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ABSTRACT

The aim of this thesis is to analyze single-item inventory models with random supply
and imperfect information in a random environment. We assume that the randomness in
supply is attributed to the random capacity of the producer and/or random availability of
the transporter. Moreover, the random environment which modulates demand, supply and
all cost parameters is modeled as a Markov chain.

In the first part of the thesis, we assume that the random environment is fully observed.
Through the first model in this part, we analyze the inventory problem with random sup-
ply due to random capacity of the producer and random availability of the transporter.
The optimal policy for single, multiple and infinite planning periods is shown to be an
environment-dependent base-stock policy. As the second model, we analyze the inventory
problem with fixed ordering cost and random capacity only. And we present a counter ex-
ample showing that environment-dependent (s, S) policy is no longer optimal for this type
of inventory problems.

In the second part of the thesis, we assume that the random environment is only partially
observed. Therefore, we model the random environment by two processes: an unobserved
process which is a Markov chain and observed process which is not necessarily a Markov
chain. In the first model of this part, we analyze same inventory problem as the first one
in the first part; however, the random environment is assumed to be partially observable.
Here, we assume that the random capacity as well as random availability is modulated by
the unobserved (real) environmental process whereas all costs are modulated by observed
environmental process. Then, we present a counter example showing that base-stock policy
is not necessarily optimal for this type of inventory problems. By the second model in this
part, we show that base-stock policy is optimal in single and multiple period settings if the
capacity process is observed as costs. However, for this model, analyzing the infinite period
problem is not practical because the observed process is not a Markov chain. Therefore, as a

third model, we analyze the same inventory problem using sufficient statistics. In this case,
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we show that state-dependent base-stock policy is still optimal in single, multiple and infinite
period settings. As a fourth model, we analyze inventory problems with unrelaible suppliers
and fixed ordering cost by using sufficient statistics. We show that state-dependent (s, S)
policy is optimal for this type of inventory problems if the availability process of supplier
is observable. Finally, we also analyze inventory problems with finite capacity and random
yield in a partially-observed random environment and show that state-dependent modified

inflated base-stock policy is optimal in single, multiple and infinite planning periods.
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OZET

Bu tezin amaci rassal cevrede rassal tedarikli, eksik bilgili ve tek iiriinlii envanter mod-
ellerini incelemektir. Tedarikteki rassalligin, iireticinin kapasitesindeki rassalliktan ve/veya
nakliyecinin varolusundaki rassalliktan kaynaklandigimi varsayiyoruz. Ek olarak, talebi,
tedarigi ve biitiin maliyet parametrelerini etkileyen cevreyi Markov zinciri olarak modelliy-
oruz.

Tezin ilk bolimiinde, rassal gevrenin tam olarak gozlendigini varsayiyoruz. Bu boliimdeki
ilk modelle, rassal kapasiteli iiretici ve rassal varoluslu nakliyeciden kaynaklanan rassal
tedarikli envanter problemini analiz ediyoruz. Tek, ¢cok ve sonsuz planlama periyotlari icin
optimal envanter politikasinin ¢evreye bagh temel stok politikas1 oldugu gosteriliyor. Ikinci
model olarak, sabit siparig maliyetli ve sadece rassal kapasiteli envanter problemini inceliy-
oruz. Ve bu tiir envanter problemleri i¢in gevreye bagh (s,S) politikasinin artik optimal
olmadigini gosteren bir érnek sunuyoruz.

Tezin ikinci boliimiinde rassal ¢evrenin yari gozlenebilir oldugunu varsayiyoruz. Bu ne-
denle, rassal cevreyi biri Markov zinciri olan ancak gozlenemeyen ve digeri gozlenebilen
ancak Markov zinciri olmayan iki farkli siireci kullanarak modelliyoruz. Bu béliimdeki
ilk modelle rassal cevrenin yar1 gozlenebildigini varsayarak birinci boliimiin ilk modeline
benzer bir envanter problemini analiz ediyoruz. Burada, maliyetlerin gozlenebilir cevre
tarafindan yonlendirildigini varsayarken rassal varolug gibi rassal kapasitenin de gozlene-
meyen (gergek) cevre tarafindan yonlendirildigini varsayiyoruz. Daha sonra bu tiir envan-
ter problemleri icin temel stok politikasinin artik optimal olmadigini gosteren bir 6rnek
sunuyoruz. Bu boliimdeki ikinci modelle kapasite siireci maliyetler gibi gozlenebiliyorsa
temel stok politikasinin tek ve ¢oklu planlama periyotlar: igin optimal oldugunu gosteriy-
oruz. Fakat gozlenebilen cevre bir Markov zinciri olmadig i¢in bu modelin sonsuz planlama
periyodu analizini yapmak pratik degil. Bu nedenle ii¢iincii model olarak ayni envanter

problemini yeterli istatistikleri kullanarak inceliyoruz. Bu durumda, duruma bagl temel
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stok politikasinin tek, ¢ok ve sonsuz planlama periyotlar: i¢in optimal oldugunu gosteriy-
oruz. Dordiincii model olarak da sabit siparig maliyetli ve giivenilir olmayan tedarikgili
envanter problemlerini yeterli istatistikleri kullanarak analiz ediyoruz. Tedarik¢inin varolug
siirecinin gozlenebildigini varsaydigimizda duruma bagh (s, .S) politikasinin bu tiir envanter
problemleri i¢in optimal oldugunu gosteriyoruz. Son olarak yar1 izlenebilir ¢evrelerde sabit
kapasiteli ve rassal getirili envanter problemlerini inceliyoruz ve duruma bagli, degistirilmig
ve artirilmis temel stok politikasinin tek, ¢ok ve sonsuz planlama periyotlar: i¢in optimal

oldugunu gosteriyoruz.
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Chapter 1

INTRODUCTION

In an inventory system, there are several sources of uncertainty. In the literature, the
main source of uncertainty is assumed to be the randomness in demand. However, supply
may also be random and this randomness contributes to the uncertainty of an inventory
system. The randomness in the supply side may be attributed to several reasons. If we
think that the supplier is composed of a producer and a transporter, then the supply may
be uncertain because of the randomness in the capacity of producer and/or transporter.
There are several reasons for the randomness in producer’s capacity such as long machine
downtimes due to unplanned maintenance, strikes, seconds and scraps in a production run
and lack of raw material. Not only the capacity of the producer may be random but the
capacity of the transporter may also be random. For example, accidents may cause the
transporter to lose some portion of the produced amount. In addition to accidents, quality
of transportation and environmental factors like temperature and humidity are highly influ-
ential on the amount delivered by the transporter. Starting from 1960s, many researchers
noticed the impact of supply side on the uncertainty. Karlin (1958 a,b) published the first
papers modeling the fact that the quantity received is not necessarily equal to quantity
ordered. Research considering the randomness in supply increased further after late 1970s.

Today, all inventory systems are open to outside effects since we do not live in an isolated
world. In other words, something happening in one part of the world occurs as a reaction to
another in another part of the world. Therefore, assuming a stationary environment is not
realistic. Realistic inventory models must consider the possible effects of changing economic
conditions, market conditions and exogenous environmental factors on both demand and
supply.

Clearly, demand is affected by outside factors. For example, certain basic economic

variables such as GNP, inflation and interest rate are highly influential on demand, i.e.,
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demand increases as GNP increases or demand decreases as inflation decreases. Moreover,
demand for certain products are subject to significant changes throughout product life
cycle; however, stationary demand environment cannot make use of such information (Song
and Zipkin, 1993). In inventory literature, first studies considering fluctuations in demand
environment are Karlin and Fabens (1959) and Iglehart and Karlin (1962). Later, Song and
Zipkin (1993) modeled the outside world as a Markov chain and focused only on demand
side. They assume that demand in successive periods are dependent on a Markov chain
representing the environment. In a related paper, Sethi and Cheng (1997) also incorporate
fluctuating environment into their model using Markov chain approach as Song and Zipkin
(1993). Sethi and Cheng (1997) found the most general setting under which an environment-
dependent (s,.S) policy is optimal.

In addition to demand, supply is also sensitive to outside world. For example, there
is a strong relationship between production and weather conditions, and production and
product life cycle. Furthermore, transportation costs are affected by oil price which is
subject to various political and economic factors. Hence, possible effects of environmental
fluctuations on supply and all cost parameters must also be considered. In another paper,
using again Markov chain approach, Song and Zipkin (1996) incorporated the effect of
fluctuating environment on supply into their model. They show that the optimal policy
has the same structure as in standard models, but its parameters change dynamically to
reflect current supply conditions. In this paper, Song and Zipkin (1996) also analyze the
case where there is a fluctuating environment on which demand, supply and order costs
are dependent. As a result of their analysis, they show that environment-dependent (s, S)
(base-stock) policy is optimal for inventory problems with (without) fixed-ordering cost.
Another paper which considers the possible effect of fluctuating environment on demand,
supply and cost parameters is Ozekici and Parlar (1999). They assume that the supplier
is either available or unavailable when the order is given so that ordered amount is either
totally satisfied or nothing is received by the retailer. In addition, Erdem and Ozekici (2002)
extend Ozekici and Parlar (1999) and assume that the supplier is always available but its
capacity is random and depends on the state of the environment.

Most inventory models considering random environment assume that observations of the

inventory manager (IM) regarding the true environmental state is perfect. However, this



Chapter 1: Introduction 3

is not realistic. In general, observations are incomplete because information available is
limited. Clearly, without perfect information, it is impossible to make perfect observations.
As an example, we can consider an IM. Certainly, the IM must consider every single factor
affecting the environment in order to determine the true environmental state. However,
we are living in a world where everything changes in a second and there are hundreds or
thousands of factors which have some sort of effect on our environment. Therefore, it is
impossible either to be fast enough to follow these rapid changes or to consider every single
detail that are influential on our environment. As a result, most observations about the
environment are incomplete. But this is not to say that they are useless. Obviously, they
give some partial information about the environment; however, treating them as perfect is
erroneous. Hence, realistic inventory models must consider the fact that information about
the random environment is imperfect. Models of this type, where the random environment
is represented by a Markov chain and the true state of this Markov chain cannot be observed
directly (however, there is another process which gives partial information about the true
state) are called “Partially Observed Markov Decision Processes” (POMDP). Although
there is an extensive research on POMDPs, there is not much direct application of them in
inventory literature. In a recent paper, Treharne and Sox (2002) assume that the demand
environment is random and it is represented by a Markov chain; however, the state of this
Markov chain is only partially observed. They do not consider the supply side so they
assume that the capacity of the supplier is infinite. As a result of their analysis in finite
time horizon, they show that state-dependent base-stock policy is optimal, where the state is
assumed the true environmental state and inventory position. Another paper which applies
the POMDP concept in inventory control is Bensoussan et al. (2005 a). They study three
different models: information delay, filtered newsvendor and zero balance walk. As a result
of their analysis, they show that state-dependent base-stock policy is optimal for information
delay model whereas optimal feedback policy is optimal for remaining two models.

This thesis is motivated by the fact that demand, supply and all cost parameters are
affected by the random environment and it is not possible to directly observe the state of
this environment in general. In order to create a more general and realistic inventory model,
we bring these concepts together. This thesis can be divided into two main parts based on

the observation of the random environment. In the first part, we assume that the random
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environment which modulates demand, supply and all cost parameters is directly observable.
On the other hand, the random environment is assumed to be partially observable in the
second part.

The organization of this thesis is as follows. The next part contains a review of relevant
models in the literature and how our models relate to them. Then in Chapter 3, we focus on
inventory problems with random supply in a fully-observed random environment. Next in
Chapter 4, we try to characterize the optimal policy structure for inventory problems with
random supply in random environment with imperfect information. Finally in Chapter 5,

we give a general summary of the thesis and provide some direction on future research.
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Chapter 2

LITERATURE REVIEW

The literature on inventory models can be categorized based on the information about
the system. Main body of the literature on inventory models assume that the IMs have
complete information about the system. However, few researchers realized that it is not
possible to have complete information in certain situations; therefore, inventory models
must be modified so that they are applicable when there is not complete information. So
we categorize the literature as inventory models with perfect and imperfect information. In
Section 2.1, we review inventory literature with perfect information. Then, we give a review

of literature about POMDPs and their application on inventory control in Section 2.2.

2.1 Inventory models with perfect information

In this section, we consider the inventory models with random supply and perfect informa-
tion. Yano and Lee (1995) divides inventory literature on random supply into two main
categories: continuous-time models and discrete-time models. Since we consider a discrete-
time model, we present a brief review of the literature on periodic-review random supply
inventory models here. Among others, some of the papers analyzing continuous-time in-
ventory models are Silver (1976), Shih (1980), Kalro and Gohil (1982), Noori and Keller
(1986), Ehrhardt and Taube (1987) and Parlar and Berkin (1991). Detailed analysis of both
discrete and continuous-time random supply inventory models can be found in Yano and
Lee (1995) and recent advances are summarized in Grosfeld-Nir and Gerchak (2004).

We divide the literature on periodic-review random supply inventory models into two
main categories: inventory models in a stationary environment and inventory models in a
random environment. By stationary environment, we mean the case where fluctuations in
environment are not taken into consideration. In a sense, those inventory models assume
that all inventory systems are in an isolated world so that parameters of demand and supply

distributions, and all cost parameters are independent of outside environment. On the other
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hand, by random environment, we mean the case where possible changes in outside world are
considered. In this type of inventory models, the effect of outside world on the parameters
of an inventory system is considered.

Furthermore, we divide the literature on periodic-review random supply inventory mod-
els in stationary and random environment into three subcategories: proportional yield,
random capacity and random supply. Proportional yield inventory models assume that the
supplier delivers a random proportion of ordered quantity. On the other hand, random
capacity inventory models assume that the capacity of supplier is random; therefore, the
supplier can produce all order unless the supplier’s capacity is less than it. Finally, random
supply inventory models contain both random yield and random capacity. In random sup-
ply inventory models, it is assumed that the supplier produces a random amount depending
on its capacity; moreover, the supplier can deliver the retailer a random proportion of the

produced amount.

2.1.1 Inventory models in stationary environment

Research on periodic-review inventory models with random yield in a stationary environ-
ment continues since 1950s. Henig and Gerchak (1990) give a detailed analysis of inventory
problems with random proportional yield. They assume that the amount received by the
retailer is a random proportion of quantity ordered. A detailed analysis of the problem in
single, multiple and infinite planning periods show that “nonorder-up-to” policy is optimal
under all settings. “Nonorder-up-to” is a policy structure where there is a predetermined
inventory level under which an order is always given; however, unlike the base-stock pol-
icy, this order does not necessarily bring the inventory level up to a constant base-stock
level. Moreover, it increases the inventory level above the predetermined inventory level.
Because of this particular structure of “nonorder-up-to” policy, Zipkin (2000, p.392) calls it
as “inflated” base-stock policy.

In literature, before characterizing optimal policy structure for inventory problems with
random capacity, many researchers focused on inventory problems with deterministic ca-
pacity constraints. Two of them are Federgruen and Zipkin (1986 a, b) who assume that
the capacity of the supplier is finite or fixed so that the supplier delivers all of the quantity

ordered by the retailer unless it is more than capacity. Federgruen and Zipkin (1986 a)
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analyze the inventory problem with random demand and finite capacity according to the
average-cost criterion whereas Federgruen and Zipkin (1986 b) analyze the same problem
according to the discounted cost criterion. As a result of their analysis, Federgruen and
Zipkin (1986 a, b) show that a “modified” base-stock policy is the optimal policy structure.
In such a situation, it is optimal to order up to the critical parameter if the fixed capacity
is sufficient, if not, one should order as much as possible. An original study considering
random demand and random capacity is Ciarallo et al. (1994) which is similar to Feder-
gruen and Zipkin (1986 a, b); however, the capacity of supplier is random, not finite. They
analyze the problem in finite and infinite planning periods and show that base-stock policy
is optimal.

Wang and Gerchak (1996) incorporate both random proportional yield and random
capacity into their model. In a sense, it is a combination of both Henig and Gerchak (1990)
and Ciarallo et al. (1994). As a result of their analysis, Wang and Gerchak (1996) prove
that the inflated base-stock policy is optimal in single, multiple and infinite period settings

as in Henig and Gerchak (1990).

2.1.2  Inventory models in random environment

A detailed study incorporating the effect of fluctuating environment on supply is Ozekici
and Parlar (1999). In their paper, Ozekici and Parlar (1999) develop an infinite horizon,
periodic-review inventory model with unreliable suppliers in a random environment that
affects not only the demand but also the supply and the cost parameters. They assume
that supplier is either available or unavailable at any particular instant so that the retailer
either receives all of its order or receives nothing. They show that an environment-dependent
(s,S) (base-stock) policy is optimal for inventory problems with (without) fixed ordering
cost. We prefer to categorize Ozekici and Parlar (1999) as a random availability model since
the supplier is randomly available. Clearly, random availability models are special cases of
random yield models where yield is either O or 1.

Another paper considering the effect of changing environment conditions on supply as
well as demand and cost parameters is Erdem and Ozekici (2002). They further extend
Ciarallo et al. (1994) to allow random environment and analyze single, multiple and infinite-

period problems and show that base-stock policy is still optimal when the environment is
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random. In addition, Erdem and Ozekici (2002) make a comparison between base-stock
levels of infinite capacity and random capacity inventory models. They show that base-
stock levels do not change with random capacity in single period whereas they increase
with random capacity in multiple and infinite periods.

In a recent paper, Gallego and Hu (2004) analyze inventory problems with random pro-
portional yield and finite capacity constraint in a random environment. They assume that
capacity of the supplier is finite as in Federgruen and Zipkin (1986 b) and that the retailer
receives a random proportion of amount produced as in Henig and Gerchak (1990). In
addition, as Erdem and Ozekici (2002), Gallego and Hu (2004) consider the effect of fluctu-
ating environment on both demand and supply. However, unlike Erdem and Ozekici (2002),
they distinguish between demand and supply environments. For this purpose, they use two
Markov chains: one for the demand environment and one for the supply environment. An-
other important difference between Erdem and Ozekici (2002) and Gallego and Hu (2004)
is that Gallego and Hu (2004) do not consider the effect of the fluctuating random environ-
ment on cost parameters. As a result of a detailed analysis, Gallego and Hu (2004) show
that modified inflated base-stock policy is optimal in single, multiple and infinite horizons.

Models analyzed in the first part of this thesis are in this category of inventory literature
since we assume that the environment is random. In particular, the first model in the
first part is a combination of Ozekici and Parlar (1999) and Erdem and Ozekici (2002)
since we bring random capacity and random availability concepts together. Moreover, the
second model in the same part can be classified as random capacity model since we analyze
random capacity inventory models with fixed ordering cost. In this respect, this model is an
extension of Erdem and Ozekici (2002) since we consider the case where there is economies

of scale.

2.2 Inventory models with imperfect information

The most basic assumption in the main body of inventory literature is that the inventory
system is fully observed. However, this is not the case in several real life situations. For
example, demand may not be observed directly in some cases. In such cases, the sales can be

used to predict the demand. However, sales cannot provide complete information regarding
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the demand process because unmet demand is excluded. Therefore, the demand can only be
partially predicted in this case. In such situations, classical Markov decision process (MDP)
formulation of the inventory problem is not appropriate. A generalization of MDP which
allows uncertainty regarding the state of a Markov process and state information acquisition
is necessary in this case and this is done by POMDP formulation.

POMDP has a wide range of application areas. Among many others, a few of these
application areas are machine maintenance and replacement, human learning and instruc-
tion, medical diagnosis and decision-making, and search for moving objects (Smallwood
and Sondik, 1973). Although there are some researchers studying some form of MDP with
imperfect information (i.e., Dynkin (1965) and Sirjaev (1966)), the first explicit POMDP is
developed by Drake (1962). From 1960s onward, finite horizon POMDPs are formulated in
the stochastic control context. Smallwood and Sondik (1973) were the first solving compu-
tational difficulties regarding POMDPs. In this study, they assume that the core process
is a finite-state Markov chain and formulated a finite-horizon discounted POMDP problem.
In their formulation, the system state is assumed to be the conditional distribution of state
of the core process. By this formulation, they transform a finite-state POMDP problem
into an infinite-state MDP problem. Then, they show that the value function is piecewise-
linear in this system state. Moreover, they developed an algorithm which solves POMDP
problems by exploiting special structure of the finite-horizon value function. Later, Sondik
(1978) formulated discounted infinite-horizon POMDP problem. In this paper, he showed
that discounted infinite-horizon POMDP problems can be solved by a generalization of clas-
sical policy iteration technique. Furthermore, he developed an algorithm for solving them.
White (1976) extended POMDP by allowing a semi-Markov core process. In addition, he
developed the algorithm in Smallwood and Sondik (1973) for finite-horizon POMDPs with
semi-Markov core process. A detailed discussion of papers on POMDPs can be found in
Monahan (1982). Our main concern in this study is not the computational issues regarding
the solution of POMDP problems; however, interested readers are referred to Lovejoy (1991)
for a detailed analysis of algorithmic methods.

Although study of POMDPs have started in 1950s, few researchers applied this concept
in inventory context. To our knowledge, the first study which directly applies POMDP

concept in inventory control is Treharne and Sox (2002). In this paper, they assume that
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there are a finite number of demand states and all cost parameters are independent of
these demand states. Furthermore, they assume that the procurement lead time is positive
and constant. They formulate the finite-horizon problem by assuming that the system
state is the conditional distribution of true demand state and the inventory position. As a
result of their analysis, they show that a state-dependent base-stock policy is optimal for
finite-horizon inventory problem. In the remaining of this paper, they compare algorithmic
methods for solving finite-horizon problem. Another paper applying POMDP concept in
inventory control is Bensoussan et al. (2005 a). In this paper, they analyze three different
models. In the first model, which they call filtered newsvendor model, they consider the case
where demand is observed via sales. As in Treharne and Sox (2002), they model the real
demand as a Markov process. Since unmet demand is lost, the inventory manager cannot
have exact information about the true demand state. Moreover, they assume that the excess
inventory is salvaged at the end of each period; therefore, their problem is like multi-period
newsvendor problem with partially observed demand. In the second model which they call
zero balance walk model, they focus on the situation where the inventory manager cannot
observe the inventory level due to several reasons. The inventory level is observed only
when there is no physical inventory. Moreover, they assume that unmet demand is lost
and demand has a known distribution. Finally, they show that optimal feedback policy
is optimal for filtered newsvendor and zero balance walk models. Through the last model,
which they call information delay model, they analyze the case where the inventory manager
cannot observe the current inventory level due to information delay. Instead, he can observe
the inventory level of a prior period. Unlike other models, they assume that unmet demand
is backordered. As a result of their analysis, they show that base-stock policy is optimal for
the information delay model.

Notice that both Treharne and Sox (2002) and Bensoussan et al. (2005 a) consider the
partially observed demand environment only. None of them consider the supply side. In
most real life situations, the supply can only be observed partially so that partially observed
supply environment must also be considered. Therefore, in the second part of this thesis,
we extend Treharne and Sox (2002) by allowing random supply and partial observation of
the supply environment. However, we assume that there is no delay in procurement so that

lead times are zero in all cases. Through our analysis in the second part, we introduce
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the random supply and partially observed supply environment concepts to the inventory

literature.
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Chapter 3

INVENTORY MODELS WITH PERFECT INFORMATION

All systems in real life are in touch with each other; therefore, one thing happening in
one of these systems has an effect on another one. Hence, every inventory system must
also consider this fact. As a result, the fluctuating environment phenomenon must be
incorporated into every inventory model for the sake of a more realistic model. This clearly
increases the complexity of the system; however, it also allows the IMs to be more flexible
and adaptive.

In this part of the thesis, we focus on inventory problems with random demand and
supply in a fully observed random environment. A reason for the randomness of supply is
random capacity. The retailer may or may not receive all of the ordered quantity depending
on the capacity of the supplier; therefore, the quantity received may vary. If we ignore the
randomness in capacity, the supply may still be random due to transportation problems.
Hence, another reason for random supply is randomness in the capacity or availability of
transporter. Therefore, total supply or quantity received by the retailer depends on both
capacity of the supplier and transporter.

The inventory system considered here is composed of two main entities: retailer and
supplier. For the first model, we assume that there is no economies of scale and the supplier
is represented by the producer and the transporter. The retailer orders directly from the
producer; however, the producer’s capacity is random so that all retailer order may not be
satisfied. On the other hand, the transporter is responsible to deliver produced amount;
however, we assume that the transporter is either available or unavailable at any particular
instant. Therefore, the retailer receives either all of the produced amount or receives noth-
ing. For the second model, we model the supplier as an entity which has a random capacity;
moreover, we assume that the supplier is always available and there is fixed ordering cost.
Therefore, amount received by the retailer or total supply in both models is random. More-

over, we represent the fluctuating environment by a Markov chain and assume that both
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demand and supply distributions are modulated by this Markov chain.

A related study in this area is Ozekici and Parlar (1999) where an infinite horizon,
periodic-review inventory model with unreliable suppliers in a random environment is an-
alyzed. They assume that the random environment affects demand, supply and all cost
parameters. As a result of their analysis, they show that environment-dependent base-stock
policy is optimal when there is no fixed cost of ordering. Moreover, they also analyze the
case with fixed ordering cost and show that environment-dependent (s, .S) policy is optimal
in this case. Our first model in this part analyzes a similar problem as Ozekici and Parlar
(1999) since we both consider the random availability and random environment. Moreover,
we also incorporate random capacity into our model whereas Ozekici and Parlar (1999)
do not. Furthermore, we analyze single and multiple planning problems as well as infinite
planning problems.

Another related paper is Erdem and Ozekici (2002) where periodic-review inventory
model with available suppliers having random capacity in a random environment is analyzed.
As Ozekici and Parlar (1999), they assume that random environment affects demand, supply
and all cost parameters. They analyze single, multiple and infinite planning period problems
when there is no fixed cost of ordering. They show that the optimal policy structure is
environment-dependent base-stock policy. Their study is also similar to our first model since
we both consider the random capacity and random environment. As Erdem and Ozekici
(2002), we analyze single, multiple and infinite planning period problems. However, our
model has an important difference since we also introduce a randomly available transporter
as well as a producer having random capacity into our model.

In our linear cost model, we analyze a discrete-time, single-item, single-location, periodic-
review inventory system with random production capacity and random transporter avail-
ability where demand, supply and all cost parameters are modulated by a Markov chain
representing fluctuating environment. If we consider an inventory system composed of a
retailer, a producer and a transporter, then the supply is random due not only to random
production capacity but also to random transporter availability. In this respect, we incor-
porate random availability and random capacity inventory models. In our fixed cost model,
we study exactly the same model as in linear cost model; however, we now assume that the

supplier is always available but it has random capacity; moreover, there is fixed ordering
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cost.

This part is organized as follows. Section 3.1 includes the discussion on the inventory
models with random capacity and random availability in a random environment which is
fully observed when there is no fixed ordering cost. Next in Section 3.2, we study the same
inventory problem in Section 3.1; however, there is fixed ordering cost in this case. Finally,

in Section 3.3, we summarize the implications of our analysis.

3.1 Linear cost model with random supply

In this section, we assume that K; = 0 for all ¢ so that there is no fixed ordering cost.
In inventory literature, this assumption of no fixed ordering cost generally leads to the
optimality of base-stock policies which are of a control-limit type specified by a single
number. In our model with environment dependent demand, supply and cost parameters,
the optimality of base-stock policies remains to be valid. However, the base-stock level
depends on the state of the environment.

The remainder of this section is organized as follows. We present our notation and
assumptions in the next section. In Section 3.1.2, we study the problem in a single-period
setting. Then in Section 3.1.3, we develop a general finite horizon inventory model and
analyze it. Moreover, in Section 3.1.4, we present the results of our analysis for the same
problem in infinite-horizon. Finally, in Section 3.1.5, we compare the base-stock levels in
multiple and infinite planning periods for inventory problems with random capacity only

and for inventory problems with random supply.

3.1.1 Model and assumptions

We consider a single product inventory system which is inspected periodically over a plan-
ning horizon of length N. The state of the environment observed at time n is represented by
Z, and we assume that state of environment does not change during a period. In addition,
we assume that Z = {Z,; n > 0} is a time-homogeneous Markov chain on a discrete state

space [ with transition matrix

P(i,j) = PlZn+1 =7 | Zn =1].
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And P™ denotes n step transition matrix of Z so that
P"i,§) = PlZn = j | Zo = 1.
Clearly, P’ = I so that
1 i=3j
0 i#j
If D,, denotes the total demand in period n, then the demand process D = {D,;n > 1}

P0<Z7j> =

is modulated by the Markov chain Z so that its conditional cumulative distribution function
is
M;(z) = P[Dpy1 < z | Zy, = 1]
for all ¢ and z > 0; moreover, it is differentiable so that m; is the probability density function
of demand. Therefore, the demand distribution is completely specified by the environment.
Let C), denote the random capacity of supplier in period n. Then, the capacity process
C = {Cy;n > 1} is also modulated by Markov chain Z so that its conditional cumulative

distribution function is

Fi(2) = P[Cpy1 < 2 | Zn = 1]

for all ¢ and z > 0, and it is also assumed to be differentiable so that f; is the probability
density function of capacity. As a result, capacity distribution is also completely specified
by the environment. We suppose that P[Cpy1 > 2|2, =i =1— Fi(z) >0 forall z >0
which implies that the random capacity has no upper bound so that it is possible to receive
all of ordered quantity.

In our setting, we let U,, denote the proportion of produced amount which is received
by the retailer in period n. Then 1 — U, denotes the proportion of produced amount lost
during transportation in period n. Here we assume that either U, = 1 or U, = 0. In
other words, retailer either receives all of what is produced by the supplier, or all of the
produced amount is lost during transportation. Then, an order is immediately delivered
if the capacity is enough and U,, = 1. On the other hand, if the capacity is not enough
but U,, = 1, then the retailer receives as much as capacity. In the remaining two cases, the
retailer receives nothing. In addition, we assume that capacity C),, and the transportation

yield U,, are independent. If x,, denotes the inventory level observed at the beginning of
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period n and an order is placed so as to increase the inventory level up to y, > x,, then the
amount received by the retailer is U, +1 min {y, — xy, Cp+1}. Therefore, supply is random.
If demand in a period is not satisfied, then it is completely backlogged in that period and
satisfied in the next period. As in the demand and capacity structure, we assume that the

transportation yield process or the capacity process of the transporter U = {Up; n > 1}

depends on the environment so that
PlUpt1=1|2Z, =1 =

for some 0 < w; < 1 and all ¢. Thus, u; is the probability that the transporter is available
in environment ¢. Therefore, the reliability of transporter in different environments is given
by {u;}. Notice that u; > 0 for all 7, which means that there is always positive probability
for retailer to receive all of what is produced. Otherwise, it is illogical to order.

Moreover, we assume that all cost parameters depend on the state of the environment.
Given that state of environment is 4, ¢; is the purchase cost per item, h; is the holding cost
per item per period, and p; is the shortage cost per item per period. Both holding and
shortage costs are incurred at the end of the period. Moreover, we assume that p; > ¢;,
h; > ¢; and ¢; > 0. And, we assume that all cost parameters are finite. Finally, we let «

denote periodic discount factor and assume that 0 < a < 1.

3.1.2  Single-period model

Here, we assume that there is only one period so that N = 1. Assuming inventory level at
the beginning of period is x and state of the environment at the beginning of period is ¢, we
let v (i, x) denote the single-period minimum cost function at the beginning of first period.

Moreover, we assume that vy (j,21) = 0 for all j and x1. Then, vy (i, z) satisfies
vo(Z,x) = miny>. Jo (¢, x,y) (3.1)

for all 4 and x, where y is the order-up-to level and
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Jo(i,z,y) = w Oy—a: Go(i,z + 2)dF; (2) + w;Go(i,y) [1 — F; (y — x)]
+ (1 —u) Gy (i,2) — ¢z (3.2)
Go(i,y) = cy+ L(i,y) (3.3)
i) = b [ M@= +p [ dLEE-. (3.4)
We can easily show that
Lliw) = P — (i ha) 3(0) — (35)
2L
i) = ol = ok b maly) (36)

It is obvious from (3.6) that L is convex in y because L” is always nonnegative.

Expected cost in a single period is the sum of expected purchase cost, and expected
holding and shortage cost. Let yg (¢, 2) denote the optimal order up to level which minimizes
the expected discounted cost in (3.2) when the state of environment is 7 and inventory level

is z. In addition, let v{, (i, 2) denote the first derivative of vy (,2) with respect to x.

Theorem 1 The optimal ordering policy for the single-period model is an environment-

dependent base-stock policy

) Sh e<S)
yo (i,x) = ' (3.7)
xr >S5

where S(i) satisfies
¢+ L' (i,5) =0

for all ™ and i. In addition, Jy (i,2,y) is quasi-convex iny for all i and x < y. The optimal

cost s
Jo (3,2, S8 x < St
vo (i,7) = 0 (1:.5) 0 (3.8)
L (i,z) x> 5§
for all w3 and x.  Moreover, vo(i,x) is conver in x, limgjeov) (i,2) = h; and

limg| oo vg (2, 2) = —p; for all i.
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Proof. We need to find y > = minimizing Jy (¢, z,y). Let us define Jj and J{ as the first

and the second derivatives of Jy with respect to y respectively. Then,

Jo(zy) = wi[l—F(y—a)](c+L (i,y)) (3.9)
Jo (iz,y) = will = Fi(y —2)|L"(i,y) — (ci + L' (4,9)) fily — ) (3.10)

for all y > 2. By our assumption, the first multiplicand in (3.9), w; [1 — F; (y — z)] > 0 for
all i and z. Hence, whether Jy (i,z,y) is decreasing or increasing depends on the sign of

c;i + L' (i,y). Let S} be the smallest y such that
By (i,y) = ¢; + L' (i,y) = 0. (3.11)

Notice that, limyjoc Bo (4,y) = ¢; + h; > 0 and limy| o Bo (i,y) = ¢; — p; < 0. Moreover,
By (i,y) is continuous and nondecreasing in y since L is convex. Then, this implies that there
exists a finite S satisfying (3.11). In addition, By (i,y) < 0 for y < S§ and By (4,y) > 0 for
y > S§ since By (i,y) is nondecreasing in y.

From (3.10), it is obvious that the first term is always nonnegative. Now, consider the

two cases: x < Sé and x > Sé.

(i) < S : It is obvious from (3.9) that J{(i,z,y) < 0 for all y in [z,S)) since
u;[1 —F;(y—x)] > 0 for all i and By (i,y) < 0 for all i and y < Si; therefore,
Jo (i, z,y) is decreasing for all ¢ and y in [:c,Sé). By (3.9), we can also say that
J§ (i, 2,y) > 0 for all y on [S§, 00) since u; [1 — F; (y — x)] > 0 for all ¢ and By (i,y) > 0
for all i and y > S§; therefore, Jo (i,z,y) is nondecreasing for all i and y in [Sé, oo).
In addition, the second term in (3.10) is always nonnegative for y € [93,5'8) since
By (i,y) < 0 for y < S¢; as a result, (3.10) is nonnegative. Therefore, Jy (i,z,y) is
convex decreasing in y on [:)3, Sé) . Moreover, the second term in (3.10) continues to be
nonnegative for y close to 5’8; therefore, Jy (7, x,y) is convex nondecreasing for y close
to Si. However, the second term in (3.10) turns out to be negative for large values of
y > S since limyyo0[1 — F;(y — )] = 0 and limyo (¢; + L'(i,y)) = ¢; + h; > 0. Hence,

Jo (i, z,y) is concave nondecreasing for sufficiently large values of y > x.

(ii) = > S : It is clear that J§ (i, 2,y) > 0 so that Jy (4,7, y) is increasing in y on [z, 00).

In addition, the second term in (3.10) is always nonpositive; however, (3.10) continues
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to be nonnegative for values of y close to Sé. Then, this implies that Jo (i,z,y) is
convex increasing for values of y close to S. But for large values of y, (3.10) turns out
to be negative since limy[1 — Fj(y — )] = 0 and limy;o (¢; + L'(4,y)) = ¢; +h; > 0.

Hence, Jy (i, z,y) is concave nondecreasing for sufficiently large values of y > z.

This analysis shows that Jy (7, z,y) is a function satisfying all conditions in Lemma 28;
therefore, it is quasi-convex. Hence, y = S} is a global minimum of Jy (i,z,y) for x < Sé
and y = x is a global minimum of Jy (4, x,y) for = > S§. This implies that S} is the optimal
order-up-to level when x < 5’6 and that it is optimal not to order when x > Sé. As a result,
(3.7) gives the optimal ordering policy.

