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ABSTRACT

This thesis focuses on two well-known areas in operations research: queueing and in-
ventory management. The objective in both of these problems is to compensate the losses
caused by the mismatches that arise between supply (service) and demand processes. The
class of problems we concentrate on comprises controlled queueing systems and production/
inventory systems modeled by make-to-stock queues. In particular this thesis focuses on
three dynamic control policies: pricing control, admission control and stock rationing. As
the aim of sensitivity analysis is to understand the effects of changes in system parameters
on the optimal solution of a problem, we can understand how systems respond to these
changes by sensitivity analysis. Moreover, the insight about the system obtained by the
result of sensitivity analysis can be used in the decision procedure. Since there are only a
few studies on the effects of the system parameters on the optimal policies and the results of
sensitivity analysis are crucial to understand the behavior of the system when parameters
change, we aim to establish a general framework to perform sensitivity analysis on the opti-
mal policies of queueing and inventory control problems. Our framework generalizes several
existing results on specific models in the literature, and provides a structural methodology

to perform sensitivity analysis for any control problem considered here.
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OZETCE

Bu tezde, yoneylem aragtirmasinin onemli konularindan kuyruk ve envanter yonetimi
iizerinde galigtik. Her iki problemde de amag; talep ve arz siiregleri arasinda ortaya cikan
uyumsuzlugun neden oldugu kayiplar1 gidermektir. Uzerinde caligtigimiz problemler kuyruk
ve iretim sistemleri denetimini kapsamaktadir. Bu problemlerden ozellikle fiyatlama, giris
denetimi ve stok paylama problemleri iizerinde durduk. Duyarhilik analizinin amac1 sis-
tem parametrelerinde meydana gelen degisikliklerin en iyi kararlar tizerindeki etkilerini
arastirmak oldugu icin bir sistemin bu tiir degisikliklere verdigi tepkiyi duyarhilik analizi
sayesinde anlayabiliriz. Ayrica, sistem hakkinda kazanilan bu 6ngorii gesitli karar destek
stireclerinde de kullanilabilir. Duyarlilik analizinin sonuglarinin 6éneminden ve tizerinde
yapilan caligma sayisi ¢ok az oldugundan, bu tezde kuyruk ve envanter denetimi prob-
lemlerinde duyarlilik analizi yapabilmek i¢in genel bir yapi olugturmay1 hedefledik. Bu yap1
hali hazirda bulunan sonuglar1 genelledigi gibi iizerinde durdugumuz denetim problemlerinde

duyarhilik analizi yapabilmek icin yapisal bir metodoloji sunmaktadir.



ACKNOWLEDGMENTS

First, I would like to gratefully acknowledge the enthusiastic supervision of Dr. Fikri
Karaesmen and Dr. Lerzan Ormeci in all steps of the development of this work. They
shared their knowledge and experience with me. I achieved more than I ever dreamed of in
two years by their precious guiding and help, and I am proud of being one of their students.

I would like to thank to Dr. Refik Giillii, Dr. Yal¢in Akcay and Dr. Evrim Didem
Gines for taking part in my thesis committee, for critical reading of this thesis and for their
valuable suggestions and comments.

I am grateful to Suat, Cem, Eda Kaya, Nesrin, Canan, Zeynep, Hazal, Bora, Selim and
Zehra for being wonderful classmates, officemates and friends. Especially, I would like to
thank to Suat Bog not only for his valuable friendship but also for being my best man.

I thank my parents and brother for believing in me and trusting me at every step I have
taken so far. I am very lucky to be a part of such a wonderful family. The last but not
least, I would like to express my gratitude to my lovely wife, Giilcan (il, for being my best
friend, for her encouragement and for bringing me love, happiness and all other beauties in

my life.

vi



TABLE OF CONTENTS

List of Tables xi
List of Figures xii
Nomenclature xiii
Chapter 1: Introduction 1
Chapter 2: Literature Review 5
2.1 Introduction . . . . . . . . . . . e 5

2.2 Pricing Control Problem . . . . . .. .. .. ... o oo 7
2.3 Admission Control Problem . . . . .. ... .. ... ... ........... 8
2.4 Stock Rationing Problem . . . . ... ... ... .. L L. 10
Chapter 3: Markov Decision Processes 11
3.1 Introduction . . . . . . . . . . . . e 11
3.2 Markov Decision Problems . . . . . . .. ... ... ... ... ... ... ... 12
3.3 The Example Model . . . . . . . . . . .. 13
3.4 Methods of Uniformization and Value Iteration . . .. ... ... .. .. ... 16
3.5 The Optimal Policy and Event-Based Dynamic Programming . . . . . . . .. 18
Chapter 4: The Operators 21
Chapter 5: Structure of the Operators 24
5.1 Imtroduction . . . . . . . . . . . . e 24
5.2 Structural Properties . . . . . . . .. .. 24
5.3 Effects of Parameters . . . . . . . . . . ... ... 27
5.3.1 Supermodularity and Submodularity . . . . ... ... ... .. 28

vii



5.3.2

Chapter 6:

The Extra Gain, Tv(x) —v(z) . . . . . ... oo

Sensitivity Analysis Examples

6.1 Introduction . . . . . . . . . ...

6.2 Pricing Control Problem . . . . . . . . ... ... ... ...

6.2.1

Effects of the Parameters: gy and Agy - . . . o o o oo oo

6.3 Admission Control Problem . . . . . . . . . . . . ...

6.3.1

Effects of the Parameters: uo, Ao, andc . . . . .. .. ... ... ...

6.4 Stock Rationing Problem . . . . .. .. .. ... ... ... ...

6.4.1
6.4.2

Chapter 7:

Structure of the Optimal Policy . . . . . . ... ... ... ... ....

Effects of the Parameters: us, Az . . . . .. .. .. ... ... .....

2-Dimensional Model

7.1 Introduction . . . . . . . . . .
7.2 The Model . . . . . . . . . e
7.3 Structure of the Model . . . . . . . . . . ..o

7.3.1
7.3.2

Monotonicity of v(z1,22) . .« « . . ..

Submodularity, Subconcavity and Concavity of v(z1,z2) . . . . . . . .

7.4 Sensitivity Analysis. . . . . . . ...

Chapter 8:

Bibliography

Appendix A:

Conclusion

One- Dimensional Models

A.1 Proof: Monotonicity of the Operators . . . . . . . ... ... ... ......

A1l
A1.2
A13
Al4
A.l5

Monotonicity of TARR + - « « « v v v v v e e e e
Monotonicity of Tpgp - -« -« o o o o o
Monotonicity of Top - . . . .« o o Lo
Monotonicity of Tg prc - -« « « v o oo

Monotonicity of TB Apam; - - -« « v v v o e

A.2 Proof: Upper-Bounded Difference, UBD . . . . . .. . .. ... ... .....

viii

34
34
35
37
39
40
41
42
44

46
46
46
48
51
53
95

58

61



A21
A22
A.2.3
A24
A25

A.3 Proof:

A3.1
A3.2

A.4 Proof:

A4l
A4.2
A43
Ad4

A5 Proof:

A1
A5.2
A5.3
AbA4

A.6 Proof:
A.7 Proof:

A1
A.7.2
A.7.3
A74
A.7.5
A.7.6
AT

A.8 Proof:
A.9 Proof:
A .10 Proof:

UBD Of TARR - - « « o o o e e e e e e e e e e 69
UBD of TpEp - -« o o o o o e e e e e 69
UBDof Tep o v o o o e e e e e e e e 70
UBD of Tg prc - - - - v o o o e 70
UBD of TB ADM,; - - - « v v v v e e e e e e e 71
Lower-Bounded Difference, LBD . . . . . . ... ... ... .. .... 71
LBD of Tr pRC - -« - o o o e e e 72
LBD of TB RATIO; - - « « « o v v o e e e e e e e e e e 72
Concavity . . . . . . . . 73
Concavity of TARR - -« « v v v v v e e e e e e e 73
Concavity of Tpep - -« « o v v o o e e e e 74
Concavity of Top -« v« v o v o o e e e 74
Concavity of T apar, - - -« « v v v v oo 75
Supermodularity . . . . .. ..o 76
Supermodularity of TARR -« « « « v v v v i e 77
Supermodularity of Tpgp - . . . .« . . L 77
Supermodularity of Tep . . . . . . . . Lo 78
Supermodularity of T apar; - - - - - - o o oo 79
Submodularity . . . .. ... 80
Structure of Tf(z) — f(x) . . . . .« . o 82
Taprf(x) —f(x) . . . oo 82
Tpepf(x) — f(x) . o o o 83
Tepf(x)—f(x) oo 83
Teprpf(z)—f(z) . . .o o o 84
Toprref(x)—f(z) . . . ... o 84
Trprof(x) — f(x) . o oo oo 85
Tpapmf(x)—f(x) o o 86
Effects of the Parameters on the Optimal Actions in Model 1 . . . . . 87
Effects of the Parameters on the Optimal Actions in Model 2 . . . . . 88
Existence of a Preferred Class in Model 3 . . . . . ... .. ... ... 88

ix



Appendix B:

B.1

B.2

B.3

B4

Vita

Proof:
B.1.1
B.1.2
Proof:
B.2.1
B.2.2
Proof:
B.3.1
B.3.2
Proof:

Two- Dimensional Model 89

Monotonicity of the Operators . . . . . . .. .. ... ... .. ... 89
Monotonicity of Tpgpa -« -« o v o o o 89
Monotonicity of Tprc, - - - - o v o o oo 91
Submodularity of the Operators. . . . . . .. .. .. ... ... .... 92
Submodularity of Tpgpa - - - .« « . o o o 92
Submodularity of Tprcy, - - - - o o o o oo 93
Subconcavity of the Operators . . . . . ... .. .. ... ... .... 94
Subconcavity of Tpgpa - - - - v o o o 94
Subconcavity of Tprcy - - -« o o o oo 95
Monotonicity of the Optimal Prices. . . . . . .. .. .. ... ... .. 99



7.1

7.2

Al
A2
A3
A4
A5

A6

LIST OF TABLES

Numerical results of the effects of the service rate on the value function and
the optimal prices of the example 2-dimensional model . . . . . . . . .. ... 57

Counter example to show that Tprc, does not preserve all of the properties

of the set Cy(f) - - v o o o o o 57
Possible optimal actions in states x, x+1 . . . . . . . .. ... L. 71
Possible optimal actions in states z, z +1 . . . . . . . . ... ... ... ... 73
Possible optimal actions in states z, z+landz+2 . .. .. ... ... ... 76
Possible optimal actions in states z, t+1, Zand z+1. . . . ... ... ... 79

The relative value function and the operators before and after the number of
SETVETS INCTEASES . . « v v v v v v vt et e et e e e e e 81

Possible optimal actions in statesz and x+1 . . . . . . ... .. ... .... 86

xi



LIST OF FIGURES

7.1 The relationship between submodularity, subconcavity and concavity

7.2 The illustration of Theorem 6 . . . . . . . . ... ... ..

7.3 Structure of the optimal prices in the 2-dimensional model

xii



Wt(i,a)
wt(i,a)
Pj;(a)
Fi5(Ta)

NOMENCLATURE

Sample Space of the system

Set of allowable actions

Set of allowable actions for state s

Immediate reward gained at time ¢ for state ¢ and action a

Reward rate at time ¢ for state ¢ and action a

Transition probability from state ¢ to j at time ¢ for action a
Probability that the transition from state ¢ to j occurs before T" at time ¢
for action a

Discount (Exponential Failure) rate

Current amount of inventory (The number of customers in the system)
Optimal expected total discounted profit of the finite horizon problem
with initial state x and n transitions remaining

Optimal expected total discounted profit of the finite horizon problem
with initial state x and n transitions remaining in Model ¢

Optimal expected total discounted profit over infinite horizon with
initial state x

Optimal expected total discounted profit over infinite horizon with initial state
x in Model ¢

Arrival rate

Demand rate in Model ¢

Service (Production) rate

Service (Production) rate in Model ¢

Fictitious transition rate

Time scale parameter

Price

xiii



Reservation price

Probability of buying when price of p is announced

Optimal price for the state x in Model ¢

Reward obtained by satisfying class-j customers

Reward obtained by satisfying class-j customers in Model ¢
Probability that an arriving batch consists of B class-j customers
The number of customers in an arriving batch

The number of class-j customers to be satisfied from an arriving batch
Optimal number of class-j customers to be admitted from an arriving batch
for the state z in Model ¢

Optimal threshold level for class-j in Model 4

Used portion of the service rate

Cost of the used portion of the service rate

Production cost

Production cost in Model

Optimal base-stock level in Model i

Probability that an arriving customer joins the system for the state x
in the arrival operator

Probability of a service completion for the state x

in the departure operator

Number of servers

Capacity of the system

Holding cost rate for the state x

Holding cost rate for the state x in Model ¢

State space of the Markov Chain characterizing the environment
Current environment state

Arrival rate for environment e

Arrival rate for environment e in Model ¢

Environment state transition rate from environment e to j

Xiv



vi(z,e)

p;i(z,e)

Current amount of inventory(The number of customers in the system)

for the environment e

Optimal expected total discounted profit of the finite horizon problem

with initial state (z,e) and n transitions remaining in Model i

Optimal expected total discounted profit over infinite horizon with initial state
(x,e) in Model ¢

Optimal price for the state (z,e) in Model i

XV



Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

This thesis focuses on two well-known areas in operations research: queueing and in-
ventory management. The objective in both of these problems is to compensate the losses
caused by the mismatches that arise between supply (service) and demand processes. To
achieve this aim, it may be desirable to employ a control on the production (service) or the
demand arrivals. As a result of the rapid evolution of information technologies, applicability
of control policies in practical problems increases, and thus control problems in queueing
and inventory systems have attracted very much attention in the past few decades. The
possibility of collecting valuable information about the demand, inventory level, etc. and
processing it in real time allows the decision makers to adjust any variable under control
dynamically. Therefore, dynamic control policies which depend on time are mostly em-
ployed in queueing and inventory problems rather than static policies which do not depend
on time.

The class of problems we concentrate on comprises controlled queueing systems and
production/inventory systems modeled by make-to-stock queues. In particular this thesis
focuses on three dynamic control policies: pricing control, admission control and stock
rationing. We view these policies as basic mechanisms for arrival and service control. In
the pricing problem, the decision maker changes the prices according to the number of the
customers or the amount of inventory in the system to adjust the load of the system for
maximizing his profit. On the other hand, he achieves the same objective by admitting or
rejecting the demand in admission control and stock rationing problems. There is a lot of
research considering different aspects of these policies including structural results.

In general, the system parameters such as service and arrival rates in production and
service systems can not be calculated exactly, and frequently these parameters are either

represented by estimators or considered as random variables. In both cases, parameters
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may change over time. As the aim of sensitivity analysis is to understand the effects of
changes in system parameters on the optimal solution of a problem, we can understand how
systems respond to these changes by sensitivity analysis. Moreover, the insight about the
system obtained by the result of sensitivity analysis can be used in the decision procedure.
Sensitivity analysis can of course be performed numerically by solving the underlying con-
trol problem several times. However, this is time consuming and requires a lot of effort.
Using our results, decision makers can directly find out the impact of changes in problem
parameters without resorting to numerical experiments. At the same time, to our knowl-
edge there are only a few and specific studies which concentrate on sensitivity analysis in
spite of its importance and value.

Since there are only a few studies on the effects of the system parameters on the optimal
policies and the results of sensitivity analysis are crucial to understand the behavior of
the system when parameters change, we aim to establish a general framework to perform
sensitivity analysis on the optimal policies of queueing and inventory control problems in
this thesis.

In order to observe the effects of the parameters on the optimal decisions, the models
that we consider have to possess some structural properties (e.g. monotonicity, concavity).
In other words, we need to show the structure of the models before performing sensitivity on
the optimal policies of these models. Puterman [42], Smith and McCradle [44], Veatch and
Wein [50], Koole [26] provide frameworks that can be used to determine the structure of op-
timal stochastic dynamic policies. We use the event-based dynamic programming technique
introduced by Koole [26] within these frameworks. In this technique, Koole establishes that
if certain event operators have some structural properties (monotonicity, concavity, convex-
ity) under given assumptions, then the value function of the system constructed by using
these operators also has the same structural properties. Our main contribution is to extend
this approach to observe the effects of the parameters on the optimal decisions. Since one
have to study the structure of a model before its sensitivity analysis, our investigation not
only introduces a general framework to perform sensitivity analysis but also examines the
structure of the models and the optimal policies.

Even though our modeling approach is fairly general, there are certain limitations. For

instance, the state space of the underlying control problem has to be one dimensional and



Chapter 1: Introduction 3

the approach only extend to multi-dimensional structures under restrictive conditions. To
gain a better understanding of these limitations we also present a multi-dimensional example
in detail and explain the challenges.

The rest of the thesis is organized as follows. In Chapter 2, we provide the necessary
background and literature review on the queueing and inventory control problems.

In Chapter 3, we introduce the basic definitions of Markov Decision Processes and present
the methods used to obtain the analytical results in this thesis, e.g. event-based dynamic
programming technique, on a simplified stock rationing and replenishment problem.

In Chapter 4, we first define certain event operators which represent the events occurred
in Markovian stochastic control problems. Then, we work on whether these operators
preserve some structural properties of a function on which they are applied or not in Chapter
5. By this way, we also show that the models constructed by our operators keep the same
structural properties that the operators preserve. After that, we observe the behavior of the
operators when the system parameters change in order to use the results while investigating
the effects of system parameters on the optimal decisions.

In Chapter 6, we illustrate our framework by performing sensitivity analysis on the
existing and structurally characterized queuing and inventory control problems: dynamic
pricing, admission control and stock rationing problems. As a pricing problem, we perform
sensitivity analysis on the joint dynamic pricing and replenishment problem studied by
Gayon et. al. [20]. Then, we study the admission control problem introduced by Ormeci and
Burnetas [37]. The last problem that we work on is the stock rationing and replenishment
problem presented by Ha [22]. We not only perform sensitivity analysis on the model but
also extend it by considering batch arrivals. By these examples, we also show that our results
can be used in many real-life applications where stochastic control policies are employed.
Rental businesses, call centers, job-shop manufacturing systems, make-to-stock production
systems, airlines, hotels, tolls in high-ways are some of the example systems in which our
results can be used.

In Chapter 7, we consider a two-dimensional model as a natural extension of our study.
We determine the structure of the optimal policy of the model but due to the limitations
of our approach, we can not perform a sensitivity analysis by using our framework. This

highlights some of the difficulties that may be encountered to extend our results to general
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multi-dimensional state spaces.
In the last chapter, we shortly summarize the performed study, and mention the future

research perspectives.
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Chapter 2

LITERATURE REVIEW

2.1 Introduction

As we mentioned in the previous chapter, determining the structure of the optimal policy
is necessary before performing sensitivity analysis. Therefore, we first focus on the paper
providing general framework to establish the structure of the corresponding value functions
and optimal policies. Puterman [42] considers a general methodology to prove certain struc-
tural properties of the optimal policy of an infinite horizon Markov Decision Process. In his
methodology, he provides some conditions which ensure the optimality of monotone policies.
Smith and McCardle [44] work on stochastic dynamic programs and presents several funda-
mental results to prove the existence of monotonicity and concavity of the value functions of
the models considered. They show that the value functions satisfy property P if the reward
function satisfy the property P and the transition probabilities satisfies the probabilistic
version of this property. Veatch and Wein [50] considers a general queueing control prob-
lem. They present some monotonicity theorems, and then by using these theorems they
show the optimality of transition-monotone policies. In a similar paper, Koole [26] not only
provides a general framework to prove the structural properties of value functions and opti-
mal policies but also proposes to define distinct event operators and examine the structural
properties of the operators rather than the whole value function because he shows that if
the event operators preserve some structural properties then the value function which is the
combination of these operators will also satisfy the same properties.

After the papers on the structural analysis, we now review the limited number of papers
which concentrate on the effects of the changes in the parameters on the optimal policies.

One of the papers including a complete sensitivity analysis is Ku and Jordan [27]. In
this study, they consider an admission control problem of two multi-server loss queues in
series with two different demand classes. They show that under appropriate conditions the

optimal admission policy maximizing the expected total discounted reward over an infinite
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horizon is given by a switching curve. They also characterize the form and shape of this
curve and its variation according to system parameters.

Ziya et. al [54] study the static pricing problem of a single-server queueing system with
finite waiting room capacity. They observe the effects of the customer willingness to pay,
the system parameters (service and arrival rates), and the waiting room capacity on the
optimal static pricing policies. Although it contains a complete sensitivity analysis, this
study is not directly in our scope because we only focus on dynamic control policies in our
study.

Another extensive sensitivity analysis is performed by Gans and Savin [19] for a joint
admission and dynamic pricing problem of a multi-server loss system. In this paper, they not
only establish the structure of the optimal policies maximizing the expected long-run average
reward but also investigate the effects of the parameters on these policies. The problem
in this study can be modeled by using the operators that we introduce in the subsequent
chapters, and the results of the original model and our redefined model coincide. Moreover,
in the redefined model, one can additionally observe the effects of the number of servers on
the optimal policies. Hence, [19] is a specific case of our general framework.

The last papers that we review as a sensitivity analysis are Aktaran-Kalayci and Ayhan
[1] and Cil et.al. [7]. Both of the studies consider a dynamic pricing problem of a multi-
server queueing system with infinite waiting room capacity and examine the effects of the
parameters on the optimal prices. The models in these two independent studies are the
same, and the only slight difference between them is that the objective is maximizing the
expected total discounted and long-run average profit in [7] whereas the objective is only
maximizing the expected long-run average profit in [1]. As [19], [1] and [7] can be modeled
by using our operators, and thus they are also specific cases of our general framework.

In the remaining part of the literature review, we focus on pricing control, admission
control and rationing policies which are studied in the literature. Pricing, admission and
rationing problems have been studied since 1960s, and for comprehensive reviews, we refer
to Stidham [47], Altman [2], Bitran and Caldentey [5], Yano and Gilbert [53], Chan et. al.
[9], and Elmaghraby and Keskinocak [15] as a summary of the research papers on these
control problems which covers different aspects of the problems. The main difference of

the following research and our thesis is that none of them consider a complete sensitivity
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analysis (both theoretical and numerical). Moreover, some of them can be modeled by using

our operators, and therefore they are specific cases of our framework.

2.2 Pricing Control Problem

The pricing control problem has been studied by many researchers in both queueing and
inventory literature. In the queueing context, Naor [36] is the first to investigate the pricing
problem by presenting quantitative arguments based on a single server queueing system
with finite waiting room capacity. Then, Knudsen [25] extends Naor’s study to multiserver
queuing systems. The major difference between these two studies and our framework is
that the objective of the problem is to find the optimal static pricing policy in both of these
studies.

On the other hand, there is also some research on the dynamic pricing problem of
queueing systems. Low [31] first focuses on the dynamic pricing problem of a multiserver
queue with finite waiting room capacity. In this study, he proves the monotonicity of
the optimal prices in the state of the system. He then extends his results to multiserver
queue with infinite waiting room capacity [32]. Paschalidis and Tsitsiklis [41] consider the
pricing problem of a service provider, which provides access to communication network,
by modeling the problem as a dynamic pricing problem of multiserver loss system with N
different customers. As an important result, they show the monotonicity of the optimal
prices in the number of customers in the system. Another dynamic pricing problem is
introduced by Chen and Frank [10]. They consider a queuing system where a monopolist
can see the length of the queue and charges a fee depending on the number of customers in
the system. They prove the concavity of the expected total discounted reward and establish
the existence of monotone optimal prices. Moreover, they investigate the effects of the
arrival rate on the optimal prices through a numerical example. All of the above studies are
specific cases of our general framework because they can be redefined by using our operators.
Therefore, it is possible to perform sensitivity analysis on their optimal policies as we will
illustrate in the subsequent chapters.

