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Olh _�S L \ O ] d a H WYUBX Olh _ �qa d U Olh � 7 ��� 	 K;L C d X R U1] Olh _ � V OlL � � � R a h WYXp_�V d V5_�]YU�V \ al]YXNa h a F X \b\ XpW �

R X C L V h V H ] d OlLZL D� C H a D Olh ];_ d a���WeX h � d V5WYW H d V � _ d XNzlV h �Ba �
]YU d a H�M U O U�a d X �ia h ] OlL R O ��X LpLZO d D �GU�a'W^V
_�X O \ Vi]^V d z O d XNV5W ��V d XNa _BX R OlLZL D �GXZ]YU O ��X OlL ��a'WYXN]YXNa h 	 T�U�V D�\ V O W H d V5_ ]YU�V O zlV d O0M V._ d a�� W �QViV5_
Olh _ R a dYd V LZO ]^V5_�]YU�a'W^Vbz OlLZH V5W �yXN]YU ]YU�V a C W^V d zlV5_ ]YX \ V � _BV �QV h _�V h ] _ d a���WYU O ��V5W 	bT�UBV5X d;d V5W HBL ]YW
�qV d V \ O X hBL D t HBOlL XN] O ]YXNzlV Olh _�_�V \ a h W^] d O ]^V5_b]YU�V�V���V R ]�a F R O �$X LZLZO d D M Via \ Vi] d D a h ]YU�VGWYU O ��V Olh _
\ a C X L XN] D a F _ d a���W 	 � V \b\ O ] Olh _ �qa d U Olh � � �Qd V ��a d ]^V5_:]YU�V C H a D Olh R D� _ d XNzlV h \ al]YXNa h a F z XZW R a H W
_ d a���W Olh _ M'O W C H CBC L V5Wy]YU d a H�M U O zlV d ]YX R OlL R O ��X LZLpO d D �GXZ]YU �QV d XNa<_�X RsR a h WY] d X R ]YXNa h WsX h a d _�V d ]^a
V�� O \ X h V|]YU�V V���V R ]YW a F R O �$X LZLZO d D M Via \ Vi] d D a h _ d a�� _BV F a d \ O ]YXNa h Olh _ C d V O0J H � 	 S L \ O ] d a H WYU�X
Olh _ �qa d U Olh � 7 ��� W^] H _�XNV5_�]YUBVyV���V R ]YW�a F W H d F O R ] Olh ]�a h ]YU�V C H a D Olh R D� _ d XZzlV h \ al]YXNa h a F C H CBC L V5W
Olh _ _ d a��$WyX h.O ] H C V�	GTGU�V D d V ��a d ]^V5_.]YU�Vs]^V d \ X hBOlL d XZW^VszlV L a R XN]YXZV5W�a F � H XZ_ � O d ]YX R L V5W Olh _.]YU�V5X d
WY]^V O _ D WYU O �QV5W F a d z O d XZa H W C HBLNJ � ��U O W^V R a h R V h ] d O ]YXNa h W#a F W H d FIO R ] Olh ] 	>[ a \ V>a F ]YU�V�V�� ��V d X \ V h ] OlL

R O WYV5W�W^] H _BXNV5_ C<D � V \b\ O ] Olh _ �qa d U Olh � � � Olh _ S L \ O ] d a H WYU�X Olh _ �qa d U Olh � 7 ��� O d V H WYV5_`X h ]YU�V
� d V5W^V h ]��>a d J ]^abz OlL XZ_ O ]^V ]YU�V R a \ � H ] O ]YXZa hBOlL d V5W H�L ]YW 	

K;h ]YU�V:]YU�Via d Vi]YX R OlLqOlh _ R a \ � H ] O ]YXNa h�OlL WYXZ_BV } ]YU�V � d Viz XNa H WsWY] H _BXNV5WvU O zlV C ViV h \ a'W^] L D d V �
WY] d X R ]^V5_f]^a ]YU�V�W^] d O X M U1] R D L X h _ d X R OlL a d ��a L D M a hBOlL R O ��X LZLpO d XNV5W �yXN]YU HBh X F a d \ R d a'WYW � W^V R ]YXZa hBOlL�O d V O W
O W d Viz XNV �qV5_ C<D K;L C d X R U1]�� ��� 	 � a �qVizlV d5} Ofh1H \|C V d a F ]YUBVia d Vi]YX R OlL�Olh _ R a \ � H ] O ]YXNa hBOlL X h zlV5W^]YX M'O �
]YXZa h W�a F ]YU�V \ al]YXNa h Olh _ C d V O0J H �fa F _ d a���W Olh _ C H CBC L V5W�X h z O d X O C L V R d a'WYW � W^V R ]YXZa h R U OlhBh V L W(U O zlV
C ViV h OlL W^a d V �Qa d ]^V5_ } F a d V�� O \ � L V } C<D � V5WY] C a d M�Olh _ � O WYW Olh�M V d � ~ � � }$c OlH�M'L XN]�� Olh _kr O _ J V � 7�� �
Olh _�T�W O X Olh _ w X J WYXZW � 7 ~�}#~ � � C H ] OlL \ a'W^] OlLZL X h ]YUBV L X \ XN]YX hBM R O W^V a F R d ViV ��X h�M ��a � d V M X \ V�	
� h R a h W^] d X R ]^V5_ R U OlhBh V L W } �Ba � XpWeX h U�V d V h ] L D HBh WY]^V O _ D Olh _)X h V d ]YX OlL V��QV R ]YW O d V H W HBOlLZL D X \ ��a d �
] Olh ] 	 g W���V R X OlLZL D X h ]YU�V R O W^V;a F W \ OlLZL R O ��X LpLZO d D h1H \sC V d W>a d W^VizlV d V L D R a h W^] d X R ]^V5_ R U OlhBh V L W } ]YU�V
o$h XN]^V:rGV D h a L _BW h1H \|C V d V���V R ]YW \ H W^] C V:] O0J V h X h ]^a O RiR a HBh ] � � � 	 r�V R V h ] L D w.H d O _�a M'LZH Olh _
c a J OlL ] H�h � ~0� � U O zlV WY] H _BXNV5_ ]YU�V \ al]YXNa h a F ]��qa � _BX \ V h WYXNa hBOlL C H a D Olh R D'� _ d XNzlV h _ d a���Wy]YU d a H�M U
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W X h1H W^a'XZ_ OlLZL D R a h WY] d X R ]^V5_ R U OlhBh V L W �GXN]YU o�h XZ]^VfrGV D h a L _BW h<H \|C V d W C H ];U O zlV h al] d V ��a d ]^V5_ Olh D
_ d a�� C d V O0J<H �.X h ]YU�V R O W^V5W;]YU�V D W^] H _BXNV5_�	Gu d a�� C d V O0J<H � XZWya F FIHBh _ O \ V h ] OlL X \ ��a d ] Olh R V O WeXZ]
XpW;]YU�V J V D � d a R V5WYW ]YU O ]|_�Vi]^V d \ X h V5W;]YU�V R d XN]YX R OlL R a h _BXN]YXNa h W F a d ]YUBVbV�� XpW^]^V h R Vba F W^]^V O _ D _ d a��
W U O ��V5W Olh _k]YU�V o�h�OlL _ d a�� _BXpW^] d X C H ]YXNa h X h O \ HBL ]YX ��U O W^V W D W^]^V \ � ~l~ � 	

w a'W^]�a F ]YU�V � d Viz XNa H W h1H \ V d X R OlL W^] H _BXNV5Wna h ]YU�V>V���V R ]YW(a F W H d F O R ] Olh ]YW �QV d ] O X h ]^aeV�� ]^V h WYXNa hBOlL
��a �GW 	 [<]^a h V Olh _ � V OlL � ~ : � X h zlV5W^]YX M'O ]^V5_|]YUBV�V���V R ]YW(a F X h W^a LpH C L V#W H d F O R ] Olh ]YW�a h ]YU�V�_�V F a d \ O ]YXNa h
Olh _ C d V O0J H �`a F _ d a���W�	(TGU�V D _�Vi]^V d \ X h V5_b]YU O ]q]YU�V;_�V M d ViVea F _�V F a d \ O ]YXNa h XZW>X h � H V h R V5_ C1D ]YU�V
O RiR H \ HBLpO ]YXNa h a F W H d F O R ] Olh ] O ]�]YUBV�V h _BW#a F ]YUBVG_ d a�� �yUBX R U�XZW R OlH W^V5_ C1D ]YU�VGV��<]^V d h�OlL �Ba�� } X 	 V�	 }
H�h X O ��X OlL V�� ]^V h WYXNa h X h ]YUBV5X d R O W^V�	 w X LZL V J V h Vi] OlL 	 � ~ > � M V h V d OlL X �iV5_s]YUBV5X d �qa d JvF a d O d Olh�M Vqa F _ d a��
� H XZ_ z XZW R a'WYXZ]YXNV5W Olh _ O;h a hBL X h V O d V5t HBO ]YXNa h a F W^] O ]^V F a d ]YU�VqX h ]^V d FIO R X OlL ]^V h WYXNa h 	�T�UBV D F a HBh _s]YU O ]
W H d FIO R ] Olh ]YW F O R X L XN] O ]^Vf]YU�V F a d \ O ]YXNa h a F ��a'X h ]^V5_�V h _BWe_ H d X h�M _ d a���W^] d Vi] R UBX h�M } Olh _ O ]^] d X C H ]^V5_
]YU�XZW O W|]YU�V d V O W^a h F a d ]YX � � WY] d V O \ X h�M a C W^V d zlV5_ X h V�� ��V d X \ V h ]YW 	 w a d V d V R V h ] L D } g MlM'L Vi]^a h Vi]
OlL 	 � ~l� � H WYV5_ C a HBh _ O d D X h ]^V M d OlL \ Vi]YU�a _BW`]^a X h zlV5W^]YX M'O ]^V)]YU�V a h W^Vi] a F ]YX � � W^] d V O \ X hBM�O0M'O X h
F a d L X h V O d V�� ]^V h WYXNa hBOlL �Ba � 	 TGU�V D F a HBh _&]YU O ] } WYX \ X LZO d ]^a [<]^a h V Olh _ � V OlL � ~ : � } W H d FIO R ] Olh ]
XpW O RiR H \ HBLZO ]^V5_ O ] ]YU�Vk_ d a�� ��a L V5W �GU�V d V:XN] _ d XNzlV5Wf]YU�V W H d F O R V ]^V h WYXZa h ]^a h V O d �iV d a 	�T�U�V D
a C W^V d zlV5_ ]YU O ]�]YU�V _ d a�� O WYW H \ V5W O ] d Olh WYXNV h ]�WYU O ��V �yXN]YU UBX M U L D ��a'X h ]^V5_:]YX ��W F d a \ �yUBX R U`]YUBX h
L XZt H XZ_�]YU d V O _BW O d V � HBLZL V5_ 	 � F ]YU�V X h XZ]YX OlL R a�zlV d O0M V�z OlLpH V�XZWbUBX M U V h a H�M U } ]YUBXZW \ O D L V O _&]^a
C d V O0J<H � �GXN]YU ] O X L � WY] d V O \ X h�M \ a<_�V�	

T�U�V ]YU�V5WYXZW XZW`a d M'Olh X �iV5_ O W F a LpL a �GW�	 � h ]YUBV h V��<] R U O �B]^V d5} ]YU�V \ O ]YU�V \ O ]YX R OlL F a d \ HBLpO �
]YXZa h�Olh _)]YUBV h<H \ V d X R OlL \ Vi]YU�a _�XZWv_BV5W R d X C V5_�	 
 a \ � H ] O ]YXZa h W O d V �QV d F a d \ V5_ H WYX hBM�O�o�h XZ]^V �
zla LpH \ V�� F d a h ] � ] d O R J X h�M \ Vi]YUBa<_)_�VizlV L a��QV5_ C1D w H d O _�a M'LZH)Olh _ xsO D OlOlL � � ~ 7 � 	bT�U�V M a zlV d h X h�M
V5t HBO ]YXNa h W F a d O � XZW D<\b\ Vi] d X R M Via \ Vi] d D O d V:W^a L zlV5_ h<H \ V d X R OlLZL D a h�O R H d z X L X h V O d M d XZ_ H WYX hBM O
o$h XN]^V � zla LZH \ V \ Vi]YUBa<_�	fT�U�V _ d a�� X h ]^V d FIO R V XZW d V � d V5WYV h ]^V5_ C<D R a hBh V R ]^V5_ �nO0M d OlhBM X Olh \ O d J V d
��a'X h ]YW��GUBX R U \ a zlV �GXZ]YU ]YU�V L a R OlL �Ba�� zlV L a R XN] D 	 T�UBV��Ba � V5t HBO ]YXZa h W O d V � d XN]^]^V h F a d ]YU�V�V h ]YX d V

R a \ � H ] O ]YXNa hBOlL _�a \ O X h Olh _�_BX ��V d V h ] ��U O W^V5W O d V�] d V O ]^V5_ O W>WYX h�M'L V�� H XZ_ �GXN]YU z O d X O C L V \ O ]^V d X OlL
� d a���V d ]YXNV5W 	`T�U�VbV���V R ]YWfa F ]YUBV:W H d F O R Vb]^V h WYXNa h�O d V�] O0J V h X h ]^a O RiR a HBh ] C<D ] d V O ]YX h�M ]YU�V \ O W
C a _ D F a d R V5W�X h ]YU�V�W O \ V � O D O Wb_BV5W R d X C V5_ C<D Eeh zlV d _BX Olh _ T d D MlM z O W^a h � 7,: � 	 � h 
 U O �B]^V d
: } ]YU�V \ al]YXNa h.Olh _ C d V O0J H ��a F(O � XpW D<\�\ Vi] d X R OlL C H a D Olh R D� _ d XNzlV h z<XpW R a H W�_ d a��$W�]YU d a H�M UkW X h1H �
WYa'XZ_ OlLZL D R a h W^] d X R ]^V5_ R O ��X LpLZO d XNV5W�XZW R a h WYXZ_BV d V5_ �GUBX R U � O WyWY] H _BXNV5_kV�� ��V d X \ V h ] OlLZL D:C1D�� V \b\ O ]
Olh _ �qa d U Olh � � � 	 �+]yXZW F a HBh _ ]YU O ]y]YU�V � d V5WYV h ] R a \ � H ] O ]YXNa hBOlL d V5W HBL ]YW O d VsX hkO�M a1a _ O0M d ViV \ V h ]
�yXN]YU�]YU�V O z O X LZO C L VsV�� �QV d X \ V h ] OlL _ O ] O 	;T�U�V h ]YU�V \ Vi]YU�a<_�XZW H W^V5_ ]^a`W^] H _ D ]YU�VfV��QV R ]YWea F ]YU�V
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_ d a��)WYX �iV } ]YU�V R U OlhBh V L(M Via \ Vi] d D Olh _ �>a h _ h1H \|C V d a h ]YU�V \ al]YXNa h)Olh _ C d V O0J H � a F z XZW R a H W
_ d a���W#X h R a h WY] d X R ]^V5_ R O �$X LZLZO d XZV5W 	 ��]�XZW#WYU�a�� h ]YU O ] O z<XpW R a H W _ d a�� C d V O0J W H �bX h ]^avW \ OlLpL V d _ d a���W
�yU�V h ]YU�V h a h � _BX \ V h WYXNa h�OlL _ d a��`WYX �iVGV�� R ViV5_BW O R d XN]YX R OlL z OlLZH V O W � O WqV�� �QV d X \ V h ] OlLZL D a C W^V d zlV5_
C<D � V \b\ O ] Olh _ �qa d U Olh � � � 	 T�UBV C d V O0J H �)XZW H W HBOlLpL D X h XZ]YX O ]^V5_��GXN]YU ]YU�V d Vi] O d _BX h�M V���V R ]va F
]YUBV R a h WY] d X R ]YXNa h W�	 � U�V h`O _ d a��:XpW � O W WYX h�M ]YU d a H�M U O R a h W^] d X R ]YXNa h } O Wq]YU�V L V O _BX hBM V5_ M V R L V O d W
a � ]YU�V R a h W^] d X R ]YXNa h } XN]YW�zlV L a R XN] D C V M X h W�]^a d XZW^V��GUBX L Vy]YU�Vs] d O X L X hBM V5_ M V|XZW�] d O � ��V5_ C V5UBX h _�]YU�V

