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ABSTRACT

In this thesis, we consider the optimal portfolio selection problem in multiple period and
continuous time settings where the investor maximizes the expected utility of the terminal
wealth in a stochastic market. The utility function has the structure of the HARA family
and the market states change according to a Markov chain. The states of the market describe
the prevailing economic, financial, social and other conditions that affect the deterministic
and probabilistic parameters of the model.

In first part we assumed a discrete time market and discuss the stochastic structure
of the wealth process under the optimal policy and determine various quantities of interest
including its Fourier transform. The exponential, power and logarithmic return-risk frontiers
of the terminal wealth is shown to have a linear form.

In the second part we investigated the case where the investor does not have perfect
information about the market. The unobserved stochastic market is a Markov chain and it
emits signals, or provides information, that is observed by the market players. The optimal
portfolio policy under imperfect information is constructed and the differences between the
perfect and imperfect information cases are presented.

In the last part, we analyzed a Black-Scholes type continuous time models where the
market parameters are driven by Markov processes. The problem of maximizing the ex-
pected utility from terminal wealth is investigated. We found explicit solutions for optimal
policy and the associated value functions. We also constructed the optimal wealth process

explicitly and discussed some of its properties.
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OZETCE

Bu tezde coklu zamanda ve siirekli zamanda rassal markette dénem sonu servetininin
beklenen degerininin fayda fonksiyonunu en biiyiikleyen bir yatirimcinin en iyi portfoy se¢imi
problemi incelenmigtir. Fayda fonksiyonunun tipi HARA olarak alinmig ve marketin durum-
lar1 bir Markov zincirine bagh olarak degismektedir. Marketin degisik durumlar: karsilasilan
ekonomik, finansal, sosyal, ve diger sartlar1 gostererek modelin belirli ve olasiliksal paramet-
relerini etkilemektedir.

Tezin ilk kisminda ayrik zamanli bir market varsayilmistir ve problem olarak dénem
sonundaki servetininin beklenen fayda degerini enbiiyiikleyen bir yatirimci ele alinmigtir.
Eniyi yatirim politikas: kullanildiginda olusan varlik siirecinin yapisi ile Fourier transformu
da dahil olmak iizere degisik ozellikleri bulunmustur. Ustel, giic, ve logaritmik kazanc-risk
egrileri hesaplanmig ve bunlarin dogrusal oldugu sonucu bulunmugtur. Normal ve {istel
dagilimlar gibi bazi6zel durumlar incelenerek sayisal érnekler verilmigtir.

Tezin ikinci kisminda yatirimcinin marketin durumu hakkinda tam bilgi sahibi olmadig:
durum incelenmigtir. Gozlenemeyen marketin durumu bir Markov zincirine bagh hareket
eder ve yatirimcilara baz sinyaller génderir. Rassal marketin durumu ile gézlemlerin arasin-
daki iligki iki degisik method ile aciklanmistir. Birincisi sakli Markov modelleri, ikincisi ise
yeterli istatistik yontemidir. Kismi gozlemlere dayanan durum igin en iyi portfoy yonetimi
politikalar1 ¢ikarilmig ve bu durumun tam bilgi akiginin oldugu durum ile farklar1 goste-
rilmigtir.

Tezin son kisminda ise Black-Scholes modeli kullanilarak siirekli zamanda market para-
metrelerinin bir Markov siirecine bagl oldugu portfoy eniyileme problemi incelenmigtir. En
iyi yatirim politikasinin acik ¢oziimleri bulunmus ve karsilik gelen deger fonksiyonu incelen-
mistir. Ayrica en iyi politikaya karsilik gelen servet siireci agik olarak hesaplanmis ve baz

ozellikleri aciklanmigtir. Ozellikle risk-kazang egrilerinin dogrusalligi gosterilmistir.
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Chapter 1

INTRODUCTION

Portfolio selection problem seeks the best allocation of wealth among different investment
opportunities in a market consisting of risky assets. Determination of optimal portfolios is
a rather complex problem depending on the objective of the investor. The classical mean-
variance model build by Markowitz [43] is undoubtedly the most celebrated one within the
vast area of portfolio management where the objective is to minimize the variance of the
terminal wealth for a desired level of expected return. In a survey paper, Steinbach [65]
reviews the mean-variance models in financial portfolio analysis. This survey refers to 208
papers which shows the diversity of different models and approaches used to analyze this
problem for both single period and multi-period cases. There are many that consider the
multiperiod problem including, for example, Mossin [50], Samuelson [60], Chen et al. [12],
Elton and Gruber [27], Bodily and White [8], Dumas and Luciano [21], Ehrlich and Hamlen
[23], and Li and Ng [41], among many others.

In most of the multiperiod problems, the rates of return of the assets during consecutive
periods are assumed to be uncorrelated. In a realistic setting, this is not correct and the
dependence among the rates of return in consecutive periods should also be considered. This
dependence or correlation is often achieved through a stochastic market process that affects
all deterministic and probabilistic parameters of the model. A tractable and realistic ap-
proach is provided by using a Markov chain that represents the economic, financial, social,
political and other factors which affect the returns of the assets. The use of a modulat-
ing stochastic process as a source of variation in the model parameters and of dependence
among the model components has proved to be quite useful in operations research and
management science applications. The concept was introduced by Cinlar and Ozekici [13]
in a reliability setting where the failure rate and hazard functions of a device depend on

the prevailing environmental conditions. There is now considerable amount of literature on
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modulation in a variety of applications. An example in queueing is provided by Prabhu and
Zhu [55] where customer arrival and service rates are modulated by a Markov process. Song
and Zipkin [63] consider an inventory model with a demand process that fluctuates with
respect to stochastically changing economic conditions. A general discussion on the idea
can be found in Ozekici [54]. The interested reader is referred to Asmussen [2] and Rolski
et al. [59] for further applications in queueing, insurance and finance. Cakmak and Ozekici
[10] have applied the idea to multiperiod mean-variance portfolio optimization problem. In
their setting, the correlation among returns in different periods is formulated by a stochastic
market representing the underlying factors that form a Markov chain. Considering a market
with one riskless and m risky assets, a multiperiod mean-variance formulation is developed.
An auxiliary problem generating the same efficient frontier is used to eliminate nonsepara-
bility in the sense of dynamic programming. The analytical optimal solution is obtained
for the auxiliary problem using dynamic programming. Following their work, Celikyurt and
Ozekici [11] analyze the multiperiod mean-variance model by considering the safety-first
approach, coefficient of variation of the terminal wealth and quadratic utility functions.
Using dynamic programming, efficient frontiers and optimal portfolio management policies
are obtained.

Another line of research in portfolio optimization follows utility theory and expected util-
ity maximization. In this setting, the objective of the investor is to maximize the expected
value of a utility function of the terminal wealth. The risk preferences of the investor is
given and measured by the utility function. The most widely used measures of risk-aversion
were introduced by Pratt [56] and Arrow [1]. Mossin [50] examined some utility functions
and discovered the utility functions that leads to myopic policies. Bertsekas [5] also ex-
amines a special cases of utility functions and derives the multiperiod optimal policies for
these cases. Merton [46] considered special utility functions with logarithmic and power
structures. Hakansson [32], in discrete time setting, investigates the optimization of loga-
rithmic and power utility in a random market. More recently, Dokuchaev [20] considers a
model where the expected utility of the terminal wealth with power and logarithmic utility
functions are maximized in a discrete-time market with serial correlations. Also, Breuer
and Giirtler [9] investigate the performance of funds using different utility functions. In

our work we will extend the utility based approach to multiperiod portfolio optimization by



Chapter 1: INTRODUCTION 3

considering an investor with exponential utility where we suppose that the asset returns all
depend on a stochastic market depicted by a Markov chain.

Even though hidden Markov models (HMM) are one of the important tools used in
areas like speech recognition, bioinformatics, and gene prediction; they have not been used
in portfolio optimization until very recently. Elliott et al. [25] use a HMM to describe
stock price movements in order to find optimal portfolio trading strategy that maximizes
the expected terminal wealth. Dericioglu and Ozekici [18] has applied the HMM to mean-
variance portfolio selection problem in a Markovian market. They solved the problem with
dynamic programming and obtained an explicit optimal solution to represent the efficient

frontier.

1.1 Preliminaries

In this section we will give some preliminary information about the model and outline the
tools that we will use for the solution. Analysis and solution to the model will be provided

in later sections.

1.1.1  Utility Functions

A utility function is a non-decreasing real valued function U defined on the real numbers.
Once a utility function is defined, all alternative random wealth levels can be ranked by
evaluating their expected utility values. For a given utility function U, certainty equivalent
CFE is defined as a certain amount of money that is equivalent to the uncertain payout such
that

U(CE)=E[U(X)].

An investor compares two random wealths X and Y by comparing the corresponding cer-
tainty equivalents CE(X) and CE(Y') and prefers the larger one. Utility functions describe
risk preferences of the investor. An investor is called risk averse (risk seeking) if the cer-
tainty equivalent of the uncertain payout is smaller (larger) than the expected income from
payout. Between these two stands the risk neutral behavior where CE = E[X]. The utility
function of risk averse investor is concave, risk seeking investor is convex and risk neutral

investor is linear.
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Pratt [56] and Arrow [1] suggests the risk aversion function

B U//(:L,)
U'(x)

r(x) = (1.1)

which is called the Pratt-Arrow ratio as a measure of absolute risk aversion. Notice that
r(z) > 0 if U is monotonically increasing and strictly concave. Naturally, r(xz) = 0 for
the risk-neutral individual with a linear utility function, and r(z) > 0 for the risk seeking
individual with a strictly convex utility function.

As we can see, the Arrow-Pratt measure of absolute risk aversion cannot capture a
situation as the agent switches from risk averse, to risk seeking and then back to risk averse
for different wealth levels. Thus, an alternative would be to weigh the measure of risk
aversion by the level of wealth x. In this case we obtain the Arrow-Pratt measure of relative
risk aversion, which is defined as

@) =~ (12)

In both of these measures if the ratio is equal to zero, then the second derivative of the

utility function need to be zero, which means the utility function is linear
U(x) =c1+ cox.

If the utility function is linear then the risk preference of the investor is defined as risk neutral
behavior and expected utility maximization for linear utility is the same as maximization
of the expected terminal wealth. Therefore risk neutral behavior is not interesting and will
not be investigated.

If the ratio in (1.1) is constant, meaning r(z) = ¢ # 0, the utility function is called

constant absolute risk aversion(CARA) type function and this can be interpreted as

_U”(x)
U'(z)

which can be solved to find

U(z) = c1 + coexp(—cz).
So the CARA type functions are the exponential functions. On the other hand if the ratio
in (1.2) is constant, meaning r*(z) = ¢ # 0, the utility function is called constant relative

risk aversion(CRRA) type function and this type of functions satisfy

U'(z)x
U'(x)
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a=0 (CRRA) a#0
b=0(CARA) | U (z)=c U(z) = c1 + caexp(—z/a)
b=1 U(z) = ca+ c1ln(z) U(z) =c1+c2ln(z+a)
£1—(1/0) z+ (a 1-(1/b)
b#£0,b#1 U(x) =1+ (1—(1/[))) U(:L‘) =1+ o <( +1(—/2)/b> )

Table 1.1: Utility functions for different values of a, b

which can be solved to find out

c1+ c2ln(z) c=1

o= 01+C2<xll:cc) C#ll

A more general case can be used if we define the ratio as

U'(=) 1

Ulx) a+bx

where it can be seen that a = 0 refers to the CRRA case where b = 1/¢, and b = 0 refers
to the CARA case where a = 1/c. This general case of utility functions are called the
hyperbolic absolute risk aversion (HARA) type function. In this thesis we will concentrate

on HARA functions. If we analyze the case where both a # 0 and b # 0, we can see that

U'z) 1
CU'(x)  a+bx (13)

leads to
(InU'(z)) = —% <M>

C2

(a + (a/0))""*

which after integration, gives

U'(z) =

and this can be solved to find

(@ + (aft) =0
cl+02< 1= (1/b) ) b#1

c1+ c2In(z + (a/b)) b=1

U(x) =

as summarized at Table 1.1.
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Bertsekas [5] has proven that in a deterministic environment where the market parame-
ters are known, if the utility function satisfies (1.3) then the optimal portfolio is given by
the linear policy

u*(zo) = afa + bsxp)

where s is the interest rate, a is some constant and xg is the initial wealth.

1.1.2 Return Distributions

In this section we will summarize some of the return distributions that we used in our

research.

Multivariate Normal Distributions

The multivariate normal distribution is a specific probability distribution which is the gen-
eralization to higher dimensions of the one-dimensional normal distribution. A random
vector X = [X1q, -, X,,] follows a multivariate normal distribution if it has the following
joint probability density function

Ix(z, - mp) = WGXP (—;(517 - ,u)'a_l(x—u)>

where p is the mean vector, o is the covariance matrix and |o| is the determinant of o
Unless otherwise stated a vector y is a column vector so that its transpose, denoted by 3/,
is always a row vector. If X is a random vector with multivariate normal distribution then
every linear combination ¥ = a1X3 + -+ + an X, is normally distributed. The Fourier
transform of X is
E [exp (jz'X)] = exp <jz',u — ;z’az)

for any vector z = (21, 22, - - , 2,) of real numbers where j = y/—1.

Let Z = [Z1, -+, Zy] be a random vector whose components are independent standard
normal random variables and A be the Cholesky decomposition of the symmetric, positive
semidefinite matrix o. Then, the random vector X = p + AZ has the multivariate normal

distribution with mean vector p and covariance matrix o.
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Multivariate Exponential Distribution

A number of multivariate exponential distributions are known. A trivial case is the one
where the random variables are independent. Also there are other cases where the marginal
distributions are exponential but the random variables are not independent. Here we will
concentrate on two of them for which meaningful moment generating functions can be
obtained. The first one has been suggested by Marshall and Olkin [44] and the second one

is the generalized case of the distribution suggested by Gumbel [31].

Marshall-Olkin’s Bivariate Exponential Distribution Marshall and Olkin [44] de-

fined a bivariate exponential distribution where the survival function is defined as
F(s,t) = P{X > s,Y >t} = exp[-A15 — Aot — A\j2 max(s, t)]. (1.4)

The underlying idea of the model is explained with a "fatal shock" model where A; is the
rate of shocks effecting the first component, Ao is the rate of shocks effecting the second
component, and A1s is the rate of shocks effecting both components. Using the survival
function in (1.4), the Laplace transform can be found as

()\ + s+ t) ()\1 + )\12) (/\2 + /\12) + stA19

Elexp (— (sX +tY))] = A+s5+8) M+ M2+5) Az + Az +1)

(1.5)

where A = A1 + A2 + A19 is the total shock rate. Using the marginal distributions, it can be

easily computed that

1 1
EX]=——, Var(X)= ———,
[ ] )\1 —Ii >\12 ( ) ()\1 —1—1)\12)2
ElY|= , Var(Y)= ——W—
[ ] )\2 + >\12 ( ) ()\2 + )\12)2

and

1 1 1
F|IXY]|=— .
XY A ()\1+)\12+/\2+)\12>

Hence, the covariance is given by

A12
A (A1 4 A2) (A2 + A2)’

Cov(X,Y) =

and the correlation is p(X,Y) = A12/A. Note that 0 < p(X,Y) < 1. This is an unwanted

case in our model since we want our assets be negatively as well as positively correlated.
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Marshall-Olkin’s Multivariate Exponential Distribution The multivariate exten-

sion of the bivariate exponential distribution defined above is given by

n
—>oNixy — Y Ajmax (x4, 25) — Y, Aijr max (z, x4, T,)
i=1

F(zy, -+ ,x,) = exp i<j i<j<k

— o — A2 max (T1, T2, , Tp)

It is possible but too complex to calculate the Laplace transform of the multivariate case.

So we will use two asset models with bivariate exponential distribution in our analysis.

Gumbel’s Bivariate Exponential Distribution Gumbel [31] suggested the use of a

bivariate exponential distribution with the joint survival function
F(s,t) = P{X >s,Y >t} =exp(—s—t— dst).

But, in this model the expected returns for both X and Y are equal. So we are suggesting

using a bivariate exponential distribution where the joint survival function is
F(s,t) = exp[—A18 — Aot — Aq2st].
Using the marginal distributions

P{X > s} =exp(—X\1s), P{Y >t} =exp(—Aat)

we can calculate

1 1
E[X]:rl, Var( ):P7
1

1 1
BY]= L Var(r) =
2

1.1.8 The Stochastic Market

The returns of risky assets in a market are random. While we do not know the exact distri-
bution of the returns in general, we are often aware of the factors of variation affecting their
distributions, means, variances and covariances with each other. These are the underlying
economic, social, political and other factors that affect the parameters in one way or an-
other. As the state of a market changes over time, the returns will change accordingly. It is
fair to say that in today’s financial markets most of the risks, or variances of asset returns,

are due to the changes in local or global factors. Investment decisions are affected by these
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factors as well as the correlation among asset returns. Modeling a stochastic financial mar-
ket by a Markov chain is a reasonable approach and this idea dates back to Pye [57]. In the
continuous time setting, Norberg [53] considers an interest rate model that is modulated by
a Markov process. Recently there is growing interest in the literature to use a stochastic
market process in order to modulate various parameters of the financial model to make
it more realistic. Herndndez-Herndndez and Marcus [34], Bielecki et al. [6], Bielecki and
Pliska [7], Di Massi and Stettner [45], Stettner ([66], [67]), and Nagai and Peng [51] provide
examples on risk-sensitive portfolio optimization with observed, unobserved and partially
observed states in Markovian markets. Continuous-time Markov chains with a discrete state
space are used in a number of papers including, for example, Béuerle and Rieder [3], Yin
and Zhou [72], and Zhang [74] to modulate model parameters in portfolio selection and
stock trading problems. Zariphopoulou [73], Fleming and Hernandez-Herndndez [28] use
diffusion processes for modulating purposes. There are also models where only one of the
parameters in modulated. Models of stochastic interest rates with some sort of a Markovian
structure are also quiet common as in Korn and Kraft [39] and Elliott and Mamon [26],
among others.

Let R(%) denote the random vector of asset returns in any period given that the stochastic
market is in state ¢. The means, variances and covariances of asset returns depend only
on the current state of the stochastic market. The market consists of one riskless asset
with known return (i) and standard deviation os(i) = 0 and m risky assets with random
returns R(i) = (R1(3), Ra(7), -+ , Rn(i)) in state . We let r;(i) = E[Ry(¢)] denote the
mean return of the kth asset in state ¢ and o;(i) = Cov(Ry (i), R;(i)) denote the covariance
between kth and jth asset returns in state ¢. The excess return of the kth asset in state ¢

is Rj (i) = Ri(i) — ry(i). It follows that
k() = E[RL(0)] = k(i) — (i) (1.6)
okj(i) = Cov(Rp(i), Rj(3)). (1.7)

Our notation is such that (i) = (r1(2),r2(¢), - - ,mm(3)) and r¢(z) = (r§(7),75(3), - - , 75, (7))
are column vectors and 7¢(7) is a scalar for all 7. For any column vector z, 2z’ denotes the

row vector representing its transpose.
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We define the matrix
V(i) = E[R°(i)R° (i)'] = o (i) + r¢ (i) r° (3)' (1.8)

for any state i. Note that the covariance matrix o (i) is positive definite for all ¢ so one can
easily see that V() is also positive definite.

We define X, as the amount of investor’s wealth at period n and correspondingly Xt de-
notes the final wealth at the end of the investment horizon. The vector u = (uy,ug2, - , U )
gives the amounts invested in risky assets (1,2,---,m). Given any investment policy, the

stochastic evolution of the investor’s wealth follows the so-called wealth dynamics equation

Xnp1(uw) = R(Yy) u+ (Xn—Tu)ry(Yn)
= 75 (Yn) Xn + R° (V) u (1.9)
where 1 = (1,1,---,1) is the column vector consisting of 1’s.

We will use the notation F;[Z] = E[Z | Yy = i] and Var;(Z) = E;[Z?%] — E;[Z]? to denote
the conditional expectation and variance of any random variable Z given that the initial
market state is .

The assumptions regarding the model formulation can be summarized as follows: (a)
There is unlimited borrowing and lending at the prevailing return of the riskless asset in
any period, (b) Short selling is allowed for all assets in all periods, (¢) No capital additions
or withdrawals are allowed throughout the investment horizon, and (d) Transaction costs

and fees are negligible.

1.1.4 Dynamic Programming Formulation

Dynamic programming is the method used in the derivation of the optimal solution of the

multiperiod portfolio selection problem
max FE; [U(Yr, X7)]
u

where the investor maximizes his expected utility of the terminal wealth X at some terminal
time T'. Let gy, (i,x,u) denote the expected utility using the investment policy u in period
n and the optimal policies from period n + 1 to period T' given that the market is in state

7 and the amount of money available for investment is z at period n. Define

v (i, ) = max gn (i, z,u)
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as the optimal expected utility using the optimal policy given that the market is in state ¢
and the amount of money available for investment is x at period n. Then, according to the

dynamic programming principle
In (i, T, un) = E [vn11 (Yos1, Xnt1(un))]
and we can write the dynamic programming equation (DPE) as
vp(i, ) = mng [Vnt1 (Y1, Xny1(u))]

which can be rewritten as

vn(i,2) = max Y Q (i,§) E [vnr1 (jiry (i) @ + B (i) w)] (1.10)
JjeEE
forn=0,1,--- ,7—1 with the boundary condition vp(i,x2) = U(i,x) for all i. The solution

for this problem is found by solving the DPE recursively.
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Chapter 2

MODELS WITH PERFECT INFORMATION

In this chapter we will assume that the state of the world as well as the transition
probabilities are known by the investor. We analyzed the cases where the utility of the
investor is HARA function. Both the exponential utility case and the other HARA utility

cases are completed and are summarized in two distinct papers.

2.1 Exponential Utility Function

We assume that the utility of the investor in state ¢ is given by the exponential function
U(i,z) = K(i) — C(i) exp(=z/f) (2.1)

with 8 > 0, C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute risk
aversion is simply equal to the constant —U" (i, 2)/U’(i,z) = 1/ for all i. So, if we check
Table 1.1, this is the case where b = 0, a = 5. The exponential utility function is one of the
most widely used ones to represent investors attitude towards risk in portfolio optimization.
It has constant absolute risk aversion given by 1/8 which means that the investor has the
same risk preferences for random outcomes independent of his wealth. In continuous time,
Merton [46] addressed the problem of utility maximization and showed that if the utility
of the investor is exponential, then the value function for any time is also exponential.
Samuelson [60] worked on the discrete time version of Merton [46] and showed that similar
conclusions apply for the discrete time market. Bertsekas [5] analyzed the multiperiod
portfolio optimization problem and showed that, for well-known utility functions, the value
function in the dynamic programming algorithm is the same type as the utility function of
the investor. In a more recent paper, Tehranchi [71] shows that similar results apply for the
exponential utility optimization problem in an incomplete market. Hu, Imkeller and Muller
[36] examines the exponential utility maximization problem in an incomplete market when

there is a liability to be paid at terminal time and shows that a similar result can be found.
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Note from (2.1) that g is that same for all market states so that risk classification of the
investor does not depend on the stochastic market. Similarly, we assume that the return

for the riskless asset is same for all market states so that r¢(i) = r¢ for all 7.

Theorem 1 Let the utility function of the investor be the exponential function (2.1) and
suppose that the riskless asset return does not depend on the market state. Then, the optimal

solution of the dynamic programming equation (1.10) is

(i, z) = K, (i) — Cp(i)e™/Pn (2.2)
and the optimal portfolio is
uy (i, ) = (i) B 11 (2.3)
where
6= e Knli) = Q7K (i), Culi) = Q7O ) (2.4
and f
Q0. 5) = QUis)E [exp(— R (e (i) (2:5)

forallm=0,1,--- ;T —1; and a(i) satisfies
E [Ri(i) exp(—R°(i) a(i))] =0 (2.6)
for all assets k=1,2,--- ,m and all 3.

Proof. We use induction starting with the boundary condition for exponential utility as

vr(i,z) = K(i) — C(i) exp(—x /) and obtain

gr-1(i,z,u) = > Q(i,))E[U(, sz + R(i)u)]
JjeEE

= —exp(—rsa/B) QC(i) Elexp(— R ()'u/B)] + QK (0.

*

Let u* = (u}, ud,--- ,u},) be the optimal amount of money that should be invested in the

risky asset so that
vp_1(i,x) = mgng_l(z',x,u) =gr-1(i,z,u").

Taking the derivative of gr_; with respect to ux we obtain the gradient vector with entries

89T71 (Z7 Z, U)
8’U,k

= exp(—rsz/B)QC (i) E [Rz(z) exp(—Re(z’)'u/ﬁ)] /B
(2.7)

Vigr—1(i, z,u) =
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for all k. If we take the second derivatives of gr_1, we can find the Hessian matrix with

entries

: Pgr_1(i,z,u : e :
Hia(isoyu) = LN (o B)QC i) B [REG)REG) expl—F )/ )] /5
Let z = (z1,- - , zm) be any non-zero column vector where z;’s are real numbers. Then, one

can see that 27 H (i) z is equal to

TH (i) 2 = — QZQ(” B (215 () + 205 () -+ + 2R, (0))% expl(— (g + R(i)w)/5)]

which is always smaller than or equal to zero since all C(i) are positive. Thus, H (i) is
negative semi-definite and we can find the optimal solution by setting the gradient (2.7)

equal to zero to obtain the optimality condition
E [R°(i) exp(—R° (i) w*(i,2)/B)] = 0. (2.8)

Since there is no dependence on x in (2.8), u* (7, x) does not depend on  and u* (7, ) = u*(i).
Letting o (1) = w* (i) /8, we obtain w}._,(i,2) = « (i) 5. When the value function at time

T — 1 is rewritten for the optimal policy, we obtain

vr—1(i,z) = QC(i)exp(—rsz/B)E[— exp(—R(i)'v" (i, 2)/8)] + QK (i)

= Kr_1(i) = Cr-1(i) exp(—z/Bp_1).

and the value function is still exponential like the utility function and Cr_1(7) is positive
for all values of 7. This shows that the induction hypothesis holds for n =T — 1.

Suppose now that the induction hypothesis holds for periods 7,7 —1,T7—2, - -- ,n. Then,
for period n — 1,

gnaliu) = 57 Qi) Elonliyrym + REG)'w)
JjeEE
= —exp(=rsz/B,) QCn () E [exp (—R(i)u/B,)] + QKn ().

One can easily see that the Hessian matrix of g,—1 (¢, x,u) is negative semi-definite as for

gr—1 (%, z,u) . Letting w} (7, ) be the optimal policy such that
Un—l(ia :E) = mqjj‘xgn—l(i) x, U) = gn—l(/i7 Z, U*)

If we take the derivative of g,—1(i,z,u) with respect to u; and set it equal to 0, we get the
optimality condition

E [R°(i) exp(—R°(i)'up, 1 (i, 2)/B,)] = 0. (2.9)
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*

Since there is no dependence on z in (2.9), u}_; (%, z) does not depend on = and w_;(i,x) =

w)_4(i). Letting a(i) = w)_,(i)/B,, we obtain v} _(i,z) = a(7)5,, and
E R}, (i) exp (=R (i)a(i))] = 0

If we insert the optimal policy in the value function, we can see that

vt (B,2) = D QUi ) E[=Culj) exp (= (ryz/B, + R (i)a(i))) + K ()]
jeE
= —exp(—rsz/B,) QCn(1)E [exp (R (i)au(i))] + QKn(i)
= Kp—1(i) — Cp-1(i) exp(—z/B,-1)
and this completes the proof. m
In Theorem 1, we have found a closed-form solution for the optimal portfolio. We

can further characterize the optimal policy by noting from (2.6) that the optimal solution

satisfies
B [(Ri (i) = rg)exp (- (R (D) — s a(i))] = 0
which implies

E[(Ri (i) —rp)exp (—R (i) a(i))] =0

and
FE [Rk (1) exp (—R (i) a (z))] =r;E [exp (—R (1)’ a(z))]
. E [Rk (1) exp (—R (i) « (z))] _,
Elexw (-R@a®)] (210
for all assets k =1,2,--- ,m.

A significant characterization implied by the optimal solution (2.3) is that the optimal
distribution of wealth invested on the risky assets depend only on the state of the market
independent of time. Moreover, it is quite amazing that it is also independent of the wealth
level. If the market is in state ¢ in period n, then the total amount of money invested on

the risky assets is
IB m
Ty k=1
which does not depend on the current wealth level x. Moreover, the proportion on wealth

allocated for asset k is

wi(i) = (2.11)
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which is totally independent of both time n and wealth . The exponential investor therefore
decides by considering the state of the market only. The intuition in this amazing result
is in the exponential utility function. Like the memorylessness property of the exponential
distribution that is associated with time, the exponential utility function implies a similar
property associated with the wealth of the investor. The investor is memoryless in the sense
that his current wealth level does not affect how he chooses to allocate his money among
the risky assets. However, note that there is randomness involved in this choice due to the
randomly changing market conditions. Our results are of course consistent with similar work
in the literature on exponential utility functions, but our stochastic market approach makes
our model more realistic without causing substantial difficulty in the analysis. Another
important observation is that the structure of the optimal portfolio is not affected by the
transition matrix @) of the stochastic market. It only depends on the joints distribution of
the risky asset returns as prescribed by (2.10). This further implies that the exponential
investor is not only memoryless about his wealth, he is also myopic since he does not care

much about future states of the market in choosing his portfolios.

2.1.1 FEwvolution of Wealth and the FExponential Frontier

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xnt1 = 15Xy + R(Yy) u) (Yo, Xy)
= 75Xy + R(Yn) a(Ya)B,,,
= X+ T RA(Y, ) a(Y,)B. (2.12)
Define A (7) as the random variable
A(i) = R°(i)'a (4) (2.13)
with mean
a(i)=E[A®)] =E[R@)a@)] =r@)a@) =r@E)al@)—rila(i) (2.14)

a(i)=E [A (i)ﬂ = E [a (i) B°G)R(iYa (i)] = a (i) V(i)a (i) (2.15)
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which gives the variance

Var (A (i) = & (i) — a (i)2. (2.16)
The Fourier transform of the random vector R (i) = (RS (i), RS (¢),---, RS (7)) is denoted
by

Fi(z) = E [exp (j2'R° (1)) ] (2.17)
for z = (21,22, -+, zn) -

Now, we will show that the wealth process is given by

n—1

Xp =7} Xo+r} B> A(Yi) (2.18)
k=0

using the induction method where the sum on the right-hand side is set to zero when n = 0.
The induction hypothesis holds trivially for n = 0. Suppose (2.18) holds for some n > 0. If

we write X, 11 using the wealth dynamics equation (2.12)

Xn+1 - Tan+7’?+1_TA(Yn>B
n—1

= X+ TR Y AW T TTAY,)B
k=0

n
= X+ TRy A(YR)
k=0

we see that the induction hypothesis also holds for n + 1. So, we can conclude that the
wealth process can be written as in (2.18) and for n = 1" we can find the terminal wealth as

T-1
Xp=riXo+8Y AYi). (2.19)
k=0

Given Xy = xg, the expected value of the terminal wealth satisfies

Ei[Xr]=rfzo+m(i,T)p (2.20)
where
T-1 T-1
m(i,T) =Y Q¥ (i,5)a() =Y Q"a() (2.21)
k=0 k=0

and the variance of the terminal wealth satisfies

T—-1
Var; (X7) = 2 Var; <Z A (Yk)> =2 (i,T) 52 (2.22)

k=0



Chapter 2: MODELS WITH PERFECT INFORMATION 18

where
T-17T-1
v (i, T) = Covi (A(Yy), A (Vi)
k=0 m=0
T—1 T—-1 T-1
= S Van (A 423 YD Covi(A(Yi), A (Vi)
k=0 k=0 m=k+1
T-1
= Y (B [a0] - BAGP)
k:OT 1 T-1
+2 A (Vi) A(Ym)] — Ei [A(Ye)] Ei [A (Yn)]) (2.23)
k=0 m:k+l
T-1 9
- <Qka (i) — <Qka (2’)) ) (2.24)
k=0
T-1 T-1

+2 DD QNGEHQMF (G s)a)als) - QMa (i) Qmali)

k=0 m=k+1 \jeFE seFE

We can see that both the return and the standard deviation of X7 depends linearly on (.

This shows that the exponential frontier is a line with formula

m (i, T)
v (i, T)

where SD; (X7)) = /Var; (X7). Also, we can see it cuts the zero-risk line at E; [X7| = ’r}rmo

as expected. The reason for this is that for zero-risk level investor puts all of his money on
the risk free asset. The return of the risk free asset until the terminal time 7 is 77. So the
wealth at the terminal time will be r}rxo for sure. The risk premium for the exponential
investor is given by the ratio m(i,T)/v(i,T).

We also calculated the efficient frontier for the mean-variance problem discussed in Cak-
mak and Ozekici [10] where the problem is solved by considering an alternative formulation

with the linear-quadratic objective function
Max E; [-X? + v X1

defined parametrically for real . They use the stochastic market where both the risky and
the riskless assets return distributions depend on the underlying market states that change
according to a Markov chain. Since riskless asset returns are independent of the market

state in our model, we have taken the returns of the riskless asset the same for all of the
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market states in their model as a special case. With this additional restriction, it is possible

to show that in mean-variance models

E;i [ Xr] =rjc(i,T) o+ 0.5(1—c(i,T))y =rjxo+ (057 — rfz) (L —c(i,T)) (2-26)

and
Var; (X7) = ¢(i,T) (1 - ¢(i, T)) (0.5 — r¥a)’ (2.27)
where _
c(i,T)=E; | [ @ - r(¥z)) (2.28)
k=0

and h (i) = r° (i) V(i)~1r¢ (i) . Putting (2.26) and (2.27) together we obtain the mean-
variance efficient frontier

1—¢(s,7)

Ez' [XT] = TJTLUO + ( C(i’ T)

) SD;(X7). (2.29)

From (2.29), it can be seen that the mean of the final wealth depends linearly on the standard

deviation and, for the zero-risk level, the expected wealth is equal to E; [X7| = r]:cpxo as

expected. Note that the risk premium is now given by the ratio /1 —c(i,T)/+/c(i, T).
Both exponential and efficient frontiers are linear with the same intercept r?aco, but with
different risk premiums.

The distribution of the final wealth other than just the mean and variance is also im-
portant. To derive this distribution we will find the Fourier transform

T-1
exp (jfyﬁ > A (Yk)>

k=0

E; [exp (jyX1)] = exp (jyr}zo) Ei

using the fact that

T-1
exp <j%6’ > A (Yk)>

k=0

T-1

= [ Elexp (5784 (1)) IY3] (2.30)
o

= [ #n (v (). (2.31)

k=0

E Y07Y17”'7YT71

Therefore, the Fourier transform of the final wealth can be written as

E;lexp (j7X1)] = exp (jyrfzo) Fi (vBe (i) (2.32)
T-1

> Qi) Q(inyia) - Q (ir—a,ir1) [ Fi (vBa (i)

11,82, 0T —1 k=1
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In order to get some insight and demonstrate how our results can be used, we consider
special cases where asset return distributions are multivariate normal and exponential.

Multivariate Normal Asset Returns

Suppose that portfolio returns have a multivariate normal distribution with mean vector

p (7)) and covariance matrix o (i) in market state i. The Fourier transform of R¢(i) ~

N(p (@) =rg,0 (i) is

Fil2) = B [exp (7' B*(1))] = exp (j (1 (6) ~ ) — 320 () )

so that

B [exp (R°(i) (1)) = exp (— (4 (0) ~y) @ (i) + 5 (i) o0 <z‘>) BENCELY
It follows from (2.19) and (2.30) that, given the stochastic market process Y, the termi-
nal wealth X7 has the normal distribution. This is also obviously the case if Y changes
deterministically so that the market has a dynamic structure as already known from other
models in the literature. However, if the market is stochastic as in our case, then (2.30)
implies that the terminal wealth distribution is no longer normal; it is a now a mixture of
normal distributions.

If we take the derivative of each side of (2.33) with respect to oy (i) we get

E[Rf, () exp (R« (@)] = (D ony (i) ay (i) = (uy (6) —7p) (2.34)

JjEE
1
exp (= () =73 @)+ ja @ 0a)) - (235)
and, since left-hand side of (2.34) is equal to zero for optimality, we can write the optimality
condition
D oy (@) aj (i) = py (8) — 75
jeEE
or
a (i) = o(i) (i) —rp) = o(i) " 're(i) (2.36)
and the optimality policy is
e PR 3
U (i,2) = (i) By = 0()) (0 (i) — 1) 707 (2.37)

"
in period n. We can see that the ratios of wealth invested in risky assets in (2.36) are equal

to the ratios in the one-fund theorem for the single period problem with T"=1 and n = 0.
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This tells us that if the returns are normally distributed, the portfolios we generate are on
the efficient frontier and the portfolio of risky assets is equal to the fund for each period and
in any market state. The ratio that is put in the risk-free asset depends on the environment
as well as the number of periods till period 7" and 3.

For the multivariate normal distribution case, we can calculate
a(i) =r°(i) ali) = re(i)’a(i)_lre(i) (2.38)

and

= a()(1+ a)) (2.39)

where 7¢(7) = p (i) — ry.