The pricing control problem is also an attractive topic in the inventory control literature.
Federgruen and Heching [16], Thomas [48], Chen and Simchi-Levi [11], and Feng and Chen

[17] examine the pricing control problem by considering various aspects of the problem
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(periodic reviews, continuous reviews, set-up costs) and present the characteristics of the
optimal policies of the corresponding models. However, only a few of these papers explicitly
model production capacity constraints that induce endogenous and random lead times. In
the periodic review case, Federgruen and Heching [16] discuss these extensions to their basic
model but their main focus is on the uncapacitated zero-lead time case.

Li [29] seems to be the first paper whose focus is a production/inventory system with
joint pricing and replenishment considerations. He considers a continuous review model
with price-sensitive demand where the cumulative production and demand are modeled by
Poisson processes with controllable intensities. The demand is a continuous function of the
price. When there is demand in excess, sales are lost. The production and holding costs are
linear and the demand intensity is controlled through the price. When the prices are set
dynamically over time, Li shows that a base-stock policy is optimal. Moreover, it is shown
that the optimal price is a non-increasing function of the inventory level. In a recent study,
Gayon et. al. [20] extend [29] by considering the demand arrivals as a Markov Modulated
Poisson process. As we focus on the joint dynamic pricing and replenishment problem in
our general framework, [29] and [20] can be modeled by using our operators. Actually, [20]

is one of the example models that we use to illustrate our general framework.

2.3 Admission Control Problem

Buffer capacity control in production and service systems addresses optimal allocation of
fixed buffer resources to different demand segments. Since this objective can be achieved
by admission control policies which determine when to accept or reject different segments,
this class of control problems has received a lot of attention in the queueing literature.
Most of the earlier studies especially focus on systems where customers arrive individ-
ually. Altman et. al. [3], Ormeci et. al. [39] and Savin et. al. [43] work on an admission
control problem in a loss system receiving single arrivals from two classes of jobs which
demand exponential services with different rates. Altman et. al. [3] show that the optimal
policies are of threshold type. Ormeci et. al. [39] and Savin et. al. [43] analyze the issue
of the preferred class. Ormeci et. al. [39] also establish the monotonicity of the thresholds
under certain conditions. Furthermore, Ormeci and van der Wal [40] extend several of these

results to systems with renewal arrivals as opposed to Poisson arrivals; in particular the ex-
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istence of optimal thresholds, and sufficient conditions to have preferred class(es). Besides
the studies on the loss system, a number of studies analyze admission control in queues
with infinite waiting room receiving single arrivals. Ghoneim and Stidham [21], Stidham
[45] and [46], Blanc et. al. [6] investigate the structure of the optimal decisions in queueing
systems with infinite waiting room capacity and prove that the optimal admission policies
are of threshold type when the customers arrive individually.

Admission control problems in queueing systems receiving batch arrivals have also been
investigated in the literature as a natural extension of the single arrivals. Moreover, consid-
ering batch arrivals allows to study the system when customers may request more than one
resources. In models with batch arrivals, either a partial acceptance policy in which some of
the jobs in a batch can be admitted while the rest are rejected or a batch acceptance policy
where the system can either admit or reject the whole batch is employed as the control
policy.

The partial acceptance policy has been studied more than the batch acceptance policy
both in queueing systems with finite and infinite waiting room capacity since the policy
has a well-behaved structure and thus it is possible to prove some structural results such as
concavity and the existence of thresholds. As an instance on systems with finite capacity,
Ormeci and Burnetas [37] consider a partial acceptance problem of a Markovian multi-server
loss system receiving jobs which arrive in different batch sizes, bring different rewards, and
demand exponential services with the same rate. They establish the existence of an optimal
sequential threshold policy with monotone thresholds. Then, Ormeci and Burnetas [38]
analyze partial acceptance policies in a multi-server loss system with two classes of customers
whose batch sizes, service times and rewards are different. There are also some studies on
the partial acceptance problem of infinite capacity queues. In [45], Stidham considers the
batch arrivals in addition to the single arrival case. He examines the structure of the partial
acceptance policy in a GI/M/1 queue and proves that the optimal policy is still threshold
policy after assuming the batch arrivals. Similar to this study, Langen [28] and Helm and
Waldmann [24] observe the partial acceptance policy in a GI/M/c queue and shows the
existence of monotone optimal decision rules. For the batch acceptance policy, Cil et. al.
[8] perform a complete study on the problem, where they show that the optimal policy keeps

some structural properties only under some specific conditions.
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As we mentioned before, in order to perform sensitivity analysis using our framework,
the optimal policy needs to have a structure. Therefore, in the scope of this thesis, we only
work on the partial acceptance policy and take [37] as an example for admission control

problems to illustrate our framework.

2.4 Stock Rationing Problem

The rationing problem appears when different customer classes whose economic importance
varies have to be satisfied from a common stock. Since demand classes have different
values, it may be more important to satisfy one class than the others in anticipation of
future demand from the more valuable classes. The basic stock rationing problem has been
studied widely in the inventory literature. Topkis [49] studies optimal ordering and rationing
policies for a single-product inventory system with several demand classes. He shows that a
base-stock policy is optimal for ordering and the optimal rationing policy reserves items in
stock for future demands of more valuable customers. Nahmias and Demmy [35] observe the
cost improvements due to stock rationing for inventory systems with two demand classes.
Cohen et. al. [12] and Frank et. al. [18] consider the rationing problem for two classes of
customers where one of the class has high priority and show the complexity of obtaining
the structure of optimal rationing policy.

In all of the above papers, one of the important characteristics of the problem, the limited
capacity of the system, is not considered. However, there is also some research that models
the limited production capacity. Ha [22], [23], and de Veéricourt et. al. [14] examine the
inventory systems with limited production capacity by employing queueing based models.
Ha [22] considers the stock rationing problem in a make-to-stock production system with
several demand classes and lost sales and characterizes the optimal policy. After that, Ha
[23] studies the rationing problem in a make-to-stock system with two demand classes where
unsatisfied demand are back-ordered. In this study, Ha can not obtain a general structure
for the optimal policy. However, de Veéricourt et. al. [14] complete the characterization of
the optimal policy for the two demand class rationing problem and extend the model in
[23] by considering multiple-demand classes. In the scope of this thesis, we concentrate on
the stock rationing problem with limited capacity and lost sales. Thus, we study the model

introduced in [22] as an example rationing problem.
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Chapter 3

MARKOV DECISION PROCESSES

3.1 Introduction

In this chapter, we present the approach we will use in subsequent chapters to construct
and analyze Markov Decision Process optimality equations for certain systems with pricing,
admission, rationing and replenishment decisions. Markov Decision Processes (MDP) are
used to model the systems where decisions are made sequentially under uncertainty, and the
MDP models provide the opportunity to compare the immediate gain of current decisions
and the possible outcomes of future decision making opportunities [42].

The modern study of stochastic sequential decision problems begins with Wald’s work on
sequential statistical problems during the Second World War. He later published his stud-
ies in his book [51]. Also, Pierre Massé, minister in charge of French electrical planning,
introduced many of the basic concepts in his analysis of water resource management models
(1946). Many investigators studied sequential problems after the works of these two pio-
neers, and Bellman introduced the common ingredients to these problems as states, actions,
transition probabilities, and developed the fundamental equations to determine the optimal
policies [4]. He is considered as the first one to develop the mathematical foundations of

dynamic programming.
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3.2 Markov Decision Problems

In this section, we introduce the basic properties of the Markovian Decision problems that
we considered in the scope of this thesis. In Markov Decision problems, the decision maker
has to choose an action to influence the future performance of the system at some time
points which are called decision epochs. The set of decision epochs can be either discrete or
continuous. If it is discrete, then the decisions are made at each decision epoch; otherwise
the decisions could be made at random points in time when certain events occur, at the time
chosen by the decision maker, or continuously. In the problems discussed in this thesis, the
decisions are made at random points of time when certain events as arrivals, replenishments,
service completions or environment state changes occur. Therefore, the Markov Decision

problems that we analyzed can be described by the following five elements:

1. S is the set of all possible states of the system.

2. A is the set of allowable actions a decision maker can choose at each decision epoch.
A = U, .gAs where A; is the set of allowable actions for each state s. It is assumed

that § and A do not vary with time.

3. C'(i,a) (W'(i,a)) is the immediate cost incurred (reward received) and c*(i, a) (w'(i,a))
is the cost (reward) rate imposed from time ¢ until the next transition occurs when
action a is chosen at state ¢ at time ¢. That is, if a transition occurs after T units,
then the total cost incurred is given by C'(i,a) + Tc'(i,a). C(i,a) (W'(i,a)) and

ct(i,a) (w'(i,a)) together constitute the cost (reward) structure of the model.

4. Pjji(q) is the probability the next state will be j when the initial state is ¢ and action

a is chosen at time t.

5. F};(T|a) is the probability that the transition from i to j will occur before T' time

units when action a is chosen at time ¢.

In the problems considered here, it is assumed that the costs (rewards), transition prob-

ability and transition time distributions are independent of time. Therefore, we drop the
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superscript “t” hereafter. The performance criterion for optimality can be either the dis-
counted cost (reward) over an infinite horizon or the long-run average cost (reward) crite-
rion. The objective of the Markov Decision problem may be minimizing the expected total
discounted cost over an infinite horizon (maximize the expected total discounted reward);
or minimizing the expected long-run average cost (maximize the expected long-run average
reward). In all of the problems studied in this thesis, the objective is to maximize the profit.
Thus, we will focus on maximization problems in all of the MDP formulations presented.
If the discounted reward criterion is used, then the optimal expected total discounted
reward with initial state i and discount rate 5 (5 > 0) is denoted by vg(i) and is presented
as below:
o0 [e]
i) = malWatsa) + 3 Pya) [ TnidE Tl @)
j=

where

)
Ws(i,a) = Wi(i,a)+ Y Pij(a) /OO /T e P5w(i,a)dsdFy;(T)a).
=0 o Jo

When Fjj(.|a) are exponential for all 7, j, a, and A, § and the reward structure satisfy
certain conditions, it is well-known that there exists an optimal Markovian deterministic
policy which depends on the previous system states and actions through the current state
of the system (memoryless) and chooses an action with certainty (See Theorems 5.5.1,
8.1.2, 8.4.2, and Proposition 6.2.1 in Puterman). The problems we will consider in this
thesis satisfy these conditions, so we restrict ourselves to the set of Markovian deterministic

policies.

3.3 The Example Model

We will now formulate an example model to motivate the concepts of Markov decision
theory and illustrate our approach event-based dynamic programming. As an example
model, we consider a make-to-stock production system with Poisson arrivals and exponential
production times in which back-order is not allowed. We let the arrival rate be A and the
production rate be u. Items are produced one by one where the inventory capacity is limited
to K and the unit production cost is 7. Then, we assume that at any time, the decision
maker has to decide whether or not to satisfy an arriving demand (rationing decision) and

whether or not to produce (production decision) if the capacity is available. A reward of R
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is obtained if an arriving customer is satisfied and the customer is lost otherwise. Moreover,
h is the holding cost per unit per unit time.

We define the current state as X (t), the amount of inventory at time ¢, such that
0 < X(t) < K. Due to the exponential transition times, it is clear that observing only
the current state is sufficient so that we do not need to keep the historical information of
the process. Therefore, we simply denote the current state of the system as x without any
reference to the time.

Let a = (a1, az2) be the action taken at the state x such that a; is the production decision
(0:not produce, 1:produce) and as is the rationing decision (0:not satisfy, 1:satisfy). Then,
if the action is (0,0), the only possible event is that a demand arrival occurs and the
transition time will be exponential with rate A. Since the rationing decision is not to satisfy
the demand, the next state will be (z), and no reward will be obtained. Similarly, if the
action is (0, 1), the only possible event is that a demand arrival occurs and the transition
time will be exponential with rate A but the next state will be (x — 1) and a reward of R
is obtained as the rationing decision is to satisfy the demand. On the other hand, if the
action is (1,0), the transition time will be exponential with rate (A + p) and there will be
two possible events: replenishment and an arrival with respective transition probabilities
[/ (A+p)] and [A/(A+p)]. If a replenishment occurs before an arrival occurs, the next state
will be (z + 1) and production cost 7 will be incurred. Otherwise, the next state will be (x)
and no reward will be obtained as a result of rationing decision. Likewise, the next state
will be (z 4+ 1) and production cost 7 will be incurred when a replenishment occurs first if
the action is (1,1) but the next state will be (z — 1) and a reward of R will be obtained
when an arrival occurs first.

From now on, the discount rate will be fixed and taken as 3, and we drop the subscript
denoting the discount rate hereafter. Thus, the optimal expected total discounted profit

with initial inventory amount x, v(x), can be represented as:

v(z) = maz{Ai(z), A2(x), As(x), As(z)}, (3.2)
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where,
oot 00
Ai(e) = - / / e hadshe M dt + / e Po()reMdt,
o Jo 0
o rt 00
Ay(z) = — / / e *hadshe”Mdt + / e PR +v(x — 1) Ae M,
o Jo 0
Asz(x) = / / “Bshads(\ + p)e” Mt
e [T e e+ DO+ e
A e}
+m ; e Pu(z) (A + p)e” AtWige,
Ay(z) = / / “Bshads(\ + p)e” Mg
+)\+u e M o D)+ e Ot
A e o]
[T R v = D)+ e

When we compute the integrals, we obtain that,

v(x) = maz{Ai(x), Az2(x), As(x), As(x)},

where,
M) = |5 ).

As(z) = :Agj’: + BiAv(:p—l)},

As(z) = :g‘f;fi +B+§‘+Mv(m+1)+mv(x)],

Au(z) = :”Z;’;:ﬂhx + ﬁ+’;+ ol 1)+ mu(gg - 1)} .

The discount rate § will be considered as the exponential failure rate where P [failure
by time t]=1 — e7%, and P [not failure by time t]=e~%*. Thus, if the production decision
is not to produce, a = (0,0) or a = (0, 1), the expected transition time will be [1/(8 + )]
unit times and the probability that an arrival occurs before the exponential failure will be

[A/(B + A)]. Then, the expected profit will be [—hz] and [AR — hz| times the expected
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transition time if the action is (0,0) and (0, 1) respectively. Here, AR is the revenue rate
and hx is the holding cost rate. On the other hand, if the production decision is to produce,
a = (1,0) or a = (1,1), the expected transition time will be [1/(8 + A + )] unit times
and the probability that an arrival, replenishment or exponential failure occurs first will be
N (B+ X+ w)], [/ (B+ A+ p)], and [B/(8+ A+ p)], respectively. Moreover, the expected
profit will be [—u7 — ha] times the expected transition time if the action is (1,0) where ur

is the production cost rate, and it will be [AR — pu7 — hz] if the action is (1,1) .

3.4 Methods of Uniformization and Value Iteration

Uniformization and value iteration are commonly used tools to determine optimal policies in
queueing and inventory control problems. These methods can also be used to establish the
structure of optimal policies of the models constructed by using the operators we introduced
and the effects of parameters on these policies. Therefore, we present the methods of
uniformization and value iteration on the example model described above in this section.
As our example model evolves as a continuous time Markov chain and it is difficult to
track the revenues in such a system, we prefer to track the expected revenues in a discrete
time equivalent of the example model. To achieve this aim, we uniformize the system by
ensuring that the long-run average of the revenues and costs earned at discrete event epochs
equals to the long-run average of revenues and costs that would have earned in continuous
time (Lippman,1975). Then, instead of analyzing the optimality equation in the previous
section, we analyze the discrete time equivalent of the system by assuming that the time
between two consecutive transitions is exponentially distributed with rate A + p +6 < 1,
and we rescale the time by taking 4+ A+ p+ 60 = 1. 0 is the fictitious event (an event that
does not change the state of the system) rate and it is introduced to ensure that time scale
is not affected by the changes in the parameters during sensitivity analysis. To illustrate,
when we observe the effects of the arrival rate, A, if we increase (decrease) A, then we will
decrease (increase) 6, and we ensure that time scale remains the same. After applying the
uniformization method on the example model, the transition probabilities for the state x

depending on the action are:
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a=(al,a2) | a= 0,0 [ a=01) [ a=(10) | a=(1,1 |

P n+A+0 n+0 A+0 0
Py o1 0 0 H M
Pyos 0 A 0 A
Praiture B B B B

As we mentioned before, we will determine the structure of the optimal policy of a system

which operates over an infinite horizon. For this purpose, we first prove the structure of

the optimal policy with the objective of maximizing the expected total S-discounted reward

for a finite number of transitions, n. The finite horizon problems allow us to use induction

to prove the structural properties for all finite n. We denote the maximum expected total

B-discounted reward of a system starting in state x when n transitions remain by v, (x)

conferring a terminal reward of vy, and we specify the terminal reward vy as vo(x) = 0 for

all states x. Then, we present the optimality equation of the finite horizon problem as:

Un—&-l(x)

pmax{—7+ vp(r + 1), v,(x)} + (A + O)vp(x) + 0 —hz ifxz =0
pmax{—7 4+ vy(x + 1), v,(z)}
+Amax{R + v,(z — 1),v,(x)} + Ov,(x) + S0 — hx fo<z< K

(n+ 0)vp(z) + Amax{R + vp(x — 1),v,(x)} + B0 —hz ifx =K

(3.3)

We use the method of value iteration to relate the finite horizon problem with the infinite

horizon problems with the objective of maximizing the discounted and the long-run average

profits. This method is widely used when the Markov Decision problem considered satisfies

the assumptions below:

1. Rewards, transition probability and transition time distributions are stationary.

2. Rewards are bounded: |W (i,a)] < M < oo for all a € A; and i € S.

3. Future rewards are discounted according to a discount factor «, with 0 < a < 1.

4. S is discrete.

5. A; is finite for each i € S, or A; is compact, W (i, a) is continuous in a for each i € S,

and for each i,j € S, Pj;(a) is continuous in a.
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Consider the real-valued functions L defined on §. The following theorem constructs
the basis of the method of value iteration. (Proof of Theorem and Corollary could be found

in Chapter 6 of Puterman).

Theorem 1 If the above assumptions are satisfied, then there exists an optimal determinis-
tic policy d such that v* is the unique solution to the equation v = maxgep{rq + Pjv} = Lv

where L is an operator in L and D denotes the set of Markovian Decision rules.

Corollary 1 If vg € L, v, defined by equation v,+1 = Lv, converges to v* such that

V1 = sup{W(i,a) + Y. Pij(a)vn(j)} converges to v*(i) for alli € $.
jes

In our example model, the state space is finite for every value of n, the action space is
finite (a = (0,0), a = (0,1), a = (1,0) or @ = (1,1)) and rewards are bounded. Therefore,
there exists an optimal deterministic policy for the finite horizon problem by Theorem 1
and vy, (z) converges to v(x), the maximum expected total discounted profit for the infinite
horizon problem, by Corollary 1, i.e. v(z) = lim, o v,(z). Hence, the structural results
obtained for the finite horizon problem also apply for the infinite horizon discounted and
long-run average problems. Moreover, we present the optimality equation for the long-run
average case as follows, where g* is the optimal average gain and v’(z) is the relative value

function.

V' (x) = pmax{—7 + v (z + 1),v'(z)} + Amax{R + v'(z — 1),v'(z)} + 60v'(x) — hz

3.5 The Optimal Policy and Event-Based Dynamic Programming

In the inventory control problems, concavity of the value function, v(z), implies the opti-
mality of the base-stock policy where it is optimal to produce if the amount of inventory
on-hand is lower than a base-stock level and not to produce otherwise. To illustrate the
relationship between the concavity and the base-stock policy, we assume that v(x) is con-
cave in x and it is optimal to produce at the state x + 1 whereas the optimal action is not
to produce at the state x, i.e. the optimal replenishment policy is not a base-stock policy.

Then we have that:

v(z) >v(x+1)—T,

vix+2)—7>0v(x+1).
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When we combine these equations, we obtain that v(z) —v(z+1) > v(xz+1) —v(x +2),
and it obviously contradicts with the concavity of v(z). Therefore, our assumption is not
correct, and if the value function, v(z), is concave in z, then the optimal replenishment
policy will be a base-stock policy. Hence, we focus on the concavity of the value function in
this section. We prove the concavity of v(x) by using the event-based dynamic programming
technique to illustrate how the technique can be used.

In order to prove the concavity, we first work on the finite horizon problem and show
that v, (z) is concave in z for all finite n by induction. The initial condition of the induction
(for n = 0) is obviously true since we specify the terminal reward vy as vo(x) = 0 for
all states . Then, we need to show that v,41(x) is concave in z if v,(x) is concave.
To simplify the notation, we define Av(x) = v(z) — v(z + 1), and thus we have to prove

Avpy1(x) < Avpyi(z + 1), ie. the following inequality:

pmax{—7 + Av,(z + 1), Av,(z)} pmax{—7 + Avp(z + 2), Av,(z + 1)}
+Amax{R + Av,(z — 1), Av,(z)} | < +Amax{R + Av,(z), Av,(x 4+ 1)}
+0Av,(z) + h +0Av,(x+1)+h
(3.4)

In the traditional approach, we have to consider all of the possible action cases (a = (0, 0),
a=(0,1), a =(1,0) or a = (1,1)) and write the above equation for each case. Hopefully,
there are only 2 production and rationing decisions but in more complicated cases there
may be more than 2 cases for each decision. For example, if there are 2 production and 5
rationing decisions then the total number of possible actions will be 10. However, production
and rationing decisions are independent. Therefore, we can work on each maximization
separately and in this case we have to deal with 7 possible cases. Using this idea, Koole [26]
propose to divide the whole value function into distinct event operators and work on these
operators rather than working on the whole function.

Now, we demonstrate how one can use the event-based dynamic programming technique

by redefining the value function of the example model as the combination of certain event
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operators. After introducing the appropriate event operators, the value function is:

Vny1(7) = ToosT (TprDUA(T) + ANTRATVR(T) + 0T R 10V (T))
where,
Tprpv(x) = max {v(x),v(r +1) — 7},
max {v(z),v(x — 1)+ R} ifxz>0
TRATU(J:‘) =
v(0) ifx=0,
Trrcv(z) = v(x)

Teostv(z) = v(x) — he.

Then, Equation 3.4 becomes:

uATprpo,(z)} puATprpon(z+ 1)}
+AAT ATV, ()} _ +AATRaTV,(z + 1)}
+0ATpicvn () +0ATprcvn(z + 1)

i +h | i +h |

At this point, we assume that all of the operators, Tprp, Trar, TcosT, preserve the
concavity of v(z), i.e. if v(z) is concave in x, then Tv(z) will also be concave in z for all
operators. By using this assumption, it is obvious that the first three line of the above
inequality is true, and the last line is also true since both the left and right hand sides are
equal. Thus, Equation 3.4 holds, and v, (x) is concave in x for all finite n. Furthermore,
v(x) is also concave in x because v,(x) converges to v(x) as we mentioned before. As a
direct implication of the concavity, the optimal replenishment policy is the base-stock policy
and it is optimal to satisfy the demand always when it is possible.

As in this example, it will be easy to prove that the value function of a model has some
properties, say Propi,..., Propg, if all of the operators which builds the model preserve
the same properties, Propy,..., Propg, of the function on which they are applied. Hence,
the most important issues are to introduce the proper event operators and prove that they
preserve certain properties. Therefore, we define some event operators to model the events

in Markovian systems and examine their structures in the subsequent chapter.
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Chapter 4

THE OPERATORS

In this chapter, we define some event operators to model certain events in Markovian
queueing and inventory systems. By using these operators, various models can be con-
structed and then the structure of the control policies such as dynamic pricing, admission
control and stock rationing can be investigated.

