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0.1 General Notation and Terminology.

In this section we will present some general notation and terminology.

Numbers and Sets
N = {0,1,2,...} = the set of natural numbers

N* = N\ {0}
Z, = the set of all rational integers
Q = the set of all rational numbers
R = the set of all real numbers
C = the set of all complex numbers
P = partially ordered set
< ordering relation
T" = set of terms in the indeterminates x4, ..., x,
O = order ideal

Orderings

Lex= Lexicographic Ordering

Degl.ex= Degree Lexicographic Ordering
DegRevLex= Degree Reverse Lexicographic Ordering

vi



Rings
Unless otherwise stated R will denote throughout this thesis a commutative ring

with identity element.

(r1,T9,...,x,) = { Z Timi|rl,r2,...,rnER}: the ideal of R

1<i<n
generated by x1,29,...,2, € R
() = Rz = the principal ideal of R
generated by ©x € R
R[xy,...,x,] = the polynomial ring in the indeterminates
x1,...,T, with coefficients from the ring R
1 is the identity element of the ring R
Ir is the identity map from ring R to itself
I I is an ideal of R
M, (R) = the ring of n x n matrices over a ring R
Ker(yp) = the kernel of a morphism ¢

Im(y) = the image of a morphism ¢

vii



Modules

M is a R-module
Hom r(M, N) = the set of R-morphisms from M to N
End r(M) = the ring of R-endomorphisms of M
M & N = direct sum of modules M and N

H M,, = the direct product of an arbitrary family (M, )ae; of modules
ael

@ M, = the direct sum of an arbitrary family (M, )aer of modules
a€el

k is a Field

viil
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Chapter 1

PRELIMINARIES

1.1 Rings

We begin with some definitions
Definition 1.1.1. Let S be a ring. A function
p:R+— S
18 Ting homomorphism provided that for all a,b € R:
pla+b) = p(a) + ¢(b),

p(ab) = p(a)e(b).

The composition of ring homomorphisms is again a ring homomorphism. An
endomorphism of a ring is a homomorphism of the ring into itself. An isomorphism
of rings is a ring homomorphism which is one-to-one and onto. A subset S of a ring R
is called a subring if S is closed under addition and multiplication and contains the
same identity element as R. A subset I of a ring R is called a left ideal(resp. right
ideal) of R if I is a subgroup of the additive group of R and if ri € I (resp. ir € I)

forallr € R,i e 1.

Proposition 1.1.2. Let
LCLC..CI,C..

be a chain of ideals of R. Then

r=Jun

€A
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1s an ideal of R, where A is any index set.

Proof. 1f x € I then I, in the chain such that x € I for some k € A. I} is an ideal
of R so for any r € R, rx € Ij,. Therefore rx € I. If we take m,n € I then 3I;,I;
in the chain such that m € I; and n € I; for some i,j € A. These submodules are
elements of the chain, we can assume I; C I;. Hence m,n € I;. I; is an ideal of R so

m —n € I; and therefore m —n € I and I is an ideal of R.

]

Theorem 1.1.3 (The Fundamental Theorem of Isomorphism For Rings). Let S be
rings with identity. If
p:R— S

is a ring homomorphism then the Ker(y) is a two-sided ideal of R, Im(¢p) is a subring
of R and
R/ Ker(p) = Im(p).

Definition 1.1.4. A non-empty set S is a multiplicative set if
i)Vs1, Sg, S182 € S

ii) 0 is not an element of S.

Example 1.1.5. If R is a commutative ring and P is a prime ideal, then R— P is a
multiplicative set. Assume R — P # (). Let a,b € R — P and ab is not an element of
R —P. Thus ab € P 1.e., either a € P or b € P, that is either a is not in R— P orb
1s not in R — P. That is a contradiction. Therefore if ab e R — P and 0 € P, then 0
s not in R — P.

Proposition 1.1.6. If S is a multiplicative set in R then R/S contains a prime ideal.

Proof. Let
K ={I ideals of R:INS =0}

K is non-empty. {0} € K since {0} NS0 = . If {;}ea is a chain in K then (J;cp 1

is also an ideal of R. Therefore this union is an upper bound. By Zorn’s Lemma K
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has a maximal element say P. Now let a,b € R such that ab € P. If a is not in P then
form P + (a) 2 P. Since P is the maximal element in K, P 4 (a) N S is not empty,
i.e., there exists s; € K such that s; = p; +r1a for some p; € P and r; € R. Similarly
if b is not an element of P then there exists sy € K such that so = py + r9b for some

p2 € P and ro € R. Consider

s152 = (p1+71a)(p2 + 12b)

= pip2 + pireb + paria + abriry

Clearly s1s9 € P but also s1s5 € S ,i.e., PN .S is not empty. But this contradicts
with P € K. Therefore P is a prime ideal such that P € K. O

1.2 Modules

Definition 1.2.1 (Module homomorphism). Let M and N be R modules. A function
p: M+— N
15 a module homomorphism provided that:
e(my +may) = p(my) + @(ms), ¥Ymy,mg € M
o(rm) =rp(m), Ym e M,r € R.

Theorem 1.2.2 (The Fundamental Theorem of Isomorphism For Modules). Let M

and N be R-modules. If a function ¢o:M — N is a module morphism;
M/ Ker(p) = Im(p).

Theorem 1.2.3. Let N be a submodule of M. There is a bijection between the
submodules of M which contain N and the submodules of M/N.

Proposition 1.2.4. Let M be a module and

NoCN, C..CN,, C..
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be a chain of submodules of M. Then
N=JN
ieN

is a submodule of M.

Proof. If x € N then 3N, in the chain such that x € N; for some k € N. N is
a R-module so for any r € R, ro € Ni. Therefore ro € N. If we take m,n € N
then JN;, N; in the chain such that m € N; and n € N; for some 7,j € N. These
submodules are elements of the chain, so without lost of generality we can assume
N; € Nj. Hence m,n € N;. N;is a R-module so m+n € N; and therefore m+n € N
and N is submodule of M.

O

The R-module M is called cyclic if there exists m € M such that M = Rm. The
R-module M is said to be finitely generated if there exists my, ms,...,m, € M such
that M = E?Zl Rm. In this case, we say my, ma, ..., m, is a set of generators for M.
A submodule N C M is called mazimal submodule if N # M and for any submodule
K with N C K C M, either N =K or K = M.

Definition 1.2.5. Let (M;);c; be a collection of R-modules indexed by the set I. The

direct product of the modules (M;);c; is the cartesian product

Ip%—{mMﬁMEM%

el

with componentwise addition and scalar multiplication. Ifz,y € [[,c; Mi, © = (2;)ier
and y = (y;)ier with components x;,y; € M; for all i € I, then x + y is defined to be
the element with

If r € R, then rz is defined to be the element with components

(ra); =rx;, Viel.
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The submodule of [[..; M; consisting of all elements m such that m; = 0 for all but

iel
finitely many components m; is called the external direct sum of the modules (M;);er,

and 1s denoted by

P m.

iel
Definition 1.2.6. If (M;)c; is a family of submodules of a given module, we can
define a new submodule of M, called the sum of the family (M;);c;r of submodules as

follows

ZMZ' = {lem € M;,¥i eI, x; =0 for almost alli € I}.

icl icl
1.3 Determinant Trick

Definition 1.3.1 (Kronecker Delta). For any index set J and ring R with identity
the symbol d;; denotes

OeR if i#]
and

lge R if i1=17.
Theorem 1.3.2. Let M be a finite R-module generated by n elements and
o:M— M

a homomorphism. Suppose that I is an ideal of R such that (M) C IM. Then ¢

satisfies a relation of the form
O+ a4t an_1p+a, =0
where a; € I' fori=1,2,....n.

Proof. Let my,ms,...,m, be a set of generators of M. Since p(m;) € IM we can

write

w(m;) = Z a;;m; where a;; € 1
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i.e p(m;) = apmy + agpmso + ... + azym, where i = 1,...,n. This can also be written as

> (61 — aiz)m;) = 0.

Now write A = (6;;¢0 — a;;)m;, i.e.

Y —an —a12 —Qip
—a21 Y — ax .. —Q2n
A =
—an1 —Ap2 cee @ — Qpn

Also if we do the calculations we will see that
detA = @" + a1 4 . F an_19 + ap.

Let adjA denote the adjoint matrix of A. We also know that

Y—air —aa ... —Qn1
. —a21 Y —azx .. —an2
adjA =
—Q1n —Qon . @ — App

Clearly

A(adjA) = (detA)my, =0, my #0, Vk=1,...

Therefore detA = " + a1 ' + ... + ap_10 + a, =0

1.4 Exact Sequences

Suppose that L, M and N are R-modules, and

L M P N

is a sequence of homomorphisms. It is called exact at M if Ker(3) = Im(«), this

means that the composite foa = 0, and that o maps surjectively to Ker(3). A longer

sequence

o My — My —— M3 +— ...
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is exact if it is exact at each term. An exact sequence of the form
05 L S N2 g

is called short exact sequence where Ker(f) = Im(a) and also Ker(a) = Im(a;) = 0,
i.e. a is a monomorphism and Ker(3;) = Im(3) = 0, i.e. § is an epimorphism. If we
have a direct sum L ¢ N then we can construct a short exact sequence in a natural

way

0 LS L NS N0

here v is the inclusion map «(l) = (I,0) where [ € L and f3 is the projection 5((l,n)) =

n where m € N.



Chapter 2: Noetherian Rings and Noetherian Modules 8

Chapter 2

NOETHERIAN RINGS AND NOETHERIAN MODULES

2.1 Noetherian Rings

Proposition 2.1.1. The followings are equivalent
1)The set of ideals of R has ACC.
2)Any non-empty collection of ideals have mazximal element.

3)Any ideal of R is finitely generated

Proof. (1)=> (2) Let S be a collection of ideals in R. Now assume S # (). Let I; € S,
if I; is maximal with respect to inclusion then I; is a maximal element if not then
dI5 € S such that I; C . Again if I, is maximal then I is a maximal element. If we
proceed as such we will have Iy C I, C .... But R has ACC so this chain stabilizes
after an ideal , say Iy, than this Iy is a maximal element in S.

(2)==(3) Let I be an ideal of R. Consider the set of finitely generated submodules
of I, say S. By our assumption S has a maximal element, say Iy. If there is = € I\,
then Iy + Rx is a larger finitely generated ideal so it is an element of S. Then
Iy C Iy + Rx but I is a maximal element of S. Therefore I = I,. Thus [ is finitely
generated.

(3)==(1) Take an increasing chain of ideals
LChLC..CI,C..

Let

I:UL

ieA
be the union of all ideals in the chain and by Proposition 1.1.2 I is an ideal of R and so

I is finitely generated by our assumption,i.e. I = (x1, 23, ..., z,) forn € Z . And also
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Vi, i =1,...,n there is m; € A such that z; € I,,,(;j. Now let m = max{m,,...,m,},
Iy € I, Vi = 1,...,m 80 1,%9, ..., %, € Ip,. That is I = (21, 22,...,2,) C I, and
therefore this chain terminates.

]

Definition 2.1.2 (Noetherian Ring). If the conditions of Proposition 2.1.1 hold for
a ring R, then R is called Noetherian ring.

A ring R whose ideals satisfy the descending chain condition(DCC), that is any
decreasing chain

LD2LD..DL;D..

of ideals of R eventually stops, is called Artinian Ring. A ring R is called local ring
if and only if R has only one maximal ideal. And also A ring R is called local ring if

and if all units of R form an ideal.

Proposition 2.1.3. If M is a finite R-module and M = IM then there exists an
element x € R such that x =1 mod I and xM =0

Proof. Consider the identity homomorphism
idy - M — M
idy (M) = M = IM then by determinant trick we have
0= (idp)" + ay(idpr)" " + oo 4 ap_1(idpr) + an = idpys + aridyg + .. + ap_1idy + a,.
tdyy is the identity element of the set of endomorphisms of M. So we have
idy(1+an+...+a1) =0 where a; €1

Therefore
r=a,+..+a =1 modI.
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Proposition 2.1.4. If R is a local ring with the mazimal ideal I then every element

of R—1 is a unit.

Proof. Let y € R— I and assume y is not a unit. Clearly (y) is an ideal of R which is
different from R. Therefore I C I+(y) # R. But that contradicts with the maximality
of I. So y is a unit.

O

Lemma 2.1.5 (Nakayama Lemma). Let R be a local ring with the mazimal ideal I

and M be a finite module then M = IM implies M = Q.

Proof. From proposition 2.1.3 there exists an element x € R such that z =1 modl.
Also from Proposition 2.1.4 x is a unit. So there exists y such that zy = 1. From

Proposition 2.1.3 tM = 0. Therefore
M =yxzM = zyM = 0.
O]

Proposition 2.1.6. Let R be an Artinian local ring. The maximal ideal M is nilpo-

tent.

Proof. R is a local ring then it has a unique maximal ideal. Say M. Since R is

Artinian and M is the unique max ideal, the descending chain
MDM?>D>..DMFD ..

will eventually stops,i.e. 3k € ZT such that M* = M**'. Now assume M* # 0
and let x € M — MP* such that (z)M* # 0 where (z) is the ideal generated by z.
We have (x)M* # 0 and M* = M*! so (x)M* = (x)M**!. That means (x)M* =
(r)M*M = (x)MM* and (z) can be considered as a finitely generated R-module
then by Nakayama’s Lemma M* = 0. [
Proposition 2.1.7. Let R be a Noetherian ring. Any surjective ring homomorphism

p:R— R

15 also injective.
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Proof. If a € Ker ¢ then p(a) = 0 and ¢(p(a)) = 0 ,i.e. a € Kerg? Therefore

Ker o C Ker ¢,. As we proceed that way we will have
Ker ¢ C Kelrgp2 C...CKerp"C ...

We know R is Noetherian and elements of this chain are ideals of R, so this ascending
chain of ideals of R must terminate after finitely many steps. Now assume Ker ¢ # 0
and take a € Kery. Since ¢ is onto, we can find b € R such that ¢(b) = a then
©*(b) = p(a) = 0, i.e. b € Kerp? That means we have a strictly ascending chain
Vn e N

Kerp C Kerp? C ... C Keryg" C ...

But this contradicts that R is Noetherian. So a =0, i.e. Ker¢p =0 U

Theorem 2.1.8 (Cohen’s Theorem). If all prime ideals of a ring R are finitely gen-

erated then R is a Noetherian ring.
Proof. Let
S={ICR: ideals which are not finitely generated}
and assume S # (). S is partially ordered by inclusion. Let
L CLL,C..

be an ascending chain in .S and

I=Jun

ieA
where A is any index set. [ is an upper bound for S. By Zorn’s Lemma S has a
maximal element, say J. We claim that J is a prime ideal. To prove this claim, let
ab € J such that a,b are not in J. Then J C J+a and J C J + b. Therefore J + a
and J + b are finitely generated then (J +a)(J +b) = J + ab is finitely generated and
that means (J + ab) = J is finitely generated, that contradicts with our assumption

S+
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2.2 Noetherian Modules

An R module M is Noetherian (resp. Artinian) if the submodules of M have the
ACC(resp. DCC), that is any increasing chain M; C M, C ... C My C ...(resp.
decreasing chain M; D My D ... D My D ...) of submodules eventually stops. Just
as before, it is equivalent to say that any non empty set of submodules of M has a

maximal element, or that every submodule of M is finite.

Let L, M, N be R—modules and

0 L% M N0 (%)
a short exact sequence of R—modules.

Lemma 2.2.1. We use the above notation (x). For submodules My C My C M,
LNM, =LnM, and ﬁ(Ml) = 6(M2> — M; = M.

[2]

Proof. If m € My then 3(m) € B(M;) = B(Ms), so that there is an n € M, such that
B(m) = B(n). Then B(m —n) = 0, so that m —n € M,y N Ker(3). Hence m € M.
[

Proposition 2.2.2. We use the above notation (x). M is Noetherian if and only if
L and N are.[2]

Proof. 1If M is Noetherian then clearly L and N are Noetherian because ascending
chain of submodules in L and N correspond one-to-one to certain ascending chains in
M. Now assume L and N are Noetherian we want to show M is Noetherian. Suppose
M, C My C ... C M} C ... 1is an increasing chain of submodules of M, then identifying

a(L) with L and taking intersection gives a chain

LNM, CLNMyC..CLNM,C ..
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of submodules of L and applying ( gives
BM, C My C ... C B(My) C ...

of submodules of N. Each of these chains eventually stops by the assumption on L
and N. Without loss of generality assume 5(M,) = (M,+1) = ... and LN M, =
LN M,y = .... Therefore by Lemma 2.2.1M,, = M,, .1 = ... i.e., M is Noetherian.

O

Proposition 2.2.3. If Iy, ..., I} are ideals such that R/I; is a Noetherian ring, then
@ R/I; is a Noetherian R-module. Also if NI; = 0 then R is Noetherian.

Proof. As we mentioned in Section Fxact Sequences we can construct an exact se-

quence for n = 2 whereR/I; and R/I, are Noetherian as follows,

From the Proposition 2.2.2 R/I; & R/I; is Noetherian. By the same way we can

construct

And as the previous step R/} & R/I> @ R/I3 is Noetherian. As we proceed that way

for k steps where k € Z* we will end up with an exact sequence
00— R/LH®..®R/I; 1 — R/L®..® R/, 1®R/I, — R/I;, — 0.

Then clearly
k
=y
i=1

is Noetherian. Now to prove the next part of the proposition let us define the map ¢

such that .
0:R— @ R/I;
i=1
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for any a € R, ¢(a) = (I + a, Iy + a, ..., I + a). Clearly this is a well-defined module

homomorphism. Now consider
Ker(p)={a:pla)=(I1,....Ix)} ={a:ac [HNLN..NI}=0.

That shows our map ¢ is a one-to-one map. Then there is a one-to-one correspondence
with the ideals of R and ideals of @} | R/I;, since @}, R/I; is Noetherian, R is
Noetherian.

]

Proposition 2.2.4. Let R be a Noetherian ring and M be a finite R-module. 3 an

exact sequence

R re 2o —0

Proof. M is a finite module. Let the generator set Gy = {my, ..., m,} have p many

elements where p € Z . Let us define
6:RPF— M

where 3((ay, ..., ap,)) = miay+...+mypa,. Obviously this is a well-defined onto module

morphism. Let
K = Kerﬁ = {(al, ...,ap) tmyay + ..o+ mpQy = O}

This is a submodule of RP and so it is a finite module. Assume the generator set G

of K has ¢ many elements where ¢ € Z ", i.e. Gg = {k, ..., k;}. Define ¢ such that
f:RT— K

such that 8((ay,...,a,)) = kiays + ... + kya,. Clearly this is a well-defined and onto

module homomorphism. So we have

AN LNy - RIS}
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i is embedding so it is an injection, since K is the kernel of 5. Now let a =i o f,then

by construction we can say Im o = Ker § and therefore
R R 2 — 0

is an exact sequence.