Multivariate Exponential Returns

A number of multivariate exponential distributions are known. A trivial case is the one
where the random variables are independent. If the returns of the assets are independent

and exponential with parameters A (i) for asset k in state 4, then

E Ry (1) exp (—Rg (7) ag (2 Elexp (—R; (%) o (1
B[R () exp (“R(i) 0 ()] 5 (3) exp (R (5) o ()] [T B lexp (=R (9) 0 ()]

E[exp (—R (i) a(4))] Elexp (—R; (1) aj (7))]

=3

j=1
B[Ry (i) exp (—Ry () i ()] _
Eloxp(—Fr Do @)] (240)

so that the optimality condition (2.10) can be written as

C(on ) _

Lo (i)
where

Ak ()

Ly (ay (i) = Elexp (= Ry (1) o (1))] = m

is the Laplace transform of Ry (i), and
Ak (2)
(cuk (3) + A (1))

L. (ax (i) = —E [Ry (i) exp (—R (i) a (4))] = —

Therefore,
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and the optimality policy is given as

_ K (2> —ry (2'41)

where i, (1) = 1/Ag (7) is the mean return.

There are other cases of the multivariate exponential distribution where the marginal
distributions are exponential but the random variables are not independent. Marshall and
Olkin [44] defined a bivariate exponential distribution where the survival function is defined

as
F(acl,a:g) =P {Xl > ;Cl,XQ > .’13‘2} = exp [—)\11‘1 — /\2.%2 — )\12 max(xl, 322)] . (2.42)

The underlying idea of the model is explained with a "fatal shock" model where A; is the
rate of shocks effecting the first component, Ao is the rate of shocks effecting the second
component, and A1s is the rate of shocks effecting both components. Using the survival
function in (2.42), the Laplace transform can be found as

()\ + s+ t) (/\1 + /\12) ()\2 + )\12) + stA12
(A+s+1) (A1 + A2 +5) (A2 + A2 + 1)

Elexp (— (s X1 +tX2))] = (2.43)

where A = \{ + Ao + A9 is the total shock rate. If we assume that there are two assets and
the returns of the assets have the Marshall and Olkin [44] bivariate exponential distribution

in each state, then using (2.43) we can write

E [exp( ] a(z))]
(A (@) + aa ( ) + a2 (4)) (A1 (1) + A12 (4) (A2 (1) + A12 (4))] + en (i) a2 () Az (4)
(A (@) + a1 (i) + a2 (4) (A1 (1) + A1z (4) + a1 () (A2 (2) + M2 (1) + a2 (7))

and taking the derivative with respect to ay ()

E [Ry (i)exp (—R (i) a(i))]
[(Aa ( )+ A1z (7)) (A2 (i) + Az (i) +0<2( ) o
(A (2) + o (4) + a2 (1)) (A1 (8) + A1z (1) + e (8)) (
[A(8) + a1 (1) + a2 (i) + a () + Mg (4) + Az (9)

(1) A1z (4) /ou (9)]
2 (1) + A2 (4) + a2 (7))
(A1

2
A
] (8) + A2 (4))

Jj=1,2

MA@+ a1 (@) +o2 (@) J] O @)+ M2 (@) +a; (9))

=12,k
_ (@) az () A2 () [A(2) + a1 (1) + a2 () + ai () + A (4) + A2 ()]
A @) +ar (@) +a2(0)® [ @)+ M2 () +a; (3))

=12,k
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for kK = 1,2 and solve the system of nonlinear equations using (2.10).
The multivariate extension of the bivariate exponential distribution is given by

n
— Yo Nmp— ) Agjmax (T, x5) — Y, Ajjr max (4, T4, Tp)
F(xy, - ,xy) = exp i=1 i<j i<j<k

— o — M2y max (21, T2, ,Tp)
and one can use a similar approach to obtain a complex system of nonlinear equations in

order to determine the optimal policy.

2.2 Logarithmic Utility Function

In this section, we assume that the utility of the investor in state i is given by the logarithmic

function
Ui, ) = K(i)+C(i)log(z+p) z+5>0 (2.44)
—00 r+6<0
with C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute risk aversion
is simply equal to 7(z) = 1/(8 + =) > 0 for all ¢ so that b =1 and a = /3 in Table 1.1. Note
that 8 is the same for all market states so that risk classification of the investor does not
depend on the stochastic market. Similarly, we assume that the return for the riskless asset

is the same for all market states so that r¢(i) = ry for all 7.

We will first consider an optimization problem of the form
max E [log (R°'u + ¢)] (2.45)
u
where ¢ > 0 is any constant and R° is any random vector. Now, let
Alc)={u: P{R“u+c>0} =1}

be the set of all investment policies that gives finite expected utility so that | E [log (R¥u + ¢)]|
< o0 for u € A(c). It can be seen that u = (uy,ug, - ,un) = (0,0,---,0) € A(c) satisfies
this condition trivially for all ¢ > 0. So, A(c) is not empty. Also, let u, w € A(c), then
RYu + ¢ > 0, and R¥w + ¢ > 0 implies that

ARYu+ (1 —=NRw+¢ >0

so that Au+(1 — A)w € A(c) for all 0 < A < 1. Therefore, the solution set A (¢) is nonempty

and convex. The gradient vector of the objection function g (u) = E [log (R®u + ¢)] is given
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by

_Og(u) _ Ry
Vkg (’LL) - auk =E |:Rz/u +ec

while the Hessian matrix is

)

_ R Ry
N 8uk8ul N

(RYu + 0)2

V%,lg (u)

for all £, 1.
The first order optimality condition to find the optimal solution of (2.45) is obtained by

setting the gradient vector equal to zero so that

E [R,f;] =0 (2.46)
R¢'u+c
for all k.
Let z = (21, -+ , zm) be any non-zero column vector where z;’s are real numbers. Then,

one can see that
7 g(u)z=—E [(lei + 2oR5 + - + 2 R%)? /| (Ru + C)z} <o.

Thus, the Hessian matrix \/2g (u) is negative semi-definite and if there is a solution u € A (c)
satisfying the first order condition (2.46), it must be optimal. Throughout this section, we
assume that the excess returns are such that there is a solution of the first order condition
(2.46) in A(c) for all {R° (i)} and ¢ > 0.

We shall not dwell with the implications of our assumption on asset returns; but to get

some insight, we consider the case when there is only a single risky asset. Let
my = sup{y; P{R® <y} = 0}

and

my, = inf{y; P{R} <y} =1}

so that P{R® € [m;,my]} = 1. This also implies that the condition R°u + ¢ > 0 is satisfied
if and only if u € (—¢/my, —c¢/my). It should be noted that m; < 0 < my, must be satisfied;
otherwise, there exists arbitrage opportunity in the market either by shortselling the riskless
asset (if m; > 0) or by shortselling the risky asset (if ms < 0). We know that 5/2g is always
negative and g is concave on A (c¢). Another observation is that the optimal solution found

from the first order condition is w = 0 if and only if 7¢ = 0. So, if r¢ = 0 we can always
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solve the optimization problem trivially. In the following analysis we will consider the cases
when r¢ # 0. There are four possible cases depending on the support of the distribution
of R® as analyzed below.

Case 1 (m; = —oo,my, = 4+00): In this case u # 0 implies that P{R“u+c¢ < 0} > 0
and FEllog (R®u + ¢)] = —oo, thus A(c) = {0} and the only solution with finite objective
function value is v = 0. Therefore, v = 0 is also the optimal solution which does not
necessarily satisfy the first order condition (2.46) except for the case ¢ = 0 as mentioned
earlier.

Case 2 (m; = —oo0,my, < +00): In this case u > 0 or u < —¢/my, implies that P{R*u+
¢ <0} >0and Flog (Ru+ c)] = —c0. So, A(c) = (—¢/mp, 0] and for the solution of the
first order condition (2.46) to be in the interior of A (c), we need to have /¢ (0) < 0 and
V9 (—¢/myp) > 0. This requires ¢ < 0 and F [R¢/ (mp, — R¢)] > 0. However, if r¢ > 0, then
the optimal solution is at the boundary v = 0. Similarly, if E[R®/ (mj, — R®)] < 0, then the
optimal solution is at the other boundary u = —c¢/my,.

Case 3 (m; > —00,my = +00): In this case u < 0 or u > —c¢/m; implies that P{R*u+
¢ <0} >0 and E[log (R“u+ ¢)] = —00. So, A(c) =[0,—c/my) and for the solution of the
first order condition (2.46) to be in the interior of A (c), we need to have /¢ (0) > 0 and
V9 (—c¢/m;) < 0. This requires ¢ > 0 and F [R°/ (m; — R¢)] < 0. However, if ¢ < 0, then
the optimal solution is at the boundary v = 0. Similarly, if E[R®/ (mj, — R®)] > 0, then the
optimal solution is at the other boundary u = —c/my.

Case 4 (m; > —oo,my, < +00): In this case v < —c¢/my, or u > —c/m; implies that
P{R*u + c < 0} > 0 and E [log (Ru+ c)] = —oco. So, A(c) = (—c/my,—c/my) for the
solution of the first order condition to be interior of A (c), we need to have /g (—c¢/mp) > 0
and Vg (—c/m;) < 0. This requires E[R®/(my — R°)] > 0 and E[R®?/(m; — R°)] < 0.
However, if E[R¢/ (m}, — R°)] < 0, then the optimal solution is at the boundary u = —c/my,.
Similarly, if E[R®/(my — R¢)] > 0, then the optimal solution is at the other boundary
u=—c/my.

We will now show that the log utility function is meaningful for an investor with x,, +
B/r?fn > 0 at period n where z,, is the wealth in period n. Suppose z,, —1—,6’/7“?*" < 0; then
using the strategy of only buying risk-free bonds in each period, the investor will have a

terminal wealth of r?_"mn with utility equal to —oo since r?‘"wn—l—ﬁ = r?‘"(mn—l—ﬁ/r?_") <
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0. For any other strategy, the final wealth should satisfy
P{Xr < r?fnxn} >0

according to no arbitrage condition. Otherwise, if the probability P {XT < r?*”mn} =0
(or P {XT > r;‘f_"xn} = 1), then an arbitrage opportunity exists by selling bonds. We can
therefore write

P{Xr+B<r{ "z, +f} >0

and

P{Xr+B8<0}>0

which means that the investor has —oo terminal utility for any investment strategy and any
policy is therefore optimal.

At the beginning, if zo + 8/ 7"? < 0, then any policy leads to —oo utility. We therefore
suppose that xg + 5/ r;{ > 0. Then, the policy of investing only on the risk-free asset for n

periods leads to x,, = q:gr;} and

Tn + Tén:xgr? Tén:r? xg—i-ﬁT > 0.
Ty Ty Ty

Since the investor selects a policy optimally to maximize the expected terminal utility, we
can assume without loss of generality that x,, + 3/ r?fn > 0 (or 7‘?7"33” + 8 > 0) for any
n=0,1,---,T.

Theorem 2 Let the utility function of the investor be the logarithmic function (2.44) and
suppose that the riskless asset return does not depend on the market state. Then, the optimal

solution of the dynamic programming equation (1.10) is
vn (i, ) = Ky (i) + Cyn(i) log(x + B,,)
and the optimal portfolio is

up (i, ) = i) (rpz + 1) (2.47)

where

T—n—1
p

By = == Kn=Q" "K + ( > QmQaQT"1m> C,C,=QTC (2.48)
Tf m=0
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and
Qali,j) = E [log(ry (1 + (i)' a(i)))] Q(i, 4)

forn=0,1,--- T — 1; where «(i) satisfies

rG) ]
E[HR@@')@(@)] 0 (249)

for all assets k=1,2,--- ,m and all 3.

Proof. We use induction starting with the boundary condition vr(i,z) = C(i) log(z + ) +
K (i) and obtain
groa(i,z,u) = Y Qi,))EU,rpz + R (i) u)]
JjeE
— QK(i) + QC(i)Bllog(rsa + R(i)'u+ B)
for all available investment strategies. Let u* be the optimal amount of money that should

be invested in the risky asset so that
/UTfl(Z.a :I:) - Il'léngT,]_(Z', Z, U) - gT*l(L Z, U*)

One can see that the objection function gr_1 (7, x,u) is in the form of the objection function
in (2.45) where ¢ = ryx 4+ > 0. So, the objective function is concave since QC(i) =
> jer Qi 7)C(4) > 0 and, with our assumption on {R° (i)}, the optimal policy can be

found using the first order condition

[ Ri (i) } 0
rrx 4+ Re()uk_ (i,2) + 3
forallk =1,2,--- ,m. Defining the vector function a(i, x) = (a1 (4, x), a2(i, z), -+ , am (i, x))
such that (i, z) = u*(i,x)/ (ryx + 5) we obtain w}_,(i,z) = a(i,z) (ryz + B) so the opti-
mality condition can be rewritten as

R°(7) R*(7)

E rix+ Re(1) a(i, x) (rye + ) + B] = [('r’fx +5) (14 Re(i) (i, x)) =0

and, since ryz + 3 > 0, we have

E[ 40 ] ~0. (2.50)
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Since (2.50) holds for every x we can say that o does not depend on x and ay (i, z) = ag(i)
for all £ = 1,2,--- ,m. We can write the optimal policy as w}_,(i,z) = a(i) (rpz + )
where a(i) satisfies
B | mayam) =
forall k =1,2,--- ,m. When the value function at time 7" — 1 is rewritten for the optimal
policy, we obtain
vroa(i,x) = Y QUi H)EIK(j) + C(5) log(ryz + R°(i) a(i) (ryz + 8) + )]
jeEE
= QK(i) + QC(i) [E [log (rp(1 + R°(i) au(4)))] + log(z + B/ry)]
= QK(i) + QuC(i) + QC(i) log(z + 5/ry)

= Krp_1(3) + Cr—1(i)log(x + Br_1)

and the value function is still logarithmic like the utility function. This follows by noting
that Kr_1 = QK—G—QQC and Cpr_1 = QC in (2.48). This completes the proof forn = T —1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T—2,--- ,n. Then,
for period n — 1,
gn1(iz,u) = Y QUi j)Eva(j,rsx + R(i)u+ 5,)]

JjEE
= QKn(i) + QCy (i) Ellog(rsz + R°(i)'u + 5,)]. (2.51)

Let u* be the optimal policy such that
Un_l(i, :I:) = mg‘xgn—l(i) x, u) - gn—l(ia x, U*)

It is clear, once again, that the objective function g,,—1(%, x, u) is in the form of the objection
function in (2.45) with ¢ = ryz, + 8, > 0 and it is concave since QC,, = QT~"*1C > 0.

The optimal solution can be found by using the first order condition

S VRN

for k=1,2,--- ,m.
Letting a(i, ) = w)_,(i,2)/ (ryx + B,) we obtain w)_(i,z) = (i, x) (ryr + F,) and

E [1 n Rf(zigg(z‘,x)] =0
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where «(i,x) does not depend on the period n and on z as in equation (2.50). Therefore,

we can write a(i,z) = (i) and the optimal policy is w’_(i,x) = a(i) (ryxz + f,,) where

= yam) -

for all k = 1,2,--- ,m. If we insert the optimal policy in the value function using (2.51), we

a(7) satisfies

can see that

vn-1(i,z) = QKn(i) + QCh(i)Elog(rsz + R°(i) (i) (ryz + B,,) + B,)]
= QK,()+ QCy(1) ( [log (rf (1+ R(i) (i )))] + log(z +5n/7"f))
= QKn(i) + QuCn(i) + QCn(i)log(z + B, /1)

= Kn1(i) + Coo1(i) log(z + B,,_1)

and the value function is still logarithmic. Note that the recursions K,,_1 = QK, + QaCn
and C,,_1 = QC,, with boundary values K7 = K and Cp = C give the explicit solutions in
(2.48). This completes the proof. m

In Theorem 2, we have found a closed-form solution (2.47) for the optimal portfolio. We
can further characterize the optimal policy if the return distributions are discrete. Suppose
that there is a single risky asset and the return distribution is such that excess return of
the asset is equal to w (i) with probability p () and d (i) with probability (1 —p(¢)) with
d(i) < 0 < u(z). This assumption is required for the no-arbitrage requirement to hold.

From (2.49), the optimality condition is

p (i) (HS((Z))Q(Z)) +(1=p () (Hj((;))a(z)) —0

which can be solved to find

w(i)= OO @) =d@) _  r()

d (i) u i) Cd@)u (i)
Then, we can see that « (i) = 0 if and only if r° (i) = 0. Also, a (i) > 0 if r°(¢) > 0 and
a (i) <0if r¢ (i) < 0.

Suppose that there is a single risky asset and the excess return of the asset is equal to
ay, (i) with probability py (7) for £ = 1,2,--- /n; in state ¢ where Z::l pr (1) = 1. Then,

from (2.49), the optimality condition is

@
Zp’“ <1+ak<> <'>>‘0‘ (2:52)
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It is clear that (2.52) is a polynomial equation with power n;, and solving this will give the
optimal « (7) values.

Note that the structure of the optimal solution in (2.47) is such that the optimal dis-
tribution of wealth invested in the risky assets depend only on the state of the market
independent of time. If the market is in state ¢ in period n, then the total amount of money

invested on the risky assets is

Vup(i,2) = Va(i)(rpz + Bpgg) = | rpz + % > k(i)
Tr k=1

and the proportion on wealth allocated for asset k in the risky portfolio is

wi(t) = 55— — (2.53)

which is totally independent of both time n and wealth x. The optimal policy specified by
(2.47) is not static in time since it depends on n, and it is not memoryless in wealth since
it depends on z. However, (2.53) clearly indicates that the composition of the risky part of
the optimal portfolio only depends on the market state. The risky portfolio composition is
both static and memoryless. It satisfies the separation property in the sense that it repre-
sents the single fund of risky assets that logarithmic investors choose. The amount of total
wealth allocated for risky assets depend on the level of wealth, but the composition of the
risky assets depend only on the market state. This composition, however, is random due
to the randomly changing market conditions in time. Our results are of course consistent
with similar work in the literature on logarithmic utility functions, but the stochastic mar-
ket approach makes our model more realistic without causing substantial difficulty in the
analysis. Another important observation is that the structure of the optimal portfolio is
not affected by the transition matrix @) of the stochastic market. It only depends on the
joint distribution of the risky asset returns as prescribed by (2.49) in a given market state,

irrespective of future expectations on the stochastic market.
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2.2.1 Fwolution of Wealth and the Logarithmic Frontier

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation
Xpi1 = rXn+ R(Y) u)(Yn, Xn)

— ’f‘an + Re(Yn)/O[(Yn) (Tan + ,Bn_H)

= X (14 AY,) + 77T A(Y,)B (2.54)

where we define A (7) as the random variable
A(i) = R(i)a (i) = Y o (i) Ry (i) (2.55)

for any state 7.

Note that the wealth process satisfies

Xn+1 + /Bn—f—l = (1 + A (Y’VI)) Tf (XTL + /Bn)

since 3,,,1 = ryf3,. Recall that we initially assumed that Xo+ 8, = o —i—ﬁ/r;‘f > (0 since the
objective function value is —oo for any policy otherwise. Now, suppose that X,, + 3, > 0
for some n. According to our assumption on excess returns we know that the optimal

investment policy u* € A(c) satisfies the condition
P{Rﬂnmﬁ+c>0}:1
with ¢ =X, 4+ 8,11 =77 (Xn + 8,) > 0. Since u* = a (Yy,) (ry X, + B,41) » we get
P{R (V)& (V) (1 X + Boga) + 7 Xn + By >0 =1

and

P{A+AY))rs (Xn+B8,) >0} = P{Xpi1 + Bpyy > 0=1.

This argument clearly shows that if Xo + 8, > 0 as we initially assume, then X, + 3,, >0
for all n using the optimal policy. We are therefore justified in supposing implicitly that
this condition is always satisfied before the statement of Theorem 2.

It is clear that A (i) is a linear combination of the excess returns of the risky assets with

mean

a(i) = E[A®G)] = (i) a (i) (2.56)
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and second moment

which gives the variance
Var (A (i) = a (i)' V(@)a (i) — a (i) r¢(@)rc(i) a (i) = a (i) o(i)a (i)

As a computational formula that we will use frequently in the following analysis, we

define

i1, ,in€E
(2.58)
which provides an explicit expression to compute expectations for any deterministic func-

tions h, and ¢ of the random vector Y,, = (Yo, Y1, -+ ,Y,) of Markovian states. For nota-

tional simplification in our analysis, we will let

g (?n) = (Q(Y[)),Q(Yl), T 7g(Yn))

for any function g defined on E. We will use the representation (2.58) whenever necessary

to economize on the notation and note that this provides an exact computational formula.
. . n . . X5

In particular, if h, (zg, 21, - ,2n) = Hk:o xr, then letting f, (i) = E; [hn (g (Yn))] we

obtain

fn(i) = E; HQ(?I@) Zg(i)ZQ(iJ)fn—l(j)
k=0 JjeEE
= Y Qy(1,4) fa1(j)
JjEE
= Qgfn-10j) (2.59)

where we define the matrix @y such that Qg (¢,7) = ¢ (%) @ (¢,4) for all 7,j5. Using the
boundary condition fy (i) = ¢ (¢) and the recursion (2.59), the explicit solution is

n

[T9)

k=0

fo (i) = Ei = Qq9(i) (2.60)

and f, = Qg is simply the product of the matrix @y by the vector g. For computational

analysis we use (2.60) whenever appropriate.
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Define

n

Cp(z1,m2,- - ,xn) = H(l—i—:ck) -1
k=1

as the sum of all combinations of the products of n variables for n > 1, and set Cy = 0.

Note that using (2.60) we can compute

E; [(Cn (h (Ynfl))] =k [(Cn (h (Yb) h (Yl) oy h (Ynfl))] = Qg_lg (Z) -1

explicitly for n > 1 and any function h by setting g (i) = 1 + h ().
Now, we will show that the wealth process is

n—1

Xo=71Xo [] 0+ A(YR) + 75 TBC, (A (V1)) (2.61)
k=0

using induction where the product on the right hand side is set to 1 when n = 0. The
induction hypothesis holds trivially for n = 0. Suppose (2.61) holds for some n > 0. If we

write X, 11 using the wealth dynamics equation (2.54)
Xov1 = 75X (L+AY,)) + T TAY)B

= X [Ta+Aam)+ PB4 A(Yn) Co (A (Vo)) + A(Y)]
k=0

= X [+ AM) + 1T BC (A (V)
k=0

and we see that the induction hypothesis also holds for n + 1. So, we conclude that the
wealth process can be written as in (2.61) and, for n = T, we can find the terminal wealth

as
T-1

Xr = rfXo [[ 0 +AM) +BCr (A(Yr-1))
k=0

= TXo+ (rFXo + 8) Cr (A (Y1) - (2:62)

It is clear from (2.61) and (2.62) that the random variables {A(i)} will play a key role
in any probabilistic analysis involving the wealth process X. Given Xy = x¢, the expected

value of the terminal wealth satisfies
E; [ Xr] = T?LEO + (T?$0 + B8) my (i, T) (2.63)

where
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and the variance of the terminal wealth satisfies
T 2 9.
Var; (Xr) = (rf xo+ B) v (i,T) (2.65)

where

Ul2 (i, T) = Varl- ((CT (A (YT—I))) . (2.66)

Using the fact that Y is a Markov chain with transition matrix @ and the distributions

of the random variables { A(7) }, one can easily obtain computational formulas. In particular,

T-1 T—1
m (i, T) =B | [ A+ AW) -1 =E |E | [] O+ AXR) - 1| Y1, Y
k=0 k=0

and, since the returns in different periods are independent given the market states, we obtain

T—1
m (i,T) = Ei|[[[(1+a(¥)—1| =Ei[Cr(a(Y11))]
k=0
= Q§_1g (i) — 1 (2.67)

with g (i) =1+ a (i) .

To determine vlz (1,T) , we first calculate the second moment

i T-1 2

B |Cr(A(Yra))’| = Ei|E (}EO (1+A(W) - 1) Vi, Yo
T-1
I 1+ A ()
k=0
T-1
—2JJa+4aMm)) +1

k=0

= FE;|E;

Yla"' ;YTfl

T-1 T—1
- L H(1+2a(yk)+s(yk))—1—2(ﬂ(1+a(yk))—1)]

= E%K;(%N?f4)+8@ZLD”]—QEJETQN?}fﬂH (2.68)

since the returns in different periods are independent given the market states. Therefore,

we can write

B [Cr (A (V1-1))’] = Bi [Cr (2 (Vr1) + 5 (Vr-1))] = 2B [Cr (a (V7))
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and the variance can be found as

v/ (1) = Ei[Cr(2a(Yra) +5(Yra))]
—2F; [Cr (a (Yr-1))] = Ei [Cr (a (V1)) (2.69)

= Q' (i) — (QT g (1)) (2.70)

where g1 (i) = 142a (i)+s (¢) and ¢ (i) = 14a (i) . The mean (2.63) and variance (2.65) of the
terminal wealth can thus be computed explicitly using (2.67) and (2.70) where {(a (7),s (i)}
are determined from (2.56) and (2.57). The distribution of the final wealth other than just
the mean and variance is also important. Using (2.62), this distribution can be characterized

through its Fourier transform

E;lexp (jJAXT)] = exp (j)\r?azo) E; [exp (j)\ (r?mo + B) Cr (A (?T—l)))]

= exp (jArfwo) Ei [Fr (Yo, Y1, . Yr_1; A (rfzo + B))]

where
Fr(iyiv, - yir—1;7) = Elexp (j9Cr (A (i) , A (i1) - -+, A(ir-1)))]

is the Fourier transform of Cp (A (i), A (i1),- -+ , A (i7—1)) for independent random variables

A(i),A(i1), -, A(ir—1). When T = 2, for example, this transform becomes

E;[exp (jAX2)] = exp (j)\rj%mo) Z Q(i, k) Fo (z', k; A (TJQcCE() + B))
keE

where F; (i, k;y) = Elexp (jy (A(i) + A(k) + A(i)A(k)))] for independent random variables
A(t) and A(k). The mean, variance and Fourier transform of the final wealth can be com-
puted once the means, variances and Fourier transforms of the product of any combination
of independent random variables in {A(7)} are known.

We can clearly see from (2.63) and (2.65) that both the return and the standard deviation
of X7 depends linearly on 3. This shows that the logarithmic frontier is the straight line

my (3,7)

Ei [XT] = T?CC() + ( u (Z T)

) SD; (X7) (2.71)

where SD; (X7)) = y/Var; (X7). In other words, the expected value and standard deviation
of the terminal wealth fall on this straight line when they are calculated and plotted for

different values of /3. Also, it cuts the zero-risk line at F; [X7| = r]ifacg as expected. The
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reason for this is that for zero-risk level investor puts all of his money on the riskless asset.
The return of the riskless asset until the terminal time T is 'r?, and the wealth at the
terminal time will be T;*’::L‘o for sure. The risk premium for the logarithmic investor is given
by the ratio m; (¢,T") /v (¢, T).

The case with exponential utility is considered in 2.1.1 where the utility function U (i, z) =

K (i) — C(i) exp(—z/f) and the optimal solution has the simpler structure
uy (i, 2) = (i) Bi1 (2.72)
where 3, = /B/r?*" and «a(7) satisfies
E [R°(i) exp(—R (i) a(i))] = 0. (2.73)

The optimal portfolio is separable in the sense that the amounts of money invested in the
risky assets by exponential investors are independent of their wealth levels. For computa-
tional purposes we only need to find «(7) for any market state i to determine the single fund
of risky assets. The total investment also depends only on the period n in a simple way as
prescribed by (2.72). They also show that the terminal wealth is on the exponential frontier

represented by the straight line

E; [Xq] =rfzo+ (%) SD; (X7) (2.74)
where
—1 T—1 T—1
me (i, T) = E; | > A =D Y Qi 5)a(i) =) Q a(i) (2.75)
k=0 k=0 jeE k=0
and
T—-1
2(0T) = (ka (i) - (Q"a <z’>)2) (2.76)
k=0

T-1 T-1

23 3 [ )T G al)all) — @ a (i) QMa (i)

k=0 m=k+1 \jEEIEE

Therefore, in all cases involving logarithmic, and exponential utility functions the relation-
ship between the expected value and standard deviation of the terminal wealth is represented

by a linear frontier. These are given by (2.71), and (2.74) respectively for these two cases.
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2.2.2  Simple Logarithmic Utility Function

We now consider the special case of a simple logarithmic utility function with 8 = 0 so that
Ui,x) = C(i)log(x) + K (1) (2.77)

with C (7) > 0 where we can easily see that r(z) = 1/z. However, we remove the restriction

that r¢(¢) = ry and the riskless return depends on the market state.

Theorem 3 Let the utility function of the investor be the simple logarithmic function

(2.77). Then, the optimal solution of the dynamic programming equation (1.10) is
vn (i, ) = Ky (i) + Cyn(i) log(x)

and the optimal portfolio is

uy (i, 2) = a(i)re(i)z (2.78)
where
T—n—-1 .
Cn=Q""C. Ky = QK + ( > QmQaQT‘”‘l_m> e
m=0
and

Qali, ) = E [log(rs(i) (1 + R(i) (i)))] Q(i, §)

forallm=0,1,--- ;T —1; and «(i) satisfies
Ry (4)
E|l——k2 | =0 2.79
) 27

for all assets k =1,2,--- ,m independent of period n and all 1.

Proof. We use induction starting with the boundary condition vy (i, z) = C(i) log(z)+ K (i)

and obtain
graa(izu) = ) QU )EWUGyry () o+ R()w)]
= gg(i)E[log(rf (i) z + R°(i)'u)] + QK (4)
where

(r¢ (i) z+ R(i)'u) >0
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for all available investment strategies. Let u* = (u}, u,--- ,u},) be the optimal amount of
money that should be invested in the risky asset so that
vr_1(i,x) = mgng_l(i,:c,u) =gr—1(i,z,u").

Taking the derivative of g7r_1 with respect to up we obtain the gradient vector with entries

Ry (2) }
Ty (i) x + Re(i)'u

agT*l (Zv Z, ’LL)

o (2.80)

Vigr-1(i,z,u) =

= QC(i)E [

for all k. If we take the second derivatives of gr_1, we can find the Hessian matrix with

entries

2gr_1(i,2,u) RS (i) R (i)
Hy (i, z,u) = Vigr_1(i,x,u) = ————22—2 = _QC()E AN
k,l(Z z U) kgT 1(7’ x U) aukaul Q (Z) Tf (Z)JZ + Re(z)/u
Let z = (21, , zm) be any non-zero column vector where z;’s are real numbers. Then one

can see that 27 H (i) z is equal to
~QCW)E |(21RS (i) + 22R5 (i) + -+ + zm Ry, (1))* ) (ry (D) 7 + Re(i)'U)}

which is always smaller than or equal to zero since all C'(7) are positive and (7 (i) z+R°(i)"u)
is positive. Thus, H (i) is negative semi-definite and we can find the optimal solution by

setting the gradient (2.80) equal to zero to obtain the optimality condition

F3(0) iy
ry (@)« + Re(i)w* (i, )
for any asset k = 1,2, -+, m. Defining the vector function a(i,z) = (a1(i,z), -+ , am (i, x))

such that a(i,z) = u*(i,z)/rs (i) x we obtain u*(i,x) = «a(i,x)rs (i) x so the optimality
condition can be rewritten as

Re(i) _ Re(i) -
rf (7‘) z + Re(i)/a(i, CL‘)fo:| ok |:Tf (Z) T (1 + Re(i)’a(i, .%')):| =0 (2.81)

and since 7y (1)  # 0, we have

Ry (i) _
E L —l—Re(i)’a(i,x)] =0 (2:82)

Since the equation (2.82) holds for every x we can say that o does not depend on = which
can be concluded as day(i,2z)/dz = 0 for all k =1,2,--- ,m. So we can write the optimal
policy as u*(i,x) = a(i)ry (i) x where a(i) satisfies

R (4) _
E [1 + Re(z’)’a(i)] =0 (2:83)
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for all k =1,2,--- ,m. When the value function at time T — 1 is rewritten for the optimal
policy, we obtain

vrea(ie) = Y Qi )E[C(j) log(rsa + R(0) ali)rs (i) x) + K (5)]

jJjeEE
= QC(i)log(z) + QC(i) (log(rys (i) + E [log(1 + R°(i) a(2))]) + QK ()

= Cr-1(2)log(z) + Kr—1(i)
and the value function is still logarithmic like the utility function and Cp_1(¢) is positive
for all values of . This completes the proof for n =1 — 1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,7—2, - - - ,n. Then,
for period n — 1,

gn—l(i7x7u) = ZQZJ Un]urf()x—i_Re() )]

JEE
= QCy (i) Ellog(ry (i) & + R*(i)'w)] + QKn(i). (2.84)
One can easily see that the Hessian matrix of g,—1(7,z,u) is negative semi-definite as for

gr—1(%, 2, u). Letting w}_(i,x) be the optimal policy such that
Up—1(i,x) = mgxgn_l(i,x,u) = gn-1(1,z,u").

If we take the derivative of g,,—1(7,x,u) with respect to uy and set it equal to 0, we get the

optimality condition
R (i
E [ (i) ] 0.
£ (1) @ + Re(i)'u*(i, )

Letting (i, ) = u,_;(4,2)/rf (i) © we obtain w)_,(i,z) = a(i,z)rs (i)  and

E[HR?(ES)(Z x>] B

where a;,_1(i,x) does not depend on the period and on x as in equation (2.50) so that we

(2.85)

can write a,,—1(i,2) = (i) and we can write the optimal policy as u*(i,x) = a(i)ry (i) x

where a(i) satisfies

Ry (i)
E|l— 2 1 =0 2.86
) (2:50)
forall kK =1,2,--- ,m. If we insert the optimal policy in the value function, we can see that
vne1(ix) = Y Qi J)E[C(j)log(ry (i) + RE(i) ali)ry (i) ) + Kn())]

JjEE
= QCh(i)log(z) + QCn(i)(log(ry (i) + E [log(1 + R°(i)' a(i))]) + QK (d)

= Cp-1(i)log(z) + Kp-1(7)
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and this completes the proof. m

In this special case with § = 0, it is clear that the optimal policy in (2.78) is myopic
since there is no dependence on n. At any time n, the total amount of money invested in
the risky assets depends only on the market state ¢ and wealth x. Since the total risky
investment is 1'u}, (i, ) = 1'a(i)r (i), it follows that rf(i) > ;" ; oy (i) is the proportion of
total wealth that is invested in the risky assets if the market is in state . Moreover, as in
the general logarithmic case, the composition of the risky portfolio (2.53) also depends only
on the market state 7 independent of the available wealth .

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xpi1 = 1Y) Xn + R(Y,) u* (Yo, Xn)

= X,rp(Yn) (1+ A(Y,)) = X, B(Y,)

where B(i) = r¢(i) (1 + A(i)) . Clearly, the solution is

n—1

Xn=Xo [[ BO) (2.87)
k=0

for n > 1, and this simple structure can be exploited to analyze the terminal wealth Xr. In

particular, given Xg = zg
Ei[X7) =20 (1+ Ei [Cr (b(Y0) = 1,6(Y1) = 1,--- ,b(Yr1) = 1)) = 20@Qq ‘g (i) (2.88)
where b(i) = rf(i) (1 4+ a(i)) and g (i) = b (i) — 1. The second moment is

Ei[X7) = a§ (1 + E; [Cr (b2 (Yo) = 1,b2 (Y1) = 1,--+ b2 (Yr-1) = 1)]) = 23Q5 ' f (9)
(2.89)
where by (i) = r¢(i)*E[(1 + A(D))?] = re(i)2(1+2a(i) +s(i)), f (i) = bz (i) — 1 and Var;(X7)
is the difference of (2.89) and the square of (2.88).

The log-return at the terminal time 7' is

T-1

In (Xr/Xo) = Z In(B(Y%))
k=0
so that the mean is
T

Ei[ln(Xr/Xo)] = Y Q"(i.5)E In(B()] = Y Q. ) (In (rs(j)) + E In(1 + A(5))])

k=0 k=0

H
~
L
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which can be determined using the distributions of {A (i) = R°(i)'c (i) }. The simple struc-
ture of (2.87) can be exploited to determine various quantities of interest associated with

the terminal wealth.

