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ABSTRACT

In this thesis, we study the Schrodinger-Newton system. A considerable amount
is known about the stationary solutions of the Schrodinger-Newton system, [2], [9],
[12], [13], [15], [20], [22], [23]. We give a summary of the work carried out in these
papers.

We mainly study the initial boundary value problem for Dissipative Nonlinear
Schrodinger-Newton Equation on a bounded domain in R3. We prove the existence
of weak solution and we show that solutions go to zero as t tends to infinity. Also,

we prove the existence and uniqueness of the strong solution.

v



OZETCE

Bu tezde, Schrodinger-Newton Sistemini inceliyoruz. Sistemin duragan ¢oziimlerini
inceleyen pek cok galisma yapilmistir, [2], [9], [12], [13], [15], [20], [22], [23]. Bu
makalelerde yapilan ¢aligmalarin 6zetini veriyoruz.

Esas olarak Disipatif Nonlineer Schrodinger-Newton Sistemini R3te simirlh bolgede
inceliyoruz. Zayif ¢ozimiin varligini ve t sonsuza yakinsadigi zaman bu ¢oziimiin
sifira yakinsadigini ispatliyoruz. Son olarak sistemin kuvvetli ¢oztimiiniin varligini ve

tekligini ispatliyoruz.
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NOTATION

(1) R" := n— dimensional real Euclidean space, R! := R.
(2) Let U and V' be open subsets of R". We write

VccU

if V. V c U and V is compact, and say V is compactly contained in U.
(3) 99 = boundary of Q.
(4) Q= QU N = closure of (.
(5) Qr =Q x (0,T]
(6) I't = Qp — Qp = parabolic boundary of Ug.

(7) B%z,r) ={y € R": |x —y| < r} = open ball in R" with center z and radius

r > 0.
(8) B(z,r) = closed ball with center z, radius r > 0.

(9) a(n) = volume of unit ball B(0,1) in R" = F(ZZ;Q/;H.

(10) na(n) = surface of unit sphere 0B(0,1) in R".
(11) C* = n—dimensional complex space.
(12) C = complex plane.

X



(13) If z € C, we write R(z) for the real part of z, and (z) for the imaginary part.

(14) Assume u: U — R, z € U.

%(m) = limj,_,o WMETZI)_M, provided this limit exists.
: ou
(15) We usually write u,, for 5-.

(16) Similarly

0?u
= Ug,z.,
Gxié?:vj o
Pu .
———— = Ug.x; etc.
81’181'3(91‘]6 Ttk

(17) Au=3"" | Ugya,.

(18) C(Q) = {u: Q — R : u continuous}.

(19) C(Q) = {u € C(Q) : u is uniformly continuous on bounded subsets of Q}.
(20) C*(Q) = {u:Q — R :uis k — times continuously differentiable}.

(21) C.(Q),C*(Q), etc. denote these functions in C(2), C*(2), etc. with compact
support.

(22) LP(Q2) ={u:Q—R | wu is Lebesgue measurable, ||ul|r@) < oo}

1
where [|u| o) = ([, [ulPdz) /p (1<p<o0).

(23) L*(Q2) ={u:Q—=R | wu is Lebesgue measurable, |lu|/p=(q) < oo}, where

Jull ey = esssupalul.

(24) [Dullzo) = [1Dul]| 2r)-



(25) D'?(R3) = {u € L°(R?) : |[Vu| € L*(R?)}
H!(R3) : the Sobolev space of radial functions u such that u, Vu are in L?(R3).

(26) D}? the subspace of radial functions corresponding to D2,
(27) (,0) = o u(x)o@)ds

28) 11 = [ Nl z2e-

29) I llee =1 ller -

(30) [P = [l (@, )l

xi



Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

The Schrodinger-Newton System is the nonlinear system obtained by coupling
of the linear Schrédinger equation of quantum mechanics with the Poisson equation
from Newtonian mechanics. For a single particle of mass m the system consists of the

following pair of partial differential equations:

Loy R
Au = 4rGm|y|?, (1.2)

where 27h is Planck’s constant, 1 is the wave function, u is the potential, G is the
gravitational constant and ¢ is time.

The Schrodinger-Newton System was proposed by Penrose [17] for a theory of
quantum state reduction. This problem is generally referred to as the measurement
problem.

Under the following transformation

U(t,z) = P(z)e™ ",
u(t, ) = u(z)

the time-dependent Schrodinger-Newton System reduces to the time independent

Schrodinger-Newton System:

2

I A+ muyp = By, (1.3)

2m
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Au = 47Gm | ¢ |? (1.4)

where F is the energy eigenvalue.

The layout of the thesis is as follows. In the first introductory chapter we introduce
the Schrodinger-Newton system and give a brief overview of the thesis.

In the second chapter, we give some preliminary facts that are used in the subse-
quent chapters.

Chapter 3 provides literature review on the time-independent Schrodinger-Newton
system. We study stationary solutions in the case of spherical symmetry in Section
3.1. In Section 3.2, we give some results obtained on existence of stationary solutions
and on the ground state energy of stationary solutions. In the remainder of this
chapter we study stationary solutions of the Schrodinger-Newton system under the
effect of the nonlinear term [1)|P~14).

In Chapter 4, we study the initial boundary value problem for the Dissipative
Nonlinear Schrodinger-Newton System on a bounded domain in R3. We prove the
existence of a weak solution and we show that solution goes to zero as t — oco. In the
Section 4.2 we prove the existence of the strong solution and in Section 4.3 we prove

the uniqueness of the strong solution.
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Chapter 2

PRELIMINARIES

2.1 Banach and Hilbert Spaces

Definition 2.1.1 Suppose that (X, |- ||x) and (Y,||-|ly) are normed spaces. We say
that a function g : X — Y is Holder continuous with exponent 0 < ~v < 1 if there

exists a constant C' such that

lg(z) —gW)lly < Cllz —yly, zyeX

If v = 1 we say that g is a Lipschitz function, with Lipschitz constant C.

Definition 2.1.2 Let A be a subset of a vector space E. The subspace H, is the
subspace of E spanned by the subset A C E (or the linear hull of A) and is denoted
by Span(A).

2.2 Convergence Theorems

Definition 2.2.1 (Pointwise convergence) A sequence {f,} of functions defined
on a set E is said to converge pointwise on E to a function f if for every x in E we

have
f(z) = lim fo(2);
that is, if, given x € E and € > 0, there is an N such that for all n > N, we have

[f(z) = fal2)] <e.

Definition 2.2.2 (Uniform convergence) A sequence {f,} of functions defined

on a set E is said to converge uniformly on E to a function f if given € > 0, there
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is an N which depends only on & such that for all x € E and all n > N, we have
|f(x) = falz)] <e.

Corollary L?(Q) C L}, (Q) for 1 < p < co and any domain (2.

loc

In what follows X and Y are Banach spaces.

Definition 2.2.3 (Weak convergence) We say a sequence {uy}32, C X converges
weakly to uw € X, written

U — U

<u up >—<ut,u >
for each bounded linear functional u* € X.

Definition 2.2.4 (Compact operator) An operator K : X — Y is called compact
if the image of any set W, which is bounded in X, has compact closure in Y :

K(W) is compact in' Y for all bounded W C X.

Definition 2.2.5 (Linear symmetric operator) Let H be a Hilbert space. A lin-
ear operator A € L(H, H) is symmetric if

(u, Av) = (Au,v) for all wu,v € H.

Theorem 2.2.6 (Hilbert-Schmidt Theorem) Let A be a linear, symmetric, com-
pact operator acting on an infinite-dimensional Hilbert space H. Then all eigenvalues

Aj of A are real, and if they are ordered so that

[Anta] < [An
one has
lim A, = 0.

Furthermore, the eigenvalues w; can be chosen so that they from an orthonormal

basis for R(A), and the action of A on any u € H is given by

Au = Z A (u, wj)w;.
j=1
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Definition 2.2.7 (Weak-* convergence) A sequence f, € X* converges weakly-*

to f, if fu(z) — f(x) for every x € X.

Theorem 2.2.8 (Lebesgue Dominated Convergence Theorem ) Let g be in-
tegrable over E and let {f,} be a sequence of measurable functions such that | f,| < g

on E and for almost all v in E we have f(x) = lim f,(z). Then

/Ef:hm/Efn.

Theorem 2.2.9 (Alaoglu weak-* compactness) Let X be a separable Banach space
and let f, be a bounded sequence in X*. Then f, has a weakly-* convergent subse-

quence.

Corollary 2.2.10 (Reflexive weak compactness) Let X be a reflexive Banach
space and x, a bounded sequence in X. Then x, has a subsequence that converges

weakly in X .

Theorem 2.2.11 (/27]) Let By, B, By be three Banach spaces where By, By are re-
flexive. Suppose that By is continuously imbedded into B, which is also continuously
imbedded into By, and imbedding from By into By is compact. For any given pg, p1

with 1 < pgy, p1 < 00, let
W = {U TV E Lp()((),T . BO),Ut € Lp1<O,T, Bl)}

Then the imbedding from W into LP°(0,T, B) is compact.

2.3 Elementary Inequalities
Theorem 2.3.1 (Young’s inequality with ¢.)
ab < ea? +C(e)b? (a,b>0, €>0)

for Ce) = (ep) 7 .
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Theorem 2.3.2 (Minkowski’s inequality) Assume 1 < p < oo and u,v € LP(S).
Then

|u +v|lr) < |lullzr) + V] Lo

Theorem 2.3.3 (Generalized Holder inequality.) Let 1 < pq,...,pm < 00, with
p_1 +...+ ﬁ =1, and assume that u,, € LP*(2) for k=1,...,m. Then

m
AR ) (e
& k=1

Theorem 2.3.4 (Gronwall’s inequality) Let K be a nonnegative constant and let

f and g be continuous nonnegative functions on some interval o < t < 3 satisfying

n<it [ S
s < e | tg(s)ds)

Theorem 2.3.5 (An Interpolation Inequality) Let 1 < p < g <r, so that

the inequality

fora <t < B. Then

fora <t < 0.

160 1-4

q P r
for some 0 satisfying 0 < 0 < 1. If u € LP(Q) N L"(Q), then u € L4(Q) and

lully < Nlullp ™.