2.3 Hilbert Basis Theorem
Theorem 2.3.1 (Hilbert Basis Theorem). If R is a Noetherian ring then so is the
polynomial ring R[z]
Proof. Let I be a non-zero ideal in R[X] and for every positive integer d
Ay ={aq : agz® + lower degree terms € I}

If for any ag,bq € Aq then f(x) = aqx® + ..., g(x) = bgz? + ... € I and since I is an
ideal of R[X] we have f(x)—g(z) € [ and Vr € R, rf(x) € I. Therefore ag— by € Ag
and Vr € R ray € Ay. Clearly Ay is an ideal of R and

AgC A CAC ...

is chain of ideals in R. Let
A= U .
i=0

A is an ideal of R and A is finitely generated as in proposition 2.1.1 because R is
Noetherian. Assume A =< ag, a1, ..., > where o; € R. Also we know there is
m €,7Z7" such that ag, ay,...,a, € A,,. Now let b;1, b0, ..., b;, be the generators of
A; for all ¢ = 1,...,m and f;; be the polynomial of I with leading coefficient b;; and
degree i. We claim that

I'=(fj:i=0,...,m and j=0,..,m).

To prove our claim, let g(z) # 0 € I, we will do induction on degree of g(x). If

deg(g(z)) = 0 then g(z) is constant and so it is an element of Ay, therefore g(x) € R.
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By induction hypothesis assume the result holds for polynomials in I with degree less

than degree of g(z). Now let deg(g(x)) =t where t > 1,

Case(1): t <m
Let
g(z) =cx'+ .., ¢ €Ay so ¢ = PBibya + ... + Bu,bin,

where by; generators of A; and 3; € R. Then form

h(x) = Brfu + Bafia + .. + B, fin,

h(z) and g(x) have the same leading coefficients so

g(x) = (Bifu + Bafio + oo + B, fine)

has degree less than deg(g((z)). So by induction it belongs to the ideal generated by
Jij-

Case(2): t>m, t—m >0
Let g(z) = ¢’ + ...; ¢ € Ay = A, since t > m and R is Noetherian,i.e

Al CA CA3C .. CA=A1=..=A,=..80Ti=1,.. n, such that

Cy = ﬁlbml + + /8n7nbmn'm'

Then form
W) = (Brfmi + Bafmz + -+ Bry frn )2

The leading coefficient of h and g are the same so deg(g — h) < deg(g). So it can be
written as a linear combination of f;;.

]

The trivial examples for Noetherian Rings are ,Z and fields. As an example for
rings which are not Noetherian, we can consider the ring R of polynomials in x,y
such that

R = Flx,zy, vy*, ..]
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where F' is a field. Clearly I = (z,zy,zy?, ...) is an ideal of R which is not finitely
generated. To prove this claim assume [ is finitely generated. Let G = {aq, as, ..., a,}
where n € Z T be the finite generator set of R. Va; € G a; = xy® for some «i € Z+
and also Va € R, a = xy™ for some m € Z+ and 2y™ = razy® +roxy*? +rszy™ 4+ ...+

Ty Vr; € Fla, zy, 292, ...]. So r}s are of the form zy*" ki € Z*. Then Vm € Z*
rlxyo‘1+r2xya2+r3$ya3+...—l—rn:cyo‘" — x2ya1+k1+x2ya2+k2+$2ya3+k3+.”_i_xnyan#kn 7& xym.

That means G is not finite.
A subring of a Noetherian ring does not have to be Noetherian. As an example
consider

Cla,zy, zy®, xy®, ...] C Clz,yl.

Clz,y] is Noetherian by Hilbert Basis Theorem since C' is Noetherian so by Hilbert
Basis Theorem Clz] is Noetherian and again by Hilbert Basis Theorem Clz,y| is
Noetherian. But C|z, zy, zy?, xy?, ...] is not a Noetherian ring because (z, xy, ry?, y?, ...)

is an ideal of C[x, zy, zy?, x>, ...] which is not finitely generated.
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Chapter 3

INTEGRAL EXTENSIONS AND HILBERT’S
NULLSTELLENSATZ

3.1 Finite and Integral R-algebra
An R- algebra A is by definition a ring A with a given ring homomorphism
p:R— A
The point is that A is then a R-module, with the multiplication defined by
w(a).b

where a € R, b € A. An important case of this is when R C A, A is also called an

extension ring of R, we can usually reduce to this case by writing
o(R) =R C A.

A is a finite R-algebra(or finite over R) if it is finite as a R-module. An element a € A
is integral over R if there exists a monic polynomial f(z) = 2™ +r, 2" ' +...+ 19 €
R'[z] such that

(1) fla)=a"+rp1a" '+ ... +1ro=0.

The algebra A is integral over R if every a € A is integral. In terms of A viewed as a

R-module, the integral dependence relation (1) is a linear relation
a4+ r, a4 =0

between the powers of a, with coefficients in R, and such that the highest power a”

has coefficient 1. [2]
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Proposition 3.1.1. If p : R — A and A is an R-algebra, and a € A, then there
are three equivalent conditions:

(i) a is integral over R.

(11) The subring R'[a] C A generated by R’ = ¢(R) and a is finite over A.

(111) There exists an R-subalgebra C' C A such that R'[a] C C and C is finite over
R.[2]

Proof. (i) = (ii) If a is integral over R then there is a polynomial f(z) = 2™ +
Tno12" '+ ...+ 1o in R[z] such that
fla)=a"+r, 1a" '+ ... +7ro=0.

Now by induction assume proposition holds for polynomial with degree smaller than
n. It can be written as a linear combination of a* where ¢ = 1, ..., n. Take a polynomial
g € R'[x] with degree m. If m < n by induction hypothesis this polynomial can be
generated by 1,a, ...,a". Now assume m > n, g(x) = b, ™ + by 2™ 1+ ...+ bo. f(z)
is a monic polynomial multiply f(z) by b,,z™™ then we get
h(z) = g(x) = bpa™ " f ().
The degree of h(x) is smaller than n. So h(x) can be written as a linear combination
a’, where i = 1,...,n, and also
g9(a) = ba™ ™" f(a) = h(a)
i.e g(a) = h(a) so g(x) can be written as a linear combination of a’, where i = 1, ..., n.
(17) = (dit) is clear.
(17i) = (i) Consider the R-module homomorphism

f=pe: C—C

defined by multiplication by a. Then C' is a finite R-module. We can apply the

Determinant Trick to f. This gives a relation
[P 4 e = 0.

Also fi(1) = a.a...a.1(i times) = a', which is what we wanted. O
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3.2 Radicals and Affine Algebraic Sets
Definition 3.2.1. For a positive integer n we define the affine n-space
A" = {(ay,a9,...,a,) 1 a; € k,i=1,....,n}.

[4]

A polynomial f € k[zy,...,z,]| determines a function f,
f A" —k

(a1,...,a,) — f(aq,...,an)

where (ay, ..., a,) € A™. This function is called evaluation. There are two ways, f can
be viewed as a polynomial and also a k-valued function on A". f € klzy,...,x,] we

define V(f) to be the set of solutions of the equation f =0, i.e.,
V(f)={(a1,....,a,) € A" : f(as,...,a,) =0} T A",

V(f) is called the variety defined by f. This evaluation function gives a ring of k-
valued functions on A™ denoted by k[A"] and called the coordinate ring of A™. Also
for any set S C k[A"],

V(S)={(ay,...,a,) € A" : f(ay,...,a,) = O0forallf € S}.
Obviously V(0) = A™.

Definition 3.2.2. A subset V' of A™ is called an affine algebraic set, if V' is the set of
common zeros of some set S of polynomials, i.e., if V.= V(S) for some S C k[A"™].
V =V/(S) is called the locus of S in A".

The one point subsets of A™ for any n are algebraic since {(ay, ...,a,)} is V(z; —

aip, ..., T, — a,). More generally any finite subset of A" is an affine algebraic set.

Proposition 3.2.3. V(S) = V(I) where I = (S) is the ideal in k[A™] generated by
the subset S.
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Proof. (ay,...,a,) € V(S) if and only if f;(ai,...,a,) = 0 for all f; € S if and only
if g;(ay,...,a,) = 0 where g; = >_ fih; g; € I and h;(# 0) € k[k"] if and only if
(a1, ...,a,) € V(I).

O

Proposition 3.2.3 shows that, every affine algebraic set corresponding to an ideal

of the coordinate ring,
V :{ideals of k[A"|} — {affine algebraic sets in A"}

While the ideal I where V' = V(I) is not unique(for example, in affine 2-space over
R, y-axis is the locus of the ideal (z) of R[z,y] also is the locus of (z?), (z%),...etc.
), there is a unique largest ideal that determines V', given by the set of polynomials

that vanish on V. For any subset S C s"

I(S) ={f € k[z1,....,x,] : f(a1,...,a,) =0 for all(a,...,a,) € A"}

Clearly I(S) is an ideal and is the unique largest ideal of functions that are identically

zero on S. So there is a correspondence
I: {subsets in A"} — {ideals of Kk[A"]}.

Example 3.2.4. Define ¢;

o klxy, ..z, — k

fi(Il, ,an) E— fi(al, ...,CLn)

where (ay, ..., a,) € k™. Clearly ¢ is a well-defined surjective ring homomorphism. By
The Fundamental Theorem For Isomorphism For Rings ¢ (k[z1, ..., z,])/ Ker(y) = k.
Therefore Ker(p) is the mazimal ideal. Clearly

Ker() 2 I((ay,...,a,)) = (1 — a1, ..., Ty — ay).
Now let f € Kerp and if f is not an element of I((ay, ...,ay)) then we can write

f=hi(xy—ay) + ... + hy(zn —an) + q(xq, ..., z)
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where q(z1,...,xn), hi € klxy,...,x,] i = 1,...,n and q is not divisible by (z; — a;)
i =1,...,n. Obviously q(ay, ...,a,) = 0 i.e, ¢ € Ker ¢. Also deg(q) < deg((x;—a;)) = 1.
Hence q € k. Since q € Kerp and g € k ¢ = 0.

Definition 3.2.5. Let I be an ideal in a commutative ring R.

1)The radical of I denoted radl, is the ideal NP, where the intersection is taken
over all prime ideals P which contains 1. If the set of prime ideals containing I is
empty, then radl is defined to be R.

2) The radical of the zero ideal is called the nilradical of R.

3) An ideal is called a radical ideal if I = radl.

Example 3.2.6. In any integral domain the zero ideal is prime, hence rad0 = 0. In

the ring Z, Rad(12) = (2) N (3) and also rad(4) = rad(32) = (2).
Proposition 3.2.7. If [ is an ideal in R, then

radl ={re R:r" €1 for some n >0}

Proof. 1If radl = R then {r € R : ™ € I} C radl. Now assume this is not the case.
If 7 € I and P is any prime ideal containing I, then r™ € P. Since P is a prime
ideal r € P. Therefore {r € R : " € I} C radl. Conversely if t € R and t" is not
an element of [ for all n > 0, then S = {t" +x : € I} is a multiplicative set such
that S NI = (. By Proposition 1.1.6 there is a prime ideal P disjoint from S that
contains I. By construction t is not in P and hence is not an element of radl. Thus

radl C{re R:r" e I}. O

If @ is in the nilradical of R then some power of a is 0, so the nilradical of R is the

set of all nilpotent elements of R.

Proposition 3.2.8. Let [ be an ideal in R. R/I has no nilpotent elements if and only
if I =radl.
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Proof. 1t is clear that I C radl. As we mentioned before nilradical of R is the set of
nilpotent elements. If = is any element from the nilradical of R/I, then x = I +r
where r € R and 2" = I +r" = I for some n > 0, i.e., v € I. Thus r € radl.
Therefore R/I has no nilpotent elements if and only if there exists no r € R — I such

that ™ € I, i.e., there exists no r € radl. Thus I = radl. O

The elements of the ring k[k"|/I(V) give k-valued functions on V' and since k
has no nilpotent elements, powers of non-zero functions are also non-zero functions.
Therefore k[k"]/I(V) has no nilpotent elements and by the Proposition 3.2.8 (V') =
rad(I(V)).

3.3 Noether Normalisation

Definition 3.3.1. Let A be a k-algebra. Elements aq,...,a, € A are algebraically
independent over k if the natural surjection klxy, ..., x,] — klay, ..., ay] is an isomor-
phism, where the left-hand side is the polynomial ring. This just means that there are

no non-zero polynomial relations F(ay, ..., a,) = 0 with coefficients in k.[2]

Theorem 3.3.2. Suppose that A = kry,...,rn] is a finitely generated k—algebra.
Then for some q, 0 < g < m, there are algebraically independent elements yi, ..., y, €

A such that A is integral over k[yi, ..., y,] [4]

Proof. We will do induction on m. If rq, ..., 7, are algebraically independent over k
then take y; = 74, 7 = 1, ..., m. Otherwise, there exists f(x1,...,x,,) € k[x1, ..., kp| such
that f(ry,...,7m) = 0. The polynomial f is a sum of monomials of the form az{*...z¢m,
where the degree of this monomial is e; +...4+e€,, and the degree, d, of f is maximum of
the degrees of its monomials. Renumbering the variables if necessary, we say assume
that f is a nonconstant polynomial in z,, with coefficients in the ring k[xy, ..., Zp_1].
Now we will perform a change of variables that transforms (or normalizes) f into a

monic polynomial in z,, with coefficients from a subring of A which is generated over

k by m — 1 elements, at which point we shall be apply induction.
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Define integers a; = (1 + d)* and new variables X; = x; — 2% for 1 <i < m — 1.

Let

g(Xl, ...,Xm_l,l'm) = f(Xl.%'gnl—F, ---;Xm—l + xﬁlm‘l,xm)

so g € k[ X1, ..., X;m_1, Tp]. Each monomial term of f contributes a single term of the
form a constant times z¢, to g. Also the choice of «; ensures that distinct monomials
in f give different values of e. If NV is the highest power of z,, that occurs, then it
follows that

N-1

g=cx) + Z hi( X1, ., Xppo1)2!

=0

for some non-zero ¢ € k. If now s; = r; — r% then

1 1
- e 9m—1,Tm) = — s oo Tm—1,Tm) = 0,
Cg(sla y Sm—1,T ) Cf(rl Tm-1,T )

which shows that r, is integral over B = k[sy, ..., $;—1]. Each r; for 1 <i <m —1is

integral over B[r,,] since r; is a root of the monic polynomials = — s; — 7%, so A is

m )

integral over Blr,,]. By transitivity of integrality, A is integral over B. Since B is a
k—algebra generated by m — 1 elements, induction completes the proof.

]

Proposition 3.3.3. If R is an integral domain and i,j are relatively prime integers

then, the ideal (x° — 3y’) is a prime ideal.

Proof. Define

¢ : R[z,y] — R[t]
x—t
y —t'

where 7,7 € Z*. Clearly ¢ is a well-defined ring homomorphism and (2% — 37) C

Ker(yp) since 2° — y/ € Ker(yp). Pick g € Ker(p), clearly g € R[x,y] so it can be
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written as
g=flz,y)(@" =)+ hz,y)

where h(z,y) € Rlx,y] and f(z,y) € R[z,y]. h(x,y) is a polynomial of the form
h(z,y) = c1z"y® + ...

where 0 < s < j. Now we want to show h(z,y) = 0. g € Ker(p) so ¢(g) = 0. Clearly
¢(h(x,y)) = 0. That is

o(h(m,y)) = @lerx™ Y™ + com™y™2 + c3x Py 4 .. = et T oIt L =),

Now without loss of generality we may assume(r,, — r,, > 0). Also assume that

the exponents are not distinct,i.e.
T'm] + Smt = TnJ + Snl

where m,n € Z*. Therefore we obtain,

(P —1n) = i(Sn — Sm)/J-

By our assumption we have (i,7) =1, j | (s, — sm) and s, — s, > 0. But we know
that s, — s, < j. That shows our assumption is not correct, i.e. all the exponents
are distinct. Therefore h(z,y) = 0. That is g € (z' — y?) so Ker(p) = (z' — 3?). Now
we want to show that (z° —7) is a prime ideal. By the first isomorphism theorem we

have
Rz, yl/ Ker(p) = o(R[z,y]) C R[t].

By our assumption we know that R is an integral domain so R|[t] is an integral domain
and also ¢(R[z,y]) is a subring of R[t] so it is an integral domain,too. That shows
Ker(p) = (z° — ¢?) is a prime ideal.

O

Example 3.3.4. Consider R = k[z,y]/(y® — 2°), (3,5) = 1 so by Proposition 3.3.3

R is an integral domain.
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Example 3.3.5. Consider R = k[x,y]/(y° —2'), (5,19) = 1 so by Proposition 3.3.3

R is an integral domain.

Proposition 3.3.6. The ring R = k[z,y|/(y*> — x3) is not normal and its field of
fractions, FracR = k(t) where t = y/x.

Proof. (2,3) = 1 so by Proposition 3.3.3 (y* — z®) is a prime ideal so k[z,y]/(y* — x3)

is an integral domain. ¢t = y/x and ¢ is integral over R since

(y/x)* —y =0.

And also for z € R, x = t? so z € k[t]. By the same way y € R, y = t3 and so
y € k[t]. Therefore R C kl[t]. Since t is integral over R, k[t] is integral over R. We
have R C k[t] and clearly Frack[t] = k(t) and so R C k(t). Also y/x =t € FracR
and by definition of FracR, k(t) = FracR. Obviously ¢ € k[t] but ¢ is not in R so R

is not integrally closed.

Proposition 3.3.7. k[x,y]/(y* — 2* — 2®) is an integral domain.

Proof. Let t = y/x. Define

¢ klr,y] — k[l]
r—t?—1
y— t(t* — 1)

Our first aim is the show that Ker(¢) = (y? — 2* — 2®). If we prove that then as
in the Proposition 3.5.3 this will show k[z,y]/(y* — 2% — 2?) is an integral domain.
Clearly (y* — 2% — 23) C Ker(ip). To show (y* — 22 — 23) D Ker(yp), pick g € Ker(y).
Let g = f(z,y)(y* — 2% — 23 + h(x,y) where f, g € k[x,y] where

h(z,y) = 12"y + coxy*? + czax™y*4...
and Vi € N,s; < 2. Obviously ¢(h(z,y)) = 0.

o(h(z,y)) = plax™y™ + 2™y + c3x™y™4...) =0



Chapter 3: Integral FExtensions and Hilbert’s Nullstellensatz 27

gp(h(x’ y)) — Clt381+281’r1 + 62t352+2327'2 + 03t383+2837‘3 + = O

Now assume
3s; + 2s;m; = 3s; + 2s;r; where i #j and i,j € N.

Therefore

si — 8;/(sjrj — siri) = 2/3.

But we know that s; > 250 s;—s; = 0 or s;—s; = 1. Clearly s; —s; # 0 but s;r; —s;r;
is an integer and so s; — s; = 1 # 1. That shows our assumption is not correct. That

means all the exponents are distinct. So h(x,y) =0 and g € (y* — 2* — 2?).

]

Proposition 3.3.8. If R = k[z,y]/(y* — 2* — %), then normalization of R is k(t)

where t =y/x .

