also cannot occur.

Therefore, differently from [2], we say more on the orbit structure of the automor-

phism group of F/F,:.
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(3) Suppose that G has exactly three short orbits, one wild O; and two tame Os, Os.
We follow the same argument in Lemma 3.2.5 to get |O;| > 1 and g(F¥) > 0. More-
over, |O1] is even. We analyze the ramification in F9@ over F'“ as in Lemma 3.2.5,

and see that this case cannot occur.
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