R a h W^] d X R ]YXNa h } �GUBX R U R OlH W^V5W F a d \ O ]YXZa h a FQOsh V R J Olh _ VizlV h ] HBOlLZL D L V O _BW ]^a O C d V O0J H � a F ]YU�V�_ d a��
X F ]YU�V:_ d a���WYX �iV�XZWvW H � R XNV h ] L D LpO d M V } X 	 V�	 } XN]sXpW LZO d M V d ]YU Olh�O R d XN]YX R OlL z OlLZH V�	 �+]sXpW OlL W^a F a HBh _
]YU O ]f_BX �QV d V h ] \ a<_�V5W|a F C d V O0J H � a RiR H d O ]fz O d XNa H W �>a h _ h<H \|C V d W Olh _ R U Olh�h V L�M Via \ Vi] d XNV5W 	
S L ]YU�a HBM U XZ] XpW �yXZ_�V L D)C V L XNVizlV5_ ]YU O ] ] O X L W^] d V O \ X hBM a RiR H d W _ H V`]^a O RiR H \ HBLpO ]YXNa h a F W H d F O R �
] Olh ] � 7 > } 7 � � } O C d V O0J H � \ a _�V�XpW a C W^V d zlV5_�]YU O ] d V5W^V \sC L V5Wv]YU�V�] O X L W^] d V O \ X h�M X h W H d FIO R ] Olh ]
F d ViV R O WYV5W O W �qV LZL 	 � h 
 U O �B]^V d > } ]YU�VbV���V R ]YW|a F W H d FIO R ] Olh ]YWfa h ]YUBV:_ D hBO \ X R Wva F C H a D Olh R D'�
_ d XNzlV h z XZW R a H W _ d a���W O d VGX h zlV5W^]YX M'O ]^V5_ �GUBX R U � O W�W^] H _�XNV5_ V�� ��V d X \ V h ] OlLpL DsC<D S L \ O ] d a H WYUBX Olh _
�qa d U Olh � 7 ��� 	 TGU�V R a \ � H ] O ]YXZa hBOlL d V5W H�L ]YW O d V F a HBh _ ]^a�U O zlV ]YUBV W O \ V�] d V h _ �GXN]YU ]YUBV�V�� �
��V d X \ V h ] OlL _ O ] O 	 �+]fXZW a C WYV d zlV5_�]YU O ]s]YU�V O zlV d O0M V d XZWYVbzlV L a R XN] D a F�LZO d M V:_ d a��$W R a h WYXZ_BV d O C L D
X h R d V O W^V5W �GXZ]YU&X h R d V O WYX h�M W H d FIO R ] Olh ] R a h R V h ] d O ]YXZa h W O W OlL WYa)a C W^V d zlV5_ C<D S L \ O ] d a H WYUBX Olh _
�qa d U Olh � 7 ��� 	 �+]>XZW OlL W^avW^ViV h ]YU O ]�W H d F O R ] Olh ] V h U Olh R V5W C d V O0J H � Olh _b] O X L � W^] d V O \ X h�M O W d V ��a d ]^V5_
C<D �qa d U Olh�Olh _ j(OlLZL X h ]YX � 7 > } 7 � � } T�W O X Olh _ w X J WYXZW � ~ � � Olh _ g�MlM'L Vi]^a h Vi] OlL 	 � ~l� � 	GSe_B_BXN]YXZa h a F
W H d FIO R ] Olh ]YW _BV R d V O W^V5W#]YU�V R d XZ]YX R OlL�h a h _BX \ V h WYXNa h�OlL _ d a�� WYX �iV F a d ]YU�V�a h WYVi]#a F C d V O0J<H � 	 m X hBOlLpL D }
WYa \ V R a h R LZH W XNa h W O d Vs_ d O � h X h 
 U O �B]^V dG� 	
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F a d OlLpL al]YU�V d R H d z<X L X h V O d M d Xp_ R V LZL W 	 �+]|XZWvV \ �$U O WYX �iV5_)]YU O ] OlLZL ]YUBV5W^V R a \ � H ] O ]YXNa h W O d V�_�a h V
a h�L D a h R V O ]v]YU�V C V M X h�h X h�M a F V O R U�W X \ H�LZO ]YXNa h)O W O � d V � d a R V5WYWYX h�M 	 T�U�V h } X h V O R U ��U D WYX R OlL
]YX \ VyW^]^V � } XZ]qXZW o d WY]q_�Vi]^V d \ X h V5_ �GU�V d Ve]YU�V F d a h ] �Qa'X h ]YW d V5WYXZ_BVeX h ]YU�V HBh X F a d \ M d XZ_�	(r�V F V dYd X hBM
]^a.]YU�V:W J Vi] R U X h�m X M 	 ~ 	;: } F a d X h W^] Olh R V } XZ]sXZW o d W^] F a HBh _�]YU O ]s]YU�V F d a h ] �Qa'X h ] � XZWsX h �  %�� �
R V LpL a F ]YUBV HBh X F a d \ M d XZ_ Olh _k]YU�V h XN]�XpW�_�Vi]^V d \ X h V5_ ]YU O ]�]YU�V h a<_BV5W�a F �  %�� � R V LZL d V5W XZ_�VvX h ]YU�V
R H d z<X L X h V O d M d XZ_ R V LZL W � 
 %� � } � 
 %� ? 7 � Olh _ � 
 ? 7 %� ? 7 � O W W U�a � h C<D ]YUBVb_ O WYU�V5_ L X h VfX h ]YU�V
W J Vi] R U�	fSyW O d V5W HBL ] } �qV R a h R LZH _BV|]YU O ] ]YUBV F d a h ] ��a'X h ] � d V5WYXZ_�V5W;X h ]YU�V d V M XNa h R a h WYXpW^]YX h�M a F
]YUBV R H d z<X L X h V O d M d XZ_ R V LZL W � 
 ? 7 � 
 %� ? 7 �� � Olh _ ]YUBXpW d V M XNa h XZW�V�� � Olh _�V5_`]^a�X h R LZH _�Vy]YU�V R V LZL W
� 
 ? ~ � 
 0 7 %� ? ~ �� 0 7 � 	 m X hBOlLpL D ]YU�V R V LZL W � 
 ? ~ � 
 0 7 %� ? ~ � Olh _ � 
 ? ~ %� ? ~ �� 0 7 �
O d V V L X \ X h�O ]^V5_ C O W^V5_ a h ]YU�V d V LpO ]YXNzlVv_BXZW^] Olh R Vea F ]YU�V5X d a H ]^V d h a _�V5W�]^ab]YU�V ��a'X h ] � R a \ � O d V5_
]^ak]YUBV R V LpL W � 
 ? ~ � 
 0 7 %� 0 7 � Olh _ � 
 0 7 %� ? ~ �� 0 7 � } d V5W �QV R ]YXZzlV L D 	|S�]v]YUBVfV h _ a F ]YUBXZW
� d a R V5W W } XN]>XZW�_�Vi]^V d \ X h V5_�]YU O ]�]YU�V F d a h ] �Qa'X h ] � d V5WYXp_�V5W X h ]YU�Vy_�a \ O X h R a \ ��a'W^V5_ C1D ]YUBV R V LZL W
� 
 ? 7 � 
 0 7 %� ? 7 �� 0 7 � 	 T�U�V F d a h ] � d a���V d ]YXZV5WGViz OlLZHBO ]^V5_ O ];]YU�V �Qa'X h ] � O d Vf_�XZW^] d X C H ]^V5_
a h ]^a ]YU�V5W^V R V LpL W Olh _ �Ba�� z O d X O C L V5W�W H R U O W�zlV L a R XN] D o V L _ O d VvX h ]^V d ��a LZO ]^V5_ a h ]^a ��a'X h ] � F d a \
]YUBV5W^V R V LZL W 	�T�UBXZWv] d O R J X h�M�OlLNM a d XN]YU \ d V5_ H R V5W|]YU�V � O d ]YX R L V�] d O R J X h�M X h R H d z<X L X h V O d M d XZ_�]^a O
� O d ]YX R L V;] d O R J X hBM a h�ObHBh X F a d \ M d XZ_ �GXN]YU ObL a1a J H �k] O C L V�	
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B

C

D

A

Q

m X M'H d V ~ 	 ~ � j d V � d a R V5WYWYX h�M a F ]YU�V HBh X F a d \ 
 O d ]^V5WYX Olh|M d XZ_�	 � V R ]^a d OlLNM V C d O XZW H W^V5_f]^a _�Vi]^V d \ X h V
�yUBX R U H�h X F a d \ 
 O d ]^V5WYX Olh�M d XZ_ h a _�V5W d V5WYXp_�VvX h V O R U R H d z X L X h V O d M d XZ_ R V LZL 	

�������
�������
�������

�����
�����
�����P

(i,j
)

(i,j
−1)

(i−
1,j

−1)

(I,J)

m X M'H d V ~ 	;: ��T�UBV ] d O R J X h�M�OlLZM a d XN]YU \ F a d R H d z<X L X h V O d M d XZ_BW 	
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�
��] XZW O W W H \ V5_�]YU O ] O _ d a�� C d V O0J<H ��a RiR H d W �GU�V h ]YU�V d O _BX H W O ] ]YU�V h V R J XpW|W \ OlLZL V d ]YU Olh O
� d V5W���V R X o V5_k]YU d V5WYU�a L _ z OlLpH V } ���	��
��� 	 m a d ]YUBXZW � H d ��a'W^V } ]YU�V d O _BX H W O ]y]YU�V h V R J XZW \ a h XN]^a d V5_
_ H d X h�M ]YU�V R a \ � H ] O ]YXNa h Olh _��GUBV h ]YUBV h V R J d O _BX H WqXZW�W \ OlLZL V d ]YU Olh ���	��
 � � } ]YU�V F d a h ]qV L V \ V h ]
]YU O ]�XpW R L a'WYV5W^]�]^af]YUBV R V h ]^V d L X h V O ]�]YU�V h V R J XZW�_�V L Vi]^V5_�	#S F ]^V d ]YU O ]q]YUBV \ O d J V d �Qa'X h ]YW O ] C al]YU
V h _BW�a F ]YU�V _�V L Vi]^V5_`V L V \ V h ] O d V � d a � V R ]^V5_ a h ]YU�V R V h ]^V d L X h V Olh _ h V � C a H�h _ O d D V L V \ V h ]YW O d V

R d V O ]^V5_ O WfW U�a � h X h ]YU�V W J Vi] R U X h�m X M 	 ~ 	?> 	 T�U�V`]YU d V5W U�a L _ z OlLZH V XZW|] O0J V h&O W ]YU�V W \ OlLZL V5WY]

R H d z<X L X h V O d M d Xp_�WYX �iV:X h ]YU�V � d V5W^V h ] R a \ � H ] O ]YXNa h W Olh _ XN]fXpW F a HBh _�]YU O ]|]YUBV d V5W HBL ]YW O d V h al]
WYV h WYXN]YXNzlVs]^a:]YU�V R UBa'X R V|a F ]YUBVs]YU d V5W U�a L _�z OlLZH V O W L a h�M:O W;XN]GXpWGa F a d _BV d a F ]YU�V L a R OlL M d Xp_ WYX �iV�	
TGUBXZWfWYX \ � L V:] d V O ] \ V h ]ba F C d V O0J H �&XZW F a HBh _ ]^a C V zlV d D d a C H W^] Olh _ M XNzlV5W d V O W^a hBO C L D M a<a<_
d V5W HBL ]YW R a \ � O d V5_k]^ab]YU�VsV�� ��V d X \ V h ] OlL _ O ] O�O WG_BXZW R H WYW^V5_ X h ]YU�V F a LZL a �GX hBM R U O �B]^V d 	

n

k

m

new n

new m

new
boundary
elements

R

R

R

p

b

n

m X M'H d V ~ 	?> � T d V O ] \ V h ]qa F O _ d a�� C d V O0J H � 	(T�U�V F d a h ]�V L V \ V h ] ��XZW _�V L Vi]^V5_ �GU�V h���� XZW>W \ OlLZL V d
]YU Olh O � d V5W���V R X o V5_|]YU d V5WYU�a L _fz OlLZH V ���	��
 � � } ]YU�V \ O d J V d �Qa'X h ]YW O d V � d a � V R ]^V5_ba h ]YU�V R V h ]^V d L X h V
Olh _ h V � C a HBh _ O d D V L V \ V h ]YW O d V R d V O ]^V5_ O WGWYU�a � h 	
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TGU�V o�h XN]^V � zla LpH \ V Olh _ F d a h ] � ] d O R J X h�M \ Vi]YU�a _BW�_�V5W R d X C V5_ O C a�zlV O d V R a \sC X h V5_ O W F a LpL a �GW�	�� h
O _Bz Olh R X h�M W^a LZH ]YXNa h W F d a \ �$U D WYX R OlL ]YX \ V L VizlV L� �  � � � � (  � ]^a L VizlV L�� 0 7 } ]YU�V L a R O ]YXNa h W
a F ]YU�V \ O d J V d �Qa'X h ]YW O ]y]YU�V h V � ]YX \ V L VizlV L�� 0 7 O d V o d W^]�� d V5_BX R ]^V5_ H W X h�MbOlh V�� � L X R XN] g�HBL V d
\ Vi]YU�a<_ } X 	 V�	 }