2.3 Power Utility Function

Suppose that the utility function is the power function

(z —B)”
v

and Pratt-Arrow ratio can be calculated as r(z) = (1 — )/ (z — ) for all ¢ so that b =

Uli,z) = K (i) + C () (2.90)

1/(1 —~) and @ = B/(y — 1) in Table 1.1. In this chapter, we assume that the utility
function (2.90) is well-defined for all possible values of z. For example, if (z — ) < 0 is
possible, then we exclude v = 1/2 in our analysis. If we need to include these values of ~,
we can define the utility function to be —oo whenever (2.90) is not well-defined and make
appropriate assumptions on excess returns {R° (i)} as in Section 2.2. For U(i,x) to be
a legitimate utility function some additional restrictions may be imposed, but we do not
dwell with such technical issues here. Note that v and [ is the same for all market states so
that risk classification of the investor does not depend on the stochastic market. Similarly,
we assume that the return for the riskless asset is the same for all market states so that
r¢(i) = ry for all 7.
We will first consider an optimization problem of the form
max coE [W] (2.91)
u ¥

where R¢ is any random vector. The gradient vector of the objection function g (u) is given

by

Vg (u) = 8;5? =cF [Ri (Ru — c)v_l]

while the Hessian matrix is

0°g (u) —2
2 — _ _ e ne el,, Y

for all k, 1.
The first order optimality condition to find the optimal solution of (2.91) is obtained by

setting the gradient vector equal to zero so that

E [Rz (R%u — c)V’l} ) (2.92)
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forall k =1,2,---,m. Let z = (21, , 2;») be any non-zero column vector where z;’s are

real numbers. Then, one can see that
7 g(u)z = (7 — 1) coE [(21RS + 29R5 + -+ + 2 R,)? (RVu — 0)7_2} L (2.99)

Throughout this chapter, we assume that the excess returns { R¢ (i)} and the parameters
of the utility function are such that there is always an optimal solution of (2.91) that satisfies
the first order conditions (2.92). Note that this requirement does not necessarily impose
concavity restriction on the objective function. We only require that the optimal solution
is at an interior point which satisfies the necessary conditions of optimality (2.92). Our
purpose is to identify the structure of the optimal policy and we will not dwell will these
technical details on optimization. This is of course an important issue and we do not intend
to undermine its significance. We now consider some possible cases to illustrate how one can
approach this technical problem. If v — 2 is even, then the Hessian matrix s72g in (2.93) is
negative semi-definite provided that (7 — 1) ¢p < 0 and the optimal solution satisfies (2.92)
since we have an unconstrained concave maximization problem. If v — 2 is not even and

(v —1)co <0, then the objective function is concave over the set
A(e) = {u : P{(Re’u —¢) %> o} - 1} (2.94)

and we need additional restrictions on the excess returns {R° (i)} ; like the existence of a
solution of the first order condition (2.92) in A(c) for all ¢. In case (v — 1) ¢o > 0, it suffices

to reverse the inequality in (2.94).

Theorem 4 Let the utility function of the investor be the power utility function (2.90) and
suppose that the riskless asset return does not depend on the market state. Then, the optimal

solution of the dynamic programming equation (1.10) is

wnliva) = K, () + Co() T2
and the optimal portfolio is
up (i, x) = i) (rpe = Bog) (2.95)
where
B, = % C,=QI "C,K,=Q" "K (2.96)

Tr
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and
Qa(ia.j) =F [(Tf (1 + Re(i)la(i)))ﬂy] Q(Zvj)

forallm=0,1,--- ;T —1; and (i) satisfies
E[Ri() (14 R (i)a(i)""] =0 (2.97)
for all assets k=1,2,--- ,m and all 1.

Proof. We will use dynamic programming for the proof of the theorem. We use induction

starting with the boundary condition vy(i,z) = K (i) + C (i) (x — 8)” /~ and obtain

gr-1li,z,u) = Y QU H)EU(j,rpx + R(i) u)]
JEE
_ QK@)+ QC (i) Bl(ryz + R°(i)'u — B)]

gl

Let u* be the optimal amount of money that should be invested in the risky asset so that
UT*I(Z.’ .’E) = mq?Xngl(i, xz, U) = gT*l(iv z, U*)

One can see that gr_1 (i, z,u) is in the form of (2.91) where ¢ = 5 — ¢z and c¢o = QC(%) /7.

Our assumption implies that the optimal policy can be found using the first order condition
E [Rj,(i)(rpe 4+ R() wp_y (i, ) — B)77] = 0

forallk =1,2,--- ,m. Defining the vector function (i, x) = (a1 (i, ), a2(i, ), -+ , am (i, x))
such that o(i,z) = u}_,(i,2)/ (ryx — ) we obtain up_,(i,2) = a(i,z) (rjr — B) so that

the optimality condition can be rewritten as

FE [Rz(i)(rfm + R°(3) (i, x) (ryx—pB) — 5)7_1] =0
(rpz — B) T E[RS(i)(1+ R°(i) a(i, )] = 0
E [Ri(i)(1 + R°(i) ali,x))" '] = 0. (2.98)

Since (2.98) holds for every x we can say that o does not depend on x and ay(i,z) = ag(i)
for all k =1,2,---,m. So, we can write the optimal policy as wj._,(i,z) = a(i) (rrz — )
where a(7) satisfies

E [R;(i) (1+ RE(z‘)’a(i))W‘l} ~0
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for all k =1,2,--- ,m. When the value function at time T — 1 is rewritten for the optimal

policy, we obtain

QC (i) E(ryz + R*(i)'a(i) (rrz — 8) — B)7]

vp—1(i,z) = QK (i) +

Y
= QK (i) +QC (i) <E [(ry (A + Re@’@j@)))”] (z — ﬂ/rfy/)
= QK (i) + QaC (i) W
= Kr-1 () + CTl(i)(ff‘iTl)

and the value function is still a power function like the utility function. This follows by
noting that K7_1 = QK and Cp_1 = Q.C in (2.96). This completes the proof for n = T'—1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T7—2, - -- ,n. Then,

for period n — 1,

gna(i,u) = Y QU §)Elon(j,rpx + R°(i)'u))
jeEE
_ OK, (i) + QO @ Ellrsz + B(i)u = Ba)]

v

(2.99)

Once again, the objective function g,—1(%,x,u) is in the form of (2.91) where ¢ = 3, — rsx
and cg = QC,(i)/v. Our assumption implies that the optimal policy can be found using

the first order condition
E [R;(i)(rfz 4+ R°()) w1 (i,2) — B,)" '] =0

and, letting (i, ) = w_(i,2)/ (rpxz — B,) or ul_(i,x) = a(i,z) (rfx — f,,) ;we obtain
(rpw = B,) E [RE(0)(1+ B(0) a(i,2)) '] = 0

which implies

B [By()(1 + B*(iYa(i,z)) "] =0

forallk =1,2,--- ,m.. Since a(¢, ) does not depend on the period n and on x as in equation
(2.98), we can write a(i,2) = «(i) and the optimal policy is w)_,(i,2) = (i) (rpz — 53,,)
where «(7) satisfies

E[Ri())(1 + R (i) a(i))"'] =0
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for all k = 1,2, -+ ,m. If we insert the optimal policy in the value function, we can see that
onr(iz) = QK () + Ln W Bzt BW' ) (ryz = B) = Ba)']
= QK. (i) +QC, (i) (E [ry (1+ RJ(Z‘YOK(?))V] (x - /Bn/m)v)
— QK (i) + QuCi (1) W
— K1 ()+ Cn_l(z‘)w

and the value function is a power function. Note that the recursions K, 1 = QK,, and
Ch_1 = QaCn with boundary values K7 = K and Cp = C give the explicit solutions in
(2.96). This completes the proof. m

Note that the wealth dynamics equation for the power utility function is not the same
as the wealth dynamics equation (2.54) for the logarithmic case since the structure of the
optimal policy in (2.47) and (2.95) are different where for the latter 5 has a minus sign.

However, using a similar analysis as in Section 2.2.1 we can easily determine

E; [Xr] =rfxo+ (B —rfwo) my (i,T) (2.100)
and
Var; (X7) = (8 — rTa0)* 2 (i, T) (2.101)
where
my (i,T) = —=E; [Cr (A (Y71-1))] (2.102)
and
v2 (i,T) = Var; (Cr (A (Yr-1))) . (2.103)

Likewise, similar interpretations can be made on the structure of the optimal policy. In
particular, the optimal policy is not myopic, but the risky composition of the portfolio is
both myopic and memoryless. Moreover, this composition only depends on the state of the
market. Although we obtain similar characterizations and interpretations, note that the
optimal policies for logarithmic and power cases are not identical since (2.49) and (2.97)
have different solutions. In particular, the solution of (2.97) clearly depends on the risk

aversion coefficient ~.
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For the power utility case, (2.100) and (2.101) imply that we can also write

my (i, T)

EZ’ [XT] = TTQZO + ( .
f Uy (Z7 T)

> SD; (X7) (2.104)

to represent the power frontier with slope or risk premium m. (,7) /vy (i,T).

If v = 1, then the utility function (2.90) becomes linear and the investor tries to maximize
the expected terminal wealth. The optimal solution then is uninteresting and trivial since
the investor will invest an infinite amount of money on the asset (including the riskless
asset) with the highest expected return in any market state.

More interestingly, when v = 2, the utility function (2.90) has a quadratic form. In
this case, the assumption is satisfied and there is a unique solution satisfying the first order

condition (2.97), which simplifies to
E[R°(i)] 4+ E [R°({)R° (i) a(i)] =0
and the optimal solution can be found explicitly as
ai) = =V (i) ¢ (3) (2.105)

where V(i) = E [R°(i)R°(i)'] = o (i) + r¢(i)r° (i)' is the matrix of second moments, and
r¢(i) = E [R°(4)] is the expected value of the return vector in state . Furthermore, it follows

form (2.55) that A(i) = —R°(3)'V (i) ~1r¢ (i) which gives
a(i) = —E[R()'V (i) 1€ (i)] = —r®(d)' V(i) "1r¢ (4) (2.106)

and ma (i, T) can be computed using (2.106) in (2.67) with g (i) = 1 — ¢ (i)' V (i)' 7 (i).
Note from (2.57) that

and (2.68) becomes

B |Cr(A(V7))"] = Ei[Cr(a(Vra))] - 2B [Cr (o (Vr1))]

= —Ei [CT(CL (?T—l))] = mz(i,T)
so that the variance term is

v3 (i, T) = ma(i, T) — ma(i, T)? = ma(i, T)(1 — ma(i,T)).
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Therefore, for the quadratic model with v = 2, we obtain the mean-variance efficient frontier
using (2.104) given by the straight line

mg(i, T)

) SD,(X7) (2.107)

where the slope, or the risk premium, is mz (i, T) /v2(i, T). Cakmak and Ozekici [10] discussed
the mean-variance problem where the objective is to maximize the linear-quadratic objective
function E; [—X% + BXT] parametrized by 5.
When v = 3, (2.97) implies that the optimal « (¢) satisfies E {Rz (i) (1+ R (i) a (z))z} =
0, or
E R (i) + 2R () R° (3) a (4) + Ry, (i) (R (1) « (i))*] =0 (2.108)
for all kK =1,2,--- ,m. This is a system of m quadratic equations with m unknowns which
can be solved using numerical methods. Note that the solution of (2.108) is not necessarily
unique, but the optimal value can be found by calculating the objective function one at this

point.

2.8.1 Quadratic Utility Function

Quadratic utility function is a special case of the power utility function where v = 2 and
B = —\/2w. Then, if C(i) = —2w and K (i) = A\?/4w, the utility function (2.90) take the
linear quadratic form

Uli,z) = —wz? 4+ Az

which is the utility function of the auxiliary problem defined by Cakmak and Ozekici [10].
They have found that the value functions for periods n = 1,2, -+ ,T — 1 the value function
also has the linear quadratic form. In their study the risk free rate of return ry depends on
the market state. To compare our solution with theirs, if we take the risk-free return to be
same at all market conditions so that rf (i) = ry for quadratic optimization problem, then

one can show that

2
on (i, ) = —%Cn (i) 2” + B, Cn (i) 7 + Ko (8) + 2o (3) (2.109)

where Cy, 3,,, and K, are as defined in Theorem 4 and the corresponding optimal policy is

un (i, ) = [; (3) T?lnl ()| V) (). (2.110)
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If we compare the solutions found by them and the solution of our power utility function
we see that they are the same for r; independent of the market condition. A strange
observation is that if 7; is independent of the market condition then the optimal portfolio
policy only depends on the current market state - not on the market dynamics matrix Q.
Also if we check the efficient frontier we see that for r; independent of market condition the
efficient frontier is a linear line which cuts zero risk level at E [X7] = 7“]7;. The formula for
the efficient frontier is found at section 2.1.1 at (2.107).

As a special case, suppose now that the utility function is the CRRA (constant relative

risk aversion) function with § = 0 so that

U(i,z) = Cfii):ﬂ + K (1) (2.111)

We can easily see that —U’(i,2)/U"(i,2) = (1 — v)xz. We remove the restriction that

r¢(i) = ry and the riskless return depends on the market state.

2.3.2 CRRA Utility Function

As a special case, suppose now that the utility function is the CRRA (constant relative risk

aversion) function with 5 = 0 so that

Ui, z) = K (i) + C (i) <”f;> (2.112)

We can easily see that r(xz) = (1—-y)/x where a = 0,b = 1/(1—+). in Table 1.1. We remove

the restriction that 7¢(i) = 7 and the riskless return depends on the market state.

Theorem 5 Let the utility function of the investor be the CRRA function (2.112). Then,

the optimal solution of the dynamic programming equation (1.10) is

on(iz) = S0 4 kL @)

v
and the optimal portfolio is
uy (i, ) = a(i)ry(i)z (2.113)
where
K,=Q'"K, C,=Q""C (2.114)
and

Qi 5) = QUi j)ry (i) E [(1 + () (i)
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forallm=0,1,--- ;T —1; and a(i) satisfies
E [Rz(z') (1+ Re(i)’a(i))v_l} =0 (2.115)
for all assets k =1,2,--- ,m independent of period n and all 1.

Proof. We use induction starting with the boundary condition Vp(i,z) = C (4) (z)” /v +
K (7). and obtain
gT*l(ia x, ’LL) = Z Q(Zvj)E[U(ja rf (Z) x + Re(l),u)]
JjEE
= QC () E[(ry (i) z + R°(i)'w)"] /v + QK (i) /1
where

(rp (@) z+ R°(i)'u) >0

for all available investment strategies. Let u* = (u},u,--- ,u’,) be the optimal amount of

money that should be invested in the risky asset so that

vT—l(ia x) = mEXgT_l(Z.,.’L',U) - gT—l(iaxv U*)

Taking the derivative of gr_1 with respect to u; we obtain the gradient vector with entries

09711, z,u)

By = QC (i) E [(ry (i) x + R°(3)'u(i,z))" 'R (i)]  (2.116)

ngT—l(i7 z, U) =

for all £ and if we take the second derivatives of gr_1, we can find the Hessian matrix as

with entries
%gr_1(i, x, u)
aukaul
= QC(i) (y = 1) E [(ry (i) = + R°(i)'u(i, x)) > R}, (i) R (i)] -

vng—l(ia x, 'LL) ==

Let z = (21, , zp,) be any non-zero column vector where z;’s are real numbers. Then one

can see that 27 H (i) z is equal to
QCEH) (y—1E [(lei (6) + 22R5 (i) + - - + 2 Ry, () (ry (i) @ + RE(0) u(i, )7~

which is always negative since all C (i) (y — 1) are negative and (r¢ (2) z + R°(3)'u(7, z))
is positive. Thus, H (i) is negative semi-definite and we can find the optimal solution by

setting the gradient 2.116 equal to zero to obtain the optimality condition

E [(ry (i) z + R°()'u* + B)" 'R (1)] = 0



Chapter 2: MODELS WITH PERFECT INFORMATION 50

for any asset k = 1,2,--- ,m. Defining the vector function a(i,z) = (a1(i, ), -+ , am (i, x))
such that a(i,z) = u*(i,x)/rs (i) we obtain w*(i,x) = 7y (i) xa(i,z) so the optimality
condition can be rewritten as

E [(ryz + R*(i) ai,z)ry () o) T RL(D] = 0

(rp (i) 2) " E[(1+ R°(i) ali,z)) ' RE())] = 0 (2.117)
and since 7y (1)  # 0, we have
E[(1+ R(3) a(i,z)) 'R (i)] = 0. (2.118)

Since the equation (2.118) holds for every = we can say that o does not depend on x which
can be concluded as day(i,z)/dz = 0 for all k =1,2,--- ,m. So we can write the optimal

policy as u*(i,x) = a(i)ry (i) x where (i) satisfies
E [Ri(z') (1+ Re(i)’a(i))v_l} =0 (2.119)

for all k =1,2,--- ,m. When the value function at time T"— 1 is rewritten for the optimal

policy, we obtain

vrea(ie) = ) Q] [

JjeEE
ry ()7 B[+ R°(3)'a(i))]
Y
x”
= Cra()= + Kra (i) (2.120)

7)

(ry (i) = + RE(8) a(i)ryx)” + K (4)

= QC(i) 27 + QK (i)

and the value function is still power function like the utility function and Cr_;(i) has the
same sign with C (7) for all values of 7. This completes the proof for n =T — 1.

Suppose now that the induction hypothesis holds for periods 7,7 —1,7—2, - - - ,n. Then,
for period n — 1,

gnr(isw,u) =Y QUi j)Elva(jors (i) @ + R(i)'u)]

JjeE

= QCy (i) Bl(ry (i) & + R())'w)"] /v + QEn () /v (2.121)

One can easily see that the Hessian matrix ¢,,—1 (7, z, u) is positive definite as for gr_1 (3, z, u).

Letting ) _,(¢,x) be the optimal policy such that

Un—1(i,2) = mgxgn,l(i,x,u) = gn—1(i,x,u").
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If we take the derivative of g,—1 (4, z,u) with respect to uy and set it equal to 0, we get the

optimality condition
E [(ry (i) x + R°(8)'u*(4,2)) ' Ri,(4)] =0 (2.122)
and letting o(i, z) = u’_,(i,z)/rs (i) x we obtain w’_,(i,z) = a(i,z)r; (i) = and
(ry (@) 2)" B [(1+ R(0) a(i,z)) " Ri(5)] = 0

for all £k where (i, ) does not depend on the period and on z as in equation (2.118) so that
we can write a(i,) = a(i) and we can write the optimal policy as u*(i,z) = a(i)ry (i) x
where a(i) satisfies

E[(1+ R(i)a(i,z)) 'R (4)] =0 (2.123)
forall k =1,2,--- ,m. If we insert the optimal policy in the value function, we can see that

Cr(5)
7

Uno1(ix) = Y Qi 5)E [

jEE

(ry (i) @ + R() a(i)ry (0) 90)7] + > Qi) Kn ()

JeEE
= QCW(i)rs () EI(1L + Re@')'a(i)m”f: + QK (i)

_ C"ryl(%v + Koy (3)

and this completes the proof. m
Note that the structure of the optimal policy (2.113) is identical to (2.78). Therefore, the
results and interpretations presented for the simple logarithmic case also hold. The optimal

policies are of course different since the solutions of (2.79) and (2.115) are not identical.

2.4 Illustrations for Discrete Time

In this section three different illustrations for

2.4.1 FEzxample 1

Consider a market with three risky assets and one riskless asset where the returns of the risky
assets follow the multivariate normal distribution. Assume that the market is modulated
by a Markov chain that has four states. Suppose the return of the riskless asset and the

expected return of each risky asset for each state are as given in the following table.
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i 'f pi(@) | opel@) | ps(i)
11 1.0028 | 0.9162 | 0.8558 | 0.8751
2| 1.0028 | 0.9690 | 0.9970 | 0.9691
3| 1.0028 | 1.0318 | 1.0668 | 1.0802
41 1.0028 | 1.1160 | 1.1704 | 1.1297

Assume further that the covariance matrix for each state is given as follows

2.927
—0.513
—0.361

12.641
—3.664
—3.492

~0.513 —0.361 |
8.979  1.304
1304 4.365 |
~3.664 —3.492 |
14714 8.258
8258 15.136

9.762
—2.506
—1.553

8.202

—2.506
9.461
—2.309

—1.553
—2.309
6.649

3.119
18.438 5.821

2.282
3.119

| 2282 5.821 10.355

Note that these values are obtained by multiplying the actual values by 1,000 to simplify

the values. The expected returns and covariance matrices are estimated using data obtained

during October 1997 to October 2002 from monthly return information of three assets (IBM,

Dell and Microsoft) traded in New York Stock Exchange; and yield information of 3-month

US treasury bonds where the expected return for the bonds at all market states are assumed

to be constant. The states of the Markov chain are classified according to the number of

assets whose values increased in a given period. If the values of all three assets increase in

a given period the state for this period is taken to be 4, if the values of exactly two assets

increase the state for this period is assumed to be 3, and so on. Using the historical data

the transition probability matrix ¢ of the Markov chain is obtained as

[ 0.23
0.23

0.18
0.23
030 0
| 0.37 0.37

0.12
0.08
0.30
0.21

0.47
0.46
0.40
0.05

We consider the problem of an investor whose current wealth is g = 1 and who wants

to maximize the expected value of terminal utility where he has an exponential utility

function and the time horizon is T' = 4 periods. We calculated both the exponential and
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mean-variance efficient frontiers. Numerical values m (i,7),v(i,T), and ¢ (i,T) are found

to be

m(i,T):{19.601 11.724 12.050 13.885]
v(i,T)=[12.955 18.367 19.230 18.144}

(i, T) = [ 0.0045 0.0304 0.0232 0.0134 ]

and the slopes, or the risk premiums, are

m (i, T) _
WG T) [ 1.5130 0.6383 0.6266 0.7653}
1 —c(e, T
7_() = [ 14.8884 5.6453 6.4876 8.5648 ] .
c(i,T)

As expected, the risk premiums for the mean-variance frontier are higher. The exponential
frontier and the efficient frontier faced by an investor at time zero is given in Figure 2.1 for
Yo =1.

In order to determine the optimal portfolio, we first compute

—35.5436 —5.7427 4.3883 9.8410
alt) = | —14.3492 —4.0410 2.8887 5.1560
—27.9083 —7.8131 4.5500 7.1878

which implies that it is optimal to short sell the risky assets in market state 1 while just
the opposite is true in state 4. By the way that the market states are classified, the market
becomes more attractive to invest in the risky assets as its state increases from 1 to 4.
This is clearly reflected in the optimal portfolio since the investment amounts increase from
negative (shortselling) to positive values. Furthermore, the proportions of the risky assets

in the risky part of the portfolio are

0.46 0.33 0.37 0.44
w(@) =] 0.18 0.23 024 0.23
0.36 0.44 0.39 0.33

obtained by normalizing «(i) values. The exact amounts to be invested can easily be

determined using (2.37) by simply multiplying the «(7) values by the discounted value of £3.
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Illustrations for Power Utility

We address the computational issues and demonstrate how our results can be put to work
by considering a numerical example for the power utility case. The numerical case is the
same as the one used in Section 2.4.1. We consider the problem of an investor whose current
wealth is g = 1 and who wants to maximize the expected value of terminal utility where
he has an power utility function with v = 3 and the time horizon is T" = 4 periods. Here,
since the returns are multivariate normal, the excess returns are also multivariate normal.
For any multivariate normal vector (X1, Xs, -+, X,,) with mean vector p and correlation
matrix o we can write

EXiXj] = 0ij + pipy (2.124)

and

E[XiX;Xk] = 0ijip + Ojrts + ity + pik; iy (2.125)

Note that (2.124) follows trivially and (2.125) is obtained using the fact that
k1 k?2 kn —
B [(X0 = )" (X2 = )"+ (X = )] = 0

if ky+ko+---+k,is odd. It suffices to take k1 = ko = k3 = 1 in our case with n = 3 assets.
Using (2.124) and (2.125) with (2.108) we determined the optimal « (i) values numerically
using MATLAB. The optimal solution is

—27.41 —6.96 2.58 6.96
ai) = | —21.46 —3.04 1.53 7.66
-36.34 —7.15 6.13 10.23

which implies that it is optimal to shortsell the risky assets in market state 1 while just the
opposite is true in state 4. By the way that the market states are classified, the market
becomes more attractive to invest in the risky assets as its state increases from 1 to 4.
This is clearly reflected in the optimal portfolio since the investment amounts increase from
negative (shortselling) to positive values. Furthermore, the proportions of the risky assets

in the risky part of the portfolio are

0.32 0.40 0.25 0.28
w(@) =1 0.25 0.18 0.15 0.31
0.43 0.42 0.60 0.41
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obtained by normalizing «(i) values. The exact amounts to be invested can easily be
determined using (2.95) by simply multiplying the (i) values by the discounted value of 3.

We determined the power frontier (2.104) with v = 3 using the coefficients mg (i, 7) and
v3(i,T"), and the explicit formulas (2.67) and (2.70). Note that the mean-variance efficient
frontier is also the power frontier with the quadratic utility function with v = 2. Numerical

values are

mz(i»T)=[0.9978 0.9561 0.9431 0.9750}

v3 (i, T) = | 0.1473 0.2048 0.2316 0.1561

J L
[E—

mz(i,T)={0.9955 0.9696 0.9768 0.9866

ve (4,T) = | 0.0669 0.1717 0.1506 0.1152

¢t

me(i,T)=[19.601 11.724 12.050 13.885

ve (i, T) = | 12.955 18.367 19.230 18.144
and the slopes, or the risk premiums, are

m3(i,T)/Us(i»T)=[6.7739 4.6688 4.0724 6.2481}
ma (1, 1) Jv2(i, T') = [ 14.8884 5.6453 6.4876 8.5648]

me (2, T) Jve(,T) = { 1.5130 0.6383 0.6266 0.7653 }

The exponential frontier, the efficient frontier and the power frontier for v = 3 faced by an
investor at time zero is given in Figure 2.1 for Yy = 4.

Investors with quadratic, logarithmic, and power (with v = 3) utility functions will have
differing risk preferences measured by S in their utility functions. The return and risk of
the terminal wealth for these investors will be on the respective frontier in Figure 2.1. The

slopes measure the risk premiums and, as expected, the risk premiums for the mean-variance

frontier are highest.
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Figure 2.1: Efficient and Exponential Frontiers for ¢ = 4,T =4

2.4.2 FExample 2

Exponential Utility

Consider a market with three risky assets and one riskless asset where the returns of

the risky assets follow the multivariate normal distribution. Assume that the market is

modulated by a Markov chain that has four states. Suppose the return of the riskless asset

and the expected return of each risky asset for each state are as given in the following table.

i rf pr(i) | pa(i) | ps(i)

1 | 1.0008 | 1.0105 | 1.0094 | 0.9997
2 | 1.0008 | 1.0071 | 1.0097 | 1.0061
31 1.0008 | 1.0039 | 1.0114 | 1.0052
4| 1.0008 | 1.0010 | 1.0038 | 0.9994
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Assume further that the covariance matrix for each state is given as follows

[ 2408 1.797 0.602 | [ 2046 1.310 0.542 |
o(l) = | 1.797 5.952 0.676 |,0(2) = | 1.310 4.855 0.906
| 0.602 0.676 1.883 | | 0542 0.906 1.657 |
[ 2109 1.417 1.074 | [ 1738 1.353 0.445 |
o(3) = | 1.417 4.663 1.169 | ,0(4) = | 1.353 4.375 0.494
| 1.074 1.169 1.982 | | 0.445 0.494 1.499 |

Note that these values are obtained by multiplying the actual numbers by 1,000 for simpli-
fication. The expected returns and covariance matrices are estimated using data obtained
during January 1991 to December 2006 from weekly return information of three assets
(IBM, Dell and Microsoft) traded in New York Stock Exchange; and the daily effective
federal funds rate. The states of the market are classified by considering whether the SP500
index went up or down during the previous 2 weeks. Therefore, there are 4 states labeled as
1 = (down, down), 2 = (down, up), 3 = (up, down), and 4 = (up, up). The weekly interest
rates for all states were approximately equal to 0.08% and our assumption is satisfied. Using

the historical data the transition probability matrix @ of the Markov chain is obtained as

[ 0.410
0.388
0
0

0

0
0.445
0.492

0.590
0.612
0
0

0
0
0.555

0.508 |

We consider the problem of an investor whose current wealth is g = 1 and who wants
to maximize the expected value of terminal utility where he has an exponential utility
function and the time horizon is T' = 4 periods. We calculated both the exponential and

mean-variance efficient frontiers. Numerical values m (i,7),v(i,T), and ¢ (i,T) are found

to be

m (i, T) = [ 0.1304 0.1138 0.0925 0.0725 ]

v (i,T) = [ 0.3716 0.3519 0.3143 0.2868 }

(i, T) = [ 0.8803 0.8945 0.9134 0.9315 ]
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Plot of The Efficient Frontier i=1 for T=4
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Figure 2.2: Efficient and Exponential Frontiers for : = 1,7 = 4

and the slopes, or the risk premiums, are

m (i, T)

WG T) [ 0.3509 0.3234 0.2942 0.2530}

1—c(i, T

# = [ 0.3687 0.3434 0.3080 0.2712 } .
c(i,T)

As expected, the risk premiums for the mean-variance frontier are higher. The exponential
frontier and the efficient frontier faced by an investor at time zero is given in Figure 2.2 for
Yy = 1.

In order to determine the optimal portfolio, we first compute

4.2455 1.9527 —0.6093 —0.2846
ai) = | 0.4107 0.9175 2.1325  0.9073
—2.1075 2.0552 1.2760 —1.1765

and, furthermore, the proportions of the risky assets in the risky part of the portfolio are

1.67 0.40 —0.22 0.51
w(@)=1 016 0.19 076 —1.64
—0.83 0.42 0.46 2.12

obtained by normalizing «(i) values. The exact amounts to be invested can easily be

determined using (2.37) by simply multiplying the «(7) values by the discounted value of £3.
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Note that the total amount invested in the risky assets is positive for state 1 = (down, down),
while it is negative for state 4 = (up, up). This implies that shortselling stocks 1 and 3 is
optimal if the index increased in the previous two weeks while no stock is sold short in state
2 = (down, up). These results clearly indicate that the composition of the risky portfolio
depends very much on the market state. While it is optimal to shortsell the third stock in
favor of the first one in state 1 = (down, down), it is optimal to shortsell the second stock
in favor of the third one in state 4 = (up, up).

Other HARA Cases

In this section, we address the computational issues and demonstrate how our results can
be put to work by considering a numerical illustration for the logarithmic, power (v = 0.5, 2
(quadratic), and 4) cases. Consider a market with three risky assets and one riskless asset
where the returns of the risky assets follow an arbitrary multivariate distribution. The
illustration is based on data obtained during January 1991 to December 2006 from weekly
return information of three assets (IBM, Dell and Microsoft) traded in New York Stock
Exchange; and the daily effective federal funds rate. The states of the market are classified
by considering whether the SP500 index went up or down during the previous 2 weeks.
Therefore, there are 4 states labeled as 1 = (down, down), 2 = (down, up), 3 = (up, down),
and 4 = (up, up). The weekly interest rates for all states were approximately equal to 0.08%
and our assumption is satisfied. Using historical data the transition probability matrix @

of the Markov chain is obtained as

The return of the riskless

asset and the expected return of each risky asset for each state

[ 0.410

0 059 0
0388 0 0612 0
¢ 0 0445 0  0.555
| 0 0494 0 0506 |

are
i rf pi(i) | pa(i) | ps(i)
1] 1.0008 | 1.0105 | 1.0096 | 0.9995
2 | 1.0008 | 1.0071 | 1.0097 | 1.0061
3 | 1.0008 | 1.0039 | 1.0114 | 1.0052
4 1 1.0008 | 1.0011 | 1.0033 | 0.9990
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and the covariance matrices for each state are

[ 9425 1.809 0.607 | [ 2.046 1.310 0.542 ]

o(l) = 1.809 5.990 0.684 |.0(2) = | 1.310 4.855 0.906
| 0.607 0.684 1.893 | | 0.542 0.906 1.657 |
[ 2109 1.417 1.074 | [ 1607 1.220 0.430 |
o3) = 1.417 4.663 1.169 | ,0(4) = | 1.229 4.556 0.486
| 1.074 1.169 1.982 | | 0430 0.486 1.446 |

Note that these values are obtained by multiplying the actual numbers by 1,000 for simpli-
fication.

We consider the problem of investors with initial wealth g = 1 who want to maximize
the expected utility of terminal wealth. We consider cases with logarithmic, power (y = 0.5,
2 and 4) and exponential utility functions where the time horizon is 7' = 4 periods.

It is difficult to calculate optimal o values numerically for an arbitrary distribution us-
ing (2.49), (2.6) and (2.40). Our approach is to use Taylor series expansion of the utility
function around the expected value W = E[W] of the terminal wealth W = Xp. The
reader is referred to Jondeau and Rockinger [37] for a detailed discussion on the benefits,
advantages and disadvantages of using Taylor series expansion in optimal portfolio alloca-
tion. In particular, they give a convincing argument for using the first 4 moments in the
approximation. When we checked our data we recognized that the return distributions have
non-zero skewness and excess kurtosis, so we decided to use the first four moments. Taylor

series expansion is

where U\ (W) is the jth derivative of the utility function at . Taking expectations we

can write

B[U (W) =U (W) + 0P (W) i+ 20O (1) i+ U (1) s+ B [Ra (W, 17)]
(2.126)
where Ry (W, W) is the remainder for the first 4 moments and 4! is the nth moment of the
portfolio defined as
= B[V -W)").
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Using the definitions in Jondeau and Rockinger [37] for any market state, the second moment
can be expressed as

,u% = o Mo
where Ms = o is the covariance matrix. Similarly,
py = o' Mz (a ® )
where ® is the Kronecker product, and Ms is the 3 x 9 co-skewness matrix defined as

S111 S112 S113 | S211 S212  S213 | S311  S312  S313
Ms = | s1291 si122 s123 | S221 S222 S223 | S321 S322 323
S131  S132 S133 | S231 8232 5233 | S331 85332 5333
with
sijk = E [(Ri — ;) (Rj — 1) (Ry, — )]
for 4,4,k = 1,2,3. Finally,

py=0o'My(a®a®a)

where My is the 3 x 27 co-kurtosis matrix with elements

kijri = E [(Ri — ;) (Rj — ) (R — i) (Ry — )]

for i,5,k, 1l =1,2,3.
For the logarithmic utility function U (z) = log (x), we can write (2.126) as

1
22

1
2 3
Bp + 3ste ~

1
A4

E[U(W)] =log (W) — u;‘;.

According to [42], Taylor series for power and logarithmic functions converge for 0 < W <
2 and we suppose that this is indeed the case here. For the logarithmic utility case
in Theorem 2, the optimal policy a has the same solution for the maximization problem
max F [log <1 + R« (z))} . Therefore, it suffices to take W = 1+ R« in the Taylor series
expansion (2.126). If we check our data, both covariances and expected excess returns are
in the order of 0.01. So, for W = (1 + R« (z)), we can suppose that 0 < W < 2W and
the series converges most of the time. We can therefore use the Taylor series expansion

1
2(1+7ra

3(1+ rela)3up 4 (1+ re’a)4up'
(2.127)

2y

E [U (1 + Rela)] = log (1 + re/a) - )2up
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If we take the gradient of (2.127) with respect to «, and set it equal to zero, we find the
first order condition
e

€ €

T " T Mz— T M3+ r 4
(I+790) ~ (14+070)”"  (1+r7a)"™" " (1 +r7a)""
1 1
T Ot e e e ) gt @@ e =0

We determined the optimal a values numerically using MATLAB for each market state

and the optimal solution is

4.258 1.968 —0.590 0.033
Q) = 0.528 0.931 2.069 0.771
—2.196 2.0563 1.406 —1.469
where the rows correspond to 3 assets and the columns correspond to 4 market states.

Furthermore, the proportions of the risky assets in the risky part of the portfolio are

1.644 0.397 —-0.205 —0.050
wp = 0.203 0.188 0.717 —-1.161
—0.847 0.415 0.488  2.211

obtained by normalizing « values. The exact amounts to be invested can easily be deter-
mined using (2.37) by simply multiplying the « values by the discounted value of 3.
When we make a similar analysis through Taylor series approximation (2.126) for the

— 405

power utility function U (z) , we obtain

, N L N\05 1 S \-L5 o, 3 ) \"25 4
E[U(l—FReaﬂ = <1+r6a> —é(l—i-rea) up—k@(l—i-rea) 1,
15 ;35
—a (1 4o a) il (2.128)

which give the optimality condition

1 o of —0.5 3 . o —2.5 9 1 o —1.5
—r (1—}—7‘ a) + = <1—|—T a> ;Lp—*<1+7“ oz) Msa

2 16 4
15 ;o\ 35 9 ;o\ —25
—%re (1—1—7“6@) u2+4—8(1+rea) M;s(a® a)
105 ; \—45 15 r\ 35
+@(1+T60¢> ,Ué—%(l‘i‘rea) M4(a®a®a):0

by setting the gradient of (2.128) equal to zero.
The optimal « values are computed numerically using MATLAB so that
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7.886 3.605 —1.092 0.116
Q0.5 = 1.1156 1.785 3.874  1.486
—4.031 3.789 2.809 —2.859

2

For the power utility function U (x) = x* case, Taylor series expansion (2.126) is exact

with

/ / 2

ElU(1+Ra)] = (1+ra) +p2
which now gives the optimality condition
2r¢ (14 79a) +2Mza = 0

or

a=-V"1re
which is equal to (2.105) since V' = My + r¢r¢. The optimal solution is

—4.032 —-1.893 0.594  0.022
a2 = | —0.431 —-0.893 -2.075 —-0.803
2.090 —-1.990 -1.244 1.481

4

For the power utility function U (z) = z*, we can write

! / 4 ! 2 !
E [U(l—i—Rea)] = <1+rea> +6(1+rea) u§+4<1+rea>,uf;+uf;
and, by taking the gradient, the first order conditions are
! 3 ! 2 / 2
4r® (1 +r€ a) + 12r° (1 + 7 a) oy + 12 (1 + r€ a) Msa+
127“6,%3) +12 (1 + Te/oz) Ms(a®a)+4My(a® a® a) =0.
We determined the optimal o values numerically using MATLAB. The optimal solution is

-0.727 —-0.334 0.103  0.002
oy = | —0.076 —0.156 —0.360 —0.133
0.377 —-0.352 -0.218 0.249

For the exponential utility function U (z) = exp (—x), the Taylor series approximation

becomes

e! ~ e’ 1 2 1 3 1 4
FE [U (1—|—R oz)] = exp (— (1—1—1“ a)) <1+2MP+_6MP+24MI)>
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and the optimality condition is
/ 15 145 1 4
exp (= (1+77a)) =r° (1 ottt 24%>

1 1
+M2a—§M3(oz®oz)+ 6M4(oz®a®a)} =0

or

1 1 1 1 1
—re <1+2u}%—6u2+24u2>+M2a—2M3(a®oz)+6M4(a®oz®a):O.