Proof. From the Proposition 3.3.7 we know that k[z,y|/(y? — 2% — x3) is an integral
domain. If x € R then z = ¢* — 1 so z € k[t] and by the same way y € R then
y = t(t* — 1) so y € k[t]. Therefore R € k[t]. Also ¢ is integral over R ((y/x)* —
(y/x) —y = 0) which also means k[t] er is integral over R. So as in Proposition 3.5.6
FracR = k(t). O

3.4 Hilbert’s Nullstellensatz

Proposition 3.4.1. Let R be a subring of the integral domain S and S be integral
over R. Then R is a field if and only if S is a field. [4]

Proof. Assume R is a field and let s be a nonzero element of S. The element s is
integral over R, so

"4 ap 18" 4 as+ao=0

for some ay, ..., a,_1 € R. We may assume ag # 0 since S is an integral domain. Then

s(s" M ap_ 18" 4 . ay) = —ag
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and —1/ag € R. Therefore we can find an inverse of s € S, so S is a field. Conversely,
suppose S is a field and 7 is a nonzero element of R. S is integral over R, thusr~! € S
and,

P 4 Gy o  ag =0
for some ag,...,a,—1 € R. Then r ! = a™ '+ .+ ar™ 2 +ayr™ ! € R,so Ris a

field. [l

Proposition 3.4.2 (Lying Over). Let R be a subring of S and S be integral over
R. If P 1s a prime ideal in R then there is a prime ideal @ in S with P = Q N R.

Moreover, P is mazimal if and only if Q is maximal. [1]

Proof. P is a prime ideal so by Example 1.1.5 R — P is a multiplicative subset of R
and hence multiplicative subset of S. 0 is not an element of R — P. By Proposition
1.1.6 there is an ideal ) of S that is maximal in the set of ideals I of S such that
IN(R— P) =0 and that @ is prime in S. Thus Q N (R — P) =0, ie., QN R C P.
If QN R # P, choose u € P such that u is not in @, then the ideal @) 4+ (u) C S and
Q C @+ (u). Since @ is the maximal ideal of S that satisfies @ N (R — P) = () then
dee (Q+ (u)N(R—P)#0, c=q+ suwhere g € Q and s € S. S is integral over
R so da; € R, =1,...,n — 1 such that

S" 4y 18" 4 Fas+ag=0

multiplying by u",
(5u)" 4+ ap_1u(su)" ' + ...+ ayu™ tsu 4 apu™ = 0
su=c—q,
(c—q@)" +apnulc—q)" '+ ...+ au" c—q) +apu" =0

v = ()" + anqu(c)" '+ ...+ au" e+ agu” € Q

Also v € R and hence v € RN C P. But u € P and v € P implies ¢ € P. P

is prime therefore ¢ € P but that is a contradiction so P = @ N R. For the second



Chapter 3: Integral FExtensions and Hilbert’s Nullstellensatz 29

part of the statement, S/@Q is integral extension of R/P. By proposition 3.4.1 S/Q
is a field if and only if R/P is a field, i.e., @ is a maximal ideal if and only if P is a
maximal ideal.

]

Theorem 3.4.3 (Hilbert’s Nullstellensatz-Weak Form). Let k be an algebraically
closed field. Then M is a mazimal ideal in the polynomial ring klxy, ..., z,] if and
only if M = (x1 — aq,...,x, — ay) for some aq,...,a, € k. Equivalently the maps V

and I give bijective correspondence
{points € A"} = {mazimal ideals in k[A"]}.
Moreover, If I is any proper ideal in klxy, ..., x,], then V(I) # 0. [4]

Proof. Clearly (z1 — ay,...,x, — a,) is a maximal ideal in k[zy,...,x,]. (seeEzample
3.2.4) For the converse, for any maximal ideal M in k[z1, ..., z,], let E = k[xq, ..., x,] /M.
Then E is a finitely generated field over k. By Noether Normalization Lemma, E
is integral over a polynomial ring k[z1, ..., zm]. By Proposition 3.4.1 k[z1, ...,z is a
field since E is a field but this can only happen when ¢ = 0. Since E is integral
over k, FE is algebraic over k£ but k algebraically closed. Therefore £ = k. Hence
for i =1,... n there is some a; € k such that z; — a; € M, i.e., the maximal ideal
(x1—a1, ...z, —a,) € M. Thus M = (z1 —aq, ..., x, — a,,). Finally if I is any nonzero
ideal in k[z1, ..., ;] then it is contained in a maximal ideal M = (z1 — aq, ..., T, — a,)

and so (aq, ...,a,) € V(I) O

Theorem 3.4.4 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field.
Then is I(V (1)) = radl for every ideal I in the polynomial ring klz1, ..., x,]. Moreover

the maps V and I give bijective correspondence
{af fine algebraic sets} = {radical ideals}.

Moreover, If I is any proper ideal in k|xy, ..., z,|, then V(I) # 0.[4]
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Proof. Clearly radl CI(V(I))(see Example 3.2.4). For the converse, By Hilbert Basis
Theorem I = (fi,..., fm). Let g € I(V(I)). Introduce a new variable x,, such that
klx1, ..., Zn, Tny1], and consider the ideal I" generated by fi, ..., f, and x,,19 — 1. At
any point of A" where f1, ..., f,, vanish the polynomial g € I(V(I)) also vanishes,
so that z,119 — 1 is non zero. Hence V(I') = @ in A"". By the Weak Form of
the Nullstellensatz I' can not be a proper ideal, i.e., 1 € I’. Therefore, for some

a; € k[xlw'wxnvxn-i-l]
L=a1fi+ ...+ anfm + amy1(Tnp19 — 1).

Let y = 1/2,,, and multiply the equation by y".

yN = lel + ... +cmfm + Cm-i-l(g - y)

for some ¢; € k[z1, ..., z,,y. If we substitute g for y, the polynomial equation will show

that ¢ € I ie., g € radl. Thus radl = I(V(I)). O

if S is an integral extension of R with 1 € R and if I is an ideal of R, then
(radsIS)N R = radgl

where 1.5 is the ideal generated by [ and S and the subscript indicates the ring in
which radicals are computed. To see it, let P; be any ideal that contains / in R. By
proposition 3.4.2 there is a prime ideal that contains 7 in S such that Q; N R = P,.
if we take intersection of all prime ideals in R and S which satisfies ); " R = P,
we will end up with NQ; (R = NP; = radgl. Clearly, I C NQ;, hence I € Q;Vi.
Q; are ideals of S so for any g € S, gI € @, i.e., for every i, IS € ;. Therefore
1S CNQ; =rads(IS)N R =radgl.

Proposition 3.4.5 (Hilbert’s Nullstellensatz For The Varieties). If k is any field
with algebraic closure k and I is the ideal in klxy,...,x,), then L,(Vi(I)) = radl
where Vi(I) is the zero set in k of the polynomials in I and I,( Vi(I)) is the ideal of
polynomials k[xq, ..., x,] vanishing at all points in Vi(I). In particular, I = (1) if and

only if there are no common zeros in k™ of the polynomials in I.
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Proof. Let R = k[xy,...,x,] and S = k[z1, ..., z,,]. Clearly S is an integral extension of
R and I is an ideal of R where 1 € R. So by previous remark we can say radg(/S)NR =
radgrl. Also by Hilbert Nullstellensatz Iz(V3(1S)) = radg(1S). Therefore

I.(Vi(1)) = Li(Vi(IS)) N R =rads(IS) N R = radgl.

For the second part, by Hilbert Nullstellensatz if I = (1) then, Vi(I) = (). Now we
want to show if Vi(I) = 0 then, I = (1). From Hilbert Nullstellensatz if Vi (I) = ()
then, IS = (1). Now assume [ is not a proper ideal of R. I is contained in a prime
ideal i.e., I C P. By Proposition 3.4.2 there exists a proper prime ideal in S such that
IS € Q. But that contradicts with 1 € I.S. Therefore I = (1). O
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Chapter 4

GROBNER BASIS

4.1 Monomials

A non-zero polynomial in x, xs, ..., x,, with coefficients in R is a finite sum of non-zero

monomial terms i.e., a finite sum elements of the form

a1 o
ar]'Ty'...T

(6793
n

a € R and o; non-negative integers. A monic term z{'z5?...2%" is simply the monomial

part of the term. The exponent «; is called the degree in z; of the term and the sum
a = (ag + ... + a,) is called the degree of the term. The ordered n—tuple (as, ..., ay,)

is the multidegree of the term.

4.1.1 Monomial Ordering

”

Definition 4.1.1. A monomial ordering is a well ordering "<” on the set of mono-

mials that satisfies mmy = mmsg whenever my = mso for monomials m, my, ms.[4]

There are infinitely many orderings that are ”admissible” for ”Grobner Bases”
theory. In this section we will give three types of monomial orderings as examples,
lexicographic ordering(Lex), degree lexicographic ordering(Deglex), degree reverse
lexicographic ordering (DegRevLex). And also every monomial ordering is a well
ordering. Actually using Hilbert Basis Theorem one can show any total ordering on
monomials is a well ordering (monomial ordering). Throughout this thesis unless

otherwise is stated, the ordering in use is Lex ordering.
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Definition 4.1.2. Lexicographic ordering(Lex) Let ©1 > xo > ... > x, and
a=(ay,...,a,) B=(0..,0.) € N. We define

the first coordinates «; and [3; in «
To < T <>
and 3 from the left, which are different, satisfy c; < ;.

[3]
Example 4.1.3. If we use Lex order x >y on k[z,y|, then we have,

l<y<y’!<yP<. . <zr<zy<y’zr<..<2’<..

Definition 4.1.4. Degree Lexicographic ordering(DegLex) Let 1 > xo9 > ... >
T, and a = (aq,...,a,) (= (01,...,0n) € N. We define

(

Do < Y B

or

E?:l Qi = Z?:l Bi and x, < xp

| with respect to lex with x1 > x9 > ... > x,.

To < Tg <

[3]

Example 4.1.5. If we use DegLex order x >y on k[x,y], then we have,
l<y<z<yl<azy<az?<y® <y’r<yr? <a®..

Definition 4.1.6. Degree Reverse Lexicographic ordering(DegRevLex) Let
Ty > 29> . >x, and a = (aq,...,a,)  B=(01,...,0n) € N. We define

7

Do <Y B
or

Ty < Tg <= " " .
Yoo =" B and the first coordinates «; and [3;

\ ina and 3 from the right, which are different, satisfy o; > [;.

[3]
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To illustrate the difference between Deglex and DegRevLex, consider a three
variable case. Since the in the two variable case Deglex and DegRevLex are the same.

Following example shows,

.1;%372.1‘3 > :clxg with respect to the Deglex z; > x5 > 3

but

(L’%ngﬂg < xlxg with respect to the DegRevLex 1 > x5 > x3.

Definition 4.1.7. Fix a monomial ordering on the polynomial ring k|, xa, ..., x,],
i) The leading term of a non-zero polynomial f in k[zri,xs,...,x,] denoted LT(f)
is the monomial term of a maximal order in f.

ii) Multi-degree of f is the multi-degree of the leading term of f and is denoted as
a(f).

4.1.2  General Polynomial Division

We will give an ” Algorithm” for general polynomial division. Fix a monomial ordering
on k[z1, ..., z,] and suppose g1, ..., g is the set of non-zero polynomials in k[z1, ..., z,].
Let qi, ..., gm be the set of quotients and r be the remainder(all initially zero). Then

the algorithm is as follows,

e Check if LT'(f) is divisible by LT(g;) in that order gi, ..., gp-

e If LT(f) is divisible by LT(g;), say, LT(f) = a;LT(g;), add a; to the quotient

¢; and replace f by f — a;g; and reiterate the process.

e If LT(f) is not divisible by any of LT(g1), ..., LT (gm), add the leading term of
f to the remainder r and replace f by the dividend f — LT(f) and reiterate the

entire process.

Monomial ordering is a well-ordering on the set of monomials i.e., every non-empty

subset of a monomial has a smallest element. Therefore every descending chain of
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monomials terminates and that also means that the polynomial division process ter-
minates,too. This process terminates when the dividend is 0 and the results is in the

set of quotients ¢y, ..., ¢, and a remainder r with

f=q9+ ...+ gmgm + 1.

Each a;g; has multi-degree less than or equal to multi-degree of f and r has the

property that no non-zero term is divisible by any of LT(g1), ..., LT (gm).

Example 4.1.8. Fir Lex ordering x > y on kl[z,y]. Suppose f = z* + 3z*y* and
g = zy?. The leading term of f, x* ,is not divisible by the leading term of g, so add
xt the remainder v and replace f with f — LT(f) = 32%y* as in the algorithm and
start over. 3x*y* is divisible by LT (g) = xy?, with quotient ¢, = 3zy?*, add 3zy* to
the quotient q and replace 3z*y* by 3x?y* — ¢ LT(g) = 0 which means the process

terminates. The result is
f=a"+32%* = qg +r = (3ay?) (2y?) + 2*.
Definition 4.1.9. For a fized ordering on R = k[z1,...,x,] and ordered set of poly-
nomials G = {g1,...,gm} in R we write;
f=r modG,
where the remainder r is obtained by general polynomial division by g1, ..., gm n that

order i.e.,

f=qag + ...+ @mgm + 1.

[4]

4.1.3  Monomial Ideals

Definition 4.1.10. If I is an ideal in klxy, o, ...,x,|, the ideal of leading terms
denoted LT(I) is the ideal generated by the leading terms of all the elements in the
ideal, 1.e.

LT(I) = (LT(f): f € I).

[4]
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One can easily see that

d(fg) = a(f) +9(g)
LT(fg) = LT(f)+ LT(g).

LT(I) is by definition generated by monomial ideals. Such ideals are called monomial

ideals. Also, if I = (f1,..., fn) then

Next we will show that a polynomial is contained in a monomial ideal if and only

if each of its monomial terms is a multiple of one of the generators for the ideal

Proposition 4.1.11. Suppose I is a monomial ideal generated by monomials my, ..., my.
A polynomial f € k[, ...,x,] is contained in a monomial ideal if and only if each of

its monomial terms is a multiple of one of the ms.

Proof. Let I be a monomial ideal generated by monomials I = (my,...,my) and

f € k[z1, ..., x,]. By General Polynomial Division we can write,

k
=Y aqmi+r
=1

where none of the m; divides r and ¢; € k[z1, ...,z,] If f € I then r = 0. Therefore
f=qmi+ ...+ qmy

where m;’s are monomials and so every monomial term is multiple of at least one
m;. For the converse assume r # 0 and r is not divisible by m/s. Since each of f’s
monomial terms is a multiple of one of the generators for I, » must be divisible one
of the m;’s. That means r = 0 and therefore f € I.

]

Definition 4.1.12. The ideal quotient of two ideals I and J in a ring R is the ideal
(I:J)={reR:rJel}.

[4]
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Proposition 4.1.13. Suppose R is an integral domain f # 0 and I is an ideal in R.
If{g1,..,9m} are generators for the ideal IN(f) then {g1/f,...,gm/ [} are generators
for the ideal quotient .

Proof. 1f g € %(Iﬂ (f)) then gf € I and hence g € (I : (f)).
Conversely is g € I : (f) then gf € J and hence g € IN(f)so g € %(Jﬂ(f) O

Proposition 4.1.14. If I is an ideal in the commutative ring R and fi,..., fm € R
then the ideal quotient (I : (fi, ..., fm)) is the ideal

m

= ().

i=1
Proof. Let J = (fi, ..., fm). We want to show (I : J)="",(I:(fi)={9€R:gJ €
IY.IfgeI:Jthen gJ CIsogf; €l fori=1,.,m. Therefore g € ", (I: (f))-
Conversely if g € (", (I : (f;)) then g(f; CI) fori=1,..,m so gJ C I and therefore
ge (I:J).

[

One can show that the intersection of two monomial ideals is a monomial ideal
by showing that M NN = (e;; : ¢ € Iandj € J) where e;; is the least common
multiple of the generators m; : ¢ € I and n; : j € J for some index sets / and J.
First we will show that lem(f, g) = (f) N (g) for monomials f,g. If [ = lem(f, g) then
[ € (f)N(g) by definition of [. Conversely if h € (f) N (g) then h = af = bg for some
a,b € klzy,...,x,]. Therefore f and g divides h. Thus [ divides h. So by definition of
least common multiple, h € (I). Obviously M NN D {e;; : i € Iandj € J}. We will
try to show the converse by using Proposition 4.1.11. If f € M N N where M and N
are monomial ideals then f € M and f € N. So by Proposition 4.1.11 every monomial
term is a multiple of generators of both M and M and also from the previous result
we can say every monomial term of f is a multiple of least common multiple of the

generators of M and M ie., f € (e;;:1 €1 and j € J). Therefore

MNON= (e :iel and jeJ).
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Let M be a monomial ideal generated by monomials,M = (m; : ¢ € I), one can

show that for any monomial n, the ideal quotient (M : (n)) = (% : i € I) where d;

is the greatest common divisor of m;. We know that for any polynomial f and g we

have

ged(f, g) = lcm{—?g)-

To show our assumption we will use this, for our case, we have

em(m;,n) = ————
" ged(mg, n)

for 7 € I. Therefore
lem(m;,n) = n;m eM

and by definition of quotient ideal %* € (M : (n)) for every i € I. For the converse, if
g € (M : (n)) then g(n) C M that also means gn € M NN. Therefore gn € lem(m;,n)

Le, gne " and g € -

4.2 Grobner Basis

A Grébner basis for an ideal I in the polynomial ring k[x1, xo, ..., z,,] is a finite set of
generators {gi, ga, ..., gm } for I whose leading terms generate the ideal of all leading

terms, i.e.,

LT(1) = (LT(gy), -, LT(g).

In general we will show that the remainder and the quotients are not unique and
depend on the order with an example . Choose Lex ordering x > y on k[x,y|. Let

f=a%>+x—y*+y where gy = vy + 1 and go =  + y. f can be written as
f=Dy+ 1)+ (@ + Dz +y) + (~y° + 1)

= Qg1+ Q92+ 7T

where ¢; = =1, ¢o =2 + 1 and » = —y? + 1. We can also write

f=@-y+D)(r+y)=qn+q@g+r
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where ¢ = x —y+1, ¢ = 0 and r = 0. This shows that f € [ = (x +y,xy + 1) since
r = 0 but previously we found r = —3? + 1 and we can not say f is an element of I.

If we use Grobner Basis for the ideal I then these difficulties do not arise, we obtain
a unique remainder, which in turn can be used to determine whether polynomial f is
an element of the ideal I. And this fact makes the Grobner Bases theory very useful.

Now fix a monomial ordering on R = k[z1, ..., z,] and let I be a non-zero ideal in

R.

Theorem 4.2.1. Suppose {g1,...,gm} is a Grébner Basis for I. Every polynomial

f € R can be written uniquely in the form

f=h+r

where fi € I and no non-zero monomial term of the remainder "r” is divisible by any

of the leading terms LT (g1), ..., LT (gm)-[4]

Proof. Let
f=ag+ ..+ @ngm +7

where g1, ..., g, is a Grobner basis for I and

h=qg+ ...+ qmgm

where fy e I.If f = fi+r = f{ +r thenr —r' = f] — f1 € [ then LT(r —r') €
LT(I)=(LT(g1),-..., LT (gm)). But r,7" can not be a multiple of LT(g1), ..., LT (gm)-
Therefore r — " = 0. O

Theorem 4.2.2. Suppose {g1, ..., gm} is a Gréobner basis for I. Both fi and r can be
computed by general polynomial division by {g1, ..., gm} and are independent of order

in which these polynomials are used in the division.[}]
Proof. r is independent of the order so it is uniquely determined and so is f;. O

Proposition 4.2.3. If gy, ..., g, are any elements of I such that LT(I) = (LT (g1), ..., LT (gm))
then gi, ..., gm s a Grébner Basis.[4]
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Proof. We want to show that I = (g1, g2, ..., gm). Let f € I and

F=> agi+r
=1

where 1 is not divisible by any of the leading terms of {g1,...,gm}. Since f € I,
LT(f) € LT(I) and also LT(r) € LT(I). But that means r is divisible by any of
LT(g;) where i = 1,...,m and m € N which shows r = 0. Therefore f is generated

by {91, -, Gm }- O

Next proposition shows that Grobner Basis exists for every ideal I C k[zq, xa, ..., T,).
Proposition 4.2.4. The ideal I has a Grobner Basis.