In the operator definition, we consider v(x) as the value function of the models and z as
the state of the system (the number of customer in the queue or the amount of inventory).
We define the following operators for one-dimensional systems in which the state space is
unbounded, i.e. systems with infinite capacity, and the objective is to maximize the profit.
However, the operators can be used for systems with finite capacity by specifying that the
operator does not change the state of the system when the system reaches its capacity, i.e.
Tv(x) = v(z) if # = K where K is the capacity of the system. Moreover, the operators
can also be used for Markov Modulated models although these models may consist of two
or more states because the environment state in Markov Modulated models is exogenous
and we do not have any control on this state. To illustrate the usage in Markov Modulated
models, let a certain operator T be defined as Tw(x) = v(z + 1), then this operator can be
used in a Markov Modulated model by redefining the operator as Tv(x, e) = v(z+1, e) where
e is the state of the exogenous environment. Our focus in this thesis is on the properties of
the operators and the value functions, not on the existence of the optimal policies and the
validity of the value iteration. In the case of a finite state and action spaces, existence and
validity are guaranteed for all models (See Puterman [42]). For the problems with infinite
state space, it is necessary to check the existence of the optimal policy and the validity of

the value iteration before using our framework.
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The operators that we consider are:
The cost operator represents the systems incurring a holding cost, h(z), which is a

function of the state of the system:
Teostv(z) = v(z) + h(x).

The arrival operator represents the arrival of a new customer to the system, where the
arrival rate may depend on the state of the system. We denote the probability that an
arriving customer joins the system when there are x customers by the function a(x), which

is non-increasing and convex in x. Then:
Tarrv(z) = a(z)v(z + 1) + [1 — a(z)]v(x).

The departure operator represents the departure of an existing customer from the system,
where the service rate may depend on the state of the system. We denote the probability
of a service completion when the system has z customers by the function b(z), which is

non-decreasing and concave in z. Thus:
Tpppv(z) = b(x)v(z — 1) + [1 — b(z)]v(x).

The controlled departure and the controlled production operators, T¢p and To_prp,
represent the choice of the best service rate in queuing and inventory systems, respectively.
7 is the used portion of the service rate and ¢, is the cost of this portion with ¢, < 0. We
assume that co = max ¢ 1j¢r. Then:

maz e {cr + (= 1) + (1 —mv(z)} ifz>0

Tepvu(z) =
co + v(x) ifx =0,

Te_prpu(z) = Iél[%)i {er +mv(z+1)+ (1 —m)v(x)}.

The queue pricing and the inventory pricing operators, Ty prc and T7_prc represent the
optimal price to be charged for the arriving customers in queuing and inventory systems,
respectively. Fpr(.) is the cumulative distribution function of the reservation price of an

arriving customer, R, where R is the maximum price a customer is willing to pay. Hence:
Tq.prev(w) = max {Fr(p)[v(z + 1) +p] + Fr(p)o(2)}

max { Fr(p)[v(z — 1) + p] + Fr(p)v(z)} ifz>0
Trprev(z) =4 7
v(x) if x =0,
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where Fr(p) = 1 — Fr(p).

The batch admission and the batch rationing operators, T apm, and T raTI0;, T€P-
resent the choice of the number of the customers to be admitted from an arriving batch of
class-i customers in queuing and inventory systems, respectively. Partial admission mean-
ing that a number of customers from an arriving batch can be accepted whereas the others
are rejected is permitted. B is the size of an arriving batch, x; is the number of class-i
customers admitted from this batch, and R; is the reward obtained by admitting one class-¢
customer. Therefore:

T apm,v(z) = mgg {kiR; + v(z + K;)},

Ris

Tp_rariov(z) = oA {kiRi +v(z — Ki)} .

The fictitious, Tric, operator represents the fictitious service completions and produc-

tions, which affect neither the state nor the reward of the system:
Tricv(z) = v(x).

The environment, Ty (;), operator represents the transition between the exogenous

environment e and the exogenous environment j in the Markov Modulated models. Then:

Tenv(v(z,e) = v(z,j).

A number of different control problems can now be described by using combinations
of the above operators. For instance, consider the inventory control problem introduced
in Chapter 3. This problem consists of the following operators: Tcost, Tc_prp Where
m € {0,1} and ¢; = —77, and Tp_grario Where B = 1.

The next chapter investigates the structural properties for each of the operators intro-

duced here.
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Chapter 5

STRUCTURE OF THE OPERATORS

5.1 Introduction

In this chapter, we first prove that the operators introduced in Chapter 4 preserve some
structural properties such as monotonicity and concavity under certain assumptions. This
will enable us to conclude that the models constructed by using these operators also have the
same properties. Actually, some of our operators are similar to the operators in Koole [26]
such as arrival, departure and admission control, and Koole has already shown structural
properties of these operators. However, we generalize some of these operators: We consider
the state dependent arrival and departure rates in the arrival and the departure operators,
and the batch arrivals in the admission control operator. Therefore, we also investigate the
structure of the operators which are similar to Koole’s operators as the operators which have
not been considered before. After determining the structure of the operators, we observe
the effects of the system parameters on the operators in subsection 5.3 where we focus on
supermodularity and submodularity properties and introduce a new term that turns out to

be critical for sensitivity analysis. We named this extra term as “the extra gain”.

5.2 Structural Properties

The first property on which we focus is the monotonicity. We define monotonicity as the
value function is non-increasing in x for all states z, i.e., v(x) > v(z + 1). This property
implies a positive burden of an additional customer or an additional unit of inventory in the
system. We refer to this burden as the opportunity cost of an additional customer or an
additional inventory, and denote it by Av(z) as Av(z) = v(x) —v(x+1). For most plausible
queueing systems, this burden is indeed positive. However, in inventory models, opportunity
costs are not always positive, so that and the monotonicity of the inventory operators may
not hold. Moreover, in many queuing and inventory problems, the opportunity costs affect

optimal decisions and monotonicity of the opportunity costs (e.g. concavity of the value
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function because of the maximization problem), implies the monotonicity of the optimal
policies. For instance, threshold policies are optimal in admission control problems due
to the monotonicity of opportunity costs. Therefore, we also study the monotonicity of
opportunity costs in addition to the monotonicity of the value function.

Besides monotonicity and concavity, upper and lower bounds on the opportunity costs,
Awv(z), are considered in queueing and inventory problems. The existence of upper bounds in
queueing systems implies that the opportunity cost of a new customer, Av(x), may be lower
than the reward of one or more demand classes for all x, and thus these classes are admitted
to the system whenever it is possible. Similarly, the existence of lower bounds in inventory
systems implies that opportunity cost of an additional inventory, Av(z), may be higher than
the reward of one or more demand classes for all z, and thus the demand from these classes
are satisfied whenever it is possible. Such classes are defined to be preferred classes in [43]
and [39], a terminology we adapt here. Hence, these bounds imply the existence of preferred
class(es). Because of these relationships, we investigate the upper and lower bounds on the
opportunity costs as well as the monotonicity and concavity of the value function. To denote
the bounds, we define new properties “Lower-Bounded Differences (LBD)” and “Upper-
Bounded Differences (UBD)” such that f is a LBD function if v(x) —v(x+1) > LB for all
x and it is a UBD function if v(z) —v(z + 1) < UB for all z, where UB, LB € R.

The results on the monotonicity, concavity and bounds of the operators are presented
in the following lemma. In Lemma 1, we use a similar notation to the one in [26]: For a
certain event operator, 7', Propy, ..., Propry — Prop denotes that if the function v has the
properties Propi, ..., Props then Tv has the property Prop. However, while considering
the cost operator, Toost, the holding cost h should be non-decreasing and convex to prove

the monotonicity and concavity of TopgTv, respectively. In addition, for R > 0;

Non — Inc(z) : wv(z)>v(z+1),
Conc(z) : Av(z) < Av(z + 1),
LBD(R) : v(z)—v(z+1)> —R
UBD(R) : v(z)—v(z+1) <R

We use —R in the LBD property because in inventory models the opportunity cost of an

additional inventory may be less than 0.
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Lemma 1 o Tcosr: Non—Inc(x) — Non—Inc(x) ; LBD(R) — LBD(R); Conc(z) —
Conc(x).

e Tarr: Non — Inc(x) — Non — Inc(x) ; UBD(R) — UBD(R); Non — Inc(z),

Conc(x) — Conc(z).

e Tppp : Non — Inc(z) — Non — Inc(z) ; UBD(R) — UBD(R); Non — Inc(x),

Conc(x) — Conc(z).
e Tep : Non—Inc(x) — Non — Inc(x) ; UBD(R) — UBD(R); Conc(x) — Cone(zx).
e Tc prp : LBD(R) — LBD(R); Conc(x) — Conc(z).

e To prc : Non — Inc(z) — Non — Inc(xz) ; UBD(R) — UBD(R); Conc(z) —
Conc(x).

e Tr_prc : LBD(R) — LBD(R); Conc(x) — Conc(x).

o Tp apm, : Non — Inc(x) — Non — Inc(x) ; UBD(R) — UBD(R); Conc(z) —
Conc(x).

e Tp rario; - LBD(R) — LBD(R); Conc(x) — Conc(z).

e Tgnv) © Non — Inc(x) — Non — Inc(z); UBD(R) — UBD(R); LBD(R) —
LBD(R); Conc(x) — Conc(x).

o Tric : Non—Inc(z) — Non—Inc(x) ; UBD(R) — UBD(R); LBD(R) — LBD(R);

Conc(x) — Conc(zx).

The proof of the lemma is trivial for T since it is the same as v(z), and the proof
for Tgyv ;) is obvious when we assume that v(z, e) has some structural properties for all
demand environments. The proofs of the monotonicity and LBD for Toosr are obvious
when the holding cost is assumed to be non-decreasing, and similarly the proof of the
concavity for Toogr is also trivial when h is assumed to be convex. For the remaining

operators, the proofs can be found in the Appendix.
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In the following technical remark,we discuss why Tcost does not preserve the UBD

property and the implication of this structural property.

Remark 1 Unlike monotonicity, LBD and concavity, Toost does not preserve the UBD
property of the function on which it is applied. To illustrate, we let v(x), the value function,
be a UBD function, and then try to prove that Tcosrv(x) is also a UBD function. To
achieve this aim, we have to prove that Av(x)—Ah(x) < R is true. We know that Av(x) < R
by our assumption, so that we need to show Ah(zx) > 0, i.e. the holding cost is non-
increasing. However, a mon-increasing holding cost function is not a realistic assumption
m a queueing system in which the objective is to maximize the expected profit because if the
holding cost is non-increasing in the number of customers in the system then, there will not
be a positive burden of a new customer to the system. Therefore, the cost operator does not
preserve the UBD property of v(z), and this structural property implies that there does not

exist any preferred class in queueing systems incurring holding cost.

5.3 Effects of Parameters

In the beginning of the paper, we mentioned the importance of the information about
the effects of the changes in the parameters on the optimal decisions. Therefore, in this
subsection, we first focus on the behavior of the operators when the parameters change as a
starting point of the sensitivity analysis since we use the event-based dynamic programming
technique. The parameters we examine are the service rate or the production rate, u, the
arrival rate, A, the number of servers, ¢, and the waiting room capacity (including the
servers), K.

In order to perform sensitivity analysis on the optimal policy, we increase «, the param-
eter whose effect we would like to observe, by € and compare the opportunity costs in the
systems with parameters o and « + . For this purpose we use supermodularity and sub-
modularity properties. These properties are generally used in models with two dimensional
state spaces to indicate the effects of one dimension on the other one. However, here we say
that the value function, v(x), is supermodular with respect to « and z if the opportunity
cost is non-increasing in «, and it is submodular if the opportunity cost is non-decreasing
in a. Formally, Equations 5.1 and 5.2 represent the supermodularity and submodularity of

v(x), respectively, where we denote the value function of the system with parameter a + ¢
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by o(z).

o(x) (5.1)

o(x) (5.2)

Supermodularity and submodularity properties are not sufficient to investigate the effects
of the changes in a parameter on the opportunity cost. In particular, when we increase the
parameter a whose effects we would like to observe by ¢, the occurrence rate of the event
related with the parameter increases whereas the occurrence rate of the fictitious event
decreases. Therefore, we obtain an extra term of 70(z) — 0(x) in the optimality equation
where T is the operator related with . We call this term as “the extra gain” in this paper.
For example, consider the example model in Chapter 3 and its optimality equation. If
the arrival rate, A, increases by ¢ in this model then 6 will decrease by € to ensure that

@+ A+ 6 =1 and thus, the optimality equation becomes:

o(x) = Teost(WTprrpt(x) + AXTrart(x) + 0TFp1c0(x) + €[TRATO(2) — 0(x)]) Whereas,

v(z) = Teost(WTprpv(x) + ATrarv(x) + 0TFrcv(T)).

Here, the extra gain, Trar?(x) — 0(x), emerges as a result of an increase in the occur-
rence rate of the arrival event. While comparing the opportunity costs (Av(z) and Av(z))
during sensitivity analysis, it is obvious that the first three terms can be compared by us-
ing supermodularity or submodularity but we still have to deal with the remaining term,
Trart(z) — 9(x) in order to complete the comparison. Therefore, we investigate the struc-
ture of this latter term besides supermodularity and submodularity properties of the other

terms.

5.3.1 Supermodularity and Submodularity

According to our literature survey, a complete study on the supermodularity and submod-
ularity of the operators we consider has not been performed before. Although Gans and
Savin [19] and Ku and Jordan [27] prove the monotonicity of optimal actions in the sys-
tem parameters for certain loss systems, they do not work on the supermodularity and
submodularity of the operators used in their models. Thus, we prove supermodularity and

submodularity of all operators in this subsection.
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While considering the service (production) rate, p, and the arrival rate, A, all operators
preserve supermodularity and submodularity of the value function, v(x) because the changes
in these parameters do not affect the definition of the operators.

While considering the waiting room capacity, K, Tarr preserves supermodularity and
submodularity of v(x) according to the effects of K on the function a(x), join probability,
because K may affect the definition of the function a(z), and thus the definition of the arrival
operator. For instance, consider a system in which a(z) is defined as a(z) = (K —z)/K. In
this system, a(x) will be a(x) = (K +1—x)/(K + 1) if the capacity is increased by 1. In a
system where K affects a(x), one should check whether the conditions in lemmas hold or not
to show the supermodularity and submodularity of Tyrrv(z). The conditions in Lemma
2, the supermodularity lemma, ensure that the join probability for each state decreases by
an increase in K and the amount of decrease in the join probability is a non-decreasing
function of the state x. In other words, these conditions imply that the load of the system
will decrease with an increasing rate if the capacity increases, and thus the opportunity cost
of a new customer will decrease. Similarly, the conditions in Lemma 3 imply that the load
of the system will increase with an increasing rate if the capacity increases, and thus the
opportunity cost of a new customer will increase.

For capacitated systems, it is specified that the operators, T prc, T _apm, and T _prp,
do not change the state of the system when the system reaches its capacity. Therefore the
capacity, K, affects the definition of the operators. As a result of this effect, these oper-
ators can only preserve the supermodularity of the value function. The intuition behind
the non-submodular property is clear: In a queueing system with waiting room capacity
K, new arrivals are not allowed to enter the system when there are K customers in the
system whether it is optimal or not. If it is optimal to reject the arrivals, the optimal policy
does not change when the capacity increases. On the other hand, if the arrivals are rejected
because of the capacity, a new customer may be accepted when there are K customers after
an increase in the capacity. Thus, it is obvious that an increase in the capacity can not
lead to rejecting the customers who are already accepted before the capacity increases. In
other words, the opportunity cost of a new customer can not increase by an increase in the
capacity.

Since the operators Tprp, Tcp, T1_Prc, TB._RAT;, TENV(j)a Tric and ToosT are not
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affected by an increase in the capacity, these operators preserve both supermodularity and
submodularity of the value function with respect to K and x.

The effects of the number of servers, ¢, is similar to the effects of K. We only examine
the effects of the number of servers on queueing related operators because multi-server sys-
tems are mostly used in queueing problems. Like the effects of K on a(z), an increase in ¢
affects the definition of the function b(z). Therefore, Tpgp preserves supermodularity and
submodularity of the value function according to the effects of ¢ on the function b(x). The
remaining operators, Tg prc, TB_ADM;, IDEP, TCD,) TENV(]-), Tric and ToosgT preserve
both supermodularity and submodularity of v(x) with respect to ¢ and z since they are not
affected by an increase in the number of server. However, if K = c the arrival related opera-
tors, T prc and Tp_ap,, only preserves supermodularity of v(z) by the same intuition we
stated while considering K. We do not examine the effect of ¢ on the controlled departure
operator, Teop, because systems constructed by using Top are single-server systems.

We summarize our results about the effects of the parameters on the operators in the fol-
lowing lemmas. We use the same notation in Lemma 1. In addition, we define Super M («, x)
and SubM (o, x) to denote the supermodularity and submodularity with respect to o and
x.

The supermodularity lemma is:

Lemma 2 o Teost:SuperM (o, x) — SuperM (o, x), for all o € {p, \, ¢, K'}.

e Tarr : Non — Inc(zx), Conc(x), SuperM (o, x) — SuperM (a,x). Given that a(x) is

non-increasing in o and submodular with respect to o and x, for all o € {u, \, e, K}.

o Tprp : Non — Inc(x), Conc(z), SuperM (o, xz) — SuperM (o, x). Given that b(x) is

non-decreasing in « and supermodular with respect to o and x, for all « € {p, A, ¢, K'}.
e Top @ SuperM (o, x) — SuperM (o, x), for all o € {p, A\, K}.
o Tc prp : SuperM(a,x) — SuperM (o, x), for all a € {u, A\, K}.
e T pre © SuperM (o, x) — SuperM(a,z), for all @ € {p, A, ¢, K}.

e T pro : SuperM (a,z) — SuperM (o, x), for all o € {u, A\, K}.
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o Ts apm, : Conc(x), Super M (o, x) — Super M (a,x), for all o € {u, A\, ¢, K}.
e T rario, : Conc(z), SuperM (o, x) — SuperM (o, x), for all o € {p, X\, K}.

e Tpnv(): SuperM(a,x) for all demand environments — Super M (a, x) for all demand
environments, for all o € {u, A\, ¢, K}.
o Tric:SuperM(a,x) — SuperM (o, x), for all o € {p, A\, ¢, K}.
The submodularity lemma, is:
Lemma 3 o Tcosr:SubM (o, x) — SubM (o, x), for all o € {p, A\, ¢, K'}.
o Tyrr : Non—Inc(x), Conc(z), SubM (o, ) — SubM («a, z). Given that a(z) is non-
{mhe K} ifK #e

{m, A, e} if K =c

decreasing in « and supermodular with respect to a and x, for all o €
e Tprpp : Non — Inc(z), Conc(x), SubM (o, z) — SubM (o, x). Given that b(z) is
non-increasing in « and submodular with respect to « and x, for all a € {p, A, ¢, K}.
e Top : SubM (o, z) — SubM (v, x), for all a € {u, \, K'}.
e Tc prp : SubM(a,z) — SubM (o, z).c0 € {p, A}.

(e} K #c

{p, \} if K=c

e T pre @ SubM (o, x) — SubM (o, x), for all a €

o Tr pre : SubM (v, x) — SubM (v, ), for all a € {u, A\, K}.

{m, A e} ifK#c

{:uv)‘} if K =c

o Ts apm, : Conc(x), SubM (o, x) — SubM (o, x), for all o €

e T pario, : Conc(z), SubM (o, x) — SubM (o, ), for all « € {u, A\, K'}.

o Tpnv(): SubM(a,x) for all demand environments — SubM (v, z) for all demand

environments, for all o € {p, A\, ¢, K'}.

o Tric: SubM (o, xz) — SubM (o, x), for all a € {u, A\, ¢, K'}.
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5.3.2  The Extra Gain, Tv(x) — v(x)

As we mentioned before, the effect of a parameter on the opportunity cost is closely related
with the structure of the extra gain obtained by the operator related to the parameter.
Simply the relation is: If the extra gain is non-decreasing in = then the opportunity cost
will be non-increasing in the parameter and if the extra gain is non-increasing in x then the
opportunity cost will be non-decreasing in x. To illustrate this relation , let us concentrate
on the example model that we discussed in Chapter 3 and assume that all of the operators
preserve supermodularity of the value function and Tra7rv(x) — v(x) is non-decreasing in z.

Then, we obtain

,LLATPRDU(:L') ,LLATPRDQNJ(ZL')
+AAT, +AAT U
Av(z) = rarv(2) > rar¥(2) = Av(x)
+(9ATF10U(.%') —i—@ATF]C'f)(.%')
i || +eATrari(@) — o))

because of the supermodularity and the structure of the extra gain: The first three lines hold
by the supermodularity and the last line holds by the monotone structure of Trarv(z)—v(x).
As it can be easily seen, this equation implies that the opportunity cost of an additional
inventory decreases when the arrival rate increases in our example model.

The monotone structure of the extra gain depends on the characteristics of the event and
the context of the problem. In the queueing control context, the departure of an existing
customer is more valuable when there is one more customer in the system where as the
arrival of a new customer is more valuable when there is one less customer. Therefore,
Twv(z) — v(x) is non-decreasing in x for the departure operators and non-increasing in = for
the arrival related operators. However, while considering T'4rg, this intuition may not work
if the join probability function, a(z) is not constant because the join probability decreases
while the number of customers in the system is increasing. In other words, the system faces
conflicting effect: Since the load of the system becomes higher, the arrival of a new customer
has a positive burden on the system but a new customer also relieves this burden because
of a decrease in the join probability. Hence, we only consider the arrival operator given that
a(z) is constant while observing the structure of Tarrv(x) — v(x).

On the other hand, in the inventory control context, Tw(z) — v(z) is non-decreasing in x

for the arrival related operators and non-increasing in x for the production operator because
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if there is much more inventory on-hand, then the arrival of a new customer will be more
valuable and it will not be worth producing a new product. We state the results on the extra
gain in Lemma 4. The notation is similar to Lemma 1 but in Lemma 4, Prop, ..., Propy —
Prop; denotes that if the function f has the properties Prop1,..., Prop, then T'f — f has
the property Prop;. Furthermore, Non — Dec(x) represents v(z) < v(z + 1).

Lemma 4 o Tyrr: Non — Inc(z), Conc(x) — Non — Inc(x). Given that a(x) is

constant.
e Tprp : Non — Inc(z), Conc(x) — Non — Dec(x).
e Top : Conc(x) — Non — Dec(x).
o Tc prp : Conc(z) — Non — Inc(x).
e To prc : Conc(x) — Non — Inc(x).
o T1_prc : Conc(x) — Non — Dec(x).
e T apm, : Conc(x) — Non — Inc(x).

o Tp rario; : Conc(z) — Non — Dec(x).
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Chapter 6

SENSITIVITY ANALYSIS EXAMPLES

6.1 Introduction

In this chapter, we illustrate our framework by performing sensitivity analysis on queueing
and inventory control problems that have been studied in literature. We first work on three
basic problems discussed in Lippman [30]: the admission control problem of Miller [34], the
pricing control problem of Low [31], and the service rate control problem of Crabill [13].
We redefine each of the models considered in these problems by using our operators. We
use the batch admission operator, Tp_apa, in [34], the queue pricing operator, Tg_prc, in
[31], and the controlled departure operator, Tep, in [13]. At the end of this investigation,
we show that the thresholds are non-decreasing in the service rate and non-increasing in the
arrival rate, the optimal prices are non-increasing in the service rate and non-decreasing in
the arrival rate, and the optimal used portion of server is non-increasing in the service rate
and non-decreasing in the arrival rate.