Using MATLAB, the optimal solution is
4.409 2.031 —-0.615 0.005

Qe = 0.474 0.940 2.144 0.791
—2.292 2133 1.352 —1.489

We determined the logarithmic frontier, power frontier (2.104) with v = 0.5, 2, and 4,
and the exponential frontier using the explicit formulas (2.67), (2.70), (2.21), (2.22), (2.102),
and (2.103). Note that the mean-variance efficient frontier is also the power frontier with

the quadratic utility function with v = 2. Numerical values are computed to be

mz(i,T)=[0.14o 0.121 0.097 0.076]
vy (i,T)={0.418 0.383 0.338 0.294]
m0.5(i7T)=[0.276 0.236 0.189 0.147]
vo.s(z',T):[o.goﬁ 0.817 0.709 0.603]
ma (4,T) = :0.120 0.106 0.087 0.069:
v2 (4, T) = :0.326 0.308 0.282 0.254:
my (i,T) = :0.022 0.019 0.016 0.012:

vy (4,7) = | 0.061 0.057 0.051 0.046

me (4, T) = | 0.137 0.118 0.096 0.076

ve (4,T) = | 0.387 0.365 0.324 0.297
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Figure 2.3: HARA frontiers for i =1, T =4

and the slopes, or the risk premiums, are

my (i,T) fu(i,T) = [ 0.336 0.316 0.287 0.258 }
mo.s (i, 1) /vos(i,T) = [ 0.305 0.289 0.267 0.244 }
ma (i,T) [v2(i, T) = [ 0.371 0.344 0.309 0.273 }
my (i,T) [va(i, T) = [ 0.364 0.339 0.305 0.270 }
me (4, T) [ve(i,T) = { 0.352 0.324 0.294 0.254 ] :
Investors with different utility functions will have differing risk preferences measured by
B in their utility functions. The return and risk of the terminal wealth for these investors
will be on the respective frontier in Figure 2.3. The slopes measure the risk premiums and,
as expected, the risk premiums for the mean-variance frontier are highest.
We considered the exponential utility case and obtained the exponential frontier by

solving the optimality condition (2.6) directly under the assumption that the asset returns

follow a multivariate normal distribution. They obtained the frontier to be

me (4, T) Jve (i,T) = | 0.353 0.324 0.295 0.255]
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which is very close to our approximate values. However, note that Taylor series approxima-

tion does not require knowledge on the asset return distributions.
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Chapter 3

MODELS WITH IMPERFECT INFORMATION

In this chapter, the market still depends on the environment driven by a Markov chain,
however, the market process is hidden. Imperfect information flow is set up through a
probabilistic relationship between the observed and unobserved market processes. The
unobserved stochastic market is a Markov chain and it emits signals, or provides information,
that are observed by the market players. Models of this type, where the random market
environment is represented by a Markov chain and the true state of this Markov chain cannot
be observed directly (however, there is another process which gives partial information about
the true state) are called “Partially Observed Markov Decision Processes” (POMDP). A
general discussion about these models can be found in Elliott et al. [24].

Partially observed Markov decision processes in portfolio optimization have been used
in the last ten years. More recently, Elliott et al. [25] use a hidden market model (HMM)
to describe stock price movements in order to find optimal portfolio trading strategy that
maximizes the expected terminal wealth. Even though HMMs are one of the important
tools used in areas like speech recognition, bioinformatics, and gene prediction; they have
not been used in portfolio optimization until quite recently. Sass and Haussmann [61]
discuss a model in continuous time where the interest rate and rates of returns of the risky
assets depend on a continuous time Markov process. Rieder and Bauerle [58] extended their
research where the drift rate of the stock depends on the Markov process and the only
observation is the stock prices. Corsi et al. [14] study a numerical approximation method
to solve hidden Markov models using quantization methods. Dericioglu and Ozekici [18]
applied the imperfect information concept to mean-variance portfolio selection problem in
a Markovian market. They solved the problem with dynamic programming and obtained
an explicit optimal solution to represent the efficient frontier.

Imperfect information is also a rather interesting concept in finance like HMMSs. This

concept appears in game theory and is used for sequential games where a player does not
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know exactly what actions other players take. Stiglitz [69] focuses on imperfect informa-
tion and emphasizes that obtaining information is imperfect, costly and there are major
information asymmetries. Moreover, he believes that understanding imperfect information
is one of the most important breaks from the past, and provides explanations to some of
the basic characteristics of a market economy. The study on credit rationing by Stiglitz
and Weiss [70] presents the first theoretical justification of true credit rationing by consid-
ering the effect of imperfect information in markets. In addition, Stiglitz [68]explains the
observed phenomena of price dispersions and advertising effects at the equilibrium of prod-
uct markets, which cannot be explained by traditional models of competition with perfect

information.

3.1 Hidden Markov Model

We let Z, denote the state of the stochastic market in period n, and assume that Z =
{Z,; n = 0,1,2,---} is a Markov chain with some possibly time-dependent transition
matrix

Qn(a,b) = P{Z,+1 = b|Z, = a}

and discrete state space F' = {a,b,c,---}. The states of the market are not observable
and the Markov chain Z is hidden. This implies that information available to investors
is not perfect. The imperfect observations on the state of the market are given by an
observation process Y = {Y,;; n=0,1,2,---} with some discrete state space E = {i, j,---}
where Y,, is the information available in period n. The market functions according to the
unobserved process Z whose states depend on various economic factors; however, investors
in the market can only see the observed process Y. Moreover, they base their decisions on
what they observe.

The relationship between the stochastic market and the random returns is such that the
distribution of the return of risky assets in a period depends only on the unobserved state
of the market in that period. The market consists of m risky assets with random returns
R(n,a) = (Ri(n,a), R2(n,a), -, Ry(n,a)) whenever the state of the market is a in period
n. We let rix(n,a) = E [Rk(n,a)] denote the mean return of the kth asset and oy(n,a) =
Cov(Rg(n,a), Ri(n,a)) denote the covariance between kth and [th asset returns in state a

and period n. There is also a riskless asset which is typically a cash bond and the return of



Chapter 8: MODELS WITH IMPERFECT INFORMATION 69

the cash bond depends on the observed state of the market since it is known to the investor
with certainty. This allows us to assume that riskless lending or borrowing is possible with
return 77(i) if the observed market state is ¢. In such a case, the excess return of the kth
asset is

Ri(n, Zn) —r(Yy) (3.1)

in period n. As in perfect information case, X, gives the wealth and the vector u =
(ug,ug, -+ ,Up) gives the amounts invested in risky assets (1,2,---,m) at period n. As a

result the wealth dynamics equation
X1 (u) =75 (V) X + RE (Yo, Zn) w

is still valid where

R} (i,a) = R(n,a) — r¢(4).

We let
ry, (i,a) = B[Ry, (1,a)] = r(n,a) — (i) (3.2)

denote the mean vector of the excess return and
Vo (i,a) =F [Rfl (i,a) Ry, (i, a)/] =0 (n,a) +r°(i,a)r° (i,a)

denote the matrix of second moments as before. Note that the covariance matrix o (n,a) is
positive definite so one can easily see that V,, (i,a) is also positive definite.

We will use the notation F;[Z] = E[Z | Yy = i| and Var,(Z) = E;[Z% — E;[Z)? to denote
the conditional expectation and variance of any random variable Z given that the initial
market state is 3.

It is clear that the observed process Y is not necessarily a Markov chain and the state
of the stochastic market Z depends on all of the past observations of Y. The relationship
between the two processes Y and Z is made formal by enlarging the state spaces F and
F sothat E"' = Ex E x --- x E = {(ig, 1,42, -+ ,in) : ix € E} and F"" = F x F x

- x F = {(ag,a1,a2, - ,a,) : ap € F}. We also simplify our notation by letting 7,, =
(ig, 01,72, ,in) € B @, = (ag,a1,az2, -+ ,a,) € F"! denote elements of E"*! and
Ftloand Y, = (Yo,Y1,Ys, - ,Yy) and Z,, = (Zy, Z1, Za,- -+ , Zy,) denote the information

gathered and the past history of the market until period n respectively. The probabilistic



Chapter 8: MODELS WITH IMPERFECT INFORMATION 70

evolution of Y depends purely on the state of Z such that
P{Y, =i|Z, = a} = Gy(a,1)

independent of all previous states of Z and Y in any period n. Here, G is often called the
emission matrix as in the signal processing context from which the idea of HMM is driven.
Simple probabilistic arguments give

On(tn,a) = P{Z,=alV, =17}

2 P{Zo=1b0}Go(bo,i0)Qo(bo, b1)G1(b1,11) - - - Qn—1(bn-1,a)Gn(a, in)
bp—1€F™

Y. P{Zy=bo}Go(bo,i0)RQ0(bo,a1)G1(b1,i1) - - Qn-1(bn-1,bn)Gn(bn,in)

bp€Fntl
for n > 1, while
P {Z[) = CL} Go (CL, io)
> P{Zy=bo} Go(bo,io)

Oo (i,a) = P{Zy = a|Yp =io} =

boeF
for n = 0. We can now write
Pn (invjv CL) = P {Yn+l = j> ZTL = CLD_/ = in}
— On ({na CL) ZQTL (av b) Gn (ba.]) .
beF

Note that {P,}, and {O,} can easily be determined once the transition matrices {Qy},
emission matrices {G,} and the initial distribution of the true state of the market are

known.

3.1.1 Dynamic Programming Formulation

In order to solve the portfolio selection problem, we define g, (7, z, u) as the expected utility
using the investment policy u in period n and the optimal policies from period n + 1 to
period T given that the observed market state is 7, and the amount of money available for

investment is x at period n. Then,
U (tn, T) = mBXgn(ina T, u)

is the optimal expected utility using the optimal policy given observation vector 7, and
the amount of money x available for investment at period n. According to the dynamic

programming principle

gn(inax7u) =F [UnJrl (Yn+17Xn+1(u)) ‘Yn =, Xpn = l']
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and we can write the dynamic programming equation (DPE) as
Un (I, ) = mSLXE [Un+1 (?n+1, Xn+1(u)) ’Yn =7, X, = ZE] (3.3)

which can be rewritten as

On (iny @) = max > > P (0,5:0) B [vns1 ((ns ),y (in) 2+ B (i, @) w) | (3.4)

acF jek&

forn=0,1,---,T — 1 with the boundary condition vy (77, ) = U(ir, ) for all 77 € ETH1,

The solution for this problem is found by solving the DPE recursively.

3.1.2  Ezponential Utility

In this section, we assume that the utility of the investor in state 7 is given by the exponential

function
U (i, ) = K(3) - C() exp (—2/8) (3.5)

with C (i) > 0. Note that as in the case of perfect information 5 is that same for all market
states so that risk classification of the investor does not depend on the stochastic market.
Similarly, we assume that the return for the riskless asset is same for all market states so

that r¢(i) = rg for all 7. Then,

R (i,a) = Ry

(a) = R(n,a) —ry

so that both vector r{ and matrix V,, do not depend on the observed state. To simplify the
notation, we can write 7% (i,a) = rf (a) = r(n,a) —ry and V, (i,a) = V;, (a) = o (n,a) +

. (a) s (@)

Theorem 6 Let the utility function of the investor be the exponential function (3.5) and
suppose that the riskless asset return does not depend on the market state. Then, the optimal

solution of the dynamic programming equation (8.4) is
U (i, @) = Ky (1) — C (7)™ Pn

and the optimal portfolio is

Uy, (T, T) = a”(ifb)/@n—&-l (3.6)
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where
_ B o
Bn - TT* ZZP i, J,a n+1((7'n7]))7
acF jeFE
Coi) = Y3 Palinjoa)E [exp (— 5 (0) an(5))] Cosr (7, )
acl jeE

and o, (1) satisfies

YD Pultn, 5, a)Crs1 (@, ) E [Ry 1 (@) exp (—BS, (@) an(@))] = 0 (3.7)

a€F jek
for all assets k =1,2,---,m, %, € E", andn=0,1,--- ,T — 1 with boundary conditions
KT(ET) =K (iT), CT(fT) =C (ZT) .
Proof. We use induction starting with the boundary condition vy (ip,2) = K(ir) —

C(ir)exp (—z/f) and obtain

gr-1(0r-1, 2, 1) ZZPT 1(17-1, 7, @) E[U (§,ryz + Rp_y (a) w)]

acF jek
= —exp(=ry/B) Y Y Proi(tr-1,5.a)C(J) Elexp(~Rf_ (a) u/B)]
acF jekE
+ 3 ) Proa(ir1,5,0)K(j).
acl jeE
Let v* = (u},u3,--- ,u},) be the optimal amount of money that should be invested in the

risky assets so that
vr-1(ir-1, %) = max gr—1(ir—1,2,u) = gr-1 (-1, 2, u")

as in the perfect information case. The entries of the gradient vector of the objective function

are

0gr-1 (ir-1, T,
gr—1 (-1, 2,u) exp (—rsz/B) ZZPT 1(tr—1,7,a)C(j)

ou
k acF jek

B[R}y (a) exp(—R7_y (a) u/B)] /B (3-8)

and the Hessian matrix H (771, x,u) entries are

O%gr—1 (ir—1, z,u) 1
y Ly = exXp (—Trx P z .7 C
Our 0y 52 p(=rsz/B) ;J; r-1 (101, 7, a) C(j)

E [Ry_y 4 (a) R p_y (a) exp(—R5_y (a) u/B)]
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Let z = (21, -+ , zm) be any non-zero column vector where z;’s are real numbers. Then, one

can see that

1
ZTH(iT,]JJS,’U,)Z - —72€Xp fo/ﬁ ZZPT 1 /LT 1)]) )C(])

’8 acF jekE

m 2
E (szR%_l,k <a>) exp(—(rjz + Ry (a)'w)/B)

k=1

which is always less than or equal to zero since all Pr_; (77-1, j,a) and C(j) are all positive.
Thus, H (vr—1,x,u) is negative semi-definite and we can find the optimal solution by setting

the gradient (3.8) equal to zero to obtain the optimality condition

> Proa(ir-1,4,a)C(G)E Ry (a) exp(—RG_ (a) w*/B)] /B=0  (3.9)

acF jeE
for all k =1,2,---,m. Since there is no dependence on z in (3.9), u}_,(7r_1,x) does not
depend on z and uw}_,(i7—1,2) = wp_;(i7r—1). Letting ar_1 (vr—1) = wp_q (27—-1) /5, we
obtain w}_,(i7-1,2) = ar_1 (t7r—1) B and this gives optimality condition (3.7). When the

value function at time 7" — 1 is rewritten for the optimal policy, we obtain

vr—1(7, ) ZZPT 1(ir—1,7,a)C(j) exp(—rsx/B)E[— exp (—R$_; (a) ar—1 (t7-1))]

a€F jek

4 Z ZPT_l (tr-1,4,0) K(j)

acl jek

= Kr_1(t7-1) — Cr—1(t7—1) exp(—x/Br_1)

and the value function is still exponential like the utility function. This shows that the
induction hypothesis holds for n =T — 1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T7—2, - -- ,n. Then,

for period n — 1,

gn—l(in—hx:u) = ZZPN—I (7n—17j7a)E[ ((7’71 15J ) fo+R ( ),u)]

acF jekE

= —exp(=rs2/B,) Y D Paci (tn-1,4,0) Cl(in-1,5))

acF jeFE

B [exp (— 1 (a)'u/ﬁn)}
+ Z Z P,_4 (in_l,j, a) K, ((in—laj)) :

acF jek
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One can easily see that the Hessian matrix of g,,—1 (7,—1, 2, u) is negative semi-definite like

the Hessian matrix of gr—1 (o7—1, 2, u) . Let u)_;(2,—1,2) be the optimal policy such that
Un—1 (Zn—la CC) = mgx gn—l(in—la €, u) = gn—l(in—h z, u;szl)‘

If we take the gradient of g,—1(i,—1, x,u) with respect to u and set it equal to 0, we get the

optimality condition

YD Paciltn 5, a)Cn((tn-1, 1) E [Ri_y 1 (@) exp(=R5,_y (a) ujy_y/B,)] = 0. (3.10)

acl jeE

Since there is no dependence on z in (3.10), u’_;(in—1,2) does not depend on x and
w1 (in—1,2) = u}_1(in—1). Letting ap—1(2n) = u)_1(in—1)/B, we obtain u} _,(tp_1,2) =
an—1(1p—1)0,, and this gives optimality condition (3.7). If we insert the optimal policy in

the value function, we can see that

Un71(7n717$) = _Zzpnfl (anlvjya) Ch ((anlaj))

acF jeE
-E [exp (= (ryz/B, + Ri_y (a) an—1(in-1)))]

+ Z Z P,_4 (fn_l,j, (l) K, ((in—laj))

acF jek

= —exp(=r2/B,) D D Pt (n-1,5,0) Co (11, )

a€F jEE
B [exp (RS (a) 010 1)]

+ Z Z P,_4 (Zn_l,j, (l) K, ((in—laj))

a€F jeE
= Kn—l (in—l) - Cn—l(in—l) exp(_x//@n—l)

and this completes the proof. m
In Theorem 6, we have found a closed-form solution for the optimal portfolio. We
can further characterize the optimal policy by noting from (3.7) that the optimal solution
satisfies
DD Palin, 5,a)Coa (1, 1)) E [(Ru i (@) = rg) exp (= (Rn (@) = 75) an(in))] = 0
acF jeE
which implies

Z Z Pn(imj’ Q)Cn-i-l((inaj))E [(Rn,k (a) - Tf) exXp (_Rn (a)l O‘”(Z”))] =0

acF jekE
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and

D acF ZjeE P(tn §,a)Cry1((tn, ) E [Rn,k (a) exp (_Rn (a)/ O‘n(in))]
> acF ZjeE P (tns 4, a)Crg1 ((tn, ) E [exp (_Rn (a)/ an(z’n))}

for all assets k =1,2,--- ,m.

=7 (3.11)

A significant characterization implied by the optimal solution (3.6) is that the optimal
distribution of wealth invested on the risky assets depend on the state of the market, but
it is independent of the wealth level. If the market is in state 7,, in period n, then the total
amount of money invested on the risky assets is

m
1 (52,) = V()81 = ey > sl
f —

which does not depend on the current wealth level . Moreover, the proportion on wealth
allocated for asset k is

an,k(in)

Wi k() = ———— (3.12)

> k()

k=1
which is also totally independent of wealth . But if we examine the optimality condition
(3.7) we see that the optimal portfolio policy depends on the {C,,} values contrarily to the
perfect information case. This is a very interesting observation. In the perfect information
case, the optimal policy of the investor is independent of the transition matrix {Q,} of the
stochastic market, but if the state of the market cannot be observed the investor must take
the transition matrix into consideration.

The memorylessness property of the exponential utility function is still valid. Like the
memorylessness property of the exponential distribution that is associated with time, the
exponential utility function implies a similar property associated with the wealth of the
investor. The investor is memoryless in the sense that his current wealth level does not
affect how he chooses to allocate his money among the risky assets. However, note that

there is randomness involved in this choice due to the randomly changing market conditions.
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Evolution of Wealth

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xny1 = rpXp+ RE(Z) ul (Yo, Xy)
= 14 Xn+ RS(Zy) o (Y0) B

ny1

= 7 X + TR (Z,) an (Vo) 5.
Define the random variable
Ay, (Zm a) = RZ(a)’an (7n)

with mean

ap (n,a) = FE[A, (tn,a)]=FE [RZ(a)'an (Zn)]
= ra(a) an (i)
and second moment
G (0:0) = B [An (10,0)°] = B o (5)' B (@) R (0) (7))

= an (@) Vi (a) ay ()
which gives the variance
Var (Ay, (in, a)) = @ (in, @) — an (in, a)? .

Now, we will show that the wealth process is given by

n—1

Xn = T}LXQ + 'I’?_Tﬂ Z Ak (Yk, Zk)
k=0

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

using the induction method where the sum on the right-hand side is set to zero when n = 0.

The induction hypothesis holds trivially for n = 0. Suppose (3.18) holds for some n > 0. If

we write X,,11 using the wealth dynamics equation (3.13)

Xnp1 = 1pXn +rf A (Yo, Z,) B

n—1

= X +rpttTE Y AL (Vi Zi) At T A (Yo, Z0) B

k=0

n
= T?+1X0 + T’?+17Tﬁ Z Ak (Yk, Zk>
k=0
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we see that the induction hypothesis also holds for n + 1. So, we can conclude that the
wealth process can be written as in (3.18), and the terminal wealth is

T-1

k=0

forn="1T.

Given Xy = xg, the expected value of the terminal wealth satisfies
E;i[Xr]=rfxo+m(i,T) B

where
T—1

m (i,T) =Y E; [Ay (Y, Zs)] (3.20)
k=0

and the variance of the terminal wealth satisfies
Var; (X7) = v* (i, T) 8

where

T—-1
v? (i, T) = Var; (Z Ai (Y, Zk)> . (3.21)

k=0
We see that both the return and the standard deviation of X1 depends linearly on 8. This

shows that the exponential frontier is the line

m (i, T)
v (i, T)

where SD; (X7)) = /Var; (Xr). Note that m (i,7) and v (i,T) can easily be computed

E; [Xr] =rfzo+ ( > SD; (X7)

through linear operations. The computational process is outlined next.

Computational Formulas

Define transition probabilities of the process (57, Z ) such that

Tn,k ((Zny a) ) (EnJrka b)) =P {?nJrk =tk Ltk = b|17 =1, Ln = (Z}
where ip1 1 = (Tn, Int1,%n+42, - 5 intk). We can determine T), , using a recursive algorithm
with initial condition
Tn,l ((va a) ) ((7n,’in+1), b)) = P {Yn+1 = in+t1, ZnJrl = b|}7 =n, Ln = CL}

= Qn(a,b)Gpi1(byint1)



Chapter 8: MODELS WITH IMPERFECT INFORMATION

78

and the recursion

Dok ((tnya) s (tngr, b)) = Z T k-1 ((n, @) , (tnk—1, bk—1))
bp_1€F

“Qntk—1 (0k—1,0) Grgr (byinsr)

for k > 2.

It follows that these transition probabilities can be computed directly using

T ((nsa), (g b)) = > Qu(a,b1) Gugr (b1ins1) Quoa (b, b2)

b1,b2, b1 EF
Gnt2 (b2, in42) -+ Qutk—1 (bg—1,0) Gtk (b, intr)

for Itk = (Zna Int1, " Zn—l—k)

We can also determine the distribution of (Yk, Zk) using

Ti (i, (b)) = P{Yp =1, Z = b|Yp =i}

= > PMi=u,Zy=bYo=i,Z0=a} P{Zy=a|Yo=1i}
acF

= > Tox((i.a), (i, b)) Oo (i, a)

acF
= Z Op (i,a) Qo (a,b1) G1 (b1,41) Q1 (b1, b2) G2 (b2, i2)
a,by,ba, - b _1EF

- Qi1 (bp—1,b) Gy, (b, 11,)

for k> 1 and 3, = (4,41, - - ,ig). Note that Too ((4,a), (i0,b)) = I (i,i0) I (a,b) trivially.

Using these results we can rewrite (3.20) as

N
—

m(i,T) = > P{Yy = 1w, Zy, = b|Yo = 1} &, (w, b)
=0 i1,’i2,---,ik€E,b€F
1

= > Ty, (i, (71, b)) & (i, b) .

k=0 i1,i2,- ir€E,bEF

"ﬂ??‘

where 79 = 1.
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Similarly, (3.21) becomes

~
I

1
v? (i, T) =

=
ks

Ag (Y, Zk))

~

L

~

L
i

— Cov; (A (Yk, Zk) A (Ymv Zm))

=

gl
3
I
o

T-1 T-1

= Var; (Ak (Yk, Zk)) + 2 Z Z Cov; (Ak (Yk, Zk) A, (Ym, Zm))
k=0 m=k+1

P T
|
- o

- (Ez [(Ak: (Yk,Zk))Z} — Ei [A (Yk’Z’“)]z)

1

bl
I
~
L
v

_|_
[N}

(i [Ax (Vi Ze) Aun (Yin, Zin)]

b
g
3

yr
+

~E; [Ax (Ve 24)] Bt [An (Vo Zn)] )

and we can write

T—

v (i,T) = ( Y Tuli (b)) (@, b)

k=0 igEBbEF

2
- ( > Te (i, (%, b)) ok (Zk:,b)) )
1,2 iR EELDER
T—1T-1-n
+2) 0 > ( > T (i, (%, b)) & (2, b)

k=0 m=Fk+1 - ix€EEDEF

—_

> Thom—t (T, 0) s (Bms €)) G (T c))

fjg1 - im EE,cEF

T-1 T-1
—22 Z ( ‘ Z %(ia(zkvb))ak(zkvb))

k=0 m=k+1 -ik€EEbEF

. ( | 3 T (3, (T, b)) @ (zm,b))

< imEEDEF

where 49 = 1.
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3.1.8 Logarithmic Utility

In this section, we assume that the utility of the investor in state ¢ is given by the logarithmic
function
Uiz = K@)+ C(i)log(x+5) z+5>0 (3.22)
—0 r+56<0
with C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute risk aversion
is simply equal to r(z) = 1/(8 + =) > 0 for all ¢ so that b =1 and a = /5 in Table 1.1. Note
that 8 is the same for all market states so that risk classification of the investor does not
depend on the stochastic market. Similarly, we assume that the return for the riskless asset
is the same for all market states so that ry(i) = ry for all 7.
We will first consider a generic optimization problem of the form
e[\
m@z}xaezFuaE [log (R° (a)' u+ ¢)] (3.23)
where ¢ > 0 is any constant, u is any measure on F', and R° (a) is a random vector for any

a € F. Now, let

Ale)={u:P{R*(a) u+c>0} =1}
be the set of all possible investment policies that gives finite expected utility so that
|E [log (R®(a)' u+c)]| < +oo for u € A(c). It can be seen that u = (u1,uz, - ,Up) =
(0,0,---,0) € A(c) satisfies this condition trivially for all ¢ > 0. So, A (c) is not empty.
Also, let u, w € A(c), then R®(a) u+c > 0, and R® (a) w + ¢ > 0 implies that

AR (a)' u+ (1= NR®(a) w+c>0

so that Au + (1 =N w € A(c) for all 0 < A < 1. Therefore, the solution set A (c) is
nonempty and convex. The gradient vector of the objection function g (u) can be defined
as g (u) =3 ,cp HoE [log (R® (a) u+ )] and is given by

0g (u RS (a
ot =80 5 [ Tl ]

acF

while the Hessian matrix is

0% (u) )
2 — —
Vk,lg (U) - aUkaU[ - = /j’aE

R (a) Rj (a)
(Re (a) u+ 0)2

for all k, 1.
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The first order optimality condition to find the optimal solution of (3.23) is obtained by

setting the gradient vector equal to zero so that

> wE [R%} =0 (3.24)

acF
for all k.

Let z = (21, , zm) be any non-zero column vector where z;’s are real numbers. Then,

| &)
poE | ==

oy (Re (a) u+ 0)2

one can see that

ZVQ

Thus, the Hessian matrix \/2g (u) is negative semi-definite and if there is a solution u € A (c)
satisfying the first order condition (3.24), it must be optimal. Throughout this chapter, we
assume that the excess returns are such that there is a solution of the first order condition

(3.24) in A(c) for all {R¢ (a)} and ¢ > 0.

Theorem 7 Let the utility function of the investor be the logarithmic function (3.22) and
suppose that the riskless asset return does not depend on the market state. Then, the optimal

solution of the dynamic programming equation (8.4) is
Un(tn, ) = Kn (1) + Cn(tn) log(z + ,,)

and the optimal portfolio is

W (i, ) = () (152 + Brps) (3.25)
where
By = ) Cali) = 323 Pa(0r120) Cor (s ).
T acl jeE
Kn@) = 303 Pl a) (Kusr (G, )
acF jeE

i1 (1) B [10g (g (1+ B (@) an(3)))] )

and o, (1) satisfies

SN Pl 4, @)t (10,9)) B

acF jekE

i,k (a) _
TR (o) an@n)] ! (320
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for all assets k=1,2,---,m, &, € E", andn=0,1,--- ,T — 1 with boundary conditions
KT(fT) =K (iT), CT(ZT) =C (’LT) .

Proof. We use induction starting with the boundary condition vy (vr,z) = K(ir) +

C(ir)log (z + ) and obtain

gr—1(r—1,z,u) = > Y Py (ir_1,j,0) E[U(j,rsz + RS, (a) w)]
acF jekE

= Z Z Pr_y (ir-1,34,a) C (§) Ellog(rjz + Ry (a) u + B)]
a€F jekE

+ Z Z Pr_1(ir-1,7,a)K(j).

acF jeFE

Let u* = (uf,ud,--- ,u},) be the optimal amount of money that should be invested in the

risky assets so that
vr-1(tr-1, %) = max gr—1(ir-1, %, u) = gr-1(or-1, 2, u")

as in the perfect information case. One can see that the optimization problem of maximizing
the objective function gr_1(77r—1,2,u) is similar to the optimization problem (3.23) where
the coefficients p, = > ;cp Pr—1 (ir-1,7,a) C (j) and ¢ = rgx + B. Therefore, using our
assumption, we can write the optimality condition (3.24) as

R} (a)

7 =0
rix+ RS (a) u* +

Z Z Pr_1(ir-1,5,a)C(j) E

acF jek

for all k =1,2,---,m. Define ar_q (7r—1,2) = wp_, (tr—1,2) / (rgz + B). The optimality

condition can now be rewritten as

. . Ry, (a)
ZZPTA (1r-1,4,0)C () E 1+ Re Yo - ] =0
a€F jEE + RS, (a) ar—1 (i7—1,x)
which is the condition (3.26) for n = T — 1 since there is no dependence on z and

ar—1 (tr—1,x) = ar—1 (ir—1).

When the value function at time 7" — 1 is rewritten for the optimal policy, we obtain

vp—1(ir—1,x) = Z Z Pr_y (i7-1,3,a) (K(J)

acF jeFE

+ C(j)Ellog (ry (1+ Ry (a) ar-1 (1)) )])

+ Z Z PT_l(fT_l,j; a)C(]) log(m + /B/Tf)

acl jek

= Kr_1 (vp—1) + Cr_1(2p—1) log(z + Br_4)
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and the value function is still logarithmic like the utility function. This completes the proof
forn=T—1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T—2,--- ,n. Then,

for period n — 1,

gn—1 ln 1,xu ZZP” 1 ln 1,J,0 )E[ ((Zn 15J ) fo—i_R ( )u)]

acF jek
= 3 S Pt (a1, 0) Gl 1, ) Ellogrg + Ry (a) w4 5,)]
acF jek
+ Z Z Pn—l (in—l’j7 a) Kn((in—l’j))‘
acF jek

Let u)_1(2p—1,2) be the optimal policy such that
Un—1 (anla 1‘) = mqi%Xgnfl(anla z, ’LL) = gnfl(znfla xz, uq*z—l)-

It is clear, once again, that the objective function ¢,,—1 (7,1, x, ) is in the form of the generic
objective function in (3.23) with 1, = 3 ;cp Pa—1 (11,4, a) Cn((tn-1,7)) and ¢ = rpz+ 3,

Therefore, the optimal solution can be found using the first order condition

- . n—1(a)
Pn—l(ln—la]a Q)Cn((zn—laj))E ! =0
22 S NI
and defining o1 (-1, 2) = u* (tp—1, ) / (ryz + B) we get
¢ . (a
Zzpnfl(znflvjv a)cn((znflaj))E 1+ Re TL,]. ( ) — ] = 0. (3'27)
a€F jeE + Ry (a) an-1 (-1, )

Since there is no dependence on z in (3.27), « (7,—1, ) does not depend on z and « (7,,—1,x) =
a(tp—1). So, u)_i(tn—1,2) = a(tn—1) (rfr + B,) and this gives the optimality condition
(3.26).

If we insert the optimal policy in the value function, we can see that

Un—1 Zn 1, T ZZP” 1 Zn 1,J,0 )(Kn((zn—laj))

acF jekE

+C ((tn—-1,7)) F [log (rf ( + R, (a)'an_l(in_l)))])
+ Z Z Pn—l (Zn—laja a) Cn ((in—laj)) IOg(.’L‘ + ,Bn/T’f)

acF jek

- Kn—l (in—l) + Cn—l(in—l) log(x + /anl)
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and this completes the proof. m

Note that the structure of the optimal solution in (3.25) is such that the optimal dis-
tribution of wealth invested in the risky assets depend only on the state of the market
independent of time. If the market is in state ¢ in period n, then the total amount of money
invested on the risky assets is

Y - /B m ~
'u) (tn, ) = Van () (rpz + Boyg) = | rrz + ) g Q1o (Tn)
r -
¥ k=1

and the proportion on wealth allocated for asset k in the risky portfolio is

wn,k(in) - M (328)

m
> g (i)
k=1

which is totally independent of wealth x. The optimal policy specified by (3.25) is not
static in time since it depends on n, and it is not memoryless in wealth since it depends on
x. However, (3.28) clearly indicates that the composition of the risky part of the optimal
portfolio only depends on the market state and time. The risky portfolio composition is
memoryless. It satisfies the separation property in the sense that it represents the single fund
of risky assets that logarithmic investors choose. The amount of total wealth allocated for
risky assets depend on the level of wealth, but the composition of the risky assets depend only
on the market state and time. This composition, however, is random due to the randomly
changing market conditions in time. Our results are of course consistent with similar work
in the literature on logarithmic utility functions, but the stochastic market approach makes
our model more realistic without causing substantial difficulty in the analysis. Another
important observation is that the structure of the optimal portfolio is not affected by the
transition matrix {@,} of the stochastic market. It only depends on the joint distribution
of the risky asset returns as prescribed by (3.26) in a given market state, irrespective of

future expectations on the stochastic market.
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Evolution of Wealth

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xpt1 = 1¢Xn + R(Zp) ul (Yo, Xy)
= i Xn+ R(Zn) an(Yn) (15X + Bry1)
= X (14 A (Yo, Z0)) + 77T AL (Yo, Zn) B (3.29)

where A, (75, a) is defined in (3.14).
Define
(Cn (331,3327"- 7:’671) = H (1 +$k) -1
k=1

as the sum of all combinations of the products of n variables for n > 1, and set Cy = 0.
Now, we will show that the wealth process is

n—1

Xn =1%Xo H (1+ Ay (Ye, Zi)) + T?_Tﬁ(cn (Ao (Yo, Z0) ,++ , An—1 (Y1, Zn-1)) (3.30)
k=0

using induction where the product on the right hand side is set to 1 when n = 0. The
induction hypothesis holds trivially for n = 0. Suppose (3.30) holds for some n > 0. If we

write X,,4+1 using the wealth dynamics equation (3.29)

Xop1 = 17X, (14 An(Ya, Zy)) + r}lH*TAn(Yn, Z,)p

= X [T (14 A (Vi Z0)) + 17778 [(L+ Au(Ya, Z0)
k=0
- Cp (Ao (Yo, Zo) , A1 (Y1, Z1) -+ s Anct (Ya1, Zoc1)) + An(Va, Z0)]

= n+1X H + Ak: Yk‘; Zk:)) + T}L+17T/8Cn+1 (AU (}70) ZO) [ ;An (an Zn))

and we see that the induction hypothesis also holds for n + 1. So, we conclude that the
wealth process can be written as in (3.30) and, for n = T', we can find the terminal wealth

as

T-1
Xr = 7} Xo H (14 Ak (Ya, Zr)) + BCr (Ao (Yo, Z0) -+, Ar—1 (Yr-1,Z7-1))
k=0
= 11 Xo+ (rf Xo+ ) Cr (Ao (Yo, Z0) , A1 (Y1, Z1) -+, Ar—1 (Y1, Zr-1)) -
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Given Xy = xg, the expected value of the terminal wealth satisfies

E; [ Xr1] = T?l‘o + (7“;‘5:):0 + B8) my (i, T) (3.31)

where
m (i, T) = E: [Cr (Ao (Yo, Zo) , Ay (Vi, Z1) -, Ay (V1. Zr1))] (3.32)

and the variance of the terminal wealth satisfies

Var; (X7) = (rFao + 8)° o} (i, T) (3.33)

where
of (i,T) = Var; (Cr (Ao (Yo, Zo) , A1 (Y1, Z1) -+, Ar—y (Yr_1, Zr-1))) - (3.34)

We can clearly see from (3.31) and (3.33) that both the return and the standard deviation

of X7 depends linearly on 5. This shows that the logarithmic frontier is the straight line

my (3,7)
vy (3,7T)

where SD; (X7)) = /Var; (X7). In other words, the expected value and standard deviation

E; [Xr] =rfxo+ ( ) SD; (X71)

of the terminal wealth fall on this straight line when they are calculated and plotted for
different values of 3. Also, it cuts the zero-risk line at F; [Xp| = r;‘f:cg as expected. The
reason for this is that for zero-risk level investor puts all of his money on the riskless asset.
The return of the riskless asset until the terminal time T is T}F, and the wealth at the

terminal time will be r}rmo for sure. The risk premium for the logarithmic investor is given

by the ratio m; (¢, T) /v (¢,T).