��
��� 

�

� � �
� 0 (  N �

�
% � ~ 	87 � �

�yU�V d V � � Olh _ N � _�V h al]^V|]YU�V ��a'WYXN]YXNa h a F�F d a h ] \ O d J V d ��a'X h ]YW Olh _ ]YU�VvzlV L a R XN] D X h ]^V d ��a LZO ]^V5_
F d a \ ]YUBV h V5X M U C a d X h�M R H d z X L X h V O d M d XZ_ ��a'X h ]YW(a h ]^a|]YU�V F d a h ] �Qa'X h ] � � }�d V5W �QV R ]YXZzlV L D 	#T�U�V h ]YU�V
\ O ]^V d X OlL � d a���V d ]YXZV5W Olh _�W H d F O R V ]^V h W XNa h�O d VvViz OlLZHBO ]^V5_ H WYX h�M ]YU�V � d V5_BX R ]^V5_ F d a h ] ��a'WYXN]YXNa hkO W
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TGU�V zlV L a R XZ] D Olh _ � d V5WYW H d V o V L _BW O ] h V � �$U D WYX R OlL ]YX \ V L VizlV L�� 0 7 O d Vk]YUBV h R a \ � H ]^V5_ C<D
WYa L z<X h�M ]YUBV ��a � V5t HBO ]YXNa h W �Ig t	 ~ 	87,: � C1D ]YU�V m�� \ Vi]YU�a _ F a d O WYX h�M'L V ��U D W X R OlL ]YX \ V W^]^V � Olh _
o$hBOlLZL D ]YUBV �Qa'W XN]YXNa h W�a F ]YU�V F d a h ] �Qa'X h ]YW O d V R a dYd V R ]^V5_ O W

�
��� 

�

� �
�
� 0 (  

~ ��N �
� 0 N

��� 

�

� � � ~ 	87 ���

S F ]^V d ]YUBXpWGW^]^V ��]YU�V \ O ]^V d X OlL � d a���V d ]YXNV5W Olh _ ]YUBV C a<_ D F a d R V5W O d V d V � Viz OlLpHBO ]^V5_ H WYX h�M ]YUBV R a d �
d V R ]^V5_ F d a h ] ��a'WYXN]YXZa h 	kT�U�V \ Vi]YU�a<_�XZWsWYV R a h _ a d _�V d O RiR H d O ]^V C al]YU X h ]YX \ V Olh _ W�� O R V�	�S LpL
]^V d \ W V�� R V �B] � � X hbg t	 � ~ 	87=7 � O d Vy] d V O ]^V5_ X \ � L X R XN] L D X h ��U D WYX R OlL ]YX \ VGWYas]YU O ]>]YU�V���U D W X R OlL ]YX \ V
XpWG_�Vi]^V d \ X h V5_ WYa L V L DkC<D ]YU�V O RiR H d O R D R a h W XZ_�V d O ]YXNa h W Olh _�W^] O C X L XN] D R a h W^] d O X h ] \ O X h�L D _ H Vv]^a
W H d FIO R V ]^V h WYXNa h 	

T�U�V �nO0M d Olh�M X Olh M d XZ_ XZW X h XN]YX OlLZL D HBh X F a d \ Olh _ XZW J V �B] h V O d L D HBh X F a d \ ]YU d a H�M U�a H ] ]YU�V

R a \ � H ] O ]YXNa h W C<D _�V L Vi]YX hBM W \ OlLZL V L V \ V h ]YW Olh _.W � L XN]^]YX hBM ]YU�V LpO d M V|V L V \ V h ]YW;X h ]YU�V W O \ V � O D
O W _BV5W R d X C V5_ C1D T d D MlM z O W^a h Vi] OlL 	 � 7=7 � 	�T�UBV X h XN]YX OlL�F d a h ] V L V \ V h ] WYX �iVkXZW ] D ��X R OlLZL D W^Vi] ]^a
�����0� (�� } �GU�V d V�(��qXZWe]YU�V \ X h X \ H \ WYX �iV a F ]YU�V R H d z X L X h V O d M d XZ_ R V LZL 	fu H d X h�M ]YU�V WYX \ HBLZO ]YXZa h }
X h V O R U ��U D W X R OlL ]YX \ V�W^]^V � } ]YU�V:V L V \ V h ]YWs]YU O ] O d V`W \ OlLZL V d ]YU Olh ��� � (�� O d V`_�V L Vi]^V5_ Olh _ ]YU�V
V L V \ V h ]YW�]YU O ] O d V LZO d M V d ]YU Olh (�� O d VvW�� L XN]^V5_`X h ]^a ] �>a � O d ]YW�X h a d _�V d ]^a J ViV ��]YU�V ��O0M d Olh�M X Olh
M d XZ_ h V O d L D HBh X F a d \ Olh _ ]^a � d VizlV h ] ]YU�V F a d \ O ]YXNa h a F �GX MlM'L V5W \ H R U&W \ OlLZL V d ]YU Olh ]YU�V M d XZ_
W X �iV�	
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T�U�V o�h XN]^V � zla LZH \ V�� F d a h ] � ] d O R J X h�M \ Vi]YU�a _:XpW o d W^] O � � L XNV5_b]^as]YU�V R O W^V5W�W^] H _BXNV5_bV�� ��V d X \ V h �
] OlLpL D C1D � V \b\ O ] Olh _ �qa d U Olh � � � Olh _�]YU�V h XN]fXZW H W^V5_ ]^a _�Vi]^V d \ X h Vb]YU�V R a h _BXN]YXZa h W F a d ]YU�V
C d V O0J<H �ka F z XZW R a H WG_ d a���W�X h R a h W^] d X R ]^V5_ R O ��X LZLZO d XNV5W 	

T�U�V �$U D WYX R OlL � d a C L V \ Olh _ ]YU�V R a \ � H ] O ]YXZa hBOlL _Ba \ O X h O d V`W J Vi] R U�V5_&X h m X M 	 : 	87 O�Olh _ O
��a d ]YXZa h a F�O R a O d W^V R H d z<X L X h V O d M d XZ_ R a h ] O X h X h�M 9 �]>�7�� M d XZ_ R V LZL WeXpW � L al]^]^V5_)X h m X M 	�: 	87 C ]^a
W U�a �8]YU�Vsa zlV d OlLZL W^] d H R ] H d Vva F ]YU�V R a \ � H ] O ]YXZa hBOlL M d Xp_�	 { al]^Vf]YU O ] \ a'W^]ya F ]YU�V R a \ � H ] O ]YXNa h W
O d V ��V d F a d \ V5_ H WYX h�Mso�h V d zlV d WYXNa h W>a F ]YUBXpW M d Xp_ } X 	 V�	 } ] D ��X R OlLZL D R a h ] O X h X h�M : ~ �P7�� �3> M d XZ_ R V LZL W�	
� h m X M 	�: 	87 O } ]YU�V L V F ] C a HBh _ O d D XZW;]YU�V O � XpW;a F W D \b\ Vi] d D Olh _ OlLZL al]YU�V d C a HBh _ O d XNV5W O d VbW^a L Xp_
� OlLZL W �GUBV d V h a � W L X � C a HBh _ O d D R a h _BXN]YXZa h W O d V O � � L XNV5_ 	�T�UBV M Via \ Vi] d X R � O d O \ Vi]^V d W � } �
	�� } � }
� Olh _ � d V � d V5W^V h ] ]YU�V O zlV d O0M V R O �$X LZLZO d D d O _BX H W } ]YU�V \ X h X \ H \ R O ��X LZLpO d D d O _�X H W O ] ]YU d a O ] } ]YU�V

R a d d H�M'O ]YXNa h�O \ � L XN] H _BV } ]YU�V R a d d H�M'O ]YXNa h � O zlV L V h�M ]YU Olh _ ]YU�V R U OlhBh V L U�V5X M U1] }Bd V5W �QV R ]YXZzlV L D 	 S
_ d a�� �GXN]YU _BX O \ Vi]^V d � Olh _ d O _BX H W ��� XZW X h WY] Olh ] Olh Via H W L D � LZO R V5_bX h ]YU�V O \sC XZV h ] � H XZ_f]YU O ] FIHBLZL D
o$LZL W�]YU�V R D L X h _ d X R OlL ] H C V Olh _ XZWGX h XN]YX OlLpL D X h ]YU�V|U D _ d a'W^] O ]YX R|R a h _BXN]YXNa h W 	qTGU�Vs_ d a���XZWGX h XN]YX OlLZL D
W ��U�V d X R OlL X F XN]YW�X h XN]YX OlL d O _�X H W#XZW W \ OlLZL V d ]YU Olh ]YU�V d O _�X H W(a F ]YU�V R O ��X LZLZO d D ] H C V Olh _bXZW V LZL X ��WYa'XZ_ OlL
al]YUBV d �GXZW^V�	#T�UBVe_ d a�� d O _BX H W � d V � d V5WYV h ]YW�]YU�VeV5t H XNz OlL V h ]�_ d a��k_BX O \ Vi]^V d X F ]YU�V;X h XN]YX OlL WYU O ��Vea F
]YUBV�_ d a��sXpW h al]nW��$U�V d X R OlL 	 TGU�V�_ d a��|U O W O z XZW R a'W XN] D � � Olh _ O _�V h WYXZ] D 	 � �GU�X L V(]YU�V O \|C XNV h ]�� H Xp_
U O W O z XZW R a'WYXZ] D � � Olh _ O _�V h WYXN] D 	 � 	#T�U�VG_ d a���W^] O d ]YW d XZWYX h�M _ H V�]^a C H a D Olh R D F a d R V5W R OlH W^V5_ C<D
]YUBVe_�V h WYXN] D _BX ��V d V h R V�(�	 � 	 � ? 	 �;Olh _ O R a h W^] Olh ] M d O z XN] O ]YXNa hBOlL�O RiR V L V d O ]YXNa h _�V h al]^V5_ C<D � 	
TGU�V;z<XZW R a'WYXN] D Olh _k_�V h W XN] D d O ]YXNa'W O d V _�V o�h V5_ O W � � � ��� � � Olh _ � � 	 � � 	 � }�d V5W���V R ]YXNzlV L D 	 T�UBV
M Via \ Vi] d D a F ]YU�V R U Olh�h V L XZW R U O d O R ]^V d X �iV5_ C<D ] �>a h a h � _BX \ V h WYXNa hBOlL � O d O \ Vi]^V d W } hBO \ V L D } ]YU�V
d O ]YXNa a F ]YUBV O \ � L XZ] H _�Vea F R a dYd H�M'O ]YXNa h ]^a�]YU�V O zlV d O0M V R U OlhBh V L d O _BX H W ��� � � � Olh _k]YU�V d O ]YXNa
a F ]YU�V R a dYd H�M'O ]YXNa h � O zlV L V h�M ]YU.]^a�]YU�V O zlV d O0M V R U OlhBh V L d O _�X H W � � � � � 	qTGU�V o d W^] � O d O \ Vi]^V d
� � � R U O d O R ]^V d X �iV5Wk]YUBV R U OlhBh V L R a h WY] d X R ]YXNa h L VizlV L;Olh _ XZW d V F V dYd V5_ U�V d V O0F ]^V d O W ]YUBV R U OlhBh V L
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m X M'H d V*: 	87 � �IO � [ R U�V \ O ]YX R X LZLpH W^] d O ]YXNa h a F ]YU�V R a \ � H ] O ]YXNa hBOlL WYVi] H � F a d O C H a D Olh R D� _ d XNzlV h
d XZWYX h�M _ d a��.X h�O R a h W^] d X R ]^V5_ R U OlhBh V L�F a d � �8��� �0��� � C � S ��a d ]YXNa h a F>O R a O d WYV R a \ � H ] O ]YXNa hBOlL
M d XZ_ R a h ] O X h X h�M 9 � >�7�� R V LZL W 	

R a h W^] d X R ]YXNa h � O d O \ Vi]^V d a d WYX \ � L D R a h W^] d X R ]YXNa h � O d O \ Vi]^V d �GU�X L V`]YU�V W^V R a h _ � O d O \ Vi]^V d � � �
XpW;]YU�V h a h � _BX \ V h WYXNa h�OlL R a dYd H�M'O ]YXNa h � O zlV L V h�M ]YU 	�T�U�V d O ]YXZaka F ]YU�V R U OlhBh V L#O ]s]YU d a O ] ]^a�]YU�V
V5t H XNz OlL V h ]�_ d a�� d O _BX H W � � �
	�� � ��� XZW OlL W^a Olh X \ �Qa d ] Olh ] � O d O \ Vi]^V d ]YU O ] R d XN]YX R OlLZL D X h � H V h R V5W
_BV F a d \ O ]YXNa h)Olh _ C d V O0J H �)a F ]YU�Vb_ d a�� 	fTGU�V h a h � _BX \ V h WYXNa h�OlL _ d a�� d O _BX H W;XZW _BV o�h V5_ O W ]YU�V
d O ]YXNa|a F ]YU�VyV5t H XNz OlL V h ]qW ��U�V d X R OlL _ d a�� d O _BX H W ]^a ]YU�V O zlV d O0M V R O �$X LZLZO d D d O _�X H W � � ��� � � 	 T�UBV
�qa h _ h<H \|C V d XZW�_�V o$h V5_ O W ��
 � (
	 � � < �  d V � d V5WYV h ]YX hBM ]YU�V d O ]YXNa|a F C H a D Olh R D F a d R V5W�]^a ]YU�V
X h ]^V d FIO R X OlL�F a d R V5W 	

T�U�V d V5W HBL ]YW O d VGV�� � d V5WYWYV5_:X h ]^V d \ W>a Fnh a h � _�X \ V h WYXZa hBOlL t H�Olh ]YXN]YXZV5W�_�V h al]^V5_ C<D W H ��V d W R d X �B]
����� 	@T�U�V�_BX \ V h WYXNa h�L V5WYW R a1a d _�X hBO ]^V5W O d V�_�V o�h V5_ O W � " � � � � Olh _ � " � � � � 	 T�X \ V Olh _
zlV L a R XN] D O d V \ O _BVv_BX \ V h W XNa hBL V5WYW �GXN]YU`]YU�V d V F V d V h R V z OlLZH V5Wqa F �����
	 � ��� ����� Olh _ � ����	 �  ����� �

