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ABSTRACT

Oscillatory behavior is encountered in many types of systems including electronic, opti-
cal, mechanical, biological, chemical, financial, social and climatological systems. Carefully
designed oscillators are intentionally introduced into many engineered systems to provide
essential functionality for system operation. Oscillatory behavior in biological systems is
seen in population dynamics models, in neural systems, in the motor system, and in cir-
cadian rhythms. Intracellular and intercellular oscillators of various types perform crucial
functions in biological systems. Due to their essentialness, and intricate and interesting
dynamic behavior, biological oscillations have been a research focus for decades. Genetic
oscillators that are responsible for setting up the circadian rhythms have received particular
attention. Oscillators in electronic and telecommunication systems are adversely affected
by the presence of undesired disturbances such as noise. These have an impact on the
spectral and timing properties of the ideally periodic signals generated by oscillators, re-
sulting in power spreading in the spectrum and zero-crossing jitter and phase drift in the
time domain. Unlike other systems which contain an implicit or explicit time reference,
autonomously oscillating systems respond to noise in a peculiar and somewhat nonintuitive
manner. Understanding the behavior of oscillators used in electronic systems in the pres-
ence of disturbances and noise has been a preoccupation for researchers for many decades.
The behavior of biological oscillators under various types of disturbances has also been the
focus of a good deal of research work in the second half of 20th century. The work on
oscillator analysis in these two disparate disciplines seem to have progressed independently,
without any cross-fertilization in between. In this thesis, we first decipher previous work
on oscillator analysis in both biology and electronics by translating them into a common
terminology and formalism. We then develop a rigorous, unifying oscillator analysis theory
by using results and concepts from both domains in a synergistic manner. In doing so, we
fill certain conceptual and theoretical gaps that we identify in oscillator analysis theories

that have been developed both in electronics and biology that pertain to phase analysis.
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We formulate a general phase analysis technique that captures both state and parametric
perturbations in a unified manner. This phase analysis technique we develop can be ap-
plied to oscillators modeled with mixed differential-algebraic equations as opposed to pure
differential ones. By reviewing the numerical methods that have been developed for both
electronic and biological oscillator analysis, we show that the numerical techniques currently
in use for biological oscillators are superseded by the ones that have been recently developed
for electronic oscillator analysis. Oscillator perturbation analysis examples produced using

a Matlab oscillator analysis toolbox we have developed are presented.



OZETCE

Elektronik, optik, mekanik, biyolojik, kimyasal, finansal, sosyal, iklimsel ve benzeri sis-
temlerde osilasyonlara rastlanmaktadir. Dikkatle tasarlanmig osilatorler, miihendislerce inga
edilmis birgok sistemde iglevsel gorevleri yerine getirmektedirler. Biyolojik sistemler kap-
saminda osilasyonlar, popiilasyon dinamigi modellerinde, néral sistemlerde, motor siste-
minde ve yirmi dort saatlik ritimlerde rol oynamaktadirlar. Hiicreler arasinda ve hiicre
iginde biyolojik osilatorler birgok 6nemli iglevi iistlenmektedirler. Gerekli ve temel olmalari,
karmagik ve ilgi cekici dinamik ozelliklere sahip olmalari nedeniyle, biyolojik osilasyon-
lar, yillardir birgok aragtirmanin odaginda yer almiglardir. Yirmi dort saatlik ritimleri
ayarlamakla yiikiimlii olan genetik osilatorler, énemli derecede ilgi gormiislerdir. Elek-
tronik ve telekomiinikasyon sistemlerindeki osilatorler, giiriiltii gibi istenmeyen olgulardan
olumsuz yonde etkilenirler. Bu giiriiltiiler, osilatorler tarafindan olusturulan ideal periy-
odik sinyallerin spektrum ve zamanlama o6zelliklerini bozarlar. Bu nedenle, spektrumda
belli frekanslarda yogunlagmasi gereken giig, cevre frekanslara da dagilir. Ayrica, zaman
ekseninde sinyalde faz kaymasi gozlenir. Bir gekilde zaman referansi olan diger sistem-
lerle kars: lagtirildiklarinda 6zerk osilatorler, giiriiltiiye karsiilk bakista akil yurttiilemeyecek
derecede garip bir bigimde tepki gosterirler. Elektronik sistemlerde kullanilan osilatorlerin,
gliriiltic var oldugu anlarda isleyiglerini anlayabilmek, aragtirmacilarin yillardir kafa yor-
duklar1 bir konudur. Cesitli tiirlerde giirtiltiiye maruz kalan biyolojik sistemlerin incelen-
mesi de yirminci yiizyihn ikinci yarisinda 6nemli bir aragtirma konusu haline gelmistir.
Birbirinden ayrik bu iki disiplinde osilatér analizi iizerine aragtirmalar, bagimsiz olarak il-
erleyegelmiglerdir ve elektronik ile biyoloji arasinda bu konu iizerine aragtirmacilar arasinda
goris aligverisi simdiye dek gerceklesmemistir. Bu tezde, osilator analizi lizerine elektronik
ve biyolojide ortaya konmus olan katkilar, belli bir terminoloji araciligiyla tek bir bicime
terctime edilerek desifre edilmektedir. Sonrasinda, her iki disiplinden de sonuglar ve kavram-
lar kullanilarak, kesin ve birlestirici bir osilator analizi teorisi meydana gikarilmaktadir. Bu

katki ortaya konulurken, elektronik ve biyolojide faz analizi kapsaminda olusagelmis baz
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kavramsal ve teorik bogluklar doldurulmaktadir. Zamana bagl, istenmeyen, hem durumsal,
hem de parametrik degisimlerin varliginda faz analizi, gelistirilen birlestirici analiz catis
altinda, birlikte ele alinabilmektedir. Bu faz analiz teknigi, karisik diferansiyel-cebirsel
denklemlerle modellenmis osilatorlere uygulanabildigi gibi sadece diferansiyel denklemler
de incelenebilmektedir. Elektronik ve biyolojik osilatér analizi icin geligtirilmis niimerik
yontemler incelenerek, daha yakin zamanda gelistirilmis olan elektronikteki yontemlerin,
biyolojideki yontemlere gore daha iistiin olduklar1 gosterilmektedir. Gelistirilmis olan Mat-

lab osilator analizi program paketi ile osilator analizi 6rnekleri olugturulup belgelenmektedir.
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Chapter 1

INTRODUCTION

Oscillators and their analyses have drawn considerable attention from scientists in var-
ious fields of research. These autonomous components are either engineered into systems
for different purposes, or they exist naturally in, for example, biological systems. Elec-
tronic oscillators are used to generate clock signals in digital electronic systems, so that
synchronization can be maintained between various components. In communication sys-
tems, the periodic signal that is generated by an electronic oscillator is used as a carrier for
frequency translation of data signals. Neural [9], and circadian oscillators [6], are two types
in the biological domain, which have drawn considerable research effort for decades. Neural
oscillations are used for for information transfer in inter-cellular activities. A living organ-
ism possesses a circadian oscillator, setting an oscillatory schedule for biological activities
within the day. The daily cycle determined by the sun is twenty-four hours and modulates
the circadian rhythym. The name “circadian” suggests that the period of oscillation of the
oscillator maintained in an organism is about but not exactly twenty-four hours. Therefore,
if an organism is forced to bear constant darkness, the circadian oscillator gradually takes
control of the circadian rhythym, dictating its own period of oscillation. The circadian
period of human beings is twenty-five hours.

Oscillators are plagued by perturbations and noise. Perturbations have an adverse effect
on the operation of oscillators, which are expected to yield perfect periodic signals in steady-
state. It happens that both the amplitude and phase of these periodic signals are affected
by perturbations. Particularly, phase is an important concept that requires close attention,
because in many electronic applications and biological schemes oscillators are employed as
reference time generators. If the phase of an oscillator is altered through perturbations and
noise, then the output periodic waveforms of oscillators cease to be perfect time references.

Therefore, the study on the mathematical models, in terms of differential equations, of
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oscillators, particularly targeting phase, has grown to be a preoccupation in research.

Research on oscillator phase analysis has been conducted for decades. A major accom-
plishment was the derivation of a differential equation, defining phase. This differential
equation, which we will frequently refer to as the phase equation, was actually derived in
both domains, and the derivations yielded surprisingly the same expression. It appears per-
fectly unnatural to obtain the same phase equation as was derived in a seemingly-detached
domain, but noting that a unifying appeal over the theory of oscillator phase must sur-
face when oscillators are expressed as differential equations, the fact that oscillator phase is
defined through the same equation in both domains is comprehensible. The contributions
to the theory of phase in both domains have accumulated rather independently, and inter-
communication has failed to flourish between biologists and electronic engineers, researching
on phase.

A thorough examination conveys that hardly any of the studies on phase has proved
to be unifying and comprehensive. Derivation of the same phase equation suggests that
the two independently progressing fields of research can indeed complement each other
in more aspects. For example, biologists, benefitting from the contributions of interested
mathematicians as well, managed to lay the grounds for precisely defining the phase of an
oscillator. This intuitive and rigorous ground has been missing in the approach adopted by
electronic engineers. On the other hand, in the electronic domain, the phase equation was
derived intuitively, but its accuracy was justified through rigorous methods. This accuracy
justification is what is missing in the works that have amassed in the biological domain. One
of the contributions in this thesis is the reconciliation of biological and electronic approaches
to the phase equation derivation. In this aspect, we will be unifying the two approaches,
filling certain conceptual and theoretical gaps, studded over the developed theories of both
domains.

The unified theory for oscillator phase analysis, which we develop in this thesis, applies
to the computation of the effects of particularly two types of perturbations, on the phase
of oscillators. Methods for analysis, accommodating time-varying state and parameter per-
turbations, are incorporated into the theory we have developed. Numerical schemes for the
computation of phase, in the presence of these two types of perturbations exist in previous

references. We observe that in the study of phase, numerical methods of the electronic do-
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main supersede those of the biological world. It is shown thorough rigorous derivations that
the theory developed by biologists, for numerical phase computations, boil down to exactly
the methods that have been utilized in the electronic domain for about a decade. However,
numerical methods used in biology are inefficient and somewhat ad hoc. Therefore, deriva-
tions for steady-state periodic solution computations and ensuing phase-related numerical
schemes are redeveloped from scratch and documented for reference. As to the possible
types of differential equations, both ODEs (Ordinary Differential Equations) and DAEs
(Differential-Algebraic Equations) are accommodated. In biology, DAEs are not accounted
for, whereas electronic circuits are generally modeled as DAEs. The more general theory,
concerning DAEs, is the focus of more detailed derivations in the chapter on numerical
methods. In addition, a MATLAB toolbox for oscillator phase analysis has been developed,
based on the methods of the electronic domain. Results obtained with this toolbox, on
simple oscillator models, are also presented.

The outline of the thesis is as follows. The necessary background on the mathematical
methods for oscillator analysis and related theory are included in Chapter Bl In order to
precisely define the phase of an oscillator, we need to make use of the invariant sets called
isochrons. Isochrons and the oscillator phase definition are the focus of Chapter Bl Using
the phase definition, the phase equation is derived in Chapter B, so that the phase response
of oscillators to state and parameter perturbations can be calculated. In Chapter B all
approaches to oscillator phase analysis are unified into a single theory, which consists of
the numerical computation of a vector function. The numerical methods for calculating
the steady-state periodic solutions of oscillators and computing the stated vector function
are presented in Chapter B In Chapter [, we present results obtained with the MATLAB

toolbox for oscillator phase analysis that we have developed.
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Chapter 2

BACKGROUND

2.1 Mathematical Models and Properties

In this section, several properties of oscillator models are provided for reference, along with
definitions and mathematical notation. The basic assumptions stated in this section are
crucial in that the validity of derivations to follow throughout this work depend on these

assumptions.

2.1.1 Oscillator Models

The model presented here could belong to virtually any device or mechanism that exhibits
autonomous oscillatory behaviour. Whichever processes that the oscillator we have been
provided may model, it is assumed that the mathematical representation of this oscillator
may be translated to a system of ODEs (Ordinary Differential Equations) of the form
X @), (2.1)
If the initial value for 1), x at ¢ = 0, x(0) in brief, is given, then () can be solved
through numerical techniques, for in most cases an analytical solution is not available.
The solution to (ZII), i.e. x(t), is assumed to satisfy the conditions that ensure its
uniqueness.
It is crucial to define a state transition function, ®, associated with the system in (21]).

The following summarizes, mathematically, the functionality of ®.

Definition 1 (State Transition Function) The state transition function, ®, associated
with (Z1), yields the state vector, x, at time to+tq, given the target time to+tq, the initial

time tg, and the state vector, x, at time tg, as in

(to +ta) = B(to + ta, to, z(to)). (2.2)
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® merely integrates equation (ZII) from tg to tg + t4, given the initial condition z(ty).
Note that @ is almost never analytically available. We evaluate ® through numerical inte-

gration of the system in (1), given an initial condition z(tg).

2.1.2 Model Size

The ODE in (1) is M-dimensional, i.e. z € RM. We have M state variables, x; for
1 <i < M. Similarly, we have M nonlinear functions, f;: RM R for 1 <i < M. These
fi’s constitute the nonlinear vector function, f: ®M — RM. Each of these M nonlinear

functions takes the state variables vector, z, as argument.

2.1.8 Model Parameters

The ODE in (1)) has L parameters incorporated. These L parameters will be denoted by
pj for 1 < j < L. p;’s are the entries of the parameters vector, p. p;’s are not included
in the state variables vector, x, but changes in the values of these parameters affect the
whole model in (), because each particular p; is included in the expressions that define

f, though the expressions for some f;’s may not explicitly include some particular p;’s.

Remark 1 Note that in (Z1l), we have used the notation, f(x), to denote the nonlinear
function, f, with its argument, x. The parameters vector, p, may be explicitly expressed as

an argument to f, if needed. In such cases, we will use the notation, f(x,p), to indicate

that f depends on x and p. Formally, f: ®RM x RL — RM |

2.1.4 Steady-State Periodic Solution

The generic ODE in () usually has multiple steady-state solutions. These solutions are
such that each of them repeats itself over and over after a subsequent interval with a pre-
determined length in time. This length in time is called the period. A formal definition for
the period will follow, but the point here is that the steady-state solutions of the generic
ODE in (1)) are periodic.

Usually, only one of the steady-state solutions of (1) is of interest. We will temporarily
call this solution xs(t). The solution of Tl with the initial condition x4(0) is z4(t).

An obvious property of the periodic z4(t) is that the time-shifted version xs(t — t),

for any tg, is again a steady-state solution of (ZII), this time with the initial condition
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z(t = 0) = z5(to). to may be called the phase difference in units of time, between the two
signals, z4(t) and zs(t — tp).

As will be clear, the computation of xs(t) is the first task in condcuting the phase analysis
of (). Since in most cases, there exists no analytical expression for the state transition

function, ®, z,(t) is calculated by numerical means.

2.1.5 Limit Cycle

x4(t), a periodic solution of the generic ODE in (ZI), visits a set of points in M, over and
over. It is going to be necessary to refer to this set of points in the derivations to follow,

hence the following definition.
Definition 2 (Limit Cycle) The limit cycle, associated with xs(t), is formally defined as
7:{:E€§TEM|$::ES(2€),WG§R+}. (2.3)

To be consistent, we will refer to z(t), the steady-state solution, as z7(t), from this
point on. v will have to possess some assumed properties, for analyses to be carried out on

the phase of 7. These properties will shortly be formally stated.

a) Periodic Waveforms

4
2
0 L
Sl == —x‘{(t)
- = omy
_4 ! ! ! ! ! ! Xz(t)
0 1 2 3 4 5 6 7
t (seconds)
b) Limit Cycle
3 T
2 L m
1 - .
= of .
x
_1 - .
_2 = .
-3 i i i i i
-3 -2 -1 0 1 2 3
4
()

Figure 2.1: Van der Pol Oscillator. a) Steady-State Periodic Waveforms, b) Limit Cycle.
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2.1.6 Period and Frequency

A crucial property, at steady-state, of autonomous oscillating systems as in (1), is period-
icity. A periodic signal is one that repeats itself over and over, regularly, with a predefined
interval, called the period of the signal. A formal definition is as follows for the period of

27 (t), a steady-state solution of (EITI).

Definition 3 (Period) Let 7 (t) be a steady-state solution of the generic ODE in (Z1),
with £7(0) at t = 0 as the initial value. Let there be a set that will be denoted by T, defined
as

T ={T"2"(to +T") = 27 (to), Vto > 0} .
27 (tog + T%) = ®(tg + 1% to, 27 (to)), where ® is the state transition function associated with
(Z1). We define T, the period of x7(t), to be the smallest positive number in T. We may
as well refer to T' as the period on 7, the limit cycle. ~y is the set of points that x7(t) visits

through time.

It must be noted again that there can be more than one periodic solution of the generic
model in (ZJ]). Usually, only one of these periodic solutions is of interest, and in this case,
this solution is x7 ().

Having defined 7', the period of a particular periodic solution, x7(¢), we now define the

frequency and angular frequency of x7(t).

Definition 4 (Frequency) f{, the frequency of Z7(t), is given by the reciprocal of T, the
period, as in

fo =1/T.
wq, the angular frequency of 27 (t), is given by

wy =2rf) =2n/T.
Figure 2] depicts the periodic solution and the corresponding limit cycle of the famous
Van der Pol oscillator.
2.1.7 Number of Timepoints

Ideally, we would like to compute z7(t) analytically. Unfortunately, z7(¢) is almost never

analytically computable. We will represent 27 (), through N samples along a single interval
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of length T.

The location of these N time points along the interval depends on the numerical method
that is employed. Timepoints are more frequent, along intervals on which the periodic signal,
x7(t), is changing at a higher rate. Some numerical methods, on the other hand, require

timepoints to be uniformly separated.

2.1.8 Orbital Stability

We will now explain orbital stability, more commonly known as Liapunov stability, of z7(¢),
the periodic steady-state solution of the system in (ZII). As stated before, 7 is the set of
points that x7(t) visits repeatedly as time progresses.

In order to define orbital stability, we must first define a metric dist in ®M. Let dist(z,)
be the distance between a point = and v. We may assume that dist(x,) is the smallest
FEuclidean distance between x and all the points in ~.

Let 2°(t) be a solution of (TI) in the close neighborhood of . If z7(t) is orbitally
stable, the fact that dist(z°(0),~) is bounded implies that dist(®(t,0,2°(0)),~) will remain
bounded for ¢ > 0. Note that 2°(t) = ®(¢,0,2°(0)). Informally, nearby solutions remain

near v if 27(t) is orbitally stable. A more formal definition follows.

Definition 5 (Orbital Stability) The solution " (t) of (Z) is said to be orbitally stable,

if for any € > 0, there exists a § > 0 such that
dist(2°(0),7) < 6
implies
dist(®(t,0,2°(0)),7) < €.

where 20(t) is a solution in a neighborhood W of the limit cycle v. The set of points

constituting W are in turn called the domain of attraction.

Figure is a depiction of the bounds employed in Definition
We have to impose a stronger condition on z7(t), for the forthcoming derivations to take

effect. This condition is given by the name asymptotic orbital stability.

Definition 6 (Asymptotic Orbital Stability) The solution x7(t) of (Z1) is said to pos-

sess asymptotic orbital stability, if x7(t) is orbitally stable and, if there exists a 6 > 0 such
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that dist(x°(0),~) < & implies

lim dist(®(t,0,2°(0)),v) =0,

t—oo

where 2°(t) is a solution in neighborhood W of the limit cycle, .

=(0)

Figure 2.2: Depiction of bounds for orbital stability.

2.1.9 Asymptotic Phase

We stated that x7(t) is the particular steady-state periodic solution on . Let us have &
and ¢ denote two points in time, such that &, ¢ € [0,7), where, T is the period on ~. It
is known that z7(§) = 27(¢) if and only if £ = ¢. Otherwise, the uniqueness of solutions
property of the generic ODE in (Z1]) would be ruled out. We may extend this statement to
all time-shifted steady-state solutions on ~, i.e. z7(t+ &) = 27 (¢t + () if and only if £ = (,
for t > 0.

Let 2°(t) be a solution in M such that 2°(¢t) € W, Vt > 0, where W is the domain of
attraction associated with . All states in W tend to the limit cycle v as time progresses,

for the system in (1), for v has asymptotic orbital stability.
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Note that 2°(0) is the initial state of the solution z°(¢), and
2%(t) = ®(t,0,2°(0)).

27 (t) has the asymptotic phase property if 2°(¢) tends to simultaneously hit the same points

as a time-shifted version of z7(t), as t — oo.

Definition 7 (Asymptotic Phase) z7(t), the steady-state periodic solution of the generic
ODE system in (Z), has the asymptotic phase property if for each solution x°(t), such
that 2°(0) € W, there is a constant a(z%(0)), such that

lim (®(¢,0,2°(0)) — 27(¢t + a(2°(0)))) = 0.

t—o0

For (1) to have asmptotic phase, o(2°(0)) must be constant for all possible z°(0) € W.
Note that the solution z°(¢) itself maps to some constant value a(x°(0)), depending on the
initial state 2°(0).

Figure summarizes this review of asymptotic phase.

2%(7)
.

290
W 2(r + ax(0)))

2"(el2°(0)))

Figure 2.3: Asymptotic phase property.
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2.1.10 More General Oscillator Models

In some cases, the model in (7)) needs to be generalized. The left-hand side of this equation
may need to be expressed as, not the time derivative of just x, but the time derivative of a

nonlinear function of x, for example g(x). Then, we will have to note the following.

e The generic model, ([ZJ)) in Section XTIl will be modified as in

dq(z)
dt

= f(x). (2.4)

e The state transition function of (Z4]) will be denoted by T, in order to rule out

confusion.

e As in Section ZT.2 we will still maintain that the size of our dynamic system be
M. In this case, ¢ RM — RM along with f, will be another vector of M nonlinear

functions, each taking again x as an argument.

e The parameters vector, of size L, associated with (Z4I), will still be denoted by p, as in
Section However, in the case of (2), a first group of entries in p are parameters
belonging to only ¢. A second group of entries belongs to only f. And a third group
belongs to both ¢ and f.

The generic model in ([Z4) is a DAE (Differential Algebraic Equation). The solution of
DAEs require additional capabilities, as compared to ODEs (Ordinary Differential Equa-
tions). DAEs can be regarded as the more general form of ODEs, if it be noted that the
nonlinear multi-dimensional function, ¢, taken (in a particular DAE model) as a linear func-
tion, in particular ¢(z) = Iy = z, makes the DAE an ODE. I, is the identity matrix of
size (M x M).

We will frequently refer to ([Z4]) as the generic DAE model. Most derivations to follow
will take (Z4) as the model to elaborate on, first, and simplifications will ensue, regarding

ODEs, when ¢(z) = .

2.2 Review of Floquet Theory

The steady-state periodic solution z7(¢) and the points that constitute the limit cycle v

are computed through numerical methods. It turns out that these steady-state periodic
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solution computation algorithms use the notion of linearization around . We are able
to define LPTV (Linear Periodically Time-Varying) systems, through linearization of the
original ODE, as in (Z1]), or DAE, as in (Z4)).

This section is mainly about the analysis of these newly-generated LPTV systems. Our
aim is to express the generic form of the state transition functions for these LPTV systems.
Through Floquet theory, these generic forms are disclosed.

Before presenting a brief review of Floquet theory, however, linearization around the limit
cycle has to be introduced. This is done in Section EZZIl As to defining state transition
functions for LPTV systems, we first review how this procedure works for LTI (Linear Time
Invariant) systems, in Section Finally, Section is a review of Floquet theory for
ODEs and DAEs.

2.2.1 Linearization Around the Limit Cycle
DAFE Case

Examining the generic DAE system in (Z4)), let us set x(t) = 27(t) 4+ y(t). Then, Taylor
expansions of both sides of ([Z4)) yield

4 <q<:ﬂ<t>> v

We know that the steady-state periodic solution on 7, namely z7(t), would satisfy this

y<t>> ~ 1 0) + 2Ly (2.
Y Y

equation. Therefore,

d
2 q@M)] = f(a?). 2.
o @] = f(a7) (2.6)
Using (Z8) to cancel terms from both sides of (1), the linearized form is obtained as
d [ dq of
Sl (e = | 9. 2.
dt(@mvy) Ox Vy 27)

This process is called linearization of the generic DAE in (Z4]) around z7(¢).
One solution out of the many, of [Z7), can be found as follows. Computing the deriva-
tives of both sides of (Z6), with respect to ¢, we obtain

d [8q(m7)qu _ 0f(a") da”

dt | 9zv  dt ox7  dt’

through the chain rule of partial differentiation. We define

@) gy Oal)

G =g SV =555
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Notice that G(t) and C(t) are T-periodic matrices. Then,

2 1oman = G, (2.8
where dot denotes differentiation with respect to time.

Therefore, 27 (t) is a solution of the system of linear differential equations,

410w = Gy, (2.9
Z3) is the more compact form of (1) and is an LPTV (Linear Periodically Time-Varying)
system, and 27(¢) is a real, naturally T-periodic solution of this system. There might
be other solutions that are not real or periodic, but through the simple analysis we have
conducted, we can establish only #7(¢) as a solution. Floquet theory yields forms of the
other solutions for the system in (Z3I).

We may also seek and find a few properties of the state transition function for the
LPTV system in (Z9). For linear systems like (Z3), the state transition function can be
numerically computed, by assigning the identity matrix as the initial condition and then
solving the system forward in time.

The analysis that will disclose some properties of the state transition function for (Z9),

is best conducted if we differentiate both sides of (8] with respect to z7(0), to get

d
p7 [C(t)a:m(())

Noting that
0x7(0)

=1
ozv(0) M
where Iy is the identity matrix with size (M x M), we observe that dz7(t)/0z7(0) is a

legitimate state transition function for the LPTV system in (). This finding leads us to

declare the following.

Definition 8 (State Transition Function of DAE LPTYV Systems) The state tran-
sition function for (Z4), which is to be denoted by K(t,0), is given as

_0x7(t)
K(t,0) = 527(0)" (2.10)
and K(t,0) is computed by solving the differential equation
© [CIK(1.0) = G(t) K(.0), (21)

dt
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with
K(0,0) =Iyy.
It is possible to write

DY (£, 0,27 (0))
oxv(0) 7

because z7(t) = Y(¢,0,27(0)). Thus, ZI2) defines the relation between T and K. K(t,0),

K(t,0) = (2.12)

the state transition function of the linearized system in Z3), is Y(¢,0,27(0)), the periodic
solution on +, of the original nonlinear system in (Z4), partially differentiated with respect
to 27(0).

Furthermore, note the following about K(¢,0). K(¢,0) is an (M x M)-sized matrix,
which takes an initial condition, y(0), to y(t), i.e. if the linear differential equation in (23
were provided with an initial condition y(0) at ¢ = 0, the solution of ([ZH) at ¢t would be
y(t) = K(¢,0)y(0). Now, suppose we compute

#(T) = K(T,0)i7(0), (2.13)

where T is the period on . ©7(t), the time derivative of 27, is T-periodic. Therefore, 27 (0) =
K(T,0)z7(0). This means K(7,0) must have an eigenvalue of 1, and the corresponding
eigenvector is £7(0).

We have to review Floquet theory to spell out the explicit form of state transition
functions for LPTV systems like (Z9). Then, the other eigenpairs associated with K(7,0)
can be computed. As of now, (1, &7 (0)) is the only eigenpair that we know belongs to

K(T,0).

ODE Case

We are to briefly adapt the observations in the previous section to the ODE case. Through
a scheme, similar to the procedure explained for the DAE case, the linearized form of the
generic ODE in (Z]) is found as

dy Of

&= os) " (2.14)

Again introducing the notation G(t) = df(z7(t))/0z"(t), the compact form of ([ZId) is
obtained as

— = G(t)y. (2.15)
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Notice that in the ODE case, C(t) = dq(z7(t))/0x7(t) is not needed, because ¢(x) = z, and
then C(t) = Ipy.

A periodic solution of the LPTV system in (ZI3) is #7(¢). The forms of the other
solutions are not available through the simple analysis we conduct here. The tools of
Floquet theory are needed to express all solutions of (ZTH).

The state transition function of ([ZIH) can be defined in a manner similar to the DAE

case.

Definition 9 (State Transition Function of ODE LPTV Systems) The state tran-
sition function for (ZI3), which is to be denoted by odK(t,0), is given as

0x7(t)
dK = 2.1
0dK(1.0) = T, (216)
and odK(t,0) is computed by solving the differential equation
d
7 [odK(t,0)] = G(t) odK(t,0), (2.17)
with
odK(0,0) = I,.
Notice that
v
odK(t,0) = 9%(t,0,27(0))

orv(0) 7
where ® is the state transition function of the generic ODE system in (ZTI).
The last note in this section is that a single eigenpair of odK(7’,0) is (1, £7(0)).

2.2.2  State Transition Function of LTI Systems

Before presenting Floquet theory and the tools that this theory provides to help improve
analysis, it is useful to recall a well-known result from the theory related to LTI (Linear
Time-Invariant) dynamic systems. We will be computing the generic state-transition func-
tion for such systems and then stating the relation between the contributions of Floquet
theory and this function, which is special to LTI systems.

Let

dx
“r _ A 2.1
o T (2.18)
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be an M-dimensional dynamic system, where A is an (M x M )-dimensional constant matrix.

If A is diagonalizable, we can decompose it in the following manner.
A=UAV' (2.19)

The columns of U are the eigenvectors of A, and these columns form a biorthonormal set
with the columns of V. That means, if u; is the i column of U and vj is the 4% column

of V | then the following is true.
1 for &=

u = 0y = (2.20)
0 for @ #j

<y

Alternatively, U™ = V7. It naturally follows that UVT = VTU = I, with I,; as the
(M x M)-sized identity matrix. A is a diagonal matrix, whose diagonal entries are the

eigenvalues of A.
A
A= (2.21)

AM

Since VT = U™, the system in (I8 can be expressed as

dx
— =UAU"! 2.22
i v (222)
and the following is a reformulation.
d(U 'z)
——2 =A (U
7 (U )
Let us define y = U~'x, and write
dy
— = Ay.
at ~ Y

In fact, since A is a diagonal matrix, we have uncoupled equations for 1 < i < M, as in

dy;
— = Aili.
a Y

We can solve the equation above for any i, independent of the others.

Iny; = \t+c¢

Reformulating, we have

yi(t) = et



Chapter 2: Background 17

We solve for ¢ by setting t = 0, since we assume that an initial condition at time ¢ = 0 has

been provided. Then, we have
yi(t) = ey, (0)
Since the solution for each i is computed, we may now stack individual entries together to
form vectors.
y(t) = ey (0)
eM is a diagonal matrix, with its expanded form given as below.

e)\lt)

At
At
Inverting the employed coordinate transformation by setting y(t) = U~'z(t), we get
x(t) = UeMU2(0), (2.23)
which is the solution to (Z22).

Definition 10 (State Transition Function of LTI Systems) eA! is the state transi-

tion function of the system in (ZI8), and it is expressed as in
Al =TU MV, (2.24)

As is obvious in ([ZZJ)), eA! transforms an initial condition x(0) at time ¢ = 0 into a
solution x(t) at time ¢, for ¢ > 0.

Through dyadic products, the following could also be written.
M
eAt = Z Mty v] (2.25)
i=1

The derivation above applies to LTI systems. If A had entries that periodically varied
with period T, the formulation would have to be different. This is where we need to resort
to Flogquet Theory to extend our semi-analytical approach to LPTV (Linear Periodically

Time-Varying) systems.

2.2.3 Floquet Theory

The most commonly known form of Floquet theory is best explained and understood in the
ODE case. This is why we will provide the necessary details of Floquet theory for ODEs

first, in breach of our convention of first presenting theories for systems expressed in DAEs.
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ODE Systems

We explained, in Section ZZTl what is meant by linearization around ~. In the ODE case,

out of the generic nonlinear equation in ([Z1I), it is simple to derive

dy
= G(t)y, (2.26)

where, once again, G(t) = df(x7)/0x". We also found out, through the simple exploration
in Section ZZZT] that the LPTV (Linear Periodically Time-Varying) system in Section (226])
has a state transition function, which we called odK(t,0), with the following property.
(1, £7(0)) is an eigenpair of odK (T, 0). We will now present the explicit form of odK(¢,0),
to justify this finding. Note that Floquet Theory was not needed to compute this particular
eigenpair.

Through Floquet Theory, odK(t, s), for t > s, is expressed as
odK(t,s) =U(t)D(t —s) V'(s). (2.27)

Above, D(t — s) is assumed to be a diagonal, (M x M)-sized matrix of the form

eul (t—S)
D(i — s) . (2.28)

et (t—s)

Wi, for 1 < i < M, are called the Floquet exponents.
Both U(t) and V(t) are (M x M)-sized matrices with T-periodic entries. These matrices
also satisfy U(tg) V' (tg) = V' (to) U(ty) = I, for any ¢yg. This condition leads to the

biorthogonality property, which will be very useful in our derivations.