Theorem 2.3.6 (G. H. Hardy) If
a>0, f(r) 20, p>1

and

/ fP(z)dx is convergent,

[ roaf e (529 [ o

then
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Theorem 2.3.7 (G. H. Hardy) If

a, =20, p>1

and
Zak 18 convergent,
k=1
then
00 1 p P p o0
— [ p
> (13a) < () Lu
n=1 k=1 n=1

2.4 Convex functions.

Definition 2.4.1 A function f : R™ — R s called convex provided

frz+ (1 —=7)y) <7f(z)+ (1 —7)f(y)
for all z,y € R™ and each 0 < 7 < 1.

Definition 2.4.2 A function f : R™ — R is called strictly convex if and only if < in

the previous definition is replaced with <.

Definition 2.4.3 (Gateaux derivative) Let V,W be Banach spaces, U C V open.
The Gateaux derivative or directional derivative of a map F: U C V. — W at the

point x € U in direction h € V is defined by

DF(x,h) =lim %[F(x +th) — F(z)].

t—0

F is called Gateauz differentiable at x € U if DF(x, h) exists for all h € V.

Definition 2.4.4 (Gateaux-Levi derivative) Let V,W be Banach spaces, U C V
open. A map F : U — W is called Gateauz-Levi differentiable at the point x € U if it
is Gateaur differentiable at x and the map h € V. — DF(x,h) from V to W is linear
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and bounded. If F' is Gateauz-Levi differentiable, we can set DF (x)h = DF(x,h) and
get
F(z+h)=F(x)+ DF(x)h+ RF(x,h),

where

lin% =0 for each h € V.

Definition 2.4.5 (Frechet derivative) Let V,W be Banach spaces, U C V open.

RF(x,th)
t

A map F : U — W s called Frechet differentiable at the point x € U if it can be

approximated by a linear map in the form
F(x+ h) = F(z)+ DF(z)h + RF(x, h),

where DF(x), called the Frechet derivative of F' at x,is a bounded (continuous) linear

map from V to W, i.e., DF(z) € L(V,W) and the remainder RF (x,h) satisfies

ol
If the map DF : U — L(V,W) is continuous in x, then F is called continuously

differentiable or of class C'. If F is Frechet differentiable at x then F is Gateaua-
Levi differentiable at x and DF(x)h = DF(z,h). If F' is Gateaux-Levi differentiable
at each point x € U and the map DF : U — L(V, W) is continuous, then F is Frechet
differentiable at each x. In finite dimensions, i.e., V. = R*" W = R™, this means
F : R* — R™ is Frechet differentiable if all partial derivatives of F exist and are

continuous.
Notation H denotes a real Hilbert space, with inner product (, ).

Theorem 2.4.6 (Riesz Representation Theorem) H* can be canonically iden-
tified with H; more precisely, for each u* € H* there exists a unique element in H
such that

<u*,v>= (u,v) forall veH.

The mapping u* — w is a linear isomorphism of H* onto H.
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2.5 Sobolev Spaces

Let €2 be a nonempty open set in R".

Definition 2.5.1 (test function) A function f defined on 2 is called a test function
if f € C®(Q) and there is a compact set K C ) such that the support of f lies in K.
The set of all test functions on U is denoted by C(€2).

Definition 2.5.2 Let  C R"™ be open and bounded, k € {1,2,...}. We say 09 is
C* if for each point xo € O there exist r > 0 and a C* function v : R" ' — R such

that - upon relabeling and reorienting the coordinate azes if necessary- we have
QN B(xg,7r) ={z € B(xg,r) | xp > y(x1,...,20-1)}

Likewise, 0 is C™ if 0Q is C* fork=1,2,.. ..

1

Le(Q), and « is a multiindex.

Definition 2.5.3 (weak derivative) Suppose u,v € L

We say that v is the o' —weak partial derivative of u, written
D% = v,

provided

/QuDagbdx: (—l)o‘/ﬂv(bdm

for all test functions ¢ € C(Q).

Proposition 2.5.4 Weak limits are unique, and weakly convergent sequences are

bounded.

Definition 2.5.5 (Sobolev space) Let 1 < p < oo and let k be a nonnegative
integer.
The Sobolev space
WhP(Q)
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consists of all locally summable functions u : 2 — R such that for each multiindex o
with |o| < k, D% exists in the weak sense and belongs to LP(Q). W*P is a normed
space equipped with the norm

1/p

Ty / Doufdr | . if 1<p <o,
Q

ol <k

[[ullwr.co 0y = Z ess supg|D%ul.
|al<k

Remarks

(i) Among the spaces WP particular importance attaches to W2 because it is a

Hilbert-space, i.e., its norm comes from an inner product.

(ii) We usually write

Definition 2.5.6
Wer()

denotes the closure of C°(Q) in WkP(Q).

Theorem 2.5.7 For each k= 1,... and 1 < p < oo, the Sobolev space W*P(Q) is a

Banach space.

Definition 2.5.8 Let X and Y be Banach spaces with norms || - ||x and || - ||y,
respectively. We say that X is continuously embedded into Y if there exists an injective

linear map i : X — 'Y and a constant C such that
li(2)lly < Cllzlx
for all x € X. We identify X with the image i(X).

Definition 2.5.9 We say that X is compactly embedded intoY if i is a compact map,

that is, © maps bounded subsets of X into relatively compact subsets of Y.
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Definition 2.5.10 (Sobolev conjugate) If 1 < p < n, the Sobolev conjugate of p

18

% np
pi=
n—p
Note that
1 1 1 .
—=-——, p'>p
b p n

Theorem 2.5.11 (Poincare - Friedrichs inequality) If Q) C R" is a bounded do-

main, then there exists a constant Cq which depends only on |Q] such that

/uQ(x)dx < /\1_1/ |Du(x)|?dz, Yu € Hy(S),
Q Q

where \1 is the first eigenvalue of the operator —/A under the homogeneous Dirichlet

boundary condition.

Theorem 2.5.12 (Poincare inequality) If Q C R" is a bounded domain with C*

boundary, then there ezists a constant Cq depending only on |Q| such that

/Q WE(z)dz < Co [ / (u(x)dz)? + /Q yDu<x>y2dx] . Vue H\(Q).

Theorem 2.5.13 (Sobolev inequality) Assume 1 < p < n. There exists a con-

stant C, depending only on p and n, such that

[ull o gy < CllDul|o@n),

for all v € CH(R™), where p* is the Sobolev conjugate of p.

Theorem 2.5.14 (O. A. Ladyzhenskaya) For each u € Hj(Q2), Q C R? the fol-

lowing inequality holds true

1/2 1/2
(@) sy < 24 [[ull gyl otay-
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Theorem 2.5.15 (O. A. Ladyzhenskaya) For each u € H}(2), Q C R? the fol-

lowing inequality holds true

1/4 3/4
| a0y < V2l[ull gy I VullFag-

Theorem 2.5.16 (Gagliardo-Nirenberg inequality) Let 2 be a bounded domain
with smooth boundary. Let u be any function in W™ (Q2) N L1(2), 1 < r, ¢ < oc.

AN
For any integer j, 0 < j <m and for any number a in the interval = < a <1, set

If m — j — % is a nonnegative integer, then

1Dl zaay < Clluallymr oy lull i,

where the constant C' depends only on ), r, q, m, j and a.

2.6 Negative Sobolev Spaces and Duality
Notation.We will write <, > to denote the pairing between H () and H}.
Definition 2.6.1 If f € H 1(Q), we define the norm

I f [le-1():= sup{< f,u > |u € Hy, || u ||y < 1}-
Theorem 2.6.2 (Characterization of H 1)

(1) Assume f € H (). Then there exist functions f°, f*,... f" in L*(Q) such
that
(1) <fio>= / P+ fonds (ve HA(Q).
Q i=1
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(ii) Furthermore,

" 1/2
| f ||z-1(@= inf (/QZ |fi]2dx) |f satisfies (1) for f°,..., f" € L*(Q)
=0

2.7 Imbedding Theorems

Definition 2.7.1 We say that Q C R™ is a bounded domain of class C* or a bounded
C* domain provided that at each point xo € 05 there is an € > 0 and a C*— diffeo-
morphism ® of B(xg,€) onto a subset B of R™ such that

(i) @(x0) =0,
(1) ®(BNQ) CRY, and
(iii) (B NoQ) C ORT.
Theorem 2.7.2 (An Imbedding Theorem for L? Spaces) Suppose that
vol(Q):/Qld:E<oo and 1< p<qg<oo.
Ifu e L), then u € LP(Q) and
lull, < (vol( )P~ D u.

Hence
L1(Q) C LP(Q).
If u e L*>(Q), then
lim Jull, = [t[|sc-
p—00
Finally, if u € LP(Q2) for 1 < p < oo and if there exists a constant K such that for

all such p

||U||p < K,
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then u € L>(2) and

lullo < K.

Theorem 2.7.3 Let Q2 C R™ be a bounded domain with sufficiently smooth boundary.
Then there exists a constant Cq such that for each u € H*(2) N HL(Q) the following

inequality holds true
[ullz2@) < CallAul| 2o

Proposition 2.7.4 Ifu € H'(a,b), with a,b finite, then

<C a
;g[z;u’);] lu(z)] < Cllul| g1 (ap)

and in fact u € C°([a,b]).

Proposition 2.7.5 Ifu e C}(R"), n > 1, then

[l posa1y < || Du| 1.

Theorem 2.7.6 If k < % and u € H*(R"), then

2n R™
uwe Lo ®)

with
ull 2 < C(k,n)||ul| g (2.1)

L n—2k

Theorem 2.7.7 If Q is a domain in R", then HyP(Q) C L9(Q) is a continuous

embedding provided p <n and p < q < %,‘ in particular, the inequality
[ully < Cllullip, €= C(n,p,q)

holds for all uw € C3(R), and by completion for all u € Hé’p(Q)
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Theorem 2.7.8 Let Q C R™ be a bounded C* domain. If u € H*(Q) and k < %,
then
we Lem@®(Q),

with

||U||Ln2_gk(9) < CHU“H'f(Q)
If k=% then u € LP(Q) for each 1 < p < 0o, and there exists a constant C(p) such
that

[ullr < CP)lullen

Proposition 2.7.9 Let p > n > 1, and let ) be a bounded subset of R™. Then if
u € CHQ)

lullee < Cl[Dullr - C'=C(n,p,Q)
Theorem 2.7.10 Let Q C R" be a bounded C* domain. If u € H*(Q) with k > %,
then u € C°(Q) and there exists a constant C(n, k) such that

[ulloe < Cllul| g

Corollary 2.7.11 IfQ C R" is a bounded C* domain and k > %+ j then u € H*(Q)
is an element of C7(Q), with

lullcs < C|lu||gw

Theorem 2.7.12 (Sobolev Imbedding Theorem) Let () be a bounded C* domain
in R, and suppose that u € H*(Q).