Because base-stock policy in (3.7) is optimal, the optimal cost is
. Jo (i,x, Sé) z < Sé
Vo (Za J)) = .
Jo i,z ) x> S
which leads to (3.8) since Jy (¢, x,2) = L (¢, x).
Now, we prove that v (i, z) is convex. First, we show that vg (i, ) is convex for x < S§

and z > Sé, separately. Then, we show that convexity is not violated at x = Sg.
(i) = < S§: Using (3.8), the first and second derivatives of vg (i,z) are
So— .
vy (i,2) = uz/ L'(i,z + 2)dF;(2) + (1 —w;) L' (i, ) — wic;[1 — F;(Sh — z)]
0
5'6'—3:
vy (i,x) = uz/ L' (i, 2+ 2)dF;(2) + (1 —w;) L" (i, 2)
0
—uif; (5§ — ) (ci + L' (i, 54)) - (3.13)
In (3.13), first and second terms are always nonnegative because L is convex and

u; > 0. Moreover, by (3.11), the third term in (3.13) is zero. As a result, (3.13) is

always positive so that vg (4, ) is convex in x for all z < S§.
(ii) = > S : Using (3.8), v is convex because L is a convex function.

(iii) z = S§ : We now show that convexity of vy is not violated at = = Sj. For vg to be

convex at = Sj, the following condition must hold

lim v} (4, z) < lim vo(7, x) (3.14)
z1Sg z|S§
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and vg (4, 7) must be continuous at x = S§. Using (3.12),

St —x
lim vo(i,2) = lim uz/ ’ L'(i,x + 2)dF;(z) + (1 — w;) L' (i, x)
1Sy zTS§ 0

—uici[1 — F(Sh - x)]}
= w;L'(i, SH)F;(0) + (1 — ;) L' (3, 5%) — wics[1 — F;(0)]

The last equality follows from (3.11). In addition, using (3.8) and (3.11),
lim vy (i, x) = —¢;.
z|S§
Therefore, the condition in (3.14) is satisfied as an equality. Moreover, v (i, x) is

continuous at x = S}, since

lim vg (4, 2) = lim vg (4, 2) = Jo (i, S&, SE) .
:ETSéO( ) msgo( ) = Jo (4,55, S)

As a result, vg (7, ) is convex in z for all . Furthermore, using (3.8) and the fact that
limg oo L' (i, 2) = hi,
lim v) (i, 2) = lim L' (i,x) = h;
zToo zToo

for all 7. And using (3.12) and the fact that lim,| o L' (,z) = —p;,

lim vj (i,2) = —p;
x| —00

for all ¢. This completes our proof. W
Theorem 1 implies that the optimal order-up-to level is independent of the initial level
of inventory. Moreover, (3.5) and (3.11) imply that the optimal order-up-to level in single-

period is the minimal S§ which satisfies

; —1({ Pi =G
Sp=M;! : 3.15
The optimal policy is to order if current level of inventory z < S§, and do not order if z >

Si.

Moreover, it is obvious from (3.15) that the base-stock level is independent of the ca-
pacity distribution F; and availability probability u;. Hence, for a single-period problem,
the optimal base-stock level will be exactly the same as when there is no random capacity

and/or random availability.
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3.1.8  Multi-period model

In this section, we assume that there are N periods to plan for. We define v, (i, z) as the
expected cost at the beginning of period n + 1 using the optimal policy for the periods
n+1,n+2,---,N given that the inventory level is z and the environment is ¢ at the
beginning of period n + 1. Set vy (j,zx) = 0 for all j and xx; moreover, assume that
demand in period n + 1 is denoted by D and the periodic discount factor is «. Then, v,

satisfies the dynamic programming equation
v (i, ) = mings. J,, (4, z,y) (3.16)

for all ¢ and =, where y is the order-up-to level in period n + 1 and

In (i, 2,y) = wi wa Gn(i, 2 + 2)dF; (2) + wiGn(i,y) [1 — Fi (y — z)]
+ (1 —u;) Gy, (i, ) — ciw (3.17)
Gn(lay) = Czy+L(Zvy) +QZP(17])EB [anrl (]7?/*D)] (318)

JEE
with L(¢,y) given in (3.4).

Let yy, (i, z) denote the optimal order-up-to level of the minimization problem in (3.16)
when the state of environment is ¢ and inventory level is x at time n. And let v/, (¢, z) denote
the derivative of v, (i, ) with respect to z. In addition, we use the same notation of Section
A.3 in the appendix so that RS, (7,j5) = Z;”;OI a™P" (i,7) . Finally, we assume that h and p

are holding cost and shortage cost vectors, respectively.

Theorem 2 The optimal ordering policy for N -period model is an environment-dependent

base-stock policy

Siox<S
Yn (1,2) = ' (3.19)
x x>}

where S% satisfies
ci+ L'(i,S}) + > P(i, /) Ep[v),11(4, S, — D)) =0
jek
for all ™ and i. In addition, J, (i,z,y) is quasi-convex in y for all i and v <y. The optimal

cost 1s
on (i,2) =4 " ( ) ‘ , (3.20)
L(i,x) + a) ;cp P4, §)Ep [vnt1 (J,2 — D)] x> S,



Chapter 3: Inventory Models with Perfect Information 22

for all m,i and x. Moreover, v, (i,x) is conver in x, limyieo vy, (4,2) = RY_, h(i) and

limg| o v}, (i,2) = —R%_,p(t) for all .

Proof. We will prove the theorem by induction. Clearly, by Theorem 1, Theorem 2 is valid
for n = N — 1. Now suppose that induction hypothesis holds for times n+1,n+2,..., N — 1.
Next, we will show that Theorem 2 is still valid for time n. For this purpose, let us analyze
the objective function J,, (¢, z,y). We define J] and J]] as the first and the second derivatives

of J, with respect to y respectively. Then,

T (wy) = wll— Fi(y — o) ( + (i) +a Y Pl ) Eplv 1 (.y - D)])s.m)

jek
JGay) = ull— Fiy—q) (L"(i,m F oS Pl ) Bl Gy — D)])
JER
“uihly )6+ Li.9) + @ 30 PGy - D)) (322
JER

for all y > x. Note that, by our assumption, w;[1 — F;(y — z)] > 0 for all 7 and y > x. Let
S? be the smallest y such that
B, (i,y) = ci + L'(i,y) + @Y _ P(i,§)Ep v, 1 (j,y — D)] = 0. (3.23)
JEE
Using Monotone Convergence Theorem (MCT) and the induction hypothesis that
limg oo vy, (4,7) = RY_,,_1h(j) for all j,
lim By, (i,y) = ci + hi + > P(i, )Ry 1 h(5)
yiee jEB
And, using (A.5),
lim By, (i,y) = ¢; + Ry_,,h(i) > 0.
yToo

Moreover, again using MCT and assumptions that lim,|_ v}, ., (j,2) = —R¥_,_,p(j) for

all j and ¢; < p; for all 4,

ylllfnoo Bn (7/, y) =C —pi — & Z P(iv.j)R?V—n—lp(j)'
S

And, using (A.5),

lim B, (i,y) = ¢; — RY_,p(1) < 0.
yl—oo
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Furthermore, B, (i,y) is continuous and nondecreasing in y since L and v,4; are convex.

Then, this implies that there exists a finite S satisfying (3.23). In addition, B,, (i,y) < 0

for y < S¢ and B, (i,y) > 0 for y > S since B, (i,y) is nondecreasing in y. Now, we

consider the two cases: x < S) and x > S..

(i)

x < S! : The derivative (3.21) is nonpositive, and (3.22) is nonnegative so that
Jn (i, 2,y) is convex decreasing on y € [x,S%). Also (3.21) is nonnegative, and (3.22)
is nonnegative for values of y close to S?, so that J, (i,x,%) is convex nondecreasing
for y close to S on [S%, +00). However, (3.22) is negative for sufficiently large values
of y because limy[1 — Fi(y — «)] = 0 and limy By, (4,) > 0 so that J, (4,2,y)
is concave increasing for sufficiently large y on [S%, +00). Clearly, S! is the global

minimum and y,,(i,z) = S¢ is the order-up-to level when z < S

x > 8¢ : The derivative (3.21) is nonnegative, and (3.22) is nonnegative for val-
ues of y close to S! so that J, (i,,y) is convex nondecreasing for y close to S¢,
on (S, 400]. However, (3.22) is negative for sufficiently large values of y because
limyoo[l — Fi(y — )] = 0 and limyjo By (4,y) > 0 so that J, (4,x,y) is concave in-
creasing for sufficiently large y on [S%,+00). Then, x is the global minimum and

yn(i, ) = x is the order-up-to level when x > S.

This analysis shows that J, (i, z,y) is quasi-convex since it satisfies all conditions in

Lemma 28. Therefore, optimal ordering policy is the environment-dependent base-stock

policy defined by (3.19). It follows from that the optimal cost is

‘ o (i,2,8;) =<8,
vn (1, ) = 4
Jp (4, z,2) x> Sh

which leads to (3.20) by using (3.17) and (3.18).

Now, we prove that v, (i, z) is convex. First, we show that v, (i,z) is convex for x < S

and x > S! separately. Then, we show that convexity is not violated at x = S.
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(i)

(iii)

x < S% : Using (3.20), the first and second derivatives of vy, (i,z) are
St —x
v (i,z) = ul/ G (i,x + 2)dF; (2) + (1 —w) G)y (i,2) —¢;  (3.24)
0

St —x
o (7)) = u/ G iy + 2)dF; (2) + (1 — u) G (i, 2)
0

—uifi (S, = z) G (i, 8y) (3.25)
where
G, (i,x) = c+L(i,x)+aY P(i,j)Ep (v, (,x — D)) (3.26)
j€EE
G (i,x) = L'(i,x)+a) P(i,j)Ep [v) G,z — D)]. (3.27)
jek

In (3.25), first and second terms are always nonnegative because L and wv,41 are
convex. Moreover, by (3.23), the third term in (3.25) is zero. As a result, (3.25) is

always nonnegative so that v, (i,2) is convex in z for all z < SZ.

x > S! : Using (3.20), vy, is convex because L and v, 11 are convex functions. Moreover,
for x > S¢, first derivative of vy, (i,z) is
v, (i,2) = L'(i,2) + @Y P(i,5)Ep [V)41 (j,& — D)) . (3.28)

jER

r =S¢ : We now show that convexity of v, is not violated at z = S%. For v, to be

convex at z = S¢, the following condition must hold

lim v/ (i,2) < lim o), (i, 2 3.29
im0} (i,) < Jim 0} (i.2) (3:29)

and vy, (i, ) must be continuous at x = S¢. Using (3.24),

Si—x
lim v/ (i,z) = lim {uz/ G i,z + 2)dF; (z) + (1 —w;) G, (i, x) — ci}
18 zT S}, 0

= wG,(6,8,)Fi(0) + (1 - w) G (3, 8;) —

— (3.30)

The last equality follows from (3.23). In addition, using (3.28) and (3.23),

lim o (i,2) = —¢;. 3.31
lim v, (i, 2) =~ (3:31)
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Therefore, the condition in (3.29) is satisfied as an equality. Moreover, vy, (4, z) is continuous
at x = S since

li n (4, = li n (4 =Jn 7S:WS;LL .
x%g%v (,) xiré{zv (,) (i )

As a result, vy, (i,x) is convex for all . Notice that, by the induction hypothesis,
limy oo vy, (4,7) = RY_,,_1h(j) for all j. Then, using (3.28) and MCT
lim vy, (i,2) = hi + @ ) P(i, )Ry _-1h(5).
zToo ;
Jj€E
And, using (A.5),

liTm o), (i,) = RY_, h(i).

Moreover, by the induction hypothesis, lim,| o v}, (j,2) = —R%_,,_1p(j) for all j. Then,
using (3.24) and MCT

Jim v, (@) = =pi = Y Pl ) RY—poap(5):
JeE

And using (A.5),

This completes our proof. W

By Theorem 2, we see that environment-dependent base-stock policy is still optimal in
multiple periods. And, by (3.23), we see that order-up-to level is independent of initial
inventory level. Moreover, the objective function J, is quasi-convex as in single-period
model; therefore, S satisfying (3.23) is the global minimum.

Using Theorem 2 and (A.2), we get that limg e v}, (i,2) = B[00 a”hy, | Zo = i
and lim,|_o v}, (1,2) = —E [Zﬁf:—on_l a"pz, | Zo = i]. These results are intuitively under-
standable. Consider the case where inventory level at time n is very large. Clearly the
inventory level in the remaining periods is also very large so that there are not any stock-
outs. In such a case, increasing inventory level by one means that the retailer holds this
extra unit until the end of the planning horizon. As a result, from time n until time N — 1,
the retailer incurs extra holding cost which depends on the state of environment at that
time. Under discounting, the expected present worth of increase in minimum cost given the

N—n—1

initial state ¢ is E[Y """ a"hgz,|Zo = i]. Similarly, consider the case where inventory

level at time n is negative and very large in absolute value. This implies that the retailer is
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out of stock. In such a case, a unit increase in inventory level implies that the retailer’s in-
ventory level is one more in the remaining periods provided that everything is the same. As
a result, in the remaining periods, the retailer stocks out one unit less compared to previous

case. This implies that the retailer pays pz, less at each period until time N —1. Then, given

N—n—1

initial state i, expected total decrease in the optimal cost is E[> "~/

apgz,. | Zo = 1.

Our results for multiple periods agree with those of Erdem and Ozekici (2002) which
analyzes the inventory models in a random environment with random supply due to random
capacity of the supplier only. In Erdem and Ozekici (2002), it is shown that the recursive
cost function is unimodal and optimal policy is base-stock policy where base-stock level is
independent of current inventory level when there is random capacity and random envi-
ronment. In our model, we incorporate random availability as well and show that results
obtained by Erdem and Ozekici (2002) are still valid.

Note that we assume that there is always a positive probability of receiving fully what
we order, i.e., P[Cpt1 >y —2|Z, =i =1— Fj(y —x) > 0 for all y > x. However, we can
easily extend our results for the cases where the capacity is not random but limited. It has
been shown by Federgruen and Zipkin (1986 b) that modified base-stock policy is optimal
for inventory problems with random capacity in a certain environment. Moreover, Erdem
and Ozekici (2002) analyze limited capacity case in multiple periods, and they show that
environment-dependent modified base-stock policy is optimal when capacity is not random
but finite. Our analysis indicates us that environment-dependent modified base-stock policy

is still optimal for inventory problems with limited capacity and random availability.

3.1.4 Infinite-period model

In this section, we study infinite-period inventory problem with transportation yield and
random capacity in a random environment. Here, we show that environment-dependent
base-stock policy is still optimal for infinite-period problem. In addition, we analyze the
convergence and uniqueness properties of the optimal policy in infinite periods. By assuming
that K = N —n denotes the number of periods from time n until time N, we use the notation
Up,k for the finite horizon optimal cost v, in the remaining part of this section. Here, we

show that, as k increases to infinity, the finite-horizon optimal cost function vg in (3.16)



Chapter 3: Inventory Models with Perfect Information 27

converges to the infinite-horizon optimal cost function v that satisfies

v(i,z) = m>inJ(z',3:,y) (3.32)
y-x

for all ¢ and =, where y is the order-up-to level and

TGoy) = Oyz Gli, 2 + 2)dF; (2) + wiG(i,y) [1 — F, (y — 2)]
+ (1 —u) G (i,2) — cix (3.33)
G(i,y) = cy+Li,y) +a) P6i,j)Ep[v(j,y— D) (3.34)

JEE
with L(7,y) given in (3.4).
For any real valued function f : Ex R — R, where R = (—o00, +00) , define the mapping
T as

Tf(i,2) = min J (i,z.y) (3.35)

where J (i, z,y) is given in (3.33) with
G(i,y) = ciy+ L(i,y) + @Y P(i,j)Ep [f (j,y — D). (3.36)
JEE
Using (3.1), 7 f can be interpreted as the optimal cost function for the one-period prob-

lem where the terminal cost function is o, g P(3,5)ES [f (4,.)] . Then, T% denotes the

jEE

composition of the mapping 7 with itself k times; that is, for all & > 1
Trf(i,2) =TT L f (4,2) (3.37)

with 7°f = f. Using (3.16), we can interpret 7% f as the optimal cost function for the

k—period a—discounted problem. Then, using (3.35) and (3.37),

T"f(i,x) = min Ji. (i, 2,y) (3.38)

where Ji is given in (3.33) with G replaced by
Gi(i,y) = ey + L(iy) + @y P j)ED [T f oy — D) - (3.39)
Jj€ER
Let fo (i,z) = 0 for all 4 and x. For our analysis in previous sections, we always assume

that the terminal cost function is zero. Suppose that the initial cost function is fo (i, )
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so that 7°f(i,x) = fo(i,x) for all i and . Then, k—period optimal cost function is
Ok (i,2) = TEfo (i,2) for all i and z.

Let f. (i,z) denote the optimal cost over infinite horizon and let
foo (iy2) = lim T" fo (i, z) . (3.40)
kToo

Notice that fo, is well-defined provided we allow the possibility that fo, can take the value
0o. Our main aim in this section is to show that the finite-horizon optimal cost converges
to the infinite-horizon optimal cost as the length of the planning horizon gets longer. In
other words, we aim to show that fi (i,z) = f (i, ) for all i and . As stated in Bertsekas
(2000 b), it is analytically and computationally important to show that fi (i,2) = fx (4, 2)
because if we know that f, (i,2) = limgjeo T fo (i,2), then we can infer the properties of
f« (i, ) from the properties of k—period optimal cost functions 7% fy (i, z) .

Let Z;, denote the sets

for all 4 and =, A € R. According to Proposition 1.7 in Bertsekas (2000 b, p. 148), if we
show that the sets in (3.41) are compact for all 4,z and A, then f, (i,2) = fx (4,2) . By the

following lemma, we accomplish this task.

Lemma 3 Assume that limytoo Ji, (i, 2,y) = 0o for all i,z and k. The sets in (3.41) are

compact subsets of the Fuclidean space for all i,z and ).

Proof. We need to show that the sets in (3.41) are both bounded and closed in order to
show that they are compact. Let us first show that the sets in (3.41) are bounded. Note that
Jy. is expected discounted cost when there are k periods until the end of planning horizon.
Therefore, it is exactly the same as J, in Section 3.1.3 where n = N — k. In multi-period
analysis, we showed that Jj (i,z,y) is nonincreasing for y € [z, Si] and nondecreasing for
y € [S,i, +oo) . Then, because we assume that limyo, Ji (i, 2,y) = oo for all i,z and k, the
sets {2 (i,2,\)} in (3.41) are bounded for all i,z and X\. Moreover, the sets {2 (7,2, \)}
are closed since Jj, (4, z,y) is continuous for y > = and it is real-valued. Thus, the sets in
(3.41) are compact subsets of Euclidean space for all ¢,z and A. This completes our proof.
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One of the cases when our assumption in Lemma 3 is satisfied is when
limyoo [1 — Fi (y — )] > 0 for all 4 and x. Clearly, if limy [1 — Fj(y —x)] > 0 for
all ¢ and x, then limyjoo Ji (i, 2,y) = oo since limyjoo Gn(i,y) = oo and u; > 0 for
all ¢ and n. Notice that this is not a restrictive requirement and it is only technically
necessary. However, not all continuous distribution functions satisfy this requirement.
As an example, assuming that the capacity distribution is exponential, cumulative dis-
tribution of capacity is Fj (y —x) = 1 — e #(¥=%) where 1/u is mean capacity. Then,
it is obvious that limyjo [1 — Fj (y — )] = 0 for all i and . Therefore, for probabil-
ity distributions where limyjo [1 — F; (y — )] = 0, we can use approximations such that
limyjoo [1 — F; (y — )] = € > 0 but it is very small like ¢ = 107!, In addition, we can also
truncate the distribution F; at a very large value and use this truncated distribution in place
of F;. Then, our assumption in Lemma 3 is clearly satisfied so that the sets {Z (7,2, \)}
are compact.

The following proposition tells that f. is a fixed point of the mapping 7; moreover,

finite-horizon optimal cost function converges to the infinite-horizon optimal cost function.
Proposition 4 The limit f is a fized point of the mapping T so that

foo (iv (17) =T fx (’ia x) (3‘42)

for all i and x. Moreover,
foo (i,2) = fi (i, ) (3.43)

for all i and x. Furthermore, there exists a stationary optimal policy.

Proof. By Lemma 3, the sets in (3.41) are compact subsets of the Euclidean space for
all i,z and . Then, using Proposition 1.7 in Bertsekas (2000 b, p.148), f is a fixed point
of 7 so that (3.42) is valid and there exists a stationary optimal policy. In addition, notice
that

fo<Tfo< . <Trfo<.. < fa

because expected cost per period is nonnegative. From this, we get limy oo T* fo (i,2) <
f« (3,2) so that foo (i,2) < fi(i,z). By (3.42), we know that f is a fixed point of 7.
Then, by Proposition 1.2 in Bertsekas (2000 b, p.140), we get that fi (i,2) < foo (i, 2). It

follows that foo (7,2) = f« (i,2) . This completes our proof. W
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Notice that Proposition 4 implies also that f,, the optimal cost function that the finite-
horizon cost function converges, satisfies the Bellman’s equation since fo (i, 2) = 7 foo (4, )
by (3.42). Hence,

fooli,x) =min J (i, x,y) (3.44)

y>w

for all ¢ and z, where J (i, x,y) is given in (3.33) with

Jjek

As stated in Proposition 1.2 in Bertsekas (2000 b, p. 140), fo is not necessarily the unique
optimal solution to Bellman’s equation because single-period costs are not bounded under
positivity assumption; however, f. is the smallest fixed point of 7 since fo = fs.

Notice that, for a finite n, k& goes to infinity as IV goes to infinity. Then, above analysis
shows us that, limpje vox(4, ) = v(i, ). Moreover, v(i, ) satisfies (3.32) and there exists
a stationary optimal policy y (i, ) which minimizes the infinite-period total cost. However,
notice that J, (i,x,y) is not bounded for y > x; therefore, v is not necessarily unique.
Then, we take v as the minimal fixed point of (3.32). In other words, if f = 7 f, then v < f.
Moreover, we also know that the optimal solution v is that fixed point of 7 which can be
obtained as v = limyoo T fo with fo = 0.

Assuming i and x are current environmental state and inventory level respectively, we
let y (i, ) denote the optimal order-up-to level of the minimization problem in (3.32). In
addition, let v’ (¢, 2) denote the derivative of v (i, ) with respect to x. Here, we again use
the same notation of Section A.3 in the Appendix so that R*(i,j) = > " ,a"P" (i,j) and

we let h and p denote holding cost and shortage cost vectors respectively.

Theorem 5 The optimal ordering policy for the infinite-period model is an environment-

dependent base-stock policy

St < St
y (i) = . (3.46)
z x>85

where S* satisfies

ci+L'(i,S) +a > P(i,j)Epl'(j, 8" — D) =0
JjER
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for all m and i. In addition, J (i,x,y) is quasi-convex in y for all i and x < y. The optimal

cost 18
_ J (i, 2,5 <5
v(i,x) = ‘ ‘ (3.47)
L(i,z) +a) g P, j)Ep v (j,z — D)] >S5
for all w3 and x. Moreover, v (i,x) is convexr in x, limgy.v' (,2) = R“h(i), and

limg| oo v (i,2) = —R*p(i) for all i.

Proof.  Since v (i,2) = limyoo vo i (4, 2) and limit of a convex function is also convex,
v (7, ) is a convex function in « for all . And, we know by Theorem 2 that lim, . v[’m (i,z) =
Rih(i), and limg| oo vy (,7) = —Rgp(i) for all i. According to Heyman and Sobel
(1984), v' (i,2) = limgjoo vy, (i,7) When vy is differentiable for all i and z. As a re-
sult, v’ (4,2) = limgjeo vy (4,2) for all i and z. Then, limgo0v' (4,2) = R*h(i), and
limg | oo v’ (i, 2) = —R%p(i) for all .

As in single and multiple period models, we need to analyze (3.33) in order to find the
optimal base-stock levels in infinite period. Similarly, we define .J’ to be the first derivative
of J with respect to y. Then,

T s.9) = wlt = Fily - 2] (64 L)+« X PGIEBY G- D) (349
JEE
for all i and y > x. By our assumption, u;[1— F;(y—=)] > 0 for all i. Then, whether J (i, z, y)
is increasing or decreasing depends on the sign of the expression inside the parenthesis in
(3.48). Moreover, the expression is a nondecreasing function of y since L and v are convex.
Therefore, J (i, x,y) is nonincreasing if (3.48) is nonpositive, and it is increasing otherwise.
Let S? be the smallest y satisfying
B(i,y) =ci+ L'(i,y) + @Y _ P(i,j)Ep['(j,y — D)] = 0. (3.49)
JEE
Then, using MCT and the fact that limg oo v’ (j, ) = R*A(j),

liTmB(i,y) =c+h+a E P(i, j)R*h(j) > 0.
yToo -
jEE

And, using MCT and the fact that lim,|_ v' (j,2) = —R*p(j),

lim B(i,y)=ci—pi—aY Pli,j)R(j) < 0.
Jlim B (i,y) p JGZE (i, 5)Rp(5)
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Because limy oo B (i,y) > 0, limy| o B (4,y) < 0 and B (4,y) is a nondecreasing continuous
function of y, there exists a finite S° satisfying (3.49). Moreover, by a similar discus-
sion as in Section 3.1.2 and Section 3.1.3, we can show that J (i,z,y) is decreasing for all
y < S* and nondecreasing for all y > S*. Therefore, by Lemma 28, it is quasi-convex.
Then, environment-dependent base-stock policy defined in (3.46) is optimal. Using (3.46),
expected optimal discounted cost corresponding to this optimal policy is

v(i,x) = / (i’m’ Si) v SZ: (3.50)

J(,x,z) x>85"

for all + and x. Finally, using (3.33) and (3.34), (3.50) becomes exactly the same as (3.47).
This completes our proof. W

By Theorem 5, we see that environment-dependent base-stock policy is still optimal
in infinite period; moreover, base-stock level is independent of the current inventory level.
However, this optimal policy is not necessarily unique but it is stationary.

Moreover, by Theorem 5 and (A.3), we have limgjo V' (i, 2) = E [> 07 g a"hz, | Zo = i
and lim,|_ o v (4,2) = —E[Y o2 a™pz,| Zo = i] . These results are also intuitively under-
standable. If we consider the case where inventory level at time n is very large, it is easy
to see through a similar explanation as in multiple period case that, from time n until time
00, one unit increase in inventory level cause the retailer to incur extra holding cost at each
period. Under discounting, expected present worth of increase in total cost given the initial
state ¢ is E [ o7 a"hyg, | Zo = i|. Similarly, if we consider the case where inventory level at
time n is negative and very large in absolute value, the retailer pays pz, less at each period
until time oo because of unit increase in inventory level. Then, given that initial state is 1,
expected total decrease in the optimal cost is E [ 7 a"pz,| Zo = 1].

Furthermore, according to the Corollary 1.8 in Cinlar (1975, p. 197), if the state
space [ is finite and o € [0,1), then R® = (I — aP)~! where I is the identity matrix;
limgpeo v (4, 2) = (I — aP)7 h(i) and lim,| o v’ (i,2) = —(I — aP)~1p(i) for all i. There-
fore, if E is finite, then using the relation in (A.4), we can see that limgje v;’k (1,x2) =
(I — a*P¥) (I — aP)~1h(i) and limg| o vy (7)) = —(1 — o PRY(I — aP)"'p(i) for all 4,
where k = N — n.
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3.1.5 Comparison of base-stock levels

By above analysis, we show that base-stock policy is still optimal for inventory problems
with random supply in a random environment; moreover, we show that base-stock level
depends on the state of the environment. In this section, we further question the effect of
random availability on base-stock levels. In other words, we compare the base-stock levels
for inventory problems with random capacity only in a random environment and base-stock
levels for our model.

As stated earlier, Erdem and Ozekici (2002) analyze inventory models with random
capacity and show that base-stock policy is optimal for these kinds of inventory problems.
Therefore, we use base-stock levels in their study for comparison purposes. Let S be the
optimal order-up-to level for state ¢ when there is perfect availability; but, the production
capacity is random. In addition, for technical reasons, we require one further assumption
on demand distribution in this section. We assume that demand distribution M; is strictly
increasing so that m; (z) > 0 for all z > 0. Then, by (3.6), L is a strictly convex function.

From our analysis in Section 3.1.2, we know that random capacity and/or random avail-
ability have no effect on the base-stock levels in single-period. Erdem and Ozekici (2002)
also showed that randomness in capacity has no effect on base-stock levels in single-period.
This clearly implies that base-stock levels for our model and for their model are the same in
single-period. In other words, letting S§ denote the base-stock level for inventory problems

with random capacity, we have

S =S4 (3.51)

for all 4.

First of all, assume that the transporter is always available so that the retailer receives
all of the produced quantity. Since there is only one period, ordering more results in excess
inventory when the producer’s capacity is already sufficient to produce S§ — . This means
an increase in the holding cost. Moreover, if the capacity of the producer is not enough
to produce 5’8 — x already, ordering more than 5’8 — x is still illogical since receiving more
than S§ — z is impossible. In addition, when there is only one period to plan for and the
transporter is always available, our model reduces to the model considered and solved by

Erdem and Ozekici (2002). Then, this implies that S is the optimal order-up-to level for
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our model in single period when the transporter is always available. Therefore, ordering
less is also illogical.

Next suppose that the transporter is unavailable so that the retailer receives nothing.
In this case, there is no difference between ordering more or less than 5’6 — x since the
retailer does not receive anything. As a result, when there is only one period to plan for, it
is intuitively understandable that the optimal base-stock level is exactly the same as when
there is no random availability. However, this won’t be the case when the planning horizon
consists of multiple periods. The comparison of base-stock levels in multiple and infinite

period cases will be conducted in the following two subsections.

Base-stock levels in multi-period model

By Erdem and Ozekici (2002), we know that environment-dependent base-stock policy is
still optimal in multi-period when there is only random capacity. Define S% to be the base-
stock level in period n for random capacity only. Again, from Erdem and Ozekici (2002),

we know that S¢ satisfies

ci+ L' (i,8,) +a Y P(i,§) Ep [0, (4,5, — D)] =0 (3.52)
J€EE
where
foél;—ﬂ? Gn(i,x + 2)dF; (2) + Gn(3,5%) [1 — F; (S, — 2)] e
r= o
O (1, ) = —cix (3.53)
L(iam)+aZjGEP(i7j)EiD[6n+1(jax_D)] m>‘§;z

with G, (¢,x) given in (3.18) and v, is replaced by v,. Moreover, o, is convex.
The following theorem states that the base-stock level for inventory problems with ran-
dom capacity and availability is always greater than or equal to base-stock level for inventory

problems with random capacity only.
Theorem 6 In the N—period model,
h < Sy, (3.54)

for all n and i. Furthermore,

o), (i,x) < o), (i,2) (3.55)
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for allm,i and x.

Proof. The proof proceeds by induction. First, we show that the induction hypothesis
is true for n = N — 1. We know from Section 3.1.2 that 5’3\1—1 = va_l for all ¢. Therefore,
(3.54) is valid for n = N — 1. The first derivative of oy_; (4, 2) with respect to x for

oi _ Qi .
x < Sy_y =Sy 1s

» ) 5%_1—r ;. .
Un_1 (z,x):/o L' (i,z+ 2)dF; (z) — ¢ [1—Fi (SN_I—x)}

for all 4, and the first derivative of vy_1 (i,x) with respect to x for z < 5}4\[71 = S}'Vfl is

given in (3.12) where N = 1. Then, for z < S’}V_l = S}V_l
Sy -z
vy_y () = Un_y (G,z) = (1 —uy) —/ L' (i, + 2) dF; (z) + L' (i,2)
0

+ei [1- Fi (Siy_y — )] )

< (1—w) (e + L (4,2) [1—F (Sy_1 —2)] - (3.56)

The first inequality follows from the fact that L 1is strictly convex so that
—L'(i,x + z) < —L' (i,z) for z > 0. Notice that S§_, = S% _, satisfies (3.11). Then, it fol-
lows that ¢; + L' (i,z) < 0 for x < 55\/—1 = va_l; therefore, right-hand side of the inequality
in (3.56) is nonpositive for z < 53\/—1 = S}V_l. This implies that vy, (4,2) < Oy_; (i,2)
for z < 5’}'\]71 = Sﬁvfr Moreover, the derivative of vx_1 (¢, 2) and vy_; (7, ) with respect

to x for x > va_l = va_l is exactly the same, where

v?\f*l (Z,l’) = T)E\ffl (171.) = LI (Z,l’)

for all 4. Therefore, (3.55) is valid for n = N — 1.
Now suppose that the hypothesis is true for n+ 1,n+ 2,..., N — 1 so that S’fl_ﬂ < SfH_l

and v, (j,z) < 0,

nt1 (J,z) for all j and x. Next, we prove that it is also valid for n. First

of all, we show that S! < S!. Assume that the converse is true so that S} > S¢. It follows

that

a)  P(i,§)Epv)1(j, 5, — D) < a ) P(i,j)Ep[v,.1(j, S, — D)) (3.57)
jEE j€ER
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for all i since, by the induction hypothesis, v;,; (j,2) < v, (j,) for all j and z. Then, it
follows from (3.57) and (3.23) that
0 < e+ L(i,S) +a) Pl0.j)Eplo.a(: S, — D))
JjER
< e+ I (6,8,) + oY P(i,j)Eplt) 15,5, — D). (3.58)
JjEE
The second inequality above comes from the assumptions that S > S and L is strictly
convex. However, (3.58) is a clear contradiction to the fact that S satisfies (3.52). Hence,

(3.54) is valid. Finally, we now show that v), (¢,z) < ¥, (i,z) for all ¢ and z. Clearly there

are three cases to be analyzed: z < S! < S!S <z <S¢ and S, < Si < .
(i) z < 8 < S%: By (3.53), the derivative of v, (i,z) for z < S! is

St —x )
o, (i,z) = /0 <ci + L' i,z +2)+a Z P(i, j)Ep[v), 1,z + 2 — D)])dFZ- (2)

JEE
i
Si—a ,
> [T (6 2ot 4 a D PGBt + 2 - D) JaF (2
0 JEE
i

5o
_ / G iz + 2)dF; (2) — ¢
0

where G/, is exactly the same as in (3.26). The inequality above follows from assump-
tion that v}, (j,2) <9, (j, ) for all j and x. Moreover, vy, (i, z) is given in (3.24).

Then, for all i and x < S, <S¢,

Sf’L—m
/U;L (2733) - Tj;l (va) < ul/ G;L(,va + Z)dFl (Z) + (1 - ul) G;L (2733)
0

S _g
- / Gl (i 2+ 2)dF; (2)
0

IN

Si—x
” /O Gl (2 + 2)dF (2) + (1 — w) G, (3, 2)
St —x
—/O G iy + 2)dF, (2)
St —x
= (1—w) (—/ G\ (i,z + 2)dF; (2) + G, (z,x))
0

Sk —x
< (1 - uz) <_ /O G;?,(Z7 x)sz (Z) + G;l (7;7 :C))

= (1-w)G, (i,2) [1 - F; (S, — )] (3.59)
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(iii)

Second inequality comes from the fact that, by (3.23), G, (i,x) < 0 for all z < S% and
Sioo< Sk Moreover, the third inequality follows from the fact that
G!(i,z) < Gl (i,xz + 2) for z > 0 and for all z < S¥ < S%, since L and v, are
convex. Finally, notice that (3.59) is nonpositive since G/, (i,z) < 0 for all x < S&.

Therefore, v}, (i,7) — ), (i,z) < 0 so that (3.55) for all 4 and = < S¥ < S!.
S <x < S :From (3.24),
. S-S5, _ B
0

8L-8;, , ~
< u/ G (i, Sp)dF; (2) + (1 = wi) Gy, (i,57,) — ¢
0
_ . (3.60)

The inequality follows from the fact that G/, (i, z) is increasing and S¥, < S!. And, the
last equality comes from that, by (3.23), G/ (,S%) = 0 for all 5. Then, (3.60) implies
that v/,(4,S%) < —c;. In addition, by (3.30) and (3.31), we know that v/, (i, S) = —¢;.
Moreover, v}, (i,x) is increasing since L and v,1; are convex. This clearly implies
vl (i,2) < —¢; for all 4 and z in (S%, S%] . Furthermore, we know that o, (¢, 5)) = —¢;
and 7, (4, z) is increasing since L and 41 are convex. Hence, 7],(i,x) > —¢; for all 4
and z in (S}, S%] . As a result, v}, (i,2) < ¥),(¢,2) so that (3.55) is valid for all i and

T In (S’i Si].

Si < St < x: From (3.20) and (3.53),
U’:L (Z,.’L’) - Q_]fn (va) = Oézp(l,]) (EiD[v;L—i-l(j:x - D)] - EiD[?_J;z+1(j¢x - D)])
Jjek

for all ¢ and = > S) > S%. Notice that v/, (j,z) < v,

n

11(j,x) for all j and x by

assumption.

