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ABSTRACT

In this thesis, two effective methods of statistical physics are applied to new frame-
works. Hierarchical lattices which are solved exactly by renormalization-group theory
and simulating annealing processes which minimize a complex function of any sys-
tem are used in conceptually new and practical situations. Independent isotropic
hierarchical lattices with d = 2 which are stacked along the z direction in order to
obtain layered anisotropic hierarchical lattices with surfaces were constructed. These
systems admit exact solutions as hierarchical models and constitute approximate solu-
tions for uniaxially anisotropic d = 3 physical systems with bulk, surface, and possible
anisotropy. The global phase diagrams, with layer-by-layer ordering, and layer energy
densities of these magnetic models were obtained for different anisotropy parameters.
A two-level simulated annealing process was developed to find the most cost-effective
delivery scheme on a two-dimensional costumer array with multiple vehicles used in
parallel. The minimization process is jointly achieved for dividing customers between
vehicles and for optimizing the route of each vehicle, in a two-level hierarchy. Different
traffic factors for city neighborhoods are included. Finally, as a fundamental current
problem of statistical mechanics, quenched random fields which are equivalent to the

traffic factors are added to this traveling salesman problem.
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OZETCE

Bu tez ¢aligmasinda, istatistik fizigin iki etkili yontemi iki farkli problem tizerinde
bagarili bir sekilde uygulanmigtir. Bu yontemler sirasiyla, renormalizasyon-grup teorisi
ile kesin ¢oziilebilen hiyerarsik orgiiler ve herhangi bir sisteme ait durum fonksiyo-
nun minimum degerini bulunmasinda kullanilan benzetilmis tavlamadir. Birbirinden
bagimsiz 2 boyutlu sistemler z ekseni dogrultusunda istiflenerek katmerli yiizeyli
anisotropik hiyerarsgik orgiiler olugturulmustur. Olusturulan yeni orgii hiyerargik bir
model olarak kesin ¢oziime sahip olup, ayrica boyutlu yiizey, hacim vs. gibi farklh
anisotropilere sahip fiziksel sistemler i¢in yaklasik ¢oziimler vermektedir. Bu manyetik
modellerin degisik etkilesim parametreleri i¢in, ytlizeylerin teker teker faz gecisi verdigi
faz diyagramlar ve enerji yogunluklari elde edilmistir. Iki asamal benzetilmis tavlama
yontemi, misteri verilerinin iki boyutlu serilerde tutuldugu ve birden fazla dagitict
aragin kullanildigr bir sistem igin en etkili ve verimli dagitim mekanizmasinin bu-
lunmasi i¢in kurulmustur. Bu iyilestirme iglemi, 6nce miigterilerin araclara en iyi
sekilde dagilimi ardindan her arag i¢in en uygun dagitim rotasinin bulunmasi suretiyle
yapilmigtir. Son olarak, bu satici adam problemine énemli bir istatistik fizik kavrami

olan ve trafik etkilerine karsilik gelen donmus rastgele alanlar da eklenmistir.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

1.1 Phase Transition

There are many physical systems which undergo a phase transition from one state
to another by a change in an intensive variable such as temperature, pressure, or
magnetic field. The liquid-solid transition (freezing), the normal-to-superconducting
transition in electrical conductors, the paramagnet-ferromagnet transition in magnetic
materials, and the superfluid transition in liquid helium can be noted as some well-
known examples of phase transitions. However, the mechanism of the transition can
vary from one system to another, and to distinguish the characteristic of a phase
transition, one should check that whether changes in the thermodynamic properties
are sudden or not.

Phase transitions generally occur when the free energy of the system is non-
analytic. Thereby, the classification of the transition can be determined by the degree
of this analyticity. If the first derivative of the free energy is discontinuous then the
transition is given the name First-Order Phase Transition. If the transition is
Second Order, the discontinuity is exhibited in the second or higher derivatives. By
employing the latent heat, distinction between two mechanism can be expressed more
accurately. During the transition, if any amount of (latent) heat is absorbed or emitted
by the system at the transition temperature (7), then the transition is discontinuous
(first order). Two phases can coexist as in vapor-water transition because some parts
of the system complete their transition while other parts do not yet. On the contrary,
in continuous (second order) phase transition there is no latent heat. Two-phase

coexistence cannot be observed. The paramagnet-ferromagnet transition of magnetic
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(a) Liquid - Gas (b) Ferromagnet

Liquid Coexistence

5 No Stable { _
A, Coexistence Region \‘ T States T

Figure 1.1: (a) Phase diagram for the liquid-gas transition where p is the order
parameter. On right side, magnetization as the order parameter for a paramagnet-
ferromagnet transition [3].

materials can be counted as an example for second order phase transition.

As mentioned above, for each system, there are unique critical values of its ther-
modynamic variables such as temperature, pressure or magnetic field, etc. at which
system undergoes a phase transition. Combination of these critical values is labeled
as the Critical Point in parameter space. There also needs be a quantity that is
able to distinguish the system below and above the critical point. In many systems,
this quantity, which is termed as Order Parameter, is the first derivative of the free
energy. A jump in the order parameter is both a signature for a phase transition
and a tool to determine the degree of transition. For instance, for a ferromagnetic
system, order parameter is the magnetization which is the number of magnetic dipole
moments per unit volume. While the magnetization is zero above the critical tem-
perature (7.), namely, in the paramagnetic phase, it begins to continuously deviate
from zero and transforms to the ferromagnetic phase below T..

The studies on the second-order phase transitions have always been much more
attractive to scientists than those on first order because of their complicated na-
ture. The phenomenology of continuous phase transitions is also known as critical

phenomena. In a continuous transition, the system becomes self similar as the tran-
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sition point is approached. This means that no matter at which scale the system is
looked into, one always observes the same structure like looking into a fractal. More
precisely, the system has no characteristic length scale and is totally scale-invariant
near the critical point. This characteristic implies that all thermodynamic functions
are homogeneous and can be mathematically defined by power laws. Near the tran-
sition point, all the important information is carried by a set of critical exponents
which hold all the singularities. For example, the specific heat can be indicated as
C o« |T —T.|=, or the magnetization diverges as M o |T' — T,|=? in the vicinity of
T, etc.

Another interesting point about critical exponents is that they are universal. This
means that different systems share the same critical exponents like the relationship
between liquid-gas and paramagnet-ferromagnet transitions or that of planar magnets
and two-dimensional Coumlomb plasmas. Although there are almost infinite number
of systems obeying the critical phenomena, there are only a limited number of uni-
versality classes. Therefore, each system with totally different microscopic structures
has to be in one of the universality classes. In addition, when critical points for dif-
ferent systems are calculated and drawn on dimensionless parameter space, they form
a critical surface or curve which is also a phase boundary.

Also, as a short note on history, it can be said that researches on critical phenom-
ena have started in 1940’s. Although it has been focused for the last fifty years, many
of the important concepts have been released in recent years. It had taken a long
time that critical phenomena was accepted as a separate discipline which is worth the

effort in physics.

1.1.1 A Statistical Physics Approach to Phase Transition

Statistical physics was born with the invention of the relation between probability

and entropy by Ludwig Boltzmann in 1896. His famous formula,

S = kplog(£2), (1.1)

where () is the number of possible microscopic states corresponding to the same
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macro state and k is the well-known Boltzmann constant(1.38036 x 10" JK 1), gave
a significant explanation to the distribution of energy in an N-particle system. We
can illustrate this formula for N particles in M boxes. n; is the number of particles
at ¢ th box. Then €2 can be obtained as
N!
Q= — (1.2)

nyngl..n,!’