(i) If k < %5 then u € L%(Q), and there exists a constant C' independent of Q
such that

Jull, @ S Cllull x o

2n
n—2k

(ii) If k = § then u € LP(QQ) for every 1 < p < oo, and for each p there exists a
constant C = C(p, Q) such that

[l o) < Cllull @)



Chapter 2: Preliminaries 16

(iii) If k> j+ 2 then u € C9(Q), and there exists a constant C such that
[u(@)lles @) < Cjllullr@

Theorem 2.7.13 (Rellich Compactness Theorem) Let Q be a bounded C' do-
main. Then H'(Q) is compactly embedded in L*().

Corollary 2.7.14 Let Q be bounded and 02 C**1. Then H*1(Q) is compactly
embedded in H*(Q).

Theorem 2.7.15 (Morrey’s Imbedding Theorem for p>n) If p > n and Q is

a bounded domain in R™, then
Hy?(9) € C*(Q)
is a continuous imbedding for o =1 — (n/p).

Theorem 2.7.16 If Q) is a bounded domain with C**2— boundary, then the map

A H? 0 HY(Q) — H(Q)

1S an 1somorphism.

Theorem 2.7.17 Let X CC H C Y be Banach spaces, with X reflexive. Suppose
that {u,} is a sequence that is uniformly bounded in L*(0,T; X), and d;‘l‘—f is uniformly
bounded in LP(0,T;Y), for some p > 1. Then there is a subsequence that converges

strongly in L*(0,T; H).

2.8 Regularity

Definition 2.8.1 \ is said to be an eigenvalue of the operator —A on a bounded,
open set  in R™, subject to zero boundary condition, provided that there exists a

function u, not identically zero, satisfying
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—Au=u S
u =0 on 0N)

The function u is called a corresponding eigenfunction.

Theorem 2.8.2 (i) Each eigenvalue of —A is real.

(ii) Furthermore, the operator —A has infinitely many eigenvalues { A}, where

O< A <A< A3,

and

A, — 00 as k — oo.

(iii) Finally, there exists an orthonormal basis {u}32, of L*(), where u, € H}(Q)

s an eigenfunction corresponding to A:

up =0 on 0X)
fork=1,2....

Remark. The above theorem remains valid if we replace the operator —A by a

symmetric elliptic operator L.

Corollary 2.8.3 The eigenfunctions of the Laplace operator with Dirichlet boundary

conditions

—Au = Au, x €,
u=0, x € 0f)
are elements of C*°(Q) N H ().
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2.9 Calculus of Variations

Let I[-] be a functional defined on a subset M of a real normed space X.

Hereafter we assume that I[-] has the following explicit form:

Iul ::/QL(Du(x),u(:r),$)dx,

where

L:L(p,z,:c) :L(pla"'apnazaxla"'axn)
forpe R", z € R and z € ().

Definition 2.9.1 (Uniform convexity) L is called uniformly convex, if there exists

a constant 6 > 0 such that

> Ly, (D)6 > 0¢)°

ij=1

forp & € R".

Remark Uniform convexity implies strict convexity, and strict convexity implies con-

vexity.

Definition 2.9.2 (Coercivity) [ is called (weakly) coercive if and only if
I(u) 00 as |u]| = o0

on M.

Definition 2.9.3 We say that the function I[-] is (sequentially) weakly lower semi-

continuous on W4(Q), provided

Iu] < liminf Iuy]

k—o00

whenever

up —u  weakly in  Wh1(Q)
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Theorem 2.9.4 Suppose that f : H — R, is coercive, strongly lower semicontinu-

ous, convex function a Hilbert space H. Then f is bounded from below and attains its

MINIMUmM.
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Chapter 3

THE TIME-INDEPENDENT SCHRODINGER-NEWTON
SYSTEM

3.1 Basic Definitions

Definition 3.1.1 (Stationary state) A state is called a stationary state if it does
not change with time. A stationary state of the system is also called a stationary

solution.

Definition 3.1.2 (Ground state) The ground state is the state with the lowest en-

ergy a system can assume.

3.2 Spherically-symmetric Stationary Solutions of the Schrodinger-Newton
System

A number of studies of spherically-symmetric solutions of the Schrodinger-Newton
system have been carried out, both numerical [15], [9] and analytical [24].

In [9] R. Harrison, I. Moroz and K. P. Tod tested numerically the linear stability of
the spherically symmetric stationary solutions of the Schrodinger-Newton equations
by linearizing the time-dependent Schrodinger-Newton equations about a spherically
symmetric stationary solution, and then presented the fully nonlinear evolution of
spherically symmetric data and found that the picture suggested by linear theory is
supported: the ground state is stable but slight perturbations of the higher states
decay.

In [15], I. M Moroz, R. Penrose and K. P. Tod computed numerically stationary

solutions in the case of spherical symmetry.
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In [24], the authors provide an analytical support for the results they obtained

numerically in [15]. They define real functions S and V' as follows

v= KSWZQW)}I/QS’ (3.1)

2
pu- "y
2m

under this transformation (1.3) and (1.4) reduce to the pair of equations
AS =—-SV (3.2)

AV = - 52 (3.3)
In [24], P. Tod and I. M. Moroz investigate the case when S and V' are functions
of radius, 7, only. The wavefunction is said to be normalized if

o) 2 3
/0 r2S%dr = (;;n (3.4)

and the energy eigenvalue F is given by

h2

E =
2m

V() (3.5)

It is not initially assumed that S is normalizable, rather than P. Tod and I. M.
Moroz search for solutions for which S and V are finite and smooth for all r.

In the case of spherical symmetry, (3.2) and (3.3) can be written as

%(TS)” — %(S+TS/)/:%(QS,+TS,/):
1 / ]' N/
= @8 +r8") = 5(*S) = —5V (3.6)
1 " 1 N/
(V) ::;302V)::—52 (3.7)

In [24], Tod and Moroz investigate the solutions (S(r), V' (r)) which are finite and
smooth at the origin and for which S’ and V' vanish at » = 0. They prove the

following results

Proposition 3.2.1 Given initial data (Sy, Vp), there is a unique analytic solution of

(3.6) and (3.7) on an interval [0,1¢), where rq depends upon the initial data.
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Proposition 3.2.2 Given initial data (Sy, Vy), there is a unique C* solution of (5.6)

and (3.7) on an interval [0,71) where r1 depends upon the initial data.

Proof: We define an iteration by

Soir = So —/ 2(1— %)Snvnda: (3.8)
0
Vi1 = Vo — / x(1 - ;)Sidx (3.9)
0

We choose A so that |Sy| < A, |Vo| < A. First, we show by induction that all
iterates are bounded by 2A at least for a range [0,a) in 7.

/Orxu - %)dx

4 A?r?

Vo] < [Vol + 442 <A+

If we take a® = 3% then we have
|Vt < 2A
whenever r € [0,a). Next we define
ent1 = Vay1 — Va,

fn+1 - Sn+1 - Sn

We want to prove that

’6 ’ (4A>n 1 2n
S @+
’f ‘ - (4A)n 17,2n

(2n + 1)!
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We proceed as follows
|en‘ = |vn - Vn—1’
T T 9 ‘a T 9
= W— [ 2(1—=)S;_1de —Vo+ | x(1——)S; _,dz
0 r 0 r
" x
_ / 21— ) (81 = Sua)(Su + S
0

< 44 / x(1—§)(sn_1—sn_2)dx
0

= 4A / x(l—z)fn_ldx
0 /r‘

T n—2,.2n—2
< 44 / x(l_f)(ém)—xdx
0 r’ (2n—1)!

4A)1 r T, 90
B (414)”_17“2”
—_— m. (3.10)

So we have
V:VO—l—Zen, and S:So—i—an
n=1 n=1

which converge by the Weierstrass M-test.
To prove uniqueness, suppose that (S, V') and (T, W) are two solutions of (3.6) and
(3.7) satisfying the same initial conditions (Sp, Vp), and assume that all four functions

are bounded by M, on [0,a). Define the differences:

e=|V-W| and f=|5-T]|.

Then (3.6) and (3.7) imply that

e = %—/x(1—f)52da:—%+/ x(l—z)Tde
0 r 0 r
' T2 2
= /x(l——)(S —T*)dx
0 r
= oM / 2(1— 5)(S - T)dx
0 T
" x
< QM/:E(l——)fd:B,
0 r

(3.11)
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and

= /Ora:(l — %)(S(x)V(:L‘) —W(z)S(x) + W(x)S(x) — T(z)W(x))dx
= | [ o= D)S@V ) = W) + W) (S(a) - Tia)do

(3.12)

from which by induction it follows that

oM n+1,.2n 2M n+1,.2n
Lo QMY My

(2n+1)! 7 @n+ 1)
Therefore, taking the limit as n — oo, e = f = 0 and the solutions are unique.l]
This proves the existence and uniqueness of solution of (3.6) and (3.7) satisfying
the given initial conditions at » = 0. By using the same technique the following

theorems can be proved.

Proposition 3.2.3 Given data S(a),V(a),S"(a),V'(a) for r = a > 0,there is an an-

alytic solution in a neighborhood of a which is unique as a C? solution.

Proposition 3.2.4 Given initial data (Sy, Vo) determining a solution (S,V) on an
interval [0,71). If S(r1) and V(r1) are finite, then the solution is defined, is unique

and 1s therefore also analytic, on a larger range of r.

Proposition 3.2.5 Suppose a solution (S,V') of (3.6) and (3.7) with Sy = 1 is
bounded by some M for r in the interval [0,a]. Then S and V' depend continuously

on Vy in this interval.

Also they investigate how solutions behave with Sy = 1, and V} increasing from

negative values.
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Proposition 3.2.6 The solution to (3.6) and (3.7) cannot remain bounded for Vi <

0. Necessarily both S — oo and V — —oo monotonically as r increases.
Proposition 3.2.7 If Vy > 0 then V necessarily has a zero at a finite value of r.

Proposition 3.2.8 There exist numbers a and  with 0 < o < 8 < 1 such that for
Vo in the interval (0, «), all solutions have S — oo with S > 0 and V' — —oo; while
for Vi in the interval (3,1], all solutions have S — —oo with S having a single zero,

and V — —o0.