Proof. As we showed before LT'(I) is the ideal generated by leading coefficients of all
elements in the ideal I where LT'(I) is a monomial ideal. By Hilbert Basis Theorem

LT(I) is finitely generated i.e.,
LT(I) = (LT(¢q1),..., LT (gn))

where n is an positive integer. Hence by Proposition 4.2.3 {g1,...,gn} is a Grobner
Basis for I.
m

Using the tools we obtain from Grobner Basis Theory, Hilbert Basis Theorem
follows. We will now discuss S-polynomials which take a crucial part in the Grobner
Basis Theory.

If fi, fo are two polynomials in F[z,...,x,] and M is the monic least common
multiple of the monomial terms LT(f;) and LT(f) then we can cancel the leading
terms by taking the difference;

M P M
T(f)""  LT(fs)

Theorem 4.2.5 (Buchberger’s Criterion). Let R = F[xy,...,x,] and fiz a monomial

S(flaf2): L f2~

ordering on R. If I = (g1,...,9m) 1S a non-zero ideal in R then G = {g1,...,gm} is a
Gréobner Basis if and only if S(gi, g;) =0 modG for 1 <i < j < m.[4]
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The termination of the algorithm follows from Hilbert Basis Theorem.

Proposition 4.2.6. Suppose G = {g1, ..., gn} is a generators of the non-zero ideal I. If
S(gi, 9;) is not equivalent to0 mod G then the ideal (LT (g1), ..., LT (g,,), LT (S(gi, g5)))
is strictly larger than the ideal (LT (g1), ..., LT(g,)). Thus Buchberger Algorithm stops

after a finite number of steps.

Proof. Let S(g;, g;) be not equivalent to 0 mod G. Then 3r € I such that no termin r
is divisible by {LT(¢1), ..., LT (g,)} where r is obtained by general polynomial division.
Therefore (LT (1), ..., LT (gn), LT (S(gi, g5))) is larger than (LT (g1), ..., LT(g,)). Then
we can increase G by appending the polynomial g,,11 = r where G’ = {¢1, ..., gn, Gn+1}
is still a generating set for I and begin again. If we go on, we will end up with
{LT(¢q1),..., LT(gn), LT (gns1), .- }. And clearly {LT(g1),..., LT(gn), LT (gn+1),..-} €
LT(I). What we will prove is that there exists N € N such that if ¢ > N then
LT(g;) is divisible by LT'(g;), where j < N. Hilbert Basis Theorem implies that there
are finitely many LT(g;,), ..., LT(g;,) that generates LT(I) i.e., every monomial in
{LT(g1), ..., LT(gn), LT (gn+1), ...} is divisible by LT (g;,), ..., LT(g;,). Choosing N =

max{iy,...,i,} will do the work. O

Example 4.2.7. Suppose I = (g1, ..., gm) is a monomial ideal then by using Buch-
berger’s Criterion to show {g1,...,gm} is a Grébner Basis for I. If f € I then by
proposition 4.1.4 each monomial term of f can be written as a multiple of some g;’s

and that shows S(g;,9;) =0 mod G for i # j.

A Grébner Basis gy, ..., gm for I where each LT(g;) is monic and where LT(g;) is
not divisible by LT(g;) for i # j is called minimal Grébner Basis[4]. Next example
shows minimal Groébner Basis is not unique but the number of elements and their

leading terms are unique.

Example 4.2.8. Choose lexicographic ordering x > y. Let fi = 23y — 2y®> + 1 and
fo = 2%y* — y® — 1. Now check,

S(fi, fo) =x+y=f3 modG
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S(f1, f2) =0 modG
S(fa, f3) =y' —y* =1 modG

fi=vy*—y® =1 Therefore G' = fi, fa, f3, fa is a Grobner Basis. Also
LT(I) = (z%y, 2*y*, 2,y") = (z,y").
So I = (x+y,y*—y>—1) is another Grébner Basis.

Previous example shows that Grobner Basis is not unique.

Definition 4.2.9. A Grobner Basis for I is called reduced Gréobner Basis if
i) each g; has monic leading term i.e., LT(g;) is monic

i) no term in g; is divisible by LT (g;) for i # j.[4]

Note that if {g1,...,gm} is a reduced Grobner basis for I then by definition of

minimal Grobner Basis it is also a minimal Grobner Basis.

Proposition 4.2.10. {g1,...,9m} is a minimal Grébner basis for I if and only if
{LT(g1), -, LT(gm)} is a minimal generating set for LT(I).

Proof. Assume F' = {LT(¢1),..., LT (gm)} is not a minimal generating set for LT'(I).
Let F’ € F be the minimal generating set. Without lost of generality we can assume
F' = F — LT(g;) is the minimal generating set for LT(I). By Proposition 4.2.3
G = {91, .-, 9m} — {g:} for some i < m is Grobner Basis for I. ¢ € G then by
Buchberger’s Criterion 3g;, g; € G where j, k # i such that S(g,g;) = g; but g; is
not in G’ so G’ is not a Grobner Basis.

For the converse if F' = {LT(g1), ..., LT(gx)} is a minimal generating set for LT'(I)
by Proposition 4.2.3 G = {g, ..., gm} is a Grobner Basis for . We want to show that
GG is the minimal Grobner Basis. Since F' is the minimal generating set there is no
subset of F' that generates LT (I), i.e., for any LT(g;) € F, LT(g;) does not divide
LT(g;) for i # j. Therefore G is a minimal Grobner Basis.
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Proposition 4.2.11. Leading terms of the minimal Gréobner Basis for I are uniquely
determined and the number of elements in any two minimal Grobner Bases for I is

the same.

Proof. Let G ={¢1,...,9:} and H = {hy, ..., h;, } where m, n are positive integers. For
hy € I 3LT(g;) such that LT(g;) divides LT (hq). Without lost of generality we may
assume ¢ = 1 hence LT (g;) divides LT (h;). Also g1 € I and since H is a Grobner
Basis for I, LT (h;) such that LT(h;) divides divides LT'(hy) but H is a minimal
Grobner Basis so j = 1. Thus LT (g1) = LT (hy).

By the same way; hy € I where 3LT(g;) such that LT (g;) divides LT (hs). Without
loss of generality we may assume ¢ = 2 i.e., LT (g2) divides LT (hsy). Also go € I where
dLT(h;) such that LT(h;) divides LT (g2). Hence LT (h;) divides LT (hy) but H is a
minimal Grébner Basis so j = 2. Thus LT (g2) = LT (h2).

If we proceed that way till all the gis and f/s are used, then we will clearly see
that t = m and LT (g; = LT (h;)) 1 =1,...,m.

[

Next proposition shows that Reduced Grobner Basis is unique for every ideal

I C k[xy, 29, ..., Tp).
Theorem 4.2.12. There is a unique reduced Grébner Basis for every I.[4]

Proof. By Proposition 4.2.11 two minimal Grobner bases have the same number of
elements and the same leading terms. This also holds for two reduced Grobner Basis.
by definition of reduced Grébner Basis. Let G = {g1,...,9m} and G' = {g},....9,,}
be two reduced bases for I. By possible rearrangement we may assume LT(g;) =
LT (g})=h; for i = 1,...,m. Now for any fixed 7, consider the polynomial f; = g; — ¢..
If f; is nonzero, then since f; € I then it must be divisible by some of the h;. By
definition of a reduced Grébner Basis hj for j # ¢ does not divide any of the terms in
either g; or ¢, hence does not divide LT(f;). But also does not divide LT(f;) since
all the the terms in f; have smaller multi degree. Therefore f; = 0 and ¢g; = ¢, for

every i=1,...,m.
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]

Example 4.2.13. Choose Lex ordering x > y. Let I = (hy, ho, hy) with hy = 2 +
xS + yt, hy = 2y® — 2y® +9° — y? and hy = xy® — xy? € klx,y]. After doing some

calculations, we will end up with
2 +ay’ +ytay® —ay’ + oy =y ey’ — gty -

which is a Grobner Basis for I. Thus LT(I) = (z% xy® xy5,y°). Since y° divides
2y® and xy® we may remove ho and hs from the Grobner Basis and we have G =
{z* + xy® + y*,y° — y*} for I. The second term in the first generator is divisible
by the leading term y° of the second generator, in order to obtain reduced Grébner
Basis apply general polynomial division and replace x* + xy® + y* by its remainder
22 + xy? + y* after division by x® + xvy® + y*. Therefore we are left with the reduced
Grobner Basis {x* + zy* + y*,v° — v*}. [4]

4.3 Elimination

Let {z1,...,x,} and {y1,...,y,} be two set of variables. Assume that monomials in
the x variables and monomials in the y variables are ordered by some monomial
orders <,, <, respectively. We will define a monomial order on the monomials in z, y

variables as follows.

Definition 4.3.1. For XXy monomials in the x variables and Y1,Ys monomaials in

the y variables, we define[3]
Xl <z X2
lel < XQ}/Q < or
X = Xs and Y <y Ys.
This ordering is called an elimination order with the x variables larger than the y

variables.

Elimination order can be seen as a Lex ordering between two different sets of

variables. Also we do not need to consider the order within the two sets.
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Theorem 4.3.2. Let I be a non-zero ideal of k[y1,...,Yn, T1, ..., Tm| and < be an
elimination order with the x variables larger than the y variables. Let G = {g1,..., g}
be a Grébner Basis for this ideal. Then G N klyi, ...,yn] is a Grébner Basis for the
ideal T NV Ely1, ..., ynl.[3]

Proof. Clearly G N kly1,...,yn] C I N Ely1,...,yn]. Conversely, let 0 # f(y1,...,yn) €
INkly,...,yn]. G is a Grobner Basis for I 3i such that LT(g;) divides LT(f;). Since
fi is in y variables LT(g;) is in y variables. And also g; is in y variables because of

the elimination order. Therefore g; € G N klyi, ..., Yn]. O

The ideal I N k[y1, ..., y,] is called the Elimination ideal since the x variables are
eliminated. We will discuss this in the Integer Programming and Polynomial Maps

Sections again.
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Chapter 5

APPLICATIONS OF GROBNER BASIS

5.1 The n-Coloring Problem

Q2 is a finite graph of size N, set of vertices i € {1,...,N} and collection of edges
(i,7) connecting vertex ¢ with vertex j. An n-coloring of €2 is an assignment of one of
n-colors to each vertex in such a way that vertices connected by an edge have distinct
colors. Coloring need not be unique.

Our purpose is to find the coloring of graph €2 by using Grobner Basis. To do
it first we have to represent the rules we are given with polynomials. There are two
ways, in the first way we are going to represent colors as elements from a field and in
the second way we will use root of unities.

Now let [ be any field containing at least n elements and .S be the set of n-colors.
We will assign x; for each vertex ¢ and represent n colors by choosing elements from

F. The n-coloring of €2,
x; — «; for each i=1,....N and o; € F.

Therefore the polynomial that represents our first rule which is coloring each vertex
with a color from our set S is
fl)=]] (- ).
a;eS

This is a polynomial in F'[z] whose degree is n and roots are the elements from S. For
a special case n = p for some prime number p, by Fermat’s little theorem we have
f(x) = 2P — x.

Our second rule is, vertices connected by an edge must have distinct colors. Now

assume x; and x; are two vertices and n = p and they are colored. Therefore f(z;) =
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f(x;) and
Ty —x =1 —

(2 — ;) (2l + 272

T+ ..+ x?il —1)=0.
Let h = (x; — x;) and k = (a7 + 2P %2, + ... + xé?_l — 1). We have three cases;
casel: Let h = 0 and k = 0. That means x; = x; and k becomes k = pz? ' —1 = 0.
Thus pa? “'=1  mod p but this can not happen. Therefore this case wont happen.
case2: h=0and k #0
cased: h #20 and k=0

The other cases show that polynomial k is taking value according to the vertices

being connected or not. Hence we can use k for representing our rule. Let’s call

k= g(z;, x;).

Now we will discuss our second way. First we let & = e € C be n root of
unity. We represent n-colors by 1,&, €2, ..., " the n- distinct n'* root of unity. As
before we let x;,7 = 1..n be variables representing the distinct vertices. Each vertex is

to be assigned one of the n colors. This will be represented as follows, f(z) =2" —1

and for any vertex x;,1 =1,....,n
flz;)) =2 —1=0.

We have a second rule which says vertices which are connected need to have different
color.
To represent it, consider the vertices x; and z;. Since f(z;) = f(x;) we have

T = mgl Therefore

i =

(w; — ) (@} 42l P+ 42 = 0.

Let h = (z; —x;) and k = (2 ' 42} %z; 4+ ...+ 27"). We have three cases as we
did before;
casel: Let h =0 and k = 0. That means x; = r; and k becomes k = nz?"' = 0

but this can not happen. Therefore this case wont happen.

case2: h=0and k # 0
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case3: h # 0 and k = 0 The other cases show that polynomial k is taking value
according to the vertices being connected or not. Hence we can use k for representing
our rule. Let’s call k = g(z;, ;).

As a result the n-coloring of the graph () is equivalent to solving the system of

equations

flz;)) =0 for i=1,..,n
and
g(zi,z;) =0 for all edges (i,j) € Q.

By Proposition 3.4.5 that system of equations has a solution, i.e., the graph () has
n-coloring, unless the Grobner Basis for I which is the ideal in F[z1, ..., zx] generated
by polynomials f(x;) =0 i =1,..N and g(z;,x;) =0 for all edges (i,j) € Q.,
is simply {1}.

Example 5.1.1. Consider the 3-coloring of ) with 8 vertices and edges

(1,3), (1.4).(1,5),(2.4).(2,7),(2.8).(3,6).(5.8).(4,5).(5.6), (6,7),(6.8).(7,8). Now
take F' = F3 = {0, 1,2} and suppose x1 — 0.

fl@)=z(@-1)(z-2)=z@@-1)(z+1)=2" -z € Fs
and
g(zi, ;) = 7+ z;x; + x? —1.
If
I={z,2} —x;;i=2,....8,g(xs,z;); for the edges (i,7) € Q})

_ 3 3 3 3 3 3 3 2 2
= ({z1, 25 — w9, 23 — T3, T4 — T4, TE — X5, XTg — Tg, Ty — Ty, Ty — Tg, T] + T T3 + T3 —

Lzt +xiwg + 25 — 1,23 + myxs + 22 — 1,23 + 2wy + 23 — 1,235 + 2oy + 22 — 1,23 +
2 1 2 2 _ 1 2 2 1 2 2 1 2
Tolg + Ty , T3 + X326 + T , T3 + X3Xg + Iy , Xy + X425 + 5 , X5 + T5X6 +
w2 — 1,22 + zewy + 22 — 1,22 + zews + 22 — 1,22 + z708 + 22 — 1})
One can show the reduced Grobner Basis with respect to the lexicographic monomial

ordering with the help of CoCoA (see appendix B.1) is

2
{1, 29, 03 + T3, 4 + 228, T5 + T, Te, T7 + Ts, Tg + 2}.
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This result means vertex x1,xa,xg are colored by 0. Also
23 +2=0,25 = -2

x§E—2 mod 3= 23=1 mod3 or xg=—-1=2 mod 3

If we assign xg = 1, then
r3=—1=2 mod3 z4,=—-2=1 mod 3

r5s=—1=2 mod3 z;=-1=2 mod 3.

If we assign xg = 2, then
r3=—2=1 mod3 z4y,=—4=-1=2 mod 3

rs=—2=1 mod3 zy=-2=1 mod 3.

Therefore there are two different coloring for the graph Q. If the edge (3,7) is added
that means g(xs3,x7) = a:?, + r3x7 + x% — 1 is added to our basis. Consider the first
coloring of Q. If xg =1, then x3 = 2 and x7 = 2. Hence g(x3,x7) = g(2,2) =11 =2
mod 3 since (2,2) is not a root of g(z;,x;) xs =1 is not a solution. Now lets consider
the second coloring where xg = 2. We found that x3 = 1 and x7; = 1 therefore
g(z3,27) = g(1,1) =2 mod 3. But still (1,1) is not a root of g(x;, x;). Thus Q is not
3-colorable if the edge (3,7) is added. Since the Grébner Basis shows that x3 and x7
must have the same coloring. Adding the edge (3,7) makes V(I) = 0 and G = {1}
Hence by Proposition 3.4.5 graph € in not 3-colorable.

Example 5.1.2. Now take F' = F5 with four colors 1,2,3,4 € Fs, so f(x) =a2* -1
and we may use g(x;, x;) = 3+ rix; +a:ix§ +x§?. One can show that the graph G with
five vertices and nine edges, {(1,3), (1,4),(1,5),(2,3),(2,4),(2,5),(3,4),(3,5),(4,5)}
can be 4-colored. Since by the help of CoCoA (see appendiz B.2) one can show that
the reduced Grébner Basis for the ideal I, which is generated by f(x; : i = 1,...,4)

and g(x;,x;) where (i,7) € €, is

3,.,.2 2 4 2 2 2
{x4+x4x5+x4x5—1, Ts—1, 05+T304+x 5+ X305 +T4X5+25, To+T3+T4+Ts5, T1 +x3+$4+x5}
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Clearly 1 is not in the reduced Gréobner Basis. Thus by Proposition 3.4.5 this graph
is 4-colorable. But it is not 3-colorable because by the help of CoCoA (see appendizx
B.3)the reduced Grébner Basis is G = {1}.

Example 5.1.3. The graph 2 with nine vertices and 22 edges
(1,4),(1,6),(1,7),(1,8),(2,3),(2,4),(2,6),(2,7),(3,5),(3,7), (3,9),
(4,5),(4,6),(4,7),(4,9),(5,6),(5,7),(5,8),(5,9),(6,7),(6,9), (7,8) is four colorable

up to the permutations of colors (see appendix B.4).

The reduced Grobner Basis for the ideal I which is generated by polynomials as in
the previous example, is

{4 + x5 + T6 + X9, T7 — T9, TS + TEW9 + TTZ + T3, T — T5,T9 — T3, T5Tg + T2 —
T5Ty — T3 + TeTo — TglTy, T3 + T3Ty — T5Tg — T2 + T3Tg — TgTy, To + T2Tg + TeTa + Tg —
1,22 + z578 + 2 + T509 + T8T9 + T2} But it is not 3-colorable because by the help of

CoCoA (see appendiz B.5)the reduced Grébner Basis is G = {1}.

5.2 Polynomial Maps

A k—algebra homomorphism is a ring homomorphism

0 klyr, o Ym) k[T, 2]

which is also a k—vector space linear transformation. Such a map is uniquely deter-
mined by
Y LY fia

where f; € k[zy,..xzy]), 1 < i < n. That is, if we let h(y1,...ym) € kY1, ..., Ym], say
h =23, cyi,..yom where ¢, € k, @ = (aq,...,a,,) € N™, and only finitely many

m

¢l s are non-zero, then we have
o(h) =) Cafi o for = h(f1, s fin) € K2y, ).