Computational Formulas

The computation of m; (¢,7") and v; (¢,7") are possible although they are not as simple as
their counterparts for the exponential utility case. We will use the definition (2.60) whenever

appropriate. Note that,

T—1
my (i, T) = E; H(1+Ak(Yk,Zk))—1]
k=0
T-1 ~ B B
= E |E | [] 0+ A (Y Ze)) — 1| Zr—1, Y7

k=0
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and, since the returns in different periods are independent given the market states, we obtain

T—1
m (i,T) = Ei |[] (1 +ax (Vi Z2)) -1 (3.35)
k=0

= E;[Cr(ao (Yo, Z0),a1 (Y1, 21) -+ sar—1 (Yr_1, Zp-1))]

Given Yy = 4, the conditional joint distribution of Yy_1, Zp_; is

P { YT,1 =7r_1, ZT,1 = ELTfl‘ Yo = ’L} = 1 (i, io) Oy (i, ao) (336)
T-2
1T @x (ars 1) Gt (ania,ig)
k=0

where the product on the right-hand side of (3.36) is set to be equal to 1 when T'= 1, and

the expected return of terminal wealth(3.35) can be found by using this distribution so that

T2
my (1, T) = Z Z (4,70) Oo (i, ao) H Qk (ak, arg1) Grgr (ap1, ix1§3.37)
ar_1€FT 1p_1€ET k=0
'(CT (&0 (Z) (10) , 1 (il) (l]_) yrot (inla aT*l)) .

To determine the variance v? (i, T'), we first calculate the second moment as

W) — BT (0 A (7 20)) - 1)2]

T-1 2
= FE; |E; (H (1+ Ap (Vi Zi)) — 1) Zr_1,Yrq

k=0
B T—1
= E|E | ] 0+ A (Y Z)" -
L k=0
T—1 ~
2 H (1+Ap (Yi, Z1)) + 1| Zp—1, Y71
k=0

k=0
T-1

—1-2]] ( +ar (Ve Zi)) - 2
k=0

200 (Yo, Zo) + o (Yo, Z0)
2ar-1 (Yr—1, Zr—1) + ar—1 (Yr—1, Z7-1)
—2E; [Cp (a0 (Yo, Zo) ,ou (Y1, Z1) -+ sar—1 (Yr-1, Z7-1)) ]

= E; |[Cr
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which can be found using the conditional distribution (3.36) as in (3.37). Finally, the

variance becomes v? (i, T) = s; (i, T) — my (i, T)*.

3.1.4 Simple Logarithmic Utility

In this section, we assume that the utility of the investor in state 4 is given by the simple

logarithmic function
Ulivz) = K(i)+ C(i)log(z) =>0 (3.38)
—00 <0
with C'(7) > 0 and 8 = 0. In this part, we can relax the assumption on risk free rate as
7t (7) now depends on the observed market state. Note that this structure implies R, (i,a) =
R (n,a)—ry (i) which depends on a as well as . We still need the assumptions on the return
distributions as in Section 3.1.3. Therefore, for an optimization problem of the form

max Z 1o E [log (R° (i,a) u+c)] (3.39)
acF

we assume that the excess returns are such that the solution to the first order condition is
in the feasible set. We therefore suppose that for any measure p on F', any state ¢ € F/, and
any period n, the following equation

> uE [HR(“‘))Q] =0 (3.40)

a€F (

has a unique solution o € R™.

Theorem 8 Let the utility function of the investor be the logarithmic function (3.38).

Then, the optimal solution of the dynamic programming equation (3.4) is
U (tn, ) = Ky (1) + Cr(2p,) log(z)
and the optimal portfolio is
Uy, (Tn, ) = o (Tn)75 (in)
where

Cn (fn) = Z Z P, (Zn7j7 CL) CTL+1 ((Z'm])) )

acl jekE

Kn ({n> = Z Z P’rL (znuj? a) (Kn—i-l ((Envj))

acF jek

+Cost (in, ) B [108 (g (in) (1 + B, (ins @) ()] )
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and o, (1) satisfies

_ . _ . sz,k (im a)
Zan(ln,],a)cn-',—l((ln,]))E 1 Re (i / — =0 (341)
acel jeE + n (va CL) an(zn)

for all assets k =1,2,--- ,m, 7, € E", andn=0,1,--- ,T — 1 with boundary conditions

KT(fT) =K (iT), CT(fT) =C (ZT) .

Proof. We will show that the recursion is true by induction starting with the boundary
condition vy (77, z) = K(ir) + C(ir)log (z) and obtain

gr—1(r—1,2,u) = Z Z Pr1 (ir-1,4,a) B[U(j,rf (ir—1)  + Ry_y (ir—1,0) u)]
acF jeE

= 3 P14, 0)CG)Bllog(ry (i) @ + By (ir-1,a) )
acF jek&

+ 35 Proa(ir1, 4. 0)K ().

a€F jekE
Let v* = (u},u, -+ ,u},) be the optimal amount of money that should be invested in the

risky assets so that
vr-1(tr-1, %) = max gr—1(ir-1, 1) = gr-1(or-1, 2, u")

as in the perfect information case.

Note that the optimization problem of maximizing the objective function gr_1 (v7—1, 2, u)
is similar to the optimization problem of (3.39) where p, = >_,cp Pr—1 (vr-1,j,a) C (j) and
¢ =1y (ir—1) x. Therefore, similar to Theorem 7, we can find the optimal portfolio by setting
the gradient equal to zero so that (3.41) becomes

R%fl,k (ir-1,0a) —0
rf (iT—l) x + R%fl (iT_l, a)'u*

Z Z PT_l(ZT—l,ja G)C(])E

acl jeFE

for all k = 1,2,--- ,m. Define ar_1(or—1,2) = wp_4(or—1,2)/ry (ir—1) x. The optimality

condition can now be rewritten as

Z Z Pr_i(tr-1,4,a)C(j)E

acF jekE

(3.42)

ReT—l,k (ir—1,0a) —0
14+ RS (ir—1, a)/ a(ir_1,x) ’

Since there is no dependence on x in (3.42), a (77-1, ) does not depend on x and therefore

a(ir—1,2) = a(i7—1). So, we obtain wh_,(7r—1,2) = ap_1 (77—1) ry (i7—1) * where ar_4
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satisfies (3.41). When the value function at time 7" — 1 is rewritten for the optimal policy,

we obtain

vra(iro1,2) =YY Proa(ir-1,5,a)C(j)log (x) + Y > Proa(ir-1,4,a) (K(j)

acF jekE acF jekE

+C(])E [log (T‘f (’L'Tfl) (1 + R%—l (’L'Tfl, a)loz (szl)))])

= Kpr_1 (tr—1) + Cr—1(7r—1) log(x)

and the value function is still logarithmic like the utility function. This completes the proof
forn=1T —1.
Suppose now that the induction hypothesis holds for periods T',7—1,T7—2, - -- ,n. Then,

for period n — 1,

gn—l(in—lvxvu)zzzpn—l (in—lvjva)E[ ((Zn 1,J ) Tf(zn 1)$+Rn 1(Zn 1,0 )Iu)]
acl jekE

— Z Z Pnfl (771717.].7 CL) Cn ((Enflyj)) E[log('rf (Z.nfl) x

acl jekE

+ R, (ir-1,0) W]+ )Y Pact (tn-1,5,0) Kn ((30-1,9)) -

acF jeE

Let u)_1(2p—1,2) be the optimal policy such that
Un—l@n—la CC) = mgx gn—l(in—la z, u) = gn—l(in—ly z, U;q)- (343)

Note that this optimization problem defined in (3.43) is similar to the problem in (3.39)
with pg = > icp Pae1 (tn-1,J,a) Cn ((tn—1,7)) and ¢ = ry (in—1) z. If we take the gradient

of gn—1(2p—1, z,u) with respect to u and set it equal to 0, we get the optimality condition

szfl (in—lv a)

P, 71(5 ,1,j,a)C’ ((z ,1,j))E . _ =0 (344)

22 Pl G o I | e
after taking u)_;(7—1,2) = a(tn—1,2)rf (in—1)x. Since there is no dependence on z
n (3.44), a(ir—1,z) does not depend on z and «(in—1,2) = a(ip—1) and we obtain

uy_1(in—1,%) = (tn—1)rf (in—1)x which gives (3.41). If we insert the optimal policy in
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the value function, we can see that

'Un—l(in—ly x) = Z Z Pn—l(zn—laja a)cn((in—l,j)) IOg (ZU)

acF jekE

+ Z Z PTfl(fnfl,j, CL) (Kn((inflyj))

acF jekE

+Cp((in-1,5))E [log (rs (in-1) (1 + RS _1 (in-1,0) @ (1,-1)))])

= K,_1 (anl) + Cnfl(znfl) log(fﬁ)

and this completes the proof. m

In this special case with 8 = 0, at any time n, the total amount of money invested in the
risky assets depends on the observed market states 7, and wealth x. Since the total risky
investment is 1'w (2, ) = 'y (in)7f (i), it follows that 1’ (2,)r(in) is the proportion
of total wealth that is invested in the risky assets. Moreover, as in the general logarithmic
case, the composition of the risky portfolio also depends only on 7, independent of the
available wealth x.

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xpt1 = 1(Ya)Xn + RS(Yn, Zn)'ul, (Yo, Xn)

= anf(yn) (1 + Ap (Yna Zn)) = XnBn (Yn’ Zn)

where By (7, a) = r¢(ix) (1 + Ag (2, a)) . Clearly, the solution is

n—1

X =Xo | [ Br (Y. Zs) (3.45)
k=0

for n > 1, and this simple structure can be exploited to analyze the terminal wealth Xp. In

particular, given Xg = zg
my (i,T) = E;[X7] = o (1 + E; [Cr (bo (Yo, Z0) — 1, ,br—1 (Yr_1,Z7-1) — 1)]) (3.46)

where by, (fk, a) =F [Bk (ik, CL)] =F [Tf(ik) (1 + Ak(fk, a))] = T‘f(ik) (1 + ag (ik, CL)) . Note
that the expected value of terminal wealth (3.46) can be calculated using the joint distrib-

ution (3.36) as in (3.37). The second moment is

Si (’L,T) = E,L[X%] = LL'(2) (1 + E,L [CT (l_)o (YU, ZU) — 1, s ,l_)T_l (?T—la ZT—l) — 1)]) (347)
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where by (7,a) = E [Bk (zk,a)z} = 74(ix)2B[(1 + Ay ))?] = r4(ir)2(1 + 26 (7, a) +
&(ig,a)), which can also be calculated using the joint distribution (3.36.) Finally, the
variance is Var; (X1) = v? (i,T) = s; (i, T) — my (4, T)?.

The log-return at the terminal time 7" is

T—1
In (Xr/Xo) = Y In(By (Vi, Zk))
k=0
so that the mean is

T—

E;[In(Xr/Xo)] = > Y I(iyio)Oo(i,a0)

k=0 ar_,cFT 2p_,cET

[y

k—1
1 @n (@0 ans1) Gt (@ns1,ingr) E (B (3, ax))]

n=0
3.1.5 Power Utility

In this section, we assume that the utility of the investor in state ¢ is given by the logarithmic
function

Uli,z) = K (i) + C (4)

(“”’JfYW (3.48)

with C (7) > 0 and 7 (i) = r still holds. Note that Pratt-Arrow ratio can be calculated as
r(x) = (1 —+)/(z — pB) for all i so that b=1/(1 — ) and a = /(v — 1) in Table 1.1. In
this chapter, we assume that the utility function (3.48) is well-defined for all possible values
of x. For example, if (z — ) < 0 is possible, then we exclude v = 1/2 in our analysis. If
we need to include these values of v, we can define the utility function to be —oo whenever
(3.48) is not well-defined and make appropriate assumptions on excess returns {R¢ (a)} as
in Section 3.1.3. For U(i,z) to be a legitimate utility function some additional restrictions
may be imposed, but we do not dwell with such technical issues here. Note that v and § is
the same for all market states so that risk classification of the investor does not depend on
the stochastic market.

We will first consider an optimization problem of the form

max Z wo

acF

(R¢(a) u+c)’
Y

(3.49)

where R€ (a) is a random vector, and p is any measure on F' for any a. The gradient vector
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of the objection function g (u) is given by

0g (u _
Vig () = 29 5 B[Ry (0) (RS @)t o) ]
auk acF
while the Hessian matrix is
Vi) = 220 _ (1) S B[Ry ) B (@) (R (@) ut o))
k,l aukaul = a k 1

for all k, 1.
The first order optimality condition to find the optimal solution of (3.49) is obtained by

setting the gradient vector equal to zero so that

> 1 B (a) (B (@) u+) '] =0 (3.50)
acF
for all k =1,2,--- ,m. Let z = (21, , z;,) be any non-zero column vector where z;’s are

real numbers. Then, one can see that

m 2
27 gu)z=(y—1) Z po F (Z 2, R° (a)) (R°(a)' u+ 0)772 . (3.51)

acel k=1

Throughout this chapter, we assume that the excess returns { RS, (a)} and the parameters
of the utility function are such that there is always an optimal solution of (3.49) that satisfies
the first order conditions (3.50). Note that this requirement does not necessarily impose
concavity restriction on the objective function. We only require that the optimal solution
is at an interior point which satisfies the necessary conditions of optimality (3.50). Our
purpose is to identify the structure of the optimal policy and we will not dwell will these
technical details on optimization. This is of course an important issue and we do not intend
to undermine its significance.

We now consider some possible cases to illustrate how one can approach this technical
problem. If v — 2 is even, then the Hessian matrix y72g in (3.51) is negative semi-definite
provided that v < 1 and the optimal solution satisfies (3.50) since we have an unconstrained
concave maximization problem. If v — 2 is not even and v < 1, then the objective function

is concave over the set

Ae) = {u : P{(Re (@) ute) 2> 0} - 1} (3.52)



Chapter 8: MODELS WITH IMPERFECT INFORMATION 94

and we need additional restrictions on the excess returns {R® (a)} ; like the existence of a
solution of the first order condition (3.50) in A(c) for all ¢. In case v > 1, it suffices to

reverse the inequality in (3.52).

Theorem 9 Let the utility function of the investor be the power function (3.48) and suppose
that the riskless asset return does not depend on the market state. Then, the optimal solution

of the dynamic programming equation (8.4) is

on(tn, ) = Ko (in) + (Jn(zn)("’““f”)7
and the optimal portfolio is
W (i, ) = () (152 + Brpy) (3.53)
where
Brn = %a Ky (1) = Z Z P (i, J,a) Kny1 (20, ) 5
Tr acF jeE
Chn (tn) = Z Z Py (i, J, a) Cos1 (i, 5)) B [(Tf (1 + R, (a) o (in)))v]
acF jek

and o, (1) satisfies

>3 Palins s 0)Coia (s ) B[R (@) (14 B (@) an(@) ™| =0 (3.59)

acF jek

for all assets k=1,2,--- ,m, 7, € E" andn=0,1,--- ,T — 1 with boundary conditions
KT(fT) =K (iT), CT(fT) =C (’LT) .

Proof. We use induction starting with the boundary condition vy (ip,z) = K(ir) +

C(ir)(z + B)7/~ and obtain

gr—1(r—1,2,u) = Z Z Pr_y (ir-1,j,a) E[U(j,rpx + R7_y (a) )]

a€F jelE
= > > Proa(u-1,4,0)CG)El(rsz + Ry () u+ 5)"/7]
acF jeE
+> > Proa(ir-a,4,0) K ().
acF jek
Let u* = (uj,ud,--- ,u},) be the optimal amount of money that should be invested in the

risky assets so that

vr—1(ir—1,x) = mgng—l(TT—l,ﬂﬁau) = gr—1(ir—1,x,u")
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as in the perfect information case. One can see that gr_1(77—1, z, ) is in the form of (3.49)
where p, = 3 ;cp Pr-1(ir-1,,a)C(j) and ¢ = ryz + 4. Our assumption implies that the
optimal policy can be found using the first order condition (3.50) which can be rewritten as
_ . . X ~1
Z Z Pr_1(i7-1,5,a)C(H)E [R%—l,k (a) (ryz + Ry (a) v + )7 ] =0
a€F jeE
for all k =1,2,--- ,m. Defining ap_1 (i1, %) = wp_,(or—1,2)/ (ryx + B) one can see that
uwh_ 1 (ir—1,2) = ap_1(vr—1, ) (ryx + B) . The optimality condition can now be rewritten as
_ . . _ —1
SN Proy(ir-1,4,0)C (§) E [RST—Lk (a) (1+ Ry (a) a1 (ir-1))" } =0 (3.55)
acl jekE
which is the condition (3.54) for n = T — 1 since there is no dependence on x and
ar—1 (t7-1,2) = ap—_1(i7—1). When the value function at time 7" — 1 is rewritten for
the optimal policy, we obtain

vr (i1, 2) = Y > Proa(iro1,4,0) K(G) + > Y Proa(ir-1,4,a)C(j)

a€F jeEE acel jeE

“E(ry (1+ R5_y (@) ar—1 (ir-1)))"] (z + B/rg)
= Kr_1(tr-1) + Cr—1(ir-1)(z + Br_1)" /v
and the value function is still logarithmic like the utility function. This completes the proof
forn=T—1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T7—2, - - - ,n. Then,

for period n — 1,

In1(tn1,2,1) = > Y P (tn1,5,0) Elon((tn1,4) ;v + Riy_y () w)]

acF jelE
= 3> Paci (i0-1.5.@) Gl 3) El(rya + Ry (a) ut B,)7)
acl jek
+ Z Z Pn—l (in—17j7 a) Kn(@n—l;j))-
acl jeE

Let w}_;(2n—1, ) be the optimal policy such that

Un—1 (anla -'L') = mgxgnfl(fnfla €, ’LL) = gnfl(inflv x, u;—l)‘

Note that this optimization problem is also similar to (3.49) where the parameter p, =

Z]EE Po_1(th—1,J,a) Cp ((tn—1, 7)) and ¢ = rpz+p. If we take the gradient of g,,—1(7n—1, 2, )



Chapter 8: MODELS WITH IMPERFECT INFORMATION 96

with respect to u and set it equal to 0, we get the optimality condition
_ . _ . -1
Z Z Pr-1(tn-1,J,0)Crn((tn-1,4)) E [sz—l (@) (ryz + Ry_y () w* + B)” ] =0
a€F jek
and defining a1 (tn—1,2) = u* (th—1, ) / (ryz + B) we get
_ . _ . _ -1
Z Z Pn—l(ln—lajva)Cn((Zn—pJ))E [ 271 (a) (1 + R;,1 (a’)/ Qn—1 (Zn_lvm))’y } = 0.
acF jek
(3.56)
Since there is no dependence on z in (3.56), & (z,—1, ) does not depend on z and a (7,—1, %) =
a(t,—1) and we obtain u}_; (#n—1,2) = a(in—1) (ryx + B,,) and this gives the optimality con-
dition (3.54). If we insert the optimal policy in the value function, we can see that

Unfl(znfla .%') = Z Z P (inflaj; (L) K, ((anbj))

aclF jeE

+ Z Z P,_1 (En—lvjv a) Cn ((in—laj))

acF jekE

B [(ry (1+ By (@) ant (10-1))) 7] (@ + B /r4) [y

= Kn—l (Zn—l) + Cn—l(in—l)(x + /gn—l)’y/fy

and this completes the proof. m

Note that the wealth dynamics equation for the power utility case is the same as the
wealth dynamics equation (3.29) for the logarithmic utility case although the structure of
the optimal policy in (3.23) and (3.49) are different. Therefore, using a similar analysis
as in Section 3.1.3 we can easily determine the evolution of the wealth process. Likewise,
similar interpretations can be made on the structure of the optimal policy. In particular,
the optimal policy is not myopic, but the risky composition of the portfolio is myopic.
Moreover, this composition only depends on the state of the market. Although we obtain
similar characterizations and interpretations, note that the optimal policies for logarithmic

and power cases are not identical.

3.2 Sufficient Statistics

The main problem about our formulation of the problem with imperfect information in
Section 3.1 is that the state space is of increasing dimension. A new observation at period

n causes an increase in the dimension of the information vector Y;,. This clearly creates
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some problems as the number of periods increases since it is computationally difficult to
keep track of this much information. A common approach used under these circumstances
is to use sufficient statistics or a process that represents the probabilistic structure of the
information flow.

Define II? = P [Zn =a ‘Yn] so that II? is the probability that the true state of the
environment at time n is a given all observations Y,, until that time. The vector II,, =
[H?l, m, .. ] denotes the conditional distribution of Z,, given Y,, where 3 acr I = 1 and
I > 0 for all @ € F. Additional information that we obtain at each period is the new state
of the observed process Y. Therefore, information at time n + 1 is information at time n
plus Y, 11 so that )_/nﬂ = (Yn, Yn+1) . The conditional distribution of the true state of the

market at time n + 1 is specified by
Hfz—f—l =r {Zn+1 = b|Yn+1} = 7;117 (1L, Yit1)

where we can write

ZaEF ﬂ-aQn(aa b)GnJrl(ba .])
Ea,cEF ﬂ—aQn(a7 C>GTL+1 <C> .7)

for n > 0 using Bayesian updating. Note that Il is either known at the beginning or it can

T (7, j) =

(3.57)

be determined from

 P[Zy=bGo(b, Yo)
B = S Tl = alCala. T5) (3.58)

using the initial observation Yy. The most important property of (3.57) is that calculation

of the conditional distribution of the true state of the environment after time n + 1 requires
only II,, conditional probability of the true state of the environment after time n, and
Y,+1, the new observation on the true state of the environment at time n+ 1. Therefore, IL,
summarizes the information up to time n and represents a sufficient statistic for the complete
past history of Y;,. This result is also stated in Smallwood and Sondik [62], Monahan [49],
and Bell [4]. Moreover, it is stated in Monahan [49] that IT = {II,,;n > 0} is a Markov chain.
As a result, our problem can be modeled as a completely observable Markov decision chain
where II,, is the state of this Markov chain at time n. The unobservable environmental
process Z is defined on the finite state space F' whereas the Markov chain II is defined on
a continuous state space Dr which is the set of all probability distributions on F'.
Expression in (3.57) is a transformation from II,, to II,, ;1 if the observations Y,, become

Y11 = (Yn,Yas1), and the transformation is II,11 = 7, (I, Yp11) for n > 0. Clearly,
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T, (m,5) = {T,0 (r,j);b € F} is a probability distribution with >, 7,2 (r,7) = 1 and

T (r,7) > 0 for all b € F. Note that Il is again either known as an initial condition or

n

it can be found by (3.58). In this case, we assume that P[Zy = a| is externally specified
so that it is initially known. In practice, P[Zy = a] can be determined via preliminary
analysis of the unobserved environment. Then, using P [Zy = a], we can determine IIy by
(3.58) since we already know Gj.

The evolution of Y is now described probabilistically by

PY(ma,j) = P [Your = [Ya] = > 7005 (a (3.59)

[

for k > 1, where ¥ is defined as

‘l’ﬁ(a,j) = P[Yo=7lZ, = q

= Z Qn(a7 bn+1) T Qn—l—k—l(bn-‘rk—h bn-l—k)Gn—i—k(bn-i-ka ]) (360)

b’ﬂ+17"' 7bn+k€F

for k > 1. Moreover, we use P, and ¥, instead of P¥ and W respectively when k = 1. We

then have the simpler representation
v, (a,j) = Z Qn (a’ b) Gn+l (b’])
beF

and

Py (m,5) = Y 7Qn(a,b) Guya (b,5).

a,beF
If the hidden Markov chain is stationary such that @, = @ and G, = G for any n =

0,1,---7T — 1, then
U, =V =QG

and

P, =P =mQG.

In addition, we can write the recursion

Pyt (m, ) =Y Pu(m, 1) Py (To (7,0, 5) (3.61)
leE

for all 7 and j.
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For any function f on Dp, let
\Ijnf (777 (I) = Z \Ijn (a‘7j) f (7;1 (77).]))
jeE
forn=20,1,---,T — 2; and similarly, for any function g on F, define
Uroag(a) =) o1 (a,5)g ().
JjeEE

Note that { P, } can easily be determined once the conditional distribution of true state
of environment {II, }, the transition matrices {@, }, emission matrices {G,,} and the initial
distribution of true state of the environment are known. Here, we assume that {Q,}, {En}

and {¥,} are time-dependent for single and multiple period analyses.

3.2.1 Dynamic Programming Formulation

In order to solve the portfolio selection problem, we define g, (7, z,u) as the expected utility
using the investment policy u in period n and the optimal policies from period n + 1 to
period T given that the probability distribution about the state of the market state is ,

and the amount of money available for investment is x at period n. Then,
vy (T, ) = max gy, (m,z,u)

is the optimal expected utility using the optimal policy given that the probability distri-
bution about the state of the market state is 7w, and the amount of money available for

investment is x at period n. According to the dynamic programming principle
gn (M 2,u) = Elongr (Mpg1, Xpga (w)) [, = 7, Xy, = ]
and we can write the dynamic programming equation (DPE) as
vy (T, 2) = mBXE [Vnt1 (Mpg1, Xng1(w)) |, = 7, X, = 2] (3.62)
which can be rewritten as
vp (T, ) = meLXE [Un+1 (Tn (m,Yoq1),rpx + RfL(Zn)/u) I, =, X, = a?]

and

v (T, 2) = max Z Z 70, (a,j) F [Un+1 (Tn (m,4) ¢z + RZ(Q)/U)] (3.63)

acF jek



Chapter 8: MODELS WITH IMPERFECT INFORMATION 100

for n = 0,1,---,T — 1 with the boundary condition vy (77r_; (7,7),x) = U(j,x) for all
m € Dp and j € E. The solution for this problem is found by solving the DPE recursively.
It should be noted that in this analysis we assume r; does not depend neither on real market

state nor observed market state.

3.2.2  Ezponential Utility

In this section, we assume that the utility of the investor in state 7 is given by the exponential
function

U (i,z) = K(i) — C(i) exp (—z/3) (3.64)

with C (i) > 0. Note that as in the case of perfect information 5 is that same for all market
states so that risk classification of the investor does not depend on the stochastic market.
Similarly, we assume that the return for the riskless asset is same for all market states so

that r¢(i) = rg for all 7. Then,
Ry, (i,a) = R;, (a) = R(n,a) —ry

so that both vector r{ and matrix V,, do not depend on the observed state. To simplify the
notation, we can write r¢ (i,a) = rf, (a) = r(n,a) —ry and V,, (i,a) = V;, (a) = o (n,a) +

i, (a) 7, (@),

Theorem 10 Let the utility function of the investor be the exponential function (3.64) and
suppose that the riskless asset return does not depend on the market state. Then, the optimal

solution of the dynamic programming equation (3.63) is
o (m,x) = Ky, (1) — C()e =%/ Pn

and the optimal portfolio is

Uy (T) = an () By,

where
_ B _ a
Bn = 5, Kn (m) = E T, Kt (7, a),
r
f a€eF

Co(m) = > 7U,Cpy1(m,a) E [exp (- R (a) an(m))]

acF
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and oy, () satisfies
Z 70, Chy1 (m,a) E [RfZ (a) exp (—Rfl (a) an(w))] =0 (3.65)
acF

foralln=0,1,---,T —2 and

> 7 1C(a) E [RE_; (a)exp (—R5_; (a) ap_1(m))] =0
a€eF

forn =T — 1 with boundary conditions

Kp_y(r) =) _ n"Ur_1K (a),
a€EF

Cr_i(m) =Y _ 7"Ur_1C (a) E [exp (R, (a) ar_1(m))] .

acF
Proof. We will show that the recursion is true by induction starting with the fact that

U (i,x) = K(i) — C(i) exp (—x /). Note that

gr—1 (m,x,u) = Z i Z Ur_1(a,j) E [U@j, 7o+ R_1 (a) u)]
acF JjEE

= ZW“Z‘I/Tfl (a,5) K (5)

ackF JjeEE

=27 Y (a0 C () B fexp (= (Rioy (@) w/8 +752) /6)]

ack jerE

Let v* = (u},us, -+ ,u},) be the optimal amount of money that should be invested in the

risky assets so that
U1 (Waﬁf) = mf}XgT—l (7T7~’U7u) =4g7r-1 (7F7967U*)
as in the perfect information case. The gradient of gpy_1 is

9971 =exp (—rsx/f) Z ¢ Z Upr_q(a,j)C(j)E [R%,Lk (a) exp (—R%_l (a) u/ﬁ)] /B

8uk X
acF JjEE

(3.66)

and the entries of the Hessian matrix H (7, x,u) are

&gr-1 j j
= —exp(—rsz/p) Z T Z Ur-1(a,7) C(j)

OOy acF  jEeE

B [Rp_y 4 (a) Ry (a) exp (=R, (a) u/B)] /52 (3.67)
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Let z = (21, -+ , zm) be any non-zero column vector where z;’s are real numbers. Then, one
can see that z' H (7, z,u) z is equal to

TH(mz,u)z = —;GXP —riz/B) Z Z‘I’T 1(a,7) C (4)

acF JjEE
m 2
(Z R (a)> exp (—R7_y (a) u/B)
k=1

which is always less than or equal to zero since 7% Ur_1 (a,j),C (j) are all positive. Thus,
H (m,z,u) is negative semi-definite and we can find the optimal solution by setting the
gradient (3.66) equal to zero to obtain the optimality condition
exp (—rjz/B) Y 7Y Ur_i(a,5) C(§) E [Re_1 4 (@) exp (—~Rg_1 (a) w*/B)] /B =0
a€F  jEE
which can be rewritten as

> 71U 1C(a) E [RE_ 4 (a) exp (—R5_; (a) u*/B)] = 0. (3.68)

ackF
Since there is no dependence on x in (3.68), u%_, (7, z) does not depend on z and the policy
uwh_y(m,x) = uh_(m). Letting ar_q (7) = uw}_ (7) /B, we obtain u}_,(7,2) = ar_1 (7) 3
and this gives optimality condition (3.65). When the value function at time 7'—1 is rewritten
for the optimal policy, we obtain

vr—1 ( Z "W 1K (a) —exp (—rrz/B) Z mWr_1C (a)

acF acF

B [exp (~Ro_, (a) ar—1 (7)]
= Kr_1(m) — Cr—1(m) exp(—z/Bp_1)
and the value function is still exponential like the utility function. This completes the proof
forn=T—1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T—2,--- ,n. Then,

for period n — 1,

gn1 (ma,u) =Y 7> Uno1(a,§) E [on(Tor (7,5) ,rpz + RE_y (a) w)]

acF jeE
= Z ¢ Z \I/n—l (a,j) (Kn(Z’L—l <7T7j))
a€F jeE

~Co(Tp—1 (1, ) E [exp (= (ryz + Ry, _y (a) u) /B,)]) -
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One can easily see that the Hessian matrix of ¢g,—1 (2n—1,,u) is negative semi-definite as

for gr—1 (tp—1,2,u) . Let w)_(7n—1, ) be the optimal policy such that
Un—1 (7T7 JZ‘) - ngXgn_l (ﬂ-) x, U) = gn—1 (7T7 x, U*) .

If we take the gradient of g,,—1 (7, x,u) with respect to u and set it equal to 0, we get the
optimality condition

—exp (—rrz/B,) Z 7 Z U, 1(a,j) Cn(Tn-1 (7, 35))

acF JjEE

B[RSy (a) exp (RS, () w*/B,)] /B, =0

which can be rewritten as

S w1y (m.0) B[Ry (@) exp (—R (a)) w/5,)] = 0 (3.69)
aclF

*

for all K = 1,2,--- ,m. Since there is no dependence on x in (3.69), w)_,(7, z) does not

depend on z and u)_(m,z) = u_;(tp—1). Letting a,_1(m) = w}_4(w)/B, we obtain

*
Up—1

(m,2) = ap—1(7)B,, and this gives optimality condition (3.65). If we insert the optimal

policy in the value function, we can see that

Vp—1 (T, 7) = Z m* Z U1 (a,j) Kn (Tn-1 (7, j)) — exp (_fo/ﬁn) Z m* Z V-1 (a,j)

acF JEE acF JjEE

- Cn (Tn—1 (7, §)) E [exp (—Rs,_y (a) an—1 (7))]

= Kp-1(m) = Cna(m) exp(—z/f, ).

and this completes the proof. m

Evolution of Wealth

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xpy1 = Xy + RZ(ZH)IUZ(HH,XTL)
= Tan + RZ(Zn)/an(Hn)Bn+1

= 11 Xn + TR (Z0) an (1) . (3.70)
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Define the random variable

Ay (m,a) = R%(a)’an (m) (3.71)
with mean

Gn (ma) = E[A,(ma)] = E[RS(a) an (7)) (3.72)

= rp(a) oy (m)
and second moment

an (m,a) = E[An(w,a)Q]:E[an(w)’Rg(a)R;(a)'an(w)] (3.73)

= an(m) Vy (a) o (1)
which gives the variance
Var (A, (7,0)) = @y (7,a) — an (7, a)? . (3.74)

Now, we will show that the wealth process is given by

n—1

Xp =1} Xo+ 7178 Ay (T, Z) (3.75)
k=0

using the induction method where the sum on the right-hand side is set to zero when n = 0.
The induction hypothesis holds trivially for n = 0. Suppose (3.75) holds for some n > 0. If

we write X,,11 using the wealth dynamics equation (3.70)

Xn+1 = T‘an =+ T}H'l—TAn (Hn7 Zn) 5
n—1

= ’r'}UrlXO + T}L+17TBZAI€ (Hk7 Zk) + ,’,,;LJrlfTAn (Hn, Zn) ﬁ
k=0

n
= X+ Y A (L, Z1)
k=0
and we see that the induction hypothesis also holds for n + 1. So, we can conclude that the
wealth process can be written as in (3.75) and for n = T we can find the terminal wealth as

T-1

Xr=r;Xo+p Z Ay, (g, Zy) - (3.76)
k=0

Given Xy = g, the expected value of the terminal wealth satisfies

E X7l = 7] = rfao + me (7, T) 3 (3.77)
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where
T-1
me (7, T) = E [Ay (I, Zy) |1y = 7] (3.78)
k=0
and the variance of the terminal wealth satisfies
T—1
Var (X7|Ily = 7) = 82 Var (Z Ag (T, Zi[Tp = w)) =2 (m,T) B°. (3.79)
k=0

We see that both the return and the standard deviation of X7 depends linearly on 5. This
shows that the exponential frontier is the line

me (m,T)
Ve (7, T)

where SD(Xr)) = /Var (X7). We now show how m (7, T) and v (7,T') can be computed.

E [XT|H0 = 7'('] = T?;UO + < ) SD (XT|H0 = 7T) (380)

Computational Formulas
Define the transition densities of the process (II, Z) such that
Tn,k ((ﬂ-nv a’) ) (dﬂ-n-‘rk) b)) =P {Hn+k € dmy ik, Lntk = b|Hn = Tn, 4n = a} .

We can determine 7}, ;, using a recursive algorithm with initial condition

T ((mp,a), (drpy1, b)) = P{llyq1 € drpg, Znga = b, = mp, Z,, = a}
= > Qn(a,0) Gui1 (0,5) LT, (rn j)cdmnin}
jeE

and the recursion

Tox (T, a), (dTpyr, b)) = Z /D L1 (T, a) , (dm,be—1)) Lz, () edmn i)
by_1€F F

for k > 2. This can be solved to find

Tn,k ((Wm a’) ) (dﬂn—i-ka b)) = Z Z Qn (av al) Gn+1 (abjl) tee Qn (ak—la ak)

a1, ,aR€F j1, Jr€E

Gtk (Qhs Jk) LT, o (Tt (T (1)) i) s}

We can also determine

P{Ily =dmy, Zy =b|Tlg = mo} = Y P{Il € dry, Z = blTlg = 70, Zo = a}
acl
P {Zo = a|H0 = 7T0}

— Z Tok ((mo, @), (dmy, b)) 7.

acel
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Using these relationships, we can write (3.78) as

T—

[y

me(m,T) = > [ > P{ll € dmy, Z = b|Ty = 7} ay, (m, b)
—07DF per
T-1
[ o). (dmb) e (m, )
k=0 Dr a,beF

can be calculated using matrix operations.