Lemma 3.2.9 If S > 0 and (rS)" > 0 for some b with V(b) < 0, then necessarily
S — 400 and V — —o0, and S > 0 for r > b. Similarly is S < 0 and (rS) < 0 for

some b with v(b) <0, then S — —oo and V — —oo with S < 0 for r > b.
Lemma 3.2.10 IfVy = Sy then V =85 Vr and V — —o0 as r increases.

Lemma 3.2.11 If S has a zero, at v = b, say, at which V < 0, then V — —o0
and S — £o0o monotonically, according as S'(b) > 0 or S'(b) < 0 respectively. In

particular, S has no zero in r > b.

Lemma 3.2.12 Suppose Sy =1 and 0 < Vy < 1. If S =1 for somer, then S — —o0
and V — —oo. If S = 0 for some r, then S — —o0 and V — —oo. If 8" =0 for

somer >0, then S — 400 and V — —o0.

Lemma 3.2.13 Assume that So = 1 and Vo = X with 0 < A < 1, and consider the
solutions S(r,\) and V(r,\) of (3.6) and (3.7). Suppose that S(r,\) =0 atr = b(\),
A)

at least for X\ near 1. Then % is negative. Suppose that S(r,\) =1 at r = ¢(\), at

dC . .y
least for A mear zero, then 5% is positive.

Theorem 3.2.14 There is a unique value of Vy in the interval [0, So| for which the
solution S remains in the interval [0, Sp|. V necessarily becomes negative. If at r =b
say, V(b) = —C? then for r > b,S lies in the interval

0<S< bS(b)

exp(—CTr) (3.13)

Thus S is normalizable and V tends to a negative constant as r — oo.
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Meoreover, P. Tod and I. M. Moroz prove that the higher bound states arise with
0< S5 <V

Lemma 3.2.15 If Vy/So < 7N then S has at least N zeros.

Lemma 3.2.16 Suppose the first zero of S (and therefore the second zero of X =rS)

occurs at r = xo, then o decreases with increasing V.
Lemma 3.2.17 The number N of zeros of S before V=10 does not exceed
N < VBexp(2V2/S2).

Lemma 3.2.18 With So =1 and Vi > 1, if S(b) = 1 for some b > 0 then S — +o0
monotonically for r < b. If S(b) = —1 for some b > 0 then S — —oo monotonically

forr >b.

Lemma 3.2.19 If S and S’ both vanish at some value b of r, then S is zero in a

neighborhood of b.

Theorem 3.2.20 There exists at least one bound state with n zeros for each n > 0.

The bound states are normalizable.

Furthermore, P. Tod and I. M. Moroz prove that the singular solutions blow up
at finite radius.

Suppose that S — +oo, V — —o0, specifically with S, S’(and consequently (r.5)")
positive for r > a, say. Consider = r(S + V'), which satisfies

2 — —SQ

Define a modified energy F by
F=(Q)/S+ Q% (3.14)

Then F is positive for r > a and

O Q AV
/ -8 S — ! 251/

= -S(Q)/S*<0 (3.15)

F/
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for r > a.

Thus
F(r)y < F(a) and |Q|< VF(a).

From the definition of (), it follows that

VF@) g,y o V)

r r

(3.16)

for r > a, so that as S — 400 and V' — —o0, their sum remains small.

By adding —S to each side of (3.16) we get

- (x/]-"(a) +X) Ir<V < ( Fla) — X) /r
for r > a, where X = rS. Since also X > 0 we find that

rX" = r(rS)" =r(rS +85) =r28" 4+ 2rS = (r*S'Y
(28" = —rSV by (3.6)
X — V@)
> X (X —+/F(a))

Hence we have
X" > (X? = X/ F(a))/r

Since X — oo, for some b > a, X > 2y/F(a). Thus for r > b we get X" > X?/2r.
We also know that X’ > 0 for r > b so that X'X” > X'X?/(2r), which yields

N (X3
(X)) i
(X")? > %JFA (3.17)

for some constant A. Since X” > 0 for r > b,we know that
X > X()+ X'(b)(r —b)

for r > b. Thus for r > c >0, X3 > 6|A|r, for some c.
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We can suppose that c is sufficiently large so that X(c) > 6/c¢, then by (3.17)
(X")? > X3/(6r), which can be separated and integrated to yield

o X
dr (67’)%
—2X Y2 > (Y2 — BY2)/\/6, (3.18)

for r > ¢. Rearranging (3.18)we get
X > 6/(BY? —rl/?),

so that X blows up at r = B = rg, say, and substituting back for S gives

(/% + 1122
r(r —ro)?

S > > 6/(r —ro)?, (3.19)

and S blows up according to

3.3 Stationary Solutions of the Schrodinger-Newton System

There are a number of papers devoted to the study of stationary solutions of Schrédinger-
Newton system. (See [2],[23])
In [2], K. Benmlih studies the Schrodinger-Poisson system

i) = —%Aw +(u+ ) (3.20)
—Au = [Y|* —n*. (3.21)

where n* and w are time independent real functions, with the initial condition

Q/}(Ov JJ) = 2/}O(I>

The main result of [2] can be summarized as follows:
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Theorem 3.3.1 Under the assumptions

o '€ Ly (RY)

e uw €L, (R, @ >0 and
There exists  qo € [3/2,00]; YA >0 Jugy € LO(R?)
qx €]3/2,00 and ugy € L™(R?)  such that

u =upy+ugy and lm |Jugy||pe0 =0
A—0

o n*eL'NL:(R%
1 *
inf{ [ 0ver+ @i - o [ @) 42, [ 1ot = 1} <0
R3 21 Jgs |z — Y R3

there exists w, > 0 such that for all 0 < w < w, the equation

1 -
—§Au + (V) +V)u+wu=0 inR® (3.22)

has a nonnegative solution u Z 0 which minimizes the functional E:

1 1 1 ~ w
E(p) = 1/, |Vo|*dr + 1 /11@3 |VV (p)|?dx + 3 /R3 Vidr + 5 /11@3 ©’dr  (3.23)

i.e.

E(u)= min E(p).
(u) Lonin ()

In other words, in [2] K. Benmlih proves the existence of standing wave solutions for
a Schrodinger-Poisson system in R3.
Below we give a summary of the work carried out in this paper.

The author solves first explicitly the Poisson equation.

Lemma 3.3.2 For all f € L5/°(R3), the equation
~AW =f inR? (3.24)

has a unique solution W € DV2?(R3) given by

W@ =4 [ @) gy, (3.25)

T 4n R3 |x—y|
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Proof: The existence of a unique solution of (3.24) follows from the existence and

the uniqueness of the minimizer of

1
J(v) = §/Rs |Vo|*dx — /R3 fodzx

the functional corresponding to (3.24).

First we show that J is coercive: we want to show that J(v,) — oo as ||v,|[pr2 — o0

J(v) = /|Vv\ dx—/ fodx
> (by Holder’s Inequality) >
1 5/6 1/6
> 5/ |Vv\2d:c—(/ ]f]G/Sd:U> (/ ]v|6dx>
R3 R3 R3
> (by Sobolev Inequality) >
1 5/6 1/2
> —/ Vol2dz — (/ |f|6/5d:p) c(/ |VU|2dx> |
2 R3 R3 R3

Now we have an expression of the form %1:2 + ar where a is a constant, hence as

T — 00 %xQ + ax — oo. Then we have
J(vp) — 00 as  ||lv,||pre — 0.

J is strictly convex:

1
Jw) = = / (D1v* + Dov? + Dsv?) — [ fudzx
2 R3 R3
1
= — [ |VolPdz — | fvdx
2 R3 R3

3

= " Ly, (Vo2 0, 2)66 = 3(63 + & + &),

ij=1

J is lower semicontinuous: We have

1
liminf J(v,) = liminf (— |an\2dx—/ fvndx>
2 R3 R3

1
> liminf = [ |Vu,|*dz +limsup [ fu,dz
2 R3 R3

1
= 5/ |VU|2d:z:—/ fodx
R3 RS
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since

[rae ([ ()" < ([ )" (froue)

‘/fvn—/fv - \/f(vn—w
(e

So we have shown that .J is coercive, strictly convex, lower semicontinuous and since

and

/AN /AN
N N
— —
= =
N
>
N
—
3
S
3
4
<
=y
l
(@»)

it is C' on D'?(R3), it follows that J attains its minimum at W € DY?(R®) by
Theorem 2.9.4, which is the unique solution of (3.24) .

O

In order to show that equation (3.22) has the variational structure we prove the

following lemma.

Lemma 3.3.3 Let n* € L5/°(R3). For p € H'(R3) we denote by

V(e) :=W(lgl]* —n*)

the unique solution of (3.24) when f := |p|* —n*. Define

1

I(p) = 1)

Then I is C' on HY(R®) and its derivative is given by

[VV () %du.

@) 0) = [ Viehovds o e H)®) (3.26)

R
Proof: For the sake of simplicity of calculations we take n* = 0. Since ¢ € H*(R?),
by Sobolev inequality |¢|?> € LY°(R3). In (3.24) letting f = |¢|?> and multiplying it

W (lel?) we get

W(el)r) = de

. leP@lelw) ,
= [Vele)] 4ﬂ// e aay

S () 167T//|“0‘ W) 4 (3.27)

|z —yl
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Then for all p, ¢ € H'(R?) we have

lim I(Wrtd)) I(p) _

t—0t
e o + to|*(x)|e + to]* (y) — lol*(x) ] (y)
= 16m / / drdy

|z —y|
oy LS SRHeP ) < 0.0 > () +20 < 0,0 > (@)l (y))/ |2 — yldady
o t—0T 167T t
— [ Viohoods
R3

that is (3.26) holds for the Gateaux differential of I. Hence I is C* on H'(R3) and T
is Frechet differentiable.

OJ

To prove the main theorem one needs some estimates which are proven in the following

lemma

Lemma 3.3.4 (i) If 0 € L"(R?) for some r > 3/2 then ¥6 > 0, 3Cs > 0 such
that

/RS 0(x)le(@)]* < O|IVell® + Collell® Ve € H'(R?). (3.28)

(ii) For all p € DY*(R3) and y € R® one has

o) 2
< A4Vl 3.29
[ e < 4]V (329)
(1ii) For any & > 0 and all y € R?
2

oz 4
o)y, < SIVell* + <llell* Ve € H'(R?). (3.30)

s [T — Y| 0

Proof of (i): First we show that (3.28) is valid for any 6 € L>(R?) + L3/2(R?).
Let 0 = 0, + 0, where §; € L>(R?) and 6, € L*?(R?). Then for each A > 0 one

has

| s@letids < Wolalel? +3 [ jePart [ oo
R3 [162[<A] [162[>A]
< (H91HL°°(R3) + )\)HSO(J")”Q + H92”L3/2([|02\>>\})||(10H%6(R3)7
< (181l + M@ + S 18 961,
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where
S, := Sobolev constant,
and
03 := 05119, 5 -
Since
03] < 6, foreach X\ >0,
03 — 0 pointwise a.e. whenever A — 00

and

0, € L*?(R?)
then by Lebesgue convergence theorem it follows that
H%\HL3/2(R3) — 0.
Hence for any 6 > 0, 3JKs > 0 such that one has
S*||9§\||L3/2(R3) <0  whenever A\ > Kj.
Choosing
Cs = ||01]| Lo (m3) + K5

we conclude that (3.28) holds for all § € L>®(R?) + L3¥2(R?).