Thus, once the entropy is obtained, one can easily find the free energy which
plays an important role to determine the mechanism of phase transitions and other
thermodynamic properties by subtracting the entropic enegy (7'S) from the total
energy (U).

F=U-TS (1.3)

As we mentioned above, the thermodynamic variables or the degree of a phase transi-
tion can also be represented by derivatives of free energy. However, for many systems,
(especially, systems of interacting particles) the definition of the number of possible
microstates {2 is not as easy as in Eq. (1.2). So, there needs be a definition of the
"Partition Function, Z”, which comprises all important quantities of a system in
global thermodynamic equilibrium in which macroscopic variables of the system do
not change anymore. There are different types of partition functions for different
systems. Such as, for a system at fixed temperature the ”canonical partition func-
tion”, or the "grand canonical partition function” for the systems which can exchange

particles at fixed temperature and chemical potential, etc.

Z =Y Qe (1.4)

in Eq. (1.4), E; is the macroscopic energy of the ith state, (2; is the degeneracy of the
E;, 3 is the inverse temperature multiplied by Boltzmann constant, and the partition
function is the sum over all possible states. We can define the free energy in terms of

Z as

F = —kgTlog(Z) = —log(Z)/B. (1.5)
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The partition function is not a quantity different than that of given in Eq. (1.1).
Both of them have similar meanings statistically. Eq. (1.2) is the number of possible
configurations for N particles divided between M boxes while Z refers to all possible
states in which any system can be. Therefore, the probability of a microstate with

energy F; can also be calculated as

P efﬁEz 1
- (1.6)
and the average energy,
> Eie_ﬁEi olnZz
E) = = — . 1.7
(B = =12 35 (L.7)

Many other thermodynamic quantities can be obtained from Z such as heat capacity
C, susceptibility y, etc.

One can automatically ask how the partition function exhibits singularities al-
though it is a fully analytic function, which can be expanded in polynomial series. In
1952, Yang and Lee showed that in thermodynamic limit, Z begins to represent singu-
larities for escaping from non-analyticity. As shown in Figure (1.2), the evolution of
the phase transition can also be observed from the free energy - magnetization curve
of a ferromagnetic system in which spins have two degree of freedom - up or down -
for different temperature and magnetic field values. In Figure (1.2), above the critical
temperature T, the magnetization M is zero, namely the system is in the paramag-
netic phase. If T' = T,, free energy curve flattens. First and second derivatives with
respect to magnetization on that point are zero. When 7' is greater than T,, there are
two roots of F. Physically speaking, spins can choose either up or down direction.
This continuous transition from the paramagnetic phase to the ferromagnetic phase
gives rise to a second-order phase transition. A first-order phase transitions can be
observed when an external magnetic field is introduced. Thereby, spins tend to align
with the direction of the magnetic field no matter what their previous configuration is.
This change from up to down phase (or down to up) is a first-order phase transition

as represented in Figure (1.2).
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Figure 1.2: Evolution of the free energy of a system undergoing a second order phase
transition, (a). First order phase transition is observed below T as external magnetic
field deviates around zero, (b).
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1.1.2  Simulated Annealing

Statistical mechanics deals with a great number of particles, and for a thermo-
dynamic system of N particles, the total number of configurations is incredible. As
discussed earlier, there may be an extremely large number of microscopic states cor-
responding to the same macroscopic state which is an observable reflection of mea-
surable properties in equilibrium such as pressure, magnetization, etc. For instance,
suppose that a room is divided into two equal parts. While some of the molecules
can go to the one half, others can go to the other half. As a result, the number of
possible configurations which N gas molecules can choose is 2. However, all these
2N contributions represent the same macroscopic properties in the room. Note that
this 2V is nothing but Q we have defined earlier.

In thermodynamic systems, when there is no particle-particle interaction, we
manage to calculate averages and configurations analytically. However, when particle
interactions are introduced, systems get more complicated. Thus, we need approx-
imations both analytically and numerically to find an acceptable equilibrium state.
One of the examples for the numerical case is the Metropolis algorithm, which checks
in a thermal way the possible best (sometimes worst) configurations having a proba-
bility of e=#/#87 [4]. As represented in Eq. (1.6), the probability of finding a system

—E/ksT  This means

in a particular energy is proportional to the Boltzmann factor e
that the higher the temperature the greater the energy of system. On the contrary,
the lower the temperature the smaller the energy. Thus, if the temperature of the
system is decreased in a right cooling schedule, the state with the lowest energy can

be obtained. Suppose that we have two different energy states with probabilities P;
and P;,

_Ei/kpT

Pi - 677
Z

—E;/kpT

p T
Z

The problem about these probabilities is that we do not know the normalization factor
7, which is almost impossible to calculate. However, the relative probability between

these two energy states can be introduced as
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Pi e_Ei/kBT
—_— = = e
Pj e_Ej/kBT

Then we do not need Z anymore. We can compute the most probable energy obeying
equilibrium statistical mechanics for any given temperature by searching the space of
possible configurations of system. To flow in this space, small changes are introduced
one after another, and each point on this flow is checked according to the the rules
given below.

Suppose our state has an energy of F; initially, and after making a small change

on state, its energy is Fj,

o If £; > F;, then replace the new system with the old one, and set F;=F;

e If E; < E;, do not throw up this configuration quickly, hold it. If e~(Fi=E:)/ksT
p where p is the any normalized random number, then accept this new system

and set B,=F;.

The second rule is the most important step of the algorithm. Although accepting
the higher energies may seem like an error, this helps the system climbing up local
minimums and brings to the global minimum energy.

In 1983, Kirkpatrick, et al. applied this process to optimize functions with a new
numerical approach named Simulating Annealing (SA) [5]. Term of ”annealing”
was inspired from the real annealing processes of semiconductors, metals, and glasses
to form perfect crystals. These substances carry many structural defects, and one way
of removing these defects is raising the temperature first and then cooling it so slowly
that at each temperature step, particles are allowed to sit on a stable state. As the
temperature decreases with small steps to zero, particles find the best configuration
for themselves at each temperature. Finally, when the system is completely cooled,
imperfections in structure are removed. Note that, when the system is hot, it is not
in a real stable state because the higher kinetic energy of the system, the higher
probability of the system is to escape from stable state.

Optimization of the functions follows the same way we mentioned above. How-

ever, this time our system is our function to optimize, and the temperature has no
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physical interpretation other than being a parameter. We have to create different
configurations by perturbations which, in a real physical system, correspond to the
change of configuration by mobile particles. To find an optimized function or a value,
at each step we have to give small perturbations to the system and then we have to
check the new energy according to rules of the Metropolis algorithm until the temper-
ature decreases to zero. Here, when we say "step”, it does not mean the temperature
step, it means ”proper number” of small changes given to system at any temperature
step. In doing so, chance of finding the best configuration is increased . Finally, one
can ask what the starting temperature and proper number are. These parameters
vary from problem to problem. In this study, there is going to be given a particular

value for the route optimization problem in Chapter 3.

1.2 Renormalization-Group Theory

Renormalization group (RG) analysis is an efficient mathematical tool that allows
one to find the macroscopic behavior of a system and also the mechanism of the phase
transition [14]. It was first realized by Kenneth Wilson, and his success was awarded
by Nobel Prize in 1982. The birth of the idea of recursive interaction coefficients goes
back to 1960’s. Kadanoft’s "block spin” approach can be counted as a pioneer for RG
type of calculations [9].

As we mentioned earlier, at the phase transition point, the system exhibits sin-
gularities and has no characteristic length scale. In saying so, degrees of freedom are
correlated with any degrees of freedom no matter what the distances between them
are because correlation length () goes to infinity. If we focus on a particular example
such as a system composed of Ising-1/2 spins, we can say that at the critical point,
each spin is correlated with all other spins in the system. Near the critical point,
long-range correlations are as important as the short-range correlations. So, if one
wants to investigate the mechanism of phase transition and critical phenomena, long-
range correlations are also considered. However, for a system of N spins, calculation
of the long-range interactions is very difficult.