Similarly,
T—1
’Ug(ﬂ,T) = Var( Ak (Hk,Zk) HOI’]T)
k=0
T—1T-1
= Cov (Ak (Hk, Zk) ,Am (Hm, Zm) |H0 = 7[‘)
k=0 m=0
T—-1
= Var (Ay (I, Zx) |1y = 7)
k=0
T—-1 T-1
423 )" Cov (A (g, Zi) , Ay (Tn, Ziy) [Tg = 7)
k=0 m=k+1
T-1
= > (B[4 (M, 20 Mo = 7] = B [Ax (T, i) T = 7]?)
k=0
T—1 T-1
+23° 3" (E[A (T, Zi) A (W, Za) [To = 7]
k=0 m=k+1

—-F [Ak (Hk, Zk) |H0 = 71'] E [Am (Hm, Zm) |H0 = 7TD
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and we can write

T—1
/ Z Tgk ™, a dﬂk,b))ﬂ'adk(ﬂ'k,b)
k=0 \'PF gpecr
2
/ Z Tox ((m,a), (dry, b)) Ty, (7, b)
DF 4beF
T-1 T-1
+QZ Z / ZTM m,a), (dry, b)) 7oy (g, b)
k=0 m=k+1 FabeF
‘ / ZTk,m—k (g, b) , (dmm, €)) G (ﬂ'mac)>
DrF cer
T-1 T-1
=Y Y ([0S Tor(ma) . (me ) nten ()
k=0 m=k+1 \”DPF apecF

/D > Tom (70, a) , (dm, b)) Thaum (Tm, )

3.2.8 Logarithmic Utility

In this section, we assume that the utility of the investor in state i is given by the logarithmic

function
Uiz = K@)+ C(i)log(x+5) z+5>0 (3.81)
—0 r+6<0
with C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute risk aversion
is simply equal to r(z) = 1/(6+ x) > 0 for all i so that b =1 and a = 8 in Table 1.1. Note
that § is the same for all market states so that risk classification of the investor does not
depend on the stochastic market. Similarly, we assume that the return for the riskless asset

is the same for all market states so that ry(i) = ry for all 7.
We will first consider a generic optimization problem of the form
maxzua [log (R° (a)'u+ ¢)] (3.82)
acF
where ¢ > 0 is any constant, u is any measure on F', and R° (a) is a random vector for any
a € F. Now, let
={u:P{R°(a))u+c>0} =1}
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be the set of all policies with finite expected utility so that |E [log (R (a) u + ¢)]| < 400
for u € A(c). It can be seen that u = (u1,ua, - ,um) = (0,0,---,0) € A(c) satisfies
this condition trivially for all ¢ > 0. So, A(c) is not empty. Also, let u, w € A(c), then
R¢(a)'w+ ¢ >0, and R®(a)’w+ ¢ > 0 implies that

ARC (a)' u+ (1 = AR (a) w+c¢>0

so that Au+ (1 —A)w € A(c) for all 0 < X\ < 1. So, the solution set A (c) is nonempty and
convex. The gradient vector of the objection function g (u) = ¥ ,c p o E [log (R¢ (a) u + c)]
is given by

s Ve

Vg (u)

while the Hessian matrix is

i (a) Ry (a)
Re a) u+c)

2
Vk,lg( ) aUka'LLl Zua

for all &, 1.

The first order optimality condition to find the optimal solution of (3.82) is obtained by
setting the gradient vector equal to zero so that
> n.E [R@:)JFJ =0 (3.83)
acF
for all k.

Let z = (21, -+, zm) be any non-zero column vector where z;’s are real numbers. Then,

one can see that

g ==Y pE

ey (Re(a) u+ 0)2

Thus, the Hessian matrix \72g (u) is negative semi-definite and if there is a solution u € A (c)
satisfying the first order condition (3.83), it must be optimal. Throughout this chapter, we
assume that the excess returns are such that there is a solution of the first order condition

(3.83) in A(c) for all {R¢, (a)} and ¢ > 0.
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Theorem 11 Let the utility function of the investor be the logarithmic function (3.81) and
suppose that the riskless asset return does not depend on the market state. Then the optimal

solution of the dynamic programming equation (3.63) is
Un (777 x) =K, (ﬂ') + On(ﬂ-) log (l’ + ﬁ)
and the optimal portfolio is

wh(m, ) = o () (ryz + Bry) (3.84)

where

By = ) Cor (1) =37 S W1 (0,9) G (Tr (m,9))

Ty acF  jEE

Kn,1 (7‘(‘) = Zﬂ'a Z\I’nfl (aaj) Kn (7;1 (ﬂ-aj))

acl JjEE

+Y Vo1 (a,5) Cu (T (. 5)) E [log (1+ R,y (a) a(m))] |
jer
and o, (1) satisfies
Rf%k (a) B
1+ R (a) (ﬂ'n,x)] =0 (3.85)

> 7, 1Cp(a) E

a€eF

foralln=0,1,---,T — 1 with boundary conditions

KT_l(Tr) = Zﬂ'a Z\IIT—l (a,])K(]>

ackF jeEE

+E [log (14 RSy (a) a(m))] Y ¥r_1 (a,) C ()
JEE

CT_l(TI') = ZFGZ\IJT—l (aaj)(j(j)

ackF jeE
for all 7.

Proof. We will show that the recursion is true by induction starting with the boundary

condition U (i,x) = K (i) + C(i) log (x + ). Note that

gro1(ma,u) = E Y 7Y Uroy(a,5)Uljrsz+ Ry (a) u)
_aEF JEE

= B Z;F“Z;I’T—l(a,j) (K (j) +C (5)log (R7—1 (@) u+ 75z + 5))
| a€ Jje
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Let u* = (u}, ub,--- ,u},) be the optimal amount of money that should be invested in the

risky assets so that
Ur—1 (71-7 Jf) - m'l?’Xngl (777 Z, U) = gr-1 (ﬂ-? Z, U*)

as in the perfect information case.

Note that the optimization problem of maximizing the objective function gr_q (7, z,u)
is similar to the optimization problem (3.82) where p, = 73 ;5 ¥r_1(a,j) C (j) and
¢ = ryx + . Therefore, using the assumption on return distributions we can find the
optimal portfolio by setting the gradient equal to zero so that

R%fl,k (a)

7 =0
RS | (a) u*+rpr+ 3

dgr-1 _ ST atS W (a,§)C(G)E

ouy,

acF JjeEE
for any asset k = 1,2, ,m where Ur_1C (a) = > ;cp Vn (a,j) C (j) . Defining the vector
function o (7,_,, @) = (o (m,_,,2) ;a2 (7p_y, @), oo (7, @)) such that a (7, _,, @) =

u* (., )/ (ryz + B) we obtain u*(a,z) = a(a,z) (ryz + B) so the optimality condition
can be rewritten as

R%—l,k (a)
1+ RS, (a)/ o (7T

Z ﬂa\I/T_lc (a) E

acF

=0 3.86
T_l’x)] (3.86)

for all K =1,2,---m. Since there is no dependence on z in (3.86), « (7, x) does not depend
on z and a(m,x) = a (7). When the value function at time 7' — 1 is rewritten for the
optimal policy, we obtain

vr—1 (7‘(‘,1‘) = Z 7Ta\I’T_1K (a)

acl

+ > 7 U 1C (a) (log(rpz + B) + E [log (14 RS (a) o (7))])
a€F

= Kr_1(m) — Cp_1(m)log (ryz + B3) .

and the value function is still exponential like the utility function. This completes the proof
forn=T—1.

Suppose now that the induction hypothesis holds for periods 7,7 —1,T7—2, - -- ,n. Then,
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for period n — 1,

In—1 (Tra Z, U) = B Z ¢ Z v, (a,j) Un(l];lfl (W,j) s TFT + Rfm—l (a’)/u)

acl JjEE
= 3 S W (005) CalTat (7)) [log (R (@) w+ 7y + B,)]
acF JjEE
+y 7Y Wl )) 1 (m,5))
acF jeEE

Let w}_(7n—1, ) be the optimal policy such that
Up—1 (m,2) = max g, -1 (myz,u) = gn—1 (m,z,u).

It is clear, once again, that the objective function g,,_1(mn—1,x,u) is in the form of the

generic objective function in (3.82) with p, = 7*> .. ¥y, (a,)) Cpn(Zp—1 (7,7)) and ¢ =

JjEE
rix + B,. If we take the gradient of g,_i (7, z,u) with respect to v and set it equal to 0,

we get the optimality condition

Ogn—1 Ry (a)
U, —1(a,7) Cp (Tn-1 (mp-1,7)) E : =0 (3.87)
Quy (; ];E Re | (a) u* + rix+ 3
and
Z 7"'CL\IJn—ICn (7;1—1 (Wn—l’j)) E e Z L ( ) =0 (388)
= Re_,(a) u*+rpx+ B

for all k = 1,2, ---m are the optimality conditions. Defining the vector function « (7,—1, )
such that a (m,—1,2) = u* (7p—1,2) / (rfx + ) we obtain u)_;(a,z) = a(a,z) (rrz + B) so

the optimality condition can be rewritten as

Ho14 (@) )] =0. (3.89)

U,_1Cy n-1,J)) E
Zﬂ ! -1 (mn-1,9)) 1+ R (a) a(mp_1,2

acF

for all k =1,2,---m are the optimality conditions. Since there is no dependence on x and
i in (3.89), a does not depend on x and ¢ and w)_; = an—1 (mp—1) (rfx + 3). When the
value function at time n — 1 is rewritten for the optimal policy, we obtain

Un—1 7T Z .’IJ Z Z\I/n IK (Waj))log(rfx—i_ﬁn)

acl jeE

7S 01O (Tami (7,5)) (log (ryz + B,,)

aclF jeE
+E [log (1+ R}, (a) a(m))])

= Kn—l(ﬂ') - Cn—l(ﬂ-) log (fo + Bn) :
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and this completes the proof. m

Note that the structure of the optimal solution in (3.84) is such that the optimal dis-
tribution of wealth invested in the risky assets depend only on the state of the market
independent of time. If the market is in state ¢ in period n, then the total amount of money

invested on the risky assets is

. g -
Vi (m,2) = Vo (n)(rpz + Bin) = | 7p2 + <=y > ()

T —

f k=1

and the proportion on wealth allocated for asset k in the risky portfolio is

On k (77)

Wn k(M) = F———— (3.90)
kgl @k ()

which is totally independent of wealth x. The optimal policy specified by (3.84) is not
static in time since it depends on n, and it is not memoryless in wealth since it depends on
x. However, (3.90) clearly indicates that the composition of the risky part of the optimal
portfolio only depends on the market state and time. The risky portfolio composition is
memoryless. It satisfies the separation property in the sense that it represents the single fund
of risky assets that logarithmic investors choose. The amount of total wealth allocated for
risky assets depend on the level of wealth, but the composition of the risky assets depend only
on the market state and time. This composition, however, is random due to the randomly
changing market conditions in time. Our results are of course consistent with similar work
in the literature on logarithmic utility functions, but the stochastic market approach makes
our model more realistic without causing substantial difficulty in the analysis. Another
important observation is that the structure of the optimal portfolio is not affected by the
transition matrix {@,} of the stochastic market. It only depends on the joint distribution
of the risky asset returns as prescribed by (3.85) in a given market state, irrespective of

future expectations on the stochastic market.
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Evolution of Wealth

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xny1 = rpXp+ R(Zp)'ul (11, X))
= riXn + R(Zy) an(L,) (ryXn + Bpit)

= X (14 Ay (T, Zn)) + 7T A, (T, Z) B (3.91)

where A, (7, a) is defined in (3.71).
Define

n

CTL (371,3?27--' 7‘7:71) = H (1 +$k) -1
k=1
as the sum of all combinations of the products of n variables for n > 1, and set Cy = 0.
Now, we will show that the wealth process is

n—1

X =11 Xo [ (1 + Ak (g, Zi)) + 75T BC (Ao (o, Z0) -+, An1 (M1, Zn1)) (3.92)
k=0

using induction where the product on the right hand side is set to 1 when n = 0. The
induction hypothesis holds trivially for n = 0. Suppose (3.92) holds for some n > 0. If we

write X,,+1 using the wealth dynamics equation (3.91)
Xnp1 = 74X (14 An(Tly, Z,)) + v A (T, Z0)8

n
= X H (14 Ay (T, Zy)) + r;l“*Tﬁ [(1+ A, (I, Z,))
k=0
) C” (AO (HO’ ZO) 7A1 (H17 Zl) P ,An,1 (an].a anl)) + An(Hm Zn)]

= X0 [T (1 + Ak (M, Z0)) + 7T BCosa (Ao (Mo, Zo) -+ An (T, Z0))
k=0

and we see that the induction hypothesis also holds for n + 1. So, we conclude that the
wealth process can be written as in (3.92) and, for n = T, we can find the terminal wealth

as
T—1
Xr = riXo H (1+ Ay (g, Zy)) + BCr (Ao (o, Zo) ,- -+, Ap—1 (Hp_1, Z7_1))
k=0

= 17 Xo+ (rf Xo+ B) Cr (Ao (o, Zo) , A1 (1, Z1) , -+, Ar—1 (g1, Zr—1)) -

Given Xy = xg, the expected value of the terminal wealth satisfies

E[Xr|llp=7] = r?wo + (7‘?1:0 + B) my (m,T) (3.93)
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where
my (7, T) = E[Cp (Ao (o, Zo) , A1 (111, Z71) , -+ , Ap—q (HUp_1, Zp—1)) g =x]  (3.94)
and the variance of the terminal wealth satisfies
Var (Xr[Tly = ) = (rFao + 8)° o} (v, T) (3.95)
where
v? (r,T) = Var (Cr (Ao (o, Zo) , A1 (11, Z1) -+, Ap_y (TIp_1, Zp 1)) [Ty = 7). (3.96)

We can clearly see from (3.93) and (3.95) that both the return and the standard deviation
of X7 depends linearly on 8. This shows that the logarithmic frontier is the straight line

my (TI',T)
( (7T,T>

where SD(Xr|Ily = 7)) = y/Var (Xr|Ilp = 7). In other words, the expected value and stan-

E[XT’H():W] :7"?3504- ( )SD(XTH()—TF)

dard deviation of the terminal wealth fall on this straight line when they are calculated and
plotted for different values of 3. Also, it cuts the zero-risk line at E [X7|Ily = 7] = 7“?:1:0 as
expected. The reason for this is that for zero-risk level investor puts all of his money on
the riskless asset. The return of the riskless asset until the terminal time T is r?, and the
wealth at the terminal time will be 7“3;.%0 for sure. The risk premium for the logarithmic

investor is given by the ratio m; (w,T) /v, (7, T).

Computational Formulas

The computation of my (7, T) and v; (w,T) are possible although they are not as simple as
their counterparts for the exponential utility case. We will use the definition (2.60) whenever

appropriate. Note that,

T—1
my (m,T) = E|[] 0+ Ak, Z) —1|To =7
k=0
T-1
= E|E|[] O+ A4 (g, Z)) - 1 ZT17H17“’HT1’HO:7T]]
k=0

and, since the returns in different periods are independent given (II, Z), we obtain

-1
IT 0+ aw (15, 2)) — 1
k=0

= E[Cr(ao (o, Zo), 00 (1, Z1) -+, ar—1 (Ur-1, Zr-1)) [Ilo = 7] . (3.97)

ml(7r,T) = F

HO :W]
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Given IIy = 7, the conditional joint distribution of IIy,--- ,IIp_y, Zp_q is

P{Hl € dm,lls € dmg, -+ Ilp_1 € dWT_l,ZT_l = C_lT_1’ Iy = 71'} (3.98)
=71"Tp1 ((m,a0), (dr1,a1)) - Tr—o1 (mr—2,a7—2) , (dTr—-1,07-1))

and the expected return of terminal wealth (3.97) can found by using this distribution so

that

my (m,T) = > /D

éT_léFT F

Tr_o1 ((mr—2,ar—2), (drr_1,a7-1))

.. / 7.[.0«0’1"071 ((7‘(’, ao) s (dﬂ'l, al)) te (399)
Dr

Cr (o (7, a0) , a1 (m1,01) , -+, 6p—1 (T7—1, 07-1)) -

To determine the variance v? (r,T), we first calculate the second moment as

[T—1
si(m,T) = E|J]((1+ Ak (M, Z¢)) — 1)*| T = W]
L k=0
B T-1 B
= E|E| ] (0 + A Mk, Z4) = D?| Zp1, T, - Ty, Tl = 7T”
L Lr=0
B T—1 T-1
= E|E|[[] 0+ A (g, Z0)? =2 [ ] (1 + Ag (T, Zp))
L k=0 k=0
+1| Zp_1, 1y, -+ - Tp_y, Ig = 7]
rT—1
= E|[] (1 +2ax (I, Zp) + éy (g, Zi)) — 1
L k=0
T-1
-2 (H (1 + Qg (Hk,Zk)) — 1) Iy = F]
k=0

= E[(CT(Q@O (Ho, Z()) + &g (Ho, Zo) St
20p_1 (Mp_1, Zp—1) + a1 (Hp_1, Z7_1))|1o7]

—2FE [Cr (&g (I, Zo) , 000 (11, Z1) , - -+ s ap—1 (Hp—1, Zp—1)) [Ty = 7]

which can be found using the conditional distribution (3.98) as in (3.99). Finally, the

variance becomes v? (7, T) = s; (m, T) — my (, T)%.
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3.2.4  Simple Logarithmic Utility

In this section, we assume that the utility of the investor in state i is given by the simple

logarithmic function
Ulivz) = K(i)+C(i)log(z) = >0 (3.100)
—00 <0
with C (i) > 0 and 8 = 0. In this part, we can relax the assumption on risk free rate as
7t (i) now depends on the observed market state. Note that this structure implies RS, (,a) =
R (n,a)—ry¢ (i) which depends on a as well as . We still need the assumptions on the return
distributions as in Section 3.2.3. Therefore for an optimization problem of the form

maxz;aa [log (R (i,a) u+c)] (3.101)
acF

we assume that the excess returns are such that the solution to the first order condition is
in the feasible set. We therefore suppose that for any measure p on F', any state ¢ € F, and

any period n, the following equation

> u,E [Me(m)] =0 (3.102)

(.

has a unique solution o € R™.

Theorem 12 Let the utility function of the investor be the logarithmic function (3.100).

Then, the optimal solution of the dynamic programming equation (3.63) is
on(m, ) = Koy (7) + Col(m) log(a)

and the optimal portfolio is

where

Cpq(m) = Z Z\Ijn 1(a,j) Cn (Tp—1 (m, J))
Kn_1(7'('> = Zﬂa Z\Pn—l(ayj)Kn(ZL—l(ﬂ-?j))

+ Z Un-1(a,j) Cp (Tn-1 (7, 5)) E [log (1 + R,y (in, @) an1 (7"))]
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and oy, () satisfies

R? . (in,a)
> 7, 1Cp(a) E i =0 (3.103)
acF 1+ Rn (Zna (I) Oén(ﬂ')
for all assets k =1,2,---,m, &, € E", andn=0,1,--- ,T — 1 with boundary conditions

Kr_q(m) = ZW“ Z\PTfl(auj)KU)

acF =jek

E [log (1+ Ry (a) ap—1 (7))] > Uz (a,5) C (5)

jerE
Croa(m) = > 7> Ur_q(a,j)C(j).

acF JjeEE
Proof. We will show that the recursion is true by induction starting with the boundary
condition vr (7, ) = K(ir) + C(ir)log (z) and obtain

groa(mzu) = > 7Y Ury(a,j) E[UG,rs (ir-1) & + RSy (ir-1,0) w)]
acF JjEE

= > 7Y Wri(a,)) C()Elog(ry (ir—1) @ + Ry_y (ir—1,0) u)]

ackF JjEE

+Y Ty Uroa(a,5) K().

acF JjEE

Let u* = (uj, ub,--- ,u},) be the optimal amount of money that should be invested in the

risky assets so that
vr-1(m, x) = mEXQT—l(W,iE,U) = gr-1(m, z,u")

as in the perfect information case.

Note that the optimization problem of maximizing the objective function gr_1 (7, z,u)
is similar to the optimization problem of (3.101) where i, = 73>, p W1 (a,j) C(j) and
¢ = r¢(i7—1) x. Therefore similar to Theorem 11, we can find the optimal portfolio by
setting the gradient equal to zero so that

Y 7Y Vi (a.j)CHE

acF JEE

BT 1k (ir-1,0) —0
rf (iT—l) T + R%fl (Z‘T—ly a) u*

for all k =1,2,--- ,m. Defining ap_1(m,x) = wp_q (7, i7—1,%)/rf (i7—1) © one can see that

uwh_y(myir—1,2) = ar—1(m, x)r¢ (ir—1) x. The optimality condition can now be rewritten as

> > Ur(a,§) CHE

acF JjEE

R?F—l,k (ir-1,0)
1+ RS, (ir—1,0) ar—y

= $)] = 0. (3.104)
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Since there is no dependence on z in (3.104), az_1 (m,x) does not depend on x and
ar—1 (m,z) = ap_1 (7). So, we obtain w}j_,(m,ir_1,2) = ar_1 (7) 7y (ir—1) © where ar_;
satisfies (3.103). When the value function at time T'— 1 is rewritten for the optimal policy,
we obtain
vra (o1, @) = 7Y Uro(a,§) C(4)log (@) + Y 7> Ur g (a, ) (K(j)
W€F  jEE a€F  jEE
+C(j)E [log (rf (i7-1) (1 + R%_4 (i7—1, a)' aT_1 (7?)))])

= Kp_1(m) + Cp_1(m) log(x)

and the value function is still logarithmic like the utility function. This completes the proof
forn=T—1.

Suppose now that the induction hypothesis holds for periods 7,7 —1,7—2, - - - ,n. Then,
for period n — 1,

gn-a(mzu) =D 7Y Wy (a,5) vn(Taer (7,5) 75 (in1) @ + RE_y (in-1,0) w)]
acF JjeEE

=3 7S W (0, ) O (T (7 ) Ellog(ry (i) + B (i1,a) w)]
acl JjEE

+) 7Y W (a,5) Kn(Too1 (7, 9)).

acF JEE

One can easily see that the Hessian matrix of ¢,—1 (in—1,,u) is negative semi-definite as

*
n—1

for gr_1 (7, z,u). Let u*_; (7, x) be the optimal policy such that

rUn—l(Trv x) = leLlX gn—l(Tru €, u) = gn—l(ﬂv €T, Uiq)-

If we take the gradient of g,_1(m,x,u) with respect to u and set it equal to 0, we get the
optimality condition

Ry 1k (in-1,a)

/ == 0
Rz—l (in—lv a’) u* + Tf (in—l) x]

Ogn—1 _ S 73 Wi (a,5) Co (Toa (7,5)) E

auk

acF JEE
(3.105)
and
a . R 1k (tn—1,0a)
Z W, 1Cn (Tn (m])) E ; N ; =0 (3-106)
a€F R?L—l (Zn_h CL) u* + rf ('Ln—l) x

forall k = 1,2, -m. Defining the vector function a,,—1 (7,1, ) such that ay,—1 (mp—1,2) =

u* (Tp—1,in—1,2) /7§ (in—1) * we obtain w)_,(a,in—1,2) = an—1(a, z)rs (in—1) so the opti-
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mality condition can be rewritten as

a . szl k (/I’n*l) a)
g Wy, 1Ch (7;171 (777])) E — = 0. (3107)
oy 1+ R;_l (Zn—la (I) Qn—1 (7rn—17 iL‘)

for all k = 1,2,---m. Since there is no dependence on z and i in (3.107), a,—1 does not
depend on z and ¢ and u}_; = ay—1 (7) 7y (in—1) . When the value function at time n — 1

is rewritten for the optimal policy, we obtain

Vp—1 (7,1, ) Z Z\I/n 1K, (a) log (rf (in—1) Z Z\I/n 1

acF JjEE acF jerE

- Cp (Tn-1 (1,5)) (log (¢ (in—1) z) + E [log (1 + R _; (in-1,a) an—1(m))])

= Kn—l(ﬂ') - Cn—l(ﬂ-) log (rf (in—l) 33) .

and this completes the proof. m

In this special case with 8 = 0, at any time n, the total amount of money invested in
the risky assets depends only on the information vector m, and wealth x. Since the total
risky investment is 1'u}, (7, ip, ) = 1", (7)1 (in), it follows that 7¢(2) D), .k (7) is the
proportion of total wealth that is invested in the risky assets if the sufficient statistics is
. Moreover, as in the general logarithmic case, the composition of the risky portfolio also
depends only on 7, independent of the available wealth .

The evolution of the wealth process X using the optimal policy can be analyzed by the

wealth dynamics equation

Xpy1 = 1p(Y)Xn + BE(Zo) w1y, Y, Xo,)

= Xory(Yn)(1+ A, (I1,,2,)) = XpB, (11, Z,,)

where By (7, a) = r¢(ig) (1 + Ag(7k, a)) . Clearly, the solution is

n—1
Xn = Xo H By, (I, Z) (3.108)
k=0

for n > 1, and this simple structure can be exploited to analyze the terminal wealth Xp. In

particular, given Xg = zg

E[XT] = 2o (1 + F [(CT (bo (Ho, Zo) — 1, b1 (Hl, Zl) — 1, s ,bT_1 <HT—1> ZT—l) — 1)])
(3.109)
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where bk (ﬂ'k, a) = ’r’f(’ik) (1 + ag (ﬂ'k, CL)) .
The log-return at the terminal time 7" is

T-1

In (X7/Xo) = Y In(By (Ix, Zx))
k=0

so that the mean is
E[In (Xr/Xo) [IIp = 7] ZW QoQ1 - Qr—1(a,b)E [In(By (g, b))] -

The simple structure of (3.108) can be exploited to determine various quantities of interest

associated with the terminal wealth.

3.2.5 Power Utility

In this section, we assume that the utility of the investor in state 4 is given by the logarithmic

function

Ui, ) :K(i)+0(i)(f"’+7mv

(3.110)

with C' (i) > 0 and rf (i) = r still holds. Note that Pratt-Arrow ratio can be calculated as
r(z) = (1—~)/(z+ B) for all ¢ so that b =1/(1—+) and a = 5/(y—1) in Table 1.1. In this
chapter, we assume that the utility function (3.110) is well-defined for all possible values
of z. For example, if (z — 8) < 0 is possible, then we exclude v = 1/2 in our analysis. If
we need to include these values of v, we can define the utility function to be —oo whenever
(3.110) is not well-defined and make appropriate assumptions on excess returns { RS, (a)} as
in Section 3.2.3. For U(i,z) to be a legitimate utility function some additional restrictions
may be imposed, but we do not dwell with such technical issues here. Note that v and ( is
the same for all market states so that risk classification of the investor does not depend on
the stochastic market.

We will first consider an optimization problem of the form

max Z o E

acF

(Re( )u—i—c)7
Y

(3.111)

where Rf (a) is any random vector, and p is any measure on F' with u, > 0 for any a. The

gradient vector of the objection function g (u) is given by

=3 1B | R (a) (RS (@) ut0)" ]

aclF

Vg (u)
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while the Hessian matrix is

82

hao () = 510 = (3= 1) S 1, [ (0) B () (R @) )]
acF

for all &, 1.
The first order optimality condition to find the optimal solution of (3.111) is obtained

by setting the gradient vector equal to zero so that

S o [Rz (a) (R® (a) u+ c)H] =0 (3.112)
acF
forall k =1,2,---,m. Let z = (z1,--+ , z;,) be any non-zero column vector where z;’s are

real numbers. Then, one can see that

Zgw)z=(y-1)E (szRZ(a)) (RS (a) u+c) 72 . (3.113)
k=1

Throughout this chapter, we assume that the excess returns { RS, (a)} and the parameters
of the utility function are such that there is always an optimal solution of (3.111) that
satisfies the first order conditions (3.112). Note that this requirement does not necessarily
impose concavity restriction on the objective function. We only require that the optimal
solution is at an interior point which satisfies the necessary conditions of optimality (3.112).
Our purpose is to identify the structure of the optimal policy and we will not dwell will
these technical details on optimization. This is of course an important issue and we do not
intend to undermine its significance. We now consider some possible cases to illustrate how
one can approach this technical problem. If v — 2 is even, then the Hessian matrix v/2g
in (3.113) is negative semi-definite provided that v < 1 and the optimal solution satisfies
(3.112) since we have an unconstrained concave maximization problem. If 7y — 2 is not even

and v < 1, then the objective function is concave over the set
Ale) = {u : P {(RZ (@) u+e)™" > 0} = 1} (3.114)

and we need additional restrictions on the excess returns {R° (i)} ; like the existence of a
solution of the first order condition (3.112) in A(c) for all c¢. In case v > 1, it suffices to

reverse the inequality in (3.114).
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Theorem 13 Let the utility function of the investor be the power function (3.110) and
suppose that the riskless asset return does not depend on the market state. Then the optimal
solution of the dynamic programming equation (3.63) is

(x+8,)

v (m,2) = Ky (71) + Cp(7) ’y

and the optimal portfolio is

ur (m, ) = ap () (rfx + 5n+1)

where
Bn = Tﬁnv Z Z\Iln 1 a.] (T (7T .7))7
acF JjeEE
Cn-1(m) = Z > Wn1(a,§) Co (Tna (m,4)) E [rp (1+ R (a) a(m,,2)) "]
acF jer

and oy (i) satisfies
> 5 W1 Gy (@) B[RS (o) (1+ RS (a) a(r,,2)" ] =0
a€lF

foralln=0,1,--- T — 1 with boundary conditions

Kr_q(m Z Z‘I’Tlaj K (j)

acF =jekr

Cr—1( Z Z‘I’T 1(a,7)C () E [ry (14 R7_y (a) a(m,, )]

acF JjeEE

for all i.

Proof. We will show that the recursion is true by induction starting with the boundary

condition vy (ir,z) = K(ir) + C(ir)(z + 8)7 /7. Note that

gr—1 (777 x, u) = F Z * Z \IITfl ((I, j) U(]? rfx + R%—l (CL)/ u)
| a€F jeEE

= E | 7Y Ur1(a,) (KG)+CG) (R (@) u+trz+p) /v)

acF jerE

Let v* = (u},u3, -+ ,u},) be the optimal amount of money that should be invested in the

risky assets so that

vp_q (m,x) = max gr-1 (myx,u) = gp—1 (m,x,u")
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as in the perfect information case. The gradient of gy_1 is

9971
ouy,

=Y W (a,5) C () B [Ri g (@) (Bey (@) utrpz+8)" 7
acF jeE

and the entries of the Hessian matrix H (m,x,u) as

829T—1
= “ WUy ) C (5 -1 3.115
G = LTI CH6-D (3115)
a JEE
€ e e —2
B RS, (@) Ry (0) (R (@) wot ryw+ 8)7] . (3.116)
Let z = (21, , zm) be any non-zero column vector where z;’s are real numbers. Then, one

can see that 27 H (7, z,u) z is equal to

m 2
S>> Urg(a,§)C(H)E (Z By (i1, a)> (Rf—1 (@) u+rpe+8)""
aclF JjEE k=1

(3117)

In (3.117) 7%, ¥,, (a,j),C (j) are positive. Inside of the expectation is also positive. So the
Hessian matrix is negative semidefinite because of the negative sign and we can find the
optimal portfolio policy by taking the derivative of gr_1. So if we set the gradient equal to
zZero,

dgr—1
8uk

=37 Y Wro (@) C () E Ry (@) (Bey (@) u' +rpe+8)] =0
aceF jeE

for any asset k =1,2,--- ,m where U7_1C (a) = > .. VY (a,7) C(j). Defining the vector

jEE
function o (7,_,,2) = (o1 (7, 2) , 2 (T, @) -+, (7, @) so that a (7, _,,2) =
u* (., )/ (ryz + B) we obtain u*(a,z) = a(a,z) (ryz + B) so the optimality condition
can be rewritten as
37U 1 (a) B [ReT,Lk (@) (1+ R%_, (a) a (mp,, :L‘))W_l] ~0. (3.118)
ackF
for all k = 1,2, --m are the optimality conditions. Since there is no dependence on x in
(3.118), a(m,z) does not depend on x and «a (m,x) = a(r). When the value function at
time 71" — 1 is rewritten for the optimal policy, we obtain

vp_q (m,x) = Z mWUr_ 1K (a) + Z mWr_1C (a) ((rfx +B8)E [(ReTfl (a)'oz(a, x) + 1)7] /’y)
acF acEF

= Kr_1(m) + Cr-a(m) (z + Br_1)” /-
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and the value function is still exponential like the utility function. This completes the proof
forn=T-—1.
Suppose now that the induction hypothesis holds for periods 7,7 —1,T—2,--- ,n. Then,

for period n — 1,

g1 (ma,u) = E > 7> Uy(a,5) vn(To-1 (7,5) ,rsz+ RS (a) w)
| a€F JjEE

e ™ Y U (a,) Kn(Tor (7, )
| +Cu(Tnmr (7,9) (R (@) w e + B,)7 /v

= b

One can easily see that the Hessian matrix of g,—1 (7, x,u) is negative semi-definite as for

gr—1 (m,z,u) . Let u)_(7n—1, ) be the optimal policy such that
e (7,2) = max g1 (7, ,10) = gt (m,,0°)

If we take the gradient of g,,—1 (7, x,u) with respect to u and set it equal to 0, we get the

optimality condition

Ogn—1 _ Z e Z U, _1(a,j) Cp (Tn-1(m, 7))

Ouy, ;
ackF jerE

BBy 14 @) (B (@) +rjo+ 6) 1] =0

and

5 W1 @) B[Ry @) (B (@) w4 g 4) 7] =0
acl

for all K = 1,2,---m are the optimality conditions. Defining the vector function « (7T7L71 , :1:)
such that o (7,_,,2) = u* (7,_,,z) / (rjz + B) we obtain u},_,(a,z) = a(a,z) (rjz + ) so
the optimality condition can be rewritten as
Z 70, _1C (a) E [RQT—Lk (@) (1+ R5_q (a) @ (ﬂ'n_l,x))v_l} =0. (3.119)
acl
for all Kk =1,2,---m are the optimality conditions. Since there is no dependence on x and

i in (3.119), a does not depend on x and i and w);_; = a1 (7) (12 + 3). When the value
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function at time n — 1 is rewritten for the optimal policy, we obtain

Up—1 (m,1,2) = Z @ Z U, 1K, (a)

acF JjEE

+ Z ¢ Z Uy 1C (a) (ryz + B,)”

(£ [+ Ry (@) o (7,_y,2))"] /7)

= Kn_l(ﬂ') + Cn_l(ﬂ').

and this completes the proof. m

Note that the wealth dynamics equation for the power utility case is the same as the
wealth dynamics equation (3.91) for the logarithmic utility case although the structure of
the optimal policy in (3.82) and (3.111) are different. Therefore, using a similar analysis
as in Section 3.2.3 we can easily determine the evolution of the wealth process. Likewise,
similar interpretations can be made on the structure of the optimal policy. In particular,
the optimal policy is not myopic, but the risky composition of the portfolio is myopic.
Moreover, this composition only depends on the state of the market. Although we obtain
similar characterizations and interpretations, note that the optimal policies for logarithmic

and power cases are not identical.
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Chapter 4

CONTINUOUS-TIME PORTFOLIO OPTIMIZATION

Beginning with the fundamental work by Merton [47], a number of very sophisticated
stochastic control models have been proposed for making optimal investment decisions. A
typical approach takes diffusion process models of securities and looks for the trading strat-
egy which maximizes the expected utility of consumption and/or terminal wealth over a
finite planning horizon. The optimal strategy is obtained by solving the dynamic program-
ming equation, which is a PDE that is also called the Hamilton-Jacobi-Bellman equation in
stochastic control theory. There have been many research papers related to Merton’s classi-
cal portfolio optimization problem. Bielecki and Pliska [7], and Fleming and Sheu [29] con-
sidered the cases in which there is no consumptions and the goal is to maximize the long term
growth rate of the utility based on the wealth. There are also some models involving stochas-
tic volatility instead of constant volatility, such as Fleming and Hernandez-Hernandez [28]
and Zariphopoulou [73]. Béuerle and Rieder [3] uses continuous-time Markov chains with a
discrete state space as a market driving process in their research. Recently, Detemple and
Rindisbacher [19] discussed the optimal portfolio selection problem with stochastic interest
rate and investment constraints. The problem they considered is also defined on a finite
time horizon and the utility function is the power utility function based on the terminal
wealth. Sotomayor and Cadenillas [64] examined the consumption-investment problem in a
regime switching market where they assumed the utility function, as well as the market pa-
rameters, depend on the regime of the market. Honda [35] studied an optimal consumption
problem in a setting where the mean asset returns depend on a regime variable which is ob-
served by the investor using past and current market prices. Sass and Haussmann [?] solved
the utility of terminal wealth optimization problem in continuous-time setting numerically.
They considered a case where the investor observes the stock prices rather than the market
regime which depends on the continuous-time Markov chain. Nagai and Runggaldier [52]

also studied utility maximization in regime switching models.



Chapter 4: CONTINUOUS-TIME PORTFOLIO OPTIMIZATION 127

In this chapter, we will analyze optimal portfolio strategies for HARA utility cases which
basically includes exponential, logarithmic and power functions. This will also extend the

work done by Béuerle and Rieder [3] to the multiasset case.

4.1 The Stochastic Market

The returns of risky assets in a financial market are random and there are various underly-
ing economic, financial, social, political and other factors that affect their distributions in
one way or another. As the state of a market changes over time, the returns will change
accordingly. It is fair to say that in today’s financial markets most of the risks, or variances
of asset returns, are due to the changes in local or global factors. Investment decisions
are affected by these factors as well as the correlation among asset returns. The previous
studies on stochastic processes effecting the variables of financial market are usually under
the concept of regime switching in financial markets.

Modeling a stochastic financial market by a Markov chain is a reasonable approach and
this idea dates back to Pye [57]. Hamilton [33] is one of the first papers that suggested
use of regime switching for explaining business cycles. He suggests that the state of the
business can be described by a state variable which can be parameterized as a first-order
Markov process. Gray [30] uses the regime switching approach for short term interest
rates. He first examines different models with both single regime and multiple regimes and
proposes a new model called generalized regime switching. It is concluded in the paper that
generalized regime switching model outperforms simple single-regime models in an out-of-
sample forecasting experiment. In a more recent work, Costa and Araujo [15] worked on the
continuous-time generalized mean-variance optimization in the case of a Markov modulated
market. They have defined the problem as optimization of a utility function of mean and
variance of the terminal wealth. They derived both the necessary and sufficient conditions
for the optimal solution.

We consider a financial market with one riskless asset (bond) and m risky assets. Let
(Q, F, F, P) be a filtered probability space with filtration 7 = {F;0 <t < T} and F = Fr.
The bond process B = {B (t) ;t > 0} evolves according to

dB(t) =rp (Y, t) B(t)dt
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where 7 (i,t) is the risk free interest rate at time ¢ given that the state of the market is 1.