To complete the proof of part (i) it remains to show that
L' (R%) c L®(R®) + L¥*(R3) for all r.

Claim:L"(R?) C L>®(R?) + L*?(R?) for all r.
Proof of Claim: Let g € L"(R3) where r > % We have

91 = [9T1g1 + |91Tgg1>
—_———  ——
EL®(R3)  L3/2(R3)
which completes the proof of Claim and the proof of part (i).0]
Proof of (ii):(3.29) is a classical Hardy inequality, see Theorem 2.3.6 in Chapter
2.0
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Proof of (iii): By using (3.29), for all 6 > 0 and any y € R we have

2 2 2
T T
R3 |I - y' \x—y|<% |[)3 - y| |x—y|>g |JI - y|

5/|@@P {/ )
- dr + — x)|“dx
1) lr—yP 5 Rg\w( )|

4
oIVel® + <liel

N

N

O

Another result that will be needed to prove the main theorem is

Lemma 3.3.5 Let ¢ € L"(R3) for some r > 3/2. If v, — 0 weakly in H'(R3) then
Y(z)vi(z)der — 0 as n — +oo.
R3

Proof: Let Ay, := {z € R® : |¢(2)] > A} and K be a compact subset of Ay
to be determined later. Since v, — v weakly in H'(R*) = {v,} is bounded in
H'(R3) = (by Sobolev inequality)= {v, } is bounded in L5(R?) =(by Interpolation

inequality)=- {v,} is bounded in L*"(R?) for 2 < 2r' < 6, we have

/meﬁmm:=/‘ wmw+/ |M@Mﬁ/wmw
R3 R3*AA Ay—K K
Moall? + 190 s llenll sy + 160 Il

N

< ACo + Cillllzras-r) + 1z 10nl 7o .

where 7% + % =1
Next, for arbitrarily chosen but fixed § > 0, we choose A with A\Cy < g, and then we

choose K C A, so that

J

Cil[ ] ray—r) < 3

Since v, — 0 in H'(R?), then by Interpolation inequality it follows that v, — v in

L?"(K) for 2 < 21" < 6. Hence there exists N5 € N such that

)
||1/1HLT(K)HUTLH%2T,(K) < 3 whenever n > Nj.
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This completes the proof of Lemma 3.3.5.0]

To prove the main theorem we need to minimize the energy functional

1 1 ~ w
E(p) := Z/\V(pIde—l—I((p)—l—ﬁ/V(fdaH—E/9026156

whose critical points correspond, on account of Lemma 3.3.3, to solutions of (3.22).

We proceed in four steps with the aid of the previous lemmas:

Lemma 3.3.6 For allw > 0 and c € R the set [E < ¢| is bounded in L*(R?).

Lemma 3.3.7 Let w > 0 and c € R. If the set [E < c] is bounded in L*(R?) then it
is also bounded in H'(R?).

Lemma 3.3.8 For any w > 0 the functional E is weakly lower semi continuous on

HY(R?) and attains its minimum on H'(R?) at u > 0.

Lemma 3.3.9 There exists w* > 0 such that if 0 < w < w* then E(u) < E(0) and
thus u #Z 0.

This completes the proof of Theorem 3.3.1 and the summary of [2].

K. P. Tod in [23] investigates the system

—AY +up = Ey (3.31)
Au = ||? (3.32)

subject to the normalization condition

/]de =1 (3.33)

in R3.

(3.31) can be obtained from a variational problem

1 1 1
I= §/|V1/1|2dx+§/u|¢|2dx— §E/|¢|2dx
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when u is determined by (3.32). Alternatively by solving (3.32) explicitly and substi-
tuting into (3.34), the system (3.31)-(3.32) can be obtained from

/!W! do + = //W ‘x’_“i‘ drdy /M Qe (3.34)

The author shows that the energy eigenvalues are negative, and by using some ele-

mentary inequalities he proves the following proposition:
Proposition 3.3.10 The functional I of (3.34) is bounded below.

Proof: By Sobolev inequality, for ¢ € W?(R?) one has

( / W) ek ( / !WF)W, (3.35)

22/3
K=-—""_. (3.36)

31/272/3

where

Multiplying both sides of (3.32) by u, and then integrating over R3 one has

—/|Vu|2dx:/u|w|2da7.

Thus we have

1/6 1/2
(/ uﬁd:c) < K (/|Vu]2da:>
1/2
= K (/ —u|1/1\2d:c)

< (by Holder’s inequality)

1/12 5/12
K ( / u6dx) ( / |w112/5d:c)
1/12 5/12
= (/qﬁdz) <K (/|¢\12/5dx) .

Taking squares of both sides one obtains

N
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1/6 5/6
( / u6dm) < K? ( / |¢|12/5dx> (3.37)

Then

—/uwdm < (/u6da:) </\w|12/5dx) :

(by (3.37))

( / |w|12/5dx) :

(by Holder’s 1nequahty)

(Jora)” (o)

(by normalization condltlon (3.33) and by Sobolev inequality)

K (/ |V1p|2da;>

By using the above estimates found, it follows that

1 1
I = §/Ww\2dx+§/u|w]2dx
1 1 1/2
> §/W¢|2dx—21l(3 </|V¢|2dx)
1 2 1 3 ? 1 6
_ - 1K) - oK
: (/|vw| dr— ) -

1

> ——K°
8

= (by substituting (3.36)) = —

NN NN N

N

2
274

O
To find a bound for E, K. P. Tod defines the following tensor

= ity + iy + uguy — 0y (Yt + 5

By straightforward calculations it follows that

L i + ulel? — Elw[?). (3.38)

Ty =0, (3.39)
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and hence

(Tijzi); = T
Then
so we have

0= [T = [ IVuP = JIVuP = 3uluf + 3E10Pda
- /1qvm2—gmwﬁ+3Ewa: (3.40)
On the other hand, from (3.31) it follows that
/\Vw\Q—i-/uW]Q = E/ |¢|*dx = (by normalization condition (3.33)) = E. (3.41)

From (3.40) and (t12), we attain
9 1
\V|* = —§E, (3.42)

/uwﬁng. (3.43)

Using (3.32), (3.42) and (3.43), we infer that

1 1
I >-F>———,
6 5474
which implies that
Ey > 1 (3.44)
0 = 97'('4. .

By using appropriate scaling, from (3.44) it follows that

G*m?®
€g = —1447
where ¢y denotes the ground state energy of (1.3)-(1.4).

Furthermore, in [23], K. P. Tod shows that
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75 G*md G*m?

by minimizing I over a special class of trial functions of the form

¥(r) = (%g)e’“

€0 <

3.4 Stationary Solutions of the Schrodinger-Newton System under the

effect of a nonlinear term

In [20] D. Ruiz studies the stationary solutions of the following system

by — A+ du(x)yp = [P~ (3.45)
—Au = [¢)?, (3.46)

where 1 < p < 5, A > 0 and ¢ : R3 x [0,7] — C. That is, D. Ruiz studies the

following stationary system

=AY+ + dup = PP (3.47)
—Au = [, ‘1|im u(z) =0 (3.48)

where 1, u : R* — R are positive functions.

The author in [20] investigates the existence of positive radial solutions of (3.47)-
(3.48) depending on the parameter A > 0. The approach is variational, the author
looks for solutions of (3.47)-(3.48) as critical points of the associated energy functional
I:1,:H' - R.

The main results obtained in this work can be summarized in following theorems:
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Theorem 3.4.1 If p < 2, (3.47)-(3.48) with A = 1 does not admit any nontrivial
solution. Moreover, if 2 < p < 5, there exists a positive radial solution of (3.47)-(53.48)
with A = 1.

In the following theorem a related Pohozaev identity is proved for the problem

(3.47)-(3.48).

Theorem 3.4.2 Let (v,u) € H'(R?) x DVY2(R3)be a weak solution of the problem

—aAY + by + cup = dyp? (3.49)
~Au = y? (3.50)

where a,b,c and d are real constants. Then there holds:
g Py B
/Q\Vw]+2w+4uw p—i—lw = 0.
In particular the solution of (3.47)-(3.48) satisfy

1 o, 3 9 9N o 3
- 2 - - =0. b5l
/2|V¢| —{—Qw + 4uw p 1@[} 0 (3.51)

Here we generalize the previous result, and prove following Pohozaev identity:

Theorem 3.4.3 Let (1,u) € H*(R™) x DY?(R™)be a weak solution of the problem

—aAY + by + cup = dyp? (3.52)
—Au = ? (3.53)

where a,b,c and d are real constants. Then there holds:

n—2 o bn o cn+2) o, dn
/a2 VP + o+ St - Sy = 0
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Proof: We multiply (3.52) by ¢,, xy,

—a APy, x) + by, Tk 4 cuthihy, xp = APy, xp

then sum k from 1 to n

=Y aAPPg e+ > b+ Y ety me =y dP i,
k=1 k=1 k=1 k=1

_g Z(wik)mxk + g Z(¢2)xkxk —a Z ¢xzxz¢xk$k +
k=1

i k=1:i#£k

T o Z[(W’“) b= ] =0

2 — p+1 P
S e, — ] 2 S0, — 0
k=1 k=1
ik=1; z';ék k=1
! [ 0 =0
et 1 o

Integrating over R™ we obtain

"5 [1vup g [ S o /gxkuw%:o

It is clear that

n

Z $ku(w2)m - Z[(U¢2$k)xk - uﬂﬂszxk - uwz]
k=1 k=1
Hence (3.55) implies

+%b/¢2 p+1/wp+1

-5 (U T)my, — U D) — urh?] =0
2 / ; k k

(3.54)

(3.55)

(3.56)
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by using the equation (3.53), we obtain

nb/@/) __/wpﬂ /u¢2+g/gumAw€k =0 (3.57)

It is clear that integrating by parts we obtain

g/zn:u“Aux’“ /Zuxk Zuxm )T = Z 1 2/|Vu|2
k=1 k=1

From (3.57) it follows that

nb/w_p+1/¢p+1 n+2 /¢—0
U

The system (3.47)-(3.48) where p = 2 is studied by O. Sénchez and J. Soler in
[22]. The authors use a minimization procedure in an appropriate manifold to find a

positive solution, and they also studied the evolution of the system in time.