Then, we concentrate on more complex and recent queueing and inventory control prob-
lems. We start with the joint dynamic pricing and replenishment problem introduced by
Gayon et. al. [20]. Then, we observe the effects of system parameters on the model
in Ormeci and Burnetas [37] where the partial acceptance problem in a multi-server loss
system with batch arrivals is considered. Finally, we extend the stock rationing problem
studied by Ha [22] and obtain new structural results and perform sensitivity analysis on the
extended model.

Since we analyze three different models, we use an index m with m € {1,2,3} to dis-
tinguish the parameters, functions and variables defined in each model. For example, R;,,

denotes the reward obtained by satisfying a class-i customer in model m.
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6.2 Pricing Control Problem

Dynamic pricing for inventory management has received a lot of attention in recent research.
Since the model introduced in [20] is one of the most recent and interesting ones that fall
into our framework, this model is the first example to illustrate the approach. Gayon et. al.
[20] consider a joint dynamic pricing and replenishment problem of a supplier who produces
a single part at a single facility. The processing time is exponentially distributed with mean
1/p and the completed items are placed in a finished goods inventory. The supplier incurs
a unit variable cost, 7, per part and h(z), a convex function of the inventory level, is the
inventory holding cost per unit time. The demand arrivals occur according to a Markov
Modulated Poisson process (MMDP) with potential arrival rate A. depending on the state
of the demand environment e. Then, an arriving customer buys the part if his reservation
price, i.e., the maximum willingness to pay, is higher than the announced price, p, otherwise
he leaves the system. The reservation price, R, is assumed as a random variable with the
cumulative distribution function Fg(.). The demand environment state is a continuous time
Markov Chain with state space E' = {1,...,n} and transition rates g.; from state e to j # e.
In the original model, Gayon et. al. prove that a base stock policy is the optimal production
control policy and optimal prices are non-increasing in the inventory level. Furthermore,
they numerically show that dynamic pricing is significantly more beneficial than the static
pricing only when the demand environment fluctuations are high.

We use T7_pre, To_prp and Trrc to denote the pricing control, the production control
and the fictitious events, respectively. To use the controlled production operator, T¢c_prp,
we specify that w1, the used portion of the production rate in Model 1, can be either 0
(not to produce) or 1 (to produce), and ¢, = —m171, i.e., the cost of the used portion is
71 (unit variable cost in Model 1) if 71 = 1, and it is 0 otherwise. In addition, we use the
environment operator, Ty (), to represent the transition between states e and j % e.

At any time, the decision maker has to decide whether to produce or not and choose a
price p € P. P may be either discrete or continuous. When P is continuous, it is assumed
to be a compact subset of IRT. As in the original model, we assume that the arrivals occur
according to a Markov Modulated Poisson process, and denote the potential arrival rate of
the demand environment e in Model 1 by A.;. We also use the same assumption on the

reservation price as in the original model, i.e. Fg(.) is the cumulative distribution function
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of the reservation price, R.

Then, the current state of the system is described by the state variable (x,e) with x as
the stock level and e as the environment state. (x,e) belongs to the state space §; x F such
that §; ={z:0<z <oo}and F={1,...,n}.

The objective of the problem is to maximize the expected total S-discounted reward over
an infinite horizon. To achieve this aim, we build the corresponding discrete-time MDP of
the model by using uniformization and normalization since the potential transition rate is
finite. Then, we assume that the time between two consecutive transition is exponentially
distributed with rate i1 + > Xe1 + - > ¢ej + 5+ 0 and using the appropriate time scale,
assume that pp + > ey + D, > qeje—i—ﬁge—i— 0 = 1. We introduce the new parameter 0 to
ensure that time scale remai;s] ffle same after the parameters p; and A\ change during the
sensitivity analysis. For example, if the arrival rate, A, increases by ¢ then, 8 will decrease
by € and time scale will not change.

As we will describe some structural properties (concavity, supermodularity, etc.) of the
systems which operate over an infinite horizon in this study, we first prove these structural
properties with the objective of maximizing the expected total §-discounted reward for a
finite number of transitions, n. The finite horizon problems allow us to use the induction
to prove the structural properties for all finite n. We let v7(z, e) be the maximum expected
total -discounted reward of a system starting in state (x,e) with n transitions remaining

0 0

in the future, and specify the terminal function vj as v{(z,e) = 0 for all states (z, e) to start

the induction. Then, we present the optimality equations of the finite horizon problem as:

v (x,e) =Tcosr( mToprpvl *(x,e) + A1 Tr_prov) (2, €)

+3 e Tenvpyed @ e) + O X+ DY ai + 0)Tricvy ™ (z,¢)),
j#e iFe iFe jF#i

where the holding cost function is hi(z, €), which is non-decreasing and convex in z.

By using the standard arguments of Markov decision theory (See Puterman [42]), the
structural results for the finite horizon problem can be extended to the infinite horizon
problem with the objective of maximizing the discounted reward as well as the expected
average reward. We denote the value function of the system for the infinite horizon expected
discounted reward criterion by wvi(z,e), the gain and the relative value function of the

system for the average reward criterion by ¢; and v](x,e), respectively. Thus, for § > 0,
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vi(x,e) = limy, .o v (7, e) and the optimality equation for the average reward criterion is:

g1+ vi(z,e) =Teosr( wmTeprpvi(z,€e)+ Ae1Tr_previ(z,e)

+3 4o Tenviyvi(@e) + O N+ YD aij + 0)Trrcvi(z,€)).
J#e iFe iFe jF#i

To this end, we define the value function of the model. In order to use Lemmas 2, 3,
and 4, we have to show the basic structural properties (monotonicity, concavity) of the
value function. However, these properties have already been proven in the original model
so that, we only focus on the effects of the parameters on the opportunity cost, Avi(x,e),
and the optimal policy. The parameters that we consider in the sensitivity analysis are the

production rate, i1, and the arrival rate in a demand environment k, A, for all k.

6.2.1 Effects of the Parameters: py and Mg

Intuitively, if the production rate, p, increases, then the system will process faster and the
opportunity cost of an additional inventory will increase because it is not necessary to keep
more inventory when the system processes faster. On the other hand, the opportunity cost
of an additional inventory decreases by an increase in the arrival rate, A, because the higher
the arrival rate the faster the inventory on hand is consumed. Equation 5.1 and 5.2 implies
the intuitions about the effects of the arrival rate and the production rate on the opportunity
cost, respectively, and thus, we work on the supermodularity of the value function, vy (x, e),
with respect to A\g; and z, and the submodularity of vy (z,e) with respect to p; and x.

To prove the supermodularity and submodularity of the value function, v1(z, ), we first
prove these properties of v} (x,e) for all finite n by induction. Both proofs are similar and
we only present the proof of the supermodularity of v;(x, e) with respect to A\g; and z. The
initial condition of the induction holds by the specification that v{(z,e) = 0 for all states
(z,e). Then, we assume that vfﬁl(aj,e) is supermodular with respect to A\g;, and z, and
show the supermodularity of v}'(z, e) with respect to Ax; and x, for all k. Since we observe

the supermodularity for all k£, we have to investigate the cases: e = k and e # k. For

e = k, we can write the supermodularity equation, Equation 5.1, for v](z,e) by using the
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optimality equation as follows:

1 ATe prpv) ™z, e) 1 ATe prpty ™~z e)
A1 ATr_prev (2, €) A1 ATr_pret (2, €)
+> 4e; ATeNy (v (2, e) > + > 4e; ATENy ()] (2, e)
J#e - J#e
HX i+ X @) + 01 ATrrcvy H(we)  +H[X (i + X ay) + O AT picd7 (e
iZe j#i iZe j#i

+e [ATy prety ™ (z) — ATy Hz)] .
(6.1)

It is obvious that the third line is true by the assumption on v?il(:p, e) and the first, the
second and the fourth lines are true due to Lemma 2. Therefore, we only need to show that
the last line is smaller than or equal to 0. As a result of Lemma 4, 77 prc f(z) — f(z) is
non-decreasing in z, i.e., ATt pref(z) — Af(z) < 0. Hence, the last line is also true and
we complete the proof for the case e = k.

Similar to the case e = k, we can write Equation 5.1 for v}'(x, e) where e # k as follows:

mATe prpvy ™ (z,e) 1 ATe prpty ™z, e)
+/\61ATLPRCU?_1 (z,e) +)\61ATLPRCQ7?_1 (z,e)
_ > e
+ 2 @i ATeNv (VY Y(z,e) = + 2 @i ATNv ()07 Yz, e)
j#e Jj#e
+[3 (i1 + X ai5) + 0| AT vy (@, e) Nt + X i) + Ol ATrrov? (2 e),
iZe iZi iZe j#i

(6.2)
and Equation 6.2 is true by the induction hypothesis and Lemma 2 as Equation 6.1. Thus, we
show the supermodularity of v} (x, e) with respect to Ay and z for all finite n by considering
the cases e = k and e # k. As a result of the relationship between the finite horizon problem
and the infinite horizon problem, v;(z,e) and v} (z,e) are also supermodular with respect
to Agp and x. We state the effects of the production rate and the arrival rate on the value
function and the optimal actions in the following theorem and corollary, respectively. The

proof for the effects of the parameters on the optimal actions can be found in the Appendix.

Theorem 2 In this model:

e vi(z,e) and vi(x,e) are submodular with respect to py and x.
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e vi(z,e) and vi(z,e) are supermodular with respect to A1 and x, whether e = k or

not.

Corollary 2 The optimal base-stock level for the demand environment e, Sj(e), and the
optimal price for the state (x,e), pi(x,e), are non-increasing in py and non-decreasing in

A1, for all k.

6.3 Admission Control Problem

Admission control is one of the control problems in queueing control, and we use the model in
Ormeci and Burnetas [37] to illustrate our framework. In this paper, Ormeci and Burnetas
consider a partial acceptance problem, where some of the jobs in a batch can be admitted
while the remaining ones are rejected, in a loss system which consists of ¢ identical parallel
servers with no waiting room and N classes of jobs. Arrivals occur according to a Poisson
process with rate u. At each arrival epoch, a random number of jobs from each class arrive
at the system. They denote an arriving batch by j = (j1,...,jn) where j; is the number
of class-i jobs in an arriving batch. The system receives a batch j = (j1,...,jn) with
probability p;. A reward of R; > 0 is obtained if a class-i job is admitted and each admitted
job requires an exponential service time with rate . In the original model, Ormeci and
Burnetas show that it is always optimal to accept class-1 jobs and there exists an optimal
sequential threshold policy for the remaining classes if the classes are ordered with respect
to their rewards, i.e., R > --- > Ry.

Before redefining the model by using our operators, we assume that each arriving batch
consists of only one class of jobs and the probability that B class-i jobs arrive in a batch
is p;p. These assumptions do not change the nature of the problem and our results about
the redefined model can also be shown for the original model in [37]. With the assumption,
we use the batch admission operator, Tp_apwm,, the departure operator Tpgrp, where the
probability of service completion is be(x) = x/M, and the fictitious operator, Trrc to
denote the arrivals and control policy, the departures and the fictitious service completions,
respectively. The new parameter M, which is greater than all ¢ considered during the
sensitivity analysis, is introduced to ensure that time scale remains the same after the

number of servers is changed.
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At each arrival epoch, the decision maker has to decide the number of class-i jobs to
be admitted from an arriving batch, k;5. Then, whenever a class-i customer is admitted,
a reward of R;5 > 0 is obtained. We define the state of the system as x, the number of
customers in the system, and = belongs to the state space S, such that S = {z : 0 < x < ¢}.

Our objective in this problem is finding the optimal policy that maximizes the expected
total B-discounted reward over an infinite horizon. Therefore, we build the corresponding
discrete-time MDP of the model by using uniformization and normalization. After the uni-
formization and normalization, we assume that the time between two consecutive transition
is exponentially distributed with rate Mus 4+ o + 5+ 60 = 1.

As in the previous example model, we denote the maximum expected total S-discounted
reward of the system starting in state x after n transitions by v%(z), where v)(x) = 0 for
all states z, the value function of the system for the infinite horizon expected discounted
reward criterion by ve(x), and the gain and the relative value function of the system for
the average reward criterion by g, and v)(x), respectively. Then, we present the optimality
equations of the finite horizon problem and the infinite horizon problem for the average
reward criterion as in Equations 6.3 and 6.4, respectively. Finally, by using the standard
arguments of Markov decision theory, we state that for 5 > 0, va(z) = lim, o v5(z) and

all structural results obtained for v} (x) is also valid for ve(x) and v} (x).

N
v§(z) = MppToppvy ' (z) + A2 > Y pisTe_apm,vs " (x) + 0Trcvy (z),  (6.3)
i=1 B

N

g2+ vh(x) = MpsTpepvh(x) + Ao D> pisTB_apm;vh(x) + 0Tpicvh(z). (6.4)
i=1 B

6.3.1 Effects of the Parameters: uo, A2, and c

The effects of the service and arrival rates on a queueing system are the reverse of the effects
on the inventory system: The congestion in the system decreases and thus the opportunity
cost of an additional customer decreases by an increase in the service rate, po, whereas the
congestion and the opportunity increases by an increase in the arrival rate, As. Therefore,
we work on the supermodularity of vy(z) with respect to ps and x and the submodularity of
va(x) with respect to Az and z. In addition to pz and Ag, we also examine the effects of the

number of servers, c¢. Intuitively, if the number of servers increases, then the congestion in
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the system will decrease since the occurrence probability of the service completion increases.
Thus, we focus on the supermodularity of the value function as in the case of the service
rate.

The proofs of the supermodularity and submodularity of the value function, vy(z), are
similar to the proof in the previous example. We first prove the properties for v§(x) by
using Lemmas 2, 3, and 4 and then, extend the results for the infinite horizon problem. The
following theorem summarizes our results about the effects of the parameters on the value

function and the optimal decisions in the partial acceptance problem.
Theorem 3 In this partial acceptance problem.:

o vy(x) and vh(z) are supermodular with respect to pg and x.
e vy(z) and vh(x) are submodular with respect to Ao and x.

e vy(z) and vh(x) are supermodular with respect to ¢ and x.

Corollary 3 The optimal number of class-i customers to be admitted from an arriving batch
for the state x, k;5(x), is non-decreasing in the service rate and the number of servers and

non-increasing in the arrival rate.

6.4 Stock Rationing Problem

The final example we present is on the stock rationing problem of a make-to-stock production
system. As an example rationing problem to perform sensitivity analysis, we choose the
model introduced by Ha [22]. In this study, Ha considers a make-to-stock production system
that produces a single product with N demand classes and lost sales. When a demand arises,
it is either satisfied from on-hand inventory or rejected. A rejected demand is lost and a lost
sale cost of ¢; with ¢; > -+ > ¢y is incurred. Demand arrivals occur according to a Poisson
process with rate A and each customer requests one unit of product. The production time
is exponential with mean 1/u. Moreover, the inventory holding cost per unit time, h, is a
non-decreasing and convex function of the on-hand inventory.

In real life applications, it is plausible that some classes of customers may demand more

than one unit of product at a time. However, as a result of the assumption that each demand
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requests one unit of product, the original model in [22] does not cover multiple demand
requests. Therefore, we not only redefine the model but also extend it by considering batch
arrivals. As in Model 2, an arriving batch consists of only one class of customers and p;p
is the probability that there are B class-i customers in the batch. Furthermore, we assume
that the variable production cost is 73, which is set to 0 in [22]. Then, we denote the arrivals
and rationing policy by Tp_rario,, the production control by Tc_prp, where w3 € {0,1}
and ¢, = —m373, and the fictitious production by Trrc.

At any time, the decision maker has to decide whether to produce or not and the number
of class-i customers to be satisfied from an arriving batch, ;3. Since we concentrate on
profit maximization rather than cost minimization, we assume that a reward of R;3 > 0 is
obtained if a class-i customer is admitted, and without loss of generality we assume that
Ri3> -+ > Rn3

As in the previous example models, we build the discrete-time MDP of the system. We
denote the current state of the system by x, the amount of on-hand inventory, the maximum
expected total [-discounted reward of the system starting in state x with n remaining
transitions by v%(z), where v§(z) = 0 for all z, the value function for the expected [-
discounted criterion by v3(z), and the relative value function for the average reward criterion
by v'(z). In this setting, for § > 0, vs(z) = lim, . v§(z) and the optimality equations
of the finite horizon problem for the expected (-discounted criterion and infinite horizon

problem for the average reward criterion are as in Equations 6.5 and 6.6.

N

v (2) = Teosr(usToprovy ™ (@) + A3 Y Y pisTs_rario vy ' (x) + 0Tricvy "), (6.5)
i—1 B

N
g3 + v3(z) = Teosr(usTo_provy(x) + A3 Y Y pinTp_raT10,05(2) + 0TR10v5(2)), (6.6)
i=1 B

where the holding cost function is h3(z), which is non-decreasing and convex in x.
6.4.1 Structure of the Optimal Policy

In the original model [22], Ha proves the convexity of the value function and then show

that the optimal production control and rationing policies are of threshold type and class-1,
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which has the largest lost sale cost, is the preferred class, i.e., it is always optimal to satisfy
class-1 whenever it is possible. We investigate whether similar structures can be proven
for the extended model or not. We first concentrate on the concavity of the value function
because we seek profit maximization whereas the objective in [22] is cost minimization. To
prove the concavity vs(z), we first prove the concavity of v%(z) for all finite n by induction.
The initial condition of the induction holds as a result of the specification on vg. Then, we
assume that v3~!(x) is concave in x and show v} () is also concave in x. In other words,

we show the following inequality is true.

13ATe_prpvy™(z) usATe_prpvy Hx +1)
N N
+23 Y S pisATp pario vy (z) A3 Y S pisATp rariovy *(z +1)
i=1 B < i=1 B (6.7)
—{—A@ijc’ughl () —|—A¢9TF]cUgL71 (x+1)
+Ahy(z) +Ahs(z+ 1)

First three lines are true due to Lemma 1 and the last line is true by the concavity of
hs(z). Hence, v (z) is concave in x for all finite n. By using the relationship between the
finite and infinite horizon problems, vs(z) and v5(x) are also concave in .

Now, we state the effects of the concavity of vs(x) on the optimal actions: Define the
values S5 and [;5 for each class-i such that S = min{x : v3(z) — v3(x + 1) > —73} and
liz = max{x : v3(xr—1)—v3(r) < —R;}, where we set [;5 = 0 if there is no such z. Because of
the concavity of v3(x), for all states z > S5, the opportunity cost of an additional inventory
exceeds the production cost, —73 and thus, it is not worth producing a new unit. Similarly,
for all states = < [;5 the optimal rationing policy is rejecting the entire batch which consists
of class-i customers. For state x = [;3 + 1, we know that v(l;3) + Riz > v(l; + 13) by
the definition of ;5. Therefore, satisfying one class-i customer is better than rejecting the
whole batch. Then, assume satisfying two class-i customer is better than satisfying one
customer, i.e. v(l;5 — 1)+ 2R;3 > v(l;5) + R;3. If we arrange this inequality, we obtain that
v(l;53 — 1) —v(l;3) > —R;3 which contradict with the definition of ;5. Thus, the optimal
number of class-i customers to be satisfied from an arriving batch for the state z = [;5 + 1,
ki3(z), is 1. When we iterate this reasoning, ;5(z) = x —1;3 for the states x > [;5. However,
for the states « > ;5 + B, k;5(x) = B since we can not satisfy more than the number of
customers in a batch. Briefly, the optimal rationing policy is to partially satisfy the demand

if [;5 < x < ;5 + B, and satisfy the entire batch if = > ;5 + B.
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Moreover, if the reward obtained by admitting a class-i batch is higher than the reward
of a class-j batch, then the optimal threshold of class-i will be lower than that of class-j as
a result of the definition of /;5 and it is optimal to satisfy class-1 whenever it is possible.
The proof of the existence of the preferred class can be seen in the Appendix. The same
results are also valid for the average reward criterion. We summarizes our results on Model

3 in the following theorem.
Theorem 4 In this stock rationing problem, Avs(xz) < Avs(x+1) and Avi(z) < Avi(z+1).

Corollary 4 o A base-stock policy is the optimal production control policy. S5 is the
critical inventory level such that it is optimal to produce if the on-hand inventory is

below S3.

o The optimal rationing policy is a sequential threshold policy for each demand class,
where the optimal number of class-i customers to be satisfied from an arriving batch
min{B,a: — llé} if:L’ > lzg
for the state z, ki5(x), is as follows, ki5(x) = .
0 if v < 1;3
e Moreover, l;5’s are monotone in i and class-1 is the preferred class, i.e., IN5 > -+ >

hi=0

6.4.2 Effects of the Parameters: us, As

In this model, we examine the effects of the changes in the production rate, us, and the
arrival rate, Az, on the value function and the optimal policies. As in the joint dynamic
pricing and replenishment problem in [20], the opportunity cost of an additional inventory
is non-decreasing in p3 and non-increasing in Asz. Therefore, we work on the submodularity
of vs(x) with respect to pus and z and the supermodularity of vs(x) with respect to A3 and
x. The proof of the supermodularity and the submodularity of the value function and the
proof of the effects of the parameters on the optimal actions are similar to previous proofs.

We present the results of the sensitivity analysis in the following theorem.

Theorem 5 In this model:

e v3(x) and vi(z) are submodular with respect to us and .
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e v3(x) and vi(z) are supermodular with respect to A3 and x.

Corollary 5 o The optimal base-stock level, S5, and the optimal rationing thresholds,

liz, are non-increasing in p3 and non-decreasing in Ag.

e The optimal number of class-i customers to be satisfied from an arriving batch for the

state x, ki5(z), is non-decreasing in i3 and non-increasing in As3.
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Chapter 7

2-DIMENSIONAL MODEL

7.1 Introduction

In this section, we work on extending our findings on the sensitivity analysis of one-
dimensional models to two-dimensional models. To achieve this aim, we consider a dynamic
pricing problem of a queueing system with 2 classes of customers differing in their holding
costs. Maglaras [33] studies a similar problem by assuming multiple classes. In this study,
he can not prove the structure of the optimal policy but he determine the optimal policy
by fluid approximations.

As in one-dimension, it is essential to show the structure of the model before sensitivity
analysis. Therefore, we first focus on the structural properties of two-dimensional model
that we consider. Then, we investigate the effects of the parameters on the optimal deci-
sions. Unfortunately, we can not prove the results that we expect about the effects of the
parameters. This seems to be a shortcoming of using event-based dynamic programming.
Hence, the scope of this section is to show the limitations of our approach while considering

two-dimensional models.

7.2 The Model

We consider a single server queue with infinite waiting room capacity and 2 classes of
customers. Arrivals occur according to a Poisson process with rate A. At each arrival epoch,
the probability that an arriving customer is a class-j customer with j = 1,2 is p; with p; +
p2 = 1. Whenever a class-j customer arrives, he either enters the system if his reservation
price, I%;, is higher than the announced price or leaves the system without bringing any
reward. We assumed that R;’s are random variables with cumulative distribution function
of Fg;(.). The service times of all customers are exponentially distributed with mean 1/u
regardless of the class of customers. Moreover, the queue owner incurs a holding cost per

unit time, hj, and without loss of generality it is assumed that h; > hp. In this model,
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we are interested in dynamic pricing policies that maximize the total expected discounted
profit with a continuous discount rate § over an infinite horizon as well as the long run
average profit.

At any time, the decision maker has to decide which class of customer is served and
choose a price from a discrete (but arbitrarily large) set [pmin,Pmaz]. Under any given
feasible scheduling and pricing policy, 7, the system evolves as a continuous time Markov
chain with state (X (t), X2(t)), where X;(t) is the number of class-j customers in the system.
Due to the Markovian property, it is clear that we observe only the current state and do
not need to refer to the time, and thus we simply denote the current state of the system by
(z1,29), where (x1,29) € Z>.