. 1 for =3
v; (to) uj(to) = dij = (2.29)
0 for @ #j
is true for any ¢ty > 0. Note that v;(t) is the i’ column of V(ty), and u;(to) is the j*
column of U(tp).
It must be noted here that the state transition function of the LPTV system in (220,
defined as odK(t,0), is very similar in form to the state transition function of the LTI

system in ([ZI8), given as eAt, in Definition [ of Section EZZ2 However, there is a very

conspicuous difference between the two functions. U and V, in the expanded form in ([Z24]),
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are constant matrices. However, U(t) and V(t), in the expanded form of ([ZZ7), are not
only time-dependent, but also T-periodic.

As stated before, (1, 27(0)) is an eigenpair of the matrix, odK(T',0), because 27 (t) is a
periodic solution of the LPTV system in ([Z26). It can easily be verified that 7 (tp) is an
eigenvector of odK (7T + tg, ), always corresponding to the eigenvalue of 1. Furthermore,
considering,

odK(t,s)z"(s) = 27 (t),

it is clear that £7(t) is one of the solutions of the LPTV system in (26]). Then, we may call
ui(t) = @7(t), without loss of generality. As to what the corresponding Floquet exponent,

11, may be, we consider

odK(t,5)i7(s) = e (=337 (¢),

where e#1(!=%) happens to remain 1 for any ¢ and s satisfying t > s > 0. Then, 1 = 0.

For the values of all Floquet exponents, we assume

=0 for i=1
i (2.30)
<0 for 7€ {2,..,M}

Note that for simplicity, all u; are real. In general, u; may exist as complex conjugate pairs
as well. Then, on the left-hand side of the expression in (Z30), we should have not p;, but
Re(u;), i.e. the real part of y;.

Summarizing, we assume that x7(t), is a periodic solution of the generic ODE system
in ([Z10). We linearize (1] around -, the limit cycle which consists of all the points traced
by z7(t), as time progresses. The resulting LPTV system represented by (20l has a state
transition function, odK(¢, s), given by ([Z27). Furthermore, we assume that the Floquet
exponents, p;, for 1 < i < M, satisfy the condition in (Z30). Then, it is proven that the
steady-state periodic solution, z7(t), has both asymptotic orbital stability and asymptotic
phase [I7], reviewed in Section and Section 2T respectively.

odK(t, s) can be expressed through dyadic products as well, as in

M
odK(t,5) = > e (=9 u(t) v (s). (2.31)

%
i=1

Supposing we would like to compute how odK(¢, s) would transform u;(s), the compu-
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tation follows as, making use of the biorthogonality property,

N—_——

= ety (t). (2.32)

M
odK(t,s) uj(s) = Z et =y, (t) v; (s)uj(s)
i=1

odK(t, s) transforms wu;(s) into a scaled version of u;(t). Note that ({Z32) solves the LPTV
equation in ([Z26), with initial condition w;(s).
For the computations through ([ZZ6]) to be stable, we should have

lexp(pi(t — s))| < 1. (2.33)

In (Z33)), since p; < 0 by our assumption in (Z30), it should be such that s < ¢. Therefore,
forward computations in time of [ZZH]) are stable. Backward computations are not stable.

The matrix given by odK(7',0) is called the monodromy matrix. Notice that

odK(T',0)

M
Z " T (T)v] (0)
i=1

M
= > e Tui(0)v] (0), (2.34)
=1

so u;(0) are the right eigenvectors, v;(0) are the left eigenvectors, and e’ are the corre-
sponding eigenvalues of odK(7,0), for 1 > ¢ > M. For convenience, \; = exp(u;T) are

called the Flogquet multipliers. Note that, considering the assumption in (Z30), we have

=1 for =1
| Ail = |exp(u:T)| (2.35)
<1 for i€ {2,..,M}
All Floquet multipliers except for A1 are inside the unit circle on the complex plane.
There is also an adjoint LPTV equation, associated with the forward LPTV system in
&2Z8). This adjoint equation is given by

dz T
—=-G'(1)=. (2.36)

odKT(s,t), the transpose of the expression in ([Z21), is the state transition function and
v1(t) is a periodic solution of ([Z30]).

Notice that we have

M
odKT(s,t) = Y e M Dy(s)u] (1), (2.37)
=1



Chapter 2: Background 21

where we must have

lexp(—pi(s —1))[ <1 (2.38)

for stable computations, otherwise solutions will grow without bound. In [Z38), u; <0, so
it must be such that s — ¢t < 0. Therefore, s < t. This means forward computation in time
of (Z30]) is unstable. (Z30) must be solved backward in time.
In order to find out how odKT'(s,t) transforms v;(t),
M
odK'(s,t) v(t) = Z e M= D0, () ul (t); (1)
i=1 —
ij
= e M y,(s). (2.39)

Note that ([39) solves the adjoint equation (236]) with initial condition v;(t), backward in
time, i.e. s <.

In order to relate the two LPTV equations, derived from the generic ODE in (Z1I), we
note the following observations. The scalar product of z(t), the solution of ([Z36), and the
forward LPTV equation in (ZZ0) yields

zT(t)dZ—(tt) = ()G )y(t). (2.40)

The scalar product of y(t), the solution of ([Z20)), and the forward LPTV equation in (Z30])

yields

= —y"(t)G"(t)z(1). (2.41)
Adding (Z20) and ({Z1]), we obtain, after some manipulations,

d o) =0 (2.42)

This means z" () y(t) is a constant for all t. We know that y(¢) = exp(u;t)u;(t) is a solution
for (228]), with the initial condition u;(0) at ¢t = 0. Also z(t) = exp(—pu;)v;(t) is a solution
for ([Z36) with thew initial condition v;(0) at ¢t = 0. We then have, substituting these
solutions into (Z42),

DR us(0)] = (s — ) [l (243
The solution of [ZZ3) is easily written as

oF (t)us(t) = exp(— (i — iy} (0)ui 0). (2.44)
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Notice that in @44, if ¢ = j, that v] (¢t)u;(t) = v](0)u;(0) is trivially satisfied, and by the
biorthogonality condition in [Z29) we have v/ (¢)u;(t) = v](0)u;(0) = 1. On the other hand,
when i # j, that vj(t)u;(t) = v;(0)u;(0) is true iff vj(0)u;(0) = 0, and by @ZZJ) we have

v} (t)ui(t) = vj(0)u;(0) = 0. Note that this discussion is not a proof of the biorthogonality

relation but only an observation documenting the consequences of biorthogonality over the

LPTV equations in (Z26) and (Z30).

DAE Systems

Demir in [3] draws attention to the fact that because of the properties of the nonlinear
function ¢ in Z4), x(t), which is a solution of [24I), is allowed to consist of points that are
only in a certain manifold in ®M. At each point on +, this particular manifold, which is
actually a subset of ®M, can be linearized into a linear subspace, so that a general solution

of

& (e = ao) (2.45)

at t = tq can be expressed as a linear combination of only m < M vectors in RM. ([ZZ5]) is
the linearized form of the generic DAE in (Z4), with C(t) = dq(x7(t))/0z"(t) and G(t) =
Of (x7(t)) /07 (t).

Demir in [3] expresses the state transition function of ([Z4H) as
m
K(t, s) = Z et =) (t)o] (s)C(s), (2.46)
i=1

for t > s. w;(t) and v;(t) are T-periodic Floquet vector functions, and u; are Floquet
exponents, all for 1 < i < M, associated with the LPTV system in (ZZ8). However, note
that upper limit of the summation in (240l is m, not M. The reason for this will be clear
shortly.

The biorthogonality condition for u;(t) and v;(t), where 1 < i,j < m, is given as

- 1 for i=3j
v; (to)C(to)u;(to) = dij = (2.47)
0 for i#j

with to > 0. Using 41), we can compute how K(t, s) transforms u;(s), for 1 < j < m.

N—— ——

= ety (1) (2.48)

K(t,s)uj(s) = Y e ui(t) o] (s)C(s)uy(s)
i=1
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It is clear that (ZZ8) solves the forward LPTV system equation in (ZZ3l), with initial
condition u;(s). With ¢t > s, the computation in (ZZ8]) is stable.
From (48], it can be deduced that any solution y(t) of (4% is such that y(0) can be

expressed as a linear combination of the vectors in {u1(0),...,u;,(0)}. Then,
y(0) = i ci u;(0) (2.49)
i=1
for coefficients ¢;. Through (Z2Z])
y(t) = Em: c; elitug(t). (2.50)
i=1

for t > 0. As stated earlier, 2(¢) in (24 resides in a subset of Y. In turn, y(¢) in Z5)
at any ¢ resides in a linear subspace of dimension m [3].
There are also other Floquet functions that constitute the set {wm41(t),...,un(t)}.

These vector functions reside in the nullspace of C(t) B, i.e.

C(t) {umei(t),. ... un(t)} = 0. (2.51)

This is why the upper limit in the summation expression of (48] is m. The components
that are in the span of {u;,11(s),...,un(s)} are instantly killed by K(¢, s) in (ZZ0]).
The biorthogonality condition in (Z47) can then be expressed for all Floquet functions

as
0;; for 1<i,j<m

v} (to)C(to)u;(to) = di; = (2.52)
0 for m+1<4,j<M
for any £y > 0.

Following the discussion above, we may now introduce the assumed values for Floquet
exponents. In Section 22Tl we concluded that (1, £7(0)) must be an eigenpair of K(7',0),
whose explicit form is now easily computed through (46l via Floquet Theory. As in the
discussion for ODE systems, we set without loss of generality 1 = 0 and w;(t) = &7(t).
As a sufficient condition for asymptotic orbital stability and asymptotic phase to hold, we

assume that all other Floquet exponents are negative [I7]. Considering (ZX21]) and in turn

[227]), we must set the Floquet exponents that correspond to the Floquet functions in the
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nullspace of C(t) to minus infinity. In all, we have

=0 for i=1
Hi <0 for i€ {2,..,m} (2.53)
=—o0 for i€ {m+1,..,M}

The adjoint LPTV equation for the DAE case [3] is given by

CT(t)% — _GT(1)=(8). (2.54)

The state transition function for (Z24) is not simply K (s,t), if we are to recall the form
for the ODE case. For DAEs we have

L(s,t) = Em: e 5y (s)ul (£)CT (1), (2.55)
=1

as the state transition function of the adjoint equation in (Z1).
We can easily determine how L(s, t) transforms v;(t), for 1 < j < m.
M
L(s,t) 0;(t) = D e M0 u(s) ul (£)CT (), (1)
i=1

—_——

= e_“j(s_t)vj(s). (2.56)

(EZh8) solves (ZR4) with initial condition v;(t). It is also clear that with s <, the compu-
tation in (ZBH) is stable.

The following simple derivation relates the solutions of the forward LPTV equation in
(Z23) to the solutions of the adjoint equation in (Z54]). A similar procedure has also been
included in the review for ODE systems.

The scalar product of z(t), the solution of (254]), and the forward LPTV equation in

&3 yields
d

21 ()7 (Cy(1) = 2" (O G(1)y(?). (2.57)
The scalar product of y(t), the solution of ([ZZH), and the forward LPTV equation in (254))
yields

7B~ G, (2.59)

dt
Adding (Z57) and [ZI5S), we obtain, after some manipulations,

d

7 FTOC@)y(@)] = 0. (2.59)
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This means 2" (t)C(t)y(t) is a constant for all . Considering that p; = —oo for m+1 <i <
M, we can say that y(t) = exp(u;t)u;(t), for 1 < i < M, is a solution for (Z54), with the
initial condition u;(0) at ¢ = 0. Also z(t) = exp(—pu;)v;(t), for 1 < j < M, is a solution for
(ZR4) with thew initial condition v;(0) at ¢ = 0. We then have, substituting these solutions

into (Z29),
@O0 0] = (i — 1) [0 (OCEus(1)] (2.60)

The solution of (Z&0) is easily written as
i () C(t)us(t) = exp(—(ui — p1;)t)v; (0)C(0)ui (0). (2.61)

For m +1 <4 < M, it is clear that v](t)C(t)u;(t) = 0, since C(¢) has a nullspace spanned

by {um+1(t),...,up(t)}. Considering the case 1 < i,7 < m, we have UJT-(t)C(t)ui(t) =

v;(0)C(0)u;(0), when i = j. The biorthogonality condition in (Z52) satisfies this relation by

setting v} (t)C(t)ui(t) = vj(0)C(0)u;(0) = 1. When i # j, v (t)C(t)u;(t) = vj(0)C(0)u;(0)
iff v7(0)C(0)u;(0) = 0. @5Z) sets vj(0)C(0)u;(0) = 0. Again, this is not a proof of
the biorthogonality property in (Zh2), but we observe through this discussion that 52

satisfies (ZG1).
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Chapter 3

ISOCHRONS AND PHASE OF AN OSCILLATOR

Definition [din Section is a statement of the asymptotic phase property for dynamic
systems. Let us briefly recall Definition [ This review will be most helpful before we
introduce the notion of isochrons.

Let 2%(t) be a solution of the generic ODE in ([1I). We will assume 2°(0) to be an
element of the set called the domain of attraction, W, associated with =y, the limit cycle
of interest. However, we will also assume that 2°(0) is not on 7. Remembering that we
also assume x7(t), the steady-state solution on +, to have the asymptotic orbital stability
property, these conditions imply that, as ¢ — oo, the points defined by z°(¢) will tend to
become elements of v only.

Definition [ states that any such solution z%(¢) that complies with the conditions we have
just stipulated is related to x7(t), if 27(¢) has the asymptotic phase property. Definition [
declares, provided that 27(t) has asymptotic phase, the points traced by z7(t + a(2°(0)))
and z%(t) tend to become identical, ¢ — oo. Moreover, a(z°(0)) is a constant in units of
time.

For purposes of elucidation of the current matter, visualize two runners around the limit
cycle, footing different tracks. Let the first runner never leave -, and let his coordinates as
a function of time be defined by x7 (¢t + a(2°(0))). Let the second runner follow the track
defined by z°(¢). By our assumptions, the two runners can not be at the same location at
t =0, as 2°(0) is not on . However, as time progresses, the second runner approaches the
set of points v, because of asymptotic orbital stability. The first runner is always stomping
along v, but we know that eventually the second runner as well will be running along ~.
By our assumptions and then through Definition [, we are entitled to propose that there
exists a costant o(2°(0)) that enables the two runners to eventually foot the track, or more
formally trajectory, defined by -, side by side.

The asymptotic phase property, having z7 (¢ 4+ a/(x°(0))) = 2°(¢), in the limit as t — oo,
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for a constant a(z%(0)), gives rise to the suspicion that there might be solutions other than
29(t), for example z'(t), satisfying 27 (t+ «(2°(0))) = x'(t), as t — oo. Notice that we have
kept the constant term in the argument, a(z°(0)), intact, as it should be, simply because
a(z!(0)) = a(z°(0)). Also, we require that z'(0) as well resides in W, associated with
v. If as t — oo, 2°(¢) and z'(¢) are hitting the same points simultaneously, together with
27 (t 4+ a(2°(0))), we may rightfully call 2°(¢) and x'(¢) in phase, not just for big ¢, but for
all t > 0. Figure Bl shows some solutions that are in phase and suggests that these sets

may indeed form a set.

29(0) 8.

=1(0)

- a(r + aa%(0)))

a(a(z(0)))

2%(0)

o 20(0))

Figure 3.1: Intuitive approach leading to the discovery of isochrons.

Let us focus on t = 0 for the moment. By our assumptions, we know that all three of
2°(0), 2%(0), and z7(a(2°(0))) are in phase. This observation suggests that there exists a
notion of phase not just on v, but around the limit cycle as well, possibly over the whole of
W. In order to develop an understanding of phase in W, we will have to define the notions
of period, frequency, and angular frequency in WW. We will sustain the likes of these notions
on ~y itself and will extend the existing theory to cover the whole domain of attraction.
Therefore, our definitions will be for what we will call the generalized period, frequency,

angular frequency, and angular phase.
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Isochrons were first introduced by Winfree, who coined the term isochron and inves-
tigated into the theory of phase in oscillators around the limit cycle, through the help of
isochrons, in [22] and [19], and Guckenheimer, who proved mathematically the existence of
isochrons and their properties [1].

Winfee confesses that he was not aware of the notion of asymptotic phase, when he
foresaw that sets of points of the same phase were foliating the domain of attraction, for
~ of an oscillator [T9]. Each of these sets of equal phase, Winfree called an isochron. This
term literally means “of the same time”. Winfree then inaugurating a streak to publish a
series of papers, the oldest of which dates back to 1967 [I9], explored deeper into this new
theory, which he made use of in analyzing oscillator phase under perturbations. Winfree, a
renowned biologist deceased in 2002, published [22] in 1974, a work that elicited immediate
response from Guckenheimer through [7] in 1975. Winfree’s intuitive questions in [22]
focus on the existence of isochrons and whether or not a neighborhood of v is partitioned
into isochrons, each one of which intersects a single point on . Guckenheimer responds
in [ that, under certain conditions that are to be stated shortly, isochrons both exist
and foliate a neighborhood of 4. Winfree’s other questions constitute an inquiry into the
properties of “phaseless sets”, topological manifolds formed by the existence of isochrons
[22]. Guckenheimer responds [7]. with abstract mathematical proofs.

The profondity of the abstract methods, including topology, which Guckenheimer re-
sorted to, in proving the existence of isochrons and verifying the fact that isochrons foliate
the domain of attraction, which belongs to =, is beyond the scope of the explanations and
contributions to be provided in this text. However, we note here that Guckenheimer proves
the existence of isochrons, for x7(¢) that have characteristic multipliers, all of value less
than 1 [7]. These characteristic multipliers surface in our work under the name of Floquet
multipliers, i.e. A; = exp(u;T), for 1 < i < M, as defined in Section It is proved in
[T7] that if the Floquet multipliers, associated with z7(t), are such that only one of these is
1 in magnitude, and all the rest are less than 1, 27(t) posseses both the asymptotic phase
and the asymptotically orbital stability properties. Therefore, since we rely on these two
properties in stating the forthcoming definition of isochrons, we assume that having a single
Floquet multiplier as 1 and all the rest as less than 1, equivalently having the first Floquet

exponent as p; = 0, and the rest as p; < 0 for 2 < ¢ < M, assuming again that all exponents
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are real, implies the existence of isochrons, at least in the close neighborhood of ~.

We will be spelling out and analyzing simple examples in this part of our work, and we
will be figuring out analytical and numerical methods to illustrate the structure of isochrons
over the whole domain of attraction, associated with . However, these methods for finding
expressions of isochrons are just for demonstration purposes. Our eventual goal, the analysis
of oscillator phase under perturbations, is facilitated analytically and numerically in the
close neighborhood of ~, i.e. when the states vector never leaves the close neighborhood of
~. Therefore, when carrying out analyses of oscillator phase under perturbations, we will
not have to make use of isochrons over the whole domain of attraction, /. Analyses in
the close neighborhood of v will suffice. The accuracy of Floquet multipliers is maintained
in the close neighborhood of v only. Noting the sufficient condition that Guckenheimer
specifies in [7] for the existence of isochrons, that all Floquet multipliers should be less than
1, and the proof in [I7] that if only one Floquet multiplier is 1, and the rest are all less
1, the two crucial properties, attributed to z7(¢), asymptotic phase and asymptotic orbital
stability, exist, we rightfully assume that isochrons exist in the close neighborhood of ~, for
the types of oscillators that we venture to analyze.

Guckenheimer’s justified statement that there is no point in the close neighborhood of ~
that is not an element of any isochron, associated with +, i.e. that isochrons foliate the close
neighborhood of 7, is also more than welcome to consolidate the veracity of our forthcoming
derivations.

We will first be providing a formal definition for the sets called isochrons.

3.1 Definition

Definition 11 (Isochron) Let x"(t) be a solution of the generic ODE in (Z1). x7(t) is
the periodic steady-state solution of (Z1l). The isochron with time tag to, which we call ny,,
is defined to be the set

My = { #'(to)| lim. [@(7,t0,2"(t0)) — 27(7)] =0}, (3.1)
where 7 (1) = O(7,t0, 27 (tg)). P is the state transition function, associated with (Z1).

In Definition [ of Section EZT.9l v is declared to have asymptotic phase for all solutions
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29(¢) of &), with z°(0) € W, if there is a constant a(z"(0)) in units of time, such that

lim [2°(7) — 27 (7 + a(2°(0)))] = 0.

T—00

In Definition [Tl above, we start at ¢t = ¢, not ¢t = 0, and declare that 2" (ty) and z7(to) are
on the same isochron, provided that the stated condition is satisfied. Trivially, 7 (to) € ny,

as well. Figure is an illustration of this definition.

"(7)

@(7)

Figure 3.2: Isochron definition.

Definition [ and Definition [l are very similar. However, Definition [l for isochrons
introduces one particular concept that is not stated in Definition [d Definition [d for asymp-
totic phase may be interpreted as if each 2°(0) € W maps to a unique a(x°(0)). However,
Definition [ for isochrons rules out this possibility, implying that there is a set of points
that map to a(z°(0)), and that set is a single isochron in W. Since Definition [Tl introduces
a stronger condition than Definition [d, it can be noted that the existence of isochrons in
W implies the existence of asymptotic phase in W, provided that each isochron intersects
a single point on .

Note also that in Definition [, 7, is assumed to intersect z7(¢yp). The time tags are

taken the same to avoid confusion only.
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3.2 Properties

In this section, we present two crucial properties of isochrons. The first theorem relates
isochrons to Floquet Theory. As we stated before, isochron behavior in the close neighbor-

hood of v is essential in the forthcoming analyses.

Figure 3.3: The first crucial property of isochrons.

Theorem 1 Ifny, is linearized into a hyperplane at 7 (to), then vi(to) is the vector orthog-

onal to that hyperlane.

Proof: The definition of 7, in (BI]) suggests that the points in 7, form a nonlinear
hypersurface that passes through z7(¢g). The linearization of n, at z”(ty) will naturally be
a hyperplane. Hyperplanes are subspaces of dimension (M — 1) in RM A hyperplane is
defined by a single vector that is orthogonal to every vector in that hyperplane.

Our task is to linearize 7, at x7(fp). The Taylor expansion of 2(7) = ® (7, to, x"(to)),
around z7(%p), as in

8<I>(T, to, :L"y(to)) 5
9z7 (o)

x"(1) = ®(7,t0, 27 (o)) + (3.2)

Notice that above, we have assumed z = z"(tg) — 27 (o).



Chapter 3: Isochrons and Phase of an Oscillator 32

The expression in ([BI]) can then be written as, making use of the approximation in (B2,

lim [{z"(r)} —{«7(n)}] = 0

tim [{o(rt0,00) + FEREOD (a0 w))] = 0
S

Notice that (B3]) can be written as

lim odK(7,tp)z = 0,

T—00

where odK is the state transition function of the linear equation, y = G(t)y, with G(t) =
0f /Ox evaluated on 7, derived from the generic ODE in (Z1I). We have imposed a condition
on z, and what we need to do is to determine which values z can take.

We know through Floquet Theory that
M
odK(7,to) = Y _ e 0w, (m)0] (to),
i=1

and we have

lim  odK(r,tg) = ui(7)v] (to), (3.4)

T>t0, T—00
since our key assumption is that g3 = 0, and p; < 0 for 2 < i < M. (B3] becomes, through

(M),
lim uq(7)v](tg)z = 0. (3.5)

Recall that u;(t) = 27(t). If all entries of ui(7) in BH) are zero, then u;(t) = &7(t) = 0,

for t > 7, i.e. oscillation stops at t = 7. This is not possible, so we must have
v1 (tg)z = 0. (3.6)

(B5) above is the hyperplane expression we have been seeking. If 7, is linearized into a
hyperplane at 27 (tg), then (BH) is the expression for this hyperplane.
From (B4), we then have, because of biorthogonality,

M
Z = Zaiui(to),
=2

where not all coefficients a; are expected to be zero. Then, it is clear that the linearization

of n, at x7(tg), i.e. the hyperplane given by B, is defined by vy (to). |
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Figure is an illustration of the first crucial property of isochrons. We observe that
v1(t) and uy () are not necessarily in the same direction, but we know that vy (¢) is orthogonal
to the linearized form of an isochron, the linearization carried out at z7(t), and that u;(t)
is tangent to the trajectory we call ~, at again x7(¢).

The second crucial property of isochrons helps to establish periodicity not only on -,
but over the domain of attraction, W. We will justify this property, but before that the

following theorem has to be noted.

= ()

@(7)

#7{(0)

Figure 3.4: The second crucial property of isochrons.

Theorem 2 Let the initial condition x7(0) of the steady-state periodic solution x7(t), of
the generic ODE in (Z), reside on the isochron ng. Let another solution x°(t) of (Z) be
such that z°(0) € no. Then, for all ty, 2°(to) € ny, -

Proof: Since 2°(0) € 19, by Definition [[T], we have

lim ®(7,0,2°(0)) = lim &(r,0,27(0)). (3.7)

T—00 T—00

We also have

®(1,to, 2%(ty)) = @(r,0,2°(0)), (3.8)
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for 7 > tg, since

(I)(T, to, xo(to)) = (I)(T, to, @(to, 0, 1’0(0)))

Also
O(7,t0, 27 (tg)) = ©(7,0,27(0)), (3.9)

for 7 > tg. Then, substituting the left-hand side expressions in (B) and B3) into B),

lim ®(r,t0,2%(t)) = lim ®(r,t0, 27 (to)). (3.10)
(ET0) implies that 2°(¢p) € ny, - [ |

Figure B4l is an illustrative explanation of the second property of isochrons.

The following corollary follows immediately from Theorem B

Corollary 1 (Theorem B)) Ifx'(t) and 22(t) are two solutions of (Z1) such that x1(0), 2%(0) €
no, then at t = tg, x'(t), x%(tg) € M-

Corollary [ will be necessary when explaining a numerical method for plotting the
isochron portrait in the domain of attraction, associated with the limit cycle of a simple
two-dimensional oscillator.

We have assumed from the beginning of our discussions that the period on the limit
cycle of interest, v, is T. Naturally, the definition of periodicity, given in Section ELT.0),
was stated, observing a generic dynamic system, oscillating only on . In this aspect, the
periodicity definition is quite strict. The next corollary that follows from Theorem [ is

mandatory in establishing periodicity in W, the domain of attraction.

Corollary 2 (Theorem B)) Let 2°(t) be a solution of the generic ODE in (Z1), and let
2°(0) reside in the domain of attraction, W, so that 2°(t) approaches v as time progresses.
Let 2%(tg) be on the same isochron, ny,, as x7(tg), i.e. 2°(to) € myy. Then, z%(to +nT), for

nonnegative integers n, are also on n,. 1" is the period on v.

Proof (Explanation of Corollary B): By Theorem B, 2°(tg + nT) € nynr, for
nonnegative integers n. 7, +n7 is the isochron that passes through x7(to +nT'), but =7 (¢ +
nT) = x7(tg), for z7(t) is the steady-state periodic solution on 7. Also by the uniqueness

of solutions of the generic ODE in (Z1I), and the existence of isochrons in W [{], there is
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Figure 3.5: Periodicity in the domain of attraction.

a single isochron associated with z7(tp), i.e. x7(tg) € m4,. Therefore, ny+nr = M4, and
2V(to +nT) € . [ |
Proof (Alternative Proof of Corollary 2): We do not directly make of Theorem

while conducting this proof. This is going to be a proof by induction. The base case is that

lim ®(7,tp,2%(tg)) = lim ®(r,t0,z7(to)). (3.11)

T—00 T—00
This equation states that x°(tg) are 27 (t) on the same isochron, 7y, .

For the inductive step, we proceed as follows. The inductive hypothesis reads, for some

nonnegative integer n,

lim ®(7,to +nT,x%(ty +nT))

T—00

= lim ®(7,t0+ nT,27(to)). (3.12)

T—0Q
This is a mathematical statement that z°(to +nT) is assumed to be on the same isochron,
My, as 27 (tg). However, we also have
O(1,to +nT,x"(tg + nT"))

= ®(7,tg+nT, 27 (ty)), (3.13)
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for z7(tg +nT') = 27 (tg), because of the periodicity on «. The previous equation is true for

any 7 > tg + nT. Deducing through (BI2) and [BI3), we have

lim ®(r,to + nT, 2°(tg + nT))

T—00

= lim ®(7,t0 +nT, 27 (to +nT)), (3.14)
T—00
but this is obviously a natural consequence of the base case in (BI1), noting that

lim ®(r,to + nT, 2% (tg + nT))

= lim ®(7,tg + nT, ®(ty + nT,0,2°(0)))

T—00

and

lim ®(7,tg + nT, 27 (to +nT))

= lim ®(7,tg +nT, ®(tog +nT,0,27(0)))

T—00

So the inductive hypothesis in ([BIZ), at iteration number n, for some nonnegative integer
n, of course, is not an assumption, but a fact.

We have

®(1,tg + nT, z°(tg + nT))
= O(1,tg+ (n+ V)T, 2°(tg + (n + 1)T)), (3.15)
and
O(71,t0 +nT,x7 (o))
= (I)(T, to + (n + 1)T, xw(to + T))
= O(1,to+ (n+ 1)T, 27 (t9)), (3.16)

for 7 > (n + 1)T, since z7(t) is periodic with T'. The last two equations BIH) and (BI4),
together with the inductive hypothesis in ([BI2) imply

lim ®(7,to + (n+ 1T, 2%(to + (n + 1)T))

T—00

= lim ®(r,to+ (n+ 1)T,27(to)) (3.17)

Therefore, the inductive hypothesis, or rather the fact as we have just shown, that x°(¢g +

nT) € n, implies that 2%(tg + (n + 1)T) € n,. The inductive inference is complete. [ |
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nr/2

Figure 3.6: Isochron layout in the domain of attraction.

Figure is a depiction of the periodicity in W. Figure illustrates the structure of
isochrons in W.

The corollary above is necessary in order to define periodicity in WW. We are then going to
make use of periodicity to spell out a differential equation to compute the phase, associated
with the generic ODE in (Z1]). Then, the first theorem will be necessary to normalize this
phase equation. Recall that in this part of our work about isochrons, we are only concerned
in systems, with all perturbations absent, but the initial condition for a solution of (ZTI)
may not reside on -y, for all perturbations applied were before ¢ = 0. In all, the phase

equation will be applicable only to unperturbed oscillators.

3.3 Definition of Phase for an Unperturbed Oscillator

In this section, we are to define the notion of generalized period first. Definition Blin Section
describes the simple procedure to compute the period on +, the limit cycle. There, we
choose a point on the limit cycle, 27 (¢g). Because of this choice on v, our oscillator as given
in (ZI0) will never leave . If we record the times that our oscillator hits x7(¢y) over and

over, after the initial time, ¢y, we may easily calculate the difference of each hitting time
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and tg. The smallest of these differences is going to be the period we seek.

Corollary Bl however, enables us to refine Definition Bl We now know that even if we
do not start our system from an initial condition on v, we are going to be hitting a point
on the same isochron after subsequent intervals of length T, the familiar period as given by

Definition Bl therefore, via isochrons, we define the generalized period as follows.

Definition 12 (Generalized Period) Let 27(t) be the steady-state periodic solution on
v, the limit cycle, of the generic ODE in (Z1). Let x7(to), naturally a point on vy, be such
that 7 (tg) € Ny, M, being a single isochron, associated with . Also let x°(t) be another
solution of (Z1), and choose 2°(0) such that °(0) € W, W being the domain of attraction
associated with vy, so that z9(t) tends to approach vy, as time progresses. Furthermore, let

29(to) € ny,. We define the set
T = {TZ| q)(to + Ti7t07$0(t0)) € 77(750)} )

and the smallest positive number in T as the generalized period in W, associated with ~y.
Note that the value of the generalized period is again T, equal to the value of the period
defined on vy, as stated by Definition [3.

After formally defining the generalized period, with the help of isochrons, we proceed to

define the generalized frequency and angular frequency in W.

Definition 13 (Generalized Frequency) Through T, the generalized period as given in
Definition I3, we define the generalized frequency in W, associated with v, as
1
fo=7
Notice that we have dropped the v notifier, as opposed to the expression given in Definition
[4, for we have developed the notion of period and then phase in VW, not just on . The

generalized angular frequency is defined as

27
wo = 27Tf() = ?

The transition from the generalized angular frequency to the generalized angular phase

is accomplished as follows.
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Definition 14 (Evolution of Angular Phase) We define the angular phase in W, ¢, as

do

E = wo, (318)

where wy is the generalized angular frequency in W.

¢ in Definition [[4 is in radians. For our purposes, we would like to have phase in units

of time.

Definition 15 (Evolution of Phase in Units of Time) Let us define the phase in units

of time, t, in W, associated with v of the generic ODE in (Z1), as t = ¢/wy, where wy is

the generalized angular frequency in W. The differential equation to compute t is naturally
dt
—=1. 3.19
p (3.19)

This differential equation basically applies to unperturbed systems, in ODE form, as in (Z1).

Although the definitions above, except for the generalized period, may seem inessential
and superfluous, we have carried out this tedious series of derivations, in order to spell out a
formal definition for #, the phase in units of time, in WW. Brown et al. in [2], state that they
readily define the phase for unperturbed ODE system, as given in Definition [[3], but in here
we have based our understanding, of the generalized period in the domain of attraction, on
the theory of isochrons, and then spelt out £, after some prosaic definitions. This approach
is similar to the one that Brown briefly outlines in [IJ.

FT9) is a differential equation, defining the evolution of . The solution of this differen-
tial equation is to be trivially computed. We need an initial condition as well. Let us now

formally define £ and then show that the form that is to be proposed solves ([19).