Theorem 3.4.4 Assume that X < 1/4. Then, u = 0 is the unique solution of the
problem (3.47)-(3.48).

Corollary 3.4.5 Suppose that p € (1,2) and X is small enough. Then there exist at
least two different positive solutions of (3.47)-(3.48).

Remark: The results obtained in the Theorem 3.4.4 and Corollary 3.4.5 are also true

for the solutions of the following problem

—AY + P+ Muap = [P, (3.58)
—Au= [y, (3.59)

for p € (1,2] and (¢,u) € H'(R3) x DV*(R?). That is these results do not involve

only radial functions.
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In [13] M. K. Kwong proves the uniqueness of positive radial solutions in R" of
(3.47) with A = 0 for p € (1,5) and ug € H*(R"). Using this result D. Ruiz in [20]
concludes that for A small enough there exists a radial solution u, of the problem

(3.47)-(3.48) such that uy — up in H! as A — 0.
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Chapter 4

DISSIPATIVE NONLINEAR SCHRODINGER-NEWTON
SYSTEM

In this chapter we study the following problem

ity + A +iay — bup — kY| =0, z€Q, t>0, (4.1)
Au=>bjp]?, €Q, t>0, (4.2)
(0, 2) = Yo(x), z€Q, (4.3)
U]y =ty =0, t>0. (4.4)

where  is a bounded domain in R?® with sufficiently smooth boundary 9. We prove
the existence of weak solution and that it tends to zero as t tends to infinity. We also
prove the existence and uniqueness of the strong solution.

In 1989, the damped Schrédinger-Newton system with & = 0 was studied by G.
Riinger in [21]. The author in this paper studies this system in one-dimensional
case, and proves that the asymptotical behavior is described by a universal finite
dimensional attractor.

In [21] G. Riinger instead of the system, equivalently, studies a weakly damped

Schrodinger equation

with
¥(0) =ty (4.6)
(x+ L,t) =¢(x,t), VreR, VteR (4.7)

where
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e g is a real valued bounded continuous function,

e the external force

FeLX®RH), fielX(RH), H=L0,L), (4.8)

o the operator B(v) = B(ih, ¢) is defined by
B:VxV—C*0,L)NV? V={peH(0,L):p(0)=(L)},
V(e Vi eV},
Bb.¢)i= o+ 7a) e~ Tovp)— [ [ty (49)

In [14] H. Lange and P. F. Zweifel have studied the Schrédinger-Newton system

1
o = —300+u, (4.10)
—Au = n-—n’, (4.11)
n(e,t) = [0, (4.12)
U(,0) = o(x); (4.13)
under the various boundary conditions on the rectangle Q@ = [—3L,, 3L,] x [0, 3L,] C

R2. In (4.11) n* is a given time-independent dopant density which may be represented
as

n* =nj}, —ny,

where n}, is the density of donors and n; the density of acceptors; ¢ is a given initial

state function. They have proved the existence and uniqueness of the strong solution.
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4.1 Existence of a Weak Solution in R3

We call a pair of functions [¢, u] a weak solution of (4.1) — (4.4) if ¢ and u satisfy the
following conditions for all T > 0;
(wl) € L>(0,T: Hy(Q)), ue L>0,T: Hy(Q));
(w2) /O (=i (1), Ui(1)) = (Vo (1), V(1)) +1a(y(t), (1)) = bu(t)y(t), (1)) +
—k([p @) (1), T (t))] = i(¥(0), ¥(0))
e C'0,T: L*(Q)NC%0,T : Hy(Q)) such that ¥(T) = 0;
(w3) /0 [(Vu(t), VO(1)) + b ()i (t), ®(t))]dt = 0
for any real function ~ ®(t) € C°(0,T : Hy(Q))

for any complex function

Theorem 4.1.1 (Existence of a Weak Solution) : Suppose that vy € H(Q).
Then there exists at least one solution [¢(t),u(t)] of the initial boundary value prob-
lem (4.1) — (4.4) . Furthermore, if [{(t), u(t)] is a weak solution of the problem, then
IV(t)]| and ||Vu(t)| tend to zero ast — oo.

Proof of Theorem 4.1.1 We employ Galerkin’s method to prove the existence of a
weak solution. Let v; (j =1,2,3...) be a system of eigenfunctions of —A in Q with

homogeneous Dirichlet boundary condition, that is

— Av; = \v;, x €€
ro (4.14)

Vilgg =0, J=1,23....

The system v; composes a base of L?({2) space. Each element belongs to
H}(Q)NH"(Q) n=23,...
Let

Wt ) = S apm(D0;(t) (ym(t) : complex valued), and
Wt x) = ST Bim(D)vs(t)  (Bjm(t) : real-valued)
be solutions of the problem :
i%(@bm(t), v;) + (AY™ (1), v;) + ia(™ (t), v;) — bu™ ()™ (1), v))
— k(PO (,0) =0, j=1.2...,m, (4.15)
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(Au™(t),v;) — b(L™ ()™ (t),v;) =0, j=1,2,...,m, (4.16)
™0, 2) = vy (x)

and

Yot — by in the strong topology of Hj () (4.17)

Peano’s theorem from the theory of ordinary differential equations ensure that this
system has the solution [¢)™,u™] m = 1,2,3,... locally in time which are uniquely
determined by initial data, for each m.

From (4.15) we deduce that ¢™ satisfy the following four equalities:
W, 9™) + (A" ™) = b(um ™, U™ +ia(y™ ™) — k([T YT M) =0 (4.18)
W o) + (A" ) = b(u™ ™, ) + ia(y™ ) — k([T Y™ 4 = 0 (4.19)
—i(" )+ (P AY™) = (™ um ™) —da (™, ™) = k(™ [T F™) = 0 (4.20)
—i( ) + (W, AY™) = b(y) ™) —da(y, ) — k(Y [T PY™) = 0 (4.21)

From (4.18) and (4.20) it follows that

d
i ™2 + 24l | = 0.
= (97 = e o (o)) (422)
= [l <[4 O] < e < oo (423)

Here ¢; is a positive constant independent of m. Throughout this work ¢;,j =
1,2,3,... will denote various positive constants independent of m.

From (4.19) and (4.21), we obtain

— SNV + ial(m, ) — (9] — b, o)
~ o) = 5o ([ o) <o
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which is equivalent to
d m||2
aHVQ/J |
k d
= —2a3(Y™, ") — b(umYP™ YY) — b um Y™ — S (/ |wm|4dx) . (4.24)
Q
On the other hand u™ satisfy the following equality

(Au™(t),uf"(8)) = b(¥™ 9™, (1)) = 0
= (Vu™, Vul) + b(y™ ™ ul"(t)) = 0. (4.25)

Also one has
d . - .
D T ) = ) ) ). (426)
From (4.24), (4.25) and (4.26), we obtain
(R T R AT
+2aS(W™, ) =0 (4.27)

We have from (4.20)

(W™, = i(VY™, Vo™) — a(@™, ™) + ib(u™ ™, ™) +ik/9 ™| dx
= (") = IV b ) k[ .
Substituting the above result into (4.27) we obtain
d m||2 1 m||2 m,m ,m k m|4
GO I+ SI9a P+ bamm, ) + 5 [ o)
+ 2a([| VO™ || + b(um ™, ™) + kz/ [p™|*dx) = 0. (4.28)
Q

From (4.2) and (4.28) we get
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d 1 k
UV 4 SITam 4 bamom,om) + 2 ) + v
1 k
+ 3 ITu s umy 4 g [ o) -
~allTUm I + 3 + 28 )+ 5[

On the other hand we have

[p(y™ym, w™)| < (Holder Inequality) < (8][4 (8)[| e flu™ () [ 22 [ (1) <

< (Ladyzhenskaya Inequality in R?) <

1

23 ][ |13 | V™| 3 ™ ()| all™ ()

< (Sobolev Inequality) <

T L mind Lo, m

2z [ple_[lv™ @)l re= Ve @) ez | Vu™ @)
< (Young’s Inequality) <

24|b|808||W”(t,93)||1°JF?E%IIVW”@)II2 e[ Vu™(t)|]?
Q8 8 *

//\

N

N

Then

1 —m 3k
IVem 2 + S ITam? + 20675 ) + 5 [ e >
Q

w2 Loz o 35 [ i, 200 1 o)
e e e e

363 || VY (t,)|)?
4

Choose € = %, and let

1 k
B() = V0" + IV + b o) + 5 [ joma.

(4.29)

+e|[ Vum(t, @)
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Then

24b[33 || () || 1°
4 x 2-8

3k
4B+ aBl) < -l Ve - alVur =5 [ [imitds+a
< 20afbf* o (1, ) |

— 210a‘b’8086720at”wm(t) HZO

<
So we have
E'(t)+aE(t) < h(t)e™,
SEBD) < e,
WE@—Em)g‘[h@&%&
E(t) < E0)e ™ +e ™ /Oth(s)easds.
Since

t at
lim {e_“t/ h(s)e“sds} = lim hlt)e
0

t—o00 aeat

= Liimag

Q t—oo

and in our case h(t) = 2'%|b|®c®e19%" which tends to zero as t — oo. It follows that,

E(t) -0 as t— oo.