An infinite £ at critical point is a necessity for presence of the singularities observed
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in the thermodynamic functions. Suppose that the magnetic susceptibility y for an

[sing system is

X =D ((s08;) = (s0)(s;)) = >_T(ro — 1),

J J
where I' is the correlation function of the system. As seen explicitly from the above
equation, at the critical point, it is impossible that y diverges unless the j sum is
non-negligible over all the system instead of the nearest neighbors under the limit of
infinite N.

RG method is based on the idea that long-range effective interactions can replace
short range interactions [2]. If one can obtain the long-range interaction coefficients,
then the critical properties of the system can be determined. The RG method achieves
this by summing out the short-range couplings to obtain the same system but with new
interactions. This coarse graining process continues until one known characteristic
interaction value (as at the critical point) is reached. As shown in Eq. (1.9), we can
define the same system by dividing the summation into two sub summations. After
performing only one of the sums, what leaves behind is a ”primed” system with new

coupling coefficients (3" and H’ of the new system).

Z e PH(sH) — Z(Z e*ﬁH({U}y{S})) — Z e B H ({a}) (1.9)

o

We can illustrate the RG method with the one-dimensional Ising model, which
undergoes a zero-temperature phase transition. Its well-known Hamiltonian is
—BH = e’%%, (1.10)
(ig)
where J is the interaction coefficient between two nearest-neighbor spins and each
spin can take value of +1 or —1. We start to apply RG by eliminating s spins with
a length rescaling factor of b=2. As a result, we have a new ¢ spin system with new
renormalized J' interaction.
When we start from an arbitrary value of J, namely an arbitrary point on our
phase space (for 1-d Ising model it is only the J axis), the J value flows on phase space

by RG recursion relations. These iteration flows are indicated by arrows in Figure



Chapter 1: Introduction 11

4

Figure 1.3: One-dimensional Ising spin chain. The coupling between two nearest
neighbor spins is J. After RG procedure by aggregation of s spins, new interaction
coefficient of the decimated system is J'.

(1.4). After many iterations, flows stay unaltered on special characteristic points
which are called Fixed Points. Generally, parameter spaces are divided into different
phases, and by following flows, all phases and phase boundaries can be identified easily.
Therefore, RG flows play an essential role to determine the thermodynamic phases.
There are some fixed points which does not characterize any phase, however, which

are needed to complete the RG mechanism:

1. Stable fixed point: When we start at any nearby point on parameter space,
flows are toward this point and eventually stays there. We can say that they
are attractive fixed points. Physically speaking, approaching these points is like
looking at the system from a larger and larger scale. On fixed points, the system

is ordered or disordered (in a phase).

2. Unstable fixed point: It is impossible for a flow to reach these points no matter
the number of iterations is. Even if for a flow manages to approach to these

points, eventually turns away.

3. Generic class of fixed point: These are neither stable nor unstable fixed points
and are directly related to a phase transition. These points are located on the
critical boundary (or surface), and any flow starting on the critical boundary
stays on it until it reaches the fixed point of the boundary. This boundary (or

surface) separates two or more phases as shown in Figure (1.4).
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Figure 1.4: RG flows over an arbitrary parameter space. K; and K5 are the param-
eters of the microscopic Hamiltonian. The critical curve is the border between two
different phases, and the stars indicate the fixed points.

1.3 Hierarchical Lattices

In theoretical physics, exactly soluble models are very important tools to check
the validity of more complex approximations and theories even if they do not refer
to real physical models. For example, although 2-dimensional Ising model has no
physical counterparts, it has opened the door for a wide variety of new theories [10].

In this study, we are going to introduce layered hierarchical lattices which can
be solved exactly by RG procedure. Hierarchical lattices were first introduced by
Berker and Ostlund in 1979 [6, 7]. Because the construction of hierarchical lattices is
the opposite of direction of RG analysis, each hierarchical lattice has its own unique
recursion relations yielding exact solutions for thermodynamic properties. Hierarchi-
cal lattices also exhibit phase transitions, and thus they are efficient tools to obtain
the critical behaviors, fixed points and all critical exponents of a system.

Basically, hierarchical lattices can be considered as the extensions of long range

interactions which are actions of short range interactions as mentioned in the previous
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Construction

. Q*@*@

Figure 1.5: Diamond hierarchical lattice. At each step one diamond graph is replaced
with a single bond many times to obtain an infinite lattice. Also, the construction
direction and the RG direction are opposite of each other.

section. (This is also why this name was chosen for these lattices.) Suppose that we
have a bond representing the interaction between two particles at two separate edges
of the system. This long range interaction includes many shorter range interactions.
To start constituting the hierarchical lattice, we replace this bond with a diamond
(or baklava) shaped lattice shown in Figure (1.5) which is our unit structure for this
model. Now, the long-range couplings at the beginning are defined by four bonds,
namely by less longer couplings. If each bond is replaced with these diamonds one
more time, then a more expanded scheme of the initial bond is obtained (lattice
on the right side of Figure (1.5)). If this embedding process is repeated infinitely,
consequently, an infinite lattice corresponding to a two-dimensional Ising lattice can
be obtained. The essential point is that this infinite lattice is exactly soluble.

When a hierarchical lattice is introduced, the value which determines number of
iterated bonds is the volume rescaling factor b%. Here, b is the length rescaling factor,
namely the shortest distance between two spins on the edges of the unit structure
in terms of number of bonds, and d is dimension (b also indicates the number of
decimated bonds at each RG step). For our example, b is 2, and the total number
of bonds in the unit structure is 4. Therefore, automatically d = 2. Of course, for
different lattices representing different models, these values change according to the

structure of the lattice.
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Figure 1.6: An example to the anisotropic hierarchical lattices. K, and K, are inter-
actions along x and y directions respectively. The hierarchical lattice is constituted
by parallel and mutual embeddings of these graphs repeatedly.

1.3.1 Anisotropic Hierarchical Lattices

All bonds composing the hierarchical lattices are connected to each other due to
their iterative natures. This feature gives them a powerful ability to define even
more complicated systems in which anisotropy is established along different directions.
To construct anisotropic hierarchical lattices, different types of unit lattices must
be developed and embedded mutually in a parallel manner[11]. Thus, one kind of
interaction include another kind of interaction, and they iteratively form an infinite
lattice. When calculating the volume rescaling factor b? of the lattice, the ratio of the
total number of bonds in between two hierarchic steps is taken into account. Note
that, when counting the bonds, non-iterative bonds should not be counted.

There are two important requirements to be followed for the process of constitu-

tion of any anisotropic hierarchical lattice.

1. When all the interactions are equivalent to each other, the hierarchical lattice
should become an isotropic model whose interactions do not depend on the
direction. In Figure (1.6), when K, is equal to K, , the lattice turns into a

2-dimensional diamond lattice represented in Figure (1.5).
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2. When one or more interactions are set to zero, the hierarchical lattice should
obey the proper reductions to the lower dimensions. As illustrated in Figure
(1.6), when either K, or K, is made zero, the hierarchical lattice reduces to a

one-dimensional model.
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Chapter 2

SPATTALLY ANISOTROPIC D=3 ISING LAYERED
SYSTEMS

Hierarchical lattices which give exact solutions with renormalization-group theory
can be applied to low symmetry problems such as magnets, surface systems, super-
conductivity, networks and the like [12, 13]. In this study, anisotropic hierarchical
lattices which were successfully applied to the anisotropic hierarchical models are
employed to construct finite-thickness surface systems. Anisotropic hierarchical lat-
tices are constructed by the parallel, mutual embedding of each graph like isotropic
hierarchical lattices but interactions along each direction are different in anisotropic
hierarchical lattices. At each step one bond is replaced by b% bonds where b is the
length rescaling factor. The final system obtained from this process corresponds to
an infinite lattice. For our model, anisotropy is introduced among the layers, the
interaction strength on each layer is different but can be related by a parameter or a
function. Hereby, more realistic models in which the anisotropy may depend on the

distance from bulk, the features of the substance on each layer, etc. can be modeled.