� �
}

d V5W���V R ]YXNzlV L D 	
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� h ]YU�V:V�� ��V d X \ V h ] OlL W^Vi] H � � > }�� � } ]YU�V R O ��X LpLZO d D ] H C V R a h WYXZW^]YWsa F�O ~ � R \ L a h�M } ��V d XNa _BX R OlLZL D

R a h W^] d X R ]^V5_ R D L X h _ d X R OlL ] H C V �GXN]YU � R a d d H�M'O ]YXNa h W�	;TGU�VfX h ]^V d h�OlL d O _�X H W�a F ]YU�V R O ��X LZLpO d D ] H C V
XpW � � ��� � R \ } ]YU�V�� O zlV L V h�M ]YU a F ]YU�V R a d d H�M'O ]YXNa h WkXpW � � > R \ Olh _ ]YUBV O \ � L XN] H _BV�a F
]YUBV R a d d H�M'O ]YXNa h WkXpW � � ��� � � R \ R a dYd V5W���a h _�X h�M ]^a&]YUBV M Via \ Vi] d X R � O d O \ Vi]^V d W � � ��� 7 >
Olh _ � � 9 	�T�U�V W H W �QV h _BX h�M � H XZ_BW O d V O t H Via H W M'L D R V d a L WYa LZH ]YXNa h W � _�V h al]^V5_ C<D c�� : Olh _
c�� � � Olh _ _�XNVi]YU D L V h V M'L D R a L � M'L D R V d a L \ X � ] H d V5W � _�V h al]^V5_ C1D u g cvc 7 � Olh _ u g cvc 7 ~ � 	 S
z O d XNVi] D a FqE 
 K;{ a'X L W O d V H W^V5_ O Wv_ d a�� � H XZ_�W 	sT�U�V � d a��QV d ]YXNV5Wea F ]YU�Vb_ d a�� Olh _)W H W���V h _�X h�M
� H XZ_BW O d V`W H \b\ O d X �iV5_ X h T O C L VA: 	87��GU�V d Vb]YUBV:W O \ V LZO C V L XZW H W^V5_ F a d V O R U W D W^]^V \ O W H W^V5_
C<D � V \b\ O ] Olh _ �qa d U Olh � � � 	 S R a \ � L Vi]^V _�V5W R d X �B]YXNa h a F ]YU�V�V�� �QV d X \ V h ] OlL W^Vi] H � R Olh C V
F a HBh _�X h � > } ��� 	 � V R a h WYXp_�V d F a H d W D W^]^V \ W LZO C V L V5_ O W c�� : }�c�� �<} u g cvc 7 � Olh _�u g cvc 7 ~
� T O C L V : 	87 � 	���] XZW�V \ ��U O WYX �iV5_ U�V d V�]YU O ] } X h O _B_BXZ]YXNa h ]^a ]YU�V d V ��a d ]^V5_ \ V O W H d V \ V h ]#V dYd a d H � ]^a
�
	 X h ]YU�V�V�� ��V d X \ V h ] OlL _ O ] O } ]YU�V d VGXpW X h R a h W XZW^]^V h R D|C Vi] �>ViV h ]YU�V \ O ]^V d X OlL � d a��QV d ]YXNV5W Olh _ ]YU�V
h a h � _BX \ V h WYXNa hBOlL h<H \|C V d WGV5W �QV R X OlLZL D F a d u g cvc 7 ~ W D W^]^V \ 	 m a d X h W^] Olh R V } ]YUBV �qa h _ h<H \|C V d
d V �Qa d ]^V5_ C<D � V \b\ O ] Olh _ �qa d U Olh � � � XZW O C a H ]27 ��	 LpO d M V d ]YU Olh ]YU�V�z OlLZH V��qV R a \ � H ]^V5_
_�X d V R ] L D F d a \ ]YU�V M XNzlV h \ O ]^V d X OlL � d a���V d ]YXZV5W Olh _k]YU�V O zlV d O0M V|] H C V d O _BX H W 	

m X d W^] O t HBOlL XN] O ]YXNzlV OlhBOlL D WYXZW F a d ]YU�V Vizla LZH ]YXZa h a F ]YU�Vb_ d a���W U O ��V5W XZW � d V5W^V h ]^V5_�	 m a d ]YUBXZW
� H d ��a'W^V } W^V5t H V h R V5W(a F X \ O0M V5W#X LZLZH WY] d O ]YX h�M ]YU�V�Vizla LZH ]YXNa h a F ]YU�V�WYU O ��V5W�a F z XZW R a H W�_ d a���W O W(]YU�V D
\ a�zlV ]YU d a HBM U ]YU�V R a h W^] d X R ]^V5_ R U OlhBh V LQO d V � L al]^]^V5_kX h m X M 	�: 	 ~ F a dyc�� : } u g cvc 7 ~ Olh _ c�� �
W D W^]^V \ W �GXN]YU ]YU�V h a h � _BX \ V h W XNa hBOlL _ d a���WYX �iV5W�a F � � ��� � > }������ 9 Olh _ �����l~ 	>T�U�V R a \ � H ] O ]YXNa h W
O d V �QV d F a d \ V5_ H WYX h�M;O : ~ �C7�� �3> M d XZ_ } ]YUBV ��U D WYX R OlL ]YX \ V�WY]^V ��XZW�(  " � 7 � �3>�7 Olh _ ]YUBV d V5WYXZ_ H�OlL W
O d V d V5_ H R V5_ C1D ]YU d ViV;a d _�V d W>a F \ O0M'h XN] H _�VeX h V O R U�W H C � XN]^V d O ]YXNa h 	 ��]qXpW�V \ �$U O WYX �iV5_`]YU O ]�]YU�V5W^V
h<H \ V d X R OlL � O d O \ Vi]^V d W d V5W HBL ] X h L V5WYW`]YU O ] O F V � ��V d R V h ] a F ]^al] OlLvh<H \ V d X R OlL _BXpW R d Vi]YX � O ]YXNa h
V d d a d F a d OlLZL ]YU�V.t HBOlh ]YXN]YXNV5W:X h ]YU�V R O W^V.a F u g cvc 7 ~ W D WY]^V \ WYUBa � h X h m X M 	�: 	 ~ C Olh _ XN]�XZW
V�� ��V R ]^V5_&]YU O ] ]YU�V h<H \ V d X R OlL V dYd a d XZW O C a H ] ]YU�V�W O \ Vka d _�V d F a d al]YU�V d R O W^V5W�	 TGU�V d V O _�V d W
O d V d V F V dYd V5_ ]^a:]YU�V d V F V d V h R V � ~ 7 � F a d O _�Vi] O X L V5_ h<H \ V d X R OlL V dYd a d R a h zlV d M V h R V Olh�OlL D W XZW�a F ]YU�V
� d V5W^V h ] o�h XN]^V � zla LZH \ V�� F d a h ] � ] d O R J X h�M \ Vi]YUBa<_�	>SyW R Olh C VvW^ViV h X h ]YU�V5W^V o�M'H d V5W } �GUBV h�ObLZO d M V
_ d a�� � �� �������#d V O R U�V5W O R a h WY] d X R ]YXNa h } XN]YW L V O _BX h�M V5_ M V F a LpL a �GW ]YU�V R O ��X LZLZO d D � OlLZL R a h ]^a H d Olh _
W t H ViV �iV5We]YU d a H�M U�]YU�Vf]YU d a O ] 	 K;h R Vf]YU�V L V O _BX h�M \ V h XZW R H W R L V O d Wy]YU�Vf]YU d a O ] } XN]YW d XZW^VszlV L a R XN] D
X h R d V O W^V5W O W�XN]�V h ]^V d W�]YU�V _BXNzlV d M X h�M R d a'WYW � W^V R ]YXNa h �yUBX L Vy]YU�V;] d O X L X hBM V5_ M V a F ]YU�V _ d a�� d V \ O X h W
] d O � ��V5_ C V5UBX h _ ]YU�V�]YU d a O ] 	#T�UBXpW C V5U O z XNa d XZW�X hfO zlV d D M a<a<_ O0M d ViV \ V h ] �GXN]YU|]YU�VqV�� ��V d X \ V h ] OlL



���������
	���� ��� �������!� �����	� ����
!	��1�/�!��� �!� �!����� ��	���!� � �����)������������� � � ��� � � � �!��������� ��� 	 �/� ����� � � �!��� 	���� 7��
[ D W^]^V \ [ H W �QV h _BX h�M u d a�� � � � � 	 � 	 � 
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����� M'L D R V d a L � � O ]^V d ���! �!"�#$#�%'& > �0� � : � 7 ~l�0� � �l� � 	 � 7 �'�
� � � 	 ~ �G] 	 �

��� & M'L D R V d a L � � O ]^V d �(�! �!" > �0� � � 7 ~l�0� �l�0� � 	 �l�'� �
� � � 	 ~ �G] 	 � &*),+.-�#�),)

/�0 �1� #2) _BXNVi]YU D L V h V � M'L D R a L ���! �3"4#25,& ~ 9 �=: 7=7=7 � � �0� � 	 �l� 7��
� 7 �l� 	 � ��] 	 �

/�0 �1� #�6 _BXNVi]YU D L V h V ���! �3"76$8,& 9 � 7=7 � 7=7�� � � � � � 	 �l� > ~
M'L D R a L � M'L D R V d a L
� �=: 	;9 �G] 	 �

T O C L V : 	87 ��T��qa � ��U O W^VfW D W^]^V \ W H W^V5_ C al]YU�X h ]YUBVvV�� ��V d X \ V h ]YW � > }$� � Olh _�X h ]YU�V � d V5W^V h ] R a \ �
� H ] O ]YXNa h W 	

a C W^V d z O ]YXNa h W � ��� 	sSeWy]YUBV h a h � _BX \ V h WYXNa hBOlL _ d a��)WYX �iV M Vi]YW LZO d M V d5} ]YUBXpW h V R J X h�M \ O D L V O _�]^a O
C d V O0J<H � a F ]YU�V _ d a�� O W;W^ViV h X h m X M 	-> R 	 T�U�V h a h � _BX \ V h WYXNa hBOlL _ d a�� WYX �iV F a d �GUBX R U�]YU�V _ d a��
WY] O d ]YWe]^a C d V O0J�H ��XpW R OlLZL V5_.]YU�V R d XN]YX R OlL _ d a�� WYX �iV Olh _.XpWy_�V h al]^V5_ C<D ��� � 	 m a dsc�� � W D W^]^V \ }
XZ]yXZW F a H�h _ R a \ � H ] O ]YXNa hBOlLpL D ]YU O ]e]YU�V R d XN]YX R OlL _ d a�� d O _BX H WyXZW O C a H ]���� � �
��� 9 � �GU�X R U�XZWyzlV d D

R L a'W^V ]^ab]YU�VvV�� ��V d X \ V h ] OlL z OlLZH V a F � � � � ��� 9 � � > }$��� 	
Tna C Vi]^]^V d WYU�a�� ]YUBV�V���V R ]YW|a F ]YU�V R a h W^] d X R ]YXNa h W } ]YU�V:W hBO ��WYU�al]YWsa F ]YU�V:_ d a���W C V F a d V Olh _

O0F ]^V d ]YU�V ]YU d a O ]fa F ]YU�V R a h W^] d X R ]YXNa h O d V WYU�a � h X h�m X M 	 : 	;: F a d�c�� :�W D WY]^V \ F a d _ d a�� WYX �iV5W
� � ��� � > }�� 	 � �<}�� 	 � 9 }�� 	;9 � Olh _ � 	 �l~ 	 { a C d V O0J H �)XZWea C W^V d zlV5_ F a d|c�� : W D W^]^V \ X h ]YUBXZW;_ d a��
W X �iV d Olh�M V�	�S ] D ��X R OlL _ d a�� C d V O0J<H � XpWqW U�a � h X h`m X M 	�: 	?> 	 � h ]YUBXpW o�M'H d V } ]YU�V C d V O0J H � � d a R V5WYW
F a d O c�� � _ d a�� �GXN]YU�]YU�V h a h � _BX \ V h WYXNa hBOlL _ d a�� W X �iV�a F � �-�����0� XZW|X LZLZH WY] d O ]^V5_ ]YU d a H�M U O
WYV d XNV5Wya F W hBO �$WYU�al]YWe] O0J V h �^H W^] C V F a d V Olh _ O0F ]^V d ]YU�V C d V O0J<H � 	;TGU�V|Vizla LpH ]YXNa h W Olh _�WYU O ��V5Wea F
]YUBV;_ d a���WqWYU�a � h X h`m X M W�	": 	;: Olh _ : 	?>bt HBOlL XZ] O ]YXNzlV L D R a \ � O d V;zlV d D �qV LZL �GXN]YU:]YU�V;V�� ��V d X \ V h ] OlL
a C W^V d z O ]YXNa h W � � � 	 � h a d _�V d ]^a t HBOlh ]YX F D ]YU�V \ al]YXZa h Olh _ Vizla LZH ]YXZa h a F _ d a���W O Wk]YU�V D � O WYW
]YU d a H�M U ]YU�V R a d d H�M'O ]YXNa h W } O _�V F a d \ O ]YXNa h � O d O \ Vi]^V d _�V h al]^V5_ C<D � XZW�_�V o�h V5_ O W�]YU�V d O ]YXNa a F
]YUBV �QV d X \ Vi]^V d a F ]YU�Vv_�V F a d \ V5_�_ d a�� � d a o$L V;]^ab]YU O ]�a F ]YU�VvV5t H XNz OlL V h ]�W���U�V d X R OlL _ d a�� 	
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c�� : u g cvc 7 ~ c�� �
�IO � � C � � R �

m X M'H d V': 	 ~ �s[ h�O ��WYU�al]YWea F C H a D Olh ] _ d a���Wea F �IO � c�� : W D W^]^V \ } � C � u g cvc 7 ~ W D W^]^V \ Olh _ � R �
c�� � W D W^]^V \ F a d _ d a���WqWYX �iV5W � � ��� � > }������ 9 Olh _ �����l~ F d a \ L V F ]>]^a d X M U�] F a d V O R UkW D W^]^V \ 	�T�UBV
M'O � C Vi] �>ViV h ] �>a�W H RiR V5WYWYXNzlVb_ d a���WyX h V O R U R a LZH \ h d V � d V5W^V h ]YW;]YU�V _BXZW^] Olh R V ]YU�V _ d a��.] d O zlV L W
O ] Ovo �<V5_:]YX \ VeX h ]^V d z OlLQOlh _b]YUBV LZO WY]>X h ]^V d FIO R VeXZW � L al]^]^V5_ F d a \ L V F ]�]^a d X M U�] O ]  �" � �IO � 7 � >=> 	?> }
� 9=: 	;: } � 9=: 	;: � C ��~ 9=: 7 	;: } : � � : 	 � } � >�7�� 	?> � R � 7,9=9=: 	 �<} 7 � 9 � 	?> Olh _ >!9 � 	 � }Qd V5W���V R ]YXNzlV L D 	