Therefore, v/, (i,x) — ¥}, (i,x) < 0 so that (3.55) is valid for all s and = > S! > S%. This

completes our proof. W

Theorem 6 states that the retailer will order more by increasing the base-stock level if the

transporter is randomly available. If the transporter is always available, it is optimal to order

S¢ —x if the current inventory level in period n is < S%; moreover, F [min (S'}l —x, Cn)] is
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the expected amount received by the retailer. But, if the transporter is randomly available,
there is a positive probability of receiving nothing; therefore, the expected amount received
by the retailer is u; E [min (Sﬁl -, C’n)] . This clearly means that expected amount received
by the retailer decreases with random availability of the transporter. If we continue to order
as the transporter is always available but the capacity of the supplier is random, it is highly
probable that we receive less than the amount produced by the producer. Clearly, this leads
more shortages; as a result, total expected shortage cost increases.

But, if we increase order-up-to level to S% > S? so that the order is more than the cer-
tainly available transporter case, the expected amount received by the retailer is
u; B [min (S;L -, C’n)] . Then, this will reduce the expected shortages so that total cost
of shortages will be less. In addition, ordering more also increases the expected inventory
leftover. However, this inventory leftover can be used to reduce shortages in later periods
due to random availability. Hence, ordered quantity must be increased when the transporter

is randomly available.

Base-stock levels in infinite-period model

Erdem and Ozekici (2002) also show that the optimal policy in infinite period setting for
inventory models with random capacity only in a random environment is still environment-
dependent base-stock policy. Let us denote the base-stock level in this model by S?. Then,
St satisfies

i+ L'(i,S) + o) P(i,j)Ep[t'(j, 8" — D) =0 (3.61)

JEE

and the optimal cost is
IS Gliya + 2)dF, (2) + GG, §) [1 = Fy (8T —2)] — ez & < &

v(i,x) = , _
L(iax)+aZjeEP(i7j)EZD[z_}(jax_D)] x> 5"

(3.62)
with G(i, ) is given in (3.34) where y is replaced by = and v is replaced by ©. Moreover, ©
is convex.

The following theorem states that the base-stock level for inventory problems with ran-
dom capacity and availability is always greater than or equal to base-stock level for inventory

problems with random capacity only.
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Theorem 7 In the infinite-period model,
St < 8 (3.63)
for all 4.

Proof. Here, we again use v, in place of v,. Then, by Theorem 4, we know that
v (1, x) = limypeo Vo i (4, ) and o (4, ) = limyt oo Do i (¢, ) for all 4 and x. Then, this clearly
implies that v’ (i, ¥) = limgjeo v, (4, 2) and ¥ (4, ¥) = limgjeo Vg, (4, 7). Moreover, by The-
orem 6, we know that vg ;. (i, x) < v, (i, ) for all 4 and =

To prove that S* < S?, assume that the converse is true so that S* > S*. Then, by (3.49),

0 = ¢+ L (,5) +a) P@i,j)Ep'(j, S — D)

IS

< ¢+ L (i,8) +a)_ P@i,j)Ep['(j, S — D)
j€eE

< ¢+ I (6,8 +a)_ P@,j)Ep(j,5 - D). (3.64)
jek

The first inequality in (3.64) follows from the fact that v" < ¥’. And, the last inequal-
ity comes from the fact that S* > S¢ and L is strictly convex and ¥ is convex so that
L' (i,8) < L' (i,5%) and ¥'(j,S" — D) < v/(j,S* — D). However, (3.64) is a clear contra-
diction to the fact that S* satisfies (3.61). Therefore, S? < S° for all i. This completes our

proof. W

3.2 Fixed-cost model with random capacity

Ozekici and Parlar (1999) showed that an environment-dependent (s, .S) policy is optimal for
inventory problems with randomly available suppliers and fixed ordering cost in a random
environment. In other words, when the supplier produces either all of the ordered quantity
or none of the ordered quantity, an environment-dependent (s, S) policy is optimal. Here, we
question whether an environment-dependent (s, S) policy is still optimal when the supplier
is always available but has random capacity.

In this section, we study the inventory model with fixed ordering cost and random
capacity in a random environment. Here, we assume that U, = 1 for all n > 0 so that

u; = 1 for all ¢ and there is no loss during transportation. Moreover, we assume that K; > 0
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so that there is fixed cost of ordering. Using notations and assumptions in Section 3.1.1,
we formulate the problem and present a counter example showing that (s,.S) policy is not
necessarily optimal in multiple periods.

Here we assume that the length of the planning horizon is N and we also assume that
the expected optimal discounted cost at the beginning of period N + 1, vy (j,zx5) = 0 for
all j and zn . Assuming state of environment and inventory level at time n are ¢ and x

respectively, minimum cost function satisfies
On (4, ) = miny>. {K;0(y — ) + Jn (4,2, y)} (3.65)

where y is order-up-to level in period n + 1, §(2) is the indicator function which is equal to
1 only if z > 0 and 0 otherwise, and
y—T

In (G, z,y) = ; Gnli,z+ 2)dF; (2) + Gp(i,y)[1 — F; (y — x)] — ¢z (3.66)

Gul(i,y) = cy+LG,y)+aYy  P(i,5)Ep [vns1 (j,y — D)) (3.67)
j€E

with L as given in (3.4).
The analysis of the problem in (3.65) is more difficult because of the complex structure
of the cost function. Hence, we study the problem in multi-period setting via numerical

examples and show that the environment dependent (s, .S) policy is not necessarily optimal.

Remark 1 The optimal ordering policy for the N -period model with fixed ordering cost is

not necessarily an environment-dependent (s,S) policy.

Example 1 We assume that the environment has two states so that & = {1,2}, where state
1 represents a “good” environment and state 2 represents a “bad” environment. Moreover,

we assume that environment changes state according to the transition matriz

0.9 0.1
0.1 09

All distributions and parameters depend on the state of the environment.
Demand distribution is assumed to be Poisson with mean A = [10, 5] and it is truncated at
[22,13] . In other words, we assume that the mazimum demand can be at most 22 in the good

state and 13 in the bad state. In addition, capacity distribution is assumed to be geometric
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Figure 3.1: Optimal order-up-to levels (if initial state is good)

with probability of failure ¢ = [0.9,0.8]. Demand and capacity distributions are Poisson and
geometric in both states with the given parameters. We assume that both A and q change by
the state of the environment so that we ensure nonstationarity of probability distributions.
We have computed the optimal policy with = 0.95, ¢ = [1,2],h = [3,6],p = [9, 18]
and K = [10,20]. Moreover, everything gets worse in bad environmental state, i.e., cost
parameters double, demand and capacity decrease.

For N = 2 and given parameters, we solve the minimization problem in (3.65) via
backward recursive dynamic programming. As the solution algorithm, we used value iteration
algorithm. The value iteration algorithm is coded in MATLAB and is run for N = 2. The
results are shown in Figure 3.1 and Figure 3.2.

From Figure 3.1, it is obvious that an (s,S) policy is optimal for both periods if the
initial state of environment is good. Figure 3.1 (b) shows that if the state of environment in
the last period is good, it is optimal to order up to 11 if the inventory level in the last period
is less than or equal to 7 so that st =7 and S} = 11. In addition, Figure 3.1 (a) shows that
when the state of environment in the last period is good, it is optimal to order up to 17 if
the initial inventory level is less than or equal to 12 so that s} = 12 and S} = 17.

However, the optimality of (s,S) is violated if the initial state of the environment is bad
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Figure 3.2: Optimal order-up-to levels (if initial state is bad)

as shown in Figure 3.2. From Figure 3.2 (b), it is clear that (s,S) policy is still optimal
in the last period if the state of environment in the last period is bad. And it is optimal to
order up to 6 in the last period when the state of environment is bad and inventory level is
less than or equal to 1 so that s2 = 1 and S? = 6. But (s,S) policy is no more optimal for
the first period if the initial state of environment is bad as shown in Figure 3.2 (a) where
there are multiple s3 and multiple S3. This result is similar to the result obtained by Gallego
and Wolf (2000).

Another observation from Figure 3.1 (b) and Figure 3.2 (b) is that s and S values are
environment-dependent. For ezample, st = 7 and s3 = 1. This counter example shows us
that (s, S) is not an optimal policy structure for inventory problems with fized ordering cost,
random capacity and random demand in a random environment. Moreover, it is obvious
from Figure 3.2 (a) that there does not exist a fairly simple optimal policy structure for

those problems.
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3.3 Summary of results

The aim of our study in Section 3.1 is to characterize the optimal policy structure for
inventory problems with random capacity and random availability in a random environment.
The state of environment follows a time-homogenous Markov chain which affects all the
costs and the distribution of demand and supply. The results in single, multiple and infinite
planning periods show that base-stock policy is optimal; however, order-up-to levels depend
on the state of the environment. Our results are similar to several studies in the literature
where demand, supply and the environment are random. For example, Ozekici and Parlar
(1999) prove that an “environment-dependent” base-stock policy is optimal for a similar
problem when there is randomly available supplier, i.e., proportional yield is either 0 or 1, in
a random environment. In addition, Erdem and Ozekici (2002) show that the environment-
dependent base-stock policy is still optimal when the supplier is always available but has
random capacity. In all of these models, the ordering cost is linear in quantity ordered and
there is no fixed cost of ordering.

Our study considers an inventory system with a producer having random capacity and
a transporter which is randomly available. Therefore, our study is a combination of both
Ozekici and Parlar (1999) and Erdem and Ozekici (2002). First, we try to find out how ran-
domly available transporter in a random environment affects the optimal policy structure.
As a result of our analysis, we see that environment-dependent base-stock policy is still
optimal. Erdem and Ozekici (2002) show that environment-dependent base-stock policy
is optimal for random capacity inventory models in a random environment. We introduce
randomly available transporter to this model and see that an environment-dependent base-
stock policy is still optimal.

Next, we analyze how the randomly available transporter affects base-stock levels. For
this purpose, we compare the base-stock levels in Erdem and Ozekici (2002) and in this
study. As a result of our analysis, we see that randomly available transporter has no
effect on base-stock levels in single period. However, base-stock levels in multiple and
infinite planning periods increase because of randomly available transporter. Through a
similar analysis, Erdem and Ozekici (2002) show that base-stock levels in multiple and

infinite planning periods increase compared to infinite capacity case; however, they stay
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the same in a single period. Therefore, we can claim that base-stock levels in multiple and
infinite planning periods increase compared to infinite capacity case for inventory models
with randomly available transporter and producer having random capacity in a random
environment. However, base-stock levels in single planning period stay the same.

Here, we should note that the optimal policy may change due to the supply structure.
If we assume that the producer has random capacity and the transporter delivers a random
proportion (between 0 and 1) of the produced amount, then it is highly probable that
environment-dependent inflated base-stock policy is optimal as in Wang and Gerchak (1996).

In Section 3.2, we extend our study in Section 3.1 by introducing fixed cost of ordering
and assuming that the transporter is always available. In general, the optimal policy struc-
ture for inventory models with fixed ordering cost is an (s, S) policy. Therefore, it may be
expected that the optimal policy would be environment-dependent (s, .S) policy when there
is fixed ordering cost. However, we show via a counter example that environment-dependent
(s,.5) policy is not necessarily optimal for inventory problems with fixed ordering cost and
random capacity in a random environment. This result is consistent with similar studies
in the literature. For example, Shaoxiang and Lambrecht (1996) show that modified (s, S)
policy is not optimal even in a stationary environment when the capacity of the producer
is finite. Since introduction of fixed ordering cost into our model is more general compared
to the case in Shaoxiang and Lambrecht (1996), we can expect that environment-dependent
(s,.5) policy is not optimal. Actually, we show this through a numerical example. Shaoxi-
ang and Lambrecht (1996) partially characterize the optimal solution for inventory problems
with fixed capacity and fixed ordering cost in a stationary environment. They show that
there is a point x below which it is optimal to order and there is another point y above
which it is optimal not to order. However, they cannot define what to do in between x
and y. They prefer to call this policy structure as x — y band. In a related paper, Gallego
and Wolf (2000) define possible actions in between = and y. However, this is still a partial
characterization of optimal policy structure. Therefore, further research can aim to make a

full characterization of the optimal policy in this case.
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Chapter 4

INVENTORY MODELS WITH IMPERFECT INFORMATION

In the previous part, our main assumption is that the IM has full information about the
inventory system. For example, we assume that the IM knows the state of environment so
that availability probability, demand and capacity distributions are all known. In addition,
we further assume that the IM observes the inventory level perfectly. However, it is not
possible to observe the real environmental process as well as the inventory level in many
situations.

First of all, the real environmental process affecting the demand and supply is not always
perfectly observed. As stated in Chapter 1, observations regarding the true environmental
state is not perfect because of the limited data that is available. As a result, the state that
we observe using available data may not be the real one. However, it definitely gives some
information regarding the true state. In such cases, we can make use of our observations to
make inferences about the real environmental process. Let us make the concept of partial
observation clear by considering our previous models. In our previous models, we represent
the random environment by a Markov chain and assume that costs, demand and supply
depend on states of this Markov chain. In a sense, via demand and supply distributions,
we incorporate the random environment into our model. As for any distribution function,
observed data is used to compute supply and demand distributions that are specific to
different environmental states. Through data, we find distribution type as well as its pa-
rameters. However, computed distributions and their parameters are only estimates about
the real distribution function. If we recall the correspondence between distribution types
and environmental states, we can think computed distribution as observed state and the
real distribution as true state. Most of the time, computed distributions (observed environ-
mental states) are not true, but they give some information regarding the real distributions
(true environmental state). Therefore, full observation or perfect information assumption is

erroneous and misleading. To create more general and realistic models, we must incorporate
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into our models the fact that our observations are partial. This complicates the formulation
of the problem; however, it also enables IM to take more flexible and adaptive decisions.

In inventory models with perfect information, we also assume that the inventory level
is fully observed. However, there are many real life situations where this is not possible.
For example, inventories are frequently misplaced and/or stolen. Moreover, it is not always
possible to notice these misplaced or stolen inventories. Therefore, they are unobservable
for the IM. In such cases, real inventory is only partially observed through the observed
inventory level. In addition, spoilage and production yield may also cause the difference
between observed and real inventory levels. Interested readers are referred to Bensoussan
et al. (2004, 2005 b) for a detailed explanation of the factors leading partial observation of
inventory level.

In this part of the thesis, we analyze five different models. The first model analyzes
exactly the same problem as the first model in the first part. However, we now assume that
the random environment is partially observed whereas the inventory level is fully observed.
Therefore, there is another process which gives partial information about the Markov chain
representing the real environment. In addition, the first model assumes that demand, pro-
ducer’s capacity and transporter availability are modulated by the real environment whereas
all costs are dependent on the observed environment. Then, in the second model, we an-
alyze exactly the same problem as in the first model. However, we now assume that the
producer’s capacity is modulated by the observed environment. Notice that the state of
our system in the first two models is assumed to consist of all observations until current
time and the current inventory level. As the length of the planning horizon gets longer, the
state space of our system increases without bounds. Therefore, the infinite period problem
cannot be analyzed using this setting.

Instead, we change our formulation in the third model and assume that our system state
is the conditional distribution of the true environmental state and the inventory level at
the current time. This change enables us to analyze single, multiple and infinite planning
period problems. There are two related studies in this area. In the first study, Treharne
and Sox (2002) analyze inventory problems with partially observed demand in finite-horizon.
Treharne and Sox (2002) and our third model are similar since we both assume that the

demand environment is random and partially observed. However, our model is different in
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several respects. First of all, we assume that supply and all cost parameters are modulated
by random environment. In addition, we study infinite-horizon problem; however, they
consider finite-horizon problem only. Finally, they assume that there is a constant lead
time in delivery while we assume that the delivery is instantaneous. Second related study is
Bensoussan et al. (2005 a) which analyze three different models: filtered newsvendor, zero
balance walk and information delay. Filtered newsvendor and our third model are similar
since we both assume that the demand environment is random and partially observed.
However, they are different in several respects. Firstly, we assume that the inventory level
is perfectly observable whereas Bensoussan et al. (2005 a) assume that it is only partially
observable in all three models. Secondly, they do not consider supply side as Treharne and
Sox (2002) while we incorporate the randomness in supply into our model. Finally, we
assume that all cost parameters are environment-dependent while Bensoussan et al. (2005
a) consider stationary cost parameters.

In the fourth model, we assume that the supplier is either available or unavailable at
any particular instant; however, its capacity is infinite. In this model, we assume that
demand is dependent on the true environmental state while availability process of supplier
and all cost parameters are modulated by the observed environment. Here, we still use the
same formulation as in the third model so that the state of our system is the conditional
distribution of real environmental state and current inventory level. Moreover, we also
assume that the fixed ordering cost is positive. Our fourth model is very much related with
Ozekici and Parlar (1999). However, we extend it by assuming that the random environment
is partially observable.

Finally, in the last model, we analyze inventory problems with finite capacity and ran-
dom proportional yield in a partially-observed random environment. In this model, we also
assume that the system state is the current inventory level and the conditional distribution
of real environment. Our last model is very similar to Gallego and Hu (2004) since we both
assume that demand is random and environment dependent. Moreover, we both assume
that the supply is random due to fixed supplier capacity and proportional random yield,
and it is environment-dependent. However, we assume that there is only one environment
modulating both demand and supply whereas they assume that supply and demand envi-

ronments are different. In addition, they assume that demand and supply environments are
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fully observed whereas we relax this assumption and assume that random environment is
only partially observed. Furthermore, we assume that all costs are environment dependent
whereas their cost parameters are stationary.

This part is organized as follows. In the next section, we present our hidden Markov
model, notation and assumptions. Then, in Section 4.2, we show via a numerical example
that state-dependent base-stock policy is not necessarily optimal for inventory problems
when the capacity of supplier is modulated by the real environment. However, in Section
4.3, we relax our assumption and assume that the capacity is modulated by the observed
environment. In this section, we analyze single and multiple planning period problems
only. In order to analyze infinite planning period problem, we change our formulation and
use sufficient statistics in the remaining part of the thesis. We show in Section 4.4 that
conditional distribution of true environment is a sufficient statistic for the past history
of observed environment. Then, in Section 4.5, we reformulate our problem in Section
4.3 using sufficient statistics. After that, using sufficient statistic formulation, we study
inventory problems with unreliable suppliers and fixed ordering cost in Section 4.6. In
Section 4.7, we consider inventory problems with fixed capacity and random proportional
yield in a partially observed random environment. Finally, in Section 4.8, we summarize

main results of our analyses in the second part.

4.1 Hidden Markov model (HMM)

The main focus of this section is on imperfect information available to determine optimal
inventory policy in a stochastically changing environment. We let Z, denote the state of
the stochastic environment at time n, and assume that Z = {Z,; n = 0,1,2,3,...} is a
Markov chain with some time-dependent transition matrix Q,(a,b) = P [Z,4+1 = b|Z,, = d]
and finite state space F = {a, b, ¢, ...}. The states of the environment are not observable and
the Markov chain Z is hidden. This implies that information available to IMs is not perfect.
The imperfect observations on the state of the environment are given by an observation
process Y = {Y,; n=0,1,2,3,...} with some finite state space & = {i, j,...} where Y, is
the information available at time n. The environment evolves according to the unobserved

process Z whose states depend on various economic and other factors; however, IMs can
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only see the observed process Y. Hence, they base their decisions on what they observe.

It is clear that the observed process Y is not necessarily a Markov chain and the state
of the stochastic environment Z at any time depends on all of the past observations of
Y. The relationship between the two processes Y and Z is made formal by enlarging the
state spaces B and F so that E""! = Ex E x --- x E = {(ig, 2, ,in) : im € E} and
F'tl =F xFx---xF=1{(ag,a1,a2, - ,a,) : @y € F}. Then let Y,, = (Yp, Y1, Y2, -+ ,Y,)
denote past observations of process Y until time n and 7, = (ig,41,%2, - ,in) € Entl
denote the realizations of these observations. And let Z,, = (Zg, Z1, Za2,- -+ , Zy,) denote the
true state of the environment until time n and a,, = (ag, a1,az,--- ,a,) € F**! denote the
realizations of this unobserved process Z. The information available to the IM at time n is
7, since he can only observe the process Y. We assume that the probabilistic evolution of

Y depends purely on the state of Z such that
PY, =i|Z, = a] = Ey(a,1) (4.1)

independent of all previous states of Z and Y in any period n. Borrowing the terminology
that is commonly used in signal processing, the matrix FE, is often called the emission
matrix. In signal processing, Z represents a process that emits signals such that if the nth
signal is a, then it emits ¢ with probability E,(a,1).

Simple probabilistic arguments give

Oy (tp,a) = P [Zn =alY, = 7n]

_ Xb,gemn P20 = bo] Eo(bo,i0)Qo(bo, b1) - - - @n—1(bn-1,a) En(a,in) (4.2)
T Yp et P Zo = bo] Eo(bo,i0)Qo(bo,b1) -+ Qno1(bn—1,bn) En(bn,in)

for n > 1, while

O()(i(), a) =P [Z() = CL’YO = iO] = Zboi[io[zzo a:]f(;)](ggl((;))g, i0) (4'3)

for n = 0. To simplify our notation, define

Uh(a,j) = P[Yoik=jlZn=0a,Y, =1,
= P Yok = jlZy = d

= Z Qn(a7 bn+1)---Qn+lfl(bn+kfl7 bn+k)En+l(bn+k7j)' (44)

bn+1’~~~)bn+k€F
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for k > 1. We use ¥, instead of ¥ when k = 1. The evolution of Y is now described
probabilistically by

Py(tn,j) = P [V = j[Vn =] =Y _ On(tn,a)¥} (a,) . (4.5)
aclF

And we use P, instead of P¥ when k = 1. Clearly, PO = I so that

1=
P, j) = T (4.6)
0 in#J
for all 7, and j. Furthermore,
Pyt (i0,5) = P [Yapker = j|Va = )
= > PV =Y =1 P Yoiker = j|Vn =, Va1 = 1]
lek
- ZP Z'ru n—&-l((fn?l)aj)' (47)
leE

First equality follows from the definition of P in (4.5). After conducting simple probabilistic
operations, we get second equality. The final equality follows from the definitions of P, and
PF | in (4.5).

Note that {P,} and {O,,} matrices can easily be determined once the transition matrices
{Qn}, emission matrices {E,} and the initial distribution of the true state of the environ-
ment are known. It is also clear that the the next true state of the economy, as well as the
next observation, both depend on all of the past observations. Moreover, we assume that
{Qr}and {E,} are time-dependent for single and multiple period analyses; however, they
are time-homogenous for infinite period model so all time subscripts vanishes in infinite

period analysis.

For a nonnegative function g, we note that

Za g n+k

m—1
= ] = o’'E [g (Vi) Yn = in]

k=0  jeE
m—1
=2 > a"Pf(fn’J)] 9(j)
j€E Lk=0
= Z Rg,m(znaj)g (]) = Rn mY (Zn) (4 8)
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where we define Ry}, (in,7) = S o of Pk, 5) for all 7, and j. If we consider g (j) as
the reward obtained when the observed state is j, then Ry, g (7,) is the expected total
discounted reward obtained during m transitions when all observations until time n is 7,.
Using a similar terminology as in Cinlar (1975), R}, g can be called a—potential of g

during first m transitions starting at time n. Similarly, RS

n.m 18 called a—potential matrix

of Y during first m transitions starting at time n. Notice that Y is not a Markov chain;
therefore, we cannot directly use results obtained by Cimlar (1975) regarding finite transition
a—potential matrices and functions.

For our analyses in the remaining sections, we need the relationship between total ex-
pected discounted reward from time m until the end of planning horizon and the total
expected discounted reward from time n + 1 until the end of the planning horizon. In other

words, we need to find how R} g is related to Ry, 19. By (4.8), we know that

Rg,mg(zn) = Zan’LTH k)

Jj€E
m—1
= g(in)"i'z O‘kPr]zc (Zm])] 9(9)
J€E Lk=1
= g(in) + Z Z ot Z Py (n, Z)Pr]f—i-l ((2n,1) a])] 9(7)
jeB k=0 I€E
= g(in)+azpn(fm Zzak n+1 ((ns1),9) 9(4)
I€E J€E k=0
= g(ln) +a Z Pn(inaj)Rg—H,m—lg(znaj) (49)
JjEE

for all 7,,. We get the second equality after we substituted Ry m(in, k). We then get the third
equality by changing the index of inside summation in second line. Then using (4.7), we
get the fourth equality. Finally, the last equality comes from the definition of Ry, ,, 9.
Let, as in Section 3.1.1, D,, and C,, denote the total demand and the random capacity
of the supplier in period n, respectively. Here we assume that both demand and capac-
ity of the producer are observed. However, their distributions depend on the unobserved
state of environment. Hence, the demand process D = {D,;n > 1} and capacity process

C = {Cy,;n > 1} are modulated by the Markov chain Z. Conditional cumulative distribu-
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tion functions of demand and capacity are
My(z) = P[Dpy1 < z | Z,, = q]

and

F.(z) = P[Cph41 < z | Zy, = a

for a € F and z > 0, respectively. Moreover, we assume that they have probability density
function m, and f,. Furthermore, we suppose that P[Cy+1 > z|Z,, = a] = 1—F,(z) > 0 for
all z > 0 which implies that the random capacity has no upper bound so that it is possible
to receive all of ordered quantity.

As in Section 3.1.1, let U,, denote the proportion of produced amount which is received
by the retailer in period n, where we again assume that either U, = 1 or U, = 0. As in the
demand and capacity structure, we assume that availability of transporter at period n is
observed, but the availability process U = {U,; n > 1} depends on unobserved environment
so that

PlUyy1=1|2, =a] =u,

for some 0 < u, < 1 and all a. If ) puqOy, (2y,a) = 0, then u, = 0 for all a; how-
ever, ordering is meaningless in such a case since nothing is received. In addition, if
> ack YaOn (tn,a) = 1, then u, = 1 for all a. But this is the case of total availability and is
not the main concern in this study. Therefore, we assume that 0 <} puaOp (n,a) < 1
for all 7, and n > 0 which is not a restrictive assumption because of the reasons explained
above.

Again, we let xz, denote the inventory level observed at time n. In each period, the
information available to the retailer regarding the true state of the environment is the past
observations of Y. Then information vector for the retailer at time n is Y,, = 7,,. Given z,
and 7,,, the IM decides on the optimal order quantity, and this quantity brings the inventory
level up to y, > x,. We assume that there is no delay in delivery so that an order is
immediately delivered provided that the producer’s capacity is sufficient and transporter is
available. If the transporter is available, but the producer’s capacity is not sufficient, then
an amount equal to the capacity is delivered. However, if the transporter is not available,

then nothing is received. Hence, amount received at time n is Up41 min{y, — z,, Cphi1}
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and the supply is random. If demand in a period is not satisfied, then it is completely
backlogged in that period and satisfied in the next period. Thus, the system equation for

our problem is
Xn+1 =X, + Un+1 min {y(ina Xn) — X, Cn—f—l} - Dn+1

for n > 0. Note that {U,}, {Cy} and {D,} all depend on the unobserved process Z.
Obviously, all current cost parameters are observed by the IM. Therefore, we assume
that all cost parameters depend on the observed environment Y. Given that the state of
observed environment is ¢ in period n, K; is the fixed cost per order, ¢; is the purchase cost
per item, h; is the holding cost per item per period, and p; is the shortage cost per item per
period. Both holding and shortage costs are incurred at the end of the period. Furthermore,
we assume that p; > ¢; and ¢; > 0. Moreover, we assume that all cost parameters are finite
so that they are bounded. Finally, we let a denote periodic discount factor and assume that

0<a<l.

4.2 Linear cost model with unobserved capacity

In this section, as in Section 3.1, we assume that K; = 0 so that there is no fixed ordering
cost. However, now, we assume that the random environment is only partially observable.
Moreover, we assume that demand, capacity and availability processes are all modulated
by the unobserved process Z while all cost parameters are modulated by the observed
environmental process Y. In this section, we show via a numerical example that base-stock
policy is not necessarily optimal. The counter example presented in this section shows that
base-stock policy is not optimal even for the single-period problem.

We first give the formulation of the single-period problem. There is only one period to
plan for so that N = 1; moreover, v (71,21) = 0 for all 7; and 1. Take ip = i and ap = a.
Assuming inventory level at the beginning of period is x, the single-period minimum cost

function at the beginning of the first period satisfies

vo (i, ¢) = miny>. Hy (i, z,y) (4.10)
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for all ¢ and =, where y is the order-up-to level and

Hy (i,z,y) = Z Oo(i,a)Jy (i,a,z,y) (4.11)
acF
Jo(t,a,z,y) = ug Oy—f Go(i,a,z + 2)dF, (2) + u,Go(i,a,y) [1 — F, (y — )]
+ (1 —uq) Go (iya,x) — cx (4.12)
Go(i,a,y) = ciy+ L(i,a,y) (4.13)
Li,ay) = hi /0 (y — 2)dMa (=) + ps / (2 — y)dMa(2). (4.14)

Then first and second derivatives of L(,a,y) with respect to y are

L/(ia a, y) = (p’i + hz) Ma(y) — P (415)

L'(i,a,y) = (pi+ hi) ma(y). (4.16)
Notice that (4.16) is always nonnegative so that L(i,a,y) is a convex function in y.

Remark 2 The optimal ordering policy for the single-period problem in (4.10) is not nec-

essarily an environment-dependent base-stock policy.

Example 2 We assume that both observed and unobserved environments has two states
so that B = {1,2} and F = {1,2}, where state 1 represents a “good” environment and
state 2 represents a “bad” environment. Moreover, we suppose that P [Zy = 1] = 0.66 and

P[Zy = 2] = 0.34. Furthermore, the emission matrixz for the first period is

0.65 0.35
Ey =
0.45 0.55
Then, using (4.3),
0.7371 0.2629
Oo =
0.5526 0.4474
Demand distribution is assumed to be Poisson with mean A = [10,50] and truncated

at [22,75]. In addition, capacity distribution is assumed to be geometric with probability
of failure ¢ = [0.99,0.8] so that P[C = k] = pg"~'. We assume that A and q change by
the state of the unobserved environment Z so that demand and capacity distributions are

modulated by real environment. In addition, we suppose that the availability process is also
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Figure 4.1: Optimal order-up-to levels

modulated by the real environment so that u = [0.57,0.43]. We have computed the optimal
policy with ¢ = [1,2],h = [3,6] and p = [9,18]. We assume that cost parameters change
with the state of the observed process Y so that they are known to the IM.

We solved the single-period minimization problem in (4.10) with the given parameters
and the results are shown in Figure 4.1. Figure 4.1 (a) shows the optimal order-up-to levels
for each inventory level x when the observed state of environment is good whereas Figure 4.1
(b) shows the optimal order-up-to levels for each inventory level x when the observed state
of environment is bad. From Figure 4.1 (a) and (b), it is obvious that there is a critical
tventory level under which we always order and over which we do not order. For example,
this critical inventory level is 13 if the observed environmental state is good and it is 19 if
the observed state is bad. Moreover, it is also obvious that the optimal order-up-to levels are
constant up to a certain inventory level (i.e., optimal order-up-to level is 15 up to © = 3
(x = —1) if the observed environmental state is good (bad). However, it is clear that the
optimal order-up-to levels are not constant in between those two critical inventory levels and

they change with varying level of inventory.

Finally, we can generalize the same remark for multiple and infinite period problems.

Therefore, base-stock policy is not necessarily optimal in multiple and infinite period settings
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for inventory problems with real environment modulated demand, capacity and availability

processes and observed environment modulated cost parameters.

4.3 Linear cost model with observed capacity

In this section, as in Section 4.2, we assume that K; = 0 and the random environment
is only partially observable. The demand and availability processes are modulated by the
unobserved environmental process Z. However, we assume that the capacity process C is
modulated by observed environmental process Y. In addition, the random capacity has no
upper bound so that P[Cp41 > 2|Y,, =i =1 — F;(z) > 0 for all z > 0. The remainder of
this section proceeds as follows. In Section 4.3.1, we analyze the problem in single period
and present our results. Next, in Section 4.3.2, we extend the planning horizon and analyze

the same problem in multi-period setting.

4.8.1  Single-period model

Here we assume that there is only one period to plan for so that N = 1; moreover,
v1 (11,21) = 0 for all 77 and z1. Take ig = ¢ and ap = a. Assuming inventory level at
the beginning of period is z, the single-period problem is given by (4.10)-(4.14) where F} is
replaced by F; in (4.12).

Let yo (i, z) denote the optimal order up to level which minimizes the expected discounted
cost in (4.11), where F, is replaced by F;j, when observed state is ¢ and inventory level is

z.In addition, let v{, (i, 2) denote the first derivative of v (¢,2) with respect to .

Theorem 8 The optimal ordering policy for the single-period model is a state-dependent

base-stock policy
[ s wssh
yo (i,x) = ' (4.17)
x >S5

where S} satisfies
> Ooli, a)uq (i + L' (4,0, 53)) = 0
a€F

for all i. In addition, Hy (i,x,y) is quasi-convez in y for all i and y > x. The optimal cost
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incurred by this policy is

Hy (i, z, S} xz < S
wii) = | 6o 5) ° (4.18)
Y aer Qoli,a)L(i,a,x) = >S5
for all i and x.  Furthermore, wvo(i,x) is convex in x, limgeo vy (i,2) = h;, and
limg | oo vy (4, ) = —p; for all .

Proof. We need to find y > x minimizing Hy. We denote first and second derivatives of

Hy with respect to y by H|, and H{j, respectively. Then,

Hé (7;’ z, y) = [1 - F; (y - :E)] Z Oo(i, a)ua (C’i + L,(ia avy)) (419)
a€F
H[/), (7’7 z, y) = [1 - Fl(y - LU)] Z OO<Z.7 a)ufl (L”(ia a, y)
aclF
iy - 2) (6 + D,0,9))) (420)

for all y > . Note that 1 — F; (y — ) > 0 for all ¢ and y > z; therefore, whether Hy (i, z,y)
is decreasing or increasing depends on the sign of the summation in (4.19). Let S§ be the
smallest y satisfying
By (i,y) = Y _ Ooli,a)uq (c; + L' (i, a,)) = 0. (4.21)
aclF
Notice that ), g Oo(i, a)ug > 0 for all i by our assumption. This implies that Og(i, a)u, > 0
at least for an a. Then, ¢; + L'(i,a,y) so that By (i,y) is nondecreasing since L is a con-
vex function. Therefore, By (i,y) < 0 for all y < S} and By (i,y) > 0 for y > Si.
In addition, limyjee Bo (3,y) = (hi +¢i) D per Ooli,a)u, > 0 and limy| o By (i,y) =
—(pi =€) Dger Ooli,a)uq < 0 since D p Oo(i,a)u, > 0 by our assumption. Then, it
follows that there exists finite S§ satisfying (4.21).
From (4.20), it is obvious that the first term is always nonnegative. Now, consider the

two cases: x < Sé and © > Sé.

(i) « < S§ : The second term in (4.20) is always nonnegative for y € [z,S() since
By (i,y) < 0 for y < S¢; as a result, (4.20) is nonnegative. Therefore, Hy (i,z,y) is
convex decreasing for all y in [m, Sé) . In addition, (4.20) continues to be nonnegative

for y > S but very close to Si; therefore, Hy (i,z,y) is convex nondecreasing for y
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close to Sj. However, (4.20) turns out to be negative for large values of y > S§ since
limyjoo[1 — Fi(y — )] = 0 and limyo (¢; + L'(i,a,y)) = ¢;+h; > 0. Hence, Ho (i, z,y)

is concave nondecreasing for sufficiently large values of y > .

(ii) @ > S : The second term in (4.20) is always nonpositive; however, (4.20) continues to
be nonnegative for values of y > x and close to Si. Then, this implies that Ho (i,z,y)
is convex nondecreasing for values of y close to S§. But for large values of y, (4.20)
turns out to be negative since limyjo[1 — F;(y — )] = 0 and limyjo (¢; + L' (i, a,y)) =
¢i + h; > 0. Hence, Hy (i, z,y) is concave nondecreasing for sufficiently large values of

Yy =

This analysis shows that Hy (i, x,y) is quasi-convex since it satisfies all conditions in
Lemma 28. Therefore, y = S§ is a global minimum of Hy (i,z,y) for z < S§ and y = z is
the global minimum of Hy (i,x,y) for x > Sj. This implies that S} is the optimal order-
up-to level when z < S[i) and that it is optimal not to order when x > Sé. As a result,
(4.17) gives the optimal ordering policy. Because base-stock policy in (4.17) is optimal, the
optimal cost is
voli ) Hy (i,2,5)) =z < Sé

Hy (i,z,2) x> S,
which leads to (4.18) since Hy (i, z,2) = > ,cp Oo(4,a)L (i,a,1).
Now we prove that vg(i,x) is convex. First, we show that vo(i,z) is convex for x < S§

and z > S}, separately. Then we show that convexity is not violated at = S§.

(i) = < S§: Using (4.18), the first and second derivatives of vy(i,z) are

Si—x
vp(i, o) = Z Oo(i,a) <ua/0 (ci+ L'(i,a,x + 2)) dF;(2)

a€cF

+ (1 —uq) L' (4,a,2) — ci) (4.22)

St—x
vy (i,) = Z Op(i,a) (ua/o ’ L'(iya,z + 2)dF;(2) + (1 — ug) L"(i,a, x)

a€F

—fi (S§ — @) uq (c; + L' (i,a, SY)) ) (4.23)
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n (4.23), the first and second sums are always nonnegative because L is convex.
Moreover, the last sum in (4.23) is zero by (4.21). As a result, (4.23) is always

nonnegative so that vg(i,z) is convex for all z < S.