In order to find the optimal policy 7* that maximizes the total expected discounted
profit, we build the discrete time equivalent of the original system by using uniformization
and normalization. To this end, we assume that the time between two consecutive transi-
tions is exponentially distributed with rate p + A + 6 + 3, and using the appropriate time
scale, assume that u+ A+ 6+ § = 1. 0 is a fictitious transition (i.e. state of the system
does not change) rate and introduced to ensure that the time scale is not affected by the
changes in the parameters.

As we will describe some structural properties of a system which operate over an infinite
horizon in this example, we first prove these structural properties with the objective of
maximizing the expected total 8-discounted reward for a finite number of transitions, n. The
finite horizon problems allow us to use the induction to prove the structural properties for
all finite n. To start the induction we specify the initial function vy(x1,x2) as vo(x1,z2) =0
for all states (x1,x2). wvp(z1,22) is the maximum expected total f-discounted reward of

the system starting in state (x1,z2) with n transitions remaining in the future and the
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optimality equation of the finite horizon problem is:

Vnt1(21, 72) = pTDEP2VA(T1, T2) + A Z piTpro;vn (71, 72) + 0TF10vR (21, 22) — 11 — haTo

j=1,2
where,
maz {v(zxy — 1,22),v(z1,22 — 1)} ifz1 >0,29>0
max {v(zx1 — 1,0),v(z1,0)} ifxy1 >0,29=0
Tpepav(z1,22) =
max {v(0,z2 — 1),v(0,z2)} itz =0,22>0
U(0,0) if T = O, T = 0,

Tpreyv(z1, v2) = max {Fr, (p)[v(x1 + 1, 22) + p] + Fr, (p)v(x1,22) } ,
Tpro,v(T1,22) = max {Fr,(p)lv(z1, 22 + 1) + p] + Fp,(p)v(z1,22) },

Trrcv(z, x2) = v(z1, 22).

By using the standard arguments of Markov Decision theory (See Puterman [42]),
there exists an optimal stationary policy for the infinite horizon problem and v(z1,x2) =
lim,, 00 U (21, 22) Whenever 8 > 0. v(z1,x2) is the value function of the infinite horizon
problem. Therefore, structural results obtained for v, (x1,x2) hold for v(z;,z2). Moreover,
these structural results are also true for the average reward criterion as a result of the con-
ditions introduced by Weber and Stidham [52]. The optimality equation for the average
reward criterion is as follows, where g* is the optimal expected revenue per unit time and
v'(21,x2) is the relative value function:

g+ (w1, 22) = pTpppov’(z1,22) +X Z piTPre;V (21, 22) +0Tprcv (w1, T2) — haz1 — hoty
j=12

7.3 Structure of the Model

As in the one-dimensional models, we first focus on the monotonicity property to determine
the existence of opportunity cost. However, in two-dimensional models, we need to observe
three monotonicity properties: monotonicity in x;, monotonicity in xo and monotonicity on

the diagonal. We denote these properties as:
Monotonicity in z7: v(zy,22) > v(z1 + 1, 29) (7.1)
Monotonicity in xo:  v(z1,22) > v(x1, 22 + 1) (7.2)

Monotonicity on the diagonal:  v(z1,ze + 1) > v(x1 + 1, 22) (7.3)
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Equation B.1 implies that when a new class-1 customer enters the system, the expected
discounted profit decreases. In other words, it implies a positive opportunity cost of an
additional class-1 customer. Similarly, Equation B.2 implies a positive opportunity cots of
an additional class-2 customer. Besides these equations, diagonal monotonicity, Equation
B.3, means that when a class-2 customer is changed by a class-1 customer, system incurs
a positive burden because of the higher holding cost of class-1 customers, so that this
property implies the opportunity cost of an additional expensive, class-1, customer instead

of a cheaper, class-2, customer. For the sake of simplicity, we define

Ayo(zy,29) = v(xg,z) —v(x) + 1, 29),
Agv(zy,29) = wv(w1,22) — V(21,22 + 1),
Apv(xy,x9) = v(r1,z2+ 1) —v(z1 + 1, 22).

Then, we denote the opportunity cost of class-1 by Ajv(z1, x2), the opportunity cost of class-
2 by Agv(z1,z2) and the opportunity cost of an additional expensive customer instead of a
cheaper one.

After monotonicity properties, we focus on concavity properties because concavity repre-
sents the monotonicity of opportunity costs and optimal decisions are directly related with
the monotonicity of opportunity costs as we mentioned for the one-dimensional models.
Since we have two dimensions, we work on concavity in both 1 and zs. In the following
equations, Equation 7.4 implies the concavity of v(x1,x2) in x1, i.e., the opportunity cost of
a class-1 customer is non-decreasing in z, and Equation 7.5 implies the concavity of v(x1, x2)

in zo:

Al’U(Il,CEQ), < Aw(azl + 1,1‘2) (74)

AQU(.'L'l, :L‘Q) < AQU(ZEl, Tro + 1). (75)

Although concavity properties are quite intuitive, it is difficult to prove these equations
directly. Therefore, we use some supporting properties in order to prove concavity. These
supporting properties are submodularity and subconcavity. The most significant advantage
of these properties is that their sum implies the concavity equations, and thus we can prove
concavity of the model by proving both submodularity and subconcavity. Here, the defini-

tion of submodularity is the same as the one we used in sensitivity analysis but it means that
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the opportunity cost of a class-1 (class-2) customer is non-decreasing in zy (z) rather than
a system parameter. On the other hand, subconcavity is the monotonicity of the oppor-
tunity cost on the diagonal. Since we have two classes of customers, subconcavity consists
of two conditions: The first condition says that the opportunity cost of a class-1 customer
is non-decreasing on the diagonal whereas the second condition says that the opportunity
cost of a class-2 customer is non-increasing on the diagonal. We present submodularity and

subconcavity as:

Submodularity: Aqv(zy,x2) < Ajv(zy, e + 1) or Agv(xy,x2) < Agv(z + 1, 29)
Subconcavity 15 condition: Aqv(zy, 29+ 1) < Aqo(xg + 1, 29)

Subconcavity 27? condition: Agv(zy + 1,m9) < Agu(zy,22 + 1)

The following figure illustrates the relationship between submodularity, subconcavity

and concavity:

OPPORTUNITY COST OF CLASS-1 OPPORTUNITY COST OF CLASS-2
SUBMODULARITY CONCAVITY
Non-decreasing in x, Non-decreasing in x,
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Figure 7.1: The relationship between submodularity, subconcavity and concavity

Before studying the whole value function, we first focus on the operators and show that
all operators preserve the monotonicity and concavity properties of a function, v(x1,x2),
on which they are applied. The proof for the fictitious operator is obvious and the proofs

for the other operators can be seen in the appendix. We present the results about the
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operators in the following lemma by using a similar notation to the previous lemmas: For
a certain event operator, T', Propz, ..., Prop; — Prop; denotes that if the function v has
the properties Propi,..., Propy then T'v has the property Prop;. We denote monotonicity
in 21, monotonicity in x», monotonicity on the diagonal, submodularity, subconcavity 15
condition and subconcavity 2"¢ by Monxi, Monxa, MonD, SubM, SubC; and SubCs,

respectively.

Lemma 5 e Tpppa: Monxy, Monxi, MonD — Monxy, Monxi, MonD.

o Tprcy: Monzy — Monzxy ; Monze — Monxy ; MonD — MonD.

Tprc,: Monxy — Monzy ; Monxg — Monzy ; MonD — MonD.

Tric: Monxy — Monxy ; Monxyg — Monxe ; MonD — MonD

e Tpgpa: Monzy, Monxi, MonD, SubM — SubM.

e Tpppa: Monxi, Monxi, MonD, SubM, SubCy, SubCy — SubCy, SubCl.

e Tprc,: SubM — SubM ; SubM, SubCy, SubCy — SubCy, SubCs.

e Tprcy: SubM — SubM ; SubM, SubCy, SubCy — SubCy, SubCs.

Tric: SubM — SubM ; SubC; — SubCh ; SubCy — SubCs.

7.3.1 Monotonicity of v(x1,x2)

Now, we prove the monotonicity of the value function, i.e. show that monotonicity equations,
Equation B.1, B.2 and B.3, are true for the value function, v(zy,z2). For this purpose,
we first work on the finite horizon value function, v,(z1,22), and show the monotonicity
properties of v, (x1,22) for all finite n by induction.

Initial condition of the induction is true because we set vg(x1,x2) = 0 for all (z1, z2).
Then, we show that v,11(z1,22) is monotone in xj, x9 and on the diagonal by assum-

ing vy (x1,x2) is monotone in z1, 2 and on the diagonal. Monotonicity equations for
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Un+1(21,z2) can be written according to the optimality equation as follows, respectively:

tTpEpavn (1, 2) pTpEpavn(z1 + 1, 22)
+A Y piTpre;vn(21, 22) +A Y piTpro;vn(z1 + 1,22)
J=12 > j=12
+0Tprcvn (21, x2) +0Trrcvn (1 + 1, 29)
—hix1 — hoxo —hi(x1 + 1) — hoxa
uTpEp2vn(T1,72) pTpEp2vn (w1, 22 + 1)
+A > piTpre;vn(1,72) +A >0 piTpre;vn(T1, 72 + 1)
j=1,2 > j=1,2
+0Tprcvn (21, x2) +0Trrcvn (21,29 + 1)
—hiz1 — hoxo —hix1 — ha(zg + 1)
tTpEpavn (w1, 22 + 1) pIpEp2vn(r1 + 1, 22)
+A > pijchvn(xl,a:g +1) +A > pijchvn(:Ul +1,29)
§=1,2 > §=1,2
+0Trrcvn (21, 22 + 1) +0Trrcvn(x1 + 1, 22)
—hyxy — ho(xg + 1) —hy(x1 + 1) — hoxo

In all of these three equations, the last lines are true due to holdings costs, hy and ho,
and the assumption of h; > hs. Moreover, the first three lines are true by Lemma 5. Hence,
we show that if vy, (z1, z2) has all of the three monotonicity properties, vp41(x1, x2) will also
have these properties, and thus v, (21, 2) is monotone in x1, o and on the diagonal for all
finite n. Since v(x1,x2) = limy,— 00 Up (21, 22), v(x1,22) is also monotone in z1, z2 and on
the diagonal. The same properties are also true for v'(x1, z3), the relative value function.
Since v(x1,x2+1) > v(x1+1, x2) by the monotonicity of the value function on the diagonal,
serving a class-1 customer is always more preferable than serving a class-2 customer, i.e.
class-1 has priority on service. The following theorem and corollary summarize our results

about the monotonicity of the value function and the structure of the optimal service policy.

Theorem 6 In this model, v(x1,x2) and v'(x1,x2) are non-increasing in x1, 2 and on the

diagonal.

Corollary 6 The optimal service policy is to serve class-1 first whenever there is a class-1

customer in the queue.
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Figure 7.2: The illustration of Theorem 6

7.8.2  Submodularity, Subconcavity and Concavity of v(x1,z2)

As a result of the monotonicity properties of v(x1,z2), we determine the optimal service
policy. However, we still need to determine the optimal pricing policy. Therefore, we work
on the concavity of the value function since it implies the monotonicity of the opportunity
cost, and also implies the monotonicity of the optimal prices. Instead of proving the con-
cavity of v(x1,x2), we concentrate on the submodularity and subconcavity of value function
because submodularity and subconcavity together add up to concavity. Since the proofs of
submodularity and subconcavity is so similar, we only show the proof of submodularity.
As in the previous proofs, we start with considering the finite horizon problem and prove
the submodularity of v, (x1, x2) for all finite n by induction. Initial condition, Ajvg(z1,x2) <
Ajvg(z1,x2+41), is true because of the specification that vg(x1, z2) = 0 for all states (z1, z2).
Then, we assume the submodularity of v,(x1,x2) and show that of v,41(x1,22). We can

write the submodularity equation for vy,41(x1,x2) as:

pA1TpEpavn (1, 22) pA1Tpepavy(z1, 2 + 1)
+A 2 piAiTpre;vn(z1,22) < A Y pidiTpre;vn(T1, 72 + 1) (7.6)
=12 =12
+O0A Tprcvn (21, 22) +0A Tprcvn(z1, 22 + 1).

We know that v, (z1,22) is monotone in x1, z2 and on the diagonal by Theorem 6, and
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assume that v, (x1, x2) is submodular as the induction hypothesis. Thus, Equation 7.6 is true
by Lemma 5 and vy, (z1, x2) is submodular, i.e. Ajv,(z1,22) < Ajv,(z1, 22+1), for all finite
n. Then, v(z1,22) and v'(x1, 22) are also submodular as v, (x1,x2) converges to v(x1,z2).
By a similar proof, v(z1,22) and v'(x1,x9) satisfy both of the subconcavity properties.
Furthermore, when we add submodularity and subconcavity 1%¢ condition, we obtain the
concavity of v(x1,x2) in z1, and similarly when we add submodularity and subconcavity
24 condition, we obtain the concavity of v(x1, ) in 2. As in the one-dimensional models,
monotone opportunity costs lead to monotone optimal prices in this model and we present
the structure of the optimal prices in the following theorem. Theorem 7 and Corollary 7
summarizes the structure of the value function and the optimal pricing policy, respectively.

The proof of the structure of the optimal prices can be seen in the appendix.

Theorem 7 In this model, v(z1,x2) and v'(x1,x2) satisfy submodularity, subconcavity 15

and subconcavity 2"¢ conditions, and they are concave in both x1 and x.

Corollary 7 The optimal prices for class-1 customers, pi(z1,x2), are non-decreasing in
x1, x2 and on the diagonal, whereas the optimal prices for class-2 customers, p5(z1,x2), are

non-decreasing in x1, T2 and non-increasing on the diagonal.
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Figure 7.3: Structure of the optimal prices in the 2-dimensional model
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7.4 Sensitivity Analysis

We aim to investigate the effects of changes in the system parameters, the service rate
(1) and the arrival rate (A), on the optimal prices in this subsection. As we did in one-
dimensional models, we compare the opportunity costs in a system with parameter . and
the opportunity costs in a system with parameter a+¢. Intuitively, the opportunity cost of
a class-1 customer, Ajv(x1,x2), the opportunity cost of a class-2 customer, Aqv(x1,x2) and
the opportunity cost of an additional expensive customer instead of an additional cheap
customer, Apv(z1,z2), decreases by an increase in the service rate and increases by an
increase in the arrival rate. The intuition is clear because if the system serves the existing
customers faster, then the expected average waiting time will decrease, and thus the burden
of the customers on the system will decrease. In order to represent this intuition, we define

two set of properties C1(«) and Cy(«), such that:

If v(z1,22) € Ci(a), then If v(z1,22) € Ca(), then
Ayv(zy,x2) > A10(z1, 22) Aqv(zy, 22) < A10(z1, 22)
Aov(x1,29) > Agt(w1, 22) Agv(x1,29) < Agt(w1, 22)
Apv(xy,xe) > Apt(x1,x2) Apv(xy,x2) < Apd(xy,x2),

where 0(x1,x2) is the value function of the system with parameter o + €.

By using this definition, we will show that v(z1,22) € Cy(u) and v(z1,z2) € Ca(N) to
prove our intuition. As we use event-based dynamic programming, we need to focus on
the operators before the whole value function and have to prove that all of the operators
preserve the same set of properties that the function on which they are applied, v(x1, x2),
keeps. However, we encounter a contradiction while working on the pricing operator.

To illustrate this contradiction, let us consider the price set {pr,pr} where Fr(pr) =1
and Fr(py)=0 and concentrate on the case where the optimal price of class-1 for the states
(x1,22) and (z1,z9 + 1) are pr, and py, respectively, before and after an increase in the
service rate. In other words, the optimal price for the states x and x + 1 are not affected

by an increase in the service rate. This might be one of the possible cases, and in this case,
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we have that:

Tpro,v(z1,2) = pr+ov(xr +1,29), (7.7)
Tproyv(xi,zo +1) = wv(zy, 22+ 1), (7.8)
Tpre,0(z1,22) = pr+0(21+1,22), (7.9)
Tprey0(x1, 20+ 1) = 0(z1,z2+1). (7.10)

According to our intuition, we have v(x1,x2) € Ci(u), so that we need to show if
v(x1,x2) € C1(p), then Tv(x1,z2) € C1(p) for all operators. When we specifically focus on
the second condition of Ci(u) for the pricing operator, AoTv(z1,x2) > AoT0(x1,x2), by
considering our example case, we see that this condition can be written as follows by using

Equations 7.7-7.10:
v(zy + 1,29) —v(z1, 20 + 1) > 0(21 + 1,29) — 0(21, 22 + 1),

and it definitely contradicts with the third condition of the set Cj(u). Hence, we can not
prove that Tpre, preserves all of the properties of Cy (1), and our approach, based on event-
based dynamic programming, fails during the sensitivity analysis of this model. We think
that similar problems will arise in other 2-dimensional models.

We can also illustrate the same contradiction by a numerical example. In this example,
we set the parameters as: p = 150, A = 100, 6 = 50, p1 = 0.5, po = 0.5, hy = 1, hg = 0.8.
Moreover, we specify the price set as {100,200} where Fr(100) = 1 and Fr(200)=0. To see
the effects of an increase in the service rate, we increase p from 150 to 151.

We exhibits the result of this numerical study for the states (1,20), (1,21), (2,20) and
(2,21) in Table 7.1. The value functions and the optimal pricing policy for this states can
be seen in this table. Then, using the value functions, we calculate Tprc,v(x1,x2) values
for the states (1,20), (1,21), (2,20) and (2,21) as in Table 7.2. We also illustrate that
although the value function keeps all of the properties of the set Ci(u), Tprc,v(z1,22)
may not have the second property of this set in Table 7.2. Hence, we can not prove the
effects of the parameters on the optimal prices by using event-based dynamic programming
technique. However, this does not mean that these effects can not be proven by another
technique because we numerically observe the monotonicity of the optimal prices in the

system parameters as in the one-dimensional models.
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o7

v(x1,x2): value function of

the system with p = 150

(1’1,1‘2) 20 21

0(x1,x2): value function of

the system with p = 151

(1'1,1'2) 20 21

1 27120.04 | 27021.67

2 27020.78 | 26920.8

1 26944.62 | 26847.03

pi(x1,z2): optimal price for class-1

in the system with p = 150

2 26846.15 | 26746.77

pi(x1,z2): optimal price for class-1

in the system with p = 151

(Il, 3}2) 20 21
1 100 200
2 200 200

(x1,22) | 20 21
1 100 200
2 200 200

Table 7.1: Numerical results of the effects of the service rate on the value function and the
optimal prices of the example 2-dimensional model

Tpre,v(1,20)=27120.78  AyTpreyvn(1,20) = 99.11 < AgTpre, in(1, 20) = 99.12
Tpre,v(1,21)=27021.67 Aqv(1,20) = 99.26 > 98.47 = A, (1, 20)
Tpre,9(1,20)=26946.15 Agv(1,20) = 98.37 > 97.59 = Ayd(1,20)
Tpre,9(1,21)=26847.03 Apu(1,20) = 0.89 > 0.88 = Apdi(1,20).

Table 7.2: Counter example to show that Tprc, does not preserve all of the properties of

the set C1(u)
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Chapter 8

CONCLUSION

In the scope of this thesis, we aimed to establish a general framework to perform sensitiv-
ity analysis on a class of Markovian queueing and inventory systems. We consider dynamic
control policies employed in these systems because the applications of such policies are gain-
ing popularity both in the literature and industry. Specifically, we consider pricing control,
admission control and stock rationing problems.

Since our objective is to understand the behavior of the optimal policies when system
parameters change, we use event-based dynamic programming as an approach to prove the
structure of the models and optimal policies. To use this approach, we first define certain
event operators to represent the events occurring in Markovian queueing and inventory sys-
tems such as, arrival, service completion, replenishment, pricing, rationing, etc. Then, we
show that the operators preserve monotonicity, concavity, supermodularity and submodu-
larity properties of the function on which they are applied.

After studying the properties of individual operators, we focus on some existing queueing
and inventory problems in the literature. We first work on the joint pricing and replenish-
ment problem of a make-to-stock inventory system in which the demand arrival process is
assumed to be a Markov Modulated Poisson process. As a result of sensitivity analysis,
we establish that the optimal base-stock level and the optimal prices are non-increasing in
the production rate and non-decreasing in the arrival rate. The intuition behind this result
is: When the system can process items faster, the opportunity cost of inventory on-hand
increases, so that we do not want to produce as much as we produced before, and we en-
courage demand arrivals by decreasing the price. Similarly, when the arrival rate increases,
the opportunity cost of inventory on-hand decreases since we expect more customers. Then,
obviously, we want to produce more and increase the price to obtain more profit.

The second problem that we consider is the admission control of a queueing system with

customers arriving in batches. For this problem, we observe that the optimal number of
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customers to be admitted from an arriving batch is non-decreasing in the service rate and
non-increasing in the arrival rate. The intuition is similar to the previous one but there are
some differences since the model is a queueing system. When the service rate increases, the
opportunity cost of a new customer decreases because we can serve the existing customers
faster, and thus we can admit more customers. On the other hand, the opportunity cost of
a new customer increases by an increasing in the arrival rate since the system load increases.
Therefore, we do not want to admit customers as much as we did before.

While considering the third problem, the stock rationing problem of a make-to-stock
inventory system with multiple arrivals and lost sales, we not only perform a sensitivity
analysis but also extend the original model by allowing multiple demand requests. Since
we provide some extensions, we determine the structure of the optimal policy before the
sensitivity analysis. We establish that the optimal replenishment policy is a base-stock
policy and the optimal rationing policy is a sequential threshold policy. Then, we work on
the effects of parameters on the optimal policies. As a result, we obtain that the optimal
base-stock level and the thresholds are non-increasing in the production rate and non-
decreasing in the arrival rate. The intuition of the result is very similar to the first model.

After investigating several one-dimensional models, we consider a two-dimensional model
which is a pricing problem of a queueing system with 2 classes of customers whose holding
costs are different. We prove that the optimal prices for each class is monotone in the number
of customers in the system. However, we can not establish the structure of the optimal prices
when system parameters change. This manifests the limitation of our approach for general
multi-dimensional systems.

In conclusion, we constructed a general framework to analyze the effects of the changes
in system parameters on the optimal policies. As we illustrated, our framework can be used
to perform sensitivity analysis on a class of Markovian queueing and inventory systems. In
addition to the three models that we consider, sensitivity analysis can also be performed on
some of the papers mentioned in the literature review. Our framework generalizes several
existing results on specific models in the literature, and provides a structural methodology
to perform sensitivity analysis for any problem that can be described by the operators
described here.

A natural extension of this study is to establish a similar framework for non-Markovian
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queueing and inventory systems, especially for systems where the arrival times are generally
distributed. Since most of the structural properties preserved by Markovian systems con-
tinue to be valid for non-Markovian systems, this extension seems promising. There could
also be other interesting extensions on particular operators and different problems. For
instance, one possible path might be to investigate the effects of changes in the reservation
price distribution in pricing control problems, to allow batch production in the inventory
problems, to add perishability to the inventory models by considering inventory as decaying
over time or to assume that customers have a patience time and abandon the system if they

are not served until this time.
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Appendix A

ONE- DIMENSIONAL MODELS

A.1 Proof: Monotonicity of the Operators

In this proof, we show the monotonicity of a certain operator, 7', under the assumption on
f(x). In other words, we prove the following equation for all queueing related operators
(Tarr, Tpepr, Tcp, Tg. Pre, Te_ApM,) Where f(z) is a non-increasing function of . We
show all of the proofs for the incapacitated queues and note that the proofs are also valid
for the capacitated ones.