Definition 16 (Phase in Units of Time) Let z7(t*) be the steady-state periodic solution
of (Z1), 27 (t), evaluated at t = t*. The phase in units of time of x7(t*) is defined as

t2V(tY) = t*. (3.20)

Let x(t) be a solution of (Z1) such that x(0) ¢ v, but x(0) € W. x(t*) is x(t) evaluated at
t =t*. Then the phase in units of time of x(t*) is defined as

tx(t*) =t7(t)), such that x(t*),z7(t') € ny. (3.21)
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Examining Definition [[6l above, suspicions may arise because of the periodicity of z7(¢).
Let us assume temporarily that 0 < ¢’ < T and that ¢ = ¢’ + nT, where n is an integer
and T is the period of oscillation. In ([BZI), we know that z7(t') = 27 (t" + nT) = 27 (t").
This makes 1y = n 4T = 1y, since an isochron must be associated with a single point on
7. Therefore ny is the same set as 1 ,7. However, then we have t(z*(t)) = t(z7(t')) =
t(x7(t" + nT)) = t" + nT. Tt seems that the phase of a single point of a solution must
not take more than one value. But recall that examining solutions versus running time
t, 7(t) is not distinguishable from 27 (¢t + nT). In fact, this is the essence of periodicity.
Therefore, it is natural that the phase of a single point, i.e. #(z(t*)), is determined as a
constant number " plus an indefinite expression nT. The important aspect of ([B2]]) is that
whichever 27 (') = 27 (t" 4+ nT) is found to be on the same isochron 7y with z(t*), f(z(t*))
must be set to the time argument of 27 (¢’ = t” + nT), which is ¢’. In all, we do not confine

t' to the interval [0,T).
Theorem 3 Isochrons are the level sets of t.

Proof: Let z(t) be a solution of (1]) such that x(0) € n,,. We also know that z7(ty) €
1t,- By Definition [[6 we have

i(@(0)) = i (to)) = to.

All possible x(0) € n, satisfy #(z(0)) = to. This makes 7, the level set of # corresponding
to the value £ = to. Letting to vary in the range [0,7), we see that isochrons are the level

sets of t. [ |

Corollary 3 (Theorem Bl) Let x(t) be a solution of (Z1) such that x(0) € W. Then, at

a particular t*, x(t*) and =¥ (E(z(t*))) are on the same isochron.

Proof(Explanation of Corollary[l): Let us check if the phases of z(t*) and 2" (£(x(t*)))

are equal. We have, by Definition I8,

B (E(x(t7))) = t(=(t7)).

Then, we know that z(t*) and 27 (£(x(t*))) are on the same level set of . Isochrons are the
level sets of ¢, by Theorem Bl Hence the claim. |

Theorem Bl enables us to introduce the following alternative definition for isochrons.
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Definition 17 (Alternative Isochron Definition) Let x(t) be a solution of (Z1) such
that ©(0) € W. ny, can then be defined as

e = {x(0)] 1((0)) =t} . (3.22)

Now we can show that # introduced in Definition I8 solves ([BI9) with an appropriate

initial condition.

Theorem 4 Let x(t) be a solution of (Z1) such that x(0) € ny,. Then, t(z(t)) solves (T19),

as in
dt B
dt

where ﬂo, t evaluated at t = 0, is an initial condition.

1, with #, = to, (3.23)

Proof: Since 27(ty) € n,, we have by Definition [[Gl
t], = i(x(0)) = £(2" (t0)) = to,

so the initial condition in ([B23) is satisfied.
Noting that 27 (¢t 4 to) is a solution for II) with the initial condition z7 (), we know
that at any time ¢, z(¢) and z7(t + t9) will instantaneously be on the same isochron, by

Theorem Bl Then, by Definition [[8, we have, at any time ¢,
t(z(t)) = t(z7(t + to)) = t + to.

It is easy to compute

d . d(t +to)
Lia(ry) = LTy
which shows that £(x(t)) =t + to solves the differential equation in (F23). [ |

Summarizing, we visualize isochrons as the level sets of # in W, associated with ~.
t = f(m), t depends on the states vector, =, in W. The points in W that satisfy ¢ = t,
for example, form ny,, the isochron that is in phase with x7(tp). As another example, let
us assume the points that satisfy ¢ = t; and ¢ = to, for to > t;, form the sets Ny, and My,
respectively. There is no doubt that n;, and 7, are the same set if t3 —t; = nT, for a
positive integer n, where 1" is the generalized period in W.

Considering £ = #() is essential in deriving a partial differential equation. Let us rewrite

dt/dt =1, as in

[Of]Td:ﬂ [af

| == %} flz) =1 (3.24)
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(24 is a PDE (Partial Differential Equation). Since we set in Definition [ that # is a
function of x only, 0f/0x is also a function of x only. In this aspect, while computing the
values for 0/0x, x € W to be able to compute 9t /0z. The same discussion is valid also for
f(@).

We also need boundary conditions to solve PDEs. Spelling out the boundary condition
for ([B24)) is simple. £(z7(tg)) = to for ty € [0,T) is our boundary condition. This is true,
because the phase in units of time on ~ is expected to be the time tag of z7(¢) for an

unperturbed oscillator. In all,

[%] f(x) =1, with (27 (t)) = to, Vto € [0,T), (3.25)

is the PDE to solve for ¢ over the whole domain of attraction, W.

The next theorem associates 0t/0x, the phase gradient evaluated on vy, with v (t).

Theorem 5 The phase gradient evaluated on -+,

ot(z(t))
0z (t)

= v1(t). (3.26)

Proof: Let z(t) be a solution of 1) such that z(0) € ng, so that #(z(0)) = 0 by
Definition M8 And it follows that (x(t)) = ¢, by Theorem B

Isochrons are the level sets of ¢ by Theorem Bl 0t(x(t))/0x(t), the phase gradient at
some z(t), must be orthogonal to the linearization of n; at z(t). Observe that z(t) € n
because of the way z(t) is defined.

Now, we know that Of(x7(t))/0z(t) must be orthogonal to the linearization of 7; at
x7(t). By Theorem [I, we know that v;(¢) is orthogonal to the linearization of n; at z7(t).
Therefore, we have dt(x7(t))/02" (t) = cvi(t), where the constant ¢ # 0.

Evaluating ([B24)) at 27(t), and plugging in 9f(z7(t))/0x7(t) = cwvi(t) and &7(t) =
(1) = i),

cvi(t)u(t) = 1.
But v{(t) u1(t) = 1, by biorthogonality. Therefore, ¢ = 1. We obtain (B26)). It can be de-
clared that vy (¢) is used to normalize the PDE in (B24]). Also note that d¢(z7(t))/0z7 (t) =
wo v1(t). [

There is one other aspect of the PDE in ([B2H) to note. We may visualize dz/dt as

a velocity vector. The gradient expression, 9t/0z, is by definition the vector defining the
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linearization of an isochron, at point z, in WW. The linearization of an isochron is a hy-
perplane, and the gradient 0#/0x at z is orthogonal to any vector that resides in this
hyperplane. (20 tells us that the velocity vector, associated with the generic ODE in
&), never completely resides in these linearizations of isochrons. This means that dx/dt
is always transverse to isochrons, over the whole domain of attraction, WW. Otherwise, the
scalar product of the phase gradient and the velocity vector would have to be exactly zero.
As an example, recalling the proof of Theorem [ linearized form of the isochron that passes
through z7(tg) is spanned by {ua(to),...,un(to)}. wi(to) is the velocity vector at z7(tg).
u1(tg) cannot be expressed as a linear combination of the vectors spanning the linearized
form of the isochron, because u;(tg) for 1 <i < M is a linearly independent set.

Isochron structures on and around ~ are best perceived through simple examples. In
the next section, we explore into how expressions for isochrons can be calculated only for
very simple oscillatory dynamic systems. We demonstrate particularly two methods on an

example, expressed in polar coordinates.

3.4 Isochrons in DAE Systems

There are some subtleties to be considered when analyzing the structure of isochrons for
systems in DAE form. The first task is to modify Definition [ for isochrons in ODE form.
This modification proves to be trivial, since only ® is replaced by Y. So we do not include

a definition statement for the DAE case.

Definition 18 (Isochrons for DAE Systems) Letz"(t) be a solution of the generic ODE
in (Z4). z7(t) is the periodic steady-state solution of (2-4). The isochron with time tag to,

which we call 0y, , is defined to be the set
iy = { #7(t)| lim. [Y (7,0, 2" (t)) — 27 ()] = 0}, (3.27)
where V(1) = Y(7,t0,27(tg)). Y is the state transition function, associated with ([22).

The next theorem is the modified version of Theorem [0, which was proved for the ODE

case in Section

Theorem 6 Ifn, in Definition[I8 is linearized into a subspace, then C'(t)vi(to) is orthog-

onal to that subspace.
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Proof: We stated in Section that generic solutions x(t) of () reside in a certain
manifold of RM | because of the properties of ¢, the nonlinear vector function in () [3].

Then, it can be shown that a general solution of the linearized form of (Z4)),

at t =ty can be expressed as a linear combination of only m < M vectors in R [3].

In view of the note stated above, it is clear that 7, linearized around z” () is going to
be a subspace spanned by (m — 1) vectors. Our purpose here is to find out these (m — 1)
vectors and naturally the vector that is orthogonal to these vectors.

The Taylor expansion of (1) = Y(7,tg, 2"(ty)), in [B21), around x7(ty) is given by

8T(T, to, ‘Tﬁ/(to)) ~
0z (to) '

a'(1) = Y(7,to, 27 (to)) + (3.28)

where z = 2"(tg) — 27 (tp). Then, the expression in [B27), making use of the approximation

in (B28]), can be written as

Tim [{#(r)} — {£7(1)}] = 0

{0} o]
8T(T, to, ‘Tﬁ/(to))
ax’Y(to)

=0 (3.29)

Note that the last equation follows from the fact that for DAE systems

aT(T, t(), xfy(to))
917 (to)

K(T,t0)

= > exp(ui(r — to))ui(r)v] (t0)C(to),

i=1
where m is the number of Floquet eigenmodes, with finite Floquet multipliers. We assume
that pu; > —oo for 1 < i < m. On the other hand, u; = —oo for (m+ 1) < i < M, since
C(t)u;(t) = 0 for again (m + 1) < i < M, i.e. the null space of C(t) is spanned by wu;(t) for
(m+1)<i< M.

For 7> t3, we have

aT(g;SEZ;(tO)) - Z exp(pi (T — to))ui(1)v] (to)C(to)

i=1

~  u1(7)v] (to)C(to)
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for again, we assume that p; = 0, and —oco < p; < 0 for 2 < ¢ < m. This is how we get
) B,

Now we proceed to analyze ([B29). Recall that uq(¢) is a periodic solution of the forward
LPTV equation derived from (Z), i.e. d/dt(C(t)y) = G(t)y. Not all entries of u;(t) are
allowed to be zero at the same time, for then the oscillation on v would stop at a single
point on this limit cycle. This is not one of our assumptions. We assume that + consists of
infinitely many points, no just one.

Then, the condition to make the left-hand side zero of [B2dl) is given by the scalar
equation

W (t6)C(to) = 0. (3.30)

We have to decide now if this equation defines a hyperplane. There is no doubt that
v1(t) - [C(t)ua(t), ..., C(t)um(t)],

for t > 0 [B]. Therefore, z can only be written as a linear combination of (m — 1) linearly

independent vectors, i.e.
m
z= Zai u;(to).
i=2

This fact makes vy (t) orthogonal to a subspace of dimension (m—1). To declare vy (ty) as the
vector defining a hyperplane, we should have been able to write z as a linear combination
of (M — 1) linearly independent vectors. However, also note that @(¢), the time-derivative

of z(t), is allowed to be a linear combination of the set

{exp(pat)ur(t), . .., exp(pmt)um ()},

in the close neighborhood of v. Therefore, @(t) does not have any components along any

elements of the set
{exp(pm1t)umy1(t), - - . exp(uart)un ()}

in the close neighborhood of 7, because u; = —oo for (m + 1) < ¢ < M. That means
in the region very close to 7, in the domain of attraction, the linearization of 7, cannot
have components along {um+1(to), ..., unr(to)}, i.e. the linearized form of 7, in the close
neighborhood of 7, is a subspace only, not a hyperplane, and v;(¢g) defines this subspace,

hence the claim. |
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Along with the theorem and its proof above, we need to modify the theorem about
periodicity and its proof for the DAE case. However, the modification is only replacing ®

with Y. Therefore, we state the following theorem only and not its proof.

Theorem 7 Let 2°(t) be a solution of the generic ODE in (Z1), and let 2°(0) reside in
the domain of attraction, W, so that z°(t) approaches v as time progresses. Let x°(tg) be
on the same isochron, ny,, as x7(tg). Then, 2°(ty + nT), for nonnegative integers n, are

also on ny,. T is the period on 7.

With the help of Theorem [, we are again induced to define periodicity in the domain of
attraction, W, associated with v, of the system in ([4]). Therefore, we define the generalized
period as in Definition [ for the DAE case this time. Naturally, the definitions of the
generalized frequency, angular phase, and phase in units of time follow as in Definitions I3,
[ and [[H, respectively.

The following discussion differs from its counterpart of the ODE case. Through our

definitions, we define the phase in units of time, in the domain of attraction of -, as in

~

% =1, with #(0) = 0.

Notice that in the generic DAE of (Z4), the states vector, x, is an implicit variable. (Z4)
defines the time derivative of ¢, the nonlinear functions vector. Let us intuitively choose to
figure out then the sensitivity of £, the phase, with respect to ¢, i.e. 0¢/9q, and see where

this choice leads.

The phase equation for an unperturbed oscillator, described as a DAE, can be written

as
o g,
dq dt
Notice that
ot
. -1
5 @)

is true over the whole domain of attraction, associated with ~. Let us evaluate these

equivalent equations on « only. We have

oi [ogdr) _ |
Oq |0xY dt
ot

[Cum®)] = 1

q
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defining a normalization condition on . v;(¢) could immediately be substituted for dt/dq,
on v, since v1(t) - (C(t)ui(t)) = 1 [3]. However, there may be other vectors satisfying this
condition. The question is how we know exactly that on v, v1(t) = 9t/0q.

t is a spatial variable, i.e. £ = f(q(x(t))). Notice that we have expressed ¢ as such,
because z is an implicit variable in the generic DAE of ([Z4]). Also we have by definition
that #(¢(27(t))) = t on the limit cycle. Recall that the isochrons are actually the level sets
of  over W, the domain of attraction. If we have some points z that satisfy #(q(z)) = to,
that means these points x are in phase with z7(¢y), and all these points x together with
x7(tp) constitute the isochron expressed as 7.

Since we have # = (q(x(t))), the gradient of # is actually given as df/dq over W. On 7,
we know by Theorem [l that 9t/0x is in the same direction as C(¢)v;(t). However, we also
know that (8¢/9q) - [C(t)ui(t)] = 1, on 7. by the phase equation that we derived. We have
the normalization condition that vy (t) - [C(t)u1(t)] = 1. Therefore, we must maintain that
Ot/dq = v1(t) on 7.

Let us also state that

g—z f(x) =1, with#(q(z7(t))) =tVt €[0,7) (3.31)
is the PDE (Partial Differential Equation) to solve for £. Notice that this equation has
almost the same form as the one in the ODE case, with 9¢/0x replaced by 9t/dq.

We have outlined and provided explanations above on how to modify our definitions and
theorems in Sections Bl to B3l for the DAE case. The most crucial parts of the modification
are that 9f/0q = v1(t), and that we must not forget that 9¢/dq, in the close neighborhood
of v, does not define a hyperplane, with dimension (M — 1), but a subspace with dimension

(m—1), m being the number of Floquet modes with finite Floquet exponents that correspond

to the LPTV equation derived from the generic DAE in (Z4)).

3.5 Analytical Methods of Computing Isochrons For Simple Systems

Definition [l for isochrons suggests that we make use of the state transition function, ®, to
compute analytical expressions for isochrons over W, associated with v. However, although
this is a plausible method, it requires that oscillator equations are analytically solvable. For

purposes of demonstration, we choose to analyze an extremely simple example, expressed
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in polar coordinates on the plane.

The coupled equations of our simple example read as follows.

o= 1—7 (3.32)

6 = r (3.33)
The solution for the system in ([B32) and (B33]) are as follows.

rt) = 1—(1—rge”" (3.34)

0(t) = t—(1—ro)(1—e")+8 (3.35)

Above, 1o = r(t = 0) and 6y = 0(t = 0). It is easy to see that as time progresses, r(t) — 1,
and 0(t) — (t+60p+1r9—1). Alsoif ro =1, r(t) =1, and 0(¢t) =t + 6y, ¥Vt > 0.

It must be noted here that 6 is one of the states for this particular example. In general,
the system phase, which happens to be 6 in this example, does not have to be a state
variable. Therefore, this example is just a contrived one for illustration purposes. Also, we
will be showing shortly that 6 accounts for the phase on v only. The expression for phase
around -, actually in the domain of attraction of differs from 6.

r = 1 defines the only limit cycle, v, of this system. W, the domain of attraction
associated with » = 1, is the whole plane.

Any periodic solution, whose points constitute v, happens to have the asymptotically
orbital stability property, for any solution, with an initial condition not on +, approaches
r = 1, as time progresses.

Also, any periodic solution on 7 has asymptotic phase. Let r(t) = 1 and 6(t) =t be a
periodic solution on 7. As stated before, a solution, whose initial condition at t = 0 is not on
7, will take the form r(t) — 1 and 6(t) — (t+09+ro—1). Therefore, the difference between
these expressions and the periodic solution, as time progresses, approaches a constant, for
the phase, 6, on . This constant is 6y 4+ 79 — 1. This fact ensures asymptotic phase.

The observation about the asymptotic phase associated with » = 1, the limit cycle,
actually defines the steps to be followed in order to compute the expression for the isochrons,
associated with ~, which is 7 = 1 in this system, through Definition [[1l Let us formulate

the problem of finding an expression for isochrons as follows. The state transition function
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of the system in (B32) and (B33) is naturally

1—(1—rp)e?
®(t,0,2(0)) = : (3.36)
t—(1—ro)(1 —et) 46y
where we have z(0) = (9 6p)", the initial condition that is not necessarily on v, r = 1. An

initial condition on  would have the form z7(0) = (1 ¢). We have to spell out

®(t,0,2(0)) — ®(¢,0,27(0)) = ’ ,
0

and evaluate both sides of this equality as t — oo. This is what Definition [Tl dictates us to
do to figure out an expression for the isochrons of this system.

The expression that we find is ¢ = 6y 4+ rg — 1. The fact that 6 is a state in this example
is essential in that we may now call 8 = ¢ the level sets of 6 on ~. Fortunately, the angular
phase of » = 1 is equal to #, for this example in particular. Therefore, we readily have
access to values of the phase on 7. Suppose that ¢ € [0,27), so that (1,¢)" is allowed to be
any point on r = 1, with no point excluded. Then, through ¢ = 6y + ro — 1 we deduce that
there are are points in WV that evaluate to the same value of the level set given by 6 = ¢, for

a particular ¢. These points are declared to reside on the same isochron. This fact makes

r
ne =14 z(0) = ’ bo+m0—1=c (3.37)
to

a single isochron out of the many in W. Calling ¢ the phase in W, we have
p=0+r—1 (3.38)

as the expression for ¢. Notice that ¢ = 6 on r = 1. We stated before that the phase in
W differs from 6 for this example. In fact, ¢ in [B38]) generally depends on 7 as well in W.
Brown et al. in [2] draw attention to this phenomenon.

Notice that we have called the phase of our system ¢, but not £. We reach ¢ from ¢
through a simple normalization. The angular frequency of this system in W is given by
wo = 27/T = 1, for T = 27. Using the relation that ¢ = wyt, we find out ¢ yields the same
value as t numerically, for this solution.

Now let us compute the gradient expression of ([B38]) as in

ot 1
Ve=| 9 | =
ot 1

90
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The scalar product of this gradient and the velocity vector yields

1—r
(Vo) =wo =1,
r
as expected. We are justified once more that ¢ is the same as ¢ numerically for this example.

Again, to figure out the structure of isochrons in W, we have to let ¢ = 6 + r — 1 take
constant values in the interval [0,7) = [0,27). Each such separate equation will obviously
yield the equation for a single isochron. ¢g = 6 + r — 1 for example is the level set, i.e.
isochron, of ¢, whose elements are in phase with (1 ¢g)".

Noting the method outlined above as the first procedure in figuring out expressions for
isochrons in simple two-dimensional systems, we proceed to explain the second method, for
which we refer to Winfree [19]. This second method is superior to the first one in that it
does not require an analytical state transition function to exist. Winfree exploits the polar
symmetry in systems like the one in ([B32) and (B33).

For the second method, we repeat that the angular frequency of our system is (b =wp = 1.
Again, ¢ is the phase of our system in radians. Winfree in [T9] guesses that ¢ must have
polar symmetry, so that it is of the form given in ¢ = 6 — h(r), where h is a function of r.
Notice that this formulation for ¢ is only valid for systems expressed in polar coordinates

and whose limit cycles are circles with the origin as their centers. We have

do_\ _db_dudr
e dt drdt’
and _
dh _6-1_r—-1_
a7 1-r
Notice that h(r) = —r + ¢, where c is some integration constant. Then, ¢ = 6§ — h(r) =

041 —c. Setting ¢ = 0, with r = 1, since the familiar system phase on ~ is 6, we have again
the expression for the system phase in W as ¢ = 6 +r — 1. The isochrons of the system are
the level sets of the phase.

Before moving on, let us note an interesting observation, again pointed out in [19]. If

we modify the system in our example as

o= 1—r7 (3.39)

f = 1 (3.40)
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the phase of this modified system turns out out be ¢ = 6, i.e. the phase is a function of
only 6 all over W. Winfree’s method directly conveys this fact. With again ¢ = 6 — h(r),
accounting for polar symmetry, we have

dh 61
dr 7

= 0.

Then, h(r) = 0, just a constant that turns out to be zero, to have ¢ = 6. This is an
exceptional case where we have radial isochrons.

Let us also analyze isochron behaviour on ~, for the modified system in (B3d) and
BZ0). Recall that uq(t) is a periodic solution of the linear equation to be derived from
these equations, and v (¢) is a periodic solution of the adjoint linear equation. We have
always employed the normalization condition in v{(¢)ui(t) = 1. For this modified system,
we have to be able to show the validity of this normalization condition, since we have

numerically ¢ as the same as ¢, for again T = 2r. Numerically speaking,

. 0
(%1} (t) =Vi= 5
1
at every point on . We also have
d r 0
ul (t) = — = s
dt \ o 1

on 7. The normalization condition is naturally satisfied, but we observe a more conspicuous
bit of information that v;(t) = ui(t) at every point on 7. Systems like these are called
self-adjoint. They are significant in that once we have figured out w;(t), we have figured
out vy(t) as well. wy(t) is just the derivative of the steady-state periodic solution on -,
x7(t). We observe through this example that in self-adjoint systems, the velocity vector on
7, u1(to), is orthogonal to the isochron ny,, at z7(to), for all to € [0,T).

We must again note that these analytical methods can be used only in very simple two-
dimensional systems. In this section, we frequently pointed out that we are figuring out
expressions for isochrons, over the whole domain of attraction, WV, associated with ~, the
limit cycle. This is because we most of the time assume that there is only a single limit cycle
of interest. However, when there are more limit cycles associated with the simple system we
are working on, these methods, if they can, are capable of conveying the isochron portrait

in the whole domain, in which the states vector, z, is defined.
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3.6 Comments on Numerical Methods

We outline in here a very simple numerical method, to print the isochron portrait, associated
with an oscillator, with a two-dimensional state. However, we have to note one particular
aspect of the method we are about to explain. In view of our last comment at the end of the
previous section, the following numerical methods can compute the structure of isochrons
around a single limit cycle of the oscillator at hand, as opposed to the analytical methods of
the previous section, which were able to compute isochron portraits over the whole domain,
in which the states of the oscillator are defined. Although this aspect is a limitation, this
numerical method are always more plausible, since neither an analytical state transition
function nor polar symmetry on the plane is required.

Solving the PDE in (B25]) for ¢ and then printing the level sets of £ in } naturally yields
the isochrons in W. However, this is not a plausible method. The method to be outlined
instead, provided by Izhikevich as an exercise in [9], overcomes most of the stated difficulties,
associated with the first numerical method. We still prefer to work on oscillators with two-
dimensional state vectors. In [9], for the purpose of displaying isochron layout around -,
the PDE we have derived in ([B2H]) is not needed. Izhikevich makes use of only the generic
ODE in 7).

For the second method, again the steady-state periodic solution, x7(¢), is required. For
demonstration purposes, we pick two points that are very close to a single point on . Let
us pick two solutions of () and call these x!(t) and 22(t). Let 2(0) and 22(0) be the first
and the second point respectively, which we have chosen to be very close to a point on . A
time reversal operation is carried out to numerically integrate backward, starting with initial
condition z'(0), and then the same integration task is accomplished with initial condition
22(0). The essence is that #!(0) and 22(0) are assumed to be on the same isochron, for they
are chosen to be so close to each other and to a point on v that we will call, for simplicity,
z7(0). So x1(0), %(0), and 27(0) are on the isochron called 7.

It happens that at any time —tp, which is a negative time value for we solve (Z1I)
backwards in time, z'(—ty) and 2%(—tg) still are instantaneously on the same isochron, but
not the isochron they were at t = 0. The isochron these two solutions are on, at t = —t, is
N—t,, on which also z7(—t¢) resides. Let us again note that 27 (—tg) = 27 (—to+nT") and n_,

is the same set as 1_¢,4n7, for integer n. Therefore, on the plane, the line segment drawn
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between z'(—tg) and x?(—ty) can be assumed to consist of points that are all enclosed by
7_t,- This line segment approximates n_; between z!(—to) and x2(—tg). The essence of
Izhikevich’s approximate method revolves around this little piece of information. So this
method is able to disclose the structure of isochrons very near ~ [9].

To accomplish time reversal, the velocity vector, associated with (21]) must be reversed,
to write # = — f(z), and then forward integration must be performed on this new system [9].
To see why x!(—tg) and 2%(—tg) must be on the same isochron, we refer back to Theorem
1

As can be clearly admired, Izhikevich’s method is intuitive and applicable to simple
oscillatory systems. In two-dimensional systems, this method is the one to use to plot

isochron portraits, if an acceptable level of accuracy is required.

3.7 Summary

In this chapter, we have made use of Winfree’s intuition [22, [[9] and relied on Gucken-
heimer’s justified statements [7] to define isochrons and review some of their basic proper-
ties. It is perceived that the intuition leading to the discovery of isochrons is based on the
notion of asymptotic phase.

The isochron definition through the state transition function of the generic ODE in (ZT]),
declared in Section B, is crucial, for we could prove that the isochron gradient at x7(¢g),
a point on 7, is in the same direction as v1(tg), and that a solution z%(t), with its initial
condition z°(0) € W, hits the same isochron after subsequent intervals of length 7. These
proofs were given in Section Then, in Section B3, we utilized these results to define
t, the phase in units of time, associated with 27 (t) in particular. We also established that
0t/0xY = vy(t) on . In Section BH, we focused primarily on Winfree’s method [T9] of
figuring out expressions for isochrons in simple two dimensional systems. Then, in Section
B4 we explained Izhikevich’s method of numerically computing the structure of isochrons
around +, for again simple two dimensional systems. We needed to modify some definitions
and proofs of Sections Bl to B3 to accommodate DAEs as well, and what we did in Section
B4 was to primarily show that 9f/0q = v1(t) on 7. We established this and that vy (t)
defines a subspace rather than a hyperplane generally, in DAEs, i.e. the linearized form of

an isochron, in the close neighborhood of v, is not a hyperplane but a subspace [3].
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We have to note that all the derivations and explanations provided in this chapter cover
unperturbed oscillators. In the next chapter we explore how the phase of an oscillator is
affected when perturbations are afflicted on these systems. It happens that the study of
isochrons and these derivations prove to be most helpful while analyzing perturbed oscilla-

tors.
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Chapter 4

OSCILLATOR PHASE ANALYSIS WITH PERTURBATIONS

In this chapter, we develop the theory that is needed to carry out oscillator phase analysis
in the presence of perturbations. Perturbations cause a phase drift together with orbital
deviation. Our aim is to derive a phase equation for the generic ODE in (Z1I), along with the
DAE in (Z4)). The concern is not only perturbations afflicted on states, but also parameters.

In developing the theory needed, we refer to 1], [2], ], and [3].

4.1 Phase Equation for the Generic ODE System

The perturbed ODE system may be written as

Z_f = f(z) + g(x,t), with z(0) = 27(0). (4.1)

where g(x,t) is the perturbations vector. Notice that g(z,t) depends on both the states
vector  and time ¢. When g = 0, this equation is the same as the generic ODE in (EI]).
However, in here we especially consider the case when g # 0. Also note that since isochrons
are the level sets of #, by Theorem [, 2(0),27(0) € 79. Without loss of generality, we can
impose the initial condition z(0) = z7(0) on the perturbed ODE in (). We will first be
noting a few substantial observations.

Let 2°(t) be a solution of the unperturbed equation in (). Then, we know that
t(z°(t)) = t, ¥t > 0, provided that x°(0) € ng. 79, by our convention, is such that it passes
through 27(0), a point on 7. Note that, again by our convention, (x7(0)) = 0.

In turn, let z(t) be a solution of the perturbed equation in ([Il). We have already
required that the initial condition, (0), be on the isochron 7. In fact, 2(0) = 27(0). Then,
the initial condition for # is zero, i.e. #(2(0)) = 0.

We have just noted that #(z°(0)) = 0 and #(2(0)) = 0. Moreover, that #(z°(t)) = t is
true. However, we cannot right away declare that #(2(¢)) = t. Most probably, #(x(t)) # t,
because in (1)) there is g present. g may affect £(x(t)) such that ¢(x(t)) may deviate from
the delicately computed t.
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The following sections focus on the derivation and proof of the accuracy, of a differential
equation describing #(z(t)), phase of the solution x(t) of the generic perturbed ODE in (E]).
We have already set the initial condition, #(2(0)) = 0, for this new differential equation,

which we will from this point on call the Phase Equation.

4.1.1 Derivation of the Phase Equation

As the first step in deriving the phase equation, we proceed as follows. Noting that ¢ is a

function of the states vector, x, we write

di(x)  [0#(x)] da
dt dx | dt’

In view of (), we continue to write

di(z) [af(g;

) T
z)+ g(x,t)]. 4.2
= 122 7@ + (e, 0) (42)
Note that the equation above is derived through substitutions only, and therefore it is exact.
There is a further simplification which can be carried out, sustaining the exactness of

([EZ). The expression for £ is not explicitly known, but the gradient of ¢ is known to satisfy

[ag(j)y fz) = 1. (4.3)

Recalling the discussion in Section B3 # is introduced in Definition [ as ¢ = #(z°(¢*)),
provided that x°(t) is a solution of the unperturbed ODE in (), such that z°(0) € W.

Then, 2°(t*) € W, Vt* > 0. In Section B33, the only requirement to satisfy
At(0(t*))]" da®(t*) .
020 (t*) dt
is that 20(t*) € W. We assume that by adding the perturbations vector g to (1) and

obtaining (El), the isochron structure in W, and W and v themselves are not altered,
which brings about the condition on g that the magnitude of ¢ must be small. Also we
know that f(z) is still a function of z. Therefore, ([3]) is valid for the solution x(¢) of (EI)
as well.

This observation leads to a simplified and still exact form,

dtéf) =1+ [ata(;)] g(x,t), (4.4)

of @2). The next step will be to derive an approximate form of [ to facilitate numerical

computations.
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4.1.2  Solution of Perturbed Oscillating Systems

An approximate form of [l can be derived if we choose to expand

2] st (4.5)

around some point 27(t*). We know by Corollary Bl of Theorem B, both that x7(#(x(t)))
and z(t) are on the same isochron and that the phases of these two points are the same, i.e.
t(z7(t(z(t)))) = t(z(t)). In fact, that x(t) is the solution of the perturbed ODE in (1) does
not matter, because t is a function of the states vector in W. For this reason, we choose
27 (t*) = 27 (£(z(t))) as the point on v, around which to expand (E5).

Also, by Theorem B, 9t(x” (t(x(t)))) /02" (t(x(t))) = v1(f(z(t))). We then have

di(x(t))
dt

=1+ v(t(z(t))) g7 (E((1))), 1), with {(2(0)) =0, (4.6)

as the approximate form of the phase equation in (@Z]). Naturally, at t = 0, £(2(0)) = 0,
because of the initial condition imposed on ([EJ]). Our aim was to derive the phase equation
in @Q). The rest of this section focuses on proving the accuracy and pointing out the

significance of (E.6l).

Figure 4.1: Comparison of the phases of perturbed and unperturbed equations.
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Notice that since 27 () and z(t) are on the same isochron, 7;, where t = (x(t)), if 27 ()

and z(t) are sufficiently close together, we have
M
z(t) = 27() + Z ci ui(t). (4.7)
i=2

The decomposition in @) holds, for {us(f),...,un ()} span the linearized form of n; at
27 (t). We assume that 27 (£) and x(t) are so close together that this linearization is accurate.