In this section we are going to determine if any given f; € k[zy,...z,] is in the

Im ¢ or not. In order to do it, first we will use the theory of Elimination to determine
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Ker ¢ or more precisely, a Grobner Basis for Ker . And also Im ¢ more precisely an
algorithm to decide whether a polynomial f is in the image of ¢ and a map like ¢ is

surjective or not. Before we start this process we will prove a very useful lemma.

Lemma 5.2.1. Let aq, ..., a,,b,...,b, be elements of a commutative ring R. Then the

element ajas...a, — biby...b, is in the ideal (a1 — by, ..., a, — by).

Proof. We will use mathematical induction on the index of variables. For n =1 it is
clear. Now let’s assume that the equation holds for n — 1 variables and prove for n

variables. To do it, we will use
a1a9...Qy — blebn = al(ag...an — bgbn) + bz...bn(al — bl)

By induction hypothesis (as...a,, — bs...b,) is in the ideal generated by (as — b, ..., a,, —
b,) and so it is an element of (a; —by, ..., a, —b,) and also a; —by € (a3 —by, ..., a, —by,).
Therefore ajas...a, — biby...b, € (a1 — by, ..., an, — by).

]

Theorem 5.2.2. Set K = (y1 — fi,sYm — fm) € K[Y1, ooy Ym, X1, oo, Tn). Then
Ker(@) =KnN k[yh 7ym]

Proof. 1f g € K N klyi, ..., Ym], then

m

g(yla 7ym> = Z(yl - fz)hl(yb vy Ym, T1, 7$n)

i=1

If we substitute (fi, ..., fn) instead of (y1, ..., ym) we will end up with

©(g) = g(f1,-, fm) = 0.

Hence g € Ker ¢. For the converse, if g € Kerg, g = > coyi"...yem where ¢, € k,
a=(ag,....a,) € N"and ¢(g9) = g(fi1, ..., fm) = 0. Now let

g = g_g(fla“'7.fm)
= an(yfl...y%m— R ey

[0
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By Lemma 5.2.1 g € (1 — f1, s Ym — fm) = K. Therefore g € K N k[y1, ..., Ym).
]

Now recall the section about FElimination and Theorem 4.3.2 about the elimi-
nation ideal. We already have the tools to calculate the Grobner Basis of Ker(yp).
First we will calculate the Grobner Basis for the ideal K = (y1 — fi1, .., Ym — fmn) C
Elyi, ..., Ym, x1, ..., Tn] With respect to the elimination order which the z variables larger
than the y variables then we will find the intersection of this Grobner Basis elements

and k[yi, ..., Ym). The Grébner Basis for the Ker(y) is G N klyi, ..., ym]. K acts as an

elimination ideal as we saw in the Theorem 4.3.2

Theorem 5.2.3. Let K = (y1 — f1,Ym — fm) C kY1, -, Ym, T1, ..., ] and G be
the reduced Grobner Basis for K with respect to the elimination order x wvariables
larger than y wvariables. Then f € klxy,...,z,] is in the image of ¢ if and only if
3h € kly1, ..., Ym] such that f = h mod G. In this case f = p(h) = h(f1, ..., fmn)-

PT‘OOf. Iff € Ing, then Elg S k[yh 7ym] such that f = Qp(g(yl, 7ym) = g(f17 ES) fm)
Clearly f — g € k[y1, .., Ym, 1, ..., 5. Consider,

.f(xla 7:1777,) - g(yla 7ym) = g(fl? 7fn) - g(y17 aym)

= g— 91, Ym)-

By lemma 5.2.1 f(x1,...,2,) — 9(y1, ..., Ym) € K. Since G is the Grobner Basis
for K, f(x1,...,2n) — 9(y1, ..., ym) = 0 mod G and that means f = ¢g mod G. Now
g € k[y1,...,ym], by definition of Grobner Bases and our elimination order, g = h
mod G where h € k[yi, ..., Y| and therefore f = h € k[yy, ..., Y]

Conversely, if f =h mod G where h € k[y;, ..., ym], then f — g € K. Consider,

F(@1 s ) = B o) = S Gi(@1s s T Y1, s o) (3 — )
=1
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where g; € K for i = 1,...,m. Recall that o(h) = h(f1,..., fm). If we substitute
(f1, .y fm instead of (yq, ..., ym) we will end up with,

m

f(@1s s wn) = h(fis s fn) = Zgi(‘xl?w-axnafly"-vfm)(fi_fz'):0
f—eh) =0
fo= o).
Hence f € Im . O

For any given f € k[zy,...,z,], this theorem gives an algorithm to determine

whether f is in the image or not.

e Find the Grobner Basis GG of K with respect to an elimination order
e Do the reduction of f with respect to G.

e f is in the image of ¢ if and only if f = h mod G where h € k[yy, ..., Y]

Also we can can generalize this theorem and determine if ¢ is onto or not. Next

theorem shows that finding some specific polynomials in G is enough to do that.

Theorem 5.2.4. Let K = (y1 — fi,,Ym — fm) C kY1, ooy Ym, X1, .., Tp] and G be
the reduced Grobner Basis for K with respect to the elimination order x wvariables
larger than y variables. ¢ is onto if and only if for each i =1,..,n Jg; € G such that
gi = x; — h; where h; € kly1, ..., Ym].

Proof. Assume ¢ is onto and without loss of generality assume the order is 7 < x5 <
... < Zy. Since ¢ is onto, by previous theorem z; is in the image and 3hy € klyy, ..., Y]
such that ;1 = A mod G. Therefore x; — b} € K. Hence 3¢; € G such that LT(g,)
divides LT (z1 — hy) = z1. By the elimination order the only terms smaller than x;
are in y variables, therefore g = x; — hy for some h € k[y, ..., Y] Similarly,zs is
in the image, by Theorem 5.2.3 3hy € kly1, ..., Ym| such that xo = b}, mod G. Thus
Jgo such that LT(g2) divides LT (xo — hl) = z5. Since the only terms strictly smaller
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then x5 are the y variables and x; and G is the reduced Grobner basis and any term
involving x; could be reduced by ¢ = x1 — hy, we must have go = x5 — hy for some
ha € k[y1, ..., ym]. We can proceed this way until the x; for i = 1,..,m are consumed.
For the converse, assume z; — h; € G where h; € kly, ..., Ym], we have z; —h; = 0

mod G. Therefore x; = h; mod G and by Theorem 5.2.3 x; is in the Im . O
Now we will give an easy example to illustrate the idea, we have been dealing.

Example 5.2.5. Let,

¢ Qu,v,w] — Qlz]

 is a well defined map. In order to determine if this map is onto or not we are
going to calculate the Grébner Basis for the ideal K = (u — 2* — z,v — 23, w — 2°)
with respect to the elimination order (as we discussed that elimination ordering can
be seen as a Lex ordering), x > u > v > w and with the help of CoCoA (see appendiz

B.6) programming. Result is

G ={z—w?+uw —u+w*v’ —w?, —uw + v* + 0*, —uv® + uvw® + w?,

—u?v + v?w + 2vw + w, u® — v* — 30 — 30 — v}

If we check the Grobner Basis we will see that we have x — uv? + uv — u + w?. So

by the Theorem 5.2.4we can say ¢ is onto. Also

r = (p(u® +uv —u+w?)) = (' + 2)2® — (¢ + )2’ + 2t + o — 2

shows that the pre-image of x is uv? + uv — u + w?.
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Now we will extend the above results to quotient rings of polynomial rings. We
will refer this section when we construct a way to determine the solutions of integer

programming problem Case 2(see, next section).

Definition 5.2.6. An k-algebra is called an affine k-algebra if it is isomorphic as a
k-algebra to klzy,...,x,|/1 for some ideal I of k[z1, ..., x,)]

If we consider the mapping ¢

O kY, s Ym] — [z, . 2]
yi — fi

k[f1, ..., fn] is an affine k-algebra, since it is isomorphic to k[y1, ..., Y]/ Ker ¢.
Now, let

© kY, ey Ym] k[, )/
yi — fi+1

where [ is an ideal of k[zy,...,2z,] and f; € k[z1,...,2,]. Clearly this map is well-

defined. Next we will show that Ker o = K N kly1, ..., Ym]-

Theorem 5.2.7. If K = (I,yh1 — fi,,Ym — fm) C EklYy1,..s; Ym, 1, ..., Tn), then
Ker(@) =Kn k[y17 7ym]

Proof. 1f ¢ € K N k[y1, ..., Ym], then

m

Gt = S s = FVR1s o Yo T s ) + (Y1 oy Y 1, s )
=1

where

W(YLy ooy Yy Ty ooy Tpy) = ch(yl, s Yy Ty ooy T ) (T, ooy )
J
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hiyci € klyi, ooy Ym, X1, ..., xy) and d € I. If we substitute (fi,..., fn) instead of

(Y1, ..., Ym) we will end up with

o(g) =g (fi, s fm) + I =w+1=0.

Hence g € Ker ¢. For the converse, if g € Kery, g = > coyi”...y%m where ¢, € k,

m

a=(a1,....,an,) € N™and ¢(g) = g(fi1, ..., fm) = 0. Now let

g = g_g(f1a~-'>.fm)
= an(yfl...y%m— P L)

«

By Lemma 5.2.1 g € (y1 — f1, -y Ym — fm) € K. Therefore g € K N k[y1, ..., Ym)-
]

Theorem 5.2.8. Let K = (I, y1—f1, s Ym—fm) C kY1, -, Ym, T1, -, Tn] and G be the
reduced Grobner Basis for K with respect to the elimination order x variables larger
than y variables. f € kl[xy,...,x,] is in the image of ¢ if and only if Ih € klyy, ..., Ym]
such that f +1=h mod G.

Proof. If f+ 1 € Imp, then 3g € k[y1, ..., Y] such that f+ T = p(g(y1, .-, Ym)) =
91y oy Ym). Clearly f(z1,...,xn) — g(f1, s frn) € kY15 s Ym, 1, ..., 5. Consider,

f(xh 71:”) _g<y17 ;ym) = g(fla ey fm) _g(yla 7ym>+ (f(mh 7‘r'ﬂ) _g(fla 7fm))

By Lemma 5.2.1 f(x1,....,xn) — g(y1, .., Ym) € K. Since G is the Grobner Basis
for K, f(x1,...,2n) — g(y1, .., ¥m) = 0 mod G and that means f = g mod G. Now
g € k[y1,...,ym], by definition of Grobner Bases and our elimination order, g = h
mod G where h € k[yy, ..., ym| and therefore f + 1 =h € k[y1, ..., Ym)-

Conversely, if f =h mod G where h € k[y1, ..., ym], then f —h € K. Consider,

m

f(x17 ""xn)_h(y17 "'7ym) = Zgl('Z‘l) "'7xn’y17 ---7ym)<yz_fz)+w(y1; "'7ym7x17 "”xn>'
i=1
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where

W(YLy ooy Yy Ty ooy Tpy) = ch(yl, s Yy Ty ooy T ) AT, oy )
J
Gi:¢; € kY1, .., Ym, %1, ..., T, and d € I. If we substitute (fi,..., f) instead of
(Y1, v, Ym) we will end up with

f - h(fla m7fm) = f - (p(h(yl, 7ym)) €l
Hence ¢(h) = f + I. O

Theorem 5.2.9. Let K = (I,y1 — f1,-,Ym — fm) C k[Y1, s Ym, 1, oo, Tp) and G
be the reduced Gréobner Basis for K with respect to the elimination order x variables
larger than y variables. ¢ is onto if and only if for each 1 =1,..,n dg; € G such that
gi = x; — h; where h; € kly1, ..., Ym].

Proof. Assume ¢ is onto and without loss of generality assume the order is x1 < x5 <
... < Zy. Since ¢ is onto by Theorem 5.2.8, x1+1 is in the image and 34} € klyy, ..., Ym]
such that ;7 = A mod G. Therefore x; — b} € K. Hence 3¢; € G such that LT(g,)
divides LT (z1 — h}) = z1. By the elimination order the only terms smaller than
are in y variables, therefore g; = x1 — hy for some hy € k[yy, ..., Ym|. Similarly,zo + I is
in the image, by the previous theorem 3h} € k[y1, ..., ym| such that zo = b}, mod G.
Thus dgs such that LT(gs) divides LT (zy — hi) = z5. Since the only terms strictly
smaller then x5 are the y variables and x; and G is the reduced Grobner basis and
any term involving x; could be reduced by g; = 1 — hy, we must have go = x5 — ho
for some hy € klyi, ..., ym]. We can proceed this way until the x; for ¢ = 1,..,m are
consumed. For the converse, assume x; — h; € G where h; € klyi, ..., ym], we have
x; — h; = 0 mod G. Therefore x; = h; mod G and by Theorem 5.2.8 x; is in the

Im .

5.3 Integer Programming

In this section we will use a great deal deal of the theory that is developed at the

previous section. Our main aim is to calculate a solution for the following equation
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system given,
1101 + @1209 + ... + Q1O m = b1

2101 + 92909 + ...+ A2 O m — b2

An101 + G209 + ... + G Om = by,

which minimizes the ”cost function”
m
(01, 0y O) = E cjo;
j=1

where a;;’s and b;’s are integers and (o4, ..., 0,,,) € N™ is the solution of the system.
First we will ignore the ”cost function” when solving this equation system.

We want to convert this problem into a polynomial mapping problem and the
solutions of this polynomial mapping problem into the integer programming problem.
Well, we will discuss this in two cases. In the first case we will restrict ourselves where
all a;;’s and b;’s are positive integers which is an relatively easier case. The second
case is the case where all a;;’s and 0;’s are just integers.

CASE 1:

In this case we will just consider the integer programming problem where all
a;;’s and b;’s are positive integers. First we will introduce a new variable for each
equation, say xq, ..., , and a new variable for each unknown o;, say y1, ..., Y. We will

now represent each equation as follows,

m?i101+ai202+n-+aim0m _ mfz
for i = 1,...,n. Hence the system becomes,
xil110'1+a120'2+---+a1m0'm“'x2n101+an20'2+~~-+anm0m — xlilxl:Ln

And also we can write,

ail a2l an1\0o1 a1m ..a2m Anm \Om __ b1 bn
(Mg xdmt)o (]t ag Tt )T = et

Now is the time to use our new represented variables y;s. (z{"2z%...x%) fori = 1,..m

can be viewed as the image of y; for ¢ = 1,..m under the following map,
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© kY, ey Ym] > klz1, . zp
ail .ail a1

yZ [ — .171 ZE2 ....Tn

Therefore z5'...z% becomes the image of y¢'...y7m under ¢. Hence there exists

a solution (oy,...,0,) € N of this integer programming problem if and only if
b1 bn _

28 abn € Im ¢ and if it is in the image then 2.2 = @(y7*...y%m). By Theorem

5.2.3 2% ab € Im ¢ if and only if 2%'...2% = h mod G where h € k[yi, ..., yn]. But
there are more things that we should prove, since we want h to be a monomial(power
product of y.s). Now recall the construction of the ideal K in the previous section,it
is generated by differences of two monomials(power products). Therefore Buchberger
Algorithm (construction of S-polynomials) forces the Grobner basis G to consist of
differences of two monomials(power products). Since reduction of a power product by
differences of power products gives a power product. xlfla:f’f = h mod G, therefore
h is a power product. Thus we have ” Algorithm” to solve this problem.

1)Calculate the Grobner Basis with respect to the elimination order where x
variables are larger than the y variables, for the ideal K.

2)Look for h where z5'..2%» = h mod G if h is not in k[y, ..., yn] then this
means this problem does not have a solution if h € k[yy,...,ym| and h = y7'...yom,

then (o1, ...,0,) € N™ is a solution of the system.

Let us give an example to show this method.

Example 5.3.1.
30'1 -+ 20'2 -+ O3 = 10

40’1+30’2+0’3:4

Now we are looking for the pre-image of x1°x3 where

¢ Qlyr,y2, 93] — Qlar, z]
Yy a)T
Yo > T
Yz FH—— T1T2
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Clearly K = (yy — zix3,y, — 2123, ys — £122) € Q[a1, 2, Y1, Y2, y3]. The Grobner
Basis for K (see appendiz B.7)is,

G = {ys — 2132, Yo — Toy3, T1Y2 — Y3, Y1 — Y2U3}-

One can see that G does not contain elements like x1 — hy and xo — hy where h; €
Q[y1,y2,ys]. By Theorem 5.2.4 this means ¢ is not an onto map. Clearly this does
not mean x1°x5 is not an element of Im . But in this case x1%x4 = 2%ys mod G and

28y3 is not an element of Qlyi, yo,ys]. Therefore this system does not have a solution.

In the following case we will discuss a general solution method for the integer
programming problem.

CASE 2: In this case we will consider the same problem without any constraints
on a;;’s and b;’s. But that means we have negative exponents on the x variables and
this is the main problem if we want to work with the polynomial ring k[z1, ..., z,].
To deal with this problem, we will first introduce a new variable w where one can
consider w = 1/zy,...,x, and then work in the ring k[z1,...,z,, w|/] where I =
(x1...x,w — 1). We want to convert negative integers to a non-negative ones to work
with the polynomial rings. To do it, first we will choose non-negative integers agj and

aj for each j =1,...,m and ¢ = 1, ...,n such that for each j we have,

(a1j, ..., Gpj) = (a’lj, s a’nj) + aj(—1,...,—1).

So the coset

/ /
ais ) ah al . )
xy x4 T = x Y ayM w4 T

Similarly, use (8 instead of «

b, 8
il T =2 a4 T

Now consider,

e T B G S AV

) ajy _aj ajy oy I
Yi = T Ty Tnm W+
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Therefore mlljll...azg"wﬂj + I becomes the image of y7'...y7™ under p.Hence we can
say there exists a solution (o1, ...,0,,) € N™ of this integer programming problem
if and only if xl{l...xg”wﬁf + 1 € Imy and if it is in the image then Jrlill...a:f:"wﬁj =
oy ..y7m). By Theorem 5.2.8 20 ..arwP +1 € Tm ¢ if and only if 271 ...l w® + T =
h mod G where h € klyi, ..., ym]. As in the previous case there are extra things that
we should prove, since we want h to be a monomial(power product of y.s). Recall
the construction of the ideal K in the Polynomial Mapping section,it is generated by
differences of two monomials(power products). Therefore as in Casel 22'...atw? = h
mod G, h is a power product. Thus the ” Algorithm” solve this integer programming
problem here is similar to the one in casel to,

1)Calculate the Grobner Basis for K with respect to the elimination order where
x variables are larger than the y variables and where K = (I,y; — f; : i =1,..,m).

2)Look for h, where xl{l...a:g"wﬂj + I =h mod G if h is not in k[yy, ..., ym| then
this means this problem does not have a solution if h € klyi, ..., ym] and h = y7*...y7m,
then (o4, ...,0,) € N™ is a solution of the system.

Let us give an example to show this method.