Tf(z) > Tf(z+1) (A1)

A.1.1 Monotonicity of Tarr

We can write Equation A.1 for T4rgr as follows by using the definition of the operator:
a(@)f(x+1)+[1 —a(x)]f(x) >alz+1)f(x+2)+[1 —alz+1)]f(x+1).

When we rearrange this equation, we obtain that,

L-a@]f@@) _ [L-a@]f@+1)

> . (A.2)
+a(zx+1)f(x+1) +a(z +1)f(x +2)

Both of the lines are true by the assumption on f(z) and thus, we complete the proof of
the monotonicity of Tarrf(x). For the capacitated case, we need to observe the boundary
effects, i.e., the state x+ = K — 1, where K is the waiting room capacity of the system
(including the servers). For this state, a(x + 1) = 0 because the system can not admit
new arrivals when there are already K customers in the system. Therefore, the last line of

Equation A.2 becomes 0 and then Equation A.1 still holds for the capacitated case.
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A.1.2 Monotonicity of Tprp

Similar to the previous proof, we can write and rearrange Equation A.1 as follows:

b(z)f(x —1) - b(z) f(x)
+1=bz+D]f(@)  +[1—blz+1D)]f(z+1)

)

and the equation is true by the monotonicity of f(z). Therefore, the departure operator,Tpgp f(z),
will be non-increasing in z if f(x) is non-increasing in x. Since the waiting room capacity
of the system does not affect the departures, we do not work on the proof of capacitated

case.

A.1.8 Monotonicity of Top

Let 7, and 7,41 be the optimal service rates for the states x and = + 1, respectively. Then,

we can write Equation A.1 for T p as follows:

s+ T f (= 1)+ (L= 1) f(2) 2 ersy + Toni f@) + (L= moy) flr+1). (A3)

By the definition of the operator and the monotonicity of f(z), we have,

Crp + T f (2 = 1) + (1 = m) f(2)

AV

Crgr1 T 7rx+1f(x - 1) + (1 - 7Tx+1)f(£1?), and

Crgy1 T Terrf(@ — 1)+ (1 = mpp1) f(z) > Crgr1 T Ter1f(x) + (1 — mpp1) f(2 + 1),

When we combine these two equations, we obtain that Equation A.3 holds and thus,
Tepf(x) is non-increasing in x. As in the departure operator, we do not observe the

capacitated case.

A.1.4  Monotonicity of Tg_prc

Let p, and p,y1 be the optimal prices for the states x and x + 1, respectively. Then,

Equation A.1 for Tg pre is as follows:

Fr(pa)lf (2 + 1)+ po] + Fr(p2) f (%) = Fr(pe+1)lf (2 +2) + pota] + Fr(per1) f (2 +1) (A4)

As in the monotonicity of the controlled departure, we have the following equations by

the definition of the operator and the monotonicity of f(x).

Fr(pao)lf(x +1) +pal + Fr(pe) f(2) 2 Fr(pz+1)lf(z +1) + pasa] + Fr(pas1) f(2)

FRrpe)[f (@ + 1) + pryr] + Fr(per1) f(2) = Fr(pee)[f (2 +2) + poa] + Fr(per1) f (2 + 1)
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Then, when we combine these equations, we obtain that Equation A.4 holds and thus,
T _prc is non-increasing in . The pricing operator can also be used in the capacitated
queues. In this case, we need to observe the monotonicity of the operator for the state
x = K — 1. However, since we use the optimality of p,, the foregoing proof is still true for

the capacitated queues.

A.1.5 Monotonicity of Tp_apum,

Let x, and k.41 be the optimal number of class-i customers to be admitted form an arriving

batch. Then, we can write Equation A.1 for the operators as follows:
keRi + f(x + Kz) = Kpp1Ri + f(z+ 14 Kgq1) (A.5)
Since k, is the optimal action for the state x and f(z) is non-increasing in z, we have,

keRi 4+ f(x + ke) > Kep1Ri+ f(z+ Ket1), and

Kep1 B + f(@ + Kzv1) > RaprRi+ f(z + 14 Kzp1).

As in the previous proofs, when we combine these equations we complete the proof.
Therefore, Ts_apns, f() is non-increasing in x if f(x) is a non-increasing function of z. As
in the pricing operator, the proof of the monotonicity for the capacitated queues are the

same as the incapacitated queues since we use the optimality of k.

A.2 Proof: Upper-Bounded Difference, UBD

In this proof, we show that if f(z) is an UBD function then T f(z) will also be an UBD
function for a certain event operator, T'. In other words, we prove the following equation

for each operator under the assumption that f(z) — f(z + 1) < R.
Tf(x)-Tf(x+1)<R (A.6)

Since the UBD property of f(x) is preserved only by the queueing related operators, we
only work on TArr, Tpep, Tcp, T pre and Tp app,. As in the monotonicity proof, we
prove Equation A.6 for the incapacitated queues and then, note that the proofs are also valid
for the capacitated cases. We only focus on the arrival related operators while considering

the capacitated cases because the waiting room capacity does not affect the departures.
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A.2.1 UBD OfTARR

We can write Equation A.6 for the arrival operator as follows:

a(@) f(z+1)+[1 - a(@)] f(z) <R (A7)

—a(z+ 1) f(z+2)—[1—alz+1)]f(x+1)

Since a(x) > a(x + 1) by the definition of the function a and by the assumption that
f(z) — f(x+1) < R, we have,

a(@) (e + 1)+ [1 - (@) (x) e+ D@+ 1) - S +2)
—alw+ 1) f(e+2) ~ [1-ale+ D]f(z +1) 1 - a@)][f(2) ~ f(a+ 1)
< [ -a(2) +a(z+ 1R
< R.

Thus, we complete the proof and Tarrf(z) —Tarrf(z+1) < Rif f(x)— f(z+1) < R.
For the capacitated case, we observe the state x = K — 1 and for this state a(x + 1) = 0.
Therefore, [1—a(x)+a(x+1)]|R is still less than or equal to R and Tagrf(z)—Tarrf(z+1) <

R is also true for the capacitated case.

A.2.2 UBD OfTDEp

Equation A.6 for this operator can be written as follows:

b(x) f(z—1) +[1 - b(2)]f(z)

< R. (A.8)
—b(z+1)f(z) — [1 = b(z)]f(z +1)
When we rearrange the left hand side, we obtain that,
b(z)f(x —1) + 1 —b)|f(x) b(x)[f(z —1) = f(z)]

bz + 1) f(@) 1 —b@)]f@+1)  +[1 = b+ D][f@) — fa+1)]

and by the definition of b(x) and the assumption on f(x),

b(x)[f(x —1) — f(2)]
+[1 = bz + D][f (z) — fz+1)]

<[L+b@) ~ble +1)JR<R

Therefore, Equation A.8 is true and Tprpf(z)—Tpepf(z+1) < Rif f(x)— f(z+1) < R.
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A.2.3 UBD of Tep

Let 7, be the optimal service rate for the state . Then, we can write Equation A.6 for
Tep as follows:
Cr, + e f(z—1) 4+ (1 — ) f(x)
—Crppr — Mo (@) = (1= moq) f(z + 1)

As a result of the optimality of 7,41, we have that,

< R. (A.9)

Cay +of(x—1) + (1 —m) f(2) _ m o f(r —1) + (1 — ) f(2)

T 7rx+1f(x) - (1 - 7roc+1)f(x + 1) —Cry — fo(x) - (1 - Wx)f(m + 1)

By rearranging the right hand side,

Crp + o f (2 = 1) + (1 — m2) f(2) melf(z —1) = f(z)]

< .
—Crpy — Tatf () = (L =mep) f(e+1)  +(1 —m)[f(z) - flz+1)].
Since we assume that f(xz) — f(x + 1) < R, it is obvious that Equation A.9 is true and
thus, Tepf(z) —Tepf(z+1) < R.

A.2.4 UBD of Tg prc

Let p, be the optimal price for the state z. Then, Equation A.6 for T prc, where R is the
maximum price, is:

Fr(pz)[f(x + 1) + pe] + Fr(pz) f(x)

- <R. (A.10)
_FR(prrl)[f(x + 2) +px+1] - FR(prrl)f(x + 1)
As in the proof of T p, by the optimality of p,1 we have that,
FR(pa:)[f(x + 1) +pz] + FR(pw)f(w) < FR(pw)[f<x + 1) — flz+ 2))] ‘
—Fr(pe1)[f (@ +2) + pop1] — FR(per ) f(x +1)  Frpa)[f(x) — f(z+1))]

Since we assume that f(z)— f(z+1) < R, Equation A.10 is true and thus, T prc f(x)—
To pref(z+1) < R. In addition, we need to observe the state z = K —1 for the capacitated

queues. For this state, Equation A.10 turns out to:

FR(p;B)px + FR(p:v)[f(x) - f(.%' + 1)] < R7

and this equation is true since f(x)— f(x+1) < R and R is the maximum price. Therefore,

To prcf(x) — To prc f(x+ 1) < R also holds for the capacitated cases.
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Cases k* = (K3, katr1) | Rewritten form of Equation A.11
Case I (0,0) flx)—flx+1)<R;

Case 11 (a+1,a) R; <R;
Case III (B,B) flx+B)—f(x+B+1)<R;

Table A.1: Possible optimal actions in states x, x + 1

A.2.5 UBD of Tp_apwm,

Let & = (k},k},) be the optimal action vector and &}, be the optimal number of customers

to be admitted form an arriving batch for the state . Then, we show that the following

equation will be true if f(z) — f(z + 1) < R; for all possible .

R + + K,
" UCRR <R, (A.11)

—ky R — fle+1+K5,)

Although there are more possible &, it is enough to consider the cases: (0,0), (a+1,a),
and (B, B), where 0 < a < B, as a result of the concavity of f(z). We rewrite Equation
A.11 for each case in Table A.1. Case II is obviously true and Cases I and IIT are also true
by the assumption that f(z) — f(z+ 1) < R;. Thus, Equation A.11 is true for all cases and
then Ts_apm, f(xz) — Tp_apm, f(x +1) < R;. While considering the capacitated queues, we
need to observe the states x < K — B in order to see the boundary effects. For these states,
Case I and II ares still possible but Case III is not. Since there is not any additional cases
on the boundaries and it is already proven that Equation A.11 is true for Cases I and II,

T apm, f(x) — T apm, f(z+ 1) < R; also holds for the capacitated queues.

A.3 Proof: Lower-Bounded Difference, LBD

In this proof, we show that if f(x) is an LBD function then the following equation holds

for the operators: T prp, I1.prc and TB rATIO; -

Tf(zx)—Tf(z+1) > —R. (A.12)
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A.3.1 LBD Of TLPRC

Let p, be the optimal price for the state . Then, Equation A.12 for T7_prc, where R is

the maximum price, is:

FR(pac>[f(x - 1) +px] + FR(px)f(w)

- > —R. (A.13)
—Fr(pat)[f(2) + pat1] + Fr(pot1) f(z + 1)
As a result of the optimality of p,, we have that,
Fr(pa)[f(x = 1) + pa] + Fr(p2) f(2) - FRr(pes)[f(x = 1) + pota] + Fr(pzi1) f(2)
*FR(px+1>[f($) + prt1] = Fr(pet1)f(z + 1) - *FR(prrl)[f(x) + pey1] = Fr(pes1) f(z + 1)
When we rearrange this equation, we obtain that,
Fr(po)[f(x = 1) + pa] + Fr(p2) f(2) - Fr(paer1)[f(z = 1) = f(2)]

—Fr(per)lf (@) + post] + FR(pe))f(x + 1) +Fr(pes1)[f (2) — f(z +1)]
This equation is obviously true since we assume that f(x) — f(z + 1) > —R and thus
Tr prof(x) —Tr_pref(x+1) > —R. However, this proof is only valid for > 0 because we
can not use the optimality of pg. pg is equal to the maximum price in order to ensure that
the system does not satisfy the new arrival when there is no inventory on hand. Therefore,

we have to observe the state x = 0. For this state, we can write and rearrange Equation

A .13 as follows:

—Fr(p)p1 + Fr(p1)[f(0) = f(1)] = —R,
and this equation is also true because of the assumptions that f(0)— f(1) > —R and p; < R.
Thus, we also prove that T7_prof(x) — Tr_pref(x + 1) > —R for z = 0 and complete the
proof.
The proof of LBD of T¢_prp is similar to this proof and it is not necessary to investigate

the state x = 0 for T¢_prp-

A.3.2 LBD of Tp_rario,

Let & = (k},k},) be the optimal action vector and &}, be the optimal number of customers
to be satisifed form an arriving batch for the state . Then, we show that the following

equation will be true if f(z) — f(x + 1) > —R; for all possible &.

kpRi + f(x — K})
—kp R — flx+1—k5,)

< R;. (A.14)
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Cases k* = (K4, kar1) | Rewritten form of Equation A.14
Case I (0,0) flx)— flx+1) > —R;
Case II (a,a+1) —R; > —R;
Case III (B,B) flx—B)—f(x+1—B)> —R;

Table A.2: Possible optimal actions in states x, x + 1

Although there are more possible &, it is enough to consider the cases: (0,0), (a,a+ 1),
and (B, B), where 0 < a < B, as a result of the concavity of f(z). We rewrite Equation
A.14 for each case in Table A.2. Case II is obviously true and Cases I and III are also true
by the assumption that f(x) — f(x + 1) > —R;. Thus, Equation A.14 is true for all cases
and then Tp_rarro, f(x) — Ts_rario, f(xr +1) > —R;. As a remark, the last case, (B, B),
is not possible for the states x < B. We only consider the first two cases for these states

and Equation A.14 is also true for the states x < B in Cases I and II.

A.4 Proof: Concavity

In this proof, we show that a certain operator, T, is concave in x under certain assumptions
on f(xz). We prove that Equation holds for Tarr and Tpgp if f(x) is non-increasing and
concave in x and holds for the remaining ones if f(z) is concave in x. As in the previous
proofs, we first show the proofs for the incapacitated cases and then note that they are still

valid for the capacitated cases.

ATf(z) < ATf(z +1) (A.15)

A.4.1 Concavity of TArgr

We can write the concavity equation for the operator as follows:

a(@)f(x+1)+[1—a(z)]f(x) - alz+1)f(x+2)+[1 —alx+1)]f(x+1)

—a(z+ 1) f(z+2)—[1—alz+1)]f(x+1) —a(z+2)f(x+3)—[1 —a(z+2)]f(z+3).

When we rearrange the equation, we obtain that,

1 —a(@)][f(z) - f(z +1)] 1 —a(@)][f(z +1) = fz +2)]
+2a(x+1) —a@)][f(x+1) = fl@+2)]  +alz+2)[f(x+2)— flz+3)].

(A.16)
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The first line is true due to the concavity of f(z). Therefore, we have to focus on the
second line. We have the following equation as a result of the definition of the function a

and the assumptions on f(z).

2a(x+1) —a(z) < alz+2)
alz) > 0
f@) = flz+1) = 0
Af(z) < Af(z+1)

When we combine these equations, we obtain that the second line is also true and thus
we complete the proof of the concavity of Targrf(x) in . While considering the capacitated
queues, a(z +2) = 0 for the state x = K — 2 and thus Equation A.16 is still true. Therefore

Tarrf(z) is also concave in x for the capacitated queues.

A.4.2 Concavity of Tprp

Similar to the concavity of TArgr, we can write and rearrange Equation A.15 for Tpgp as
follows:
b(x)[f(z —1) — f(x)] - b(x)[f(z) = flz+1)]
+[1 —2b(x + 1) + b(x)][f(x) — f(z + 1)] +[1=b(z+2)][f(z+1) — f(z+2))].
As in the previous proof, Equation A.17 is true by the definition of b(x) and the as-
sumptions on f(z). Thus, Tprpf(x) is concave in z if f(x) is non-increasing and concave

n x.

A.4.8 Concavity of Tep

Let 7y, mz41 and 7,42 be the optimal service rates for the states x, x + 1 and x + 2. then,

the concavity equation of the operator is:

Cr, + Mo f(x—1) + (1 = m2) f(x) < Croppr + Tos1 f(2) + (1= Taq1) f( + 1)

iy~ st (@) — (L= o) @+ 1) —enpyy — Tapaf (@ + 1) — (1= mpp2) fl2+2)
(A.17)

Since 7,41 is the optimal service rate for the state z + 1, we have that,
Cr, + fo(m - 1) + (1 - ﬂ-x)f(x) < Cr, + fo(:E - 1) + (1 - Wx)f(x)
“Crpp1 T 7[-33+1f(x) - (1 - 7r:c+1)f(a: + 1) - —Cry — Wmf(x) - (1 - Wx)f(x + 1)
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After rearranging the right hand side,

Crp + e f (2 = 1) + (1 — m2) f(2) flx) = flx+1)

<

—er — Tt f(@) = (L= T ) f@+ 1) 4w ([ —1) = f@)] = (@) - e+ 1]

By the concavity of f(z), [f(z —1) — f(x)] — [f(z) — f(x + 1)] <0 and then,

ey + T f (2 = 1) + (1 = m0) f(2)

< — flz+1) - (A.18)
e et f@) — (- I
Similarly, we have that,
Crgs1 + 7T:z:+1f(x) + (1 - 71'9:+1)f($ + 1) f(l‘) B f(l‘ n 1) . (Alg)

—Crprs — Tzg2f(@ +1) = (1 — mpp2) f(z + 2)

If Equations A.18 and A.19 are combined, it is obvious that Equation A.17 is true.
Hence, Top f(x) preserves concavity of f(x) in .

Proofs of the concavity of Tc_prp, Tg_prc and T7_prc are similar to this proof. How-
ever, while considering the capacitated queues, we need to observe the concavity of T prc
for the state * = K — 2. Since we use the optimal action for the state x + 1, i.e., K — 1,
and it is not affected by the waiting room capacity, the foregoing proof is still valid for the

capacitated cases.

A.4.4 Concavity of Tp_apum,

*
xT

Let k* = (K}, K5, 1,K5yo) be the optimal action vector and &} be the optimal number of
customers admitted form an arriving batch for the state . Then, we prove that the batch
admission operator will be concave in z if f(z) is concave in z. In other words, we show

that the following equation is true for all possible x*.

Kyl + f(x + K}) - Ky B+ fle+1+k5) (A.20)

KR — fle+ 1+ R —kE R — flr+2+ ki)

However, we do not need to observe all possible optimal action permutation, i.e., all
possible k*, because of the concavity of f(x) and it is enough to consider only the cases:
(0,0,0), (1,0,0), (a + 2,a+ 1,a), (B,B,B — 1) and (B, B, B). We rewrite Equation A.20
for each case in Table A.3. Case III is obviously true and cases I and IV are true due to the

concavity of f(x). In case II, the optimal action is rejecting the entire batch for the state
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Cases K* = (Ky, Kya1, Koio) Rewritten form of Equation A.20

Case I (0,0,0) fl@)=flz+1) < flza+1)— flx+2)

Case I1 (1,0,0) Ri< flx+1)— f(z+2)
Case 111 (a+2,a+1,a) R; <R;
Case IV (B,B,B-1) flz+B)— f(x+B+1)<R;

Case V (B,B,B) flz+B)—f(z+B+1)< f(zx+B+1)— f(z+ B+2)

Table A.3: Possible optimal actions in states x, £ + 1 and = + 2

x + 1 and it implies that f(z + 1) > R; + f(x + 2). When we arrange this inequality, we
obtain that R; < f(z+ 1) — f(z +2) and thus, Equation A.20 is true in case II. In a similar
manner, Equation A.20 is also true in case IV by the optimal action in the state z + 1.
Therefore, we complete the proof and show that Tp_apas, f(x) is concave in « when f(z) is
concave in x. For the capacitated queues, we need to focus on the states z = K — B — 1
and x > K — B to investigate the boundary effect. For + = K — B — 1, Case V is not
possible because while considering the state x + 2 = K — B + 1, admitting B customer is
not possible, so that we only work on the first four cases. Equation A.20 holds for all these
cases as it is shown for the incapacitated queues. On the other hand, for x > K — B, Case
IV is also not possible beside Case V because while considering the state xt = K — B, B—1
can not be optimal action for the state x + 2 = K — B 4+ 2. Thus, we only work on the
first three cases for the states x > K — B and Equation A.20 is also true for all these cases.
Therefore, Tp_apu, f(x) is concave in z for the capacitated queues.

The proof of the concavity of Ts_rarro, f(x) is similar to this proof.

A.5 Proof: Supermodularity

In this proof, we prove that a certain operator, T, is supermodular with respect to the
parameter « whose effects we would like to observe and z under certain assumptions men-
tioned in Lemma 2. We denote the function f, a, and b by f , @, and b after the parameter
« increases, respectively and write the supermodularity equation for a certain operator, T,

as follows:

AT f(x) > ATf(x). (A.21)
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A.5.1  Supermodularity of Tarr

We can write the supermodularity equation, Equation A.21, for this operator as follows:

a(@)f(z+1) +[1 —a(x)]f(z) - a(z) fx +1) + 1 - a(x)] f (=) .
—a(z+1)f(x+2) —[1—alz+1D]fle+1)  —alz+1Dfz+2)—[1—a(z+1)]f(z+1)
(A.22)

When we rearrange the equation, we obtain that,

alz+ D[f(z+1) = f(z+2)] a(z +1)[f(z+1) — f(z +2)]
+[1 —a@)][f(z) = flz+1)] +[1 = a(@)][f(z) - f(z +1)]
+a(z) —a(@))[f(x) = f(z +1)]
—la(e +1) —a(z + D][f(z +1) - f(z +2)]

The first two lines are true by the supermodularity of f(x) with respect to o and .

(A.23)

Then, if we show that the third line is smaller than or equal to the last line we will complete

the proof. We have the following equations as a result of the assumptions on a(x) and f(z).

fl@)=fl@+1) > 0

f@)—flz+1) < fla+1)— f(z+2)
a(z) —a(z) > 0
a(z) —alz) < a(z+1)—a(z+1)

When we combine these equations, we have that,

la(z) —a(@)][f(z) = f(z +1)] < [a(z +1) = (e + D)[f(z + 1) = f(z +2)].

Thus, the third line in Equation A.23 is smaller than or equal to the last line and we

complete the proof of the supermodularity of T4rgrf(x) with respect to a and x.

A.5.2  Supermodularity of Tprp

As in the supermodularity of T4rgr, we can write and rearrange the supermodularity equa-

tion for this operator as follows:

b(z)[f(z —1) — f()] b(x)[f(x — 1) — f()]
+[1 = bz + D)][f(z) — f(z +1)] - +[1 = bz + D][f(z) - f(z +1)]
+b(x) = b(@)][f(z — 1) — f(z)]
—[b(z + 1b(x + D)[f(x) — fz +1)]

(A.24)
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The first two lines are true due to the supermodularity of f(z). Therefore,if we show
that the third line is smaller than or equal to the last line we will complete the proof. By

the assumptions on b(x) and f(z), we have the following equations:

Y

0,

< fla+1)— flz+2),
0

A

Y

i

b(z +1) — b(a +1).

IN

When we combine these equations, we can obtain that,

[b(z) — b(@)][f(x — 1) = f()] < [b(x + 1b(z + D][f(z) = f(z+1)].
Hence, we show that the third line in Equation A.24 is smaller than or equal to the last
line and Tppp f(x) is supermodular with respect to o and z under the certain assumptions

mentioned in Lemma 2.

A.5.8 Supermodularity of Tcp

Let m, and w3 be the optimal service rates for the state x before and after the parameter a
increases, respectively. Then, we show that the following supermodularity equation is true

for Tep.