Also we have, for some 77 > 0

E(t) < ¢; whenever t>T;. (4.30)
On the other hand we have

1
[EO] 2 VO™ [° + SlIVe|P+

k iy 2SI @) B3|V el Vum ()]
+§/Q|¢ |4da = : 5 (4.31)
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Letting ¢ = 1 we have

1 1 k 2400
B> SV + v+ 5 [y - 2
Q

8080%0

8

From (4.30) and (4.32) it follows that

V™ @)1, IVa™ ()] < ¢

Next we obtain estimates for /™u™ and )™ym

[ ™|

NN N

N

N\

N

N

(by Holder’s Inequality) < [[¢™ (¢)| zal[u™ (¢)] 14
(by Ladyzhenskaya Inequality) <

1 m 3\ m 1 m 3
20l ™ @A V™ @) le™ @[ Vu™ (@) 3

(by Young’s Inequality) <

2 (“W(ﬂllz . ||wm<t>||2)% <||um<t>||2 | ||vum<t>||z>;

4 % 4 %
2(|lw™ () + V™ (@)]2) 2 (™ @)1 + || V™ (t)]2) 2
2[[ ™ O [l™ ()| <

C7

From a similar computation it follows that

[l | < ™ (Ol < cs

(4.32)

(4.33)

(4.34)

(4.35)

From (4.23),(4.33),(4.34) and (4.35) it follows that we can extract subsequences
{y™i} and {u™i} from {¢p™} and {u™}, respectively, such that

Y™ — 3 in L(0,T : L*(Q)

Y™ —p in L(0,T : H&(Q)) weakly star;

u™ —u in L®(0,T: Hy(Q)) weakly star;
(

weakly star;

Y™ — a in L2(0,T: L*(Q)) weakly star;
)

|¢mf|2¢mf — - in L*(0,T: LQ(Q)) weakly star;
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Let us denote the projection from L?(€2) to the space spanned by [vi,vs, ..., U

by P,,. Then from (4.15) and (4.16) we have

i+ P AY™ + da)™ — bPpu ™ — kP, [p™| ™ = 0,
PpAu™ = bP,,|y™ .

Then
mow (Y™ w
Hiﬁ;ﬂHH*l — sup |(¢t >| — Sup| <¢t )|
[[wl| g2 [[w]| g2
< V™| 4 all™ |+ bl ™™ | + K™ (|74
< Cg.
So we have
Y™ e L0, T : Hy(Q) and ¢ e L™0,T: H(Q)).
Then

Y™ E Wy = {v:ve LY0,T: H}(Q)),v, € L*(0, T : H(Q))} (4.41)

Since H} — L* — H~! by Theorem 2.2.11 it follows that the sequence {y)™} is
compact in L0, 7T : L*(Q)) := L*(Q). Thus it has a subsequence converging to 1

in L*(Q) and almost everywhere, we denote this subsequence by {¢™}.

So we have
Y™)" — Yy almost everywhere
and
||¢mW||L2(Q) <C.
Thus

YY" — ) weakly in L3(Q).

By similar reasoning we deduce that

a=vu and 7 =[P,
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Let ¢;(t) be complex valued and d;(t) be real valued functions which are continuous

and differentiable, with ¢;(7°) = 0. Multiplying (4.15) by ¢;(t) and (4.16) by d;(t),

and integrating from 0 to T we obtain

/0 [—i(@™ (), c(t)vy) + (DA™ (), ¢;(t)v;) + ia(y™, ¢;(t)v))
—b(u™ "™, c;(t)vs) — k([0 ™, ¢ (t)vy)]dt = i(¥™(0), ¢5(0)vy)

/0 (V™ (), d; (1) Voy) + (|, s (t)oy)dt = 0.

Due to the previous results, as m — oo we have

/0 [—i(0(0), (t)uy) + (A(D), ¢ (D)) + daleh, e5(t)uy) — blub, ¢5(t)o,)
— (P, ¢ (D))t = i((0), ¢, (0)uy)

/0 (Vut), dy(£)V;) + b(|[2, dy(tyo;)dt = 0

The above equations by continuity are valid for all

U eCH0,T: L*(Q)NC°0,T : Hy()) such that W(T) = 0;
d(t) € C°(0,T : Hy()).
Moreover (4.23) and (4.30) imply that ||Vu™(¢)|| and [[V¢™(t)| are tending to zero

with an exponential rate as t — oco. Hence [|[Vu(t)|| and ||[Vi(t)] tend to zero as

t — o0.

4.2 Existence of a Strong Solution

Let © be a bounded domain in R? with sufficiently smooth boundary 9.

We call a pair [¢, u] a strong solution of (4.1)—(4.4) in [0, co) if the following conditions
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are satisfied for all 7" > 0

(s1) e L¥0,T : HY(Q) N H3(Q)), b € L0, T : HY())
we L®(0,T : HX(Q) N H2(Q)):
(s2) [ (b — A + butp + iayp + ko[, U(t))dt = 0
for any complex function ¥ € C°(0,T : L*(Q));

(s3) fOT(Au — bp)?, ®(t))dt =0 for any real function @ € CY(0,T : L*()).

Theorem 4.2.1 (Existence of Strong Solutions) . Ify, € H}(Q)NH3(), then

there exists a strong solution of the problem (4.1) — (4.4).

Proof of Theorem4.2.1 As in the proof of Theorem 4.1.1, we employ Galerkin’s
method to prove the existence of a strong solution.
First we obtain estimates for the initial values of approximate solution. Let

[¢¥™, u™] be solution of the equations (4.15) — (4.16) with initial data ™ (0, z) satis-

fying
Y"™(0,2) — 1)y in the strong topology of HJ(Q2) N H?(). (4.42)

From (4.15) and (4.16) with ¢t = 0, we have

(), 0;) + (AG™(0), v,) + ia(™(0), v;) — bu™(0)4™ (0), vy,

e
— k(| (0) 4™ (0), v;) = 0 (4.43)
(Au™(0), v;) — b(R™(0)F7(0), v;) = 0. (4.44)

Multiplying (4.43) by —A;a,,,(0) and summing in j from 1 to m we obtain from (4.14)
and (4.15)

i(1i"(0), Agi(0)) + (Ay™(0), A" (0)) +da(¢™(0), Ay;™(0))
— b(u™(0)y™(0), Ay (0)) — k([¥™(0)[*¥™(0), Avi™(0)) = 0



Chapter 4: Dissipative Nonlinear Schrédinger-Newton System 55

The last equality is equivalent to

Ve )| = (V*™(0), Vi (0) +ia(Vy™(0), Vi (0))
—b(Vu™(0)™(0), Vi (0)) — b(u™(0) V™ (0), Vi (0)).
—2k([¢™(0)[*V™(0), V™ (0)) — k(Y™ (0)(4™(0))%, V5" (0))

= |[V¢(0)]> < (Holder’s Inequality) <
< (V2™ () + BV ™ (0) | al|[9™ (0) [ s +
+Hol[u™ (0) [ V™ (0) ][ 2+ + [al V4™ (0)]
+2[[ [y (0)][Zs V™ (0) ] 4
HEIVEm(0) |z ™ O)[7) V7 (0)]]-

By initial conditions the sum in the parenthesis is bounded, thus ||V, (0)]| is bounded.
Secondly we obtain a priori estimates. Suppose that [¢), u| is a smooth solution of

(4.1) — (4.4). We differentiate equation (4.1) and its adjoint with respect to ¢.

ity + Ay +daryy — bugh — bua), — k(||*), = (4.45)
—ith,, + A, —ia), — bug) — buyp, — k([Y*), = 0 (4.46)

on multiplying (4.45) by 1,, and (4.46) by 1)y, respectively, we obtain

i(wttv wtt) + (Awta wtt) + ia(¢t7 wtt) - b(utwa 2/}1515) - b(UTPta ?/Jtt) - k((|¢|2¢)t7 wtt) =0

- i(d’tu @/Jtt) + (@/Jtt, AT/)t) - m(@/)tt, @Dt) - b(@/)tt, Ut¢) - b(wttv U%Ut) - k(d’tt, (|7/)|21/))t) =
=0

which are equivalent to
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(U, V) = (Vbr, Vo) — ia(tr, Yu) + b(ugth, i) + b(uthy, u) + k((|¢|2¢)ta Vi)
—i (Yo, V) = (Vbie, Vo) + ia (e, 1) + b, wth) + b(Wus, uthe) + k(Wur, ([9019)e)

Adding both sides of the above equalities we get

d
%HW&HQ = —ia(y, u) + blugd, ¥y) + bluthy, i) + k(([0°0)1, Yur)
+ ia(Pu, V1) + b(u, wth) + bW, uthy) + k(s (J0P10)e).  (4.47)

Differentiating equation (4.2) in ¢ and multiplying it by uy, we get
(Aug, ug) = (b, uw) + b(ty, uy)

which is equivalent to

1d 2 _ _
éaﬂvut” = —b(Vyh, ug) — bWy, ugt). (4.48)

One has

d d d
a(%u,%) + E(@thuta @Zj) + %(@Dut,%) = (¢ttua ¢t)+
+ (@Dtua @/)tt) + (¢ttuta @Z)) + (?/)Utu ¢)+
+ (Yuge, ¥r) + (ug, Vo) + 3(Peug, ). (4.49)

Combining (4.47), (4.48) and (4.49) we obtain

d
— UV + [Vl + 2w, 1) + 2b(tbyur, ) + 2b(Yue, 1)) =

= 6b(eur, Pr) — 4aS (W, ) — 2k(([91%0)e, Y1) — 2k (Wur, ([10*40)s).

Integrating the above identity from 0 to ¢ we get
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2V + ([ Ve () |* + 26(e ()u(t), i(t))+
+ 2b(3e (t)ue(t), (1)) + 2b(¢(t)ut(t)7¢t(t)) = 2||V77Z)t(0)||2 + ||Vut(0)||2+
+ 2b(1:(0)u(0),1¢(0)) + 2b(10¢(0)u(0), 4(0)) 4 2b(¢)(0)u(0), 14 (0)) +

+6b/0 (ws(s)us(s),ws(s))ds—4@%/0 (¥s(8), ss(8))ds

On the other hand we have

[b(e()u(t), i(1))]

[b(r(t)u(t), (1))

[b(o(E)us(t), 1e(t))]

INCININ NN N

N

NN

N

NN

N

4R / () P0(8))s, thos(8))ds (4:50)

(by Holder Inequality) < [Bll[e] s [lul| a | ]

(by Ladyzhenskaya Inequality) <

23] |90 | 4[|V el | 7 [l [0 |

22| [ | 3| V| ] o

(by Sobolev Inequality) < 2 [b||[v¢| ]|V | T [Jully
(by Young’s Inequality) <

3 D18 8
21w+ 2230 ) el

(by Holder Inequality) < [b[[¢)| 24 [|wel| 4 [|2¢]
(by Sobolev Inequality) < [b[|[t)[]x[|ue|[1[|¢¢]]

) 1 b?
(by Young's Tnequality) < 3 ]? + =l 2163

(by Holder Inequality) < |b|||w||za |l || o |||
(by Sobolev Inequality) < [b][[9][1 [|we]|1][¢]]

) 1 b?
(by Young's Tnequality) < 34]? + =l 21
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N