2.1 Fully Anisotropic Model and Related Phase Diagrams

In our hierarchical models, each spin interacts with its nearest- neighbor spins on
the same surface and either upper or down, or both surfaces in d = 3 as indicated
in Figure (2.1). Our interaction coefficients for each layer are chosen as Ji, Jo ..
Jn , where n is the number of layers and there is a proper relation between these
interactions. For our model, the number of layers is selected as three and the coupling
are defined as J, = aJ; and J; = o?J; where 0< a< 1. When « is equal to one, it
turns into an isotropic model. The layer-layer interaction between spins was defined

as K (coupling of two spin on neighboring layers). When the number of layers goes
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Figure 2.1: Hierarchical models: (a) upper layer, (c) bottom layer (inverse one is
upper layer), (b) bulk layers. Doubled lines refer to K interactions while thin ones
are J interactions. Solid and dashed lines refer to different layers.

to infinity and all J; and K; coefficients are set equal to each other, the system can
turn into a d = 3 Ising model. If all the K; couplings go to zero, the system behaves
like a sum of many independent two-dimensional systems. Because of the hierarchy,
construction of the models and renormalization rescaling are in the opposite directions
as mentioned above.

Our Hamiltonian for all models is
—BH =) Iy susjes+ Y Kk ) susin1, (2.1)
k () k i

where k index defines the layer number.

The lattices shown in Figure (2.1) retain their form under the renormalization
group transformations. The term s;, defined in Eq. (2.1) is an Ising spin at the site
i of layer k with all possible nearest-neighbor interactions and s;; = +1. The most

general form of the recursion relations used in our calculations is
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Figure 2.2: Phase diagram of 3-layer system in temperature versus layer-layer inter-
action. Jy = aJ; and J;3 = o?J; for @ = 0.25. The numbers indicate how many
of the layers are ordered; 0 and 3 refer to ferromagnetic and paramagnetic phases
respectively.

Ri(+,+)
Ri<+7 _)

where R; functions can be obtained from the renormalization-group transformations

J! = log(

for any combination of two external spins between s; and s3 in Eq. (2.3). (+4) is

defined as spin-up and (—) is defined as spin-down.

Ri(sl, 33) _ eiﬁ/H/(sl’Sg) — Z efﬂH(Sl,SQ,...s-g,)' (23)

83,

Figure (2.2) shows that, for a 3-layered system, above a finite temperature (1/.J. =
1.66) all the layers are disordered. When the temperature is decreased (where K/.J;
is smaller than 0.6) the magnetization of layers begins to alter from zero; firstly, the
top layer then also the center layer and, finally, all of them are in the ordered phase
(the numbers inside the bounded area indicate how many of the layers are ordered).

Critical points for 2"¢ and 3" layers also increase with K up to a finite value of K.
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After this point (K/J; = 0.6), T, remains nearly steady for all layers.

2.1.1 Clalculation of Density with the Recursion-Matriz Method

The recursion matrix, which is constructed by the first derivatives of the interac-
tion coefficients, can link the densities of two successive points along the renormaliza-
tion trajectory on the parameter space. In our recursion space, these matrix elements
remain unchanged when the transformation approaches a fixed point or a sink. The
interaction coefficients also remain unchanged on these specific points. The layer en-
ergy densities can be obtained from the left eigenvector of this recursion matrix with

an eigenvalue equal to the rescaling factor b?.

bIM* = M*T*, (2.4)

where M* is the density vector and T* is our recursion matrix on a fixed point or
on a sink. The recursion matrix on fixed points can be calculated easily because all
the interactions are of their limit values. Left eigenvectors corresponding to the b¢
eigenvalue of the T™ matrix are the densities at the sinks. For instance, one of the
left eigenvectors for our model satisfying Eq. (2.4) is [1,1,..1, 1] which means that all
spins choose up (or down) direction. As mentioned earlier, any point in the parameter
space flows to a fixed point by RG recursion relations. Hereby, if at each following
point on the flow, recursion matrices are calculated, then after sufficient RG steps,
say n, the final matrix 7 reaches T* as represented in Eq. (2.5). The only unknown
of this equation, the density vector (Mj) at any temperature, can be calculated by

simple linear algebra.

BNy = MOOTO T PO (2.5)

As shown in Figure (2.3), the energy density value of the system goes to its saturation
value, 1, and all spins in the system are completely aligned at T' = 0. How quick all the

spins on the each layer join the ordered phase is determined by the o parameter, which
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Figure 2.3: Calculated densities (<s;s;>) for different a and K values. As a goes to
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defines the relationship between the coupling strengths of the layers. For example,
when « is equal to 1, all layers saturate at same temperature as expected. As «
decreases, the gap between layer densities gets larger as shown in Figure (2.3).

The general construction of our density vectors for the 3-layer system can be writ-
ten as [1,1,1, < s;8; >1,< 5;8; >2,< 8;5; >3]. These vectors become [1,1,1,1,1,1],
known as the 1 sink where the system is in the FM phase at low temperatures,
or [1,1,1,0,0,0], known as the 0 sink of the PM phase at high temperatures. Be-
low K = 0.6, these vectors become [1,1,1,1,0,0] and [1,1,1,1,1,0] with decreasing
temperature. These sink vectors indicate one-layer and two-layer ordering phases,
respectively. The M in Eq. (2.5) has to be one of these vectors because each flow
definitely is supposed to choose one of the given sinks. The components of 7" matrix

are in the general form of

_ N, 0F,
N OFs

where F,, and Fj are the general representations of the various interactions, K, J and

Twp

(2.6)

the additive constant, G. N, and Ny are the total number of o and 3 type interactions,
and F! = F!(Fy, Fy, F5,G1,G9,G3) in our system. Terms with prime refer to the
renormalized interactions. In addition, N, and Ng are calculated numerically by

considering that the system is an infinite lattice.

2.2 Bulk Anisotropic Model

By setting different anisotropy parameters, «, phase diagrams can be obtained
in J space. For instance, a combination like J; = J3 and J; =aJ; can be used
to observe the phases in 2-dimensional J space. Figure (2.4) shows how our phase
diagrams evolve with change in K: when K is equal to zero, we have three independent
systems with d = 2. As represented in Figure (2.4), the four different regions indicate
(I) only the center layer is ordered, (II) all layers are ordered, (/1I) all layers are
disordered, (I'V') the upper and the bottom layers are ordered. With the increase in
K, two fixed points at (Jo — oo, J; = 0) and (Js — oo, J; = 0.6) begin to approach

and then annihilate each other. The same behavior is observed on the J; — oo axis.
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Figure 2.4: Evolution of the phase diagrams with K. I, I1, II] and IV represent
the phases in which only the center layer is ordered, both are ordered, all layers are
disordered, and only the upper and the bottom layers are ordered, respectively. As
K become large, only I] and 111 phases occur in the system as expected
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The reason of the cancelation first occurs at J; is that, the center layer enters into
the ordered phase at a lower temperature compared to the top and the bottom layers.
Also two fixed points at (J; = 0.5,.J; = 35) and (J; = 0,.J, = 0.6) get closer and
cancel each other, too. On the final phase diagram, for finite values of K, there
is only one fixed point left on the critical curve separating the paramagnetic and
ferromagnetic phases. Above a K value, the system is not allowed to undergo phase
transition layer-by-layer anymore. The asymmetry of the fixed point on the curve is
because spins on the center layer have more neighboring spins than those on the top

and the bottom layers.
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Chapter 3