Cry + o f(x—1)4+ (1 — ) f(x) S Crs +7chf(55_ D+(1 _Wf)f(x)

“Crpy1 T Ter1f(x) = (1 — mpp1) f(2 + 1) Craiy T 7rxf|_1f(33) —(1- Wm—]—l)f(x +1) ‘
(A.25)

As a result of the optimality of 7, for the state x, we have that,

et f@ =) U=m)f@) e b maf(@— 1)+ (1) f(a)

—Crppr — Mo (@) = (L= mep) fz + 1) =y = Mo f(2) = (1= o) flz + 1)

Then, if we rearrange the right hand side, we can obtain,

Crz = Creqa

> gmlfe-1)-f@)] - (A26)
(1~ 7o)l (@) — Sz + 1))

Crp + T f( — 1) + (1 — 7)) f(2)
~Crpyr — Tap1 f(2) = (1 = mpq1) f(z + 1)



Appendiz A: One- Dimensional Models 79

Cases K* = (K, Kpt1, Ky K:;_l) Rewritten form of Equation A.28

Case I (0,0,0,0) f(@) = flx4+1)> f(z) = fx+1)

Case 11 (0,0,a+1,a) flx)—f(x+1)>R;
Case III (0,0,B,B) f@) = fx+1)> f(x+B) — f(z+ B +1)
Case IV | (a+1,a,a+d+1,a+d) R; > R;

Case V (a+1,a, B, B) R > f(x+ B) — f(x + B+1)

Case VI (B,B, B, B) flx+B)—f(x+B+1)>f(x+B)— f(xr+B+1)

Table A.4: Possible optimal actions in states z,  + 1, & and z + 1

Similarly, we can also obtain that,

Cry + s f(z—1 1—ms) f(x Cfﬂ‘ﬂ_cﬂm+1~
_ ’“j ~f(f( ) _);(_ 5 ))J}(( )+ 1) < +7z[f(z — 1) — f(=)] . (A27)
T,11 Tzl 21 +(1 — mey ) [f(z) — f(z+1)]

When we combine Equations A.26 and A.27, it is obvious that the supermodularity
equation for this operator, Equation A.25, is true and thus, we complete the proof of the
supermodularity of Teop f(z) with respect to o and x.

Proofs of the supermodularity of Tc_prp, To_prc and T7_prc are similar to this proof.

A.5.4  Supermodularity of Te_apm,

Let k* = (K%, Kk 41 K3 /-e; J~r1) be the optimal action vector, where «; and x; are the optimal
number of customers to be admitted form an arriving batch for the state x before and after
the parameter « increases, respectively. Then, we show that the following supermodularity

equation is true for the batch admission operator.

KER; + f(x + kL) . @&+f@+@) | (A.28)
—kp o Ri — fle+ 14K, ) —m:;lRi—f(a:—l—l—i-m;rl)

We have to consider all possible optimal action vector to prove the supermodularity

of Tp_apn,;. However, it is enough to consider only the cases: (0,0,0,0), (0,0,a + 1,a),

(0,0,B,B), (a+1,a,a+d+1,a+d), (a+1,a,B,B) and (B,B,B,B), where 0 <a < B—1

and 0 < d < B —a — 1, because of the concavity and supermodularity of f(x). We rewrite

Equation A.28 for each case in Table A.4. It is obvious that Case IV is true and Cases [
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and VI are true by the supermodularity of f(x). In Case II, it is optimal to reject the entire
batch for the state x. As a result of this action, we have that f(z) > f(z + 1) + R;. If we
rearrange this inequality we can obtain that f(z) — f(z + 1) > R;, which is the rewritten
form of the supermodularity equation for this case. Therefore, Equation A.28 is true in
Case II. Similarly, in Case V, the optimal action is admitting the whole batch for the state
2+ 1 and it implies that BR; + f(x + B1) > (B — 1)R; + f(x + B). Since this inequality
is the rewritten form of the supermodularity equation, Equation A.28 is true in Case V.
Finally, Equation A.28 is also true in Case III due to the optimal actions for the states x and
¥+ 1. Thus, we show that Equation A.28 is true for all of the six cases and Tp_apw, f(x)
is supermodular with respect to o and x if f(z) is concave in xz and supermodular with
respect to o and z.

The proof of T _rarr0, is similar to this proof.

A.6 Proof: Submodularity

The proofs of the submodularity of the operators are similar to the proofs of the super-
modularity so that, we do not show these proofs here. In this section we work on the
“non-submodular” property of the queueing related operators while considering the waiting
room capacity and the number of server. The intuition behind the “non-submodular” prop-
erty can be explained by the following example: Let consider a capacitated system with
total capacity K. In this system, new arrivals are not allowed to enter the system when
there are K customers in the system whether it is optimal or not. If it is optimal to reject
the arrivals, the optimal policy does not change when the capacity increases. On the other
hand, if the arrivals are rejected because of the capacity, a new customer may be accepted
when there are K customers after an increase in the capacity. Thus, it is obvious that
an increase in the capacity can not lead to reject the customers who are already accepted
before the capacity increases. In other words, the opportunity cost of a new customer can
not increase by an increase in the capacity. The intuition for the increase in the number of
servers is the same.

Since we intuitively know that the queueing related operators are not submodular while
considering the waiting room capacity and the number of servers, we disproof the submod-

ularity of the operators by a counter example. We consider a loss system consisting of 10
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# of
customers Af(x) Af(z) ATpppf(z) | ATpppf(z) || ATsapum, f(z) | ATs apum, f(x)
0 7.969376 | 7.20371 7.438084 6.723463 8.396632 7.589944
1 8.396632 | 7.589944 7.808373 7.058198 8.869616 8.017516
2 8.869616 | 8.017516 8.215243 7.426005 9.395681 8.493074
3 9.395681 | 8.493074 8.664089 7.831757 9.983758 9.024689
4 9.983758 | 9.024689 9.161354 8.281279 10.8597 9.622239
5 10.8597 | 9.622239 9.843738 8.781573 11.94845 10.39721
6 11.94845 | 10.39721 10.71638 9.394077 13.26869 11.4722
7 13.26869 11.4722 11.768 10.20573 14.87671 12.8293
8 14.87671 12.8293 13.02732 11.25023 17.7874 14.52129
9 17.7874 14.52129 14.85516 12.53801 25 17.46946

Table A.5: The relative value function and the operators before and after the number of
servers increases

servers with no waiting room capacity and 5 different customer classes. Customers arrive
according to a Poisson process with a rate of 140 customers per hour and the service times
are exponentially distributed with a mean of 1/6 hour. At each arrival epoch, an arriving
customer is a class-i customer with probability of p;, where p1 = po = p3 = ps = p5s = 0.2,
and the decision maker has to decide whether to admit or reject the arriving customer.
Whenever, a class-i customer is admitted, a reward of R; is obtained such that Ry = 25,
Ry = 20, R3 = 15, R4 = 10, and Rs = 5. The objective of the problem is maximizing
the total expected average reward over an infinite horizon. We denote the relative value
function and the average reward by f(x) and g, respectively and present the optimality

equation as follows:

5
9+ f(x) = MpTppp f(x) + XY piTs apm, f(z),

i=1
where My + A = 1 after normalization, b(x) = z/M in Tpgp and B = 11in Tp_apn,. M is
introduced to ensure that time scale is not affected by an increase in the number of servers
and equal to 15.
We increase the number of servers (c¢) from 10 to 11 in order to see the effects of the

parameter on the relative value function and the operators. We solve the optimality equation
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by value iteration and obtain the relative value function and the operators as in Table A.5,
where f (x) represents the relative value function after the number of servers increases. Since
the batch admission operator for each class is the same, we only present the operator for
class-1. As it can be seen in the table, none of the Af(x), ATprpf(x), and AT _apnr, f(x)
values are increasing in the number of servers. Thus, the departure and batch admission
operators are not submodular with respect to the capacity and the state of the system.
There are similar examples to disproof the submodularity of the operators: Targr, Tcp,

and TQ,PRC .

A.7 Proof: Structure of Tf(z) — f(x)

In this proof, we show that if f(z) has some structural properties then, T'f(x) — f(x) will be
either non-increasing or non-decreasing in = according to the characteristics of the operator
T. As we mentioned in the paper, while considering queueing problems, T'f(x) — f(z) is
non-decreasing in x for the departure related operators and non-increasing in x for the
arrival related operators. On the other hand, T'f(z) — f(x) is non-increasing in = for the
production operator and non-decreasing in x for the arrival operators.

We use the following equations to denote the structure of T'f(z) — f(x): Equation A.29
represents that 7' f(xz) — f(z) is non-decreasing in =, whereas Equation A.30 represents that

Tf(x) — f(x) is non-increasing in x.
Tf(z)— flx) <Tflx+1) = flz+1), (A.29)

Tf(x)— f(x) >Tf(x+1)— f(x+1). (A.30)

A 7.1 Tagrf(z)— f(z)

Since we use the arrival operator in queueing systems, we are expecting that Tarr f(z)—f(x)
is non-increasing in x. However, as we mentioned in the paper, the arrival operator holds
this property only under the assumptions that a(x) is constant and the buffer capacity is

infinite. Then, under these assumptions, we write Equation A.30 for the operator as:

fla+1) = f(x) = fz+2) - flz+1).

This equation is true by the concavity of f(z), so that the proof is completed.
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A.7.2 TDEPf(JI) - f(l:)
Unlike the arrival operator, we are expecting that Tpgpf(z) — f(z) is non-decreasing in x
and Equation A.29 for the departure operator can be written as:

b(x) f(x—1) - b(x)f(x)

+[1—-b(x+1)]f(z) — f(z) +1—-bx+1]f(z+1)— f(x+1).

When we arrange this equation, we have that,

b(@)[f(@—1) = f@@)] _ b(z)[f(z) — f(z+1)]
4z + 1) = b(@))[f (2) - fz+ 1))

It is obvious that the first line is true by the concavity of f(x). Then, we complete the
proof if we show that the last line is greater than or equal to 0. Since [b(x + 1) — b(z)] > 0
by the definition of the function b and [f(z) — f(z + 1)] > 0 by the monotonicity of f(z),
the last line is greater than or equal to 0 and thus we complete the proof.

As we mentioned in the previous proofs, the foregoing proof is still valid for the capac-
itated systems because the departure related operators are not affected by the boundary

effects.

A7.8 Tepf(z)— f(z)

Let 7, be the optimal service rates for the state x. As in the departure operator, Top f(x) —

f(z) is non-decreasing in z intuitively and we write Equation A.29 for this operator as:

T x -1 T x

r ATl =1) Crons + a1 (@) )
+(1 —m)f(z) = fz)  +(1 =7 f(@+1) = flz+1).

Since w41 is the optimal action for the state « + 1,
Crrggr T To1f () > Cry + T f(T) (A.32)

T =mp)flx+1) = fle+1)  +(1 -m)f(z+1) = flz+1).

Moreover, by using the concavity of f(z),

Crp T 7ra:f (*T) . Cry > Cry

+(1—m)f(x+1) = flz+1) +m[f(z) — f(z+1)] +me[f(z —1) = f(2)],
(A.33)
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and by arranging the right hand side,

Cr

_ Crny + 1 f(x—1) (A.34)

+trelfle—=1) = f(z)]  +(0—m)f(z) - f(2).
By combining Equations A.32, A.33, and A.34, Equation A.31 is true and Tep f(z)— f(x)

x

is non-decreasing in x.

A.74 Toprpf(x) — f(z)

The proof is similar to the previous proof but intuitively Tc_prp f(x)— f(x) is non-increasing
in x because of its characteristics. Then, let 7, be the optimal service rates for the state x

and write Equation A.30 for the operator as:

e T +1 retr1 T +2
Cry 7T$f(l' ) > Crata 7rm+1f(x ) (A.35)
TA=m)f(z) = flz)  +A=meqp)f(+1) - flz+1).
Since m, is the optimal action for the state x,
Cr, +Txf(z+1 Crpey + Tz T+ 1
f( ) > +1 +1f( ) (A.36)

T —m)f(x) = flz)  +Q=m)f(z) - f(2)
As in the previous proof, by using the concavity of f(x) and arranging the right hand

side, we have that,

c7ra:+1 —+ 7T$+1f<$ + 1) > c7rz+1 + 7T1'+1f($ =+ 2)

> (A.37)
+(1 = mpp1) f(z) — f(2) +(1 —mpp1) flx+1) — flz+1)

By combining Equations A.36 and A.37, Equation A.35 is true and thus, To_prp f(x) —

f(zx) is non-decreasing in z.

A.7.5 Tg.prof(z) — f(x)

Since the operator, Tg prc f(x), is an arrival related queueing operator, we are expecting
that Ty pref(x) — f(x) is non-increasing in x. As a result of this intuition, we write

Equation A.30 for this operator as follows by letting p, is the optimal price for the state x:

Fr(p2)[f (z + 1) + pa] - Fr(pe1)[f (@ 4 2) + poy1]

> (A.38)
+Fr(p2) f(x) — f(2) +Fp(Pat1) f(z+1) — f(z +1)
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Since p, is the optimal price, we have that,

Fr(pe)[f(z+1) + pa] S Fr(patr)[f (x + 1) + pat1] _ FRr(pet1)pe+1
+Fr(pe) f(2) — f(2) +Fr(pet1) f(z) — f(x) +Fp(pat1)[f(z + 1) — f(2)].
(A.39)
Moreover, by the concavity of f(z),
FR(pzi1)peia - FR(pzi1)peia _ FRr(pe+1)[f (4 2) + puta]
+Fp(pat1)[f(z +1) = f(2)] +ER(Pat1)[f(z +2) — f(z +1)] +FR(P:c+1)f(zfA+41))) — flz+1).

By combining Equations A.39 and A.40, Equation A.38 is true and thus, Tg prc f(x) —
f(z) is non-decreasing in z. In the capacitated case, we need to observe Equation A.38 for
the state x = K — 1. However, since we use the optimality of p,, the foregoing proof is still

true for the capacitated queues.

A6 Trpref(z) — f(z)

Since the operator, Tr_prc f(x), is an arrival related inventory operator, we are expecting
that T7 prof(x) — f(z) is non-decreasing in x. As a result of this intuition, we write

Equation A.29 for this operator as follows by letting p, is the optimal price for the state x:

Fr(pa)lf(x = 1) +pa] _ Fr(pat1)[f (x) + pata]

< (A.41)
+FR<pz)f(x> - f(x> +FR(px+1>f(‘r + 1) - f(.?? + 1)
Since p,11 is the optimal price, we have that,
Fr(pes1)[f () + pati] - Fr(pe)f () + pe] _ Fr(pe)pe
+FR(pes)f(@+1) = fx+1)  +Fr(p)f(e+1) = flx+1)  +Fgr(ps)[f(z) — flx+1)].
(A.42)
Moreover, by the concavity of f(z),
FR(px)pz > FR(px)p:r _ FR(px)[f($ — 1) + pa]
+Fr(po)[f(x) = f(x+ 1] +Fr(p)[f(z—1) = f(2)] +Fr(p2)f(2) — f(2).
(A.43)

By combining Equations A.42 and A.43, Equation A.41 is true and thus, Tg prc f(x) —

f(zx) is non-decreasing in z.
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Cases K* = (K3, Kya1, Koio) Rewritten form of Equation A.44
Case I (0,0) 0>0

Case 11 (a+1,a) Ri > f(z) — f(z +1)
Case II1 (B,B) flx+B)— f(x) > f(x+B+1)— f(x+1)

Table A.6: Possible optimal actions in states z and = + 1

AT77T Tpapmf(x)— f(z)

Let £* = (K}, k5 ) be the optimal action vector and x} be the optimal number of customers

admitted form an arriving batch for the state . Then, we prove that Ts_apa f(z) — f(z)
is non-increasing in x since it is an arrival related queueing operator. In other words, we

show that the following equation is true for all possible x*.

keRi + f(x + kz) — f(2) > ker1Ri + f(x + 1 4+ Kgy1) — f(x + 1) (A.44)

However, we do not need to observe all possible optimal action permutation, i.e., all
possible k*, because of the concavity of f(x) and it is enough to consider only the cases:
(0,0), (a+1,a) and (B, B). We rewrite Equation A.44 for each case in Table A.6. Case I
is obviously true and cases III is true due to the concavity of f(x). In case II, the optimal
action is admitting a + 1 customer from an arriving batch for the state x and it implies
that R; > f(x 4+ a) — f(x + a + 1). Moreover, by the concavity of f(x), we have that
flz)— fl(x+1) < f(x+a)— f(x+a+1). When we combine these two inequalities, we
obtain that R; > f(x) — f(z + 1) and thus, Equation A.44 is true in case II. Therefore, we
complete the proof and show that Tp_apns, f(z) — f(z) is non-increasing in x when f(z) is
concave in x. For the capacitated queues, we need to focus on the states x > K — B in order
to investigate the boundary effect. For these states, Case III is not possible because the
optimal action can not be admitting B customer for the state x + 1. Thus, we only work on
Cases I and II, and the proof is the same as the proof of Cases I and II in the incapacitated
case.

The proof of the structure of Tp_rario, f(z) — f(z) is similar to this proof.
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A.8 Proof: Effects of the Parameters on the Optimal Actions in Model 1

In this proof, we show the effects of the service rate and the arrival rate on the base-stock
level and the optimal prices. We first work on the effects of p on the base-stock level. Let
Se and 5’6 be the optimal base-stock levels for the demand environment e before and after
the service rate increases, respectively, and assume that S, < S,. Therefore, we have that
it is optimal to produce when there are S, units of inventory on hand after the service rate
increases whereas it is not optimal to produce for this state before the service rate increases,

ie.,

v1(Se,e) —v1(Se +1,¢) > —71, and

’51(56,6) — 271(56 + 1,6) < —7.

When we combine these equations, we obtain that vy (Se,e) —v1(Se +1,€e) > 01(Se, €) —
01(Se + 1, €) and this inequality contradicts with the submodularity of vy (z, ) with respect
to u and x. Therefore, the assumption of S, < S, is not correct and the base-stock level,
Si(e), is non-increasing in the service rate. The proof of the effects of A on the base-stock
level is similar to this proof.

Now, we show the effects of the service rate on the optimal prices. Let p and p be the
optimal price for the state x before and after the service rate increases and assume that

p < p. Then, we have the following equations due to the optimality of p and p.

F(p)loi(z —1,e) +p| + F(p)ui(z,e) = F(p)[vi(z —1e) + p] + F(p)ui(z,e),

F@)oi(x —1,e) +p| + F(p)vi(x,e) > F(p)[vi(x —1,e) +p] + F(p)vr(z,e).

When we combine these equations, we obtain that,

[F(p) = F®)]l[vr( — 1,€) — vi(z,e)] — [01(z — 1,€) — Ba(z, )] > 0. (A.45)

F(p)—F(p) > 0and [v1(z—1,e)—vi(z,e)]—[01(x—1,e) =01 (z,€)] < 0 by the assumption
on the optimal prices and the submodularity of vi(z,e) so that, Equation A.45 can not be
true. In other words, there is a contradiction because of our assumption and thus, the
optimal price for the state z, pj(x,e), is non-increasing in the service rate.The proof of the

effects of A on the the optimal prices is similar to this proof.
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A.9 Proof: Effects of the Parameters on the Optimal Actions in Model 2

Let k¥ and % be the optimal number of customers to be admitted from an arriving batch

and assume that x > K. Then, by the definition of the operator,

KRy +va(x + k) > KR+ wve(x+F&), and

RRo + Uo(x + k) > kRo+ 02z + k).

When we combine these equations, we obtain that, vy(z + &) — vo(x + k) < Uo(z + &) —
U9(x + k), which contradicts with the supermodularity of ve(x). Hence, the assumption on
the optimal actions is not correct and the optimal number of customers to be admitted from
an arriving batch, x;5(z), is non-decreasing in the service rate. The proof of the effects of

A and c on the the optimal admission policy is similar to this proof.

A.10 Proof: Existence of a Preferred Class in Model 3

In this proof, we show that class-1 is a preferred class in Model 3, i.e., Avs(z) > —R; for all

x. To prove this equation, we first prove the following equation for all finite n by induction.
Avg(z) > —Ry. (A.46)

The initial condition of the induction, AvJ(x) > —Ry, holds by the specification on

vg (). Then, we rewrite Equation A.46 by using the optimality equation as follows:

pATc prpvy ™t (z)

N
+A Y Y pisATE rariovy ' (z)
=B

—|—9ATF10U§L71 (ZL‘)

-Ry

Y

This equation is true as a result of LBD(R) property of the operators (See Lemma 1)
and thus, Avf(z) > —R; for all finite n. By using the relationship between v§(x) and
v3(x), vs(z) has also LBD(R) property. This result implies that vz(x) + Rq > v3(x + 1),

i.e., satisfying class-1 customers is optimal whenever it is possible.



Appendiz B: Two- Dimensional Model 89

Appendix B

TWO- DIMENSIONAL MODEL

B.1 Proof: Monotonicity of the Operators

In this proof, we prove that the operators that we consider in the 2-dimensional model,
Tpepr2, Trrc, and Tprc,, preserve the monotonicity properties of the function on which
they are applied, v(x1,x2). In other words, we prove that the following monotonicity equa-

tions are true for these operators under certain assumption mentioned in the lemma.

Monotonicity in z1:  Tv(xy,22) > Tv(x; + 1, 22) (B.1)
Monotonicity in zo:  Tw(z1,z2) > Tv(z1, 22 + 1) (B.2)
Monotonicity on the diagonal: ~ Tw(x1,z9 4+ 1) > Tv(xy + 1, 22) (B.3)

B.1.1  Monotonicity of Tpgp2

During the proof of the monotonicity of Tpgpov(x1,x2), we assume that v(xi,x2 + 1) >
v(x1+1,29) and this property implies that serving the expensive customer is more valuable
than serving a cheap customer. Therefore, we can redefine this operator by using this fact
as:
v(ry — Lyxg) ifax; >0,29 >0
Tpepav(x1,x2) = v(0,29 — 1) ifx1=0,29>0 (B.4)
v(0,0) if 29y =0, 29 = 0.
Then, we investigate whether the departure operator keeps all of the three monotonicity
properties. Since the operator is partially defined, we consider each possible cases: (x1 > 0,

x> 0), (r1 =0, 2 > 0) and (z1 = 0, 9 = 0), separately for each property.

Monotonicity in xq

We can write the first monotonicity equation for Tpgps as follows for each cases:
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Cases H Tpep2v(x1,x2) > Tprpav(zr + 1,22)
(1 >0, 22 >0) v(z1 — 1,22) > v(z1, z2)
(z1 =0, z2 > 0) v(0,z2 — 1) > v(0, x2)
(z1 =0, 22 =0) v(0,0) > v(0,0)

It is obvious that three cases are true: the first case is true by the monotonicity of
v(x1,x2) in x1, the second case is true by the monotonicity of v(x1,z2) in x9, and the left
hand side and the right hand side is equal in the third case. Thus, the departure operator

preserves the first monotonicity property of v(z1, z2).

Monotonicity in xo

Similar to first property, we can write the second monotonicity equation for Tpgpo as follows

for each cases:

Cases H Tpep2v(z1,22) > ToEp2v(z1, 2 + 1)
(1 >0, z2 > 0) v(r1 —1,z2) > v(z1 — 1,22 + 1)
(x1 =0, 22 > 0) v(0,z2 — 1) > v(0, z2)
(x1 =0, z2 =0) v(0,0) > v(0,0)

First and second cases are true by the monotonicity of v(x1,z2) in x2 and the third case
is obvious. Therefore, the departure operator preserves the second monotonicity property
of v(x1,x2).