For simplicity, let us call
M
y() = ciui(f). (4.8)
i=2

Then we have x(t) = z7(f) + y(). Figure Bl depicts the perturbed solution xz(t) and the
unperturbed solution z7(t), and shows that the two solutions at ¢ are very close to each

other but different.

Lemma 1 The following equality is valid.

%m”(f) = f(=7(1) + [vi() g(27 (D), 6)] ua (D) (4.9)

t =t(z(t)). x(t) is the solution of (1), such that x(0) = z7(0).

Proof: Observe the obvious equalities in

dx;;” —wy(d) = f(27(D)). (4.10)

Making use of ([EI0) and the approximate phase equation in (fH), we obtain

dw;;“ {%} = w(®) {1+ 0]() g (D), 1)}

%éﬁ(f) = f(a(®) + [vI(#) g7 (£), )] wa (D), (4.11)

which is the claim. |

Theorem 8 The following equation is valid.
iy = 0CD) 6 S i@ ,] i) (412)
dt Az () —~ e '

7

t =t(x(t)). x(t) is the solution of {f-1), such that z(0) = z7(0).
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Proof: In view of (1) and (X)), (@I can be written as

L@ +yd] = FEE +y) + o (D) + ()0
G0+ g0 = s 0+ LIPG04

Taylor-expanding both sides. Notice that we have employed the zeroth order approximation
for g, since we assume that the magnitude of g is bounded.

Notice that {u1 (1),... ,uM(f)} span RM . Therefore,

g(z7 (D), Z £),)] wi(f). (4.14)

i=1

We have used the biorthogonality property to write the decomposition in (EI4]).

Subtracting ([E9)) from EI3),

M
d . Oof (:177 ,
Sy = 22 ) ), )] wi(h). 4.1
90 = 5 v+ X 09 @.0)] ) (4.19
which is exactly the same as ([{L12). While obtaining (1)), we have utilized the decompo-

sition in (ET4).
It remains to show that y(#) in X)) actually satisfies (@IH). For this purpose, an
approximation should be employed. Basically,
d . dy(t) dt
t = —
at’ y(t) dt dt
dy(t) ;
= 1+wv T(t),t
2 1+ ol (g (), 0)
dy(t)
dt

Now we obtain, from ([IH) and the approximation in (1M,

Q

(4.16)

d%y(f) 82 =t ) + Z £),6)] wi(®). (4.17)

In order to show that y(f) in (@) solves [@IT), we must proceed as follows. Recall that

exp(p; t)u;(t) was shown to satisfy

oot (0] = 22 expls (o). (119

in Section Manipulating #IF]), we obtain

d 05

) = ooy M ui(t). (4.19)



Chapter 4: Oscillator Phase Analysis with Perturbations 60

Then, through (X)) and ETd), we get

d o @@ o N~
d—fy(t) = 37 y(#) ;c 1 wi(£). (4.20)
Substituting ([@20) in ([EI7) and cancelling terms,
M A M ) ) A
= i) =D [l (Dg(z" (1), )] (D). (4.21)
=2 =2
Defining
Uy = (’LLg(f)uM(f)), (4.22)
an (M x (M — 1))-sized matrix,
c=(cz--em)’, (4.23)

M
b= [ol (D= (E), )] ui(h), (4.24)
another ((M — 1) x 1)-sized vector, we may express ([L2]) in compact form as
Uz me=0. (4.25)

We will now draw attention to several facts about the system in ZH). (E2H) is an
over-determined full-rank system. Therefore, if there is a solution ¢, then it must be unique.
There is no doubt that b in ([24)) is in the column space of Uz in (E2Z). Then, ([E2ZH)

has a solution ¢, and ¢ is unique. Indeed,

A

__u(@g@(B),1)
€= m : (4.26)

This proves that y(f) in @) satisfies [@IT) exactly, and that y() satisfies [IH) after
approximations. |
The form of the phase equation remains the same as in ([6]) for the DAE case. Noting
that 0f(q(z7(1)))/0q(xY(t)) = wvi(t) for a DAE, [@0) can again be easily derived. This

derivation is presented in detail in [3].
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4.2 Incorporation of Parameter Perturbations into Oscillator Phase Analysis

Up to this point, we had the need to orient our derivations to analyze our generic oscillators,
in the presence of perturbations appended to the system states that reside on the limit cycle,
~. However, in the generic system of equations, describing an oscillator in ODE form, as in
&) for example, there exist usually a set of parameters, which we are obliged to consider,
to fully describe the system. In some applications, one is required to analyze oscillator
phase when time-dependent perturbations are appended to these parameters.

The generic set of equations are given as @ = f(x), for an ODE. The assumption is that
we have M states, i.e. the states vector, x, has M entries. In addition to z, f is usually
a function of p, a parameters vector that we assume has L entries. Therefore, we have
f=f(p)

Note that the actual number of parameters incorporated in f might be more than L,
so p usually is not required to consist of all the possible parameters we could include in it.
The essence is to comprise p of those parameters that we could wish to perturb in a time-
dependent manner. The other parameters, which we might deem ineligible for perturbations,
could just be regarded as constants.

Also note that, although the values of x on = vary in time, the values of p on ~ are
strictly constants. The perturbations appended on p will, on the other hand, naturally be
time-dependent.

Little work has been done in the relevant literature, to analyze oscillator phase drift in
the presence of parameter perturbations. Most of the contributions seem to accumulate
in a single paper. In [6], some basic theory is borrowed from [I0], in order to bear the
ground for oscillator phase analysis when parameter perturbations exist. However, neither
in [I0], nor in 6], association of the developed theory with the familiar Floquet theory is
established. We have, in this work, after defining the phase of an oscillator in ODE form,
namely £, shown that 0f/0x7(t) = vi(t). Also we have stated that the phase referred to in
[T0] is again our £. We have shown that the numerical scheme, given in [I0)], to compute the
gradient of £ with respect to the states of an oscillator on +y, again computes precisely vy (t).

The aim now is to utilize our knowledge of Floquet and sensitivity theories to bind a
link between the theory developed in [6] and v;(¢). The first task will be to express the

parameters vector, p, in our system of equations, such that the entries of p also become the
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states of our generic ODE system, given in ().

4.2.1 Augmenting the Generic ODE for Parameter Perturbations

We now have to derive a new representation for the generic ODE system in (21I), which is
simply & = f(z). We have already stated that f = f(x,p), where  has M entries and p
has L. We would like to convert this generic system, in which p will be explicitly available
as if its entries were also the states of the system.

Let us define a new vector w. In w, we concatenate the entries of z and p, as in
w=(r1---xppr--pr) - (4.27)

Then, we may declare that f = f(w). Noting that w; = z; for 1 < j < M, the generic
ODE in (1), is simply modified as

’Lbj = fj(w) Vj e {1, R ,M} . (4.28)

Notice that, above, we have M equations, but the argument of every f;, which is w, has
(M + L) entries.

There is no doubt that ([28) is an under-determined system. We have to append L
many equations to the system given in [L28]). Here is how we proceed. On the limit cycle,
the parameters vector, p, does not vary with time. Every entry of p has a nominal constant
value. Let us call these nominal values p}*" for 1 <7 < L. The L more equations we need
are

0=p/" —wy4i Vie{l,...,L}, (4.29)

)

noting that wyr4; = p; for 1 <i < L.
In all, we have
w; = fj(w) Vie{l,...,M}
0 = pr" —wyys Vie{l,...,L}
from [@2]) and [Z9), as the modified and augmented system. The next step is to try and

(4.30)

write (E30) in compact form. Let us define a vector ¢, as

gq=(wy--wy 0...0)". (4.31)

Lmany

Defining also

i=(fi(w) - fu(w) hi(w) - hy(w))T, (4.32)
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o0m

where h;(w) = pI'™ — wpr4; for 1 < i < L. Then, [E30) is written in compact form as

dq(w) .
~ = i(w). (4.33)

Comparing this compact form with ([Z4l), we observe that [@33]) is a DAE.
In the forthcoming derivations, we will also need the explicit forms of the Jacobians of
g and i, with respect to w. Examining ¢ in @31]) and w in [E2Z7), we have

oq Ins  Omxer

dw Orxm  Orxr

(4.34)

where I,/ is the identity matrix of size (M x M), and the others are zero matrices of the

subscripted sizes. Similarly, examining 7 in ([32) and w in [@27), we have

. of of
g_z = 2 % |, (4.35)
w Orxnv —Ip

Above, 0f/Jp is evaluated by substituting the values for x and the nominals for p, after

considering p as a variable and figuring out the expression for the partial differential.
Having figured out the compact DAE form in ([f33]), the matter now is how to append

time-varying perturbations to the nominal parameter values. The solution is very simple.

Let us define a perturbations vector
s(t) = (s1(t) - -s1(t)", (4.36)
and a perturbation modulation matrix

0
B=|[ " (4.37)

I

In view of (30 and ([E3T), we incorporate the compact form in ([@33]) with the parameter

perturbations functionality, as in

dq(w) .
~ = i(w) + Bs(t). (4.38)

The time-dependent perturbations vector, s(t) above, directly modifies the nominal value
of the perturbations vector, p.
In order to be able to monitor the effects of parameter perturbations on the phase

of our generic ODE system in (Z1I), we first modified the M-sized original system into
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the (M + L)-sized system of ([33)). Then, we spelt out @38), in which p also became a
perturbation-prone part of the augmented state variable w, along with the old states vector,
x. We focus on only parameters in our analysis, so we needed to define s(¢) and B, through
which only the nominal values in p have become vulnerable.

We have already associated v1(t) with the generic ODE in (1), and repeated this
reservation many times. The new augmented compact system in ([33]) also has a similar
vector function, which we will call v"?(¢). Although @3Z3) is a DAE, it has been derived
from (7). Therefore, v{"(t) is related to vq(t) through a very simple expression. We will

aug

be deriving this relation, but we need to explain first the theory developed in [6]. v]"?(?)

will surface naturally through the methods crafted in [6].

4.2.2  Augmenting the Generic DAFE for Parameter Perturbations

We now describe how to modify the generic DAE in (Z4]) to be able to carry parameter
perturbation analysis. This procedure proves to be very similar to the scheme that we
described in Section EL21

We do not redefine the augmented vector w, already defined in ([@27). Let us simply
state that w = (" p" )", where x is the (M x 1)-sized states vector, and p the (L x 1)-sized
parameters vector. Let us note again that p}*™, for 1 < i < L, are the constant nominal
values for the parameters, defined on 7.

The nonlinear functions g and f in (Z4]) actually share the entries in p. Recall that we
do not dump into p, all the available parameters to be used in expressing ¢ and f. Some
parameters may be ineligible for perturbation, and we treat these parameters merely as
constants. These parameters are not among the entries of p. p consists of the parameters
that are eligible for parameter perturbation analysis. Some entries in p may belong to only
q, another set of entries may belong to only f, and then there may be a third set that
belongs to both ¢ and f.

In the following derivations, we regard the nonlinear functions as f = f(z,p) and ¢ =

q(z,p). We have already intoduced the augmented vector w, so we have indeed f(w) and

q(w).
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We now repeat what we did in the ODE case as follows.

gj(w) = fi(w) vjie{l,...,M}

(4.39)

In the ODE case, the ODE that we have, in the form of ) , is converted into a DAE, in
the form of ([Z4]). The DAE derived from an ODE is of the form ¢(w) = i(w). However, we
are now trying to derive another DAE from an original DAE, so let us have the new DAE

in the form given by Q(w) = I(w). Q and I are to be defined as

Q=(qqu u)T (4.40)
Lmany
and
I=(fi--fauhi---hy) (4.41)
respectively. Note that h; = pI'™ — p; = pI'™ — wpr44, for 1 < i < L.
In solving Q(w) = I(w), we need
0 0
Q _ [ a &
— = (4.42)
and
of  of
o _[ o o | (4.43)
8’[1) 0 _IL

Both matrices above are (M + L) x (M + L). Iy, is the (L x L)-sized identity matrix. The
zero matrices are of the appropriate sizes.

We may again write
dQ(w)
dt

= I(w) + Bs(t), (4.44)

in order to append actual perturbations to the parameters only. B, the perturbation modu-
lation matrix, is defined in ([@31), and s(t), the vector of appended perturbations, is defined
in (E30).

We assume that v;(t) is a periodic solution of the adjoint LPTV equation, derived from
the generic DAE in (ZZ]). Let us now assume that v]"?(¢) is a periodic solution of the

adjoint equation derived from the augmented DAE, Q(w) = I(w).
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Chapter 5

RELATIONSHIP WITH PREVIOUS WORK

Previous work on oscillator phase analysis has much in common with the theory de-
veloped in the last chapter. In this chapter, we review some methods to compute v (t),
although in most references oscillator phase analysis has not been pointed out as related
to Floquet theory. We show through rigorous derivations that all the theory developed for
oscillator phase analysis in the presence of state and parameter perturbations indeed aim

to compute vy (t) first.

5.1 ISF (Impulse Sensitivity Function)

It happens that if we set the perturbation vector to be an impulse, shifted in time, ¢
computed through the phase equation turns out to be a single sample of v1(t). Therefore,
exciting the perturbed system by impulses, each of the coupled equations at all timepoints
along a period, waiting long enough so that the system again returns to steady-state, and
then measuring the phase difference with an unperturbed system that was initially in-phase
with the perturbed system, we can theoretically compute v;(t). This approach was first
introduced by Winfree in 1967 [19], [9]. Later in 1998, Hajimiri et al. [§], utilized the same

method for electronic oscillators, possibly unaware of Winfree’s innovation.

5.2 PPV (Perturbation Projection Vector)

In the electronic domain, particularly Kaertner in [21]], foresaw uq(t) as the vector function,
on which perturbations appended to a system of the generic ODE form in (1) must be
projected, in order to compute the phase drift that plagues such oscillators. Thereon,
it is easier to guess that perturbations along the other functions, w;(t) for 2 < i < M,
contribute to orbital deviation. However, provided that the states vector, x, never leaves
the close neighborhood of v, the appended orbital deviation dies out in time, for oscillators

possessing the asymptotically orbital stability property. This latter property is maintained
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if, again, we assume that the first Floquet exponent is zero, i.e. p; = 0, and all the other
exponents are negative, i.e. u; <0 for 2 <i < M [I7].

Remembering Floquet theory, u;(t), for 1 < i < M, and v;(t), for 1 < j < M, are
biorthogonal sets at any ¢t = ty. Therefore, supposing we have an arbitrary vector a which

may be written as
M
a= Zaiui(to),
i=1

we may compute coefficient aq, through a; = vy (to) -a. aq is the coefficient of component
along uq(tg). This simple projection demonstrates why we need to compute v (t), i.e. in
order to figure out the perturbation component along u(t).

It was Kaertner’s intuitive approach in [Z1] to compute first vy (t), in order to figure out
the phase drift afflicting oscillators. Later, Demir et al. in [B] derived a phase equation,
bearing the ground of their work on Kaertner’s intuition and particularly the biorthogonality
property dictated by Floquet theory. Demir et al. in [5] assume wuq(t) to be the only
persistent mode, again referring to the basic assumption that p; = 0 and all other Floquet
exponents are negative, which is what we have assumed right from the outset. Since they
adopt Kaertner’s exclusive intuition in [21] to project perturbations over u(t), Demir et al.

rightfully call vy (t), the Perturbation Projection Vector (PPV) [).

5.3 Phase Gradient Computation for ODEs

In Chapter Bl we stated several findings relating Floquet Theory to the concept of isochrons.
That we have established 0t /0 = vy (t) is theoretically valuable information, but practically
we still do not know how to compute vy (¢). When explaining numerical methods, it will be
clear how we compute v;(t). However, we are now going to introduce a simpler numerical
method, based on an intuitive understanding of phase, that is aimed to compute the phase
gradient, i.e. v1(t), the vector function we need. When this method was introduced in an
earlier work, no relation to Floquet theory was established. We are going to prove that
this proposed numerical method computes exactly v1(¢). This proof will consolidate the
comprehension of Floquet theory and will publicly declare its power.

Kramer et al. in [I0] develop a numerical method to compute the partial derivative,

Ot/0x, when z is on v, the limit cycle of interest. Through the derivations given in [I0],
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the notion of phase is shown to originate from a more familiar sensitivity expression, in
particular 83:;»’(7') /Oz] (t). This expression can be translated into simpler language as the
sensitivity of the j™ entry of z7(7) with respect to the i entry of 27(¢). The reservation
adhered to in [0 is that if a perturbation is appended to ] (t), i.e. to the i'* entry of 27(¢),
the effect of this perturbation on the j** entry can be observed only when the oscillator
returns to the limit cycle, v. The oscillators we are concerned with are assumed to have the
asymptotically orbital stability property. Therefore, our oscillator is not expected to return

to 7 before a long enough time has passed. It naturally follows that

i oz} (7)
o0 9] (1)

(5.1)

must be analyzed.
Kramer et al. in [T0] split the previous partial differential expression into two factors in

order to develop their notion of phase, as in

oz (1) dx) (1) ot
. N J
Thm 52700 —Thm PP SInS (5.2)

Notice that above t emerges suddenly, and therefore it is not for certain that ¢ is the phase
of the generic ODE in (Z1I), as defined in Chapter We will assume for now that ¢ in
(52) is the t of Definition [[H in Chapter Bl dl‘;-y(T) /dt is a derivative expression evaluated
at time 7. 0t/0x](t) is then the i'" entry of the gradient expression we are looking for,
evaluated at t. Algebraically, there is no doubt whether 9¢/0z] (t) should have been scaled
by a coefficient, because ¢ is the phase in units of time, and the derivation carried out in
[T0] leaves the familiar ¢ intact. There is no need to scale the gradient to be computed.
Since 0t/0x] (t) is not a function of 7, the following is automatically written.

ot o 0xl(r) [ dxl(T)
5 A aa;]Z(t) / it (5:3)

(2

is the expression to compute the " entry of the isochron gradient at x7(t), which is a point
on 7.

Some facts must be noted about the expression in (B3). First of all, it is clear that
(B3) can be used as a numerical method to compute the phase gradient. So far, we have
not derived any numerical methods to compute this gradient, and (B3)) is, as of now, the

only available and reliable numerical method for this purpose. However, we may readily
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list three problems that afflict the scheme of (B3]). Evaluation of the limit at infinity is not
possible, and practically there is no hint suggesting how big 7 must be chosen. Also (B3 is
able to compute only a single entry of the isochron gradient, at a single shot. We are going
to spell out more accurate and systematic schemes in the numerical methods chapter, to
compute not only a single entry, but the entries of this gradient, all together.

The second fact that must be noted about (B3] is that this expression does not seem
to depend on the choice of j. In [I0], it is stated that the phase, t, is a property of the
whole oscillator. Therefore, the claim that the choice of j can be arbitrary is stated without
justification. Shortly, we are going to prove that j can indeed be arbitrary.

The third fact about (53) is we have already noted that vy (t) = 0/9z7(t). However, in
(B3, this equality is not at first obvious. The theorem and its proof that we are shortly to
present will establish clearly that the gradient expression computed through ([B3) is exactly
v1(t).

Again, the scheme in (E3)) and the problems that are stated about this scheme hold if t
in (B33) is actually the  introduced in Definition

Theorem 9 Let the phase, associated with the generic ODE in (Z1), be t. The i*" entry
of the gradient of t, evaluated at x7(t), which is a point on ~y, the limit cycle of interest, can

be computed through

6210 % 92 (1)

; v v
ot . Ox] (r) /) dz(7)
dt '
the same expression as in ({@23). The gradient expression in [523) is exactly equal to the it
entry of v1(t), i.e.

87?/63)7(15) = Ul,i(t)
Also, the choice of j in [2Z3) is arbitrary.

Proof: Let us first recall that if we linearize the generic ODE equation around ~, we
get an equation of the form, y = G(t)y, where dot denotes derivative with respect to time.
u1(t) is a periodic solution of this equation. Again, G(t) = Jf/0x, evaluated at z7(t).
This linear differential equation has a state transition function that is written in a straight-
forward manner as odK(7,t) = 0z7(7)/0x7(t), for 7 > t. Regard 7 as a dummy variable.

The adjoint of this linear equation is then written as 2 = —GT(t)z. wvy(t) is a periodic
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solution of this adjoint equation. The state transition function of the adjoint form is the
transpose of the original, i.e. odK"(¢, 7).

Let us now express odK(7,t) in explicit form as

ai(r) Bz](7)
9z (t) Bx;({ (t)
odK(7,t) = :
0z}, (7) o oz, (1)
9z (t) 0z}, ()

It is then possible to express the entries of odK'(¢,7) as in

(odK'(t, T))ij =

Through Floquet theory, odK(7,t) is known to be

M
odK(7,t) = Z i T, (7)0] ().
i=1

Recalling our basic assumption that g3 = 0 and p; < 0 for 2 <4 < M, and that we have to
let 7> t, we have
odK(7,t) = uy(1)v] (t).

Then, we may express the expanded form

’Ul,l(t)
OdKT(t,T) — ( ul,l(T) - ul,M(T) > .
’ULM(t)
Spelling out a single row,
(0dK™(t.7))ie = (vri(hura(r) - wraua(r) )-

The previous equality together with (B4) justify

. 02(7)
(OdK (t, T))ij = ~ = ’Ul,i(t)uLj(T), (55)

=2

for 7> t.

We have figured out an expression for the numerator in ([.3]), which is true in the limit.
Let us now examine the denominator term. dz?(7)/dt is the time derivative of 27, evaluated
at 7. ui(t) is in the same direction as the time derivative of 27, and one of assumptions is

to have dz7(t)/dt = uy(t).
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In all, we have the means to simplify (B3), as in

85 _ ULi(t)uLj(T)
O] (1) u,5(7)

= Ul,i(t), (5.6)

where the limit notifier is omitted for convenience. Recall that the equality is true for 7 > t.
(B4)) establishes that the gradient of the level sets of t, which we have called isochrons,
on 7, the limit cycle, is v (t), the vector function, which is the solution of the adjoint linear
equation derived from the generic ODE in (7).
Another obvious significance, examining (B0), is that the claim in [I0] that the compu-
tation in (B3) does not depend on the choice of j is now justified, for the terms depending
on j cancel in (&0). [ |

5.4 Phase Response to Parametric Perturbations

5.4.1 Parameter Sensitivity Equation for an ODE

The theory developed in [6] requires the sensitivity equation to be derived. We will be
spelling out the differential equation whose solution is dx/dp on . We will also be solving
this equation and giving the explicit form of the solution.

Kramer et al. in [I0] derive the sensitivity equation for a generic ODE, as given in (ET]).
They show that this equation is an inhomogeneous version of the LPTV equation, derived
from (ZJI). Therefore, as it can be easily deduced, the solution of the sensitivity equation
involves a convolution expression with odK(t,0), the state transition function of the LPTV
equation, y = G(t)y, with G(t) = 0f/0x computed on ~. Taylor et al. in [6] borrow this
formulation and use the explicit form of the solution for the sensitivity equation to conduct
a part of their derivations. However, neither in [I0], nor in [6], Floquet theory for spelling
out odK(t,0) is exploited.

Larter in [TT] explores sensitivity based on Floquet theory. However, this approach is
not generalizable, since Larter assumes that the solutions of the LPTV equation, which we
write as exp(u;t)u;(t), for i < i < M, not only span the column space of odK(t,0), but
are the actual columns of odK(¢,0). Then, it is awfully difficult to deduce the benefits of
biorthogonality and projections based on this feature. Larter distinguishes between a single
persistent mode and the others, i.e. implicitly assumes that the first Floquet exponent

is zero, p1 = 0 and that the others are less than zero. However, without spelling out
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the explicit form of odK(¢,0) through Floquet theory, it is not possible to benefit from
the biorthogonality property that we extensively exploit in this work. As a consequence,
Larter is able to apply this approach only to specific, simple chemical oscillator models of
low dimension, and these analyses cannot cover the generic oscillator of the form in (I,
because the approach in [I1] consists of and is hampered by the difficulty of figuring out
the column space of odK(¢,0), associated with the LPTV equation derived from (ZII).

In this section, we again derive the sensitivity equation for the ODE case, as carried out
in [I0]. We spell out the solution in terms of odK(¢,0) and make use of the explicit of this
solution, derived with the help of Floquet theory, in the next section.

In LT3l we stated that the nonlinear multi-dimensional function, f, of the generic ODE
equation in (ZI), is actually a function of both the states vector, x, and the parameters
vector, p, i.e. f = f(z,p). =, in turn, is naturally a function of both time, ¢, and also the
parameters, vector, p. Therefore, it would be most accurate to express f as f = f(x(t,p),p).

For our purposes, we would like to compute, numerically, the sensitivity of the states
vector, x, with respect to the parameters vector, p, i.e. dx/Jp. The sensitivities around
the limit cycle, v, will suffice. Therefore, we will again be able to make use of the notion of
linearization around the limit cycle.

Now, let us evaluate the partial derivative of both sides of (Z1I), with respect to p, as in

0 (dx(t,p)\ 0
o (S5 = 2 (Gatenn).

Using the chain rule of partial derivatives and evaluating x on the limit cycle, v, we obtain
d [027(t,p) | _ 9Of(@7(tp),p) [027(L,p)
dp dz7(t, p) dp

dt
of(z7(t,p),p)
Op ’

(5.7)

We must note that the second expression on the right-hand side of the equation above
is the partial derivative of f with respect to the second argument of f, which is p. The
expression in set brackets is the sensitivity we are trying to compute. (B7) is a linear
ordinary differential equation. We can make use of this equation and the initial condition,

oz (t,

927 (t,p)| 0, (5.8)
o |0

to compute the sensitivity, dz7/9p, with the arguments of 27 omitted for convenience, for

all t > 0.
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() is actually an inhomogeneous equation. Its homogeneous form reads

£{ege) -t o),

We may recall that the equation above is the linearized form of the generic ODE equation
in (ZI0). The linearization has been done around 7. Also, through Floquet theory, we
have established that the state transition function of the homogeneous equation above is
odK(t,0). As this section is just a brief restatement of sensitivity computations, we will
not again spell out the explicit form of odK(¢,0), but this explicit form will be needed in
the derivations to come.

From linear systems theory, we know that solutions of inhomogeneous equations like
(B0) are of a certain form. These solutions consist of homogeneous and inhomogeneous
parts. In this case, let us call the homogeneous part, Spom, and the inhomogeneous part,

Sinn- Then, we may express the solution to (&) as

oxY
8—329(75) = Shom + Sinh- (5.9)

We know, again through linear systems theory, that to express the explicit forms of Spom
and Sj,n, we need to make use of the state transition function, odK(t,0).

In (E3), Shom is to be expressed explicitly as

ox"
Shom = OdK(t, 0)8—]9(0) (510)

However, through (BX]), Shom = 0. Therefore, we only need the inhomogeneous part of the
solution, S;pp.

Siny in (BT) is expressed explicitly as

t 8f
Sinh = /0 odK(t, 1) 8—p(7’) dr. (5.11)

The arguments of the nonlinear function, f, were omitted for convenience. (BI1J) is actually
a convolution expression.
In summary, the solution of the linear inhomogeneous differential equation, with the

initial condition of (BX), is

027 1y to T g 7)dr
a—p(t)_/o aK(t,7) G () dr. (5.12)
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We must note that we mean, by the abbreviated notations,

ox7 ) = 0x7(t,p)
op "’ op

and
of af(x'Y(T,p),p)
_(;) -_— = .

We again note that the second expression is the partial derivative of f with respect to the
second argument of f, which is p.

In order to compute the sensitivity of the states vector, x, with respect to p, we need to
fix p to its nominal value, around the limit cycle, 7v. The nominal values of the parameters
are constant on . This is the reason why we do not need a time tag for p, as in p(t).

Having derived the sensitivity equation and having spelt out its solution, we now move

on to analyzing the contribution in [6], with the help of this equation and Floquet theory.

5.4.2  Phase Sensitivity with Respect to the Parameters of an ODE System

Taylor et al. in [6] refer to the work of Kramer et al. in [I0], in order to develop a reliable
numerical method that computes oscillator phase changes when parameter perturbations
do exist.

We showed earlier that df/027(t), the partial differential expression, for which Kramer
et al. in [I0] devise a numerical method to compute, is exactly vi(t). vi(t) is a periodic
solution of the adjoint linear equation, 2 = —G'(¢)z, associated with generic ODE equation
in (ZT).

Taylor et al. in [6] focus on a single parameter p; out of the L entries of the parameters
vector p. Having defined the same # in our work, which satisfies dt/dt = 1, in the absence of
perturbations, so that their notion of phase is again in units of time, they venture to spell

out

N M . v

which is a simple consequence of the chain rule of partial differentiation. Both terms in the
summation above are functions of time, so any argument notifier is omitted for convenience.

Then, Taylor et al. derive the time derivative of the expression in (EI3]) through what may
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be called a lengthy proof. The derived expression reads

ot 8]”Z
<8p]> Z axi (9pj (5.14)

where again both terms in the summation are functions of time [6].

Examining (BI4]), we observe that both terms in the summation are periodic with 7.
This makes the whole expression in (BIdl) periodic with 7. Then it is easy to deduce that
the expression in (BI3]) is not necessarily periodic, because it is the time integral of (BI4I).

Taylor et al. in [6] make use of 9f/027(t) to compute the phase deviation of oscilla-
tors when state perturbations are present. However, when it is the parameters that are
perturbed, they do not resort to 85/8pj in (T3, to utilize in the same manner as they
handle 0f/027(t). The time derivative expression in (5I4) seems to be the counterpart
of dt/027(t), when they switch from state pertubations to parameter perturbations. This
counterparts relation is not well justified in [6], although the proof enabling the derivation
of (EI4) from (BIJ) is correct. In fact, this proof is the major contribution of [6].

We will next show that the time derivative expression in ([&Id) is related to v{"(t),
associated with the DAE system that we derived in the previous section. There, we main-
tained that vy (t) is associated with the generic ODE system in (1), and similarly vy"?(t)
is associated with ¢(w) = i(w), the augmented system with w accounting for the states
vector, z, and the parameters vector, p, of (Z1I). Then, we will provide a very simple and

short proof for the transition from (EI3)) to (BI4), with the help of Floquet theory.

Theorem 10 In [[.21], we modified the generic ODE in (Z1) into {{.33), concatenating
z and p in w. We also let v{"?(t) be a periodic solution of the adjoint linear equation,

associated with this augmented nonlinear equation, i.e. ¢(w) = i(w). Our claim is that

d (ot
Vg _ %

where the explicit form of the right-hand side expression is given in ([5.14).
Proof: As stated before, we take for granted the transition from EI3) to (EI4),

for the moment. We will be providing the proof of this transition as the justification of a

following lemma.
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Let us first figure out the differential equation representation of the LPTV system derived

from ¢(w) = i(w). We get

of  9of
IM 0 i aug __ o Op aug
dty - y )
0 O 0o I
Y Y

where both matrices are evaluated on 7, i.e. 7(t) and p™°™ are substituted for evaluation.
recall that the nominal values for the parameters, p°™, are everywhere constant on . I,
is the identity matrix of size (M x M). 9f/0x on ~ is the familiar G(t). Jf/0p is the
partial differential expression of f(z,p) with respect to its second argument. Remembering
that this linear system is of size (M + L), the zeros matrices must be regarded as being of
appropriate sizes so as to make both matrices square. Also, y*9 = (y{ y3 )", where y; and
yo are (M x 1)- and (L x 1)-sized vectors, respectively.

The linear adjoint equation, associated with ¢(w) = i(w), is then

T
T 0| d o, (@) 0
—Zz —_— —

dt ar\" _
0 0)| (%) —u )

209, (5.16)

where clearly 299 = (2] 23)", where z; and 2y are (M x 1)- and (L x 1)-sized vectors,

respectively. (B2I0]) can be written as two sets of coupled equations.

L
dt

T
) zZ1 = 29 (518)
v

~GT(t) (5.17)

<ﬁ
Op
It is no surprise that the first equation above is the adjoint equation, associated with the
original generic ODE in (Z1I). Then, z; = v1(t) is a periodic solution for (EI7). Obviously,
if we set z; = v1(t) and then compute zo with the help of (EI]]), The concatenation of z;
and 2o will be 2%“9 = v]"9(¢), associated with the augmented adjoint equation in (GIG).

Let us focus on the j** component of both vectors on each side of (EI8)). We naturally
substitute z; = v1(t) = 0t/0z7(t), to get

Lot af,

However, 25 ; becomes, with our substituting z; = vi(t),

R aug
72,5 = V1, M+j
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As a result, considering (14, we have (E13). ]

The previous proof is significant in that once we figure out a reliable and accurate
numerical scheme to compute v1(t), associated with the generic ODE in (1I), and vy"Y(t),
associated with ¢(w) = i(w), which is derived very simply from (ZII), we will not need the
numerical schemes for 0t/0x] (t) in (B3) and 0%/0p; in (Id)). If we spell out a scheme to
compute v1(t) for the generic ODE in (1) and the generic DAE in (Z4), then the sensitivity
of £, the phase of a generic ODE, with respect to both its states and parameters, on v, can
be calculated very easily.

We now provide the justification of the transition from (EI3) to (BId).

Lemma 2 The time derivative of the expression in

0F <N i ox)
Ip; P ox] dp;’

where both terms in the summation are functions of t, is given by

d (o) _ -~ 9t of;
dt \op; ) 18:@ op;’

Above, 27 (t) is the steady-state periodic solution on vy, p is the parameters vector, associated

with the generic ODE in (Z1), and f is the nonlinear functions vector in (Z1).