� h�O _B_BXN]YXZa h } ]YU�V h a h � _BX \ V h WYXNa hBOlLnO � X OlL�L V h�M ]YU.a F ]YU�Vf_ d a��.XpWy_�V o$h V5_ O We]YU�V O � X OlL�L V h�M ]YU
a F _ d a�� � d a o�L VeW R OlL V5_ C<D ]YU�V � O zlV L V h�M ]YUka F R a d d H�M'O ]YXNa h Olh _ XZWq_�V h al]^V5_ C<D ��	��qal]YU � Olh _ �
O d V�� L al]^]^V5_:X h m X M 	�: 	 � ]^a M Vi]YU�V d �yXN]YU ]YU�V�V�� ��V d X \ V h ] OlL _ O ] O �GXN]YUBX h a h V���V d XNa _ a F R a d d H�M'O ]YXNa h
F a d z O d XNa H W�z OlLpH V5W�a F _ d a���W�WYX �iV5WGa F c�� :bW D W^]^V \ 	�SeW R Olh C V|W^ViV h X h ]YUBXZW o�M'H d V } ]YUBV M V h V d OlL
] d V h _BW C al]YU F a d � Olh _ � O d V �qV LZL R O �B] H d V5_ C<D ]YUBV � d V5WYV h ] R a \ � H ] O ]YXNa h W�	�TGU�Vs_�V F a d \ O ]YXNa h
XpW h V M'L X M X C L D W \ OlLpL(F a d W \ OlLZL _ d a��$W } X 	 V�	 } _ d a���W �GXZ]YU ��� ��� � � } Olh _)X h R d V O W^V5W d O ��XZ_ L D O Wv]YU�V
_ d a���WYX �iV M Vi]YW LZO d M V d 	 T�UBVv_BXZW R d V � Olh R D�C Vi]��qViV h ]YUBV R a \ � H ]^V5_ Olh _k]YU�V V�� �QV d X \ V h ] OlL d V5W HBL ]YW
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m X M'H d V : 	;: � [ hBO ��WYUBal]YW a F ]YUBV _ d a���W O ] ]YU�V V�� � Olh WYXNa h �IH � ��V d � L al]YW � Olh _ O ]�]YU�V ]YU d a O ]
�IL a �qV d � L al]YW � a F ]YU�V R a h W^] d X R ]YXNa h F a d ]YU�V c�� : W D W^]^V \ F a d _ d a�� W X �iV5W � F d a \ L V F ]b]^a d X M U�] �
� � ��� � >&% ��� � � % ����� 9'% ��� 9 � Olh _ �����l~<}$d V5W���V R ]YXNzlV L D 	 ced XZ_�� : ~ � 7�� �3> } (  " � ��� >�7,9 	

F a d � Olh _� O d V � O d ] L D O ]^] d X C H ]^V5_ ]^ab]YU�V H�h R V d ] O X h ]YXNV5W�X h ]YUBV V�� ��V d X \ V h ] OlL _ O ] O�Olh _k]^ab]YU�V
X h R a h WYXZWY]^V h R DsC Vi]��qViV h ]YUBV �qa h _ h<H \sC V d d V �Qa d ]^V5_ C1D�� V \b\ O ] Olh _ �qa d U Olh � � � Olh _ ]YU�V��qa h _
h<H \|C V d R a \ � H ]^V5_ F d a \ ]YU�V \ O ]^V d X OlL � d a���V d ]YXZV5W Olh _.]YU�V O zlV d O0M V�] H C V d O _BX H W O W \ V h ]YXNa h V5_
C V F a d V�	

m X hBOlLZL D ]YU�V R a \ � H ]^V5_ O zlV d O0M V d XZW^VvzlV L a R XN]YXZV5W O d V R a \ � O d V5_��yXN]YU�]YU�VfV�� �QV d X \ V h ] OlL _ O ] O 	
TGU�V h a h � _�X \ V h WYXZa hBOlL O zlV d O0M V d XZW^VvzlV L a R XN] D � � XZW � L al]^]^V5_ O0M'O X h W^]e]YU�V h a h � _BX \ V h W XNa hBOlL _ d a��
W X �iV �|X hvm X M 	#: 	 � OyF a d#c�� : }'c�� �<} u g cvc 7 � Olh _|u g cvc 7 ~ W D W^]^V \ W 	�T�U�V O zlV d O0M V d XZW^V#zlV L a R XN] D
XpW _�V o�h V5_ O Ws]YU�V O zlV d O0M V zlV L a R XZ] D a F ]YU�V�_ d a�� R V h ] d a'Xp_ X h ]YU�V �QV d XNa<_�X R \ al]YXNa h 	:SeW R Olh C V
WYViV h X h ]YUBXpW o�M'H d V } ]YU�V h1H \ V d X R OlL d V5W HBL ]YW O d VkX h O�M a1a _ O0M d ViV \ V h ] �GXN]YU�]YU�V`V�� ��V d X \ V h ] OlL
_ O ] O } X 	 V�	 } ]YU�V:] d V h _ XpW �qV LZL R O �B] H d V5_ Olh _�]YU�V \ O ��X \ H \ V d d a d XZW L V5WYWv]YU Olh 7 ��	 F a d OlLZL ]YU�V

R O WYV5W 	 { al]^V;]YU O ]q]YU�V d V;XZW h asV�� ��V d X \ V h ] OlL _ O ] OfO z O X LZO C L V F a d�c�� � W D W^]^V \ C H ]�]YUBV h<H \ V d X R OlL
d V5W HBL ]YW F a d ]YUBXpW�W D W^]^V \ X h _�X R O ]^V O WYX \ X LZO d ] d V h _ O W�]YUBVqal]YUBV d W 	 � h O _B_BXZ]YXNa h } X F ]YU�V�X h R a h W XZW^]^V h R D
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m X M'H d V : 	?> � g zla LZH ]YXZa h a F�O c�� � _ d a����GXN]YU � �8�����0� X h ]YU�V R a h W^] d X R ]^V5_ R U OlhBh V L 	eT�UBV|_ d a��
W X �iVvXZW M d V O ]^V d ]YU Olh ]YU�V R d XN]YX R OlL z OlLZH VvW^a ]YUBVs_ d a�� C d V O0J W H � 	 � ��� ��� 7 > Olh _ ��� � � ��� 9 ���

C Vi] �>ViV h ]YUBV��>a h _ h1H \|C V d W \ V h ]YXNa h V5_ O C a�zlVyXZW�] O0J V h X h ]^a O RiR a HBh ] C1D \ a _BX F D X h�M ]YU�V O zlV d O0M V
] H C V d O _BX H W(]^a \ O ] R U:]YU�V �qa h _ h1H \sC V d d V ��a d ]^V5_�X h � � � } ]YU�V R a \ � H ]^V5_ d V5W H�L ]YW R a \ � O d V \ H R U
C Vi]^]^V d �GXN]YU ]YUBV>V�� ��V d X \ V h ] OlL _ O ] OeO W�W U�a � h X hvm X M 	H: 	 � C 	 � h ]YUBXZW R O W^V } ]YU�V>_�X �QV d V h R V5W C Vi] �>ViV h
]YUBV R a \ � H ]^V5_ Olh _kV�� ��V d X \ V h ] OlL _ O ] O d V5_ H R V C V L a � O F V � ��V d R V h ] O ] OlLZL ]YU�V|_ O ] O ��a'X h ]YW 	 � h
m X M 	E: 	 � } ]YU�V d Vi] O d _ O ]YXNa h V��QV R ];a F ]YU�V R a h W^] d X R ]YXNa h WeXZW R L V O d L D W^ViV h�Olh _ ]YUBV h a h � _�X \ V h WYXZa hBOlL
zlV L a R XN] D d V \ O X h W�V5W W^V h ]YX OlLZL D R a h W^] Olh ] F a d LZO d M Vv_ d a��$W } X 	 V�	 } �� �����0� F a d OlLZL ]YU�V R O W^V5W 	
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m X M'H d V
: 	 � ��TGU�Vyz O d X O ]YXZa h W�a F �IO � ]YU�V _�V F a d \ O ]YXNa h � O d O \ Vi]^V d � Olh _ � C � ]YU�V h a h _BX \ V h W XNa hBOlL
O ��X OlL _ d a�� L V h�M ]YU � �GXN]YU h a h _�X \ V h WYXZa hBOlL�O ��X OlL ��a'WYXZ]YXNa h a F ]YUBV O _�z Olh R X h�M \ V h XpW R H W��GXN]YU�X h
a h V ��V d XNa _ a F R a dYd H�M'O ]YXZa h�F a d c�� :.W D W^]^V \ 	�T�U�V`_ O WYU�V5_ R H d zlV5W O d V�]YUBV h<H \ V d X R OlL d V5W HBL ]YW
Olh _ ]YU�VsW^a L Xp_ L X h V5W O d Vv]YUBVvV�� ��V d X \ V h ] OlL _ O ] O 	
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m X M'H d VA: 	 � ��u;X \ V h WYXNa hBL V5W W O zlV d O0M V d XZW^VbzlV L a R XN] D O W O.FIHBh R ]YXNa h a F ]YU�V h a h _BX \ V h W XNa hBOlL _ d a��
d O _BX H W 	�T�U�V�_ O W U�V5_ R H d zlV5W O d V�]YU�V h1H \ V d X R OlL d V5W HBL ]YW Olh _ ]YUBVGW^a L XZ_ L X h V5W O d V�]YUBV�V�� ��V d X \ V h ] OlL
_ O ] O 	|T�U�V h<H \ V d X R OlL d V5W HBL ]YW O d V a C ] O X h V5_��GXZ]YU �IO � ]YU�V O zlV d O0M Vb] H C V d O _BX H WGa F � � ��� � R \
Olh _ � C � ]YU�V \ a _BX o V5_b] H C V d O _BX H W>a F#� � ��� � : � R \ ]YU O ] D XNV L _�W�]YU�V W O \ V �qa h _ h<H \|C V d M XNzlV h
C<D�� V \b\ O ] Olh _ �qa d U Olh � � � 	
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S F ]^V d z OlL XZ_ O ]YX h�M ]YU�V R a \ � H ] O ]YXNa hBOlL d V5W HBL ]YW O0M'O X h W^] ]YU�V:V�� ��V d X \ V h ] OlL _ O ] O X h ]YU�V � d Viz<XNa H W
WYV R ]YXNa h } �>V h a�� X h zlV5W^]YX M'O ]^V)]YU�V R a h _BXN]YXNa h W F a d ]YU�V a h W^Vi]ka F C d V O0J H � 	 � h OlLpL ]YU�V d V5W HBL ]YW
� d V5W^V h ]^V5_)X h ]YUBXZW;W^V R ]YXNa h }�c�� � W D W^]^V \ XZW H WYV5_ O W O C O W^V R O W^V�	 { al]^Vb]YU O ] ��
 � 7 ~'��� 7 Olh _
� � ��� 7 > R a dYd V5W �Qa h _�]^a ]YU�V V�� ��V d X \ V h ] OlL R a h _BXN]YXNa h W 	)T�U�VkW hBO ��W U�al]YWfa F _ d a��$W O d V W U�a � h
X h m X M 	�: 	 � F a d _BX ��V d V h ]sz OlLZH V5Wva F ]YUBV h a h � _BX \ V h WYXNa h�OlL _ d a���W X �iV Olh _ �qa h _ h<H \|C V d X h ]YU�V

R O �$X LZLZO d D ] H C V �GXN]YU:]YU�V R a h W^] d X R ]YXNa h � O d O \ Vi]^V d!� � ��� ~ 9 	�� h ]YU�V O C W^V h R V;a F�O _ d a�� C d V O0J<H � }
]YUBVvW hBO ��WYUBal]YW O d V ] O0J V h�O ]�]YU�V ��a'WYXZ]YXNa h W �GU�V d V ]YU�V \ O � X \ H \ h V R J X hBM XZW�V�� ��V R ]^V5_k]^a a RiR H d 	
SeW R Olh C V>WYViV h X h ]YUBXZW oBM'H d V } ]YU�V R d XN]YX R OlL _ d a��|WYX �iV M Vi]YW(W \ OlLZL V d O W�]YU�V �qa h _ h1H \sC V d X h R d V O W^V5W 	
S�] L a � �qa h _ h<H \|C V d W } X 	 V�	 } ��
 � 7 �<} O _ d a�� C d V O0J W H �bX h ]^a;]��qava d \ a d V�_ d a���W(a F R a \ � O d O C L V
W X �iV�	�SyWG]YU�V �qa h _ h1H \sC V d X h R d V O W^V5W } O _ d a�� C d V O0J W H ��X h ]^a ObLZO d M V L V O _BX hBM _ d a�� Olh _ \ Olh D
W \ OlLZL ] d O X L X h�M _ d a���W HBh ]YX L ]YUBVyWYX �iVya F ]YU�V L V O _BX h�M _ d a�� M Vi]YWqW \ OlLZL V d ]YU Olh ]YU�V R d XN]YX R OlL _ d a��:WYX �iV
�yU�V h ]YU�VbX h XN]YX OlL _ d a�� WYX �iVbXZWeV5t HBOlL a d W L X M U�] L D LZO d M V d ]YU Olh ]YUBV R d XN]YX R OlL z OlLZH V�	 T�UBXZW C d V O0J<H �
\ a<_�V d V5W^V \|C L V5Wy]YU�Vs] O X L W^] d V O \ X h�M ]YU O ]e] D ��X R OlLpL D a RiR H d Wy_ H Vv]^a O RiR H \ HBLpO ]YXNa h a F W H d FIO R ] Olh ]
O ]q]YU�V C O R J a F ]YU�Vy_ d a�� � 7 > } 7 � � 	 K;h ]YU�Vyal]YUBV d U Olh _ } X F C al]YU:]YU�V �qa h _ h1H \sC V d Olh _:_ d a��:WYX �iV
O d V LZO d M V } ]YU�V|_ d a���W C d V O0J`H ��X h ]^ab] �>a:a d \ a d Vv_ d a���W��GXZ]YU R a \ � O d O C L VvWYX �iV5W 	