Monotonicity on the diagonal

The third monotonicity equation for Tpgps as follows for each cases:

Cases H Tpep2v(z1,22 + 1) > Toepov(z1 + 1, 22)
(z1 >0, z2 > 0) v(r1 — 1,22 + 1) > v(x1, x2)
(z1 =0, z2 > 0) v(0,z2) > v(0, z2)
(1 =0, z2 =0) v(0,0) > v(0,0)

In this monotonicity property, all of the three cases are also true: the first one is true
by the monotonicity of v(z1,z2) on the diagonal and the remaining ones are true as in the
previous monotonicity properties. Hence, the departure operator also preserves the third
monotonicity property of v(z1,x2), and it preserves all of the monotonicity properties of

v(xy,x2).
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B.1.2  Monotonicity of Tprc,
Monotonicity in x

Let pj and p3 be the optimal prices for the states (x1,z2) and (1 + 1,z2), respectively.
Then, we show that Tprc, preserves the monotonicity of v(z1,z2) in zo. Equation B.1 for

this operator can be written as:

F(p1)[p1 4+ v(z1 + 1,22)] + F(p1)v(z1,22) = F(p2)[p2 + v(w1 + 2, 22)] + F(p2)v(z1 + 1, 22).
(B.5)

Since pj is the optimal price for the state (z1,z2), we have that,

F(p1)[p1+v(z1+1,22)]+ F(p1)v(z1, 22) > F(po)[p2+v(z1+1,22)]+ F(p2)v(z1, 22), (B.6)

and by the monotonicity of v(x1,x2) in x1,

F(p2)[p2 + v(z1 + 1,22)] + F(po)v(w1, x2) > F(p2)[p2 + v(x1 + 2,22)] + F(p2)v(z1 + 1, 22).
(B.7)
When we combine Equations B.6 and B.7, it is obvious that Equation B.5 is true and

thus Tprc, preserves the monotonicity of v(x1,z2) in x;.

Monotonicity in xo

Similar to the proof of the monotonicity in x9, we let p] and p5 be the optimal prices for the
states (z1,z2) and (x1 +1, z2), respectively, and write Equation B.2 for the pricing operator

as:

F(p1)lp1+v(z1+1,22)] 4+ F(p1)v(z1, 22) > F(p2)[p2 +v(z1+1, 29 +1)] 4+ F (p2)v(z1, 22+ 1).
(B.8)

Since pj is the optimal price for the state (z1,z2), we have that,

F(p1)lp1+v(z1 41, 22)]+ F (p1)v(z1, 22) > F(po)[p2+o(z1+1, 22)]+ F(p2)v(z1, 22), (B.9)

and by the monotonicity of v(z1,z2) in 2,

F(p2)[p2 +v(z1 +1,22)] + F(p2)v(x1, 22) > F(pa)[p2+v(z1+1, 29+ 1)+ F(p2)v(z1, 22 +1).
(B.10)
When we combine Equations B.9 and B.10, it is obvious that Equation B.8 is true and

thus Tprc, preserves the monotonicity of v(x1,x2) in xs.
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Momnotonicity on the diagonal

Similar to the previous monotonicity proofs of the pricing operator, we let pj and p3 be the
optimal prices for the states (z1,z2 + 1) and (z1 + 1, x2), respectively, and write Equation

B.3 for the pricing operator as:

F(p1)[p1+v(z1+1, 22+1)]+F (p1)v(x1, 22+1) > F(pe)[pa+v(z1+2, 22)]+F (p2)v(21+1, 12).
(B.11)

Since pj is the optimal price for the state (z1,z2 + 1), we have that,

F(pl)[pl-FU(l‘ri—l, l‘Q—i-l)H-F(pl)U(.%l, .rg—l-l) > F‘(pg)[p2+v(x1—|—l, J}Q—I—l)]—FF(pQ)’U(xl, 33‘2—1—1),
(B.12)

and by the monotonicity of v(x1,z2) on the diagonal,

F(p2)[p2to(z14+1, 22+ 1)+ F(p2)v(x1, 22+1) > F(pa)[pato(z1+2,22)|+F(p2)v(x1+1, 22).

(B.13)

When we combine Equations B.12 and B.13, it is obvious that Equation B.11 is true
and thus Tprc, preserves the monotonicity of v(z1,x2) on the diagonal.

The monotonicity proofs for Tprc, is similar to these proofs.

B.2 Proof: Submodularity of the Operators

In this proof, we prove that Tpgrp2, Trrc, and Tprc, preserve the submodularity of a
function on which they are applied v(z1,22). In other words, we show that the below
equation is true for Tpgpa, TpPrc, and Tprc, under the assumptions mentioned in the
lemma.

AlTv(xl, $2) < AlTU(l‘l, Tro + 1) (B.14)

B.2.1  Submodularity of Tpgpa

While considering the departure operator, we assume that v(x1,z2) is non-increasing in 7,
22 and on the diagonal, and it satisfies the submodularity and subconcavity equations, i.e.
v(x1,x2) is concave in z1 and 3. Since we assume the monotonicity of v(z1,z2), we can
use the redefined version of the departure operator, i.e. Equation B.4. Then, we need to

examine the submodularity equation for the three possible cases: (z1 > 0, x2 > 0), (21 =0,
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xg > 0) and (z; = 0, 22 = 0), separately. Equation B.14 can be written as follows for each

cases:

’ Cases H A1 Tpepav(z1,x2) < AiTpepov(z1, 2 + 1)

(x1 > 0,22 >0) || v(z1 — 1, z2) —v(z1,22) <v(x1 — L,z2 + 1) —v(z1,22 + 1)
(x1 =0, z2 > 0) v(0,22 — 1) — v(0,z2) < v(0,z2) — v(0,z2 + 1)
(z1 =0, 22 =0) v(0,0) —v(0,0) < v(0,0) — v(0,1)

The first case is true by the submodularity of v(x1,x2), the second case is true by the
concavity of v(x1,x2) in 22, and the last case is true by the monotonicity of v(z1, z2) in xs.

Hence, Tpgp2 preserves the submodularity of v(x1,x2) under given assumptions.

B.2.2  Submodularity of Tprc,

We let the optimal prices for the states (z1,x2), (z1+1,22), (x1,22+1) and (z1+1,22+1)

as follows:

() || @ [aae1]

T P11 P1,2

z1+1 || p2.1 P22

Then, we write the submodularity equation for the pricing operator as:

F(p11)[p1g +v(z1 + 1,29)] F(p12)p12 +v(z1 + 1,20 +1)]
+F v(xy,x +F v(xy, 2 + 1
) (p11)v(w1, 22) < (p12)v(w1, 22 + 1) (B.15)
—F(p2,1)[p2,1 + vz +2,22)] —F(p22)[p2,2 +v(z1 + 2,22 + 1)]
—F(p21)v(z1 + 1, 22) —F(p22)v(z1 + 1,22 + 1).

Since po1 is the optimal price for the state (z1 + 1, 22), we have that,

F(p11)lpi1 +v(z1 + 1, 29)] F(pi1)lpi1 +o(z1 + 1, 22)]
+F(p1,1)v(1, 22) < +F(p1,1)v(w1, 22)
—F(p21)lp2s +v(1 +2,23)]  —F(p22)lpag + v(w1 +2,22))
—F(p21)v(z1 + 1, 29) —F(p22)v(z1 + 1, 29).

If we rearrange the right hand side, we can obtain that,

F(p11)[p11 + v(z1 + 1, 22)]
+F(p1,1)v(z1, 22)
—F(p2,1)[p2,1 + v(z1 + 2, 22)]
—F(p21)v(z1 + 1, 22)

F(pl,l)pl,l - F(p2,1)P2,2
< +F(p171)[1)(1'1, x9) —v(z1 + 1, .CCQ)] (B.16)
+F(p22)[v(z1 + 1, 2) — v(z1 + 2, 22)].



Appendiz B: Two- Dimensional Model 94

Similarly, since pj 2 is the optimal price for the state (z1,22 + 1),
F(p12)[p12 +v(z1 + 1,29 + 1)]

F’(pm)pm — F(pz,l)m,z
+F(p12)v(z1, 79 + 1)

_ Z  +F(p1)v(zr, 22 +1) —v(rr + 1,22 + 1)
—F(p22)[p22 +v(z1 + 2,20+ 1)]

+F(p22)[v(z1 + 1,22 + 1) —v(21 + 2,22 + 1)].
—F(pa2)v(zy + 1,20+ 1)

(B.17)
Moreover, by using the submodularity of v(z1,z2), we have that,

F(p11)[p1,1 — p22] F(p11)p1a — F(p2,1)p2.2
+F(p11)[v(zr, x2) —v(z1 +1,22)] = +F(pra)v(z, 2+ 1) —v(zg + 1,22 + 1)]

+F(pa2)v(z1 + 1,22) — v(z1 + 2, 22)] +F(p22)v(z1 + 1,22 + 1) — v(wy + 2,22 + 1)].
(B.18)

Finally, when we combine Equations B.16, B.17 and B.18, it is obvious that Equation
B.15 holds and Tprc, preserves the submodularity of ’U(lL‘l,ZL'Q). The proof for Trrc, is

similar.

B.3 Proof: Subconcavity of the Operators

In this proof, we prove that Tpgpa, Trrc, and Tprc, preserve both of the subconcavity
conditions of a function on which they are applied v(z1,22). In other words, we show that
the below equations are true for Tpgpa, Trrc, and Tprc, under the assumptions mentioned
in the lemma.

AlTv(xl, To + 1) < AlT’U(xl + 1,%‘2) (B.lg)

AQT’U(JJl + 1,1’2) < AQT’U(JJl, To + 1) (B20)

B.3.1  Subconcavity of Tprpa

We can write the first condition of subconcavity for each of the cases as follows:

Cases H A1Tpep2v(w1,22 + 1) < AiTprpav(e1 + 1, 12)

(1 >0,22>0) || v(z1 — L2+ 1) —v(z1,22 + 1) < v(z1,22) — v(21 + 1, 22)

(z1 =0, z2 > 0) v(0,z2) — v(0,z2 + 1) < v(0,z2) — v(1,z2)
(x1 =0, z2 =0) v(0,0) — v(0,1) < v(0,0) — v(1,0)
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The first case is true by the first condition of subconcavity and the last two cases are
true by the monotonicity of v(z1,z2) on the diagonal, i.e. v(zi,z2 + 1) > v(z1 + 1,z2).
Therefore, Tpgps preserves the first condition of subconcavity.

Similar to the first condition, we can write the second condition of subconcavity as:

Cases H A2Tprp2v(r1 + 1,22) < AoTprpav(wi, x2 + 1)

(x1 >0, 22 >0) || v(z1,22) —v(z1, 22+ 1) <wv(z1 — 1,22+ 1) —v(z1 — 1,22 + 2)
(z1 =0, 22 > 0) v(0,z2) — v(0,z2 + 1) < v(0,z2) — v(0,z2 + 1)
(1’1 =0, z2 = 0) U(O7 0) - U(O7 1) < U(O7 0) - U(7 1)

The last two cases are obviously true and the first case is true by the second condition
of subconcavity. Hence, Tpgpo also preserves the second condition of subconcavity.
B.3.2  Subconcavity of Tprc,

In order to prove both of the subconcavity conditions, we let the optimal prices for the

states (z1,x2 + 1), (1,22 + 2), (21 + 1,22), (r1 + 1,22+ 1) and (z1 + 2, 22) as follows:

(o) [ o2 [eev1 [mav]

T1 P12 P1,3

z1+1 || p21 P22

1+ 2 || p31

and then focus on the subconcavity equations.

15t Condition

We can write the subconcavity first condition for the pricing operator as:

F(p12)[p12 +v(z1+ 1,20+ 1)] F(p21)[p2a +v(z1 + 2, 22)]
+F v(xy,x2 + 1 +F v(ix1+ 1,z
) (p12)v(wy, w2 + 1) < (p2,1)v(21 2) (B.21)
—F(p22)[p22 +v(z1 + 2,22+ 1)] —F(p3.1)[ps1 +v(x1 + 3,22)]
—F(p22)v(zy + 1,20 + 1) —F(ps1)v(zi + 2, x2).

Since py 2 is the optimal price for the state (z1 + 1,22 + 1), we have that,

F(pi12)[p12 +v(z1 + 1,22+ 1)] F(pi2)[pi2 +v(z1+ 1,20+ 1)]
+F(p12)v(zr, z2 + 1) - +F(p12)v(xr, z2 + 1)
—F(pao)[p2g +v(z1 + 2,22+ 1)) —F(psj)lpsa +v(ar + 2,20+ 1)]

—F(pgg)’l)((l)l + 1,20 + 1) —F(pg,l)v(flfl + 1,20 + 1).
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If we rearrange the right hand side, we can obtain that,

F(pi2)pi2 +v(rr + 1,22+ 1)]
+F(p12)v(r1, 22 + 1)
—F(p22)[p2,2 + v(z1 + 2,22 + 1)]
—F(p22)v(z1 + 1,29+ 1)

F(p12)p12 — F(ps1)p3n
< HF(pr2)v(zr, o +1) —v(zr + 1,22 + 1))
+F(ps1)[v(z1 + 1wz + 1) — v(z1 + 2,22 + 1)),

(B.22)
Similarly, by using the optimality of ps 1,

F(p2,1)[p2a + vz + 2, 22)]
+E(p21)v(z1 + 1, 22)
—F(p31)[ps + v(z1 + 3, 22)]
—F(p31)v(z1 + 2, 22)

F(p12)p12 — F(ps1)ps1
> +F(p12)v(z1 + 1,22) — v(xy + 2, 22)] (B.23)
+F(p3)[v(z1 + 2, 2) — v(@1 + 3, 22)].

Moreover, by using the subconcavity first condition, we have that

F(p12)p12 — F(p31)psq F(p12)p12 — F(ps1)psa
+F(pr2)v(zr, 22 +1) —v(xy + 1,20 + 1)] < FF(pr2)v(z + 1,22) — v(zg + 2, 22)]
+F(p3’1)[1)($1 + 1, Tro + 1) — 1}(.731 + 2, Tro + 1)] +F(p371)[7)<321 =+ 2, 332) — U(.Z'l + 3, .%'2)]
(B.24)

Finally, when we combine Equations B.22, B.23 and B.24, it is obvious that Equation

B.21 holds, and thus we complete the proof for the first condition.

ond Condition

The proof of the second condition is not as trivial as the first condition because second
condition is related with the opportunity costs of class-2 customers and the pricing operator
is defined for class-1 customers. Therefore, we work on the second condition in two cases:
(p21 > p13) and (p21 < p13). The idea of this case by case analysis comes from our
computational studies. In these studies, we observe that for some holding cost parameters
p2,1 > p1,3 Whereas for some other parameters ps 1 < p13. This result implies that the
opportunity cost of an additional class-1 customer at state (x1 + 1, x2) may or not may not
be higher than the opportunity cost of an additional class-1 customer at state (z,z2 + 2)
according to the cost parameters. The intuition behind this result is the ratio of the holding

cost of an expensive customer and a cheap customer. When this ratio is very high, i.e. cost
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of an expensive customer is much more higher than cost of a cheap one, having 2 more class-
1 customer may be more expensive than having one expensive and two cheap customers,
and thus p2 1 > p1 3.

Then, we write Equation B.20 for the pricing operator as:

F(p21)[p2,1 +v(r1 + 2, 292)] F(pi2)p12 +v(r1 + 1,22 + 1)]
+F vz + 1,z +F v(x1, 20+ 1
) (p2,1)v(x1 2) < (p12)v(x1, 2 + 1) (B.25)
—F(p22)p22 + v(x1 + 2,22 4 1)) —F(p13)[p1s + v(z1 + 1,22 + 2)]
—F(ng)l)(l‘l + 1, Tro + 1) —F(pl’g)v(:pl, Tro + 2).

Case 1: (p21 > p13)

Since po 2 is the optimal price for the state (x1,z2), we have that,

F(p2.1)[p21 + v(z1 + 2, 22)] F(p2.1)[p21 + v(z1 + 2, 22))
+F(p2,1)v(z1 + 1, 22) < +F(p2a)v(z: + 1, 22)
—F(pa2)lp2e +v(z1 + 2,32+ 1)) —F(p2,1)[p21 +v(z1 + 2,22+ 1)]
—F(p22)v(zy + 1,20 + 1) —F(p21)v(zr + 1,20+ 1).

When we rearrange the right hand side,

F(p21)p21 + vz + 2, 32)]

+F(p21)v(zy + 1, 22) - F(p21)[v(z1 +2,22) —v(z1 + 2,22 + 1)] (B.26)
—F(p22)[p22 +v(z1 + 2,22 + 1)] +F(p2,1)[v(z1 + 1,22) —v(z1 + 1,22 + 1)
—F(p22)v(x1 + 1,22 + 1)
Similarly, by using the optimality of p1 o, we have that
F(pi2)[p12+v(x1 + 1,20+ 1)]
+F(p12)v(xr, x2 + 1) - F(p13)[v(z1 + 1,29 + 1) — v(x1 + 1,22 + 2)]
—Fpi3)ms+v@ +1,z0+2)]  +F(pi3)o(er,ze + 1) — v(z, 2 + 2)).
—F(p13)v(z1, 22 + 2)
(B.27)

Now, we focus on the right hand side of the Equations B.26 and B.27 and show that the

following inequality holds.

F(pa1)[v(w1 + 2,22) — v(zy + 2,22 + 1)] - F(pis)v(zr + 1,22 +1) —v(r1 + 1,22 + 2)]

+F(p2)[v(zr + 1,22) —v(x1 + 1,29 + 1)] B +F(p13)[v(zr,xz2 + 1) — v(x1, 22 + 2)].
(B.28)



Appendiz B: Two- Dimensional Model 98

As we know that (pa1 > p13), we also have that F(p13) = F(p21) + £, where £ > 0.

Then, Equation B.28 becomes:

F(pa1)[v(z1 +2,22) —v(z1 + 2,22 + 1)] F(pa)[v(z1 + 1,22 + 1) —v(z1 + 1,22 + 2)]
+F(p2)v(xr + 1,22) —v(x1 + 1,29 + 1)] - +F (p2)[v(z1, z2 + 1) — v(x1, 22 + 2)]
B [v(z1 + 1,20+ 1) —v(z1 + 1,22 + 2)]
—[v(z1, 20 + 1) — v(21, 22 + 2)]

Here, first two lines are true by the second condition of subconcavity and the last line is
true by the submodularity of v(z1, z2). Therefore, Equation B.28 is true. When we combine
Equations B.26, B.27 and B.28, it is obvious that Equation B.25 holds for the first case.

Case 2: (p21 < p13)

We first rearrange Equation B.25 as:

F(p21)[p21 +v(z1 + 2, 22)] F(p22)[p22 +v(r1 + 2,22 + 1)]
+F v(ix1+ 1,z - F v(ix1+ 1,20+ 1
) (p2,1)v(x1 2) < (p2.2)v(x1 2+ 1) (B.29)
—F(p12)p12 +v(z1+ 1,20+ 1)] —F(p13)[p1,3 +v(z1 + 1,29+ 2)]
+F(p12)v(xr, z2 + 1) —F(p13)v(z1, x2 + 2).

Then, by using the optimality of p; 2, we have that

F(p2,1)[p2,1 +v(z1 + 2, 22)] F(p2,1)p2,1 +v(z1 + 2, 22)]
+F(p21)v(z1 + 1, 22) < +F(p21)v(r1 + 1, 22)
—F(p12)[pr2 +v(xy + 1,29 + 1)] - —F(p21)[p21 + v(zy + 1,29 + 1)]
+F(p12)v(w1, 22 4 1) +F(p2,1)v(w1, 22 4 1).

When we work on the right hand side, we obtain that,

F(p2,1)p2,1 +v(x1 + 2, 22)]
+F v(xy + 1,2 F v(xy +2,22) —v(xy + 1,20+ 1
) (p2,1)v(z1 2) - (p2,1)[v(z1 2) — v(21 2+ 1)] (B.30)
—F(p12)p12 +v(z1+ 1,20+ 1)] +F(p21)[v(zr + 1, 22) — v(21, 22 + 1)]
+F(p12)v(w1, 22 + 1)

Similarly, by using the optimality of ps o,

F(p22)[pe2 + v(wy + 2,79 + 1)]

—F(pgg)v(l‘l + 1,1‘2 + 1) S F(plyg)[v(.%l + 2,.132 + 1) — ’U(aj‘l + 1,1‘2 + 2)]
—F(pra)lprs +o(m + Laa+2)]  +F(pug)[o(z + 1z +1) — v(@r, 22+ 2)]

—F(pljg)v(l'l, xro + 2)
(B.31)
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As in the previous case, we show that the following equation is true:

F(pa1)[v(z1 +2,22) —v(zg + 1,20 + 1)] - F(pi3)[v(z1+ 2,20+ 1) —v(z1 + 1,29 + 2)]

+F(p21)[v(zr +1,29) —v(x1, 22 + 1)] B +F(p13)v(z + 1,20+ 1) — v(x1, 22 + 2)]
(B.32)

Since (p21 > p1,3), we have that F(pa1) = F(p1,3) + &, where £ > 0. Then, Equation
B.32 becomes:

F(p13)[v(z1 +2,22) —v(z1 + 1,22 + 1)] F(p13)[v(z1 + 2,22 +1) —v(z1 + 1,22 + 2)]
+F(p13)[v(zr + 1, 22) — v(x1, 22 + 1)] - +F(p13)[v(xr + 1,22 + 1) — v(x1, 22 + 2)]
[v(z1 4+ 2,29) —v(z1 + 1,29 + 1)]
—[v(x1 + 1, 22) — v(x1, 22 + 1)]

Here, first two lines are true by the second condition of subconcavity and the last line
is true by the first condition of subconcavity. Therefore, Equation B.32 is true. When
we combine Equations B.30, B.31 and B.32, it is obvious that Equation B.25 holds for
the second case. Therefore, we prove that Tpgrc, preserves the second condition of the
subconcavity for both of the cases.

In conclusion, we show that Tprc, v(z1, z2 will keep both conditions of the subconcavity
if the necessary assumptions are satisfied. The proof for Tpgrc, is similar to this proof.

While considering Tprc,, we need to work on the first condition in two cases: (p12) > p31

and (p1,2) < p3,1.

B.4 Proof: Monotonicity of the Optimal Prices

Let pj and pj be the optimal prices for class-1 for the states (x1,z2) and (x1 + 1,22),
respectively, and assume that p] > p5. Then, we have the following equation as a result of

the optimality of p] and p3:

F(p1)lp1 +v(z1 + 1, 22)] + F(p)v(zy, 22) > F(p2)lp2 +v(x1 + 1,22)] + F(p2)v(z1, x2)

F(p2)[p2 + v(z1 + 2,22)] + F(p2)v(z1 + 1,22) > F(p1)[p1 +v(@1 + 2,22)] + F(p1)v(z1 + 1, 22)

When we combine these equations, we obtain that,

[F(p1) = F(p2)ll[v(z1,22) —v(@1 + 1, 22)] — [v(z1 + 1, 22) —v(z1 +2,29)]] >0 (B.33)
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Since F(p1) — F(p2) > 0 by our assumption on the optimal prices and [v(x1, z2) — v(z1 +
1,z9)]—[v(x14+1,22) —v(2142, 22)] < 0 by the concavity of v(x1, 22), Equation B.33 can not
be true. Therefore,there is contradiction and our assumption on the optimal prices are not
correct. Hence, the optimal prices for class-1, pj(z1,x2), are non-decreasing in the number
of class-1 customer in the system. The monotonicity of the optimal prices for class-1 in xo
and on the diagonal can be proven in a similar manner. Moreover, the monotonicity of the

optimal prices for class-2 can also be proven by a similar proof.
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