Example 5.3.2.
20’1+0’2—30'3+0'4:4
—30’1 + 20'2 — 20‘3 — 04 = -3

First we will convert the negative exponents of x into a positive ones.
(2,-3,0) = (5,0,1) + 3(—=1,—1,—1), a?x,°+T=aSw+1
(1,2,0) = (1,2,0) + 0(—1,—1,-1), xas+1=mxa5+1
(=3,-2,0) = (0,1,1) + 3(=1,—1,-1), a3z +1=2ow+ I
(1,—1,0) = (2,0,1) + (=1, -1,-1), may' + I =a3w+1

(4,-3,0) = (7,0,1) +3(—1,-1,-1), zjz;* +I=alw+1
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We will look for the pre-image of x{w + I where I = (xyz9w — 1) and the map is,

¢ZQ[y1,y2,y3,y4] — @[$17$2aw]/]
y o 2w+ T

Yo +—— xlxg + 1

I

Y3 Tow + 1

riw + I

I

Ya

Clearly K = (r1m9w—1, y1 — 2w, Yo — 2123, y3—Tow, ya—iw) € Q[x1, T2, W, Y1, Y2, Y3, Ya)-
We used CoCoa to determine the Grobner Basis and also to do the division algo-
rithm in order to find the pre-image of xiw + I (see appendiz B.8). The result was
2lw + I = y2ysy; € Qy1,yo, Y3, ya|. Therefore a solution of this problem is (0,2,1,5).

Now we will go back to the original problem and find a solution that minimizes the

m

"cost function”,c(o1, ..., 0m) = YL, ¢joj. First we will define a term order,

Definition 5.3.3. A monomial order <. on the y variables is said to be compatible

with the cost function ¢ and the map ¢ if

/ /
91

oy ) = eyl -y

and } =y <oyl oy

(01, ey om) = (04, .yol)
Proposition 5.3.4. Let G be a Grobner Basis for K with respect to the elimination
order x and w variables larger than the y variables and order <. on the y variables
compatible with the cost function c and the map ¢. If x?i...x%"wﬂ = y‘fl...yfnm mod G

then (o1, ...,0m) is a solution which minimizes the cost function.

Proof. Let xll’/l...x%”wﬁ = 47 ..yo» mod G and (01, ...,0,) be a solution of the

system. Now assume there is another solution (01, ...,07,) such that > 7", c;o) <

Z;n:l c¢;o;. Since they are both solutions

o Om o b 12
(YTt yor) = (yrtyor) = aptabpw® + 1
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/ /

Yot yom — yfi...y%’”‘ € Keryp C K. Hence y7'..y%" — y;'..ym* = 0 mod G. Since
yityom >, yfi...yfn;" by tour assumption, LT (y{"...y7m™ — yfiyﬁ") =y7'..yom. But

y7'...y2m is reduced with respect to G, and therefore yJ'...y%™ — y{'...ym" can not

reduce to 0 by G.
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Chapter 6

BORDER BASES

In this chapter we will discuss another bases which we can apply to the problems
where Grobner Basis don’t give the kind of results we want or we need a better(faster)
algorithm than Buchberger’s Algorithm. This is described as the theory of border
bases of zero-dimensional polynomial ideals[11]. We will discuss the advantages and
disadvantages of using Grobner Bases or Border Bases on examples at chapter eight.
We will start this chapter by giving the notations and definitions we will use through
the rest of the thesis.

Let k be a field and R = k[z1, ..., z,]). We will denote the set of monoid terms in
R with T™. Also we have T T%... T} = (T")* = T7.

Definition 6.0.5. Let I be an ideal of R if R/I is a finite dimensional vector space

then I is called a zero-dimensional ideal.

Definition 6.0.6. A non-empty set of terms O C T" is called an order ideal if t € O,
then t' € O or every t' dividing t. The border of O is the set of the terms

00 =T.0\O = (z;0U ...Uz,0)\O

and the first border closure of O is 00 = O U 0O. For every k > 1, we inductively
define the (k+1)st border OO = 9(0FO) and the (k+1)st border closure OO =
OFO U *O. We let 0°O = 990 = O. [8§]
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Let us give an example to visualize the idea.

Example 6.0.7. Let O = {1,z,y} C T". Clearly O is a order ideal with border
00 = {z*,y* xy}. In the diagram disks represent the elements of the order ideal and

the circles represent the elements of the border.

>
A

Next proposition shows the properties of the border of an order ideal.

Proposition 6.0.8. Let O be an order ideal.

i)For every k > 1, we have disjoint union 9*O = Ut_0'0. Consequently, we have
a disjoint union T™ = U2 ,0'O.

ii)For every k > 1, we have 9*O = Tp.O\T",.0.

iii) A term t € T™ is divisible by a term in 0O if and only if t € T™\O.

Proof. 1)By definition of border we have

00 =T'OUO =0UIO
020 =90 UTI00 = 00 UTEO = 0O U 9*O = 0 U 0O U §9*O

PO = POUT0 = PO UTIO = PO U PO =0U 0 U0 U PO

OkO = 910 U TIO*10 = 10 U T}O = F*F 1O U IO = 0UIO U P*O U ..U O

Therefore
L k
FO=0U00UPOUPOU..ud0=|]00.
1=0

And clearly T" = U2,0°O.
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ii) From the definition of border basis we know that
IO = 9(0k0) = T}OFO\OFO

and also

10O = 9O U 10O,

As a consequence of these 91O = GFH1O\0*O. We also have OF10 = Ty, O
and 95O = T7. Therefore "0 = Ty, | .O\T;0O.

iii) Let ¢ € T" and ¢t # 0. Assume ¢ is divisible by t” € 0O. That is t” € T"\O. If
t € O, then since O is an order ideal t” € O. But then ¢’ € 90 N O = (). Therefore
t € T"\O. For the converse assume t € T"\O. If t € T"\O = UZ,0'O\O, then
there exists k € N such that ¢t € 9*O\O = TrIO\O. Therefore " € IO such that
t=1t1t". [

The properties of border of the order ideal lead us to measure the ”distance” of a
term from an order ideal. To do this we define indo(t) = min{k > 0 : t € 9kO} for
every term t € T" ,which is unique, and call it the indez of t with respect to O. Given a
non-zero polynomial f = ¢it;+...4+csts € R where ¢y, ..., ¢ € kE\{0} and t4, ..., 5 € T",
we order the terms in the support of f such that indp(t1) = indo(tz) > ... = indo(ts).
Then we call indo(f) = indo(t1) the index of f.[8]

Now we will prove a useful lemma and then we will show the properties of the

index.

Lemma 6.0.9. For any f,g € R we have Supp(f + g) C Supp(f) U Supp(g).

/

Proof. Let f =" cit; and g = Y7, ¢t where ¢}, ¢; € k, n,n' € Nand ¢,¢' € T".

If we take the sum, we will have

f+g:Z(Zci+ Zc;-)t.

teTn a:t;=t j:t]‘:t

Therefore Supp(f + g) C Supp(f) U Supp(g).



Chapter 6: Border Bases 67

Proposition 6.0.10. Let O C T™ be an order ideal.

i) For a term t € T", the number k = indo(t) is the smallest natural number such
that t = t't" witht' € T} and t' € O.

1) Given two terms t,t" € T" we have indp(tt') < deg(t) + indo(t').

t11) For a non-zero polynomials f, g € R such that f+g # 0, we have the inequality
indo(f + g) < max{indo(f),indo(g)}.

i) For a non-zero polynomials f,g € R, we have the inequality

indo(fg) < min{deg(f) +indo(g),deg(g) + indo(f)}

Proof. i)Let k = indo(t). Then

te "0 = 9(5-10)
_ I\ 10
= TrO\OF1O0
=T O\ Ui} §'0.
Therefore there exists ¢ € Ty and t” € O such that ¢t = t't”. Since k is unique it is

the smallest number that satisfy the previous equation.

ii)Let indp(tt") = k. Then
tt' € TRO\O*10 = T}_,00\0*10 = .... = T}9" T O\9*10.

Let deg(t) > m, m € N. Then tt’ € T 0¥ ™O\0* 1O and indp(t') = k—m. Therefore
k =indo(tt') < indo(t') + deg(t).
iii)Let t; € Supp(f) and t, € Supp(g). And recall lemma 6.0.9.

indo(f + g) = max{indo(t) : t € Supp(f +g)}
< {indo(t) - t € Supp(f) U Supp(g)}
< max{indo(tf), indO(tg)}

= maz{indo(f),indo(g)}



Chapter 6: Border Bases 68

iv) Clearly we have Supp(fg) C {tst, : t; € Supp(f),t, € Supp(g)}.

indo(fg) = max{indo(tst,) : tst, € Supp(fg)}
< {indo(tst,) - tr € Supp(f),t, € Supp(g)}
< min{indo(ty) + deg(t,),indo(t,) + deg(ts) }

]

Example 6.0.11. Let O = {1,z,2% y} C T" Clearly O is a order ideal with border
00 = {23, zy,y?, 22y} and 0% = {a*, %%, xy?, 23y, y3}. In the diagram disks repre-
sent the elements of the order ideal and the circles represent the elements of the first

and stars represent the elements of the second border.
Yi

If we consider index as an order, we will have a problem with multiplication. Since

2?2 € O, indp(x*) = 0 and since xy € 00, indp(xy) = 1. We have
indp(2®) < indo(zy).
If we multiply x* and zy with 2%, we will end up with
indo(2°2?) = indo(2*zy) = 2.

That example implies that index is not compatible with multiplication. However it
is not compatible with multiplication, it allows us to measure a distance of term from
the order ideal and also it gives a partial ordering on the set of the terms. Therefore
it allows us to introduce a new algorithm that takes place of the Division Algorithm

which uses term ordering.



Chapter 6: Border Bases 69

6.1 The Border Division Algorithm

Before giving the algorithm we will a give the definition of O—border prebasis which

took an essential part in the Border division algorithm.

Definition 6.1.1. Given an order ideal O C T™ with border 0O = {b1,...,b,}, a set
of polynomials {g1, ..., g,} be an O—border prebasis if the polynomials have the form
gi =b; — > I aiit; where ay; € k for 1 <i< pandt; € O. [8]

Proposition 6.1.2 (The Border Division Algorithm). Let O = {t,...,t,} be an order
ideal, let 00 = {by,...,b,} be its border, and let {g1, ..., g,} be an O—border prebasis.
Given a polynomial f € R, consider the following instructions.

1. Let fi=fo=..=f,=0,c1=...=c,=0and h=f.

2.If h =0 then return (f1, ..., fu, 1, ..., cu) and stop.

3.1f indp(h) = 0 then find ¢y = ... = ¢, € k such that h = a1¢, + ... + a,c, and
return (fi, ..., fv, c1, ..., cu) and stop.

4. If indo(h) > 0 then let h = ajhy + ... + ashs with ay,...,as € k\{0} and
hiy...hs € T™ such that indo(h1) = indo(hy). Determine the smallest label i €
{1,...,v} such that hy factors as hy = t'b; with a term t’ of degree indo(h) — 1.
Subtract ait’'g; from h, add ait’ to f; and continue with step 2.

This algorithm returns a tuple (f1, ..., fu,c1,...,cu) € RV X k* such that

f=hg+ ..+ fogo +ati + ..+ cut,

and deg(f;) < indo(f)—1 for alli € {1,...,v} with f;g; # 0. This representation does
not depend on the choice of the term hy in step D4. [8]

Proof. The instructions can be executed since in step 3 the fact that indp(h) =
0 implies support of h is in O. In step 4 we write h as a linear combination of
terms and at least one of them, say hy, has to have index k = indp(h) > 0. By
Proposition6.0.10a), there is a factorization hy =t t; with ¢t € T} and ¢; € O, and
there is no such factorization with a term ¢ of smaller degree. Since k > 0, we can

write ¢ = t'z; for some t' € T" and j € {1,...,n}. Then we have deg(t') = k — 1, and
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the fact that ¢ has the smallest possible degree implies z;t; € 0O. Thus we see that
hy = t'(x;t;) = t'by, for some by, € 00.

This algorithm terminates after finitely many steps. In order to show it we will
first check the subtraction h — a;t'g; in step 4. By definition of the prebasis elements,
we have

m
h — alt'gi = a1h1 + ...+ ashs - alt'bi + (llt/ Z ozkz-tk
k=1
where ay; € k for k = 1,...,u. We had indo(hy) = k with the highest index and

arhy = ait’'b;. Therefore h is replaced by the terms with of the form t't; € 9510
which have smaller index. Therefore this algorithm terminates after finitely many
steps, since there are only finitely many terms of smaller or equal index.

To prove the correctness of the equation, we will show

f=h+ figi +...+ fogo +citi + ...+ cut,

is invariant of the algorithm. A polynomial is only changed at step 4. There the
subtraction h — ait’'g; is compensated by the addition (f; + a1t')g;. The constants
ci, ..., ¢, are only changed in step 3 in which A is replaced by the expression ¢ty + ...+
cut,. when the algorithm stops, we have h = 0. This proves the stated representation
of f.

And also this representation does not depend on the choice of h; in step 4 since
hy is replaced by terms of strictly smaller index. Thus the reduction of several terms
of a given index in h, in step 4 do not interfere with one another and the final result

is independent of the order in which they are taken care of. [§] ]

Although Step 4 of the algorithm does not force us to choose the label ¢ minimally
in hy = t't;, we do this in order determine the representation of h uniquely. Therefore
the result depends on the numbering of the elements of the border of the order ideal

0.

Now we will give an example to show how this Border Division Algorithm works.

Example 6.1.3. Let R = Q|z,y] and let O = {1,z,y}. Then the first border 0O =
{2%, 2y, y*}, where by = 22 by = 2y, b3 = y? second border 0?0 = {z*, xy?, 2%y, y3}
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and the third border 30O = {z*, 23y, v%y* xy>,y*}. Let the O-border prebasis be G =
{2% — 2,0y — 1,94%} where gy = 2° — 2,90 = 2y — 1,93 = y>. We apply border division
algorithm to the polynomial f = x?y* + xy* +y
1) Let fi = fo=f3=0and ¢y =cy =c3 =0 as well as h = f.
2) indo(h) = 3 we have hy = 2?y* = ¢ (x;t;) where z; € {x,y} and t; € O and
deg(t') = 2. Hence we have three options
casel) Ift' = x?, then we have hy = z*(y?) where y*> = by and the label i = 3.
case2) Ift' = y*, then we have hy = y*(2*) where x* = by and the label i = 1.
cased) If t' = xy, then we have hy = xy(zy) where xy = by and the label i = 2.
We will choose the label i minimally in order to determine this step of the algorithm
uniquely which implies we set hy = y*b1. As you will see that the result will depend

on the numbering of the elements. Thus we let f; = y* and
h = 2%y* + 2y* — y*(2® — 7).

2)The terms in the support h is 2xy® +y. We have indo = 2, and t' = x or
t' =y. As we did previously we will choose the minimal label. Setting t' = x will make
h = xbs and t' = y will make h = yby. Hence we set h = yby and fo = 2y. The terms
in the support of h are 3y € O.

3) indo = 0, we have y = t3 and c3 = 3.

Therefore the result is

f=19%g1 + 2ygs + 0g3 + 3t3.

Let us fix G = (g1, .., g») which makes the result of the Border Division Algorithm
unique. So for an order ideal O = {ty,...,t,} and f € R by the border division
algorithm we will have f = figi + ... + fogo +citi + ...+ cut,. Then ety + ... +cut, =
NRo g is called the normal O-remainder and it represent the same residue class with

f modulo (g1, ..., g,)-
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6.2 Existence and Uniqueness of Border Basis

Definition 6.2.1. Let G = {g1,...,9,} be an O—border prebasis, let G be the tuple
(g1, -, gv) and let I C R be an ideal containing G. The set G or the tuple G called an
O-border basis of I if one of the following equivalent conditions is satisfied.[11]

a)The residue classes O = {t1,...,%,} form a k—vector space basis of R/I.

b)We have I N {(O), = 0.

c)We have R =1 & (O)y,.

Proposition 6.2.2. Let G be an O-border basis of an ideal I C R. Then the ideal I

is generated by G.

Proof. By definition (g¢i,...,g,) C I. For the converse we will use border division

algorithm. Let f € I and apply border division algorithm to f we will end up with

f = flgl + ot fvgv + oty + .+ C,ut,u

where f; € Rand ¢; € k and {t;,...,t,} = O. Since G C I, fig1 + ...+ fug, € 1. Since
felati+..+cit, € IN(O); ={0}. Therefore I = (g1, ..., gu)- O

For a given f € R, recall that the remainder of the General Polynomial Division
was not unique, unless we use Grobner Basis. And also the result of the Border
Division Algorithm was not unique. But similar to the General Polynomial Division,
the result of the Border Division Algorithm is unique if we use the element of the

Border Basis.

Definition 6.2.3. Let k be a field R = k[, ...,x,] a polynomial ring, I C P an
ideal of R and k' C k be a subfield of k. I is defined over k' if there exists elements
K'z1,...,x,] which generate I as an ideal of R. k' is called a field of definition of I if
I is defined over k' and there exists no proper subfield k" C k such that I is defined

over k.

Proposition 6.2.4. Let O = {t1,...,t,} be an order ideal,00 = {b,...,b,} be its
border, let I C R be a zero-dimensional ideal and assume that the residue classes of

the elements of O form a k—wvector space basis of R/1.
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a)There exists a unique O-border basis of I.

b)Let G be an order prebasis whose elements are in I. Then G is the O-border
basis of I.

c)Let k' be the field of definition of I. Then the O-border basis of I is contained

in Ky, ..., z,).

Proof. a)By definition of border 00 = T"O\O, i.e., b; are not elements of (O); which
forms a k—vector space of R/I, and b; € R/I, hence they are linearly dependent.
Therefore b; can be written as b; = g; + Z?:l a;;t; and so g; = by — Zéf:l a;t; €1
with t; € O and «;; € k\{0}. Then G = {g1,...,9,} is an O-border prebasis of [
which also implies G is a O-border basis of [ since O forms a vector space basis for
R/I. Now we will prove the uniqueness. Assume there exists another O-border basis
G" = {91, -, 9, }. There exists an index 7 € {1,...,v} such that g; = b; — >/_, aj;;
where o7 # ;5. Then 0 # ¢g; — g; € I with

Supp(gi — g;) = tico-

Therefore g; — g} € IN(O), =0, ie., G=G".

b) G = {g1,...,9,} is a O—border prebasis where G C I. Since the elements of
O forms a k—vector space basis for R/I, G is a O—border basis and by part a) it is
unique.

c) Let R = K'[xy,...,z,], I' = R"N I and o be a a given term ordering. If G is
a Grobner basis of I’ with respect to the term order o, then G generates the ideal I’
and the the set I’ generates I since k' is the field of definition of I. Therefore G is the
Grobner Basis of I, too. And by definition of Grobner Basis LT{I} = LT{I'}, and
this implies T"\LT{I} = T"\LT{I'} with respect to the o. Therefore dim(R'/I) =
dim(R/I). The elements of O is contained in R’ and they are linearly independent.
Let G’ be a O-border basis of I’. Then G’ is a O-border prebasis and G’ C I. By part
b) G’ is O-border basis of I. O
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Chapter 7

GROBNER BASIS VERSUS BORDER BASIS

The main reason the border basis is introduced was to get rid of the difficulties
that is caused by the Buchberger Algorithm where the number of S-polynomials is
getting so large and to keep the advantages that Grobner basis has. Therefore, we can
find similar and different properties between border bases and Grobner basis. Hence
we can characterize border bases similar to characterizations of Grébner basis. And
also additionally we will find a totally different characterization of border bases from

Grobner Basis.