Proof: Let us conduct this proof with not the extries of vectors but with vectors
themselves.

We know that 9f/027(t) = vi(t). Also, we know the explicit expression for dz7/dp,
through the analysis given in BZTl All we need to do is to substitute the expression for
odK(t, 7), the state transition function of the LPTV equation, derived from (Z1I). We have

8:1:7_ t T@f .
o7 —/OdK<t> (r)d

Ip; Ipj
_ i (t=7) ‘ of .
- / [Z“ uil m]apj()d
= etity, e Mol (T ﬁ 7)dr
— ; p z(t)/o mTYT( )apj( )dr. (5.19)

Let us define for convenience

——(7)dr. (5.20)
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Then, we proceed as in

M
ot _ > et ol (ui(t) Si(t)
=1

8])]- ﬁ’_/
= Si(t)
= t T ﬁ T)dT
= /0 vl(T)apj( )dr. (5.21)

Let us not forget our assumption that p; =0, and p; < 0 for 2 < < M.

By the fundamental theorem of calculus, we get

d(oi\ . of
P (8—]9]> = Ul(t)%(t)v

which is the same as the expression in (BI4]). ]

The proof above is much simpler than the one provided in [6]. Considering that the
justification of Lemma () is the main contribution of [6], the proof above, making use of
the results of Floquet theory, is significant.

We have shown that the time derivative of 9t/dp; = v‘llzgj +j(t), where this augmented
vector is associated with the augmented system given as ¢(w) = i(w), derived from the
generic ODE in (ZTJ). A reliable numerical scheme to compute vector function v;(t), asso-
ciated with either an ODE, as in (1), or a DAE, as in (Z4]), would suffice in replacing all
the related theory developed in [I0] and [6]. Particularly, two such numerical procedures
will be presented in the numerical methods section.

The question remains as to whether we may also modify originally a generic DAE in order
to incorporate our analysis with the capability of exploring into parameter perturbations

afflicting DAEs. The answer is in the affirmative, and this is what we try to show next.

5.4.8 Parameter Sensitivity Equation for a DAE

The technique in deriving the sensitivity equation in the DAE case is very similar to that
exercised in the ODE case, of Section B.ZIl The forms of the generic solutions in the two
cases are not that similar.

&32) has the form ¢(x) = f(z). Recalling that ¢ and f depend on both = and p and
that x is a function of both ¢ and p, we have ¢ = q(x(t,p),p) and f = f(z(¢,p),p). We take
the partial derivative of both sides of ([Z4l) with respect to p.

4 (5 el ) = 5L fattn).0)
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x is the first argument of both ¢ and f. p is the second argument of both ¢ and f. So let

us call argy = x and args = p. We proceed as follows.

d dq Oarg: 0q Odargo
dt <8arg1 Op dargs Op )

of Oargy N of Oargs
Oargy Op Oargy Op

Notice that
dargy @ B
op  Op

L,

and then in compact form we have

4 (0q0x g\ _ofor of
dt \ozdp Op) 0Oxdp Op

All our evaluations are on «. Invoking the definitions C(t) = dq/dz and G(t) = 0f /0,

which hold on 7, and rearranging,
d ox” ox"
— )4 2 — )4 2
dt<c(){3p}> G(){ap}

) e

Above is the very sensitivity equation we have been seeking. We know that C(¢) and G(¢)
are T-periodic. dq/0p and Of /Op are also T-periodic. The time derivative of dq/dp is again
T-periodic. Therefore, (B22) is a T-periodic LPTV system, excited with an input of the
same period, T'.

Let us call y = 0z7/0p and

Then, we have

4
dt

It is clear that the equation above is the inhomogeneous form of the LPTV equation, derived

(C(t)y) = G(t)y + b(t). (5.23)

from the generic DAE in (Z4]). Demir in [3] shows that the solution of the equation in
(E23)) is the sum of a homogeneous part, Spem(t), and an inhomogeneous part, S, (t), i.e.
y(t) = Shom(t) + Smh(t).
In [3], the generic forms given by
Shom(t) = K(t70)y(0)

= > exp(puit)ui(t)of (0)C(0)y(0) (5.24)
i=1
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and

Sin(t) = /0 odK (1, 7)b(r)dr + I ()b(t)

t
0

= Yoult) [ epliute i bt
=1
T (5.25)

are proposed and justified. Above,
K(t,7) = Y exp(ps(t — 7))ui(t)o] (1) C(7)
i=1

is the state transition function of the LPTV equation given by d/dt(C(t)y) = G(t)y, the

equation derived from (Z4).

odK(t, ) = Z u;(t) exp(pi(t — 7))v; (1)

i=1

is in the form of the state transition function of the LPTV equation derived from the generic
ODE in (ZTI) , but the Floquet exponents and functions, the Floquet components overall,
belong to the forward and adjoint LPTV equations derived from the generic DAE in (7).

Notice that in (B24]) and (B2ZH), the upper limit of both summations is not M, the
dimension of our generic system, but m < M. The reason for this is that there may be
some modes, belonging to the LPTV equation d/dt(C(t)y) = G(t), that are in the nullspace
of C(t). We have, therefore,

C(t) [um+1(t), e ,’U,M(t) ] = 0.

These modes, u;(t) for (m + 1) < i < M, are nullified instantly by K(¢,0), so u; = —oo,
for (m+1) <i < M [3]. Therefore, examining Spom (t) in (24]), whether or not y(0) has
components along w;(0), for (m 4+ 1) < i < M, Spom(t) will not have components along
u;(t), for t > 0.

By the biorthogonality conditions proved in [3], we have the following.

THCHu() = 6y, 1<i,j
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In [3], it is shown through these conditions that
{CHur(), ..., C)um(t), G(H)umyr(t), -, G()unr(t) }

is a legitimate basis set for ®M for any ¢ > 0. Therefore, b(¢) in (EZ3) can be written as a
linear combination of the basis functions in this set at any t.

F(t) in Sipp(t) of (BZ0) has the following property [3].
F®)[CHu (@), ..., Ct)um(t)] =0

Therefore, C(t)u;(t), for 1 < i < m, reside in the nullspace of F (¢). Also, the following is
true.
FT(@) [CT(t)vi(t),...,CT(H)vm(t)] =0
C"(t)v;(t), for 1 < i < m, span the left nullspace of F ().
In all, we have the following. Let us have b(t) = by(t) + ba(t), where

bi(t) =Y eiC(t)ui(t)
i=1

and
M

ba(t) = Y ¢ G(t)u;(t).

j=m+1
We get through the contributions provided by [3], that

/t odK(t, 7)ba(7)dT =0
0
and
F(t)bi(t) = 0.
In addition,
t
/ odK(t,7)by (7)dT # 0
0
and
F(£)ba(t) # 0,

if not all of ¢;’s are zero, for 1 < i < M. Therefore, if b(t) has components in the subspace
spanned by C(t)u;(t), for 1 < i < m, then these components show up in y(¢) through the

convolution expression in S;,;(t) of (2Z0). If b(t), on the other hand, has components in
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the subspace spanned by G(t)u;(t), (m +1) < i < M, these components show up in y(t)
through the expression containing £ (¢) in S;,x(t) B

This review of Demir’s work in [3] was necessary, for we will make use of the explicit form
of Sinp(t) in (B2ZH). Particularly, we will utilize the information about the vector functions
spanning the left nullspace of F(t), in addition to the explicit form of the convolution
expression in S;,p(t).

The homogeneous part of the solution, Spen,(t) in ([2Z]), is not necessary, since we
assume that
027

y(0) = o

This initial condition follows from the assumption that changes in p start affecting x7(¢) at

(0) = 0.

t =0. Also, 7(07) should be strictly on the limit cycle, v, which is naturally true.

We proceed now to mathematically relate the drift in ¢, the phase, due to parameter
perturbations, to v]"?(¢). v{"Y(t) is associated with the adjoint LPTV system, to be derived
from Q(w) = I(w). Q(w) = I(w) is the new augmented system we derived from the generic
DAE in (7)), through augmenting the states vector x with p, the parameters vector, to get

w=(z" p")T.

5.4.4 Phase Sensitivity with Respect to the Parameters of a DAFE System

In Section (1), we showed that
% <aa—;> = U%\ifﬂ(t)a
where £ is the phase of the generic ODE in (&I, pj is the 4t entry of the parameters vector,
p, associated with the nonlinear functions vector, f in [ Il). v1(¢) is a periodic solution of
the adjoint LPTV equation derived from [Z1I). We augmented (1) by assigning the entries
of p as states, in Section EEZTJ] and obtained ¢(w) = i(w), the augmented system, with x
and p concatenated in w. In Section (ZJI), what we did was to find the periodic solution
aug

of the adjoint LPTV equation, derived from ¢(w) = i(w) and call it v]"?(¢). The work of

Taylor et al. in [6] was referred to as crucial in showing that
d (ot _ ot of
dt 8])]‘ N oxY E?pj’

but we also provided our own proof for justifying this equality. Then, with the tools of

Floquet theory, we related 0t/ dp;j to v (t) as above.
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We are now exploring the DAE case, and we are again induced to define 0t/ Op; and
its time derivative. The definition will be different compared to the ODE case. However,
the essence of our derivations is the same as those presented in Section First, we will
define 0t/ Op;. We will naturally face dz7/dp;, through this definition, but fortunately we
know how to solve for 927 /0dp;, considering the contributions of Demir’s work in [B], which
we reviewed in the last section. Second, we will compute the time derivative of 9t/ Op; and
will obtain an expression. Third, we will figure out the form of the adjoint LPTV equation,
to be derived from Q(w) = I(w), which is the augmented system we acquired through our
derivation in Section There, we assigned the entries of the parameters vector, p, as
states, and augmented the generic DAE system in (22, to get Q(w) = I(w). And the last
but not the least, we will figure out the periodic solution of the adjoint equation obtained
from Q(w) = I(w), and calling it v{"(t), we will finally relate v$"9(t) to the time derivative
of 9t/ Opj, computed in the second step. The series of derivations in this section will once
more establish the vitality of v (t), associated with any oscillatory system, whether ODE or
DAE, if we concerned with analyzing the phase of such systems in the close neighborhood
of ~.

Let us define the following partial differential expression through the chain rule.
o _oi o 520
dp;  Oq Op;

We define 0f/dp; as such since we have already established 0f/dq = vy (t) on 7. Let us
review briefly how we figured out this finding. Note that the trivial differential equation
given by dt/dt = 1, with £(0) = 0, is correct for a DAE, as in (Z4]), as well. We showed that
di _ 0t dg_
dt  0q dt
is true over the whole domain of attraction, W, associated with -y, the limit cycle of interest,

for 7 is assumed to have asymptotic orbital stability and asymptotic phase. Then, on -,

ot dq ot Oq(z7(t)) dx”
9 &~ oq@ (D) [ IS0 ﬂ

Invoking the usual notations dq/0x = C(t) on v and dx”/dt = u(t), we had

ot

detar(p)  (CWmE) =1.
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After showing that 0%/9q is in the same direction as v;(t), we had to recall the biorthogo-
nality relation for DAEs, given as v{C(t)u;(t) = 1. Then, this discussion led us to deduce

that 9f/0q = v1(t) on 7.
We now return to the current discussion to process the definition of 9t/ Jpj, in (20) as
% = vy (t) - %, (5.27)

on . We now have to prove the following lemma to figure out what the time derivative of

87?/6}?]‘ is.

Lemma 3 Let t be the phase of the generic DAE in (ZZQ) and p be the vector of parameters
that are eligible for perturbation and take place in the analytic expressions constituting the
nonlinear functions q and f in [Z2). Having defined 8t/0p; as in (5-27), the time derivative

of this expression is given as

d (O8N _dv bg  oOF
o (apj>‘ i ot g, (5.28)

Proof: We start by noting that ¢ in (Z4) is a function of both z and p, and in turn,
x is a function of both time ¢ and p. Therefore, we have ¢ = q(z(t,p),p) and we compute

0q/0pj on 7y as
2 g 2
9q _ 9q(a"(t) 027 @:C(t)aiJrﬁ‘
dpj  0x7(t) 9dpj  Ip; dpj  Op;
We stated through the contributions in [B] that 0x7/0p; = Sinn(t) with Sinp(t) given in

(B25), with now
_of d [ Oq
0= g5, = (o)

Simply substituting, we have

ot S T ) ' (t — T )T
= - ;m(t)cé(;)uxt) | explie =)l (r)p(r)a
- OCHF )
Jq
'Ul(t)a—pj

Notice that above in the first expression on the right-hand side, the biorthogonality relation
holds because the upper limit of the summation is m, not M. m is the number of Floquet
modes, to which correspond finite Floquet multipliers, i.e. u;(t), for 1 < ¢ < m, are not in

the nullspace of C(t), whereas u;(t), for (m + 1) < ¢ < M, are in the nullspace of C(t).
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Also, C"(t)vy(t) is in the left nullspace of F (t) [3], so the second term on the right-hand

side vanishes. We have, therefore,

oi -
—3])]- = /0 vi (T)b(T)dT
dq
+ Ul (t) . @7

noting our assumption that u; = 0. Taking the time derivative of both sides,

%(;_}i) :vl(t)'b(t)+% (m(t)-%),

through the fundamental theorem of calculus. Now it is time to substitute the expression

for b(t) and invoke the differentiation rule for products of functions, as in

dt 8pj N ! 8pj

_Ja (t) - Oq\ _dv g
at \""\" "op; ) " Tat " op,
d 0q

After the obvious cancellation, we have

d ([ ot af dvy Oq

dt (apj> Ul( ) 8pj * dt apj’

which is the same result as in ([28). [ |
We are now going to use the lemma above to relate the time derivative of 0t/ Op; to the

periodic solution of the adjoint LPTV system, derived from Q(w) = I(w).

Theorem 11 Q(w) = I(w) is the augmented DAE system derived from the generic DAE
in (Z4), w= (2" p")". Let v{"(t) be the periodic solution of the adjoint LPTV equation,
derived from Q(w) = I(w). Then,
d (ot
aug
Vi, M+j at <8—p]> ) (5.29)
i.e. the (M + j)™" entry of v{"9(t) is the same as the expression in ([(ZZ3).
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Proof: The LPTV equation that is derived from Q(w) = I(w) is

d(9Q] ag)_ O
dt 8wﬁ/y - Ow

Note that the dimension of this system is (M + L), so y®9(t) is an ((M + L) x 1)-sized

aug

v

vector function. The explicit form of this LPTV equation is written as

9q  9q of of

d oxr  Op aug | __ oz op aug
dt y - y .
0 0 0 -I;
Y Y

The adjoint equation can then be written as

(2) 0\ e ((5)
) o) )

Let us assume 2“9 (t) = v]"?(¢) is a periodic solution of this adjoint equation. Also let us

20U (5.30)

Y

denote z%"9(t) as a concatenated vector function as in z®9(t) = (z{(t) 25(t))7, where z;(¢)
is (M x 1)-sized and 29(t) is (L x 1)-sized.

We can now write a set of coupled equations, originating from the adjoint equation.

Oa\'da (05
o) @t~ " \ow)
9g\"d= __(OF)" .
Op dt dp SIRC
The first equation above, when expressed in the form of C(t)z = —G(t)z, strikes us as the

adjoint LPTV equation derived from the original DAE in {4)). v;(¢) is a periodic solution

of this adjoint form. When we set z1(t) = v1(¢) in the second equation above, we get

dg\ ' d If\"
= <6_Z> % + <a—£> v (t). (5.31)

There is no doubt that z*9(t) = (z{(t) 23 (t))", when we set z1(t) = v1(t), will be a periodic
solution of the augmented adjoint form in (E30) above. We deduce that v]"?(¢) is the
periodic solution we have been seeking.

The j' entry of z3 in (E31)) can be written as

_dvu ¢ of
225 = 7 8])]' + ’Ul(t) apj.

Notice that 2y ; = vﬁgjﬂ(t) in this case. Examining (.28)), we have the result, (29). W
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Through our derivations we have established the following. v;(t) is the periodic solution
of C'(t)z2 = —G"(t)z, the adjoint LPTV equation derived from the generic DAE in ([24)). In
fact, any multiple of vy (¢) is a periodic solution, but with the normalization condition given
by v](t)C(t)ui(t) = 1, with uq(t) = dz”/dt, vi(t) becomes unique. v{"(t), on the other
hand, is the periodic solution of the adjoint LPTV equation to be derived from Q(w) = I(w),
the augmented nonlinear system. v/ (¢) accounts for both 0t/dq = v1(t) and d/dt(0t/dp;),
on 7.

If we had a reliable and accurate numerical scheme to compute v;(t), associated with
any DAE system, as given in (Z4]), then we could apply this scheme on the adjoint forms
of both [E4) and Q(w) = I(w), and then we could calculate the effects of both state and

parameter perturbations on a system in DAE form, through the phase equation for DAEs.
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Chapter 6

NUMERICAL METHODS

6.1 Numerical Solution of Linear Equation Systems
A linear system of equations is of the form
Az =0, (6.1)

where A is a square matrix of size (M x M), and = and b are (M X 1)-sized vectors. x is
the solution of the problem in (G.1I).

Generally, two methods of solving linear equation systems are used. Gaussian Elimina-
tion computes an exact solution and therefore requires that A in (G1) is full-rank. Krylov
Subspace Methods, on the other hand, are iterative schemes. A convergence check may be
employed to decide whether an iterate is as accurate as desired. Also, Krylov Methods do

not require that A in (&J]) be full-rank.

6.2 Newton’s Method for Solving Nonlinear Algebraic Equation Systems
Newton’s method is devised to solve nonlinear algebraic equations of the form
h(z) =0, (6.2)

where h is a nonlinear function of , and h: RM — RM,
In order to solve (B.2), an iterative scheme is employed through Newton [I4]. Letting
the k' iterate of z, the solution, be ¥, the following system of linear equations are solved

at iteration k.
Oh(x*)
Oxk

Above, J& = 9h(2*)/0x* is called the Jacobian of h at iteration k. J¥ is an (M x M)-sized

[xl“'l — a:k] = —h(z") (6.3)

matrix. Also in (G3]), we may define

Ak = gF 1 gF (6.4)
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to be the update that enables the computation of the next iterate z**1. Obviously, z*+! =
zF + Ak,
Since Newton’s method is iterative, a convergence check is needed to decide whether z*

is as accurate as desired to be declared as a solution. Both convergence checks in

‘h(azk)‘ < e (6.5)

‘A:Ek‘ < g+ eattt (6.6)

are necessary at iteration k. (X)) is needed for the actual function value needs to be small,
considering (62). (E6) ensures that the update Az* does not perturb z* to some value
xF*t1 that is far away. Subscripted e values are arranged according to specifications and
absolute values of the vectors involved.

Newton’s method is proved to converge quadratically provided that a guess, close enough

to the actual solution z, is initially supplied as '. In order to facilitate convergence, in the

case of initial guesses that are far away, continuation schemes may be employed [14].

6.3 Multistep Methods for Differential Equations

Multistep discretization is one of the methods that facilitates the numerical solution of
differential equations. In this section, we are going to focus on solving the generic DAE in
234 through multistep discretization and Newton’s method.

Let z(tg) be the initial condition provided for solving the generic DAE in (ZZ]). Then,
the solution of ([Z4)) for ¢ > ty is required. Through numerical methods, the values of the
solution x(t) for discrete values of time can be calculated. In other words, we are required

to compute the elements of

x = {x(to), z(t1), z(t2), ..., x(tn)}, (6.7)

through numerical methods, supposing that ([Z4)) is to be solved from t = ¢y until ¢t = ty.

Before presenting the discretized form of ([Z4]), we define the set
H=A{hiy...,hirs1}, (6.8)

where we know that h; = t; —¢t;_1, for 1 < j < N. 'H is a set with r elements, these r
elements being the lengths of the intervals between consecutive timepoints. We are going

to need this set when spelling out the discretized form below.
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The discretized form of (Z4)) reads
r
> d(Ma(x(tiog) = Y Bi(H)f (x(tiey), (6.9)
§=0 §=0
&;(H) and Bj (H), for 0 < j < r, above are the multistep coefficients. These coefficients are
numerical values that implicitly depend on all the elements of H.

Note that the discretization method given in ([E3) is designed to accommodate variable
timesteps, i.e. all elements of H are allowed to be different from each other. This multi-step
discretized form is presented as an r-step method, i.e. we are computing sample z(t;), but
in doing that we make use of the r samples before x(¢;), which are z(t;—;) for 1 < j <.
The discretized form in (E3) might be thought of as having an r-deep memory.

Note also that we, by no means, imply that r in ([E3) is constant. 7 can be a function of i,
as in r = r(4). This means the depth of memory that the discretization method exploits may
change according to which sample is computed. In this aspect, we accommodate, through

@3), variable order schemes as well.

Remark 2 There are simpler multistep discretization schemes that we can utilize. For
example, note the first element in H, h; = t; — t;—1. There are (r — 1) other elements in
H. Let us set hj—j = h; for 1 < j < r —1. Then, all elements in H will be equal to h;.
This means we will have H = {h;}, i.e. H will consist of only one element. In addition
to this modification, in simpler schemes, we have different forms for é;(H) and Bj (H), as
in &;(h;) = aj/h; and Bj(hi) = B, for 0 < j < r. o and B are constant predetermined
coefficients, calculated according to the multistep method employed. Then, the scheme in
(&) is simplified into
1 r
s - ajq(z(ti-;)) = Z B;f (@ (ti—j))- (6.10)
J=0 J=0

Notice that the discretization scheme in (G is used to solve for z(t;) through Newton’s

method. (B3) can be solved for x(t;), provided that x(t;—;), for 1 < j <r, are known. Note

the manipulation of (69]) into the following.

M) = |ao(H)a(@(t)) - Bo(H)f(@(t:)]

= 0 (6.11)
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(E1D) is in the form that is convenient for the application of Newton’s method, ie. a
nonlinear function of a vector variable, equated to zero. In short, (EI1]) could be written
as h(z(t;)) = 0, where h is the nonlinear function in (EITl).

In order to solve (B&IT)) for z(t;), we proceed as follows. Let us introduce the auxiliary
notation, at iteration [ of Newton’s method,

Pa(al(tiy) 5 o (! (tig))

_ Oh(a!(ti—;))
Y al) Ozt (ti ;) ~ 5 Ozt (ti ;)

hj (%cl(ti_j) = &;(H)

(6.12)

Note that the I*? iterate for z(t;) is 2!(¢;). Then, the linear system of equations to solve at

iteration [ is, making use of the definition notation in (GIZI),

O (1) [ 151,

dxt(t;) i) — ml(ti) = Jé,o Axl(ti)

= —h(zl(t)). (6.13)

In (BI3), we solve for Az!(t;) = x!*1(t;) — 2!(t;). The Jacobian Jigo = Oh(2'(t;))/0z! (t;)
above is a sparse full-rank matrix. Therefore, (EI3]) may be solved through computing the

LU factors of Jl~70, ie Jl~70 = Lé,oUigo, and calculating z'(¢;) through

Azl(t;) = (Ugo)_l (Lﬁ,())_l (—h(:nl(ti))> . (6.14)

Note that 2'(t;) = x(t;_1) is a legitimate initial guess for solving z(¢;) through New-
ton’s method, because solutions of (4] are assumed to be smooth and continuous. When
Newton’s method converges, we call the computed solution z(t;), the i** timepoint in x of
©&D).

In addition, we may make a note of the Jacobian and its LU factors at the last iteration

of Newton’s method. We have, dropping the [ notifier,

Jio = LioUip

)

= ao(H)C(t:) — Bo(H)G(t:), (6.15)

with C(t;) = dq(x(t;))/0z(t;) and G(t;) = Of (x(t;))/0x(t;). The LU factors of J; o will have
to be stored when running particularly one of the steady-state periodic solution algorithms

in Section B4, along with other factors.

Remark 3 Notice that in this section, we utilize Newton’s method of Section 63, for com-

puting each timepoint of a solution x(t) of the generic DAE in {22). In turn, each iteration
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of Newton’s method must make use of the linear system of equation solutions, explained
in Section [0l The particular linear system solution technique employed here is Gaussian
Elimination, for we compute LU factors. In all, considering differential equation solutions

through multistep methods, we make use of, in descending order of hierarchy,

1. Multistep discretization for each timepoint as in (G11l)
2. Newton’s method to solve {GI1]) for x(t;)

3. Gaussian Elimination to solve the linear equation in [BI3) for Axl(t;) = x!T(t;) —

zl(t;) at each iteration | of Newton’s method

One of the steady-state periodic solution methods in Section [0.4 will again be designed as an
iterative technique, and each iteration of that method will exploit the encapsulated hierarchy
noted in this remark, i.e. this particular method in Section will top the above list,

considering the new hierarchy formed.

6.4 Steady-State Periodic Solutions

We have maintained throughout our derivations that we call a particular steady-state peri-
odic solution on -, the limit cycle of interest, 27(¢). Most of our derivations rely on z7(t),
since, for our purposes, we see it fit to employ linearizations around . However, up to this
point, we have not been concerned about how x7(¢) may actually be computed numerically.
Our only former statement that can be regarded as related to the numerical computation
of 27(t) is that we are to obtain a discretized form of 27(t) and that the number of samples

over a single period of length T', we set as N.

Definition 19 (Timepoints on v) In this section of our work, whenever we refer to
xV(t), the particular steady-state periodic solution on 7y, we mean the N samples of x7(t)

over a single period of length T. Set
x ={27(t;) for0 <i < N —1} (6.16)

includes these N samples as necessary. Let us have 0 < i,5 < N — 1 Naturally, t; = t; if

and only if i = j. Also, if j > i, then t; > t;. We also have the convention that if we are
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to employ tn in our discussions, that ty — tg = T is tacitly conceded beforehand. Then,

naturally x7 (ty) = 27 (tg), and x7(tg) and 27 (tN) are indeed treated as the same sample.

Definition 20 (Timepoint Intervals) The lengths of the intervals between consecutive

timepoints are defined as

hi =t; —ti1, (6.17)

for 1 <i< N. Naturally, tny =tny_1+ hy.

Remark 4 Observe that we have called the first time tag tg, but for all practical purposes,
we may accept to use the convention that to = 0. However, in the forthcoming derivations,
it would be confusing to have the first time tag as zero and the others ast; for1 <i < N—1.
Therefore, we let tg remain as it is but recall that setting tg = 0 is perfectly legitimate. What

is important is the value of sample x7(tg), not its time tag.

Remark 5 The distribution of the timepoints along the interval of length T' depends on the
numerical method to be used. It is most convenient to have frequent samples when x7(t)
is changing at a high rate. When x7(t) stagnates, however, we can have sparse samples
along the particular interval. Some numerical methods do not allow this suitable timepoint

distribution to be utilized. In those cases, we are to take

T
hi:ti_ti—lzﬁ fO’l“lSZ'SN, (6.18)

so that our samples are uniformly spaced along the interval of length T'.

Having defined the timepoints and their distribution along a single period, we still wonder
how the samples in set x of (GI0]) are to be computed numerically. A feasible method could
be outlined as follows.

Let 2°(t) be a solution of, for example, the generic ODE in @), and let 2°(0) € W,
where W is the domain of attraction associated with ~, the limit cycle of interest. We
know 2(t), as time progresses, will approach +, through our assumption that v has the
asymptotically orbital stability property. Therefore, we intuitively guess that 2°(7) for
some 7 > 0 will almost be on . Whether z%(7) is as close to v as desired is numerically
distinguishable through the following procedure.

One of the M signals in 2°(¢) could be monitored through time. A minimum or maximum

in the waveform of this signal could be watched, as the value of this critical point on
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watch would, in time, seem to settle to a stable equilibrium. Then, after deciding that the
simulation had run long enough to achieve this equilibrium, we would measure the length of
the time interval between two consecutive instances, where the signal of choice would have
crossed the equilibrium value, and we would call this length the period, T', of z7(¢). The
discrete points together with their time tags in between these two instances would define
x7(t) as follows. We would shift our time scale so as to call the time tag of the first instance,
t = 0, and the time tag of the second instance, ¢ = T'. In between and including times ¢t = 0
and t = T, we would have a number of time points. We would call this number, N + 1.
Then, we would throw out the time point with tag t = T, because x7(t) would take the
same value at t = 0 and ¢t = T'. Therefore, at the end of this scheme, we would have figured
out T and the set of discrete points defining 27 (t), together with their time tags.

The problem with the crude method outlined above is that it is not accurate enough,
and the computation takes a very long time to complete. Although this brute-force scheme
would require only the oscillator model and a differential equation solver, the stated caveats
on accuracy and computational complexity would outdo this minor advantage.

In the schemes called shooting, explained in Section 4T, and harmonic balance, of
Section A2, we are forced to modify differential equation solvers or implement procedures
outside the scope of such solvers. However, we maintain that the computational complexity
is reduced and a tractable measure of accuracy can be achieved through these methods.

As a final note before proceeding to explain shooting, regard our convention to outline
these methods for only DAEs, as in the equations given by (Z4I), in this part of our work.
The simplifications to incorporate the similar theory with the ability to encompass ODEs

as well, as given in (1), can be found in the appendices.

6.4.1 Shooting Method

The key property of v, the limit cycle, and z7(¢), the solution on =, is periodicity. We have
called the period of 27 (t) simply T'. Periodic signals are expect to return to the same state
after subsequent intervals of their period as the lentgh. Therefore, we know that if we start
simulating from a point on 7, 27(tg) for example, we are going to return to the same state

after T units of time. Mathematically speaking, we have x7(tg +1") = x7(t9). Let us write
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this as

T(to + T tg, ‘T'y(t())) - ‘T'y(t()) =0, (619)

where Y is the state transition function associated with ([Z4]). We are going to be explaining
the related theory for DAEs, but the simplifications regarding ODEs can be found in the
appendices.

(E19) is the main equation that the shooting method is based on [T4]. Basically, we
aim to solve for 27 (tg), provided with an initial guess for this vector. An iterative solution
scheme, particularly Newton’s method, is employed in this case, for (EIJ) is a nonlinear
equation, with its right-hand side zero.

Another key aspect of steady-state solution computations, as can be obviously noted, is
that we do not have previous information about the period of the signal to be figured out.
Therefore, in ([G@I9), 7', the period of z7(t), is also an unknown. We have got to have an
initial guess on 1" as well, before embarking on numerical computations.

Although the intuition leading to shooting is simple enough, the computations require
rigorous theory to be developed. In the following section, we derive which components are

to be rigorously computed, in relation to the shooting method.

Required Computational Components

Recall once more that we are going to employ Newton’s method, an iterative scheme to solve
(ETT). In this section, we are to define the setup at iteration number k. The transition
from iteration k to k + 1 can be accomplished through the scheme we are about to outline.

Let us denote the fact that we are spelling out computational components for iteration
k by superscripting our related variables with k. The steady-state periodic solution is given
by x*(t). Let us denote our timepoints at iteration k, by t¥ for 0 < i < N. Notice that we
employ t?\, as well, but we also concede that t?\, — tk = T* T being the proposed solution
for T, at iteration k. Also, we denote the length of the time intervals between consecutive
timepoints by hf = tf — tf_l for 0 <i < N.

In all, the samples we have at iteration k are given in set
YF = {xk(tf) for0 <i < N},

and we have T* as the proposed solution for T'. Again, notice that we need z* (t’fv) as well.
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Now let us return to the basic equation of the shooting method in (EI9). If we write this
equation with the corresponding computational components at iteration k, we are going to
have

Fh =05+ T tf, 2% (t8)) — 2% (t), (6.20)

where F skh might be regarded as a residual. This residual is not exactly equal to zero, for
2*(tF) is not exactly on 7. In the equation above, we are going to treat z*(tf) as a variable,
and the expression with Y as a function of a:k(t’g), to complete some parts of our derivations.
However, the numerical value of F¥ is also known, and it is given by F% = z*(tk)) — 2% (¢k).

Newton’s method for solving nonlinear equations of the form in (EI9]) requires that we
compute the Jacobian of the residual at iteration k, with respect to the proposed solution
vector, again at iteration k. In our case, we call this necessary Jacobian, J ];h = 0F fh JOx(tF).
The expression for J ]Ljh is yet to be derived, but there we are going to make use of the symbolic

expression in [E2Z0). As to how we utilize F% and J¥,, we have to define
Az (thy = oL (b — 2R (). (6.21)

Our aim through the computation we are now to present is to figure out a:kH(t]SH), the

proposed solution vector at iteration k + 1. The linear system of equations given by
J5, Aa(t5) = —Fl, (6.22)

is solved for Az*(tk), and we figure out :L'kH(t]gH) through (EZ1]).

If all we needed to do were to figure out mk+1(t§+l) for use in the next iteration, we
would be done. However, recall that T, the period, is also an unknown in (GI9). Remember
that 27 (tp) is an (M x 1)-dimensional vector, and there is also T'. Therefore, we have M + 1
unknowns in ([EId), but only M equations. (EIJ) is an under-determined system. We need
another equation to append to the system in ([EI9), to have a fully determined system.

We now proceed to provide the intuitive explanation as to why we need an extra condi-
tion, in addition to (B&I9), to obtain a fully determined system. 7, the limit cycle, consists
of infinitely many points. Each of these points is a candidate for x7(¢p). If there is no
condition fixing z7(tg), any point on v will satisfy the condition in (EIJ]).