ROUTE OPTIMIZATION FOR MIGROS HOME
DELIVERY SYSTEM

Migros Sanal Market is an internet company which is founded in 1990 to
serve its customers as a cyber supermarket in Turkiye. The working mechanism
of Sanal Market is based on its internet site ”www.kangurum.com.tr” via which
costumers can shop and choose specific delivery times for their orders. Delivery times
are not flexible, costumers have to choose one of 4 time periods within a day. Orders
collected in the main server which is located in headquarter are sent to the nearest
(to costumer) and proper store via internet connection. Lists of received orders for a
specific service time are prepared, by a staff, by collecting items from shelves manually.
Finally, packages are distributed to vehicles to complete the delivery process according
to personal experiences of drivers. The number of the orders per vehicle is determined
by the drivers as well as the delivery sequence of items. These two process, delivery
routes and sharing of items, are the backbone of all the process as they directly effect
the fuel expenses and efficient use of delivery times.

As mentioned above, each vehicle is supposed to deliver a given number of items.
The order of the delivery is drawn by drivers, and they generally follow the nearest
costumer’s address one after another, namely they apply greedy algorithm uncon-
sciously. They always have a tendency to go to the closest costumer, however, there
are cases in which greedy algorithm does not work well. To obtain a more cost-efficient
global path, sometimes a farther costumer should be preferred instead of a closer one.
However, such a path cannot be found by the drivers individually even if they know
all distances between all costumers. Therefore, usage of an optimization process is
necessary and inevitable for a certain success. If the delivery paths can be optimized,

this shortens the total delivery time and total distances driven per vehicle, meaning
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a decrease in costs.

Determining the number of orders per vehicle and their distribution are another
factor which plays an important role in raising the efficiency. In a normal process,
how costumers are separated into groups are determined by drivers. However, even
for a small number of costumers, there are thousands of different configurations of
grouping them. For example, there are 3!2 different ways of dividing 12 costumers
into 3 vehicles, and finding the best grouping among these configurations is another
hard problem to get over. Thus, there is a too low probability that the drivers always
find the most optimized result.

In this thesis study, both route and sharing optimization were introduced by the
simulated annealing process mentioned in C'hapter I. In the beginning, real geo-
graphical distances obtained from G PS(Global Positioning System) maps and direct
mathematical distances between costumer addresses were used for energy functions
needed in the metropolis algorithm, then traffic factors was also added into the energy

functions as an effective parameter.

3.1 Optimization of Delivery Routes of Migros Sanal Market

The simulating annealing algorithm, which is mainly an energy minimization pro-
cess, is introduced to optimize the delivery route of each sanal market vehicle. For
the beginning of this project, one of the sanal market stores and its delivery range
is chosen for a pilot application area in the Asia side of Istanbul. At the service of
this store there are 3 vehicles whose carrying capacities are enough for the maximum
8 costumer packages. For this problem, maximum costumer number for each service
period is taken as 3 X 8 = 24, 3 vehicles multiplied by 8 costumer addresses. The
purpose of this problem is to find the minimum route corresponding to the minimum
energy with an analogy to the simulating annealing process mentioned in previous
chapters. In saying so, vehicles starting from the store stop at each costumer’s house
to deliver packages and then come back to the store by following the shortest path
among the given addresses. That is to say we apply Traveling salesman problem

(TSP) for Migros sanal market vehicles: In TSP problem, a salesman needs to visit
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a number of cities without visiting the same city twice by using the shortest path.
SM algorithm optimizes the route of the salesman by creating new routes and then
checking them according to the Metropolis rules. Finally when the temperature of
the SM algorithm decreases to zero, one of the shortest path is obtained.

In the optimization process, the total distance of journey is taken as the energy
value needed for the SM algorithm. These distances can be obtained in two different

ways:

1. From the distance equation between two points in 2-dimensional space as given
in Eq. (3.1). The sum starts from the 0" element of the coordinate array to
the N + 1°¢ element. Here, the N + 1" stop is equal to the 0" stop because
the driver should complete a circle path starting from the store and finishing
at the store. The coordinates in our problem are latitude and longitude values
of approximately 3000 costumers served from this store which are recorded as
a 2-dimensional data set. Latitudes should be multiplied by 111km. which is
the distance between two adjacent lines parallel to equator to obtain the real
distances, and coefficient of the longitudes is approximately 88km. which is the

distance between two meridians pinching this area of the city.

E= Z \/1112(371‘ — Ti1)® + 88%(yi — yir1). (3.1)

2. From the real walking distances obtained from GPS data which is stored as a
NxN E matrix where N is the number of costumers. Any element E;; of this
matrix is the distance between ith and jth coordinates. Therefore, all diagonal

elements are automatically zero.

To be able to start applying the SM algorithm, new configurations should be
obtained by changing the initial generation. In this problem, for consistency and for
a fair comparison of results, the greedy algorithm (GA) route is considered as the
initial path. Note that for SM, the initial state is not important. New generations

are produced by small changes in the current route such as changing the order of
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Figure 3.1: A randomly chosen fragment in the generation A is reversed to create the
new generation B

two (or more) costumer coordinates. In this thesis, fragments whose lengths are
randomly determined are reversed to obtain new generations as shown in Figure (3.1).
While perturbing the system in this way to create new configurations, there are a
few strategies which can be followed to earn computational time. Suppose that the

number of costumer addresses is NV:

e Always hold ¢« < j where ¢ and j are randomly chosen two indices between 0

and N-1

e If the length of the fragment between i and j is zero, namely ¢ = 7, then increase

j by 1.

e If i =0 and j = N — 1 then decrease j by 1. This hinders a meaningless step to

create a generation.

After creating a new generation (path), this new configuration should be compared
to previous generation to decide whether new one is replaced with the old one or
not. To achieve this, the first thing to do is checking the energy differences as done
in the Metropolis algorithm mentioned in C'hapter 1. If the new energy is smaller
than the old one, accepting the new generation brings the system to a lower energy
namely, a shorter path, and this is exactly what we want. What about if the situation
is opposite of this: the energy of the new configuration generated by small changes

being larger than the old one. Classically, this state is automatically refused, whereas,
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Figure 3.2: Illustration of the Simulating annealing algorithm; a ball being stuck
in a local minimum. To make the ball climb up and reach the global minimum, a
temporary increment of energy should be accepted.

in SM, higher energies still have a chance to be accepted. This difference refers to the
main idea of the Metropolis algorithm and SM. Although, at first glance, acceptance
of high energy seems as a loss, this sacrifice rescues the system from being stuck in
local minima. The probability of the new state to be accepted with respect to the

—AB/kBT where AF is the energy of the new state minus

old state is proportional to e
that of older one. When this finite normalized probability is greater than a specific
normalized number, the new state can take the place of the old state. This action may
get the system out of a local minimum by a jump-up. This move can be depicted as a
ball rolling down on a cliff as represented in Figure (3.2). At that point, one can ask
how the algorithm knows where it should make the height of the jumps smaller. The
answer is hidden under the fact that the SM algorithm presumes that if each minimum
is represented as a crater, global minimum is the largest of them. Therefore, when
the ball falls into the largest crater, it is harder to climb up and escape from this
crater. The magnitude of these jumps gets shorter as the temperature approaches to
its zero value.