7.1 Characterization of Border Bases That is Similar to The Charac-

terization of Grobner Bases

Proposition 7.1.1. Let G = {g1, ..., g} be a O-border prebasis where O = {t,...,t,}
18 an order ideal of a zero-dimensional ideal I that is genarated by G and 00 =
{b1, ..., t, } is the border. G is a O-border basis if and only if the equivalent conditions
are satisfied.

i) For every f € I\{0} there exists f1,..., f, € R such that f = fig1 + ... + fugo
and deg(f;) < indo(f) — 1 where f; # 0.

ii)For every f € I\{0} there exists polynomials fi,..., f, € R such that f =
figr + oo + foge and mazx{deg(f;) :i € {1,...,v}, fi # 0} = indo(f) — 1.

Proof. i) Assume G is a O-border basis of I then we will show i holds. By border
division algorithm we have f = figi +...+ fogo +citi +... +¢c,t, where t; € O, g, € G
and deg(f;) < indo(f) — 1 for every i = {1,...,v}. Therefore 0 = c1t1 + ... + ¢,t, €
IN(O), ie,c1=...=¢,=0.
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ii) We have indo(f;g:) < deg(fi) + indo(g;) where g; = b; — > % | ay;t;. Since
b; € 00, indo = 1. Hence

indo(fig:) < deg(f;) +indo(g;) = deg(f;) + 1 < indo(f).

That implies deg(f;) < indo(f)—1. Also we have indo(f+g) < maz{indo(f),indo(g)}

which implies

indo(f) =indo(figr1 + .- + fogo) < mazx{indo(fig;) :i=1,...,v}.

Therefore there is at least one i € {1, ..., v} such that maxz{deg(f;) : i € {1,...,v}, f; #
0} = indo(f) — 1.

iii) Now we will assume ii) holds and we will prove that G' is O—border basis for
I by showing I N(O); = {0}. Assume 3f such that f € IN({O),. So we can represent
[ as follows, f = c1t1 + ... + ¢,t, and also we have f = fig1 + ... + f,g,. From ii)

max{deg(f;) :i=1,....,v} = indo(f) — 1 = maz{indp(t;) i =1,...,u} = —1.
Therefore f; = 0 for every i = 1,...,v and ¢; = 0 for every j = 1,...,pu, ie., f =0. [

Definition 7.1.2. Gwen f € R, we write f = aju; + ... + asus with coefficients
ay, ...,as € k\{0} and terms uy,...,us € T" satisfying indp(uy) > ... = indo(us).

a) The polynomial BEo(f) = 31 indo(u=indo(r)) @t € R is called the border
form of f with respect to O. For f =0, we let BFo(f) = 0.

b)Given an ideal I C R, the ideal BFo(I) = (BFo(f): f € I) is called the border
form ideal of I with respect to O.

Proposition 7.1.3. The set G is an O—border basis of I if and only if the following
equivalent conditions are satisfied.

i) For every f € I, Supp(BFo(f)) C T"\O

11)BFo(I) = (BFo(g1), ..., BFo(gy)) = (b1, ..., by).

Proof. First we will assume G is a border basis and then prove i) by showing the

support of BFo(f) does not contain any elements in O. Suppose 3f € I such that



Chapter 7: Grébner Basis Versus Border Basis 76

Supp(BFo(f)) contains a term in O, then by definition of border form every term is
in O, ie., f = citi + ... +¢,t, but G is a border basis and that forces f = 0 since
aty+ ... +ceut, € IN(0), ={0}.

Then we will assume i) and prove ). For any g; € G we have g; € I, and
b; = BFo(g;) € BFo(I). For the converse, let f € I where BFo(f) € BFo(I), i.e.,
BFo(f) = a1 f1 + ... + an fn where indo(f;) = indo(f) where f; € T™"\O. Therefore by
Proposition 6.0.8 fls are divisible by b;0 € O, for every i = 1,...,n and that implies
BFo(f) € (by, ..., by).

And finally, we will assume ii holds and prove G is a border basis by showing
I N {(O), = {0}. Suppose there exists f € I N (O)y, then f can be represented as
follows, f = cit1 + ... + ¢,t,. That implies BFo(f) € O. Therefore BFo(f) is not
divisible by any b;0 € O. But this contradicts BFo(I) = (b, ..., b,) unless f = 0.

O

Let f € R be a polynomial, let ¢ € Supp(f) be a multiple of a border term t = t'b;
and ¢ € k be the coefficient of ¢t in f. Then h = f — ct’g; doe not contain the term
t anymore. We say that f reduces to h in one step using g; and write f Y, h. The
reflexive, transitive closure of the relations 2, i € {1,...,v}, is called the rewrite

relation associated to G and is denoted by &, The equivalence relation generated

by - is denoted by << J11]

Example 7.1.4. Let R = Q[z,y] and O = {1,z,2%}. Then 00 = {y, zy, 2%y, x®} and
the O—order prebasis is G = {y, vy +y, 2%y, 23 + 1}, where g1 = y,go = vy + ¥, g3 =

2%y, g1 = 2 + 1 The following chain of reductions,

3 94 g2 3
rTYy —Yy —y,

can be repeated infinitely and that implies -9, is not Noetherian.

Proposition 7.1.5. Let <% be the rewrite equivalence relation associated to an
O—border prebasis G = {g1, ..., v}, and let f1, f2, f3, f4 € R
a G G
a)lf fi < fo and f3 < fi then fi + fs < fo + fu.
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B)If f1 < fo then fifo < fofs.
c)We have fi &, fo if and only if f1 — f2 € (g1,---,9v)

Proof. a) First we will show for any f; 2 fy implies fi + f3 -2 fo 4+ f3 where
g € G If f1 2 fy, then fo = f — at'g; and fo + f3 = fi + f3 — at’g; where a € k
and t' € T". If t'g; is not a factor of any t € Supp(f3) then we are done. If it is not
the case, 3t € Supp(fs) such that ¢t = a't'g;. We have two cases, If a’ = —a, then
fi+ fa= fo+ fz+at'g; = fo + f3 — at’g;, then we can choose fy = fo + f3. If a’ # a,
then f1+f3 = fo+ fs+at'g; = fo+ f3+a't'g;. Hence fi+ f3 = fo+ fs+(a—a')t'g; = fa.
This holds for any g; so we have, f; «o— f, implies fi + f3 <o f» + f5. Hence, if
fi < frand fs <5 fu, then we have fi + fs = fo+ fs and fo + fs < fu+ fo.
Since this is an equivalence relation, we have f; + f3 & fo+ fa

b)We will first show, if f <2 f, then to fi <o to fo for any t € T If f; 25 £,
then fy = fi—at'g; where g; € G t' € T" and for any ¢t € Supp(fy) if t = t'g; t vanishes.
For t, fo = tofi1 —tat'gi, clearly tot’ € Supp(tfi) and t,t’ vanishes . Therefore we have
tafi SN tofo, and this holds for every t, € T", and by previous result we have

fifs << fofs where fs = 2" at; for a; € k and t; € T".

) If fi << fo, then fo = fi — a1g1 — ... — aygy and fy — fo = a1g1 — ... — Augy €
(g1, .-, gv) Where a; € k.

For the converse f; — fo = a1y — ... — GuGy € (g1, ..., go) then we have fi 25 foq
where f,1 = fi — a191 = fo + a2g2 — ... — a9, and if we proceed this way we will
end up with f; 25 ... 2% fo, and foo = f1 — G101 — G202 — ... — QuGy = fo, L€,
fi <i> fa- Il

Proposition 7.1.6. The set G is an O—border basis of I if and only if the following
are equivalent

i)For f € R, we have f 0 if and only if f € 1.

i) If f € I is reducible with respect to i, we have f = 0.

211) For every f € R, there exists an element h € R such that f s hoand h is
wrreducible with respect to 9, . The element h is uniquely determained.

. . .a .
iv) The rewrite relation — is confluent.
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Proof. First we will assume G is a border basis and prove i. Let f € R, if 9, 0, then
[ fi — ... %5 0. That implies f € (g1,...,g,) = I, i.e., f € I. For the converse,
let f € I apply border division algorithm we have f = figi+...+ fugo +citi+...+cuty.
Since f € I and G is a border basis ¢it; + ... + ¢,t, = 0. Therefore f 0.

Now we will show i implies ii. Assume f € I, which implies f <0 by i). If f is
irreducible f = cit; + ... +¢uty,, then ¢ty + ... +¢4t, =0, ie., f=0.

We will assume ii holds and prove iii, that is f Goh = NRog(f). Let f € R
and apply border division algorithm we will end up with f -2~ NRo g(f) which is
irreducible so there exists NRo g(f) and f = fig1 + ... + fogo + NRo g(f). If we have
f 25 hirreducible, we have f = flgi + ... + f'gu, where f;, f/ € R for i = {1,...,v}.
Hence NRp g(f)—h € I and also since they are both irreducible NRo g(f)—h € (O).
Since G is a border basis, I N (O), = {0} and NRog(f) = h.

Assume (iii) holds, and let f; <, fo and fi <, fs where fi, fo, fs € R. Also
by definition of normal form we have f, <, NRo g(f2) and f3 <, NRo g(f3) where
both NRo g(f3), NRog(f2) are irreducible. That implies f; <, NRo g(fs3) and fi <,
NRo g(f2). By previous result we have NRog(fa) = NRog(f3). Let NRog(f2) =
NRog(fs) = fi Therefore fo — fy and f; —> fu.

Finally we will show if iv holds G is a border basis. Let fi,...,f; € R such
that f = f; and f; = 0 and for ¢ € {1,...,t — 1} either we have f <, fiz1 or
fix1 <, fi- Now choose the largest index [ € {1,...,t — 2} such that f;; <, fi.
Then f14 %, 0 and also we have fra1 <, fi by iv) we have f; — 0. Now reduce
the sequence to f = fi,..., f;,0. If we proceed this way we will end up with f — h,
where h € (O) and h =0 1i.e., f € (g1, ..., g») and also by Proposition 7.1.5 ¢) f € I
and I N (O), ={0}.
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7.2 Characterization of Border Bases That is Totally Different From

the Characterization of Grobner Bases

Definition 7.2.1. Let O = {t1,...,t,} be an order ideal, 0O = {by,...,b,} be its
border, and G = {g1, ..., g} an O—border prebasis with

o
9; :bj—Zozmjtm for 1< 5 <.
m=1

For 1 < r < n, define the rth formal matriz X, = (&],;) by

Ok 1f ti =t
-
A Zf bj :flfrtl

Example 7.2.2. Let O = {1,x,y} where t; = 1, to = x and t3 = y. Then 00 =
{22, xy,y*} where by = 22, by = zy, by = y* and the prebasis g; = b; — > 5| aut;
where aij €k for 1< i< pandt; €0, G={2*+z+y,ay+y,y*+x+ 1} where

G =2ty +y=>b —auty —ant;; an=—1a;; =-1
g2 =Y +y = by — azats; gy = —1
g3 =y +x+1=b3 — gty — auzts; oz =—1,a;3=—1

By the definition of first formal matriz, X = (5,2)) by

Qg Zf .CEtlbj

Now we will calculate xt; for everyt; € O.

l:17fL’t1:ZL‘:t2
ZZQ,ItQZLUQ:bl

[ =3, xt3 = xy = bs.

k=160 =615 &5 =an &5 = an
k=26 =00 £ =an €5 =an

k= 375:9) = 032 f:(;é) = a3 5:%) = Q32
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di2 a1 o2 1 -1 0
X = do2 Qo1 Qrap = 0 -1 0
032 Q31 Q32 0 0 -1

Now we are going to construct Y therefore we will calculate yt; for every t; € O.

@ owi Uf yhi=1t
Ozkj Zf ytlbj
=1yt =y =13
[ =2,yty = yx = by

L= 373/t3y2 = bs.

k=1,63 =013 €3 = fg) = i3
k=2,62 =0p £5) =am €5 =an

k=3,8, =033 fg) = Q32 fé,? = (33

d13 a1z ais 0 0 -1
y — (523 Qo9 (93 - 0 0 -1
533 Q39 (33 1 -1 0

What multiplication matrices do is, when we multiply an element in (O)y by inde-
terminate (in our case it is x ory) if the result is in the border, they keep the result
in (O). If G is an O—border basis for a zero dimensional ideal , then O is a k-vector

space basis of R/I, and each matriz formal multiplication matrices defines k—linear

maps,
o R/I — R/I
t, — xti=x=1
ty s wby = 2% = by = £G4+ ERty + )t
ty — xty =y =by = ERt + ERy + EX s
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and

o, R/I — R/I
hh — yhh =y =t
ty — yta=ay = by = EG + ER s + Ets
ty — yty =y’ =bs = g)tl + 55?@ + 5%)753

Clearly the map ¢, is multiplication by x and the map @, is multiplication by y.

Therefore the formal multiplication matrices have to commute, as follows,

0 -1 0 0 0 -1 0 01
XyYy=|[1 -1 0 0 0 -1 ]= 0 01
0 0 -1 1 -1 0 -1 10
0 0 -1 0 -1 0 0 01
YxX=10 0 -1 1 -1 0 = 0 01
1 -1 0 0 0 -1 -1 10

Alsov = city+...+c,ut, € (O)y are encoded as column vectors (cy, ..., c,)" € k* and
z,v is represented as X, (cy, ...,c,)'. In our example the first column of X represents

Tty = 1o as,

512 O
X0,1,0)0"=| 6, | =] 1
532 O

Proposition 7.2.3. G is a border basis if and only if the formal multiplication ma-

trices commute, i.e.,if and only if X.Xs = XX, for allr,s € {1,...,n}[11]
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Definition 7.2.4. Let b;,b; € 00 be two distinct border terms.

1) The border terms b; and b; are called next-door neighbours if we have b; = x1b;
for some k € {1,...,n}.

1) The border terms b; and b; are called across-the-street neighbours if zb; = x,b;
for some k,l € {1,...,n}.

t3t) The border terms b; and b; are called neighbours if they are next-door neigh-

bours or across-the-street neighbours. [8]

When we discussed Buchberger Criterion previous chapters we mentioned that the
crucial idea in Buchberger Criterion is S—polynomials. Now we will prove Buchberger
Criterion for Border basis analog of Buchberger’s criterion in order to that we will

define S—polynomials of two distinct elements g;, g; € G is defined by

5(9i: 9;) = (lem(bi, bs) /bi)gi — (lem(bi, bs) /b5) ;-
Proposition 7.2.5 (Buchberger Criterion for Border Bases). The O—border prebasis
G is an O—border basis if and only if one of the following equivalent conditions are
satisfied.
t)For all 1 <i < j < w, the S—polynomial S(g;, g;) reduces to 0 via <, .

13) For all neighbours b; and b;, the S—polynomial S(g;, g;) reduces to 0 via <.

7.3 Border Division Algorithm

Lemma 7.3.1. Let d € N, L = T,, V be a k—vector subspace of (L), such that
V+oV+. . +z,V)N (L) =1V, let {vy,...,v.} be a k—basis of V, and let o be a
degree compatible term ordering. Consider the following sequence of instructions.

1) Write £ ={ly,...,ls} such that ly >, ly >, ... >, ;.

2)For i = 1,..,r, write v; = aanly + ... + a;ls with a;; € k. Form the matriz
V = (ai;) € Mat, s(k).

3) Using row operations, transform V into row echelon form. Call the result WW.

4)Let O be the set of terms in L corresponding to the columns of W in which no

row W has its first non-zero entry. Return O and stop.
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This algorithm computes an order ideal O C L such that the residue classes of the

terms in O form a k—wvector space basis of (L)x/V [11],[9].

Proof. The procedure is finite. Thus we prove correctness. The terms in O are linearly
independent modulo V' because a non-trivial element in (O), NV would correspond to
a row of W whose first non-zero position is in a column corresponding to a term of O.
To prove that O is an order ideal, it suffices to show that [; € £\O and tl; € £ imply
tl; € L\O for all t € T". Given a term [; € £L\O, there exists a vector v € V' which
corresponds to the row of WW whose first non-zero entry is in position 7. Thus we have
li = LT,(v). Now let ; = tl; € L for some t € T,,. Then we see that [; = LT,(tv).
Since o is degree compatible, it follows that all elements of Supp(tv) are in L. Hence
the term [; corresponds to a column of the matrix W in which one of its rows has its
first non-zero entry. Thus we have tl; € £\O. [11]

O

Proposition 7.3.2 (Border Division Algorithm). Let I C R be a zero-dimensional
ideal generated by a set of non-zero polynomials fi, ..., fs, and let o be a degree com-
patible term ordering. Consider the following sequence of instructions.

1)Let Vo C R be the k—wvector subspace generated by {f1, ..., fs}

2) Let d = max{deg(t) : t € Supp(f1)U...U Supp(fs)} and L =T,

3)Fori=0,1,... compute Vi1 = (V;+x1V; + ... + 2, V;) N L)y until Vi = V.

4) Using the lemma, compute an order ideal O C L such that the residue classes
of the terms in O form a k—wvector space basis of (L)y/V;.

5)Check whether 0O C L. If this is not the case, increase d by one, replace L by
TZ,, replace Vo by Vi, and continue with step 3.

6)Let O = {t1,....t,} and 00 = {by,....,b,}. For j = 1,...,v, compute the rep-
resentation b; = Y cuit; of by € (L)y/V; in terms of the basis {t1,...,t,} and let
g; =b; = > auiti. Then let G = {g1, ..., gu}, return the pair (O, G), and stop.

This algorithm returns the pair (O,G) where O is an order ideal and G is an

O—border basis of 1. [11]
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Proof. Since V; C V44 fori > 0 and since dimy({(L)y) < oo, the sequence Vo C V; C ...
is eventually stationary. Thus step 3) involves only finitely many computations. To
show that the loop in step 4) and 5)is finite, we have to prove that we eventually have
O C L. Let 0 be a degree compatible term ordering on T", and let H = {hy, ha, ..., hy }
be the reduced Grobner basis of I with respect to o. For j7 = 1,...,s', there is a
representation h; = p;j1fi + ... + pjsfs with p;, € R. Let d = max{deg(pjrfr) : j €
{1,...;s}}. By construction, we have H C V; after step 3) has been performed for
L = T, Now we apply the algorithm of the lemma. It follows that none of the
leading terms LT, (h;) is contained in O. Thus we have O C T"\LT,{I} and the
number of the elements in O is smaller than the dimy(R/I). Therefore it suffices to
repeat the loop until d is larger than its dimension in order to force O C L and
finiteness follows.

Next we prove the correctness. When the loop in step 3)-5) finishes we have
00 C L. Hence step 6) can be performed and yields G C V; C I. By construction,
the set GG is an O—border prebasis. Given two neighbours b;, b, € 00O, corresponding
S—polynomial S(g;,gr) — >_,—; ag has its support in O. Since this polynomial is
contained in V; and O represents a k—vector space basis of (L£)x/V;, it follows that
S(g;,9x) — > 1 agi = 0. Consequently, the S—polynomial S(g;, g) reduces to zero
via i, and Buchberger’s Criterion for Border Bases proves that GG is an O—border
basis of the ideal.