(ii) = > Si: Using (4.18), vp is convex because L is a convex function and sum of convex

functions is also convex.

(iii) # = S} : Finally we show that convexity of vg is not violated at = = Sj. For vg to be

convex at z = S(Z), the following condition must hold

lim vg (i, ) < lim v( (i, ) (4.24)
z1S§ xS

and wvo(i, z) must be continuous at z = Sj. Using (4.22),

Sy —x
lim v)(i,2) = lim {ZOO (,a) (Ua/ 0 (ci + L'(i,a,z + 2)) dFy(2)
0

o158 2185 | 5
+ (1 —wug) L' (3,a,7) — uacz) }

— 3" 0u(i, a) (uaFi(O) (ci + L' (i, 0, S3)) + L' (i, a, S})

aclF
—ugc; + L' (i, a, Sé))

:Znga (i,a,S}).

a€cF

The last equality follows from (4.21). Moreover, from (4.18),

lim v (4, ) = ZOoza (i,a, Sp).
@15 aclF

Then it follows that lim,; vy(i, ) = lim,| g v (4, ) so that (4.24) is satisfied. Finally,

vo(i, z) is continuous at x = Sj, since

lim vo (7, ) = lim vo(7, ) Op(i,a)L za,S’i.
15} o, ) z|S} ol GEZ]F ol )

As a result, vg(i,x) is convex in z for all i. Furthermore, using (4.18), MCT and the

fact that limyjeo L' (2, a,x) = hy,

lim v, (i, ) = ZOozath(zam) hi

@loo a€lF
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for all 7. Similarly, using (4.22), MCT and the fact that lim,|_ L' (¢, a,2) = —p;,

lim v (i,2) = —p;
x| —00

for all ¢. This completes our proof. W

Theorem 8 shows that a state-dependent base-stock policy is still optimal in single
period for inventory problems with random capacity and random availability in a random
environment if the unobserved environment modulates demand and availability process,
but, not the capacity process. Capacity process and cost parameters are modulated by the
observed environment. Moreover, base-stock level for single-period problem can be obtained
by solving (4.21) for minimum y. From (4.21), it is obvious that the base-stock level must be
decreasing when the availability probability of the transporter is increasing and it depends
on demand distribution since L is dependent on M,. However, the base-stock level for a
single-period problem is independent of the capacity distribution and the current inventory
level. In other words, the optimal base-stock level for a single-period inventory problem in
a partially-observed random environment is exactly the same as when there is no random
capacity if the capacity is modulated by the observed environment.

Furthermore, from (4.19), it is obvious that base-stock policy is not necessarily optimal if
the capacity process is modulated by the unobserved environment since then 1 — F,, (y — z)
would be inside the summation in (4.19) and Hy would have many local minima and maxima.

Moreover, in this case, global minimum of Hy will depend on the current inventory level z.

4.3.2  Multi-period model

In the case with multiple periods, there are N periods to plan for and the dynamic program-
ming equation involves the sum of single period costs in the current period plus the expected
optimal discounted costs from the next period until the end of the planning horizon. We
assume that vy (i, zx) = 0 for all 7y and . Moreover, we suppose that inventory level
at the beginning of period n + 1 is  and demand in period n + 1 is D. Assuming i, = ¢

and a,, = a, the minimum cost function at time n satisfies

Un (T, ©) = mings. Hy, (in, T, ) (4.25)
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for all 7, and x, where y is the order-up-to level in period n + 1 and

H, (tn,x,y) = ZOn(Zn, a)Jy, (tn, a,x,y) (4.26)
acF
In (i, a,2,y) = uq o Gn(tn,a,x + 2)dF; (2) + uyGrp(tn, a,y) [1 — F; (y — x)]
+0(1 — ug) Gp(in, a,x) — i (4.27)
Gt a,y) = cy+ L(i,a,9) + @Y Up(a,5) B [vni1 (@, 5),y — D)) (4.28)
JjEE

with L(i,a,y) as given in (4.14). Here, £, denotes the notation that expectation is taken
with respect to the random variable D with distribution M,.

Let yy, (2n, x) denote the optimal order-up-to level of the minimization problem in (4.25)
given that all of the past observations until time n is 7,, inventory level is x, and the
observed environmental state is ¢ at time n. In addition, let v/, (z,, ) denote the derivative
of vy, (i, ) with respect to z. Finally, we assume that h and p are holding cost and shortage

cost vectors, respectively.

Theorem 9 The optimal ordering policy for N -period model is a state-dependent base-stock

policy
Sin g < S
Yn (7717 .%‘) = " o 7_1 (4.29)
x x> S

where S satisfies
> On(tn, a)ua <c,- + L0, S +ad U (a,j) ED (v (s 4), Sy — D)] ) =0
aclF j€E

for all v,. In addition, Hy, (in,x,y) is quasi-convex in y for all &, and y < x. The optimal

cost incurred by this policy is

Hn (fn,:c,SzL”) T S Sfln
0 (70:2) = 4 Laex Onlins @) (L(i 0, ) 0

+0 Y jes Vo (a5) B [onsr (7, ), = D))

for all©, and x. Furthermore, vy, (in,x) is convezr in x, limyioo vy, (in, ) = RS 5, h(1n) and

limy| oo vy, (20, ) = =R N, 0(W) for all 7,
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Proof. The proof proceeds inductively. First of all, by Theorem 8, we know that
vy—1 (In—1,2) is a convex function in z; moreover, base-stock policy is optimal for Nth
period. Therefore, Theorem 9 is satisfied for time N — 1. Notice that, here, we also
assume that vy (iy,xn) = 0 for all 7y and zy. Next, assume that the induction hy-
pothesis is valid for times n + 1,n + 2,..., N — 1 so that v,11 (Zp+1,%n+1) is convex in
Tpy1 for all 241, limgiee v, g (g1, @) = Ri+1,N—n—1h(7n+1) and limg| oo v), 1 (tny1,2) =
—RngLN_n_lp(inJrl) for all 7,41 € E"*2. We now show that Theorem 9 also holds for time
n.

The value function in period n is given by (4.25) and we need to analyze H,,. We let H,

denote the derivative of H,, with respect to y. Then,

H,, (in,,y) = [1— Fi(y — )] Z O (tn, a)ug (Ci + L'(i,a,y)
a€lF
+a X 0 (00) B [t (Guddoy = D)) ) (43)
jEE

for all y > x. Note that 1 — F;(y — x) > 0 for all y > x. Then whether H, (7,,x,y) is
increasing or decreasing depends on the sign of the summation in (4.31). Moreover, the
summation is a nondecreasing function of y since L and v,,11 are convex. Then H, (7, x,y)
is nonincreasing if (4.31) is nonpositive, and it is increasing otherwise. Let S’» be the

smallest y satisfying

Bn(znay) = ZOn(znaa)u(L(Ci"i_L,(iaaay)

acF

1oYW, (a,9) B [then ((ons )y — D)) ) —0. (43
J€ER

Notice that, By, (1n,y) < 0 so that (4.31) is negative for z < y < S and it is nonnegative
for x <y > SZ” since L and v,y1 are convex. Using Monotone Convergence Theorem
(MCT) and the induction hypothesis

lim By, (in,y) = ¥ _ On(tn, a)tia (cz- thi+ oY W, (a,§) Ry 17, j)) > 0.

yloo a€F j€E
The inequality above follows from our assumptions that are h; > ¢; > 0 for all ¢ and

> ack On(tn, a)u, > 0 for all 7,,. Similarly, using MCT, the induction hypothesis and the



Chapter 4: Inventory Models with Imperfect Information 63

fact that ¢; < p; for all 4,
lim By, (in,y ZO In, G ua<cl pz—aZ\IJ a,j) By i1 Non—1P(Tn, )><0
yl—oo
acF JEE
Moreover, B, (i,,y) is continuous and nondecreasing in y since L and v,4; are convex.
Then, this implies that there exists a finite S’ satisfying (4.32). Now, we consider the two

cases: z < S’ and z > Slr.

(i) < 8% : Then (4.31) is negative so that H, (7, z,y) is decreasing for y € [z, SI").
However, (4.31) is nonnegative so that H,, (7,2, y) is nondecreasing for y € [S', 4+00).
Obviously, S is the global minimum and ¥, (z,,x) = S¥ is the order-up-to level for

z < S

(ii) # > S» : Then (4.31) is nonnegative so that H, (z,,,y) is nondecreasing for all

y > x. As a result, no order should be given so that y,, (7., ) = .

This analysis shows that H,, (i, z,y) is quasi-convex since it satisfies all conditions in
Lemma 28. Hence, base-stock policy defined in (4.29) is the optimal ordering policy. Ap-

plying this optimal policy yields the following minimum cost function

H, (tn,x,SM) z < Sk

Un(7n7$):: _
H, (i, z,x) x> Sk

which leads to (4.30) since
ln,.’l’}ﬂf ZO Zna < ( a,x)—|—aZ\IJn(a,j)E%[vn+1((zn,j),x—D)]>.
aclF jek

Now we prove that vy, (z,, x) is convex. First, we show that vy, (2,, z) is convex for x < Si»

and x > S'», separately. Then we show that convexity is not violated at x = S¥.
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(i) « < Si»: Using (4.30), the first and second derivatives of vy, (%,,x) are

Sin g
v (I, ) = ZOn(in,a) <ua/ G (tn,a,m + 2)dF; (2)
0

a€clF
+ (1 - ua) G{n(zm a, x) - Ci) (4.33)
St g
Op(tn, ) = Z On(tn, a) <ua/ Gl (i, a,x + 2)dF; (2)
a€clF 0
+ (1 — uq) GZ, (tn, a, )

(ST — 2) ua G (s s@)). (4.34)

where

Ghlim,a,x) = ci+ L) +a> Wy (a,5) Ep [vhi (), y — D)] (4.35)
j€E

Gh(tm,a,x) = L'(i,a,0) +a) W (a,5) Ef [vn1 (@, 5),y — D)] . (4.36)
Jjek

In (4.34), the first and second sums are always nonnegative because L and v, are
convex. Moreover, the last sum in (4.34) is zero by (4.32). As a result, (4.34) is always

nonnegative so that vy, (%,,z) is convex for all x < S¥».

(i) = > S'm: Using (4.30), vy, is convex because L and vy, 41 are convex, and sum of convex

functions is also convex.

(i) z = S : Finally we show that convexity of v, is not violated at = S%. For v, to

be convex at x = S', the following condition must hold

lim v}, (7, z) < lim v (7,, ) (4.37)
xSy x| Sy
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and vy, (2, *) must be continuous at z = S'». Using (4.33),

SZ"—m
lim v}, (7, 2) = lim {ZOn(Zn,a) <ua/ G, (i, a,z + 2)dF; (2)
0

xSk TS ocF
=+ (1 - ua) G{n(znv a, 37) - Ci) }
= Y Ou(tn, a) (uaGy(tn, a, Si) F; (0)

a€F

+ (1= a) Gy (7n, a, S7) — 1)

= ZO (tn,a < (i,a,S)

a€F

+aZ\I/n (a,7) Ep [vn11 (0, 5), Sy — D)] )

Jj€ER
The last equality follows from (4.32). Moreover, from (4.30),
lim v}, (T, T ZO In,a < ia,S) —i—ozz\lf a,7) ED [ 41 ((n, 5), S — )])
xS’ aclF j€ek

Then it follows that lim , gm vy, (2n, ¥) = lim,| g vy, (2, ) so that (4.37) is satisfied.

Finally, vy, (%,, ) is continuous at x = S’ since

lim v, (tp,2) = lim v, (i, )
TSy xSy
— ZOn(in,a) (L(i,a, S
a€F
#0300 00 B [ourn ((0:3). 55~ D)] ).
JER

As a result, vy, (7, ) is convex in x for all z,. Moreover, using induction hypothesis,

(4.30) and MCT

lim o), (1, 2) = hi+a P Op(in,a) Y W (a,5) Royy np1hl(in, )

2o a€F jEE
= hi+a ) Pu(in, )Rt N—pe1 A, )
IS

= Ry n_ph(in)

The second equality follows from the definition of P, in (4.5), and the last equality follows
from (4.9). Similarly, using the induction hypothesis, (4.33), and MCT, we can also show
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that

lim v, (in,7) = =R N_p,P(Tn)-
x| —00 ’

This completes our proof. W

By Theorem 9, we see that a state-dependent base-stock policy is still optimal in multiple
periods. However, base-stock levels depend on all past observations regarding the true
state of environment. In addition, from (4.32), it is obvious that the order-up-to level is
independent of current inventory level x. Moreover, the cost function H,, is quasi-convex as
in single-period model; therefore, S’ satisfying (4.32) is the global minimum. However, if
the producer’s capacity is modulated by the unobserved environmental process as in Section

4.3.1, the base-stock policy may not be optimal.

Using Theorem 9 and (4.8), we get that limy o v/, (7, ©) = B[S pg’ " oFhy, | Yo =)
and limg| o v}, (1,) = —E| évz_on_l o®py, .| Y = 7,]. These results are intuitively under-

standable. If we assume that inventory level at time m is very large, inventory level in
the remaining periods is also very large so that there is no stockouts. In this case, one
unit increase on inventory level means that the retailer holds this extra unit until the end
of the planning horizon. Thus, from time n until time N — 1, the retailer incurs extra
holding cost which depends on the state of environment at that time. Under discount-
ing, expected present worth of increase in minimum cost given all past observations 7, is
E| évzfonfl akhyn T Y, = 7,]. Similarly, if we suppose that inventory level at time n is
negative and very large in absolute value, this implies that that the retailer is always out of
stock. In such a case, a unit increase in inventory level implies that the retailer’s inventory
level is one more in the remaining periods provided that everything is the same. As a result,
in the remaining periods, the retailer stocks out one unit less compared to previous case.
And this implies that the retailer pays py, less at each period until time N — 1. Then, given
n, expected total decrease in the optimal cost is E| év:_on_l akpyn o Y, =)
Unfortunately, there is a difficulty with the dynamic programming formulation above as
the planning horizon gets longer since observations regarding the state of the environment
increases. Therefore, the state space E" gets larger. Then, this implies that the dimension of
the state (,,x,) increases. When the length of the planning horizon is infinite, this means

that the dimension of the state space is infinite. As a result, analyzing infinite period
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problems with this formulation is very difficult. Therefore, we analyze the same problem by
a different formulation in the following section. This new formulation enables us to analyze

infinite-period problem as well as single-period and multi-period problems.

4.4 Sufficient statistics

The main problem about our formulation of inventory problem with imperfect information
in Section 4.3 is that the state space is of increasing dimension. A new observation at period
n causes an increase in the dimension of the information vector Y;,. Then, the dimension of
the state (7,, x,) increases accordingly. This situation clearly creates some problems as the
number of periods increases. Moreover, it is computationally very hard to keep this much
information. Hence, it is necessary to reduce the data. For this purpose, we need a process
of smaller dimension than Y,,. This process must summarize all information embedded in
Y,,. These are known as sufficient statistics.

Define 7% = P [Zn =a ‘Yn] so that 7% is the probability that the true state of the

environment at time n is a given all observations until that time. Let the vector m, =

b

o ] denote the conditional distribution of Z, given Y,, where Y acr Ty = 1 and

[W?L, T
w2 >0 for all a € F. Additional information that we obtain at each period is the new state
of the observed process Y. Therefore, information at time n + 1 is information at time n
plus Y, 41 so that Yn+1 = (Yn, Yn+1) . The conditional distribution of the true state of the

environment at time n + 1 is specified by
9b (Yn—‘rl) =P [Zn-l—l =b ’Yn—i—l = (an Yn+1)] (438)
where

() = P[Zng1=b|Y Y1 =j]
P Zpi1 =b,Yni1 =7 |Yy]
P [Yny1 =7 |Yn]
Sowck P [Zn = a|Yy] P[Zps1 =b|Zy = a] P [Yns1 = j| Zns1 = b]
Za,be]FP [Zn =a |37n] PlZyt1=b|Zy,=a]P|Yn+1 =J|Zn+1 = b]
ZaeF T Qn(a,b)Eny1(b,j)
Za,ceF T Qn(a, c)Enyi(c, )

(4.39)
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for n > 0. Note that 7 is either known at the beginning or it can be determined from

P[Zy =b] Ey(b, Y
= [Zo = b] Eo(b, o) (4.40)
2 cer P 120 = o Eo(c, Vo)
using the initial observation Yp. This analysis shows that
Tt = 0 (Yns1) (4.41)

after putting (4.38) and (4.39) together. The most important property of (4.41) is that
calculation of conditional distribution of the true state of the environment after time n + 1
requires only m,, conditional probability of the true state of the environment after time n,
and Y11 the new observation on the true state of the environment at time n 4+ 1. There-
fore, m, summarizes the information up to time n and represents a sufficient statistic for
the complete past history of Y;,. This result is also stated in Smallwood and Sondik (1973),
Monahan (1982) and Bertsekas (2000 a). Moreover, it is stated in Monahan (1982) that
{mn;n > 0} is a Markov chain. As a result, our problem can be modeled as a completely
observable Markov decision chain, where 7, is the state of this Markov chain. The unob-
servable environmental process Z is defined on the finite state space F whereas the Markov
chain 7 is defined on a continuous state space © (F) which is the set of all probability
distributions on F.

Expression in (4.41) is a transformation from 7, to m, 1 if the observations Y;, become

Y11= (Ya,Yns1), and the transition function is

ZaEF W?LQ” (CL, b)En+1(b7 Yn—l—l)
Za,CE]F W%Qn(aa C)EnJrl(Ca Yn+1)

for n > 0. Then we let T' = {T3; b € F} denote the transition vector where ), T, = 1 and

Tb (7711 |Yn+1) =

(4.42)

Ty > 0 for all b € F. Note that mg is again either known as an initial condition or it can be
found by (4.40). In this case, we assume that P [Zy = a] is externally specified so that it is
initially known. In practice, P[Zy = a] can be determined via preliminary analysis of the
unobserved environment. Then, using P [Zy = a], we can determine my by (4.40) since we
already know FEj.

Like (4.5), the evolution of Y is now described probabilistically by

Pﬁ((ﬂm Z) a]) =P [Yn+k = ] |Ym Y, = Z Zﬁalpk (4.43)
acF
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for k > 1, where UF is given in (4.4). Moreover, we use P, instead of P¥ when k = 1.
Clearly, P? = I so that
Py((mn,4),7) = (4.44)
0 i#j
for all 7,,,i and j. Note that P¥((m,,i),j) is independent of i for k¥ > 0. In addition,
through a similar analysis as in (4.7), we can write the following

Py (i) §) = Y Pa (1) 1) Py (T (ma 1) 1), ) (4.45)
lekE

for all 7,7 and j.

Note that {P,} can easily be determined once the conditional distribution of true state
of environment {7}, the transition matrices {Q,}, emission matrices {E, } and the initial
distribution of true state of the environment are known. Here, as in Section 4.1, we assume
that {Q,}, {E,} and {¥,} are time-dependent for single and multiple period analyses;
however, they are time-homogenous for infinite period analysis so all time subscripts vanish.

For a nonnegative function g, we note

m—1 m—1
E Zakg(yn+k) Y,,Y,=i| = oFE (g (Yoir) [Yn, Yy =]
k=0 k=0
m—1
= > ") P(m,1),4)9 (j)
k=0 jek
m—1
=) Za"Pﬁ((m’)J)]g(j)
jeE Lk=0
= Y Ry ,.((m,4),5)g(j) = Ry ng(m,i)  (4.46)
JjEE

where we define Ry, . ((7,4),7) = ZZ:OI o*P¥((r,4),7) for all i and j. If we consider g (5)
as the reward obtained when the observed state is j, then Ry}, g (m,1) is the expected total
discounted reward obtained during m transitions given information vector 7 and observation
i. Then, R} g can be called a—potential of g during first m transitions starting at time n.
Similarly, Ry ., is called a—potential matrix of ¥ during first m transitions starting at time
n. Notice that we cannot directly use results obtained by Cinlar (1975) regarding finite
and infinite transition a—potential matrices and functions since Y is not a Markov chain.

Therefore, potential theory of Markov chains must be modified so that it is also applicable

for POMDPs.
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As in Section 4.1, we need the relationship between Ry, g and Ry, ,, ;g since we need

it for our analyses in the following sections. By (4.46), we know that

Ry mg(mi) = Y Ry (), Dg(D)

leB

m—1
= 9@+ | X B ((m) J)] 9(0)
leE Lk=1
- +ZZ TS Pl(m,i), )P (T (x15)5) D) | 9(2)
IEE k=0 jER
= —|—QZP 7TZ ZZOZ |])7.7)7l)g(l)
JjeE leE k=0
= g@i)+ay Pul(m ), )Ry mo19(T (x]5),5) (4.47)
JEE

for all 7 and i. We get the second equality after we substituted Ry ,,((7,7),1). Then, we get
the third equality by changing the index of inside summation in second line. Using (4.45),
we get the fourth equality. Finally, the last equality comes from the definition of Ry, ,,,_19.
For infinite-period analysis, we assume that {Q,} and {E,} are time-homogenous so
that Q, = @ and E,, = E. Therefore, we obtain simplifications that can be made in
infinite-period analysis. Using (4.43), we can now write
P¥((m,1) Zwa\lfk a,j) (4.48)
aclF
for all 7, j,n and k > 0, where

= Q"a,b)E(b,j) (4.49)

beF

for all @ and j. However, if k = 0, P¥ is given by (4.44). Moreover, we define R%g(r,i) =
limy oo Ry ,9(m,4) for all w and i. It follows from (4.46) that

E Y b g (V) [Va, Yo =i| =D Re((m,4),5)g () = Rug(r,i) (4.50)
k=0 jER

for all 7 and i, where R% ((m,i),j) = Y reo@®P¥((m,i),j) with P¥ given in (4.44) and
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(4.48). After substituting for P, we get

Ry ((m,i),5) = T(,5)+> "> 7> Q(a,b)E(b, )
k=1

aclF beF
= I(i,j)+ZW“Z[Zaka(a,b) E(b,j)
a€lF belF Lk=1
= I(i,5)+)_ 7> [Q%a,b) —I(a,b)] E(b,) (4.51)
acF beF

for all 7,7 and j, where I is the identity matrix and Q*(a,b) = > 7, o*QF (a,b) for all a
and b. It is obvious from (4.51) that R is independent of n. Therefore, we use R* instead
of R% in the remaining sections. Note that RS ((m,4),7) is a matrix in ¢,j € E for a given
m € © (F). Then, by (4.51), R* = I + 7 (Q“ — I) E' in matrix notation. Moreover, using
(4.50) and (4.51),

Rg(m,i) =g (i) + Y 7> [Q%(a,b) — I (a,b)] Y _ E(b,j)g (j) (4.52)

a€F beF j€EE
for all 7 and i. Note that R*g(m,i) is a vector in i € E for a given 7 € © (F) and we can
write

Rtg=g+7(Q"—1)Eg
in matrix notation. Notice from (4.52) that expected total reward obtained during infinite
transitions is the sum of immediate reward in the current state plus the expected total reward
after the first transition. Moreover, for a given 7, expected reward after first transition is
independent of the initial observation ¢. This is clearly intuitive since observing state j after
first transition does not depend on the initial observation if we know the distribution of the
true environmental state. Furthermore, by Corollary 1.8 in Cimlar (1975, p. 197), if the
state space F is finite and o € [0, 1), then Q® = (I — aQ)~!. Since F is finite and o € (0,1)

in our model, we get from (4.51) that
Rg(m,i) = g (i) + 7(I — aQ) ' Eg — 1Eg (4.53)

for all = and 4. If we use a similar terminology as in Cinlar (1975), then R*g can be called
a—potential of g during infinite transitions. Similarly, R® is called a—potential matrix of Y’
during infinite transitions and its solution is (4.53). Note that 7 (Q® — I) Eg is a constant

and we can write

R%g(m,i) — R%g(m,j) = g (i) — g (4)
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for any m € ® (F) .

Our notation and assumption regarding the demand, availability, capacity and costs are
exactly the same as in Section 4.3. However, we now assume that ) . 7%, > 0 for all
m. This assumption requires that u, > 0 for at least one a with 7 > 0. Moreover, this
further implies that there is at least one environmental state a with 7% > 0 in which there
is positive probability of receiving something such that P[U,+1 = 0| Z, = a] < 1. Consider
cases where this requirement is not satisfied so that in all environmental states a with 7¢ > 0
receiving something is impossible so that P[U,+1 =0 | Z, = a] = 1 and u, = 0. Clearly it
is illogical to order in such situations. Therefore, this requirement is not restrictive. In our
analysis of this section, we frequently refer to our assumption that ) . 7%u, > 0 for all
7. This is equivalent to the condition that there is at least one environmental state a with
7 > 0 in which there is positive probability of receiving something. Note that if u, > 0
for all a, then our assumption is trivially satisfied for all 7 since » .p7* =1 and 7¢ > 0.
Furthermore, u, < 1 for all a since U, is in [0,1]. This fact together with our assumption

imply that 0 < > .7 u, < 1 for all 7.

4.5 Linear cost model with sufficient statistics and observed capacity

As in Section 4.3, we assume that K; = 0 for all ¢ and the capacity is modulated by the
observed environmental process Y. The remaining of this section proceeds as follows. In
Section 4.5.1, we formulate and analyze the single-period problem and show that state-
dependent base-stock policy is optimal. Next, in Section 4.5.2, we analyze multi-period
problem and show the optimality of the state-dependent base-stock policy. Finally, in
Section 4.5.3, we show that state-dependent base-stock policy is still optimal for infinite-

period problem.

4.5.1 Single-period model

Here we assume that there is only one period to plan for so that N = 1; moreover,
vy (m1,41,21) = 0 for all 71,41 and 1. Take ig = i,a9 = a and 7y = w. Assuming inventory
level at the beginning of period is x, the initial distribution of true state of environment is

7 and observed state of environment is i, single-period minimum cost function wvg (7,4, )
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satisfies

vo(m, i, x) = minHy (7,4, x,y) (4.54)
y>x

for all 7,4 and x, where y is the order-up-to level and

Ho(miyzy) = Y 7% (i,a,2,y) (4.55)
a€lF
Jo(iarmy) = u [ Golirass+ 2)dF: (2) + uaGoli, a,y) [1 — Fi (y — o)
+0(1 — Uq) Go(i, a, %) — ¢iw (4.56)
Goliya,y) = ciy+L(i,ay). (4.57)

where L (i,a,y) is given in (4.14). From (4.57), it is obvious that Gy is not a function of 7.
This also implies that Jy doesn’t depend on 7. Remember that 7 is either initially known or
can be determined by (4.40). In the latter case, it is obvious from (4.40) that 7¢ = Oy (4, a) .
Therefore, our analysis in Section 4.3.1 is still applicable here. However, the subsequent
analysis is conducted for the case where 7 is initially known.

The expected cost in a single period is the sum of expected purchase cost, and expected
holding and shortage costs. Let yg (7,4, z) denote the optimal order-up-to level which mini-
mizes the expected discounted cost in (4.55).In addition, let v{, (7,4, z) denote the derivative

of vy (, 4, x) with respect to .

Theorem 10 The optimal ordering policy for the single-period model is a state-dependent

base-stock policy

. S¢Sy
Yo (7T,Z,33) = i (458)
r x>S5)".

where S satisfies

Zﬂ“ua (ci + L'(i,a, Sg’i)) =0
aclF

for all m and i. In addition, Hy (7,1, 2,y) is quasi-convex in y for all 7,3 and y > x. The

optimal cost incurred by this policy is

Hy (w,i,w,Sg’i) x < S

vo (7,4, ) = .
Yoaer TL(i,a,x) x> Sg

(4.59)

for all m,i and x. Furthermore, vo(m,i,x) is convex in x, limgyjeo vy (7,9, 2) = hi, and

limg| oo vg (7,4, 2) = —p; for all ™ and 1.
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Proof. We need to find y > x minimizing Hy. We denote first and second derivatives of

Hy with respect to y by H|, and H{/, respectively. Then,

H| (mi,z,y) = [1—F;(y— )] Zwaua (ci + L'(i,a,y)) (4.60)
acF
H{ (m,i,z,y) = [1—F,(y—x)] Z 7 (ual (i, a,y)
acF
—fily — x) (cl- + L'(i,a, y))) (4.61)

for all 7,4 and y > x. Note that 1 —F; (y — z) > 0 for y > x; therefore, whether Hy (, 1, x,y)
is decreasing or increasing depends on the sign of the summation in (4.60). Let S’g’i be the
smallest y satisfying

By (m,i,y) = Zﬂ'aua (ci + L'(i,a,y)) = 0. (4.62)

a€cF

Notice that, by our assumption, ), p 7, > 0 for all 7. Then, By (7,14, y) is nondecreasing
since L is a convex function so that ¢; + L' (i, a,y) is nondecreasing. Therefore, By (,1,y) <
0 for all y < S;" and Bg(m,i,y) > 0 for y > S3". In addition, limyje By (7,i,y) =
(hi +¢i) Yo ger ™uq > 0 and limy| oo Bo (7,4,y) = — (i — ¢i) 2 _ger ™ Ua < 0. Then it
follows that there exists finite Sj" satisfying (4.62).

From (4.61), it is obvious that the first term is always nonnegative. Now, consider the

two cases: x < S and & > S]”".

(i) z < Sg’i : The second term in (4.61) is always nonnegative for y € [m,Sg’i) since
By (m,i,y) < 0fory < Sg’i; as a result, (4.61) is nonnegative. Therefore, Hy (, 1, x,y)
is convex decreasing for all y in [ac, Sé) . In addition, the second term in (4.61) continues
to be nonnegative for y close to Sg’i; therefore, Hy (i, x,y) is convex increasing for
y close to S ' However, the second term in (4.61) turns out to be negative for
large values of y > Sg’i since limyjoo[1 — Fi(y — )] = 0 and limy;o0 (¢; + L' (4, a,y)) =
¢i + hi > 0. Hence, Hy (m,i,x,y) is concave increasing for sufficiently large values of

Yy =T

(i) = > 5] ' The second term in (4.61) is always nonpositive; however, (4.61) continues
to be nonnegative for values of y close to Sg’i. Then, this implies that Hy (7,1, z,y) is

convex increasing for values of y close to Sj ' But for large values of y, (4.61) turns out



Chapter 4: Inventory Models with Imperfect Information 75

to be negative since limy[1—Fi(y—2)] = 0 and limy;o (¢; + L' (2, a,y)) = ¢;+h; > 0.

Hence, Hy (m,1i,x,y) is concave nondecreasing for sufficiently large values of y > =.

This analysis shows that Hy (7,1, x,y) is quasi-convex since it satisfies all conditions in
Lemma 28. Therefore, y = Sg’i is a global minimum of Hy (7,4, z,y). This implies that
S " is the optimal order-up-to level when z < S " and that it is optimal not to order when
x> 5] . As a result, (4.58) gives the optimal ordering policy.

Because base-stock policy in (4.58) is optimal, the optimal cost is

Hy (W,i,x,Sg’i) r < S
vo(m,4,2) = .
Hy (m,i,z,x) x> S)"
which leads to (4.59) since Ho (7,i,z,2) = Y, cp 7L (i,a, 7).

Now we prove that vy(m, i, x) is convex in z. First, we show that vy(7,4,x) is convex for

< S] and > Sy " separately. Then we show that convexity is not violated at z = Sy "

(i) z < Sg’i: Using (4.59), the first and second derivatives of vo(, 4, z) are
Sg’i—w
vy(m, i, x) = Z ¢ (ua / (ci+ L'(i,a,z + 2)) dF;(2)
a€lF 0

+ (1 —ug) L' (3,0, ) — uaci> (4.63)

Sg’i—x
vy (myi,z) = Z 7 (ua/ L"(i,a,x + 2)dF;(z) + (1 — ug) L" (i, a, x)
acF 0

—fi (Sg’i - a:) e <ci +I'(i,a, Sg’i)) ) (4.64)
In (4.64), the first and the second summations are always nonnegative because L is

convex. Moreover, the last expression in (4.64) is zero by (4.62). As a result, (4.64)

is always nonnegative so that vo(m, 4, x) is convex for all z < S "

(ii) z > S§ . Using (4.59), v is convex because L is a convex function and the sum of

convex functions is also convex.
(iii) # = SJ": Finally we show that convexity of v is not violated at = SJ"'. For vy to
be convex at z = 5] ’i, the following condition must hold

lim vjy(m,i,2) < lim vj(m,4,x) (4.65)
xTSg’Z zng’l
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and vo(m, i, x) must be continuous at x = Sg’i. Using (4.63),

ST g
Z ¢ (ua/ ’ (ci+ L'(i,a,z + 2)) dF;(2)
0

lim vjy(m,i,z) = lim.{
aclF

xTSg’Z wTSg’Z
+ (1 —uq) L' (i,a,2) — uaci> }

= (RO o+ L0, 559) + Lo, 5)

acF
g (i + (i, 7)) >
= Zﬂ'“l}/(i, a, Sg’i).
a€cF
The last equality follows from (4.62). Moreover, from (4.59),

lim vj(m,i,) ZW“L'Z&S“)
zlSp’ a€F

Then it follows that lim _ L5 vy(m, 4, z) = lim 2lST vy(m, i, z) so that (4.65) is satisfied.

Finally, vo(7,7,x) is continuous at = = SO since

lim wvo(m,i,z) = lim vo(7,i,x) E ©*L(i, a, S“

LUTSW 7 lSTr K e

As a result, vg(m,7,x) is convex in z for all 7 and ¢. Furthermore, using (4.59), MCT
and the fact that lim,jo, L' (4, a, z) = hy,
lim v} ,T) = @ lim L' (4 = h;
lim vy (m,i,x) ;ﬂ' Jim, (i,a,x) i
a

for all 7 and . Similarly, using (4.63), MCT and the fact that lim,|_ L’ (4,a,2) = —p;,

lim v} (m,4,2) = —p;
x| —00

for all 7 and 4. This completes our proof. W

By Theorem 10, we get similar results as in Section 4.3.1. Namely, a state-dependent
base-stock policy is optimal for the sufficient statistic formulation of the same problem in
Section 4.3.1. The base-stock level can be obtained by solving (4.62) for minimum y. From
(4.62), it is obvious that the base-stock level for a single-period problem is independent of

capacity distribution and current inventory level. In other words, capacity has no effect on
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the optimal base-stock level for a single-period inventory problem in a partially-observed
random environment.

Similar to Section 4.3.1, it is obvious from (4.60) that a base-stock policy is not nec-
essarily optimal if the capacity process is modulated by the unobserved environment since
then 1 — F, (y — x) would be inside the summation in (4.60) and Hp would have many local
minima and maxima. Moreover, in this case, global minimum of Hy will depend on the
current inventory level .

If we consider the case where the transporter is always available and the producer has
infinite capacity so that u, = 1 for all @ and F; = 0 for all 4, then it is obvious from (4.56)
that Jy is convex in y since G is convex. Then, it follows from (4.55) that Hy is also convex
in y. By following the same line of reasoning in the proof of Theorem 10, we can show that
state-dependent base-stock policy is still optimal; however, notice from (4.62) that optimal
base-stock level does not depend on availability probability. Moreover, the optimal cost
function wg is still convex. Therefore, our results agree with those of Treharne and Sox

(2002) who analyze inventory models in partially observed random demand environment.

4.5.2  Multi-period model

In the case with multiple periods, there are N periods to plan for and the dynamic pro-
gramming equation involves the sum of single period costs in the current period plus the
expected optimal discounted costs from the next period until the end of the planning hori-
zon. We assume that vy (7y,in,zn) = 0 for all my,ixy and zxy. Moreover, we suppose
that inventory level is x, state of environment is ¢, distribution of true state of environment

is m at time n. The minimum cost satisfies

v (7,4, ) = mings. Hy, (7,4, 2,y) (4.66)
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for all 7,4 and x, where y is the order-up-to level

H, (m,i,z,y) = Z 7 (7,0, a,2,Y) (4.67)
a€F
Jp (M0 a,2,y) = ug o Gn(m,i,a,x + 2)dF; (2) + uaGn(m,i,a,y) [1 — F; (y — x)]
—i—o(l —ug) Gp(m,1,a,x) — ¢ (4.68)
Gu(misay) = ey +Lliay) +ad Wy (a,5) B [vaer (T (7 |f),joy — D)] (4.69)
jE€E

with L(4,a,y) given in (4.14). Here, E{, again denotes the notation that expectation is
taken with respect to the random variable D with distribution M,.

Let y,, (7,4, z) denote the optimal order-up-to level of the minimization problem in (4.66)
given 7,4 and z. In addition, we assume that R, ((7,i),j) = Z;n:_ol o*P¥((r,4),7) for all
7,4 and j and that, for a nonnegative function g, Ry ,,g(m,i) is defined as (4.46). Finally,
we let v], (m,i,x) denote the derivative of v, (m,4,2) with respect to x and assume that h

and p are holding cost and shortage cost vectors, respectively.