�+]�XpW#X h ]^V d V5W^]YX h�M ]^ava C W^V d zlV�]YU O ] } �GU�V h _ d a���WYX �iV�XpW LZO d M V d ]YU Olh ]YU�V R d XZ]YX R OlL z OlLpH V } XN] C d V O0J W
H �.X h ]^a:] �>a a d \ a d V _ d a��$WyW H R U.]YU O ]y]YUBVfWYX �iV|a F ]YUBV L V O _�X h�M _ d a�� d V \ O X h W h V O d L D R a h WY] Olh ] 	
TGUBXZW R Olh C V`z XZW HBOlLZL D WYViV h X h�m X M 	 : 	 � Olh _ XZWfzlV d X o V5_ X h�m X M 	 : 	;9��GUBV d V ]YU�V zla LZH \ V`a F ]YU�V
L V O _BX h�M _ d a���XpW � L al]^]^V5_ O W O FIHBh R ]YXZa h a Fqh a h � _BX \ V h W XNa hBOlL _ d a�� WYX �iV�	 { al]^Vb]YU O ]s]YU�V L V O _BX hBM
_ d a��)zla LZH \ V � L al]^]^V5_�X h)m X M 	�: 	?>�XZWvW R OlL V5_ C1D ]YU�Vbzla LpH \ V a F ]YU�Vb_ d a���]YU�V R d XN]YX R OlL _ d a�� WYX �iV
_BV h al]^V5_ O W � � � 	 �+] XZW R L V O d L D W^ViV h X h�m X M 	�: 	;9`]YU O ] ]YU�V L V O _BX hBM _ d a���zla LpH \ V d V \ O X h W h V O d L D

R a h W^] Olh ] Olh _ \ HBL ]YX � L V C d V O0J H ��W�a RiR H d �yU�V h � � ��� 9 F a d ]YUBXZW � O d ]YX R HBLZO d R O W^V�	 ��]GXZW OlL W^a�W^ViV h
X h.m X M 	 : 	 � ]YU O ];]YU�V ] d O X L X hBM _ d a�� XZW;W \ OlLZL�O ] R d XN]YX R OlL _ d a�� WYX �iV Olh _ X h R d V O W^V5W d O ��XZ_ L D O W;]YU�V
W X �iV|a F ]YU�V � O d V h ];_ d a���X h R d V O W^V5W 	vT�a zlV d X F D ]YUBXZWya C W^V d z O ]YXNa h } ]YUBV d O ]YXNa:a F ]YU�V ] d O X L X h�M _ d a��
zla LpH \ Vf]^a`]YUBV L V O _BX h�M _ d a���zla LZH \ V XZW � L al]^]^V5_�X h.m X M 	M: 	 � O W O`F H�h R ]YXNa h a F>h a h � _�X \ V h WYXZa hBOlL
_ d a�� WYX �iV�	�SeW R Olh C VvWYViV h X h ]YU�XZW oBM'H d V } ] d O X L X h�M _ d a�� W X �iVsXZW�zlV d D W \ OlLZL O ]y]YU�V R d XZ]YX R OlL _ d a��
W X �iV Olh _ X h R d V O W^V5W O W ]YU�V�WYX �iV�a F ]YU�V � O d V h ]#_ d a��bX h R d V O W^V5W�	 { al]^V�]YU O ] } X h ]YUBV R O WYV5W#a F \ HBL ]YX � L V
C d V O0J<H � } z OlLZH V5W O d Vv] O0J V h.O0F ]^V d ]YU�V o d WY] C d V O0J<H � 	



���������
	���� ��� �������!� �����	� ����
!	��1�/�!��� �!� �!����� ��	���!� � �����)������������� � � ��� � � � �!��������� ��� 	 �/� ����� � � �!��� 	���� ~l~
� � ��� > � � � ��� �l� � � ��� � � � � �����0� � � ��� 9 �

��
 � � � �

��
 � 7 ~'��� 7

��
 � ~0��� �

��
 � > ��� �

��
 � 9 ��� �

m X M'H d V : 	 � ��T�U�V;V���V R ]YW�a F ]YU�Vv_ d a���WYX �iV Olh _ �>a h _ h1H \|C V d a h _ d a�� C d V O0J<H � 	 � TGU�V � L al]YW O d V
h al]�X h ]YU�VsW O \ VsW R OlL V Olh _ � � ��� ~ 9 � �
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m X M'H d V2: 	;9 � { a h _BX \ V h W XNa hBOlL�L V O _�X h�M _ d a�� zla LpH \ V F a d c�� � W D WY]^V \ O W O FIHBh R ]YXNa h a F ]YU�V
h a h _BX \ V h WYXNa hBOlL _ d a��.WYX �iV d Olh�M X h�M C Vi] �>ViV h � � ��� � � ��� �=9 Olh _ � � 7 � ~0� 	yT�U�Vs_ d a���zla LZH \ V
XpW h a d \ OlL X �iV5_ C1D ]YU�Vvz OlLZH V a C ] O X h V5_ O ]�]YU�V R d XN]YX R OlL _ d a��.WYX �iV�	 � ��� ��� ~ 9'%	��
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m X M'H d V : 	 � ��r O ]YXNa�a F ]YU�V#] d O X L X h�M _ d a��vzla LpH \ V#]^aG]YUBV L V O _BX h�M _ d a�� zla LZH \ V F a d�c�� � W D WY]^V \ O W O
FIHBh R ]YXZa h a F ]YU�V h a h _BX \ V h WYXNa h�OlL _ d a�� WYX �iV d Olh�M X h�M C Vi]��qViV h � � ��� � �@��� �=9 Olh _�� � 7 � ~0� 	�T�UBV
z OlLZH V5W O d Vv] O0J V h.O0F ]^V d ]YU�V o d W^] C d V O0J<H ��X h \ HBL ]YX � L V C d V O0J H � R O W^V5W 	 � ��� ��� ~ 9'%	��
 � 7 ~'��� 7 �
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{ V�� ](]YU�V�V��QV R ]YW(a F ]YU�V R U OlhBh V L R a h WY] d X R ]YXNa h a h ]YU�VqVizla LZH ]YXNa h Olh _ C d V O0J H �fa F ]YU�V�_ d a��$W O d V

W U�a � h X h m X M 	5: 	87 � F a d z O d XNa H W��qa h _ h<H \|C V d W 	�SeW R Olh C V�W^ViV h X h ]YU�XZW oBM'H d V } ]YU�V R d XZ]YX R OlL _ d a��
W X �iVf_BV R d V O W^V5W O W;]YU�V L VizlV L a F R a h WY] d X R ]YXNa h X h R d V O WYV5W 	vS�] L a � �qa h _ h1H \sC V d W } ]YU�V _ d a���W \ O D
M Vi]#W^] H R J|O ](]YU�V R a h W^] d X R ]YXNa h W O W#W^ViV h X h ]YU�V R O WYVqa F ��
 � � Olh _ � � ��� �0� X h ]YU�V oBM'H d V�	 � h ]YUBXZW

R O WYV } ]YUBV C H a D Olh R D F a d R V5W O d V h al];W H � R XZV h ]y]^a F a d R Vf]YU�V _ d a���]YU d a H�M U.]YU�V R a h W^] d X R ]YXZa h.Olh _
O d V C OlLpOlh R V5_ C<D ]YU�V W H d F O R V|]^V h WYXNa h�F a d R V5W L V O _BX h�M VizlV h ] HBOlLpL D ]^a O U D _ d a'W^] O ]YX R V5t H X L X C d X H \ 	
� U�V h ]YU�V �qa h _ h1H \sC V d XZW \ O _�V�W H � R XZV h ] L D LpO d M V Olh _f]YU�Vq_ d a�� WYX �iV�XZW LZO d M V d ]YU Olh ]YU�V R d XN]YX R OlL
z OlLZH V } ]YUBVs_ d a�� C d V O0J W H � X h ]^abW \ OlLZL V d _ d a���W�X h z O d XNa H W \ a<_BV5W O WGWYUBa � h X h ]YU�V oBM'H d V�	 T��>a
d V � d V5W^V h ] O ]YXNzlVvV�� O \ � L V5W O d VsWYU�a�� h X h�m X M 	�: 	87=7s]^a C Vi]^]^V d WYUBa � ]YU�V C d V O0J<H � \ a _�V O ] O UBX M U
�qa h _ h1H \|C V d �GXN]YU O _ d a���W X �iVbV5t HBOlL a d W L X M U1] L D LpO d M V d ]YU Olh ]YU�V R d XZ]YX R OlL z OlLpH V�	`SeW R Olh C V
WYViV h X h ]YUBXZW o�M'H d V } ]YU�XZW C d V O0J<H � \ a _�V d V5W^V \|C L V5Wy]YU�V|] O X L W^] d V O \ X h�M ��U�V h a \ V h�O � 7 > } 7 � � 	GS
_ d a�� C d V O0J W H ��X h ]^a ]��qaba d \ a d Vv_ d a���W �GXN]YU R a \ � O d O C L VvW X �iV5W�X F ]YUBVv_ d a���WYX �iVvXpWqW H � R XNV h ] L D
LpO d M V d ]YU Olh ]YU�V R d XZ]YX R OlL _ d a��kWYX �iV�	>S \ HBL ]YX � L Ve_ d a�� C d V O0J<H � � d a R V5WYW�XZW�WYU�a�� h X h m X M 	�: 	87 ~ O W
O d V � d V5W^V h ] O ]YXNzlVsV�� O \ � L V F a d ]YU�XZW C d V O0J H � \ a _�V�	

SyW�_�XZW R H WYWYV5_ O C a zlV } _ d a�� C d V O0J<H � a RiR H d W�X h z O d XNa H W \ a _�V5W�_BV �QV h _BX h�M a h ]YU�V��qa h _
h<H \|C V d5} ]YU�V h a h � _BX \ V h WYXNa hBOlL _ d a�� WYX �iV Olh _�]YU�V R U Olh�h V L M Via \ Vi] d D 	 � V h a � X h zlV5W^]YX M'O ]^V|]YU�V

R a h _BXN]YXNa h W F a d ]YU�V C d V O0J<H � 	 m X d WY] ]YU�V R d XN]YX R OlL�h a h � _BX \ V h WYXNa hBOlL _ d a��|WYX �iV>XZW � L al]^]^V5_|X hsm X M 	H: 	87,:
O W O F H�h R ]YXNa h a F ]YU�V R a h W^] d X R ]YXNa h � O d O \ Vi]^V d � F a d z O d XZa H W �qa h _ h<H \|C V d W d Olh�M X h�M C Vi]��qViV h �
Olh _]9 � 	ySeW R Olh C V|WYViV h X h ]YUBXZW oBM'H d V } X h�M V h V d OlL } ]YU�V R d XN]YX R OlLnh a h _�X \ V h WYXZa hBOlL _ d a��.W X �iV ��� �
_BV R d V O W^V5W �yXN]YU�X h R d V O WYX h�M z OlLZH V5W�a F � (�Olh _ F a d Obo �<V5_ � } ��� � _�V R d V O WYV5W O WG]YU�V �qa h _ h<H \|C V d
X h R d V O W^V5W 	 m a d O o � V5_ �>a h _ h1H \|C V d5} O C d V O0J H � R Olh a RiR H d a hBL D F a d O d Olh�M V a F R a h W^] d X R ]YXNa h
� O d O \ Vi]^V d � Olh _.]YU�V d Olh�M V M Vi]YW hBO dYd a �qV d O Wy]YUBV �qa h _ h<H \sC V d _�V R d V O W^V5W�	 m a d X h W^] Olh R V } X h
]YUBV�V�� ��V d X \ V h ] OlL R a h _BXN]YXNa h W } X 	 V�	 } ��
 � 7 ~'��� 7 } O C d V O0J H � a RiR H d W X h ]YU�V d Olh�M V ��� � 9 � � � ��� � 	
� h ]YUBV R O W^Vfa F�O W^] d O X M U1] R U OlhBh V L } XN]eXZW F a HBh _�]YU O ] O C d V O0J<H � a RiR H d Wya hBL D X F ��
 � ~0��� � 	 m a d
W \ OlLZL V d z OlLZH V5W#a F ��
 } O C d V O0J H � \ O D h al]#a RiR H d VizlV h X h ]YU�V R a h WY] d X R ]^V5_ R U OlhBh V L W#X h _�V ��V h _�V h ]
a F _ d a�� W X �iV�	 K;h ]YU�V al]YUBV d U Olh _ } X F ]YU�V R a h W^] d X R ]YXZa h XZW;]^a1a.W^VizlV d V } X 	 V�	 } � XZW LZO d M V } Olh _)]YU�V
C H a D Olh R D F a d R V5W O d V h al]fW H � R XNV h ]|]^a F a d R V`]YUBV _ d a���]YU d a H�M U�]YU�V R a h W^] d X R ]YXNa h W } X 	 V�	 } ��
 XZW
W \ OlLZL } O _ d a�� M Vi]YW|W^] H R J�O ]v]YUBV ]YU d a O ] 	 � h ]YUBXZW R O W^V } U D _ d a'W^] O ]YX R R a h _BXN]YXNa h W O d V VizlV h ] HBOlLpL D
V5WY] O C L XZWYUBV5_ O W C H a D Olh R D F a d R V5W O d V C OlLZOlh R V5_ C<D ]YU�V�W H d FIO R V>]^V h WYXNa hfF a d R V5W O W(_BXpW R H WYW^V5_ C V F a d V�	
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m X M'H d V : 	87 � � g �QV R ]YW a F ]YU�V R U OlhBh V L R a h W^] d X R ]YXZa h Olh _�]YUBV �qa h _ h<H \|C V d a h _ d a�� C d V O0J<H � 	
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m X M'H d V
: 	87=7 ��T D ��X R OlL _ d a�� C d V O0J H ��W O ]�UBX M U �qa h _ h1H \sC V d Olh _�]YUBV R d XZ]YX R OlL _ d a��`W X �iV�	 �IO � �qa
� > � 	 ��} ��� ��� �0� Olh _ � � ��� � � ��� >�7 ( � C � �>a � 9 � 	 ��} � � ��� 7 > Olh _ � � ��� � � ��� � �'�

m X M'H d V : 	87 ~ �>[ hBO ��WYUBal]YW�W U�a �GX h�M ]YU�V�Vizla LZH ]YXNa h a FQO LZO d M V�_ d a��bX h O R a h WY] d X R ]^V5_ R U OlhBh V L 	(T�X \ V
� d a M d V5WYW^V5W F d a \ L V F ]|]^a d X M U�] Olh _ � L al]YW O d V h al] X h ]YU�V`W O \ V W R OlL V�	 � � �-��� 93> } ��� � � ��� �=9 }
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m X M'H d V : 	87 > W U�a �GW`]YU�V d O ]YXZa�a F ]YUBV R U OlhBh V L d O _BX H W O ] ]YU�V�]YU d a O ] ]^a ]YU�V R d XN]YX R OlL _ d a��
d O _BX H W } � � � � �
	�� � ������� } O W O�FIHBh R ]YXNa h a F ]YUBV R a h W^] d X R ]YXNa h � O d O \ Vi]^V d � F a d z O d XNa H W|z OlLZH V5W
a F ]YU�V �qa h _ h<H \|C V d 	eSeW R Olh C VfW^ViV h X h ]YUBXZW oBM'H d V } � � � M V h V d OlLpL D X h R d V O WYV5W �yXN]YU ]YUBV �qa h _
h<H \|C V d 	 � a �qVizlV d XN] o d W^]GX h R d V O W^V5W }�d V O R U�V5W O \ O ��X \ H \ Olh _�]YU�V h _�V R d V O W^V5W O W � X h R d V O W^V5W 	
TGUBXZW oBM'H d VvX h _BX R O ]^V5W�]YU O ] O C d V O0J H �ka RiR H d W�]YU�V \ a'W^]�V���V R ]YXNzlV L D O ] \ a _�V d O ]^Vsz OlLZH V5W�a F � 	