Finally we show (g1, ...,g,) = I. The inclusion ' C’" was already observed above.
For j =1,...,s, we have f; € Vi C V; C (L). Every term in (£);\O is a multiple
of one of the terms by, ..., b,. Therefore we can use Y, to reduce fj to an element in
(O)k. But that element is also contained in V;, and hence it is zero. In other words,

we have f; € (g1,...,9v)- [11] O

7.4 Application

In this section we will do some applications and mention some of the crucial properties

of border basis and compare it with Grobner Basis.
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Let k be a field where R = k[zy,...,x,], O be a order ideal (¢y,...,c5) be the
minimal generating set for T™\O which we also call corners of T"\O. Let I be a zero
dimensional ideal which has an O—border basis G and {gy, ..., gs} be the elements in
the border basis corresponding to {cy,...,cs}. Let J = (g1, ...,9s) and there exists a
term ordering o such that LT,(g;) = ¢; where i =1, ..., s.

First we will show that dimy(R/I) = dimy(R/J). Clearly J C I since {g1, ..., gs} €
I. We have (¢q,...,¢(s)) = T"\O and (cq, ..., c(s)) € 00 and therefore {gi,..., g5} is a
O—border prebasis for .J since g; = ci—zgzl ajt;, fori =1, ..s. Also G is a O—border
basis therefore I N (O), = {0} and J C I, implies J N (O), = {0}. Hence O is a
k—vector space basis for R/I and R/J and dimy(R/I) = dimy(R/J).

Now we will show for O,(I), an order ideal T"\LT,{I} we have O = O,(I).
Macaluay Basis theorem implies that for ideal I if we denote the set of terms in
T"\LT,{I} by O,(I), the residue classes of the elements of O,(I) defines k—vector
space basis for R/I. And also O forms a k—vector space basis for R/I since G is a
O—border basis. Hence dim(O,(I)) = dim(O). Let t # 0 and t € T"\O,(I). Then
t is not an element of O,(I), t € LT,{I} C I. This implies ¢ is not an element
of O since I N (O), = {0}. Hence O,(I) € O and O,(I) = O by previous result
dimy(R/I) = dimi(R/J).

Finally we will show the crucial part which is, the set {gi,...,9s} is the reduced
Grobner basis of I. Let us show the reduced Grobmer Basis by (. Notice that
{c1,...,¢s} € 00. By definition of reduce Grobner basis, an element from the re-
duced Grobner basis has the form ¢; — h; where LT,{g;} = ¢; and ¢; = h; mod G,
where h; € T"\LT,{I}. Therefore h; € (O); = (O,(I))),. But this is the form of an
element in the O,(I)—border basis G'. Hence G’ is the reduced Grobner basis.

Let us give an example that we can apply border basis algorithm,discuss the advan-
tages of using it rather than Buchberger’s Algorithm and show the border basis that

is calculated by Border Basis Algorithm contains reduced Grébner Basis concretely.

Example 7.4.1. Let R = Q[x,y]. Apply border basis algorithm to I = {x® — xy +

Y22’ — 2Py, 2’y — ay? wy® — 3, 2% + 4P} By 7.3.2,
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1)Let Vo = (f1, fa, f3, fa, f5)o = (2° —ay+y?, 2° =2y, 2%y — 2?2y —y°, 2% +9%)g

2)Let d =3 and L = {23, 2%y, 2y, v3, 22, xy, y?, x, y, 1}.

Vi = (Vi4+aVi+yVi)o(L)g = (f1, fo, f3, far fs, 2 fr, ufr)o = (0% —ay +37, 2° —
22y, 2%y —xy? xy? — P, 2+ 3 2 — 2ty + ay?, 2ty — 2y + ). Since deg(z;f;) > 3,
z; € {x,y} and j = 2,3,4,5. Therefore V; = V5.

4 )Now we will form the matriz,

x |ad 2%y ay? oy 2? wy Y ox oy 1
fil0 0 0 0O 1 -1 1 0 0 0
fol1 =1 0 0O 0 0 0 00O
V= fs10 1 -1 0 0 0 0 00O
10 0 1 =10 0 0000
fs 11 0 0 1 0 0 0 0 0 0
xfi|1l -1 1 0O 0 0 0 00O
yfi|0 1 -1 1 0 0 0 000

Notice that the original matriz is the matriz that is separated by the lines. The
extra parts are only for to representing the notion. V is not in echelon form, we will

find the row echelon form of it.

2 2%y axy? oy 2 oy Y ooy 1

1 0 0O 1 0 O 0 0 0O

0 1 0O 0 0 O 0 O0O0O

W = 0 0 1 0 0 0 0 00O
0 0 1 0 0 0 0 000

0 0 O 0 1 -1 1 000

0 0 0O 0 0 O 0 O0O0@O

0 0 O 0 0 O 0 O0O0@O

By the step 4 of the lemma?7.3.1 O will be the set of the terms in L corresponding
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to the columns of W in which no row of W has its first non zero entry. Therefore we
let O ={1,z,y,y% 2y}

5)00 € L.

6) 00 = {x* 2y, zy* y*} and O—border basis is G = {g1, g2, g3, g4} where g, =
Py —wy+y’ = fi, o =ay* =xfi — fo, s = Py = yfi — fo, s = v’ = fr — 2fu.
G = {2%y — 2y + v*, 2y?, 2%y, 3.} Let G, be the reduced Grébner basis and G’ be
Grobner Basis of I. I we calculate G' we will have G = {z? — xy + 9%, 2y* — v3, —y°}
and the reduced Gréobner Basis (see appendiz B.9) will be G, = {4, 22 —xvy+1y?, vy?}.
As we noted, G, C G.

The difference between Buchberger Algorithm and Border Basis Algorithm is, the
Border Basis Algorithm requires only terms up to degree 3 but during the Buchberger
Algorithm we came across to terms with larger degree as in v*y? and x3y*. Therefore
we end up with terms with degree 6 that has to be reduced. But Border Basis Algorithm

avoids from redundant calculations that Buchberger Algorithm has.

If we start with a zero dimensional ideal I, we know that exists an order ideal. The
order ideal that we calculate with Border Basis Algorithm is actually O, (1) which
corresponds to T"\LT,{I} where ¢ is the given order. Therefore the border basis
associated to O, (I) contains the reduced Grobner Basis. But we can find other order
ideals O # O,(I) and border basis associated to them ,that may not contain reduced
Grobner Basis, with some nice properties. One of those nice properties we will discuss
in this thesis is symmetry.

Let R = k[z1,...,x,]) and A C R. We say that A is invariant under the action of of
the symmetric group(or A is symmetric) if f(z1, ..., 2,) € Athen f(zz1), ..., Trn)) € A
for every permutation 7 of {1, ..., n}.[11] We will use 7(f(21, ..., 2,)) = f(Zrq), -, Ta(n))-
Let O = {t1,...,t,} be an order ideal in T", and let I C R be a zero-dimensional ideal.
Assume that the residue classes or the elements form a k—vector space basis of R/
and both O and I are symmetric. Since O form a k—vector space basis G is a

O—border basis where 00 = {b, ...,b,} andG = {¢1, ..., g, }. And any element ¢g; € G
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has the form
o
gi = {b; — Z a;;ti}
j=1

where Y0 aijti} € (O). Clearly m(g;) € I and m(3_1_, cijti}) € (O) since I and
O are both symmetric. What about m(b;) € 007 For any b; € 00, b; = x;t; # 0
for z; € {x1,...,z,} and ¢; € O. Assume 7(b;) = m(x;t;) is not an element of the
border. Then 7(z;t;) € O and since O is symmetric 7 *(7(z;t;)) = x;t; € O. But
that implies z;t; € O N 0O which contradicts the definition or border and implies
border is symmetric. Therefore 7(g;) = 7({b;) — 7(3_/_, ai;t;)} forms an element in
a O—border prebasis say GG’ and since the residue classes of the elements of O forms
k—vector space GG’ is border basis and by uniqueness G = G’. As a result we can
say if the zero-dimensional ideal and the order ideal are both symmetric, then the
O—border basis is symmetric.

Finally we will show another disadvantage of Grobner Basis over Border Basis in

an example.

Example 7.4.2. Let R = Clz,y], fi = 12+ 3> — 1 and fo» = 2® + 7y* — 1,
I = (f1, f2) and let O,(I) be the order ideal T"\LT,{I} with respect to the term
order o =DegLex. Then LT,(I) = (z*,y*) and O,(I) = {1,z,y,zy} and the border
00, (I) = {a* 2%y, xy* — 2x,y* — 2}. The border basis

4 4 4 4
G = {$2 - g,iUQy - 53/7333/2 - gx7y2 - g}a
and the reduced Grobner Basis of I is,
4 4
G, ={z*— =, y* — =}

Now let I* = (32 + y* + exy — 1,27 + 1y° + exy — 1).
O = {1,z,y,zy} is an order ideal of both I and I* where O,(I*) = {1,z,y,y*}.
The reduced Grobner Basis, O Border basis,

4 4 16e
G*: 2, = = 2,
e A T s AR T T

20 16¢ 2+4 4}
r— —ery——
16e2 — 25" 162 —257Y "5

y, vy°+
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and the reduced Grobner Basis is

5 1 16¢ 20
O = 42— 2 R - .
o=yt Y - Y - e o T e —asY)

[11]
As seen, a small change made in the reduced Grobner Basis caused a big change.

However in Border Basis there is an € succession and if we set € =0 we will end up

with the original border basis that we started.
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Chapter 8

CONCLUSION

In this thesis we start with reviewing some commutative algebra. We recover
fundamental theorems of Hilbert such as Hilbert Basis theorem and Nullstellensats
that laid the foundations of commutative algebra. Then we introduce the relatively
modern theory of Grobner bases which provides indispensable tool for computational
purposes. We go on to introduce two problems that are seemingly unrelated to com-
mutative ring theory. These problems have background in combinatorics and opti-
mization. We establish the link between these problems and the Grobner bases and
demonstrate explicit solutions. These results are made precise in Chapter 6 and sup-
ported by the software (CoCoA) we use, see appendix. Last two chapters are devoted
a trend that has emerged quite recently. Border bases are in some sense a general-
ization of Grobner bases. We present their theory extensively including the essential
(border) polynomial division and construction algorithms that this theory relies on.
We include evidence that suggests that border bases display better combinatorial

behaviors. This enables them to be computed more efficiently.
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Appendix A

A.l

CoCoA Code that calculates the Grobner Basis,
Define Gbasis(J)
If Type(J)=LIST Then J:=Ideal(J) EndIf;
G:=Gens(J);
H:=[J;
For A:=1 To Len(J)-1 Do
For B:=A+1 To Len(J) Do
If Not G[A]-G[B]=0 Then
Append(H,[G[A],G[BJ));
Else
Remove(G, B);
EndlIf;
EndFor;
EndFor;
M:=1; While Mj=Len(H) Do
N:=LCM(LT(H[M][1]),LT(H[M][2]));
Si=((N/LT(HIM] [1]))*HM[1))-( (N /LT (H[M] 2]) *HM)[2)):
Q:=DivAlg(S,G);
M:=M-+1;
If Not IsZero(Q.Remainder) Then
For A:=1 To Len(G) Do
Append(H,[Q.Remainder,G[A]]);
EndFor;
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Append(G,Q.Remainder);
EndIf;

EndWhile;

Return G;

EndDefine;
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Appendix B

B.1

R::=7 \(3)[x[1..8]], Lex;

Use R;

L=Ideal(z, x5 — 9, 3 — 3,3 — T4, T2 — X5, TE — 6, 12 — W7, TH — T8, T3 + T T3 +
22— 1,23 + mwg + 22 — 1,22 + mas + 22 — 1,23 + 2oy + 22 — 1,22 + 20wy + 22 —
1,23 4+ mowsg + 22 — 1,22 + w3x6 + 22 — 1,23 + 2308 + 22 — 1,23 + mgws + 22 — 1,22 +
T5Xg +mg — l,xg —|—x6:137+x$ — l,xg + xers +m§ — ].,ZE%—}-:L'%’ES +x§ —1);

GB.Start-GBasis(1);

GB.Step(I);

GB.Complete(I);

[.GBasis;

(21, 22+ w506 +72—1, —T6—T7— T8, —T3+T7, —To—T7—Tg, —T7—Tg, Ta—1, —T4—T5)

ReducedGBasis(I);

2 2
(x7 + xg, x5 — 1, x4 + x5, 21, 25 — 1, 6, T3 + Ts, T2)

B.2

R::=Z\(5)[x[1..5]], Lex;

Use R;

L=Ideal( { — 1,25 — 1,24 — 1,2} — 1,22 — 1,23 + 2203 + 22 + 23, 23 + 2224 +
xlxi —l—xi,x? +1:%a:5 —|—x1x§ —l—x%,x% +a:§x3 +ZEQCL’§ +x§,x§ —l—x%m +x2xi —l—xi,x% +

2 2,3 34 .2 2,3 34 0.2 2 4 3 3 .2 2 4 3.
X5 X5 +To s +T8 , Ty +x5 x4 + T3] +TY, Ty +25 05 + T30 +T8, Ty +x] x5 T4 TE T8 );
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GB.Start-GBasis(I);

GB.Step(I);

GB.Complete(I);

[.GBasis;

(a3 +22ws +ag2? + a2 0d — 1, —22 — w304 — 2305 — 22 — w425 — 22, —209 —
2y — 2xy — 225, —271 — 203 — 204 — 205 )

ReducedGBasis(I);

(23 +22ws +xga? + 23 0} — 1,22 + v3w4 + 1375 + 23 + 2475 + 22 00 + 23 +

T4 —|—$5,5L’1 +l’3 +$4 +I5 )

B.3

R::=Z\(3)[x[1..5]], Lex;

Use R;

L=Ideal( 2§ — z1,25 — xo,73 — 3,73 — 4,73 — 25,27 + 1123 + 22 — 1,22 +
rixy +23 =12t by +a2 — 1,03 +xows + 2% — 1,25 +woxy +2 — 1,22 x5 +
2 — 1,23 +w3wy + 23 — 1,23 +x325 +22 — 1,22 +a425 +22 —1);

GB.Start-GBasis(I);

GB.Step(I);

GB.Complete(I);

[.GBasis;

[-1]

ReducedGBasis(I);

[1]
B.4

R::=Z\(5)[x[1..9]], Lex;
Use R;
L=Ideal( #{ — 1,25 — 1,24 — 1,2} — 1,28 — 1,2 — 1,23 — 1,28 — 1,23 — 1,23 +

2 5, .3 3 2 5 .3 3 2
iyt w4 ad 2t alvg +oal +ad xd v atey ok + ol ad oty oy ad +
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xd s 45wy +rexd 413, 18 v adwy +woxd 4t 1l +adng +woad +ad, 2l + e, +
Tox? +ad, w0 +ades fagad +ad, ad +adar +asa +ad 2 +adng +agal +ad, ad +
ixs v axgwd 4 ad, al Hajue +waxd +ad, ) tater gt +ad af +aieg gl +
w3t vatve tosad +ad, ad vater tusa 422 ad tates +wsald +ad, a0 ke +
T5xs + xS xd + xiar +wex? + 13 xd +1ing +wexd + 13, 22 +2wg +wrxd + 1)

GB.Start-GBasis(I);

GB.Step(I);

GB.Complete(I);

ReducedGBasis(I);

( xT7 —.T97l'g +m§x9 —I—xgxg +m3,x§ + T5xg + Ts g +x§ + 39 +x§,m4 + x5 +
T + Tg,T1 — Ty, Ty — T, T3 + T3T5 + T3Tyg — TsTg — T2 — Tg Ty, To + T2Tg + TTa +

r3, ws — 1, 0506 — X578 + T2 + TgT9 — T2 — TgTg )

B.5

R::=7/(3)[x[1..9]], Lex;

Use R;

L=Ideal( 2} —x1, 23 — 9,25 — 3,25 —w4, 28 —x5, 28 — 26,23 — 27, 23 — 25,23 —
To, 23 +x1 24 +22 — 1,23 + 21206 +22 — 1,23 + 2127 +22 — 1,22 + 21208 +22 — 1,23 +
To X3 +:L'§ —1,x% + 20Ty —i—xi —1,x§ + 2o Tg —i—:z% —1,90% +xox7 —i—x% —1,J:§ +x325 +
221,23 targwr +ak -1, 2% +wswg +a8 — 1,23 +xyws +22 — 1,05 +w4m6 +32 —1, 23 +
Taxr +22 =1, 23 dvywg + a8 — 1,02 +aswe + 2% — 1,02 w5y +ai — 1,22 +wsa8 +
w2 — 1,2 +osxg +a2 — 1,22 +agor +2% — 1,02 +x6w9 + 25 — 1,22 + 27208 + 22 —1)

GB.Start-GBasis(I);

GB.Step(I);

GB.Complete(I);

[.GBasis;

[-1]

ReducedGBasis(I);

[1]
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B.6

Use S::=Q[x,u,v,w], Lex;

K:=Ideal( —2* — z + u, —2% + v, —2° + w );

GB.Start-GBasis(K);

GB.Step(K);

GB.Complete(K);

K.GBasis;

( —u? + vt + 303 + 30?2 + v, v — V2w — 20w — w, —uw + V3 + v, —uv® + vw? +
w? z —uwv? +uv — u+ w? v —w?)

F:=x;

DivAlg(F,K.GBasis);

Record[Quotients = [0, 0, 0, 0, 1, 0], Remainder = uv? —uv + u — w?|

B.7

Let y1 = x3,y2 = x4,y3 = 5.
Use R::=Q[x[1..5]], Lex;
K:=Ideal( —z3x] + x3, —22 23 + x4, —2122 + 25 );
GB.Start-GBasis(K);
GB.Step(K);
GB.Complete(K);
K.GBasis; | —z1 @ + o5, —T22% + T4, 2104 — 3,23 — T4T5 |
Fi=2103;
DivAlg(F,K.GBasis);
Record[Quotients = | —a5 a3 + x5, —xi x5 + x4, —2129 + 5 |,

Remainder =29 2]



Appendiz B: 97

B.8

Let x3 = w, x4 = Y1, 25 = Yo, Te = Y3, T1 = Ya.
Use R::=Q[x[1..7]], Lex;
K:=Ideal( myzow3 — 1, =233 + T4, —T1 23 + X5, —To X3 + Tg, —T> T3 + T7 );
GB.StartGBasis(K);
GB.Step(K);
GB.Complete(K);

K.GBasis; | —x3 + 2227, —To + 52207, — 14 + 1503, —x528 02 + 1,21 — 252222
10,4

Fi=2y"25;

DivAlg(F,K.GBasis);

Record[Quotients = [ —z7,0,0, —aS zg 27 —25 w7 —2d ws v 03— ws 02 —x2 we 2l a8 xkwr +

5 4 3 2.3 2 3 3 2 .2 .5
T T X7 + ] T7 + XI5 TEXT + 25 T T T + Ty X5 T + TExGTY |,

Remainder = x2 z6 23]

B.9

Use S:=Q[x,y], Lex;
K::Idead(ac2 —xy +y? 2 — 2y, 2ty — xy? oy — Rt + yg);
GB.Start-GBasis(K);
GB.Step(K);
GB.Complete(K);
K.GBasis;
22 — 2y + 92, 232 — v, —17]
Reduced GBasis(K);
[P, 2® — zy + %, xy?]
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