Theorem 11 The optimal ordering policy for the N -period model is a state-dependent base-

stock policy

Smi g < g
Yn (T,0,2) = . (4.70)
x x>80"

where Sy’ satisfies

Z']Taua<ci +L/(i,a,y) —i—OdZ\I/n (aaj)E% [U;H-l (T(7r |.7) 7j7y _D)]> =0

a€lF JEE

for all ™ and i. In addition, H, (7,i,x,y) is quasi-convez in y for all w,i and y > x. The

optimal cost incurred by this policy is
H, (7r, i,, Sf{’i> z < Spt
op(mi ) =4 Dack T (L(z‘, a, ) C(47)
x> Sn"
0% e W0 (0.0) B fowia (T (x 1) g~ D))

for allw,i and x. Furthermore, v,(m,i,x) is convex in x, limyroo v, (7,4, ) = RY n_, h(7, 1)
9

and limg| oo vy, (7,4, 2) = =Ry v p(m, ) for all 7 and 4.
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Proof. The proof proceeds inductively. First of all, by Theorem 10, we know that
Theorem 11 is satisfied for n = N — 1. Now assume that the induction hypothesis is valid
for times n+1,n+2,..., N — 1 so that v, (7,4, x) is convex in z for all 7 and 4; moreover,
limggoo Uy (7,5, 2) = Ry Nt h(m,j) and limg | oo vy, 4y (7,5, 2) = =Ry v 10(T, )
for all w and j. We now show that Theorem 9 also holds for time n.

The value function in period n is given by (4.66) and we have to analyze H,. We let
H] (m,i,z,y) denote derivative of H,, (,1i,z,y) with respect to y. Then,

H. (ryiz,y) = [1—my—xnzw“ua(@+L'<z',a,y>
acF

Y W (a,5) B [vher (T (x1) Gy — D)] ) (4.72)

Jjek
for all m,% and y > z. Note that 1 — Fj(y — z) > 0 for all y > x. Then, whether
H, (m,i,x,y) is increasing or decreasing depends on the sign of the summation in (4.72).
Moreover, the summation is a nondecreasing function of y since L and w,4; are convex.
Then, H,, (m,i,x,y) is nonincreasing if (4.72) is nonpositive, and it is increasing otherwise.
Let Sp*' be the smallest y satisfying

B, (m,i,y) = Z T uq <cz- + L'(i,a,y)

a€cF

10>, (0,)) B vy (T (x15) - D)] ) —0. (1)

jek
Note that, by our assumption, ) . mug > 0 for all 7. Then, this implies that B, (7,,y)
is nondecreasing since L and v,y are convex. Therefore, B,, (m,4,y) < 0 so that (4.72)
is negative for z < y < ST and it is nonnegative for x < y > 5™ since L and Up41 are
convex. Using MCT and the induction hypothesis,

liTmB (m,i,9) gwua<cl+h —i—ag U, (a,j) n+1’Nn1h(T(7r\j),j)>>O.
yloo
acF JEE

The inequality above follows from our assumptions that are h; > ¢; > 0 for all ¢ and
w%u, > 0 for all . Similarly, using MCT and the induction hypothesis,
acF Y g y
i B (r) = 30765 — i — 0 X W 00) Ry vl (719).5)) <0
Y aclF S
This inequality comes from our assumptions that are ¢; < p; for all i and ) . p7%u, > 0

for all m. Moreover, By, (m,4,y) is continuous and nondecreasing in y since L and v,41 are
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convex. Then, it follows that there exists a finite Sj”* satisfying (4.73). Now, we consider

two cases: z < S7* and & > Sp”°.

(i) # < Sp* : Then (4.72) is negative so that H, (m,4,z,y) is decreasing for y €
[w,Sf{’i> . However, (4.72) is nonnegative so that H, (7,i,z,y) is nondecreasing for
Yy € {Sﬁ’i, +oo>. Obviously, Sa* is the global minimum and vy, (myi,x) = ST s the

order-up-to level for = < ST

(i) > Sp" : Then (4.72) is nonnegative so that H, (m,i,z,y) is nondecreasing for all

y > x. As a result, no order should be given so that y, (7,7,z) = x.

Furthermore, we can show by a similar discussion as in Section (4.5.1) that H,, (7,4, x,y)
is convex decreasing in y for all y < Sf{’i, and it is convex increasing in y for all values of y
greater than Sy, " and close to Sn " We can also show that H, (7,1, 2,y) is concave increasing
in y for sufficiently large values of y greater than Sy ' This analysis shows that H,, (7,4, x,y)
is quasi-convex since it satisfies all conditions in Lemma 28. Hence, base-stock policy defined
in (4.70) is the optimal ordering policy. The minimum cost function corresponding to this

optimal policy is
H, (ﬂ,i,x, SZ{Z> z < Spt
Un(ﬂa (3 .’L') = )
H, (7,i,x,x) x> Syt
which leads to (4.71) since
(i) = 37 (Lli o) +0 3 0 0.) B lonsr (T (r i) o = D)] ).
aclF jek

We now prove that v, (7,4, z) is convex. First, we show that v, (r,, ) is convex for z < Sy

and = > S;r’i, separately. Then we show that convexity is not violated at z = S

(i) = < Sp": Using (4.71), the first and second derivatives of v, (i, ) are

Sg‘i—x
op(m,i,x) = Zﬂ'“ <ua/ Gl (7, i,a,x + 2)dF; (2)
0

a€eF

+ (1 —ug) Gl (7,0 a,x) — ci> (4.74)

S,’{*Lx
op(m,i,x) = ZW“ <ua/ Gr(m,i,a,x + 2)dF; (2)
0

a€eF

+ (1 —ug) G (m,4,a,2) — f; (SE' — ) Gly(, 4, a, SZL”)> (4.75)
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where
Gmia) = e+ Lia,2)+ay Wy (a.5) Ep [ (T(x15) .4y — DOL76)
J€E

Gr(mi,a,x) = L'(i,a,2) +a) Wy (a,5) Bp [V (T (x]5), 4,y — D)] . (4.77)
jek

n (4.75), the first and second sums are always nonnegative because L and v, are
convex. Moreover, the last sum in (4.75) is zero by (4.73). As a result, (4.75) is always

nonnegative so that v, (m,4,z) is convex for all z < Sp".

(i) = > Sp’": Using (4.71), vy, is convex because L and vy, 41 are convex, and sum of convex

functions is also convex.

iii) 2 = ST : Finally we show that convexity of v, is not violated at z = S%*. For v, to
Yy Yy

be convex at z = Sp’’, the following condition must hold

lim o) (7, i,2) < lim o) (m,i,7) (4.78)
zTSﬂ'Z zlsﬂ'l

and vy, (7,4, z) must be continuous at z = Sp*". Using (4.74),

S;{’i—:v
lim v} (m,i,7) = lim { Zwa (ua/ Gl (mi,a,x + 2)dF; (2)

2157 M
+ (1 —wug) Gl (m,i,a,x) — ¢ }

= Zﬂ‘ ua Gl (7,4, a, ST F; (0) + ( 1—ua)G;l(7r,i,a,S77{’i)—ci)

a€F
— S <L’(z’,a, s
a€F
+OCZ\I/7L (aaj) E% ['U;H-l (T (7T ‘J) 7j? S;r,z - D)] >

JjEE
The last equality follows from (4.73). Moreover, from (4.71),
lim o] (m,i,) Zﬂ' < i,a, 8™ +aZ\IJ a,5) Ep (v 41 (T (7T|j),j,S,7§’i—D)]>.
zlSp" acF jeB

Then it follows that lim . gr.i Up (4, @) = limgni v), (7,4, ) so that (4.78) is satisfied.
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Finally, v, (7,4, 2) is continuous at = Sy since

lim v, (m,4,2) = lm wv,(m,i,z)
x1Sp" x|Sh"*
- Zﬂ“ (L(i,a, S
a€F
+O[Z\Pn (a)j) E?) [Un-‘rl (T (7'[' |j) 7j7 SZ“Z’Z - D)] >
j€EE

As aresult, vy, (7,4, x) is convex in z for all w and i. Moreover, using induction hypothesis,

(4.71) and MCT

lim v;(ﬂ,i,:v) = hl + azﬂ-a Z \Ijn ((l,j) Rg—&-l,N—n—lh(T (7T ’j) 7])

wlee acF  jeE
= hi+a)  Po((mn,1),5) Bt v—aot (T (7 ]5),5)
jEE

= Ry n_ph(m, 1)

The second equality follows from the definition of P, ((7,,%),7) in (4.43). And the last
equality follows from (4.47). Similarly, using the induction hypothesis, (4.74), and MCT,
we can also show that

lim U;(T[',’L',JZ) = _Rz anp(ﬂ-vi)‘
x| —o00 )

This completes our proof. W

Theorem 11 implies that a state-dependent base-stock policy is optimal in multiple
periods for sufficient statistics formulation as it is optimal in Section 4.3.2. However, base-
stock levels depend only on the information vector m and the observation i at any time. In
addition, it is obvious from (4.73) that the order-up-to level is still independent of current
inventory level z. The cost function H,, is quasi-convex as in single-period model; therefore,
St satisfying (4.73) is the global minimum. However, as in Section 4.5.1, if the producer’s
capacity is modulated by the unobserved environmental process, base-stock policy may not
be optimal.

If we assume that the transporter is always available and the producer has infinite
capacity so that u, = 1 for all a and F; = 0 for all ¢, we can show by induction that v, is
convex in z. In this case, it is clear from (4.68) that .J,, is also convex since Gy, is convex.

This further implies that H,, in (4.67) is convex in x. Then, through a similar analysis
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as in the proof of Theorem 11, we can show that a state-dependent base-stock policy is
still optimal for inventory models in a partially observed random demand environment. As
in single-period, our results for multi-period problem still agree with results obtained by

Treharne and Sox (2002) in finite-horizon.

4.5.8 Infinite-period model

In this section, we formulate and analyze the infinite-period problem. As stated earlier, we
assume that {Q,} and {E,, } are time-homogenous in infinite-period analysis so that @,, = @
and E, = E for all n. Then, this implies that ¥,, = U is given by (4.49). Using ¥, P, can
be determined from (4.48). Here, we show that the finite-horizon optimal cost function v,
in Section 4.5.2 converges to the infinite-horizon optimal cost function v. In addition, we
show that a state-dependent base-stock policy is still optimal and the optimal discounted
cost function of infinite-horizon problem is convex in inventory level x. By assuming that
k = N — n denotes the number of periods from time n until time N, we use the notation
Up, for the finite horizon optimal cost v, in the remaining part of this section. Here, we
show that, as k increases to infinity, the finite-horizon optimal cost function vg in (4.66)

converges to the infinite-horizon optimal cost function v that satisfies

v (m,i,x2) = min H (7,1, 2,y) (4.79)
y>w

for all 7,4 and x, where y is the order-up-to level and

H(mi,x,y) = Zﬂ'aJ (m,4,a,2,y) (4.80)
acF
J(m,i,a,x,y) = Uq o G(m,i,a,x + z2)dF; (2) + u,G(7,4,a,9) [1 — F; (y — x)]
+0(1 —uq) G(m,i,a,x) — cix (4.81)
G(miay) = cy+Lay) +a) V(aj)Epp(T(rlj).jy—-D)  (482)
JEE

with L (i,a,y) as given in (4.14). Again Ef, denotes the notation that expectation is taken
with respect to the random variable D with distribution M,.
For any real valued function f : © (F) xExR — R where © (F) is the set of all probability

distributions defined on state space IF, define the mapping 7 as

T f(m,i,2) =min H (7,4, z,y) (4.83)

y>w
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for all 7,7 and x, where H is given in (4.80) with J as given in (4.81) and
G(m i a,y) = ciy+ L(i,a,y) + Y W(a,§) Ep[f (T (x ), 5,y — D)]. (4.84)
JjEE
Using (4.54), 7 f can be interpreted as the optimal cost function for the one-period prob-
lem where the terminal cost function is 3 ;cp ¥ (a,7) B} [f (T (7|j), 4,y — D)]. Then, Tk

denotes the composition of the mapping 7 with itself k times; that is, for all & > 1
Trf (myi,2) = TT L f (i, 2) (4.85)

with 7°f = f. Using (4.66), we can interpret 7% f as the optimal cost function for the
k—period a—discounted problem. Then, using (4.83) and (4.85),

ka(ﬂ',i,ZE) = Iyn>1£lHk (W,i,l‘,y) (486)

where Hj, is given in (4.80) with Jj as given in (4.81) with G replaced by
Gi(mia.y) = ey + Lli.ay) + oY W(a.g) Bp [T (T (nlj) Gy - D)|.  (487)
JEE
Let fo(m,i,z) = 0 for all m,% and x. For our analysis in previous sections, we always
assume that the terminal cost function is zero. Suppose that the initial cost function is
fo(m,i,2) so that T°f(m,4,2) = fo(m,4,x) for all 7,7 and 2. Then, k—period optimal cost
function is vy, i (7,4, z) = T* fo(m,4, ) for all 7,4,z and n.

Let fi (7,4, z) denote the optimal cost over infinite horizon and let
foo (w0, ) = lim TF fo(m, i, ) (4.88)
kToo

for all 7,4 and z. Notice that f. is well-defined provided we allow the possibility that fo
can take the value co. Our main aim in this section is to show that the finite-horizon optimal
cost converges to the infinite-horizon optimal cost as the length of the planning horizon gets
longer. In other words, we aim to show that f, (7,4, z) = fx (7,4, x) for all 7,7 and z. As
stated in Bertsekas (2000 b), it is analytically and computationally important to show that
fu(m,4,2) = foo (7,1, ) because if we know that f, (7,7, 2) = limp;eo T*fo (m,i,2), then we
can infer the properties of f, (,4,z) from the properties of k—period optimal cost functions
Tk fo (7, 2) .

Let Z; denote the sets
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Zy (myi,x,\) ={y > oz |Hg (7,0, 2,y) < A} (4.89)

for all 7,4,z and A € R. According to Proposition 1.7 in Bertsekas (2000 b, p. 148), if we
show that the sets in (4.89) are compact for all 7,4,z and A, then f, (7,4,2) = foo (7,7, ).

By the following lemma, we accomplish this task.

Lemma 12 Assume that limyjoc Hy, (7,4, 2,y) = oo for all w,i,x and k. The sets in (4.89)

are compact subsets of the Fuclidean space for all w,i,x and A.

Proof. We need to show that the sets in (4.89) are both bounded and closed in order to
show that they are compact. Let us first show that the sets {Zj (7,4, 2,A)} are bounded.
Note that Hj, is expected discounted cost when there are k periods until the end of planning
horizon. Therefore, it is exactly the same as H, in Section 4.5.2 where n = N — k. In
multi-period analysis, we showed that Hy, (m,%,z,y) is nonincreasing for y € [ac,Sg’i] and
nondecreasing for y € [S;;’i, +00]. Then, because we assume that limy oo Hy, (7,7, 2,y) = 00
for all 7,4,z and k, the sets {Z (m,i,2,\)} in (4.89) are bounded for all 7,7,z and .
Moreover, the sets {2y, (,7,x,\)} are closed since Hy, (, 1, z,y) is continuous for y > z and
it is real valued. Thus, the sets in (4.89) are compact subsets of Euclidean space for all ,
i,z and A. W

One of the cases when our assumption in Lemma 12 is satisfied is when
limyoo [1 — Fj (y — )] > 0 for all ¢ and «. Clearly, if limy;o [1 — F; (y — 2)] > 0 for all ¢ and
z, then limyoo J (7,4, a, z,y) = 0o since limyjoo Gi(7,4,a,y) = o0 and ) . p7@u, > 0 for
all m,4,a and k. Clearly, this implies that limyjo Hy, (7,4, 2,y) = oo for all 7,7 and 2. Notice
that this is not a restrictive requirement and it is only technically necessary. However, not
all continuous distribution functions satisfy this requirement. As an example, assuming that
the capacity distribution is exponential, cumulative distribution of capacity is F; (y — ) =
1— e (=) where 1/ is mean capacity. Then, it is obvious that limye [1 — Fj (y — )] = 0
for all ¢ and x. Therefore, for probability distributions where limy;o [1 — F; (y — )] = 0,
we can use approximations such that limyjo [1 — Fj (y — )] = € > 0 but it is very small
like ¢ = 10719, In addition, we can also truncate the distribution Fj at a very large value
and use this truncated distribution in place of F;. Then, our assumption in Lemma 3 is

satisfied so that the sets {Z (7,4, 2, \)} are compact.
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The following proposition shows that f., is a fixed point of the mapping 7 ; moreover,

finite-horizon optimal cost function converges to the infinite-horizon optimal cost function.
Proposition 13 The limit f is a fixed point of the mapping T so that
foo (myi,2) =T foo (7,4, ) (4.90)

for all w,i and x. Moreover,
Joo (7T>i>$) = [« (7T>i7$) (4'91)

for all m,1 and x. Furthermore, there exists a stationary policy.

Proof. By Lemma 12, the sets in (4.89) are compact subsets of the Euclidean space for
all 7,4,z and A\. Then, using Proposition 1.7 in Bertsekas (2000 b, p. 148), f is a fixed
point of 7 so that (4.90) is valid and there exists a stationary policy. In addition, notice
that

fo<Tfo<.<Trfy<..<f

because expected cost per period is nonnegative. From this, we get limyjoo 7° kfo(m,i,z) <
f« (m,1,2) so that foo (7,4, 2) < fi (7,4, 2). By (4.90), we know that f is a fixed point of 7.
Then, by Proposition 1.2 in Bertsekas (2000 b, p. 140), we get that fi (7,4, 2) < foo (7,1, T).
It follows that fu (m,i,2) = fi (m,i,2) . This completes our proof. W

Notice that Proposition 13 implies also that f.., the optimal cost function that the finite-
horizon cost function converges, satisfies the Bellman’s equation since foo (i, 2) = 7 foo (i, )

by (4.90). Hence,
foo(myi,x) = min H (7,4, z,y) (4.92)

y>w

for all 7,7 and z, where H is given in (4.80) with J as given in (4.81) and
G(m,iya,y) = ciy + L(i,a,y) +a Y W(a,j) Ep [foo (T (x]5) 3,y — D)]- (4.93)
JEE
As stated in Proposition 1.2 in Bertsekas (2000 b, p.140), fo is not necessarily the unique
optimal solution to Bellman’s equation because single-period costs are not bounded under
positivity assumption; however, f is the smallest fixed point of 7 since foo = fs.
Notice that, for a finite n, k goes to infinity as N goes to infinity. Then, our analysis

shows that limyje vo i (7,4, 2) = v(m,i,2). Moreover, v(m,i,x) satisfies (4.79) and there
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exists a stationary optimal policy y (7,4, 2) which minimizes the infinite-period total cost.
However, notice that Hy, (7,1, z,y) is not bounded for y > z; therefore, v is not necessarily
unique. Then, we take v as the minimal fixed point of (4.79). In other words, if f = T f
is another solution, then v < f. Moreover, we also know that the optimal solution v is that
fixed point of 7 which can be obtained as v = limyoo TF fo with fo = 0.

Assuming 7,7 and x are current information vector, current observed state and current
inventory level respectively, we let y (m,4,2) denote the optimal order-up-to level of the
minimization problem in (4.79). Let v’ (m,4,2) denote the partial derivative of v (m,1,z)
with respect to x. Finally, we again let h and p denote holding cost and shortage cost

vectors respectively.

Theorem 14 The optimal ordering policy for infinite-period model is a state-dependent

base-stock policy
Sﬂ',z’ T < Sﬂ',i
y(mi,z) = - (4.94)
x x> 8™
where S™ satisfies
Zﬂaua<ci +L,<i7a7y) +aij(a7j)E% [UI (T(TF ’j> Y — D)] > =0

a€clF JjEE

for all m and i. In addition, H (m,i,2,y) is quasi-convex in y for all w,i and y > x. The

optimal cost incurred by this policy is

H (w,i,w,S”’i) xr < S™

YoacF T (L(i,a,m) + azjeE\I/ (a,j) EH v (T (mlj), g,z — D)]) x> Smi
(4.95)

v(mi,x) =

for all m,i and x. Furthermore, v (7,4, x) is convez in x limyjeo V' (7,4, 2) = R*h(m, 1) and

limg| oo v (7,4, 2) = —R*p(m, i) for all ™ and i.

Proof. As shown before, v (7,4, 2) = limgyoo vo (7,4, z). Moreover, by Theorem 11,
v,k (7,4, x) is convex in « for all 7 and ¢. Then, v (,1,x) is convex because the limit of a
convex function is also convex. In addition, by Theorem 11, lim 1o vg’k (m,i,2) = R*h(m,1)
and limy | o v}, (7,4, 2) = —R*p(m, 1) for all 7 and ¢, where R* is given in (4.51). In addition,

since vg i, is differentiable, it follows from Lemma 8-5 in Heyman and Sobel (1984) that
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v (1,4, ) = limggoo v , (7,4, ) for all 7,4 and x. Then, limgjoo ' (7,1, 2) = R*h(m, i) and
limg| oo v (7,4, 2) = —R*p(m, 1) for all 7 and 1.

We denote the partial derivative of H with respect to y by H'. Then,

H/(ﬂ-?iaxvy) = [1_Fi(y—w‘)]Zﬂ'aua<Ci+Ll(i’a7y)
aclF
+a) W(a,j) E [V (T (x|j),j,y — D)] > (4.96)
jEE

for all y > z. Note that 1 — Fj(y —z) > 0 for all y > . Then whether H (m,i,x,y) is
increasing or decreasing depends on the sign of the summation in (4.96). Moreover, the
summation is a nondecreasing function of y since L and v are convex. Then, H (7,1, x,y) is
nonincreasing if (4.96) is nonpositive, and it is increasing otherwise. Let S™ be the smallest
y satisfying

B (mi,y) = Zwaua <ci + L' (i,a,y)

acF

X W@ B [ (T (i) - D)) ) =0 (@)
jek

Note that, by our assumption, ), 7, > 0 for all .. Then, this implies that B (7,4, y) is
nondecreasing since L and v are convex. Therefore, B (m,4,y) < 0 so that (4.96) is negative
for <y < S™ and it is nonnegative for z < y > S™ since L and v are convex. Using
MCT and the fact that lim,jo v (7, j, 2) = RYh(m, j)

lim B (7, i,y) = Zﬂaua<ci + h; +aZ\I/(a,j) RW(T (x ]j),j)) > 0.

yloo a€F jER
Similarly, using MCT and the fact that lim,| o, v’ (7,7,2) = —R%p(7, j)

lim B (m,i,y) < Zwaua<ci —pi—aY U(aj) R (T (r|j) ,j)) <0.

yl—oo a€F jeB
Hence, there exists a finite S™¢ satisfying (4.97). Moreover, by a similar discussion as in
Section 4.5.1 and Section 4.5.2, we can show that H (7,4, z,v) is decreasing for all y < S™*
and nondecreasing for all y > S™¢. Therefore, it is quasi-convex. Then, it follows that a
state-dependent base-stock policy in (4.94) is optimal. The optimal cost function through

application of this base-stock policy is
H (ﬂ,i,x, S”’i) x < 8™

v (mi,x) = A
H (m,i,x,x) x> 8™
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which leads to (4.95) since

H(m,i,z,x) :ZW“<L(i,a,x)+aZ\P(a,j)E% [v(T(w]j),j,x—D)]).

acF j€EE

This completes our proof. W

By Theorem 14, we show that a state-dependent base-stock policy is still optimal in
infinite period as in single and multiple planning periods. At the beginning of each period,
an order is given if an only if the inventory level is less than a particular value S™ which
depends on current information vector and observed state. However, unlike the multi-period
model, S™ is independent of the number of period in which we are planning for; therefore,
they are the same in all periods with the same information vector and observed state. Thus,
the optimal solution is stationary whereas it is not necessarily unique.

By Theorem 14, we also show that limgov' (7,4,2) = R%h(m,i) and
limg| oo v (m,i,2) = —R%p(m,4) for all 7 and . Because state space F is finite and a €
(0,1), by 4.53, lim;j00 v’ (7,4, 2) = h; + 7(I — aQ) ' Eh — mEh and lim,| v (7,i,2) =
—p;i — (I — aQ) ' Ep + wEp for all 7 and i, since h; and p; are nonnegative and bounded
for all 4.

If we assume that the transporter is always available and the producer has infinite
capacity, then the formulation in (4.79)-(4.82) must be rearranged by assuming u, = 1 for
all @ and F; = 0 for all i. Note that Treharne and Sox (2002) analyze the finite-horizon
problem only; therefore, inventory models of this type in infinite-period are not considered
in the literature before. Treharne and Sox (2002) show that the finite-horizon optimal cost
function is convex. Then, via a similar discussion as in this section, we can show that
infinite-horizon optimal cost function v is also convex. It follows by (4.82) that G is convex
in y so that both J and H are also convex. Through a similar discussion as in the proof
of Theorem 14, we can show that a state-dependent base-stock policy is optimal in infinite
planning period for inventory models in a partially observed random environment which

modulates demand only.

4.6 Inventory models with unreliable suppliers

In this section, we assume that the capacity of the supplier is infinite so that all of order

can be satisfied. However, the supplier is not always available. Let U,, in Section 4.1 denote
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the availability of the supplier at period n instead of availability of transporter. We assume
that U, is either 1 or 0. In other words, the supplier is either available or unavailable. As a
result, the ordered quantity is either totally received or nothing is received. Obviously, this
scenario covers the case where the supplier has infinite capacity; however, the transporter
is randomly available. Moreover, we assume that the availability process U = {U,; n > 1}
is modulated by the observed environment so that u; is the probability that the supplier is
available when the observed environment is 7. Finally, without loss of generality, we assume
that u; > 0 for all 4. This is a reasonable assumption since ordering is illogical when u; = 0
so that nothing is received with certainty.

Ozekici and Parlar (1999) analyze exactly the same problem in random environment
with perfect information. They show that a state-dependent base-stock policy is optimal
when there is no fixed cost of ordering and that a state-dependent (s,.S) policy is optimal
when there is fixed cost of ordering. In this section, we extend the results in Ozekici and
Parlar (1999) and assume that the random environment is not fully observed, but, it is only
partially observed.

If we assume that the availability process of supplier is not observable so that U,, depends
on the state of the unobserved environment, then our analysis in Section 4.5 obviously covers
the case where there is no fixed cost of ordering so that K; = 0 for all 7. In other words,
the inventory model with random supply due to randomly available suppliers in a partially-
observed random environment is a special case of the inventory model in Section 4.5 where
F; = 0 for all ¢ since the supplier always has enough capacity. The same analysis as in
Section 4.5 is still applicable in this case. Moreover, similar results will be obtained (i.e.,
state-dependent base-stock policy is still optimal and optimal cost function is still convex)
with one exception, that is the expected discounted cost function H in single, multiple and
infinite planning periods is not only quasiconvex but also convex.

Moreover, if we assume that the availability process of supplier is observable, some mod-
ifications in dynamic programming formulations of Section 4.5 are necessary. For example,
if we consider the multi-period problem only, the dynamic programming formulation for ob-
served availability process case is similar to (4.66)-(4.69). However, u, in (4.68) is replaced
by u; since availability process is observable and F; = 0 for all ¢ since the supplier always

has sufficient capacity. Despite these modifications, basic results (i.e., a state-dependent
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base-stock policy is optimal and the optimal cost function is convex) of our analysis are still
valid. But note that the expected discounted cost function H is not only quasi-convex but
also convex in this case. Because the analysis in Section 4.5 with simple modifications can
be applied, we do not analyze the linear cost model when the availability process of supplier
is observed. In the remaining of this section, we analyze the case where there is a fixed cost
of ordering so that K; > 0 for all ¢. In Section 4.6.1, we analyze the fixed-cost model in
single-period. Next, in Section 4.6.2, we study the problem in multi-period case. Finally,

in Section 4.6.3, we analyze the infinite-period problem.

4.6.1 Single-period model

Here we assume that there is only one period to plan for so that N = 1; moreover,
v1 (m1,41,21) = 0 for all 71,47 and x;. Take i9p = 7 and a9 = a and 79 = 7. We as-
sume that the vinformation vector, observed state of environment and inventory level are
m,7 and x at the beginning of the period respectively. Then, the single-period minimum

cost function wvg (7,4, z) satisfies
vo(m, 4, ) = ming>. {K;6 (y — ) + Jo (7,4, 2,y)} (4.98)

for all 7,4 and x, where ¢ (2) is the indicator function which is equal to 1 only if z > 0 and

0 otherwise, y is the order-up-to level and

Jo (myi,z,y) = wu; ZW“GO(i,a,y) + (1 —w) Zﬂ“Go(i, a,x) — Gx (4.99)
a€cF acF

GO(iaaa y) = GY +L(i7aa y) (4100)

with L(7,a,y) given in (4.14).
Expected cost in a single period is the sum of expected order cost, and expected holding

and shortage costs. Let yo (7,4, x) denote the optimal order-up-to level for the minimization

problem in (4.98).

Theorem 15 The optimal ordering policy for single-period model is a state-dependent (s, S)
policy

Sg’i z < Sg’i
Yo (4, 7) = (4.101)

x x> sp"
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where S5 is the smallest value that satisfies
ci + ZT&'GL/ (i, a, Sg’i) =0
aclF
and sg’i < Sg’i satisfies

Uj; Z TG (i, a, Sg’i) = K; +u; Z TGy <i> a, Sgﬂ)

acF aclF
for all ™ and i. In addition, Jy (7,i,x,y) is K;—convex in y for all m,i and x. The optimal

cost incurred by this policy is

. T
Ui Y ger T Go (z, a, s )

) T < sg’i
vo (7,4, ) = + (1 =) Y yer ™ Go(iya,x) — iz (4.102)
Y ucr T Go(i,a, ) — iz x> 53"

for all m and i. Moreover, vy (7,i,x) is continuous and K;—convex in x for all m and i.

Proof. We denote first and second derivatives of Jy with respect to y by

J(/) (W,i,x,y) = uizﬂ-a (Ci+LI (i7a7y)) (4103)
acF

T (miymy) = wiy 7L (i,a,y) (4.104)
acF

for all ,7,z and y. Notice that u; > 0 for all 7. In addition, L” > 0 since L is convex. As a
result, Jij > 0 so that Jy (7,4, x,y) is convex in y. Moreover, by part (a) of Lemma 29, we
know that every convex function is also K;—convex for K; > 0. Therefore, Jy is K;—convex
in y for all 7,4 and z. In addition, Jy is continuous in y for all 7,7 and x since every convex
function is also continuous.

By (4.99), lim, |1 Jo (7,7, 2,y) = +oo. Furthermore, Jy is continuous. Then, by part
(d) of Lemma 29, there exist scalars sg’i and Sg’i with sg’i < Sg’i satisfying four conditions

in part (d) of the same lemma. Clearly, by (i) of part (d) of Lemma 29, SJ"* minimizes Jo.

)

Then, the first order optimality condition must be satisfied at y = S;” so that

G+ > ol (z a, Sg”‘) — 0. (4.105)

a€eF

In addition, by (ii) of part (d) of Lemma 29, sg’i satisfies

Jo (77,2’,3:, sg’i) =K;+ Jo (W,i,l‘, Sg’i)
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or

u; Z?TaG() (z’,a, sg’i) = K; +u ZW“GO <z’, a, Sg’i> ) (4.106)

a€clF a€cF
Together with (iii) and (iv) of part (d) of Lemma 29, we can claim that a state-dependent
(s,S) policy
Sy g < 50"

yO(Waia$):: y
T T > sy

is the optimal policy. From (4.105) and (4.106), it is clear that both s and SJ" depend
on the current information vector and current state of environment; however, they are
independent of the current inventory level. Then, the optimal cost incurred by this policy
is

Ki +ui ) oer mGoli, a, Sg’i) + (1 =) Y per ™Go(i,a, ) — iz < sg’i

vo (7,0, x) = . ™
Y ek TGo(i,a,x) — ciz x> s

which leads to (4.102) by using (4.106).

In addition, the right and left derivatives of vy at & = s{" ' are
lim_vo T, 4, T) ZW“L' (z a, 80 ) — U ZW“ <ci +I (i,a, sg’i»
alsg” a€F acF

and

lim v (7,4, ) g 7L (i,a, 537Z>

@lsg” acF
for all 7 and i. Notice that hmstg,i vy (m,d,2) > limmlsg,i vy (7,4, x) because, by (4.105),
Yoacr T (ci + L' (i,a,2)) < 0 for all 7,7 and 2 < Sg*, and u; > 0 for all i. Then it follows
that the left derivative of vy at sg’i is greater than the right derivative at the same point.
This clearly implies that vy is not convex at x = 30 .
Finally, we now show that vg (7,4, ) is continuous and K;—convex in x for all 7 and i.

We must verify that for all z > 0,b > 0, and x, we have
Ki+vo(m, i,z +2) > v (m,i,2) + % [vo (m,i,2) — vo (m, 4,2 — b)]. (4.107)

We distinguish three cases:
Case 1: = > sg’i. Ifx—0> sg’i, then in this region of values of z,b and x, vy, by (4.102),

is the sum of a convex function and a linear function; therefore, it is convex. Then, by part
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(a) of Lemma 29, vy is K;—convex and (4.107) holds if  — b > s3"". If £ —b < 57", then in

view of (4.102) we can write the condition (4.107) after some simplification as

K; + ZW“GO (t,a,x+2) > ZW“GQ (i,a,x)

aclF a€lF
+uy (%) %W“ [Go (i,a,2) — Gy (z’, a, sg’i)}
+‘(1-—1M) (%) §£:7Ta
a€eF
x [Go (i,a,x) — Go (i,a,z — )] . (4.108)

Now, if x is such that ) p7® [GO (i,a,2) — Go (i,a, sg’i)] < 0, then we have

Ki‘i‘uizﬂ-aGO (i,a,x+z) 2 KZ'—i-UiZﬂ'aGO (i,(l, Sg’l>
a€F aclF

= UZE TFQGO (i,a,sg’z)

a€F

u; Z Gy (i,a, )

a€F

U; Z Gy (1, a, ) + u; (%) Z ¢

a€F a€F
X [Go (i,a,z) — Go (i,a, sg’iﬂ ) (4.109)

v

v

The first inequality follows from (i) of part (d) of Lemma 29 and the fact that Sg " is optimal
x of the minimization problem in (4.98). The next equality follows from (4.106). The third
and the last inequalities follow from the fact that »  p 74 [Gg (i,a,2) — Go (z’, a, sg’i)} <0.
Moreover, because Gy (i,a,x) is convex and the sum of convex functions is also convex,

(1 = i) Y per ™ Go (i, a, ) is convex so that

(1—w)> 7Goli,a,x+2) > (1—u) Y 7*Go(i,a,x)

a€clF aclF
+ (1 —w) (%) Zﬂ'“ [Go (i,a,x)
a€lF
—Go (i, a2 — b)] (4.110)

By summing (4.109) and (4.110), we get (4.108). If > 7 [Gg (i,a,2) — Go <i, a, sg’i)} <
0, (4.107) and (4.108) hold. If z is such that 3", 7 [Go (i,a,z) — Go (z a, sg’i)} > 0, then



Chapter 4: Inventory Models with Imperfect Information 95

we have

K+ Zﬂ'aGo (t,a,z4+2) > Zw“Go (i,a,x)
aclF a€lF

+u; ( : 7r,i> ZW“ [Go (i,a,z) — Gy (i,a, sg’i)}

T = S a€cF

because u; Y, 7 Go (i, a, 7) is convex, it is also K;—convex. Note that 0 < x—sg’i < band
Y ack T {Go (i,a,2) — Gp (i, a, Sg’i)} > 0. Then, it follows that

K; + u; Zﬂ'aGo (t,a,x+2) > wu; Z Gy (3, a, )
acF aclF

()T

a€F
x [Go (i,a,2) — Gy (z a, sgvi)} . (4.111)

By summing (4.110) and (4.111), we get (4.108). If 3 _p7® [GO (i,a,2) — Gy (z’,a, sg’i)} >
0, (4.107) and (4.108) also hold.

Case 2: x <x+ 2 < sg’i. In this region, by (4.102), the function vy is sum of a convex
function and a linear function; therefore, vy is convex. Then, by part (a) of Lemma 29, it
is also K;—convex.