Producing new generations and controlling them are repeated "many” times at

each temperature value as the program runs to reach zero temperature. In commonly



Chapter 3: Route Optimization for Migros Home Delivery System 29

7 Vi RREEES rc.rap YavUZIOK m__ = T i N

T Ikilep =

istigal
i == s aken

dpasa. . At M-—.-uﬁvefiaﬁy
Sahrayicedid-
10 Mayis

T , =iy retan YE\I'L.IZ_‘ID[K 1 sl

=

S L e
S pratrk

stiidal =0, A
==t hdeNakent’ RS

Figure 3.3: Optimization of a delivery route starting from a particular store. The
greedy algorithm, in which the nearest points are preferred (upper), is compared to
optimized route (bottom). %17 improvement is obtained with respect to the GA for
a specific group of costumers. Distances are obtained from Eq. (3.1).
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used terminology, "many” is a number times Monte Carlo (MC) steps where each
MC step is the number of costumer addresses N. In our work, MC steps were changed
with respect to temperature to speed up the algorithm. The less the temperature is,
the more the MC steps are, hence at high temperatures the system does not spend
too much time.

The cooling schedule and initial value of temperature are other important concepts
in SM. As we mentioned before, the SM algorithm obeys the rule that all states have a
probability of the Boltzmann factor e £/¥57 At high temperatures, system can accept
almost all configurations. However, the lower the temperature, the less configurations
are accepted and the system needs to stay more at low temperatures to test many
more generations. Therefore, the cooling schedule is chosen in such a way that the
system spends more time at lower temperatures. Figure (3.3) represents the result of
an optimization process for a given number of costumers. In our work, temperature
is decreased by %5 — 10 until the absolute zero. On the other hand, the starting
temperature can be chosen close to the largest energy difference as represented in Eq.

(1.8).

3.2 Optimization of Sharing the Items between the Trucks

As summarized above, generally there are more than one vehicles to deliver all
orders, and there must be a mechanism determining to which vehicles deliver which
addresses. This necessity of planning automatically gives birth to a parameter effect-
ing the optimization which is to divide the costumer addresses between the vehicles
in a cost-efficient way. This is the counterpart of the problem of how m balls can
be put into n different boxes. However, this time there are some limiting conditions
on the number of balls in each box, and as an extra requirement, the balls in each
box must localize in a ”special manner”. In our problem, boxes are vehicles, and the
balls correspond to the costumer coordinates. In our case, ”"special manner” used for
boxes above is nothing but the minimum route for each vehicle. Two optimization
processes are run hierarchically to guarantee both the minimum path and the most ef-

ficient grouping; first most-ideal groups are established, then addresses in each group
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Figure 3.4: To obtain new groups for the process of delivering the costumers be-
tween the vehicles, a randomly-chosen number of costumers is exchanged among two
vehicles. Periodic boundary condition is employed for final vehicle

are route-optimized.

The SM algorithm is employed one more time for this minimization step too.
Same arguments described above for the SM algorithm keep their validity such as an
imaginary temperature, energy, and proper number of MC steps. However this time,
two optimization processes should run together to find the solution. This is to say
that two different temperatures, MC steps, and processes of generating new states
have to be run together in a proper hierarchy. The outer loop is for optimization
of grouping while the inner loop optimizes route for each group separately and in
parallel. If the process is explained explicitly, initially, the total number of addresses is
divided between vehicles equally, then the sum of lengths of their paths are calculated
as the initial energy. Following, new generations need to be created, namely, new
configurations of addresses need to be assigned to each vehicle. Here, the same method
described in Section 3.1 can be used again. This time fragments, whose lengths are
determined by a set of two random indices, are exchanged among the different vehicles
as shown in Figure (3.4). For instance, addresses of the first vehicle between two
indices ¢+ and j are exchanged with addresses of the second vehicle between i and
j, and a fragment between k and [ of the second vehicle performs the same with
the third vehicle and so on. Periodic boundary condition can be introduced for the
last group so that it can interact with the first vehicle. The new groups which are

candidates for the most efficient sharing are sent to the inner loop where the addresses



Chapter 3: Route Optimization for Migros Home Delivery System 32

of each group are arrayed by route optimization process independently in a parallel
manner. This means that for each group, the process defined in Section 3.1 is applied
like an individual optimization process. Finally, the sum of their optimized routes is
compared to initial energy so that if smaller, it is accepted. Otherwise, a check is
made that e 2F/#5T is larger than a probability defined randomly. If the answer is
still negative, then we start from the old generation again until the temperature of
the outer loop is down to zero. We emphasize again that there are two temperatures,
outer and inner, and two MC step loops related to these temperatures. However,
while the inner temperature decreases to zero ”the number of vehicles” times at each
outer MC step, the outer temperature approaches zero only once where the whole
optimization process is completed.

The result of the above process gives one of the most cost-efficient combinations
for vehicle routes which include equal number of costumer addresses as illustrated in
Figure (3.5) for a given set of costumers. However, in real life there is no restriction
that each vehicle should carry an equal number of items. Also, sometimes in given op-
timization results, although two points are too close to each other, they are members
of different groups, namely, carried by different vehicles. So, one can naturally ask
what about adding these two addresses into the same group. This is completely pos-
sible and can increase efficiency. During the process of generating new configurations
among the groups, another way of perturbation is to allow groups to give an address
to the other group but not to take another back instead of the given one. Thus,
costumer addresses assigned to each vehicle do not have to be equal anymore, and
another degree of freedom is introduced to effect optimization positively. Of course,
there need be upper and lower limits for the number of items carried by each vehicle
to consider carriage limits and other capacity problems. In this work, the number of
addresses assigned to each vehicle can deviate £2 with respect to the other vehicles’
load under the condition that the total number of costumers is constant. Note that
this deviation can be controlled by keeping distances driven by each vehicle close to

each other.
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Figure 3.5: Optimization of grouping and delivery routes for 3 vehicles starting from
a particular store. The greedy algorithm in which the nearest points are always
preferred (upper). Optimized route (bottom) gives %40 efficiency compared to greedy
algorithm , and distances are calculated as given in Eq. (3.1).
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3.3 Numerical Details

In this project, the C++ programming language is used for writing the code of
optimization algorithms. The object-oriented features of C++, classes, are employed,
hence we are able to create special variables such as three-column vectors. Explana-
tion of the vector standard template library used in our coding process and the logic

of the algorithm is briefly given below.

3.3.1 Vector Standard Template Library

The costumer data is stored in the one-dimensional but three-column special vec-
tors in which the first column is assigned to latitudes, the second to longitudes and the
last one to the costumer identity numbers. Vectors are preferred instead of ordinary
c++ arrays due to their flexibility and compatible structures with classes.

Vector: C++ vector is a container template packed in the standard template
library (STD) and a kind of sequence container whose elements are ordered by follow-
ing a strict linear sequence. But unlike regular arrays, storage in vectors is handled
automatically. They are also allowed to be expanded and contracted as needed, so
this saves us from defining too large arrays in the memory at the beginning of the
code. A few useful features of vectors are

* Accessing individual elements by their position index.

* Tterating over the elements in any order.

* Add and remove elements from its end.

* They have the ability to be easily resized.

Note that the (vector) header file should be included in all the header files of the
code.

In addition, two-dimensional vectors also can be constructed by embedding one
another, namely they are vector of vector. vectorjint;

vector (int) v(M);

vector (vector (int )) v2(N,v);

Vectors have their own special functions to implement the stored data and these

functions are used in our code rarely to speed up the algorithm. These functions can
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be listed as

The push_ back() function appends value to the end of the vector.

Its syntax: void push_ back( const TYPE & value );

The function resize() changes the size of the vector . If val is specified then
any newly-created elements will be initialized to have a value.