The extra condition to fix z7(¢y) may be figured out follows. Newton’s method needs

an initial guess for the solution, in order to operate iteratively to find a solution. This
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initial guess must be close enough to the actual solution for Newton’s method to converge
quadratically. Otherwise, this method may not converge. Our initial guess for z7(tp) is
simply x!(#}), the proposed solution at the first iteration. We suppose that x!(t}) is very
close to some point that is exactly on v, so that Newton’s method may converge. However,
x1(t}) is not expected to be exactly on 7. We may suppose that an entry in x!(¢}), one
of the M entries in this vector, will not change very much by the time Newton’s method
converges. So we are encouraged to fix a single entry of x7(ty) to the value contained in
xl(té). Mathematically speaking, let us have vector e;, with [ fixed. ¢; is one of the standard

basis vectors, and its {*" entry is one while its other entries are zero. Then, we write
ef «7(to) -} (ty) = 0, (6.23)

as the appended condition alongside (EI9)). The residual at iteration k, corresponding to
E&23) is

G, = e a(t5) — @} (o), (6.24)
which is again not expected to be sufficiently close to zero before convergence.

Since we now have another unknown 7', we need another update equation as well. The

proposed solution for T' at iteration k is T%. We have to define another update as in
ATF = Tk _ Tk, (6.25)

Notice that T%t! is the proposed solution for T' at iteration k + 1.

622)) would be all that would be needed at iteration k to solve for x’”l(tlgﬂ) if oF(tk)
were the only unknown. However, T' is also an unknown. Therefore, we declare that F skh
and G’;h are functions of both z*(¢§) and T*. The coupled linear equations to be solved at

iteration & become

OFL, kg OFS k
iy AT 06) + GREAT! = -, (6.26)
8G];h k. k 8G];h k k
2 (1) (t5) + 5Tk AT -G, (6.27)

instead of (E22)). Above, we have already called OF% /0z*(tf) = J¥, | and we need to figure
out a systematic method to compute J¥, . Simply, G¥, /0z*(tf) = e] and OG*, /oT* = 0.
However, OF skh /OT* is another vector whose calculation requires a systematically derived

method. We will call 0F% /oT* = JTE .
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We now need to summarize the discussion above to spell out the problem definition of
shooting. The task after that will be to figure out iterative methods to compute J ';h and
JTE.

Shooting Problem Definition

Let T be the state transition function of the generic DAE in (Z4]). The shooting problem

is to solve the following set of nonlinear equations for z7(¢y) and 7.

T(t() + T, 1o, xﬂy(to)) — xﬂy(to) = 0 (628)

ez (to) —xi (t3) = 0 (6.29)

xl(t(l]) and T are our initial guesses for 27(¢g), an initial point on v, and T, the period
on +, respectively. [ in e; above is a fixed value such that 1 <[ < M. The shooting problem
is solved using Newton’s method. Then, the linear set of equations to be solved at iteration

k can be spelt out as

I T3, A(tf) g,
S . (6.30)
el 0 AT* G",

Above, we have to note the following.

o AxF(tf), the state update at iteration k, is as given in (GZI]).

e ATF, the period update at iteration k, is as given in (G.2H).

o F fh is the numerical value for the expression in (E20).

e G% is the numerical value for the expression in (G24).

o JF = OFF /0% (tf). We may refer to J¥, as the shooting Jacobian.
o JTE =OFk |OT*.

o o = GE, [oat(1}).

With close enough initial guesses z!(t3) and T, Newton’s method can converge quadrati-

cally. The next sections focus on the systematic computation of J ’;h and J Tfh.
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Shooting Jacobian Calculation

We proceed to explore J ';h, the shooting Jacobian. Let us first write, in a straight-forward

manner,
k aF1kfz
Jsh = > k
oxk (t5)
OV (th + T%, g, 2% (15))  da*(15)
Oxk (tk) Oxk (th)
O (5 + T, tf, 2% (15))
= —1I 6.31

where I,/ is the identity matrix of size (M x M). The challenge here is to figure out the
first expression in (G31]), with T, the state transition function of (ZZ]). We know and have
stated before tk = tk + T*. Therefore, that x*(tk;) = T(tf + T* ¢k, 2% (tk)) is true. In all,
we have to compute 0x*(tk.) /0xk (tk).

For simplicity, let us introduce the notation in

p_ 0ah(th)
Cah(th)

(6.32)

which is actually a sensitivity matrix. Note that Sk = 9z%(¢k.)/0z*(tf). Shortly, we will

also need
Of (xF(tk
G(th) = J;Ti?))) (6.33)
and
ey QA (@)
(t7) = W7 (6.34)

in order to spell out our iterative method.

Let us now return to the discretized form of ([Z4)) in (G9) and compute

ax,?(t,g) & (H)a(a" (5 )
7=0
0 ~ - ke (4k
= m z% ](H)f(x (tz—]))
=
We then have
T Oq(aF(r ) oxk(tF ;)
;0“"”) ak(th ;) Dk (th)
Lo OF(aR(tE)) 0k ()
= ;6](7") 8$k(t§—j]) 8:Ek(t]8; ’
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Then, using our definitions, we obtain a simpler form as in

Z a;(H Z Bi(H Sk

Let us now collect the terms corresponding to j = 0 on the left-hand side and the others on

the right-hand side to get

j=1
Now let us define
35 = [a (00 - B(HGEL)] (6.35)
to obtain finally
FoSP= Z Jk sk (6.36)
Note that
g 02 (tg) _ y
O Bk (th) ’

and this is the initial condition to use when utilizing (B30) in order to calculate SF =

Oxk (tk) /0¥ (¢5). Our final objective is to calculate

gt _ OrEk) _ OX(ls TV .2t 1h))

at'g 83;’“(#5)
. . k _ k
Of course, we compute the shooting Jacobian, through J%, = S5 —I;.

Notice that Sf, for 0 < i < N, are generally dense matrices. On the other hand, G(tf)
and C(tf), for 0 <14 < N, are sparse matrices in most applications. Therefore, numerically
we would not like to compute and store Sf at each time point, tf , for 0 < i < N. Instead,
we would like to exploit the sparsity of G(tf_j) and C(tf_j), which lend Jf’ ; in (B33) the
same graceful property.

The part of the shooting Jacobian that is tricky to compute, S?V, can be stored in sparse
factors, instead of storing all dense S¥. Examining the recursive scheme defined by (E30]),

we deduce that the sparse LU factors of J¥ i0 can be stored, along with JE for 1 <j <,

7 j )
themselves, at each time point tf, for 0 <i < N.
Notice again that these components to be stored can be assembled from the by-products

of the inner Newton’s method, used to solve the discretized equation in ([E3), for x*(t¥).
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At iteration k of the shooting method, we make use of a differential equation solver to
solve for z¥(tF), for 1 < i < N. xF(tf) is already available at the beginning of iteration
k. The differential equation solver employs Newton’s method, to solve for z* (tf) At each
timepoint tf, for 0 < i < N, we have some auxiliary computational components that this
inner Newton’s method uses to generate a:k(tf ). These components, which may be regarded
as the by-products of the differential equation solver, can then be manipulated to assemble
the necessary factors to generate J ’;h, the shooting Jacobian.

Recall that we are to use not Gaussian Elimination but Krylov Subspace Methods to
compute the update in (G30), which is the linear equation to solve at each iteration of
Newton’s method. There we will be required to compute the product of the shooting
Jacobian, J ';h, with vectors. It happens that the sparse factors of S?V that we store facilitate
the computation of these matrix vector products.

For example, let by be some vector that will be multiplied with S]fv. Observe that the
computation goes simply as S'gbo = Iyby = by, at time point t'g. Let b; = S?bo, for
convenience. By the time we reach time point tf in our recursive scheme of (G3H), b;,
for (i —r) < j < (i —1), will already have been calculated, and then our task will be to
compute b; = Sfbo. Letting L; and U; be the L and U factors of J ﬁo, respectively, in (G36]).
Then,

iy — k
b = —U;'L; " ZJi,jbi_j,
j=1

and we will finally compute by = S?Vbo, at time point t?v.

k

i as stated in Remark @, and so employ

Remark 6 If we require set H to consist of only h
G&;(H) = o and [%—(H) = hfﬂj, then the auziliary Jacobian, J¥ ., can be written as

Z7-7 ’

I = {%‘C(tf_j) - h?ﬂjG(tf_j)] ; (6.37)
instead of (G3A). This is a minor simplification of the recursive scheme in ([6.30).

For this part of our work, involving the shooting Jacobian calculation, we have referred

to [14].
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Derivative with Respect to the Period

We now explain how to compute JT' fh = 0F fh /OT*. We have

Sk T+ TE 6 ok (e)  datieh)
sh = Tk Tk
OY (th + Tk, th ok (th
— ( 0 8,TkO ( 0))’ (638)

where we assume 92" (t§)/0T* = 0. Notice again that z*(tk) = Y(¢t§ + T* t§, 2*(¢f)), and
so we have to compute JTF% = 0z*(tk.)/oT*.

Let us take the discretized form in (E3) and compute

e [ S asratat )
=0

S DT
j=0

We explicitly express the left- and right-hand sides of the equation above, as in LHS and
RHS, respectively.

e o Ot () 92 ()
LS = 2 YT ouR ) oT®

r r—1 aA H 8hf_m

+ (Z S >q<:c’f<tfj>>
7=0
o Of (@ (E -))3wk(tf_-)
7=0
. ) E?h’-“_m

v ( f,;k = )f(a:’%t?_j))
7=0

We have used the fact that set H, defined in (.F]), consists of 7 interval lengths. Therefore,
we needed the chain rule of partial differentiation.

Now, let us define, for simplicity,

i = arh (6.39)

Note that
OxF(th,)  OY(tf + T 1§, a"(tf)) . &
= JT,.

k _
Vi = oTk oTk
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Invoking (E33)) and E34), we may carry out the following simplifications in notation.

LHS = ) a;(H)C(t)v]
=
Ly (Zl 90,00 8;;:,?) @tk )
2\ &,
RHS = B()( v,
+ :0< %ik ) )f(x%?_j))

Now let us group some terms and exploit the fact that LHS = RH S to write the following.

|G0(H)C(th) = Bo(H)G(th) | W

T

= Y (a0t - Broat )| vk,
j=1

T

1 94 Ohk
- (Z_ S ngm) o ()

i=0

T

H) Ohk
+ Z(Z %ik : 2;,:?>f<x’f<tf_j>>

Finally, through the definition of the auxiliary Jacobian, J¥ > in (B35),

JEulk = ZJ’f ok

T

9év;(H) 8hf_m> ok
- (z (ti—j))
2(,;;0 )

7=0
"~ (S 9B (H) ok,
’ Jzz:o <m§::o a%i-“(_m) T )f (@), (6.40)

The previous equation is used to compute W¥ = 9z (t¥)/0T*, at timepoint t¥. Our final
objective is again to figure out Uk = .J Tskh. We assume \I'lg = 0.

In (G40, everything except ah;? /OT®, for 1 < j < N, is known. It happens that we
have to decide on the values of ah;? /OT* before we start executing the shooting method.

One of the two methods in [I§] is to set these ratios as
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for 1 <j < N,and k > 1. hjl- and T are our initial guesses for interval lengths between
consecutive timepoints and the period, respectively. These values are obtained through
simulating the system in a differential equation solver. As the proposed solution for the
period, T', changes through iterations of Newton’s method, hé‘? / T* ratios remain the same.
This means that the ratios of the changes in these variables remain the same. Therefore,

we have ok

Rl

Tk 9Tk TV
for 1 < j < N, and k > 1. This method is more plausible than having the first NV —1 interval
lengths the same, throughout the execution of shooting, and having the last interval length,
hlfv, change, since the latter method would at times require backward integration [I8].

Note again that Newton’s method is used to solve the shooting problem. At each itera-
tion of Newton’s method, we have to solve a linear system of equations, in order to compute
the updates, for the states vector, 27 (tg), and the period, T. The linear system to be solved
at iteration k, for example, is given in ([E30). We have stated that we are going to solve this
linear system by Krylov Subspace Methods, not Gaussian Elimination. For this purpose,
we have explained how matrix vector products, involving J ’S“h, the shooting Jacobian, may
be facilitated via storing the sparse factors of J ';h.

Examining (E30), we observe that in the required matrix vector products scheme of
Krylov methods concerning this linear system, we have to calculate J Tfh = \If’j\, multiplied
with a scalar factor. This is easily managed by calculating \I/fzv first. The recursive scheme
in (E40) tells us that by the time \I/f is to be calculated, \I/f_ j for 1 < j < r will already have
been computed. Then, again calling the L and U factors of J ﬁo, L; and Uj;, respectively,
and naming the right-hand side of (G40) ;, for convenience, we have \I/f =U;'L; .

In order to solve for J];h, the shooting Jacobian, we have to store, at each tf, for 1 <
1 < N, the LU factors of Jﬁo, which we call L; and U;, and Jﬁj, for 1 < 5 <r, themselves.
As we stated before, these components can be generated from the by-products of the inner
Newton’s method that the differential equation solver employs. At each iteration k of the
shooting method, which we may also call the shooting Newton, we utilize a differential
equation solver to generate z*(t¥), for 1 <i < N. At each t¥, 2*(¢¥) is calculated through

this inner Newton’s method. The by-products of this method, then, may be used to assemble

the components above.
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In addition to the components needed for J ’;h, the shooting Jacobian, we have to obtain
f(z*(tF)) and q(z*(tF)) for 0 < i < N, in order to solve for ¥¥ through E40). The partial
derivatives of multi-step coefficients with respect to timepoint intervals are also necessary.
It happens that all these other components can be acquired from the by-products of the
inner Newton’s method. The timepoint intervals over the period ratios are determined again

by the differential equation solver, prior to the shooting Newton.

Remark 7 If we require as in Remark (3) that H = {hf} and so &;(H) = a; and Bj (H) =
hfﬁj, then we will obtain several simplifications in the recursive scheme of [6-40). First,

we will have .
Tz_: ad](H) ahf_m . 80[j ahf .

Ok OT* — onkoTk 7

m=0

since a; 1s a constant. Second, we will have

r—1

> 0B;(H) Ohl_,, _ O(hfB;) Ohf
onk_OT* ok OTF

oTk’

=0

m=0

In all, the recursive scheme will be modified as follows.

T
k k k k
Tioly = =) v,
j=1

onk

o 2 i (@ () (6.41)
=0

Above, Jﬁj is as defined in ([6-37).

In this section, we have elaborated on the method stated in [I8].

A Simple Walkthrough and Summary

We now present a simple walktrough, defining in order the steps of the shooting method.

1. Generate an initial guess, through a differential equation solver, for z7(¢y), a point on
v, and T', the period on ~, and call them xl(t(l)) and T, respectively, so that these
values are used in the first iteration of shooting. Make sure that these are guesses,
close enough to the actual solution. A multistep discretization scheme, employed in
the differential equation solver, is required. Make sure that the computation of a;l(t%)
from ! (t}) is accomplished through the Backward Euler scheme. The reason will be

clear when explaining the persistent mode calculation based on shooting.
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2. Fix an integer [ such that 1 < [ < M. Store the I"* entry of z(t}), i.e. z}(t}). At
iteration k, eJ2*(t§) — z}(t}) = 2F(tf) — =} (t}) must be computed, since this measure

will be one of the two conditions to decide on convergence.

3. After generating the initial guesses for the timepoints, call h} = t} — tjl-_l, for 1 <
7 < N. hjl- are the lengths of the intervals between consecutive timepoints. The ratios
h} /T must be stored for 1 < j < N. At iteration k of shooting, the guess for T will
be called T%, however, for our purposes, the hg? /T* ratios will have been determined

a priori. We will set hé‘?/Tk = hjl-/Tl.

4. At the beginning of iteration k, 2*(tf) and T* will be available, as initial guesses for
x7(tg) and T, respectively. Using these guesses and employing again a differential
equation solver, compute x*(tk) = 2*(tk + T*). Again, the timepoints along the
interval of length T% must be distributed such that h;? JTF = h} /T, for 1 < j < N.

Also, remember to generate x¥(t¥) from z*(t£), through Backward Euler.

5. While solving for zF (t’g + T*), some by-products of the differential equation solver
must be stored such that J ';h, the shooting Jacobian at iteration k, and JTsk, the
derivative with respect to the period again at iteration k, can be easily computed
afterwards. Since matrix-vector products constitute the essence of Krylov Subspace
Methods for solving linear systems of equations, it will be advantageous to store only
the sparse factors of th and JT, fh, for use in a matrix-vector product computation

procedure.

6. Since there will be access to the numerical values FE = z*(tk) — 2*(tf), G*, =
e;xk(tlg) — z} (t}), ijh, JTskh, and e/, the linear system at iteration &, spelt in (G30),
can be solved through Krylov Subspace Methods. Using the updates that are the

solutions of @3M), ! (ti!) and T*+! can be computed.

7. At this point, a check for convergence is necessary, since the algorithm might generate
a result without running the next iteration of shooting. Checking the norms of F’ skh and
G’;h to be small and also making sure that the norms of the updates, i.e. the solutions

of the linear system of equations in ([B30), are small enough is enough justification to
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end shooting and yield a solution for 27 (¢g) and 7. Otherwise, go back to step 4, for

iteration &k + 1.

For close enough initial guesses x!(t}) and T, the algorithm outlined above should
converge quadratically. A continuation scheme might be necessary to incorporate into the

procedure above, in order to enhance performance.

The Finite Differences Formulation

Note that the differential equation solver that we employ in shooting is able to compute
the timepoints one by one. It can be arranged such that we figure out all timepoints at
any iteration of the shooting method, at once. For this purpose, we will have to formulate
the finite differences approach. However, the essence is that we would not like to make use
of finite differences to compute the steady-state periodic solution of an oscillator. Rather,
persistent mode calculation, i.e. figuring out v (t), through finite differences, is facilitated,
utilizing the samples of x7(t), along with other useful ingredients, computed via shooting,.

We will be investigating more into this scheme in Section 53]

6.4.2 Harmonic Balance

In steady-state periodic solution computations, the problem is to compute N samples of
x7(t) along a single period. We observe that the shooting method, at any iteration during
its runtime, computes the candidates for these N samples one by one, through a differential
equation solver. It should be possible, however, to compute these N candidates altogether,
at any iteration. In this section, we review and devise a method that accomplishes the
required task in the stated manner.

Let us work again on the generic DAE in ([Z4]). We will be introducing several notations

to facilitate the current presentation.

Definition 21 (Concatenated Timepoints) Recalling that x7(t;), for 1 <i < (N —1),

are the timepoints to be computed, we define
2 = ((27(to)) -+ (27 (tv-1))" )" (6.42)

as the concatenated timepoints vector. We will not be needing timepoint x7(tn) = x7 (o)
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for the particular numerical method we are to derive in this section. This information is

already embedded in the method.
We may proceed to generalize f and ¢ in ([Z4), in the same manner.

Definition 22 (Concatenated Nonlinear Functions) Following the notation in Defi-

nition 20, let us define f(ZY) and G(Z7) as

F@) = ((F@ )" (ftn-1))T)" (6.43)

and
a@) = ((q(=" (o))" (g (tx-1))")", (6.44)

respectively.

Notice that 7, f(z7), and (z7) are all defined in the time domain. We may need
transformation functions to switch back and forth between the time domain and another
domain, where numerical computation might be facilitated. In harmonic balance, this other
domain is the frequency domain. Thus, the basis to switch to is the Fourier basis.

The transformation into the frequency domain has several advantages. When we operate
on discrete samples in time, the switch to the frequency domain means, in the case of har-
monic balance particularly, computing the Fourier coefficients associated with the discrete
samples in time. Fourier basis functions computed over a single fundamental frequency are
inherently periodic and these functions inherently form an orthogonal set. These properties
of Fourier bases deem the transformations between the time and frequency domains com-
putationally less expensive, compared to the cases where other types of bases are employed.

Another advantage of switching to the frequency domain is that with a Fourier basis
employed, the counterpart, in the frequency domain, of differentiation with respect to time,
in the time domain, is multiplication with a diagonal matrix only. This differentiation
scheme is also numerically more accurate, compared to the multi-step discretization scheme,
carried out in the time domain.

The disadvantage of resorting to harmonic balance is that we lose the ability to vary the
time intervals between consecutive timepoints. The time intervals, provided that N is the

number of samples along a single period, are given by

T
hi:ti_ti—lzﬁy fOI‘lSZSN, (645)
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i.e. consecutive timepoints are separated by uniform intervals. This is the only scheme in
which Fourier transforms do work.

In addition to the disadvantage stated above we are required to solve larger linear systems
at each iteration of harmonic balance. In shooting, the dimension of the linear systems was
only M. However, in harmonic balance, we aim to compute all timepoints via a linear
system solution, at each iteration, i.e. the dimension of this linear system is the product of
the number of signals, M, and the number of timepoints, V.

We have stated several items in comparing the two steady-state periodic solution finding
algorithms that we have. In all, harmonic balance is shown to be numerically more accurate
than shooting. However, the size of the linear systems to solve and the loss of variable
timestep utilization through harmonic balance may still render shooting more desirable.

We go on to introduce the computational components that we need to solve for, in the
harmonic balance method. The next steps will be to define the harmonic balance problem
and figuring out numerical procedures to calculate the required components. We will be

primarily referring to [I3] in the forthcoming sections about harmonic balance.

Computational Components

Note first that we will denote the DFT (Discrete Fourier Transform) matrix by I" and the
inverse of I' is given by I'"*. Let us start by defining the states vector in the frequency

domain.

Definition 23 (Concatenated Harmonics) We choose to let the states vector in the
frequency domain have an odd number of harmonics. The total number of harmonics is, of
course, N, the number of samples along an interval of length T. Therefore, N = 2K + 1,
for some integer K. Then, we let X7, the concatenated harmonics vector, alias the states

vector in the frequency domain, be
XV = (X2 )" (X5)")", (6.46)

with X;’ being the it harmonic, i.e. X;Y is the Fourier coefficient that corresponds to (i wg),
an integer multiple of the fundamental angular frequency on v, w]. We can, by all means,
adopt the convention to use the generalized angular frequency notation, wg, due to the fact

that periodicity exists in the domain of attraction, W, associated with =, and we will do so.
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Note that we naturally have
X"=Tz" and z7=T"'X", (6.47)
where TV is the concatenated timepoints vector, introduced in Definition [Z.

We also have to define the differentiation operator in the frequency domain.

Definition 24 The differentiation operator in the frequency domain will be denoted by j7,

where j is the imaginary number notifier with j2> = —1. We have
wo(—K)Inm
Jj =3 : (6.48)
wo (+HK)Ipy

defining this operator that depends on wgy. j€7 is a block diagonal matrixz with N-many

(M x M)- sized diagonal blocks.

We have the tools ready to spell out the basic equation of the harmonic balance problem.
JQTq(z") —Tf(2) =0 (6.49)

Notice that unlike shooting, we do not need a differential equation solver this time.
We have to solve ([E49]) through Newton’s method. At iteration k of Newton the proposed
solution for ¥ will be denoted by Z*. The Fourier transform of Z* will be given by X* = I'z*.
We do not know the exact the period either, so let us denote the proposed solution for wy,
the angular frequency, by wlg, at again iteration k. jQ7, the differentiation operator, depends

on wy, therefore we will also need jQ*. We may now define a residual at iteration k as
Eyy, = jQ'Tq(@") - Tf(@"), (6.50)

which may not be sufficiently close to zero at iteration k. The objective is to reduce the
norm of F; ,’fb through the iterations of Newton’s method.
In (EZ9) we have actually X7, the state harmonics defined in the frequency domain, as

the unknown. Therefore, we can actually modify ([E29) as

JOT@r'X") —Tf(I'X7)=0.
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Notice F,'fb in (E20) is a vector in the frequency domain, and we may visualize F,'fb as

the concatenation of N = 2K + 1 harmonics, as in

By = ((F ) (o))

with F ,’fb’i as the i*" harmonic of F }]fb, which corresponds to iwg, an integral multiple of the
fundamental angular frequency, wg. In harmonic balance, our aim is to reduce the norms
of all these residual harmonics. Indeed, this is the objective of collocation methods, as
opposed to Galerkin schemes. In Galerkin schemes, the essence is to make the residual,
F, }]fb, orthogonal to the Fourier basis functions in the range given by —K < i < K, with the
fundamental frequency chosen as wy, i.e. in Galerkin schemes, we seek to make I'"*F, ,]fb, the
residual transformed into the time domain, orthogonal to the Fourier basis functions given
by exp(jwoi), for —K < i < K. I‘*lF,’fb in this case will be spanned by exp(jwpi), with
li| > K.

The scheme we use to solve the harmonic balance problem is called, in view of the last
paragraph, the pseudo-spectral collocation method.

In solving (EZ9) through Newton’s method, we have to define the following update at
iteration k, after introducing the residual in (E320).

AXF = XM _ Xk (6.51)

If we treat F, as a function of X* only, as in FfY, = FF, (X*), the linear system to solve at
iteration k& becomes
ghkb AXF = —FF (6.52)
Xk hb
Let us call Jbe = OF ,’fb /OX* the harmonic balance Jacobian. We do not yet explain how
to numerically compute Jﬁb but note it as a computational component necessary to be
calculated to fully implement the harmonic balance method.

As in shooting and as we stated before in this section, we do not have prior knowledge
about the period of oscillation on . All we have is an initial guess for the angular frequency,
which we call w}, the guess for wy at the first iteration of Newton’s method. Therefore, we
need to figure out a solution for wg as well. F}]fb is a function not only of X* but also of
wf, ie. Ff = Ff(X* wh). That means the nonlinear system of equations in (EZ9) is
an under-determined system. We have (NM + 1) unknowns, X7 and wg, but only NM

equations. We need another condition to fully determine the system.
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The answer to the question as to why we need another condition to exactly specify this
system of equations is very similar to the answer given in the shooting problem discussion.
Any time-shifted version of Z* is a legitimate solution to (649), provided the exact frequency,
wg, is given. We have to be able to pick a single solution out of the infinitely many. The
extra condition to append to the system in (49) will be designed to accomplish this task.

The extra condition is described in [I2]. The facts that Z* is a real multi-dimensional
signal and X* = I'z* are exploited therein. If we pick a single signal out of the M that

vk

we have, and call its index sig, we know that Xg .,

: Yk _ vk
i.e. Xsig,+i = <st'g,—i

the " harmonic of :i’;ig, will be

k

— *
the complex conjugate of X* ) . This is true because z" is a

s1g,—1?
real signal. It can also be proved that via shifting Z* by a particular length in time, the
imaginary part of X can be set to zero. It follows naturally that (Im(X ko )= 0) =

stg,+1 s1g,+1
Yk
(Im(Xsig,—i

)= 0). Then, the extra condition to append to ([E49) becomes

st X7 =0. (6.53)

sig

Ssig 1s used here to extract a multiple of Im(X figﬂ)' Recalling that X* is a concatenated
harmonics vector, the harmonics being in the order given by —K < i < K, we set sgq as
follows. Let the entry with index (M (K — 1) + sig), of sg4, be —1, and let the entry with
index (M (K + 1) + sig), of ssg4, be 1. Then, (@A) is the condition to set the imaginary
part of X’fig’l to zero.

The condition given in (53] requires us to augment the residual vector, F) /fb in (E50).
We define

Ghy = sig X" (6.54)

We may treat GF, as G¥, = G¥, (X*, wh).

We have set the condition in (53]), for wy is another unknown in the system of equations
given by ([EZ9). Then, we also need to define the update for wé“, at iteration k of Newton’s

method, as

Awh = Wbt — Wk (6.55)

We can now modify the linear system to be solved at iteration k.
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We have both £, = FF (X%, wk) and G¥, = GF,(X*, wk). The linear system of equations

to solve at iteration & must be modified as

OF, ilfb ok, OF f]fb k k
b A X —— 0 A = —F, 6.56
oXk + ok “0 hb (6.56)
aGbe ok aGbe k k
8 =k AX + awg AWO = _Ghb7 (657)

instead of (E5Z). We have already called J¥, = FF, /0X* the harmonic balance Jacobian.
Let us call Jwf, = OFF, /dwf. We simply know that OF), /0wl = Sgig and OGY, 0wk = 0.

After stating the problem definition of harmonic balance in the next section, the following

task will be to figure out numerical methods for calculating J ﬁb and J w,’ib.

Harmonic Balance Problem Definition

The following equations form a nonlinear set, for whose solution we require the use of the
harmonic balance method. Harmonic balance is one of the methods of figuring out the

steady-state periodic solution of interest, of the generic DAE in (Z4I).

JQTqz") -Tf(@) = 0 (6.58)

sy X7 = 0 (6.59)

Note Z7 in Definition BTl X = I'Z” in Definition 3, f(z7) and §(z") in Definition B2, jQ",
the differentiation operator in Definition 24l and I', the DFT (Discrete Fourier Transform)
operator.

Newton’s method is used to solve the system in ([E58) and (E59). The linear system of

equations to solve at iteration k& of Newton’s method reads as follows.

Ik Jwk AXF FFk
hb hb _ hb (6.60)
s;ig 0 Awg Gﬁb

We must note the following items about (G60)

e AXF is the harmonics update vector as given in (E5T).
e Awk is the frequency update vector as given in (G53).

° ,’fb is the numerical value of the residual defined in (E50).
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GY, is the numerical value of the residual defined in (E5).

Jk, is called the harmonic balance Jacobian and it is defined as J¥, = 9FF, /0X*.

Jwk, = oFF Jouk.

s, = 0G¥ JoXF.

sig

The related items in (B60) have been superscripted with &, in order to notify that these
values are valid during only iteration k& of Newton’s method.

The task now is to figure out numerical methods to compute J zb, the harmonic balance

Jacobian, and Jwﬁb.

Harmonic Balance Jacobian

We explain here the method to compute J ﬁb = 0F; }’fb /OX*, the harmonic balance Jacobian.
The computation is straight-forward, but we have to introduce some more notation for

convenience.

Let us define

o af(z*)
k
G@) = ozk
G(tf)
= (6.61)
G(th_1)
and
. 0q(z")
k
C@) = ozk
C(t5)
— , (6.62)
C(th 1)
where
of Jq
G(th)y = == , and C(th) = == ,
)= By ™=
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for 0 <i < N —1. G(z¥) and C(z*) are (NM x N M)-sized block diagonal matrices. The
diagonal blocks are obviously (M x M )-sized and there are N-many such blocks in each of
G(z*) and C(z*).

We have to make use of the chain of partial differentiation to write

ofa") _ of@) ot

oxk —  ozk 9XxXk
= G

and
oq(zF)  oq(z*) ozF
oxXk 9zk 9X*k
= C@EhHr.

We use the fact that z¥ = I'"*X*. Then, we compute J flb, the harmonic balance Jacobian,

as in
gk aF_llfb
dq(z*) _of(@")
_ k _
= JoT oXFk d oXFk
Iy = JOTCEHT ' —TG(EHT . (6.63)

Above, the fact that jQF is a linear operator is implicitly necessary to use. In deriving J ’flb,
we have referred to [I3] and [T4].

Note that J ﬁb in (G63) does not itself turn out to be a sparse matrix. However, all
factors of J Iflb are sparse, except I', the DFT operator, and I'™', its inverse, but computing
the Fourier transform of a vector is computationally less costly through FFT (Fast Fourier
Transform) than through straight-forward matrix vector multiplication. Therefore, Jﬁb
times a vector can be calculated via exploitation of the sparse factors structure in (G.63]).

We draw attention to the observations in the last paragraph, because the linear systems
at each iteration of Newton’s method, as given in (E60), will not be solved through Gaussian
Elimination. These systems are to be solved through Krylov Subspace Methods, which ben-
efit from computationally inexpensive matrix vector product computations to solve linear

Systems.
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Derivative with Respect to the Frequency

We now move on to the numerical computation of Jwf, = OFF /wf. There is only one
term in F; }'fb that depends on wé“, and that is the term with jQF, the differentiation operator.

This observation allows us to write

OFF,

awg

o(IQ*) . 4

= T . 6.64
o 11 (6.61)

ko _
thb =

The partial differential term above can easily be spelt out as

_ . 6.65

(+K)In

Authors of [I2] are credited for this particular contribution.

6.5 Computing Floquet Modes of LPTV Systems

6.5.1 FEigenvalue Problems in Floquet Theory

We are to explain how to numerically compute the persistent Floquet mode through har-
monic balance. After the steady-state periodic solution computation is accomplished through
harmonic balance, we gain access to the harmonic balance Jacobian after convergence, Jp;
with the iteration k notifier dropped, which will facilitate the computation of wv(¢), the
persistent mode. Before making use of J;, however, we have to introduce the auxiliary
topic of eigenvalue problems in Floquet theory. This reservation will enable us to derive
the components of a theory that will help in numerically computing not only the persistent
mode, but all Floquet modes, v1(t) through v (t).

Our discussion again focuses on the more general DAE case. Remember from [3]
that in the DAE case, some modes are in the nullspace of C(t) = 9q/0z?. We have
C(t)u;(t) =0, for (m+1) <i < M, with m < M. Therefore, the biorthogonality condition
vl (t)C(t)u;(t) = d;; holds only for 1 <i <mand 1< j < m.