The stock price process for the kth asset Sy = {Sk (t);t > 0} evolves according to

d
dSy (t) = p (Vs t) S (8) di + Sg (8) > oy (Y, 1) AW (2)
j=1
where {Wy, Wy, --- Wy, } are independent Wiener processes. Here for the remaining of the

thesis we will suppose that the market is complete and d = m. Further discussion about
the complete markets can be found in Karatzas and Shreve [38].
Here, we suppose that Y = {Y;;¢ > 0} is a Markov process with a finite state space F

and infinitesimal generator, or transition rate matrix,

- —A (i) j=i
AGg) =9
@) Q,5) j#1i
Moreover, Y is assumed to be independent of the Wiener processes {Wy, Wa, -+, Wy, }.

The process Y represents the stochastic evolution of the financial, economic, and other
factors that affect the prices of all assets in a market. Define the filtration Y = o (Y)
as the minimal o -algebra generated by Y. We further suppose that the filtration F =
o (Wi, Wy, -+, Wp,,Y) is the minimal o-algebra generated by (Wi, Wa,--- W, Y). Note
that Y C F.

Denote the times of the jumps of the Markov processes Y as 0 =Ty <11 < Tp < -+ -,

and it is well-known that
P{Toi1 — T < Yz, = i} = 1 — e X0

so that the amount of time spent in state ¢ is exponentially distributed with rate A (7). The
sequence of states {Yp, } visited by Markov process Y is a Markov chain with transition
matrix (). Define R = [—00,00) to denote the set of real numbers, and R. = (0,00) to
denote the set of positive real numbers.

Let 7¢ (s,t) denote the total compound factor from time s to time ¢ defined as
ff (8, t) = efst r(Yz,2)dz

for s < t. Note that 77 (s,t) is random since r; depends on Y. However, if rf (i,t) = rf (¢)

independent of 4, then

Tr(s,t) = oJirs(z)dz
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is a deterministic quantity. Furthermore, if the interest rate is constant 7y (i,t) = 7y, then
71 (s,t) = €779 trivially.

We assume that all of the market functions y, o, and ry are bounded. We also define
V (i,t) = o’ (i,t) o (i,1)

and
pe (i t) = p(i,t) — 7y (ist)
foralli € E,and 0 <t <T. We further suppose without loss of generality that o is positive
definite. It also follows that V is also positive definite, the inverses ¢~ and V! both exist
and they are also positive definite.
In this chapter, we let class H? denote the set of all measurable adapted functions or

random variables f : Q x [0,7] — R that satisfy the integrability constraint

E[/OTfZ(t)dt] :E[/QP(dw)/oTﬂ(w,t)dt} < 0.

Note that while defining a portfolio policy, it is possible to either decide on the ratios
of current wealth 7 that will be invested in each asset or the amount of money v that will
be invested in each asset. If x is the wealth level, the dependence between the two can be
written as u = ma provided that x # 0. However, for a given policy u, the m values become
bigger and bigger as x approaches to zero. Therefore, we have constructed the optimality
conditions and wealth dynamics equations for both 7 and u separately in the following

sections.

4.2 Dynamic Programming Formulation I

Our objective is to find the policy that maximizes the expected utility of the terminal wealth
at time 7. A portfolio management policy is denoted by m = {n (t) = (71 (¢),m2 (¢t),...,
Tm (t));0 <t < T} where 7y, (¢) is the ratio of current wealth invested on asset k at time ¢.
For any admissible policy m, we let X™ = {X[,0 <t < T} denote the corresponding wealth

process.
Definition 14 A portfolio management policy 7 is called admissible if

1. 7 takes values in a given measurable subset of R™,
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1. m is measurable and adapted to F,

iii. fo V (Ys,s)7(s)ds < oo, and fotﬂ(s)//f (Ys,s)ds < oo almost surely for any
0<t<T.

iv. P{XT. > X7 (0,T)} < 1.

Note that condition (iv) of Definition 14 implies that there is no free lunch or arbitrage
opportunity. In other words, the return X7 /X{ during [0,7] cannot exceed the risk free
return 77 (0,7) with certainty. It is clear that this condition excludes the optimality of so
called doubling strategies which yield terminal wealth levels that exceed any desired value
almost surely. It is quite common to put additional restrictions on admissibility policies
that create arbitrage opportunities. This may be achieved by putting bounds on policies,
line of credit, or lower bounds on wealth levels. Dybvig and Huang [22] show that a lower
bound on wealth precludes arbitrage opportunities. Kreps [40], on the other hand, uses
bounds on the portfolio positions while Delbaen and Schachermayer [17] imposes bounds on
line of credit. We prefer condition (iv) of Definition 14 since it is quite intuitive, practical,
and easy to verify for the HARA class of utility functions that we consider in this chapter.
More details about the doubling strategies can be found in Karatzas and Shreve [38, Chap.
1].

Let the set A denote the set of all admissible policies which satisfy Definition 14. For a
self financing policy m € A, the wealth process satisfies the wealth dynamics equation

m

- - dSy (t) B (t)
dX7 = X7 m, ()S:(t) +XT (1—Z7rk ) 0

k=1

dt

+XT Z

k=1 j=
= X7 [r(Yi,t) + 7 (1) p® (Yy, t)] dt + X7 (1) o (Yz, t) AW (t) (4.1)

= XT | ) 4 S e (6) (g (Vo) — g (Vi)
k=1
T (t) ory (Ye, 1) dW; (t)
1

with XJ = x > 0 being the initial wealth.
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For any admissible policy , the stochastic differential equation (4.1) has a unique solu-

tion. Using It6 calculus, we can solve the stochastic differential equation (4.1) as

XT = XTexp (/Ot <7~f (Yars) + 7 (s) 4 (Y, 5) — %77 (s)’V(Y},s)w(s)) ds

+ /OtTr(s)/o(YS,s) aw (s)) . (4.2)

Note from (4.2), that X]" and XJ will have the same sign, which implies that if the starting
wealth of the investor is positive, then X[ > 0 for all 0 < ¢ < T. Using 7 as the portfolio
policy therefore implies that X > 0 for all 0 < ¢ < T. One example where this is handy is
the case where the investor has simple logarithmic or power utility. The detailed analysis
is given in Section 4.5.

Our optimization problem is to find a policy 7* over all admissible policies such that

E [U (YT7X§5*) Yo =4, Xo = z] = sup B [U (Yr.XF) [Yo = &, X§ = al (4.3)
u€

where U (i, x) is the utility function.

To keep track of time properly, let Z = {Z;;t > 0} be the process defined trivially by
Zy = Zp+t. Then (4.1) becomes

dX[ = X[ [ry (Y, Ze) + 7 (%) 1€ (Ye, Z1)) dt + X[ (Z4) o (Y, Ze) AW (1)

for any given policy @ € A. Throughout this section, we will set X = X™ for the given

policy 7 to simplify the notation. We will also let
Eivi[R] = E[R|Y, = i, X, = o]

and

Ei.i[R)= E[R|Yy =i, X0 =z, Zo = t]

denote the conditional expectations of any random variable R given the stated conditions.

We let Cg’l denote the set of all continuous functions f (i,z,t) : E x Ry x [0,7] — R
with polynomial growth in z that are continuously differentiable in ¢ and twice continuously
differentiable in z with a finite first order derivative with respect to x. Therefore, for
f e C® welet f;(i,z,t) = Of (i,z,t) /Ot, fu(i,z,t) = Of (3,2,t) /Oz, and fup (i,2,t) =
0?f (i,z,t) /0x? denote partial derivatives, and we further impose the finiteness condition

|fo (i,z,t)| <ooforanyi € E,x € Ry and 0 <t <T.
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The generator for the trivariate Markov process (Y, X, Z) is defined as

s]0 S

Gf(l 2 t) — lim (Ei,z,t [f(Y:SaX&ZS) - f(l,l’,t)])

for any f € Cg’l.

Note that for any policy 7 € A, 7 (t) € F; implies that 7 (¢) = 7 (i,z,t) on {Y; =
i, Xy = x,7Z; =t} € Fy since (Y, X, Z) satisfies the Markov property. Therefore, on the set
{Y; =i, Xy =x,Z;, =t}, the policy 7 (t) = 7 (i, x,t) is in fact not a random variable, but a
function of ¢, x, and ¢t. The reader should keep this in mind throughout the remainder of

this chapter. To identify the generator G, if we set
hiyx,t;s) = B [f (Yo, X, Z)]
then, it satisfies

h(i,ﬂj,t;S) = e_A(i) Ai,z,t[f(ivXS’ZS)]

T / A1) e S Q (i,7) Broa [ (G, Xus Zui s — w)
0

JjEE
= e M [f (i, X, Zs)] (4.5)
e M0s / A(@@) eV Ddu > " Q (4, 5) Byt [h (j, Xy Zui s — )]
0

JjeEE
by conditioning on the time of the first jump of Y. Note that X satisfies the stochastic
differential equation (4.1) with Y; = ¢ for ¢ < T3 AT. From the definition of the genera-
tor Gf (i,z,t) in (4.4), we see that both the denominator and numerator go to zero as s

approaches zero. If we use Ito’s formula, for f € C%*!, we obtain

FOX0Z) = X Zo)+ [ [0 Z)do+ [ 160X, Z)ax,
0 0
1 [ . 9
+2/0 fxz (Z7X1)7Zv) (dX’U)
— F (i, Xo, Z0) +/ £ (i Xo, Z0) Xom (Zo) & (i, Z0) dW (v)
0
+/0 [ft (iaX”Ua Zv) +fa (7;7X’Ua Zv) Xy (Tf (@Z”u> + (Zv)/,UJe (i7Zv))] dv

v / L (6, X, Z0) X2 (2,)'V (i, Zo) 7 (Z0) do. (4.6)
0 2
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In applying It6’s formula, note from (4.1) that (dX,)* = X2 (Z,)'V (i, Z,) 7 (Z,) dv. In
(4.6), the stochastic integral is a martingale using f € 05,1 and Assumption 14. Therefore,

A~

Emﬂf@x&aﬂ::Emﬁfmxm%n+ﬂm{47ﬁmxmm>

+fz (i, Xy, Zy) Xy (rf (3, Zy) + 1 (Zy) 1 (4, ZU))) dv
1

+2/ fow (1, Xy, Zo) X270 (2,) 'V (i, Zy) 7 (Z,) dv
0

Now, it follows that

. dBi. [f (6, X5, Z)] . - .
g s =l Bioe /i (1 X0, 22)

+fo (i, X5, Zs) X (15 (3, Zs) + 7 (Zs) i (4, Z))
+%fm (i, X, 2,) X270 (Z) V (5, Z3) 7 ()
= fili,z,t)+ fo (i,z,t)x (1 (3,8) + 7 (¢) p° (i, 1))

b fan (i, 0) 2% (8 V (0,07 (). (4.7)

If we differentiate (4.5) and evaluate it at s = 0,

. dh(i,z,t;8) N - dEa [f (1, X, Z)]
lim B8 1 2
i 7 A ) f (i, 2,t) + i 1
JEE
. dEA‘imt[f'LXsaz
= 1 )
im +ZAZ] (j, z,t)
jerE

and, using (4.7), we get

dh ) ; ! e
i T Gt 4 fa ) (g 60) + 7 (0 60)
+1fm<mt)m(> () + > AG) f (1)
JjeEE

In (4.4), both the denominator and numerator are zero at s = 0, so if we apply L’Hopital’s
rule, the denominator is equal to one and taking the derivative of the numerator with respect

to s, and taking the limit as s goes to 0, we obtain

. . dh(i,x,t;8)
Gf (i,z,t) = lslﬂ[)lT
= ft(z'xt)+fz(ixt) (rf(i,t)—i-ﬂ(t)/ue(i,t))
+= fm(zxt)m TtV -I—ZA f(g,z,t).

JjEE
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For a given policy m € A, we let
v (Zv xz, t) = Ei,m,t [U (YT, X%)]
where U is the utility function and the optimization problem becomes

v (i,z,t) = supv™ (i, z,t).
ucA

Note that we can also write
VT (4, 2,t) = B [0 (Yign, X[ops Zisn) |Ye = 6, X[ = @, Zy = t]
for all t + h < T'. Rearranging the terms and dividing by h, we obtain
%E 0™ (Yiems Xions Zoen) — 0% (12, 8) [V = i, XT = @, Zs = £] = 0.
Taking the limit as h goes down to zero, we obtain
Gv" (i,z,t) =0

which implies that v™ can now be characterized as the solution of the linear system of second

order partial differential equations

of (4,x,t) +vp (4, x,t)rf(i,t) e+ (t) pe (i,t)

1
55 (b, ) m () V (@) m (1) + ) A0, §)v" (oo, t) =0
JEE

for 0 < ¢ < T with the boundary condition v™ (¢,z,T) = U (i, z) .
The optimal portfolio selection problem can therefore be formulated by the dynamic

programming equation

v (i,2,8) + sup { (i, ) (ry (3,8) + 7' (5,1))
TeR™

t5vee (i, )20V (i) 7+ 3 A ) v (5,2, 1) } — 0. (4.8)
JEE

for 0 <t < T with the boundary condition v (i, z,t) = U (i, ).
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4.2.1 Verification Theorem

The optimality condition of the dynamic programming equation (4.8) is not sufficient if
a verification theorem is not proven. The verification theorem connects the dynamic pro-
gramming equation (4.8) to the control problem of maximizing the expected value of the

terminal wealth defined in (4.3).

Theorem 15 (Verification) Suppose g € 03’1 is a solution of (4.8), then
a) g(i,xz,t) >v(i,x,t) forallie E, z € Ry, and 0 <t < T,
b) If ™ € A is a mazimizer of (4.8), then g (i,x,t) = v (i,z,t) = v™ (i,z,t) for alli € E,

x€Ry, and 0 <t <T. In particular, @ is an optimal portfolio policy.

Proof. Let m € A be a policy and X™ be the corresponding wealth process. Using Itd’s

formula for local martingales with discrete parts, we can write g (Y7, X7, T) as
T
GO XET) = Ui X0+ [l (Ve XZ09) 4 00 (Y XE8) XT (17 (Vars)
¢
1
o (5)) 1 (V30 8)) + 50 (Ve XE,8) (XD)? (1 () V (Yay ) 7 (5)) | ds

T
[0 (XTS5 o (V) W (9

+ Z g (Yr,, X7, 1) — 9 (Y-, XF. . T—)] . (4.9)
t<Tn<T

Since g satisfies (4.8), we can write

gt (i, ,t) + gz (4,2, t) & (1 (4, 8) + 7' pc (4,1))

(4.10)
+59x (i, 2,8) 7'V (4,0) 7+ 350 A4,5) g (G, 2,1) <0
forallie F,z € R, 0<t<7T,and 7 € R"™. This implies that we can also write
gt (Ye, XT,8) + g0 (Ys, XU, 8) XT (7 (Y, 8) + 7 (5) 1€ (Y, 5)) (4.11)

3900 (Yo, X, 8) (X)) (8)'V (Yo, 8) 7 (5) + Do A (Y, ) 9. (5. X7, 8) <0
for all s € [0,7]. Therefore, the integral of the left-hand side of (4.11) from ¢ to T is

nonpositive. If we subtract this integral from the right-hand side of (4.9), we get
T
90 X0 T) £ gOLXT0+ [0 (Y XTo8) XEm(5) 0 (Ve ) dW (9
t

+ Z YTnaXTn T ) ) (YTn—vX%n—aTn_)]
t<Tn<T

/ > AYe5) g XT, ) ds

JjeEE
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and taking the conditional expectation given {Y; =i, X = 2} € F; we obtain

T
Ei,l,t [g (YT, X%a T)] < g (Za x, t) + Ei,x,t [/ 9z (sz’ X;Ta S) X;rﬂ- (S)IU (Yv& S) aw (S)
t

+EBias | > l9(V1. XE,.T0) — g (Yr,—, XF, ., Tn—)]
t<Tp<T

T
- [ AW 96 XE ) ds

JjEE
where E; ;¢ [g (Y7, XT,T)] = Eijz+[U (Y, XF)]. Since g € 03’1 and 7 € A, we have
gr (Y, XT,8) XT7 (s) o (s,Ys) € H2. Therefore, the first integral is a martingale and

T
Eivy [ / g5 (Yo X7, 8) X7 () 0 (5, Y2) AW (s) | = 0.
t

Due to the growth condition
Ei7x’t Z |g (YTn’ X’?n ’ Tn) | < o0
t<Tn<T

and the last part is equal to zero since it is also a martingale according to Theorem 26.12

in Davis [16, Chap. 2]. So, we see that
9 (i, 2,t) 2 Eiwilg (Y7, X7, T)] = Eigs [U (Y7, XT)] = 0" (i, 7, 1) (4.12)

for all m € A which further implies that
g (i,x,t) > supv™ (i,x,t) = v (i,x,t). (4.13)

TEA

If 7* € A is a maximizer of (4.8), then it satisfies

gt (i, x,t) + go (1,2, t) x (rf (i,t) + 7 ()" p° (i, t))

1
390 (1:,) % () V (0 7 () + Y A6.5) 9 (o, t) = 0
JjEE

and (4.13) is satisfied with equality so that

g (i, t) = v (i, t) = 0™ (i, t) = By [U (v, X7
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4.3 Dynamic Programming Formulation II

In this section, a portfolio management policy is denoted by u = {u (t) = (u1 (t),...,um (t));
0 <t < T} where ug (t) is the amount of wealth invested on asset k at time t. For any

admissible policy u, we let X" = {X}*;0 <t < T} denote the corresponding wealth process.
Definition 16 A portfolio management policy u is called admissible if

1. u takes values in a given measurable subset of R™,

1. u is measurable and adapted to F,

111 fgu (5) V (Y, 8)u(s)ds < oo, and fgu(s)lue (Ys,s) < oo almost surely for any 0 <
t<T.

iv. P{X} > X{7¢(0,T)} < 1.

Condition (iv) of Definition 16 is analogous to the condition (iv) of Definition 14 and
it implies that it is not possible to exceed the risk free return with certainty. Let the set
A denote the set of all admissible policies. For a self financing policy v € A, the wealth

process satisfies the wealth dynamics equation

uy (t) 45y (1) + (X;‘ -

NE

dX; = S (1)

m

Xp'ry (Ve t) + S un (8) (g (Vi t) — g (Yi, 1))
k=1

NE
S
i~
~_
SIS
SIS

>
Il

1 k=1

dt

I
| — |

m m

303w (t) o (Ya, t) dW; (1)

k=1 j=1
= [Xfry (Y, t) +u @) p (Y, 0)] dt +u(t) o (Yi, t) dW (t) (4.14)

with X being the initial wealth.
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For any admissible policy u, the stochastic differential equation (4.14) has unique solu-
tion. Using It6 calculus, we can write the wealth process as

t
Xtu _ Xoefot rr(Ys,s)ds + efot rf(YS,s)ds/ e N rf(YZ,z)dzu (S)IIU,E (}/87 S) ds
0

t
ey s (Yes)ds / e I 0Dy (5 5 (Y, 5) AW (s)
0

¢
= Xory (0,1) +/ 7y (s,t)u(s) p (Ys,5)ds
0
t
+/ Tr(s,t)u (5) o (Y, 8)dW (s).
0
Our optimization problem is to find a policy u* over all admissible policies such that

E [U (YT,X;A*) Yo = i, Xo = x] = sup B (U (Y X})[¥o = i, Xo = 2] (4.15)
ue

where U (i,z) is the utility function. Note that for any policy u € A, u(t) € F; implies
that u (t) = u (i,z,t) on {Y; =, Xy = x,Z; = t} € F; since (Y, X, Z) satisfies the Markov
property. Therefore, on the set {Y; =i, X; =z, Z; = t}, the policy v (t) = u(i,z,t) is in
fact not a random variable, but a function of 7, x, and ¢. The reader should keep this in
mind throughout the remainder of this chapter. It is clear that X;* € R and the wealth
level is not necessarily positive as it was in Section 4.2. We therefore extend the definition
of 0571 to include functions f (i,z,t) : E x R x [0,7] — R with the same properties. The
domain R, of z is simply extended to R now since X;* € R.

We define the generator as in (4.4), and recall the definition of A in (4.5) to obtain

F0.X0Z) = £GX0 )+ [ 66X Z)dot [ £6.X02)dX,
% /0 fow (i, X, Zy) (dX)?
— (i, X0, Z0) + /0 £ (i X, Zo)u (Z0) o (i, Zo) dW (v)
+ /0 Ui G X Z0) +Fa (i Xos Z0) (Xory (i, Z0) +u(Z) 1 (i, Z0)) ] dv

51 . ’ .
+/0 §fm (1, Xy, Zyp) u(Zy) 'V (i, Zy) u (Zy) do. (4.16)
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In applying It6’s formula, note from (4.14) that (dX,)* = w(Z,)'V (i, Z,)u(Zy) dv. In
(4.16), the stochastic integral is a martingale using f € 05,1 and Assumption 16. Therefore,

N

Ei,:c,t [f (i, XS, Zs)] = Ei,x,t [f (iy X[), ZO)] + Ei,x,t |:/OS (ft (i7 Xva Zv)
+fo (i, X, Zo) (Xory (i Zo) + u(Zy) 1 (i, Zy))) dv

41 / o (i X Z0)w(Z0)' V (5, Zo) u (Zy) dv
2 Jo

Now, it follows that

dE; i X, Z A
lim 1,,t [f (27 S s)] = lim Ei ot [ft (’i, Xs, Zs)
510 ds 510 ’7

+fo (1, X5, Zs) (Xsry (i, Zs) +u(Zs) p° (i, Zs))
+%fm (i) X0, Z)u (2,)' V (i, Zs) u (Zs)
= fili,z,t)+ fo (i, 2,t) (zry (i, 1) + u () p° (4,¢))

b fan i, ) u (0 V (i 0) (1) (4.17)

If we differentiate (4.5) and evaluate it at s = 0, and use (4.17), we now get

hﬁl‘w = fili,z,t) + fo (i, 2,t) (zry (i, 1) + u (t) p° (4,¢))

b o () (0 V G () + 3 AG) f Go,0).

jer
If we apply L’Hopital’s rule to the generator, the denominator is equal to one and taking
the derivative of the numerator with respect to s, and taking the limit as s goes to 0, we

obtain

Gf(i,w,t) = lim W
= filiz,t)+ fo (2,0) (ry (6,0) @+ w () 1 (i,1))

b fn (020w (O V () (t) + 3 AG IS ().
JEE

For a given policy u € A, we let
0" (27 xz, t) = Ei,flf,t [U (YT, X%)]
where U is the utility function and the optimization problem becomes

v (i, z,t) = supv" (i, z,1).
ueA
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Note that we can write
v (i,z,t) = FE [v“ (Y,;Jrh,thﬂrh, ZHh) Y=, X} =22, = t]
for all t + h < T'. Rearranging the terms and dividing by h, we obtain

1 . .
EE 0" (Yihs Xitny Zign) — 0" (G, 2,t) Yo =4, X =2, Z, = 1] = 0.

Taking the limit as h goes down to zero, we obtain
Gv* (i,z,t) =0

which implies that v" can now be characterized as the solution of the linear system of second

order partial differential equations
v (i, @, t) + v (6,2, 8) vy (i 8) @+ u (8) 1 (4,1)

ool G, ) u (0 V (0 u (1) + 30 AGg) " (7, 1) = 0
JjeE

for 0 < ¢ < T with the boundary condition v* (i,z,T) = U (i, x) .
The optimal portfolio selection problem can therefore be formulated by the dynamic
programming equation

vt (i, 2,8) + sup { (i, 2,t) (ry (i, t) @+ ' (i,1))
u€ER™

bt (i, )V () ut YD AG ) v, 0) b =0 (4.18)
JEE

for 0 < ¢ < T with the boundary condition v (i, z,t) = U (3, z).

4.8.1  Verification Theorem

The optimality condition of the dynamic programming equation (4.18) is not sufficient
if a verification theorem is not proven. The verification theorem connects the dynamic
programming equation (4.18) to the control problem of maximizing the expected value of

the terminal wealth defined in (4.15).

Theorem 17 (Verification) Suppose g € 03’1 is a solution of (4.18), then
a) g (i,z,t) > v (i,z,t) forallic E, z €R, and 0 <t < T,
b) If u* € A is a mazimizer of (4.18), then g (i,z,t) = v (i,z,t) = v* (i,z,t) for all i € E,

zE€R, and 0 <t <T. In particular, u* is an optimal portfolio policy.
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Proof. Let u € A be any policy and X" be the corresponding wealth process. Using Itd’s

formula for local martingales with discrete parts, we can write g (Y7, X#,T) as

T
o (Ve XIT) = (Yo XT\0)+ / (g0 (Y, X2 8) + g (Yo, X7, 8) (ry (Yo, ) X
t
1
() (V) g g (Va, X2 8) (u () V (Ve ) (5)) | ds

T
[ (XU o () Y (9

+ Z [g (YTn7X%n7Tn) ) (YTn—aX”Zujn77Tn_):| (419)
t<Tn<T

Since g satisfies (4.18), we can write

gt (1, 2,t) + go (4,2, t) 1y (1,8) x + o' pe (i,t) (4.20)

1
50w (2, ) W'V (i) ut Y A7) g (G 2,8) <0
JjEE
forallte F,z € R, 0<t<7T, and u € R™. This implies that we can also write
gt (}/SvX;L7 8) + Gz (YS’ ng S) (Tf (}/87 S) X;‘ +u (S)IMe (YS’ 5)) (4 21)
5000 (Ys, X2y 8)u(s) V (Y, 8)u(s) + X jep A (Y 7) 9 (5, X&', 8) <0

for all s € [0,7]. Therefore, the integral of the left-hand side of (4.21) from ¢ to T is

nonpositive. If we subtract this integral from the right-hand side of (4.19), we get

T
o (Ve X, T) < g (Yo XT\0) + / gs (Vo X2, s)u(s) 0 (Yo, 5) AW (s)
t

+ Y lg(Vn,. X§. 1) — g (Y-, X, T—)]
t<T,<T

T
_/t 3 A(Yer) g (G X s) ds

JEE

and taking the conditional expectation given {Y; =i, X} = z} € F; we obtain

T
Ei,m,t [g (YTaX%7T)} < g (i7$7t) + Ei,m,t [/ 9z (YSngv 3) U (S)IU (YSa 8) aw (3)
t

+E7;7:E’t Z [g (YT'IL?X’%”?TTL) -9 (YTn—7X%n—7TTL_):|
t<Tp<T

T
- [ T A e X ) ds

JjEE
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where F; ¢ [g (Y7, X3, T)| = E; »+ (U (Yr, X})] . Since g € C7' and u € A, we therefore get
gz (Ys, XT,8) XTI (s) o (s,Ys) € H2. Therefore, the first integral is a martingale and

T
o U 0o (Yo, XU ) () o (5, Ys) dW (s)| = 0.
t

Due to the growth condition

Ei,x,t Z g (YTna X%naTn) < 0
t<Tp<T

and the last part is equal to zero since it is also a martingale according to Theorem 26.12

in Davis [16, Ch. 2]. So, we see that
g(isz,t) = Eigylg (Y, X7, T)] = Eipi [U (Y7, X7)] = 0" (i, 2, 1) (4.22)
for all u € A which further implies that

g (i,z,t) > supv" (i,z,t) = v (i,x,t). (4.23)
ucA

If u* € A is a maximizer of (4.18), then it satisfies
9t (3, 2,t) + g (i, 2, ) 7y (i) T+ u* () p€ (i, 2)

e (i)t () V (@) (0 + 30 AG5) g Gst) =0
JjeE

and (4.23) is satisfied with equality so that

g(i,z,t) = v (i,2,t) = 0" (i,2,t) = B4 [U (YT,X%*)} .

At this point, we want to point out that the utility function that we will consider later
in this chapter will require certain restriction on the wealth level. In some cases, the set
Cz’l will consist of function f (i,x,t) defined for alli € E,0 <t <T,and z € Ry CR
where Ry is some subinterval of R. Theorem 17 still holds provided that R is replaced by
R; in a) and b)

4.4 Exponential Utility Model

We assume that the utility of the investor in state ¢ is given by the exponential function

U (i,z) = K(i) — C(i) exp(—x/3) (4.24)
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with 8 > 0, and C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute
risk aversion is simply equal to the constant —U" (i,) /U’ (i,x) = 1/3 for all i.

In this section we will assume that the risk free interest rate ry does not depend
on the state of the market i. Therefore, 7 (i,2) = 7;(t) for all i € E and 7y (s,t) =
exp (fst ry(2) dz) is not random.

Note that for the optimization problem with the exponential utility function (4.24), we

can write the value function as

v(ie,t) = sup By [K (V) = C (vp) e ¥H/7]
ucA
= Eizt[K(Yr)]+ Eigy |:Sllp —C (Yr) e—X%/ﬁ} ]
ueA

It is clear that the optimal policy u* is independent of K. Let U (i,2) = —C (i) exp(—xz/8) =
U (i,x) — K (i), then the optimal policy for U (i, ) will also be optimal for U (i,z) since u*
does not depend on K. Therefore, if v (i, z,t) is defined as

0(i,@,t) = sup Fygy [~C (vr) e /7]
ucA
= Ssup Ei,x,t |:U (YT,X%)} (4‘25)
ucA
then
v (iy2,t) = Bigt [K (Y1) +0 (4, 2,1). (4.26)

If we can find o (i, x,t), we can easily determine v (4, z,t) using (4.26) and the fact that

Eiut [K (Yr)] = B[K (Yr)|Y: = i] = K (i,t) = AT VK (i) (4.27)

Ms

independent of x. Here, e™? is the matrix exponential

n—oo

+oo n
Ms S n Ms
e _ZEM = lim <I+n>

n=0
defined for any matrix M and scalar s € R;. Therefore, K (-,t) denotes the multiplication
of the matrix exponential exp (A (T' — t)) by the vector K. The matrix exponential can be
computed in many ways. Nineteen different techniques are summarized by Moler and Van
Loan [48]. The matrix exponential will take an important part throughout this chapter. It

is quite clear that the derivative is

ieMS = MeMs = M3y,
ds
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Moreover, we can also show that (4.27) yields the differential equation
d
K (iyt) = K (i,1) = —AAT K (i) = —eA TV AK (i)

or equivalently

K (i,t) = —AK (i,t) = ZAZ] J,t)
jJjeEE

with the boundary condition K (i,7") = K (). These representations will be used through-

out this chapter.

Theorem 18 Let the utility function of the investor be the exponential function (4.24)
and suppose that the riskless asset return does mot depend on the market state so that

r¢(i,t) =1 (). Then, the optimal solution of the dynamic programming equation (4.18) is
v (i,z,t) = K (i,t) — C (i,t) e~/ Pe (4.28)

and the optimal portfolio is

U*(Z,x,t) = Btv (i’t)il lue (Zat) (429)
where
g : A(T—1) e (5
K (i,t) = K 4.30
Bt Tf (t T) (,L ) € (Z) ) ( )
and C (i,t) is the solution of the linear system of first order differential equations
dC (i,t)

=C; (i,t) = p(i,t) C ZAZ]

JjeEE

dt
with the boundary condition C (i,T) = C (i) where
. Lo o iirr =1 ey
p (Za t) = ilu’ (Z7 t) 4 (Z7 t) K (Z’ t)
forallie FEand 0 <t <T.

Proof. We will focus on the optimization problem (4.25) by examining © (¢, x,t). For any
A € R, if u € A is an admissible policy for xg = z, ig = 7 then it is also admissible for
xo9 = x + A, ig = 4. If the same policy u is used for both zg = x and x¢ = x + A then the
difference between the terminal wealths will be A7 (t,T") since the excess amount in the

second case is invested in the risk free asset. This observation can be expressed as

El-C(vp) e X8|V, =i, X, = x + /\} = F [—C (Vp) e (KR D)8y, = § X, = o
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and
E [—c (V) e X8 1Y, =i X, = o + A} — (MBI [0 (Yp) e XF/B |y, = i X, = m}
which means

Eiging |~C (Yp) e XH/P] = NOT D, |- C (vy) e X417 (4.31)

for any A € R and u € A.

Let 4 be the optimal policy when zg = z, i9 = i, then (4.31) implies
Ei gt [_C(YT) e_X%/ﬂ] = VAN g, [—C (Yr) G_X%/B} (4.32)
and, since @ is optimal,
Bipy [-C (V) e X" 0I0) > By [-C (vp) e X" (D] (4.33)
for all u € A. If we multiply both sides with e(=*/8)7®) then using (4.31) we can write
Biping [=C () e ™| 2 Biping [-C (V) e X117

for any admissible policy u € A. So, @ is also optimal for xg = z + A, i9 = i. We therefore
conclude that

0(i,x,t) = e 2T (tT)/B sup Eio¢ |—C (Y7) e_X%’/B}
ucA

= e Py (i,0,1).

by taking x = 0, A\ = z in (4.31). Define C (i,t) = —0(¢,0,t) so that o (i,z,t) =
—e~?/PC (i, t).
Therefore,
by (i,2,t) = (1/8,) e72/B:C (i, 1) (4.34)
and
bga (i, t) = — (1/8,)2 /P (4,1) . (4.35)

Also, if we take the derivative with respect to ¢

by (1,2, 1) = =1 (t) (x/8;) e~¥/PrC (i, 1) — e7*/PeCy (i, 1) . (4.36)
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Using (4.18), the optimal policy can be found by

1
u*(t) = argmax (@x (i,2,t) (ry () @ + ' p® (i,)) + §ﬁm (i, 2, 6) W'V (i, t)u
+ZA i,7)0(J,, t))
JjeER

1
= argmax <f}m (i, 2, t)u' p® (i, t) + iﬁm (i, 2, t) W'V (i,t) u>
u

and setting the gradient equal to zero, we obtain

w (1) = BBy e )

Vg (1,2, 1)

and finally,
Wt (1) = BV (i) i (). (4.37)

If we plug in the optimal policy in (4.18)

b (3,2, ) + Oy (3,2, 8) 7y (8) T 4+ u* () 1€ (i, 1)

1
500 (i 2, ) u” (1) V +§A i,§)0 (j,x,t) =0
J

and, using (4.34), (4.35), and (4.36), we have

— s (t) Bie*x/ﬂtc (i,t) — e~ "/BeCy (i, t) + ﬁlex/ﬁtc (i,t) (1 (¢) x +u* () p© (i, 1))

t t
— S5 RC (i ) ut (1) V (i, ) ut (8) — e P> A (i, §) C (1) = 0.
jeEE
If we cancel e=*/% and insert the policies u* (t)' u® (i,t) = B,u® (i,t)' V (i,t) " pu® (i,t)
and u* (£)' V (i,t) u* (t) = B2uc (i,t)' V (i,t) " € (i,t), we have

—C, (i, ) + C (i, ) p€ (i, ) V (i, 8) " p® (i, t)
—%c (i,8) p (6,8) V (i,8) " pf (i, 8) = > A(4,5) C (4, 1) = 0.

jJEE

After rearranging the terms we obtain

Cy (i,t) = p(i,t) C ZAZJ (4.38)
jeE
with the boundary condition C (i,T7) = —0(:,0,T7) = C(i) where p(i,t) is defined as

p(ist) = 5ue (i,0) V (i,) 7" pe (i,1).



Chapter 4: CONTINUOUS-TIME PORTFOLIO OPTIMIZATION 147

To complete the proof, it now suffices to show that the optimal policy (4.29) is admissible
and the exponential value function (4.28) satisfies the condition of the verification Theorem

17. Note that
C (i,t)

t

e /P < oo

|vg (3, z,t)| =

for all x € R and v € Cg’l. The optimal policy (4.29) is clearly admissible in view of the
fact that the optimal wealth process is given by (4.41) since the sum of the two integrals in
(4.41) is not necessarily positive. ®
If one examines the differential equation (4.38), it can be rewritten as
Cy(it) = > A(i,§,t) C (4,t) (4.39)
JEE
where
Aan{ 06D i
p(i,t) +A(0) i=7
If the market functions y, o, and 7y do not depend on time so that pu(i,t) = (i),
o (i,t) =0 (i), and r¢ (t) = r¢, then

(@) =rp) V(&) (n(i) = ry)

N

p(it) = p(i) =

is independent of time and the differential equation (4.39) can be rewritten as

Ci (i) = > A(i,5) C (j,t) (4.40)

jeE

Where
A@,j) = —)\.(z)Q(l‘,J) z;éj
P <Z) + A (Z> 1=

The solution of (4.40) is the matrix exponential

C (4,t) = e ATDC (4) .

4.4.1  Ewolution of Wealth

The wealth dynamics equation is
t
Xy = Xgrp(0,t)+ / 7r (s, t)u(s) pu (Ys,s)ds
0

+Arﬂawu®YoG;$ﬂV@>
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and if we insert the optimal policy
u* (i, @, t) = B,V (i,4) " € (4, 1)
we see that the optimal wealth process X* is given explicitly by
X; = Xr 0.0+ 8 ([ 0 sV Vee) (Vs
+/Otue (Ys,s) o (Yy,8) "t dW (s)> . (4.41)

Note that the Riemann integral in (4.41) is nonnegative since V (i,£) " is positive definite
for alli € E and 0 <t < T. However, the stochastic integral in (4.41) takes negative as well
as positive values except for trivial cases. Therefore, one can easily see that the optimal
policy is admissible since X7 is not greater than X7y (0,7) almost surely.