Case 3: = < sg’i < x+z. For this case, in view of (4.102), we can write condition (4.107)

as

K; + Z Gy (t,a,x+2) > wy Z ™Gy (z’, a, sg’i) + (1 —w) Zw“Go (i,a,x)

a€lF aclF aclF
z a
=) () 2
a€F
x [Go (i,a,x) — Go (i,a,z — b)] . (4.112)

Notice that u; ) ,cr 7 Go (i, a, z) is convex and, by part (a) of Lemma 29, it is also &; —convex.
Then, we have
K +u; Z TGy (1,0, + 2) > Z TG (i, a, sg”) (4.113)
a€cF a€cF
by (iv) of part (d) of Lemma 29. Moreover, convexity of (1 —u;) > ,cr 7Go (4, a, x) implies
(4.110). Then, by summing (4.110) and (4.113), we get (4.112). As a result, (4.107) holds

for case 3. Finally, for all three cases, vg is K;—convex in zx.
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We only need to check vg (7,4, x) at © = sg’i for continuity. Note that vg (7,4, ) is
continuous at sg’i because

lim vg (7,4, 2) = lim v (m,i,2) = Zﬂ'“Gg(i, a, sg’i) - cisg’i.
zlsg” zlsy” Py

This completes our proof. W

By Theorem 15, we show that vy is K;—convex so that (4.107) is valid. Note that
(4.107) is still valid if we use K;/u; instead of K; in the left hand side of this equation since
K;/u; > K; for u; € (0,1). This clearly implies that vg (7,4, ) is also (K;/u;) —convex in
x for all 7 and 4. In addition, we show by Theorem 15 that a state-dependent (s, .S) policy
continues to be optimal in single-period for inventory problems with unreliable suppliers in
a partially observed random environment. However, s and S now depend not only on the
current state of observed environment but also on the current information vector.

Notice also that the analysis in this section is still valid when the availability of supplier
is modulated by the unobserved process. Then, u, denotes the probability of the supplier
being available when state of unobserved environment is a. In this case several modifications
in Jy and in the proof of Theorem 15 are necessary. For example, u, and (1 — u,) will be
inside the summation in (4.99). Then, the proof must be rearranged for new Jy accordingly.
However, the basic results in Theorem 15 are still valid. Moreover, our analysis is also valid
when the cost parameters and supplier availability probabilities are constant so that they

are independent of observation process Y and unobserved process Z.

4.6.2  Multi-period model

Suppose that there are N periods to plan for and the dynamic programming equation
involves the sum of expected single period costs in the current period plus the expected
optimal discounted costs from the next period until the end of the planning horizon. We
assume that vy (7n, iy, zn) = 0 for all 7y, iy and . The distribution 7 of the true state
of environment, the state ¢ of the observed environment and inventory level x at any time

are given; moreover, demand in period n + 1 is D. Then, the minimum cost satisfies

Un (7,4, ) = ming>. {K;0 (y — ) + Jp (7,4, 2,9)} (4.114)
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for all 7,4 and x, where y is the order-up-to level and

Jp (T, 2y) = ZwaGn(ﬂ',i, a,y) + (1 —u;) Zﬂ'aGn(ﬂ', iya,z) —cix  (4.115)
acF acF

Gu(m,isayy) = cy+ Lli,a,y) + @Y Wn(a,5) Bp [va1 (T (x]5), 4,y — D)|4.116)
JEE

with L(4,a,y) given in (4.14). Here, E{, again denotes the notation that expectation is
taken with respect to the random variable D with distribution M,.

In this section, we show that a state-dependent (s, S) policy is still optimal; however, this
requires an additional assumption on fixed-ordering costs { K;} and availability probabilities
{u;} . In particular, we assume that

<Ij> > ajGZE W, (a,7) <i(j> (4.117)
for all i, a and n, where ¥,, is given by (4.4). One of the special cases satisfying the condition
in (4.117) trivially is when the fixed ordering costs and availability probabilities are constant.
In this case, K; = K and u; = u for all 4. This is possible only when the outside environment
has no effect on the fixed ordering costs and the availability of supplier, and this may be true
in stationary environments. A less restrictive case is when K;/u; is equal to some constant
K for all i. In this case, individual K; and u; values may be different but their ratios must
be constant for all 4. In addition, this case also covers the case where fixed ordering costs and
availability probabilities are constant. Note that the condition in (4.117) is quite restrictive
since it must be satisfied for all ¢ and n. However, the condition in (4.117) may not be too
restrictive when we have a time-homogenous model so that @, = @, E, = EF and ¥,, = ¥
as given in (4.49). As shown by the following example, if we assume that {Q,} and {E),}
are time-homogenous, we can find many values of K; and u; which satisfy the condition in

(4.117) .

Example 3 Suppose that both observed and unobserved enviromments have two states so
that B = {1,2} and F = {1,2}, where state 1 represents a “good” environment and state
2 represents a “bad” environment. In addition, we suppose that {Qy} and {E,} are time-

homogenous and
0.65 0.35 0.47 0.53

043 057 | 04 06
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so that
0.45 0.55

0.43 0.57
Moreover, we assume that fived ordering cost vector is K = [34,10], the availability prob-
ability vector is u = [0.6,0.25] and the discount factor is a = 0.8. Using these values, we
can easily compute (K /u) = [50.67,40] and oV (K /u) = [37.94,37.73] . Then, it now follows
that condition (4.117) is satisfied.

Let y, (7,4,x) denote the optimal order-up-to level for the minimization problem in

(4.114).

Theorem 16 Suppose that the assumption in (4.117) is valid. Then, the optimal ordering
policy for N-period model is a state-dependent (s, S) policy

Sw,i T < S7r,i
Yn (7,1, 2) = " - (4.118)

T
x T > Sy’

where Sy is the smallest value that satisfies

ZwaGn (77,@',&,5’:{”) < Zﬂ'aGn (myi,a,y)

acF acF
and sy < Sy’ satisfies
. acy . T\ K . acy . STr,i
ul 7T n 7T7’laa78n - Z+U’Z 7'[' n 7[-7170’7 n
a€F acF
for all m,i and y. In addition, J, (7,i,x,y) is continuous and K;—convex in y for all m,1

and x. The optimal cost incurred by this policy is

T

Ui Y er T Gh (7r, i,a, sg’i)
. < sp
Un (7T,Z,.’L') = + (1 —wy) ZaeFTra‘Gn(T{',i,a, x) — GXx (4119)
Y oacr TGn(m, 1,0, ) — ¢ x> sp
for all w,i and x. Moreover, vy, (m,i,x) is continuous and (K;/u;) —convex in x for all w

and 1.

Proof. The proof proceeds by induction. We know by Theorem 15 that Theorem 16
is valid for n = N — 1. Now assume that Theorem 16 is valid for n + 1,n + 2,..., N — 1.
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Therefore, vy, 41 (7, j,2) is (K;/u;) —convex and continuous in z for all = and j. Next, we
show that Theorem 16 holds also for time n.

First of all, notice that, by part (c) of Lemma 29, Ef, [vn41 (T (7|j),,y — D)] is also
(Kj/uj;) —convex in y and that, by part (b) of Lemma 29,

03" W, (0,1) B [onsr (T (x13) 4oy — D)
jek

is [a > ik Yn (@, ) (Kj/u])} —convex in y for all @ and n. By our assumption (4.117), it is
also (K;/u;) —convex. In addition, because L is convex in y and ¢;y is linear in y, it follows
from (4.116) that G,, is (K;/u;) —convex in y. Together with part (b) of Lemma 29, this
also implies that J,, in (4.115) is K;—convex in y for all 7,7 and =. Moreover, .J,, in (4.115)
is continuous in y for all 7,4 and = because it is sum of continuous functions.

Notice that limyjo Jn (7,4, ,y) = +00; moreover, J,, is continuous and K;—convex

0

in y for all m,% and . Then, there exist scalars s and ST with s&¢ < ST satisfying

four conditions in part (d) of Lemma 29 where Sj** is the smallest minimizer of .J,,. Using

(4.115), this implies that Sp”* satisfies >, p TGy (w,i,a, SZL”) <D wer ™Gr (7,4, a,y) for
all 7,7 and y. Moreover, using the fact that J, (, i, 2,y) is K;—convex in y, sp’’ < Sr* can
be computed by solving

U; Z TG (m, i, a, 5™ = K; + u; Z TGy, i, a, S™) (4.120)
acF aclF

for all 7 and 7. Together with (iii) and (iv) of part (d) of Lemma 29, we can claim that a

state-dependent (s,.S) policy defined as

, Syt < syt
yn(ﬂWZax):: .
0

x T > Sp

is optimal. The optimal cost incurred by this policy is

. In (7r, i,, 327’) x < sp"
vp(m,i,2) = iy
I (w1, 2, ) T > S .

which leads to (4.119) by using (4.115) and (4.120).
We now show that vy, is (K;/u;) —convex in z. For this to be true, we must verify that
for all z > 0,b > 0, and z, we have
K;

w +op (T, 6,2 + 2) > v, (T, 0, 2) + % [Un (7,4, 2) — vy, (7,3, — b)]. (4.121)
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First of all, notice that Gy, in (4.116) is (K;/u;) —convex in y. Then, u; »,cp 7*Gp (7,4, a, )

is K;—convex so that it satisfies

Ki—i—uiZWaGn(w,i,a,x—i—z) > uiZﬂ'aGn(w,i,a,x)
a€F aclF

for all z > 0 and = > sp”, and (1 — u;) Y oack TGr(m, i, a, ) is (Kl (u% — 1)) —convex so
that it satisfies

Ki <uz_1> 1—”LLZ Zﬂ' 7T,Z,(I CL’+23) > 1_uz <Z7T ﬂ',z,ax)

a€clF a€F

< )Zﬂ' n(m, i, a,7)

acF

—Gp(m,i,a,x — b)> (4.123)

for all z > 0,b > 0, and =x.

Again, we distinguish three cases:

Case 1: & > sp'. If x—b > sg’i, then in this region of values of z,b and z, v,, by (4.119),
is sum of a (K /u;) —convex function and a linear function; therefore, it is (K;/u;) —convex.
Then, by part (b) of Lemma 29, v, is (K;/u;) —convex and (4.121) holds if # — b > sp™’. If

z —b < sy, then in view of (4.119) we can write (4.121) after some simplification as

74_5 mGp(m, i, a0,z + 2) g TGy (7, i, a,x)

a€F acF
+u; (%) %WQ [Gn(w,i, a,z) — Gpn(m,i,a, szz)]
e ()E

a€F
X [Gp(m,i,a,x) — Gp(m,i,a,2 —b)] . (4.124)

7T’L

Notice that > sp” so that (4.122) is applicable here; moreover, z — b < sg’i so that

z — sP" < b. Then, if z is such that Y acr T [Gn(ﬂ', i,a,z) — Gy (7r, i,a, sglﬂ > 0, we have
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together with (4.122) that

Ki+uiZ7T“Gn(7r,i,a,:L‘+z) > uiZwaGn(W,i,a,:E)

a€lF acF

()

a€lF

X [Gn(ﬂ',i, a,z) — Gp(7,i,a, sg’i)} (4.125)

Then, by summing (4.125) and (4.123), we get (4.124). Soif x —b < sp' and z is such that
Y ack T {Gn(ﬂ',i,a,x) -Gy (W,i,a, s?ﬁ)] > 0, (4.121) and (4.124) hold.

However, if = is such that ) g 7® [Gn(w,i,a,x) -G, (W,i,a, S;L”)] < 0, then we have

Ki+uZ-Z7TaGn(7r,i,a,:n—|—z) > Ki+ul-Z7raGn(7r,i,a,Sg’i)
a€R a€lF

= Zﬂ“Gn(w,i,a, sgl)

a€clF

U Z mGp(m, i, a,x)

a€F

()T

acF
X [Gn(ﬂ',i, a,z) — Gn(7m,i,a, sg’i)]. (4.126)

Y

The first inequality follows from (i) of part (d) of Lemma 29 and the fact that Sp* is opti-
mal z to the minimization problem in (4.114). The second equality follows from (4.120). The
third and the last inequalities follow from the fact that
Yoack T |Gu(m, i, a,2) — Gy (77,2', a, sglﬂ < 0. Then, if we sum (4.123) and (4.126), we get
(4.124). Soif z —b < s and = is such that Y oacr T [Gn(ﬂ', i,a,2) — Gy (77, i,a, sg’i)} <0,
(4.121) and (4.124) also hold.

Case 2: © < x4 z < sp'. In this region, by (4.119), the function v, is sum of a
(K;/u;) —convex function and a linear function; therefore, v, is (K;/u;) —convex.

Case 3: © < sp" < x4 2. For this case, in view of (4.119), we can write (4.121) as

K; + Zﬂ'aGn(ﬂ', i,a,x+2z) > u; Z TG (7,1, 4, 8%0) + (1 — uy) ZwaGn(w, i,a,)
aclF aclF a€lF

s () E

aclF

X [Gp(m,i,a,z) — Gp(7,i,a,x —b)]. (4.127)
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Notice that wu;) ,cp7*Gp(mp,i,a,2) is K;—convex since » p7®Gy (7n,i,a,2) is

(Ki/u;) —convex. Then, we have

K; +u; Z TG (7,0, + 2) > Z 7u; G (7,4, a, 8T°) (4.128)
a€cF acF

by (iv) of part (d) of Lemma 29 and (4.120) since sp”’ < z + z. Moreover, we know
that (1 —u;) > ,cp ™Gy (7,4, a, x) satisfies (4.123). Then, by summing (4.123) and (4.128),
we get (4.127). As a result, (4.121) holds for case 3. Finally, for all three cases, v, is
(K;/u;) —convex in z for all = and 3.

We need to check vy, (7,4, ) at © = s™ for continuity. Note that v, (7,1, z) is continuous
at s™° because

lim v, (m,i,z) = lim v, (7, i,2) = g TG (7, i, a,80") — cisp.
zTsy” z|sp" acF

This completes our proof. W

By Theorem 16, we get similar results as Ozekici and Parlar (1999) who analyze exactly
the same problem as ours but the environment is fully-observed. We show that an (s, 5)
type inventory control policy is still optimal in multi-period setting for inventory problems
with unreliable suppliers in a partially-observed random environment. However, when the
environment is partially-observed, both s and S depend not only on the observed state but
also on the information vector at the same time. This implies that, for inventory problems
with unreliable suppliers, observing the random environment partially does not affect the
type of optimal control policy but it affects the parameters of that policy.

In Theorem 16, we assume that {K;/u;} satisfies (4.117) for all 4,a and n. This assump-

tion clearly implies that

(Ij) >a Y Pu((mi),4) <Iu(j> (4.129)

jek
for all 7,7 and n. Notice that (1/u;) is the expected number of orders until a successful one
so that there is a replenishment. Then, (K;/u;) is the actual expected cost incurred per
successful order if the observed state is 7. By (4.129), this implies that the actual fixed cost
of ordering in any environment is greater than or equal to the actual expected discounted

fixed cost of ordering that will be incurred if the order is given after one more period. If we
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consider the fixed costs only, this is an important reason for the IM not to give an order at
the beginning of a period, but to wait one more period to pay less in expectation. This is
the fundamental motivation behind (s, S) inventory control policies.

Note that we always assume that cost parameters and demand distribution only depend
on the observed environmental state; but, they may also be dependent on time. For example,
Sethi and Cheng (1997) assume that all costs depend on both time and environmental
state so that K, ; denotes the fixed ordering cost at time n when environmental state is i.
However, they assume that environment is fully observed, and the supplier is always available
with infinite capacity. By allowing partial observation and randomly available supplier, we
can extend Sethi and Cheng (1997). If we assume that costs, availability of supplier and
demand distribution depend on both time and the observed environment, then formulation
of the extended model in multiple periods will be the same as in (4.114)-(4.116). The only
difference would be that the cost parameters and availability probability of supplier now

depend on the time as well. Notice also that L should be replaced by

y oo
Ly, (7;’ a, y) = hn,i/o (y - Z)dMnJrl,a(Z) =+ pn,i/ (Z - y)dMnJrl,a(z)
Yy

for all ¢, a and n. However, Theorem 16 and its proof are still valid in this case if we assume

that

<K) >a> ¥, (a,)) (W)

Un,é j€E n+1.J
for all 4, and n. This is clearly true when fixed ordering costs and availability probability
are constants. Another case is when fixed ordering costs are nonincreasing in time and the
availability of the supplier increases as time increases. Fixed ordering costs and the supplier
availability may be nonincreasing and nondecreasing respectively due to the learning curve
effect. In such a situation, K, ; > Kp41,; and up; < up41,; for all 4,5 and n. Then, this
implies that (Ky41,5/tn+1,5) < (Kni/un,) for all 7,5 and n so that the condition in (4.117)

is satisfied.

4.6.3 Infinite-period model

In this section, we formulate and analyze the infinite-period problem. As we stated earlier,

{Q,} and {E,} matrices are assumed to be time-homogenous in infinite-period analysis so
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that @, = Q, E, = F and ¥,, = ¥ as given in (4.49). Then, we show that the finite-horizon
solution in Section 4.6.2 converges to the infinite-horizon solution. In other words, we show
that a state-dependent (s, S) policy is still optimal and optimal discounted cost function is
K;—convex. By assuming that £ = N — n denotes the number of periods from time n until
time N, we use the notation v, j for the finite horizon optimal cost v, in the remaining
part of this section. Here, we show that, as k increases to infinity, the finite-horizon optimal
cost function vpy in (4.114) converges to the infinite-horizon optimal cost function v that

satisfies

v(m,i,x) = yzug {Kid (y —z)+ J (m,i,2,9)} (4.130)

for all 7,4 and x, where y is order-up-to level and

J(mi,x,y) = wuy Zﬂ'aG(ﬂ', iya,y) + (1 —u;) Zﬂ“G(W,i,a,x) —cx  (4.131)

a€lF a€lF

G(m,i,a,y) = cy+L(i,a,y)+aY U(aj)Eh (T (rlj),jy— D) (4132)
J€EE

with L (i,a,y) given in (4.14). Again Ef, denotes the notation that expectation is taken
with respect to the random variable D with distribution M,.
For any real valued function f : ® (F) xExR — R where ® (F) is the set of all probability

distributions defined on state space I, we define the mapping 7 as

Tf(r,i ) =min {K;d (y — ) + J (m,4,2,9)} (4.133)
y>w

where J (7,1, x,y) is given in (4.131) with
G(m i a,y) = ciy + L(i,a,9) + Y W(a,j) Ep[f (T (x15), 4,y — D). (4.134)

JEE
Using relations in (4.98), 7 f can be interpreted as the optimal cost function for the one-step
problem where >y ¥ (a,j) B} [f (T (7]j),j,y — D)] is the terminal cost function. Then,

T* denotes the composition of the mapping with itself k& times; that is, for all k > 1
Trf (m,i,x) =TTV f (m,4,2) (4.135)

with 70f = f. Using (4.114), we can interpret 7%f as the optimal cost function for
the k—period a—discounted problem given information vector 7. Then, using (4.133) and
(4.135),

Trf(m,i,2) = gg{ma (y —x) + J (7,0, 2,y)} (4.136)
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where J is given in (4.131) with G replaced by
Gi(m,i,a,y) = ciy + L(ia,y) +a ) W(aj) B [T (T (nlj) . dy— D)| . (4.137)
JjER
Let fo(m,i,z) = 0 for all 7 and x. For our analysis in previous sections, we always
assume that the terminal cost function is zero. Suppose that the initial cost function is
fo (m,i,7) so that T°f(n,i,2) = fo (m,4,) for all 7,3 and x. As a result, k—period optimal
cost function is vy, (7,1, 2) = T*fy (7,4, 2) for all 7,4,z and n.

Let fi (7,4, z) denote the optimal cost over infinite horizon and let
foo (myi,x) = lim T* fo (m, i, x) (4.138)
kToo

for all m,7 and x. Notice that fo, is well-defined provided we allow the possibility that
foo can take the value co. Our main aim in this section is to show that the finite-horizon
optimal cost converges to the infinite-horizon optimal cost as the number of periods in-
creases. In other words, we aim to show that fi (7,4,2) = fo (7,4, ) for all 7,7 and x. As
stated in Bertsekas (2000 b), it is analytically and computationally important to show that
fe(m,1,2) = foo (7,4, ) because if we know that f, (7,4, 2) = limpjee T*fo (m,i,2), then we
can infer the properties of f, (7,4, ) from the properties of k—period optimal cost functions
T*fo (m,i, ).
Let Z;, denote the sets

Zy (myi,x, N) ={y > |Kid (y — ) + Jg (m, i, 2,y) < A} (4.139)

for all 7,7,z and A € R. According to Proposition 1.7 in Bertsekas (2000 b, p. 148), if we
show that the sets in (4.139) are compact for all 7,7,z and A, then f, (7,4, 2) = foo (7,7, 2) .

Hence, by the following lemma, we accomplish this task.

Lemma 17 The sets in (4.139) are compact subsets of the Fuclidean space for all m,i,x

and \.

Proof. We need to show that the sets in (4.139) are both bounded and closed in order to
show that they are compact. Note that Jj is expected discounted cost when there are k peri-
ods until the end of planning horizon. Therefore, it is exactly the same as J,, in Section 4.5.2

where n = N — k. In multi-period analysis, we show that J is continuous and K;—convex;



Chapter 4: Inventory Models with Imperfect Information 106

moreover, limytoo Ji (7,4, 2,y) = oo for all 7,7,z and k. Hence, the sets {Zj (7, 7,2, \)}
in (4.139) are bounded for all 7,4,z and A\. Moreover, the sets {Zj (7, 4,2, \)} are closed
since Jy (m,1,x,y) is continuous for y > x and it is real valued. Thus, the sets in (4.89) are
compact subsets of Euclidean space for all 7, ¢,z and A. B

The following proposition shows that f., is a fixed point of the mapping 7; moreover,
finite-horizon optimal cost function converges to the infinite-horizon optimal cost function.

In addition, this proposition shows that there is a stationary optimal policy.
Proposition 18 The limit fo is a fixed point of the mapping T so that
Joo (m,4,2) =T foo (T, 1, ) (4.140)

for all m,i and x. Moreover,
foo (myi,2) = fu (m,0,2) (4.141)

for all w,i and x. Furthermore, there exists a stationary optimal policy.

Proof. By Lemma 17, the sets in (4.139) are compact subsets of the Euclidean space for
all 7,4,z and A. Then, using Proposition 1.7 in Bertsekas (2000 b, p. 148), f is a fixed
point of 7 so that (4.140) is valid, and there exists a stationary optimal policy. In addition,
notice that

fo<Th<.<T'fu<. < f

because expected cost per period is nonnegative. From this, we get limyjoo 7° kfo(m,i,z) <
fe(m,i,2) so that foo (m,4,2) < fo(m,i,2). By (4.140), we know that fo (7,4,2) is a
fixed point of 7. Then, by Proposition 1.2 in Bertsekas (2000 b, p. 140), we get that
fu (myi,2) < foo (m,4, ). Tt follows that fo (7,4, 2) = fi (m,4,2) . This completes our proof.
|

Notice that Proposition 18 implies also that f., satisfies the Bellman’s equation since

foo (myi,2) =T foo (7,4, x) by (4.140). Hence,
foo (myi,x) = m>in{Ki(5 (y —x)+ J(mi,z,y)} (4.142)
Yy
for all 7 and =z, where J (7,4, x,y) is given in (4.131) with G replaced by

G(m i a,y) = ey + L(ia,y) +ad W(aj) B [foo (T (x]j) jiy = D). (4.143)
JEE
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As stated in Proposition 1.2 in Bertsekas (2000 b, p. 140), f is not necessarily the unique
optimal solution to the Bellman’s equation because single-period costs are not bounded
under positivity assumption; however, f, is the smallest fixed point of 7 since foo = fs.
Notice that, for a finite n, k goes to infinity as N goes to infinity. Then, above analysis
shows that limyyeo vo (7,4, 2) = v(m,i,x). Moreover, v (m,i,x) satisfies (4.130) and there
exists a stationary optimal policy y (7,4, ) which minimizes the infinite-period total cost.
However, notice that J(m,i,x,y) is not bounded for y > x; therefore, v (m,i,z) is not
necessarily unique. Then, we take v (7,7, 2) as the minimal fixed point of (4.130). In other
words, if f = 7 f, then v < f. Moreover, we also know that the optimal solution v is that
fixed point of 7 which can be obtained as v = limyj T* fo with fo = 0.
Here we will also show that state-dependent (s, S) policy is optimal for infinite-horizon
problem. However, this requires a similar assumption as in (4.117). We assume that
K; A K
o Zaj%\ll(a,j)uj (4.144)
for all ¢ and a, where W is given by (4.49). As in multi-period case, this assumption is also
satisfied when the fixed ordering costs and availability probabilities are constant.
Let y(m,i,2) denote the optimal order-up-to level for the minimization problem in

(4.130).

Theorem 19 Suppose that assumption (4.144) is valid. Then, the optimal ordering policy
for infinite-period model is a state-dependent (s, S) policy

S7r,i x < S7r,i
y(m i, z) = ' (4.145)
T Tz > s

where S™ is the smallest value that satisfies

Z TG (7T, i,a, 5’”) < Z TG (m,i,a,y)
a€lF acF
and s™' < S™ satisfies

U ZW“G (Tr,i, a, sm) =K; +u; ZW”G (w,i,a, S”’i)

a€clF aclF
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for all w,i and y. In addition, J (7,i,x,y) is continuous and K;—convex in y for all m,i

and x. The optimal cost incurred by this policy is

Ui Y aer TG (7T, i,a, s””) 5 < g7
v(m,i,x) = +(1—w) Y permG(m,4,0,2) — ci (4.146)
Yowcr ™G (T 0,0, 2) — ¢ x> ™
for all i and x. Moreover, v (7,1, x) is continuous and (K;/u;) —convex in z for all ™ and

i.

Proof. As shown before, v (7,4, z) = limyoo vo k (7,4, z) for all 7,4 and z. The limit of a
continuous function is also continuous. Hence, v is continuous since vy is continuous for all
k. Moreover, by Theorem 16, vg (7,7, x) is (K;/u;) —convex in z for all 7 and ¢. Therefore,

for all z > 0,b > 0, and x, we have

ufz +vo (7,0, + 2) > vy (T4, ) + 7 [vo i (7,4, 2) —vo i (7,1, 2 —b)].
1

for all m,7 and z. After taking limit of both sides as k goes to infinity in above inequality,
we get

o +o(mi,x+2) >v(mi,x)+ % [v(m,i,2) — v (m i,z —b)] (4.147)

since v (7,4, ) = limpjoo ok (7, 4, ) for all 7,4 and . Then, (4.147) implies that v (7,4, z)
is (K;/u;) —convex in x for all = and 1.

Moreover, by part (c) of Lemma 29, EY, [v (T (7 |j),j,y — D)] is (K;/u;) —convex in y
and that, by part (b) of Lemma 29,

@ W(aj)Ep[o(T (x|j),d,y — D)
jEk

is [a > ier ¥ (a,]) (K]/u])] —convex in y for all a. By our assumption (4.144), it is also
(K;/u;) —convex. Now, because L is convex in y and ¢;y is linear, thus convex, in y, it
follows from (4.132) that G is (K;/u;) —convex in y. Together with part (b) of Lemma
29, this also implies that J in (4.131) is K;—convex in y for all 7,7 and x. Moreover, J
is continuous in y since v and L are continuous, and sum of continuous functions is also
continuous.

Note that J is continuous and K;—convex in y for all w,7 and x; moreover,

lim 1o J (7,4, 2,y) = oo. Then, there exist scalars 5™ and S™ with s™ < S™ satisfying
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four conditions in part (d) of Lemma 29. S™¢ is the smallest minimizer of J. Using (4.131),
S™¢ satisfies Y oacr TG (W,i,a,S’T’i) < Y aer ™G (7,0, a,y) for all 7,4 and y. Moreover,
using the fact that J is K;—convex in y, s™* < S™ can be computed by solving
U; Z G(7,i,a,5™) = K; + u; Z G(m,i,a, 8™ (4.148)
acF a€cF
for all 7,7 and x. Together with (iii) and (iv) of part (d) of Lemma 29, we can claim that

state-dependent (s, S) policy defined

' S7r,i x < S7r,i
y (m,i,x) = ,
T > s

is optimal. The optimal cost incurred by this policy is

J (77,2',:1:,3”) < s™

v(mi,x) = '
J (7 i, 2z, ) T > ™
which leads to (4.146) by using (4.131) and (4.148).
Clearly, v (,4,x) is continuous in z for all x < s™ and z > s™* separately since it is

the sum of continuous functions. Moreover, v (7,4, x) is continuous at x = s™" because

lim v (md,2) = lim v (m,i,2) = Zﬂ'aG(ﬂ', i,a,s™) — c;s™",
T TsTot x|t acF

Therefore, v (7,7, ) is continuous and (K;/u;) —convex function in z for all 7 and i. This
completes our proof. H

By Theorem 19, we get similar results as in single-period and multi-period models. This
clearly implies that results obtained by Ozekici and Parlar (1999) are valid in infinite period
so that state-dependent (s,S) policy is optimal. But, as in single and multiple planning
periods, s and .S depend on both current observed state and information vector. However,
they are independent of number of the current period that we are planning for; therefore,
they are the same in all periods with the same information vector and observed state.
Moreover, we show that multi-period optimal cost function converges to the infinite-period
optimal cost as the length of planning period gets longer.

By Theorem 19, we show that state-dependent (s, S) policy is still optimal in infinite-

horizon for inventory problems with random availability and fixed ordering cost in a partially
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observed random environment. Our results agree with those obtained by Sethi and Cheng
(1997). They show that state and time dependent (s,S) policy is optimal in infinite-
horizon for inventory problems with available supplier having infinite capacity in a random
environment where all costs depend on both environmental state and time. However, in
our model, optimal policy is independent of time since we assume that costs, availability
probability and demand distribution are only environment-dependent (not time dependent).
Our model can be extended by considering time-dependence as well. But, this extension is
not so trivial as in the multi-period case. In this case, extra attention must be paid since

multi-period cost function may not converge due to time-dependence.

4.7 Inventory models with finite capacity and random yield

In this section, we consider a discrete time, single product, single location, periodic-review
inventory model with finite production capacity and random proportional yield where the
demand process, supply process and all cost parameters are modulated by a partially-
observed environment. As in Section 3.1, we assume that the inventory system is composed
of a retailer, a producer and a transporter. However, we assume that the producer has
a finite or fixed capacity; moreover, the transporter can deliver a random proportion of
produced quantity. And we assume as in Section 3.1 that there is a random environment in
which demand, supply and all cost parameters depend. Markov modulated demand, supply
and costs are analyzed by many researchers, like Ozekici and Parlar (1999), Erdem and
Ozekici (2002), and Gallego and Hu (2004), among many others. We analyze exactly the
same inventory problem in Gallego and Hu (2004); however, our main contribution is that
the Markov modulated environment is not fully observed, it is only partially observed.
The remainder of this section is organized as follow. In Section 4.7.1, we introduce our
notation and the basic model, and state our assumptions. In Section 4.7.2, we analyze the
single-period problem. Section 4.7.3 focuses on the multi-period problem. In Section 4.7.4,

we study the infinite-period problem.
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4.7.1 Models and preliminaries

We consider a single product inventory system which is inspected periodically over a plan-
ning horizon of length N. As before, we let Z ={Z,; n=10,1,2,3,...} and Y = {Y,,;; n=
0,1,2,3,...} denote the state of real and observed environmental processes respectively.
Our assumptions and notations regarding Z and Y processes are exactly the same as in
Section 4.1.

As stated in Section 4.1, the state of the real environment Z at any time depends on all
of the past observations of Y. Therefore, we need Y;, to make inferences regarding the true
state of the real environment Z at time n. However, as the number of period gets longer,
dimension of Y}, increases without bounds. Therefore, we use sufficient statistics which are
measures that summarize all information embedded in Y,,. From Section 4.4, we know that
the distribution m, of the true state of the environment at time n given all observations
until that time is a sufficient statistic for Y;,. In this section, our assumptions and notations
regarding the information vector 7,, and its transition vector T" (7, |j ) are exactly the same
as in Section 4.4. Therefore, interested readers are referred to this section for a detailed
description and analysis.

We let D,, denote the total demand in period n and M, denote the conditional cumulative
distribution function of demand when unobserved environment is a. However, unlike in
previous sections, we assume in this section that M, is increasing (not only nodecreasing).
Furthermore, we assume that there is a maximum finite inventory capacity A.

Moreover, we let x, and ¥, denote the inventory level and order-up-to level at time n
respectively. At each time n, the inventory level x, is checked and order y, — z,, if any,
is placed from an outside supplier which is delivered instantaneously. During the period,
demand is realized and unsatisfied demand is backlogged. We assume that some proportion
of order quantity is lost. We define U, € [0, 1] to be the proportion of the produced amount
which is received by the retailer in period n. Clearly supply or amount received by the
retailer at time 7 is random and equal to U,4+1 min{A,y, — x,}. As for demand process,
we assume that realizations of yield process U = {U,;n > 1} is also observable. However, its

distribution depends on the real environmental process Z. Then, the conditional cumulative
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distribution function of the proportional yield is
F,(u) = PlUp+1 <u | Z, = a]

and Fy is assumed to be differentiable so that it has probability density function f,. We
define p, = E[Up+1| Zn = a] to be the mean value of proportional yield when real environ-
mental state is a and we define i, = Y, g 7*u, for any m € D (F). Here, we assume that
it > 0 for all w. This assumption requires that p, > 0 for at least an a with 7* > 0. More-
over, this further implies that there is at least one environmental state a with 7 > 0 in which
there is positive probability of receiving something such that P{U,+1 = 0| Z, = a] < 1.
Consider cases where this requirement is not satisfied so that in all environmental states
a with 7% > 0 receiving something is impossible so that P[Up+1 = 0| Z, = a] = 1 and
u, = 0. Clearly it is illogical to order in such situations. Therefore, this requirement is not
restrictive. In our analysis of this section, we frequently refer to our assumption that g > 0
for a given m. This is equivalent to the condition that there is at least one environmental
state a with 7® > 0 in which there is positive probability of receiving something. Note that
if 1, > 0 for all a, then our assumption is trivially satisfied for all 7 since ), 7* = 1 and
Pow = Y qer T Hg > 0. Furthermore, p, <1 for all a since U, is in [0, 1]. This fact together
with our assumption imply that 0 < i, <1 for all 7.

In addition, we define

)
B () = =—2— (4.149)
¢ ZGE]F 7ralua
for all a. Moreover, using (4.149), we denote
Mo(2) = 3 B (m) Mo (2) (4.150)

a€lF
to be a mixture of the cumulative distribution functions {M,} since )y B3, (7) = 1 for all
7. Finally, our assumptions and notations regarding the cost parameters and the discount

factor are exactly the same as in Section 4.1.

4.7.2  Single-period model

Here we assume that there is only one period to plan for so that N = 1; moreover,
vy (m1,41,21) = 0 for all 71,41 and z7. Assuming inventory level at the beginning of pe-

riod is x, the initial distribution of true state of environment is w, and observed state of
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environment is ¢, single-period minimum cost function vy (7, %, z) satisfies

vo(m,i,x) = z<2§£+AHO (m,i,2,y) (4.151)

for all 7,4 and x, where y is the order-up-to level and

Hy (m,i,z,y) = Z 7Jo (i,a,x,y) (4.152)
acF
1
Jo (iya,z,y) = / Go (i, 0,z +u(y — ) dFy(u) — ¢z (4.153)
0
Go(i,a,y) = cy+ L(i,a,y) (4.154)

where L (i,a,y) is given in (4.14). Notice that L is a strictly convex function in y since
we assume that demand distribution M, is increasing. In addition, from (4.153), it is
obvious that Jy is not a function of 7. Remember that 7 is either initially known or can be
determined by (4.40).

The following lemma, which is similar to the one in Gallego and Hu (2004), is useful
in demonstrating the strict convexity of cost functions. The proof can be conducted as in
Gallego and Hu (2004) by using the fact that function ¢ is strictly convex in this case. If e

and y are column vectors, then €’y is the inner product of these vectors.

Lemma 20 Let ¢ : R — R be strictly convex, then for any constant vector e € R™ and

any scalar d, ¥ (y) = ¢ (e'y — d) : R"" — R is also strictly convex.

Moreover, we use the following lemma to prove the convexity of optimal cost function.

Therefore, we state and prove it here.

Lemma 21 Assume that g is a function of x and u. Then,

2 1
< [;FW /O L7 (i,a,9 (z,u)) dFa(u)

Y [Zwa/olqﬂ

acF

1
[Z v /0 ul” (i,a,g (z,u)) dFy(u)

a€cF

xL" (i,a,9 (z,u)) dFy(u) (4.155)

for all w,i and x.
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Proof. First of all, notice that dF,(u) = f, (u)du for all a since we assume that F, is
differentiable. It is clear that

1
ZTF / uFL (i, a, g (z,0)) fo(u)du :/0 uF (ZwaL" (i,a,g(w,u))fa(u)> du

acF aclF
for all 7,7, and integer k > 0. Then, using this fact for k£ € {0, 1,2}, condition (4.155)

becomes
[/Olu<§7raL" (i,a,g(:c,U))fa(u))du < [/01 (;FWQL” (i,a,g(a:,u))fa(u)> du]
(s

xL" (i,a,g (z,u)) fa(u))du] . (4.156)

Moreover, for any two integrable nonnegative functions h and ¢, Cauchy-Schwarz inequality

Uabmu)t(u)du}

1/2
Then, after substituting h (u) = [ZQGF 7 L" (i,a,9 (z,u)) fa(u)} and ¢ (u) = uh (u) in
(4.157), we get (4.156). As a result, condition (4.155) is satisfied. W

implies that
2

< /b h? (u) du /b t2 (u) du. (4.157)

Expected cost in a single period is the sum of expected purchase cost, and expected
holding and shortage costs. Let yo (7,4,2) denote the optimal order-up-to level for the

minimization problem in (4.151).