J
Also, let us assume that the Floquet exponents, uy for 1 < k < M, are real, for simplicity.
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LPTV Equation

In this case, we explore, first, how the eigenfunction wy(t), for any k € {1,...,m}, at t =0,
namely ug(0), is transformed by means of the state transition function, K. We call the

transformed solution yy(t).

=1 Sik
= eMRlyy(t) (6.66)
Recall that
cwy =2 cw-2
0 a1 0% |4 ()

Notice that we have not yet taken into account the modes that happen to reside in the
nullspace of C(t). Let us see how ug(t), for (m + 1) < k < M, are transformed. We have

simply

yr(t) = K(t0) ur(0)

— ;e’“ u;(t) vZ(O)CiO)uk(O)
- (6.67)

These modes are killed instantly by the state transition function. However, we can still
write these trivial solutions in the form given in (E80), if we consider that efkuy(t) = 0,
with pp = —oo for (m + 1) < k < M. Therefore, the Floquet exponent that corresponds to
each of these modes is —oco. This Floquet exponent has (M — m) multiplicity.

In all, we have

Yi(t) = K(t,0)ur (0) = e uy(t), (6.68)

considering both cases, 1 <k <mand (m+1) <k < M, with pu = —oo for (m+1) <k <
M.
Second, we substitute the expression for yx(t), since we have explicitly made use of the

state transition function, K, to calculate yx(¢), and we know that it will satisfy the LPTV
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equation for the DAE case.

Clom {emu®}) = Q) {e uln)
4 (b)) ~ GOuelt) = —mClt)ua(r) (6.69)

Remark 8 We must note that {69) is an instance of a generalized eigenvalue problem.
Finding the eigenpairs, i.e. the negated Floquet exponents, —uy, and the eigenfunctions,
ug(t), for 1 < k < M, requires sophisticated numerical methods. We can represent the
eigenvalue problem in (GL4), through matrices, in the time or frequency domain, and then
apply numerical methods to solve it. We will shortly relate this eigenvalue problem statement

to the finite differences formulation and the harmonic balance method.

Adjoint LPTV Equation

In the same manner as in the previous section, we now present the eigenvalue problem,
which may be used to figure out the eigenfunctions v (t), for 1 < k < m. We, first, need
to explore how the state transition function, L, of the adjoint LPTV equation transforms
v(t). We call the transformed solution zj(t), for ¢ < 0, with v;(0) as the initial condition.
zk(t) = L(t,0) ve(0)
m
= e~ ;(t) uf (0)CT(0)vy (0)
i=1

otk
= e Frly(t) (6.70)

Again, we have to consider vi(t), for (m+1) < k < M. Just as ug(t), for (m+1) <k <
M, span the nullspace of C(t), vi(t), for (m+ 1) < k < M, span the nullspace of C"(¢) [3].
Therefore, we have for (m+1) <k < M,

zk(t) = L(t,0) vk (0)

= Ze Hitys () u; (0)CT(0) v (0)
=1 0
= 0. (6.71)
We have already assigned pp = —oo to these modes. Recalling that computation of the

adjoint equation is stable only backward in time, i.e. + < 0, we have 23 (t) = e #tvi(t) = 0,

for (m+ 1) < k < M. We can indeed keep the same form as in (E70).
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In all, we have
2 (t) = L(t,0)v(0) = e ety (t), (6.72)
considering both cases, 1 <k <m and (m+1) < k < M, with up = —oco for (m+1) <k <
M.
We know that zx(t) satisfies the adjoint LPTV equation, for the DAE case, since we

have used L, the corresponding state transition function. Therefore, all we need to do is

substitute.
cTt i{e—uktvk(t)} =G [ u(t))
~CTHLE - @) = —mCT () (673)

Remark 9 The equation in (6_73) defines another instance of generalized eigenvalue prob-
lems. The eigenvalues are the same as those of the problem in ([G69), the negated Floquet
exponents, —u, for 1 < k < M. However, the eigenfunctions that correspond to these
values are, for the adjoint case, vi(t). We again have to resort to numerical linear algebra
to solve this eigenvalue problem. The finite differences formulation and harmonic balance

are two media facilitating this computation.

Other Eigenpairs

In (EX9), we have presented an eigenvalue problem, where —pu is the eigenvalue, and ug ()
is the corresponding eigenfunction, for 1 < k < M. We now propose that eigenvalues of the
form —(uy, — jH) and eigenfunctions ey (t) are also solutions of the problem in (G5,
for some jH.

Let us modify the problem in (E69) and try to figure out a condition on jH.

d Ht
Lo (¢ un)] -

G(t) {Mup(t)} = —(ux — JH)C(t) { M uy(t)}
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After simplifications and grouping we get the following.

JHEM Ctyuk(t) —

FHIMCBu(t) =~ (Cltun(n)
+ G (H)u(t)

— e C () ug (1)

The left-hand side of the equation above is obviously zero, and the right-hand side is zero
by (E69). Therefore, we get no constraint on jH, through the eigenpair we have proposed.
However, since we are interested in only periodic eigenfuctions, we can figure out discrete
values for jH. e/H! must be of the same period with u(t), with T being the period. This
is possible if jH = j27/Tn, for an integral values of n. Therefore, the eigenpairs that solve
the problem in (G.69) are the eigenvalues, —(u; — j27/Tn), and the periodic eigenfuctions,
ejZF/T"tuk(t), for 1 < k < M and integral values of n.

We must check if the set of eigenvalues we have proposed satisfy (E73]), the eigenvalue
problem in the adjoint case. In this case, we will have —(uy + jH) as the eigenvalues, and
e/Hty,(t) as the corresponding eigenfunctions. Again, jH = j27/Tn, for integral values of
n, will hold, to have T-periodic eigenfuctions.

Let us reformulate the eigenvalue problem in the same manner as for the LPTV case.

- CT(t)% {eMly(t)} -

G™(t) {!M ()} = (e + iH) {/op(t)}
After evaluations and grouping terms, we get the following.

FHHIC (o (t) —

dvy,(t)
dt
+ G (1) ()

FHIHC (o, (t) = HICT(1)

— e TECT (g (1)

The left-hand side of the equation above is zero. The right-hand side is identically equal to
zero by ([B73)). Other than the particular choice jH = j27/Tn, for integral values of n, to

make the eigenfunctions, e/ftvy, (t), T-periodic, there is again no constraint on n.
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We may now express the generalized eigenvalue problems, associated with the LPTV
and adjoint LPTV equations in the DAE case. Furthermore, we can spell out the general
forms of the solutions to these problems, the eigenvalues and the corresponding periodic

eigenfunctions.

All Eigenvalues and Periodic Eigenfunctions

Below is the generic form of the eigenvalue problem for the DAE LPTV case.

d
T (CHyrn(t)) — GO)Ykn(t) = MenC () yrn (t) (6.74)
Ain 18 the generic eigenvalue, and yg, (t) is the corresponding eigenfunction. For the adjoint
LPTYV case, we have the following formulation.

dzkn
dt

— CT O G ()24 () = Mo CT (500 (1) (6.75)

The complex conjugate of A, as in ([BZ4), is the eigenvalue, whereas we have zj, (t) as the
corresponding eigenfunction.

We have figured out that Ag, is of the form
Akn = — (g — j2m/Tn). (6.76)

i is the k' Floquet exponent, T is the period on the limit cycle, v. n is an integer. For
fixed values of k£ and n, A, is an eigenvalue for (GZ4), and A}, is an eigenvalue for (EZ0l).
The corresponding eigenfunctions, yx,(t) and zg,(t), are given as follows.
Yrn(t) has the form
Yen(t) = 72T (1), (6.77)

where uy,(t) is the k' Floquet eigenfunction of the forward LPTV equation.
2kn (t) has the form
Zhn(t) = €72 Ty (1), (6.78)

where vy, (t) is the k" Floquet eigenfunction, corresponding to the adjoint case.
Notice that throughout the derivations in this section, we have assumed that the Floquet
exponents uy, for 1 < k < M, are real. Our derivations still remain intact when pj are

complex numbers. K(¢,0) in this case becomes

K(,0) = > exp(pt)ui(t)v; (0)C(0).
1=1
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Then, L(¢,0), the state transition function of the adjoint form, becomes

L(t,0) = 3 exp(—piit)ui ()i (0)CT(0).
i=1

*

We replace T, the transpose operator, with the Hermitian transpose operator, *. Also we

have to use the complex conjugate of p; for the expression of L(¢,0). These changes bring
about \; = —(u; + j27/Tnt) in (E13).
In the next sections, we aim to show the relation of these derivations to the finite

difference formulations and the harmonic balance Jacobian after convergence, Jpp.

6.5.2 Computation Through Shooting

In order to compute Floquet modes through shooting, the steps to be taken are listed as

follows. Let us only concentrate on v;(t), for 1 < i < m, in the DAE case.

1. Solve for L(—T',0) through C'(¢t)z = —G'(t)z with L(0,0) = I,,.
2. Eigen-decompose L(—T',0) and compute those eigenvectors not in the nullspace.

3. Associate e*T with v;(T) = v;(0), i.e. the eigenvalues with the eigenvectors respec-

tively.

4. Solve CT(t)z = —GT(t)z for e #ilv;(t) backwards in time, for 0 > ¢ > —T. Scale

e Fity;(t) with etit to get v;(t) for all ¢.

6.5.3 Computation Through Finite Differences

It happens that we can manipulate the multistep discretization scheme in (9 to formulate
a finite differences approach as given below.

Let us derive the finite differences scheme over the data computed through the shooting
method, i.e. after shooting converges, we may write the scheme in ([E3)) with the k notifier

dropped. In view of this remark, we have

T

Y@ (H)g(a (i) = > Bj(H) F (27 (tiy)), (6.79)
j=0

j=0

where d;(H) and Bj (H), for 0 < j < r, are multistep coefficients that depend on the r

elements of H = {h;,...,hi—r4+1}. Recall that ([G79) is a scheme that states the relation
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of essentially z7(¢;) to the other samples along the interval of length 7. ([EZ9) is an r-step
discretization scheme, i.e. the memory of (73 is r-deep, and (G7Z9) applies to the sample
given by x7(t;) only. That means r can actually change with respect to i, i.e. r = r(i), the
depth of the memory, allocated for a sample, depends on the particular sample. Numerical
concerns involving truncation errors determine this depth of the memory incorporated. In
all, we accommodate variable order schemes through (G79)).

Since we have N samples, 27(¢;) for 0 < i < (N — 1), along a period of length 7', let us
assume for simplicity that the memory of our discretization is (N — 1)-deep for all samples.

i.

; and B;, the 7% multistep coefficients for the i*

We will make use of the simple notations &
sample. d;- and B; depend on H = {h;, hi_n+2}. Notice that the interval lengths between
consecutive timepoints exhibit periodicity with period N, i.e. h;4nn = h;, where n is an

integer. Note the matrix formulation in

A0 A0 ~0 A0
@ N1 @y aj
A1 A1 A1 A1
& & & &
- 1 0 N-1 2
N = QI (6.80)
~N—1 aN-1 ~N—1 aN-1
An_1 UN_2 31 )
and
A0 A0 A0 A0
0 ﬁN_l 2 ﬁl
Al Al Al Al
2 b G Bnoa oo B
d= ® Iy, (6.81)
AN—-1 AN-1 AN—1 AN-1
N-1 PN-2 1 0

® denotes Kronecker product, and N and 3 are block matrices. We may then locate the
relations in the form of (B79) for all timepoints along a single period, noting that after

shooting converges, we have z7(ty = to+ 1) = 27 (tp). This compact form reads

q(z7(to)) f(@(t0))
Q (J(iﬂy‘(h)) _ 9 f("E’y.(tl)) ‘ (6.82)
q(z7(tn-1)) f(@7(tn-1))

(EX2) is called the finite difference scheme of discretizing the generic DAE in (). Notice

that in (E82), we have put in g and f evaluated at the samples on 7, i.e. we have formulated
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the finite differences scheme over the samples along a single period, obtained through the
convergence of shooting. We have a point in doing that, because our purpose is not spelling
out another scheme for figuring out the steady-state solution on . Rather, we would like
to use (EXZ) for computing the persistent mode of the adjoint LPTV equation, associated
with (Z4)), after shooting converges.

We have to make sure the left-hand side of ([E82) performs discrete differentiation. For

this purpose we will have to define

where it may be such that h; # h; = (t; —t;—1), for 1 < i < N. The values of h; depend
on the multi-step coefficients, and the reason behind this reservation is again to ensure that

the scaling is correct so that the left-hand side of

q(z7(to)) f(@7(to))
" Q("E'Y.(tl)) _q f(l”.(tl)) 7 (6.84)
q(z7(tn-1)) f(@7(tn-1))

is a numerically correct measure of the time derivatives of the nonlinear ¢ functions con-
catenated. Note that R = A~*R and 3= A~13.

The procedure for figuring out v;(¢) through finite differences is yet to follow. Let us for
now just spell out the forward and adjoint LPTV equations, obtained from (EX4]).

The forward LPTV equation reads

RC(z7)y = IG(2")3. (6.85)
And the adjoint LPTV reads

C'(z")W'z=-G"(z")]"z. (6.86)
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Note that above we have

and

G(tN_l)
where C(t;) = 0q(x7(t;))/0x7(t;) and G(t;) = Of (z7(t;))/0x7 (t;). Also

7V = ( (x'y(to))T . (x'y(tN_l))T )T ,

7= (o) (wltn-1)")",
and
z=((z(to)" - (z(tn-1))" )"
We will make use of the adjoint equation in (G806l to numerically figure out vy (t).

Note that ® and 3 need not be dense matrices, in terms of their block structure, because
the multistep discretization scheme for each sample needs not have (N — 1)-deep memory.
As stated before, the depth of this memory can vary over samples. However, the block
sparsity structures of X and 3 are the same in any case.

Now, we proceed to numerically figure out v1(¢) through the finite differences formu-
lation. In fact, this formulation can be utilized to compute all modes, as will be clear
shortly.

Referring to the findings of the previous section, we may spell out the eigenvalue problem,

derived from the forward LPTV equation in (&85), as
NC(z7) — 2G(z")] {9} = AC() {3}, (6.87)
where the solutions are of the form
A= XAen = — (g — j2m/Tn), (6.88)

for the eigenvalues, and

*

g — ( (6jw0ntouk(t0))* .. (ejwontN—luk(tN_l))* > s (689)
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for the eigenfunctions.

Fortunately, we need only u;(t), so the (—u1 = 0,u1(t)) eigenpair will suffice. However,
we have already set ui(t) = dx”/dt, i.e. ui(t) can be readily computed through the discrete
differentiation of z7(t), the samples of 27(¢) having been found via the shooting method.

Note that to satisfy the normalization condition in v{(¢)C(t)u1(t) = 1, we need to have
access to C(t)uq(t), and we can easily verify, again, that dq(z7)/dt = C(t)uy(t) = f(z7). We
will shortly spell out the normalization condition, spelt via the finite differences formulation,
but the discrete samples for v1(¢) have to be computed first.

Let us derive the eigenvalue problem through the adjoint equation in (6.6l as
[-CT(@")RT - G"(z")3"] {a} = A"C" {5}, (6.90)

whose solutions are

N = AL = —(ug + 527/ Tn) (6.91)

for the eigenvalues, and

o= ( (ejwontovk(to))* .. (ejwonthlvk(tN_l))* )* (692)

for the eigenfunctions. Also, we are able to solve for all the modes, all we need is the
(—p1 = 0,v1(t)) eigenpair. We resort to the methods of numerical linear algebra to figure
out this eigenpair. Numerically, the eigenvalue is not exactly to be zero. Therefore, we seek
the eigenfunction that corresponds to the smallest absolute eigenvalue.

Having computed the samples for v (t), the next task is to make sure v (t) is normalized.
Following our previous discussion, we have v](t) f(z7(t)) = 1 as a legitimate normalization

condition. The finite differences formulation allows us to write
Rg(z7) = 3f(27),
which helps us to spell the normalization condition as
o 2f(z7) = N, (6.93)
considering that we have N timepoints. Note that we have

F@) = ((f@ ) (f@ (tn-1)))")"
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and
o= ((or(to)" - (waltn-1)")".
Let us now summarize the computation of vy (t) through the finite differences formula-

tion.

1. Compute the samples for x7(¢) through shooting. Store such factors as C(t), G(t),
q(z7(t)), f(x7(t)), and the multistep coefficients used for computing each timepoint.

These factors are necessary for having available C(z?), G(z7), ¢(z7), f(z7), X, and

i

2. Compute 91, the samples of vy () concatenated, through solving the eigenvalue prob-

lem in (E30), which is derived from the adjoint equation in (G.XH).

3. Normalize v; through the normalization condition in (E93]).

The finite differences method for figuring out v;(t), i.e. solving for all the samples of
v1(t) along an interval of length T, is proved to be numerically more accurate compared to
the procedure outlined in Section Also, we still retain the capability to adjust the
time intervals between the samples, as desired. Indeed, the same interval lengths between
the consecutive samples of x7(¢) are naturally used to compute the samples of vy (¢).

For the sake of obtaining more accuracy and retaining the feature of computing all the
samples of v1(t) at once, we are going to explain the persistent mode computation through
harmonic balance. However, we are to lose the adjustable interval lengths feature through
this calculation, because DFT (Discrete Fourier Transform) requires uniform interval lengths

between consecutive samples.

6.5.4 Computation Through Harmonic Balance

The method of harmonic balance also facilitates the computation of the persistent Floquet
mode. Our assumption that there is a single persistent mode again holds. However, unlike
the shooting method, we are induced to make note of the inferred assumption that there is
a single Floquet exponent that is zero and that all other Floquet exponents are negative, i.e.
11 = 0, by our convention, and u; < 0, for 2 <4 < M. Recall that this inferred assumption,

in view of the original assumption that there is a single persistent mode, is equivalent to
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the condition that there is a single Floquet multiplier that is equal to 1 and that all other
Floquet multipliers are between zero and 1, i.e. Ay = 1, by our convention, and \; < 1, for
2<i< M.

There is an obvious link between the notion of eigenvalue problems, derived through
Floquet theory in E5T] and persistent Floquet mode computation through harmonic bal-
ance. We herein explore further into this link to figure out a numerical scheme to compute

uy(t) and vy (¢).

FEigenpairs through the Forward LPTV Equation

We aim to numerically solve the eigenvalue problem derived as (E74), through frequency

transformation methods. The DFT of both sides in

©(C(0(1) ~ GHI(E) = AC(DI()
can be written as
[QTC(@)I ' —TG(z")I '] {TJ}
= AI'C(z")I' ' {TV}, (6.94)

with

I = ((0(to))" -~ (W(tn-1)")"-

t; are the timepoints calculated through the harmonic balance method. They are the same
timepoints as used in the definition of 7. Recall that t; are separated by uniform intervals.

Notice that (G394 can actually be written in compact form as
I {09} = ADC(E")T {13}, (6.95)

where Jp; is the harmonic balance Jacobian after convergence.
Fortunately, we already know the eigenpair solutions of (&95l). For fixed k& and n, we
have
A= Nen = — (e — j27/Tn) (6.96)

and

9 = < (ejwontouk(to))* .. (ejwontwfluk(t]v_l))* >* ) (6.97)
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Therefore, we have transformed the eigenvalue problem in (EZ4) into the frequency domain,
and we can utilize the methods of numerical linear algebra to solve (334, or in more compact
form (E295]). The solutions are theoretically given by (G.90l), as the eigenvalues, and (E971)
as the eigenfunctions in the time domain.

Above we know that 1 < k < M, however, one may still wonder what the range for n is.
Since we have an odd number, N = 2K + 1, of timepoints in 7, we have the same number
N of harmonics in X7. We stated before that naturally the range of the harmonics in X7
is —K <1< +K, with ¢ a dummy variable. Note that the range for nis —K <n < +K.

Through the eigenvalue problem stated as (G.93]), we can solve for all the eigenpairs.
Jnp, the harmonic balance Jacobian after convergence, is thus indispensible. However,
we indeed need only the (—u; = 0,u;(t)) pair. Then, it is really not necessary to solve
(635)), because we have already set uq(t) = dx?/dt. In the frequency domain, we have
Ty = jQ X7 = jOTZ7. 4y is naturally the timepoints of u; () concatenated into a single
vector, in the same manner as in 7. X7 is supposed to be figured out by the time the
harmonic balance method converges, so it is no trouble computing @; = ['~'jQYX7.

Note also that

C@am = f(7) (6.98)

is a natural consequence of the fact that

@ dx”

at|, ~ C(t)—- = C(t)ur(t) = f(2(t).

This note will be necessary when normalizing v (¢), which is to be computed as follows.

FEigenpairs through the Adjoint LPTV Equation

The task is now to numerically solve the eigenvalue problem in (E70). Let us spell the DFT
of both sides of
do(t)

—CT() ™ — GT(B)a(t) = N'CT(1)olt

as

~ICT(@)r T {Tg) - TET @0 {T'g)

= MTC" (2" {l'o}. (6.99)
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Note again that
o= ((e(to)" - (altn-1))")".

t; are the timepoints, the intervals between which have been calculated through harmonic
balance.

E399) in compact form is
{2} =XTC (@) {I'g}, (6.100)

where Jj is the harmonic balance Jacobian after convergence.

The eigenpair solutions for ([GIO) are, for fixed k and n,
N =N = — (g + 521 /Tn) (6.101)

and

o= ( (engntovk(to))* .. (ejwontNﬂvk(tN_l))* )* . (6.102)

We can employ the methods of numerical linear algebra to solve the eigenvalue problem in
(E39), or in more compact form (EI00). The solutions are theoretically given by (EI0I) as
the eigenvalues and (E102)) as the corresponding eigenfunctions.

We have outlined a technique to figure out all eigenpairs, associated with the adjoint
LPTV equation. In fact, all we need is to find the (—u; = 0,v;(t)) pair. After making use of
numerical techniques to figure out o1, i.e. v1(t) with all timepoints concatenated into a single
vector, we have to make sure to satisfy the biorthonormality relation v](¢)C(¢)us(t) = 1.

Recalling that we have N timepoints, the normalization condition can be written as any of

v -{C@@)w} = N
v -f(@) = N (6.103)
{fo} - {Tf(@@")} = N (6.104)

{tor} - {[rCE) [Cm]} = N
{To.} - {[FCET '] [[QX"]} = N (6.105)

Notice that the harmonic balance method we described operates in the frequency domain.
Therefore, harmonic balance figures out X7 = I'z?. Following the formulations in this

section, through numerical methods, we find not v; but I'v;, again a frequency transformed
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variable. Above, (EI00) is the most straight-forward method to carry out the necessary
normalization, but it is not the simplest.

In (GI0H), we calculate jQYX7, after harmonic balance yields X7, the concatenated
harmonic baance vector. jQ?X7 is the DFT of dz7/dt. If we store C(z*) at each iteration k
of harmonic balance, then after convergence we will have access to C(z?). After numerically
computing a vector in the direction of 'ty , we can readily normalize I'tq according to (GI05).

Consider now (EI3) and (EIM). We know that dg(z7)/dt = C(z")i1, on the limit
cycle . This is why (EI03]) works. However, since we carry out harmonic balance in the
frequency domain, the normalization scheme of and (GI04]) is more plausible than (GI03]).
We just need to store f(z¥) at each iteration k of harmonic balance. Then, we will have

f(Z7) ready after convergence. Through (EI04]), we omit the differentiation via jQ7 that is
necessary in (EI00]).

After obtaining a normalized I'v; through ([EI04]), we can use inverse DFT to get oy,
which is the concatenated form of vy (¢;) for 0 < i < (N —1). Note that we may make use

of either I'v; or v; as required by the application.

Summary

Let us briefly summarize how to calculate v;(¢) after harmonic balance converges.

1. We make sure to store C(z¥), G(z*), and f(z*) at each iteration k of harmonic
balance. This way we will readily have access to C(z7), G(z?) and f(Z7) after the

harmonic balance method converges.

2. We spell out in (E39) and also in (EI00]), the generalized eigenvalue problem that
emerges from the adjoint LPTV equation, associated with the generic DAE in (Z4]).
We have, after harmonic balance converges, the sparse factors of J},, the Hermitian
conjugate of the harmonic balance Jacobian. wy to construct jQ7, along with C(z*)

and G(z*) are the necessary sparse factors.

3. We solve the generalized eigenvalue problem in (EI00)) for the eigenpair that is theoret-
ically stated as (—p1 = 0,T'01). Full eigen-decomposition is a valid choice. Notice that

because of numerical errors, an eigenvalue of exactly zero is unexpected. We there-
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fore seek the eigenfunction that corresponds to the real eigenvalue with the smallest

absolute value.

4. After computing a vector in the direction of I'v1, the normalization scheme in (G104

must be employed, with f(Z7) readily available.

5. Inverse DFT is necessary to return to the time domain, i.e. to get v1, the concatenated

form of vy (t;) for 0 <i < (N —1).

As can be observed, the method outlined above involves solving a larger sparse eigenvalue

problem, in order to solve vy (t), at all timepoints {tg,...,tny—1}, at once.

6.6 Numerical Methods for Solving the Phase Equation

The phase equation reads
dt . .
=1 0l(d) g2 (B),1),

where g is the perturbations vector. In many applications we need to solve for #, when
deterministic perturbations are present. In this case, a discretization scheme may be applied
to this equation, and a solution may be sought step by step, at each timepoint. However,
notice that we have access to vi(t;), for 0 <7 < (N — 1), i.e. only some discrete values are
available, of v (t) along a single period of length 7', although the values of v () at instances
other than these timepoints might needed as well. Therefore, interpolation methods are
employed to generate approximations over virtually the whole period. This aspect deems
the phase computation ad hoc.

There is the method contributed in [23] that makes use of again systematic techniques
to calculate £ through again the phase equation. In [23], £ is computed through an improved
harmonic balance method, when the perturbations vector that is present is a periodic signal.
It is proved that in this case, £ happens to be the sum of a monotonously increasing ramp
function and a periodic wave. Then, this knowledge is exploited to compute ¢ through
harmonic balance. However, again note that this method is valid only in the case of periodic

perturbations.
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Chapter 7

RESULTS

We present some results obtained with the Matlab toolbox that we have developed.

7.1 Van der Pol Oscillator

Van der Pol oscillator has two states and one parameter. We consider only state pertur-
bations for this oscillator. The steady-state periodic solution has been computed through
shooting and harmonic balance. We present plots of u4 (t) computed through shooting, finite
differences, harmonic balance. Also v (t) has been computed through harmonic balance.

Figure is an indication of the relative accuracy of the computed period versus the
number of timepoints employed. As the number of timepoints is increased, the relative
accuracy is reduced by several orders, as expected.

Figure [Tl compares u1(t), a periodic solution of the forward LPTV equation obtained
from the Van der Pol oscillator, computed through shooting and finite differences. The
data obtained through the steady-state solution calculation in shooting has been utilized
to formulate the finite differences system. As seen in Figure [l the two solutions are in
agreement. Also Figure provides a shifted version of the same w4 (t), this time obtained
through harmonic balance. The solutions through all three methods are in agreement.

Figure is a plot of the finite differences matrix eigenvalues on the complex plane.
Since the derivative computation is not exact as in harmonic balance, we expect to observe
detached sets of eigenvalues for each Floquet exponent. In Figure [[2 we see two sets
constituting circles, whose left-most points are occupied by the Floquet exponents associated
with the system. On the other hand, as seen in Figures and [[4l the detached sets of
eigenvalues are on straight vertical segments, for the harmonic balance Jacobian. This
complies with the theory presented through generalized eigenvalue problems, although for
higher harmonics we have some eigenvalues off the expected trail, perhaps due to aliasing.

The eigenvalues of the harmonic balance Jacobian in Figure and its Jacobian in Figure



Chapter 7: Results 134

[ are naturally the same.

In Figure [[0 v (t) computed through harmonic balance is presented. Figure [ com-
pares three methods of normalization for Floquet vectors obtained through harmonic bal-
ance. The crude method employs v (to)C(to)u1(to) = 1 at the first timepoint, and then at
all other timepoints, the scaling factor that is obtained at ¢y is used. The better method is
to make use of 5] C@i; = N, for all timepoints at once. The best method is as stated before
9] f(z7) = N. There is no difference in accuracy between the better and best method,
and they both beat the crude method. The better method requires a differentiation in the
frequency domain and a sparse matrix-vector multiplication, along with an inverse FFT, in

excess of the best method.

7.2 Circadian Oscillator

We analyze the circadian oscillator whose equations and parameters are presented in [6].
The harmonic balance Jacobian has seven distinct sets of eigenvalues as shown in Figure
[, which means that all seven Floquet exponents of this system are real.

The analysis that we carry out is plotting PRCs (Phase Resetting Curves) for this
system. After vi(t) is computed, it is used to solve the phase equation repeatedly for
different perturbations. In Figure [LI0, we present these PRCs. The perturbations are
pulses of amplitude L and and duration d. Each such perturbation is shifted along the
period by a predetermined interval in time, for each instance of the computation, and then
the phase equation is solved with the perturbation set as the shifted pulse. A PRC for a
set L and a d is the continuous curve of the computed phases, plotted on the same graph,

after the pulse is finally shifted through the whole period.
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Figure 7.1: u(t) computed through shooting and finite differences.
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Figure 7.2: Eigenvalues of the finite differences Jacobian, plotted on the complex plane.
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Figure 7.3: Eigenvalues of the harmonic balance Jacobian.
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Figure 7.4: Eigenvalues of the Hermitian transpose of the harmonic balance Jacobian.
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Figure 7.5: u;(t) computed through harmonic balance.
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Figure 7.6: v1(t) computed through harmonic balance.
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Figure 7.7: Normalization in harmonic balance, through three particular schemes.
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Figure 7.8: Relative accuracy of the computed period.
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Figure 7.9: Eigenvalues of the harmonic balance Jacobian, for the circadian oscillator.
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Figure 7.10: PRC (Phase Response or Resetting Curve) plots for the circadian oscillator.
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Chapter 8

CONCLUSION

The first achievement in this thesis is to define the phase of an oscillator with the help
of isochrons. This has already been accomplished in the biological domain. We thorougly
present the necessary derivations that lead to the definition of oscillator phase. Then, the
phase equation for perturbed solutions of oscillators is derived. The phase equation has
been known in the biological and electronic domains for decades, although the related work
has progressed independently. We also point out the significance of the phase equation,
with the help of Floquet theory, while proving the accuracy of this equation. Through this
evaluation, a certain component of perturbations is shown to contribute to phase, whereas
the other components are proved to cause orbital deviation. In all, in this thesis, we unify
the approches to defining the phase of an oscillator.

The second achievement is the development of a unified approach to oscillator noise
analysis in the presence of both state and parameter perturbations. This is possible through
system augmentation and use of the phase equation, for the DAE case in general.

There has already been contributions targeting state and parameter perturbation-based
phase drift, in both biological and electronic domains. The third major contribution of this
thesis is to rigorously prove that all these approaches boil down to the computation of vy (¢).

For the numerical computation of v;(t), we observe that the methods in biology are
indeed ad hoc, so we refer to the methods in electronics. Steady-state periodic solution
techniques, shooting and harmonic balance in particular, are rederived. As a fourth contri-
bution, we introduce the generalized eigenvalue problems derived through Floquet theory
and adjoint equations, to formulate systematic and accurate methods for the computation
of v1(t). Shooting, finite differences and harmonic balance methods are shown to aid in

Floquet mode computation, through the generalized eigenvalue problem formulation.



Appendiz A: Loss of the Asymptotic Phase Property 141

Appendix A

LOSS OF THE ASYMPTOTIC PHASE PROPERTY

In Section B, we presented an example for illustration purposes of computing the
isochron layout associated with the limit cycles of simple oscillators. We now move on to
another simple example, which is more interesting than the previous one. The example
that we have already presented only had one limit cycle, the unit circle. Also the previous
oscillator possessed the asymptotic phase property. We were able to analytically figure out
the state transition function for the previous system of differential equations, and then we
made use of this state transition function to spell out an expression for the level sets of
the phase, associated with that oscillator. These level sets are, as stated before, called the
isochrons.

The current oscillator example is again expressed in polar coordinates. It has not one
but three limit cycles. The first of these limit cycles is degenerate, only a single point located
at the origin. The second limit cycle does not have a domain of attraction, except the set
of points that constitute this particular limit cycle, i.e. when we start simulating from a
point not on this second limit cycle, the trajectory traversed by the current system never
approaches this particular limit cycle, as time progresses. The third limit cycle is again the
unit circle.

The aspects stated above are not the only ones that make the current example more
interesting than the first. A parameter employed within the model that describes this
oscillator may be utilized to change the structure of isochrons on the plane, which are
associated with this oscillator. We are going to be exploring how isochrons herald the loss
of the asymptotic phase property.

The oscillator model is a modified version of an example, presented by Winfree [T9]. The

model we aim to analyze is expressed through the following equations. (r, ) are again the
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polar coordinate notifiers, on the plane. Dot denotes derivative with respect to time.

o= (1—7)(r—po)r (A.1)

0 = 1+el—r) (A.2)

Above, p, is the variable parameter, which we are going to use to restructure the isochrons
associated with the system. e serves as a parameter, again restructuring the isochrons, but
Py is the main parameter that we are going to focus on. We are going to assume that € # 0,
because otherwise, changes in p, cannot produce different isochron loci on the plane, i.e.
the choice, ¢ = 0, produces a degenerate, not very interesting case.