AW$M®%@W Awww%MWM@Mw

N

(by Sobolev Inequality) < / [Vus(s)||[[1s(5)|74ds

N

(Ladyzhenskaya Inequality) <

t
1 3
(ijwWMMNWMMS
(Young’s Inequality) <

/HWsWd+/me%_/W% B,

To find a bound for ||¢||* we differentiate (4.1) and its adjoint with respect to ¢

V/ANV/AN

N

and multiply the first one by v, and the second one by 1

i(Ve, Vur) + (Athy, ) +ia(ty, ) — b(ugy), ) — b(uthy, ¥y) — k:((|1/1|21/1)t, Y) =0
_i(qu)hwtt) + (wta A¢t> - ia(¢t7 ¢t) - b<¢t7utw) - b<¢t7uwt) - k(¢t: (|¢|2¢)t) =0

Subtracting the second equation from the first we obtain

d
ZEHMHZ + 2“”%"2 — 2ibS (), ) — zik%((W’Qw)tth) =0
d
= a(GQ“tHthz) = 203 (uth, 1) + 2kS(([Y*)r, ¥r)

d
= () < 201, vl + 20RO PP, )

2|bll\wt|lIlw(t)llmllut(t)\!m+3\k|/ 2| *d
Q
1
2|b|\/EH%Hﬁllw(t)HmHut(t)Hm + 3JE[ [ ()17 [ (017
bl | ORI, | 32Ol Tl
2 2a ‘_1(2@)

2a 2
, 2allvl
4

N

N

N

+
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e WO OR, | 382800 LIV
(Y <
= S ) < 2& TVt
82| (8) )12 Jue (0) |17 | Ve (2)]| 2 +3§ 25 |t ()Hm”thHQ
2a 1(2a)3
wll> (8B 0()||124)3 ||V (2)]?
o Ikt | SROBNITUOF | onip s

3

Differentiating (4.2) in ¢t we get

Aup = bibytp + bpipy, = [| D] < 200][[e s |0 -

1 11 3
= [[Au* < 40107 < 8D°[w[52a2 [|ob ]2 ™! Ve |2
8
16a2 (|l | 16b3 ||| Vebu
< + T
4 (16a2)34

125 W|’L4\|V¢tH2
(16a2)3

= llulliz < Aa®[[el* + (4.52)

Combining (4.51) and (4.52) we obtain

d a
—(eatlllﬁ 1) < —IIMII2 + ||V ||? + crol| Ve

) < enl[ Vel + a0
Mw2<aﬁ@n/HV%W%+wm/nvmww+wmmw% (4.53)
0 0

We also need to find a bound for —4kR fg((|¢(s)|2w(s))s,@DSS(S))ds
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4w / (((3)24(5))s, s () < AK] / ()P (5))er us(s))ds

t t
< 4fk| (2 ; (s, s )ds| + i (w%w%)ds)

t t
~ k: 2 S ) d 2_ SSd
<4 |(2/0 [P, s+/0 [ 10P@te.d )
t d
<12|k| / / [0 o, Pds

|1/1\2 [¥s]*) — —\¢!27|¢s|2)d5

< 12| (( ()I2 [ ®)F) = ([ (0 )|2,|¢t(0)|2)|)
i (1/@5, [s[*)ds i (WS, [s[*)ds

t
2y *, ss) + (V"1 1hss)ds

< 120K [l ONLNeONLa + [ O)Za I (0)I17:]

WS‘idS

< 120k] exzl Vo) el B 1Vl + eis)
t
s [ IVl T

< ClSHthQ + 6’/@’5HV¢7&HZ

t
+ 016/ | Vabs||2ds +c17 for 0<t<T. (4.54)
0

Now it remains to estimate the expression —4a<¥ fg(ws(s), ss(s))ds

We have

(7/%, wtt) = —i(Vw, tht) - @<7/17 wtt) - ib(uw,wtt) - ik(’w‘2w>wtt)

= _(i(V@D V) — (Vipy, Vb)) — a(i(¢a¢t) — (Y, Uy))
—zb( (uw Vr) — (uth, vy) — (uthe, y)) —Zk( (WJ! ¥, )

—(lyl* ¢)t>¢t)
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—alw(t), ta() + a((0), 1(0)) + a / \wsu%
b)), (0)) + D (0)(0), (0)) +
i [ Casols) )+ [ o)l )
PO, () + iR(0P(0), 6:(0)) +

)
Hkl(mmgﬁmgm¢xﬁwﬂ

= 4aS [ (s, de)ds - < 4al| VOOV )]+ 4al VH(0) [ V1(0)]] +
+4a/0 IV ds + da®|[ (@) | [ (@)]] + da® (v (0) ][4 (0) |

Tl / Neta Ll () 195 (5) | s + datp) / el () | 2ds
0 0
a0 [ () 1 + Aalkl [ (0) [ [ 0)
124l / () 2alehs(5) 2l
< 4GHVQ/}(1§)H2+4CL81HV¢)5 H2 / ||V"7Ds || ds

281

+ersl[ e (2)]1? +

2
M + 9. (4.55)

From (4.50), (4.54), (4.55), (4.51), (4.51) and (4.51) it follows that

t t
el V(82 + [ Voouel? < em / IV (5)]1%ds + exo / IV s (5)]%ds + cas.
0 0

From Gronwall’s lemma it follows that
IV, [[Vu|| < cog for 0<t<T (4.56)

where c94 depends on a, b, k,T" and initial conditions.

Thirdly we show the convergence of the approximate solutions of (4.15) and (4.16)
which satisfy the initial condition (4.42). The result we obtained in (4.56) is valid for
a solution [, u™] of (4.15) — (4.16). So we have
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IV @O, [V (O] < cas, (4.57)

where ¢y5 is independent of m. Therefore we can extract subsequences {1} and

{u™} from {¢™} and {u™} such that

Y™ — by in L(0,T: Hy(2)) weakly * (4.58)
u™ —uy, in L®(0,T: Hy(2)) weakly x (4.59)

Finally we show that
Y € L0, T : Hy(Q) NH*(Q)) and u € L>(0,T : Hy(Q) N H*(Q)).
We rewrite (4.1) and (4.2) as follows

AY = —inhy — iarp + buyp + klp|* = 0,
Au = by

By the above results it follows that
A e L0, T : L*(Q)) and Aue L>*(0,T : L*(Q))
and consequently
Y € L0, T : Hy(Q) NH*(Q)) we L0, T : Hy(Q) N H*(Q)) (4.60)

Moreover (4.60) yields ¢Yu € L>(0,T : Hy()).
Therefore

Y € L0, T : Hy(Q) N H*(Q)).
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4.3 Uniqueness of a Strong Solution

Theorem 4.3.1 (Uniqueness of Strong Solutions) : A strong solution [, u] of
the problem (4.1) — (4.4) is uniquely determined by the initial data.

Proof of Theorem4.3.1: Assume that [, u)] (i = 1,2) are two strong solutions
of (4.1) — (4.4) with the same initial data. Let & = ) — @ and v = u®) — u?.

Then the following equations hold:

i& + A&+ iaf — buMpD + bu@p@ — klpO 12D 4 k[p@ 2P = 0,(4.61)
Av =l — bl (4.62)

which are equivalent to

i€ + Aiag — o™ — buP¢ — kYW PE — ky@ypU¢ — k@ P¢ = 0, (4.63)
Av = —vpM) — @ (4.64)

We multiply (4.63) by &

i(&,6) — |VE|)? +iall€]? = b, &) — buP¢, &) — /Q W2 d
_ D@ D12 dr — (2)121¢12,7,.
k/wa € k/ﬂw 2l¢ds = 0. (4.65)

Taking the imaginary part of (4.65) we obtain

G167 + 20l = 2600, €) + 243 [ [WOPEds + 263 [ TP
Q Q

d
= Sl +2algl? < 2 [ ollo®leldo + 2k [ w0 PlePds +

s2k [ @10 da
Q
P e A T P T P8
b
< U + IO T + 260 +

H[p D poo [0 oo ) 1€] 2. (4.66)

N



Chapter 4: Dissipative Nonlinear Schrédinger-Newton System 64

On the other hand we have

Av = [0 = [P = g0 + ¢
= —HVUH2:/fmvdxjt/fw@)vd:c
0 0

= [IVol? = (WD + [Pz €l ol

AL ([ o + [P ) [Vl €]l
1

ea[€1° + S IVl

= Vol < earll€]”. (4.67)

N

N

From (4.66) and (4.67) we get

d
ZEl” < easligl® (4.68)

where cog = co7 + ()\_bl + 2k + 2k||¢(2)||L°°)||@/’(1)HL°°'

(4.68) = [|€IP=0=¢=0 (4.69)
(4.69) and (4.67) = v =0.
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Chapter 5

CONCLUSION

The Schrodinger-Newton equations as introduced by Penrose are closely related to
the Schrodinger-Poisson equations which have been studied for much longer. They are
also the non-relativistic limit of the Einstein equations with a complex Klein-Gordon
field as source which is why their solutions are sometimes known as boson stars.

There is a remarkable amount of research done on time-independent Schrédinger-
Newton system. The spherically-symmetric stationary solutions of Schrodinger-Newton
system have been the subject of several independent numerical studies [9] and [15]. In
[15] I. Moroz, R. Penrose and K. P. Tod with the aid of numerical techniques obtained

the following results

e There is a discrete family of finite smooth solutions labeled by the positive

integers; for the nth solution, S(r) has n — 1 zeros;
e For these solutions, S(r) is normalizable;

e The energy eigenvalues are negative, increasing monotonically with n towards

Z€ro;

e These ’bound states’ are the only solutions which are smooth and finite for all

L

Singular solutions blow up at finite values of r with V' — —oco and S + oo .

The solutions found numerically have been proven to exist by K. P. Tod and 1. M.

Moroz in [24].
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The existence of stationary solutions for a Schrodinger-Poisson system in R3, under
appropriate assumptions on the data is proved by K. Benmlih in [2].

D. Ruiz studied the Schrodinger-Newton system under the effect of a nonlinear
local term in [20]. The author has proved results on existence and nonexistence of
stationary solutions of the system in his paper.

We have shown the existence of weak solution of the initial boundary value problem
for Dissipative Nonlinear Schrédinger-Newton Equation on a bounded domain in R3.
We also have proved some results on the asymptotic behavior of solutions.

We have proved that the initial boundary value problem for Dissipative Nonlinear
Schrodinger-Newton Equation has a unique strong solution on a bounded domain in

R3.
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