���������
	���� ��� �������!� �����	� ����
!	��1�/�!��� �!� �!����� ��	���!� � �����)������������� � � ��� � � � �!��������� ��� 	 �/� ����� � � �!��� 	���� ~ �

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

α

κ cr

Bo = 6.0
Bo = 12.91
Bo = 20.0
Bo = 40.0
Bo = 80.0
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m X M'H d V
: 	87 > ��TGU�V d O ]YXZasa F ]YU�V R U OlhBh V L d O _BX H W O ]>]YUBVy]YU d a O ]>]^a ]YU�V R d XN]YX R OlL _ d a�� d O _BX H W ��� � � �
��� ������� � O W OvFIHBh R ]YXNa h a F ]YUBV R U OlhBh V L R a h WY] d X R ]YXNa h � O d O \ Vi]^V d � � � F a d _BX ��V d V h ] z OlLZH V5W a F �qa h _
h<H \|C V d 	



���������
	���� ��� �������!� �����	� ����
!	��1�/�!��� �!� �!����� ��	���!� � �����)������������� � � ��� � � � �!��������� ��� 	 �/� ����� � � �!��� 	���� ~ 9
m X hBOlLZL D } R d XZ]YX R OlL R O ��X LpLZO d D Olh _ C H a D Olh R D r�V D h a L _BW h<H \|C V d W O d VG_�V o$h V5_ O W � � � � � � � � � � 
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	 � 
�� < � � � }�d V5W���V R ]YXNzlV L D } �GU�V d V � � � XZW�]YU�V O zlV d O0M V d XZW^V;zlV L a R XN] D a F ]YU�Vv_ d a��
O ] �GUBX R U O C d V O0J H ��a RiR H d W 	.T�UBV R d XN]YX R OlL R O ��X LpLZO d D h1H \sC V d XpW � L al]^]^V5_ O W O FIHBh R ]YXZa h a F ]YU�V
C H a D Olh R D r�V D h a L _�W h1H \|C V d X h&m X M 	 : 	87 � F a d z O d XNa H W z OlLZH V5Wba F ]YU�V �>a h _ h1H \sC V d Olh _&]YU�V

R a h W^] d X R ]YXNa h � O d O \ Vi]^V d�� 	 �+]yXZW R L V O d L D W^ViV h X h ]YUBXZW oBM'H d V ]YU O ]y]YU�V R d XZ]YX R OlL R O ��X LpLZO d D h<H \|C V d
XpW>V5W W^V h ]YX OlLZL D X h _�V ��V h _�V h ]�a F ]YU�V R a h W^] d X R ]YXZa h W O ]�W \ OlLZL �qa h _ h<H \sC V d W } X 	 V�	 } ��
 � � C H ]qXN]�XZW
X h R d V O WYX hBM'L D X h � H V h R V5_ C<D ]YU�V R a h W^] d X R ]YXNa h W O W ]YUBV �qa h _ h<H \|C V d X h R d V O W^V5W 	 ��]�XpW OlL W^aGa C W^V d zlV5_
]YU O ]�]YU�V R d XN]YX R OlL R O ��X LZLZO d D h<H \sC V d _�V R d V O W^V5W O WG]YU�V R a h W^] d X R ]YXNa h � O d O \ Vi]^V d X h R d V O W^V5W 	
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m X M'H d V�: 	87 � � 
qd XN]YX R OlL R O ��X LpLZO d D h1H \sC V d zlV d W H W C H a D Olh R D r�V D h a L _�W h<H \|C V d F a d _BX �QV d V h ]nz OlLZH V5W
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� h ]YUBXpW R U O �B]^V d5} ]YU�VkV���V R ]ba F W H d F O R ] Olh ]YW a h ]YU�V�_ D hBO \ X R Wsa F C H a D Olh R D� _ d XNzlV h z XZW R a H W
_ d a���W�XZW�X h zlV5W^]YX M'O ]^V5_ 	>SeW�_BXZW R H WYW^V5_kX h ]YU�V � h ] d a _ H R ]YXNa h X h 
 U O �B]^V d 7 } W H d FIO R ] Olh ]YW O d VvV5XN]YU�V d
� d V5W^V h ] O W�X \ � H d XN]YXNV5W(a d O _B_BV5_�]^a ]YU�V;W D W^]^V \ _BV L X C V d O ]^V L D WYX h R VG]YU�V D _BV R d V O W^V;]YU�V;X h ]^V d F O R X OlL
]^V h WYXNa h R a h WYXZ_BV d O C L D 	(T�UBXZWq_�V R d V O WYVvX h ]YUBV;W H d FIO R Ve]^V h WYXNa h L V O _BWq]^abX h ]^V d FIO R X OlL ]^V h WYXNa h`M d O _BX �
V h ]YW OlL a h�M ]YU�V � H XZ_ � � H Xp_vX h ]^V d F O R V�	#T�UBV5W^V M d O _BXNV h ]YW d V5W HBL ]�X h ] Olh�M V h ]YX OlL � w.O d Olh�M a h X � WY] d V5WYW^V5W
�yUBX R U O �QV R ] ]YUBV \ al]YXZa h a F ]YU�V`X h ]^V d FIO R V�	 � V h R V } HBh _�V d W^] Olh _BX hBM ]YU�V:V���V R ]YW a F W H d FIO R ] Olh ]YW
� d a���V d L D XZW�V5W W^V h ]YX OlL 	
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C V O WYW H \ V5_ C Vi]��qViV h ]YUBVvW H d FIO R Vv]^V h WYXZa h�Olh _k]YU�V|W H d FIO R V R a h R V h ] d O ]YXNa h�O RiR a d _BX h�M ]^a c X CBC W �
LpO � � ~ � � }

 � ?  � ���� % � > 	 ~ �

�yU�V d V � XZW�]YUBVsXZ_�V OlLnM'O W R a h WY] Olh ] } T XZWG]YU�V O C WYa LZH ]^Vv]^V \ ��V d O ] H d V }  � XZWG]YU�VsW H d F O R V|]^V h WYXNa h
a F R L V Olh X h ]^V d FIO R V�	>rGV O dYd Olh�M X h�M ]YU�V L X h V O d W H d FIO R V ]^V h WYXNa h V5t HBO ]YXZa h a F W^] O ]^V D XNV L _BW }

 �  � � 7 ? � �
�������

� % � > 	;: �

�yU�V d V � � � ����� � � �  � XZW O _BX \ V h WYXNa hBL V5W W R a1V�� R XNV h ] d V LpO ]^V5_ ]^a ]YU�V W H d F O R V�V LZO W^]YX R XZ] D C<D
� �  � � � � � � � Olh _ XN]`z O d XNV5W C Vi]��qViV h �iV d a �Ih a W H d F O R ] Olh ]kV��QV R ] � Olh _ HBh XN] D 	 T�U�V L X h V O d
W H d FIO R V V5t HBO ]YXZa h a F W^] O ]^V:XpW H W^V5_ Olh _ � XZW ] O0J V h O W � 	 � � X h ]YU�V R a \ � H ] O ]YXNa h W � d V5W^V h ]^V5_ X h
]YU�XZW R U O ��]^V d 	



���������
	���������� 	 ���	� � ����� � �������
�!�����!� � ��	 ���!������� ��� �����)����� ����� � � � ��� : �

� h ]YU�V h V�� ]eW^V R ]YXZa h } ]YU�V M a zlV d h X hBM V5t HBO ]YXNa h W F a d ]YU�V _BXZW���V d W^V \ HBL ]YX ��U O W^V �Ba � �GXN]YU�W H d �
FIO R ] Olh ]YW O d Vf_�V5W R d X C V5_ Olh _.]YU�V D O d V h a h _BX \ V h WYXNa h�OlL X �iV5_�	qT�U�V h } ]YU�V h<H \ V d X R OlLnOlLNM a d XZ]YU \ XZW
� d V5W^V h ]^V5_�	bT�U�V O RiR H d O R D a F ]YU�V h<H \ V d X R OlL#OlLNM a d XN]YU \ XpW _�V \ a h W^] d O ]^V5_�X h [<V R ]YXNa h > 	 ~ H WYX h�M
W X \ � L V ]^V5WY] R O WYV5W F a d �GUBX R U OlhBOlL D ]YX R OlL W^a LZH ]YXZa h W O d V O z O X LZO C L V�	 m X hBOlLpL D } X h [<V R ]YXNa h > 	;: } ]YU�V
d V5W HBL ]YW O d V � d V5W^V h ]^V5_ Olh _�_�XZW R H WYWYV5_�	

����� ����������������� �!�#"�$&%(')�+*,"������ %(-
TGU�VvW H d FIO R ] Olh ] R a h R V h ] d O ]YXNa h � Vizla L zlV5W C1D �?: 7 � }. �.  0 � � � � ��� � ��� ��� � < � � 0 ���� % � > 	?> �

�yU�V d V ]YU�V M d O _�XNV h ]�a���V d O ]^a d OlL a h�M ]YU�V|X h ]^V d F O R VsXpW�_�V o�h V5_ O W }

� � � � ? � � � ��� � % � > 	 � �

�yU�V d V � XZWq]YU�Vea H ]�� O d _ h a d \ OlL zlV R ]^a d Olh _ � � XZW>]YU�V;] Olh�M V h ]YX OlL zlV L a R XZ] D a h ]YU�V;X h ]^V d FIO R V�	�� h
g t	 � > 	?> � } ���vd V � d V5W^V h ]YWs]YUBV�_BX � H WYXNa h R a<V�� R XNV h ] OlL a hBM ]YU�V�X h ]^V d FIO R V Olh _ ���� XZWv]YUBV�W^a H d R V
]^V d \ M XNzlV h C<D }

����)� � � � � � ����� 	 ? � � ? � � � % � > 	 � �

�yU�V d V � � Olh _�� � O d V _�V5WYa d �B]YXNa h Olh _ O _BWYa d �B]YXNa h R a<V�� R XNV h ]YW } d V5W���V R ]YXNzlV L D } ����� � XpWy]YUBV \ O � �
X \ H \ ��a'WYW X C L V W H d F O R ] Olh ] R a h R V h ] d O ]YXNa h Olh _ � � XZW ]YUBV R a h R V h ] d O ]YXNa h a F W H d FIO R ] Olh ]fX h � H Xp_
X \b\ V5_BX O ]^V L D O _ �^O R V h ]�]^af]YUBVeX h ]^V d FIO R V�	�T�U�V C HBLZJ W H d FIO R ] Olh ] R a h R V h ] d O ]YXNa h � XZW M a�zlV d h V5_ C1D }. �.  0 � � � � � � � � � � < � % � > 	 ���

�yU�V d V � �yXZWy]YU�V \ a L V R H�LZO d _�X � H WYXNa h R a<V�� R XNV h ] 	vT�U�V W^a H d R Vf]^V d \ X h.g t	 � > 	?> � XZW d V LZO ]^V5_�]^a
]YUBV C HBLNJ R a h R V h ] d O ]YXNa h O W �?:=: � }

����)� � � � � � ��� 	 
 � � � � 
 � � > 	;9 �

� h ]YU�V � d V5W^V h ] �qa d J } ]YU�V C HBLNJ R a h R V h ] d O ]YXNa h XZW O WYW H \ V5_s]^a d V \ O X h R a h WY] Olh ] } X 	 V�	 } � � � 7 � � 	
TGU�V d V F a d V g t 	 � > 	 � ��d V5_ H R V5W�]^a }

�� � � � � � ����� 	 ? � � ? � � � � � > 	 � �



���������
	���������� 	 ���	� � ����� � �������
�!�����!� � ��	 ���!������� ��� �����)����� ����� � � � ��� : 7

S�]GV5t H X L X C d X H \ g t	 � > 	?> � C V R a \ V5W }

� 
 � � � 
 �
� � � �

� �
7 0 �

% � > 	87 � �

�yU�V d V � 
��)XZWv]YU�V`W H d FIO R ] Olh ] R a zlV d O0M V } � 
�� XZW ]YUBV�V5t H X L X C d X H \ W H d FIO R ] Olh ] R a h R V h ] d O ]YXNa h Olh _
� XpWy]YUBV O _BW^a d ��]YXNa h h1H \|C V d _�V o�h V5_ O Ws]YU�V d O ]YXNa a F R U O d O R ]^V d XZW^]YX R O _�W^a d �B]YXNa h ]^a�_BV5W^a d �B]YXNa h
d O ]^V5W }

� �
� �
� � � � > 	87=7 �

m X d W^] } ]YU�VGW H d F O R ] Olh ] Vizla LZH ]YXNa h V5t H�O ]YXNa h XZW h a h _BX \ V h WYXNa hBOlL X �iV5_ H WYX h�M ]YU�V L V h�M ]YUbW R OlL V � � � }
zlV L a R XN] D W R OlL V � �  ����� �

�
Olh _�]YX \ V W R OlL V � � � ����� } �GU�V d V � XZWe]YU�V d O _BX H Wya F ]YUBV R U OlhBh V L }

� XZWe]YU�VfzlV L a R XZ] D a F ]YU�V C HBLNJ � H XZ_ } (
	�XZWy]YU�V _�V h WYXZ] D _BX �QV d V h R V C Vi]��qViV h ]YU�V _ d a�� Olh _ C HBLNJ
� H XZ_BW Olh _ � XZW�]YU�V M d O z<XZ] O ]YXNa hBOlLnO RiR V L V d O ]YXNa h 	�TGU�V d V5W HBL ]YX h�M V5t H�O ]YXNa h XZW M XNzlV h C1D. � ".  " 0 � "� � � � " � " ��� 7

�� � "� < � " 0 � 
 � 7 0 � � � 7 ? � " � % � > 	87 ~ �

�yU�V d V ��sOlh _��
 O d Vv]YUBV j V R L Vi] Olh _ ��XNal] h<H \|C V d W }�d V5W���V R ]YXNzlV L D } _�V o�h V5_ O W }