Theorem 22 The optimal ordering policy for the single-period model is a state-dependent
modified inflated base-stock policy
c+A z<s)t
yo (m,4,2) = yg’i () sg’i <z< Sg’i (4.158)
T T > Sg’i
where yg’i (x) ,Sg’i and sg’i are unique y values which satisfy

277/ (ci+ L' (i,a,z+u(y —2))) dFa(u) = 0

aclF

Zﬂ“ua (ci—i—L' (i,a,y)) =0
acF

dow / (c; + L' (i,a,y + uA)) dF,(u) = 0

a€F
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for all w and i respectively. Moreover, yg & () is nonincreasing in x with
limg | oo yg’i () = oo for all w and i. In addition, v < yg’i () <x+A forallx € [sg’i, Sg’i)
with yg’i (sg’i> = sg’i + A and yg’i (Sg’i> = Sg’i. The cost function Hy (7,1, x,y) is strictly

convex in (x,y) for all m and i, and the optimal cost is

Y ucr ™ fol (cuA + L (iya,x + uA)) dF,(u) = < s5"

v (mive) = ¢ Hy (mi 2,90 (@) si<a<syt (4159)
> aer ™L (i, a,7) z> 55"
for all m,i and x. Furthermore, vo(m,i,x) is conver in x, limyo v (7,4,2) = h; and
limg| oo vg (7,4, 2) = —p; for all ™ and 1.

Proof. We need to find z < y < x + A minimizing Hy. Note that Gg (¢, a,y) is strictly
convex in y for all ¢ and a since L is strictly convex. Then, it follows by Lemma 20
that Go (4,a,z + u(y — x)) is also strictly convex in (x,y) for all i,a and u € [0,1]. This
clearly implies that Jy is strictly convex in (z,y) because strict convexity is preserved by
expectation. Finally, Hy is strictly convex in (x,y) since sum of strictly convex functions
is also strictly convex. In addition, we denote partial derivative of Hy with respect to y by

H]{. Then,

1
H| (7 i,m,y) = Z ﬂ'a/o u(ci+ L (0,2 +u(y — ) dF,(u) (4.160)
acF

for all 7,4,z and y.

We define y; *(z) to be the y value minimizing Hy (,i,,y) without the constraint
z <y < x+ A. By the first order optimality condition, y; o (x) satisfies
3 e /1 u (ci + I (z a,z +u(yl (z) — a:))) dF,(u) =0 (4.161)
ack 70
for all 7,7 and x. Note that H| is increasing, limy| o H) (7,1, 2,y) = (¢; —pi) iy < 0
and limyjoo Hy (7,0, 2,y) = (¢ +hi) i > 0. This together with the fact that Hy is
strictly convex imply that yg & (x) satisfying (4.161) is finite and unique. We now show
that limg| o y3” (z) = co. Suppose that lim,| o ya" (z) < co. Then, left-hand side of
(4.161) goes to (¢; — pi) fi,, which is strictly less than 0 since i, > 0 by our assumption, as

x goes to —oo. This is a contradiction and lim, | _, yéT’i (z) = oo for all 7 and .
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Next, we show that y] )t (x) is nonincreasing in x. Suppose that there exist x; < xg such
that H) (W,i,xl,yg’i (xl)) = H| (ﬂ,i,xg,yg’i (x2)> = 0 with yg’i (z1) < yg’i (x2). This
clearly implies that x; + u(yérz (1) — 1) < 22+ u(ygZ (x2) — x2) for all w € [0,1]. This
further implies that L’ (z’, a,zo + u(yy" (x2) — x2)> > L (i, a,r1 + u(ygl (x1) — x1)> for all
i and a since L’ is increasing. Then, using (4.160) and our assumption that i, > 0, it follows

that

H(/) <7T,i,$2,yg’i (x2)> > H(’] (W,i,xl,yg’i (x1)> =0
for all  and 7. However, notice that this is a clear contradiction to the definition of y; a (x2) .
In other words, condition in (4.161) is not satisfied for (:Bg, Yo & (xg)) pair. Therefore, y; ()

is nonincreasing in . Furthermore, after differentiating (4.161) with respect to x and making

some simplifications, we get

o) Sacem 02 =) (50,2 + u(sf " () — 7)) dFa(w) S0 e

Oz Yacr ™ fo u2L” (z a, +u(yy" (z) - m)> dF,(u)

for all © and . Note that the denominator in (4.162) is always positive since L” > 0 and,
by our assumption, g > 0. In addition, the numerator of the same equation is nonpositive
since u?—u < 0 for u € [0,1] and L” > 0. As a result, inequality in (4.162) is valid. Note that
(4.162) is, in general, not a constant; moreover, it implies also that yg ot (x) is nonincreasing
in z. Then, it follows that yg’i () has the structure in Figure 4.2.

Notice that yg " (z) satisfying (4.161) is not necessarily a feasible solution for the problem
in (4.151) since it may also be less than x or greater than x + A. However, as shown in
Figure 4.2, a feasible order-up-to level is bounded above by the line y = z + A and below
by line y = z. Suppose that Sj " is the smallest inventory level at which it is optimal not
to order so that y" <Sg’i> — 53" = 0. Then, for z = 57", (4.161) becomes

S ru, (ci nyy (z a, Sg“')) —0 (4.163)
a€F
for all 7 and 4. In addition, (4.163) implies the following
ZW“MQL’ (i, a, Sg’i) = —cifip <O. (4.164)
acF
Note that, by our assumption, p, > 0 for at least one a with 7#* > 0; moreover, L is

increasing in y, limyt L' (4,a,y) = ¢; and limy| o L' (i,a,y) = —p; for all ¢ and a. Hence,
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yo(u,i,X)A

y=x+A

' +A
A v (X)

%J,i

X vy

S S

Figure 4.2: State-dependent modified inflated base-stock policy

(4.164) further implies that S " is finite and unique. Moreover, uniqueness of S§ " is also
obvious from Figure 4.2 since line y = z can cross the curve y( o (), which is nonincreasing,
at most at one point. Next, let us assume that x = sg’i is the largest inventory level at which
it is optimal to order as much as the finite capacity A, as a result, yg’i (sg’i) = sg’i + A.
Using (4.161), sg’i satisfies
1 .

Zﬂ'“/o u (cl- + L (i, a,sp" + uA)) dFy(u) =0 (4.165)
acF

for all 7 and 4. Then, from (4.165), it follows that

1 .
ZW“/ ul! <i, a,sp" + uA) dF,(u) = —cifi, < 0. (4.166)
acF 0

Notice that fi, > 0 by our assumption; moreover, L’ is increasing in y, limyo L' (4,a,y) =
¢; and limy| o L' (¢,a,y) = —p; for all ¢ and a. Thus, sg’i is also finite and unique as Sg’i.
Similarly, uniqueness of sg’i can easily be verified from Figure 4.2 since line y =  + A can
intersect the curve yJ” () at most at one point. Notice that s7" < S5 since yJ" () is
nonincreasing in . Now consider the three cases: x < sg’i, sg’i <z< Sg’i and © > Sg’i.

(i) =z < sg’i : Note that yg’i (x) is nonincreasing in x; therefore, yg’i () > yg’i(sg’i) =

sp' + A for all z < s3"". Tt follows that yJ'" (z) > z + A for all z < s3"'. Moreover, we
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know also that Hy is strictly convex in y and yg ot (z) is the unique minimizer of this
strictly convex function. Then, this clearly implies that H is decreasing for values of
yin [z, y, & (z)). If the production capacity was infinite, ordering up to yg o (z) would
be optimal. However, the order quantity is limited by A and ordering up to yg ot (x)
requires an order of yg ot () —2x > A. In this case, ordering as much as the fixed
capacity A is optimal since Hy (7,4, z,y) is decreasing for values of y in [z, z + A) and
z + A is the minimum that can be attained. Therefore, optimal order-up-to level for

all z < 3" is yo (m,4,2) = x + A.

(ii) s§" < & < SJ"* : Note that yJ" () is nonincreasing in x; therefore, sj” + A >
v (x) > S5 for values of = in [s§”,S5"). Then it follows that = < yJ” (z) < z + A
for s3” < & < SJ’". This further implies that the global minimum " (z) is attainable.

Therefore, optimal order-up-to level is yo (7, i, ) = v, * (z) for values of z in [sg’i, Sy .

(iii) =z > Sg’i : Note that yg’i (x) < yg’i(Sg’i) = Sg’i since yg’i (x) is nonincreasing in x.
This clearly implies that yg o () < z. Ordering a negative amount is not possible;
therefore, it is not possible to attain the global minimum y; o (z)ifz > S] " However,
strict convexity of Hy implies that it is increasing for all y € [z,00). As a result,
optimal policy is not to order if inventory level is greater than or equal to Sg " so that

yo (m,1,2) = x.

In conclusion, the optimal ordering policy is given by yo (7,7, x) in (4.158) as shown in
Figure 4.2. Notice that yo (,4,z) = y3" (z) for all z in [s7", S5) and yJ"* (z) is nonincreas-
ing in z. Moreover, yg’i(Sg’i) = Sg’i by definition. Then, it follows that yo (7,4, x) > Sg’i
for all z in [sg’i, Sg’i).

The minimum cost function corresponding to the optimal policy in (4.158) is

Hy(myi,z,x + A) < sg’i
vo (myi,2) =< Hy (w,i,x,yg’i (:10)) Sg’i <z < Sg’i
Hy (m,i,2,7) x> Sg’i

which leads to (4.159) since

1
Hy (myi,z,x + A) = Z W“/ (ciuA+ L (i,a,z +uA))dF,(u)
acF 0
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and

Hy (m,i,x,x) E 7L (i,a,x)
a€lF

for all 7,7 and .
Now, we prove that v (7,4, ) is convex in z. First, we show that vg (7,1, x) is convex
for < sg’ ,30 ‘<< So " and z > Sy ot separately. Then, we show that convexity is not

violated at z = s;" and © = S{".

(i) =z < sg’i: Using (4.159), first and second derivatives of vy (7,4, z) are

vy(m,i,x) = Z / (1,0, + uA)dFy(u) (4.167)

acF
vy (myi, ) = Z / L"(i,a, 2 +uA)dF,(u) (4.168)
a€cF

for all 7,7 and x. Notice that v{ (m,4,2) in (4.168) is always positive since L is a
strictly convex function. This implies that, for z < sg’i, vo (7,1, x) is convex in z for

all 7 and 7.

(i) s§" <2 < S5 : Using (4.152) and (4.159), the first derivative of vo(r, i, z) is

1 i
vy(m, i, x) = GGZFWG/O <1+u(8y08m()—1)>
X (ci + L (i,a,x +u (yg’i (x) — x))) dFy(u) — ¢
= (Oyo Z / cl+Lza$+u(y0 ()—x))dFa(u)

_|_Z / zax—f—u(yg (x) — x)dFa(u)

a€eF

= D / (0,2 +u (yg (z) = fv) dFy(u) (4.169)

acF

for all 7,7 and x. We get the second equality in (4.169) after we make some math-

ematical simplifications. Then, using (4.161), we get the third equality in the same
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equation. Moreover, after differentiating vj (7,4, x) in (4.169) one more time, we get

vy (myi, ) = Z /L”zax—i—u( ()—x)dFa(u)

aclF

A2 )3 / ul(i,a, 7+ u (5" (2) — o) dF,(u)

a€F

= {ZW/L"zax+u(g’i(m)—x)dFa(u)
aclF
XZ / 2L"zaaj—|—u< ()—a:)dFa(u)

a€F
(Z /uL za:v—l—u(yo (z) — :U)dFa(u)>2}
a€F
/(ZTF / 2L”z a x+u<y0 (z) — :1:) dFa(u)> (4.170)

a€lF

v
o

for all 7,4 and =. Note that the second equality in (4.170) is gathered by substituting
(4.162) in the first equality of the same equation. Notice also that the denominator
of (4.170) is always positive since L” > 0 and, by our assumption, g, > 0. In
addition, by Lemma 21, the numerator of (4.170) is also nonnegative. Therefore, for

so" << SJ, vy (m,4, ) is convex in x for all 7 and i.

(iii) =z > Sg’i : Using (4.159), first and second derivatives of vy(r,i,z) are

vy(m, i, x) = ZwaL’(i,a,m) (4.171)
a€lF

oy (miyz) = > w"L"(i,a,) (4.172)
a€clF

for all , 4 and z. It is clear that v (7,4, x) is always positive since L is strictly convex.

Then, it follows that, for z > Sg’i, vo (7,4, ) is convex in z for all 7 and i.

(iv) =z = sg’i : Here, we show that convexity of vy(m,4,z) is not violated at x = sg’i. For

vg to be convex at x = 30 , the following conditions must hold:

lim vj (7,4, 2) < lim v (7,4, ) (4.173)

a:ng’Z zlsg’l



Chapter 4: Inventory Models with Imperfect Information 121

and vg must be continuous at x = sg7i. Firstly, by (4.167) and (4.169),

lim vj (7, i,2) = lim v (7,4,x) Z / (¢,a, sq’ "+ uA)dF,(u)
J:Tso wlso acF
for all 7 and 4 so that condition (4.173) is satisfied. Secondly, by (4.159),

lim wvg (m,4,z) = lim v (7,1, ) Z / czuA+L z a,sg’i —|—uA>> dF,(u)

i
zTsg" zlsg

for all m and 4; as a result, vy (7,4, z) is continuous at = = sg’i. Then, it follows that

. . e
vo (7,4, x) is convex at x = 5;".

x = 83" : We now show that vo(, i, ) is also convex at & = S§"'. Similarly, for vg to
be convex at 2 = S condition (4.173) must also be satisfied at 2 = SJ'*; moreover,
vo must be continuous at at z = Sg’i. Note by (4.169) and (4.171) that

lir{Tliv(’) (myi,x) = linjivo ,1,) g L' (i,a, Sy D)
xSy’ xSy’ acF

for all = and ¢ so that condition (4.173) is satisfied at = S’g’i. Moreover, by (4.159),

hm vo(ﬂ',z,:z:)— hm o (T, 1, x) ZWLZCLSWZ)

for all 7 and i; therefore, vy is continuous at z = SJ"*. Hence, vg (7,4, x) is convex at

T = Sg’i for all 7 and 1.

Finally, using (4.15), (4.167) and MCT,

lim v (7, i,2) = Zwa hm L' (i,a,x) = —p;
@l=oo acF

for all 7 and 4. Similarly, using (4.15), (4.171) and MCT,

lim v) (7,4, 2) = h;
zToo

for all w and 4. This completes our proof. W

Given 7,7 and z, yo (7, 4, ) —x is the optimal amount of inventory to order and yq (7, 7, =)

is the optimal order-up-to level. Federgruen and Zipkin (1986 b) studied finite capacity

problems in stationary environment for the first time. Their results are similar to ours
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except that optimal order-up-to level in our policy depends on inventory level, information
vector and state of the observed environment as well. There, the optimal policy (modified
base-stock) orders a positive amount if the initial inventory level is less than a critical level
S and no order is given otherwise. Moreover, there is another critical level s < S over which
optimal order-up-to level is constant and equal to S, and below which it is optimal to order
as much as the finite capacity A. Since they do not assume proportional yield, the optimal
order-up-to level is independent of initial inventory level.

Later, Henig and Gerchak (1990) study inventory problems with random proportional
yield in stationary environment and our results are similar to theirs in some respect. They
show that it is optimal to order only if the inventory level is below a critical level .S and
it is optimal not to order otherwise. In addition, their optimal order-up-to level decreases
with current inventory level and always stays above S. Since they did not assume finite
capacity, their ordering quantity is arbitrary. On the other hand, we assume finite capacity
and partially observed random environment. Hence, the policy has a second critical level
and all critical levels depend on inventory level, information vector and state of observed
environment.

Recently, Gallego and Hu (2004) show that the optimal policy is a combination of both
modified and inflated base-stock policies for problems with finite capacity and random
yield in a fully observed random environment. They prefer to use the term “modified
inflated” base-stock for this type of policies. Specifically, they show that there is an inventory
level S (above) below which it is optimal (not) to order. They also show that there is
another inventory level s < S below which order quantity is constant and equal to the
finite capacity. Furthermore, when the inventory level is between s and S, order-up-to level
decreases with inventory level and is above S. Finally, they show that both s and S depend
on the environmental state. By Theorem 22, we get similar results as Gallego and Hu
(2004). However, all critical levels and order-up-to level depend also on current information
vector 7 since we assume partially observed random environment.

Moreover, by Theorem 22, we show that Sg’i satisfies (4.163). Then, using (4.15),
(4.149), (4.150) and (4.163), it follows that S]"* satisfies

M, (sgﬂ') =38, (m) M, (5{;”’) - % (4.174)
a€lF
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Yo(p.i.x)
y=x+A
y=x
A
Sg,\
/ Sg.i S;;,\ x’

Figure 4.3: State-dependent modified base-stock policy

for all 7 and ¢. From (4.149) and (4.174), it is obvious that Sg’i depends on the mean of
proportional yield U. In addition, we show by (4.162) that the optimal order-up-to level is
decreasing in z for all 7,7 and = € [sg’i, Sy Z) This implies that the optimal policy is not
a modified base-stock policy but a modified inflated base-stock policy. However, if U = 1
with probability 1 in all environments, then (4.162) becomes 0 so that optimal order-up-to
level is independent of inventory level when x is in [sg’i, Sy Z) As a result, optimal ordering
policy is modified base-stock and has the form shown in Figure 4.3. On the other hand,
if we assume that there is no capacity limitation so that A = oo, then the line y = =z + A
in Figure 4.2, which is bounding yg ot (z) from above, will cross  and y axes at minus and
plus infinity respectively. As a result, optimal policy has the form as shown in Figure 4.4.
In this type of policy, it will always be optimal to order if the inventory level is below S; ot
and the optimal order-up-to level is y & (z) . Optimal policy structure for inventory models
with random proportional yield is, in general, in this form and called by Zipkin (2000) as

inflated base stock policy.

4.7.8  Multi-period model

In the case with multiple periods, there are N periods to plan for and the dynamic pro-

gramming equation involves the sum of single period costs in the current period plus the
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yo(o,i,x))

N
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Sg,i

XV

S(;)J,i

Figure 4.4: State-dependent inflated base-stock policy

expected optimal discounted costs from the next period until the end of the planning hori-
zon. We assume that vy (7n,in,zn) = 0 for all my,ixy and zxy. Moreover, we suppose
that inventory level is z, state of the environment is ¢, distribution of true state of the
environment is 7 at time n. The minimum cost satisfies

p(m, i, x) = x<£r££1+AHn (m,i,2,y) (4.175)

for all 7,4 and x, where y is the order-up-to level and

Hy (ﬂ-aiaxay) = ZWQJH (W,i,a,m,y) (4176)

a€clF

1
Jn (myi,a,2,y) = / Gy (myiya,x +u(y — ) dFy(u) — ¢ (4.177)

0

Gn(mi,ay) = cy+ L(i,a,y)
+QZ\IITL (anj)E%) [vn—l-l (T(ﬂ—‘])ajay_D)] (4178)
JjEE

with L(7,a,y) given in (4.14). Here, Ef, again denotes the notation that expectation is

taken with respect to the random variable D with distribution M,. We use G}, and G! to
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denote first and second derivatives of GG, with respect to y respectively. Then,
G (miay) = c+L(i,a,y)+aY U, (a,j)Eh v, (T(r]j),jy— D)[4.179)
j€EE

GZ,(ﬂaiaaay) = L”(Z a, y +OzZ\I/ a J)ED [ n+l( (W’j),],y—D)] (4180)
j€E

for all 7,4, a and y.
As Lemma 21, we use the following lemma to prove the convexity of optimal cost function
in multi-period. However, we skip the proof since it follows exactly the same line of reasoning

as the proof of Lemma 21.

Lemma 23 Assume that g is a function of x and u. Then,

2 1
< [Zﬂ'a/o G (myiya,g(z,u)) dF,(u)

[Z / WGl (7,0, a, g (x,u)) dFy(u)

a€F

Z /uG i, a, g (x,u)) dFy(u)

a€clF

for all 7,1 and x.

Let y, (m,i,2) denote the optimal order-up-to level of the minimization problem in
(4.175) given m,4 and z. Finally, we let v], (7,4, ) denote the derivative of v, (7,1, x) with
respect to x, and assume that h and p are holding cost and shortage cost vectors respec-
tively. In addition, we recall that Ry, ((7,4),5) = > ;g ' ofPr((7,4), ) for all 7 i and j

and that, for a nonnegative function g, Ry, ,g(7, 1) is defined as in (4.46).

Theorem 24 The optimal ordering policy for N -period model is a state-dependent modified
inflated base-stock policy
4+ A z< sZ’i
Yn (T, 0, x) = y,’{?i () st < p < ST (4.181)
x x> S

" and sy are unique y values which satisfy

ZT&'/ " (myia,r +u(y —x))dFy(u) = 0

a€cF

where yg’i (x),Sh

Zﬂ' oGy, (m,i,a,y) = 0

acF

Z /uG (myi,a,y + uA)dFy(u) = 0

a€F
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for all ™ and i respectively. Moreover, yZ{’i (z) is mnonincreasing in x with
limy| oo yZ{’i () = oo for all m and i. In addition, v < yZ{’i () <x+A forallx € [sg’i, SZZ”)
with y&* (SZZ> = s+ A and y* (S;”) = ST, The cost function H, (m,i,2,y) is strictly

convex in (x,y) for all m and i, and the optimal cost is

> uer T fol Gy (m,i,a, 2+ uA) dF,(u) — iz x < sp’
v (i) ={ H, (w,z‘,x,y;{’i (x)) s < g < ST (4.182)

Y oack TG (7,4, 0,2) — ciw x> Spt.

for all m,i and x. Furthermore, v, (7,1, x) is convex in x, limgoo v, (7,1, ) = RS \_, (7, 1)
9

and limg | oo vy, (7,4, 7) = =Ry v p(m, ) for all 7 and 4.

Proof. The proof proceeds inductively. By Theorem 22, we know that Theorem 24
is satisfied for n = N — 1. Assume that the induction hypothesis is valid for times
n+1,n+2..,N —1so that v, (7 4,2) is convex in z for all 7 and 4; moreover,
limg oo Vpyq (7,4, ) = R2+1,N—n—1h(77’j) and limg| oo vp, 1 (7,5, 2) = _Rzﬂ,N—n—lp(Tﬂj)

for all 7 and j. Then, using (4.179), MCT and the induction hypothesis, we get

lim @, (mda,y) = Ci+hi+a%wn<a7j)3g+1,Nn1h(T(7T|j>7j) (4.183)
> 0 *

Jim G (miay) = cz-—pz-—aZE\Ifn(aJ)RzH,N_n_lp(T(wU),j> (4.184)
< 0 *

for all ¢ and a. We now show that Theorem 24 also holds for time n.

Note that G,, (7,1, a,y) is strictly convex in y for all 7,7 and a since L is strictly convex
and vy41 is convex. Then it follows from Lemma 20 that Gy, (7,4, a, x + u(y — x)) is strictly
convex in (x,y) for all m,i,a and u € [0,1]. As a result, J,, is also strictly convex in (x,y)
because expectation preserves the strict convexity. Finally, it follows that H, is strictly
convex since sum of strictly convex functions is also strictly convex. In addition, we use H,
to denote partial derivative of H,, with respect to y. Hence,

1
H (7,i,z,y) = Z W“/O uG (myi,a,x +u(y — x)) dFy(u) (4.185)
acF

for all 7,4, x and y.
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Suppose that yp"* (x) is the y value minimizing H,, without the constraint x <y < z+ A.

Because H,, is strictly convex in y, using (4.185), yn'" (z) satisfies

dow /uG (m,i,a,2 + u(y' (z) — 2)) dFy(u) = 0 (4.186)

acF
for a given 7,4 and x. Using (4.185), induction hypothesis and (4.184), we get

ylllmoo H (ﬂ-a ia x, y) = (C’i - pl) IL_’L7T -« Z Z ﬂa#a\ljn (CL?j) R%—&—l,N—n—lp(T (7T ‘]) 7]) <0
jEE a€F

for all 7,7 and z. Similarly, using (4.185), induction hypothesis and (4.183), we get

éng H/ (m,4,2,y) = (¢ + hi) Br + Z Z 71 W (a,7) Rerl,anflh(T (mr]7),5) >0
jEE a€lF

for all 7,7 and . Then, it follows that there exists a finite yj" (z) satisfying (4.186).
Furthermore, strict convexity of H,, implies that y5" (z) is unique. We now show that
lim,| oo yn" () = 0o. Suppose that lim,| o yn" () < co. Then, using (4.185) and MCT,

lim H), (m,i,z,y0" (z)) = Z / u lim G, (7,4, a,2 +u(yy" (z) — 2)) dF,(u)

r|—00 g r|—00

= (ci—p) e —a Y 71 (a,5) R*p(T (7| ), ) <0

JEE acF

for all m and 7. The first equality is gathered by MCT. If we assume that lim,| yf{’i (x) <
00, then limg| o [x +u(yp” (z) — x)} = —oo for all w,4 and u € [0, 1]. Then, using (4.184),
we get the second equality. However, we assume that p; > ¢; for all 7. This implies that
lim, o H), (7‘(’, iz, yn (m)) < 0. But, this is a clear contradiction and lim,| ym' (z) = o0
for all 7 and 1.

Next, we show that yg’i (x) is nonincreasing in z. Suppose that there exist x; < x9 such
that H), (W,i,xl,y;r’i (m1)> = H] (W,i,xg,yg’i (arg)> = 0 with yp" (z1) < yp" (z2). This
clearly implies that 21 + u(yn” (z1) — 1) < @2 4+ u(yp” (x2) — z2) for all u € [0,1]. This
further implies that G, (77, i,a, g 4+ u(yp’ (z2) — mg)) > Gl (7[', iya,z1 +u(yp’ (z1) — :1:1)>
for all 7,4 and a since L' is increasing and v;,,; is nondecreasing. Then, using (4.185) and

our assumption that p. > 0, it follows that

Hy, (m, i, o, yn" (22)) > Hy, (7,4, 21,y (1)) =0
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for all 7 and . However, notice that this is a clear contradiction to the definition of y1"* (z2).
Therefore, yZ{’i (z) is nonincreasing in z. Furthermore, after we differentiate (4.186) with

respect to x, we get

o (1) Taer ™ Jy (v =) G} (w02 4wyl (2) —2)) dFu(u) <0, (4.187)
O D acr ™ fol WGy (ﬂ-a iya,x +u(yn” (z) — m)) dFy(u) T '

Notice that denominator in (4.187) is always positive since G, > 0 and, by our assumption,
fi, > 0. On the other hand, numerator of the same equation is nonpositive since u? — u <
0 for u € [0,1] and G” > 0. As a result, inequality in (4.162) is valid and y;" (z) is
nonincreasing in x. Therefore, yn" () has a similar structure as Yo * () in Figure 4.2.
Obviously ya* (x) satisfying (4.186) may not be a feasible solution for the problem in
(4.175). But, a feasible order-up-to level must satisfy z <y <z + A. If Sﬁ’i is the smallest

inventory level at which it is optimal not to order, then, for z = Zl“i, (4.186) becomes
> wu1,G, (w0, ST = 0. (4.188)
acF

Note that, by our assumption, u, > 0 for at least one a with 7% > 0; moreover, G/ is
increasing in y, and limy oo G, (7,4, a,y) > 0 and limy| o G}, (7,1,a,y) < 0 by (4.183) and
(4.184). Hence, Sp"* satisfying (4.188) is finite and unique. We next assume that sp” is the
largest inventory level at which ordering as much as finite capacity A is optimal so that

yn'' (sgﬂ) = s, + A. Then, s;," satisfies

1 .
Z ﬁ“/ uGy, (m,4,a, s + ud) dF,(u) =0 (4.189)
a€clF 0

for all 7,7 and a. Using exactly the same line of reasoning that we did for Sﬁr’i, we can
show that si is also finite and unique. Note that 3" (z) is nonincreasing in z. This clearly
implies that smt < ST for all 7 and i. Now, as in single-period model, we consider the three

cases: T < sp', sp <z < Sp'and x> S5,

T

(i) = < sy’ : Note that yn' (z) > yn'(sp’) = s’ + A for all z < sy’ since yn'* () is
nonincreasing in z. As a result, yp” (z) > z + A for all z < sp”’. Since the production
capacity is limited by A, ordering up to yg’i () is not possible when z < st In

addition, H, is a strictly convex function whose unique minimizer is y,,"* (z) ; therefore,
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it is decreasing for values of y in [z,yn" (z)). Hence, ordering as much as the fixed
capacity A is optimal for z < s&’. Thus, optimal order-up-to level for all z < s¥" is

Yn (m,0,2) = ¢+ A.

(ii) sl < g < ST Note that yn" (x) is nonincreasing in x; therefore, STULA > ymt (z) >
ST for values of = in [sp, Sp*"). This implies that = < yp” (z) < = 4+ A because z
is in [sp", Sp""). Then it follows that the global minimum 3" (z) is attainable. As a

result, optimal order-up-to level is y,, (7,7, z) = yr (z).

(iii) = > Sp" : Note that yp' (z) < Sp* since yp'" () is nonincreasing in z. This clearly
implies that yZ{’ () < z because x is greater than or equal to Sp”*. As a result, global
minimum yf{’i (z) is not attainable since ordering a negative amount is not possible.
However, H,, is increasing for all y € [z, 00) since it is strictly convex and y" (z) < z.
Therefore, it is optimal not to order so that y, (7,i,2) = z if the inventory level is

greater than or equal to Sy,

As a result, y, (7,4, 2) in (4.181) is the optimal ordering policy and has a similar form
as yo (m,4,2) in Figure 4.2. Notice that y, (m,i,2) = yn" () for all z in [s5", Sp"") and
ym' (x) is nonincreasing in x; moreover, yn' (Sa) = Sp** by definition. Then, it follows that
Yn (T, 0, 7) > S™ for all x in [32”',5;{”').

If we apply the optimal policy in (4.181), then the optimal cost becomes

H, (m,i,z,x + A) z < st
v (myi,2) =< H, (ﬂ,i,x,yg’i (:n)) spt << St

H, (m,i,x,) x> Sr

which leads to (4.182) since

H, (ri,z,x+ A) = Z / (myiya, ¢+ uA)dF,(u) — ¢z
acF

and

Hy, (7,i,z,x) §7r (m,i,a,x) — c;x
aclF

for all 7,7 and = where G, is given in (4.178).
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Now, we prove that vy, (m,7,2) is convex in z. First, we show that v, (m,7,z) is convex
for x < sy ,sn S T < Sf{’i and x > SZ{’i separately. Then, we show that convexity is not

violated at x = sp* and z = S5,

(i) = < sp: Using (4.182), the first and second derivatives of v, (r,4,z) are

v (T, ) = Z / G (7 i a,m +uA)dF,(u) — ¢ (4.190)
a€clF

oy (myi,m) = / Gl (i, a, x4+ uA)dE,(u) (4.191)
a€lF

for all 7,7 and x. Notice that v/ (7, i,2) in (4.191) is always positive since G is a
strictly convex function. This implies that, for z < sf{i, U (7,4, x) is convex in x for

all 7 and .
(i) sp’ <z < Si": Using (4.176) and (4.182), the first derivative of vy (7,4, z) is
/ . 8y . .1
vy (m,d, ) = (7 - 1) 277 / (m,i, a0, +u (yp' (z) — z)) dF,(u)

—|—Z /G' W,l,ax—l—u(ﬂz(:lz)—x))dF()—cl

a€lF

= Z / (m,4,a, % +u (yn (z) — 2)) dFy(u) — ¢ (4.192)

aclF
for all 7,7 and z. After we make some simplifications, we get the second equality in

(4.192). Then, using (4.186), we get the third equality in the same equation. Moreover,
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(iii)

using (4.192), we get

1
i) = Sort [ Gl (mias+u () - o)) dEy ()
0

a€F

+(W )Y /01 WG (mi .z +u (V5 (2) — 7)) dFa(u)

ox
a€lF

1 .
= {%ﬁ“/o Gy (7, i,a,2 +u (Y (z) — z)) dFy(u)

1
X Z 77“/ WGl (T, 0,z +u (Yt (o) — 2)) dF,(u)
0

a€cF
_<z;ra/01 uGl (mi a2 +u (yp' (z) — ) dFa(u)>2}
/<QEZF m /01 WG (i 0,0+ u (' (2) — o)) dFa(u))(4.193)

Y
o

for all 7,7 and x. Note that the second equality in (4.193) is gathered by substituting
(4.187) in the first equality of the same equation. Clearly the denominator of (4.193)
is always positive since G/ > 0 and, by our assumption, i, > 0. In addition, by
Lemma 23, the numerator of (4.193) is nonnegative. Therefore, for sg’i <z < SZ{”,

Up, (7,4, x) is convex in z for all 7 and 4.

x> Sp': Using (4.182), the first and second derivatives of vy, (m, i, z) are

V(miz) = Y wGp(ria,z) — ¢ (4.194)
acF

o (myi,z) = ZﬂaGg(ﬂ,i,a,x) (4.195)
acF

for all 7,7 and . Notice from (4.195), it is clear that v/ (7, i,2) is always positive
since G, is a strictly convex function. Then, it follows that, for x > ST U (7,1, )

is convex in z for all = and 3.
z=s": Here, we show that convexity of v, (7,4, ) is not violated at x = sm'. For
v, to be convex at x = Sfl’i, the following conditions must hold:

lim v}, (7,i,2) < lim v, (7,4, 2) (4.196)

alsy’ wlsh’



Chapter 4: Inventory Models with Imperfect Information 132

and v, must be continuous at = = sp”. Firstly, by (4.190) and (4.192),
1
lim v}, (7,i,2) = lim v/ (7, i,7) = Zwa/ G (T, i, a, s + uA)dF,(u) — ¢
zTsn’ xlsp’ ack 0
for all 7 and 4 so that condition (4.173) is satisfied. Secondly, by (4.182),
1
lim vy, (7,i,2) = lim v, (7,i,2) = Zwa/ Grn(m,i,a,s0" +uA)dF,(u) — sy’
xTsp’ xlsp” e 0
for all 7 and 4; as a result, v, (7,4, x) is continuous at z = st Then, it follows that

. s T
Up (7,4, x) is convex at & = sp .

(v) @ =S5p": We now show that v, (r,,2) is also convex at & = Sp’". Similarly, for v, to
be convex at z = Sp’", condition (4.173) must also be satisfied at © = S moreover,
v, must be continuous at at = = Sj"'. Note by (4.192) and (4.194) that

. / . . / . a v/ . ﬂ',i
lim v, (m,i,2) = lim v, (7m,i,2) = g TG, (T, i,a,S8") — ¢
2155 LS =

for all 7 and 4 so that condition (4.173) is satisfied at = = Sp"". Moreover, by (4.182),

lim v, (7,4,2) = lim v, (7,i,2) = ZW“GH(W,Z', a, ST — ¢; ST

atsy! zl 87 e

for all  and 4; therefore, v, is continuous at x = Sp"*. Hence, vy, (7,4, ) is convex at

T = Sf{’i for all w and <.

Finally, using (4.179), (4.190), MCT and the induction hypothesis, we get

lim v, (m,4,2) = Zwa lim G (m,i,a,2) — ¢

r|—00 g x|—00
= “hi—« Z Zwaan (a7j) Rg—Fl,N—n—lp(ﬂ-aj)
J€E La€F
= —Pbi— azpn((ﬂ’i)vj) Rerl,anflp(Truj)
JjEE

= —Ry n_pp(m,1).

for all 7 and i. We get the second equality by (4.184). Then, we get the third equality
by (4.43). The last equality is gathered from (4.47). Similarly, using (4.194), MCT and

induction hypothesis, we get

lim /U;L (m,4,2) = Ry n_ph(m, 1)
rToo ’
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for all 7 and 4. This completes our proof. W

By Theorem 24, we show that the optimal policy has the form in (4.181). This policy
satisfies all necessary properties of an inflated base-stock policy for x in [sg’i, Sh 2) Therefore,
it is a state-dependent modified inflated base-stock policy. This implies that results obtained
by Gallego and Hu (2004) are still valid when the random environment is partially observed.
However, the critical values of the modified inflated base-stock policy such as yﬁ’i () ,sg’i
and S5 do not only depend on observed state at time n, but they also depend on the
information vector .