The closed form solution of the system of equations in [AJ]) and ([A2) is not available,
so we do not have access to the analytical form of the state transition function, associated
with this system. We will have to resort to computations with limits to figure out the limit
cycles and their domains of attraction.

Analyzing ([AJl), we figure out that all three elements of set
vs =4{r=1,7r=p,,r =0} (A.3)

are limit cycles of the system in ([AJ]) and ([(A2), because these choices nullify the change
in r with respect to time.

We will maintain the choice that 0 < p, < 1. Let us define the vector solution to (A])
and ([(A2) as 2(¢t) = (7(t) (t))". In order to figure out the domain of attraction, associated
with each of the limit cycles in 74, we have to analyze for which choices of x(0), the initial
condition provided, the system produces a trajectory approaching a particular element in
set 75, as time progresses.

The system in [A]) and ([A2) does not have an analytical state transition function, but
we are free to try our best with analytical methods when analyzing this system. When we

organize and integrate the equation in ([AJ]), we get

—t+c = <1_1pv>ln(1—r)
- (ﬁ)ln@—pv)

)
+ | — |Inr
Py
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where c is an integration constant given by

¢ = (1_1%) In (1 — o)
(ﬁ) In (ro — puv)

1
+ <—> Inrg.
Do

Notice that the argument of the natural logarithm function should be strictly positive. We

i ()™ (_o> (A4)

1
T—Pv pv(1—pv)
T0—Pv

As t — oo above, both sides of the equality should approach zero. Let us r = r, the steady-

then have

e

state value of r. Obviously, rs different for different values of ry. We will examine, first,
two cases. In each of these cases, one of the bases in the numerator will have to equate to
zero, as time progresses, i.e. the value of r; will make one these bases zero.

Recall once more that all three bases in the numerator and denominator of ([A4]) were
the arguments of separate natural logarithm functions. So these bases still have to remain
positive. Let us examine the first case with p, < rg. The base in the denominator tells
us that (p, <19) = (pv <rs). Looking at the second base in the numerator we have
(py < rs) = (0 < rs). Therefore, this second base can never equate to zero. The only choice
that will make the whole right-hand side zero is rs = 1. Therefore, (p, < r¢) = (rs = 1).

For the second case, let us assume p, > rg. Looking at the base in the denominator of
([A4)), we have (p, > r9) = (py > rs). However, we also have the assumption that 0 < p, <
1. We can never equate the first base in the numerator zero, so we have (p, > rg) = (rs = 0).

In all, we have (p, < 1r9) = (rs = 1) and (p, > 19) = (rs = 0), but there is also the case
that ro = py,. 7 = py is a stable limit cycle of this system. So (rog =py) = (rs =py). It
follows that the domain of attraction, associated with » = 0, W,—; = {r > p,}. Similarly,
Wi—o = {r < py} and W,—,, = {r = py}. So r = p, has no domain of attraction associated
with it, except the points that constitute itself.

Before proceeding, let us set p, = 1 and carry out a similar analysis. However, we are

to examine what happens to the limit cycles, their domains of attraction, and the structure
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of isochrons when p, = 1 exactly. Setting p, = 1, we have the following

Po= —(1—=7r)?r (A.5)
0 = 1+e(1—7) (A.6)

This system has two limit cycles » = 1 and » = 0. We cannot solve ([AH) analytically, but

let us at least try to integrate to write

(5)e"
et = (A7)
() e
where g = r(t = 0). The bases in parentheses in both the numerator and denominator
should remain positive, since they were the arguments of separate natural logarithm func-
tions after analytical integration. As t — oo, we expect both sides of (A7) to approach
zero. Let us again call r; the steady-state value of r.

We have to examine two cases, 7y < 1 and ry > 1, to figure out the domains of attraction
associated with the limit cycles of [AH) and ([Af). rs will change according to rg. rg < 1
is the simpler case. (19 < 1) = (rs < 1), for (1 —r) /(1 —rp) must remain positive. If we
then choose r; = 1 — A for diminishing positive values of A, the exponential term in the
denominator will explode. ry = 0 is a legitimate choice, looking at the first base in the
numerator. Therefore, (rg < 1) = (15 = 0).

The second case is a little more tricky. Since (1 —7) /(1 — ry) must remain positive,
(ro > 1) = (rs > 1). The first base in the numerator can never equate to zero. We guess
that ry = 1, but we write this proposition in the form given by r, =1+ A, as A — 0%. In

(A7), we plug in r =1+ A, to evaluate

We must simply define C' = 1/A to write

lm —— = lim —— =0
C—~+o00 CC C—+o00 eC ’

by L’Héspital’s rule after the first equality sign. Therefore, (ro > 1) = (ry = 1).
For the system in (AJ) and ([Af), we have now figured out the domains of attraction
as Wy—1 = {r > 1} and W,—o = {r < 1}. Both limit cycles have the asymptotically orbital

stability property. We are going to make use of these results shortly.
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Since the state transition function of the system in [AJ]) and [AZ2) is not analytically
available, we are not able to figure out the analytical expression for the isochrons through
the first method described when analyzing the first simple example. Let us use Winfree’s
method in [T9)] to figure out an expression for the isochrons of the system in ([Al) and [A2),

assuming that these isochrons exhibit polar symmetry around the origin.

A.1 Vanishing Isochrons

In this example, we do not know beforehand where the isochrons are defined. We have
figured out the domain of attraction associated with each of the three limit cycles, but
isochrons are defined in the domain of attraction, associated with a limit cycle if that limit
cycle has the asymptotic phase property. In this particular case, we will have to make
an educated guess on which domain of attraction bears the isochrons. r = p, does not
have a domain of attraction except the points on itself. Therefore, it cannot have the
asymptotically orbital stability property, and it does not have asymptotic phase. r = 0 is
a degenerate limit cycle, and the period on r = 0 is not defined. Crossing out two of the
limit cycles and their domains of attraction, we pick » = 1 as a promising limit cycle, whose
domain of attraction might yield the isochrons we are looking for. So we guess that the
isochrons, associated with the system in (A]) and [A-2), foliate r > p,. Then, we also have
to compute the angular frequency in r > p,. wg = 1 on r = 1, and due to our assumption
that r > p, bears the isochrons of this system, we guess that wg =1 in r > p,,.

Applying Winfree’s method to ([AJ]) and [AZ2), we set d¢/dt = wg = 1, where ¢ is the
angular phase of this system, following the discussion in the preceding paragraph. Guessing
that the isochron structure has polar symmetry, we have ¢ = 6 — h(r), h is a function of r,

and we are figure out what h(r) is. Reformulating,

dh 61 €

dr ¥ r(r—mpy)
h(r) becomes

h(r)zp%ln(l—%) +c,

where c is an integration constant. Setting ¢ = 6 on r = 1, since ¢, the phase in the domain

of attraction, is equal to 6, the familiar phase of a system defined in polar coordinates, on
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the limit cycle, we have

qs:o—ivln (ﬁ) (A.8)

as the expression describing the isochrons of this system. Since we have assumed from the

beginning that 0 < p, < 1, [(A8) is defined in r > p,. This is what we had proposed as an

educated guess in our discussion above. Let us also check that

e P
g; . X :C!J(]:l.
50 6

%—_i 1 _1 __ ¢ and%—l
o pe\r—py 1) rr—py) 90
0¢ﬁ_ —€

o —m(l—r)(T—Pv)Tz—ﬁ(l—T)y

and the result follows that wy = 1.

Examining the isochron expression in ([AZ8]), we repeat that isochrons may only exist in
and foliate r > p,, the domain of attraction associated with » = 1. Therefore, we maintain
that » = 1, one of the three stable limit cycles of this system, has the asymptotic phase
property. The structure of isochrons in this example is such that r = p, can be described
as a vortex, with the isochrons asymptotically approaching r = p, in a revolving manner.
The isochrons, of course, can never intersect r = p,,.

Notice that when a particular limit cycle has the asymptotic phase property, each point
on this limit cycle can be associated with a single isochron in its domain of attraction. If
an isochron intersected more than two points on the limit cycle, the phase of a point on
this isochron would have to be indeterminate, and then this limit cycle would not possess
asymptotic phase.

Proceeding with our intuitive discussion, recall that we have chosen p, as a variable
parameter in this example, such that 0 < p, < 1. p, — 0 is not interesting, but p, — 1 is,
as we will convey right now. There is no asymptotic phase for » = p,, and the isochrons
of the system in ([AJ) and ([(A2) approach r = p,, as if this limit cycle were a vortex.
Each isochron becomes parallel to r = p,, in the limit as r — p;I. Each isochron has to foot
infinitely many cycles around r = p,,, before intersecting it. This behavior is as explained for

all values in 0 < p, < 1. When p, is changed, the structure of isochrons in r > p, changes.
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As p, — 17, each isochron will still be associated with a unique point on r = 1, but also
each isochron has to geometrically whirl around r = p,, infinitely many times. This means
each isochron will have all points constituting itself very near r = 1, since each isochron is
confined in p, < r < 1. In this region, the isochrons should not intersect eachother, they
should not intersect r = p,. Also they must foliate r > p,, i.e. each point in r > p, must
be contained by a unique isochron.

The description above help us deduce that the isochrons for this system must be re-
structured when p, = 1, such that no asymptotic phase for r = 1 exists, in this case. In
the limit as p, — 17, each isochron is forced to intersect all points on r = 1, following the
discussion in the paragraph above. This phenomenon, as stated before, harbingers the loss
of asymptotic phase for r = 1.

We will again resort to Winfree’s method in [19], to figure out the structure of isochrons
in the system given by ([AXH) and (A2f), since there is no access to the analytical form of
the state transition function. Through our discussion above, we maintain that » = 1 does
not have asymptotic phase for the system in [AJ) and [A6). » = 0 is a degenerate limit
cycle, with no period defined on it, so we cannot define phase based on period in its domain
of attraction. Then, we intuitively guess that there are no isochrons on the plane for any
limit cycle of the system in ([AZH) and (AZG).

The period on r =1 is again T' = 2w. We guess that there is periodicity in the domain
of attraction, r > 1, associated with » = 1. Through this assumption, wy = 27/T = 1
in r > 1. We then again define the angular phase in » > 1 as in qﬁ = 1. We again guess
that the isochrons in 7 > 1 exhibit polar symmetry, i.e. ¢ = 6 — h(r). Then, after tedious
calculations, we have

dh 61 €

dr r(l—r)’

and

¢:9+eln< ! >+c,
1—r

for some integration constant c. It happens that above, we cannot set r = 1 to have ¢ = 6 on
the limit cycle of interest, which is again r = 1. Tentatively speaking, this test might have
turned out inconclusive. We cannot right away state that the system in (A1) and (AZf) has
no isochrons, depending on this test. However, we do not have another example, in which

we come across the same consequence, the inability to figure out ¢, the integration constant,
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whereas isochrons indeed do exist, unlike this example. Therefore, we do not have enough
evidence to call this test inconclusive, in similar cases. We had intuitively guessed that the
asymptotic phase property is lost as a result of the parameter change as in p, — 17. Above

is what may be called a candidate for the algebraic justification for our educated intuition.

A.2 Loss of Biorthogonality

As to what happens to the phase of the system in (A1) and [AZ2) as p, — 17, in the close
neighborhood of » = 1, we have to linearize this system and apply Floquet theory. However,
let us first guess what to expect. As p, — 17, the isochrons of the system are confined in
the tight region defined by (1 — A) < r < 1, with A as an infinitesimal value. The isochrons
should not intersect each other, or else there will be no asymptotic phase for r = 1. Also
each isochron has to swirl infinitely many times around r = p,. These conclusions were
drawn simply through Winfree’s analytic method of figuring out expressions for isochrons
[19].

Let us recall several important definitions. Defining z(t) = (r(t) 0(¢))", we let 27 (¢)
be the particular steady-state solution on r = 1, by our convention. The intercept of 7,
on r = 1 is again accepted as x7(tp). The gradient of n,, at z7(to) is again v;(tp), and
7 (to) = ui(to), with the normalization condition in vy (tp) - u1(to) = 1. These statements
are true for 0 < tg < T = 2m. Under the circumstances reviewed above, the isochrons of this
system are expected to reside very close to the steady-state periodic trajectory, »r = 1. This
phenomenon should cause v1(tg), the isochron gradient at 7 (), to become orthogonal to
the steady-state periodic trajectory, r = 1. However, uj(ty) is tangent to the trajectory.
Therefore, it should be such that v;(tg) - u1(tp) = 0. This rules out the very normalization
condition we have relied on so far. Biorthogonality is lost as p, — 17. Therefore, the system
given by (AH) and (A6), with p, = 1, not only does not have isochrons in the domain of
attraction that belongs to r = 1, but also v1(¢) and u;(t) are orthogonal on r» = 1. This is
no more than intuitive thinking, but the following calculations justify our claim.

In addition to z(t) = (r(t) (t))", let us also define f(x) = (#(t) 8(t))T. We aim to
linearize the system in (A7) and ([(A2) to derive

dy _ of
dt_ax,yy’
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where v = {r = 1}. Simple calculations yield

%_ 1—p, O

dt —€ 0

. (A.9)

Suspicions may arise as to why ([A9) does not seem to be LPTV (Linear Periodically Time-
Variant). In fact, the system described by ([AX) is LPTV, but the initial choice of the
coordinate system facilitates computations by transforming the system at hand into one of
the form in ([AZ9). The solution of this equation can be obtained through stright-forward
linear algebra and matrix functions methods. We have to eigen-decompose the matrix in

this equation to get

of 0 1-—p, 0 0 1
8%7 1 € 0 p,—1 1_1pv 0 7

since the eigenvalues are {0,p, —1}. We aim to compute w;(t) and vi(¢) in particular.

However, let us note that the solution of [A) is y(t) = U(t) exp(At)VT(0)y(0), with

0 1-p, —<
u(r) = v = T
1 € jE— 0
and
10
At
0 e(pv—l)t

It happens that we have already found u;(t) and v;(t) for 1 <4 < 2. Let us define sets

U = fun (), uslt)} = (1) N
—€ 1

V= {Ul(t)7z}2(t)} = b ) b
1 0

In particular, we have chosen u1(t) as such because @7 (t) = f(27) = (01)". We can easily
check that vy (t)-u1(t) =1, vo(t) -ua(t) = 1, v1(t) - ua(t) = 0, and v (t) - u; (t) = 0. However,
observe the form of vy (t) above. As p, — 17, the magnitude of the first entry of vy (¢), v1 1(t),
grows unbounded with respect to vq 2(t). This consequence is physically not possible, vq (%)
is zero with respect to the magnitude of vy 1(¢). Examining the tangential velocity vector,
u1(t), on r = 1, we deduce that as p, — 17, v1(¢) - u1(t) — 0. So biorthogonality is lost,

and this is the mathematical justification of our intuitive claim above.
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A.3 Loss of Asymptotic Phase

We may also attempt on analyzing the effect of having no asymptotic phase, on 6, in the
close neighborhood of r = 1, for the system in [AJ) and ([AG), where p, = 1. Let us again

resort to linearizations. We have

dy _ Of
dt (%n7
0 0
= y (A.10)
—e 0
and
0o -1 0 1 J 1
ory _ ‘ ‘ , (A.11)
dx |, 1 3 0 0 —€ 0

which is of the form in U(¢)AWT(¢). Jis an arbitrary constant. Let us define sets & and

0 _1
U={u(t),uz(t)} = , ‘
1 3
and
ed —€
W = {w1(t), wa(t)} = ,
1 0

We may check that uq(t) - wi(t) = 1, ua(t) - we(t) = 1, uy(t) - wa(t) = 0, and wugy(t) -
wi(t) = 0. The solution to (AIQ), derived from ([(AJH) and ([AH), is given as y(t) =
U(t) exp(At)WT(0)y(0).
Now we have to consider that ([AI])) is in Jordan Canonical Form. 9f/dzY has two
eigenvalues of zero, but it has only one eigenvector, which is u;(t). Eigenvalue zero of
Of /0x7 is said to have algebraic multiplicity of two but geometric multiplicity of one. The
trick is to decompose df /0x7 as we did in [AIT]), in such situations.
Let us note that the state transition function of ([A0) is given by odK(¢,0) = U(t) exp(At)WT(0).

We can easily compute the explicit form of this function through

10 0 ¢ 1t
exp(At) = + = ,
01 00 01

since the square of A is the matrix of all zeros. Then, we have

1 t w

i (A.12)
01 w3 (0)

odK(t,0) = ( wn (£) ua(t) )
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We must now compute y(¢) in [AI0), through y(t) = odK(t,0)y(0), for different values of
y(0).

Recall that uq(t) = (0 1) for all ¢, but this is the representation that is true in polar
coordinates only. At every point on r = 1, this expression for u(t) is true in polar coor-
dinates. wu(t1) and uj(t2) are the same vector when t; and ty are separated by an integer
multiple of the period on r = 1. Otherwise, u1(t1) and uq(t2) are not the same vector.
However, the represention of w;(t) in polar coordinates is always u;(t) = (01)".

Let us pick an arbitrary y(0) vector, and represent it as
y(0) = a1u1(0) + aguz(0).

a1 and ao are arbitrary constants, not both of which are zero. Considering the form of
odK(¢,0) above, y(t) = odK(t,0)y(0) = ajuq(t), if we let ag = 0. On the other hand,
if we let a1 = 0, we have y(t) = astu;(t) + agua(t). Notice that y(t), in this case, has a
component that grows linearly with time. ¢ multiplies u;(¢) = (01)". Remember that the
second entry, y(t) = 6(t). Therefore, through tu;(t), the growth in 6(t) is linear in t. We
have crafted this simple analysis, in order to show that when we pick an initial condition,
x(0), not on r = 1, but very close to this limit cycle, provided that r(¢ = 0) > 1, the growth
in the time derivative of 6(t) is linear in ¢. Therefore, the system in ([AH) and ([AZf) cannot
have asymptotic phase in the intersection of the close neighborhood of r =1 and r > 1, the

domain of attraction of r = 1.

A.4 A Published Example

We now present another example, in which we again observe the loss of asymptotic phase
through a parameter change. The system to be analyzed this time is very similar to the one
we have elaborated on since the beginning of this section. The system in polar coordinates
is
Po= (1—r)3 (A.13)
6 = r (A.14)

and the properties of this set of equations were analyzed in [4].
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It is fortunate that the solution is analytically available, and is given as follows.

. _ (1 - 7’0)
() = 1-—— T (A.15)
14+2(1—r)%t

1—7‘0

ot) = Oo+t-+ (A.16)

Again ro = r(t = 0) and 0y = 6(t = 0). We can easily conclude that this system has a single
limit cycle, r = 1. r = 1 has asymptotic orbital stability, and the domain of attraction
associated with » = 1 is the whole plane.

We would have also deduced that » = 1 had the asymptotic phase property, had the
fractional term in ([AZT6) been such that it died away as time progressed. However, this
fractional term grows with time, and r = 1 does not have asymptotic phase.

It is difficult to analyze the system in ([(AI3]) and ([AT4) as it is, but we introduce as an

auxiliary

Po= (po—r)(l-r) (A.17)
i = . (A.18)

where 0 < p, < 1 is a parameter whose value is going to be altered to help analyze the

properties of the system in (AT3) and [(AI4). Obviously, when p, = 1, (ATD) and [(AIX)
are the same as ([AI3) and (AI4), respectively.

Let us first determine the limit cycles and the domains of attraction for the system in
(ATD) and [(AT8). Obviously, one limit cycle is » = 1 and the other is r = p,. In order to
figure out the domains of attraction, we proceed as follows.

We are going to try solve for r through (A1), but again the solution is not analytically
available. Through simple integration we get

1
1—r | (—pv)? 1 1
et= 20 LRl (A.19)

Pv—T (17;@2 exp L 1
P a—— 1=pv pv—r

Pv—=T0

(1—-7r)/(1 —rg) and (p, —r)/(py — 70) are allowed to be positive only, since they become
the arguments of separate natural logarithm functions after integration. The exponent of
both these bases is a positive finite number, since p, < 1.

In order to figure out a steady-state value for r, which we call rs, we have to let rq take
a different value in each case. We assume that as time progresses, both sides of ([AIJ)

approach zero. The computed value for r; should satisfy this condition in each case.
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The natural exponent expression in the numerator of [AJ9) is a constant, for each
different set of values for p, and ry. Therefore, we do not take this expression into account
when carrying out our analysis through limits. The two cases for ry are rg > p, and rg < p,.

The ry > p, case is easy. We deduce that (rg > p,) = (r > py), for (p,—7)/(pPy—70) > 0.
We have to choose one of the two cases, ry = p, or ry, = 1. Notice that the r¢ = p, choice with
r > p,) in time lets the denominator go to zero, so the right-hand side of [ATd) explodes.
The choice that makes this right-hand side zero is rs = 1. Therefore, (rg > p,) = (rs = 1).

Analyzing the second case is a little more tricky. We have (rg < p,) = (r < p,), and
naturally (1o < p,) = (r < 1). Therefore, (1—7)/(1—79) in the numerator is neither infinite
nor zero for all time. We are induced to guess that r; = p,, but this needs to be proved.
Through our guess, we have r = p, — A, in time, where A is a small positive number. In this
case, we take into account neither (1 — r)/(1 — rg) nor the natural exponent expression in
the numerator. With the remaining terms in the right-hand side of (A19), and substituting

r = p, — A, we have to check the value of the limit given by

exp(~1/A)
Ah—>H(}+ A

For convenience, we define again C' = 1/A and write

. ) 1
hm _C = hm _C —
C—+o00 € C—+oo €

0,
where we have used L’Hospital’s rule. This proves that (rg < p,) = (rs = py)-

The domain of attraction associated with r = 1 is therefore W,—1 = {r|r > p,}, and
Wy=p, = {r|r < p,}. We will now apply the methods of our analyses to the model in (A1)
and (AIS).

Let us make use of Winfree’s method [19] to figure out an expression for the isochrons
over the whole plane. We have two regions, which the isochrons of this system may foliate.
r = py has r < p, as the domain of attraction. Simulations starting from a point in r > p,
do not approach r = p,. We guess that the isochrons foliating r > p, intersect r = p,
only after traversing infinitely many cycles around r = p,,, while approaching this particular
limit cycle. Therefore, we guess that » = 1 has asymptotic phase, whereas r = p, does
not, so the period on r = 1 is equal to the generalized period over the whole domain of
attraction, r > p,. Denoting this period by T" = 2, the generalized angular frequency in

7 > p, becomes wy = 27/T = 1.
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By Winfree’s method [19], we define ¢, the angular phase in r > p,, through the dif-
ferential equation d¢/dt = wy = 1, with ¢(0) = 0. Then, assuming that the isochrons in
r > p, exhibit polar symmetry, ¢ must have the form ¢ = 6 — h(r), where h is a function

r. Simple computation yields

dh r—1 -1

dr (po —7)*(1 =) a (po — 1)

Integrating the expression above and invoking the initial condition that ¢ = 6 when r = 1,

we have

1 1
¢:9+p i— (A.20)

as the expression for the phase in r > p,. Recall that isochrons are the level sets of ¢.

1 1 . . .
ooy pooT 18 the expression for a single

For example, for a single ¢g € [0,27), ¢9 = 0 +
isochron.

We observe through ([A20) that the isochrons foliating r > p, revolve infinitely many
times around r = p, before intersecting this limit cycle. However, it is clear that each
isochron must intersect » = 1 at a single point. This observation proves that our educated
guess was correct.

Geometrically speaking, as p, — 17, each isochron tends to lie very close to the limit
cycle r = 1. These isochrons must not intersect each other, must not intersect r = p,,, and
each must intersect » = 1 at a single point still, as p, — 17. Satisfying all these conditions
become impossible for p, = 1, so isochrons vanish for the system in (AI7) and (AF]).

Let us now examine the biorthogonality relation as p, — 17. Let us linearize the system
in (A1) and [AIF) into

dy . _(pv - 1)2 0

7. Y,
dt 1 0

where y is a two dimensional column vector. Calling the square matrix in the equation

above, A, we have

0 (pv - 1)2 0 0 1/(pv - 1)2 1
1 -1 0 —(py—1)? 1/(py —1)* 0

A =

as the eigen-decomposition of A. Employing polar coordinates, we have obtained a time-
invariant expression, although our linearized system is indeed LPTV, so A is a matrix with

constant coeflicients.
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Recall that u;(t) is the persistent mode of the forward LPTV equation, and v (t) is the
persistent mode of the adjoint LPTV equation. Let us denote ui(t) as up in this case, to
benefit from the time-invariant form. Similarly, let us denote vy (t) as v1. We deduce from

the eigen-decomposition of A above that

1/ (pv - 1)2
up = and v; =
1 1
Observe that v1 - u; = 1, satisfying the normalization condition. However, as p, — 17, the
first entry of vy, i.e. v11 — +oo. Therefore, as p, — 17, v1,1/v12 — 0. This means as
Py — 17, v1 - w3 — 0, i.e. biorthogonality is lost.
As a note, observe that the gradient of ¢ in ([(A20),
0
a_(f 1/(pv — 7‘)2
9¢ 1
is numerically equal to v on the limit cycle r = 1. Normally, we would have obtained wqywv;
as the gradient of ¢ on r = 1, but remember that wg =1 on r = 1.
Lastly in this series of analyses, let us examine the loss of asymptotic phase from the
linearization point of view. We set p, = 1, and obtain the system in (AT3) and (ATIZ).

The linearized equation takes the following time-invariant form in polar coordinates.

- = y
dt 10
Calling the square matrix E above, we have
0 1 01 -3 1
13/ \o o 1 0/

as the Jordan canonical form. 3 is an arbitrary number. y(t), the solution of the linearized

system, is given as
0 1 1 ¢ -3 1
y(t) = y(0).
1 3 0 1 1 0

Note that we may express y(t) as
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Obviously, wy -u; = 1, we - u; = 0, wy - ug = 0, and wsy - us = 0. Observe that u;
and ug constitute a linearly independent set. For a set of coefficients {a;,as}, we have
y(0) = ajuy + aguz. For ay = 0, observe that y(t) = aju;. However, when a; = 0,
y(t) = astus + asus. In this case, there is time ¢ multiplying u;. However, u; 2 contributes
to 6(t). For the unperturbed system in ([(AI3) and ([AI4), the growth in (t), with an initial
condition not on but in the close neighborhood of r = 1, is linear in ¢t. Therefore, r = 1
cannot have asymptotic phase.

The published example is indeed very similar to the earlier example we presented, in
order to show the gradual loss of asymptotic phase, as a parameter p, is altered. We tried
intuitively and rigorously, in these examples, to portray the vanishing isochrons, the loss of
biorthogonality, and the loss of asymptotic phase through the analysis employing the LPTV

equat on derived from the original system.

A.5 Summary

Both examples in this section, the system in ([AJ) and (A, and the system in (AI3)
and ([ATdl), which we borrowed from [4], are plagued by the same phenomenon. In both
examples, there is a limit cycle, given by r = p, in particular, which does not have asymp-
totic phase. The isochrons around r = 1, the limit cycle that does have asymptotic phase,
for both examples, have to revolve infinitely many times around r = p,, before actually
intersecting r = p,. Then, as p, is changed, the structure of the isochrons, foliating r > p,,
changes. As p, — 17, the isochrons are confined in p, < r < 1, each isochron intersecting
r = 1 at a single point and revolving infinitely many times around r = p,,. We have adopted
an intuitive approach to deduce that in such a case, the isochrons are forced to vanish.
Then, we have mathematically shown that u;(t) and v1(t), the persistent modes of the for-
ward and adjoint LPTV equations, respectively, derived from the original system at hand,
become orthogonal on r = 1, obviating the biorthogonality relation. The last observation
was that the asymptotic phase property, in the close neighborhood of r = 1, is lost through

this parameter change.
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Appendix B

PARAMETER SENSITIVITY - LENGTHIER PROOF

We stated before that the proof of Lemma B in is the justification of the major
contribution of Taylor et al. in [6]. Also, we noted that our proof is quite simple and
comprehensible. We will now conduct a more intuitive but also more tedious proof of the
same Lemma. This time, we will resort to the eigenvalue problems, originating through
Floquet theory, explained in [E5.70], along with sensitivity theory.

The problem is again to figure out an expression for the time derivative of

We derived in .42 that

M

oz t of

= = E e“itu,-(t)/ e Mol (1) =—(1)dr.
opi I 0

Let us redefine, for convenience,

of

; (1)dr.

50 = [ e

We also know by now that 9t/027(t) = v (t), by the discussion provided in F3

Let us now note that

4 (ot _ @T@_‘_ T(t)i 927
dt 8pj N dt apj el dt apj '

We proceed to compute

d (0x" M ;
dt (%) = > et (1) Si(t)
j =1

+ Ze 7 i(t)
=1

M
+ ) ettt dSi. (B.1)

i=1
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The first term at the right-hand side is easy enough to compute. For the second term, we
must note that u; = G(t)u;(t) — piui(t), by the derivations in BE50] where G(t) = df /0,
evaluated on . Finally, for the third term, we recall the fundamental theorem of calculus

to spell out, in all,

f

M
23

‘We must now consider

M
q05 (5 ) - IRCECCRORT

n vI(t)a%(t), (B.3)

and proceed to the next step.
The next step requires the evaluation of the time derivative of v;(¢). This is simple

enough, because v;(t) is a periodic solution of 2 = —GT(t)z, the adjoint equation associated

with (0]). We then have 0] () = —v] (t)G(t). We get

T M
(%) % ==Y (e G (H)ui(t)Si(t). (B.4)

i=1

Considering the sum of the terms in (B3)) and (BZ), we have

d ([ ot of
E<8—py> U(t)apy()

which is what we wanted to prove in Lemma [
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Appendix C

SIMPLIFICATIONS IN COMPUTATION PERTAINING TO ODE
SYSTEMS

C.1 Eigenpairs Associated with LPTV Systems

The eigenvalue problem, derived for the generic ODE in (1), reads

dypn, (t
inlE) _ G (4)y2) = Mt )
in the forward LPTV case and
dzpn, .
== = GT()zn(t) = N zan (1) (C.2)

in the adjoint LPTV case. Notice that neither of the statements above are generalized
eigenvalue problems. In the ODE case, we are to solve simple eigenvalue problems. We
again know the theoretical forms of the solutions to the problems above.

For the problem in ([Cl), which is derived from the forward LPTV equation, we have
)\kn = _(Nk — j27r/Tn) (03)

as the eigenvalues and

Yrn(t) = €27 Tty () (C.4)
as the corresponding eigenfunctions. n is an integer and 1 < k < M.
Similarly, for the problem in (C2), which is derived from the adjoint LPTV equation,
we have
Nin = — (i + j27/Tn) (C.5)
as the eigenvalues and

2k (1) = €727 T, (1) (C.6)

as the eigenfunctions.
To numerically solve ([CJ]) and (C2), we have to switch to the frequency domain. Again,
this computation is facilitated through oddJjy, the harmonic balance Jacobian after conver-

gence, in the ODE case.
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C.2 Persistent Mode Computation Through Harmonic Balance

We are now going to outline the eigenvalue problem solution scheme, through the aid of the
harmonic balance Jacobian, odJy;, in the ODE case. Recall that a variable name with a
bar above denotes the concatenated timepoints vector corresponding to that variable.

We may transform the problem in ([CIJ) to the frequency domain as in
Q7 = TGz '] {T9} = A{I'd}, (C.7)
which, in more compact form, is
oddy, {9} = A (D). (C.8)
The solution to the transformed problem above is given by the eigenpair
A= A = — (i, — j2m/Tn) (C.9)

and
7= (o (t)" - (o)) (C.10)

Although the statement above is designed to help in finding all the eigenpairs associated, all
we need for our purposes is the (—uq = 0,uq(¢t)) pair. However, we have set uq (t) = dz” /dt,
so [y = jQTzY = jQYX7. Therefore, we do not need to solve ().

Transforming (C32) into the frequency domain, we get
— j {3} — TG (z")I" {Tg} = X" {T3}. (C.11)
In more compact form, we have
odJ;, {I'o} = \*{T'g}. (C.12)
The solution to the transformed problem above is given by the eigenpair
N = N = — (g + 521 /Tn) (C.13)

and
o= ( (ejwontovk(to))* T (ejwontz\rqvk(t]v_l))* >* . (C.14)

Although the formulation above helps in figuring out all the eigenpairs, we seek the pair

(—p1 = 0,07) for our purposes. One may resort to the methods of numerical linear algebra
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to solve ([CI2)). Numerically, the eigenfunction that corresponds to the real eigenvalue with
the smallest absolute value is the eigenfunction that we would like to obtain.

After acquiring a vector in the direction of I't1, the next task is to normalize this vector.
All of the normalization conditions below, considering that we have N timepoints, are

legitimate.

v i = N
- f(Z) = N (C.15)
{To} - {Tf(@")} = N (C.16)
{To1} - {Twy} = N
{fo}- X"} = N (C.17)

As we are working in the frequency domain throughout harmonic balance, ([(CI7) is the
most natural choice for the normalization condition, but we can furthermore omit the time
derivative computation in the frequency domain, through jQ7, by choosing (CI6l) for nor-
malization. ((CZI6) is the simplest method, provided we have f(Z") stored at each iteration

k of harmonic balance, so that we f(z7) ready after convergence.
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