To simplify the notation we now let E; [R] = E [R|Yp = i], and Var; (R) = Var (R|Yy = 1)

for any random variable R given Yy = i. Supposing X; = x is given, if we take the
expectation
t
BiX:] = ars(0,0) 4 5, (E [ [ s v () () ds}
0

v | [ o) o sy aw 9]

we see that the last part is a martingale; therefore,
t
E; [ X{] = a7 (0,t) + B, E; [/ e (Ys, ) V (Vs 8) 1 € (Y, s) ds} . (4.42)
0

It clearly follows from (4.42) that E; [X;] > E; [X;7f(0,¢)] for all 0 <t < T since 8; > 0

and
t
E; [/ e (Yo 8)' V (Y, 8) " (Ys,s>ds] >0
0

because V (i,t) " is positive definite for all i € F and 0 < ¢ < T.

For the terminal time T, we can write the expected value of optimal wealth as
E; [X'jlk”] = x’Ff (Oa T) + Bme (Za T)

where
T
me (i,T) = E, [/ W (Yars)' V (Vo )L i (Vi) dis
0

since B = [ as in the discrete time case.
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The numerical calculations can be made by using the transition probability function
Py (t) = P{Yi = j[Yo =i}

of the Markov process Y so that

(1,T) Z/ i ( )/V(j,s)fl u (4,s)ds.

JEE

Note that if the market functions p, o, and ry do not depend on time, then

T
me (i, ) :}QAammﬂﬂvm*wmw

where fo 5j (8) ds is the expected time spent in state j until time 7" given that the initial

state is 7. Finally, note that the transition function P (t) is given by the matrix exponential
P(t) = et

which is quite handy for computational purposes.

In (4.41) if we want to calculate the variance of the optimal wealth we can see that
Var; (X5) = 202 (3, T)
where
t
1) = Vs ([ 08V (V) () s
0
t
b [ s o s aw ()
0
and the exponential frontier is a line with formula

e (2, T)
Ei[X}]:a:rf(O,T)—{—(m d )SDZ

as in the discrete time case, where SD; ( 1/Varl = B, (3, 7).
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4.5 Simple Logarithmic Utility Model

We now assume that the utility of the investor in state ¢ is given by the logarithmic function

Ulivz) = K(i)+ C(i)log(z) = >0 (4.43)
—00 <0
with C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute risk aversion
is simply equal to —U" (i,2) /U’ (i,2) = 1/ > 0 for all i.

For convenience, we will be using 7 rather than u as the policy that is used by the
investor. Since u = mx, it is always possible to determine one from the other provided that
x > 0. One should note the important difference between using u and 7 as the policy. Using
u allows negative values for the wealth process, whereas using 7 as a policy guarantees the
that the wealth always stays positive provided that X§ > 0. For the logarithmic utility
case, it is intuitive to observe that the optimal policy should result with positive terminal
wealth since if X (T') < 0 with positive probability then the utility function is —oco.

For the optimization problem with the logarithmic utility function (4.43), we can write

the value function as

v(i,x,t) = sui)l Eizt [K (Yr)+ C (Yr)log (X7T)]
T
= Eia: [K(Yr)] + sup Eiat|C (Yr)log (XT)] .
T

It is clear that the optimal policy 7* is independent of K. Let U (i,2) = C (i)log(z) =
U (i,x) — K (i), then the optimal policy for U (4, z) will also be optimal for U (i, ) since 7*

does not depend on K. Therefore, if v (i,z,t) is defined as

0 (t,x,t) = Suﬁ Ei .+ [C (Yr)log (XT)]
e
= sup By [(7 (YT,X%)} (4.44)
TEA
then
v (i,2,t) = Ej gt [K (Y7)] + 0 (4, 2,t) (4.45)

and, if we can find v (4, x,t), we can easily determine v (i, z,t) using (4.45) and the fact that

Eiri K (Yr)] = Ei [K (Y1) = AT VK (i)
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Theorem 19 Let the utility function of the investor be the logarithmic function (4.43)..

Then, the optimal solution of the dynamic programming equation (4.8) is
v (i,z,t) = K (i,t) + C (i,t) log (x) (4.46)
and the optimal portfolio is
(i, @, t) = V (i,8) " e (i, t) (4.47)

where

C (i, t) = AT NC G, K (i,t) = AT DK (i) + P (i,t)

and P (i,t) is the solution of the linear system of first order differential equations

dP (i,t . . . }
B8 P = —p0) - Y AG.5) PG
jEE
with the boundary condition P (i,T) = 0, where
1
p(6t) = (1 .00+ 3 G0V () (0.0)) € 1) (1.48)

forallie FEand 0 <t <T.

Proof. We will focus on the optimization problem (4.44) by examining o (¢, x,t). For any
A€ R, if m € Ais an admissible policy for g = z, i9 = ¢ then it is also admissible for

To = Az, 19 = 1. So, we can write
E[C (Yr)log (XT) Y =i, X = Az] = E[C (Yr)log (AX7) |V = i, X[ = 7]
and

E[C(¥r)log (XF)|Y; =i, X7 = Ae] = Elog(\)C (Yr) |Y; = i, X] = «]

+E[C (Yr) log (XF) Vi = i, X} = o]
which means
Byt [C(Yr)log (XT)] = Eizy [log (A) C (Y1)] + Eiz [C (Y1) log (XT)] (4.49)

for any A € R and 7 € A.
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Let 7* be the optimal policy when xg = x, ig = ¢, then (4.49) implies
Eipa |C (V) log (X5 )| = Eis log (\) C (V)] + Eis [C (V) 0g (X77)|  (450)
and, since 7* is optimal,
Bt [C (V) 1og (XF7)] 2 Eina [C (Vi) log (X7)] (451)

for all 7 € A. If we add E; ;4 [log (A) C (Y7)] to both sides of (4.51), then using (4.49) we

can write
Einat |C (Yr)log (XF )| = Binet [C (¥r) log (XF)]
for any admissible policy 7 € A. So, 7* is also optimal for g = Az, ig = i. We therefore

conclude that
(i, 2,t) = Eiggllog(x) C(YT)] + sup Fivg [C (Yr)log (X7)]
= Eiag[log(z) C(Yr)] +9(i,1,1)
by taking x = 1, A = = in (4.49). Note that the first term is given by
Ejpy llog (z) C (Yr)] = E; [C (Yr)]log () = e*T=DC (i) log (z) = C (4, ) log (z).
Define the function P (i,t) = 0 (i,1,t) so that

0 (i,z,t) = C (i,t)log (z) + P (i, 1) .

Note that this clearly implies (4.46) via (4.45) and P (i,7) = 0. Therefore,

b (i, 8) = ~C (i, 1) (4.52)
x
and
. . 1 .
O (1, 2,1) = —?C (i,t). (4.53)

Also, if we take the derivative with respect to ¢
by (i, 2, t) = —log (z) e T AC (i) + P, (i,1) . (4.54)
Using (4.8), the optimal policy can be found by

1
7 (t) = argmax <17x (i, t) @ (ry (i,t) + 7'pf (i, 1)) + §{)m (i,z,t) 7'V (i,t) w
+ZA(z',j>@(j,m,t>>
jer

1
= argmax <@x (i, 2, t) 2’ e (i, t) + 517” (i,2,t) 27’V (i, 1) 7r>
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and setting the gradient equal to zero, we obtain

U (1, 2,1)

™ (t) = — V (i, t) 7t e (i, t)

Xgy (1,2, 1)
and, finally,
() =V (i,t) 7l (ist). (4.55)

If we plug in the optimal policy in (4.8)

Oy (1,2, t) + 0y (4,2, t) @ (Tf (i,t) + 7 () p° (i, 1))

r. . . .
+§Um (i,x,t) 27" (t)''V +GZEA i,7)0 (j,z,t) =0
j

and, using (4.52),(4.53), and (4.54), we have

—log (z) eMTDAC (3) + P, (i,t) + C (i, t) (ry (i, t) +7* (t) € (i, 1))

—%C(i,t)ﬂ* () V (5,1) 7 () + log () AT AC (1) + 3 A1, ) 0.
JjEE

If we cancel similar terms and insert 7* (¢) p€ (¢,4) = p¢ (i,t)' V (i,t) " p (i,t) and
()" V (i, t) u* (t) = p (i, ) V (i,t) " p€ (i, 1), we have

Py (ist) + C (i) (ry (ist) + 1 (0, 0)' V (5,1) " i t))

Lo, e
—5C (@t (1) V (i,8) " i (i, 1) )+ AL =0.

JEE
After rearranging the terms, we obtain
Py (ist) =—p(i,t) = Y A(i,§) P (j,t) (4.56)
JEE
with the boundary condition P (i,T) = 0 where p (i,t) is defined by (4.48).
To complete the proof, it now suffices to show that the optimal policy (4.47) is admissible
and the logarithmic value function (4.46) satisfies the condition of the verification Theorem

17. Recall that X] > 0 for all m € A and 0 <t < T. It is therefore clear that v € Cg’l since
. 1.
|0y (i, 2, t)| = ;C(Z,t) < 00

foralli € F, z € Ry, and 0 <t < T. Moreover, m € A trivially since it satisfies condition
(iv) of Definition 14 by (4.57). m
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4.5.1 FEwvolution of Wealth

If we analyze the evolution of the wealth process X* when the optimal policy (4.47) is used

we see that

Xi

Xgemp ([ (v )+ (6  (Va9) = 3 6V (V) (9 ) s
+ w6 s s )
Xgexp ([ (rs (0s) +0 s) V (00) 4 (9
V) V Va4 ) s [ (Vi o (i) (9)
Ngemn ([ (s ey gu (0ol V (Vo) (i) ) s
b [ s o () 9)

t
1
X575 (0,t) exp </0 Sh (Yar ) V (Ve ) 71 i (Yo 5) ds

b [ sy o (s T (9). (457)

Note that once again the Riemann integral in (4.57) is nonnegative but the stochastic

integral in (4.57) takes negative as well as positive values except for trivial cases. Therefore,

the optimal policy is admissible.

The expected value of the wealth satisfies

t
1
Bl = o [y esp ([ a0V () (V) s
0

+f e (Veos) o (Vo) avs) |

when X§ = z and, given ),

E[X[|Y] = ar(0,t)exp (/0 ue(YS,s)'V(YS,s)1ue(§/8,s)ds>

t
v [exp </ He (Yars) 0 (Yors) " dWs
0

1

3 [ s v ) sy as) 9]

= 27 (0,t) exp (/Ot 1€ (Ya,8)' V (Ye, 8) L pf (Ya, 9) ds>
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since exp <f(f e (Ys,s) o (Yo, 8) " HdWs — : gue (Ys,s)'V (Ya,8) " € (Ys, 5) ds) is a mar-
tingale given ). Therefore,
t
B X = a8 [ Ot esp ([ (Vo) V (Vo) (0s) )| (458)
0

It clearly follows from (4.58) that E; [X}] > E; [Xg7,(0,t)] for all 0 < t < T since 5, > 0
and

t
E U 4 (Yar )V (Yoo )4t (Yas) ds] >0
0

because V (i,t) " is positive definite for all i € F and 0 < ¢ < T.

Similarly, if we consider the square of the wealth
t
(X7)? = (X327 (0,t)%exp </0 e (Yay 8)' V (Ya, 8) ' (Ys, 5) ds

t
+2/ e (Ys,s) o (Ye,8) 7" dWs>
0

and, when X = z,

B[R] = 2ty 00 ([ o (o) V (Vo) (i) ds)

4

t
= 00 e ([ 30 (V) V (Vi) (Vi) s
0

t
E [exp </ 21 (Y, 5) o (Yy,s)dWs
0

t
w2 [ 0 V) (V) )
0

since exp (fg € Yy, 8) 0 (Yo, 8) dW s — 208 (Ys, 8)' V (Ys, 8) " p€ (Ye, 8) d8> is a martingale
given Y. Therefore,
t
e [0607] = [y 0,07 exo [ 30 (o) v (0007 (s )|
0
The variance can be found through the formula

Var, (X7) = B [(X;)] - B [T
4.6 Logarithmic Utility Model

We now assume that the utility of the investor in state ¢ is given by the logarithmic function

Ulivz) = [_((z) +C(i)log(z + B) = Z ;ﬁ (4.59)



Chapter 4: CONTINUOUS-TIME PORTFOLIO OPTIMIZATION 156

with 8 > 0, and C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute
risk aversion is simply equal to —U" (i,) /U (i,2) = 1/ (x 4+ 8) > 0 for all i. Note that in
this section we will assume that the risk free interest rate does not depend on the market
state .

We first make some intuitive analysis. One can see that the utility of the investor will
be finite if the terminal wealth is greater than —3. If X} < —f3, then the utility will be
—oo. If the wealth level at time ¢ is X; > -8, = —f/7¢ (t,T) , then the policy u (s) = 0 for
t < s < T will result with X% > —5 and the utility U (Y7, X7) will be finite. Therefore, for
an investor with wealth level greater than —f,, it is always possible to have finite utility.
Actually, according to our analysis in the discrete time model, —f3; seems to be a critical
level under which there is infinite disutility. Similar to the discrete case, if X; < —f3, then
P{X7} < —B} > 0 according to the no arbitrage principle for any policy .

To see this, assume that when X; = x < —f, and there is a policy @ such that X% > —2.
For an investor with wealth equal to 0 at time ¢, consider the policy of borrowing x at the
risk free rate and applying the policy @ up to time 7. The wealth level at time T will be
X% —ary(t,T) and

Xi—arp(t,T) > —B—ars(t,T)
> =B+ B¢ (t,T)=0

so that X% > a7 (t,T). But the investor had wealth equal to 0 at time ¢ and this is a

contradiction to condition (iv) of Definition 16. We therefore suppose that Xo > —f, =
—B/75(0,T).

Since the wealth level X}* at any time ¢ satisfies X;* > 3;, we modify Cg’l in verification
Theorem 16 so that it now includes functions f (i,x,t) defined for i € E, 0 <t < T, and

x> —F;orzxeR = (B, +00).

Theorem 20 Let the utility function of the investor be the logarithmic function (4.59) and
suppose that vy (i,t) =g (t) for alli € E, and 0 <t <T'. Then, the optimal solution of the
dynamic programming equation (4.8) is

v(i,z,t) = K (i,t) + C (i,t) log (z + ;) (4.60)
and the optimal portfolio is

u*(iyz,t) = (x+ B V (i, )" p® (4, 1) (4.61)
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where
C (i,t) = eATDC (), K (i,t) = AT DK (i) + P (i,1) (4.62)
and P (i,t) is the solution of the linear system of first order differential equations

dP (i,t)
dt

= Py (i,t) = —p(i,t) = > A(i,j) P (j, 1)

JjEE

with the boundary condition P (i,T) = 0, where

(60 = (7 0+ 30 )V 607w 60)) € i)

forallie FEand 0 <t <T.

Proof. Suppose that a candidate solution for the dynamic programming equation can be

written as

g(t,z,t) = K (i,t) + C (i,t) log (x + ;)

where K (i,t), and C (i,t) are as defined at (4.62). Then, we can calculate the partial

derivatives as

g0 (i) = Ko (i) + Gy (6,8) log (z + 8) + S0 Prs ()

T+ By
. C (it
gl t) = )
and
. o C (i,t)
Jzzx (’L,l",t) = ($+,3t)2.

Using the dynamic programming equation (4.18)

g¢ (i, 1) + sup {gx (i, 2,t) (ry (t) @ +u'n (i,1))
ueR™

1
+ymwwwwmm+ZAmmuaw=0
JEE
we see that

9z (1, 2,1)
Jxx (i;$7t)
= (z+B)V (i3, 0) pf (i,8)

wr (t) = =V 7l(i,z,t) puf (i,t)
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is the maximizer of the equation. If we insert the optimal policy in the dynamic program-

ming equation then

9t (i, 2,0) + gz (4,2, t) (17 (£) 2+ uw ()™ 5 (i,1))

by (o) ()7 V (0, 0)u (6 + 3 A(02) 9 (G, 2,1)

jeE
= K3 (5.0 + G ) og o+ 5) + S0 sy 0+ S ()
HOG0 30 GOV )4 (1) + 3 A3 (K (G,1) +C G0 o &+ 5,)
JEE

= —ATDAK (i) + P, (i,t) — AT~ t)AC’( ) log (z + B;) + C (i,t) p (i, 1)

+eATDAK (i +ZAZJ ) 4 eATDAC (i) log (z + 5,)
JEE
=P, (i,t) + C (i,t) p (i,t) + »_ A(i,§) P
jerE
=0.

Therefore, g (i, x,t) solves the dynamic programming equation (4.18) and the corresponding
optimal policy is given by (4.61).

To complete the proof, we will need to show that the optimal policy (4.61) is admissible
and the logarithmic value function (4.60) satisfies the conditions of the verification Theorem
16. Note again that X;* > —f3, forallu € Aand 0 < ¢ < T It therefore follows that v € Cz’l

since
C (1, t)
T+ 5
foralli € E, z > f,, and 0 < t < T. Moreover, the optimal policy (4.61) is admissible since

|ve (i, 2, )] = <00

condition (iv) of Definition 16 is satisfied by (4.63). m

4.6.1 Fvolution of wealth
If we write the wealth dynamics equation

AX = [Xpry () + u (1) 5 (Voo t)] dt + 1 (1) o (Vi t) dW (1)
and insert u*(t) = (X} + 8,) V (Vi )" ¢ (Vi) , we get

dX; = Xprp(t)di+ (X7 +8,) p (Y, t) V (Vi t) 7 p® (Vi 1) dt

+ (X7 + B pe (Y, t) o (Vi t) " dW (1)
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Adding dB; = B,ry (t) dt to both sides

dX; +dﬁt = (Xz( +5t) i (t) +:ue (Y;f’t)lv(nvt)_l /Le (}/;fvt) dt

+(XF + B e (Y t) o (Y t)~HdW ()
or

QX +8) = (X748 [(rr (0 + 1 () V (i) 4 (Yi,1)) e

T (Y t) o (e t) ™ W (1))
Using Itd calculus, we can determine the wealth process explicitly as
* * ! 1 e / -1 e
Xi+8 = (Xg+Bo)exp ry(s) + 5p° (Ys,8) V (Y, 8) 7 (Y5, 5) | ds
0

b [ s o () aw ()

(Xg + Bo) 77 (0, 1) <exp (/Ot (;u (Ya,s)'V (Ya, 8) " p® (Ys, s)) ds
+ [t av o). (4.6

We can rewrite the wealth process as

t
Xp = Xy 0.0+ (G 0.0+ ) (o ([ (G 0y v 09 () ) s

# [ s o sy aw () 1) (464)

since 3; = By7f (0,t). In (4.64) the Riemann integral is nonnegative but the stochastic
integral takes negative as well as positive values except for trivial cases. This implies the
admissibility of the optimal policy.

If we take the conditional expectation given Xj = = and ), we obtain
¢ 1 1
BLGIVL = (ot B ry Oesp ([ u (s V (Ys) ™ i (i) )
0

t
E [exp (/ e (Ys,s) o (Ye,8) HdWs
0

1
L YV (YVa) T (Vas) ds)

y} 8,

— @+ s 0o ( [ U (Vs V (Yar )™ i (Vi) ) -5,
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since the term exp (fo (Ys,s) 0 (Yo, 8) HdWs — 1 fo (Ys,8) V Yy, 8) 1 e (Y, 5) ds) is

a martingale given ). Therefore,

B X7 = a7y (0.0 + (o7 (0.0)+ 8 B [ex | (Y8 V (Ve 8) 4 (Vi) is) -1

It can easily be observed that E; [X}] > E; [ X7 (0,t)] for all 0 <t < T since 3; > 0 and

V1 is positive definite. If we define

o ot) = B oo | U (YVars) V (Ve ) (Ve ) -1}

we get

E;[X]] = x7y (0, t) + (xff (0,t) + ;) my (i, 1)
Using (4.64), the variance of X/ can be written as
Var; (X]) = (zry (0,8) + 5,)% of (i,1)
where
b1
UZQ (i,t) = Var; (exp (/ <2M6 (Ys,s)' V (Ys,s)—l 1€ (Y’ms)> ds
0
t
+ / pe (Y, 8) o (Ys, 8) dW (8)) - 1) .

0

Therefore, the logarithmic frontier is a line with formula

E; [X7] = a7 (0,T) + (%) SD; (X7) .

as in the discrete time case.

4.7 CRRA Utility Model

We now assume that the utility of the investor in state ¢ is given by the power function

, z?

U(i,z) = K(i) + C(i)— 5 (4.65)
with v < 1, and C (i) > 0 where we can easily see that Pratt-Arrow’s measure of absolute
risk aversion is simply equal to —U" (i,z) /U (i,z) = (1 =) /= > 0 for all i.

As in the Section 4.5, we will be using 7 rather than u as the policy that is used by the

investor. Later in Theorem 21, it is verified that this policy is convenient since it will result
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with a wealth process where X7 > 0 provided that X§ > 0. This is actually necessary since
for negative wealth levels the utility function could be undefined for some values of «v. The
structure of the optimal solution prevents problems that can result from negative wealth
levels in the utility function.

For the optimization problem with the power utility function (4.65), we can write the
value function as

v(i,a,t) = SlelgEi,x,t (K (Yr) + C (Yr) (X7)" /7]

= Eiat[K (Yr)] 4 sup Eiay [C (Y1) (XT)7 /7]
TeA
It is clear that the optimal policy 7* is independent of K. Let U (i,z) = C (i)z7/y =
U (i,z) — K (i), then the optimal policy for U (i, z) will also be optimal for U (i, z) since m*

does not depend on K. Therefore, if v (i, z,t) is defined as

0 (i,x,t) = sup Ej. [C(Yr)(XT)" /9]

TeA
= supFEj .. [U (YT,X%)} (4.66)
ucA
then
v (i, 2,t) = Ejaq [K (Yr)] + 0 (4,2, t) (4.67)

and, if we can find ¢ (¢, z,t), we can easily determine v (i, x,t) using (4.67) and the fact that
Eipt [K (Yr)] = B [K (Y7)] = " TIK ().

Theorem 21 Let the utility function of the investor be the power function (4.65).. Then,

the optimal solution of the dynamic programming equation (4.8) is
v(i,x,t) = K (i,t) + P (i,t) 27 /v (4.68)
and the optimal portfolio is

1
(i, x,t) = ﬁv (i,t) " e (i, t) (4.69)
where

K (i,t) = ATV K (i)

and P (i,t) is the solution of the linear system of first order differential equations

LD _ Pyt) = —p iut) P (1) = 3 A5 P (D)
jJjeEE
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with the boundary condition P (i,T) = C (i), where

(0 = 17 (=g )+ 3 0V ()™ 0 1)) (4.70)

forallie E and 0 <t <T.

Proof. We will focus on the optimization problem (4.66) by examining ¢ (4, z,t). For any
A€ R, if 7 € Ais an admissible policy for g = x, i9 = 7 then it is also admissible for

To = Az, 19 = 1. S0, we can write
E[C(Y7)(X7) /v |Ye =4, X] = Xz] = E[C (Yr) (AX7)" /y|Ys = i, X[ = a

and

E[C(Yr) (XT)" /v |Ye =i, X[ = Az] = A;E [C (Yr) (X7)" [y [Ye =i, X[ = x]

which means
Eixet [C (Y1) (X7) /7] = A;Emt [C (Yr) (XT)" /] (4.71)

for any A € R and 7 € A.

Let 7* be the optimal policy when xg = x, ig = ¢, then (4.71) implies

Burae [00) (XF) 2] = 2 Bt [€00) (XF) ' 1 (4.72)
and, since 7* is optimal,
Eis [C(r) (X5) /1] 2 Biwa [C (V) (XF)" /3] (4.73)

for all 7 € A. If we multiply both sides of (4.73) withA”/~ then using (4.71) we can write
=\ T\Y
Eipes |CO07) (XF7) /1] 2 Bied [C (V) (X)7 /1]

for any admissible policy m € A. So, n* is also optimal for o = Az, ig = i. We therefore
conclude that

v
0 (i,x,t) = T sup E; 14 [C (Y1) (X7)Y /9]
Y weA

Y
= T 50,11
v

by taking x = 1, A = x in (4.71). Define the function P (i,t) = v (4, 1,t) so that

x”
b (i,2,t) = —P(i,1).
Y
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Note that this clearly implies (4.68) via (4.67) and P (i,7") = C (3). Therefore,
O (1, 2,t) = 277 LP (i, 1) (4.74)

and

Vge (1, 2,1) = (y — 1) 27 72P (i,t) . (4.75)

Also, if we take the derivative with respect to ¢
7Y
@t (Z, Z, t) = 7Pt (Z, t) . (476)
v

Using (4.8), the optimal policy can be found by

1
7 (t) = argmax (fzx (i, t) @ (ry (i,t) + 7'pf (i, 1)) + §ﬁm (i,z,t) 7'V (i,t) ™
+ZA<i,j>@<j,x,t>>
jeE

1
= argmax <@x (i,z,t) xr’ pn® (3,t) + 5{1” (i,,t) 27’V (i, 1) 7r>

and setting the gradient equal to zero, we obtain

* _ @x (i)$7t) - =1 e
T (t) - xﬁz‘x (Z,l‘,t)v (Z7t) 2 (’L,t)
and finally,
T (t) V (t,d) "l (i, 1) (4.77)

= ﬁ
If we plug in the optimal policy in (4.8)

by (i, 2, ) 4 O (1,2, t) m (ry (3, 8) + 7% (1) 1€ (4, 1))

1
5 0ne (i3, t) 2?0 (1) V (@) 7 (0) + ) A(6,5) 0 (G, 2,8) =0
JjEE

and, using (4.74),(4.75), and (4.76), we have

"’jpt (i,8) + 27 (ry (i, 0) + 7 (&) 1 (i, ) P (3, 0)
%xv (v = 1) () V (6,8) 7 (1) + ”f; S A6 ) P(jrt) = 0.
JjeER
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If we cancel similar terms and insert 7* (t)’ u€ (¢, 1) = 1u° (i,t) V (3,8) " p (i,1) / (1 — )
and 7* (£)' V (i, £) u* (8) = p (i, ) V (i, ¢) "' pe (i,8) / (1 — )2, we have

Py (iyt) + (L= ) 7y (i) + 1€ (i,0)' V (0, 6) 7 (i,0) ) P (i, )
L=~

L v
_§ﬁﬂ( &'V (i, 6) P (i,t) +]EZJ;A i) =0.

After rearranging the terms we obtain
JjEE
with the boundary condition P (i,7") = 0 where p (i,t) is given by (4.70).
To complete the proof, it now suffices to show that the optimal policy (4.69) is admissible

and the logarithmic value function (4.68) satisfies the condition of the verification Theorem

17. Recall that X7 > 0 for all m € A and 0 <t < T It is therefore clear that v € Cg’l since
|0 (i,2,t)| = 277 1P (i,t) < 00

foralli € F, z € Ry, and 0 <t < T. Moreover, m € A trivially since it satisfies condition

(iv) of Definition 14 by (4.80). =

4.7.1  FEwvolution of wealth

If we analyze the evolution of the wealth process X* when the optimal policy (4.69) is used

we see that

1

Xy = XSexp( < (Ys, s) +7T()'M6(Y;,s)—w(s)'V(K,s)w(s))ds

+/0t7r Ys,s)dW()>
(

1 _
— Xjewp < (Vers) + o () V (V) (Vi)

gt (Ve )V (Yaos) <YS,S>> s
/ (as) o (Vo) TV (5) (1.79)
X7y (0,0 exp ( / 3 231—_23)2”@ (Vors) V (Voy )™ i (Vs 5) ds
/ (Ys,5) o (Ys,s) HdW (s)) : (4.80)
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Here, in (4.80), the stochastic integral can take any positive or negative value. Therefore,
the exponent can be smaller or greater than 1 with positive probabilities. So, the optimal
policy is admissible.

The expected value of the wealth satisfies

E[X}] = zE [Ff(O,t)eXp ( /0 t2(11__23)2

t
—i—/ L,u (Ys,s)'a(Ys,s)ldWsﬂ
o 1—2

1 (Y, 8)'V (Ys,8) " (Y, ) ds (4.81)

when X§ = z and, given ),
E[X{|Y] = arf(0,t)exp (/ 7u “(Ys,s) V(Ys,s)_1 pe (Ys, s) ds)
[exp </ “(Yy,s) o (Ys,s)_1 dW's

e <Ys,s>v<n,s>—1u€<n,s>ds)‘y]

t
= ary (O,t) exp (/ 117M6 (Y;,S),V(YS,S)_l 1€ (Yﬁs,s) ds>
o 1—

since exp (15 fy ¢ (Ve ) 0 (5, 5) ™" *(Vers) V (Yo 8) 7 1 (Ve ) ds ) s

a martingale given ). Therefore,

Bt =k [r 0.0 (T [ s VO 0y as) | s

Note that in (4.82), since v < 1 the exponent is positive and we can see that E; [X[] >
B [Xgry (0,2)].

If we take the square of the wealth process

. 3 t1-2
X; = (X3)*75(0,£)% exp (/ i
0o (1—=7)

¢ 2 e / -1

= D25 2 ex "3-7
= (Xg) 77 (0,%) p(/o 1)

t

2

[ (V) V (Vs i (YVas)ds
o (1-7)

t 2 e / -1

1 (Y, 8)'V (Ys, 8) " ¢ (Y, 8) ds

and taking the expectation given Xj = x and ) we obtain

B[00 1] = oy 0.0 esn ([ 2= (020 v 07 ()
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since the second part is martingale. Therefore,

5 [(x;7] = 2’ [ff (0,4)% exp <(?1’:3')V2 /O (Ve s) V (Ve 8) L (Yo s) ds>] (4.83)

and Var; (X}) = E; [(X;)ﬂ — E;[(X})]? can be found by using (4.81) and (4.83).

4.8 Power Utility Model

We now assume that the utility of the investor in state i is given by the power function

(z+8)

Ui,z) = K(i) + C(1) 5

(4.84)

with 8 > 0, v < 1, and C (i) > 0 where we can easily see that Pratt-Arrow’s measure of
absolute risk aversion is simply equal to —U" (i,z) /U’ (i,x) = (1 —7) /(z+ 8) > 0 for all
7. Note that in this section we will assume that the risk free interest rate does not depend
on the market state 3.

Similar to our analysis in Section 4.6, if X; < —f; then P {X{ < —f} > 0 and the utility
function can be undefined. Moreover, X; < —f, clearly implies the existence of arbitrage
opportunities. We therefore suppose that Xo > —5, = —3/7 (0,7') which further implies
that X; > —(, forall 0 <t < T and u € A.

Since the wealth level X{* at any time ¢ satisfies X;* > 3, we modify 03,1 in verification
Theorem 16 so that it now includes functions f (i, z,t) defined for i € E, 0 < t < T, and

x> —F;orzeR = (5;,+00).

Theorem 22 Let the utility function of the investor be the logarithmic function (4.84) and

¢ (i,t) =17 (t).. Then, the optimal solution of the dynamic programming equation (4.8) is
v(i,z,t) = K (i,t) + P (i,t) (x + 8,) /v (4.85)

and the optimal portfolio is

(z + )

=V (i,4) ™" p (i, 1) (4.86)

u*(i,x,t) =

where

K (i,t) = ATV K (i) (4.87)
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and P (i,t) is the solution of the linear system of first order differential equations

dP (i, 1)

S =P =—p () P (i) = Y A(i,)) P (5t) (4.88)

JEE

with the boundary condition P (i,T) = 0, where

(i) = 12 (= () + 30 () V ()™ 0 1))

forallie E and 0 <t <T.

Proof. Suppose that a candidate solution for the dynamic programming equation can be

written as

g(i,2,t) = K (i,t) + P (i,t) (x + B,)" /v

where K (i,t), and P (i,t) are as defined at (4.87) and (4.88). Then, we can calculate the

partial derivatives as
gt (is,8) = Ky (i.8) + Py (i,0) (x + B,)7 [y + P (i,8) Byry (b) (x4 B,)

9o (i:2,1) = P (i:1) (e + 8"
and
oz (1,2,0) = = (1=9) P (5,1) (3 + 57

where Ky (i,t) = dK (i,t) /dt = —AK (i,t). Using the dynamic programming equation (4.8)

gt (i,z,t) + sup {gw (i,2,t) (ry (¢) 2+ 'p® (i,1))
ucR™

1 , o o
+29m(2,w,t)uV(Z,t)quEZEA(Z,J)g(J,w,t) =0
J

we see that

9z (1,2, 1)

wr(t) = V(i 2, t)pul(i,t) PR

- (ﬁtit)v—l (i,,t) 1 (i, 1)
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is the maximizer of the equation. It is the policy that we have analyzed before. If we insert

u in the dynamic programming equation then

gt (1, 2,t) + go (3, 2, 1) (rf )z +u(t) pu (@, t))

b5 ) w (0 V (000 (0) + Y A(0,) 9 (1)
JjEE
P (i) By (0 (@ + 5

W”e (i, t) V7 (i, @, t) p (i, )

— K, (i) + P, (z,t)(“fm

+P(i,t) (x4 B,)" L rp () + P (iyt)

Y
R )V ) 1)

1
_§P (ia t)

+Y A0, 9) (K(j,t>+P<j,t)

jEE

+ P (i, t)rs (t) + P.t)

= ~ 2(17_7)“6 (ivt) V_l (i,$,t> :U’e (ivt)

_<Pt(iat)

#3460 T2 @ g

jeE v

=0

by (4.88). Therefore, g (i,z,t) solves the dynamic programming equation and the corre-
sponding optimal policy is given by (4.86).

To complete the proof, we will need to show that the optimal policy (4.86) is admissible
and the logarithmic value function (4.85) satisfies the conditions of the verification Theorem
16. Note again that X* > —f, forallu € Aand 0 <t <T. It therefore follows that v € Cz’l
since

[0z (i, 2,8)] = P (i,8) (z 4+ 8,)! < o0

foralli € E, x > [3,, and 0 < ¢t < T. Moreover, the optimal policy (4.86) is admissible since
condition (iv) of Definition 16 is satisfied by (4.89). =

4.8.1 FEvolution of wealth

If we write the wealth dynamics equation

dX; = [Xir (t) +u @) p (Ve t)] dt +u(t) o (Yi, 1) dW (t)
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and insert u*(t) = (z 4 B,) V (Y, t) ' u® (Y, 1) / (1 — 7) , we get

X*
ax; = xirp@ae+ S v i e

X+

LU (Vi) 0 (Vi)W (1)

Adding dB; = B,r¢ (t) dt to both sides

* * X* + e - €
WX+ a8, = (¢ 80y O+ S iy v (v e (i
X7 _
S e vty o (v aw 1)
¢ (Y, t) V (Y, t) 7t pe (Y, ¢
= (X} +5) (rf<t>+“ v )>dt
(Y, t) o (Y, t) !
L (Vt) 0 (Y1) dW(t)].
L=y
Using It6 calculus, we can determine the wealth process explicitly as
* * — ¢ 1_27 e / -1 e
Xt +6t = (XO +ﬂ0) T’f (07t) €xp 72M (}/;78) V(Y'S?S) M (Y;,S) ds
0 2(1—7)
b [ i e e (s (s))
—uf(Ys,s) 0 (Ys, s s) |-
o (1—=7)
We can also rewrite the wealth process as
* * _ ! 11— 27 e / -1 e
Xt - (XO +BO)Tf (O,t)exp / 72/1/ (Y;,S) V(Y:%S) 2 <S{978) ds
0 2(1—7)
b
- uem,s)/a(n,s)dvv(s))m (4.89)
o (1—=7)

Xory (0,) + (Xgrs (0,¢) + B)

( (/ L2 ey, )V (Yars) i (Vars) d
exp( | ——5u (Ys,s 5 8) e (Ys, 8)ds
0 2(1—7)°

b
+/ ue (Ys, 8) o (Ys,8) dW (s)) - 1> : (4.90)
o (1=1)
Here, in (4.90), the stochastic integral can take any positive or negative value. Therefore,

the exponent can be smaller or greater than 1 with positive probabilities. So, the optimal

policy is admissible.
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If we take the expectation given X§ = = and ), we obtain
o ) V (V)™ (Vi) ds)

E [exp (/Ot (1_17);;3 (Y, 8) 0 (Ys,8)dWs
1

t
EIXIIV 4+ = <m+ﬁo>ff<o,t>exp</o( !

— (x4 Bo)7s (0.0)exp ( [+ wm,s)'vm,s)—lwn,s)ds)

1—7)

since exp <fg ﬁ/f (Ys,8) o (Yy,s)dWs — 2(1i7)2 fg e (Ye, )V (Ys,8) L e (Vs s) ds) is

a martingale given ). Therefore,
E[X{] = arp(0,t) + (277 (0,1) + 5y)

ey t T )V (V)™ (Vi) ds )~ 1] )

Note that in (4.91), since 7 < 1 the exponent is positive and we can see that E; [X[] >
E; [ X575 (0,t)] . If we define

iy 6.0) = B oo | e () V (e () i) -]

we get

Ei [X¢] = ary (0,) + (277 (0,8) + By) my (i, 1)

We also see from (4.90) that the variance of X} can be written as
Var; (X;) = (ary (0,8) + 5,)" v (i, 1)

where

t1-2
V2(it) = Va <exp ( |5t an (s V (Ves) ™ (V) ds
0 2(1—9)

+ [ T ) o (s () 1),

Therefore, the power frontier is a line with formula

my (4, T)

E; [ X7] =274 (0,T) + < o, (i, T)

) SD; (X7).

as in the discrete time case.
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