Moreover, it is obvious from (4.187) that optimal order-up-to level for sg’i <z< Sg’i
depends on the inventory level z. This clearly implies that modified base-stock policy is not
optimal for inventory problems with finite capacity and random yield. But, when U = 1 with
probability 1 which is the finite capacity only case, we get by (4.187) that dyn* (z) /dz = 0.
As a result, for si"* < z < S&', optimal order-up-to level is independent of inventory level;
moreover, it is equal to S;” In this case, optimal order-up-to level in (4.181) turns out to

be
r+A x<sp'

Yp (T, 0,2) = ST gT < g o< GT
z T > S;{’i

for all w and i. Therefore, the state-dependent modified base-stock policy in Figure 4.3 is
optimal in multi-period if only finite capacity in a partially observed random environment
is considered.

Furthermore, if we assume that there is no capacity limitation (A = oo) but only random
proportional yield, then, using (4.189), spt = —oo for all m and i. Note that if we assume
that sp’ > —oo, then, using (4.185), we get

lim H;, spi+A) = lim Gy, (7,i,a,s3" + ud) dF,
AITI?o (W,Z,Sn, + A) % /UAITIEO (m,4,a, 8" 4+ uA) dF,(u)

= (cithi) e+ ) Y 71,V (a,5) ROWT (7] §),§) > 0

J€EE acF
for all 7 and i. First equality follows from the MCT. Then, using (4.183) and making some
simplifications, we get second equality. Notice that right hand side of second equality is

always positive since all terms on the right are positive. However, this is a clear contradiction
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to (4.189). Hence, s™ = —o0o for all m and i when A = oc. Then, optimal order-up-to level
in (4.181) becomes

T

. yn' (@) @< ST
T x> Sy
for all 7 and 4. In other words, optimal policy structure in multi-period is state-dependent

inflated base-stock, which is shown in Figure 4.4, if we assume that there is no capacity

limitation.

4.7.4  Infinite-period model

In this section, we consider the infinite-period problem. As stated earlier, we assume that
{Qn} and {E,, } are time-homogenous in infinite-period analysis so that @, = Q and E,, = E
for all n. Then, this implies that ¥,, = ¥ as given by (4.49). Using ¥, P,, can be computed
by (4.48). Here, we show that the finite-horizon optimal cost function v, in Section 4.5.2
converges to the infinite-horizon optimal cost function v. In addition, we show that a state-
dependent modified inflated base-stock policy is optimal when minimizing the expected
discounted costs over an infinite-horizon. By assuming that k = N —n denotes the number
of periods from time n until time N, we use the notation v,, ;, for the finite horizon optimal
cost vy, in the remaining part of this section. We show that, as k increases to infinity, the
finite-horizon optimal cost function v in (4.175) converges to the infinite-horizon optimal
cost function v that satisfies

v(mi,x) = xgzllgl£1+AH (7,3, 2,y) (4.197)

for all 7,4 and x, where y is order-up-to level and

H (m,i,z,y) = ZW“J (myi,a,z,y) (4.198)
acF
1
J(m,i,a,x,y) = / G (myiya,z +u(y — x)) dF,(u) — ¢z (4.199)
0

G(ﬂ',i,a,y) = Ciy+L(i7a>y)+az‘ll(a>j)E%[U(T(ﬂ-’j)’j)y_D)] (4200)
JjEE

with L (i,a,y) as given in (4.14). Again Ef, denotes the notation that expectation is taken

with respect to the random variable D with distribution M,. As in multi-period analysis,



Chapter 4: Inventory Models with Imperfect Information 135

we use G’ and G” to denote first and second derivatives of G with respect to y, respectively.
As a result,
G (ri.ay) = ci+L(iay)+ad V() Ep [V (T(x|j),jy—D)] (4.201)
jeE

G"(riay) = L'Gi,ay)+a> V(aj)Eh [V (T(r|j),jy—D)]  (4.202)
JEE

for all 7,4,a and y.
For any real valued function f : © (F) xExR — R where © (F) is the set of all probability

distributions defined on state space IF, we define the mapping 7 as

Tf(m i) = min H(rizy) (4.203)

for all 7,7 and z, where H is given in (4.198) with J as given in (4.199) and
G(m,i,a,y) = ciy+ L(i,a,y) + @Y U (a,§) E [f (T (x]5),j,y — D)]. (4.204)
j€E
Using (4.151), 7 f can be interpreted as the optimal cost function for the one-period problem

where the terminal cost function is a ) ;g P (7, ), 5) B [f (T (7 [7), 7,y — D)]. Then,

T* denotes the composition of the mapping 7" with itself k times; that is, for all & > 1
Trf (m,i,x) =TT L f (m,4,2) (4.205)

with 7°f = f. Using (4.175), we can interpret 7% f as the optimal cost function for the
k—period a—discounted problem. Then, using (4.203) and (4.205),

= H, 4.2
T f(?T,Z,l') wflrlnﬁlil-‘r/l k(’ﬂ',Z,[L’,y) ( 06)

where Hj, given in (4.198) with J as given in (4.199) where G is replaced by
Gi(m,i,a,y) = ey + L (i,a,9) +a > W (a,) B [T*f (T (x1j) 5,y — D)] . (4.207)
jER
Let fo(m,i,2) = 0 for all 7,7 and x. In our single-period and multi-period analyses, we
always assume that the terminal cost function is zero. Suppose that the initial cost function
is fo(m,i,2) so that 7°f(nm,i,2) = fo(m,i,z) for all 7,5 and z. Then, k—period optimal cost

function is vy, i (7,4, 2) = TF fo(m,4, ) for all 7,4,z and n.
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Let f, (m,i,2z) denote the optimal cost over infinite horizon and let

foo (myi,2) = lim T fo(m, i, 2) (4.208)

EToo
for all 7,7 and z. Notice that f. is well-defined provided we allow the possibility that fo
can take the value oco. If we can show that the finite-horizon optimal cost converges to the
infinite-horizon optimal cost as the length of the planning horizon gets longer, then we can
infer the properties of f, (m,4,z) from the properties of k—period optimal cost functions
Tk fo (7, 2) .

Let Z; denote the sets

Zy (m 0,0, A) ={o <y <z + AlHy (7,0, 2,y) < A} (4.209)

for all 7,7,z and A € R. According to Proposition 1.7 in Bertsekas (2000 b, p. 148), if we
show that the sets in (4.209) are compact for all 7,4,z and A, then f, (7,7,2) = foo (7,4, )

for all 7,7 and z. By the following lemma, we accomplish this task.

Lemma 25 The sets in (4.209) are compact subsets of the Fuclidean space for all m,i,x

and A.

Proof. Notice that the sets {Zj (7,4,2,\)} are bounded since y must be in [z, z + A],
which is a bounded interval. Moreover, the sets { Z, (7,4, 2z, A\)} are closed since H,, is strictly
convex, so continuous, in y and it is real valued. Thus, the sets in (4.209) are compact subsets
of Euclidean space for all 7,7,z and A. W

The following proposition shows that f., is a fixed point of the mapping 7; moreover,

finite-horizon optimal cost function converges to the infinite-horizon optimal cost function.
Proposition 26 The limit f is a fixed point of the mapping T so that
foo (myi,2) =T foo (7,4, ) (4.210)

for all w,i and x. Moreover,
foo (myi,x) = fu (7,4, ) (4.211)

for all m,1 and x. Furthermore, there exists a stationary optimal policy.
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Proof. By Lemma 25, the sets in (4.209) are compact subsets of the Euclidean space for
all m,4, 2 and A\. Then, using Proposition 1.7 in Bertsekas (2000 b, p. 148), fo is a fixed
point of 7 so that (4.210) is valid and there exists a stationary optimal policy. In addition,
notice that

fo<Th <. <TFfo<.. < fa

because expected cost per period is nonnegative. From this, we get limyo TEfo (m,i,2) <
f« (m,1,2) so that foo (7,4, 2) < fi (7,4,2). By (4.210), we know that f is a fixed point of 7.
Then, by Proposition 1.2 in Bertsekas (2000 b, p. 140), we get that f. (7,1,2) < fo (7,4, ).
It follows that f (7,4,2) = fi (7, i,2) . This completes our proof. W

Notice that Proposition 26 implies also that f.., the optimal cost function that the finite-
horizon cost function converges, satisfies the Bellman’s equation since fo (i, 2) = 7 foo (4, )
by (4.210). Hence,

. z)= min H(r i 4.212
Joo(m, 4, ) ,min (m,4,2,y) ( )

for all 7,7 and x, where H is given in (4.198) with J as given in (4.199) and

G(ﬂ-)i?a’y) = Czy+L(7faaay) +O‘Z\IJ(G’])E% [foo (T(ﬂ- |j)a]ay_D)] (4213)
JEE

As stated in Proposition 1.2 in Bertsekas (2000 b, p.140), fo is not necessarily the unique
optimal solution to Bellman’s equation because single-period costs are not bounded under
positivity assumption; however, f. is the smallest fixed point of 7 since fo = fs.

Notice that, for a finite n, k£ goes to infinity as IV goes to infinity. Then, above analysis
shows that limytee vo (7,4, ) = v(m,i,x). Moreover, v(m,4,x) satisfies (4.197) and there
exists a stationary optimal policy y (m,7,2) for the problem in (4.197). However, notice
that single-period cost and H,, (7,7, x,y) are not bounded; therefore, v is not necessarily
unique. Then, we take v as the minimal fixed point of (4.197). In other words, if f =7 f
is another solution, then v < f. Moreover, we also know that the optimal solution v is that
fixed point of 7" which can be obtained as v = limyoo TF fo with fo = 0.

Assuming m,4 and x are current information vector, current observed state and current
inventory level respectively, we let y (m,i,2) denote the optimal order-up-to level to the
minimization problem in (4.197) and let v’ (7,4, x) denote the derivative of v (,4,z) with

respect to x. Finally, we again let h and p denote holding cost and shortage cost vectors,
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respectively. Moreover, we recall that RY((m,4),j) = Y s X Py ((m,1), ) for all 7,4 and j

and that, for a nonnegative function g, R*g(m, %) is defined as in (4.52).

Theorem 27 The optimal ordering policy for infinite-period model is a state-dependent

modified inflated base-stock policy

r+A z<s™
y(mi,z) =4 y™(z) s <x<S™ (4.214)

T x > 8™t

where y™ (z), S™tand s™ are unique y values which satisfy

1
ZW“/O uG (7,0, +uly — ) dF,(u) = 0

a€lF

> wu,G (i a,y) = 0

acF
1
Zﬂ'a/ uG' (m,i,a,y +uA)dFy(u) = 0
acF 0
for all w™ and 1 respectively. Moreover, y™'(z) is nonincreasing in x with

limg| oo Y™ (z) = 00 for all w and i. In addition, v < y™ (z) < x+ A for allz € [s™, ™)
with y™" (s”’i) = 5™+ A and y™' (S”’i) = S™. The cost function H (m,i,x,y) is strictly

convez in (x,y) for all m and i, and the optimal cost is

Y oacF T fol G (m,i,a,x +uA)dF,(u) —cx < s
v(m i) =9 H(ri,z,y™ (z)) sTE < g o< ST (4.215)

Y oacr TG (7,0, a,7) — cix x> 8™

for all m,i and x. Furthermore, v(m,i,x) is convez in x, limyjeo v’ (7,4, 2) = R*h(m, 1) and

limg| oo v (7,4, 2) = —R*p(m, i) for all ™ and i.

Proof. We know that v (m,i,2) = limgjeo vo k(7,4 2). In addition, by Theorem 24,
v,k (7,4, ) is convex in « for all m and 4. Then, v (7,1, x) is also convex because the limit of
a convex function is also convex. Also we know by Theorem 24 that lim,; v[’)’k (m,i,2) =
R§ . h(m, i) and limy)— oo vy, (m,4,2) = —Rg,;p(m,i) for all = and i. Moreover, since voy, is

differentiable, it follows from Lemma 8-5 in Heyman and Sobel (1984) that o' (m,i,2) =
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im0 U(,),k (m,i,z) for all m,4 and x. As a result, limy o' (m,4,2) = R*h(m, i) and

limg| oo v (7,4, 2) = —R*p(m, i) for all m and 4. Then, using (4.15) and MCT, we get

lim G’ (r,1,0,y) = ¢; + hi + @ ¥ _ ¥ (a,j) R*W(T (7| 5),5) > 0 (4.216)
yTeo j€E
and
llim G' (7T7i)aay) =C —Ppi— OZZ‘I/ (a'7j) Rap(T(T(’j) 7.7) <0 (4217)
yl—oo .
j€E

for all ¢ and a.

Notice that G in (4.200) is strictly convex since L is a strictly convex function and v
is convex. Moreover, Lemma 20 implies that G (7,4, a,z + u(y — x)) is strictly convex in
(z,y) for all 7,i,a and u € [0,1]. In addition, J is also strictly convex in (x,y) because
expectation preserves strict convexity. As a result, H is strictly convex in (z,y) for all 7
and 7 since sum of strictly convex functions is also strictly convex. Furthermore, we let H'
to denote the partial derivative of H with respect to y. Then, using (4.198),

1
H' (m,i,2,y) = Z 7r“/ uG' (7,4, 0,2 +uly — ) dF,(u) (4.218)
a€cF 0
for all 7,4, x and y.

Let us suppose that 3™ (x) satisfies
Z ? /1 uG' (i, 0,7+ u(y™ (z) — 2)) dF,(u) = 0 (4.219)
acF 70
for all 7,4 and x. Note that limy 1 Hy, (m,i,z,y) = oo for all 7,7 and x. Moreover, using
(4.201), (4.218), MCT, and the induction hypotheses that lim,j v’ (7,4, 2) = R*h(m,1)
and lim, o v’ (7,4, 2) = —R%p(~, i),

lim H' (m,i,2,9) = (i = pi) e =y _ > _ 71,9 (a,5) R*p(T (x|5),5) <0
yl=oo j€E acF
and

lim H' (ﬂ-aivxay) = (Ci + hl)ﬁw + azzﬂaﬂa‘l’ ((l,j) Rah(T (7I' |j) 7]) >0
yfoo JERE a€clF

for all 7,7 and z, where R* is given in (4.53). These together with the fact that H is strictly

convex imply that there exists a finite and unique y™ (x) satisfying (4.219). In addition,
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we now show that lim,|_, ™ (z) = co. Suppose that lim, |, y™* (z) < co. Then, using
(4.218) and MCT,

lim H’ (W,i,x,y”’i (x)) = Z / u lim G (7 Jiya,x +u(y™ (x) — ) dF,(u)

x| —00 Py x| —00

= (ci—p)fir — > 7u ¥ (a,§) Rp(T (x| 5),5) <0

J€E acF

for all 7 and i. The first equality is gathered by MCT. If we assume that lim,| _, y™* (z) <
0o, then lim,| o [z + u(y™ (z) — x)] = —oo for all m,i and u € [0,1]. Then, using (4.217),
we get the second equality. However, we assume that p; > ¢; for all ¢ and . > 0 for all
7. This implies that lim,|_., H’ (7r, i,z y™ (a:)) < 0. But, this is a clear contradiction and
limy| 0o y™ () = 0o for all 7 and i.

Next, we show that 4™ (x) is nonincreasing in z. Suppose that there exist z; < @9
such that H' (m,i,21,y™" (z1)) = H' (7,4, 22,y™" (x2)) = 0 with y™ (z1) < y™ (x2). This
clearly implies that 1 +u(y™ (z1)—x1) < Ta+u(y™ (z2)—x2) for all u € [0, 1]. This further
implies that G’ (m, i, a, x + w(y™ (z2) — x2)) > G’ (m,i,a,21 + u(y™ (z1) — z1)) for all 7,3
and a since L’ is increasing and v’ is nondecreasing. Moreover, we assume that there is at
least one a with 7@ > 0 such that there is positive probability of receiving something. Then,

using (4.218), it follows that

H' (71', i7x2ay771r7i (33’2)) > H' (7T7i7$1a yg,l (':El)) =0

for all 7 and 4. However, notice that this is a clear contradiction to the definition of 3™ (z2) .
Therefore, y™* (x) is nonincreasing in x.Moreover, if we differentiate (4.219) with respect to

x, we get

Oy™ (x) _ Dacr ™ Jo (v —w) G (m,i, a3+ u(y™ (z) — z)) dFa(u) <0  (4.220)

Oz ZQEF e fol u?G” (71', i, a,x + U(y” (l‘) — fL‘)) dFa(u) o

for all 7,7 and z. Note that denominator of (4.220) is always positive since G is strictly
convex and there exists, by our assumption, at least one a with 7% > 0 such that there is
positive probability of receiving something. However, the numerator in the same equation

2w < 0and and G” > 0. This is another way of showing that

is nonpositive since u
Oy™ (x) /0x < 0 so that y™ (x) is nonincreasing in z.Therefore, y™ (x) has a similar

structure as yg’i (z) in Figure 4.2.
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However, y™ () may not be a feasible solution for our problem in (4.197). In other
words, y™* (z) is not necessarily in [z, z + A]; moreover, it may also be less than z. If S™¢
is the smallest inventory level at which it is optimal not to order, then, for z = S™, (4.219)
turns out to be

> w6 (mi,a,8™) =0 (4.221)
acF
for all 7 and i. Note that, by our assumption, pu, > 0 for at least one a with 7* > 0;
moreover, G’ is increasing in y, and limy;o G’ (7,4, a,y) > 0 and lim,| o G’ (7,%,a,y) <0
by (4.216) and (4.217). Hence, S™ satisfying (4.221) is finite and unique. Moreover, we
i

assume that x = s™" is the inventory level at which ordering as much as finite capacity A

is optimal so that y™! (s”) = 5™ 4 A. Then, using (4.219), s™ satisfies

1
Z 7ra/ uG’ (71', i,a,s™ + uA) dFy(u) =0
0

a€F

for all 7 and 7. Via a similar discussion as we did for S™, we can show that s™" is also finite
and unique. Note that y™ () is nonincreasing in x. This clearly implies that s™ < S™ for
all 7 and 7. Now, if we consider three cases as in single and multiple-period analyses, we
see that optimal order-up-to level is z + A, y™ (z) and x when z < s™!, 5™ < z < §™!
and > S™! respectively. Therefore, y (7,4, 2) in (4.214) is the optimal ordering policy.
Clearly, for s™! < x < S™ y(m,i,2) = y™ (x) > S™ since y™* (x) is nonincreasing in z.
If this optimal policy is applied, the corresponding optimal cost is given by (4.215). This
completes our proof. W

By Theorem 27, we show that the optimal policy for finite capacity and random yield
inventory model in a partially observed random environment is still modified inflated base-
stock policy, which depends on current information vector and observed state. At the
beginning of each period, an order is given if and only if the inventory level is less than a
particular value which depends on information vector and observed state. However, order
size is not unlimited because of finite capacity. There is another value, which depends also
on current information vector and observed state, below which it is always optimal to order
as much as finite capacity. In addition, the order-up-to level depends on inventory level as
well as current information vector and observed state when inventory level is in between

these two particular values. But, all of these critical values, i.e., 3™ (x),s™ and S™ are
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independent of the number of period in which we are planning for; therefore, they are the
same in all periods with the same information vector and observed state. Hence, the optimal
solution is stationary whereas it is not necessarily unique.

In addition, by Theorem 27, we also show that limgjo v’ (7,4,2) = RYh(m,i) and
limg| oo v (m,i,2) = —RYp(m,4) for all 7 and i. Because the state space F is finite and
a € (0,1), by (4.53), limg1e0 v’ (7,4, 2) = hi+m(I—aQ) ' Eh—mEh and lim,| oo v’ (7,4, 2) =
—p;i — (I — aQ) 1 Ep + wEp for all 7 and i, since h; and p; are nonnegative and bounded
for all 4.

As in single and multiple period models, the order-up-to level is not independent of
inventory level for s™' < x < S™. But, for finite capacity only case, (i.e., U = 1 with
probability 1), it is clear from (4.220) that Oy™(x)/0z = 0. As a result, for s™* < z < S™*
optimal order-up-to level is independent of inventory level; moreover, it is equal to S™.
Hence, state-dependent modified base-stock policy is optimal. On the other hand, if we
assume that finite capacity is infinite, then via a similar discussion as in multi-period, we

can show that state-dependent inflated base-stock policy is still optimal in infinite-period.

4.8 Summary of Results

In this part of the thesis, our main aim is to characterize the optimal policy structures for
inventory problems with different random supply scenarios in a partially observed random
environment. As in the first part of the thesis, the environment follows a Markov chain
which affects demand, supply and costs. However, we assume in this part that the state
of this Markov chain is not fully observed. In this case, there is another process, not
necessarily a Markov chain, which gives partial information about the real environment.
The results regarding different random supply scenarios show that policy structures that
are optimal in a fully observed random environment are not necessarily optimal when the
random environment is partially observed. Moreover, policies optimal when the capacity
process is observable are no more optimal when the capacity is modulated by the real
environment.

In Section 4.2, we assume that the supply is random because the supply part of the

system is composed of a producer having random capacity and a transporter being randomly
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available. Here, we also assume that both demand and supply depend on the unobserved
environment. In addition, we use current inventory level and all observations until current
time as the state of our system. Through a counter example, we show in the first model
that state-dependent base-stock policy is not necessarily optimal in single-period when the
environment is partially observed. We can generalize the same result for multi-period and
infinite-period problems as well since single-period problem is a special case of both. Next
in Section 4.3, we analyze a similar model as in Section 4.2; however, we assume that the
capacity of the producer is observable. Here, we study single and multiple period problems
and show that a state-dependent base-stock policy is optimal in both cases. Future research
on inventory models with random capacity and random availability in a partially observed
random environment may aim to characterize the optimal policy structure. However, it is
obvious from the structure of expected discounted cost function and figures in Section 4.2
that the optimal policy structure is not fairly simple.

In Section 4.5, we change our formulation and use conditional distribution of the true
environmental state as a sufficient statistic. With this new formulation, the state of our
system becomes current inventory level and the current distribution of real environmental
state. Moreover, this formulation of the problem in Section 4.3 enables us to analyze the
infinite-period problem as well as single and multiple period problems. As a result of our
analysis, we show that state-dependent base-stock policy is optimal in single, multiple and
infinite planning periods. Moreover, same results are still applicable if we assume that the
transporter is always available and the producer has infinite capacity. These results are
similar to those obtained by other researchers in the literature. For example, Treharne and
Sox (2002) use exactly the same formulation as our model in Section 4.5 by assuming that
the producer has infinite capacity and the transporter is always available. They show that
a state-dependent base-stock policy is optimal.

Certainly, we can extend the model in Section 4.5 by considering the fixed ordering
costs. Normally, we can expect that a state-dependent (s, S) policy is optimal in this case.
However, we know by our analysis in Section 3.2 that a state-dependent (s, .S) policy is not
optimal for random capacity models even in a fully observed random environment. This
model is clearly a special case of inventory models with fully observed random capacity and

partially observed availability. Therefore, state-dependent (s,.S) policy is not optimal for
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inventory models in Section 3.2 with fixed ordering costs. In this regard, future research may
aim to characterize the optimal policy structure for these inventory models. However, by
Shaoxiang and Lambrecht (1996) and Gallego and Wolf (2000), we know that optimal policy
structure is not simple even when there is no random environment and full observation.
Hence, optimal policy structure for inventory models with fixed ordering cost, fully observed
random capacity and partially observed availability won’t be simple.

In Section 4.6, we assume that the supplier is randomly available and has infinite ca-
pacity. In this section, we further assume that there is fixed cost of ordering. Moreover, we
use sufficient statistic formulation as in Section 4.5 so that state of our system is current
inventory level and current distribution of real environmental state. Finally, as in Ozekici
and Parlar (1999), we show that state-dependent (s, .S) policy is optimal in single, multiple
and infinite planning periods if the supplier availability process is observable. During our
analysis, we also observed that state-dependent (s, S) policy is optimal when the availabil-
ity process is unobservable; however, this requires a more restrictive assumption on fixed
ordering costs and availability probabilities. Our model in Section 4.6 can be extended by
assuming random proportional yield. In other words, we can assume that the supplier can
deliver any amount between 0 and the order quantity. We know by Henig and Gerchak
(1990) that inflated base-stock or nonorder-up-to type of policies are optimal in stationary
environment when we consider random proportional yield only. Therefore, the well-known
(s,.5) policy structure may not be optimal when we incorporate random proportional yield
into the model in Section 4.6. In this regard, future research may aim to characterize
the optimal policy structure for the inventory models with fixed ordering cost and random
proportional yield in a partially observed random environment.

Finally in Section 4.7, we again assume that the supplier is composed of a producer
having finite capacity and a transporter with random transportation yield. Assuming that
the environment is partially observed and using the sufficient statistic formulation, we show
that state-dependent modified inflated base-stock policy is optimal. Similar results are
obtained by Gallego and Hu (2004) that analyze exactly the same inventory model as
ours by assuming that the environment is fully observed. Then, it follows that partial
observation has no effect on the optimal policy structure, but on optimal policy parameters.

For example, parameters of optimal policy in our model depend also on the distribution
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of real environment as well as the state of observed environment. By considering random
capacity, we can extend our model. However, we know from Section 4.2 that state-dependent
base-stock policy is not optimal for inventory models with random capacity and random
availability in a partially observed random environment. Moreover, inventory models with
random capacity and random availability is a special case of inventory models with random
capacity and random yield. Therefore, we can expect that state-dependent base-stock policy
is not optimal for inventory models with random capacity and random proportional yield in
a partially observed random environment. In this regard, future research on these inventory

models must aim to characterize the optimal policy structure.
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Chapter 5

CONCLUSIONS AND FUTURE RESEARCH

In this thesis, our main aim was to discuss inventory models with different supply sce-
narios in a random environment. These topics are studied in the literature; however, the
setting that we consider in this thesis is the most general until now. Firstly, we assume that
the supply can be random due not only to random proportional yield but also to random
capacity. Considering this fact, we aim to find out the circumstances under which well-
characterized inventory policies (i.e., base-stock, (s, .S) and inflated base-stock) are optimal.
Secondly, we consider the fact that it is not always possible to observe the random envi-
ronment fully. Then we aim to find the structure of optimal inventory policies for different
random supply scenarios when the environment is only partially observed.

The underlying assumption of random environment is due to the fact that inventory
systems cannot be isolated from the fluctuating environment. There can be significant in-
terruptions due to exogenous factors that affect not only the demand but also the supply
and the costs. But, in the great majority of existing inventory literature, the source of un-
certainty for the random component is specified by a single distribution function. Moreover,
in the literature, parameters of this distribution are assumed to be constant. Hence, the
environment is assumed to be stationary. Clearly, these inventory models cannot utilize the
information gathered from the environment. Therefore, they are not valid in most real life
situations. In order to create a more realistic model, we introduced a random environment
that follows a time-homogenous Markov chain and affects all costs, distributions of demand
and supply.

Moreover, we also consider the fact that observations regarding the real environment are
not always perfect. Parameters of demand and supply distributions, and distributions by
themselves are defined based on the observed data. These observations do not match reality
in most of the time. Under such circumstances, assuming full observation of the random

environment is misleading. For this purpose, we introduced a random process other than
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the Markov chain which represents the random environment in this thesis. Moreover, we
assumed that this new process is observable and it gives partial information about the real
environment. Under this major setting, we divide this thesis into two main parts based on
the observability of the random environment.

In the first part of the thesis, we assume that the environment is fully observed and
the supply is random due to random availability and random capacity. Through the first
model, we show that environment-dependent base-stock policy is still optimal when there
is a supplier having random capacity and a randomly available transporter. Then, by the
second model, we show that environment-dependent (s,.S) policy is no more optimal when
there is random capacity only and fixed ordering cost; moreover, the optimal policy does
not have a simple structure.

In the second part of the thesis, we assume that the environment is only partially ob-
served and supply is random. Main results of this part and the direction of future research
are summarized in Section 4.8. However, if we must restate important points of our analysis,
we should point out that inventory policies that are optimal in fully observed environment
are not necessarily optimal when the environment is partially observed. Moreover, the op-
timal policy structures for random capacity inventory models in fully observed environment
are no more optimal when the environment is partially observed. In other words, optimal
policy structures are not well-defined and hard to characterize if the capacity process is
unobservable.

Although inventory system considered in this thesis is the most general in the literature,
further extensions of our models are still possible. For example, we assume in all models
that the unsatisfied demand is backordered and satisfied in the next period. Therefore,
a possible extension would be to consider the case where the sales are lost. The future
research may aim to question whether the policies being optimal in backordering case are
still optimal in lost sales case or not. If not, researchers may aim to characterize the optimal
policy structure for lost sales case.

In addition, we consider the retailer side only in our all models. In other words, we
assume that the retailer is the strongest party in the chain. However, we know that this
is not true in some real life situations and the supplier has some incentive on the ordering

quantity. As a result, our models can be extended by considering the supplier side as well. In
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this regard, the future research may aim to characterize types of contracts which coordinate
the chain. An important question in this case would be whether contracts coordinating the
chain in full observation case still coordinate the chain in partial observation case or not.
Furthermore, we analyze the single vendor case in our all models. However, by working
with multiple suppliers, the retailer may want to eliminate additional stockout risk derived
from the producer with random capacity and/or the transporter with random availability.
In this case, the ordered quantity would be diversified among many suppliers. Therefore,
we can extend our models by considering multiple suppliers case. An important research
question in this case would be whether policy structures being optimal in single supplier
case are still optimal when there are multiple suppliers or not. In this regard, future
research may analyze the effect of multiple suppliers on the total order quantity. Through
multiple suppliers analysis, the effect of individual supplier characteristics on orders from

each supplier may also be determined.
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Appendix A

PRELIMINARY CONCEPTS

In this appendix, we review some important concepts for our analyses in this the-
sis. Among many others, the most important concepts are convexity, quasi-convexity,
K —convexity and potential theory. We make use of these concepts frequently. This appen-
dix is organized as follows. In the next section, we give a brief introduction of quasi-convex
functions. In Section A.2, we give the definition of K —convexity and present important
properties of K —convex functions. Finally, we present some results on the potential theory

of Markov chains in Section A.3.

A.1 Quasi-convex functions

In general, the expected total discounted cost function is convex for inventory problems
where the base-stock policy is optimal. This is due to the structure of the convex functions.
Namely, a convex function has a minimum (not necessarily unique) to the left of which the
function is nonincreasing and to the right of which the function is nondecreasing. However,
there are other functions which posses this property although they are not convex. Quasi-
convex functions are examples of these types of functions. They are more general than
convex functions. In other words, every convex function is also quasi-convex; however, the
converse is not true.

In this study, expected total discounted cost functions for our different models are mostly
not convex. However, they will in general be quasi-convex. Therefore, we note the following

definition of quasi-convexity since we make use of quasi-convex functions in our proofs.

Definition 1 We say that a real-valued function f is quasi-convez if, for two points r1 and
z2,

fz1+ (1= Nzxg) <max (f (z1), f (z2))

for0 <A <1,
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From this definition taken from Bazaraa et al. (1993), a function f is quasi-convex if,
whenever f (z2) > f(z1), f(z2) is greater than or equal to f at all convex combinations
of x1 and x3. Therefore, if f increases from its value at a point along any direction, it
must remain nondecreasing along that direction (Bazaraa et al., 1993). In addition, by the
following lemma, we show that a function decreasing on the left of a particular point and

nondecreasing on the right of the same point is quasi-convex.

Lemma 28 Suppose that f is a real-valued continuous function, and there exists an T such
that f (x) is decreasing in x for all x < T and f (z) is nondecreasing in x for all x > Z.

Then, f (z) is quasi-convex.

Proof. Suppose that f is a function satisfying the properties in the lemma; but, it is not
quasi-convex. Then, since f is not quasi-convex, there exists either x < Z or x > Z such

that
f Qx4+ (1= Nz) > max (f (z), f(Z)) (A1)

for some 0 < A < 1. Consider the two cases: z < T and = > Z.

(i) x <z : It follows from (A.1) that f (Az + (1 — A\)x) > f (z) where \x + (1 — \)Z > .
However, this is a clear contradiction to the fact that f (x) is decreasing in x for all

xr <.

(ii) = > = : Again it follows from (A.1) that f(Ax + (1 — A\)Z) > f(z) where Az + (1 —
M)z < x. But this is also a clear contradiction to the fact that f (z) is nondecreasing

in z for all z > 7.

Therefore, f is quasi-convex and this completes our proof. W

A.2 K-convex functions

The concept of K —convexity is very important in the analysis of inventory problems with
fixed ordering costs. In general, the cost function for an inventory problem without fixed
ordering cost has a nice structure such that the cost function has a global minimum (not

necessarily unique). However, the structure of the cost function becomes very complex
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when there is fixed cost of ordering. Despite the complex structure of the cost function, op-
timal policy for inventory problems with fixed ordering cost is well-characterized in general.
Mostly (s, S) policy is optimal for these types of problems. Moreover, if the cost function
for inventory problems with fixed ordering cost belongs to a certain class, then (s, S) policy
is certainly optimal. This class of functions are called K —convex functions and introduced
by Scarf (1960) for the first time. Scarf (1960) shows that although there are some fluctu-
ations in K —convex functions, these fluctuations are not very much to cause a deviation
from (s, S) policy.

First of all, let us note the definition of K —convexity taken from Bertsekas (2000 a, p.
158).

Definition 2 We say that a real-valued function f is K—convex, where K > 0, if, for all
z22>0,b>0, and y,

K+fly+2)>f@+5 @) -Fu-b).

Some properties of K—convex functions taken from Bertsekas (2000 a, p. 159) are
provided in the following lemma and interested readers are referred to this reference for
details. Notice that part (d) of the following lemma implies the optimality of (s, .S) policy

for K—convex cost functions.

Lemma 29

a. A real valued convex function f is also 0—convex and, hence, also K—convez for all

K >0,

b. If f1 and fy are K—convex and L—convex (K > 0,L > 0), respectively, then afi+ [ fa
is (K 4+ BL)-convex for all o > 0 and 8 > 0,

c. If f is K—convex and W is a random variable, then Ew [f (y — W)] is also K — convez,

provided that Eyw [f (y — W)] < oo for all y,

d. If f is a continuous K—convex function and f (y) — oo as |y| — oo, then there exist

scalars s and S with s < S such that
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i F(S)< [ () for ally,
ii. K+ f(S)=f(s)< f(y) forally < s,
iti. f(y) is a decreasing function on (—oo,s),

. f(y) < f(z)+ K forally,z with s <y < z.

A.3 Potential functions

Let Z = {Z,;n > 0} be a Markov chain with state space E and transition matrix P, and
let g be a function defined on E and taking real values. Suppose that at each time n, we
are given a reward whose amount depends on the state Z is in at that time: if Z is in
state j, then the reward is g(j). Furthermore, assume that all future rewards are being
discounted in such a way that one unit of reward at time n has the present worth of o™.
Here, « is the periodic discount factor taking values in [0,1]. Markov chain Z visits states
2y, Z1, Za, ..., and the rewards received at times 0, 1, 2, ..., have the respective present worths
of g(Zo),ag(Z1),a2g(Z3),.... Our aim is to find expected total discounted reward during
first m transitions given the initial state. Then, the expected total discounted return during

the first m transitions given initial state i is

m—1 m—1
E|Y a"g(Zn)|Zo=i| = > o"Elg(Zn)|20 =]
n=0 n=0
m—1
= Z ZP”z]
n=0 jEE

-z

Z a"P" (i,7)
Jj€EE

= ZRa (i,7)g () = R%g (i) (A.2)

JjEE

9(7)

where R%,(4,7) = Yy Yo" P" (i) for all i and j. Notice that R? is a matrix, g is the
reward vector and R% g is the multiplication of matrix RS, and vector g. Therefore, R%, g is
a vector and R ¢(7) is the ith entry of this vector. However, given the initial state, we may
also aim to find expected total discounted reward over infinite transitions. Clearly, it is the

limit of R% g where m goes to co. Therefore, given that the initial state is 4, expected total
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discounted return over infinite transitions is

o e

if the initial state is i, where R% is denoted by R®. Cilar (1975) calls R* and R%g as

) Zo=1i| = R*(i,5) 9 (4) (A-3)

jek

a—potential matrix of Z and a—potential of g, respectively. A detailed analysis of potential

functions can be found in Cimlar (1975, Chap. 7). As shown in Cinlar (1975, p. 200),
Rp9(i) = R%g(i) — a™P™R%(i) = (I — a™P™) R%g(i) (A.4)

for all 7. This relation is derived using the fact that for someone who looks into the future
after time m, that future looks the same probabilistically as the future after time 0 would
look to someone considering it at time 0 provided that they observe the same state. The

relation between R, g and RY,_,g can be obtained as follows:

m—1
Ryg(i) = g(i)+E | a"g(Za)|Zo=1i
n=1
m—2
= g(i) +aF Z g (Zps)| Zo =i
k=0
m—2
= g(i)+ad PGLHE | oFg(Zi)|Zo=
j€Ek k=0
= g(i)+ad_ P(i,/)Ry_190). (A.5)
JjEE

First equality above follows from (A.2). If we make change of index, then the second equality
is obtained. Via some probabilistic operations, we get the third equality. Finally, the last

equality again follows from (A.2).
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