Its syntax: void resize( size_type num, const TYPE & value = TYPE());

The swap_ ranges() function exchanges the elements in the range [startl,end1)
with the range of the same size starting at start2.

Its syntax: iterator swap_ ranges( iterator startl, iterator endl, iterator start2 );

The function begin() returns an iterator to the first element of the vector.

Its syntax: iterator begin();

The size() function returns the number of elements in the current vector.

Its syntax: size_ type size() const;

3.3.2  Illustration of the Algorithm by C++

As we mentioned earlier, optimization process were both used for finding the most
cost-efficient route and the best configuration of costumer-vehicle grouping. Our code
has a capability to find both of the results in the short-time scales by using vector
STD and class features of C++. The code illustration given below explains the algo-

rithm and programming-language syntax step by step

int main()
Number of vehicles and costumers

int as=3, N=24;
Latitudes and longitudes are stored in a 2-dimensional array after multiplying by real
distances

anafij[jJ=pow((pow(111*(citzfi[-citz[j]), 2)+pow(83*(city[i]-city[j]), 2)), 0.5);
Embed the latitudes, longitudes, and costumer identification numbers into a three-
column vector which is created by classes

Vec[i]=vectors(citzfi], city[i],sanalidfi]);
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Coordinate of the store is added to the end of the vector
store=vectors(citz[0], city/0], 0);
Apply GA and assign the vector itself
Vec=greedy(Vec);
24 costumers are divided between 3 vehicles and stored in the new VecAS vectors,
then the store coordinate is added to the end of each group.
VecAS[number of vehicles|[capacity of each vehicle]=Vec[total number/;
VecAS[number of vehicles].push_back(store);
Calculate the lengths of the routes of each vehicle, then sum to obtain total route
and store it in " Total Initial Energy”
Initial Energyfvehicle i/=LENGTH(VecAS[vehicle i]]);
Total Initial Energy+=Initial Energylvehicle if;
Start the outer loop
while(decrease the temperature of the outer loop to zero)
for(Monte Carlo Steps of the outer loop)
Define a set of loops to exchange costumers between vehicles. First and second, second
and third,... last one and first one.
Store the initial configuration of costumers before starting to generate new ones
Storage[vehicles]=VecAS|[vehicles];
There are three ways of creating new configurations.
(I)Replace a randomly chosen fragment from vehicle ¢ with vehicle j by swap
function
swap_ ranges(start of i, end of i, start of j);
(II)Exchange only one costumer between the vehicles
(III) Vehicle ¢ can give one costumer to vehicle j, but cannot take one back
During these process, each costumer group assigned to vehicles needs contain the
coordinate of the store due to the condition that vehicles start from the store and
return to the store again.
Start the inner loop to optimize the route of each vehicle.

while(decrease the temperature of the inner loop to zero)
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for(Monte carlo steps of the inner loop)
for(Number of vehicles)
Store the initial route of each vehicle
Storage Inner[vehicle iJ=VecAS|[vehicle if;
Generate new paths by reversing a randomly chosen fragment of each vehicle,
for(length of fragment)
VecAS[vehicle i][fragment]=Storage Inner[vehicle iJ[fragment];
Calculate the energy and energy difference
energyfvehicle i|=LENGTH(VecAS[vehicle i]);
deltaE[vehicle i|=energy[vehicle iJ-Initial Energy/vehicle i/;
Control the new path according to the Metropolis rules
if(metropolis(deltaE[vehicle i|==TRUE)
Initial Energylvehicle i]=energy/vehicle i;
if(metropolis(deltaE[vehicle i|==FALSE)
VecAS[vehicle i|===Storage Innerfvehicle i/;
end of the inner MC' steps loop
end of the inner temperature loop
There are three optimized independent routes whose sum is equal to total energy
Total Energy+=LENGTH(VecAS|[vehicle i]);
deltaE Total=(Total Energy-Total Initial Energy);
Then Metropolis for the outer loop
if(metropolis(deltaE Total==TRUE)
Total Initial Energy="Total Energy;
if(metropolis(deltaE Tota==FALSE)
VecAS[vehicles]===Storage[vehicles];
end of the outer MC steps loop
end of the outer temperature loop
system(”PAUSE”);

return 0;
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Chapter 4

CONCLUSION

In this study, two subjects of statistical mechanics were worked successfully by
introducing numerical and mathematical approaches. In the first part, hierarchical
lattices were used to implement anisotropic hierarchical lattices corresponding to a
3-dimensional spin-1/2 system of interacting layers. Second part of the thesis includes
a minimization application. The simulated annealing was introduced to optimize the
delivery mechanism of Migros Sanal Market which is a business-to-costumer (B2C)
company. B2C is a way of electronic commerce in which costumers can order prod-
ucts via internet to their homes directly. Optimization was performed on the delivery
system of these orders which can be analyzed under two title, the delivery sequence
of costumer addresses for each vehicle and the determination of which vehicles ac-
complish the orders of which costumers.

In our anisotropic hierarchical lattice, while spins which dwell on the same layers
interact with J; where ¢ is the indices of the layers, the coupling between spins on
different layers is K. An «a parameter is employed to determine the relation among the
couplings of the layers such that J; = o/~1.J; where .J; is the interaction of the upper
surface. Hierarchical lattices are constituted by parallel and mutual embeddings of
unit graphs repeatedly. In our anisotropic model, only J type interactions are allowed
to iterate, and K interaction is kept constant at each step. In construction of these
lattices, two important rules, proper reductions to the lower dimensions when one of
the interactions set to zero, and recovery of isotropy as all coefficients set to zero, are
followed. Our model turns into a group of independent 2-dimensional models if K is
set to zero and becomes an isotropic lattice, where all J; and K couplings are equal,
namely a = 1.

As mentioned earlier, hierarchical lattices exhibit phase transitions, and in our
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case, this situation was exemplified with Figures (2.2) and (2.4). The phase bound-
aries of a 3-layer system in Figure (2.2) were depicted for different K values of which
each corresponds to a different physical model. At high temperatures, all layers are
disordered, hence in paramagnetic phase, as represented by ”Phase 0” in Figure (2.2).
As the temperature decreases to zero, layers begin to get into the ordered (ferromag-
netic) phase one by one. However, these are valid only when inter layer coupling
K/Jy is smaller than 0.6. Above this value, all layers undergo a phase transition at
the same temperature. The results are logical because of the presence of the K inter-
action. When K/.J; is smaller than 0.6, each layer undergoes a phase transition from
PM to FM at its specific temperature, and its spins begin to align in parallel. Spins
on the firstly aligned layer, say the upper layer, try to flip the spins on the bottom
layer with an effect proportional to K. However, for small K values, this effect cannot
induce enough force to achieve this. When the temperature decreases to a sufficient
value, or in renormalization language, coupling of upper layer strengthens enough to
change the orientation of spins on the bottom layer, both the upper and the bottom
surfaces cross to the ordered phase from the disordered phase as represented with
”Phase 2” in Figure (2.2) and so on. On the contrary, when K/.J; is greater than 0.6,
then all the layers act together. The system exhibits a phase transition from ”Phase
0” to "Phase 3” at one particular temperature no matter what the .J; values of the
surfaces are.

Phase diagrams of the 3-layer system in Figure (2.4), which were obtained by
setting interaction of the upper and the bottom layers equal to each other, show
explicitly how the system evolves with different K values. When K is zero, the
system is a bunch of 2-dimensional lattices. If K is altered from 0 slowly, then the
connections between these layers are automatically established, and the system turns
into a 3-dimensional lattice. 4 phase regions were observed for K = 0.1, all layers
are ordered (II), all layers are disordered (III), only surface layers are ordered (IV),
and only the center layer is ordered (I). Increment in K directly effects the number
of phases observed, for instance, phase (IV) and phase (I) are getting shrunk as K
increases. Above the K = 0.5, there are only two phases: Phase (III) in which all spins
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in the system are aligned in the same direction, and Phase (II) in which the system is
in the paramagnetic phase. While K approaches to infinity, layers are getting closer
and closer, and finally the system begins to exhibit the behaviors of a 2-dimensional
system.