�� � (
	 � ���
� ���

% � 
 � � �
(
	 � �

� � > 	87,: �

� h ]YU�V � d V5W^V h ]bW^] H _ D } ]YU�V�W H d FIO R ] Olh ] R a h R V h ] d O ]YXNa h V5t HBO ]YXNa h XZWbW^a L zlV5_ X h ]YU�V _�X \ V h WYXZa hBOlL
F a d \ } X 	 V�	 } g t 	 � > 	?> � 	 m d a \ g t 	 � > 	?> � Olh _ � > 	 � � } �qVva C ] O X h }. �.  0 � � � ��� � � ? ��� ��� � � � � � ��� � < � � 0 ���� � � > 	87 > �

K h ]YUBVeal]YUBV d U Olh _ } OlhkO d V O V L V \ V h ]�a h ]YUBV;X h ]^V d FIO R V Vizla L zlV5W C<D ]YUBV F a LZL a �GX hBM V5t HBO ]YXNa h �?: ~ � }
� �
�  

� . �.  0 � � � � � ? � � � ��� ��� � � � � > 	87 � �


 a \sC X h X h�M g t 	 � > 	87 > � Olh _ � > 	87 � � Olh _ d V O dYd Olh�M X h�M ]YU�V ]^V d \ W D XZV L _BW }
� � �
�  

� � ��� � < � � 0 � ���� � � > 	87�� �

� hkOlh O ��XZW D \b\ Vi] d X R � d a C L V \ ]YU O ] �>a H�L _ C V a F X h ]^V d V5W^] g t 	 � > 	87�� � R Olh C V � d XN]^]^V h�O W }
� � �
�  

� � � ���
7

�

.. J � � . �. J � 0 ���� � % � > 	87 ���

�yU�V d V J XZWf]YU�V O d R L V h�M ]YU OlL a h�M ]YU�V�X h ]^V d FIO R V Olh _ � XpW|]YUBV d O _BX OlL R a1a d _BX hBO ]^VkX h R D L X h _ d X R OlL

R a<a d _BX hBO ]^V5W 	 g t 	 � > 	87 ��� R Olh C V V�� � d V5WYW^V5_ O W
� � �
�  

� � � � � %� � % � > 	87,9 �



���������
	���������� 	 ���	� � ����� � �������
�!�����!� � ��	 ���!������� ��� �����)����� ����� � � � ��� : ~

�yU�V d V FIHBh R ]YXNa h � XZW M XZzlV h C1D }

� � � %� ��� ��� 7
�

.. J � � . �. J � 0 ���� � � > 	87 � �

TGU�V d X M U1]�U Olh _�WYXp_�V;a F(g t	 � > 	87 ��� XZW�_BXpW R d Vi]YX �iV5_ H W X h�M R V h ] d OlL _BX ��V d V h R V5W O W }

� � � � � ��
� �
� �
��� �

� � ����
�
��� � � � ��
��� � � � � ? � � � ��

�
� � � ��� ��
� � � ��� �J � ���� ? J � � �� � 0 � � ����

�
% � > 	 ~0� �

�yU�V d V � _�V h al]^V5W(]YU�V!� 	�� F d a h ](V L V \ V h ] 	 ueV o�h X h�M ( J � � J � ���� ? J � � �� Olh _ H W X h�M � � �� 
< � � � ���� 0
� � � �� � ( J � �� � � ( J � } �>Vva C ] O X h }

� � � � � �� ���
� � ����

�
��� � � � �
 � ��� �� ? � � � ��

�
� � � ��� �
 � ��� ��

� �
� � � � �� ? � � � �� � 0 � � ����

�
� � > 	 ~ 7 �

T�U�V�]YX \ V � X h ]^V M d O ]YXNa h XZW ��V d F a d \ V5_�X h ] �>a)W^]^V �$W 	 � h�O _�z Olh R X hBM W^a LZH ]YXNa h W F d a \ ��U D WYX R OlL
]YX \ V L VizlV L � �  � � � � (  � ]^a L VizlV L � 0 7 } ]YUBVsW H d FIO R ] Olh ] R a h R V h ] d O ]YXNa h � a h ]YU�V|X h ]^V d FIO R V O ]
]YUBV h V � ]YX \ V L VizlV L � 0 7 O d V o d W^] � d V5_�X R ]^V5_ O W }

�� ��� 
 �� ��� 
 � � � � � 0 (  �� � � � � � %� � � � � > 	 ~l~ �

TGU�V h ]YU�VeW H d FIO R VG]^V h WYXNa h R a1V�� R XZV h ]  XZW�Viz OlLpHBO ]^V5_ F d a \ ]YU�VyV5t HBO ]YXZa h a F W^] O ]^V } X 	 V�	 } g t	 � > 	;: �
Olh _)]YU�V:X h ]^V d FIO R V:XpW \ a�zlV5_ O RiR a d _�X h�M ]^a g t 	 � ~ 	87 � � Olh _�]YU�V h �� ��� 
 XpWvViz OlLZHBO ]^V5_ C O W^V5_ a h
]YUBV � d V5_BX R ]^V5_ X h ]^V d F O R V L a R O ]YXNa h 	 m X hBOlLpL D } ]YUBV;W H d FIO R ] Olh ] R a h R V h ] d O ]YXNa hkO ]�]YU�V h V � ]YX \ V L VizlV L
� 0 7sXZW R a dYd V R ]^V5_ O W }

� ��� 
 � ��� 
 � � � � � 0 () 
~ � � � �

� 0 �� ��� 
 �� ��� 
 � � � > 	 ~ : �

T O0J X h�M � � �
� F d a \ g t	 � > 	 ~l~ � Olh _�W H C W^]YXN] H ]YX h�M XZ]�X h ]^a g t	 � > 	 ~ : � D XNV L _BW }

� ��� 
 � ��� 
 � � � � � 0 (  
~ �
�� ��� 
 �� ��� 
 ? � � � �

(  0 �� ��� 
 �� ��� 
 � � � > 	 ~ > �

� h ] d a<_ H R X h�M	� � � � } ]YU�VsW H d F O R ] Olh ] R a h R V h ] d O ]YXZa h.O ]y]YU�V h V � ]YX \ V L VizlV L � 0 7vXZW R a \ � H ]^V5_
O W }

� ��� 
 � 7
~ �
� � 0 �� ��� 

� ��� 
 � 0 (  

� ��� 
 � �� ��� 
 � � �� ��� 
 %� ��� 
 � � � � > 	 ~l� �



���������
	���������� 	 ���	� � ����� � �������
�!�����!� � ��	 ���!������� ��� �����)����� ����� � � � ��� :=:

��� � � �	" � 
�� ��� %(- %
� � �&��� *,� ��')� �!�#" � "���%(')� ��� �
� h a d _�V d ]^a)z OlL XZ_ O ]^V`]YUBV h1H \ V d X R OlL W^a LZH ]YXZa h OlLZM a d XN]YU \ } V O R U ]^V d \ X h g t 	 � > 	87 ��� XZWf]^V5W^]^V5_
X h _BXNz XZ_ HBOlLpL D Olh _ d V5W HBL ]YW O d V R a \ � O d V5_��GXN]YU ]YU�V Olh�OlL D ]YX R OlL W^a LZH ]YXZa h W F a d WYX \ � L Vy]^V5W^] R O W^V5W 	

�������
	 ������������������

m X d W^]�]YU�V X h ]^V d F O R VfXZW J V �B]eWY] O ]YXNa hBO d D Olh _.]YU�Vf_BX � H WYXNa h R a<V�� R XNV h ] ��� XpWGW^Vi]e]^a �iV d a 	 � h ]YUBXZW

R O WYV } g t 	 � > 	87 ����d V5_ H R V5W�]^a }

� �
�  

� � � ����� 	 ? � � � 0 � ��� � % � > 	 ~ � �

�yUBX R U R Olh C VvX h ]^V M d O ]^V5_.X h ]YX \ V ]^a�a C ] O X h ]YU�V OlhBOlL D ]YX R OlL W^a LZH ]YXNa h O W }

� �
� � ����� 	
� � 0 � � � 7 ?  ������� � � �! 	 � � � > 	 ~ ���

S
W^] O ]YXZa hBO d D _ d a��ka F d O _BX H W�r XpW�X h XN]YX OlL X �iV5_ Olh _k]YU�V|W H d FIO R ] Olh ] R a h R V h ] d O ]YXNa h XpW�X h XN]YX OlLZL D W^Vi]
]^a �iV d a 	�T�U H W } ]YU�VvW H d FIO R ] Olh ] R a h R V h ] d O ]YXZa h � X h R d V O W^V5W �YH W^] C V R OlH WYV a F ]YU�V|W^a H d R V ]^V d \ 	�� h
m X M 	�> 	87 } O R a \ � O d XZW^a h a F ]YU�V h1H \ V d X R OlL Olh _ OlhBOlL D ]YX R OlL W^a LZH ]YXNa h W�XZW�W U�a � h�F a d _BX ��V d V h ]���XNal]
h<H \|C V d W 	 � h R d V O WYX h�M ]YU�V ��XNal] h1H \|C V d L V O _BWs]^a O _BXZW R d V � Olh R D C Vi]��qViV h ]YUBV h<H \ V d X R OlL>Olh _
Olh�OlL D ]YX R OlL W^a LZH ]YXNa h W \ O X hBL D _ H V�]^a LpO d M V�]YX \ V � WY]^V � ��X h�M V dYd a d 	#SyW>WYU�a � h X h m X M 	/> 	 ~<} �GU�V h ]YU�V
]YX \ V � W^]^V �.XpW d V5_ H R V5_ } ]YU�V h<H \ V d X R OlL d V5W HBL ]YW \ O ] R U \ H R U C Vi]^]^V d �yXN]YU ]YU�V OlhBOlL D ]YX R OlL W^a LZH ]YXZa h
VizlV h�F a d ��X � 7 	 � 	 { al]^VG]YU O ]>]YU�V d V5W HBL ]YW O d V � d V5W^V h ]^V5_�X h ]^V d \ W a F h a h _�X \ V h WYXZa hBOlL t HBOlh ]YXN]YXNV5W
X hkm X M W 	 > 	87 Olh _ > 	 ~ 	



���������
	���������� 	 ���	� � ����� � �������
�!�����!� � ��	 ���!������� ��� �����)����� ����� � � � ��� :3>

0 10 20 30 40 50 60 70 80
0

0.2

0.4

0.6

0.8

1

t*

Γ*

Bi = 0.05 Analytical
Bi = 0.05 Numerical
Bi = 0.3 Analytical
Bi = 0.3 Numerical
Bi = 1.0 Analytical
Bi = 1.0 Numerical

m X M'H d V > 	87 � g zla LZH ]YXNa h a F W H d F O R ] Olh ] R a h R V h ] d O ]YXNa h F a d z O d XNa H W ��XNal] h<H \|C V d W �GUBV h _BX � H W XNa h
XpW�W �GXN] R U�V5_ka � 	 � (  " � 7 ��� � ~0� �

0 2 4 6 8 10 12 14 16
0

0.2

0.4

0.6

0.8

1

t*

Γ*

Analytical
Numerical ∆t* = 0.1635
Numerical ∆t* = 0.3270
Numerical ∆t* = 0.6540
Numerical ∆t* = 1.9620

m X M'H d VC> 	 ~ � g zla LZH ]YXNa h a F W H d F O R ] Olh ] R a h R V h ] d O ]YXNa h�F a d z O d XNa H W ]YX \ VbW^]^V ��W �yU�V h _BX � H WYXNa h XZW
W �GXN] R UBV5_ a � 	 � ��
 � 7 � � �



���������
	���������� 	 ���	� � ����� � �������
�!�����!� � ��	 ���!������� ��� �����)����� ����� � � � ��� : �

������� � ��� � �� � ��� �������	�

� h a d _�V d ]^a ]^V5W^]�]YU�V _BX � H W XNzlVG]^V d \ W } O R D L X h _ d X R OlL X h ]^V d F O R VvXpW J V ��]�WY] O ]YXNa hBO d D Olh _ ]YU�V W^a H d R V
]^V d \ ���� XZW�W �GXZ] R U�V5_ a � 	 � h ]YUBXZW R O WYV } g t 	 � > 	87 ����d V5_ H R V5W�]^a }. �.  � ���

�

.. J � � . �. J � � � > 	 ~ 9 �

SeWkWYU�a�� h X h m X M 	�> 	;: } O WYX h1H WYa'XZ_ OlL X h XN]YX OlL W H d FIO R ] Olh ] R a h R V h ] d O ]YXZa h XZW _BXZW^] d X C H ]^V5_ a�zlV d O

R D L X h _�V d 	 � h ]YU�XZW R O W^V } g t	 � > 	87 ��� C V R a \ V5W }. �.  � ��� . < �. � < % � > 	 ~ � �

�yUBX R U R Olh C V W^a L zlV5_ Olh�OlL D ]YX R OlLZL D H W X h�M O W^V � O d O ]YXNa h a F z O d X O C L V5W \ Vi]YUBa<_ Olh _ ]YUBVvW^a LZH ]YXNa h XZW
M XZzlV h C1D }

� � �&%� ��� 7 0 � R a'W�

�
�
�  ��� � �� �� � 	  � � > 	;: � �

TGU�V h1H \ V d X R OlL d V5W HBL ]YW O d V R a \ � O d V5_ �yXN]YU ]YU�V OlhBOlL D ]YX R OlL W^a LZH ]YXNa h X hbm X M 	=> 	?> 	�SeW R Olh C V�W^ViV h
X h ]YUBXZW o�M'H d V } ]YU�V h<H \ V d X R OlL d V5W HBL ]YW \ O ] R U zlV d D �qV LZL �yXN]YU)]YU�V OlhBOlL D ]YX R OlL W^a LpH ]YXNa h WYUBa �GX hBM
]YUBV O RiR H d O ]^V|_�XZW R d Vi]YX � O ]YXZa h a F ]YUBVs_BX � H WYXNzlVe]^V d \ W�	

��������� � ������� � � � ��� �������	�

� h ]YUBXZW R O WYV Olh V�� � Olh _BX hBM W��$U�V d V XZW R a h WYXp_�V d V5_ Olh _ C al]YU ]YU�Vv_�X � H WYXNa h`Olh _�W^a H d R V ]^V d \ W O d V
W �GXN] R UBV5_ a � X h a d _BV d ]^a ]^V5W^]�]YU�V h<H \ V d X R OlLQO �� d a���X \ O ]YXZa h ]^a�]YU�V R a h zlV R ]YXNzlVf]^V d \ W�	 m a d ]YUBXZW
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