Evolution of the fixed points can also be observed from Figure (2.4). As shown
in graphs, while K is small, there are 9 fixed points. However, as K increases, fixed
points on the J; — oo and Jy — oo lines come closer and then cancel each other.
Phase (II) and Phase (IV) merge after the related fixed points disappear. The same
happens for Phase (II) and Phase (I), respectively. As K reaches a relatively higher
value, only one fixed point - the fixed point of isotropy - can survive on the critical
curve. The reason why this fixed point is asymmetric is that the unit graph of center
layer shown in Figure (2.1) includes more bonds than those of the upper and the
bottom layers, so it reaches the fixed point of isotropy faster.

Also for our anisotropic hierarchical lattice, internal energies were calculated for
different isotropy parameters a. When a = 1, the system is fully isotropic. The
saturation value of < s;5; > at T=0 is 1, meaning that all spins in the system align
along the same direction. As indicated in Figure (2.3), above a K value, although
all layers exhibit a phase transition at the same temperature, there is no significant
change in their internal energies.

In future studies, the number of layers will be increased to observe the Roughening
Transition which is the transition of interface under opposing external surface mag-
netic fields. When the magnetic fields with opposite signs are applied to the top and
the bottom layers separately, a finite number of layers at the interface, which are
effected by these two magnetic fields at the same time, exhibit zero magnetization.
However, below the roughening transition T, no paramagnetic layers are observed.
Namely, magnetization of the upper half of the system is 1, while the bottom is —1
as indicated in Figure (4.1).

The other project worked in this thesis study was the optimization of Migros
Sanal Market routes. Both the shortest path for the delivery vehicles and the most

ideal separation of addresses into the vehicles were successfully optimized. Thus,
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Figure 4.1: Illustration of the roughening transition; below the roughening temper-
ature there are layers having zero magnetization at the intersection of two opposite
signed external magnetic fields

each vehicle can complete its travel by visiting all costumers belonging to its group
which is chosen among the many possibilities. The simulated annealing algorithm
was used for both minimization processes, and remarkable results are obtained. To
check and compare our results, real costumer data of a store in Istanbul were used
in collaboration with Migros Sanal Market whose service capacity is 8 costumers
per each of 3 vehicles, 24 in total. The greedy algorithm, which runs by visiting
the nearest neighbors one after another, was taken as the initial path in accordance
with the drivers’ general attitude to draw their own paths. The efficiency obtained
by the SM algorithm ranges between % 10-20 compared to this initial path for any
route completed by single vehicle as shown in (3.3). When the algorithm is used
to distribute the costumer addresses to the vehicles, the total length of the paths
assigned to each vehicle is shorter than those of drivers, and an efficiency between %
20-30 is obtained for various combinations of the problem like the different number
of vehicles, costumers, etc. When dividing the costumer packages into the trucks, the
number of packages per vehicle may be flexible. Vehicles are sometimes allowed to
visit different number of costumers to combine close addresses.

The gain of our algorithm was also directly tested with the original data recorded
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on vehicles of the Migros Store at different periods. Times spent and distances traveled
spent by each vehicle were recorded, and the routes given by SM and drivers’ attitudes
were compared in real time. As a result, efficiencies were found similar to above
results. Note that our algorithm only gives the order of delivery and related groups.
Therefore, how drivers travel between given two addresses completely depends on
themselves.

In this algorithm, routes are coded in a such way that each vehicle starts from the
Migros store and after completing its route comes back to the Migros store. Other
compulsory check points such as petrol stations, bridges, highways can be adapted
into the algorithm. For instance, only after the last service period of day, drivers
are allowed to go to their home by vehicles, so for this time period, final stop can be
drivers’ home, etc. Energy values needed for SM are calculated linearly or obtained by
GPS data. Moreover, some special values can also be added by modifying the energy
function such as amount of packages, emergencies, or traffic jams. In the map shown in
Figure (4.2), a quenched random field on a two-dimensional frame corresponds to the
traffic jam in different neighborhoods of Istanbul. The magnetite of the field increase
with effect of the traffic congestion. For example, while 10-point refers to a heavy-
traffic flows, 3-point is used for empty traffic. To obtain more realistic optimization
results, these random fields are going to be adopted into the energy function. These
traffic factors can vary within a day or according to weather conditions. However,
fields need to remain quenched during the delivery time of one vehicle.

Currently, our algorithm is being encoded by the computer engineers of Migros
to actively use it for delivery system of the sanal market. At the first stage, the aim
of this project is going to be increasing the number of costumers per vehicle from
8 to 9 and total 27 per period. However, in some cases, this procedure may cause
delays on delivery times because some addresses could be hard to reach compared
to the others, and this automatically takes more time than predictions. Therefore,
to avoid such an action, the computers connected to the web server which records
costumer data make the SM run after the total number of costumers exceeds a limit

value. As new costumers get added to the order list, the SM runs and calculates
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Figure 4.2: Quenched random field corresponds to the rate of traffic congestions.
Numbers increase as the traffic flows get slower in that area

the total distances. If the total allowed length of route per vehicle is exceeded, the
system stops taking new costumers even if the upper limit of number of costumers
is not reached yet. The second aim is going to be that after shortening the average
circling times, the number of daily services is going to be 5 instead of 4. In addition,
some technological tools can be easily combined with our software, such as mobil
GPS receivers assembled on vehicles can direct the driver to the costumer addresses
by giving detailed road descriptions according to SM outputs. As a consequence, once
this algorithm is applied, the same algorithm can be used for delivery of items from

main depots to stores by trucks, collecting of items from store shelves, etc.
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APPENDIX

Recursion relations for Jg, face and Jyyi type interactions can be obtained from
RG procedure. As seen in Figure (2.1), while surface interaction diagrams consist
of one side arm and one diamond lattice which is illustrated with Figure (1.5), bulk
graphs have two side arm and one diamond lattice. Explicit form of the recursion
relations corresponding to these graphs are given below. Their proper combinations
shown in Eq. (2.2) can be used to obtain the full recursion relations. For instance,
The recursion relation for the upper layer indicated with J; can be calculated as a

function of J; and Js, here J, is the coupling of the center layer.

R(Sla 35) = eJ{S1S5+G —_ Z Ks1s2+J25233+J23354+K5435+J1sl56+J13655+J135s7+J15781’

52,53,54,56,57 e

R(sy = +1,55 = +1) = e/i7¢ = 84 Ao 4 4et 42726720 4 92K720

672}(74.]172]2 +€2K74J172J2 +672K+4J172J2_|_62K+4J172J2+2672K+2J2_|_262K+2J2_|_

€—2K—4J1+2J2 +€2K—4J1+2J2 _|_e—2K+4J1+2J2 +€2K+4J1+2J2,

R(s; = 41,85 = —1) = e 1tC = SQLK +8e2K 4 8 4 821w,

e2J1+i

Other combinations of R(si, s5)’s are
R(Sl = +1,S5 = —1) = R(Sl = —1,85 = —|—1),

R(s; =+1,s5 =4+1 = R(s; = —1,s5 = —1).
Eliminating the G from above equations, final recursion relation for upper layer is

R(Sl = +17 S5 = +1)
R(s1 =+1,s5

Ji = 0.25In(

I

|
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